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ELLIPTIC GRADIENT ESTIMATES
FOR A PARABOLIC EQUATION
WITH V-LAPLACIAN AND APPLICATIONS

JIAN-HONG WANG AND YU ZHENG

In this paper, we establish a local elliptic gradient estimate for positive
bounded solutions to a parabolic equation concerning the V-Laplacian

(Ay =0 —q(x,0))u(x,t) = F(u(x, 1)

on an n-dimensional complete Riemannian manifold with the Bakry—Emery
Ricci curvature Ricy bounded below, which is weaker than the m-Bakry—
Emery Ricci curvature Ric? bounded below considered by Chen and Zhao
(2018). As applications, we obtain the local elliptic gradient estimates for the
cases that F (u) = aulnu and au”. Moreover, we prove parabolic Liouville
theorems for the solutions satisfying some growth restriction near infinity
and study the problem about conformal deformation of the scalar curvature.
In the end, we also derive a global Bernstein-type gradient estimate for the
above equation with F (u) = 0.

1. Introduction and main results

In this paper, we will study local and global elliptic gradient estimates for positive
smooth bounded solutions u(x, ) to a parabolic equation

(1.1) (Ay =0 —q(x,0))u(x, 1) = F(u(x, 1))

on an n-dimensional complete Riemannian manifold (M", g), where g (x, t) is a
function which is C? in the x-variable and C! in the ¢-variable, and F(u) is a C?
function of u.
The Equation (1.1) is an important extension of the Schrédinger equation. The
V-Laplacian is defined by
Ay:=A-V.V,

where V is a smooth vector field.
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As in [Chen et al. 2012], we define the m-Bakry—Emery Ricci curvature
1

Ric}} :=Ric+3Lyg——V*®@V*

m
for any number m > 0, where Ric is the Ricci tensor, Ly is the Lie derivative in the
direction of V, and V* is the metric-dual of V. When m =0, it means that V =0
and Ricy; returns to the usual Ricci tensor. The (00)-Bakry-Emery Ricci curvature
is

Ricy :=Ric —{—%Evg.

It is easy to see that Ric; > ¢ implies Ricy > ¢, but not vice versa.

If Ricy = Ag for some real constant A, then (M", g) is a Ricci soliton, which is
a natural extension of Einstein metric. A Ricci soliton is called shrinking, steady
or expanding, if A > 0, A =0 or A < 0, respectively. In particular, when V = Vf
for some function f € C*°(M), since Lvyg = 2Hess f (Hess is the Hessian with
respect to the metric g), a Ricci soliton becomes a gradient Ricci soliton. The
gradient Ricci soliton plays an important role in the formation of singularities of
the Ricci flow, and has been studied by many authors; see [Cao 2010; Hamilton
1995] for nice surveys.

Relating to the V-Laplacian, we have, for Ric};(0 < m < 00), the following
Bochner formula:

(1.2)  3Ay|Vul* = |VVul® + (Vu, VAyu) +Ric} (Vu, Vu) + nl¢|<v, Vu)|?

2
- (Ayu)
~ m+n

+ (Vu, VAyu) +Ricy (Vu, Vu).

When m = oo, we have
(1.3) LAy |Vul> = [VVul> + (Vu, VAyu) + Ricy (Vu, Vu).

The formula (1.2) looks like the classical Bochner formula on an (m-n)-
dimensional manifold with Ricci tensor, therefore many geometric results for
the Laplacian on n-dimensional manifolds with Ric bounded below can be possibly
extended to the V-Laplacian on (m-+n)-dimensional manifolds with Ric}; bounded
below, such as the mean curvature comparison theorem, the volume comparison
theorem, etc. However, for Ricy, due to lack of the term %l(\/, Vu)|?, there seems
essential obstacles to obtaining some important conclusions when Ricy is only
bounded below.

To the best of our knowledge, the gradient estimate technique was originated by
S.-T. Yau [1975] in the 1970s, who first proved a gradient estimate for the harmonic
function on manifolds. In the 1980s, this technique was developed by Li and Yau
[1986] for the heat equation on manifolds, and yielded a parabolic gradient estimate
(sometimes called Li—Yau’s gradient estimate). More precisely,
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Theorem A [Li and Yau 1986]. Let M be a complete manifold with dimension
n>2, Ric(M) > —k, k> 0. Suppose u is any positive solution to the heat equation
in B(xg, R) x [to—T, ty]. Then

IVul> u, ¢ cn

—— =<+ tak
u? u "R T "

in B(xo, %) X [to — % to]. Here c,, depends only on n.

Li and Yau [1986] also proved a parabolic gradient estimate for the Schrodinger
equation
(A=8 —q(x,n))ulx, 1) =0,

which can be seen as the special case of (1.1) (see [Li and Yau 1986, Theorem 1.2]).

In the 1990s, R. Hamilton [1993] proved a global elliptic gradient estimate
(sometimes called Hamilton’s gradient estimate) for the heat equation on closed
manifolds.

