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XIANGYU ZHOU AND LANGFENG ZHU

We obtain optimal L? extension of holomorphic sections of a holomorphic
vector bundle from subvarieties in weakly pseudoconvex Kéhler manifolds.
Moreover, in the case of a line bundle the Hermitian metric is allowed
to be singular.

1. Introduction and main results

The L? extension problem is an important topic in several complex variables and
complex geometry. Many generalizations and applications (see [Manivel 1993;
Ohsawa 1995; 2001; Siu 1996; 1998; Berndtsson 1996; Demailly 2000; 2012a;
Siu 2002; McNeal and Varolin 2007; Berndtsson and Paun 2008], etc.) have been
obtained since the original work of Ohsawa and Takegoshi [1987]. Recent progress
concerns the optimal L? extension and its applications (see [Guan et al. 2011; Zhu
et al. 2012; Guan and Zhou 2012; 2015a; 2015c¢; Btocki 2013; Zhou 2015; Ohsawa
2015; Berndtsson and Lempert 2016; Cao 2017; Zhou and Zhu 2018], etc.).

Most recently, several general L? extension theorems with optimal estimates
were proved in [Guan and Zhou 2015c] for holomorphic sections defined on sub-
varieties in Stein or projective manifolds. In [Demailly 2016], several L? extension
theorems were obtained for holomorphic sections defined on subvarieties in weakly
pseudoconvex Kéhler manifolds.

In this paper, we prove an optimal L? extension theorem, which generalizes
the main theorems in [Guan and Zhou 2015c¢] to weakly pseudoconvex Kihler
manifolds and a main theorem in [Zhou and Zhu 2018], and optimizes a main
theorem in [Demailly 2016] (cf. Theorem 2.8 and Remark 2.9 in [Demailly 2016]).

Let us recall some usual notions and some definitions in [Demailly 2016].
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Definition 1.1. A function ¥ : X — [—00, +00) on a complex manifold X is said
to be quasi-plurisubharmonic if v is locally the sum of a plurisubharmonic function
and a smooth function. In addition, we say that v has neat analytic singularities if
every point x € X possesses an open neighborhood U on which v can be written as

y=clog > lgjI*+u

1<j=<jo
where ¢ is a nonnegative number, g; € Ox(U) and u € C*(U).

Definition 1.2. If ¥ is a quasi-plurisubharmonic function on a complex manifold X,
the multiplier ideal sheaf Z(v) is the coherent analytic subsheaf of Oy defined by

I(W), = {feox,x:aUax,/ | f] e—¢d,\<+oo},
U

where U is an open coordinate neighborhood of x, and d A is the Lebesgue measure in
the corresponding open chart of C". We say that the singularities of i are log canon-
ical along the zero variety Y = V(Z(¥)) if Z((1 — &)¥)|, = Ox|, for every & > 0.

If w is a Kidhler metric on X, we let d Vx ,, := @" /n! be the corresponding Kihler
volume element, where n = dim X. In case ¥ has log canonical singularities along
Y = V(Z(¥)), one can associate in a natural way a measure d Vx ,[v¥] on the set
Y9 = Yreg of regular points of ¥ as follows.

Definition 1.3. If g € C.(Y?) is a compactly supported nonnegative continuous
function on Y° and g is a compactly supported nonnegative continuous extension
of g to X such that (supp g) NY C Y, then we set

/ gdVy,[¥]= lim ge VdVy .
YO0 1= =00 JixeX: 1<y (x)<t+1}

Remark 1.4. By Hironaka’s desingularization theorem (Theorem 2.8), it is not
hard to see that the limit in the above definition does not depend on the extension g
and then d Vx ,,[¥] is well defined on Y0 (see Proposition 4.5 in [Demailly 2016]
for a proof).

Remark 1.5. The definition of d Vx ,[v] here has a slight difference with the one
in [Guan and Zhou 2015c]. In fact, if we denote the measure in [Guan and Zhou
2015c] by dVx (¥ ], the integral fYO g dVx »[¥] here is equal to

b2 ~
> 7/ gdVy o[¥].
1=jzn 1 Y

where Y,,_; is the (n— j)-dimensional component of Ye,.

We will define a class of functions before the statement of our main theorem.
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Definition 1.6. Let oy € (—00, +00] and «; € [0, +00). When ay # 400, let
NRap.a, be the class of functions defined by

{R € C*®(—00,ap]: R >0, R is decreasing near — oo,
)

_ 1
lim e R(t oo, C :=/ —dt 00,
Amge RO =too Cr= ] R =Y

(1-1) /ao( . +fa0 dn )dz L L) <R(t)< o +/“° di, )2
. \R@o) ' J, Re)" 7" R R ' J, R@)

for all t € (—o0, ao)}.

When «g = +00, we replace R € C*®°(—o0, ap] with R € C*®°(—o00, +00) and
R(4+00) :=1lim R(t) € (0, +oc] in the above definition of Ry, ;.

t—+00

Remark 1.7. The numbers «, 1 and the function R(¢) are equal to the numbers A,
1/8 and the function 1/(c4(—t)e") which are defined just before the main theorems
in [Guan and Zhou 2015c]. If a9 # +o0 and R is decreasing on (—o00, agp],
then (1-1) holds for all # € (—o0, ag). If @9 = 400, then (1-1) implies that
ft+°°(oz1/R(+oo)) dty < oo for all t € (—o0, 4+00). Therefore, ;1 /R(+00) =0,
1e., 1 =0 or R(4+00) = +o0.

Theorem 1.8 (The main theorem). Let R € Ry, «,. Let (X, w) be a weakly pseudo-
convex complex n-dimensional manifold possessing a Kdhler metric w, and ¥ be a
quasi-plurisubharmonic function on X with neat analytic singularities. Let Y be
the analytic subvariety of X defined by Y = V(Z(¥)) and assume that \r has log
canonical singularities along Y. Let L (resp. E) be a holomorphic line bundle (resp.
a holomorphic vector bundle) over X equipped with a singular Hermitian metric
h = hy (resp. a smooth Hermitian metric h = h), which is written locally as e %"
for some quasi-plurisubharmonic function ¢ with respect to a local holomorphic
frame of L. Assume that

() /=10, 4+ /=138 is semipositive on X \ {y = —00} in the sense of currents
(resp. in the sense of Nakano),

and that there is a continuous function a < ag on X such that the following two
assumptions hold:

(i) V=10, + /=130y + (1/% (e))v/—1380Y is semipositive on X \ {{y = —o0}

in the sense of currents (resp. in the sense of Nakano),

(i) ¥ <a,
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where X (t) is the function
0 /ao dn ) (a))?
—— di, +
/, (R(Olo) , R@))"? " R@o)
ai +/m dty '
R(ao) Ji R(t1)
Then for every section f € HO(YY, (Kx ® L)|yo) (resp. f € HO(YY, (Kx ® E)|yo))
onY? = Yyeg such that

(1-2)

(1-3) / R dVaald] < +oo,
Y

there exists a section F € H'(X, Kx ® L) (resp. F € H(X, Kx ® E)) such that
F=fonY"and

(1-4) f Pl dv <( d +C>/ 112 dVy ol¥/]
' TR 0= \Raag) TE) fyo o dVxaldl

Remark 1.9. The case of Theorem 1.8 when X is Stein or projective was proved
in [Guan and Zhou 2015c] (see also Proposition 4.1 in [Zhou and Zhu 2018] for a
simplified version). Hence Theorem 1.8 can be regarded as a generalization of the
main theorems in [Guan and Zhou 2015c] to weakly pseudoconvex Kédhler manifolds.
Then it is easy to see from Remark 1.5 and the main theorems in [Guan and Zhou
2015c] that the constant o1/ R(cg) + Cg in (1-4) is optimal. Hence Theorem 1.8
gives an optimal version of a main theorem in [Demailly 2016] (cf. Theorem 2.8
and Remark 2.9 in [Demailly 2016]).

Remark 1.10. In [Zhou and Zhu 2018], Theorem 1.8 was proved for L in the
special case when ¥ = mlog |s|% ap = a; = 0 and R is decreasing on (—o0, 0],
where s is a global holomorphic section of some holomorphic vector bundle of
rank m over X equipped with a smooth Hermitian metric, and s is transverse to
the zero section. Similarly as in [Zhou and Zhu 2018], a global plurisubharmonic
negligible weight can be added to Theorem 1.8 by adding another regularization
process to Step 2 in Section 4.

