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Let [, be an arbitrary finite field, and £ be a point set in [FZ . Let A(E) be the
set of distances determined by pairs of points in £. Using Kloosterman sums,
TIosevich and Rudnev (2007) proved that if || > 4¢?+D/2 then A(€) =F,. In
general, this result is sharp in odd-dimensional spaces over arbitrary finite
fields. We use the point-plane incidence bound due to Rudnev to prove that
if £ has Cartesian product structure in vector spaces over prime fields, then
we can break the exponent (d + 1)/2 and still cover all distances. We also
show that the number of pairs of points in £ of any given distance is close to
its expected value.

1. Introduction

Let & be a finite subset of RY (d > 2), and A(€) be the distance set determined
by £. The Erdds distinct distances problem is to find the best lower bound of the
size of the distance set A(€) in terms of the size of the point set £.

In the plane case, Erd6s [1946] conjectured that [A(E)| > |€]/+/log|E|. This
conjecture was proved up to logarithmic factor by Guth and Katz [2015] in 2010.
More precisely, they showed that |[A(E)| > |€]/log|€|. In higher dimension cases,
Erd6s [1946] also conjectured that |[A(E)] > |€ |%/4. Interested readers are referred
to [Solymosi and Vu 2008] for results on Erdds distinct distances problem in three
and higher dimensions.

In this paper, we use the following notation: X < Y means that there exists some
absolute constant C; > O such that X <C;Y, X ~Y means Y K X K<Y, X2 Y
means X > (log Y)~€2Y for some absolute constant C; > 0, and X 24 Y means
X > C;3(log Y)~€*Y for some positive constants C3, C4 depending on d.

As a continuous analogue of the Erdds distinct distances problem, Falconer
[1985] asked how large the Hausdorff dimension of £ C R needs to be to ensure
that the Lebesgue measure of A(€) is positive. He conjectured that for any subset
& C R? of the Hausdorff dimension greater than d/2, € determines a distance set
of a positive Lebesgue measure. This conjecture is still open in all dimensions.
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We refer readers to [Du et al. 2018; Guth et al. 2020] for recent updates on this
conjecture.

Let [, be the finite field of order g, where ¢ is an odd prime power. Given two
points x = (xq, ..., xg) and y = (y1, ..., Yg) In [FZ, we denote the distance between
x and y by

e —yll == (1 — y)> 4 4 (xa — ya)*

Note that the distance function defined here is not a metric but it is invariant under
translations and actions of the orthogonal group.
For a subset £ C I]:Z, we denote the set of all distances determined by £ by

AE):={llx—yll:x,y et}

The finite field analogue of the Erd&s distinct distances problem was first studied
by Bourgain, Katz, and Tao [Bourgain et al. 2004]. More precisely, they proved that
in the prime field F, with p =3 mod 4, |A(E)| > |€]!/?*€ for some € = €(a) > 0,
for any subset £ C [F%7 of the cardinality |£]| = p%, 0 <& <2,

Note that the condition p = 3 mod 4 in Bourgain, Katz, and Tao’s result is
necessary, since if p = 1 mod 4, then there exists i € [, such that i 2=—1. By
taking & = {(x, ix) : x € F,}, we have |£| = p and A(E) = {0}.

In the setting of arbitrary finite fields [, Iosevich and Rudnev [2007] showed
that Bourgain, Katz, and Tao’s result does not hold. For example, assuming that
q= p?, one can take £ = F2, then A(§) = FporAE)| = |€'/2. Thus, Tosevich and
Rudnev reformulated the problem in the spirit of the Falconer distance conjecture
over the Euclidean spaces. More precisely, they asked, for a subset £ C F¢, how
large |£| needs to be to ensure that A(E) covers the whole field or at least a positive
proportion of all elements of the field?

Using Fourier analytic methods, Iosevich and Rudnev [2007] proved that A(€) =
[, for any point set £ C [Fz with the cardinality |£| > 4¢q @+1/2 Hart, Tosevich, Koh,
and Rudnev [Hart et al. 2011] showed that, in general, the exponent (d+1) /2 cannot
be improved when d is odd, even if we only want to cover a positive proportion
of all the distances. In even-dimensional cases, it has been conjectured that the
exponent (d + 1)/2 can be improved to d/2, which is in line with the Falconer
distance conjecture in the Euclidean space.

