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THIN SUBGROUPS ISOMORPHIC TO
GROMOV–PIATETSKI-SHAPIRO LATTICES

SAMUEL A. BALLAS

In this paper we produce many examples of thin subgroups of special lin-
ear groups that are isomorphic to the fundamental group nonarithmetic
hyperbolic manifolds. Specifically, we show that the nonarithmetic lattices
in SO(n, 1, R) constructed by Gromov and Piatetski-Shapiro can be embed-
ded into SL(n + 1, R) so that their images are thin subgroups.

Introduction

Let G be a semisimple Lie group and let 0 be a finitely generated subgroup. We
say that 0 is a thin subgroup of G if there is a lattice 3⊂ G containing 0 such that

• 0 has infinite index in 3,

• 0 is Zariski dense in G.

Intuitively, such groups are very sparse in the sense that they have infinite index in a
lattice, but at the same time are dense in an algebraic sense. Note, that if one relaxes
the first condition above, then 0 would be a lattice, so another way of thinking of
thin groups is as infinite index analogues of lattices in semisimple Lie groups.

Over the last several years, thin groups have been the subject of much research,
much of which has been motivated by the observation that many theorems and
conjectures in number theory can be phrased in terms of counting primes in orbits
of groups that are “abelian analogues of thin groups.” Here are two examples. First,
let G=R, b,m ∈N such that (b,m)= 1, 1=Z and 0=mZ. The orbit b+0 is an
arithmetic progression and Dirichlet’s theorem on primes in arithmetic progressions
is equivalent to this orbit containing infinitely many primes. Next, let G = R2,
1= Z2, 0 = 〈(1, 1)〉 and b= (1, 3) ∈ Z2. The orbit b+0 = {(m,m+ 2) |m ∈ Z}

and the twin prime conjecture is equivalent to the statement that this orbit contains
infinitely many points whose components are both prime. Note that in the first
case 0 is a lattice in G, but in the second case 0 has infinite index in 1 and is an
analogue of a thin group (sans Zariski density) in G.

MSC2010: 22E40, 57M50.
Keywords: thin groups, nonarithmetic lattices.
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This orbital perspective was used by Brun to attack the twin primes conjecture
using “combinatorial sieving” techniques. Although the full conjecture remains
unproven these techniques did yield some powerful results. For instance, using
these methods, Chen [1978] was able to prove that there are infinitely many pairs n
and n+ 2 such that one is prime and the other is the product of at most 2 primes.
More details of this perspective are explained in the excellent surveys of Bourgain
[2014] and Lubotzky [2012].

Inspired by these results, Bourgain, Gamburd, and Sarnak [Bourgain et al. 2010]
developed complementary “affine sieving” techniques to analyze thin group orbits.
In this context, the thinness property of the group gives enough control of orbits to
execute these counting arguments. Again, much of this is described in Lubotzky’s
survey [2012].

Given these connections it is desirable to produce examples of thin groups and
understand what types of groups are thin. Presently, there are many constructions
of thin groups. For instance, in recent work of Fuchs and Rivin [2017] it is shown
that if one “randomly” selects two matrices in SL(n,Z) then with high probability,
the group they generate is a thin subgroup of SL(n,R). However, the groups
constructed in this way are almost always free groups. There are also several
constructions that allow one to produce thin subgroups isomorphic to fundamental
groups of closed surfaces in a variety of algebraic groups (see [Cooper and Futer
2019; Kahn et al. 2018; Kahn and Markovic 2012; Kahn and Wright 2018], for
instance). Given these examples one may ask which isomorphism classes of groups
are thin? More precisely, if G is a semisimple Lie group and H is an abstract
finitely generated group then we say that H can be realized as a thin subgroup
of G if there is an embedding ι : H → G whose image is a thin subgroup of G.
With this definition in hand we can rephrase the previous question as: given a
semisimple algebraic group G, what isomorphism types of groups can be realized
as thin subgroups of G? Recent work of the author and D. Long [Ballas and Long
2020] shows that there are many additional isomorphism types of groups that can
arise as thin subgroups of special linear groups. More precisely, in [Ballas and Long
2020] it is shown that fundamental groups of arithmetic hyperbolic n-manifolds of
“orthogonal type” can be realized as thin subgroups. In the present work, we extend
the techniques of [Ballas and Long 2020] to produce infinitely many examples of
nonarithmetic hyperbolic n-manifolds whose fundamental groups can be realized
as thin subgroups of SLn+1(R). Our main result is:

Theorem 1. For each n ≥ 3, there is an infinite collection Cn of nonarithmetic
hyperbolic n-manifolds with the property that if Mn

∈ Cn then π1(M) can be
realized as a thin subgroup of SLn+1(R). Furthermore, the collection Cn contains
representatives from infinitely many commensurability classes of both compact and
noncompact manifolds.
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It should be noted that the collection Cn appearing in Theorem 1 can be described
fairly explicitly, and roughly speaking consists of the hyperbolic manifolds coming
from the nonarithmetic lattices in SO(n, 1,R) constructed by Gromov–Piatetski-
Shapiro in [Gromov and Piatetski-Shapiro 1988].

Outline of paper. In Section 1 we recall the Gromov–Piatetski-Shapiro construction
of nonarithmetic lattices in SO(n, 1,R) and define the collection Cn appearing in
Theorem 1. In Section 2 we show that the fundamental group of any element of Cn

can be embedded in several lattices in SLn+1(R). Finally, in Section 3 we prove
Theorem 1 by showing that the images of the previously mentioned embeddings
are thin subgroups.

1. Gromov–Piatetski-Shapiro lattices

Gromov and Piatetski-Shapiro [1988], describe a method for constructing infin-
itely many nonarithmetic lattices in SO(n, 1,R). In this section we describe their
construction and the construction of the lattices appearing in Theorem 1.

Let K be a totally real number field of degree d + 1 with ring of integers OK .
There are d + 1 embeddings {σ0, . . . , σd} of K into R. Using the embedding σ0

we will implicitly regard K as a subset of R. In this way, it makes sense to say
that elements of F are positive or negative. Let sK : K×→ Z≥0, where sK (a) =
|{i ≥ 1 | σi (a) > 0}|. In other words, sK (a) counts the nonidentity embeddings for
which a has positive image.

Next, let α, β, a2, . . . , an+1 ∈OK be positive elements such that

• β/α is not a square in K ,

• sK (α)= sK (β)= sK (αi )= d for 1≤ i ≤ n,

• sK (an+1)= 0.

Next, define quadratic forms

(1-1) J1 = αx2
1 +

n∑
i=2

ai x2
i − an+1x2

n+1, J2 = βx2
1 +

n∑
i=2

ai x2
i − an+1x2

n+1

If A ⊂ R is a subring containing 1 then we define

SO(Ji , A)=
{

B ∈ SLn+1(A) | Ji (Bv)= Ji (v) ∀v ∈ Rn+1}.
Using this notation, define 01 = SO(J1,OK ) and 02 = h SO(J2,OK )h−1, where
h = Diag(

√
β/α, . . . , 1). Note that both 01 and 02 are lattices in SO(J1,R),

however, since β/α is not a square in K it follows from [Gromov and Piatetski-
Shapiro 1988, see Corollary 2.7 and §2.9] that these lattices are not commensurable.
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There is a model for hyperbolic n-space given by

Hn
=
{
v ∈ Rn+1

| J1(v)=−1, vn+1 > 0
}
.

The identity component SO(J1,R)◦ of SO(J1,R) consists of the orientation pre-
serving isometries of Hn (see [Ratcliffe 2006, §3.2] for details). By passing to finite
index subgroups we can assume that 0i ⊂ SO(J1,R)◦, and so Hn/0i is a finite
volume hyperbolic orbifold for i = 1, 2.

The lattice 02⊂SO(J1, L), where L= K (
√
β/α). Note that because α and β are

positive and sK (α)= sK (β)= d it follows that L is also totally real. Furthermore,
for every γ ∈02, tr(γ )∈OK ⊂OL . The following lemma then shows that by passing
to a subgroup of finite index we may assume that 02 ⊂ SO(J1,OL). This result
seems well known to experts, but we include a proof for the sake of completeness.

Lemma 1.1. Let k ⊂ C be a number field and let Ok be the ring of integers of k. If
0 ⊂ GLn(k) acts irreducibly on Cn and has the property that tr(γ ) ∈Ok for each
γ ∈ 0 then there is a finite index subgroup 0′ ⊂ 0 such that 0′ ⊂ GLn(Ok).

Proof. If A ⊂ k is a subring then let A0 =
{∑

i aiγi | ai ∈ A, γi ∈ 0
}
. Note that in

this definition all sums have finitely many terms. By [Bass 1980, Proposition 2.2],
Ok0 is an order in the central simple algebra k0. The order Ok0 is contained in
some maximal order D in Mn(k) (n × n matrices over k). Let D1

⊂ SLn(k) be
the norm 1 elements of D. Then Mn(Ok) is also an order in Mn(k) whose group
of norm 1 elements is SLn(Ok). It is a standard result using restriction of scalars
that groups of norm 1 elements in maximal orders of Mn(k) are commensurable.
Roughly speaking this is a consequence of the fact that the intersection of two
orders is again an order and the unit groups of these orders are irreducible lattices
in SLn(R)×SLn(R) (see [Morris 2015, §5.1 and Example 5.1 #7]). It follows that
D1
∩SLn(Ok) has finite index in D1 and so 0 ∩SLn(Ok) has finite index in 0. �

Note that since 02 is a lattice in SO(J1,R) it acts irreducibly on Cn+1, and so
by applying Lemma 1.1 we may assume that 02 ⊂ SO(J1,OL).

Denote by SO(n− 1, 1,R) the subgroup of SO(J1,R) that preserves both com-
plementary components in Rn+1 of the hyperplane P given by the equation x1 = 0.
The intersection P ∩ Hn is a model for hyperbolic (n−1)-space, Hn−1 and the
group SO(n− 1, 1,R) can be identified with the subgroup of orientation preserv-
ing isometries of Hn−1. Next, let 0̂ = 01 ∩ 02 ∩ SO(n − 1, 1,R). Since each
0i ∩SO(n−1, 1,R) is sublattice of the lattice SO(n−1, 1,OL) in SO(n−1, 1,R),
it follows that 0̂ is also a lattice in SO(n − 1, 1,R). It follows that Hn−1/0̂ is a
hyperbolic (n−1)-orbifold. By passing to finite index subgroups we may arrange
the following properties:

(1) 0i is torsion-free and contained in the identity component of SO(J1,R). This
component is isomorphic to Isom+(Hn), and so Mi :=Hn/0i is a finite volume
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hyperbolic manifold (apply Selberg’s lemma and the fact that SO(J,R)◦ has
finite index in SO(J,R)).

(2) Since 6 =Hn−1/0̂ is a totally geodesic we may assume that 6 is a hyperbolic
(n−1)-manifold and this manifold is embedded in both M1 and M2 (see
[Bergeron 2000, Theorem 1]).

(3) If Mi is noncompact then all cusps of Mi are diffeomorphic to an (n−1)-torus
times an interval (apply [McReynolds et al. 2013, Theorem 3.1])

(4) The complement M̂i = Mi\6 is connected for i = 1, 2 (see [Bergeron 2000,
Theorem 2]).

The manifold M̂i is a convex submanifold of Mi and so M̂i = Vi/0̂i , where Vi is
a component of the preimage of M̂i in Hn under the universal covering projection
Hn
→ Hn/0i = Mi , and 0̂i is a subgroup of 0i that stabilizes Vi . The manifold

M̂i is a hyperbolic manifold with totally geodesic boundary equal to two isometric
copies of 6, and so it is possible to glue M̂1 and M̂1 along 6 to form the finite
volume hyperbolic manifold N (see [Morris 2015, §6.5] for details). The manifold
N can be realized as Hn/1 where, after appropriately conjugating 0̂i in 0i , we
may assume that

(1-2) 1= 〈0̂1, 0̂2, s〉.

Here s comes from a “graph of spaces” description of N and can thus be written
as a product s = s2s1, where si is the isometry corresponding to an appropriate lift
to Vi a curve in Mi whose algebraic intersection with 6 is 1 (See Figure 1). In
[Gromov and Piatetski-Shapiro 1988, §2.9] it is shown that 1 is a nonarithmetic
lattice in SO(J1,R). If N =Hn/1 then we call N an interbreeding of M1 and M2.

Since 01, 02 ⊂ SO(J1,OL) it follows that 1 ⊂ SO(J1,OL). As a result, we
call the field L the field of definition of 1. Let Cn be the collection of hyperbolic
n-manifolds coming from the above interbreeding construction.

We close this section by proving the following result:

Proposition 1.2. The collection Cn contains representatives of infinitely many
commensurability classes of both closed and noncompact hyperbolic n-manifolds
satisfying the properties (1)–(4) from above.

To prove this we will need the following invariant, originally due to Vinberg
[1971]. Let 0 be a Zariski dense subgroup of a Lie group H with Lie algebra h. The
adjoint action of 0 on h gives a representation Ad : 0→ gl(h). In [Vinberg 1971] it
is shown that the field Q({tr(Ad(γ )) |γ ∈0}) is an invariant of the commensurability
class of 0 in H . This field is called the adjoint trace field of 0.

Next, let N = Hn/1 ∈ Cn , then 1 is a lattice in SO(J1,R), which is Zariski
dense by the Borel density theorem. The following lemma allows us to compute
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s1 s2

6

6

M̂1 M̂2

N

Figure 1. An graph of spaces description of the manifold N .

the adjoint trace field of 1. It is an immediate corollary of a theorem of Mila (see
[Mila 2019, Theorem 4.7]) once it is observed that L is the smallest extension of
K over which the forms J1 and J2 are isometric.

Lemma 1.3. Let N =Hn/1 ∈ Cn and let L be the field of definition of 1. Then L
is the adjoint trace field of 1.

Proof of Proposition 1.2. From [Gromov and Piatetski-Shapiro 1988], it follows
that N = Hn/1 is compact if and only if the field K used to construct 1 is not
equal to Q. For each choice of a totally real field K and a pair α, β ∈ K so that
α/β is not a square in K we can produce an element N ∈ Cn via the interbreeding
construction. By varying the choices of α and β we can produce infinitely many
distinct L = K (

√
β/α) for each choice of K . It follows from Lemma 1.3 that the

corresponding N are representatives of infinitely many commensurability classes
of both compact and noncompact hyperbolic n-manifolds. �

2. Lattices in SLn+1(R)

In this section we describe the lattices 1 ⊂ SLn+1(R) in which our thin groups
will ultimately live. Let J1 be one of the forms constructed in Section 1 and let
L be the corresponding (totally real) field of definition. Let M = L(

√
r), where

r ∈ L is positive, square-free, and sL(r) = 0. The number field M is a quadratic
extension of L and we let τ :M→M be the unique nontrivial Galois automorphism
of M over L . In this context, we can extend the quadratic form J1 on Ln+1 to a
“Hermitian” form on Mn+1. Let NM/L : M→ L given by NM/L(x)= xτ(x) be the
norm of the field extension M/L . Next let x = (x1, . . . , xn+1) ∈ Mn+1 and define
H1 : Mn+1

→ L as

H1(x)= αNM/L(x1)+

n∑
i=1

ai NM/L(xi )− an+1 NM/L(xn+1).
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Note that this defines a Hermitian form in the sense that if x ∈ Mn+1 and λ ∈ M
then H1(λx) = NM/L(λ)H1(x). Furthermore, since L is the fixed field of τ it
follows that H1 reduces to J1 when restricted to Ln+1.

Next, we can define a unitary analogue of SO(J1,OM) as

SU(J1, τ,OM)=
{

A ∈ SLn+1(OM) | H1(Av)= H1(v) ∀v ∈ Mn+1}.
It is well known (see [Morris 2015, §6.8], for example) that SU(J1, τ,OM) is an
arithmetic lattice in SLn+1(R).

Let N = Hn/1 be one of the manifolds from Cn . By construction, the manifold
N contains the embedded totally geodesic hypersurface 6 = Hn−1/0̂, and so it is
possible to deform1 inside of SLn+1(R) using the bending construction of Johnson
and Millson [1987].

Specifically, let ct = Diag(e−nt , et , . . . , et) ∈ SLn+1(R). It is easy to check that
ct centralizes SO(n−1, 1,R). Since 6 is assumed to be nonseparating, we see that
write 1 as an HNN extension 1∼= 1̂∗s , where 1̂ is isomorphic to the fundamental
group of N\6 and s is a free letter. In this context, we may view 1̂⊂ SO(J1,OL)

and s ∈ SO(J1,OL) and observe that as a subgroup of SO(J1,OL) we can write
1= 〈1̂, s〉. We now define a new family of subgroups 1t = 〈1, ct s〉 ⊂ SLn+1(R).
Using basic theory of HNN extensions, it is easy to see that, since ct centralizes the
fundamental group of 6, as an abstract group 1t is a quotient of 1. However, by
using the following result due to Benoist [2005] in the compact case and Marquis
[2012] in the noncompact case, we can actually say much more.

Proposition 2.1. For each t , the group 1t is isomorphic to 1.

Next, we show for certain values of t the group 1t is contained in one of the
unitary lattices constructed above. Specifically, if N = Hn/1 is contained in Cn ,
let J1 and L be such that 1⊂ SO(J1,OL). Recall that the field L is totally real of
degree d+1 over Q and so there are d+1 embeddings {σ0= Id, . . . , σd} of L into R.
We can use Lemma 3.1 of [Ballas and Long 2020] to produce a unit u ∈O×L with
the property that |u|> 2 and 0< |σi (u)|< 1 for 1≤ i ≤ d . Let p(x)= x2

−ux+1
and let M = L(v), where v is one of the roots of p(x). It is easy to check that
the discriminant of p(x) is u2

− 4 and so M = L(
√

u2− 4). By construction
sL(u2

− 4)= 0, and so SU(J1, τ,OM) is an arithmetic lattice in SLn+1(R), where
τ : M→ M is the nontrivial Galois automorphism of M over L . The next lemma
says that by carefully choosing t , we can arrange that 1t ⊂ SU(J1, τ,OM).

Lemma 2.2. Let u be as above. Then if t = log(u) then 1t ⊂ SU(J1, τ,OM).

This is basically Lemma 3.4 of [Ballas and Long 2020], but the proof is short so
we include it here for the sake of completeness.
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Proof. Recall from above that there is a subgroup 1̂ ⊂ SO(J1,OL) and s ∈
SO(J1,OL) so that 1= 〈1̂, s〉 and 1t = 〈1̂, ct s〉, where

ct = Diag(e−nt , et , . . . , et) ∈ SLn+1(R).

Since SO(J1,OL)⊂ SU(J1, τ,ON ) the proof will be complete if we can show that
ct ∈ SU(J1, τ,OM).

If t = log(u) then ct =Diag(u−n, u, . . . , u). Furthermore, since τ(u) is the other
root of p(x) it follows that uτ(u) = 1, or in other words τ(u) = u−1. It follows
that c∗t = Diag(un, u−1, . . . , u−1). A simple computation then shows that for each
v ∈ Mn+1, H1(ctv)= H1(v), and so ct ∈ SU(J1, τ,OM). �

By combining Lemma 2.2 and Proposition 2.1 we get the following corollary:

Corollary 2.3. For each N = Hn/1 ∈ Cn there are infinitely many lattices 3 ⊂
SLn+1(R) that contain a subgroup 1′ isomorphic to 1.

3. Certifying thinness

The main goal of this section is to complete the proof of Theorem 1. The proof
consist of proving that the subgroups constructed in the previous section are thin.

Proof of Theorem 1. Recall, that if N = Hn/1 ∈ Cn from Corollary 2.3 it follows
that we can find a lattice 3⊂ SLn+1(R) and a subgroup 1′ ⊂3 that is isomorphic
to 1.

Since 1′ was obtained from 1 via a bending construction if follows from [Ballas
and Long 2020, Proposition 4.1] that 1′ is Zariski dense in SLn+1(R). The proof
will be complete if we can show that 1′ has infinite index in 3. Suppose for
contradiction that this index is finite. Since 3 is a lattice in SLn+1(R) this implies
that 1′ is also a lattice in SLn+1(R). However, 1′ is isomorphic to 1 and 1 is
a lattice in the Lie group SO(n, 1)◦. However, SO(n, 1)◦ and SLn+1(R) are not
isomorphic and so this contradicts the Mostow rigidity theorem (see [Morris 2015,
Theorem 15.1.2]). �
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VALUE DISTRIBUTION PROPERTIES FOR THE GAUSS MAPS
OF THE IMMERSED HARMONIC SURFACES

XINGDI CHEN, ZHIXUE LIU AND MIN RU

We study the value distribution theory for the immersed harmonic surfaces
and K-QC harmonic surfaces. We first investigate the value distribution
properties for the generalized Gauss map ˆ of an immersed harmonic sur-
face, similar to the result of Fujimoto and Ru in the minimal surfaces case.
After building a relation between ˆ and the classical Gauss map n for the
K-QC harmonic surfaces, we derive that, for a complete harmonic and K -
quasiconformal surface immersed in R3, if its unit normal n omits seven
directions in S 2 and any three of which are not contained in a plane in R3,
then the surface must be flat. In the last section, under an additional con-
dition, we give an estimate of the Gauss curvature for the K-QC harmonic
surfaces, generalizing the result of the minimal surfaces in the case that the
unit normal n omits a neighborhood of some fixed direction.

1. Introduction

Since R. Osserman and S. S. Chern [Chern 1965; Chern and Osserman 1967;
Osserman 1964] initiated the study of the value distribution properties for the Gauss
map of complete minimal surfaces immersed in Rn, it has grown into a very rich
theory due to the works of F. Xavier [1981], H. Fujimoto [1993], Osserman and
Ru [1997] and M. Ru [1991] etc. On the other hand, as early as the late 60s,
T. K. Milnor [1967; 1968] started to consider whether the theory carries over in an
interesting way to the larger class of harmonically immersed surfaces. Many similar
results have been obtained (see [Alarcón and López 2013; Connor et al. 2015;
2018; Dioos and Sakaki 2019; Jensen and Rigoli 1988; Kalaj 2013; Milnor 1979;
1980; 1983]). In particular, it was first observed by Milnor [1983] that, instead
of the Gauss map n, the map ˆ (in this paper, we call it the generalized Gauss
map; see the next section for the definition) carries the same value distribution
properties as the Gauss map n in the minimal surface case. The observation is that
if the induced metric ds2 on M (from the standard metric in R3) is complete, then

MSC2020: primary 53C42, 53C43; secondary 30C65, 32H25.
Keywords: harmonic immersion, quasiconformal mapping, value distribution theory, Hopf

differential, conformal metric, Gauss map.
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the conformal metric kˆk2 (which is called the associated Klotz metric) is also
complete, so it allows us to study the value distribution properties for ˆ. In this
paper, we first study the value distribution properties for the map ˆ. In particular,
we obtain a result which is similar to Fujimoto and Ru’s result in the minimal
surface case (see Theorem 3.3). We then use the results we obtained to study the
value distribution property for the Gauss map n of harmonically immersed surfaces
by comparing n with ˆ (see Theorem 4.7). In the last section, under an additional
condition, we give an estimate of the Gauss curvature for the K-QC harmonic
surfaces, generalizing the result of the minimal surfaces in the case that the unit
normal n omits a neighborhood of some fixed direction.

2. Immersed harmonic surfaces

We study the maps X WM ! Rn, with n � 3, where M is a complex Riemann
surface, and X is a regular and immersed map. The surface X is called an immersed
harmonic surface if X is harmonic. Under a local coordinate z D uC

p
�1v for

the Riemann surface M, it is well known that X is harmonic if and only if

4X D 4@2X=@z@Nz � 0

where @
@z
D

1
2
.@=@u �

p
�1@=@v/ and @

@ Nz
D

1
2
.@=@uC

p
�1@=@v/. Thus X is

harmonic if and only if

(1) � WD
@X

@z
D .�1; : : : ; �n/

is holomorphic, where �iD
@
@z

X i for iD1; : : : ; n when we write XD.X 1; : : : ;X n/.
Note that although �i are only locally defined, the holomorphic one-forms ˆi WD

�idz are globally defined on M. Thus the map ˆ WD Œˆ1 W � � � Wˆn� WM !Pn�1.C/

is well-defined and holomorphic. We call it the generalized Gauss map of the
harmonic surface X .

Let ds2 be the metric on M induced through X from the standard inner product
on Rn. In terms of local coordinate .u; v/, the first fundamental form of ds2 is
given by

(2) ds2
DEdu2

C 2FdudvCGdv2

with
E DXu �Xu; F DXu �Xv; G DXv �Xv:

Let z D uC
p
�1v. Then we have

Xu D �C�; Xv D
p
�1.� ��/:

Utilizing the complex local coordinate .z; Nz/, we can rewrite (2) as

(3) ds2
D hdz2

C 2k�k2jdzj2C hdz2;
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where

(4) hD � �� D
E �G � 2

p
�1F

4
; k�k2 D � �� D

ECG

4
:

We call the quadratic differential � WD hdz2 the Hopf differential. It is clear that

(5) jhj< k�k2:

We call the metric � WD 1
2
k�k2jdzj2 the associated conformal metric of ds2, also

known as the Klotz metric. From (3) and (5), if ds2 is complete, then the associated
Klotz metric k�k2jdzj2 is also complete (see also Lemma 1 in [Milnor 1976]). The
immersion X is said to be weakly complete if the associated Klotz metric k�k2jdzj2

is complete.
Denote by K.I/ the intrinsic curvature (Gauss curvature) of the induced metric

ds2 above and K.�/ the Gauss curvature with respect to the Klotz metric � WD
1
2
k�k2jdzj2. By Lemma 1 in [Milnor 1980], there exists a positive function �� 1

such that

(6) K.�/� �K.I/:

For any choice of a unit normal vector field n, one has an associated second
fundamental form

II.n/DLdu2
C 2MdudvCNdv2

with 4X � nD LCN � 0. Thus det.II.n//D �.L2CM 2/ � 0. It follows that
K.I/� 0 since

(7) K.I/D

Pn�2
jD1 det.II.nj //

EG �F2

for any choices .nj / of n� 2 mutually orthogonal unit normal vector fields.

3. Value distribution properties of the generalized Gauss map

Let
X D .X 1; : : : ;X n/ WM ! Rn

be an immersed harmonic surface with the induced metric, where M is a Riemann
surface. Let ˆD Œˆ1 W � � � Wˆn� WM ! Pn�1.C/, where ˆi WD

�
@
@z

X i
�
dz, be the

generalized Gauss map. In this section, we study the value distribution properties
for the generalized Gauss map ˆ. We begin with the following lemma.

Lemma 3.1. Let X D .X 1; : : : ;X n/ WM ! Rn be an immersed harmonic surface
with the induced metric, where M is a Riemann surface. Let

ˆD Œˆ1 W � � � Wˆn� WM ! Pn�1.C/;

where ˆi WD
�
@
@z

X i
�
dz, be the generalized Gauss map. If ˆ is constant, then

X.M / lies in a 2-plane.
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Proof. As above, denote by K.�/ the Gauss curvature with respect to the Klotz
metric � WD 1

2
k�k2jdzj2. Then

K.�/D�
k�0k2k�k2� .�0 ��/.�0 ��/

.k�k2/3
:

Since ˆ is constant, we conclude that � is constant, so K.�/� 0. From (6), we get

0D K.�/� �K.I/;

where � > 0. Using the fact that K.I/ � 0, we get K.I/� 0. Now, from (7) and
det.II.nj //� 0 for all j , we conclude that II.nj /� 0 for all j , so X.M / lies in a
2-plane. �

We recall the following result due to Milnor [1983] (see also Theorem 2.1 in
[Jensen and Rigoli 1988]).

Theorem 3.2 [Milnor 1983, Theorem 3]. Let X D .X 1; : : : ;X n/ WM ! Rn be
a complete immersed harmonic surface with the induced metric, where M is a
Riemann surface. Let ˆD Œˆ1 W � � � Wˆn� WM ! Pn�1.C/, where ˆi WD

�
@
@z

X i
�
dz

for i D 1; : : : ; n, be the generalized Gauss map. Then either X.M / is a 2-plane
or else ˆ.M / comes arbitrarily close to every hyperplane

Pn
kD1 akwk D 0 in

Pn�1.C/.

We note that Theorem 3.2 corresponds to Chern’s theorem [1965] in the theory
of minimal surfaces. It is known that Chern’s result has been extended to a much
sharper result by Fujimoto [1990] and Ru [1991] for the Gauss maps of minimal
surfaces. In the following, we have the result corresponding to the result of Fujimoto
and Ru.

Theorem 3.3. Let M be an open Riemann surface and

X D .X 1; : : : ;X n/ WM !Rn

be a harmonic immersion. Let ˆ WM ! Pn�1.C/ be the generalized Gauss map.
Assume that X is weakly complete with respect to the reduced metric. If ˆ omits
more than 1

2
n.nC 1/ hyperplanes in Pn�1.C/ in general position, then X.M / lies

in a 2-plane.

Remark 3.4. As we noted above, if the induced metric ds2 is complete, then
the associated Klotz metric k�k2jdzj2 is also complete (we say that X is weakly
complete in this case).

In order to prove Theorem 3.3, we need to introduce some basic concepts and
the following auxiliary results.

Let H D fŒz0 W z1 W � � � W zk � j a0z0C � � �C akzk D 0g be a hyperplane in Pk.C/;
here a D .a0; : : : ; ak/ 2 CkC1 n f0g is called the normal vector associated to H.
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Hyperplanes H1; : : : ;Hq are said to be in m-subgeneral position (with m� k) if
and only if for every injective map � W f0; 1; : : : ;mg!f1; : : : ; qg, the linear span of
those corresponding normal vectors a�.0/; : : : ; a�.m/ is CkC1. When mD k, then
we just say the H1; : : : ;Hq are in general position in Pk.C/. It is clear that if the
hyperplanes H1; : : : ;Hq in Pm.C/ are in general position, then, for k �m and re-
garding Pk.C/� Pm.C/, the restricted hyperplanes H1\Pk.C/; : : : ;Hq \Pk.C/

are in m-subgeneral position.
We need the following lemma.

Lemma 3.5 [Chen 1987; Nochka 1983]. Let fHj g
q
jD1

be a set of hyperplanes in
Pk.C/ in m-subgeneral position. Then there exist a function$ WJ Df1; : : : ; qg!R

and a number � > 0 with the following properties:

� 0<$.j /� 1 for all j 2 J.

� q� 2mC k � 1D �
�Pq

jD1
$.j /� k � 1

�
.

� 1� mC1
kC1
� � � 2m�kC1

kC1
.

We call $.j / the Nochka weight associated to the hyperplane Hj .1� j � q/.
Next, we recall the definition of the derived curves. Let F be a nondegenerate

holomorphic map of �R into Pk.C/ (i.e., F.�R/ is not contained in any proper
subspaces of Pk.C/), where �R WD fz j jzj < Rg � C and 0 < R � 1. Take a
reduced representation QF D .f0; f1; : : : ; fk/ of F, i.e., QF W�R! CkC1 n f0g and
P. QF /D F, where P is the natural projection. Let k QFk D

�Pk
jD0jfj j

2
� 1

2 . Take the
s-th derivative QF .s/ D .f .s/

0
; f

.s/
1
; : : : ; f

.s/

k
/ and define

(8) QFs D
QF .0/ ^ QF .1/ ^ � � � ^ QF .s/ W�R!

sC1̂

CkC1

for each 0 � s � k. Obviously, QFkC1 � 0. Let Fs D P. QFs/. We call the map Fs

the s-th derived curve of F .
For holomorphic functions f0; f1; : : : ; fk , we denote

W .f0; f1; : : : ; fk/ WD det.f .s/j ; 0� j ; s � k/:

Let fe0; e1; : : : ; ekg be the standard basis of CkC1. Then we can write, for 0� s�k,

QFs D

X
0�i0<���<is�k

W .fi0
; : : : ; fis

/ei0
^ � � � ^ eis

:

Hence,
j QFsj

2
WD

X
0�i0<���<is�k

jW .fi0
; : : : ; fis

/j2:

From above, it is easy to see that if F is nondegenerate, then QFs 6� 0 for any
0� s � k � 1.
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For a hyperplane Hj in Pk.C/ with the normal vector aj D .aj0; : : : ; ajk/, we
define, for 0� s � k and 1� j � q,

(9) j QFs.Hj /j
2
D

X
0�i1<���<is�k

ˇ̌̌ X
t¤i1;:::;is

ajtW .ft ; fi1
; : : : ; fis

/
ˇ̌̌2
:

Notice that

j QF .Hj /j D j QF0.Hj /j D jaj0f0C aj1f1C � � �C ajkfk j:

From (9), we see that QFs.Hj /� 0 if and only if it holds for all i1; : : : ; is thatX
t¤i1;:::;is

ajtW .ft ; fi1
; : : : ; fis

/� 0:

Thus if F is nondegenerate, then QFs.Hj / 6� 0 for all 0� s � k � 1 and 1� j � q.
Indeed, if QFs.Hj /� 0 for some s and j , then

W . QF .Hj /; fi1
; : : : ; fis

/� 0

for all i1; : : : ; is . This implies that QF .Hj /; fi1
; : : : ; fis

are linearly independent,
which contradicts the nondegeneracy of f .

The following result is due to Ru [1991, Main Lemma]. It plays an important
role in the proof of our theorem.

Lemma 3.6 [Ru 1991, Main Lemma]. Let F W�R! Pk.C/ be a nondegenerate
holomorphic map with its reduced representation QF. Let fHj g

q
jD1

be a set of
hyperplanes in Pk.C/ in m-subgeneral position, and $.j / be their associated
Nochka weights. If q > 2m� kC 1 and

N >
2qk.kC 2/Pq

jD1
$.j /� .kC 1/

;

then there exists a positive constant C such that

j QF j�
j QFk j

1C 2q
N

Qq
jD1

�Qk�1
sD0 j

QFs.Hj /j
� 4

NQq
jD1
j QF .Hj /j$.j/

� C

�
2R

R2� jzj2

� 1
2

k.kC1/C 2q
N

Pk
sD0 s2

;

where �D
Pq

jD1
$.j /� .kC 1/� 2q

N
.k2C 2k � 1/.

We also need the following lemma.

Lemma 3.7 [Fujimoto 1993, Lemma 1.6.7]. Let d�2 be a conformal flat metric
on an open Riemann surface M. Then for each point p 2M, there exists a local
diffeomorphism ‰ of a disk �R D fw 2 C j jwj < Rg.0 < R � 1/ onto an
open neighborhood of p with ‰.0/ D p such that ‰ is a local isometry (i.e.,
the pullback ‰�.d�2) is equal to the standard Euclidean metric ds2

E
on �R/,
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and there exists a point a0 with ja0j D 1, such that the ‰-image �a0
of the line

La0
D fw D a0t W 0< t <Rg is divergent in M.

Now we are ready to prove Theorem 3.3.