Remark 1.11. In order to deal with the singular metric 4, on the weakly pseudo-
convex Kihler manifold X, not only the regularization Theorem 2.2 and the error
term method of solving P equations (Lemma 2.1) are needed, but also a limit
problem about L? integrals with singular weights needs to be solved. We solve
the limit problem in Proposition 3.2. Then by using Propositions 3.1, 3.2 and the
strong openness property of multiplier ideal sheaves (Theorem 2.7) as the key tools,
we construct a family of smooth extensions of f satisfying some uniform estimates,
and overcome the difficulty in dealing with the singular metric (see also [Zhou and
Zhu 2018] for the special case).
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The rest of this paper are organized as follows. First, we recall some results used
in the proof of Theorem 1.8 in Section 2. Then, we prove two key propositions in
Section 3 which will be used to deal with the singular metric /. Finally, we prove
Theorem 1.8 in Section 4 by using the results in Sections 2 and 3.

2. Some results used in the proof of Theorem 1.8

In this section, we recall some results which will be used in the proof of Theorem 1.8.

Lemma 2.1 [Demailly 2000; 2016]. Let (X, w) be a complete Kdhler manifold
equipped with a (not necessarily complete) Kdhler metric w, and let (Q, h) be a
holomorphic vector bundle over X equipped with a smooth Hermitian metric h.
Assume that T and A are smooth and bounded positive functions on X and let

B:=[tV/—10g) —vV—1331 —vV/—1A7'97 Ad7, A].

Assume that 6 > 0 is a nonnegative number such that B + 81 is semipositive
definite everywhere on N"1Ty @ Q for some q > 1. Then given a form g €
L*(X, A T5 ® Q) such that D" g = 0 and

/ (B+61)" g, )ondVy. < 400,
X

there exists an approximate solution u € L*(X, A"97! Ty ® Q) and a correcting
termv € L*(X, NYMTE® Q) such that D"u + Vv =g and

2
|14|th
xT+A

The following regularization theorem due to Demailly plays an important role
in the present paper.

Theorem 2.2 [Demailly 1994, Theorem 6.1]. Let (X, w) be a complex manifold
equipped with a Hermitian metric o, and Q2 € X be an open subset. Assume that
T=T+ (v —1/m)80¢ is a closed (1, 1)-current on X, where T is a smooth real
(1, 1)-form and ¢ is a quasi-plurisubharmonic function. Let y be a continuous real
(1, 1)-form such that T > y. Suppose that the Chern curvature tensor of Tx satisfies

AV o+ / W2, Vo < / (B 48D, glondVio.
X X

V=107, + @ QIdry) (k1 ® k2, kK1 ®K2) =0 (Vki1, k2 € Tx with (K1, k2) =0)

for some continuous nonnegative (1, 1)-form @ on X. Then there is a family of
closed (1, 1)-currents T¢ , = T+ (V=1/7)30¢, , defined on a neighborhood of
Q (¢ € (0, +00) and p € (0, p1) for some positive number py) independent of y,
such that

(1) @c,p is quasi-plurisubharmonic on a neighborhood of Q, smooth on Q\ E (T),
increasing with respect to ¢ and p on 2, and converges to ¢ on Q2 as p — 0,
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() T p >y —cw — 6w on L,

where E_(T) :={x € X : v(T,x) > ¢} (¢ > 0) is the c-upperlevel set of Lelong
numbers, and {8,} is an increasing family of positive numbers such that lim §, = 0.

p—0

Remark 2.3. Although Theorem 2.2 is stated in [Demailly 1994] in the case X
is compact, almost the same proof as in [Demailly 1994] shows that Theorem 2.2
holds in the noncompact case while uniform estimates are obtained only on the
relatively compact subset 2.

Lemma 2.4 [Demailly 1982, Theorem 1.5]. Let X be a Kdhler manifold, and Z be
an analytic subset of X. Assume that 2 is a relatively compact open subset of X
possessing a complete Kdihler metric. Then 2\ Z carries a complete Kdhler metric.

Lemma 2.5 [Hormander 1990, Theorem 4.4.2]. Let Q be a pseudoconvex open set
in C", and ¢ be a plurisubharmonic function on Q. For every w € L%p’qﬂ)(Q, e %)

with dw = 0 there is a solution s € L%p’q)(Q, loc) of the equation 0s = w such that

2
fL“e‘pdkff lw|?e™? dA,
o (I1+1z]) Q

where dA is the 2n-dimensional Lebesgue measure on C".

Lemma 2.6 [Demailly 1982, Lemma 6.9]. Let Q2 be an open subset of C" and Z
be a complex analytic subset of Q. Assume that u is a (p, g—1)-form with L?

- loc
coefficients and g is a (p, q)-form with LllOC coefficients such that ou = g on Q\ Z

(in the sense of currents). Then du = g on Q.

Multiplier ideal sheaves have the following new property which was conjectured
by Demailly.

Theorem 2.7 (strong openness property of multiplier ideal sheaves [Guan and
Zhou 2015b]). Let ¢ be a negative plurisubharmonic function on the unit polydisk
A" C C". Assume that F is a holomorphic function on A" satisfying

/ |F|?¢™ % d) < +00.
Then there exists r € (0, 1) and B € (0, +00) such that

/ |F|2e=4P% d) < 400,
Ay

where Al :={(z1,...,2,) €C": |zg| <1, 1 <k <n}.

We’ll also need the following desingularization theorem due to Hironaka.
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Theorem 2.8 (Hironaka’s desingularization theorem [Hironaka 1964; Bierstone
and Milman 1991]). Let X be a complex manifold, and M be an analytic sub-
variety in X. Then there is a local finite sequence of blow-ups ju; : X 11 — X;
(X1:=X, j=1,2,...) with smooth centers S; such that:

(1) Each component of S; lies either in (M )sing or in Mj N Ej, where My := M,
M, denotes the strict transform of M by (t;, (M )sing denotes the singu-
lar set of M j, and E ;| denotes the exceptional divisor /L;l (S;UE)).

(2) Let M' and E' denote the final strict transform of M and the exceptional divisor
respectively. Then:

(a) The underlying point-set |M'| is smooth.
(b) |M'| and E’ simultaneously have only normal crossings.

Remark 2.9. We say that |M’| and E’ simultaneously have only normal crossings if,
locally, there is a coordinate system in which E” is a union of coordinate hyperplanes,
and |M’| is a coordinate subspace.

3. Key propositions used to deal with the singular metric /.

In order to deal with the singular metric 4, we prove two key propositions in this
section, which are generalizations of the key propositions in [Zhou and Zhu 2018].

Proposition 3.1. Let R be a positive continuous function defined on (—oo, 0] such
that Br := sup,o(e' R(t)) < 400 and Br = inf,co R(t) > 0. Let Q C C" be a
bounded pseudoconvex domain, ¢ be a plurisubharmonic function on 2, and T
be a quasi-plurisubharmonic function defined on a neighborhood on Q. Assume
that Y has neat analytic singularities and the singularities of Y are log canonical
along the zero variety Y = V(Z(Y)). Set

U={xeQ:T(x)<0}.
Furthermore, assume that
V=100Y > —y+/—100]z)?

on 2 for some nonnegative number y, where 7 := (21, ..., Zn) is the coordinate
vector in C". Then for every B € (0, 1) and every holomorphic n-form f on U
satisfying

|f1Pe?

T " ah < +oo,
TR =T

there exists a holomorphic n-form F on Q satisfying F = f on Y,

2,—¢ 2,—¢
|F| e ?da <62ysupg z|? + 72:8R> |f| e ?da
U

G- eTR(Y) (2 B1Br eTR(Y) ’
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and

(3-2) / M < eZ)/ supg |z|? B + 368k |f|ze—¢ dx
o (1+eT)ih = Bi2kr ) Ju eTR(Y)

Proof. This proposition is a modification of a theorem in [Demailly 2012b].

Since 2 is a pseudoconvex domain, there is a sequence of pseudoconvex sub-
domains Q; € Q2 (k = 1,2,...) such that U,‘:;Xf Qr = Q. Then for fixed k, by
convolution we can get a decreasing family of smooth plurisubharmonic functions
{p j};r;xf defined on a neighborhood of Q such that lim;_, 100 @j =¢.

Let 6 : R — [0, 1] be a smooth function such that 6 =1 on (—oo, %), 6 =0on
(%, +oo) and |#'| <3 on R.

Fix k and j. Set f = 0(e’) f. Then the construction of f implies that f is
smooth on 2 and f: fonYNQ.

Setg=0af. Theng=0"(e")eYdY A f on .