Theorem B [Hamilton 1993]. Let M be an n-dimensional closed manifold with
Ric > —K for nonnegative constant K, and let u be a positive solution of the heat

equation

ou

— =Au

ot
with u < A for all time. Then

(1Vul? < (1+2K0)uIn %

Hamilton’s gradient estimate requires that the equation be defined on closed
manifolds. Later, Souplet and Zhang [2006] proved a local elliptic gradient estimate
(sometimes called Souplet—Zhang’s gradient estimate) for the heat equation on
noncompact manifolds by inserting a necessary logarithmic correction term.

Theorem C [Souplet and Zhang 2006]. Let M be a Riemannian manifold with
dimension n > 2 and Ric > —k, k > 0. Assume u is any positive solution to the
heat equation in Qr. 1 = By, (R) X [to— T, to] C M x (=00, o0) withu < M. Then
there exists a dimensional constant ¢ such that

1 1 M

in Qry2,1/2-

Moreover, if M has nonnegative Ricci curvature and u is any positive solution
of the heat equation on M x (0, 00), then there exist dimensional constants cy, ¢
such that

1 u(x,2t)
|Vlnu| < Clﬁ(Cz-i-ln m)
forallx e M and t > 0.
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Apart from the above theorems, Li—Yau’s, Hamilton’s and Souplet-Zhang’s
gradient estimates have been generalized to other linear and nonlinear equations
on Riemannian manifolds, see, e.g., [Brighton 2013; Chow and Hamilton 1997;
Chen and Qiu 2016; Cao and Zhang 2011; Huang and Ma 2016; Li and Xu 2011;
Li 1991; 2012; 2015; Ma 2006; Ruan 2007; Wu 2015; Yang 2008; Zhu 2016].

We now give the main theorems, a local elliptic (Souplet—Zhang’s) gradient
estimate for positive smooth solutions to (1.1), which is based on the arguments
of Souplet and Zhang [2006] for the heat equation, Brighton [2013] for the f-
harmonic function and J.-Y. Wu [2015] for the f-heat equation. It is important that
our gradient estimate does not depend on any assumption on V.

Theorem 1.1. Let (M", g) be an n-dimensional complete Riemannian manifold,
and let By, (R) be a geodesic ball of radius R around xy and R > 2. Assume
Ricy > —k in By, (R) for some constant k > 0. Let u be a positive solution of (1.1)
in Qr.r = By (R) x [to — T, to] C M" x (—00, 00) with u < M for some positive
constant M, where to € R and T > 0. Then there exists a dimensional constant
C(n) such that

(1.4) |Vinu|
14 16| 1 ) M
<Cn t e VAt A ) (1412
()( R —— V. 1+2A2+ A3+ Ay L
in Qrya, 7 witht #1ty—T. Here
M:—min{O, minM}, )\zz—min{(), min(F’(u)—M)},
Orr U ORrT u

A3=2 rélax{q_} (¢~ = max{—gq, 0} is the negative part of q),
R, T

’

Ay = max|V\/|q>|
Or,1

which are nonnegative constants, and § = mMaX(x|d(x,xp)=1} Av7(X).

Remark 1.2. Theorem 1.1 describes local elliptic gradient estimate under only
Ricy bounded below, whose assumption on Ricy is obviously weaker than the
assumption on Ricy; (m < 0o) which was considered by Chen and Zhao [2018].

On one hand, we apply Theorem 1.1 to analyze the existence of solutions to the
special case of (1.1). Moreover, we study the problem about conformal deformation
of the scalar curvature on complete noncompact manifolds; see Corollary 2.7 in
Section 2.

Theorem 1.3. Let (M", g) be an n-dimensional complete manifold with Ricy > 0.
Consider the equation

(1.5) (Ay =0 — q(x))u(x, 1) = au”
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for some constants a > 0 and y > 1. Suppose that q(x) # 0 and
q = o(R*I), |V\/|q|| = o(R*I) as R — oo.

Then there does not exist any positive ancient solution (that is, a solution defined
in all space and negative time) to (1.5) such that u(x, t) = o(r (x)"/? + |t|'/?) near
infinity. In particular, if V = 0, we only assume u(x,t) = o(r(x) + 1t1'/2) near
infinity.

Remark 1.4. If g(x) is a positive constant, it naturally satisfies the growth con-

ditions of ¢(x) in Theorem 1.3. There also exist many nontrivial functions g (x)
satisfying these growth conditions, such as g(x) = e~ in R!.

On the other hand, we apply Theorem 1.1 to prove the parabolic Liouville
theorem for the V-heat equation under certain growth conditions of solutions. This
result is similar to the cases of the heat equation and the f-heat equation, obtained
by Souplet and Zhang [2006] and Wu [2015], respectively.

Theorem 1.5. Let (M", g) be an n-dimensional complete Riemannian manifold
with Ricy > 0. Let u(x, t) be an eternal solution (that is, a solution defined in all
space and time) to

(1.6) (Ay —3)u =0.
Then the following conclusions hold.