Proof of Theorem 3.3. Assume that the holomorphic map ˆ W M ! Pn�1.C/

omits the hyperplanes H1; : : : ;Hq , which are in general position in Pn�1.C/ with
q > 1

2
n.nC 1/. From Lemma 3.1, it suffices to prove that ˆ is constant. By taking

the universal cover of M if necessary, one can assume that M is simply connected.
It follows from the uniformization theorem that M is conformally equivalent to C

or the unit disk �. By Nochka’s result [1983] (see also [Chen 1987]) about the
Cartan conjecture, we know that ˆ is constant when M is conformally equivalent
to C. So the result holds in this case.

Therefore it suffices to consider the case where M is the unit disc �. Assume
that ˆ is not constant. We want to derive a contradiction. From the assumption
that ˆ is not constant, there exists k .1� k � n� 1/ such that the image of ˆ is
contained in Pk.C/� Pn�1.C/, but not in any subspace whose dimension is lower
than k. In other words, ˆ W�! Pk.C/ is a nondegenerate map. Let

Q̂ D .�0; �1; : : : ; �k/;

then, by the assumption, the metric k Q̂ .z/k2jdzj2 is complete. Let QHj WD Hj \

Pk.C/, 1 � j � q. Then these hyperplanes are in .n�1/-subgeneral position in
Pk.C/. One may assume that QHj is given by

QHj W aj0z0C aj1z1C � � �C ajkzk D 0 .1� j � q/:

Since ˆ W�!Pk.C/ is nondegenerate, from the discussion above, Q̂ k.z/ 6� 0 and
none of the Q̂ s. QHj /; 0� s � k; 1� j � q, vanishes identically. Thus, by (9) for
each Q̂ s. QHj /, there exist i1; i2; : : : ; is such that

(10)  js WD

X
t¤i1;:::;is

ajtW .�t ; �i1
; : : : ; �is

/

does not vanish identically. Note that every  js is a holomorphic function and has
only isolated zeros.

Let$.j / be the Nochka weight associated to the hyperplane f QHj g for 1� j � q.
By Lemma 3.5, one has

q� 2.n� 1/C k � 1D �

� qX
jD1

$.j /� k � 1

�
;

and
� �

2.n� 1/� kC 1

kC 1
:

Since q > 1
2
n.nC 1/, and noticing that n.nC 1/=2 � .k C 1/.n� k=2� 1/C n
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always holds for any 0� k � n� 1, it is easy to verify that

2.q� 2.n� 1/C k � 1/

k.2.n� 1/� kC 1/
D

2.q� 2nC kC 1/

2kn� k2� k
> 1;

for all 1� k � n� 1. Hence

2
�Pq

jD1
$.j /� k � 1

�
k.kC 1/

D
2.q� 2.n� 1/C k � 1/

�k.kC 1/

�
2.q� 2.n� 1/C k � 1/

k.2.n� 1/� kC 1/
> 1;

which yields that
qX

jD1

$.j /� k � 1�
1

2
k.kC 1/ > 0:

Let

� WD

qX
jD1

$.j /� .kC 1/�
2q

N
.k2
C 2k � 1/;

�0 WD
1

�

�
1

2
k.kC 1/C

2q

N

kX
sD0

s2

�
:

Choose some N such thatPq
jD1

$.j /� k � 1� k
2
.kC 1/

2
q
C
Pk

sD0.k � s/2C k2C 2k � 1
<

2q

N
<

Pq
jD1

$.j /� k � 1� k
2
.kC 1/Pk

sD0.k � s/2C k2C 2k � 1
;

which implies that

0< �0 < 1;
4

N�.1��0/
> 1:

We define a new metric

(11) d�2
D

0@ Qq
jD1
j Q̂ . QHj /j

$.j/

j Q̂ k j
1C 2q

N

Qq
jD1

�Qk�1
sD0 j jsj

� 4
N

1A 2
.1��0/�

jdzj2

on the set M 0 WD� n
˚
p 2� j either Q̂ k D 0 or

Qq
jD1

Qk�1
sD0 j jsj D 0

	
.

Notice that d�2 is a flat metric on M 0. Fix a point p0 2M 0; by Lemma 3.7 there
exists a local diffeomorphism ‰ of a disk �R D fw 2 C W jwj<Rg .0<R�1/

onto an open neighborhood of p0 with ‰.0/D p0 such that ‰ is a local isometry.
Furthermore, there exists a point a0 with ja0j D 1 and the ‰-image �a0

of the
line La0

D fw D a0t W 0 < t <Rg is divergent in M 0. Again, by Nochka’s result
[1983] (see also [Chen 1987]), we know that R<1 since ˆ is nonconstant. We
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claim that the ‰-image �a0
actually is divergent to the boundary of �. To this end,

we assume the contrary, that the curve �a0
is divergent to a point z0 which either

satisfies Q̂ k.z0/D 0 or  js.z0/D 0 for some s and j . Thus, we have

lim inf
z!z0

j Q̂ k j
.NC2q/ı0=2

Y
1�j�q;1�s�k�1

j jsj
2ı0 � v > 0;

where

v D

0@ Qq
jD1
j Q̂ . QHj /j

$.j/

j Q̂ k j
1C 2q

N

Qq
jD1

�Qk�1
sD0 j jsj

� 4
N

1A 2
.1��0/�

and

ı0 D
4

N�.1��0/
> 1:

Thus,

RD

Z
La0

‰� d� D

Z
�a0

d�

D

Z
�a0

0@ Qq
jD1
j Q̂ . QHj /j

$.j/

j Q̂ k j
1C 2q

N

Qq
jD1

�Qk�1
sD0 j jsj

� 4
N

1A 1
.1��0/�

jdzj

� c

Z
�a0

1

jz� z0j
ı0
jdzj D1;

which yields a contradiction.
Therefore �a0

D‰.La0
/ is divergent to the boundary of �. To compute the

length of �a0
with respect to the Klotz metric k Q̂ k2jdzj2 where Q̂ D .�0; : : : ; �k/,

we introduce the following functions defined on fw j jwj<Rg:

fs.w/ WD �s.‰.w// .0� s � k/;

and F.w/ WD .f0.w/; f1.w/; : : : ; fk.w//. For 1� j � q, 0� s � k, we define

F.Hj / WD aj0f0C � � �C ajkfk ; Fk WDW .f0; f1; : : : fk/

and
'js WD

X
t¤i1;:::;is

ajtW .ft ; fi1
; : : : ; fis

/;

where .i1; : : : ; is/ is the index in the definition of  js in (10). Noticing the fact
that, for 0� s � k,

Fs.w/D .F ^F 0 ^ � � � ^F .s//.w/D . Q̂ ^ � � � ^ Q̂ .s//.z/

�
dz

dw

�s.sC1/=2

;
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we have, from (11), that

‰�d� D‰�

0@ Qq
jD1
j Q̂ . QHj /j

$.j/

j Q̂ k j
1C 2q

N

Qq
jD1

�Qk�1
sD0 j jsj

� 4
N

1A 1
.1��0/� ˇ̌̌̌

dz

dw

ˇ̌̌̌
jdwj

D

0@ Qq
jD1
jF. QHj /j

$.j/

jFk j
1C 2q

N

Qq
jD1

�Qk�1
sD0 j'jsj

� 4
N

1A 1
.1��0/�

�

ˇ̌̌̌
dz

dw

ˇ̌̌̌.1C 2q
N
/k.kC1/

2
C

2q
N

Pk�1
sD0 s.sC1/

.1��0/�
C1

jdwj

D

0@ Qq
jD1
jF. QHj /j

$.j/

jFk j
1C 2q

N

Qq
jD1

�Qk�1
sD0 j'jsj

� 4
N

1A 1
.1��0/� ˇ̌̌̌

dz

dw

ˇ̌̌̌ �0

1��0
C1

jdwj

D

0@ Qq
jD1
jF. QHj /j

$.j/

jFk j
1C 2q

N

Qq
jD1

�Qk�1
sD0 j'jsj

� 4
N

1A 1
.1��0/� ˇ̌̌̌

dz

dw

ˇ̌̌̌ 1
1��0

jdwj:

Using the isometry property of ‰, i.e., jdwj D‰�d� , we get

(12)
ˇ̌̌̌
dw

dz

ˇ̌̌̌
D

0@ Qq
jD1
jF. QHj /j

$.j/

jFk j
1C 2q

N

Qq
jD1

�Qk�1
sD0 j'jsj

� 4
N

1A 1
�

:

Now, denote by l.�a0
/ the length of the curve �a0

with respect to the Klotz metric
k Q̂ k2jdzj2; then from (12),

l.�a0
/D

Z
�a0

k Q̂ kjdzj D

Z
La0

‰�.k Q̂ kjdzj/

D

Z
La0

k Q̂ .‰.w//k

ˇ̌̌̌
dz

dw

ˇ̌̌̌
jdwj

D

Z
La0

kFk

0@ jFk j
1C 2q

N

Qq
jD1

�Qk�1
sD0 j'jsj

� 4
NQq

jD1
jF. QHj /j$.j/

1A
1
�

jdwj

�

Z
La0

0@kFk�jFk j
1C 2q

N

Qq
jD1

�Qk�1
sD0 jFs. QHj /j

� 4
NQq

jD1
jF. QHj /j$.j/

1A
1
�

jdwj:
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In the above inequality, we use the fact that j'jsj � jFs. QHj /j for all 0 � s � k,
1� j � q. By Lemma 3.6, it can be concluded that, noticing that 0< �0 < 1,

l.�a0
/� C

Z R

0

�
2R

R2� jwj2

��0

jdwj<1;

which contradicts the completeness of the Klotz metric k Q̂ k2jdzj2. Thus ˆ is a
constant map. �

4. Value distribution properties for the Gauss map of the harmonic and
QC-harmonic surface immersed in R3

In this section, we study the value distribution properties for the Gauss map (i.e.,
its unit normal) of harmonic and K-quasiconformal surfaces immersed in R3. Our
method is to compare the Gauss map of the surface (i.e., its unit-normal) with the
generalized Gauss map ˆ and apply the results obtained in the previous section.
The classical Bernstein theorem says that a minimal graph over a plane is planar. W.
H. Meeks III and H. Rosenberg [2005] showed that a complete embedded minimal
surface over a plane is either a plane or a helicoid. It is known that the classical
Bernstein theorem still holds for the K-quasiconformal harmonic graph, but fails
if we only assume the graph is harmonic. So in order to get the desired value
distribution properties for the Gauss map of harmonic surfaces immersed in R3, the
additional condition that X be K-quasiconformal seems necessary.

Let M be an open Riemann surface and

X D .X 1;X 2;X 3/ WM ! R3

be a harmonic immersion.Write

(13) krXk2 DECG D 4k�k2;

where krXk2 is the Hilbert–Schmidt norm defined by

krXk2 WD k@X=@uk2Ck@X=@vk2:

Also the Jacobian of X is given by

(14) JX D kXu �Xvk D
p

EG �F2 D 2

q
k�k4� jhj2;

where � is given by (1), and h and k�k are defined by (4).
Let n be a normal vector on a harmonic surface X W M ! R3, and b be a

unit vector in R3. The following proposition aims to give a relation between the
intersection of n and b and the projective distance of the generalized Gauss map ˆ
to a hyperplane with the normal b. Instead of the proof which is originally from
Lemma 1.1 in [Osserman 1964] we use the mixed product to deal with it.
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Proposition 4.1. Let X W M ! R3 be a harmonic surface. Then every normal
vector makes an angle ˛ with the unit vector b at a given point if and only if

(15)
jb ��j2

k�k2
k�k4

k�k4� jhj2
�
.b ��/2 NhC .b ��/2h

2k�k2
k�k2

k�k4� jhj2
D

1

2
sin2 ˛;

where � is given by (1), and h and k�k are defined by (4).

Proof. The unit normal vector is given by nD .Xu �Xv/=JX . For a unit vector b,
we denote by jAj the mixed product of the three vectors b, Xu and Xv, where A

is a matrix determined by three row vectors b, Xu and Xv. Then it follows from
determinant expansion of jAAT j in its first row that

jn � bj2 D
jXu �Xv � bj

2

EG �F2
D
jAAT j

EG �F2

D 1�
.b �Xu/

2GC .b �Xv/
2E � 2.b �Xu/.b �Xv/F

EG �F2
:

Utilizing the relations

Xu D �C� and Xv D
p
�1.� ��/;

we have, from the above relation, that

jn�bj2D 1�
.b��/2.G�E�2iF /C.b��/2.G�EC2iF /

EG�F2
�

2jb��j2.ECG/

EG�F2
:

By the relations (4), (13) and (14), the above equality is equivalent to

(16) jn � bj2 D 1C
.b ��/2 NhC .b ��/2h

k�k2
k�k2

k�k4� jhj2
�

2jb ��j2

k�k2
k�k4

k�k4� jhj2
:

Since n and b are two unit vectors, jn � bj D jcos˛j. Hence, the normal vector n
makes an angle ˛ with the unit vector b if and only if the equality (15) holds. �

Remark 4.2. If X W M ! R3 is a minimal surface with a conformal minimal
immersion X , then we have h� 0. In this case, Proposition 4.1 implies that

j� � bj2

k�k2
D

1

2
sin2 ˛:

This relation shows that in the case of minimal surfaces, a normal vector n makes
an angle of at least ˛ with a given vector b if and only if its generalized Gauss
map ˆ has a positive projective distance to a hyperplane H with the unit normal b.
If we take b to be the x3-axis, then our proposition is Lemma 1.1 in [Osserman
1964] in the R3 case.
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Remark 4.3. By the fact that jhj< k�k2 for a harmonic surface, the relation (15)
gives us the following inequality

1� jn � bj2

2
D

1

2
sin2 ˛ �

jb ��j2

k�k2
k�k2

k�k2Cjhj
�

1

2

jb ��j2

k�k2
;

which shows that the inequality jb ��j2=k�k2 � � > 0 implies that jn � bj � � < 1,
that is, it will force normals to avoid some neighborhood of the unoriented direction
determined by the vector b. Conversely, it is also true that

jb ��j2

k�k2
�

1� jn � bj2

2

k�k2� jhj

k�k2
:

However, the result that jb � �j2=k�k2 has a positive lower bound cannot be de-
rived from this inverse inequality under the condition that jn � bj � � < 1, that is,
the condition that normals avoid some neighborhood of the unoriented direction
determined by a vector b does not imply that jb ��j2=k�k2 � � > 0. The harmonic
rotational horn with the generalized Gauss map ˆD Œ1dz W

p
�1dz W 1=zdz�, which

is given by A. Alarcón and F. J. López [2013], is such a counterexample. To verify
it, one can choose the unit vector bD 1=

p
u2C v2.v;u; 0/, then n � b D 0 and

jb ��j2=k�k2! 0 as jzj ! 0.

From Remark 4.3, we see that Theorem 3.2 would not tell any useful information
about the unit-normal n. Indeed the Bernstein type theorem fails for some harmonic
immersed surfaces. In order to derive some useful consequence from the previous
results about ˆ, we need to derive the lower bound for jb ��j2=k�k2 when jn �bj �
� < 1. This requires the assumption that X is K-quasiconformal.

An immersion X D .X 1;X 2;X 3/ WM ! R3 is called K-quasiconformal if it
satisfies the inequality

(17) krXk2 �

�
KC

1

K

�
JX ;

which is equivalent to

(18) k�k2 �
K2C 1

2K

q
k�k4� jhj2:

Note that we adopt the definition of quasiconformality given by D. Kalaj [2013]
(see also [Alarcón and López 2013]). If K D 1, then the above inequality can be
changed into the two relations

(19) jXuj D jXvj and Xu �Xv D 0;

where we say that X is an isothermal parametrization (isothermal coordinate) of
the surface M. If a Riemann surface M admits a K-quasiconformal harmonic
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immersion X into R3, we call such a surface a K-quasiconformal harmonic surface,
and say its immersion is a K-quasiconformal harmonic immersion.

Lemma 4.4. Let M be a surface with a harmonic immersion X . Then X is K-
quasiconformal in the sense of the definition given by (17) if and only if its Hopf
differential � and conformal metric kˆk satisfy

(20) j�j �QKkˆk
2;

where QK D .K
2 � 1/=.K2C 1/. Particularly, if K D 1 then X is a conformal

immersion. Furthermore, the metric ds2 and its associated conformal metric kˆk2

satisfy the inequality

(21) 2.1�QK /kˆk
2
� ds2

� 2.1CQK /kˆk
2:

The inequalities of the above relations hold simultaneously if and only if X is a
conformal immersion.

Proof. The inequality (18) implies that

(22) jhj �QKk�k
2;

i.e., j�j �QKkˆk
2 since � WD hdz2. Conversely, the inequality (20) (i.e., inequal-

ity (22)) implies that

krXk2 �

�
KC

1

K

�
JX :

Therefore, X is K-QC in the sense of definition given by D. Kalaj. Finally, it is
easy to see that the inequality (20) (i.e., inequality (22)) implies both the upper and
lower bound of (21) from the first fundamental form (3). �

Under the assumption that X is K-quasiconformal, we give an estimate of the
quantity

1
2
.1� jn � bj2/

j� � bj2=k�k2

in the quasiconformal distortion constant K for a K-quasiconformal harmonic
surface in R3.

Lemma 4.5. Let M be a K-quasiconformal harmonic surface in R3. Then for
every unit normal vector n and every unit vector b at the same point p on M,

(23)
K2C 1

2K2

j� � bj2

k�k2
�

1� jn � bj2

2
�

K2C 1

2

j� � bj2

k�k2
:

In particular, when K D 1 we have

(24)
1� jn � bj2

2
D
j� � bj2

k�k2
:
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Proof. From the relations (16), (18) and (22), we have

1� jn � bj2

2
D
jb ��j2

k�k2
k�k4

k�k4� jhj2
�
.b ��/2 NhC .b ��/2h

2k�k2
k�k2

k�k4� jhj2

�

�
k�k4

k�k4� jhj2
C
k�k2jhj

k�k4� jhj2

�
jb ��j2

k�k2

� .1CQK /
k�k4

k�k4� jhj2
jb ��j2

k�k2

�
.1CQK /.KC 1=K/2

4

jb ��j2

k�k2
D

K2C 1

2

jb ��j2

k�k2
:

Hence we complete the proof of the right-hand side of the relation (23).
Similarly, we have

1� jn � bj2

2
�

�
k�k4

k�k4� jhj2
�
k�k2jhj

k�k4� jhj2

�
jb ��j2

k�k2

�

�
k�k2

k�k2Cjhj

�
jb ��j2

k�k2
�

K2C 1

2K2

jb ��j2

k�k2
:

Thus the proof of Lemma 4.5 is finished. �
Combining Lemma 4.5 with Theorem 3.2, we get the following theorem.

Theorem 4.6. Let X WM ! R3 be a complete harmonic and K-quasiconformal
immersion with the induced metric, where M is an open Riemann surface, and let n
be the unit normal of M. If its Gauss map (i.e., the normal n) omits a neighborhood
of a direction in S2, then X must be a plane.

The above theorem recovers the classical Bernstein theorem for graphs of har-
monic and K-quasiconformal surfaces defined on R2. It is known that the Bernstein
theorem fails for graphs of harmonic surfaces on R2 without the K-quasiconformal
assumption. Thus the additional assumption of K-quasiconformality seems neces-
sary and reasonable in order to study the value distribution for its Gauss map.

From Lemma 4.5, we see that jn � bj D 1 if and only if � � b D 0. For any
unit-vector bD .b1; b2; b3/ 2 R3, it corresponds to a hyperplane

Hb D fb1w1C b2w2C b3w3g � P2.C/:

Notice that Hbj ; 1� j � q, are in general position if and only if any three of among
b1; : : : ; bq are not contained in a plane in R3. Thus Lemma 4.5 and Theorem 3.3
imply the following interesting result about the value distribution of the Gauss
map n which extends Theorem 4.6.

Theorem 4.7. Let X WM ! R3 be a complete harmonic and K-quasiconformal
immersion with the induced metric, where M is an open Riemann surface, and let n
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be the unit normal of M. If its Gauss map (i.e., the normal n) omits seven directions,
say unit vectors b1; : : : ; b7 in S2, and any three of which are not contained in a
plane in R3, then X must be a plane.

5. Estimate of Gauss curvature for K-QC harmonic surfaces

In this section, for a K-quasiconformal harmonic immersion X WM ! R3, we will
study its Gauss curvature estimate if the Gauss map (not the generalized Gauss
map) omits a neighborhood of some direction. For the result in the minimal surface
case, see [Osserman and Ru 1997].

We first derive the expression for the Gauss curvature K of a harmonic immersed
surface in terms of its generalized Gauss map ˆ. Let X D .X 1;X 2;X 3/ be its
harmonic immersion. Take a local coordinate z D uC

p
�1v. It follows from

Xu D �C� and Xv D
p
�1.� ��/ that

Xuu D �
0
C�0; Xuv D

p
�1.�0��0/; Xvv D�.�

0
C�0/

and

(25) nD
Xu �Xv
p

EG �F2
D

p
�1.� ��/p
k�k4� jhj2

which imply that the Gauss curvature can be expressed by

KD
LN �M 2

EG �F2
D�4

jXu �Xv ��0j
2

.EG �F2/2
D�

j� �� ��0j2

.k�k4� jhj2/2
:

Furthermore, it can be rewritten by an expansion of the determinant as

(26) KD�
4

.
p

EG �F2/3�p
EG �F2k�0k2C

4 Nh.�0 ��/.�0 ��/
p

EG �F2

C
4h.�0 ��/.�0 ��/
p

EG �F2
�

4k�k2Œ.�0 ��/.�0 ��/C .�0 ��/.�0 ��/�
p

EG �F2

�
:

In particular, if X is a conformal harmonic immersion, that is, hD 0, the above
relation can be simplified as

(27) KD�
� log�
�2

D�
k�0k2k�k2�.�0��/.�0��/

.k�k2/3
D�

P
i<j�3j�i�

0
j��

0
i�j j

2

k�k6
;

where �D
p

2k�k.
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It will be useful to introduce the meromorphic functions  k.z/ defined by

(28)  k.z/D
�k.z/

�3.z/
; k D 1; 2; 3:

Then

 0k D
�3�

0
k
��0

3
�k

�2
3

and

 j 
0
k � 

0
j k D

�j�
0
k
��0j�k

�2
3

; j ; k D 1; 2; 3:

Hence, we can rewrite (27) as

(29) KD�
j 1 

0
2
� 0

1
 2j

2C
P2

jD1j 
0
j j

2

j�3j
2.1C

P2
jD1j j j

2/3
:

Lemma 5.1. Let M be a K-quasiconformal harmonic surface from the unit disk
fz j jzj< 1g into R3 whose unit normal makes an angle of at least ˛ > 0 with the
x3-axis at every point of the surface. If p is the point of M corresponding to z D 0,
then the distance d from p to the boundary of M satisfies

(30) d �
2Kp

K2C 1
jcsc˛jj�3.0/j:

Proof. After choosing b to be a x3-axis, we have j� �bj D j�3j. If a normal n makes
at least an angle ˛ with the x3-axis, then jn � bj � jcos˛j. Thus the right-hand side
of relation (23) becomes

(31)
j�3j

2

k�k2
�

1

K2C 1
sin2 ˛:

Let c be an arbitrary curve going from z D 0 to the boundary jzj D 1. Thus by (21)
and (31), the length of the image 
 on M of the curve c is given by

d
 D

Z



ds �
p

2.1CQK /

Z
c

k�kjdzj

�
2Kp

K2C 1
jcsc˛j

Z
c

j�3jjdzj:

Set F.z/D
R z

0 �3.�/ d�. The inequality (31) shows that F 0.z/¤ 0. Then �DF.z/

will have an inverse zDG.�/ in some disk with center �D0. Let R be the largest ra-
dius such that G is holomorphic, then by Liouville’s theorem we have that R is finite.
Hence, there exists a point �0 on the circle j�j DR such that G cannot be extended
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to a neighborhood of �0. Let L be the line segment from �D 0 to �0 and � DG.L/.
Thus G.R�/ satisfies Schwarz’s lemma, which shows jG0.0/j � 1=R. Thus,

d D inf
c

Z
c

ds �
2Kp

K2C 1
jcsc˛j

Z
c

j�3jjdzj

D
2Kp

K2C 1
jcsc˛j

Z
L

jd�j D
2Kp

K2C 1
jcsc˛jR�

2Kjcsc˛jp
K2C 1jG0.0/j

D
2Kp

K2C 1
jcsc˛jjF 0.0/j D

2Kp
K2C 1

jcsc˛jj�3.0/j: �

Theorem 5.2. Let M be a K-quasiconformal harmonic surface in R3. Suppose
that its unit normal makes an angle of at least ˛ > 0 with some fixed direction at
every point of M. In addition, we assume that j.�0 ��/.�0 ��/j=k�k4 �NK , where
NK is a constant. If d.p/ is the distance of p to the boundary of M, then the Gauss
curvature K.p/ of M at p satisfies the inequality

(32) jK.p/jd.p/2�
4K2 csc2˛

.K2C1/.1�Q2
K
/3=2

�
2.K2

C1/csc2˛�2C
.K2�1/NK

K

�
:

Proof. After a rotation we assume that the normals make an angle of at least ˛ with
the x3-axis. Let QM be the universal covering surface of M under a universal cover-
ing transformation z.�/. Suppose that the point � D 0 in QM corresponds to p in M.
For a conformal metric dsz on M, we have dsz D �.z/jdzj D �.z.�//jdz=d�jjd�j,
which implies that

K QM .�/D�
�� log.�.z.�//jdz=d�j/

.�.z.�//jdz=d�j/2
D�

�z log �
�2

ı z.�/D KM .z.�//:

If we form the functions  k.�/ by (28), then from the relation (31), we have

(33)
2X

kD1

j k.�/j
2
� .K2

C 1/ csc2 ˛� 1:

Thus we have bounded holomorphic functions  k , k D 1; 2; on QM . If QM is the
entire �-plane, Liouville’s theorem says that  k , k D 1; 2 are constants. Then the
relation (29) shows that the Gauss curvature K� 0. Thus, the relation (32) holds
automatically. Now we need to consider the case that QM is the unit disk j�j < 1.
For convenience, we adopt the following notation:

(34) Ck D j k.0/j; Dk D j 
0
k.0/j; Mk D sup

jwj<1

j k.w/j:

From the application of the Schwarz-pick lemma to the function  k=Mk , we obtain

(35) Dk �Mk

�
1�

C 2
k

M 2
k

�
DMk�k ;
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where

(36) �k D 1�
C 2

k

M 2
k

:

Utilizing the relation (29) at the point w D 0 in QM , we next give an estimate of
Gauss curvature K at a given point p 2M. By (33), we get

(37) C 2
k �M 2

k � .K
2
C 1/ csc2 ˛� 1;

and

(38) D2
k � ..K

2
C 1/ csc2 ˛� 1/�2

k :

By the Cauchy–Schwarz inequality, we have

j 1.0/ 
0
2.0/� 

0
1.0/ 2.0/j

2
D .C1D2CC2D1/

2
�

2X
jD1

C 2
j

2X
kD1

D2
k :

Thus, the combination of (37)–(38) and the above inequality yields

j 1.0/ 
0
2.0/� 

0
2.0/ 1.0/j

2
C

2X
jD1

j 0j .0/j
2

�

2X
kD1

D2
k

�
1C

2X
jD1

C 2
j

�

� ..K2
C 1/ csc2 ˛� 1/

�
1C

2X
jD1

C 2
j

� 2X
jD1

�2
j :

Hence,

k�k2k�0k2� .�0 ��/.�0 ��/

k�k6
�
..K2C 1/ csc2 ˛� 1/

P2
jD1 �

2
j

j�3.0/j2.1C
P2

jD1 C 2
j /

2
:

Furthermore, it follows from (26) and Lemma 5.1 that

jK.0/j �
1�p

1�Q2
K

�3�k�k2k�0k2�.�0��/.�0��/k�k6
C

K2�1

K

j.�0��/.�0��/j

k�k6

�

�
1�p

1�Q2
K

�3�2.K2C1/csc2˛�2

j�3.0/j2
C
.K2�1/

K

j.�0��/.�0��/j

k�k6

�

�
1�p

1�Q2
K

�3
j�3.0/j2

�
2.K2

C1/csc2˛�2C
.K2�1/NK

K

�

�
4K2 csc2˛

.K2C1/
�p

1�Q2
K

�3
d2.0/

�
2.K2

C1/csc2˛�2C
.K2�1/NK

K

�
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SCATTERED REPRESENTATIONS OF SL(n, C)

CHAO-PING DONG AND KAYUE DANIEL WONG

Let G be SL(n, C). The unitary dual Ĝ was classified by Vogan in the 1980s.
This paper aims to describe the Zhelobenko parameters and the spin-lowest
K -types of the scattered representations of G, which lie at the heart of Ĝd—
the set of all the equivalence classes of irreducible unitary representations
of G with nonvanishing Dirac cohomology. As a consequence, we will verify
a couple of conjectures of Dong for G.

1. Introduction

1.1. Preliminaries on complex simple Lie groups. Let G be a complex connected
simple Lie group, and H be a Cartan subgroup of G. Let g0 and h0 be the Lie algebra
of G and H respectively, and we drop the subscripts to stand for the complexified
Lie algebras. We adopt a positive root system1+(g0, h0), and let$1, . . . ,$rank(g0)

be the corresponding fundamental weights with ρ =$1+ · · ·+$rank(g0) being the
half sum of positive roots.

Fix a Cartan involution θ on G such that its fixed points form a maximal compact
subgroup K of G. Then on the Lie algebra level, we have the Cartan decomposition

g0 = k0+ p0.

We denote by 〈·, ·〉 the Killing form on g0. This form is negative definite on k0

and positive definite on p0. Moreover, k0 and p0 are orthogonal to each other under
〈·, ·〉. We shall denote by ‖ · ‖ the norm corresponding to the Killing form.

Let H = T A be the Cartan decomposition of H , with h0 = t0+ a0. We make
the following identifications:

(1) h∼= h0× h0, t= {(x,−x) : x ∈ h0}, a∼= {(x, x) : x ∈ h0}.

Take an arbitrary pair (λL , λR)∈ h
∗

0×h
∗

0 such that µ := λL−λR is integral. Denote
by {µ} the unique dominant weight to which µ is conjugate under the action of
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Keywords: Dirac cohomology, unitary representations, scattered representations.
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the Weyl group W . Write ν := λL + λR . We can view µ as a weight of T and ν a
character of A. Put

I (λL , λR) := IndG
B (Cµ⊗Cν ⊗ 1)K -finite,

where B is the Borel subgroup of G determined by1+(g0, h0). It is not hard to show
that V{µ}, the K -type with highest weight {µ}, occurs exactly once in I (λL , λR).
Let J (λL , λR) be the unique irreducible subquotient of I (λL , λR) containing V{µ}.
By [Zhelobenko 1974], every irreducible admissible (g, K )-module has the form
J (λL , λR). Indeed, J (λL , λR) has infinitesimal character the W × W orbit of
(λL , λR), and lowest K -type V{λL−λR}. We will refer to the pair (λL , λR) as the
Zhelobenko parameter for the module J (λL , λR).

1.2. Dirac cohomology. Fix an orthonormal basis Z1, . . . , Zl of p0 with respect
to the inner product on p0 induced by 〈·, ·〉. Let U (g) be the universal enveloping
algebra of g, and put C(p) as the Clifford algebra of p. One checks that

(2) D :=
l∑

i=1

Zi ⊗ Zi ∈U (g)⊗C(p)

is independent of the choice of the orthonormal basis Z1, . . . , Zl . The operator D,
called the Dirac operator, was introduced by Parthasarathy [1972]. By construction,
D2 is a natural Laplacian on G, which gives rise to the Parthasarathy’s Dirac
inequality (see (6) below). The inequality is very effective for detecting nonunitarity
of (g, K )-modules, but is by no means sufficient to classify all (non)unitary modules.

To sharpen the Dirac inequality, and to offer a better understanding of the
unitary dual, Vogan [1997] formulated the notion of Dirac cohomology. Let Ad :
K → SO(p0) be the adjoint map, Spin p0 be the spin group of p0, and denote by
p : Spin p0→ SO(p0) the spin double covering map. Put

K̃ := {(k, s) ∈ K ×Spin p0 | Ad(k)= p(s)}.

As in the case of K -types, we will refer to an irreducible K̃ -type with highest
weight δ as Vδ.

Let π be any admissible (g, K )-module, and S be the spin module of C(p). Then
U (g)⊗C(p), in particular the Dirac operator D, acts on π ⊗ S. Now the Dirac
cohomology is defined as the K̃ -module

(3) HD(π) := Ker D/(Ker D ∩ Im D).

It is evident from the definition that Dirac cohomology is an invariant for admissible
(g, K )-modules. To compute this invariant, the Vogan conjecture, proved by Huang
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and Pandžić [2002], says that whenever HD(π) 6= 0, one would have

(4) γ + ρ = w3,

where 3 is the infinitesimal character of π , γ is the highest weight of any K̃ -type
in HD(π), and w is some element of W .

It turns out that many interesting (g, K )-modules π , such as some Aq(λ)-modules
and all the highest weight modules, have nonzero Dirac cohomology (see [Huang
et al. 2009; 2011]). One would therefore like to classify all representations with
nonzero Dirac cohomology.

1.3. Spin-lowest K-type. From now on, we set π as an irreducible unitary (g, K )-
module with infinitesimal character 3. In order to get a clearer picture on HD(π),
the first-named author introduced the notion of spin-lowest K -types. Given an
arbitrary K -type Vδ, its spin norm is defined as

(5) ‖δ‖spin := ‖{δ− ρ}+ ρ‖.

Then a K -type Vτ occurring in π is called a spin-lowest K -type of π if it achieves
the minimum spin norm among all the K -types showing up in π .

As an application of spin-lowest K -type, note that D is self-adjoint on the
unitarizable module π ⊗ S. By writing out D2 carefully, and by using the PRV-
component [Parthasarathy et al. 1967], we can rephrase Parthasarathy’s Dirac
operator inequality [Parthasarathy 1980] as follows:

(6) ‖δ‖spin ≥ ‖3‖,

where Vδ is any K -type occurring in π . Moreover, one can deduce from [Huang
and Pandžić 2006, Theorem 3.5.3] that HD(π) 6= 0 if and only if the spin-lowest
K -types Vτ attain the lower bound of (6). In such cases, V{τ−ρ} will show up in
HD(π). Put in a different way, the spin-lowest K -types of π are exactly the K -types
contributing to HD(π) whenever the cohomology is nonvanishing (see [Dong 2013,
Proposition 2.3] for more details).

1.4. Scattered representations. Based on the studies [Barbasch and Pandžić 2011;
Ding and Dong 2020], we are interested in the irreducible unitarizable (g, K )-
modules J (λ,−sλ) such that

(i) the weight 2λ is dominant integral, i.e., 2λ=
∑rank(g0)

i=1 ci$i , where each ci is
a positive integer;

(ii) the element s ∈W is an involution such that each simple reflection si , 1≤ i ≤
rank(g0), occurs in one (thus in each) reduced expression of s;
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(iii) the module has nonzero Dirac cohomology, i.e., HD(J (λ,−sλ)) 6= 0, or
equivalently, there exists a K -type Vτ in J (λ,−sλ) such that

(7) ‖τ‖spin = ‖(λ,−sλ)‖ = ‖2λ‖

According to [Ding and Dong 2020], there are only finitely many such represen-
tations, which are called the scattered representations.