Let ¥ := {Y = —o0}. Lemma 2.4 implies that 2; \ ¥ is a complete Kihler
manifold. Let 2 \ ¥ be endowed with the Euclidean metric and let Q be the trivial
line bundle on 2 \ ¥ equipped with the metric

h = e~ ®i—T—Bilog(l+e¥) =2y |z
Then we want to solve a d equation on §2; \ ¥ by applying Lemma 2.1 to the case

=1, A=0and § =0 (in fact, the case T = 1 and A =0 is the nontwisted version
of Lemma 2.1). The key step in applying Lemma 2.1 is to estimate the term

/ (B~'g, g da,
QU\Z
where B := [/—10y,, A].
Setv=297Y. Then g =6'(eV)e v A f on Q.
Since

v _1®h‘§zk\2
=/ —103¢;++/ =100 +p1~/— 183 log(14eT)+2y v/—103|z|
_ T _ - T/=13TAdY
= «/—188¢j+<1+ﬁ—eT)«/ —138T+2yV—188|z|2+,31e
e

(14-e7)2
- Bre¥ /—1vAD
T (14e))?

we get
Y
B> Bie
T (1+eT)?

on £ \ X, where T; denotes the operator v A e and T} is its Hilbert adjoint operator.

_T*
vV=iv



OPTIMAL L2 EXTENSION FROM SUBVARIETIES IN PSUEDOCONVEX MANIFOLDS 483

Then we get (B~!g, g),, =0and

|Qk\U

(B~ ggh|(Umk)\E B7LO )" TAF), 0/ (Ve DAL

\2

- (1+eT) 16" (Ve fl2e®i=T=h log(1+¢")—2y |z|?

~ Pie
T\2—8

= o e < S et
1 1

Hence it follows from Lemma 2.1 that there exists uy, ; € L*(u\ 2, Ka® Q, h)
such that 5uk,j =g=20fon %\ and

f |uk,j|idxs/ (B™'g, g)ndn.
Q\Z Q\Z

Thus

lug, j|?e®i =2l 36 / b
3-3 ’ dxr < e Pim2IRE gy,
59 fszk\z eT(14eT)h ~ Bi2P June, 171

_ 36Br / [fPe
= Bi2b eTR(Y)

Hence we have uy ; € L>(%\ =, Kgq). Since g € C®° (S, A”’ITQ*), Lemma 2.6
implies that dug (j =8 holds on 2.

Let Fy j := f —uy, j. Then BFk j =0on Q. Thus Fy ; 1s holomorphic on €2.
Hence uy ; is smooth on Q. Then the nonintegrability of e~ along Y implies that
ug,j =0 on Y N Q. Therefore, Fy j = f on Y N .

It follows from (3-3) that

|ukj|267¢j72y\1|2 2b1 |ukj|ze*¢j*2)/|z|2
: di < — ’
/UﬂQk BTR(T) - ,BR UNSy eY(1+eT)5l
2,—¢— ZV\ZIZ
_ 36Br / | f|%e
B1Br eTR(Y)
Since
| Fi i1 | yng, < 2171 4 2luk j 12 < 20 1P + 2 12,
we get
L 2 —h— 2
(3-4) / |FijPe™ 2 / (1P + gy e ® 2
Uneu eTR(T) - Juney eTR(Y)

( 7zﬁR>/ |fPe
B B1Br eXR(T)
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Since
1
(3-5) (k1 + K2, K1 +K2) < (K1, k1) + (K2, K2) +C{K1, K1) + E<K2’ K2)

for any inner product space (H, (e, ¢)), where k|, ko € H, we get

i Plyng, = (714D = (DR + (14 2 a2

Then ) )

| Fr i <1fIP+ u,

(1 +eY)1+,31 Une - eY(l +ey)_ﬂ1-
Since |Fk,j|2|9k\U = |uk,j|2, we get
| Fi,j |2 |ug ;12

(I+eN)Hhjg \y ~ et +eh)p

Hence it follows from the two inequalities above and (3-3) that
| Fij e =27 Jug, e~ 1<F

(3-6)

d,\§/ | f2e =2V gay
U

o (I+eD)Fh o eY(I+en)P

36 2 —p— 2)/|Z|2
<( o+ Br / |f]%e
B12P eTR(Y)
Since 27 sUpPq || < e~ 2rlel < 1 on €2, the desired holomorphic n-form F
on € and the L? estimates (3-1) and (3-2) can be obtained from (3-4) and (3-6) by

applying Montel’s theorem and extracting weak limits of {F} ;}i, ;, firstas j — +o00
and then as k — +-o00. O

Proposition 3.2. Let X, ¥, Y and Y° be as in Theorem 1.8. Let U € V € Q be
three local coordinate balls in X, ¢ be a plurisubharmonic function on Q such that

supg ¢ < 400, and v be a nonnegative continuous function on Q with suppv C U.
Let C, B, ¢y and c; be positive numbers, and let 81 be a small enough positive
number. Assume that f is a holomorphic function on QNY satisfying

(3-7) / [f Pe® dALy] < +oo,
QNYo

and that f; € O(Q2) (t € (—o0, 0)) are a family of holomorphic functions such that
forallt € (—00,0), ff=fonQNY,

(3-8) sup | ;> < Ce™ P,
1%
1
(3-9) — | fil2e” 1P gy < C.
QN <t+cy}
Then
e'v|fi|>e™?

(3-10) Tim coJi e
I=>=00 UN{t—c1 <y <t+ca} (€¢+ez)2

dxg/ ol f P dafy.
unyo
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Remark 3.3. One of the key points in the proof of Proposition 3.2 is to verify that
the upper limit in (3-10) produces the zero measure on the singular set of Y, i.e.,
we have (3-16). Then the key uniform estimates in Step 2 of the proof are obtained.

In order to prove Proposition 3.2, we prove the following lemma at first.

Lemma 3.4. Let r1, ry and y be positive numbers such that ry <r, <y. Let ¢ be a
bounded negative subharmonic function on A, where A, :={w € C: |w| < y}. As-
sume that {v; }e(—o0,0) are nonnegative continuous functions defined on A,, such that

(3-11) lim sup |vs(w) —vg| =0,

1= =00 {weC:e! (r)% <|w|? <e! (ry)2@}

where a € [1, +00) and vy € [0, +00). Let

et w 2a—2v w e—rp(w)
P ::/ [l 2;( 2 —— dA(w).
(weC:ef (rm)2 <jwe<et )2y (W[** +e)
Then
P nvoe_(p(o)
(3-12) Iim P, < ———.
t—>—00 o
Proof. Put

Ss.={z€ A, :0E/®7) < (14+8)p0)}, 8e(0,+00), te(—00,0).

Denote by A(S;s.;) the 2-dimensional Lebesgue measure of Ss ;.
Since ¢ (w) is a negative upper semicontinuous function on A, and ¢(0) > —o0,
we have that for every ¢ € (0, 1), there exists 7, € (—o0, 0) such that

p(e"/®z) < (1-2)g(0)

forall z € A, whent € (—00, t,).
Since ¢(e'/?%z) is subharmonic on A,, with respect to z for any ¢ € (—00, t,),
it follows from the mean value inequality that, for all # € (—oo0, #;),

1
0(0) = — p(e'/®z2) d1r(z)

ZEA,

_
B my? €A\ S50
- (1 —e)p0)(y?* — A(Ss.)) N (14 8)p(0)A(Ss,,)
- Ty? Ty?
+ 8 +8))‘-2(S8,t)).

Ty

1
(e'V2) di(z) + — p(e'V2) di(2)
Ty

€85,

=<P(0)(1—8
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Then ¢(0) < 0 implies that

2 2
Ty‘e my
A(S, < <—
G =5 =75 ¢
when t € (—o0, t;). Hence
(3-13) t lim A(Ss;) =0 for all § € (0, +00).
——00
Since ¢ is bounded, we have
—p=C
for some positive number Cj.
Equation (3-11) implies that
sup vr(w) < G2

{weC: e (r)2 <|w|2 <e! ()2}

for some positive number C; independent of + when ¢ is small enough.
Then by the change of variables w = ¢'/?%z, we have

202 t/ )\ ,—p(e'/CDz)
v (e e
Pt:/ 1] i - 2) i dA(2)
{zeC:r1<|z|<r} (Jz]**+ 1)
|Z|2a72vt (et/(Z(x)Z)efw(e'/(z"‘)z)
:/ 2 2 di(2)
{ri<l|z|<ra}NSs (|Z| + 1)
= / 2222, (¢! Q0 z)=0 (D) dA(z)
<
{ri<lzl<ra}\Ss.c (|Z|2a + 1)2
(r2)* 2 Cae
< Ss)
(D% +1)
202
+( sup v (e/CDz))em1+D0O) f e dAr(2).
ri<|zl<ra {r1<lzl<rz} (|Z|2a + 1)2
Since
2002
Z T
[ e,
{ri<|zl<r} (|Z| + 1) o
we obtain from (3-11), (3-13) that
i p < Tl 0O
t——00 = o
Since § is an arbitrary positive number, we get (3-12). O

Now we begin to prove Proposition 3.2.
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Proof. Let B, := supy; v.