Q) If u(x,t)= 0T POHIN) oy infinity and u > 0, then u is a constant.
(i) If u(x,t) = o(r'/*>(x) + |t|'/?) near infinity, then u is a constant.

Remark 1.6. The growth condition of u is necessary. For example, let u = e*+%,
V =Vf, f =—x in R!. Then u is a nonconstant positive eternal solution to (1.6).
Any complete shrinking or steady Ricci solitons satisfy Ricy > 0, hence Theorem 1.5
also holds on shrinking or steady Ricci solitons.

In the end, we derive a global Bernstein-type gradient estimate for positive
bounded solution to (1.1) with F () = 0 on complete Riemannian manifolds with
Ricy bounded below, which is inspired by the works of Kotschwar [2007] for the
heat equation and Wu [2015] for the f-heat equation.

Theorem 1.7. Let (M", g) be an n-dimensional complete Riemannian manifold
with Ricy > —k for some constant k > 0. Let u be a solution to

(1.7) (Av =8 —q(x.D)ux.1) =0
in M" x [0, T with0 < T < oo. Suppose that

O<u<M, q (x,t)<a and |V\/|q>||§,3,
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where M, o, B are positive constants. Then there exists an absolute constant C such
that

tlVul* < CM*(1+ (k+a+B)T)
in M" x [0, T.

The rest of this paper is organized as follows. In Section 2, we give a useful
lemma and a cut-off function to prove Theorem 1.1 via the maximum principle
and V-Laplacian comparison theorem. As applications of Theorem 1.1, we prove
Theorems 1.3 and 1.5. Moreover, we apply Theorem 1.3 to discuss Yamabe type
problems and obtain Corollary 2.7. In Section 3, we prove Theorem 1.7 by using
another local elliptic gradient estimate for (1.7).

2. Local elliptic gradient estimate

In this section, we first follow the techniques of [Souplet and Zhang 2006; Brighton
2013; Wu 2015] to prove Theorem 1.1. Notice that 0 < u < M is a solution of (1.1).
Define a smooth function

f=1

u .
n-— in )
M OrT

Obviously, f <0. By (1.1), we have

F(Me') _Fw

Q1) (Ay=d)f+IVFP—qx,t)=A(f), where A(f)= Mel u

Let
IVf|?

. _ 2 _
gi=IVIn( = )P = =,

we have the following lemma.

Lemma 2.1. Let (M", g) be an n-dimensional complete Riemannian manifold with
Ricy > —k for some constant k > 0. Then g satisfies

2
(22) (Ay—d)g > %(Vﬁ V) +2(1 = g% = 20k + M +ha +23)g — 202,

where A1, A2, A3, A4 are the same as in Theorem 1.1.

Proof. Let h = In(1 — f), i.e., g = |Vh|>. By the Bochner formula (1.3) and
Ricy > —k, we have

(2.3) Ayg=2(IVVh|* +(Vh, VAyh) +Ricy(Vh, Vh))
>2((Vh, VAyh) —k|Vh|?).
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Since Vh = —% and

_ 2
Avh=Ah—(V,Vh)=—(l HAf+IVS] +<V Vf>

(1— 1) -
_ Avf P
I—f -7

By a direct computation, we obtain

4 2
1-x3 (- f)* (1— f)2 (1— f)3

Hence, (2.3) becomes

AVVI(VE, V) AIVFIY  2(VAEVAvS)  2IVfIPAv S
(1= (1= (1—f)? (11—
kIVf|2
(1=

(2.4) Avg=

By using (2.1), we obtain

2(Vf, V) +2|VfI2fz
(1—-H2 " (1—f)3
_UVLVAVS)  AVVS(VE V) +2|Vf|2Avf N 2|Vf|*
(1—f)? (1—f)? (1—f)3 (A= f)3
2V Vg+A)  2g+ AV
(1—f)? (1—f3

2.5) dg=

Combining (2.4) and (2.5), we have

AVVI(VEVE) | 4VFI* 4VVF(VE V) 2VfI
A—f7 a-pF  a-g2 _d-yp
V/P | 2V Vg +A) | 2q+ VP
(1— f)? (1-f)? (1—f)?

(2.6) (Av—-9d)g=

—2k

IV

B then

Since g =

OIVVF(VE V) 2|Vf*
(1—f)? 11—

(Ve Vf) =
which implies
4VVf (VY Vf)+ 4vr*
(1-£)? (1= 1)?
1 4|Vfl4> 4VVS(Vf, Vf)
— | 2(Vg, Vf) — — .
# g (ave - G20 ) - T

27 0=-2(Vg, Vf)+
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From (2.7), we know that

4VVf (VS Vf)Jr AIVFIY AVVF(VE V) 21Vf)°
(1) (1=H* (1—f)? (1)
2f 21vfI*

Vg,V =
1—f< g f>+(1_f)3

Using the above equality, (2.6) becomes

2f / A
(28) (Av-80gz = (VA Vg +21 - g’ - (k—A(f)—ﬁ)g

2 2q
Y g
1_fl ql«/§+1_fg
1

mfland

Since 0 <

Vg /? 2
(2.9) 2|V61|«/§<2|61|8+W—2|61|g+2|V\/ lq1|”.