These representations lie at the heart of Ĝd — the set of all the irreducible unitary
(g, K )-modules of G with nonzero Dirac cohomology up to equivalence. Namely,
by [Ding and Dong 2020, Theorem A], any member of Ĝd is either a scattered
representation, or it is cohomologically induced from a scattered representation
tensored with a suitable unitary character of the Levi factor of a certain proper
θ -stable parabolic subgroup. In the latter case, one can easily trace the spin-lowest
K -types along with the Dirac cohomology of the modules before and after induction.
It is therefore of interest to have a good understanding of scattered representations.

1.5. Overview. In this manuscript, we focus on Lie groups G of Type A. For
convenience, we will start from the group GL(n,C), written as GL(n) for short. In
this case, Vogan classified the unitary dual. The part that we need can be described
as follows.

Theorem 1.1 [Vogan 1986]. All irreducible unitary representations of GL(n) with
regular half-integral infinitesimal characters are parabolically induced from a
unitary character, i.e., they are of the form

IndGL(n)
(
∏m

i=0 GL(ai ))U

( m⊗
i=0

detpi ⊗ 1
)

for some ai ∈ Z>0 and pi ∈ Z. For simplicity, we will write the parabolically
induced module IndG

LU (π ⊗ 1) as IndG
L (π) for the rest of the manuscript.

Using [Barbasch and Pandžić 2011, Theorem 2.4], all such π have nonzero Dirac
cohomology. Moreover, [Barbasch et al. 2020] proved [Barbasch and Pandžić 2011,
Conjecture 4.1], which says

HD(π)= 2[rank(g0)/2]V{τ−ρ},

where Vτ is the unique spin-lowest K -type appearing in π with multiplicity one.
However, it is not clear what Vτ is like from the calculations in [Barbasch et al.
2020].

In Section 2, we will give an algorithm to compute Vτ for all such π (see
Proposition 2.5). In Section 3, we will see how the calculations for GL(n) in
Section 2 can be translated to SL(n), which gives a combinatorial description of
scattered representations of SL(n) (Proposition 3.1). As a result, we prove the
following:
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• The spin-lowest K -type of each scattered representation of SL(n) is unitarily
small in the sense of Salamanca-Riba and Vogan [1998] (Corollary 3.5); and

• the number of scattered representations of SL(n) is equal to 2n−2 (Corollary 3.9).

This verifies [Ding and Dong 2020, Conjecture C] in the case of SL(n), and
proves [Dong 2019, Conjecture 5.2] respectively.

It is worth noting that for any nontrivial scattered representation, its spin-lowest
K -type lives deeper than, and differs from the lowest K -type. We hope the effort
here will shed some light on the real case in future.

2. An algorithm computing the spin-lowest K -types

In this section, we give an algorithm to find the spin-lowest K -types of the irreducible
unitary modules of GL(n) given by Theorem 1.1. We use a chain

C := {c, c− 2, . . . , c− (2k− 2), c− 2k},

where c, k ∈ Z with k > 0, to denote the Zhelobenko parameter(
λ

−w0λ

)
=

( 1
2 c 1

2 c− 1 . . . 1
2 c− (k− 1) 1

2 c− k
−

1
2 c+ k − 1

2 c+ (k− 1) . . . −
1
2 c+ 1 −

1
2 c

)
.

Note that the entries of C are precisely equal to 2λ. Also, this parameter cor-
responds to the one-dimensional module detc−k of GL(k + 1). Consequently,
Theorem 1.1 implies that the Zhelobenko parameters of all irreducible unitary
modules with regular half-integral infinitesimal character can be expressed by the
chains

(λ,−sλ)=
m⋃

i=0

Ci ,

where all the entries of Ci are disjoint.
In order to understand the spin-lowest K -types of these modules of GL(n), we

make the following:

Definition 2.1. (a) Two chains C1 = {A, . . . , a}, C2 = {B, . . . , b} are linked if the
entries of C1 and C2 are disjoint satisfying

A > B > a or B > A > b.

(b) We say a union of chains
⋃

i∈I Ci is interlaced if for all i 6= j in I , there
exist indices i = i0, i1, . . . , im = j in I such that Cil−1 and Cil are linked for all
1≤ l ≤ m. (By convention, we also let the single chain C1 be interlaced).

For example, the parameter {9, 7, 5} ∪ {6, 4, 2} ∪ {3, 1} is interlaced, while the
parameter {10, 8} ∪ {9, 7} ∪ {6, 4} ∪ {5, 3, 1} is not interlaced.
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We are now in the position to describe the spin-lowest K -types of the unitary
modules in Theorem 1.1 using chains.

Algorithm 2.2. Let J (λ,−sλ) be an irreducible unitary module of GL(n) in
Theorem 1.1 with (λ,−sλ)=

⋃m
i=0 Ci , where

Ci := {ki + (di − 1), . . . , ki − (di − 1)} = {Ci,1, . . . ,Ci,di }

is a chain with average value ki and length di . Then the lowest K -type is equal to
(a W -conjugate of) (T0, . . . , Tm), where

Ti := (ki , . . . , ki︸ ︷︷ ︸
di

).

By reindexing the chains when necessary, we may and we will assume that

(8) for any 0≤ i < j ≤ m, ki > k j or di < d j if ki = k j .

Let us change the coordinates of Ti and T j for all pairs of linked chains Ci and
C j such that i < j by the following rule:

(a) If Ci,1 > C j,1 ≥ C j,d j > Ci,di , i.e.,

{Ci,1, . . . ,Ci,di−p,

p︷ ︸︸ ︷
Ci,di−p+1, . . . ,Ci,di },

{C j,1, . . . ,C j,d j },

with C j,1 = Ci,di + 2p− 1 and d j ≤ p, then we change the coordinates of Ti

and T j into

T ′i : (∗, . . . , ∗,
p︷ ︸︸ ︷

ki + p, ki + (p− 1), . . . , ki + (p− d j + 1), ∗, . . . , ∗)

T ′j : (k j − p, k j − (p− 1), . . . , k j − (p− d j + 1)),

where the entries marked by ∗ remain unchanged.

(b) If Ci,1 > C j,1 > Ci,di > C j,d j , i.e.,

{Ci,1, . . . , Ci,di−p,

p︷ ︸︸ ︷
Ci,di−p+1, . . . , Ci,di }

{C j,1, . . . . . . , C j,p, C j,p+1, . . . , C j,d j }
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with C j,1 = Ci,di + 2p− 1 and d j > p, then we change the coordinates of Ti

and T j into

T ′i : (∗, . . . , ∗,
p︷ ︸︸ ︷

ki + 1, . . . , ki + p)

T ′j : (k j − 1, . . . , k j − p, ∗, . . . , ∗).

where the entries marked by ∗ remain unchanged.

(c) If C j,1 > Ci,1 > C j,d j , then since ki ≥ k j one also have C j,1 > Ci,1 ≥ Ci,di >

C j,d j , i.e.,

{Ci,1, . . . , Ci,di }

{C j,1, . . . , C j,q︸ ︷︷ ︸
q

, C j,q+1, . . . , C j,d j }

with C j,1 = Ci,di + 2q − 1, then we change the coordinates of Ti and T j into

T ′i : (ki + (q − d0+ 1), . . . , ki + (q − 1), ki + q)

T ′j : (∗, . . . , ∗, k j − (q − d0+ 1), . . . , k j − (q − 1), k j − q︸ ︷︷ ︸
q

, ∗, . . . , ∗),

where the entries marked by ∗ remain unchanged.

In the above three cases, we only demonstrate the situation that Ci is in the first row
and C j is in the second row. The rule is the same when C j is in the first row while
Ci is in the second row.

After running through all pairs of linked chains, Vτ is defined as the K -type with
highest weight τ given by (a W -conjugate of)

⋃m
i=0 T

′

i .

Example 2.3. Consider

(λ,−sλ)=
{10 8} {6} {4}
{9 7 5 3 1}.

Then the lowest K -type of J (λ,−sλ) is

(9 9) (6) (4)
(5 5 5 5 5).

To compute Vτ , let us label the chains so that (8) holds:

T0 = (9 9), T1 = (6), T2 = (5 5 5 5 5), T3 = (4).
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Then we apply (a) to the pair T2, T3, apply (b) to the pair T0, T2, and apply (c) to
the pair T1, T2. This gives us

(9 10) (8) (2)
(4 3 5 7 5).

Thus τ = (10, 9, 8, 7, 5, 5, 4, 3, 2).

Theorem 2.4. Let J (λ,−sλ) be a unitary module of GL(n) in Theorem 1.1, and
Vτ be obtained by Algorithm 2.2. Then [J (λ,−sλ) : Vτ ]> 0.

Proof. Let

J (λ,−sλ)= IndGL(n)∏m
i=0 GL(ai )

( m⊗
i=0

V(ki ,...,ki )

)
.

By rearranging the Levi factors, one can assume the chains C0, . . . , Cm satisfy
Equation (8). We are interested in studying[

IndGL(n)∏m
i=0 GL(ai )

( m⊗
i=0

V(ki ,...,ki )

)
: Vτ

]

=

[ m⊗
i=0

V(ki ,...,ki ) : Vτ |∏m
i=0 GL(ai )

]

=

[ m⊗
i=0

V(ki+t,...,ki+t) : Vτ |∏m
i=0 GL(ai )

⊗

m⊗
i=0

V(t,...,t)

]

=

[ m⊗
i=0

V(ki+t,...,ki+t) : Vτ |∏m
i=0 GL(ai )

⊗ V(t,...,t)|∏m
i=1 GL(ai )

]

=

[ m⊗
i=0

V(ki+t,...,ki+t) : Vτ+(t,...,t)|∏m
i=0 GL(ai )

]

=

[
IndGL(n)∏m

i=0 GL(ai )

( m⊗
i=0

V(ki+t,...,ki+t)

)
: Vτ+(t,...,t)

]
So we can assume ki > 0 for all i without loss of generality.

We prove the theorem by induction on the number of Levi components. The
theorem obviously holds when there is only one Levi component — the irreducible
module is a unitary character of GL(n). Now suppose we have the hypothesis holds
when there are m Levi factors, i.e.,[

IndGL(n′)∏m−1
i=0 GL(ai )

( m−1⊗
i=0

V(ki ,...,ki )

)
: Vτm−1

]
> 0,



SCATTERED REPRESENTATIONS OF SL(n,C) 297

where n′ = n− am , and τm−1 is obtained by applying Algorithm 2.2 on
⋃m−1

i=0 Ci .
Suppose now τm is obtained by applying Algorithm 2.2 on

⋃m
i=0 Ci . Then[

IndGL(n)∏m
i=0 GL(ai )

( m⊗
i=0

V(ki ,...,ki )

)
: Vτm

]

=

[
IndGL(n)

GL(n′)×GL(am)

(
IndGL(n′)∏m−1

i=0 GL(ai )

( m−1⊗
i=0

V(ki ,...,ki )

)
⊗ V(km ,...,km)

)
: Vτm

]
≥ [IndGL(n)

GL(n′)×GL(am)
(Vτm−1 ⊗ V(km ,...,km)) : Vτm ]

= cτm
τm−1,(km ,...,km)

Here cλµ,ν is the Littlewood–Richardson coefficient, and the last step uses [Goodman
and Wallach 2009, Theorem 9.2.3].

Suppose τm−1=
⋃m−1

i=0 T ′′i . Here these T ′′i are obtained by applying Algorithm 2.2
on C0, . . . , Cm−1. Then τm is obtained from applying Algorithm 2.2 on T ′′i and
Tm = (km, . . . , km) for all linked Ci and Cm . More precisely, by applying Rules
(a)–(c) in Algorithm 2.2, τm is obtained from τm−1 by the following:

(i) Construct a new partition τm−1 ∪ (km, . . . , km).

(ii) For each linked Ci and Cm , add (0, . . . , 0, A, A− 1, . . . , a + 1, a, 0, . . . , 0)
on the rows of τm−1 corresponding to T ′′i , and subtract (0, . . . , 0, A, A −
1, . . . , a+ 1, a, 0, . . . , 0) on the corresponding rows of (km, . . . , km).

(iii) τm is obtained by going through (ii) for all Ci linked with Cm .

By the above construction of τm , it follows from the Littlewood–Richardson Rule
as stated in [Goodman and Wallach 2009, p. 420] that

(9) cτm
τm−1,(km ,...,km)

≥ 1.

Indeed, it suffices to find one L-R skew tableaux of shape τm/τm−1 and weight

(km, . . . , km︸ ︷︷ ︸
dm

)

in the sense of [Goodman and Wallach 2009, Definition 9.3.17]. Recall that dm is
the number of entries of the chain Cm .

To do so, we first describe the Ferrers diagram τm/τm−1. Suppose Ci1, . . . , Cil

are linked to Cm with i1 > · · · > il . By Step (ii) of the above algorithm, we add
(A j , A j − 1, . . . , a j + 1, a j ) to the rows in τm−1 corresponding to the chains Ci j .
Note that by our ordering of the chains, we must have

Al > · · ·> al > Al−1 > · · ·> al−1 > · · ·> A1 > · · ·> a1.
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The rows of the Ferrers diagram τm/τm−1 have lengths

(10) A1, . . . , a1︸ ︷︷ ︸
:=R1

; · · · ; Al, . . . , al︸ ︷︷ ︸
:=Rl

;

km, . . . , km; (km − a1), . . . , (km − A1); . . . ; (km − al), . . . , (km − Al)︸ ︷︷ ︸
:=Rl+1

with
∑l+1

j=1 |R j | = dm , where |R j | is the number of entries in R j .
Now we fill in the entries on each row of τm/τm−1 as follows. Consider the

standard Young tableau T whose row sizes are

(km, . . . , km︸ ︷︷ ︸
dm

)

and the entries of the i-th row of T are all equal to i . Now let a sequence of
subtableaux of T given by

T1 ⊂ T2 ⊂ · · · ⊂ Tl ⊂ Tl+1 := T

such that for each 1≤ j ≤ l, T j has the shape of the form

A j > · · ·> a j > · · ·> A1 > · · ·> a1.

Consider the skew tableau T j/T j−1 for 1≤ j ≤ l + 1 (where we take T0 to be the
empty tableau), then the column sizes of T j/T j−1 is the same as the parametrization
for the tableau R j marked in (10).

For each 1 ≤ j ≤ l + 1, fill in the rows of the Ferrers diagram τm/τm−1 corre-
sponding to R j in (10) by filling the t-th row of R j with the t-th entries on each
column of T j/T j−1 counting from the top in ascending order. This will give us a
semistandard skew tableau of shape τm/τm−1 and weight

(km, . . . , km︸ ︷︷ ︸
dm

)

(see [Goodman and Wallach 2009, Definition 9.3.16]), whose row word is a reverse
lattice word by [Goodman and Wallach 2009, Definition 9.3.17]. To sum up, it is a
desired L-R tableau and (9) follows. �

Proposition 2.5. Let J (λ,−sλ) be a unitary module of GL(n) in Theorem 1.1, and
Vτ be the K -type obtained by Algorithm 2.2. Then τ satisfies

{τ − ρ} = 2λ− ρ.

Consequently, Vτ is a spin-lowest K -type of J (λ,−sλ) by (7).



SCATTERED REPRESENTATIONS OF SL(n,C) 299

Proof. We prove the proposition by induction on the number of chains in (λ,−sλ)=⋃m
i=0 Ci , where the chains are arranged so that (8) holds. Suppose that the proposi-

tion holds for
⋃m−1

i=0 Ci . There are two possibilities when adding Cm :

• There exists Ci such that Ci and Cm is related by Rule (a) in Algorithm 2.2:

{ Ci }

{Cm}.

• There exist C j and Cr , . . . , Cm−1, such that C j and Cm are related by Rule (b),
and Cl , r ≤ l ≤ m− 1 and Cm are related by Rule (c) in Algorithm 2.2:

{ C j } { Cr } . . . { Cm−1 }

{ Cm }

We will only study the second case, and the proof of the first case is simpler.
Suppose the chains in the second case are interlaced in the following fashion:

(11)
{ C j } {

dr︷︸︸︷
Cr } · · · · · · {

dm−1︷ ︸︸ ︷
Cm−1 }

{Cm,1, · · ·︸ ︷︷ ︸
p

· · · · · ·︸ ︷︷ ︸
ar

· · · · · ·︸ ︷︷ ︸
dr

· · · · · ·︸ ︷︷ ︸
ar+1

· · · · · · · · · · · ·︸ ︷︷ ︸
dm−1

, · · · , Cm,dm︸ ︷︷ ︸
am

}

for some j + 1≤ r ≤m− 1, and the chains C j+1, . . . , Cr−1 — which have not been
shown in (11) — are linked with C j under Rule (a) of Algorithm 2.2.

To simplify the calculations below, we introduce the notation

(a)εd := a, a+ ε, . . . , a+ (d − 1)ε︸ ︷︷ ︸
d

.

Then 2λ is equal to the entries in (11). Since the values of the adjacent entries
within the same chain differ by 2, and the values of the interlaced entries differ
by 1, one can calculate 2λ− ρ up to a translation by a constant on all coordinates
as follows:

(12)
{ · · · (Ar−1)

0
p} {(Ar )

0
dr
} · · · · · · {(Am−1)

0
dm−1
}

. . . {(Ar−1)
0
p (Ar )

−1
ar
(Ar )

0
dr
(Ar )

−1
ar+1
· · · · · · (Am−1)

0
dm−1

(Am−1)
−1
am
}

where Ax :=
∑m−1

l=x al+1 for r − 1≤ x ≤m− 1 (note that the smallest entry of (12)
is 1, appearing at the rightmost entry of the bottom chain).

On the other hand, the calculation in Algorithm 2.2 gives τ as follows:

( · · · (k j )
0
p) (kr )

0
dr

· · · (km−1)
0
dm−1

. . . ((km)
0
p (km)

0
ar
(km)

0
dr
(km)

0
ar+1
· · · (km)

0
dm−1

(km)
0
am
)
=

m⋃
i=0

Ti →

m⋃
i=0

T ′i = τ,
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where
⋃m

i=0 T
′

i is given by
(13)
( · · · (k j+1)1p) (kr+(qr−dr+1))1dr

· · · (km−1+(qm−1−dm−1+1))1dm−1

. . . ((km−1)−1
p (km)

0
ar (km−(qr−dr+1))−1

dr
(km)

0
ar+1
· · · (km−(qm−1−dm−1+1))−1

dm−1
(km)

0
am )

and qi are obtained by Rule (c) of Algorithm 2.2. For instance, qr = p+ ar + dr .
Note that

k j − (d j − 1)= kr + (dr − 1)+ 2ar + 2.

Therefore,
k j − d j = kr + dr + 2ar .

From this, one deduces easily that k j ≥ kr + qr + 1. Thus it makes sense to talk
about the interval [kr + qr + 1, k j ].

Before we proceed, we pay closer attention to the coordinates of T ′j , which is
the left-most chain on the top row of (13). More precisely, it consists of three parts:

(i) As mentioned in the paragraph after (11), by applying Rule (a) of Algorithm 2.2
between C j and each of C j+1, . . . , Cr−1, one can check that

r−1⋃
i= j+1

T ′i ⊂ [kr + qr + 1, k j ].

Suppose there are δ ≥ 0 coordinates in
⋃r−1

i= j+1 T
′

i , then there will be exactly
δ coordinates in T ′j having coordinates strictly greater than k j + p.

(ii) By applying Algorithm 2.2 to C j and Cm , we have p coordinates (k j + 1)1p in
T ′j as in (13).

(iii) The other coordinates of T ′j are either equal to k j , or smaller than k j if they
are linked with Ct with t < j .

In conclusion, the coordinates of T ′j are given by

(

δ︷ ︸︸ ︷
] . . . ]; (k j + 1)1p;

d j−δ−p︷ ︸︸ ︷
[ . . . [ ),

where ] . . . ] has coordinates greater than k j+ p, and [ . . . [ has coordinates smaller
than k j + 1.

We now arrange the coordinates of
⋃m

i= j T
′

i in (13) as follows:

δ︷ ︸︸ ︷
] . . . ] >

p︷ ︸︸ ︷
(k j + 1)1p >

d j−p−δ︷ ︸︸ ︷
[ · · · [ >

δ︷ ︸︸ ︷
r−1⋃

i= j+1

T ′i > T ′r > · · ·> T ′m−1 > (km)
0
ar
= · · · = (km)

0
am

> (km − 1)−1
p > (km − (qr − dr + 1))−1

dr
> · · ·> (km − (qm−1− dm−1+ 1))−1

dm−1
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Here elements in the blocks T ′r , . . . , T ′m−1 are still kept in the increasing manner.
Note that if x < y, then T ′x > T ′y in terms of their coordinates.

We index the coordinates of τ shown in (13) using the above ordering, with the
smallest coordinate indexed by 1:
(14)
(. . . (dm+Dr+d j−p+1)1p) ((dm+Dr+1+1)1dr

) · · · ((dm+1)1dm−1
)(

(Dr+p)−1
p (Dr+p+1)1ar (Dr )

−1
dr
(Dr+p+ar+1)1ar+1

· · · (Dm−1)
−1
dm−1

(
Dr+p+

m−1∑
l=r

al+1
)1

am

)
,

where Dx :=
∑m−1

l=x dl for r ≤ x ≤ m− 1. Note that the coordinates of the last row
read as

(Dr + p, . . . , 2, 1)= ((Dr + p)−1
p ; (Dr )

−1
dr
; . . . ; (Dm−1)

−1
dm−1

),

(Dr + p+ 1, . . . , dm − 1, dm)=(
(Dr + p+ 1)1ar

; . . . ;

(
Dr + p+

x−1∑
l=r

al + 1
)1

ax

; . . . ;

(
Dr + p+

m−1∑
l=r

al + 1
)1

am

)
.

Up to a translation of a constant of all coordinates, the difference between (13)
and (14) gives (a W -conjugate of) {τ − ρ}, which is of the form:

(15)
(· · · (β j )

0
p) (βr )

0
dr

· · · (βm−1)
0
dm−1

((α j )
0
p ∗ ∗ ∗ (αr )

0
dr
∗ ∗ ∗ · · · (αm−1)

0
dm−1
∗ ∗ ∗)

Our goal is to show (12) and (15) are equal up to a translation of a constant of all
coordinates. So we need to show the following:

(i) α j = β j : We need to show

km − 1− (Dr + p)= k j + 1− (dm + Dr + d j − p+ 1).

In fact, we have

Cm,1 = C j,d j + 2p− 1,

km + (dm − 1)= k j − (d j − 1)+ 2p− 1,

km − p− 1= k j − d j + p− dm,

km − 1− (Dr + p)= k j + 1− (dm + Dr + d j − p+ 1),

as required.

(ii) αx = βx for all r ≤ x ≤ m− 1: This is the same as showing

km − (qx − dx + 1)− Dx = kx + (qx − dx + 1)− (dm + Dx+1+ 1).
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As in (i), we consider

Cm,1 = Cx,dx + 2qx − 1,

km + (dm − 1)= kx − (dx − 1)+ 2qx − 1,

km − qx + dx − 1= kx + qx − dm,

km − qx + dx − 1− Dx + Dx+1+ dx = kx + (qx + 1)− (dm + 1),

km − qx + dx − 1− Dx = kx + (qx − d1+ 1)− (dm + Dx+1+ 1),

as we wish to show.

(iii) α j −αx = Ar−1− Ax for all r ≤ x ≤ m− 1: In other words, we need to show

[(km−1)− (Dr + p)]− [(km− (qx −dx +1))−Dx ] = Ar−1− Ax = ar +· · ·+ax .

Indeed, by looking at (11) and applying Rule (c) of Algorithm 2.2, one gets

p+(ar+· · ·+ax)+(dr+· · ·+dx)= qx ,

qx− p = (Ar−1−Ax)+(Dr−Dx+1),

(km−1)−(km−1)+qx− p−Dr+Dx+1 = Ar−1−Ax ,

[(km−1)−(Dr+ p)]−(km−1)+qx+(Dx−dx)= Ar−1−Ax ,

[(km−1)−(Dr+ p)]−[(km−(qx−dx+1))−Dx ] = Ar−1−Ax ,

so the result follows.

(iv): Collecting the ∗ ∗ ∗ entries of (15) consecutively from left to right gives

α j , . . . , αr + 1︸ ︷︷ ︸
ar

; . . . ;αx , . . . , αx+1+ 1︸ ︷︷ ︸
ax+1

; . . . ;αm−1, . . . , αm−1− (am − 1)︸ ︷︷ ︸
am

.

In order for the above expression to make sense, one needs αx −αx+1 = ax for all
r ≤ x ≤ m− 1 for instance. This is indeed the case, since αx −αx+1 = Ax − Ax+1

by (iii), and the latter is equal to ax+1 by the definition of Ax for r−1≤ x ≤m−1.
So it suffices to check km − (Dr + p+

∑x
l=r al + 1)= αx .

To see it is the case, one can check that the leftmost entry of the second row of
(15) is equal to

α j = km − 1− (Dr + p),

αx + Ar−1− Ax = km − (Dr + p+ 1), (by (iii))

αx +

x∑
l=r

al = km − (Dr + p+ 1),

αx = km −

(
Dr + p+

x∑
l=r

al + 1
)
,
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as follows.

Combining (i)–(iv), (15) can be rewritten as

(· · · (α j )
0
p) ((αr )

0
dr
) · · · · · · ((αm−1)

0
dm−1

)

((α j )
0
p (α j )

−1
ar

(αr )
0
dr

(αr )
−1
ar+1

· · · · · · (αm−1)
0
dm−1

(αm−1)
−1
am
),

whose coordinates are in descending order from left to right. So it is equal to {τ−ρ}
up to a translation of a constant. Moreover, by comparing it with (12), we have
shown that all coordinates of 2λ− ρ and {τ − ρ} differ by a constant (note that the
other coordinates on the left of C j are taken care of by induction hypothesis). To
see they are exactly equal to each other, we calculate the true values of Am−1 and
αm−1 in 2λ− ρ and τ respectively on the entry marked by ~ below:

{. . . , ∗, . . . , ∗} {∗, . . . , ∗} · · · {∗, . . . , ∗}

{∗, . . . , ∗; ∗, . . . , ∗; ∗, . . . , ∗; ∗, . . . , ∗; . . . ; ∗, . . . ,~; ∗, . . . , ∗︸ ︷︷ ︸
am

}

For 2λ− ρ, ~ takes the value

Cm,dm−am − ρam+2,

where ρ = (ρn, . . . , ρ2, ρ1) with ρi = ρ1+ (i − 1). So it can be simplified as

Cm,dm−am − ρam+2 = km − (dm − 1)+ 2am − ρam+2

= km − dm + 1+ 2am − ρ1− (am + 1)

= km − dm + am − ρ1.

On the other hand, for {τ − ρ}, ~ takes the value

km − qm−1− ρ1

(recall that we had αm−1 = km − qm−1− 1 for ~ in our previous calculation).
By looking at (11) and applying Rule (c) of Algorithm 2.2 again, one has

qm−1= dm−am , hence 2λ−ρ and {τ−ρ} takes the same value on the~ coordinate.
Since we have seen that their coordinates differ by the same constant, one can
conclude that 2λ− ρ = {τ − ρ}. �

Example 2.6. For the interlaced chain in Example 2.3, the translate of 2λ− ρ in
(12) is equal to
{10− 8 8− 6} {6− 4} {4− 2}

{9− 7 7− 5 5− 3 3− 1 1− 0}
=
{2 2} {2} {2}
{2 2 2 2 1}.

Also, the translate of τ − ρ in (15) is given by

(9−8 10−9) (8−7) (2−1)
(4−3 3−2 5−4 7−6 5−5)

=
(1 1) (1) (1)
(1 1 1 1 0)
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Hence their coordinates differ by the same constant 1. To see 2λ−ρ and {τ−ρ} are
equal, where ρ = (4, 3, 2, 1, 0,−1,−2,−3,−4), one can look at the true values
of them for the rightmost entry of the bottom chain:

2λ− ρ : 1− ρ1 = 1− (−4)= 5; τ − ρ : 5− ρ5 = 5− 0= 5.

Hence 2λ− ρ = {τ − ρ} = (6, 6, 6, 6, 6, 6, 6, 6, 5), and the unique K̃ -type in the
Dirac cohomology of the corresponding unitary module is V(6,6,6,6,6,6,6,6,5).

3. Scattered representations of SL(n)

It is easy to parametrize irreducible unitary representations of SL(n) using the
parametrization for GL(n). In such cases, we impose the condition on λ such that
the sum of the coordinates is equal to 0. In other words, for each possible regular,
half-integral infinitesimal character λ for SL(n), one can shift the coordinates by
a suitable scalar, so that it corresponds to an infinitesimal character λ′ of GL(n)
whose smallest coordinate is equal to 1

2 .
Therefore, the irreducible unitary representations of SL(n) are parametrized by

chains with n coordinates whose smallest coordinate is equal to 1.
The following proposition characterizes which of these representations are scat-

tered in the sense of Section 1.4:

Proposition 3.1. Let π := J (λ,−sλ) be an irreducible unitary representation of
SL(n) such that λ is dominant and half-integral. Then π is a scattered representa-
tion if and only if the translated Zhelobenko parameter (λ′,−sλ′) can be expressed
as a union of interlaced chains with smallest coordinate equal to 1.

Proof. By the arguments in Section 1.4, one only needs to check that s ∈W involves
all simple reflections in its reduced expression if and only if (λ′,−sλ′)=

⋃m
i=0 Ci

are interlaced. Indeed, s ∈W can be read from
⋃m

i=0 Ci as follows: label the entries
of
⋃m

i=0 Ci in descending order, e.g.,

m⋃
i=0

Ci =
{pk+1, . . . } · · ·

{p1, p2, . . . ,pk, pk+2, . . . } · · ·

with p1 > p2 > · · ·> pn , then we “flip” the entries of each chain Ci by

{Ci,1, . . . ,Ci,di } → {Ci,di , . . . ,Ci,1}.

Suppose we have

{psk+1, . . . } · · ·

{ps1, ps2, . . . ,psk , psk+2, . . . } · · ·
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after flipping each chain, then s ∈ Sn is obtained by

s =
(

1 2 . . . n
s1 s2 . . . sn

)
(see Example 3.2).

Define the equivalence class of interlaced chains by letting Ci ∼ C j if and only if
i = j , or Ci , C j are interlaced. So we have a partition of {p1, . . . , pn} by the entries
of chains in the same equivalence class. It is not hard to check that the entries on
each partition have consecutive indices, i.e.,

Ei = {pai , pai+1, . . . , pbi−1, pbi }

and
⋃m

i=0 Ci are interlaced if and only if there is only one equivalence class.
We now prove the proposition. Suppose there exists more than one equivalence

class, i.e., we have

E1 = {p1, . . . , pa}; E2 = {pa+1, . . . , pb}

for some 1≤ a< n. Since the smallest element in any equivalence class must be the
smallest element of a chain, and the largest element in a class must be the largest
element of a chain, we have

Ci = {. . . , pa}{pa+1, . . . } = C j .

By the above description of s ∈ Sn , it is obvious that s ∈ Sa × Sn−a ⊂ Sn , which
does not involve the simple reflection sa .

Conversely, if there is only one equivalence class, we suppose on the contrary
that there exists some 1≤ a < n such that s ∈ Sa× Sn−a . Since pa, pa+1 are in the
same equivalence class, then at least one of the following:

{pa, pa+1}, {pa, pa+2}, {pa−1, pa+1}

is in the same chain Ci for some 0≤ i ≤ m. By “flipping” Ci in either case, there
must be some u ≤ a < a+ 1≤ v such that

s =
(
. . . u . . . v . . .

. . . v . . . u . . .

)
.

The reduced expression of such s must involve the simple reflection sa , hence we
obtain a contradiction. Therefore, s must involve all simple reflections in its reduced
expression. �

Example 3.2. Consider the interlaced chain with smallest coordinate 1 given in
Example 2.3:

{10 8} {6} {4}
{9 7 5 3 1}
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Its corresponding irreducible representation in SL(9) has Langlands parameter
(λ′,−sλ′), where

s =
(

1 2 3 4 5 6 7 8 9
3 9 1 8 5 6 7 4 2

)
,

and λ′ =
[1

2 ,
1
2 ,

1
2 ,

1
2 ,

1
2 ,

1
2 , 1

]
, where [a1, . . . , am] is defined by

[a1, . . . , am] := a1$1+ · · ·+ am$m .

In fact, the coordinates of λ′ is simply obtained by taking the difference of the
neighboring coordinates of λ= 1

2(10, 9, 8, 7, 6, 5, 4, 3, 1).
Example 2.3 implies that the spin-lowest K -type for J (λ′,−sλ′) in SL(8) is

V[1,1,1,2,0,1,1,1].

Example 3.3. We explore the possibilities of chains
⋃m

i=0 Ci whose corresponding
Zhelobenko parameter (λ′,−sλ′) gives a spherical representation.

In order for the lowest K -type to be trivial, we need the Ti in Algorithm 2.2 to
have the same average value ki for all i , that is, the mid-point of all Ci (if there is
more than one) must be the same. This leaves the possibility of

⋃m
i=0 Ci consisting

of a single chain, which corresponds to the trivial representation, or there are two
chains of lengths a > b > 0 whose entries are of different parity. Hence it must be
of the form

{2a−1, 2a−3, . . . , 3, 1}∪{a+ (b−1), a+ (b−3), . . . , a− (b−3), a− (b−1)},

where a, b are of different parity.
In other words, such representations can only occur for SL(n) with n = a +

b is odd, and is equal to IndSL(n)
S(GL(a)×GL(b))(triv⊗ triv), which are the unipotent

representations corresponding to the nilpotent orbit with Jordan block (2b1a−b)

(see [Barbasch and Pandžić 2011, §5.3]). Its Langlands parameter (λ′,−sλ′) has

2λ′ = [2, . . . , 2︸ ︷︷ ︸
(a−b−1)/2

, 1, . . . , 1︸ ︷︷ ︸
2b

, 2, . . . , 2︸ ︷︷ ︸
(a−b−1)/2

]

and s = w0 (see [Ding and Dong 2020, Conjecture 5.6]). Moreover, its spin-lowest
K -type is given by [Barbasch and Pandžić 2011, Equation (5.5)], which matches
with our calculations in Algorithm 2.2.

For the rest of this section, we give two applications of Proposition 3.1:

3.1. The spin-lowest K-type is unitarily small. To offer a unified conjectural de-
scription of the unitary dual, Salamanca-Riba and Vogan [1998] formulated the
notion of unitarily small (u-small for short) K -type. Here we only quote them for
a complex connected simple Lie group G — using the setting in the introduction,
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a K -type Vδ is u-small if and only if 〈δ− 2ρ,$i 〉 ≤ 0 for 1 ≤ i ≤ rank(g0) (see
[Salamanca-Riba and Vogan 1998, Theorem 6.7]).