Without loss of generality, we may suppose that ¢ is negative on 2.

We will use Hironaka’s desingularization theorem (Theorem 2.8) to deal with
the measure dA[y]. This idea comes from [Demailly 2016].

At first we use Theorem 2.8 on X to resolve the singularities of ¥ and we
denote the corresponding proper modification by w. Next, we make a blow-up p»
along |Y’|. Then we use Theorem 2.8 again to resolve the singularities of X and we
denote the corresponding proper holomorphic modification by w3, where X denote
the strict transform of {{y = —oo} by @ o u. Finally, we make a blow-up 4
along | ¥’|. Thus we can get a proper holomorphic map w : X — X, which is locally
a finite composition of blow-ups with smooth centers and is equal to ;1 0z 030 1U4.
Moreover, ¥ and the divisor w=t{yr = —oo}) \ Y smultaneously have only normal
crossings in X where ¥ denotes the strict transform of My (|Y |) by w30 uq.

Step 1: Representing the measure | f|>dA[y] on YO N U explicitly as an integral
on Y (see (3-15)).

For any ¥ € u=1(U) N u~'({y = —o0}), there exists a relatively compact
coordinate ball (W; wy, ..., w,) contained in u~!'(V) centered at X such that
w? = 0 is the zero divisor of the Jacobian Jy., and ¥ o pu can be written on W as

¥ o p(w) = clog [w*|* + ii(w),

where c is a positive number, w = (wy, ..., wy), i € C®(W), w := ]_[';:1 w?)”
and w’ := ]_[" 1 w) , for some nonnegative integers a, and b,.

Let D), := {w » = 0}. Then as proved in [Demailly 2016], the multiplier ideal
sheaf Z (1)) is given by the direct image formula

I(y) = Oz (— > lea, — pr+Dp>,
p=1

where |ca,—b, |+ denotes the minimal nonnegative integer bigger than ca, —b,—1.

Since i has log canonical singularities, by the construction of © and Theorem 2.8,

one of the following cases is true on W:

(A) Yis given on W precisely by D, (if W is small enough) for some py satisfying
cap, —bp, =1, and ca, — b, <1 for p # po;

(B) YNW =2, and ca, —b, < 1.

By definition, the measure | f|?dA[v/] can be defined as

|foulP(gopte™

(3-14) g lim weab2

t——00

di(w),

{t<clog |w® |2+t (w)<t+1}

where d(w) := the Lebesgue measure with respect to the coordinate vector w, f isa
holomorphic extension of f to €2, g and g are defined as in Definition 1.3, and £ is the
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smooth positive function |J, |2 / |w?|? (as stated in [Demailly 2016], one would still
have to take into account a partition of unity on the various coordinate charts covering
the fibers of i, but we will avoid this technicality for the simplicity of notation).

In Case (A), let us denote w = (w’, wy,) € C*!'xC,a=(d, ap,), b=, by,)
and di(w) = di(w')dA(wp,). Then (3-14) becomes

|foul> (gopée™

¢ Tm S .
2 Twpl

/
1==00 J i1 <clog [we P4i(w)<t+1) [(W)

di(w).

Since the domain of integration can be written as
{el—ﬂ(w) |(w/)a/ |—2C < |wp0 |2L‘Llp0 < et-i-l—ﬁ(w) | (w/)a/ |—ZC } ,

the mapping (3-14) becomes

o 2 ~
(3-15) g — / "C—“'P-(gomsfe—"dx(w@.

Cdpy Jwep,, |(w/)ca/_b/

Setk ={p:ca,—b,=1}.

If p € k \ {po}, then Theorem 2.8 and the construction of x imply that an image
of D, under a finite sequence of blow-ups in the desingularization process must
be contained in a smooth center contained in Y or w5 ! (1Y’]). Hence the images of
D, and D, N D, coincide under the composition of these blow-ups.

Since it is implied from (3-7) and (3-15) that f o /,L| DDy, = 0, we obtain that

(3-16) foM|Dp:0

holds for all p € x \ {po} in Case (A).

Similarly, we can get that (3-16) holds for all p € « in Case (B). Then (3-14) is
the zero measure in Case (B).

Therefore, we represent the measure | f |*dA[y]lon YONU explicitly as in (3-15).

Step 2: Obtaining some uniform estimates for f; o u.

By Cauchy’s inequality for holomorphic functions, it follows from (3-8) that

(3-17) sup |8 f;1> < Cysup | fi]? < € Ce™ P!
U \%4

for any t € (—o00, 0) and any multi-index y satisfying |y| < n, where U; € V is
a neighborhood of U, and Cj is a positive number independent of # and y.
Let W, :=WNu ' (U)N{Yyou<t+cy}.
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In Case (A), by applying the mean value theorem to f; o i successively along
the directions in «, we get from (3-17) and (3-16) that for any w = (w’, w,,) € W;,

B-18) | fyop(w', wpy) — fropw',0)* < Cy [ lwp* sup sup [97 ;I

pex lyI<lel n=1(Uy)
< Cze P ] T lw,l?
PEK
and
(3-19) [fronw 0> =|fouw 0P <Cs [] Iw,l
pex\{po}

when ¢ is small enough, where C,, C3 and Cy are positive numbers independent of 7.
In Case (B), if k # @, take p; € k and denote w = (w”, w,,). Since fiou(w”, 0)=
fou(w”,0) =0, by a similar method we have that

(3-20) | fro (", wp)* < Cse P T T lwp?

DEK

for any w = (w”, w,,) € W; when ¢ is small enough, where Cs is a positive number
independent of ¢. If x = &, (3-8) implies that

(3-21) |fiow(w)|® < Ce™P
for any w € W;.
Step 3: The proof of (3-10).

Let j be a positive integer. Then (3-9) implies that

1 1 .
= \filPe P dh <~ | filPe” PO
€ Jp=<—jInUn{y<t+cs} € Jp=<—jInUn{y<t+cs}

S Ce_ﬂj

for any ¢ € (—o0, 0).
Therefore, for every € € (0, 1), there exists a positive integer j. such that

ev| f;|2e=?
(3-22) —if’ e
(p<—j ) NUN{t—c1 <yr<i+cr) (€Y + ')
1 _ B,CePic ¢
Sﬁ/ U|fz|€¢d)\5%<—
(e=r +1)%e" Jip<—januniy <i+e (e +1)= 2

for any t € (—o0, 0).
Set ¢, = max{¢, —j.}. We want to prove

S el fi|*e %
(3-23) lim ﬁ
1= =% JUun{t—c, <y <t+cs} (eV +e')

A 5/ ol f Pe? daly .
unyo
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Set

_ el‘ v Ze—d)gou J 2

L= Tim ( OM)U:;OM' - 1l
1= =00 JWwru—L(U)N{t—c) <prop<t+cr} (eVor +et)
Then by Step 1, it suffices to prove that
(Vo )| f opl*ge " 9ok
R oulEe ” T daw)
Capy JWnu=(U)INDy, |(w)ee =]

in Case (A) and Iy = 0 in Case (B), where & is the smooth positive function
|J,.|?/|w”|* defined in Step 1.
In Case (A), let

t 2 ,—¢p.oun J 2
&, () :/ wowlfiopPe Pyl
W, (eVor 4 e')>
and
o vouw,0)|fouw' 0)*Ew’, 0)e "W Odeonw.0)
d(w) = .

cap, |(w/)ca’—b’|2 ’
where W, ,, is the 1-dimensional open set
{et—cl—ﬁ(w’,w,,o)|(w/)a’|—20 < |wp0|2ca,,0 < et+cz—ﬁ(w’,wl,o) |(w/)a’|—20} ﬂWﬂ,LL_l(U)

for every fixed # and w’ (w' € Dy, \U,,»,, Dp)- Then

(3-25) Ip= lim &, (w') dr(w).
== Jwou=1(U)ND,,

Since —c1 < Y o —t < ¢ holds on W, ,,, we obtain from (3-18) and (3-19) that

(vo W fioplPe™ % Jy
e‘/f"M

P (w') < Cs/

Wi

|fionl?
<61, o 0

di(wp,)

o’

2
[T pecvipoy W5l

|wca7b|2 dk(wpo)’

<C npe"—lluplzdx(w )+ C
=8 w o, Jwd+Boca=b|2 Po ; w,
tow tow

where C7 and Cg are positive numbers independent of 7.
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Since it is easy to prove that the right-hand side of the above inequality is
dominated by a function of w’ which is independent of ¢ and which belongs to
L'Wnu '(U)Nn D,,) when

B, < min 1 —(cap, —bp)+|ca, —prJr’
{p:ap#0} cap

it follows from (3-25) and Fatou’s lemma that

(3-26) Iy < / lim &, (w) dr(w’).
W=l (U)ND,, 177
Since (3-18) implies that

lim sup |ftou(w/7wpo)_fou“(w/70)|:0

t——00
wPOEWt,w/

for every fixed w' € (WNu~'(U)N D,,) \U
it follows from Lemma 3.4 that

p#po(DPO N D,) when B < 1/cap,,

Fro— -1
tl“_nooq”(w/) <®dw) forallw' e (Wnp ' (U)ND,)\ U (Dp, N D).
P#Do

Hence (3-24) follows from (3-26). Similarly, we can obtain from (3-20) and (3-21)
that Iy = 0 in Case (B) when

B < min 1—(cap—bp)+Lcap—pr+'
{p:a,#0} cap

Thus we get (3-23).
It is easy to see that (3-10) follows from (3-22) and (3-23). Thus we finish the
proof of Proposition 3.2. ([l

4. Proof of Theorem 1.8

Without loss of generality, we can suppose that f is not O identically.