In the plane case, Bennett, Hart, losevich, Pakianathan, and Rudnev [Bennett
et al. 2017] proved that if £ is a subset of [Fé of cardinality |£| > ¢*/3, then A(E)
covers a positive proportion of all distances. Murphy and Petridis [2019] showed
that there are infinite subsets of [FS of size g*/3 whose distance sets do not cover the
whole field F,. It is not known whether there exist a small ¢ > 0 and a set £ C [F;
with |E] > cq3/ 2 such that A(&) # [,. We refer the interested reader to [Hart et al.
2011, Theorem 2.7] for a construction in odd-dimensional spaces.
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Chapman et al. [2012] broke the exponent (d + 1)/2 to d? /(2d — 1) under the
additional assumption that the set £ has Cartesian product structure. However, in
this case, they can cover only a positive proportion of all distances. In the setting
of prime fields, it has been proved in [Pham et al. 2019] that for A C [, we have
IAAD)] = Lmin{]A2~12, p)with ¢ = 2@ =D/ Therefore, |A(AY)|> p/c
under the condition |A| > pzd_z/ @1-n, However, this result again only gives us a
positive proportion of all distances, and does not tell us the number of pairs of any
given distance.

We will show that if £ C [Fff7 has Cartesian product structure, we can break the
exponent (d + 1)/2 due to Iosevich and Rudnev [2007] and still cover all possible
distances. Our main tool is the point-plane incidence bound due to Rudnev [2018].

Our first result is for odd-dimensional cases.

Theorem 1.1. Let [, be a prime field, and A be a set in [ ,. For an integer d > 3,
suppose the set A4+ [Ff,‘”l satisfies

2d+2 32972 _4—1

2d+1 d—1_71 .
|AZ 2y p 2 321
then:

o The distance set covers all elements in [F,, namely,
AATTY = (A— A+ +(A-A)?=F,.

2d+1 terms

o The number of pairs (x,y) € A2 x A2F satisfying ||x — y|| = A is
~ p~YAI¥*2 forany ) € F,.

Corollary 1.2. For A C F,, suppose that |A| 2 pO/1: then we have
A(A) = (A=A +(A—A)+(A—A)*+(A— A +(A— AP +(A—A) +(A—A)?
=F,.
Our second result is for even-dimensional cases.
Theorem 1.3. Let [, be a prime field, and A be a set in [,. For an integer d > 3,

suppose the set A*? C [Ff)d satisfies
2d+1_2¢—2d—1

|A2d| zd p 2 2d+|_2 .

’

then:

o The distance set covers all elements in [F,, namely,
AA™)=(A—A’+--+(A— A’ =F),.
2d terms
o The number of pairs (x, y) € A%? x A* satisfying ||x — y|| = 1 is ~ p~'|A|¥
forany A € [,
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Corollary 1.4. For A C [, suppose that |A| 2 p*'7; then we have
AA)=(A= AP +(A— A’ +(A— AP +(A— A +(A— A’ +(A— A’ =F,.

Remark. In the setting of arbitrary finite fields [, it is not possible to break the
exponent (d + 1)/2 and still cover all distances with the method in this paper
and the distance energy in [Pham et al. 2017, Lemma 3.1]. More precisely, for
A C [F,, one can follow the proofs of Theorems 1.1 and 1.3 to get the condi-
tions |A2d+1| > q(2d+2)/2+1/(4d) and |A2d| > q(2d+l)/2+l/(4d—2) for odd and even
dimensions, respectively.