Lemma 3.4. Let λ =
∑rank(g0)

i=1 λi$i ∈ h
∗

0 be a dominant weight such that λi =
1
2

or 1 for each 1≤ i ≤ n, and Vδ be the K -type with highest weight δ such that

{δ− ρ} = 2λ− ρ.

Then 〈δ− 2ρ, $i 〉 ≤ 0, 1≤ i ≤ rank(g0). Therefore, the K -type Vδ is u-small.

Proof. By assumption, there exists w ∈W such that δ = w−1(2λ− ρ)+ ρ. Thus

〈δ− 2ρ,$i 〉 = 〈w
−1(2λ− ρ)− ρ,$i 〉

= 〈w−1(2λ− ρ),$i 〉− 〈ρ,$i 〉

= 〈2λ− ρ,w($i )〉− 〈ρ,$i 〉.

On the other hand, let w = sβ1sβ2 · · · sβp be a reduced decomposition of w into
simple root reflections. Then by [Dong and Huang 2011, Lemma 5.5],

(16) $i −w($i )=

p∑
k=1

〈$i , β
∨

k 〉sβ1sβ2 · · · sβk−1(βk).

Note that sβ1sβ2 · · · sβk−1(βk) is a positive root for each k. Now we have that

〈δ− 2ρ,$i 〉 =

〈
2λ− ρ,$i −

p∑
k=1

〈$i , β
∨

k 〉sβ1sβ2 · · · sβk−1(βk)

〉
−〈ρ,$i 〉

= 2〈λ− ρ,$i 〉−

p∑
k=1

〈$i , β
∨

k 〉〈2λ− ρ, sβ1sβ2 · · · sβk−1(βk)〉

≤ 2〈λ− ρ,$i 〉

≤ 0. �

Corollary 3.5. The unique spin-lowest K -type Vτ of any scattered representation
of SL(n) is u-small. Consequently, [Ding and Dong 2020, Conjecture C] holds for
SL(n).

Proof. Let (λ,−sλ) be the Zhelobenko parameter for a scattered representation
of SL(n). Write λ=

∑n−1
i=1 λi$i in terms of the fundamental weights. Then it is

direct from our definition of the interlaced chains that each λi is either 1
2 or 1 (recall

Proposition 3.1 and Example 3.2). Let Vτ be the unique spin-lowest K -type of the
scattered representation. Then {τ − ρ} = 2λ− ρ (see Proposition 2.5). Thus the
result follows from Lemma 3.4. �
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3.2. Number of scattered representations. As another application of Proposition
3.1, we compute the number of scattered representations of SL(n). By the proposi-
tion, it is equal to the number of interlaced chains with n entries with the smallest
entry equal to 1. We now give an algorithm of constructing new interlaced chains
with smallest coordinate equal to 1 from those with one less coordinate:

Algorithm 3.6. Let
⋃p

i=1{2Ai−1, . . . , 2ai−1}∪
⋃q

j=1{2B j , . . . , 2b j } be a union
of interlaced chains with such that

• Ai ′ > Ai if i ′ > i , and B j ′ > B j if j ′ > j ; and

• 2ap − 1= 1.

We construct two new interlaced chains with one extra coordinate as follows. (When
q = 0, we adopt Case I only.)

Case I: If 2Ap − 1> 2Bq + 1, then the two new interlaced chains are

{2Bq . . . 2bq} . . .

{2Ap + 1 2Ap − 1 . . . 2ap − 1} . . .

and
{2Ap − 2} {2Bq . . . 2bq} . . .

{2Ap − 1 . . . . . . 2ap − 1} . . .

Case II: If 2Ap − 1= 2Bq + 1, then the two new interlaced chains are

{2Bq . . . 2bq} . . .

{2Ap + 1 2Ap − 1 . . . 2ap − 1} . . .

and
{2Bq + 2 2Bq . . . 2bq} . . .

{2Ap − 1 . . . 2ap − 1} . . .

Case III: If 2Ap − 1= 2Bq − 1, then the two new interlaced chains are

{2Bq . . . 2bq} . . .

{2Ap + 1 2Ap − 1 . . . 2ap − 1} . . .

and
{2Bq + 2 2Bq . . . 2bq} . . .

{2Ap − 1 . . . 2ap − 1} . . .

Case IV: If 2Ap − 1< 2Bq − 1, then the two new interlaced chains are

{2Bq . . . . . . 2Bq} . . .

{2Bq − 1} {2Ap − 1 . . . 2ap − 1} . . .
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and
{2Bq + 2 2Bq . . . 2bp} . . .

{2Ap − 1 . . . 2ap − 1} . . .

Example 3.7. Suppose we begin with an interlaced chain {9, 7, 5, 3, 1} ∪ {4, 2}.
Then the new interlaced chains with one extra coordinate are

{11, 9, 7, 5, 3, 1} ∪ {4, 2} and {9, 7, 5, 3, 1} ∪ {8} ∪ {4, 2}.

Proposition 3.8. All interlaced chains with n ≥ 2 entries with smallest coordinate
equal to 1 can be obtained uniquely from the chain {3 1} by inductively applying
the above algorithm.

Proof. Suppose
⋃m

i=0 Ci be interlaced chains with largest coordinate equal to M ∈C0.
We remove a coordinate from it by the following rule: If Ci 6= {M − 1} for all i ,
remove the entry M from C0. Otherwise, remove the whole chain {M−1} from the
original interlaced chains.

One can easily check from the definition of interlaced chain that the reduced
chains are still interlaced, and one can recover the original chain by applying
Algorithm 3.6 on the reduced chain.

Therefore, for all interlaced chains with smallest entry 1, we can use the reduction
mentioned in the first paragraph repeatedly to get an interlaced chain with only 2
entries, which must be of the form {3 1}, and repeated applications of Algorithm 3.6
on {3 1}will retrieve the original interlaced chains (along with other chains). In other
words, all interlaced chains with smallest entry 1 can be obtained by Algorithm 3.6
inductively on {3 1}.

We are left to show that all interlaced chains are uniquely constructed using the
algorithm. Suppose on the contrary that there are two different interlaced chains
that give rise to the same

⋃m
i=0 Ci after applying Algorithm 3.6. By the algorithm,

these two chains must be obtained from
⋃m

i=0 Ci by removing its largest odd entry
Mo ∈ Cp or largest even entry Me ∈ Cq . So they must be equal to⋃

i 6=p

Ci ∪ (Cp\{Mo}) and
⋃
i 6=q

Ci ∪ (Cq\{Me}),

respectively.
Assume Mo > Me for now (and the proof for Me > Mo is similar). By applying

Algorithm 3.6 to
⋃

i 6=q Ci ∪ (Cq\{Me}), we obtain two interlaced chains⋃
i 6=p,q

Ci ∪ C′p ∪ (Cq\{Me}) and
⋃
i 6=q

Ci ∪ (Cq\{Me})∪ {Mo− 1},

where

C′p := {Mo+ 2,

Cp︷ ︸︸ ︷
Mo, . . . ,mo}.
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Note that none of the above gives rise to the interlaced chains
⋃m

i=0 Ci : Even in the
case when M0− 1 = Me, (Cq\{Me})∪ {Mo − 1} and Cq are different — although
they have the same coordinates, the first consists of two chains while the second
consists of one chain only. So we have a contradiction, and the result follows. �

Corollary 3.9. The number of interlaced chains with n coordinates and the smallest
coordinate equal to 1 is equal to 2n−2.

Since the scattered representations of SL(n+1) are in one to one correspondence
with interlaced chains with n + 1 coordinates having smallest coordinate 1, this
corollary implies that the number of scattered representations of Type An is equal
to 2n−1. This verifies [Dong 2019, Conjecture 5.2]. Moreover, by using atlas, the
spin-lowest K -types for all scattered representations of SL(n) with n ≤ 6 are given
in [Dong 2019, Tables 1–3]. One can easily check the results there match with our
Vτ in Algorithm 2.2.

Example 3.10. Let us start from SL(2,C) and the chain {3 1}. This chain corre-
sponds to the trivial representation.

Now we consider SL(3,C). By Algorithm 3.6, the chain {3 1} for SL(2) produces
two chains

{5 3 1}
{2}

{3 1}
.

The first corresponds to the trivial representation, while the second gives the
representation with λ=

[ 1
2 ,

1
2

]
and

s =
(

1 2 3
3 2 1

)
.

One computes by Algorithm 2.2 that the spin-lowest K -type τ = [1, 1].
Now let us consider SL(4). By Algorithm 3.6, the chain {5 3 1} for SL(3)

produces two chains

{7 5 3 1}
{4}

{5 3 1}
.

The first chain corresponds to the trivial representation, while the second one gives
the representation with λ=

[1
2 ,

1
2 , 1

]
and

s =
(

1 2 3 4
4 2 3 1

)
.

One computes by Algorithm 2.2 that the spin-lowest K -type τ = [2, 0, 1]. The
other chain of SL(3) shall produce

{2} {4 2}
{5 3 1} {3 1}
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One computes that

λ=
[
1, 1

2 ,
1
2

]
, s =

(
1 2 3 4
4 2 3 1

)
, τ = [1, 0, 2];

and that

λ=
[ 1

2 ,
1
2 ,

1
2

]
, s =

(
1 2 3 4
3 4 1 2

)
, τ = [1, 1, 1],

respectively. These four representations (and their spin-lowest K -types) match
precisely with [Dong 2019, Table 1].
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NUMBER OF SINGULAR FIBRES
OF SURFACE FIBRATIONS OVER P1

CHENG GONG AND YI GU

Let f : X → P1
k be a nonisotrivial surface fibration of fibre genus g > 0

over an algebraically closed field k of positive characteristic, we study the
optimum lower bound for the number of singular fibres of f with respect
to the characteristic of k in this paper.

1. Introduction

Let us fix an algebraically closed field k and let f : X→P1
k be a relatively minimal

surface fibration of genus g > 0 ranging in a certain class of fibrations (e.g., the
class of nonisotrivial or semistable fibrations). The number of singular fibres of f ,
denoted by s( f ), is one of the first invariants people are interested in. A first
systematic study of the optimum lower bound of s( f ) is done in the well known
paper by Beauville [1981]. In that paper Beauville proved the following theorem.

Theorem 1.1 [Beauville 1981]. Let f : X → P1
k be a relatively minimal surface

fibration over an algebraically closed field k of characteristic p of fibre genus g≥ 1.
Then

(1) if either p = 0 or p > 2g+ 1, we have
• s( f )≥ 2 if f is not trivial, and
• s( f )≥ 3 if f is not isotrivial;

(2) if p = 0, we have s( f )≥ 4 if f is semistable.

The two inequalities on s( f ) in (1) are optimum for any characteristic p mentioned.

Later, the part (2) of Theorem 1.1 has been improved. First, Tan and Liu
independently prove the following result:

Theorem 1.2 [Tan 1995; Liu 1996]. Let f : X→P1 be a relatively minimal surface
fibration over C of fibre genus g ≥ 2. Then we have s( f )≥ 5 if f is semistable.

Gu is the corresponding author. The authors are supported by NSFC (No. 11801391), NSF of Jiangsu
Province (No. BK20180832) and NSFC-ISF (No. 11761141005).
MSC2010: 14D05, 14D06.
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Then, Nguyen [1998] proves that the part (2) of Theorem 1.1 is valid for any
characteristic p.

After that, various scholars have also obtained a lot of results on the lower bound
of s( f ) with different assumptions on f . One can refer to [Kovács 1997; Nguyen
1997; Viehweg and Zuo 2001; Tan et al. 2005; Tu 2007; Zamora 2012; Gong et al.
2013; Lu et al. 2016; 2018] for details.

The central topic of the present paper is to study the analogue of Theorem 1.1(1)
in the remaining cases where 0 < p ≤ 2g + 1. We show that Beauville’s lower
bound are not valid in these cases. The main results are the following.

Theorem 1.3. Fixing an algebraically closed field k of characteristic p > 0, let
f : X→ P1

k be a nonisotrivial surface fibration over k of fibre genus g ≥ 1. Then

(1) if p ≤ 2g− 1 then the optimum lower bound of s( f ) is 1;

(2) if p = 2g+ 1 and f is hyperelliptic, then the optimum lower bound of s( f )
is 2;

(3) if p = 2 or 3 and g = 1 then the optimum lower bound of s( f ) is 2.

When p ≤ 2g− 1, we give in Examples 4.1, 4.2 and 4.4 a nonisotrivial fibration
f with s( f )= 1 fulfilling the conditions in Theorem 1.3(1).

When p= 2g+1, examples of nonisotrivial hyperelliptic fibration with s( f )= 2
are given in Examples 3.7 and 3.8. A classification of hyperelliptic fibrations with
s( f )= 1 is also given in Theorem 3.10, such a fibration must be isotrivial.

We prove in Corollary 3.2 and Theorem 6.1 the lower bounds of s( f ) mentioned
in Theorem 1.3 (2) and (3), respectively.

Finally, we would like to mention the following question:

Question 1.4. Does there exist a nonisotrivial surface fibration f : X → P1
k of

fibre genus g with only one singular fibre over an algebraically closed field k of
characteristic p when p = 2g+ 1?

Remark 1.5. Such f exists if and only there is a Z/pZ-Galois cover π : C→ P1
k

of smooth curves that is étale over A1
k ⊆ P1

k and a Kodaira fibration h : Y → C
along with an equivariant Z/pZ-automorphism on Y .

This paper is organized as follows.

• Section 2 is for preliminaries, we recall the monodromy theory in positive
characteristics.

• In Section 3, we analyse the monodromy in case p= 2g+1, we give a structure
theorem (Theorem 3.1) of surface fibrations with one singular fibre based on
the monodromy analysis in this part. Some discussion on the hyperelliptic
case is also provided.
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• In Section 4, we give examples of nonisotrivial fibrations with only one singular
fibre when p < 2g+ 1.

• In Section 5, we take a special look to the case g = 2. Some further examples
of nonisotrivial fibration of genus 2 with only one singular fibre are given.

• In Section 6, we take a look at the case g = 1, we show that a nonisotrivial
elliptic fibration have at least two singular fibres. Some examples of elliptic
fibrations with one singular fibre are given.

2. Preliminaries

2A. Conventions. We keep the following conventions in the rest of the paper:

(1) k is an algebraically closed field of characteristic p>0; every variety mentioned
is defined over k.

(2) A surface fibration is a flat morphism from a smooth projective surface to a
smooth curve having connected fibres. For our specific purpose, we assume
the general fibre of any surface fibration considered in this paper is smooth.

(3) We regard A1
k ⊆ P1

k as an open subset in the standard way throughout this
paper and denote by t the affine coordinate function of A1

k.

(4) An Artin–Schreier curve is a smooth projective curve C along with a Z/pZ

cyclic cover π : C→ P1
k that is étale over A1

k.

Definition 2.1. A relatively minimal surface fibration f : X→ P1
k of genus g ≥ 1

with smooth generic fibre is called isotrivial if all smooth closed fibres of f are
mutually isomorphic. In other words, f is isotrivial if the induced rational map
P1

k 99KMg is a constant one.

2B. Picard–Lefschetz monodromy in positive characteristics.

The inertia group. Let C/k be a smooth curve and c ∈ C be a closed point. De-
note by Osh

C, c ) OC, c the strict Henselisation of the local ring OC, c (see, e.g.,
[Fu 2015, §2]). Recall that the inertia group Ic := Gal(K sep

c /Kc) at this time is the
absolute Galois group of Kc := Frac(Osh

C, c). Let us then fix a uniformizer π of OC, c

and denote

Kc, t :=
⋃

(n,p)=1

Kc[
n
√
π ]( K sep

c .

This field Kc, t is a Galois extension of Kc independent on the choice of π . The
tame inertia group is then defined as

Ic, t := Gal(Kc, t/Kc).
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By definition, we have the following exact sequence:

(2-1) 1→ Pc := Gal(K sep
c /Kc, t)→ Ic→ Ic, t → 1.

We call the group Pc as the wild inertia subgroup.

Remark 2.2. It is well known that Ic, t is canonically isomorphic to

Ẑ(p)(1) := lim
←−−

(n,p)=1
µn(Kc)= lim

←−−
(n,p)=1

µn(k),

and Pc is a pro-p group.

Picard–Lefschetz monodromy and semistable reduction of curves. Let C/k still
be a smooth projective curve and f : X → C be a relatively minimal surface
fibration of fibre genus g. Let ` be a prime different from p, then the inertia
group Ic acts naturally and continuously on the space H 1

ét(X K sep
c
,Z`(1))' Z

2g
` . We

call the associated homomorphism 9 : Ic → GL2g(Z`) as the local monodromy
homomorphism.

Theorem 2.3 (stable reduction theorem of curves). We have the following:

(1) [Serre and Tate 1968, Appendix; SGA 7I 1972]. There is an open subgroup
G ⊆ Ic such that 9(G) consists of unipotent matrices.

(2) [Bosch et al. 1990; Deligne and Mumford 1969]. Suppose the fibre genus of
f is at least 2, then the fibre Xc is semistable if and only if 9(Ic) is consisting
of unipotent matrices.

(3) (Néron–Ogg–Shafarevich criterion [Bosch et al. 1990]). Suppose the fibre
genus is at least 2, then the local monodromy homomorphism is trivial if and
only if Xc is semistable and its Jacobian is an Abelian variety.

3. Number of singular fibres, I: p = 2g + 1

Let f : X → P1
k be a nonisotrivial surface fibration of fibre genus g ≥ 2. By an

argument involving monodromy, Beauville [1981] proved (see Theorem 1.1(1))
that s( f ) ≥ 3 provided that p > 2g + 1. The assumption p > 2g + 1 is used in
order to avoid the wild inertia subgroup action in local monodromy. In case of
p = 2g+ 1, the wild inertia subgroup will occur inevitably in local monodromy.
We shall carefully deal with the wild inertia group action in this section.

3A. A structure theorem. We prove the following structure theorem in this section.

Theorem 3.1. Let f : X → P1
k be a surface fibration of fibre genus g that is

smooth over A1
k ⊆ P1

k. If p = 2g + 1, then there is an Artin–Schreier curve
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π : C→ P1
k of degree p with some (n, p)= 1 such that the relative minimal model

Y of Xn ×P1
k,π

C→ C in the following diagram is smooth over C :

Y relative minimal model
//

h

��

Xn ×P1
k

C //

��

Xn = X ×P1
k,[n]P1

k

P1
k

//

��

X

f
��

C C π
// P1

k

[n]
P1

k
// P1

k.

Here [n]P1
k
: P1

k→ P1
k is the morphism given by t 7→ tn .

Corollary 3.2. If the morphism f in Theorem 3.1 is furthermore hyperelliptic, i.e.,
any smooth closed fibre of f is hyperelliptic, then f is isotrivial.

Proof. Since h : Y → C is a complete family of smooth hyperelliptic curves, it has
to be isotrivial and we are done. �

Remark 3.3. (1) One can replace the hyperelliptic assumption in the this corollary
by superelliptic or some other property whose moduli space contains no complete
curves.

(2) By Theorem 3.1, if f is nonisotrivial, then we obtain a Kodaira fibration
h : Y → C along with an equivariant Z/pZ automorphism induced by the base
change π . We can not prove or disprove the existence of such Kodaira fibration
over Artin–Schreier curves at the moment.

We need some preparations for the proof of the theorem. First we fix a prime
` 6= p such that its congruence class [`] ∈ Z/p2Z generates the group of units
(Z/p2Z)∗ (it is a cyclic group of order p(p− 1)). We can see that the cardinality
]GLp−1(Z/`Z)=

∏p−2
j=0 (`

p−1
− ` j ) is then not divided by p2.

Lemma 3.4. The polynomial

p(x) := x p−1
+ x p−2

+ · · ·+ 1= x p
−1

x−1

is irreducible in both F`[x] and Q`[x].

Proof. If p(x) is irreducible over F` then it is also irreducible over Z` and Q`.
The roots of p(x) consist of primitive unit roots of order p and note the group of
units in a finite field is always a cyclic group. The polynomial p(x) is then either
irreducible or splitting over any finite field. The splitting of p(x) over F` is now
the same as p | (l − 1)= ](F∗`), which is not the case by our choice of `. �

Corollary 3.5. Let A be a matrix in GLp−1(Z`) of order p, then the characteristic
polynomial of A is p(x). In particular, any matrix in GLp−1(Q`) commuting with
A is semisimple.
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Proof. Since x p
− 1= (x − 1)p(x) eliminates A, p(x) is irreducible and A is not

killed by x − 1, both the minimal and characteristic polynomial of A are p(x) for
sake of dimension. �

Now let us turn to the proof of Theorem 3.1.

Proof of Theorem 3.1. Denote by I∞ (resp. I∞,t , P∞) the inertia group (resp.
tame/wild inertia subgroup) at∞∈P1

k and9 : I∞→GL2g(Z`) the local monodromy
homomorphism associated to f . The Sylow-p subgroup (of a pro-finite group, see
[Fu 2015, §4.2]) of GLp−1(Z`) is a cyclic group of order p since p2 - ]GL2g(Z/`Z)

by our choice of `. In particular, in the above local monodromy homomorphism
9 : I∞ → GLp−1(Z`), the image 9(P∞) is either trivial or a cyclic group of
order p.

If the image of 9(P∞) is trivial, then 9 factors through the quotient group I∞,t .
By Theorem 2.3(1), there is an open subgroup G of I∞,t such that 9(G) consists
of unipotent matrices. Due to the structure of I∞,t (see Remark 2.2), G is a normal
subgroup and the index n := [I∞,t : G] is prime to p. Now replacing X by Xn (or
more precisely, its associated relative minimal model), we can assume the image of
9 is trivial and hence f is at worst semistable by Theorem 2.3(2). It then follows
from Szpiro’s rigidity theorem [1979, Theorem 3.3] that f is trivial. We do not
even need the base change π : C→ P1

k in this case.
If the image of 9(P∞) is a cyclic group generated by a matrix A of order p.

Note that P∞ is normal in I∞ so its image 〈A〉 is normal in the image 9(I∞).
Now for any B ∈ 9(I∞), we have B AB−1

= Ai for some i . As a result, B p−1

must commute with A and therefore B p−1 is semisimple by Corollary 3.5. In
particular, B is itself semisimple. It then follows immediately from Theorem 2.3(1)
that 9(I∞) is finite. Again by the structure of I∞,t (see Remark 2.2), 9(I∞) is
the extension of 〈A〉 by a cyclic group of order n prime to p. Then after the base
change [n]P1

k
: P1

k→ P1
k, we may furthermore assume that 9(I∞)= 〈A〉. By the

following Lemma 3.6, we see that after another base change by an Artin–Schreier
curve π : C → P1

k of degree p. The local monodromy associated on C is then
everywhere trivial. Then by Theorem 2.3 (2) and (3), the relative minimal model
h :Y→C is at least semistable and the associated Jacobian fibration j :Pic0

Y/C→C

has everywhere good reduction. Denoting by c = π−1(∞) the unique point lying
above∞, the fibre Yc admits a faithful Z/pZ' Aut(π)-action on the `-adic Tate
module T`(Jac(Yc)) ' Z

2g
` . By construction, this action is nothing but the action

of 〈A〉 ' Z/pZ on Z
p−1
` given by its matrix representation. Now we claim Yc is

smooth. Otherwise, Yc has more than one irreducible component of positive genus.
The number of such components is less than 2g− 2 = p− 3 < p and hence the
Z/pZ-action fixes each irreducible component of positive genus. In particular, for
any component D, T`(Jac(D))( T`(Jac(Yc)) is a nontrivial submodule invariant
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under Z/pZ. This leads to a contradiction to that the matrix A is irreducible over Z`.
We are done. �

Lemma 3.6. The canonical homomorphism ι : H 1
ét(A

1
k, Fp)→ H 1

ét(K∞, Fp) is an
isomorphism.

Proof. We have the following commutative diagram of exact sequences derived
from the celebrated Artin–Schreier exact sequence:

k[t]
id−F

//

��

k[t] // //

��

H 1
ét(A

1
k, Fp)

ι

��

K∞
id−F

// K∞ // // H 1
ét(K∞, Fp)

One easy observation is that we have the following exact sequence:

0→ k→ k[t]⊕O∞→ K∞→ 0.

Here O∞ =Osh
P1

k,∞
and K∞ = Frac(O∞). As a consequence, by the 5-lemma:

k

id−F
��

� � // k[t]⊕O∞ // //

id−F
��

K∞

id−F
��

k �
�

//

��

k[t]⊕O∞ // //

����

K∞

����

0 //// H 1
ét(A

1
k, Fp)

ι
// // H 1

ét(K∞, Fp)

that ι is an isomorphism. Here we use the fact that O∞ is strictly Henselian, hence

O∞
id−F
−−−→O∞

is surjective. �

3B. Examples with nontrivial fibration of s( f ) = 2.

Example 3.7. Suppose p = 3, g = 1, let X0 be the relatively minimal surface over
A1

k (with coordinate function t) associated to the following hyperelliptic fibration

y2
= x3
+ x2
+ xt + t2

;

then X0 has exactly one singular fibre at t = 0, over A1
k. In particular, the proper

relatively minimal model X→ P1
k associated has exactly 2 singular fibre, and it is

nonisotrivial.

Proof. We can compute that j (t)= 2/t3, so it is nonisotrival. �
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Example 3.8. Suppose p = 5, g = 2, and let X0 be the relatively minimal surface
over A1

k associated to the following hyperelliptic fibration:

y2
= x5
+ x4
− 2t2x2

+ t4.

Then X0 has exactly one singular fibre at t = 0, over A1
k. In particular, the proper

relatively minimal model X→ P1
k associated has exactly 2 singular fibre, and it is

nonisotrivial.

Proof. Similar as the above example, we can use Igusa’s J -invariants [Igusa 1960;
Liu 1994] to deduce the nonisotriviality: J2 = 4t2, J4 = 0, J6 = t8, J10 = 4t14. �

3C. Hyperelliptic fibration with s( f ) = 1. We classify those hyperelliptic fibra-
tions f : X→ P1

k that has a single singular fibre at∞ when g ≥ 2. Denote by Fp

the smooth projective hyperelliptic curve associated to the following hyperelliptic
equation y2

= x p
− x . According to [Roquette 1970, p. 158; Homma 1980/81, The-

orem 2], Fp is the unique curve of genus g= (p−1)/2 admitting an automorphism
of order p. Its actual automorphism group is

Aut(Fp)= PGL2(Fp)×Z/2Z.

Here the direct summand Z/2Z is associated to the hyperelliptic involution and
PGL2(Fp)⊆ PGL2(k)= Aut(P1

k) is the automorphism of the underlying P1
k fixing

the branch locus defined by the equation x p
− x and the infinity.

Lemma 3.9. Up to conjugate, there are two nontrivial subgroups 0i , i = 1, 2 of
PGL2(Fp) as below can be realized as the Galois group of an étale cover of A1

k:

(1) 01 is the p-cyclic subgroup generated by
( 1,1

0,1

)
.

(2) 02 = PSL2(Fp)⊆ PGL2(Fp).

Proof. By [Raynaud 1994, Corollary 2.2.2], a finite group G can be realized as
a Galois group of A1

k if and only if G = p(G), here p(G) is the subgroup of G
generated by all Sylow-p subgroups. First we note that the Sylow-p subgroup of
PGL2(Fp) is a cyclic group of order p. Next, we consider the canonical faithful
action of PGL2(Fp) on the (p+1)-set P1(Fp). One observes that there is a one-one
correspondence between points in P1(Fp) and the set of Sylow-p subgroups of
PGL2(Fp). In fact, the p-Sylow subgroup of PGL2(Fp) is a cyclic group of order p,
it must have a unique fixed point in P1(Fp). Conversely, for any point in P1(Fp)

its isotropic subgroup contains a unique p-subgroup. Now let 0 be a subgroup of
PGL2(Fp) with p(0)= 0.

Case 0 is contained in an isotropic subgroup. We may assume this point is t =∞,
and we have 01 in this case.
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Case 0 is not contained in any isotropic subgroups. In this case, 0 must act tran-
sitively on P1(Fp). In fact, any Sylow-p group has exact one fixed point, as 0
is not contained in any isotropic subgroup, it is transitive. Now using the corre-
spondence between Sylow-p subgroups and P1(Fp), 0 contains all the Sylow-p
subgroups of PGL2(Fp). Finally it follows from the simplicity of PSL2(Fp), we
have p(PGL2(Fp))= PSL2(Fp). �

Theorem 3.10. Suppose f : X→ P1
k is a nontrivial hyperelliptic fibration of fibre

genus g such that p = 2g+ 1. If f is smooth over A1
k, then there is an étale Galois

cover π : C0→ A1
k with Galois group 0i , i = 1 or 2 (as in the lemma above) such

that f0 : X0 = X ×P1
k

A1
k→ A1

k is obtained by

C0× Fp
π
//

p1

��

X0 = C0× Fp/0i

f0
��

C0 // A1
k = C0/0i

Here the 0i -action on C0× Fp is the canonical diagonal one.

Proof. By Theorem 3.1, such a fibration has to be isotrivial. So there is an étale
Galois cover π :C0→A1

k of Galois group 0 such that f ′0 : X×P1
k

C0→C0 is trivial.
Namely we have an C0-isomorphism X ×P1

k
C0 ' F ×k C0. The natural 0-action

on the left hand side then induces an action on C0× F . Such an action must be
diagonal since the automorphism group of F is discrete as g(F) ≥ 2. Shrinking
0 if necessary at first, we may actually assume the 0-action on F side is faithful.
Then one must have 0⊂Aut(F) is nontrivial (otherwise f is trivial) and p(0)=0.
In particular, F admits an automorphism group of order p, so F is isomorphic to
Fp by [Homma 1980/81] as mentioned before. We then complete our proof by the
previous lemma. �

Remark 3.11. From the theorem, we obtain a one-one correspondence between

• nontrivial hyperelliptic fibration of genus g over P1
k with a unique singular

fibre at infinity, and

• étale Galois cover of A1
k with Galois group isomorphic to 0i , i = 1, 2.

Moreover, given a nontrivial smooth hyperelliptic fibration f : X0 → A1
k of

genus g= (p−1)/2, the hyperelliptic involution σ : X0→ X0 induces a flat double
cover ρ : X0→ X0/σ ' P1

×k A1
k. The branch divisor W ⊆ X0/σ ' P1

×k A1
k of

ρ is by construction an étale cover of degree p+ 1 over the base A1
k. This Galois

group is the Galois group of the smallest étale Galois cover π : C0→ A1
k we need

to trivialize f : X0→ A1
k. The above theorem then tells us there are only three

possibilities for the Galois group of W/A1
k:

(1) The Galois group is trivial, which means the fibration f is also trivial.
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(2) The Galois group is isomorphic to 01, which gives the case 01 in Theorem 3.10.

(3) The Galois group is isomorphic to 02, which gives the case 02 in Theorem 3.10.

Example 3.12. Suppose we have case 01 in Theorem 3.10, then the equation of
f0 : X0→ A1

k can be written as

y2
= x p

− x + v(t), v(t) ∈ k[t]

with v(t) not equal to u(t)p
− u(t) for all u(t) ∈ k[t]. The converse is also true.

Proof. Given the equation y2
= x p

− x + v(t), it is easily to see that f is smooth
and the branch divisor W is disjoint union of two irreducible components: one is
the infinite section and the other one defined by x p

− x + v(t)= 0. As a result, the
Galois group of W/A1

k is isomorphic to 01.
Conversely, if some fibration f : X0→ A1

k meets the case 01 in Theorem 3.10,
then W ⊆ P1

×k A1
k is a disjoint union of a section and an (open) Artin–Schreier

curve. By suitably change the coordinate of P1
×k A1

k, we can assume the section
is the infinite the section. As a result, the second component is an Artin–Schreier
curve contained in A1

k ×k A1
k, which must be defined by equation of formation

x p
− x + v(t). We are done. �

Example 3.13. The smooth hyperelliptic fibration defined by the following equa-
tion:

y2
= x p+1

+ t x + 1

meets the case of 02 in Theorem 3.10.

Proof. We can directly work out Disc(x p+1
+ t x+1, x p

+ t)= 1, so the fibration is
smooth over A1

k. This time, the branch divisor W is defined by x p+1
+ t x + 1= 0

so the Galois group of W/A1
k is clearly not trivial or of order p. �

4. Number of singular fibres, II: p < 2g + 1

In this section, we provide examples of hyperelliptic fibrations f : X → P1
k of

genus g with s( f )= 1 when p < 2g+ 1.

Example 4.1. Suppose p ≥ 3, m ≥ 1 and (m, p)= 1, and let X0 be the relatively
minimal surface over A1

k (with coordinate function t) associated to the following
hyperelliptic function:

y2
= x p+2m

+ t x2m
− 1.

Then X0 is smooth and nonisotrivial over A1
k with fibre genus g = m+ p−1

2 .

Proof. The variety X0 is by construction a flat double cover of P1
k×A1

k where the x, t
are the coordinate function of the vertical P1

k and horizontal A1
k respectively. The

branch divisor of this flat double cover consists of the infinite section B0 =∞×A1
k
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and another divisor B1 defined by x p+2m
+ t x2m

−1. Take v(x)= x p+2m
+ t x2m

−1,
then v(x)− x

2m v
′(x)=−1 and hence B1 is smooth over A1

k. As B0∩ B1=∅, X0 is
smooth over A1

k. To show the nontriviality, we first note that X0 is clearly not trivial
over A1

k. Then if X0 is isotrivial, there must be an automorphism σt of each fibre
P1

k× t of P1
k×A1

k preserving the branch divisors for each t ∈A1
k. Since∞∈P1

k× t
is the common branch point, we can assume σt fixes ∞. In particular, σt is an
automorphism of A1

k ' A1
k× t of order p. However, any order p automorphism

of A1
k cannot have any fixed point, its orbit all have cardinality p and hence the

cardinality of the branch points lying in A1
k × t ⊆ P1

k × t is a multiple of p. A
contradiction of p - p+2m. �

Example 4.2. Suppose p ≥ 3, m = 2n+1, n = 1, 2, . . . and such that (m, p)= 1,
and let X ′0 be the relatively minimal surface over A1

k associated to the following
hyperelliptic function

y2
= x(x p+m

+ t xm
− 1).

Then X0 is smooth, nonisotrivial over A1
k with fibre genus g = m+1

2 +
p−1

2 .

Proof. One can prove following the same way as in the previous example. In this
case, X0 is realized as a flat double cover of P1

k×A1
k branching at B0 = 0×A1

k,
B1 =∞×A1

k and B2 defined by v(x)= x p+m
+ t xm

−1. As (v(x), v′(x))= 1, B2

is smooth over the base A1
k and it is clear that these three divisors are disjoint from

each other, we see that X0 is smooth over A1
k. The nonisotriviality follows from

the argument of the previous proof. In fact, if it is not, we shall similarly obtain
an automorphism σt of P1

k ' P1
k × t fixing 0,∞ of order p. This is clearly not

possible. �

Remark 4.3. The genus occurring in Examples 4.1 and 4.2 exhausts the integers
strictly larger than p−1

2 .