Let kg be any fixed smooth metric of L on X. Then & = hoe~? for some global
function ¢ on X, which is quasi-plurisubharmonic by the assumption in the theorem.

Since X is weakly pseudoconvex, there exists a smooth plurisubharmonic ex-
haustion function P on X. Let X, :={P <k} (k=1,2,..., we choose P such
that X| # 9).

Our proof consists of several steps. We will discuss for fixed &k until the end of
Step 5.

We will give the proof for the line bundle L in the first five steps, and we will
give the proof for the vector bundle E in Step 6.
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Step 1: Construction of a family of special smooth extensions f; of f to a neigh-
borhood of Xz NY in X.

In order to deal with singular metrics of holomorphic line bundles on weakly
pseudoconvex Kidhler manifolds, we construct in this step a family of smooth
extensions f; of f satisfying some special estimates by using the results in Section 3.

Let ¢ € (0, 3).

For the sake of clarity, we divide this step into four parts.

Part I: Construction of local coordinate patches (N {Ui},N: , and a partition of

=0
. N+1
unity {&}VF!

For any point x € ¥, we can find a local coordinate ball €/, in X centered at x
such that there exists a local holomorphic frame of L on €/, and such that ¢ can
be written as a sum of a smooth function and a plurisubharmonic function on €’..
Moreover, we assume that ¢ can be written on €2, as

(4-1) Y=cclog Y lgu il +us,

1<j<jo

where ¢, is a positive number, g ;j € Ox(2}) and u, € C*(2}).

Let U, € V, € Q, € 2, be three small coordinate balls.

Since X, NY is compact, there exist points xi, X2, ..., Xy € X, NY such that
xX,ny cUJY, u,,.

For simplicity, we denote Q| , ,, Uy, Vy, and uy, by @}, @;, U;, V; and u;,
respectively. We denote the local expression (4-1) on € by

¥ =1 +u.

Choose an open set Uy in X such that X NYcCX \Uy+1 € UlN:1 U;. Set
U=X\Unti.

Let {£&}""! be a partition of unity subordinate to the cover {U;}" of X. Then
supp &; € U; fori=1,...,NandeV:1Si= 1onU.

Part II: Construction of local holomorphic extensions f,-,t (1<i<N)of fto
Q; N{yY <t +cp}, where ¢, will be defined in this part.

By Remark 1.9, f has local L? extensions to local coordinate balls around every
point in Y. Hence f is indeed a holomorphic section well defined on Y (not only
on Y9). By Step 1 (see (3-15)) in the proof of Proposition 3.2, (1-3) is equivalent to

|f ouly, pke” "
/ S o 1l ot dr(w') < +oo.
D

nea'—b' |2
W l@)ed =Y
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Hence by Theorem 2.7, there exists a positive number 8 € (0, 1) such that
@[ IR PV <+ (=i N)
Q;NYO ’

Let &y < o be a fixed number such that R is decreasing on (—oo, &p]. Then set
Ro(1) = R(ap)e P1=%0) t € (—o0, @], where f, is a positive number which will
be determined later in Step 4. Let

Ri(t) ;= min{Ro(t + &), R(t +ap)}, € (—00,0].

Then R; is decreasing and thereby satisfies all the requirements for the functions in
NRo.«, except that Ry is only continuous.

Let ¢y = ¢z :=10g((2 —¢)/e), m; :=infg, u; and M; := supg_ u;.

For each fixed ¢t € (—o00,0), by Remark 1.9, we apply Theorem 1.8 to the
Stein manifold €2; N {Y; < ¢ 4 ¢, — m;}, to the negative plurisubharmonic function
Y; —t—cy+m;, to the holomorphic section f on €;NY? with the L? condition (4-2)
and to the function R; (R; is only needed to be continuous by the remark after
Theorem 2.1 in [Guan and Zhou 2015c¢]), and then we obtain L? extensions of f
from Q; N Y° to

Q; ﬂ{Tl‘ < t—l—cz—m,-},
where we equip the line bundle L with the singular metric hge~ (7% More pre-

cisely, there exists a uniform positive number C; (independent of #) and holomorphic
extensions f;; (1 <i < N)of f from ;N Y0 to Q; N{Y; < t+cy—m;} such that

| fial2 ppe =P

QN <t+co—my) € TTTITHM R (N —t — ¢ +m;)

(4-3) dVyx.e

<G f £l e PP AV W[ — 1 — 2 +m;]
Q;NYO
< Coe' / | f12 e TP dVx o[V,
QiNYo
where C, is a positive number independent of ¢. Furthermore, we get that f is in
fact holomorphic on ; NY and f;; = f on 2; NY.

Part III: Construction of local holomorphic extensions f,;t (1<i<N)of fto%;.

For each fixed ¢, applying Proposition 3.1 to the local extensions ﬁ r (1<i<N)
with the weight (1 + 8)¢ and to the case Y = Y; —t — ¢ +m;, Q = ; and
some small positive number 8; which will be determined later in Step 4, we obtain
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from (4-3) holomorphic sections fm (1 <i <N) on ; satisfying f;, = fi,, =f
on Qi N YO,

Ifiafli,hoei(l+ﬁ)¢

(4-4) f dVy.y < Cse,
QN Y <t4+cr—m;} eTi—l—Cz—H’l’liR] (T —1—cr+my)
and
| fitl2 e P9 ,
> ‘/Q 1+ eTi*’*62+mi)1+ﬂl dVx o < Cze

for some positive number C3 independent of 7.
Since sup,o(e’ R1(t)) < 400, it follows from (4-4) that

(4-6) / a2 e 4V, < Cue!
QN <t+co}

for any ¢, where Cjy is a positive number independent of 7.
Since Y; is bounded above on €2;, it follows from (4-5) that

4-7) / | fitlp e PP AVy , < Cse™ P
Q;

for any ¢, where Cs is a positive number independent of 7.
Since |f;|* is plurisubharmonic on ;, by mean value inequality, we get
from (4-7) that

(4-8) sup | fi.elo , < Coe P!
Vi

for any ¢, where Cj is a positive number independent of 7.
Since (4-6) and (4-8) imply that the assumptions in Proposition 3.2 hold for f;,
we apply Proposition 3.2 to f;; (1 <i < N) and get

@-9) Tim '8l il nye

dVy,
== JUn{t—c) <y <t+c2) (eW _|_et)2 1)

< / ENf12 e ? dVxol¥],
U;ny°

which will be used in Step 4.

Part IV: Construction of a family of smooth extensions f; of f to a neighborhood
of X;NY in X.

Define f, = ZlNzl & fi; forall 1.
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Since

N N N
filu, = ZS:’fj,t + Zéi(fi,t — fi)=fii+ Zéi(fi,t —fin)
i=1

i=1 i=1

forany j=1,..., N, we have

@-10) D" frlon|y, = for all 7.

N _ ~ ~
> 05 A (fir = fiu)
i=1

w,ho

Let u and W be as in the beginning of the proof of Proposition 3.2 (here W
is centered at a point X € u~!(U; NU;) N {y = —oo}). For similar reasons as in
(3-18), (3-20) and (3-21), we get from (4-8) that

(4-11) fiso=Fiooulanly,,, < Cre ™ [ Tiw,l

pEK

when x # & and ¢ is small enough, and that

(4-12) firor=Fiiotlymly,,, < Cre

when k = & and ¢ is small enough, where
Wijri=Wnu ' UnU)N{You<t+c)

and C7 is a positive number independent of ¢.
Step 2: Singularity attenuation process for the current «/—199¢.