Noticing that the inequality (2.9) is trivial when ¢ = 0. Hence,

2IVqlyg _ 2lglg ZIWW |q|g
B T R T g =29Vl

Using this inequality, (2.8) can be rewritten as

2 A 2q~
(Av—at)gz%(Vf,vg)Jrﬂl—f)gz— (k A(f)——+L)g

fo1=f
2
—2|Vvy/lqll".
By the definitions of A1, A2, A3, A4, we have
A A~ F
——— < —— < A" = —min{0, ﬂ} <A1,
- f - u
F(u) 2q
—A(N)==(Flw) = —=) =, oS VVlgl| < .
Hence, (2.2) immediately follows. U

In order to prove Theorem 1.1, we introduce a useful cut-off function which
originated with Li and Yau [1986] (see also [Bailesteanu et al. 2010; Souplet and
Zhang 2006]).

Lemma 2.2. Fixty € Rand T > 0. For any given t € (to—T, to], there exists a
smooth function 1 : [0, 00) X [ty—T, to] — R satisfying following propositions:

(1) 0 <n(rt) <1in [0, R] x [to—T, t9], and it is supported in a subset of
[0, R] x [tp—T, to].
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(2) 7(r,t)=1and 3,7(r,t) =01in [0, 2] x [1, 1] and [0, &] x [to—T, 1], respec-
tively.

3) 187 < Ci'?/(t =ty +T) in [0, 00) x [to—T, ty] for some constant C > 0,
and n(r,to—T) =0 for all r € [0, c0).

(4) —(Ce/R)7* < 9,7 < 0and |8}7]| < Ccqp®/R* in [0, 00) x [to—T, to] for every
€ € (0, 1) with some constant C, depending on €.

Now, we apply Lemmas 2.1 and 2.2 to prove Theorem 1.1 via the maximum
principle and the V-Laplacian comparison theorem [Wu 2018, Theorem 2.1] in a
local space-time supported set.

Proof of Theorem 1.1. Fix any number t € (fo—T, to], we will show that (1.4) holds
at (x, 7) for all x € By,(%). The assertion of theorem will immediately follows due
to T is arbitrary.

Choose a cut-off function 7(r, t) satisfying the propositions of Lemma 2.2. Let
n:M x[to—T, to] = R such that n(x, t) = n(r(x), t), where r(x) = d(x, xo). Itis
easy to see that n(x, ¢) is supported in Qg 7. Our aim is to calculate (Ay —9;)(ng)
and estimate each term at a space-time point where ng attains its maximum.

From Lemma 2.1, we conclude

2f

\%
2.10) (Ay —3,)(ng) — <ﬁvf+27n>v(ng)

2
>2(1— f)ng* — (%(Vﬁ Vn))g—Z

|Vn|?

g+ (Ayng—mg

—2(k+ A 422+ A3)ng — 2230
Assume

X1,1H) = max .
(ng)(x1, 11) BXO(R)XUO_T‘T](ng)

We may assume (ng)(x1, t;) > 0, otherwise, g(x, t) <0 and (1.4) naturally holds at
(x, T) whenever d(x, xg) < %. Notice that #| % t9 — T due to (ng)(xy, t1) > 0. We
may also assume that n(x, t) is smooth at (x1, ¢;) by the standard Calabi argument
[1958]. Using the maximum principle, at (x1, t;), we have

Ay(ng) <0, (g):;>=0 and V(ng)=0.

Hence, (2.10) can be simplified as

2
@11) 21— fyng’ < (%(Vﬁ Vi) 4221

)g —(Ayn)g+mng

+2(k + A1+ A2 + A3)ng + 2250
at (x1, f1). In the following, we will estimate each term on the right hand side of
(2.11) and obtain the desired gradient estimate in Theorem 1.1. We will get it by
two steps.
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Case I. Assume x| ¢ B,,(1). Since Ricy > —k and d(x1, xo) > 1 in B,,(R), R>2,
by the V-Laplacian comparison theorem, we have

Ayr(x;) =8+k(R—1),

where 6 = max(y|d(x,xp)=1} Avr(x).

Below the Young’s inequality and Lemma 2.2 will be repeatedly used in the
following estimate. Let ¢ be a constant depending only on n whose value may
change from line to line. Then we have the following inequalities:

2f
(2.12) To 7V Vms < 21£11Vnlg*?
| £Vl
3/4

[n(1—= 1]

vt

(11— f)n?
f4

R¥(1—f)¥

=2[n(1 - N’

<n(l—fg*+c

<n(l—fg*+c

\ vt ¢
(2.13) 2%g< g8’ T3 n"' <gng’+ -7

(2.14) —(Avng = —(37+d,7Avr)g

< (|a,2ﬁ| + (18] + k(R — 1))I8rﬁl>g

1927 9,7
= 771/28%/2 + (18] + k(R — 1))771/28#

2 2 —2 ~12

0 0

5%7’]82 (| _’7| 52| 1| kz(R—l)2| r_77| )
n n n

s ¢ c8? 2(R—1)?
= +ck

gt gt R T R2

c8?