Example 4.4. Suppose p = 2, and l ≥ 3 is odd integer. Let X0 be the relatively
minimal surface over A1

k associated to the following hyperelliptic function

y2
+ y = x l(x2

+ t);

then f0 : X0 → A1
k has no singular fibre and is nonisotrivial, its fibre genus is

g= (l+1)/2. In particular, the proper relatively minimal model X→P1
k associated

has exactly 1 singular fibre, and it is a nonisotrival fibration.

Proof. We consider the relative plane curve X1 ( P2
×A1

k over A1
k defined by

Y 2 Z l
+ Y Z l+1

= X l+2
+ t X l Z2.

Here X, Y, Z are the homogeneous coordinates of P2 and t is the coordinate of
A1

k. By construction, X0 is the desingularization of X1 and we carry out this
desingularization by blow-ups. It is clear that the singular locus of X1 is the closed
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subset defined by Z = X = 0. In particular, we only have to work over the affine
plane Y = 1 over A1

k and we can write out the function of X1 as

zl
0+ zl+1

0 = x l+2
0 + t x l

0z2
0.

Here x0 = X/Y , and z0 = Z/Y . Blowing up the ideal (x0, z0), we obtain the new
affine defining equation,

zl
1+ zl+1

1 x0 = x2
0 + t x2

0 z2
1,

here z1 = z1/x0. Again the singular locus is z1 = x0 = 0. Blowing up (z1, x0) we
have:

zl−2
1 + zl

1x1 = x2
1 + t x2

1 z2
1

with x1 = x0/z1. Keeping on blowing up the singular locus again and again (adding
xi+1 = xi/z1 each step), we will finally get with m = l−1

2 ,

zl−2k
1 + zl+1−k

1 xm = x2
m + t x2

mz2
1

namely,

z1+ z(l+3)/2
1 xm = x2

m + t x2
mz2

1.

It is not only regular, but smooth over A1
k.

Next, we show that this fibration is not isotrivial. It suffices to show that the two
fibres with t = 0 and t = 1 are not isomorphic. For each t , we write Ft to indicate
the associated fibre. We see from the construction:

The double cover given by affine equation: y2
+ y = x l(x2

+ t) from
the affine open subset Ut = Spec

(
k[x, y]/(y2

+ y+ x l(x2
+ t))

)
of Ft to

the affine line A1
k = Spec(k[x]) is intrinsic. In fact, this morphism is the

canonical morphism Ft and Ut is étale locus of the canonical morphism.
In other word, to get an isomorphism of F0 and F1, we must have a linear
transformation:

U1

∼

��

ν1
// A1

k = Spec(k[x1])

ϕ

��

U0
ν0

// A1
k = Spec(k[x0])

with ϕ being a linear isomorphism.

So we have the following transformation:{
x0 = a(x1+ b),
y0 = cy1+ v(x1),
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with a, c ∈ k∗ and v(x) ∈ k[x]. Note that the canonical involution transforms
preserve x and maps yi 7→ yi + 1, we have c = 1. Now compare the functions at
t = 1 and t = 0, we have

al+2(x1+ b)l+2
= x l+2

1 + x l
1+ v

2
+ v.

Compare the leading coefficient and notice that l + 2 is an odd number, we have
al+2
= 1. So

bx l+1
+

(( l+2
2

)
b+ 1

)
x l
+ (low degree terms)= v2

+ v.

As l is odd and l > l+1
2 , one must have

(l+2
2

)
b+ 1= 0. As a consequence, we have

b = 1. By now we have

(x + 1)l+2
+ x l+2

+ x l
= v2
+ v.

By symmetry we shall have

(x + 1)l+2
+ x l+2

+ (x + 1)l = u2
+ u

for u(x)= v(x + 1). And as a consequence,

(x + 1)l + x l
= (u+ v)2+ (u+ v).

One clearly checks that u, v ∈ F2[x], in particular we have u(1)+v(1) ∈ F2. So we
have

1= 0l
+ 1l
= (u(1)+ v(1))2+ (u(1)+ v(1))= 0,

a contradiction. �

5. Small genus case I: g = 2

Let f : X → P1
k be a nonisotrivial relatively minimal fibration of genus 2 in

characteristic p. We already have the following lower bounds:

(1) if p > 5, then f has at least 3 singular fibres,

(2) if p = 5, then f has at least 2 singular fibres,

from Theorem 1.1 and Corollary 3.2. In this section we give examples in character-
istic p = 2, 3 of nonisotrivial genus 2 fibration f : X→ P1

k with only one singular
fibre at∞∈ P1

k.

5A. Characteristic p=3. Suppose p=3 and f is smooth over A1
k, the Weierstrass

divisor W ( X0 := X ×P1
k

A1
k is then an étale cover of A1

k of degree 6. It then
gives a continuous homomorphism π : π ét

1 (A
1
k, η) → S6, the latter is the 6-th

permutation group. By [Raynaud 1994, Corollary 2.2.2] and a simple group-
theoretic computation, the image of π in S6 up to conjugation can only be A4, A5, A6.
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Note that there are two different embeddings of A5 in S6, the canonical one and the
exceptional one. The exceptional embedding A5 ( S6 is induced by the celebrated
exceptional embedding S5→ S6. One may find this embedding as: S5 ' PGL2(F5)

and the latter acts naturally on the 6-element set P1(F5) transitively.
We then give for each case an example of such f . Here we remind that t is the

affine coordinate of the base A1
k.

(1) [A4]: The surface fibration defined by hyperelliptic equation

y2
= x(x4

− t x + 1).

Its Igusa’s J -invariants are: J2 = 2, J4 = 0, J6 = t4
+ 1, J10 = 1.

(2) [A5] (canonical): The surface fibration defined by hyperelliptic equation

y2
= x5
+ t x3

+ 1.

Its Igusa’s J -invariants are: J2 = 0, J4 = 0, J6 = t6
+ 2t , J10 = 2.

(3) [A5] (exceptional): The surface fibration defined by hyperelliptic equation

y2
= x6
+ t x3

+ x + t.

Its Igusa’s J -invariants are: J2 = 0, J4 = 0, J6 = t6
+ 2t3

+ 2t , J10 = 2.

(4) [A6]: The surface fibration defined by hyperelliptic equation

y2
= x6
+ t x3

+ x + 1.

Its Igusa’s J -invariants are: J2 = 0, J4 = 0, J6 = t6
+ 2t + 2, J10 = 2.

The smoothness over A1
k of each example follows from the definition of J10, which

is the discriminant of the right hand side polynomial of x . Namely, J10 ∈ k∗ if
and only if it is smooth over A1

k. The nonisotriviality directly follows from Igusa’s
invariants we give here. We also mention that the Galois groups here are calculated
by the computer software Magma Computational Algebra System.

5B. Characteristic p = 2. It has been given in Example 4.4 that the surface fibra-
tion defined by

y2
+ y = x5

+ t x3

in characteristic 2 is a nonisotrivial genus 2 fibration smooth over A1
k. One can

work out its Igusa J -invariant: J2 = t2, J4 = t4, J6 = t6, J10 = 1.

6. Small genus case II: g = 1

We consider a relatively minimal genus 1 fibration f : X→ P1
k in this section. We

call such a fibration f as an elliptic fibration if f admits an section. For any genus
1 fibration f : X→ P1

k we can associate an elliptic fibration f ′ : Y → P1
k, called as
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the associated Jacobian fibration to it. The Jacobian fibration g has the following
properties:

• if f is smooth over an open subset U , so is f ′;

• the j-invariant of f coincides with that of f ′.

Due to these two properties, when we study the lower bound of s( f ) for nonisotriv-
ial f , it suffices to study the elliptic fibrations.

6A. Number of singular fibres for nonisotrivial fibrations. In this section, we
discuss the number of singular fibres for a nonisotrivial elliptic fibration.

Theorem 6.1 [Beauville 1981, p. 99]. Suppose f : E→ P1
k is a relatively minimal

elliptic fibration and f is nonisotrivial. Then

(1) f has at least 3 singular fibres if p ≥ 5;

(2) f has at least 2 singular fibres if p = 2, 3.

Part (1) is proved in [Beauville 1981] and we follow his idea to prove (2).

Proof. We assume the contrary that f is nonisotrivial. The j -invariant then induces
a surjective homomorphism:

j : P1
k→ P1

k

which decomposes into
P1

k
h

//

j

��

P1
k

j ′��

P1
k

where h is purely inseparable and j ′ is separable. Let d := deg( j ′).

Lemma 6.2. If p = 2, 3, then j ′ is wildly ramified at any point in j ′−1(0).

Proof. Replace A1
k by a suitable étale cover ν : C0 → A1

k, we may assume the
elliptic curve X ×P1

k
C0→ C0 admits a level structure of level 5. Denote by M1,5

the fine moduli space of elliptic curve with level 5 structure. We therefore have the
following commutative diagram:

C0

��

ν
// A1

k

j
��

M1,5
τ
// M1 = A1

k

It then follows directly that τ is wildly ramified at any point in τ−1(0). �
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Once the lemma is true, note that the ramification index at j ′−1(∞) is at least
d − 1, it then follows from Hurwitz formula,

−2≥−2d + (d − 1)+ d =−1.

Here the ramification index at infinity and 0 is at least d−1 and d (for sake of wild
ramification), respectively. A contradiction. �

6B. Examples of elliptic fibrations over P1
k with one singular fibre.

Proposition 6.3. Suppose k is an algebraically closed field of characteristic 3 and
f : X→ P1

k is an elliptic fibration smooth over A1
k. Then either X is trivial or we

can write out the equation of X as

y2
= x3
− x + v(t),

for some v(t) ∈ k[t]. Here t is the affine coordinate of the base A1
k ( P1

k. In
particular, all smooth fibres are isomorphic to the unique supersingular elliptic
curve E0 : y2

= x3
− x.

Proof. Considering the quotient morphism by ± id on X0 := X ×P1
k

A1
k, it induces

a flat double cover µ : X0→ P0 := X0/{± id} ramified at the divisor R := X0[2].
This divisor R is étale over A1

k of degree 22
= 4 and contains a section, the identity

section, so we write R = R0 + R1 with R0 being the identity section. Now the
branch divisor B = µ(R) is a relative divisor in P ' P1

×A1
k isomorphic to R. So

we can write B = B0+ B1 with B0 = µ(R0) such that B0 is a section and B1 is a
degree 3 étale cover of A1

k. After changing of the relative linear coordinate x of
P1
×A1

k, we may assume B0 is the infinite section. Then X0\{identity} is given by
a hyperelliptic equation

y2
= F(x, t) ∈ k[x, t]

with F(x, t) being the defining equation of B1 in A1
k×k A1

k. Here x, t are the linear
coordinate of the two A1

k-factors respectively.
Note as S3 can not be realized as a Galois cover of A1

k, there are two possibilities:

(A) B1 is a disjoint union of three sections.

(B) B1→ A1
k is a Galois cover.

Case (A) directly leads us to the triviality of X . Now for (B) where B1 is an Artin–
Schreier curve of degree 3. It is well known that the embedded Artin–Schreier
curves in A1

k×A1
k has defining equation of form

x3
− x + v(t)= 0.

We are done then. �
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Using Tate’s algorithm [Silverman 1994, §IV.9], we can see the special fibre at
∞ for the equation y2

= x3
− x + v(t) is of Kodaira type

(II) if v(t)= t5;

(IV) if v(t)= t4;

(II*) if v(t)= t ;

(IV*) if v(t)= t2.

Note that these four types of reduction are all the possibility of potentially good
reduction type where the good reduction is realized by a cyclic cover of degree 3
(see, e.g., [Lorenzini 2010]).

Example 6.4 (Type I ∗n with potentially good reduction). Taking an algebraically
closed field k of characteristic 2 and let S be the elliptic fibration over A1

k defined
by the equation

y2
+ xy = x3

+ t x2
+ 1.

One easily works out the discriminant of this equation is 1 and hence smooth
over A1

k. By Theorem 6.1, it must have potentially good reduction at ∞ ∈ P1
k.

Applying Tate’s algorithm [Silverman 1994, §IV.9], one can show its reduction type
at∞ is I ∗4 .

As is well known when p ≥ 5, a type I ∗n fibre has potentially bad reduction (see,
e.g., [Lorenzini 2010]).
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ASYMPTOTIC BEHAVIOR OF SOLUTIONS FOR SOME
ELLIPTIC EQUATIONS IN EXTERIOR DOMAINS

ZONGMING GUO AND ZHONGYUAN LIU

This paper is concerned with the asymptotic behavior of solutions of the
problems

(0-1) −1u = eu in R2
\B,

∫
R2\B

eu(x) dx <∞,

where B = {x ∈ R2 : |x|< 1} is the unit ball of R2, and

(0-2) 12u = eu in R4
\B,

∫
R4\B

eu(x) dx <∞,

where B = {x ∈ R4 : |x| < 1} is the unit ball of R4. It is seen that the
asymptotic behavior of solutions for (0-1) and (0-2) is equivalent to the
asymptotic behavior of singular solutions of the related problems (via the
transformation v( y)= u(x), y = x/|x|2):

(0-3) −1 yv = | y|−4ev in B\{0},
∫

B\{0}
| y|−4ev( y) d y <∞

and

(0-4) 12
yv = | y|

−8ev in B\{0},
∫

B\{0}
| y|−8ev( y) d y <∞,

respectively. We obtain the exact asymptotic behavior of solutions of (0-1)
and (0-2) as |x| →∞. Meanwhile, we find that the singular solutions of the
related problems (0-3) and (0-4) in B\{0} are asymptotic radial solutions
and obtain the corresponding asymptotic behavior as | y| → 0.
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1. Introduction

In this paper, we study the asymptotic behavior of solutions for the following
problems:

(1-1) −1u = eu in R2
\B,

∫
R2\B

eu(x) dx <∞,

where B = {x ∈ R2
: |x |< 1} is the unit ball of R2, and

(1-2) 12u = eu in R4
\B,

∫
R4\B

eu(x) dx <∞,

where B = {x ∈ R4
: |x |< 1} is the unit ball in R4.

The equations in (1-1) and (1-2) have roots in conformal geometry. Let (M, g) be
a complete Riemannian manifold. Associated to g, there are tensors such as the full
curvature tensor Rg, the Ricci curvature tensor Ricg and the scalar curvature Sg. The
Laplace operator1g is a well-known elliptic operator on M associated with the met-
ric g. In dimension 4, the equation in (1-2) is closely related to the Q-curvature prob-
lem. The Q-curvature is similar to the scalar curvature in dimension 2. See [Chang
and Yang 1995; 1997; Graham et al. 1992; Lin 1998; Martinazzi 2009; Xu 2006].

The structure of solutions of (1-1) and (1-2) in R2 and R4 respectively has been
studied in [Chen and Li 1991; Lin 1998; Martinazzi 2009; Wei and Xu 1999;
Wei and Ye 2008; Xu 2006]. For a solution u ∈ C4(R4) of the equation in (1-2),
an important fact −1u ≥ 0 in R4 can be obtained. Using the moving-plane or
moving-sphere arguments, Lin [1998] and Xu [2006] classified the solutions and
obtained the asymptotic behavior of solutions as |x | →∞. Moreover, the singular
solutions of the equation

(1-3) −1u = eu in B\{0},
∫

B\{0}
eu(x) dx <∞,

where B is the unit ball in R2, have also been studied in [Chou and Wan 1994] via
the theory of complex variables. More precisely, Chou and Wan [1994] showed
that the singular solutions of (1-3) are asymptotic radial solutions and obtain the
asymptotic behavior of solutions as |x | → 0. By the transformation

v(y)= u(x), y =
x
|x |2

,

we see that the problems (1-1) and (1-2) are equivalent to the problems

(1-4) −1yv = |y|−4ev in B\{0},
∫

B\{0}
|y|−4ev(y) dy <∞
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and

(1-5) 12
yv = |y|

−8ev in B\{0},
∫

B\{0}
|y|−8ev(y) dy <∞,

respectively. The asymptotic behavior of solutions for (1-1) and (1-2) is equivalent
to the asymptotic behavior of singular solutions for (1-4) and (1-5). We will obtain
the exact asymptotic behavior of solutions of (1-1) and (1-2) as |x |→∞. Moreover,
we will show that the singular solutions of (1-4) and (1-5) are asymptotic radial
solutions and obtain the asymptotic behavior of the singular solutions as |y|→ 0 by
using the theory of PDEs. We find that the study of (1-2) is more complicated than
that of (1-1). To obtain the result similar to that of (1-1), we need to put an extra
assumption on the solution to avoid the appearance of an extra fundamental solution
of the operator 12. Our main results of this paper are the following theorems:

Theorem 1.1. Assume that u ∈ C2(R2
\B) is a solution of (1-1). Then

(1-6)
u(x)
ln |x |

→ α as |x | →∞,

where α <−2.

Theorem 1.2. Assume that u ∈ C4(R4
\B) is a solution of (1-2) and

(1-7) u(x)= o(|x |2) as |x | →∞.

Then
u(x)
ln |x |

→ α as |x | →∞,(1-8)

−|x |21u(x)→
1

2|S3|

∫
R4\B

eu(y) dy+ κ as |x | →∞,(1-9)

where α <−4, |S3
| is the surface area of the unit sphere, κ is a constant.

Remark 1.3. We will see from the proof that the conclusions of Theorems 1.1 and
1.2 are still true if we assume u ∈ C2(R2

\B) and u ∈ C4(R4
\B) respectively or

u ∈ C2(R2
\BR(0)) and u ∈ C4(R4

\BR(0)) respectively for some R > 1, where
and in the following, BR(0) = {x ∈ R2

: |x | < R} or BR(0) = {x ∈ R4
: |x | < R}.

Our assumptions in Theorems 1.1 and 1.2 are only for convenience of using some
expressions in our calculations.

As an application of Theorem 1.2, we can consider the following problem:

(1-10) 12v = ev in B\{0},
∫

B\{0}
ev(y) dy <∞,

where B = {y ∈ R4
: |y|< 1} and obtain the asymptotic radial symmetry result for

(1-10) in the punctured ball.
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Theorem 1.4. Assume that v ∈ C4(B\{0}) is a singular solution of the problem
(1-10) with

v(y)= o(|y|−2) as |y| → 0.

Then
v(y)
ln |y|

→ γ as |y| → 0,

where γ >−4.

Similar results in R4 are well-known in [Lin 1998; Xu 2006]. Liouville theorem
for harmonic functions plays the key role in obtaining these results in R4. However,
the corresponding Liouville theorem does not hold in R4

\ B and the methods in
[Lin 1998; Xu 2006] cannot be used here. Moreover, we cannot show −1u ≥ 0
in R4
\B for a solution u ∈ C4(R4

\B) of (1-2). To this end, we need to overcome
some technical difficulties here and use some new idea to obtain the corresponding
results in R4

\B.
The organization of the paper is the following: In Section 2, we give some

qualitative properties of solutions for (1-2). The main results will be obtained in
Section 3. In the Appendix, we present some estimates used in Section 3.

2. Preliminaries

In this section, we study the qualitative properties of solutions for (1-2). This is
crucial to the proof of Theorem 1.2.

Let u ∈ C4(R4
\B) be a solution of problem (1-2) and

v(y)= u(x), y =
x
|x |2

.

Then v ∈ C4(B\{0}) satisfies the problem

(2-1) 12
yv = |y|

−8ev in B\{0},
∫

B\{0}
|y|−8ev(y) dy <∞,

where B ⊂ R4 is the unit ball. Moreover,

(2-2) v(y)= o(|y|−2) as |y| → 0.

It is easy to see that 0 is a nonremovable singular point of v. Using the fact that∫
B\{0}
|y|−8ev(y) dy =

∫
R4\B

eu dx,

we have

(2-3) ∞>

∫
B\{0}
|y|−8ev(y) dy = |S3

|

∫ 1

0
ρ−5ev dρ ≥ |S3

|

∫ 1

0
ρ−5ev̄ dρ,
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where ρ = |y|, |S3
| is the surface area of the unit sphere and

v̄(ρ) :=
1
|S3|

∫
S3
v(ρ, θ) dθ for all ρ ∈ (0, 1).

In the following, we first consider the asymptotic behavior of v̄(ρ) as ρ tends to 0.

Lemma 2.1. Let v ∈ C4(B\{0}) be a solution of (2-1) satisfying (2-2). Then

(2-4)
v̄(ρ)

ln ρ
→ β as ρ→ 0,

where β > 4.

Proof. Note that v̄(ρ) satisfies the problem

12v̄ = ρ−8ev in (0, 1),
∫ 1

0
ρ−5ev(ρ) dρ <∞.

By (2-2), we find

(2-5) v̄(ρ)= o(ρ−2).

Step 1: We claim that if limρ→0 ρ
3v̄′(ρ) exists, then it must be 0, i.e.,

(2-6) lim
ρ→0

ρ3v̄′(ρ)= 0.

On the contrary, there is M 6= 0 (M maybe ±∞) such that limρ→0 ρ
3v̄′(ρ) = M .

We consider two cases:

(i) M > 0,

(ii) M < 0.

For the case (i), we have that there exist M0 > 0 and ρ0 > 0 such that

(2-7) v̄′(ρ)≥ M0ρ
−3 for all ρ ∈ (0, ρ0).

Integrating (2-7) on (ρ, ρ0), we obtain

(2-8) v̄(ρ)≤− 1
2 M0ρ

−2
+ v̄(ρ0)+

1
2 M0ρ

−2
0 for all ρ ∈ (0, ρ0),

which is a contradiction with (2-5).
For the case (ii), we have that there exist ρ0 > 0 and M0 < 0 such that

(2-9) v̄′(ρ)≤ M0ρ
−3 for all ρ ∈ (0, ρ0).

By integrating (2-9) on (ρ, ρ0), we see

v̄(ρ)≥− 1
2 M0ρ

−2
+ v̄(ρ0)+

1
2 M0ρ

−2
0 for all ρ ∈ (0, ρ0).

This also contradicts (2-5). Thus, our claim (2-6) holds.
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Step 2: We claim that there is a negative constant M satisfying

(2-10) lim
ρ→0

ρ3(1v̄)′(ρ)= M.

Since v̄(ρ) satisfies the equation

(2-11) (ρ3(1v̄)′(ρ))′ = ρ−5ev for all ρ ∈ (0, 1).

Then f (ρ) := ρ3(1v̄)′(ρ) is an increasing function and hence limρ→0 f (ρ)=M <

∞ exists and M maybe −∞. For ε > 0 sufficiently small, by integrating (2-11) on
(ε, 1), we get

(2-12) (1v̄)′(1)− ε3(1v̄)′(ε)=

∫ 1

ε

ρ−5ev(ρ) dρ.

Since
∫ 1

0 ρ
−5ev(ρ) dρ <∞, we easily see that M >−∞.

We next show that M < 0. On the contrary, we have

(2-13) (1v̄)′(ρ)=

(
M +

∫ ρ

0
t−5ev(t) dt

)
ρ−3 > 0 for all ρ ∈ (0, 1).

Thus limρ→01v̄(ρ)= M̃1 <∞ exists and M̃1 maybe −∞. We now consider three
cases here:

(a) M̃1 > 0,

(b) M̃1 = 0,

(c) M̃1 < 0.

For the case (a), we have that there exist ρ1 > 0 and 0< M1 ≤
1
2 M̃1 such that

1v̄(ρ)≥ M1 for all ρ ∈ (0, ρ1).

Hence,
(ρ3v̄′(ρ))′ ≥ M1ρ

3 > 0 for all ρ ∈ (0, ρ1)

and
lim
ρ→0

ρ3v̄′(ρ) exists.

By Step 1, we find
lim
ρ→0

ρ3v̄′(ρ)= 0.

On the other hand, since M̃1 <∞, we see that there exist ρ2 > 0 and M2 ≥ 2M̃1

such that

(2-14) (ρ3v̄′(ρ))′ ≤ M2ρ
3 for all ρ ∈ (0, ρ2].
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Integrating (2-14) on (0, ρ), we infer

v̄′(ρ)≤ 1
4 M2ρ for all ρ ∈ (0, ρ2].

Thus

(2-15) v̄(ρ)≥ C >−∞ for all ρ ∈ (0, ρ2].

This contradicts the fact that

eC
∫ 1

0
ρ−5 dρ ≤

∫ 1

0
ρ−5ev̄(ρ) dρ ≤

∫ 1

0
ρ−5ev(ρ) dρ <∞.

For the case (b), we see that there exists ρ3 > 0 such that

1v̄(ρ)≥ 0 for all ρ ∈ (0, ρ3).

By Step 1, we see
lim
ρ→0

ρ3v̄′(ρ)= 0.

Similarly, there are ρ4 > 0 and M3 > 0 satisfying

(2-16) (ρ3v̄′(ρ))′ ≤ M3ρ
3 for all ρ ∈ (0, ρ4].

We can also derive a contradiction from (2-16) as in the proof of the case (a).
For the case (c), we see that there exist ρ5 > 0 and −∞< 1

2 M̃1 < M4 < 0 such
that

(2-17) (ρ3v̄′(ρ))′ ≤ M4ρ
3 < 0 for all ρ ∈ (0, ρ5].

By Step 1, we get
lim
ρ→0

ρ3v̄′(ρ)= 0.

Integrating (2-17) on (0, ρ), we obtain

v̄′(ρ)≤ 1
4 M4ρ for all ρ ∈ (0, ρ5]

and
v̄(ρ5)− v̄(ρ)≤

1
8 M4(ρ

2
5 − ρ

2) for all ρ ∈ (0, ρ5],

which implies
v̄(ρ)≥ C >−∞ for all ρ ∈ (0, ρ5].

This is a contradiction with (2-3).

Step 3: We prove (2-4).
In view of (2-10) and (2-11), we deduce that

(2-18) (1v̄)′(ρ)=
(

M +
∫ ρ

0
s−5ev(s) ds

)
ρ−3
= (M + η(ρ))ρ−3 for ρ near 0,
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where η(ρ)=
∫ ρ

0 s−5ev(s) ds. Since M < 0, we see that limρ→01v̄(ρ)= γ exists.
As in Step 2, we infer

(2-19) lim
ρ→0

ρ3v̄′(ρ)= 0.

Integrating (2-18) on [ρ, ρ∗], we obtain

1v̄(ρ∗)−1v̄(ρ)=−
1
2 M(ρ−2

∗
− ρ−2)+

∫ ρ∗

ρ

η(s)s−3 ds for ρ ∈ (0, ρ∗),

where ρ∗ > 0 is sufficiently small. Then

1v̄(ρ)=1v̄(ρ∗)+
1
2 Mρ−2

∗
−

1
2 Mρ−2

−

∫ ρ∗

ρ

η(s)s−3 ds for ρ ∈ (0, ρ∗)

and

(2-20) (ρ3v̄′(ρ))′

=
[
1v̄(ρ∗)+

1
2 Mρ−2

∗

]
ρ3
−

1
2 Mρ− ρ3

∫ ρ∗

ρ

η(s)s−3 ds for ρ ∈ (0, ρ∗).

Integrating (2-20) on (0, ρ] and using (2-19), we have

(2-21) v̄′(ρ)= 1
4

[
1v̄(ρ∗)+

1
2 Mρ−2

∗

]
ρ− 1

4 Mρ−1

− ρ−3
∫ ρ

0
t3
∫ ρ∗

t
η(s)s−3 ds dt for ρ ∈ (0, ρ∗).

Integrating (2-21) on [ρ, ρ∗], we deduce

(2-22) v̄(ρ)= v̄(ρ∗)−
1
8

[
1v̄(ρ∗)+

1
2 Mρ−2

∗

]
(ρ2
∗
− ρ2)+ 1

4 M(ln ρ∗− ln ρ)

+

∫ ρ∗

ρ

ξ−3
∫ ξ

0
t3
∫ ρ∗

t
η(s)s−3 ds dt dξ for ρ ∈ (0, ρ∗).

Note that∫ ρ∗

ρ

ξ−3
∫ ξ

0
t3
∫ ρ∗

t
η(s)s−3 ds dt dξ = oρ(1) ln ρ+ O(1) for ρ near 0.

Then

(2-23)
v̄(ρ)

ln ρ
→ β as ρ→ 0,

where β = − 1
4 M . Since

∫ 1
0 ρ
−5ev̄(ρ) dρ <∞, we easily see that β > 4 and this

completes the proof of this lemma. �

Next, we need the following key lemma. Similar results are well-known from
[Lin 1998; Wei and Xu 1999; Xu 2006] for solutions of the equation of (1-2) in
R4 by using the fact that −1u ≥ 0 in R4. However, we cannot obtain such “nice”
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property for solutions of (1-2) in R4
\B. To do so, we will use some new arguments

here, which are interesting themselves.

Lemma 2.2. Let u ∈ C4(R4
\B) be a solution of (1-2) and (1-7) hold. Then, there

is a constant C such that

(2-24) u(x)≤ C for x ∈ R4
\B.

Moreover,

(2-25) 1u(x)→ 0 as |x | →∞.

Proof. We divide the proof into several steps.

Step 1: We first show that

(2-26) lim|x |→∞1u(x)≤ 0.

Suppose lim|x |→∞1u(x)>0. Then, there is a sequence {xk}⊂R4
\B with |xk |→∞

as k→∞ and ε > 0 independent of k, such that

1u(xk)≥ ε > 0 for k ≥ 1.

Let w =−1u. Then

1u+w = 0 in R4
\B, 1w+ eu

= 0 in R4
\B.

Define

ūk(r)=
1

|∂Br (xk)|

∫
∂Br (xk)

u(x)dσ, 0≤ r ≤ 1
2 |xk |.

Using Jensen’s inequality, we have

(2-27) 1ūk + w̄k = 0 for r ∈
[
0, 1

2 |xk |
]
, 1w̄k + eūk ≤ 0 for r ∈

[
0, 1

2 |xk |
]
.

Since r3w̄′k(r) < 0, we find that

w̄k(r)≤ w̄k(0)≤−ε.

By (2-27), we have
(r3ū′k)

′
≥ εr3,

which implies
ū′k(r)≥

1
4εr.

Integrating both the sides, we deduce

ūk(r)≥ ūk(0)+ 1
8εr

2 for all r ∈
(
0, 1

2 |xk |
]
.

Note that ūk(0)= u(xk)= o(|xk |
2) for k sufficiently large, we find

ūk
( 1

2 |xk |
)
≥
( 1

8ε+ o(1)
)( 1

2 |xk |
)2
,
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which contradicts the fact u(x)= o(|x |2) as |x | →∞.

Step 2: We show
lim
|x |→∞1u(x)≥ 0.

On the contrary, there exist ε > 0 and a sequence {xk} ⊂ R4
\ B with |xk | →∞ as

k→∞ such that
1u(xk)≤−ε for k ≥ 1.

Setting vk(y)= u(x), y = x − xk , we see that

12
yvk = evk , 1yvk(0)=1x u(xk)≤−ε.

Let

zk(y)=
1vk(y)
1vk(0)

, z̄k(r)=
1

|∂Br (0)|

∫
∂Br (0)

zk(y) dσ for r ∈
[
0, 1

2 |xk |
]
.

Then, zk(0)= 1 and

1z̄k =
evk

1vk(0)
.

Integrating on (0, r) yields

(2-28) r3 z̄′k(r)=
1

1vk(0)|S3|

∫
Br (0)

evk(y) dy < 0.

For any fixed R > 0, we have∫
BR(0)

evk(y)dy ≤
∫

B|xk |/2(xk)

eu(y) dy→ 0 as k→∞.

Therefore, it follows from (2-28) that

z̄′k(r)→ 0 uniformly for r ∈ (0, R] as k→∞,

which implies

(2-29) z̄k(r)→ 1 uniformly for r ∈ [0, R] as k→∞.

On the other hand, we see that, for r ∈
[
R, 1

2 |xk |
]
,

(2-30) −z̄′k(r)≤
r−3

|1vk(0)||S3|

∫
B|xk |/2(0)

evk(y)dy.

Integrating both sides on [R, r ], we find

(2-31) 0≤ z̄k(R)− z̄k(r)≤
1

2R2|1vk(0)||S3|

∫
B|xk |/2(0)

evk(y) dy→ 0
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uniformly on r ∈
[
R, 1

2 |xk |
]

as k→∞. By (2-29) and (2-31), we deduce

(2-32) z̄k(r)→ 1 uniformly on r ∈
[
0, 1

2 |xk |
]

as k→∞.

Hence, for k sufficiently large, we have

1v̄k(r)≤ 1
21vk(0) <−1

2ε for r ∈
[
0, 1

2 |xk |
]
.

Using the similar arguments as in Step 1, we infer

v̄k
( 1

2 |xk |
)
− v̄k(0) <− 1

16 M
( 1

2 |xk |
)2

and
ūk
( 1

2 |xk |
)
≤−

( 1
16 M + o(1)

)(1
2 |xk |

)2
.

This contradicts the fact u(x)= o(|x |2) as |x | →∞.
Combining Steps 1 and 2, we can obtain

(2-33) lim
|x |→∞

1u(x)= 0.

Step 3: we show (2-24). On the contrary, there is a sequence {xk} ⊂ R4
\B with

|xk | → ∞ as k →∞ such that u(xk)→∞ as k →∞. Setting vk(y) = u(x),
y = x − xk , we see from (2-33) that, for k sufficiently large,

1yvk(y)≥−ϑ for all y ∈ B|xk |/2(0),

where ϑ is a positive constant. Thus

1v̄k(r)≥−ϑ for all r ∈
(
0, 1

2 |xk |
]
.

Then, for k sufficiently large,

v̄k(r)≥ v̄k(0)− 1
8ϑr2 for all r ∈

(
0, 1

2 |xk |
]

and

(2-34) ev̄k(r) ≥ eu(xk)e−ϑr2/8
≥ Me−ϑr2/8 for all r ∈

(
0, 1

2 |xk |
]
,

for some M > 0 suitably large. Note that u(xk)→∞ as k→∞. From (2-34), we
have ∫

B|xk |/2(xk)

eu(y) dy ≥ M |S3
|

∫ 2

0
r3e−ϑr2/8 dr > 0,

which is a contradiction with∫
B|xk |/2(xk)

eu(y) dy→ 0 as k→∞. �
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3. Proof of the main results

In this section, we present the proof of Theorems 1.1 and 1.2. The proof of
Theorem 1.1 is simple by using the result in [Chou and Wan 1994]. We mainly
concentrate our attention to the proof of Theorem 1.2.

Proof of Theorem 1.1. Let u ∈ C2(R2
\B) be a solution to (1-1). Using the

transformation
v(y)= u(x), y =

x
|x |2

,

we see that v ∈ C2(B\{0}) satisfies the problem

(3-1) −1yv = |y|−4ev in B\{0},
∫

B\{0}
|y|−4ev(y) dy <∞.

It is clear that 0 is a nonremovable singular point of v. To obtain the asymptotic
behavior of u(x) as |x | →∞, we only need to obtain the asymptotic behavior of
v(y) as |y| → 0.