Since the singularities of «/—1391 obstruct the application of Theorem 2.2, we
work on X first and then go back to X. Some ideas in this step come from [Yi 2012].
Let X — X be as in the beginning of the proof of Proposition 3.2. Let X k1=
w N (Xia1), Xii= N (Xp) and g := =1 (Z), where T := { = —o0}. Then

y1i=v—=100(y o) — > q,[D;]
j

is a smooth real (1, 1)-form for some positive numbers g;, where (D;) are the
irreducible components of . It is not hard to prove the following lemma and we
won’t give its proof.

Lemma 4.1. There exists a positive number ny such that

Bppr =g o + V=109 (Y o) — Y q;IDj]
J

is a Kdhler metric on Xj41.
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Since 1 : X \ £g — X \ g is biholomorphic and > qj[Dj]|)~(\>:~0 = 0, the
curvature assumptions (i) and (ii) in Theorem 1.8 imply that

«/—185(¢ou)|§\§)+y2|)~(\§) >0 and \/—185(¢0M)|§\§0+V3|)~(\§)20

hold on X \ o, where
1
V2 i=vV=1wWOLn+y1, y3i=v—1"0OL py + (1 + ~—) Vi
X(aop)

Since Y, and y3 are continuous on X, and ¢ o u is quasi-plurisubharmonic on X,
we get that

(4-13) V=130 o) +y2 20
and
(4-14) V=133d(popw) +y3 =0

hold on X. Since there must exist a continuous nonnegative (1, 1)-form @y, on
the Kéhler manifold (X;, @x,1) such that

(V=107 + o ®ldry (K1 ® k2, k1 ®k2) 20 (forall k1, k2 € T, )

holds on X it 1 by Theorem 2.2, we obtain from (4-13) and (4 14) a family of
functions {¢>§ ple>0,pe(0,py) ON a neighborhood of the closure of X; such that

6)) ¢§ p] is quasi-plurisubharmonic on a neighborhood of the closure of X, smooth
on X r\E (¢> o ), increasing with respect to ¢ and p on X k> and converges
to¢opc0nXk as p — 0,

i) !

Y 80¢, > —y; — 1 — 8, @k41 ON Xy,

(i11) \/_

88¢>§ o= —V; — §Wk41 — 8pa)k+1 on Xk,

where E§(¢ om):={x € X: v(popu,x)>c} (¢ > 0)is the g-upperlevel set of
Lelong numbers of ¢ o i, and {§,} is an increasing family of positive numbers such
that lim,_,¢ 8, = 0.

Since @y 1 is a Kéhler metric on X k+1 by Lemma 4.1 and X « 1s relatively compact
in X x+1, there exists a positive number n; > 1 such that n @i 11 > @x+1 holds on X k-
Take ¢ = §, and denote bs .0 simply by ap. Then §p is quasi-plurisubharmonic on
a neighborhood Bf the closure of X, smooth on Xk \ Es,(¢ o ), increasing with
respect to p on X, and converges to ¢ o i on X as p — 0. Furthermore,

V—185$p+y2+2ﬂnk5pa3k+120 and V—135$p+y3+2ﬂnk5pak+120
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hold on X;. Since u: X, \ To— Xk \ X is biholomorphic, we get that
V=199@p 0 ™) + (T v+ 28 () Bt 2 0

and
V=100(Gp o ™) + () Y 4 28y () iy 2 0

hold on X \ Zo. Then, replacing y», ¥3 and @y with their definitions, we obtain
that

(4-15) V/=100(¢pou™ )+ =101 s+ (1 +271;8,)v/— 100 > =27 ii8 peo

and

_ o~ 1 _
(4-16) J—_laa(qﬁpou1)+~/—_1®L,h0+(1+2nnk8p+%)\/—_133w

hold on Xj \ Zo.
Since E;s,(¢ o w) is an analytic set in X, Remmert’s proper mapping theorem
implies that

%, = u(Es, (¢ o)

is an analytic set in X. By Lemma 2.4, X; \ (X9 U X,) is a complete Kihler
manifold.

It follows from the properties of ap that ap o~ is smooth on X; \ (ZgU X 0)s
increasing with respect to p on Xy \ Xy, uniformly bounded above on X \ X with
respect to p, and converges to ¢ on X \ Xg as p — 0.

In Step 3, we will use (?;pou_l to construct a smooth metric of L on X\ (XoUZX),).

Step 3: Construction of additional weights and twist factors.

Let ¢, x and 5 be the solution to the following system of ODEs defined on
(—00, ap):

(4-17) XD — 11 =1,
) O s
(4-18) (x (1) +n(0)e5O = ( R CR)Rm,
/ 2
(4-19) () n(),

X"t —x" ()
where we assume that ¢, x and n are smooth on (—o0, ayp), and that inf, .o, £(¢) =0,
inf, o, x(1) =a1,n>0,¢ >0and x' <0 on (—o0, ap). If @y = 400, we replace
the assumption inf; o, x (#) = o1 by x > 0. By a similar calculation as in [Guan
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and Zhou 2015¢] or [Zhou and Zhu 2018], we can solve the system of ODEs and
the solution is

x () =x(),
| | o] % dn
¢(t) =log( s + R>_Og<R(do)+/t R(n))’

_ % dny -
o= RO)(R( o)+/t R(zl)>_m’

where X (¢) is defined by (1-2).

Lete € (O, %) be as in Step 1 and put o; = log(e¥ + e') — &. Then there exists a
negative number ¢, such that o, <o — % on Xy for any t € (—o0, t;).

Let h, ; be the new metric on the line bundle L over X; \ (39U X,) defined by

By = hoe™$oon ™'~ 2T )y —t ()

Let 7, := x(oy) and A; :=n(0;). Set B, ; =[©, ;, Alon X;\ (XU X,), where

@p,z = TV —1@14’},/” — A/ —1851’, — \/—_1%
t
Set v, = do;. We want to prove

t
(4-20) Ot |y mus,) Z o VT AT = 2T (01)8 0.
It follows from (4-17) and (4-19) that
®p’t‘Xk\(20U2p)
= x(0) (V=101 s + V=183 0 t™") + (1 + 27148 ,)v/— 180
(X (00)¢' (o) — x'(ov) )V 1300,

2
(X (Ut)f//(gt) X//( 01) — %)\/_301 A 30:

= x(0) (V=101 4y +v/=183(dpon™ ") + (1 +2n8,)v/— 180 ) ++/— 1830,
= X (@) (V=101 o + V=133(¢p o u™") + (1 + 27 8,) v/~ 133Y)
+ T AT+
oV

Since yx is decreasing and yx = ¥, it follows from (4-15) and (4—16) that

X (0) (V=101 i+ =138 (o™ ) +(1+27ni8,)v/— 1809 )+ J_ 190y

:X(at)(\/—_®L,h0+\/—_aa(¢pou—l)+(1+2nnk5p)J—_aaw+2nnknkapw)

x(@eV =130y
eV+el x(a)

—2mnngx (07)8 0+
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v - _
x(@)e (ﬁ@L,hO+J—_138(¢pou—l)+(1+2mk5p)d—_133:/f

T eVte!
V=180
+271nkﬁk8pa)+(—)w> =2 g (O't)apa)
X (o

> =2 ninix (07)8,w

on X \ (¥oU X,). Hence we get (4-20) as desired.

Let B8 be as in Step 1. Let Sy and B3 be two positive numbers which will be
determined later in Step 4. We choose an increasing family of positive numbers
{ps}1e(—c0.1,) such that lim,_, _, po; = 0 and for any ¢,

(4-21) 2amidigx (t —1)8,, < e,
(4—22) Zﬂnk(Spt < ,33,
2mng b, 1
42 (L ’) L
(4-23) 5e > 1

Since o, >t — 1 on X; and y is decreasing, we have x(o;) < x(t — 1) on Xj.
Then it follows from (4-20) and (4-21) that
©p. f|xk\<zou2p,> ew V=lv AT —ef

Hence
t
(4-24) By,.1 + e > [:—w«/—lv, Ay, A] T,,[Tj >0

on X \ (¥oU X,,) as an operator on (n, 1)-forms, where T;, denotes the operator
v, Aeand T7 is its Hilbert adjoint operator.

Step 4: Construction of suitably truncated forms and solving 3 globally with L?
estimates.

In this step and Step 5, we denote B, ; and &, ; simply by B, and /h, respectively.

Let ¢ € (O, 2) be as in Step 1. It is easy to construct a smooth function
6 :R — [0, 1] such that § =0 on (—o0, 5], 6 =1 on [1 — 5, +o0) and |0'] <
(1+¢e)/(1—¢)onR.

Define g, = D"(0(e'/(e” + ¢')) f;), where f; is constructed in Step 1. Then
D”g, =0 and

g:_e/( ¢ ) eV aw/\f+9<
! eV e/ (eV+et)? !