Remark. The Cauchy—Davenport theorem states that for subsets X and Y of [,
we have |X + Y| > min{p, |X|+|Y| — 1}. It is not hard to check that A(A%?) =
A(AY) + A(A?). The result of [Chapman et al. 2012] tells us that |A(A?)| > p/2
whenever |A| > p9/4=1_ Therefore, one can apply the Cauchy—Davenport theorem
to show that |A(A%¢)| > p — 1 under the condition |A| > p?/(2d — 1). However,
our set A* lies on the 2d-dimensional space F>/; thus the exponent d/(2d — 1) is
worse than the losevich—-Rudnev’s exponent (2d 4 1)/(4d). The same happens for
odd-dimensional spaces. Note that the bound |A(A9)| > 1/c - min{|A|*>~1/2, p}
with ¢ = 22"7'=D/2" in [Pham et al. 2019] is not suitable for this approach since
the constant factor 1/c is too small.

Let [, be an arbitrary finite field, and & C [FZ. The product set of £, denoted by
[1(£), is defined as follows:

[E)={x-y:x,yef}.

Using Fourier analysis, Hart and Tosevich [2008] proved that if [] > ¢@*1/2, then
I1(€) 2 F, \ {0}. Moreover, under the same condition on the size of £, we have that
the number of pairs (x, y) € £ x & satisfying x - y = A is ~ g~ !|&|* for any A #0. If
& has Cartesian product structure, i.e., £ = A4 for some A C [F,, then the condition
1E] > q@tD/2 is equivalent with |A| > ¢!/Z+1/CD,

In the setting of prime fields [, if d = 8, Glibichuk and Konyagin [2007] proved
that for A, B C [, if |A[[|B]|/2] = p, then we have 8A - B =[,. This result has
been extended to arbitrary finite fields in [Glibichuk and Rudnev 2009].

In this paper, using the techniques in the proof of Theorem 1.3, we are able to
obtain the following theorem.

Theorem 1.5. For A C F, suppose that |A| 2, p*'": then:
e 6A-A=A-A+A-A+A-A+A-A+A - A+A-A=F,
e For any A € [, the number of pairs (x, y) € A% x AS such thatx -y = X is
—1y 412
~pT Al
Note that our exponent 4/7 improves the exponent 7/12 of Hart and Iosevich
[2008] in the case d = 6. The following is the conjecture due to losevich.
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Conjecture 1.6. Let A be a set in [, and suppose that |A| > p%“ for any € > 0.
Then,
A-A+A-A=F, (A—AP+(A-A)P=F,.

In the spirit of sum-product problems, it has been proved in [Pham et al. 2019]
that for A C [, if [A| < p1/2+1/(5'2d71_2), d > 2, then we have

a1
max{|A(AD)], [TI(AD)[} > |A|” 5273,

Using our energies (Lemmas 2.2 and 2.4 below), and the prime field analogue
of Balog—Wooley decomposition energy due to Rudnev, Shkredov, and Stevens
[Rudnev et al. 2020], we are able to give the energy variant of this result.

Theorem 1.7. Let d > 2 be an integer and A a set in [, with |A| < pl/2H1/627 =)
There exist two disjoint subsets B and C of A such that A= B U C and

1

4d—24 ——
15203 ,

max{Eq((B — B)?), E4(C - C)} < d*(log|A*| Al
where E;((B — B)?) is the number of 4d-tuples {(a;, b;, c;, el-)}?:1 with a;, c;, b;, e;
in B such that (a1 —b)?>+ -+ (ag — ba)> = (c1 — e1)*> + -+« + (cq — eq)*, and
E;(C-C) be the number of 4d-tuples {(a;, b;, c;, e,‘)}f:1 with a;, c;, b;, e; € C such
that a\by + - - -+ aqgbg = cie1 + - - - + cqeq.

2. Preliminaries

Let E and F be multisets in [F?,. We denote by E and F the sets of distinct elements in
E and F, respectively. For any multiset X, we use the notation | X| to denote the size
of X. For A €, let N(E, F, A) be the number of pairs ((e1, e2), (f1, f2)) € EXF
such that e f1 4+ e> + f> = A. In the following lemma, we provide an upper bound
and a lower bound of N (E, F, 1) for any A € [F,. Note that, this lemma is essentially
the weighted version of the point-line incidences of [Vinh 2011] in the plane [Ffl
(see also [Hanson et al. 2016, Lemma 14]).