Let w(y)= v(y)− 4 ln |y|. We find that w(y) satisfies the problem

(3-2) −1w = ew in B\{0},
∫

B\{0}
ew(y) dy <∞.

It follows from [Chou and Wan 1994, Theorem 5] that

(3-3)
w(y)
ln |y|

→ β0 as |y| → 0,

where β0 >−2, which implies

(3-4)
v(y)
ln |y|

→ β as |y| → 0,

where β = β0+ 4> 2. Therefore, (1-6) can be obtained from (3-4) and the proof
of Theorem 1.1 is complete. �

Proof of Theorem 1.2. Define

(3-5) w(x)=
1

4|S3|

∫
R4\B

ln
(
|x−y|
|y|

)
eu(y) dy

and

(3-6) w̄(r)=
1

|∂Br (0)|

∫
∂Br (0)

w(y) dσ, r > 1.

Then, we have

12w(x)=−eu(x) and 12(u+w)(x)= 0 for x ∈ R4
\B.



ASYMPTOTIC BEHAVIOR OF SOLUTIONS FOR ELLIPTIC EQUATIONS 345

Note that u is upper bounded, as in [Lin 1998], we can deduce

(3-7) 1w =
1

2|S3|

∫
R4\B

1
|x − y|2

eu(y) dy

and
1w(x)→ 0 as |x | →∞.

Set ψ = u +w. Then 12ψ = 0 in R4
\B. Let k(t, θ) = ψ(r, θ), k̄(t) = ψ̄(r),

t = ln r , r = |x |, r > 1. Then 12ψ̄(r)= 0, r > 1. By Lemmas 2.1, A.1, we know

k̄(t)
t
→ α0−β as t→∞,

where
α0 =

1
4|S3|

∫
R4\B

eu(y) dy.

Define
z(t, θ)= k(t, θ)− k̄(t).

Then

(3-8) z(4)t − 4zt t + 21θ zt t +1
2
θ z = 0, (t, θ) ∈ (0,∞)×S3.

Let

z(t, θ)=
∞∑

i=1

mi∑
j=1

z j
i (t)Q

j
i (θ),

where Q j
i (θ) is an eigenfunction corresponding to the eigenvalue σi of the problem

12
θQ = σQ, θ ∈ S3.

It is known from [Guo et al. 2015] that σi = λ
2
i , λi = i(2+ i), mi = (1+ i)2 is the

multiplicity of σi and Q j
i also satisfies

−1θQ j
i = λi Q j

i , θ ∈ S3.

Hence for each (i, j) with i = 1, 2, . . ., j = 1, 2, . . . ,mi ,

(3-9) (z j
i )
(4)(t)− 2(λi + 2)(z j

i )t t(t)+ λ
2
i (z

j
i )(t)= 0.

The characteristic equation of (3-9) is

τ (4)− 2(2+ λi )τ
2
+ λ2

i = 0

and the corresponding characteristic roots are given by

τ
(i)
1 =

√
2+ λi + 2

√
1+ λi , τ

(i)
2 =−

√
2+ λi + 2

√
1+ λi ,

τ
(i)
3 =

√
2+ λi − 2

√
1+ λi , τ

(i)
4 =−

√
2+ λi − 2

√
1+ λi .
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Moreover,
τ
(i)
2 < τ

(i)
4 < 0< τ (i)3 < τ

(i)
1 .

By the standard ODE theory, we see that there is T � 1 such that for t > T

z j
i (t)= B1eτ

(i)
1 t
+ B2eτ

(i)
2 t
+ B3eτ

(i)
3 t
+ B4eτ

(i)
4 t .

Since |z(t, θ)| ≤ Ct , we have B1 = B3 = 0. Thus

z j
i (t)= B2eτ

(i)
2 t
+ B4eτ

(i)
4 t

and
B2 = O(T )e−τ

(i)
2 T , B4 = O(T )e−τ

(i)
4 T .

Thus
z j

i (t)= O(T )eτ
(i)
2 (t−T )

+ O(T )eτ
(i)
4 (t−T ).

Let Z2(t)=
∑
∞

i=1
∑mi

j=1[z
j
i (t)]

2. Note that τ (i)2 < τ
(i)
4 < 0, then

Z2(t)≤CT
∞∑

i=1

mi (e2τ (i)2 (t−T )
+e2τ (i)4 (t−T ))≤CT

∞∑
i=1

mi e2τ (i)4 (t−T )
≤CT e2τ (1)4 (t−T ),

where C is a positive constant independent of t . Here we have used the fact that for
t > T∗ := 10T ,

lim
i→∞

mi+1

mi
e2(τ (i+1)

4 −τ
(i)
4 )(t−T )

≤ e−2(t−T )
≤

1
2 .

Note that ‖Q j
i ‖L2(S3) = 1 for each (i, j). Hence

‖z‖L2(S3) ≤ Ceτ
(1)
4 (t−T )

≤ Ceτ
(1)
4 t .

By the interior L∞-estimate of (3-8) in (t − 1, t + 1)×S3, we obtain

(3-10) |z(t, θ)| ≤ C‖z‖L2((t−1,t+1)×S3) ≤ Ceτ
(1)
4 t ,

which implies

max
θ∈S3
|z(t, θ)| ≤ Ceτ

(1)
4 t for t ∈ (T∗,∞).

Since τ (1)4 =−1, we find

u(x)=−w(x)+ ψ̄(|x |)+ O(|x |−1).

By Lemma A.1, we see

w(x)
ln |x |

→ α0 as |x | →∞.
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Therefore

(3-11) lim
|x |→∞

u(x)
ln |x |

= −β, β > 4.

Next we show

(3-12) −|x |21u(x)→
1

2|S3|

∫
R4\B

eu(y) dy+ κ as |x | →∞,

where κ is a constant.
Thanks to (3-7), (3-11), we deduce

(3-13) |x |21w(x)→
1

2|S3|

∫
R4\B

eu(y) dy as |x | →∞.

Let h(x)=1(u+w)(x),

h̄(r)=
1

|∂Br (0)|

∫
∂Br (0)

h(y) dσ.

Since lim|x |→∞1(u+w)(x)= 0. Then, we see that limr→∞ h̄(r)= 0,

1h̄(r)= 0 for all r ∈ (1,∞).

Then, there is a constant c such that

(3-14) h̄′(r)≡ cr−3 for all r ∈ (1,∞).

By integrating (3-14) in (r,∞), we obtain

(3-15) h̄(r)=−κr−2, where κ = 1
2 c.

To obtain (3-12), we only need to show

(3-16) |x |2(h(x)− h̄(|x |))→ 0 as |x | →∞.

Let
z(t, θ)= h(r, θ)− h̄(r), t = ln r.

Then z(t, θ) satisfies

(3-17) zt t(t, θ)+ 2zt(t, θ)+1θ z(t, θ)= 0, (t, θ) ∈ (0,∞)×S3.

Set

z(t, θ)=
∞∑

i=1

mi∑
j=1

z j
i (t)Q

j
i (θ),

where Q j
i (θ) is an eigenfunction corresponding to the eigenvalue λi of the problem

−1θQ = λQ, θ ∈ S3.
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It is well-known that λi = i(2+ i) and mi = (1+ i)2 is the multiplicity of λi . Then
z j

i (t) satisfies

(3-18) (z j
i )
′′(t)+ 2(z j

i )
′(t)− λi z

j
i (t)= 0, t ∈ (0,∞).

The characteristic equation of (3-18) is

τ 2
+ 2τ − λi = 0,

whose characteristic roots are given by

τ
(i)
1 =−1−

√
1+ λi < 0 and τ

(i)
2 =−1+

√
1+ λi > 0, i = 1, 2, . . .

Therefore, for T � 1 and t > T , we see that

z j
i (t)= Aeτ

(i)
1 t
+ Beτ

(i)
2 t , where A, B are generic constants.

Using the fact that h(x) is bounded and hence z(t, θ) is bounded, we deduce that
B = 0 and

z j
i (t)= Aeτ

(i)
1 t with A = O(1)e−τ

(i)
1 T .

Hence, for j = 1, 2, . . . ,mi , we have

z j
i (t)= O(1)eτ

(i)
1 (t−T ) for all t > T .

Since
lim

i→∞

mi+1

mi
e2(τ (i+1)

1 −τ
(i)
1 )(t−T )

≤ e−2(t−T ) < 1
2 .

Thus, for t > 10T , we obtain

(3-19) ‖z‖2L2(S3)
≤ C

∞∑
i=1

mi e2τ (i)1 (t−T )
≤ Ce2τ (1)1 t ,

where C > 0 is independent of t .
For any fixed (t, θ) ∈ (T∗+ 1,∞)×S3, by the interior L∞-estimate of (3-17)

in (t − 1, t + 1)×S3, we obtain from (3-19) that

(3-20) |z(t, θ)| ≤ C‖z‖L2((t−1,t+1)×S3) ≤ Ceτ
(1)
1 t ,

where C > 0 is independent of t . Thus

(3-21) max
θ∈S3
|z(t, θ)| ≤ Ce−3t for t ∈ (T∗,∞).

Therefore, for |x | ≥ 2eT∗ , we have

|x |2|h(x)− h̄(|x |)| ≤ C |x |−1,

where C > 0 is independent of |x |. Then (3-12) holds and the proof of the theorem
is complete. �
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Now we are in the position to give the proof of Theorem 1.4.

Proof of Theorem 1.4. Let w(y)= v(y)+ 8 ln |y|. Then w(y) satisfies the problem

12w = |y|−8ew in B\{0},
∫

B\{0}
|y|−8ew(y) dy <∞.

It is known from the proof of Theorem 1.2 and Remark 1.3 that

w(y)
ln |y|

→ β as |y| → 0

with β > 4. Then we have

v(y)
ln |y|

→ γ as |y| → 0

with γ = β − 8>−4. This completes the proof of the theorem. �

Appendix: Some estimates

In this section, we shall present some estimates used in the proof of Theorem 1.2.
The proof is similar to that in [Lin 1998]. For the reader’s convenience, we give the
proof.

Let u be a solution of (1-2). Define

α0 =
1

4|S3|

∫
R4\B

eu(y) dy,(A-1)

w(x)=
1

4|S3|

∫
R4\B

ln
(
|x−y|
|y|

)
eu(y) dy,(A-2)

w̄(r)=
1

|∂Br (0)|

∫
∂Br (0)

w(y) dσ for r > 1.(A-3)

Lemma A.1. Let u be a solution of (1-2) and v̄(r) is defined in (A-3). Then

w(x)
ln |x |

→ α0 as |x | →∞,(A-4)

w̄(r)
ln r
→ α0 as r→∞.(A-5)

Proof. We only need to show (A-4). We first show that

(A-6) w(x)≤ α0 ln |x | +C, where C is a positive constant.

For |x | ≥ 4, we split R4
\ B =�1 ∪�2, where �1 =

{
y ∈ R4

\B : |y− x | ≤ 1
2 |x |

}
,

�2 =
{

y ∈ R4
\B : |y− x |> 1

2 |x |
}
. For y ∈�1, we have

|y| ≥ |x | − |x − y| ≥ 1
2 |x | ≥ |x − y|.
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Then ln(|x − y|/|y|) ≤ 0. Note that |x − y| ≤ |x | + |y| ≤ |x ||y| for |x |, |y| ≥ 2.
Since 3

2 ≥ |x − y|/|x | ≥ 1
2 for |x | ≥ 4, |y| ≤ 2. Thus, we find

ln |x − y| ≤ ln |x | +C.
Then

w(x)≤
1

4|S3|

∫
�2

ln
(
|x−y|
|y|

)
eu(y) dy

≤
1

4|S3|
ln |x |

∫
�2

eu(y) dy+
1

4|S3|

∫
�2∩{|y|≤2}

(C − ln |y|)eu(y) dy

≤ α0 ln |x | +C.

Next, we claim that for any ε > 0, there exists R = R(ε) > 0 such that for |x |> R,

(A-7) w(x)≥
(
α0−

1
2ε
)

ln |x | +
1

4|S3|

∫
B1(x)

ln(|x − y|)eu(y) dy.

We decompose R4
\B into A1, A2 and A3, where A1 = {y : 1 < |y| ≤ R0}, A2 ={

y : |y− x | ≤ 1
2 |x |, |y| ≥ R0

}
, A3 = {y : |y− x |> 1

2 |x |, |y| ≥ R0}. For any ε > 0,
choosing R0 large, and taking |x | sufficiently large, we have

1
4|S3|

∫
A1

ln
(
|x−y|
|y|

)
eu(y) dy−

1
4|S3|

ln |x |
∫

R4\B
eu(y) dy

≥
1

4|S3|
ln |x |

∫
A1

ln
(
|x−y|
|x ||y|

)
eu(y) dy−

1
4|S3|

ln |x |
∫

Ac
1

eu(y) dy ≥− 1
4ε ln |x |.

Then
1

4|S3|

∫
A1

ln
(
|x−y|
|y|

)
eu(y) dy ≥

(
α0−

1
4ε
)

ln |x |.

Since |y|< 2|x | in A2, we find

1
4|S3|

∫
A2

ln
(
|x−y|
|y|

)
eu(y) dy

≥
1

4|S3|

∫
B1(x)

ln(|x − y|)eu(y) dy−
1

4|S3|
ln(2|x |)

∫
A2

eu(y) dy.

For A3, if |y| ≤ 2|x |, |x− y| ≥ 1
2 |x | ≥

1
4 |y|. If |y| ≥ 2|x |, |x− y| ≥ |y|− |x | ≥ 1

2 |y|.
Then |x − y|/|y| ≥ 1

4 . Hence

1
4|S3|

∫
A3

ln
(
|x−y|
|y|

)
eu(y) dy ≥−

1
4|S3|

ln 4
∫

A3

eu(y) dy.

Therefore, our claim follows.
Let δ0 small, R0 sufficiently large such that

(A-8)
∫

B4(x)
eu(y) dy ≤ δ0, |x | ≥ R0.
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Set h be the solution of

12h = eu in B4(x), h =1h = 0 on ∂B4(x).

By [Lin 1998, Lemma 2.3], we find, for small δ0 > 0,

(A-9)
∫

B4(x)
e2|h(y)| dy ≤ σ,

where σ > 0 is independent of x .
Let ϕ = u− h. Then

12ϕ = 0 in B4(x), 1ϕ =1u, ϕ = u on ∂B4(x).

Setting φ(y)=−1ϕ(y), then

1φ = 0 in B4(x), φ =−1u on ∂B4(x).

By Lemma 2.2, we see that 1u is bounded. Thus

|φ(y)| ≤ c0, y ∈ B2(x).

Note that
1ϕ =−φ in B4(x), ϕ = u on ∂B4(x).

By the elliptic estimates, we have

sup
B1(x)

ϕ ≤ C(‖ϕ+‖L1(B2(x))+‖φ‖Lq (B2(x))), q > 2.

Since ϕ = u− h, then ϕ+ ≤ u++ |h|. Thus∫
B2(x)

ϕ+ dy ≤ C
∫

B2(x)
eϕ
+/2 dy ≤ C

(∫
B2(x)

eu+(y) dy
)1/2(∫

B2(x)
e|h(y)| dy

)1/2

.

Note eu+
≤ 1+eu , we find that supB1(x) ϕ(x)≤C , u ≤C+|h(y)|, y ∈ B1(x). Then∫

B1(x)
e2u(y) dy ≤ C

∫
B1(x)

e2|h(y)| dy ≤ C.

Thus∣∣∣∣∫
B1(x)

ln(|x − y|)eu(y) dy
∣∣∣∣≤ (∫

B1(x)
ln2
|x − y| dy

)1/2(∫
B1(x)

e2u(y) dy
)1/2

≤ C.

By (A-7), we deduce, for |x | large enough,

(A-10) w(x)≥ (α0− ε) ln |x |.

In view of (A-6),(A-10), we can obtain (A-4). �
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ULRICH ELEMENTS IN
NORMAL SIMPLICIAL AFFINE SEMIGROUPS

JÜRGEN HERZOG, RAHELEH JAFARI AND DUMITRU I. STAMATE

Let H ⊆ Nd be a normal affine semigroup, R = K [H] its semigroup ring
over the field K and ωR its canonical module. The Ulrich elements for H are
those h in H such that for the multiplication map by xh from R into ωR, the
cokernel is an Ulrich module. We say that the ring R is almost Gorenstein
if Ulrich elements exist in H . For the class of slim semigroups that we
introduce, we provide an algebraic criterion for testing the Ulrich property.
When d = 2, all normal affine semigroups are slim. Here we have a simpler
combinatorial description of the Ulrich property. We improve this result for
testing the elements in H which are closest to zero. In particular, we give a
simple arithmetic criterion for when is (1, 1) an Ulrich element in H .

Introduction

Let H be an affine semigroup in Nd and K [H ] its semigroup ring over the field K.
In this paper we investigate the almost Gorenstein property for K [H ] taking into
account the natural multigraded structure of this ring, under the assumption that H
is normal and simplicial.

The almost Gorenstein property appeared in [Barucci and Fröberg 1997] in
the context of 1-dimensional analytical unramified rings. It was extended to
1-dimensional local rings by Goto, Matsuoka and Thi Phuong [Goto et al. 2013], and
later on to rings of higher dimension by Goto, Takahashi and Taniguchi [Goto et al.
2015]. Let R be a positively graded Cohen–Macaulay K -algebra with canonical
module ωR . We let a = −min{k ∈ Z : (ωR)k 6= 0}, which is also known as the
a-invariant of R. In [Goto et al. 2015], R is called (graded) almost Gorenstein (AG
for short) if there exists an exact sequence of graded R-modules

(1) 0→ R→ ωR(−a)→ E→ 0,

where E is an Ulrich module, i.e., E is a Cohen–Macaulay graded module which
is minimally generated by e(E) elements. Here e(E) denotes the multiplicity of E
with respect to the graded maximal ideal in R.

MSC2020: primary 05E40, 13H10; secondary 13H15, 20M25.
Keywords: almost Gorenstein ring, Ulrich element, affine semigroup ring, lattice points.
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Let H ⊆ Nd be an affine semigroup whose associated group is gr(H)= Zd. We
denote C the cone over H. Assume H is normal, i.e., H = C ∩Zd, equivalently,
the ring R is normal. Then R is a Cohen–Macaulay ring [Hochster 1972] and a
K -basis for the canonical module ωR is given by the monomials with exponents
in the relative interior of the cone C [Danilov 1978; Stanley 1978], i.e., in the set
ωH = Zd

∩ relint C . In the multigraded setting that we want to consider here, there
does not seem to be any distinguished element in ωH to replace the a-invariant in
the short exact sequence (1). In this sense, we propose the following.

Definition 3.1. For b ∈ ωH consider the exact sequence

(2) 0→ R→ ωR(b)→ E→ 0,

where 1 ∈ R is mapped to u = xb and E = ωR/u R. Then b is called an Ulrich
element in H, if E is an Ulrich R-module.

If H admits an Ulrich element b, then we call the ring R = K [H ] almost
Gorenstein with respect to b, or simply AG if H has an Ulrich element.

The Gorenstein property has attracted a lot of interest due to its multifaceted
algebraic and homological descriptions. For rings with a combinatorial structure
behind, there are often nice characterizations of the Gorenstein property. Scratching
only at the surface, we mention that Gorenstein toric rings were characterized by
Hibi [1992], and for special subclasses the results are more precise; see [De Negri
and Hibi 1997; Hibi 1987; Hibi et al. 2019; Dinu 2020].

The almost Gorenstein property was characterized for determinantal rings in
[Taniguchi 2018], numerical semigroup rings in [Nari 2013] and Hibi rings in
[Miyazaki 2018].

In this paper we investigate the Ulrich elements in H under the assumption that
the normal affine semigroup H ⊂ Nd is also simplicial, i.e., the cone C over H
has d = dimR aff(H) extremal rays. That will be assumed for the rest of this
introduction, too.

Next we outline the main results. We denote a1, . . . , ad the primitive integer
vectors in H situated on each extremal ray of the cone C , respectively, and we call
them the extremal rays of H. They are part of the Hilbert basis of H, denoted BH ,
which is the unique minimal generating set of H.

When H is normal and simplicial it is known that the monomials xa1, . . . , xad

form a maximal regular sequence on R. A first result that we prove in Proposition 2.2
is that for any b 6= 0 in H the sequence xb, xa1 − xa2, . . . , xa1 − xad is regular, as
well. Let J = (xai − xa j : 1≤ i, j ≤ d)R. The next technical result is vital in our
study of Ulrich elements. Namely, in Theorem 2.4, we show that J is a reduction
ideal of m modulo the ideal xb R, if and only if for any c ∈ BH \ωH the sum of
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the coordinates of c with respect to the basis a1, . . . , ad is at least one. The normal
and simplicial semigroups with that property are to be called slim.

In this notation, we provide the following characterization.

Theorem 3.2. Let H be a slim semigroup and b ∈ ωH . Then b is an Ulrich element
in H if and only if mωR ⊆ (xb R, JωR).

This result allows to produce first examples of semigroups with Ulrich elements;
see Examples 3.5, 3.4.

In the next sections we focus on making more explicit the AG property in
dimension two. Let H be any normal affine semigroup H ⊆ N2. It is automatically
slim since it is simplicial and BH \ {a1, a2} ⊆ ωH (see Lemma 1.1). We denote by
a1, a2 its extremal rays. In Theorem 4.3 we prove that any element b∈ BH \{a1, a2}

is an Ulrich element in H if and only if for all c1, c2 in BH one has

c1+ c2 ∈ (a1+ H)∪ (a2+ H)∪ (b+ H).

Equivalently, if for all c1, c2 ∈ BH so that c1, c2 ∈ PH it follows that c1+c2 ∈ b+H.
Here PH = {λ1a1+ λ2a2 : 0≤ λ1, λ2 < 1} is the fundamental parallelogram of H.

Based on this result, in Section 4 we find examples with zero, one, or several
Ulrich elements in BH .

We prove in Lemma 5.1 that for any H ⊆ N2 as above, the semigroup ideal
ωH has a unique minimal element with respect to the componentwise partial order
on N2. We call it the bottom element of H. This definition naturally extends to
higher embedding dimension, but when d > 2 not all normal semigroups in Nd

have a bottom element.
However, bottom elements, when available, are good candidates to check against

the Ulrich property. We prove that when H ⊆ Nd is a slim semigroup such that

• (Proposition 3.6) the nonzero elements in H have all the entries positive and
b= (1, 1, . . . , 1) ∈ ωH , or

• (Proposition 5.5) d = 2 and b the bottom element in H satisfies 2b ∈ PH ,

then b is the only possible Ulrich element in H.
These results motivate us to find more direct criteria for testing the Ulrich property

of the bottom element. Our attempt is successful when d = 2.

In the following, H is a normal affine semigroup in N2 with the extremal rays
a1 = (x1, y1) and a2 = (x2, y2) with a1 closer to the x-axis than a2. Considering
b = (u, v) the bottom element of H, for i = 1, 2 we define Hi to be the normal
semigroup with the extremal rays b and ai . We denote H∗i = relint PHi ∩ Z2 for
i = 1, 2. We show:
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Lemma 5.12. For b the bottom element in H the following are equivalent:

(a) b is an Ulrich element in H.

(b) For i = 1, 2, if p, q ∈ H∗i then p+ q /∈ H∗i .

We shall say that H is AG1 if point (b) above is satisfied for i = 1 and we call it
AG2 if it holds for i = 2.

Thus the bottom element is an Ulrich element in H if and only if H is AG1 and
AG2. This calls for a better understanding of the points in H∗1 and H∗2 . Lemma 5.16
shows that H∗i has |vxi−uyi |−1 elements, for i = 1, 2. An immediate consequence
of independent interest is the following Gorenstein criterion.

Corollary 5.17. With notation as above, the ring K [H ] is Gorenstein if and only if
vx1− uy1 = uy2− vx2 = 1.

The x-coordinates of points in H∗1 are distinct integers in the interval (u, x1).
Moreover, if for any integer i we consider the integers qi , ri so that iy1 = qi x1+ ri

with 0≤ ri < x1 then any integer k ∈ (u, x1) is the x-coordinate of some p∈ H∗1 (i.e.,
k ∈π1(H∗1 )) if and only if qk = v−1+qk−u , or equivalently, if rk ≥ x1−(vx1−uy1).
In that case, p= (k, qk + 1). These observations (detailed in Lemma 5.18) allow
us to test the AG1 property as follows.

Proposition 5.20. The semigroup H is AG1 if and only if rk+r`<2x1−(vx1−uy1)

for all integers k, ` ∈ π1(H∗1 ) with k+ ` < x1.
When the bottom element is (1, 1) (i.e., y1 < x1 and x2 < y2) we can describe

recursively the points in H∗1 .

Lemma 6.1. Assume (1, 1) ∈ ωH and H∗1 6= ∅. Let n = |H∗1 | = x1 − y1 − 1.
Recursively, we define nonnegative integers `1, . . . , `n and s1, . . . , sn by

x1 = `1(x1− y1)+ s1, with s1 < x1− y1,

and
y1+ si−1 = `i (x1− y1)+ si with si < x1− y1,

for i = 2, . . . , n. Then

H∗1 =
{

pt = (ct , dt) : ct = t +
t∑

i=1

`i , dt =

t∑
i=1

`i , t = 1, . . . , n
}
.

A similar description is available for points in H∗2 . A little bit more effort is
necessary to obtain the following arithmetic criterion for the Ulrich property of
(1, 1). The effort is compensated with the simplicity of the statement.

Theorem 6.3. Assume (1, 1) ∈ ωH . Then (1, 1) is an Ulrich element in H if and
only if xi ≡ 1 mod(xi − yi ) for i = 1, 2.
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Consequently, by Corollary 6.4, if x1 y1x2 y2 6= 0 the ring K [H ] is AG if and
only if xi ≡ 1 mod(xi − yi ) for i = 1, 2.

In Section 7 we discuss another extension of the Gorenstein property for affine
semigroup rings. According to the definition proposed in [Herzog et al. 2019],
any Cohen–Macaulay ring K [H ] is called nearly Gorenstein if the trace ideal
tr(ωK [H ]) contains the graded maximal ideal of K [H ]. For one-dimensional rings,
the almost Gorenstein property implies the nearly Gorenstein property, but for rings
of larger dimension there is no implication between these two properties. We prove
in Theorem 7.1 that when H is a normal semigroup in N2 the ring K [H ] is nearly
Gorenstein. Example 7.2 shows that the statement is not valid in higher embedding
dimensions.

1. Background on affine semigroups and their toric rings

In this paper all semigroups considered are fully embedded, i.e., when writing
H ⊆Nd we shall implicitly assume that the group generated by H is gr(H)= Zd.
A subset H ⊆ Nd is called an affine semigroup if there exist c1, . . . , cr ∈ H such
that H =

∑r
i=1 Nci . Moreover, H is called a normal semigroup if for all h in Nd

and n positive integer, nh ∈ H implies that h ∈ H.
Let K be any field and H =

∑r
i=1 Nci ⊆ Nd. The semigroup ring K [H ] is the

subalgebra of the polynomial ring K [x1, . . . , xd ] generated by the monomials with
exponents in H. Then H is normal if and only if the semigroup ring K [H ] is
integrally closed in its field of fractions [Bruns and Gubeladze 2009]. The normality
for H is also equivalent to the fact that H contains all the lattice points of the
rational polyhedral cone C that it generates, i.e., H = C ∩Zd, where

C =
{ r∑

i=1

λi ci : λi ∈ R≥0, for i = 1, . . . , r
}
.

The dimension (or rank) of H is defined as the dimension of aff(H), the affine
subspace it generates. The latter is the same as aff(C).

Let 〈 · , · 〉 denote the usual scalar product in Rd. Given n∈Rd
\{0}, the hyperplane

Hn = {z ∈ Rd
: 〈z, n〉 = 0} is called a support hyperplane for C if 〈z, n〉 ≥ 0 for all

z ∈ C and Hn ∩C 6=∅. In this case, the cone Hn ∩C is called a face of C and its
dimension is dim aff(Hn ∩C). Let F be any face of the cone C . When dim F = 1,
the face F is called an extremal ray, and when dim F = d − 1, it is called a facet
of C . The normal vector to any hyperplane is determined up to multiplication by
a nonzero factor; hence we may choose n1, . . . , ns ∈ Zd to be the normals to the
support hyperplanes that determine the facets of C and such that

C = {z ∈ Rd
: 〈z, ni 〉 ≥ 0, for i = 1, . . . , s}.
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The unique minimal set of generators for the semigroup H is called the Hilbert
basis of H and we denote it as BH .

It is known that the cone C has at least d facets and at least d extremal rays.
When C has d facets (equivalently, that it has d extremal rays) the cone C and the
semigroup H are called simplicial.

For any d ≥ 2 we denote by Nd the class of normal simplicial affine semigroups
which are fully embedded in Nd.

Let H ∈Nd and C the cone over H. On each extremal ray of C there exists a
unique primitive element from H, which we call an extremal ray for H. Denote
a1, . . . , ad the extremal rays for H. These form an R-basis in Rd. For z ∈ Rd such
that z =

∑d
i=1 λi ai with λi ∈ R, i = 1, . . . , d , we set [z]i = λi for i = 1, . . . , d . In

this notation, z is in the cone C if and only if [z]i ≥ 0 for i = 1, . . . , d . Also, when
z ∈ Zd one has that z ∈ H if and only if [z]i ≥ 0 for i = 1, . . . , d .

The fundamental (semiopen) parallelotope of H is the set

PH =

{
z ∈ Rd

: z =
d∑

i=1

λi ai with 0≤ λi < 1 for i = 1, . . . , d
}
.

Its closure in Rd is the set PH =
{

z ∈ Rd
: 0≤ [z]i ≤ 1 for i = 1, . . . , d

}
. It is well

known, and easy to see, that any h in H decomposes uniquely as h=
∑d

i=1 ni ai+h′

with h′ ∈ PH ∩Zd and n1, . . . , nd nonnegative integers. The extremal rays of H
are in BH \ PH , but the rest of the elements in BH belong to PH .

Since H is simplicial, xa1, . . . , xad is a system of parameters in R; see [Goto
et al. 1976, (1.11)]. As H is a normal semigroup, by [Hochster 1972], the ring
R = K [H ] is Cohen–Macaulay of dimension d; hence any system of parameters
in R is a regular sequence of maximal length. By [Danilov 1978; Stanley 1978],
the canonical module ωR of R is the ideal in R generated by the monomials xv

whose exponent vector v = log(xv) belongs to the relative interior of C , denoted
by relint C . Note that

relint C =
{

c ∈ Rd
: c=

d∑
i=1

λi ai with λi ∈ R>0 for all i = 1, . . . , d
}
.

We set
ωH = {h ∈ H : xh

∈ ωR} = Zd
∩ relint C,

which is a semigroup ideal of H, i.e., ωH +H ⊆ ωH . We note that h ∈ Zd is in ωH

if and only if [h]i > 0 for i = 1, . . . , d.
The ideal ωR has a unique minimal system of monomial generators which we

denote by G(ωR). We set G(ωH ) = {log(u) : u ∈ G(ωR)}. Clearly, G(ωH ) is
the unique minimal system of generators for ωH . The situation when G(ωH )
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is a singleton corresponds to the situation when R is a Gorenstein ring. When
BH = {a1, . . . , ad} then R is a regular ring, there is no lattice point in the relative
interior of PH , and G(ωH )=

{∑d
i=1 ai

}
.

The following easy lemma describes the minimal generators of ωH when H ∈N2.
For completeness, we include a proof here.

Lemma 1.1. Let H be in N2 with the extremal rays a1, a2. Then BH ∩ ωH =

BH \ {a1, a2}. Moreover, if {a1, a2}( BH , then G(ωH )= BH ∩ωH .

Proof. Clearly, BH ∩ωH ⊆ BH \ {a1, a2}. If b∈ BH \ {a1, a2} then, since a1 and a2

are the extremal rays, it follows that b ∈ relint PH ; hence b ∈ BH ∩ωH . Therefore,
BH ∩ωH = BH \ {a1, a2}.

Assume {a1, a2}( BH . Let b ∈ G(ωH ). The only lattice points on the boundary
of the parallelogram PH are 0, a1, a2, a1+a2. None of them is in G(ωH ), under our
hypothesis. Thus b ∈ relint PH . If, on the contrary, b /∈ BH , then b is the sum of at
least two elements in BH , out of which at least one is not in ωH , i.e., the latter is a1

or a2. This implies that b /∈ PH , a contradiction. Consequently, G(ωH )⊆ BH ∩ωH .
The reverse inclusion is clear. �

We refer to the monographs [Bruns and Herzog 1998; Bruns and Gubeladze
2009; Villarreal 2015; Ziegler 1995; Fulton 1993] for more background on affine
semigroups, their semigroup rings, rational cones and the connections with algebraic
geometry.

2. A regular sequence in K [H] and slim semigroups

Throughout this section H is a semigroup in Nd having the extremal rays a1, . . . , ad ,
and R = K [H ]. The main result is Theorem 2.4 where we present equivalent
conditions for the existence of a convenient reduction for the graded maximal ideal
of K [H ]/(xb), where b is any nonzero element in H. This result motivates us to
introduce the class of slim semigroups.

The following lemma plays a crucial role in the proof of Proposition 2.2 and in
several other arguments in this paper.

Lemma 2.1. Let b=
∑d

i=1 λi ai , with λ1, . . . , λd ∈ R.

(a) Let ni = bλic+ 1 for i = 1, . . . , d. Then
(∑d

i=1 ni ai
)
− b ∈ ωH .

(b) If b ∈ PH then
(∑d

i=1 ai
)
− b ∈ H, and in particular, if b ∈ PH , then(∑d

i=1 ai
)
− b ∈ ωH .

Proof. For (a) we note that
(∑d

i=1 ni ai
)
−b=

∑d
i=1(1−{λi })ai and 0< 1−{λi }≤ 1

for all i ; hence the sum of interest is in ωH . Here we denoted {λi } = λi −bλic for
all i . Part (b) follows immediately. �
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Proposition 2.2. For any b 6= 0 in H, the sequence xb, xa1 − xa2, . . . , xa1 − xad is
a regular sequence on R.

Proof. In order to simplify notation we set u = xb and vi = xai for i = 1, . . . , d.
Let I = (u, v1 − v2, . . . , v1 − vd). We may write b =

∑d
i=1 λi ai with λi ≥ 0 for

i = 1, . . . , d. We denote ni = bλic+ 1 for all i and we set N =
∑d

i=1 ni .
We will show that vN

i ∈ I for i = 1, . . . , d. Since vi − v j ∈ I for all i and j, it
follows by symmetry that it is enough to show that vN

1 ∈ I.
We write

vN
1 = (v

n2
1 − v

n2
2 ) · v

N−n2
1 + v

N−n2
1 v

n2
2

= (v
n2
1 − v

n2
2 ) · v

N−n2
1 + v

N−n2−n3
1 v

n2
2 (v

n3
1 − v

n3
3 )+ v

N−n2−n3
1 v

n2
2 v

n3
3

=

d∑
i=2

v
N−

∑i
j=2 n j

1 v
n2
2 · · · v

ni−1
i−1 (v

ni
1 − v

ni
i )+ v

n1
1 · · · v

nd
d .