R?

IA
oo —

+ ck?.

[A

C
18"+ o7+

17 1

C
(2.15) Inilg =n'""g= i S s 18> +8

(t—to+T)*
(2.16) 2k + Ay 4 2o+ 23)ng < §ng” 4+ 8k + Ay + Az + A3)%

mi' <ing*+

2.17) 2050 < 213
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Substituting (2.12)—(2.17) into the right hand side of (2.11), at (xy, #;), we have

4
8 c

2n(1— Z<p(1— 24 1ng? f— kP —"
+8(k+x1+x2+x3)2+2,\i.

Since 1 — f > 1, the above estimate implies
4
2 1 1.2 f 2 c
)< ——| 2 e D ——— — tckit+ ————5
(ng7)(x1, 1) < 1_f<2ng Jrcl,eét(l_f)3 Y + + Y et T2

+8(k + 2 +Az+x3>2+zxi)
f4 c c8? 2 c
-+ 4 4% 4k
R4 (1— f)* TRt R TR (t—19+T)2
+8(k + A1 + Ao+ A3)2 4242

< gng° +ec

c c82 c
R* + (t—1t9+T)>

A

g+ +e(k+ A1+ 22+ A5+ A%

Since 0 < n < 1, then

m2)>(x1, 1) < ngH(x1, 1)

c +c82 c

< 48 C ekt A At A+ A
Sm PR T gy TR ATt At )

Since n(x, ) =1 whenx € By, (%) by the proposition (2) in Lemma 2.2 and R > 2,
we obtain

gx,t)=mg)(x, 1) < (ng)(x1, 1)

cls|
_R2+ R T _tO+T+c(k+x1+Az+A3+x4)
c(1+]8])
<
== +T_IO+T+C(/<+M+?~2+)»3+M)

for all x € BXO(E).

Case II. Assume x| € By, (1) C By, (%) when R > 2. In this case, 1 is a constant
in space direction in Qg2 7. Hence (2.11) can be simplified as

2(1— f)ng® < mig +2(k + A1 + Az + A3)ng + 2430
at (x1,t1). Since 1 — f > 1, this implies
21g* < g +2(k + Ay +Aa + A3)ng + 230

at (x1, t1). Substituting (2.15)—(2.17) into the right hand side of the above inequality,
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we have
2 1 9 5
) <c(— (kA ha A /\).
(ng") (x1 1)_c<(r—to+T)2+( + A+ A2+ A3)7+ 25
Since 0 < n <1, we have
1
(ng)(xl,tl)Sc(m+k+kl+)»2+)»3+)»4).

Since n(x, ) = 1 whenever x € BXO(g),

glx,t)=mg)(x, 1) < (ng)(x1, 1)

1
e L AR R RV EET Y
_C<r—to~|—T+ A1+ A2 A Ay

for all x € on(é)-

Combining the above two cases, by the definition of g and the fact that 7 €
(to—T, to] was chosen arbitrarily, we obtain

M(yc,nsc(n)( Ll +\/k+kl+kz+xz+k4>
1—f R Jt—to+T ’

for any (x,t) € Qry2,7 With t # to — T. Substituting f = In ; into the above
estimate completes the proof of theorem. ([

Remark 2.3. If g(x, t) = F(u) =0, V = V{ for some function f, then Theorem 1.1
is the same as Theorem 1.1 in [Wu 2018] for the weighted heat equation. From the
proof of Theorem 1.1, we know that the term ~/ (1 + |6])/R in (1.4) can be changed
into % whenever V = 0.

When V is bounded, we can prove another gradient estimate of (1.1) in any
geodesic ball. Its proof is similar to that of Theorem 1.1 except that the V -Laplacian
comparison theorem in Theorem 1.1 is replaced by another V -Laplacian comparison
theorem [Wu 2018, Theorem 2.2]. We only provide the conclusion and omit the
proof.

Theorem 2.4. Let (M", g) be an n-dimensional complete Riemannian manifold.
Assume Ricy > —k and |V| < a in By,(R) for some nonnegative constants k and a.
Let 0 < u < M be a solution of (1.1) in Qr 7. Then there exists a dimensional
constant C(n) such that

1+a 1 M
218) |VInu|<C KA Aot Azt (1 | —)
(2.18) |VInu| < (n)( =T —t_tO+T+\/ +A1+HAo+As+ 4) +in =~

in Qrpo, 1 witht #1ty— T, where Ly, A2, A3, A4 are the same as in Theorem 1.1.
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As applications of Theorem 1.1, we can derive some corollaries by considering
the special cases of (1.1). More precisely,

(2.19) (Ay =0 —q(x,0))u=aulnu,
(2.20) (Ay =0 —q(x,0))u =au”,

where a and y are constants.
When V = 0, the elliptic version of (2.19) is closely related to the gradient Ricci
soliton; (see [Ma 2006]). In fact, consider the gradient Ricci soliton

Ric+VVf 4+ g =0,
where X is a constant. Taking the trace of the above equality, we have
R+Af+ni=0.
Using the contracted Bianchi identity and Ricci identity, then
IVFP+R—2Af =c¢
for some constant c. Hence
IVFI? = Af —2Af =ni +c.
Setting u = e/, we obtain
Au— (c+nlNu=—-2Aulnu.