Lemma 2.1. Let E, F be multisets in I]:f,. For any A € F,, we have

|EIIF|| _ ) 2\
‘N(E,F,M——‘SPZ D me(er,e) ) mF((fl,fzn) :

P (e1.e2)€E (fi.f2)eF
where mx ((a, b)) is the multiplicity of (a, b) in X with X € {E, F}.
Proof. Let x be a nontrivial additive character on [,. We have

N(E, F, )
1
= > Sme((er eme((fi. f2) D o x(s-(etfi+ert fr—2).

(e1,e2)€E,(f1, fr)eF sef,
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This gives us

_IEIIF]
N(E,F,A)=—+1L,
p
where
1
L= Yo meere)mp((fi. )= Y x(s-(erfiter+ fr—1).
(e1,0)€E,(fi, f)€F 5#0

If we view L as a sum in (ej, e2) € E, then we can apply the Cauchy—Schwarz
inequality to derive the following:

L*< Y mgp((er. )’

(el,ez)ef
> #Z S me(f LImES )

(er.e)ely = s8"#FO (1, ). (f]. f)EF
xx(s-(erfiter+ fr—Ax(' - (—eif{ —ex— fr+1))

2 1
= Z me((e1, €2))"—
(e1,e2)€E p

Z me((f1, L)me((fl, ) x(ei(sfi—s fi)x(ex(s —s'))
(e1.e2)€Fy, (fi. o)eF
(fl,fDEF, 5,5 #0 )
o <X (s(fa—2) —s'(f3 = 1))
= > me((er )
(e1,e2)€E
S me((fi ImE((f] X (fa— f2) =T +11,
s#0, (fi. f)eF
(Fl.fDEF, fi=f]
where [ is the sum over all pairs ((f1, f2), (f1, f;)) with fo = f;, and II is the sum

over all pairs ((fi, f2), (f{, f3)) with f> # f;.
It is not hard to check that if f> # f;, then

D xG (=) =-1,
s#0

so II < 0. Note that |I| < I since L* > 0.
On the other hand, if f, = f;, then

Y oxG-(h—f)=p—1
s#0
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In other words,
I<p Y me(en,e))’ Y, me((fi. /)
(e1,e2)€E (fi.f)eF

which implies that

1 1/2
|L|s¢1+115pz( > me(ere)® ) mF((fl,fz))2> :

(e1,e2)€E (fi,f)eF
This completes the proof of the lemma. U

For A C [, let E4((A — A)z) be the number of 4d-tuples {(a;, b;, c;, ei)}l‘?lzl
with a;, ¢;, b;, e; € A such that

(a1 —b1)* +-- 4 (g —ba)* = (c1 —e))* + -+ (ca — ea)*.

Similarly, let E;(A - A) be the number of 4d-tuples {(a;, b;, c;, e,~)}f.":1 with
a;,ci, b;, e; € A such that

arby +---+agbyg =crer +- - - +cqeq.
In our next lemmas, we give recursive formulas for E;((A — A)?) and E4(A- A).

Lemma 2.2. For A C [, we have

4d
Eq((A =A%) < Cd2<log|A|)2<% + AP B (A - A)2>),

for some positive constant C.

The proof of this lemma will be given in the next section. The following result
is a direct consequence, which tells us an upper bound of E;((A — A)?).

Corollary 2.3. Let A be a set in [F,. For d > 2, suppose that |A| > (d loglAl)pl/z;
then we have

4d— 2+1

Es(A— A% < d2(10g|A|)2| > +d*(log|A)*| Al

Proof. We prove by induction on d that

Ea((A— AY) < 202 (ogla? AL =25
P

+2C%d* (log|A])*|A| ,

whenever |A| > V2c (dlog|Al) p'/2, where the constant C comes from Lemma 2.2.
The base case d = 2 follows directly from Lemma 2.2 by using the trivial upper
bound |A|® of E;((A — A)?).
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Suppose the statement holds for any d — 1 > 2; we now prove that it also holds
for d. Indeed, by induction hypothesis, we have

() Esi—1((A—A)?)
|4(d—1)

A
<2C%(d — 1 (logl A A bty
p

+2C2%(d — 1)*(log|AD*| A|

|4(d—1)

S
< 2C2d2(10g|A|)2|—+2C2d4(10g|A|)4|A|4d 6+2d—2
p

On the other hand, it follows from Lemma 2.2 that

4d
) Es((A-A)?) < Cd2<log|A|)2(% AP E (A - A)z)).