Vel )D//ft 81+ 821,

where g1 ; and g» ; denote

-0, A0 ¢ e—tf nd 0
! eV rel)eV el ®

D//,
e

respectively.
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Then
suppgi; C{t—c1 <V¥ <t+c} and suppgr; C{Y <t+ca},

where ¢ and c¢; are defined as in Step 1.
It follows from (3-5) and (4-24) that

(4-25) (Bi+2eM D™ g1, 8w |\ zy05

o)

_ 1 _
< (14) (B, +2¢PT) 1gl,z,glt>wh,+ﬁ<<B 426 ) g 1. 82 Vo

Bot 1+e/ 1 >
< (1) (Brte ) g1 1o+ T ensn),

By (4-24), we have

elp

/7[) e’

t 1 2
Bot e e =z
(B +e D810 810wy s, = 9,<ew+e1>eﬂ/f—+e1ﬁ‘w,h,'

Then ¢ > 0 implies that

I, = / (B + ') g1 g1 don AV
X\ (ZoUZ)p,)

14 ¢)> &N fil2 e e
< d+e) / aho dVX,w.
X

T (1=8)2 Jxini—ey <y <itey (¥ +eh)2eTmdn ¥

Since ¢, 0w~ > ¢ on X; \ T, it follows from (4-23) that

ey / iR e dVy

1 t =
1- 8) XNt —c1 <y <t+c} (e‘” =+ et)z(ﬁet)znnkap’
_(+e)’ e fil2 e’ dVx.o

- (1 - 8) /Xkﬂ t—ci <y <t+cp} (eI// + et)z

Since

zf Ve[

|flwh0|U

N N _ N _
= (Z si) (Z £ |fl-,t|3),h0) = &l fiilon,
i=1 i=1 i=1

by the Cauchy—Schwarz inequality, we have

U+’ ¢ e'Elfiil2 e dVxw

R
' (1 8)2 XiN{t—ci <y <t+cr} (el'// +et)2
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Then it follows from (4-9) that

N 3 te | £ 12 —¢

1+¢ e'&ilfirl, poe ?dVx o
lim Il,<E lim ((+) / Jitlo.hg 5 )
I—>—00 -1 [——00 (1_8) XiN{t—c1 <y <t+ca} (ew—i_et)

(1+e)3/ s
< i w dv,w

1 3
: El fiiz /Y flame? dVxal¥].
Then
14¢)*
(4-26) Lt = El — 22 /yo |f|i,hoe_¢ dVy ol¥]

when ¢ is small enough.
Since ¢(0y) > 0 and ¢, o u™! > ¢ on X; \ 2o, by (4-22), we have

1
DL, 3=/ <_g2,l» 82,t> dVx,
X \(ZoUZ,,) ebot w,hy ¢

~ s

< L |D//‘ft|620,h0e Poror vy

B ,
ef! XiN{yr <t+ca} e(IH2mmido )y

=< L M dVv

= ehot EvA Yo

XN <t+ca}

Then it follows from (4-10) and the Cauchy—Schwarz inequality that /5 ; is bounded
by the sum of the terms

Cg |flt _fj,tli,hoeﬂp

eﬂO[ UiﬂUjﬂ{z//<[+C2} e(1+/33)10

dVxw (1 =i,j=N),

where Cg is some positive number independent of .
By the definition of R; (see Part Il in Step 1), (4-4) implies thatfori =1, ..., N,

1for2 =P
(4-27) / Jitlon dVy. < Co
QN <t+c2) eV Ro(Y)

for some positive number Cg independent of ¢ when ¢ is small enough. Then by
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the Holder inequality, we get

/ |fi,t - fj,t|z,,hoei
UinU; N <t+3) e(+h)v

= = _ 1
| fir — fj’tﬁ) e a+p)¢ 5
= v ; dVX,w
UinU;0{yr <t+c2) eV Ro(Y)

¢
dVyx. e

~ 1

| fit = fi412 i (Ro(¥))#
) (1+6:122)
UinU;N{yr<t+ca) Ay A

x ~ 8
| fix = Fidl: 6
= ClO(/ - l+ﬂj . dVX,w)
UinU;N{Y <t+ca} e (]+ﬁ3 +p2- /3)1//

T+
dVX,w)

[
=

when ¢ is small enough, where Cj is a positive number independent of ¢.

We will estimate the last integral above by estimating its pull-back under p. We
cover u~ 1 (U; N U;j)N{y¥ o <t +cp} by a finite number of coordinate balls such
as W in Step 1 in the proof of Proposition 3.2. It follows from (4-11) and (4-12)

that for each W,

| froomw— fioonl? 1l
/ flt .{;{ﬂt w,ho! VM dk(w)fCll S —
Wi ja (H_m +hr ﬂ)wo" Wi ji szl [wp| Bs.p
where
Bs.p := Bacay + (cap — bp) —leay, —bpl+,
14+
Ba:=PBs- IB'B+,3 E'i‘ﬂl,

and Cy; is a positive number independent of ¢.

Since

n

(W N{You < t—{—cz}) C U ({lwpl < e(t+c2fm)/(2c\a|)} N W),

p=1
where m := infy, u(w), we obtain

n

i <Y S
Wi [Tpmr lwp o = Sty <etrrermredanaw [Ty Jwp |5

p

n
<Cp Z e((1=B5.p)/clal)t
p=1

dr(w),

di(w)

when max;<,<, B5 , < 1, where Cy; is a positive number independent of ¢.
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Let B, be a positive number such that

1= (cap—b —b
(4-28) Bi< min L =br)tleay=byly
{p: ap?'é } 3CClp

Take B, = B1B, B3 = B1B/(1 + B). Then B4 = 3B and max<p<, Bs5p < 1.
Let By be a positive number such that

8o < min B —pBs.p)
1=p=n 2(1 + B)clal

for every W. Then we have
(4-29) L, < Cyiz-e™
where Cy3 is a positive number independent of ¢.
Therefore, it follows from (4-25), (4-26) and (4-29) that
Bot1y—1 14¢
(B +2e™D7 g1, 8o, AVxo < (1 +e)1; +—1 <C(2),
X \(ZoUZ)p,) £

where

(1 +g)5 l+e

/|f|who vy 1+ s o

C(t) :—

Then by Lemma 2.1, there exists uy ¢ ; € Lz(Xk \(ZoUX,), Kx®L, hy) and
Vker € L2(Xk \ (Z0UZ,), AT ® L, hy) such that

(4-30) D'ug e+ V2Pt vg o r =g

on X; \ (¥pU X)) and

e -1
lug o t|620 hoe—tﬁp,ou — (142 nidp )y —¢ (07)

4-31) oo dVy,
X \(ZoUE,,) T+ A v

g -1
_|_f |vk,£,t|¢20,hoe_¢ﬂ’ou —(2mn 8, )Y —2 (01) dVx.o < C(1).
X \(ZoUZ)p,)

Since {$pt o ™!} are uniformly bounded above on X; \ X with respect to ¢ as
obtained in Step 2, we have

(4-32) e ton” > ¢y,

on Xy \ Yo for any ¢, where C\4 is a positive number independent of 7. Since

t—e<o <a-— % on Xy and Y is upper semicontinuous on X, we have that

¥, ¢(oy) and 7, + A, are all bounded above on X for each fixed 7. Then it follows
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from (4-31) that uy ., € L? and Vket € L2 Hence it follows from (4-30) and
Lemma 2.6 that

(4-33) D'uges+~ 2eﬂofuk,8,, =D’ (9( ) f,)
” Vet

holds on X;. Furthermore, (4-31) and (4-18) imply that

T oyl
|k, e tli ho€ Poront

4-34
( ) X (R(Ol ) + CR)6¢R(GI)

Y -1y
de,w+/ |vk,€,t|czo,hoe Gpron™ =Y C(m)dVX’w
Xk
S eZﬂnképthc(t)’

where My, :=supy, V.
Define

Fk,s,t = —Uk,e,t +9<e¢+et)ft

Then (4-33) implies that D" Fy . ; = v/2ePo' vy ., on Xj. Since $pt ou~!>¢ on
X \ Xo, it follows from (3-5) and (4-34) that

1
|Fioel2 e
(4-35) 2 w.ho
x, eV max{R(y —¢), R(Uz)}
1
|uk,£t|wh ei%’ou
<(+e) — dVx .,
Xk ewR(al)
! ~12 e ° —1
1+e¢ |9(e‘/’e+e’)ft|w,hoe G
+ v dVX,w
e X, eYR(Y —e¢)

< (14 &)e¥ 0 My (R( 3 + CR)C(t) +C(1)

when ¢ is small enough, where

~ 1 |2 e ?
Ct) = +8/ Mde,w.
¢ Jxinfy<itery €V R(Y — &)

Now we want to prove
(4-36) lim C(t)=0
——00

As in (4-27), we can obtain from (4-4) that fori =1, ..., N,

|fi t|2 N —(1+8)¢
/ 20 dVX o= ClS
Qinw<t+e)  €YR(W —¢)
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for some positive number C;s independent of ¢+ when ¢ is small enough. Then by
the Holder inequality, we have that

| fidl2 e ™?
1//—’ A
UNXiN{r<t+ca} e R(l// - 8)

£o2 —(1
< (/ | fitl.n0 (+h)¢ vy w) T+P
UiN{y <t+cz} e’”R(lﬂ - 5) '
| fil? 1+
(i)
Uin{y<t+c} € R(W _8)

~ 2 L
< Cﬁ </ |fi,t|a),h0 dVy )1+B
=B \ <oy VR —g) 7

when ¢ is small enough.