When V =0, the elliptic version of (2.20) is related to conformal deformation of
the scalar curvature on manifolds. In fact, for any n-dimensional (n > 3) manifold,
consider a conformal metric g = u*"=? g for some positive function u. Then the
scalar curvature § of metric g related to the scalar curvature s of metric g is given
by

-2 n—2 . _
2.21 Au— -1 (n+2)/(n=2) _ .
( ) u i(n l)su+4(n l)su =0

We have known that if M is compact and s is a constant, the existence of u is the

well-known Yamabe problem which has been solved by R. Schoen [1984] (see also
[Lee and Parker 1987; Mastrolia et al. 2012] for more details).

Corollary 2.5. Let (M", g) be an n-dimensional complete Riemannian manifold
with Ricy > —k for some constant k > 0. Let 0 < u < M be a smooth solution
of (2.19) witha < 0 in M" x [ty—T, to]. Suppose that g~ < ¢y and |V/Iq]| < c2
for some constants cy, cp. Then there exists a dimensional constant c(n) such that

(2.22) |VInu| <c(n) <ﬁ +\/k —aln(max{M, 1}) —a + 2c; +cz>
-(1+ln M)
u

in M" x (to—T, ty].
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Proof. Since F(u) = aulnu (a <0) and 0 < u < M, by the definitions of A;
(i=1,2,3,4),itis easy to obtain
A = —aln(max{M, 1}), ir=-—a, Iz=2c|, A4=c3.
Applying Theorem 1.1 and setting R — oo, (2.22) immediately follows. (]

Corollary 2.6. Let (M", g),q~ and ‘V«/lq” be the same as in Corollary 2.5. Let
0 < u < M be a smooth solution of (2.20) with y > 1 in M" x [toy—T, ty]. Then
there exists a dimensional constant c(n) such that

1 sgna—1 y—1
(2.23) IVIHMISC(H)<—W+ k+=——(ayM" ) +2c1+c
-(1+lnﬂ)
u
in M" x (to—T, ty], where
1 ifa=>0,
sgna=41 0 ifa=0,
—1 ifa<O.

Proof. Since F(u) =au” (y > 1) and 0 < u < M, by the direct calculations, we
have

(i) If a >0, then Ay = A, =0.
(i) Ifa <0, then Ay = —aM?~ !, Ay = —a(y — HM?~ L.
Using (1.4) and letting R — o0, the desired result (2.23) follows. O

Next, we apply Theorem 1.1 to prove Theorem 1.3 which analyze the existence
of solutions to the parabolic equation (1.5) when the coefficient ¢ (x) and solutions
u(x, t) satisfying some growth conditions. Furthermore, we can use Theorem 1.3 to
study the problem about conformal deformation of the scalar curvature on complete
manifolds.

Proof of Theorem 1.3. From the proof of Theorem 1.1 and Corollary 2.6, since
a >0, then A} = A, =0, we get a local elliptic gradient estimate for (1.5):

1418] 1 ( M)
2.24 Vinhu| < A A 14+1In—
(2.24) | M|_C(”)( R + t—t0+T+ 34 Ay + >

for any (x,¢) € Q%T with ¢ £ t9 — T, where A3, A4 be defined in Theorem 1.1.

For any fixed space-time point (xg, #p), by the growth assumptions of u(x, t) and
q(x), applying (2.24) to u(xo, fo) in the space-time set Qg g = By, (R) X [to—R, 1],
then

1+14]

(2.25) |V Inu(xo, 10)] < c(n)( = +0(R_1/2)> (1+o(InvR) —Inu(xo, o))
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for sufficiently large R > 2.
Notice that In u(xg, tp) is a fixed value, which implies

[Vu(xg, to)l=0 as R — oo.

Since (xg, o) was chosen arbitrarily, then u (x, ) =u(t), and Equation (1.5) becomes

(2.26) u'(t) = —q(x)u(t) —au” (t).
Casel. a =0.
In this case, u'(r) = —g(x)u(t). Since g(x) # 0, we solve this equation and
obtain
(2.27) u(t) = Ce 991,

where C is an arbitrary constant.
From (2.27), we know g(x) = ¢ for some constant ¢ > 0 due to the growth
assumption of ¢~. Then

u(t) = u(0)e " = u(0)e!,

which contradicts the assumption that u(x, ) = o(r (x)'/? 4 |¢|'/?) near infinity.
Case1Il. a > 0.

In this case, (2.26) can be regraded as a one-order linear ordinary equation which
has a general solution
(2.28) W'V (1) = Cer—Dar _ _4_

q(x)

where C is an arbitrary constant.