Hence by Lemma 2.1 it follows that vN
1 ∈ I.

Since H is a normal simplicial semigroup, v1, . . . , vd is a regular sequence in R;
hence vN

1 , . . . , v
N
d is a regular sequence in R, as well. Since R is a Cohen–Macaulay

ring of dimension d we get that vN
1 , . . . , v

N
d is also a system of parameters for R.

Thus 0< λ(R/I ) ≤ λ(R/(vN
1 , . . . , v

N
d )) <∞, which implies that u, v1− v2, . . . ,

v1−vd is a system of parameters, and consequently a regular sequence for R. Here
λ(M) denotes the length of an R-module M. �

In the sequel, our aim is to find a reduction ideal for the graded maximal ideal m
of R, modulo the ideal xb R, for any b∈ H \{0}. In this order, we need the following
lemma which is interesting on its own.

Lemma 2.3. For any b in H, there exists a positive integer k such that for all
c1, . . . , ck in ωH , one has c1+ · · ·+ ck ∈ b+ H.

Proof. Assume n1, . . . , nr ∈ Zd are normal vectors to the support hyperplanes of
the facets of the cone C such that

C = {x ∈ Rd
: 〈x, ni 〉 ≥ 0, for all i = 1, . . . , r}.

The map σ : Rd
→ Rr given by

σ(h)= (〈h, n1〉, . . . , 〈h, nr 〉), for all h ∈ Rd

is clearly R-linear and σ(H)⊆ Nr.
Let k0 =max{〈b, n j 〉 : j = 1, . . . , r}. For any integer k > k0, any c1, . . . , ck ∈

H ∩ relint C , and any 1≤ j ≤ r , the j -th component of σ(c1+· · ·+ ck− b) equals(∑k
i=1〈ci , n j 〉

)
−〈b, n j 〉 ≥ k− k0 > 0; hence c1+ · · ·+ ck ∈ b+ H. �
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Theorem 2.4. Let R = K [H ], J = (xai − xa j : i, j = 1, . . . , d)R and 0 6= b ∈ ωH .
Then the following statements are equivalent:

(i) There exists an integer k such that mk+1
= Jmk modulo the ideal xb R.

(ii)
∑d

j=1[c] j ≥ 1, for any c ∈ BH \ωH .

Proof. We denote {c1, . . . , cr } = BH \ ({a1, . . . , ad} ∪ωH ).

(i)⇒ (ii): For any c in H we set l(c) =
∑d

j=1[c] j . Clearly, l(ai ) = 1 for i =
1, . . . , d, so if r = 0, we are done. Assuming r > 0, we pick t such that l(ct) =

min{l(c j ) : j = 1, . . . , r}. Let k > 0 so that mk+1
+ xb R = Jmk

+ xb R, i.e.,
mk+1

⊆ Jmk
+ xb R.

As ct /∈ ωH , there exists 1 ≤ i0 ≤ d with [ct ]i0 = 0; hence (k + 1)ct /∈ b+ H.
From x(k+1)ct ∈ Jmk

+ xb R we get that

x(k+1)ct = xa j xu1+···+uk ,

for some 1≤ j ≤ d and u1, . . . , uk ∈ H \ (ωH ∪ {0}). Consequently,

(k+ 1)l(ct)= 1+
k∑

i=1

l(ui )≥ 1+ k min{1, l(ct)},

which implies l(ct)≥ 1.

(ii)⇒ (i): Let u = xb and vi = xai for i = 1, . . . , d . We decompose b=
∑d

i=1 λi ai

with λi ≥ 0 and we set ni = bλic+ 1 for all i = 1, . . . , d and N =
∑d

i=1 ni .
We claim that for any positive integer t , any i1, . . . , it ∈ {1, . . . , d} and any

v ∈ {v1, . . . , vd} one has

(3) vi1 · · · vit ∈ Jmt−1
+ vt R.

Indeed, this is a consequence of the following equations:

vi1 · · · vit = (vi1 − v) · vi2 · · · vit + v · vi2 · · · vit

= (vi1 − v) · vi2 · · · vit + v(vi2 − v) · vi3 · · · vit + v
2vi3 · · · vit

=6d
j=1v

j−1
· (vi j − v) · vi j+1 · · · vit + v

t .

Now let i1, . . . , iN ∈ {1, . . . , d}. In the product vi1 . . . viN we apply (3) to the
first n1 terms, then to the next n2 terms, etc., and we obtain that

(4) vi1 . . . viN ∈

d∏
i=1

(Jmni−1, v
ni
i )⊆

(
JmN−1,

d∏
i=1

v
ni
i

)
⊆ (JmN−1, u R),

where for the last inclusion we used Lemma 2.1.
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For 1≤ i≤r we may write ci =
∑d

j=1(pi j/qi )ai , where qi , pi j are nonnegative in-
tegers and qi > 0. Hence, Nqi · ci =

∑d
j=1 N pi j a j , where by the hypothesis of (ii)

we have N ≤ Nqi ≤
∑d

j=1 N pi j . Thus, using (4) we derive

(xci )Nqi =

d∏
j=1

(xa j )N pi j ∈ (Jm
∑d

j=1 N pi j−1, u R)⊆ (JmNqi−1, u R).

We set N1 =max{Nqi : 1≤ i ≤ r} if r > 0, otherwise we let N1 = N. Then

(5) (xc)N1 ⊆ (JmN1−1, u R) for all c ∈ BH \ωH .

Let k0 be a positive integer satisfying the conclusion of Lemma 2.3 for the
element b. We set k = k0+ N1 · |BH \ωH | − 2.

Let w be any product of k+ 1 monomial generators of m. If the exponents of
at least k0 of them are in relint C , then by the choice of k0 we get that w ∈ u R.
Otherwise, we may writew= (xc)N1 ·w′ for some c∈ BH \ωH andw′∈mk+1−N1 . In
the latter case, using (5) we infer that w ∈ Jmk

+u R. This shows that mk+1
+u R=

Jmk
+ u R, which completes the proof. �

The semigroups H satisfying the equivalent conditions of Theorem 2.4 deserve
a special name.

Definition 2.5. A semigroup H ∈ Nd is called slim if
∑d

i=1[c]i ≥ 1, for any
c ∈ BH \ωH .

We will denote by Hd the class of slim semigroups in Nd.

Remark 2.6. Let H ∈Nd . If BH \ωH ={a1, . . . , ad}, then H is slim. In particular,
by Lemma 1.1, any normal semigroup in N2 is slim, so N2 =H2.

Proposition 2.7. Let H ∈N3. Then H is slim if and only if [c]1+ [c]2+ [c]3 = 1
for any c ∈ BH \ωH .

Proof. Assume H is slim. If BH \ωH = {a1, a2, a3}, there is nothing left to prove.
Assume there exists c ∈ BH \ (ωH ∪ {a1, a2, a3}) such that

∑3
i=1[c]i > 1. Without

loss of generality, we may assume that 0< [c]i <1 for i =1, 2 and [c]3=0. Arguing
as in the proof of Lemma 2.1 we obtain that 0 6= a1+ a2− c ∈ Na1+Na2 ⊂ H.
We may write a1 + a2 − c = b + h, where b ∈ BH \ ωH and h ∈ H. Then∑3

i=1[b]i = [b]1+ [b]2 ≤
∑2

i=1[a1+ a2− c]i = 2−
∑2

i=1[ci ]< 1, which is false
since H is slim. �

Example 2.8. The semigroup L ∈N3 with the extremal rays a1= (11, 13, 0), a2=

(3, 4, 0) and a3 = (0, 0, 1) is not slim. Indeed, BL = {a1, a2, a3, (4, 5, 0), (5, 6, 0)}
(compare with Example 4.6) and it is easy to check that

∑3
i=1[(4, 5, 0)]i = 4

5 < 1.



ULRICH ELEMENTS IN NORMAL SIMPLICIAL AFFINE SEMIGROUPS 363

3. Ulrich elements and the almost Gorenstein property

The theory of almost Gorenstein rings has its origin in the theory of the almost
symmetric numerical semigroups in [Barucci and Fröberg 1997]. If R is the
semigroup ring of a numerical semigroup, then the semigroup is almost symmetric,
if and only if there exists an exact sequence

(6) 0→ R→ (ωR)(−a)→ E→ 0,

where E is annihilated by the graded maximal ideal of R; see [Herzog and Watanabe
2019]. Here ωR denotes the canonical module of R and −a the smallest degree of
a generator of ωR , i.e., −a =min{k : (ωR)k 6= 0}

In [Goto et al. 2013] the 1-dimensional positively graded rings which admit such
an exact sequence are called almost Gorenstein.

Goto et al. [2015, Definition 8.1] extended the concept of the almost Gorenstein
property to rings of higher dimension: let R be a positively graded Cohen–Macaulay
K -algebra with a-invariant a. Then R is called graded almost Gorenstein, if there
exists an exact sequence like in (6), where E is an Ulrich module.

Ulrich modules are defined as follows: let (R,m, K ) be a local (or positively
graded) ring with (graded) maximal ideal m, and let M be a (graded) Cohen–
Macaulay module over R. Then the minimal number of generators µ(M) of M is
bounded by the multiplicity e(M) of M. The module M is called an Ulrich module,
if µ(M)= e(M). Ulrich [1984] asked whether any Cohen–Macaulay ring admits
an Ulrich module M with dim M = dim R. At present this question is still open,
and has an affirmative answer for example when R is a hypersurface ring [Backelin
and Herzog 1989].

In the case of almost symmetric numerical semigroup rings, the module E in the
exact sequence (6) is of Krull dimension zero. A graded module M with dim M = 0
is Ulrich if and only if mM = 0. Thus the above definition [Goto et al. 2015,
Definition 8.1] is a natural extension of 1-dimensional almost Gorenstein rings to
higher dimensions.

We propose the following multigraded version of the almost Gorenstein property
for normal semigroup rings.

Definition 3.1. Let H be a normal affine semigroup and R = K [H ]. For b ∈ ωH

consider the exact sequence

(7) 0→ R→ ωR(b)→ E→ 0,

where 1 ∈ R is mapped to u = xb and E = ωR/u R. Then b is called an Ulrich
element in H, if E is an Ulrich R-module.

If H admits an Ulrich element b, then we call the ring R almost Gorenstein with
respect to b, or simply AG if H has an Ulrich element.
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Theorem 3.2. Let H ∈Hd with extremal rays a1, . . . , ad . Let m be the graded max-
imal ideal of R= K [H ]. Let b∈ωH , u= xb and J = (xai −xa j : i, j = 1, . . . , d)R.
Then b is an Ulrich element in H if and only if

(8) mωR ⊆ (u R, JωR).

Proof. Since u R and ωR are Cohen–Macaulay R-modules of dimension d , we see
(keeping the notation from (7)) that depth E ≥ d − 1, and since u R and ωR are
rank 1 modules, we deduce that Ann(E) 6= 0. Therefore, dim E ≤ d − 1, and this
implies that E is a Cohen–Macaulay R-module of dimension d − 1.

Suppose that (8) holds. By [Goto et al. 2015, Proposition 2.2.(2)], it follows that E
is an Ulrich module since (8) implies that mE = JE and since J is generated by
d−1(= dim E) elements, namely by the elements f j = xa1−xa j with j = 2, . . . , d .
Thus b is an Ulrich element in H.

Conversely, assume that b is an Ulrich element. Then E is an Ulrich module,
and therefore λ(E/mE)= e(E). It follows from Theorem 2.4 that J is a reduction
ideal of m with respect to E . Thus by [Bruns and Herzog 1998, Lemma 4.6.5],
e(E)= e(J, E), where e(J, E) denotes the Hilbert–Samuel multiplicity of E with
respect to J. Since E is Cohen–Macaulay of dimension d−1, and since J is gener-
ated by the d − 1 elements f2, . . . , fd and λ(E/JE) <∞, we see that f2, . . . , fd

is a regular sequence on E . Thus [Bruns and Herzog 1998, Theorem 4.7.6] implies
that e(J, E) = λ(E/JE). Hence, λ(E/mE) = λ(E/JE). Since JE ⊆ mE , it
follows that mE = JE , and this implies (8). �

Remark 3.3. It follows from the proof of Theorem 3.2 that if H ∈Nd and (8) holds
for some ideal J ⊂m, generated by d−1 elements, then b is an Ulrich element in H.

Example 3.4 (Ulrich elements in Gorenstein and regular rings).

(a) If K [H ] is a Gorenstein ring and G(ωH ) = {b}, then ωR = xb R; hence (8)
holds and b is an Ulrich element in H.

(b) Assume K [H ] is a regular ring with a1, . . . , ad the extremal rays of H. Set
c =

∑d
i=1 ai . Then ai + c is an Ulrich element in H for any i = 1, . . . , d.

Indeed, since m = (xa j : 1 ≤ j ≤ d) and xa j+c
= xc(xa j − xai )+ xc+ai for

j = 1, . . . , d , we have that (8) is verified for b= c+ ai .

Example 3.5. Let H ∈H2 having the extremal rays a1 = (11, 2) and a2 = (31, 6).
A computation with [Normaliz] shows that the Hilbert basis of H is

BH = {a1, a2, b= (16, 3), c1 = (21, 4), c2 = (26, 5)}.

Moreover, b, c1, c2 are the only nonzero lattice points in PH , and they all lie on the
line y = (x−1)/5 passing through a1 and a2. Comparing componentwise, we have

a1 � b� c1 � c2 � a2.



ULRICH ELEMENTS IN NORMAL SIMPLICIAL AFFINE SEMIGROUPS 365

We note that a1 + a2 = b+ c2 = 2c1. It is also straightforward to check that in
K [H ] we have

xa1 xc1 = (xb)2, xa1 xc2 = xbxc1, xc1 xc1 = xbxc2, xc1 xc2 = xbxa2,

xc2 xc2 = xa2 xc1 = (xa2 − xa1)xc1 + xa1 xc1 = (xa2 − xa1)xc1 + (xb)2,

xa2 xc2 = (xa2 − xa1)xc2 + xa1 xc2 = (xa2 − xa1)xc2 + xbxc1 .

Using Theorem 3.2 we conclude that b is an Ulrich element in H, and hence K [H ]
is AG.

In the following special case, the possible Ulrich elements can be identified.

Proposition 3.6. Let H be a semigroup in Hd whose nonzero elements have all the
entries positive, and assume that (1, . . . , 1) ∈ ωH . If H has an Ulrich element b,
then b= (1, . . . , 1).

Proof. We set b′ = (1, . . . , 1). Assume, on the contrary, that b 6= b′. Then by
the criterion in Theorem 3.2 and using the same notation, we get that xb′

· xb′
∈

(xb R, JωR). This implies that (2, . . . , 2) = 2b′ = b+ c for some c ∈ H, or that
2b′= ai+h for some 1≤ i ≤ d and h ∈ωH , h 6= b′. Since (1, . . . , 1) is the smallest
element of ωH when comparing vectors componentwise, at least one component of b
(respectively, of h) is at least two; hence at least one component of c (respectively,
of ai ) is less than or equal to zero, which is false by the assumption that all the
entries of nonzero elements of H are positive. �

4. The AG property for normal semigroups in dimension 2

As mentioned before, all 2-dimensional normal affine semigroups are slim. For
them, in Theorem 4.3 we make more concrete the criterion for Ulrich elements
given in Theorem 3.2. We first prove a couple of lemmas.

Throughout this section, unless otherwise stated, H is a semigroup in N2 =H2

with extremal rays a1 and a2. We denote by m the graded maximal ideal of
R = K [H ].

Lemma 4.1. Let b be an element in BH \ {a1, a2}. For any c ∈ ωH such that
c /∈ b+ H, there exists t ∈ {1, 2} such that c+ at ∈ b+ H.

Proof. Let C be the cone with the extremal rays a1 and a2. Let n1 and n2 be vectors
normal to the facets of the cone C such that 〈ai , ni 〉 = 0 for i = 1, 2 and x ∈ C if
and only if 〈x, n1〉 ≥ 0 and 〈x, n2〉 ≥ 0.

Since c /∈ b+ H it follows that c− b /∈ C . We may assume that 〈c− b, n1〉< 0,
and claim then that c+ a2 ∈ b+ H. Indeed,

〈c+ a2− b, n1〉 = 〈c, n1〉+ 〈a1+ a2− b, n1〉> 0,
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since 〈a1+ a2− b, n1〉> 0, by Lemma 2.1, and

〈c+ a2− b, n2〉 = 〈c− b, n2〉> 0,

since otherwise c− b ∈ −C = {−a : a ∈ C}, a contradiction to b ∈ BH . �

Lemma 4.2. Let b belong to BH \ {a1, a2}. We set I = (xb R, (xa1 − xa2)ωR)⊂ R.
Let c ∈ ωH . The following conditions are equivalent:

(a) xc
∈ I.

(b) c ∈ (b+ H)∪ (a1+ωH )∪ (a2+ωH ).

(c) c ∈ (b+ H)∪ (a1+ H)∪ (a2+ H).

Proof. (a)⇒ (b): Note that xc
∈ xb R if and only if c ∈ b+ H. If xc /∈ xb R, then

there exist 0 6= f in ωR and g in R such that

xc
= (xa1 − xa2) · f + xb

· g.

Therefore, there exists a monomial xa in ωR such that xc
= xa1 · xa or xc

= xa2 · xa,
equivalently c ∈ (a1+ωH )∪ (a2+ωH ).

(b)⇒ (a): If c ∈ b+ H then clearly xc
∈ I. Assume c /∈ b+ H. By symmetry, it is

enough to consider the case c ∈ a1+ωH .
By Lemma 4.1, since 0 6= c−a1∈ωH , c−a1 /∈ b+H and (c−a1)+a1= c /∈ b+H

it follows that c− a1+ a2 ∈ b+ H.
As we may write

xc
= xc−a1 · (xa1 − xa2)+ xc−a1+a2,

we conclude that xc
∈ I.

(b)⇒ (c) is trivial.

For (c)⇒ (b) it is enough to consider the case when c /∈ b+ H. We may assume
c ∈ a1+ H. If c /∈ a1+ωH , then there exists a positive integer n such that either
c− a1 = na1, or c− a1 = na2. In the first case we get that c = (n + 1)a1 /∈ ωH ,
a contradiction. In the second case we get that c = a1 + na2 ∈ b + H, since
a1+a2−b∈ H by Lemma 2.1. This is again a contradiction. Thus c∈ a1+ωH . �

Theorem 4.3. An element b ∈ BH \ {a1, a2} is an Ulrich element in H, if and only
if

c1+ c2 ∈ (b+ H)∪ (a1+ H)∪ (a2+ H) for all c1, c2 ∈ BH .

Proof. Let BH = {a1, a2, c1, . . . , cm}. Then m = (xa1, xa2, xc1, . . . , xcm ) and
ωR = (xc1, . . . , xcm ).

If b is an Ulrich element, then mωR ⊆ (xb R, (xa1 − xa2)ωR), and therefore
xci xc j ∈ (xb R, (xa1 − xa2)ωR) for all i, j. Thus the desired conclusion follows
from Lemma 4.2.
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Conversely, let xc
∈ mωR . Then c = ci + c j + h, or c = ai + c j + h for some

h ∈ H . In both cases our assumptions imply that c∈ (b+H)∪(a1+H)∪(a2+H).
Thus xc

∈ (xb R, (xa1 − xa2)ωR), by Lemma 4.2. This shows that b is an Ulrich
element in H. �

Example 4.4. Let H be the semigroup in H2 with the extremal rays a1 = (5, 2)
and a2 = (2, 5). Then the Hilbert basis of H is

BH = {a1, a2, c1 = (1, 1), c2 = (2, 1), c3 = (1, 2)}.

Using Theorem 4.3, we may check that none of c1, c2 or c3 is an Ulrich element
in H. The same conclusion could be reached by using Proposition 3.6 together with
Theorem 6.3.

Here is one immediate application of Theorem 4.3.

Proposition 4.5. Let H ∈H2 such that c+ c′ /∈ PH for all c, c′ ∈ BH ∩ PH . Then
any b ∈ BH ∩ PH is an Ulrich element in H.

Proof. By the hypothesis, if c, c′ ∈ BH ∩ PH then c+ c′ ∈ (a1 + H)∪ (a2 + H).
Theorem 4.3 yields the conclusion. �

One may check that the semigroup H in Example 3.5 satisfies the hypothesis of
Proposition 4.5; hence H admits three Ulrich elements.

In the following example there is exactly one Ulrich element in the Hilbert basis
of H.

Example 4.6. For the semigroup H ∈ H2 with a1 = (11, 13) and a2 = (3, 4), a
computation with [Normaliz] shows that BH = {a1, a2, c1 = (4, 5), c2 = (5, 6)}.
We note that the points 2c2− c1 = (6, 7) and 2c2− a2 = (7, 8) are not in ωH since
the slope of the line through the origin and each of these respective points is not
in the interval

( 13
11 ,

4
3

)
. Also, clearly, 2c2 − a1 = (−1,−1) /∈ H. Therefore, by

Theorem 4.3 we get that c1 is not an Ulrich element in H.
On the other hand, since 2c1 = (8, 10) = c2+ a2 and BH \ {a1, a2} = {c1, c2},

by Theorem 4.3 we conclude that c2 is an Ulrich element in H.

5. Bottom elements as Ulrich elements in dimension 2

In the multigraded situation which we consider in Definition 3.1, there is in general
no distinguished multidegree with (ωK [H ])b 6= 0. Inspired by Proposition 3.6, we
are prompted to test the Ulrich property for elements in ωH with smallest entries.
First we present the following lemma.

Lemma 5.1. For any H ∈ H2, the set ωH has a unique minimal element with
respect to the componentwise partial ordering.
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Proof. Let C be the cone of H, and let a= (a1, a2) and b= (b1, b2) be points in the
relative interior of C . We claim that a∧ b= (min{a1, b1},min{a2, b2}) ∈ relint C .
This will imply the existence of the unique minimal element of ωH .

For the proof of the claim, it is enough to consider the case when a1 < b1 and
a2 > b2. Since a2/a1 > b2/a1 > b2/b1, it follows that the point in the plane with
coordinates a∧ b= (a1, b2) lies inside the cone with vertex the origin and passing
through the points with coordinates a and b. Since the latter cone is in relint C it
follows that a∧ b ∈ relint C . �

We call the unique minimal element of ωH with respect to the componentwise
partial ordering, the bottom element of H.

Remark 5.2. For H ∈H2, since the elements in ωH have only nonnegative entries,
it follows that the bottom element of H is also the smallest element in G(ωH ) with
respect to the componentwise order. Moreover, if K [H ] is not a regular ring then
the bottom element of H is componentwise the smallest element in BH \ {a1, a2};
see Lemma 1.1.

In arbitrary embedding dimension we give the following definition.

Definition 5.3. For H ∈Hd , an element b ∈ ωH is called the bottom element of H
if c− b ∈ Nd for all c ∈ ωH .

Remark 5.4. In general, a semigroup H ∈Hd with d > 2 may not have a unique
minimal element in ωH with respect to the componentwise partial ordering �. For
instance, let d = 3, a1 = (5, 3, 1), a2 = (1, 5, 2), a3 = (8, 3, 5). Then, a calculation
with [Normaliz] shows that

BH =
{

a1, a2, a3, (1, 2, 1), (2, 1, 1), (2, 2, 1), (2, 5, 2), (3, 2, 1), (3, 2, 2),
(3, 5, 2), (3, 5, 3), (4, 5, 2), (5, 2, 3), (5, 5, 2), (5, 5, 4), (7, 5, 5)

}
.

One can check that the vectors n1 = (19, 11,−37), n2 = (−12, 17, 9), n3 =

(1,−9, 22) are normal to the planes generated by a2 and a3, by a1 and a3, by
a1 and a2 respectively. Also, that no element in BH \ {a1, a2, a3} lies on any of
the three planes just mentioned. Consequently, there are no inner lattice points on
the faces of PH and G(ωH )= BH \ {a1, a2, a3}. It follows that b1 = (1, 2, 1) and
b2 = (2, 1, 1) are both minimal elements in ωH with respect to �.

Using Theorem 4.3 we show that sometimes the bottom element may be the only
Ulrich element in BH .

Proposition 5.5. Let b be the bottom element of H ∈H2. If 2b ∈ PH , then b is the
only possible Ulrich element in BH .

Proof. Assume b′ ∈ BH is an Ulrich element in H. Then 2b∈ (a1+H)∪(a2+H)∪
(b′+H), by Theorem 4.3. Since 2b∈ PH , we get that 2b∈ b′+H; hence 2b= b′+h
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for some h ∈ PH . Moreover, comparing componentwise, b� b′ and b� h since b
is the bottom element for H; thus b′ = b. �

Remark 5.6. In general, as Example 4.6 shows, even when the Hilbert basis of H
contains a unique Ulrich element, the latter need not be the bottom element.

In the following, we discuss when the bottom element b of H ∈H2 is Ulrich.

Notation 5.7. To avoid repetitions, in the rest of the section H ∈H2 has the extremal
rays a1 = (x1, y1) and a2 = (x2, y2) such that (y1/x1 < y2/x2 when x1, x2 > 0) or
x2 = 0.

We define H1 and H2 to be the semigroups in H2 with the extremal rays a1 and b,
respectively a2 and b. We denote Z2

∩ relint PHi by H∗i , for i = 1, 2.

By an easy argument, the following proposition presents a class of semigroups
in H2 with Ulrich bottom element.

Proposition 5.8. Let b be the bottom element of H. If (x2, y1) � b, then b is an
Ulrich element in H.

Proof. If K [H ] is a regular ring, b is an Ulrich element in H, since G(ωH )= {b}.
Assume K [H ] is not a regular ring. Then b ∈ G(ωH ) = BH \ {a1, a2}, by

Lemma 1.1(d). Let c1, c2 ∈ BH \ {a1, a2}, and c1+ c2 = (c, d), b= (u, v).
If (c, d)∈ H1, then (c, d)= r1(x1, y1)+r2(u, v) for some r1, r2 ∈R≥0. Since d≥

2v≥ y1+v, we have r1≥ 1 or r2≥ 1. Consequently, (c, d)∈ (b+H1)∪(a1+H1)⊂

(b+ H)∪ (a1+ H).
A similar argument shows that if (c, d) ∈ H2, then (c, d) ∈ (b+ H)∪ (a2+ H).

The conclusion follows by Theorem 4.3. �

Example 5.9. Let H be the semigroup with extremal rays a1=(a, 1) and a2=(1, b),
where a, b ≥ 2. Since 1/a < 1 < b we get that b = (1, 1) is in ωH and it is the
bottom element in H. Then Proposition 5.8 implies that b is an Ulrich element in H.

Clearly, H = H1 ∪ H2 and H1 ∩ H2 = Nb. The following lemma states some
nice properties regarding H1 and H2.

Lemma 5.10. Let b be the bottom element of H. Then

(a) p+ q ∈ b+ H for all p ∈ H1 \ {0} and q ∈ H2 \ {0},

(b) (b+ H)∪ (a1+ H)∪ (a2+ H)= H \ (H∗1 ∪ H∗2 ).

Proof. (a) If p− b ∈ H or q− b ∈ H, then clearly p+ q ∈ b+ H. Let us assume
that p− b /∈ H and q − b /∈ H. Let C ′ be the cone generated by the extremal
rays p, q. Since b ∈ C ′, we have b= r1 p+ r2q for some r1, r2 ∈ R>0. If r1 > 1,
then b− p= (r1−1) p+ r2q; hence b− p ∈ C ′∩ωH , a contradiction with b being
the bottom element in H. Therefore, r1 ≤ 1, and also r2 ≤ 1 by a similar argument.
Now, p+ q− b= (1− r1) p+ (1− r2)q ∈ C ′ ∩Z2

⊂ H.



370 JÜRGEN HERZOG, RAHELEH JAFARI AND DUMITRU I. STAMATE

(b) Note that for any p ∈ H we have

p ∈ H1 \ H∗1 ⇔ p ∈ (b+ H1)∪ (a1+ H1),

p ∈ H2 \ H∗2 ⇔ p ∈ (b+ H2)∪ (a2+ H2).

Therefore, H \(H∗1 ∪H∗2 )= (H1∪H2)\(H∗1 ∪H∗2 )⊆ (b+H)∪(a1+H)∪(a2+H).
In order to check the reverse inclusion, let p ∈ (b+ H)∪ (a1+ H)∪ (a2+ H).
We first consider the case p ∈ H1. Then clearly, p /∈ H∗2 . If we assume, on the

contrary, that p ∈ H∗1 , then p = r1a1 + r2b with r1, r2 ∈ (0, 1). We decompose
b= α1a1+α2a2 with α1, α2 ∈ (0, 1]. This gives p= (r1+r2α1)a1+r2α2a2. Since
r2α2 < 1 and r2α2 < α2 we infer that p /∈ (a2+ H)∪ (b+ H). Thus p ∈ a1+ H
and r1 ≥ 1, a contradiction. Consequently, p /∈ H∗1 ∪ H∗2 .

A similar argument works for the case p ∈ H2. �

Lemma 5.11. Let p= (k, r) ∈ H∗1 and q = (`, s) ∈ H∗2 . If b= (u, v) is the bottom
element of H, then

(a) u < k < x1 and v ≤ r ≤ y1,

(b) u ≤ `≤ x2 and v < s < y2.

Proof. We only show (a), part (b) is proved similarly. Clearly, b 6= p ∈ ωH ; thus
0 < u ≤ k and 0 < v ≤ r . If u = k, then since p 6= b, we have v < r . Then
r/k > v/u > y1/x1, which gives that p /∈ H1, which is false. Thus u < k.

On the other hand, by Lemma 2.1 applied in H1 ∈H2 for p, the point

(u, v)+ (x1, y1)− (k, r)= (u+ x1− k, v+ y1− r) ∈ H∗1 ,

hence u < u+ x1− k and v ≤ v+ y1− r . That gives k < x1 and r ≤ y1. �

The following result restricts the verification of the bottom element being Ulrich
to verifying that the sum of any two points in H∗i is not in H∗i , for i = 1, 2.

Lemma 5.12. Assume b is the bottom element of H. The following conditions are
equivalent:

(a) b is an Ulrich element in H.

(b) For i = 1, 2, if p, q ∈ H∗i then p+ q /∈ H∗i .

Proof. We know that b ∈ G(ωH ) since it is the bottom element in H. If K [H ] is a
regular ring, then b= a1+ a2. Hence statement (a) holds by Example 3.4, and (b)
is true since H∗1 = H∗2 =∅.

Assume that K [H ] is not a regular ring, hence b ∈ BH \ {a1, a2}. According to
Theorem 4.3, b is an Ulrich element in H if and only if for all p, q ∈ BH one has

(9) p+ q ∈ (b+ H)∪ (a1+ H)∪ (a2+ H).

It is of course equivalent to check (9) for all p and q nonzero in H.
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If ( p ∈ H1 and q ∈ H2) or ( p ∈ H2 and q ∈ H1) then p + q ∈ b + H, by
Lemma 5.10. Thus, for (a) it suffices to check (9) for nonzero p, q both in H1 or
both in H2. For i = 1, 2, the semigroup Hi is normal and simplicial; hence any
p ∈ Hi is of the form p = n1b+ n2ai + p′ with n1, n2 ∈ N and p′ ∈ H∗i ∪ {0}.
Consequently, b is an Ulrich element in H if and only if property (b) holds. �

Definition 5.13. We say that H is AG1 if condition (b) in Lemma 5.12 is satisfied
for i = 1, and we call it AG2 if the said condition is satisfied for i = 2.

Thus the bottom element is an Ulrich element in H if and only if H is AG1
and AG2.

Remark 5.14. Using Lemma 5.11, property AG1 means that for any p = (k, r)
and q = (`, s) ∈ H∗1 such that k+ ` < x1 and r + s ≤ y1 one has that p+ q /∈ H∗1 .

Similarly, the AG2 condition means that when p= (k, r) and q = (`, s) ∈ H∗2
such that k+ `≤ x2 and r + s < y2, then p+ q /∈ H∗2 .

Remark 5.15. Assume b= (u, v) is the bottom element in H. If y1= 0 then v= 1,
since otherwise the inequalities v/u > (v − 1)/u > y1/x1 = 0 would give that
(u, v− 1) ∈ ωH1 , a contradiction to the fact that (u, v) is the bottom element in H.
Then, by Lemma 5.11 we get that H∗1 =∅; hence H satisfies condition AG1.

Similarly, if x2 = 0 then u = 1 and H∗2 =∅; hence H is AG2.

In order to check the AG1 and AG2 conditions we need to have a better under-
standing of the points in H∗1 and H∗2 . We can count their elements.

Lemma 5.16. Let b= (u, v) be the bottom element for H. Then

(a) |H∗1 | = vx1− uy1− 1 and |H∗2 | = uy2− vx2− 1,

(b) 1≤ vx1− uy1 ≤ x1 and 1≤ uy2− vx2− 1≤ y2,

(c) if H∗1 6=∅ then vx1− uy1 ≤ x1− u,

(d) if H∗2 6=∅ then uy2− vx2 ≤ y2− v.

Proof. We only show the first parts of (a) and (b), since the second parts are proved
similarly.

(a) The area of the parallelogram spanned by b and a1 equals det
( x1

y1

u
v

)
= vx1−uy1.

Since the boundary of that parallelogram contains precisely four lattice points, the
vertices, (here we use the fact that gcd(u, v) = gcd(x1, y1) = 1), Pick’s theorem
[Beck and Robins 2015, Theorem 2.8] implies that PH1 has vx1− uy1− 1 inner
lattice points, which proves the claim.

(b) The inequality 1≤vx1−uy1 follows from (a). Since (u, v) is the bottom element
of H, it follows that (u, v−1) is not in ωH and in relint PH1 . As (v−1)/u<v/u, and
y1/x1 <v/u by our assumption, we get that (v−1)/u ≤ y1/x1, i.e., vx1−uy1 ≤ x1.

Parts (c) and (d) will be proved after Remark 5.19. �
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One nice consequence of Lemma 5.16 is a Gorenstein criterion for K [H ] in
terms of the coordinates of the bottom element in H.

Corollary 5.17. If b= (u, v) is the bottom element in H, then the K -algebra K [H ]
is Gorenstein if and only if vx1− uy1 = uy2− vx2 = 1.

Proof. The ring K [H ] is Gorenstein if and only if ωH is a principal ideal, and
hence generated by b, which is equivalent to saying that PH1 and PH2 have no inner
points. By Lemma 5.16 this is the case if and only if vx1−uy1= uy2−vx2= 1. �

Lemma 5.18. Let b = (u, v) be the bottom element of H. We assume that H∗1
is not the empty set. For any integer i we consider the integers qi , ri such that
iy1 = qi x1+ ri with 0≤ ri < x1.

Assume the integer k satisfies u< k< x1. The following statements are equivalent:

(i) k is the x-coordinate of some p ∈ H∗1 .