Putting (1) and (2) together, we obtain

Eq((A— A>)<Cd2<1og|A|>2'p +/2C%d%(log|A])?| A2

AJ2(@d=D)
(dIOgIAI—| | +d>(logl AN AL g 1)
Since v2C (d log| A|)p'/2 < | A|, we have
Al2d=D 2d—1
2 |A] |A]
V2C%d log|A| S SO —
This implies that
l
Ea(A - 1) <202 0gl A A 202 toglaphia 2 FT . O
p

Similarly, for the case of product sets, we have:
Lemma 2.4. For A C [,

A 4d
Eq(A-A) < Cd2<log|A|>2<% AP JE, (A A)),

for some positive constant C.

Proof. The proof of this lemma is almost identical to that of Lemma 2.2, so we
omit it. U

Corollary 2.5. Let A be a set inF,. For d > 2, suppose that |A| > (d log|A]) p'/?;
then we have

4d—24
E (A-A) <<d2(10g|A|)2| ; FoaT

+d*(log|A])*| Al

Proof. The proof of Corollary 2.5 is identical to that of Corollary 2.3 with Lemma 2.4
in the place of Lemma 2.2; thus we omit it. (]
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2.1. Proof of Lemma 2.2. In the proof of Lemma 2.2, we will use a point-plane
incidence bound due to Rudnev [2018] and an argument in [Shkredov 2018, Theo-
rem 32].

Let us first recall that if R is a set of points in [Ff, and S is a set of planes
in [FZ, then the number of incidences between R and S, denoted by Z(R, S), is the
cardinality of the set {(r, s) € R xS :r € s}. The following is a version of Rudnev’s
point-plane incidence bound, which can be found in [de Zeeuw 2016].

Theorem 2.6 [Rudnev 2018; de Zeeuw 2016]. Let R be a set of points in [Ff7 and S
be a set of planes in P>, with |R| < |S|. Suppose that there is no line that contains
k points of R and is contained in k planes of S. Then

RI||S
ﬂKS%KL%J+WW%ﬂ+M&.

Proof of Lemma 2.2. We first have

Eq((A— A = Z Fa—1y(A-A2 DM a—1ya-ap(R2) f (1, 12),
n,n
where r(;_1)(a—a)2(¢) is the number of 2(d — 1) tuples (ay, ..., aq—1, b1, ..., ba—1)
in A%=2 such that (a; —by)>+ - - -+ (ag—1 —ba—1)*> =t, and f(t1, 1) is the sum
Do TA—ay2tn, ()T (A—p)244, (5). We now split the sum Eg((A — A)?) into intervals:

Ly L

Eq(A— A <Y 3N fltr)rl) @ ),

i=1 j=1ti,>

where L1 < log(|A|2d—2), L, < log(|A|2d_2), and r((;)._l)(A_A)z(tl) is the restr-iction
of the function d—1)(A—A)? (X) on the set Pi = {t 22! < Td—1)(A—A)? (t) < 2H—1}.
Using the pigeon-hole principle two times, there exist sets P;; and Pj, for some

ip and jo such that

Eq((A—A)) < 2d =2)*(log|AD> Y ftr, t)r(y” | a0 a2

1,

K d*(log|A])?2°27 Y " f(t1, 12) Piy (11) Py (12).