By the same way, we know ¢ (x) = ¢ for some constant ¢ > 0, then

W= (1) = (ul_V(O) + Q)e(y—”“ ~4
C C

Since a, ¢, y — 1 and u(0) are positive constants, which imply

u V() —> —% <0 ast— —oo,
this is impossible since u > 0.

As for the case V =0, the term /(1 + [8])/R in (2.24) can be changed into %.
Since u(x, 1) = o(r (x)+|t|'/?) near infinity, we apply (2.24) to u(xo, to) in Qg g2 =
By, (R) x [to—R2, 1] and the proof is almost the same as before except that (2.25)
is replaced by

IV Inu(xo, fo)| < c(n)(% + o(R’l/z))(l +o(n R) — Inu(xo, 1p)). a

As an application of Theorem 1.3, we discuss the Yamabe type problem of
complete Riemannian manifolds and immediately obtain the following corollary.
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Corollary 2.7. Let (M", g) be an n-dimensional (n > 3) complete Riemannian
manifold with Ric > 0 and the scalar curvature s of g satisfying

sup |V/s|=0(R™)

By (R)
as R — oo. Then there does not exist complete metric
gel{u" g0 <ueC®M)andu(x) =o(r(x)"/?},
such that the scalar curvature 5 of g is some nonpositive constant.

Proof. 1t is equivalent to prove that if 5 is some nonpositive constant, then there
does not exist any positive solution to (2.21) satisfying u(x) = o(r(x)'/?). In
Theorem 1.3, let

. ) =u(), V=0, g = f‘zl)szo,
__ n—=2 . n+2
= ia-n' 7" v=aa 7t

we know that g(x) satisfies the growth conditions in Theorem 1.3 due to the
assumptions on s, hence the conclusion follows. O

We also apply Theorem 1.1 to derive the parabolic Liouville theorem for the
V-heat equation which extends some known results.

Proof of Theorem 1.5. Since F(u) = q = 0, using Theorem 1.1, we have

(2.29) |v1nu|sc<n>< Loy t 1t+ )( +n My,
LV A (1]

(i) By the assumption of u(x, t), we have
Inu = o(rl/z(x) + |t|1/2)
near infinity. For any space-time point (xo, fp), we apply (2.29) to u(xo, #p) in the
space-time set Qg r = By, (R) X [to—R, to], then
[Vulxo, 10)] _ C(n, )
u(xo,t0) ~ /R

for sufficiently large R > 2.
For the fixed value In u(xg, fp), setting R — oo in the above inequality, we get

(14 0(v'R) —Inu(xo, o))

[Vu(xo, t0)| =0

Then u is only a time-dependent function due to (xg, fo) being arbitrary. Moreover,
u is a constant by using (1.6).



ELLIPTIC GRADIENT ESTIMATES FOR A PARABOLIC EQUATION 469
(i1) Let My = SUPQ o & |u|. Considering the function U = u + 2M>p, then

Mygr < U(x,t) <3Mag
whenever (x, 1) € Q, /z »/g- For any fixed point (xo, 7o), applying (2.29) to U, we

have
Vu@o. 1)l _ C(n,9)

u(xo, to) +2Mog — /R

for sufficiently large R > 2. By the assumption of u(x, ), we have Mag = o(R'/%).
The conclusion immediately follows by taking R — oo. ([

3. Global elliptic gradient estimate

In this section, we follow the arguments of Kotschwar [2007] and Wu [2015] to
prove Theorem 1.7. The key is to derive a local elliptic gradient estimate which
is different from Souplet—Zhang’s gradient estimate. Our proof is based on the
technique of Shi [1989] from the estimation of derivatives of curvature under the
Ricci flow. Firstly, we give the following lemma.

Lemma 3.1. Define

G(x,1) = 4M?*+u®)|Vu|*.
Under the same assumptions as in Theorem 1.7, we have

2

5 7
3.1) @ = AVIG = (3k+30)G — 57

G +508°M*.
Proof. By straightforward calculations, we obtain

0 — Ay)u® = =2|Vul* — 2qu°.
(0, — Ay)|Vul? < =2|VVu|*> = 2u(Vu, Vq) —2q|Vu|* + 2k|Vu|*.
Then,

(32) (B, —Ay)G = 3 —Ay)u’ | Vul?* +(@M>*+u>) (3, — Ay)|Vul|?
—2(Vu?,V|Vu|?)
< (=2|Vul*—2qu®)|Vul?
+ @M +u?) (=2|VVul* =2u(Vu,Vq) —2q|Vul* +2k|Vul?)
—8uVVu(Vu,Vu).
Since

—8uVVu(Vu, Vu) < 10u|VVul* + §|Vul*,  5u® <4M*+u*> <5M,
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the inequality (3.2) can be simplified as
(3.3) (3 — Ay)G < 10kM*|Vu|* — 2|Vu|* — 2qu*|Vu|?
—2(4M? + uPu(Vu,Vq) —2(4M* + u?)q|Vul>.
Using the Young’s inequality, then
—2(4M? + u®)u(Vu, Vq) < 10M*u|Vu||Vq|

§|VCI|2M4
2 |ql
= 2lqlu?|Vul® + 50|V /Iql|” M*.