We cover u~ L (U)N{yrou < t+ca) by a finite number of coordinate balls
such as W in Step 1 in the proof of Proposition 3.2. Then, in order to prove
lim;— c (t) =0, it suffices to prove

| fir o 2, 0 12
lim/ Jit © oy di(w) =0,
>0 Jy, eVER( o —e)

where
Wi =Wnu ' (U)N{You<t+c).

Then by (3-18)—(3-21), it suffices to prove

4-37) i i (w)
- lm =
== Jy. R(You— 8)|wp0|2 HISPSn,p;épo |wp|2(cap—bp)—2Lcap—pr+

in Case (A) and

0

4-38)  lim dr(w)

=0
1——00 Jy, R(Wopu—e) l‘[’;=1 |wp|2ﬂlca[,+2(cap—bp)—ZLcap—b[,J+

in Case (A) and Case (B).
Applying Fubini’s theorem with respect to (w’, w,) and then using change of
variables, we can obtain that

I / dr(w)

im

=00 Sy, RO ot — ) w2 TTi < pn. ppo |w, [2€@p=bp)=2leap=bp]+
t+cr—m dS

’

< Cis lim _ =
t——oo J_ R(s+M —e¢)

where M :=supy, u(w), m :=infy i (w) and Cjs is a positive number independent
of . Hence we get (4-37).
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Similarly, it is easy to see that (4-28) implies that (4-38).
Therefore, we obtain (4-36).
Let @ := supy, a. Then

e’ max{R(y —€), R(0,)} < ¢ sup(e'R(1)).

t<al

Hence it follows from (4-32) and (4-35) that
(4-39) | VP dVen = co
Xk

for some positive number Cy7 independent of ¢ when ¢ is small enough.
Since the positive continuous function R is decreasing near —oo, it is easy to see
that max{R (i — ¢), R(o;)} is equal to R({y — ¢) near {ty = —oo} and converges

uniformly to R(y — €) on Xy as t — —oo0.
Iy 1

Since ¢, o™ is increasing with respect to ¢ and converges to ¢ on X \ X as
t — —o0, by extracting weak limits of {Fy .} as t — —o0, we get from (4-39) and
(4-35) a sequence {t; ;fl’ and Fy . € L? such that lim;_, {5 tj =—00, Fret; = Fre
weakly in L? as j — +oo and
2 -9
aoy [ Drlome” 4y
x. ¢V R —ée) ’

- (1+8)6( o
~ (1—#)2\ R(ap)

. e ~ . .
Since 0; <o — 35 on Xy, o = supy, o and ¢ is increasing, we get

T CR) / 12 e dVy o]
YO

(4-41) e—C(Ut) > e—é“(ak—%)
on Xy. Then (4-34), (4-32) and (4-41) imply that

2 o —% 142 8 )M —1
/X |Uk,e,t|w,h0 dVX,w < e((ak z)+( +2mnidp, ) WC14 C().
k

Hence +/2efot Vg,e,r; — 0in L? as j — +oo. Since D" Fy ., = v/2ePol vy ; on X,
we get D" Fy . = 0 on X. Then Fj . is a holomorphic section of Kx ® L on X.
In Step 5, we will prove that F; . = f on X; N Y by solving 8 locally.

Step 5: Solving 3 locally with L? estimates and the end of the proof for the line
bundle L.

For any x € X; NY, let 2, be as in Step 1. Let
Qe (XiNQy)

be a coordinate ball with center x. Since the bundle L is trivial on €2, ux ., and
Uk.e.r can be regarded as forms on €2, with values in C and the metric /¢ of L on €2,
can be regarded as a positive smooth function.
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It is easy to see that C(¢) < Cg for some positive number Cg independent of ¢
when ¢ is small enough. Then it follows from (4-34), (4-41) and (4-32) that

/A lvk.eclPe™V dr < Cr9Cig

X

for some positive number Cj9 independent of t when ¢ is small enough.
Since dvg.; = 0 on Q, by (4-33), applying Lemma 2.5 to the (n, 1)-form

Vv 2eﬁotvk,e,t S L%n,])(ﬁx, e_w),
we get an (n, 0)-form s; o, € L%n,O)(ﬁx’ e~ V) such that

Osk.e.e = N 2ePol vy o

on ﬁx and

(4-42) /ﬁ Isk.e.iPe™" di < Cag /ﬁ V2Pl Pe™V dh < 2CoCr9Crge”
for some positive number C5( independent of . Hence

(4-43) /ﬁ ISk.e.01> d < CareP”

for some positive number C,; independent of ¢.
Now define

et ~
Gk,g,; = —Uk,e,t — Sk,e,t +0(ew+et)ft

on ﬁx. Then Gy ¢t = Fr et — Sk.er and E_)Gk,&, = 0. Hence G ¢ is holomorphic
in Q. Therefore, ui ¢ s + Sk ¢+ 1s smooth in 2. Furthermore, we get from (4-39)
and (4-43) that

2
[Sk,e,61"dA < Coo

(4-44) /A |Gr e dr <2 fA |Freql*dr+2 /

Q. Q. Q.

for some positive number C5, independent of ¢ when ¢ is small enough.
We get from (4-32) and (4-34) that

2,y
/ Mo T CnC) < CnCig
g, R(oy)

for some positive number C3 independent of ¢ when ¢ is small enough. Since

R(o;) < R(t —¢) on §x when ¢ is small enough, we have that

/A lug.e.l?e™V dr < C3C13R(t — &).
Q
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Therefore, combining the last inequality and (4-42), we obtain that
/A |tk o0 + Sk,ee™V dA < 2Co3C13R(t — &) +4C2C19C 5™
Qx

Then the nonintegrability of eV along ﬁx MY and the smoothness of uy ¢ ; + Sk ¢t
in @x show that uy ¢ ; 45k, =0 on §x NY for any ¢. Hence Gy ., = f on Qx ny?
for any ¢.

Since sy, ety > 0in L O)(Q ) by (4-43) and Fk ety = Fre weakly in L( 0)(9 )
as j = +00, Grer; — Fk ¢ weakly in L(n 0)(9 ) as j — +o00. Hence it follows
from (4-44) and routine arguments applying Montel’s theorem that a subsequence of
{Gk et };r , converges to Fy . uniformly on compact subsets of Q Then Fy .= f
on €, NY? and thereby on X; N Y°.

Since the positive continuous function R is decreasing near —oo, e’ R(t) is
bounded above near —oo and ¢ is locally bounded above, applying Montel’s theorem
and extracting weak limits of {Fy .} ¢, first as ¢ — 0, and then as k — +o0, we
get from (4-40) a holomorphic section F on X with values in Kx ® L such that
F=fonY%and

/ Plos <( - +CR)f F2 4 dVxolV]
x /R T \ R(eo) yo TR

Theorem 1.8 is thus proved for the line bundle L.

Step 6: The proof for the vector bundle E.

The proof for E is similar but simpler. We only point out the main modifications
by examining the proof for L.

In Step 1, we don’t need to construct a family of special smooth extensions
fi of f since hg is smooth. Hence the strong openness property and the key
propositions are not needed. Delete Parts II and III in Step 1 and replace the family
of sections f, ; with a fixed local holomorphlc extension f, Then f, becomes a
fixed smooth extension f = lel & f,. Then it is easy to see that (4-9)—(4-12) hold
for fiy = fis fr=fand f1 =0

Step 2 is not needed since /g is already smooth.

In Step 3, the negative term will not appear on the right-hand side of (4-20) since
8, =0.

In Step 4, it is easy to prove the estimate (4-26) for /7 ; by the modified (4-9). It
is also not hard to prove the estimate (4-29) for I, ; by the modified (4-10)—(4-12).
Equation (4-36) can be easily obtained since /& g is smooth.

Step 5 for E is almost the same and Theorem 1.8 is thus proved for the vector
bundle E.
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