1,0

One can check that the sum Ztl’tz f(t1, 1) Py, (t1) Pj, (12) is equal to the number
of incidences between the point set R of points (—2a, e, t; +a*> — e?) € [FE7 with
acA,ec A, 1t € P, and the plane set S of planes in [F;?7 defined by

bX +2cY +Z =1, —b> + 2,

where b € A, ¢ € A and 1, € Pj,. Without loss of generality, we can assume that
| Pig| < | Pjy .
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To apply Theorem 2.6, we need to bound the maximal number of collinear points
in R. The projection of R into the plane of the first two coordinates is the set
—2A x A; thus if a line is not vertical, then it contains at most |A| points from R.
If a line is vertical, then it contains at most | P;,| points from R, but that line is
not contained in any plane in S. In other words, we can apply Theorem 2.6 with
k = |A|, and obtain

|AI* 1Py |1 Py |

D Ft ) Piy(t) Py () < +IAPIP V2| Pyy | + AP Py

5]
|AP* 1Py |1 Py |
K+ AP P21y .
We now fall into the following cases:

Case 1: If the first term dominates, we have
|AI* Py || Pjy |
D, ) Py (0) Py (1) < ————
1,0
Case 2: If the second term dominates, we have
> Ft1, ) Piy(t) Piy(12) < |AP| Py |21 Py .

t,n

Therefore,

4\ p. .
EJ((A— AY?) < d2(log| A])220027 (M
P

+|A|3|P,-0|”2|P,-0|)

4d
< d2(10g|A|)2(% AP Eg (A - A)?)),

where we have used the facts that
o 20| P |12 < \/Eq—1((A — A)?).
o 20|P; | K AP,
o 201P | K |AJP2,

This completes the proof of the lemma. (]

3. Proof of Theorem 1.1

Proof of Theorem 1.1. Let A be an arbitrary element in [F,,. Let E be the multiset of
points (2x, x>+ (y1 —z21)* 4 -+ (ya — 24)%) € I]:f7 with x, y;, z; € A, and F be the
multiset of points (—¢, P24 —v)? 4+ (ug —va)?) € [F%, with ¢, u;, v; € A.
We have |E| = |F| = |A[*].
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It follows from Lemma 2.1 that

EIIFI| _ 1 ) 2\
®) |N(E F.a)———|<p? Y me((ere) Y. me((fi, 7).

(e1,e2)€E (fi.f)eF

We observe that N(E, F, A) equals the number of pairs (x, y) € AXHL 5 p2dH]
such that ||x — y|| = A.
From the setting of E and F, it is not hard to see that

Y me((er, €)= A|E4((A — A)Y),
(el,ez)EE
D me((fin ) =1AIE4((A - A)%).
(f1. f)EF
Putting (3) and (4) together, we have

4

4d+2
|A] 1 2
< P?|A|Eq((A = A)7).

5) ‘N(E,F,A)—

On the other hand, Corollary 2.3 gives us

©)  Ea((A—A) )<<a’2(log|A|)2| RS
p

+d*(log|A)*| Al

Substituting (6) into (5), we obtain N(E, F, 1) ~ |A|***+2p~1 whenever

2d+2 3.2972_g4—1
|A2d+l|>dp 2 3.2d-1_] )

Since A is arbitrary in [, the theorem follows. U

4. Proofs of Theorems 1.3 and 1.5

The proof of Theorem 1.3 is similar to that of Theorem 1.1, but we need a higher-
dimensional version of Lemma 2.1.
Let E and F be multisets in I]:;. For A € ), let N(E, F, 1) be the number of

pairs ((e1, e2, e3), (f1, f2, f3)) € E x F such that ey f; +e3 fo +e3+ f3 =A. One
can follow step by step the proof of Lemma 2.1 to obtain the following.

Lemma 4.1. Let E, F be multisets in [Ff,. For any A € ), we have
|E[|F]
N(E,F,\) — ———
p

1/2
Ep( Y me(enene)’ mF<(f1,fz,f3))2) :

(e1,e2,€3)€E (f1.f2. [3)EF
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We are now ready to prove Theorem 1.3.

Proof of Theorem 1.3. Let A be an arbitrary element in [,. Let E' be the multiset of
points (2x1, 2x2, x74x3+(y1—21)*++ - -+ (Ya—1—24-1)?) € [F?, with x;, yi, z; € A,
and F the multiset of points (—t;, —12, t12+t22+(u1 —v) 2+ (g1 —va—1)%) € [F;
with #;, u;, v; € A. We have |E| = |A|*? and |F| = |A|*.