<2|qlu’*|Vu)* +

Notice that
—2(4M? +u®)q|Vu|* < 10M*q~|Vu|?,
and
lgl—g=2q".
Hence, (3.3) can be written as

(3 — Av)G < 10kM?|Vul* — 2|Vul* + 4~ u*|Vul* + 10M>q ™~ |Vu|?

2
+50|vy/lql|"M*
< —2|Vul* + (10k + 14a) M?|Vu|* + 50> M*,
where we used the assumptions ¢~ < « and |V./|q|| <B.
By the definition of G, we know
4M?*|Vul* < G < 5M*|Vul*.
Hence, the inequality (3.1) follows. (|

Now, applying Lemma 3.1, we give a proof of Theorem 1.7.

Proof of Theorem 1.7. As in [Li and Yau 1986], we take a cut-off function o(s)
which is defined in [0, c0) such that 0 < gﬁ(s) <1 and

p(s)=1 forse[0,3].  ¢(s)=0 forsell,o0).

q_S(s) also satisfies

¢'(s)
—c1 < = < > —
Cl_¢1/zs)_0, ¢ (s) = —c2
for positive absolute constants c¢; and c;.
Let p(x) = d_)(%) for R > 2, where r(x) denotes the distance from the fixed

point x( to x. Using the argument of Calabi [1958], we may assume ¢ (x) € C2(M)
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with support in By, (R). By direct calculations, we have

IVoI? 3 N
s "R VISR TR

34

for some positive absolute constant c3.
Considering t¢G in B, (R) x [0, T], using Lemma 3.1, we get

(3.5) (8, — Ay)(1¢G) < ¢pG + tqs((gk +20)G — 125M4G2 +508 M4>
—tGAy¢p —2t(Ve,VG)
Assume

(19G)(x1, 1) = on(rlgi%j](w(?)-
If t¢ G is not identically zero (i.e., u is not a constant in supp ¢), then
(t¢G)(x1,11) > 0.
By the maximum principle, at (xy, t1),

V(tpG) =0, (3 —Ay)(t9G) =0.

In the following, we will estimate the each term on the right hand side of (3.5) at
(x1, 11).

Case I. Assume x; € By, (1) C By, (%) because of R > 2.
In this case, ¢ = 1 implies V¢p = Ay ¢ = 0. The inequality (3.5) can be simplified

as
5 7 2G 4
It is equivalent to
2 _6? Skal 20,4
5373/~ ((Gk+30)t +1)G —508°M*1 <0

at (x1, ;). Since 0 <t < T, we have

125M4 tG)?* — ((3k + 2a)T + 1)tG — 508 M*T? < 0.

At this time, (x1, t1) is also the maximum point of G in on(g) x (0, T']. Hence,
we obtain

(tG)(x,1) < (tG)(x1, 1) < CM*(1+ (k+a+ B)T)

in By (%) x [0, T1.
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Case II. Assume x| ¢ By, (1).
In this case, since Ricy > —k, d(x1, x9) > 1 and R > 2, by the V-Laplacian
comparison theorem, we have

Ayr(x)) <8+k(R—1)<|8| +k(R—1),

where § = maxyjq(x,x)=1) Avr(x). Hence,
(3.6) Av = =18 +k(R—1) -
By using Lemma 3.1, (3.4) and (3.6), at (xy, #1), we have

3.7 0= —Ay)(¢G)
=¢G+1¢(0 — Ay)G —tGAy¢p —21(Ve, VG)

2
(¢+2t|V$| tAV¢>G+t¢(8t AV)G — 2<V(t¢>G) ¢¢>
s(1+%§+c—lf(|6|+k<R—1)))G

2G?

+1((3k+30)G — Tz +5087M*)

7

2
< —%@GM (1 +c6(1+|5| thta ) )G+C7/3 M*T.
Multiplying both sides of (3.7) by t¢ and using t¢ < T, we have

1+4]5]

Pk ) >(t¢G)—C7,32M4T2§0.

S 1¢G)? — (1
s €007 = (1 eo( S
We solve this inequality and obtain that

($G)(x1, 1) < 08M4<1+ (1“5' thkta +ﬁ) )

Notice that the above constants ¢; (i =1, 2, .. ., 8) are all absolute positive constants.
Consequently,
(tG)(x, 1) = (19G)(x, 1) < (tdpG)(x1, 1)
< c8M4(1 n (H"S' fkta +ﬂ) )

for any (x,¢) € on( ) x [0, T1].
Combining the above two cases, we obtain

(1+|8|

(tG)(x,t)SCM4<1+ thto +ﬁ> )

for any (x, 1) € on( ) x [0, T].
Since G > 4M 2|Vu|2, the theorem follows by taking R — oo. (]
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