It follows from Lemma 4.1 that

|E[|F|

(7) |N(E,F,Xx)—

12
SP( Z me((e1, €2,3))° Z mF((flafZ,f3))2> :

(e1,e2,e3)€E (f1.f2. [3)EF

We observe that N (E, F, 1) is equal to the number of pairs (x, y) € A% x A%
such that ||x — y|| = X.
From the setting of E and F, it is not hard to see that

Y me((er, e2,e3))” = |APEq1((A— A)Y),

(e1.€2.€3)€E
Y me((fis fo ) =1APEC (A — A)).
(f1, 2. f3)€F
Putting (7) and (8) together, we have

®)

| |4d

9) ‘N(E, F, ) — < plAPE4—1((A = A)D).

On the other hand, Corollary 2.3 gives us

[4d—4 4d—6+ 7

(10)  E;1((A—A)?) < d*(lo g|A|>2' +d*(log|A])*| A

Substituting (10) into (9), we obtain N(E, F, ) ~ |A|4dp*1 whenever

y 2d+1_2¢—2d—1
|A |zdp 2 2d+l_2 .

Since A is arbitrary in [, the theorem follows. O

Proof of Theorem 1.5. The proof of Theorem 1.5 is similar to that of Theorem 1.3

with Corollary 2.5 in the place of Corollary 2.3. ([
5. Proof of Theorem 1.7

Let us first recall the prime field analogue of Balog—Wooley decomposition energy
due to Rudnev, Shkredov and Stevens [Rudnev et al. 2020].
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Theorem 5.1 [Rudnev et al. 2020]. Let A be a set in [, with |A| < p5/ 8 There
exist two disjoint subsets B and C of A such that A= B U C and

max{ET(B), EX(C)} < |A|"5,
where

EY(B)=|{(a,b,c,d)eB*:a+b=c+d}|, E*(C)=l|{(a,b,c,d)eC*:ab=cd}|.

We refer the interested reader to [Balog and Wooley 2017] for the original result
over R. The most up to date bound for this result over R is due to Shakan [2019].
The following is another corollary of Lemma 2.2.

Corollary 5.2. Let A be a setin [, and B be a subset of A. For an integer d > 2,
suppose that |A| < p/>+V/627=D) yng E+(B) < |A|Y/53; then we have

Y
Eq((B — B)?) < d*(loglAD* A" 75277,

Proof. We prove by induction on d that

_ 1
Es((B — B)?) < 4C2d*(logl A1 A 25277,

whenever |A| < (Cp)'/?>+V/ (5'2#1_2), where the constant C comes from Lemma 2.2.
The base case d = 2 follows from Lemma 2.2 and the facts that E; (B — B)?) <«
E*(B) and |B| < |A|.
Suppose the corollary holds for d — 1 > 2. We now show that it also holds for
general d. Indeed, it follows from Lemma 2.2 that

4d
Es(B—-B)’) < Cd2(10g|A|)2<% 1B Ea (B - 8)2)>.

On the other hand, by the inductions hypothesis, we have

1
4d_6+W

Es—1((B — B)?) <4C*(d — 1)*(log|A])*|A]

4d—6+

1
<4C*d*(log|AD*|A| 520°%,

Thus, using the fact that | B| < |A|[, we obtain

A 4d 1
E;(B— B)z) < d2(10g|A|)2 (CL +2C2d2(10g|A|)2|A|4d 2+5_2d—3)
p
oL
<4C2d* (loglADH Al 52
whenever |A| < (Cp)1/2+1/(5~2"*‘—2). -

Using the same argument, we also have another corollary of Lemma 2.4.
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Corollary 5.3. Let A be a setin [, and C be a subset of A. For an integer d > 2,
suppose that |A| < p1/2+1/(5.2d*172) and EX(C) < |A|"/3; then we have

o1
Eq(C-C) < d*(log| A4 AN 5277,
We are now ready to prove Theorem 1.7.

Proof of Theorem 1.7. Tt follows from Theorem 5.1 that there exist two disjoint
subsets B and C of A such that A = B U C and max{E*(B), EX(C)} < |A|4/.
One now can apply Corollaries 5.2 and 5.3 to derive

_ 1
max{E4((B — B)?), E4(C - C)} < d*(log|AD* 1A > 5273, 0
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