(ii) dky1/x1e ≤ v+b(k− u)y1/x1c.

(iii) dky1/x1e = v+b(k− u)y1/x1c.

(iv) qk ≤ v− 1+ qk−u .

(v) qk = v− 1+ qk−u .

(vi) rk ≥ rk−u + x1− (vx1− uy1).

(vii) rk = rk−u + x1− (vx1− uy1).

(viii) rk ≥ x1− (vx1− uy1).

If any of these conditions holds, then p= (k, dky1/x1e)= (k, qk + 1).

Proof. Since H∗1 6= ∅ we have that y1 > 0 and u < x1 by Remark 5.15 and
Lemma 5.11, respectively. We note that for any integer u < k < x1, the frac-
tions ky1/x1 and v+ (k − u)y1/x1 are not integers. Thus dky1/x1e = qk + 1 and
bv+(k−u)y1/x1c= v+qk−u . This shows that (ii)⇐⇒ (iv) and (iii)⇐⇒ (v). Since
qk = (ky1− rk)/x1, simple manipulations give that (iv)⇐⇒ (vi) and (v)⇐⇒ (vii).

We also infer that the number of points in H∗1 whose x-coordinate is k equals
the number of lattice points on the line x = k located strictly between the lines
y = (y1/x1)x and y = (y1/x1)(x − u)+ v, which is⌊

y1

x1
(k− u)+ v

⌋
−

⌈
y1

x1
k
⌉
+ 1= v+ qk +

⌊
rk − uy1

x1

⌋
− (qk + 1)+ 1(10)

=

⌊
vx1−uy1+rk

x1

⌋
∈ {0, 1}.(11)

The latter statement is due to the fact that rk < x1 and vx1−uy1≤ x1, by Lemma 5.16.
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Consequently, k ∈ (u, x1) is the x-coordinate of some point in H∗1 if and only if
the value in equation (10) is at least (and actually equal to) 1, which is equivalent
to property (ii), respectively to (iii). That is, moreover, equivalent (using (11)) to

1≤
vx1− uy1+ rk

x1
,

which can be rewritten as rk ≥ x1− (vx1− uy1), namely statement (viii).
From (10) and (11) we obtain that if k is the x-coordinate of some point p ∈ H∗1 ,

then p= (k, d(y1/x1)ke)= (k, qk + 1). �

Remark 5.19. A similar result holds for the points in H∗2 in terms of the inte-
gers q ′i , r

′

i such that i x2 = q ′i y2+ r ′i with 0≤ r ′i < y2.

Now we can finish the proof of Lemma 5.16.

Proof of Lemma 5.16, continued. (c) By Lemma 5.18, for each u < k < x1 there
is at most one point in H∗1 whose x-coordinate is k; therefore |H∗1 | ≤ x1− u− 1.
Using point (a) we obtain the inequality at (c). Part (d) is proved similarly. �

It will be convenient to denote π1(H∗1 ) = {k : there exists (k, `) ∈ H∗1 }. The
next result is a criterion to verify the AG1 property in terms of the remainders ri

introduced in Lemma 5.18, with i ∈ π1(H∗1 ). A similar statement characterizes the
AG2 property in terms of the r ′j ’s from Remark 5.19, with j ∈ π2(H∗2 ).

Proposition 5.20. For any integer i let ri ≡ iy1 mod x1 with 0 ≤ ri < x1. Then H
is AG1 if and only if rk+ r` < 2x1− (vx1−uy1) for all integers k, ` ∈ π1(H∗1 ) with
k+ ` < x1.

Proof. If H∗1 =∅ then there is nothing to prove. Assume H∗1 is not empty. If k, ` ∈
π1(H∗1 ), then by Lemma 5.18, p1 = (k, dky1/x1e) and p2 = (`, d`y1/x1e) are the
corresponding points in H∗1 . By definition, H is AG1 if and only if p1+ p2 /∈ H∗1
for all p1 and p2 as above. When k + ` ≥ x1, Lemma 5.11 implies already that
p1+ p2 /∈ H∗1 . If k+ ` < x1, then p1+ p2 /∈ H∗1 if and only if⌈

ky1

x1

⌉
+

⌈
`y1

x1

⌉
≥ (k+ `− u)

y1

x1
+ v, equivalently(12)

ky1− rk

x1
+ 1+

`y1− r`
x1

+ 1≥ (k+ `− u)
y1

x1
+ v,

ky1− rk + `y1− r`+ 2x1 ≥ (k+ `)y1− uy1+ vx1,

2x1− (vx1− uy1)≥ rk + r`.(13)

Since u < k+` < x1, the term of the right-hand side of (12) is not an integer; hence
the inequality at (12) (and equivalently, at (13)) can not become an equality. �
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6. A criterion for (1, 1) to be an Ulrich element

Our aim in this section is to obtain a complete classification of when b = (1, 1)
is an Ulrich element. The setup in Notation 5.7 is in use. The element (1, 1) is
in ωH if and only if y1/x1 < 1 < y2/x2. If that is the case, it is clear that (1, 1)
is the bottom element in H. It suffices to verify the AG1 and AG2 conditions, by
Lemma 5.12.

Set n = x1− y1− 1, which equals |H∗1 |, by Lemma 5.16. If n = 0, then H is
clearly AG1.

We consider the case n > 0. The next result presents an explicit way to deter-
mine H∗1 . Recursively, we define nonnegative integers `1, . . . , `n and s1, . . . , sn by

x1 = `1(x1− y1)+ s1 with s1 < x1− y1,

y1+ si−1 = `i (x1− y1)+ si with si < x1− y1,

for i = 2, . . . , n.

Lemma 6.1. Assume that (1, 1) belongs to ωH and H∗1 6=∅. Then

H∗1 =
{

pt = (ct , dt) : ct = t +
t∑

i=1

`i , dt =

t∑
i=1

`i , t = 1, . . . , n
}
,

Proof. For k= 1, . . . , x1−1, let ky1=qk x1+rk with integers qk ≥ 0 and x1> rk ≥ 0.
By Lemma 5.18, the integer k > 1 is the x-coordinate of an element of H∗1 if

and only if qk = qk−1. In this case, (k, 1+ qk) ∈ H∗1 .
Now, let t ≥ 1. Summing up the equations x1 = `1(x1− y1)+ s1 and y1+ si−1 =

`i (x1− y1)+ si , for i = 2, . . . , t , we get

x1+ (t − 1)y1+ s1+ s2+ · · ·+ st−1 =

t∑
i=1

`i (x1− y1)+ s1+ s2+ · · ·+ st ,

and consequently, (
t − 1+

t∑
i=1

`i

)
y1 =

( t∑
i=1

`i − 1
)

x1+ st .

Then (
t +

t∑
i=1

`i

)
y1 =

( t∑
i=1

`i − 1
)

x1+ st + y1,

with st + y1 < x1. Therefore, qk = qk−1 =
(∑t

i=1 `i − 1
)

for k = t +
∑t

i=1 `i .
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Note that

n+
n∑

i=1

`i = n+
x1− s1

x1− y1
+

t∑
i=2

y1− si−1+ si

x1− y1

= n+
x1+ (n− 1)y1− sn

x1− y1
= n+ 1+

ny1− sn

x1− y1

< n+ 1+ y1 = x1.

Hence pt =
(
t +

∑t
i=1 `i ,

∑t
i=1 `i

)
∈ H∗1 for t = 1, . . . , n.

We know from Lemma 5.16, that H∗1 has exactly n = x1− y1− 1 elements, so
p1, . . . , pn are the only elements of H∗1 . �

Examples 6.2. Let x1 = `1(x1 − y1)+ s1 and y1 + si−1 = `i (x1 − y1)+ si , for
i = 2, . . . , n = x1− y1− 1 as before.

(a) If y1 = 1, then H∗1 = {(m, 1) : m = 2, . . . , x1− 1}. In this case, H is AG1 by
Lemma 5.12.

(b) If x1− y1 ∈ {1, 2} then by Lemma 5.16, H∗1 is either empty, or it consists of
one element, which is different from (0, 0). Hence H is AG1.

(c) If 2 < 2y1 < x1 < 3y1, then `1 = `2 = 1. Therefore, p1 = (2, 1) and p2 =

(4, 2)= 2 p1 belong to H∗1 . Then, by definition, H is not AG1.

Next, we give a simple arithmetic criterion to check the AG1 or AG2 property:

Theorem 6.3. Assume that (1, 1) belongs to ωH . Assuming Notation 5.7, then

(a) H is AG1 if and only if x1 ≡ 1 mod(x1− y1);

(b) H is AG2 if and only if y2 ≡ 1 mod(y2− x2);

(c) (1, 1) is an Ulrich element in H if and only if xi ≡ 1 mod(xi − yi ) for i = 1, 2.

Proof. (a) Let n = x1 − y1 − 1 = |H∗1 |. If n ∈ {0, 1}, then H is AG1 by
Examples 6.2(b). On the other hand, if n = 0 then x1 − y1 = 1 and clearly,
x1 ≡ 1 mod(x1− y1). When n = 1 we have x1− y1 = 2. Since gcd(x1, y1)= 1 we
get that x1 is odd; hence x1 ≡ 1 mod(x1− y1), too.

We further prove the stated equivalence when n ≥ 2. Let `1, . . . , `n ≥ 0 and
x1− y1 > s1, . . . , sn ≥ 0 such that

x1 = `1(x1− y1)+ s1, y1+ si−1 = `i (x1− y1)+ si

for i = 2, . . . , n. Then

H∗1 =
{

pt = (ct , dt) : ct = t +
t∑

i=1

`i , dt =

t∑
i=1

`i , t = 1, . . . , n
}
,

by Lemma 6.1. We note that since y1 > 0 (see Remark 5.15) we have x1 > x1− y1;
hence `1 ≥ 1.
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Assume that x1 ≡ 1 mod(x1 − y1). Then it is easy to check that si = i and
`i = `1− 1 for i = 2, . . . , n. Consequently,

H∗1 = {(t`1+ 1, t (`1− 1)+ 1) : t = 1, . . . , n},

and therefore, the sum of any two elements of H∗1 is not in H∗1 , i.e., H is AG1.
Conversely, assume that H is AG1. As n > 0 we get that x1− y1 > 1 and y1 > 0.

In case y1 = 1, then clearly, x1 ≡ 1 mod(x1− y1).
We consider the case y1 ≥ 2. As

1= gcd(x1, y1)= gcd(x1, x1− y1)= gcd(s1, x1− y1)

and x1− y1 > 1, we have that s1 > 0. We need to prove that s1 = 1.
Assume, on the contrary, that s1 6= 1. Then s1 ≥ 2. Since

(`1− 1)(x1− y1)+ s1 = y1 ≤ y1+ si−1 = `i (x1− y1)+ si ,

y1+ si−1 < y1+ (x1− y1)= x1 = `1(x1− y1)+ s1,

we have `1− 1≤ `i ≤ `1, for i = 2, . . . , n.
If `2 = `1, then p2 = (2+ 2`1, 2`1)= 2 p1, which contradicts the AG1 property.

Now, we consider the case `2 = `1− 1. By subtracting the equations

x1 = `1(x1− y1)+ s1 and y1+ s1 = `2(x1− y1)+ s2,

we get that s2 = 2s1; hence s2 > s1.
If `2 = · · · = `n then s1 < s2 < · · ·< sn is an increasing sequence of n positive

integers less than n+ 1, and hence s1 = 1, which is false. Thus `i = `1 for some
i ≥ 3. Let i be the smallest index with this property, i.e., `2 = · · · = `i−1 = `1− 1
and `i = `1. Then

pi =
(
i + (i − 2)(`1− 1)+ 2`1, (i − 2)(`1− 1)+ 2`1

)
= (1+ `1, `1)+

(
i − 1+ (i − 2)(`1− 1)+ `1, (i − 2)(`1− 1)+ `1

)
= p1+ pi−1,

which is a contradiction. This shows that when H is AG1, then x1≡ 1 mod(x1− y1).
For part (b) we let H ′ be the semigroup in H2 with the extremal rays a′1= (y2, x2)

and a′2 = (y1, x1). We remark that H is AG2 if and only if H ′ is AG1, and we
use (a). Part (c) is a consequence of (a) and (b). �

Corollary 6.4. Let H be a semigroup in H2 with extremal rays ai = (xi , yi ) for
i = 1, 2. Assume (1, 1) ∈ ωH and x1x2 y1 y2 6= 0. Then K [H ] is AG if and only if
xi ≡ 1 mod(xi − yi ) for i = 1, 2.

Proof. By Proposition 3.6, the only possible Ulrich element in H is (1, 1). The
conclusion follows by Theorem 6.3. �
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Remark 6.5. In the statement of Corollary 6.4, the assumption x1x2 y1 y2 6= 0 can
not be dropped. For instance, let H ∈H2 with the extremal rays a1 = (1, 0) and
a2 = (2, 5). Its Hilbert basis is

BH = {a1, a2, c1 = (1, 1), c2 = (2, 3), c3 = (1, 2)}.

The bottom element in H is c1, and by Theorem 6.3 it follows that H is not AG2.
Still, H is AG. Since 2c1 = (2, 2) = c3 + a1, 2c2 = (4, 6) = a1 + a2 + c1 and

c1+c2= (3, 4)= a1+2c3, by Theorem 4.3 we get that c3 is an Ulrich element in H.

7. Nearly Gorenstein semigroup rings

In this section we prove the nearly Gorenstein property for semigroup rings K [H ]
when H ∈H2.

Nearly Gorenstein rings approximate Gorenstein rings in a different way as almost
Gorenstein rings. In [Herzog et al. 2019], a local (or graded) Cohen–Macaulay
ring which admits a canonical module ωR is called nearly Gorenstein if the trace
of ωR contains the (graded) maximal ideal of R. In the case that R is a domain,
the canonical module can be realized as an ideal of R and its trace in R, which we
denote by tr(ωR), is the ideal

∑
f f ωR , where the sum is taken over all f in the

quotient field of R for which f ωR ⊆ R; see [Herzog et al. 2019, Lemma 1.1].
A one-dimensional almost Gorenstein ring is nearly Gorenstein, but the converse

does not hold in general. In higher dimension there is in general no implication
valid between these two concepts; see [Herzog et al. 2019].

Theorem 7.1. Let H be a simplicial affine semigroup in H2. Then R = K [H ] is a
nearly Gorenstein ring.

Proof. Let a1 = (c, d) and a2 = (e, f ) be the extremal rays of H. We may assume
that d/c < f/e and that R is not already a Gorenstein ring.

The vector n1= (−d, c) is orthogonal to a1 and n2= ( f,−e) is orthogonal to a2.
Moreover, c is in C , the cone over H, if and only if 〈n1, c〉 ≥ 0 and 〈n2, c〉 ≥ 0.

Let c1, . . . , ct , ct+1, ct+2 be the Hilbert basis of H, where ct+i = ai for i = 1, 2.
Then ωR is generated by vi = xci for i = 1, . . . , t ; see Lemma 1.1.

In order to prove that R is nearly Gorenstein, it suffices to show that for each ele-
ment ci of the Hilbert basis there exist c∈Z2 and an integer k ∈ {1, . . . , t} such that

(i) c+ c j ∈ C for j = 1, . . . , t , and

(ii) c+ ck = ci .

If i ∈ {1, . . . , t}, we may choose c= 0 and k = i . It suffices to consider the cases
i = t + 1 and i = t + 2. By symmetry we may assume that i = t + 1, and have to
find c ∈ Z2 and k ∈ {1, . . . , t} such that (i) is satisfied and such that c+ ck = a1.
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Let k ∈ {1, . . . , t} be chosen such that 〈n1, ck〉=min{〈n1, c j 〉 : j = 1, . . . , t}. Set
c= a1−ck . Then c+ck = a1. Moreover, by the choice of k for j = 1, . . . , t we have

〈n1, c+ c j 〉 = 〈n1, a1〉− 〈n1, ck〉+ 〈n1, c j 〉 = 0−〈n1, ck〉+ 〈n1, c j 〉 ≥ 0,

〈n2, c+ c j 〉 = 〈n2, a1〉− 〈n2, ck〉+ 〈n2, c j 〉.

Since c j ∈H, we have 〈n2, c j 〉≥0. Let L be the line passing through ck which is par-
allel to L2=Ra2, and L ′ be the line passing through a1 parallel to L2. Since ck ∈ PH ,
the line L has a smaller distance to L2 than the line L ′. This implies that 〈n2, a1〉>

〈n2, ck〉; hence 〈n2, c+ c j 〉> 0. Thus we conclude that c+ c j ∈ C , as desired. �

Theorem 7.1 is no longer valid when dim K [H ]> 2, as the following example
shows.

Example 7.2. We consider again the semigroup H ∈H3 from Remark 5.4. It turns
out that K [H ] is not nearly Gorenstein for this semigroup H. One can see that a1

does not satisfy the two conditions (i) and (ii) in the proof of Theorem 7.1.
In fact, if we consider the set A of all a1− ci for i = 1, . . . , 13, then the third

component of elements in A belongs to {0,−1,−2,−3,−4}. Adding the elements
with negative third component to (1, 2, 1), we get a vector with third component
less than 1, which does not belong to C , the cone over H. Adding those elements
in A with zero third component to either (2, 1, 1) or (1, 2, 1), we again get a vector
which does not belong to C .
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NOTES ON EQUIVARIANT HOMOLOGY
WITH CONSTANT COEFFICIENTS

SOPHIE KRIZ

For a finite group, we discuss a method for calculating equivariant homology
with constant coefficients. We apply this method to completely calculate the
geometric fixed points of the equivariant spectrum representing equivariant
(co)homology with constant coefficients. We also treat a more complicated
example of inverting the standard representation in the equivariant homology
of split extraspecial groups at the prime 2.

1. Introduction

Equivariant spectra are the foundation of equivariant generalized homology and
cohomology theory of G-spaces (and ultimately, G-spectra) for a finite (or more
generally compact Lie) group G, which has all the formal properties of generalized
nonequivariant homology and cohomology theory, including duality, along with
stability under suspensions by finite-dimensional real representations. They were
introduced and developed in [Lewis et al. 1986] (see also [Adams 1984; Greenlees
1985]). Equivariant homology and cohomology HAG with constant coefficients in
an abelian group A, on the other hand, can be defined on the chain level, as a part
of the theory of Bredon [1967]. Both contexts are reconciled in [Lewis et al. 1981],
where, more generally, equivariant Eilenberg–MacLane spectra of Mackey functors
are defined. In this paper, we discuss a spectral sequence (Propositions 4, 5) which
can be used to compute generalized equivariant homology of a G-CW-complex from
its subquotients of constant isotropy. This spectral sequence is especially efficient
in the case of H AG . For example, we shall prove that for a (finite) p-group G, the
spectral sequence computing HZ/pG

∗
(X) always collapses to E1 (see Theorem 7).

Note that this is false in cohomology. By [Bredon 1967], for a G-CW-complex X
and an abelian group A,

(1) H∗G(X; A)= H∗(X/G; A).

Let G = Z/2 and X = Sα where α denotes the sign representation of Z/2. Then
X/(Z/2)' ∗. Thus, by (1), H n

G(X; A) is only nontrivial for n = 0, while X has a
1-cell of isotropy {e}.

MSC2020: 55N91.
Keywords: equivariant homology, geometric fixed points, extraspecial groups.
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One may think, therefore, that equivariant homology with constant coefficients
carries less information than cohomology. It turns out, however, that equivariant
E-homologies of certain spaces give important information about a spectrum E .
For example, the geometric fixed point spectra [Greenlees 1985; Lewis et al. 1986,
II §8, 9] 8H E , where H runs through subgroups of G, completely characterize
the spectrum E . The coefficients 8G E∗, for a finite group G, are the reduced
E-homology of the smash product S∞V of infinitely many copies of the one-point
compactification SV of the reduced regular representation V. Geometric fixed
point spectra proved very useful in applications, for example, in [tom Dieck 1970;
Hesselholt and Madsen 1997; Hill et al. 2016].

We will see that our method allows a complete computation of the coefficients
of the geometric fixed point spectrum of homology with constant coefficients
8G(H A)∗, which we denote by 8G(A)∗, by reducing it to the case where G is an
elementary abelian group. We show (Proposition 11) that 8G H AG = 0 if G is not
a p-group, and that

8G H AG =8
G/G ′p H AG/G ′p ,

where G is a p-group and G ′p is its Frattini subgroup (Proposition 9). In the
elementary abelian case, the computation was carried out for A = Z/p in my
previous paper [Kriz 2015] (see also [Holler and Kriz 2017; 2020]).

Let first p = 2. We have

H∗((Z/2)n;Z/2)= Z/2[x1, . . . , xn],

where xi have cohomological dimension 1. Let, for α= (α1, . . . , αn)∈ (Z/2)nr{0},

xα = α1x1+ . . . αnxn.

For p > 2, following the notation of [Kriz 2015], we have

H∗((Z/p)n;Z/p)= Z/p[zi ]⊗3Z/p[dzi ],

where zi have cohomological dimension 2 and dzi have cohomological dimension 1.
Let, for α = (α1, . . . , αn) ∈ (Z/p)n r {0},

zα = α1z1+ · · ·+αnzn,

dzα = α1dz1+ · · ·+αndzn.

Theorem 1 [Holler and Kriz 2017; 2020; Kriz 2015]. (a) 8(Z/2)
n
(Z/2) is the

subring of
H∗((Z/2)n;Z/2)[x−1

α | α 6= 0]

generated by yα = x−1
α .
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(b) For p > 2, 8(Z/p)n (Z/p) is the subring of

H∗((Z/p)n;Z/p)[z−1
α |α ∈ (Z/p)n r {0}]

generated by tα = z−1
α and uα = tαdzα.

One can also explicitly describe these rings in generators and defining relations:

Theorem 2 [Holler and Kriz 2017; 2020; Kriz 2015]. (a) For p = 2, we have

8(Z/2)
n

∗
(Z/2)∼= Z/2[yα|α ∈ (Z/2)n r {0}]/∼

where ∼ denotes the relations

yα yβ + yα yγ + yβ yγ ∼ 0

for α+β + γ = 0. The elements yα are in degree 1.

(b) For p > 2,

(2) 8(Z/p)n
∗

(Z/p)= Z/p[tα]⊗3Z/p[uα]/∼ ,

where ∼ denotes the relations

tiα ∼ i−1tα, uiα ∼ uα, tβ tα+β + tαtα+β ∼ tαtβ,

tβuα+β − tα+βuβ + tα+βuα ∼ uαtβ, −uβuα+β + uαuα+β ∼ uαuβ,

where i ∈ Z/p r {0}, for α, β, α + β ∈ (Z/p)n r {0}. The elements uα are in
degree 1 and the elements tα are of degree 2.

This allows a complete answer for Z, the universal constant coefficients. Fix an
element α0 ∈ (Z/p)n r {0} and put ũα = uα − uα0 , (ỹα = yα − yα0 for p = 2). For
p = 2, we also set tα0 = y2

α0
.

Theorem 3. (a) For every prime p, we have that 8(Z/p)n
∗ (Z) is the subring of the

ring 8(Z/p)n
∗ (Z/p) on which the Bockstein

β :8(Z/p)n
∗

(Z/p)→8
(Z/p)n

∗−1 (Z/p)

vanishes.

(b) Explicitly, for p = 2, we have

8(Z/2)
n

∗
(Z)∼= Z/2[ỹα, tα0 |α ∈ (Z/2)

n r {0}]/∼ ,

where ∼ denotes the relations

ỹα0 ∼ 0, ỹα ỹβ + ỹα ỹγ + ỹβ ỹγ + tα0 ∼ 0,

where α+β + γ = 0.
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(c) For p > 2,

8(Z/p)n
∗

(Z)∼= (Z/p[tα|α ∈ (Z/p)n r {0}]⊗3Z/p[ũα|α ∈ (Z/p)n r {0}])/∼ ,

where ∼ denotes the relations

(3)
tiα ∼ i−1tα, ũiα ∼ ũα, tβ tα+β + tαtα+β ∼ tαtβ, ũα0 ∼ 0,

tβ ũα+β − tα+β ũβ + tα+β ũα ∼ tβ ũα, −ũβ ũα+β + ũαũα+β ∼ ũαũβ,

for i ∈ Z/p r {0} and α, β, α+β ∈ (Z/p)n r {0}.
The reductions contained in Propositions 9 and 11 are quite easy. However, if one

considers the more general problem of calculating H̃ AG
∗
(S∞γ ) for a general finite-

dimensional representation γ of G, one gets nontrivial examples. One such example
is treated in Section 4, where G is a split extraspecial 2-group and γ is the irreducible
representation nontrivial on the center.

The present paper is organized as follows: In Section 2, we discuss our spectral
sequences. In Section 3, we discuss the application to geometric fixed points.
Section 4 contains the extraspecial group example.

2. The spectral sequences

For a G-equivariant spectrum E , we will need to use the homotopy co-fixed point
(Borel homology) spectrum

(4) EhG = (E ∧ EG+)G,

where EG is a nonequivariantly contractible free G-CW complex and for a space X,
we write X+ = X

∐
{∗}. The formula (4) includes a key fact called the Adams

isomorphism [Lewis et al. 1986, II §7]: G-equivariant cell spectra with G-free cells
can be identified with naive (i.e., nonequivariant) cell spectra with a free cellular
G-action. The Adams isomorphism says that for any cell G-spectrum E , EhG is
equivalent to (E ∧ EG+)/G, where E ∧ EG+ is considered as a naive G-spectrum.

Recall that a family F is defined as a set of subgroups of G that is closed under
subconjugacies. For a family F , we have a G-CW complex EF such that

EF H
' ∗ for H ∈F,

EF G
' ∅ for H /∈F.

If we denote by X̃ the unreduced suspension of a G-space X, we have

ẼF
H
' ∗ for H ∈F,

ẼF
G
' S0 for H /∈F.

If V is a real G-representation, denote by S(V ) the unit sphere of V and by SV

the union of the 1-point compactifications of SW for finite-dimensional subrepresen-
tations W of V. If we set∞V =

⊕
∞

V, then S(∞V ) is a model for EFV , where
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FV ={H ⊆G |V H
6=0}. Thus S∞V is a model for ẼF V . Since S∞V

∧S∞V
= S∞V,

for a commutative ring spectrum E ,

Ẽ∗ ẼF V = Ẽ∗S∞V

is a commutative ring. Here Ẽ∗X, for a G-spectrum E and a based G-CW com-
plex X (recall that the base point is required to be G-fixed), is the equivariant
reduced homology of X, i.e., π∗(E ∧6∞X) (without adding a disjoint base point).
Note that this is also the Z-graded part of the RO(G)-graded coefficient ring of
α−1

V E , where αV ∈ π−V E is the class obtained from the inclusion S0
→ SV.

For a finite group G, a family F , and an H ∈ F , define the height of H
inductively by

hF (H)=max{0, hF (K ) | K ∈F , H ( K }+ 1.

Now let X be a G-CW-complex. Consider the family

F =FX = {H ⊆ G | X H
6=∅}.

Let E be a G-spectrum. Then we have a spectral sequence converging to the
E-homology of X, using Borel homology of parts of X of the same isotropy. There
are two versions of the spectral sequence, one for the unreduced homology of X,
the other for the reduced homology of its unreduced suspension. Keeping track of
terms can be delicate, so we list both versions:

Proposition 4. We have a spectral sequence

E1
p,q ⇒ E p+q X,

where

(5) E1
p,q =

⊕
(H), H∈FX, hFX (H)=p

((
E H
∧

(
X H/ ⋃

H(K

X K
))

hW (H)

)
p+q

.

(Here W (H)= N (H)/H , where N (H) is the normalizer of H in G, and (H) runs
through the conjugacy classes of H ∈FX .)

Proposition 5. We have a spectral sequence

E1
p,q ⇒ Ẽ p+q X̃ ,

where

E1
0,q = Eq(∗),

E1
p,q =

⊕
(H),H∈FX , hFX (H)=p

((
E H
∧

(
X H/ ⋃

H(K

X K
))

hW (H)

)
p+q−1

.(6)
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The proofs of these statements are sufficiently similar to only give one of them.
We prove Proposition 5 which is more closely related to our applications.

Proof of Proposition 5. Define an increasing G-equivariant filtration of X by

F ′p X =
⋃

hF (H)≤p

X H
=

⋃
hF (H)=p

X H .

Then define an increasing G-equivariant filtration of X̃ by

F0 X̃ = S0,

Fp X̃ =
⋃

hF (H)≤p

(X̃)H
=

⋃
hF (H)=p

(X̃)H .

We have a spectral sequence

E1
p,q = Ẽ p+q(Fp X̃/Fp−1 X̃)⇒ Ẽ p+q(X̃)= (E ∧ X̃)p+q .

By definition, for p ≥ 1,

Fp X̃/Fp−1 X̃ =
⋃

hF (H)=p

(X̃)H/ ⋃
hF (H)≤p−1

(X̃)H .

On the other hand,

Fp X̃/Fp−1 X̃ = (Fp X̃/F0 X̃)/(Fp−1 X̃/F0 X̃)

= (6F ′p(X)+)/(6F ′p−1(X)+)

=6(F ′p(X)/F ′p−1(X)).

Thus,

Ẽ p+q(Fp X̃/Fp−1 X̃)= Ẽ p+q−1(F ′p(X)/F ′p−1(X)).

Now, we have

F ′p(X)/F ′p−1(X)=
⋃

hF (H)=p

X H/ ⋃
hF (H)<p

X H

=

∨
hF (H)=p

(
X H/ ⋃

H(K∈F

X K
)
.

Note that

X H/ ⋃
H(K∈F

X K

is a free based W (H)-CW complex.
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On the other hand,

ẼG
p+q−1

( ∨
hF (H)=p

(
X H/ ⋃

H(K∈F

X K
))

=

⊕
(H), hF (H)=p

ẼG
p+q−1

( ∨
H ′=gHg−1

(
X H/ ⋃

H ′(K∈F

X K
))

=

⊕
(H), hF (H)=p

Ẽ N (H)
p+q−1

(
X H/ ⋃

H(K∈F

X K
)
.

To justify the third isomorphism above, note that G acts transitively on the
conjugacy classes of H and thus∨

H ′=gHg−1

(
X H/ ⋃

H ′(K∈F

X K
)

is the pushforward from N (H) to G of

X H/ ⋃
H(K∈F

X K .

Therefore,

E1
p,q =

⊕
(H), hF (H)=p

Ẽ N (H)
p+q−1

((
X H/ ⋃

H(K

X K
)
∧ EW (H)+

)

=

⊕
(H), hF (H)=p

((
E H
∧

(
X H/ ⋃

H(K

X K
))

hW (H)

)
p+q−1

,

since EG
= (E K )G/K. �

We shall be especially interested in the case of classifying spaces of families.
Consider, for a family F and a group H ∈F , the poset

(7) PF
H = {K ∈F | K ) H}

with respect to inclusion. Note that this poset has a N (H)-action by conjugation.
For a poset P, denote by |P| the nerve (also called the classifying space or bar

construction) of P, which one defines as the geometric realization of the simplicial
set whose n-simplices are chains

x0 ≤ · · · ≤ xn

where faces are given by deletions and degeneracies by repetitions. This is a special
case of the nerve of a category where n-simplices are composable n-tuples of
morphisms.
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Corollary 6. We have a spectral sequence

E1
p,q ⇒ (E ∧ ẼF )p+q = Ẽ p+q ẼF ,

where
E1

0,q = Eq(∗)

and for p > 0,

(8) E1
p,q =

⊕
(H), H∈F ,hF (H)=p

((E H
∧ |̃PF

H |)hW (H))p+q−1,

where (H) runs through the conjugacy classes of groups H ∈F .

Proof. Apply Proposition 5 to X = EF . Note that FEF =F . Let H ∈F =FX .
Then

EF H
' ∗.

We may realize the system of spaces (EF K )H(K∈F as a N (H)-equivariant functor

F : PF
H →1Op-Set,

where the right-hand side denotes the category of simplicial sets, such that the
canonical maps

colim
y<x

F(y)→ F(x)

are injective for all x ∈ PF
H . Now if we denote by π : PF

H → ∗ the terminal
map,

⋃
H(K∈F EF K is the left Kan extension π# F. However, by our injectivity

assumption, the canonical N (H)-equivariant map

(9) Lπ# F→ π# F

(where L denotes the left derived functor) is a nonequivariant equivalence. Addition-
ally, the left-hand side can be expressed as the 2-sided bar construction B(∗, PF

H , F).
Since the values of F on objects are contractible, we have an N (H)-equivariant map

(10) B(∗, PF
H , F)→ B(∗, PF

H , ∗)= |P
F
H |

which is a nonequivariant equivalence. The equivariant maps (9), (10) induce
equivalences on homotopy fixed points, since they are nonequivariant equivalences.
Thus, we have an equivalence(

E H
∧

(
EF H/ ⋃

H(K

EF K
))

hW (H)
∼ (E H

∧ |̃PF
H |)hW (H)

as required. �

Again, there is also an unbased version for EF instead of ẼF .



NOTES ON EQUIVARIANT HOMOLOGY WITH CONSTANT COEFFICIENTS 389

Theorem 7. If G is a p-group and E = HZ/p, then the spectral sequence (5)
collapses to E1. Additionally, the spectral sequence (6) collapses to E1 when
X G
=∅.

Proof. Again, the proofs of the reduced and unreduced cases are similar. We treat
the unreduced case this time.

Suppose G is a p-group and X is a G-CW-complex. Then HZ/pG
∗

X can be
calculated on the chain level. Let CG(X) be the cellular chain complex of X in
the category of G-coefficient systems in the sense of Bredon [1967], i.e., functors
O

Op
G → Ab where OG is the orbit category. This is defined by

(CG
n (X))(G/H)= Ccell

n (X H ).

Then we have
H An(X)= Hn(CG(X)⊗OG A),

where A is the constant co-coefficient system for an abelian group A, i.e., the
functor OG → Ab where for f : G/H → G/K ∈ Mor(OG), f∗ is multiplication
by |K |/|H |.

We will show that

(11) CG(X)⊗OG Z/p ∼=
⊕
(H)

C̃cell
(

X H/ ⋃
H(K

X K
)
⊗Z[W (H)] Z/p.

In each degree separately, (11) holds as abelian groups, since all OG-identifications
corresponding to nonisomorphisms are trivial. For any f : H ( K, consider the
summand of the differential d tot of CG(X)⊗OG Z/p

dH,K : Cn(X H )⊗Z/p→ Cn−1(X K )⊗Z/p.

By conjugation, it suffices to show that these maps are 0.
The differential d tot is given by⊕

d/∼:
⊕

Cn(X H )⊗Z/p/∼→
⊕

Cn−1(X H )⊗Z/p/∼ ,

where ∼ denotes the equivalence relation generated by

f ∗a⊗ b ∼ a⊗ f∗b.

In particular, for q ∈ Cn(X H ), let c ∈ Cn−1(X H ) be the sum of the terms of d(q)
on cells in X K, where d is the differential of C(X H ). Then we have

dH,K (q)= f ∗c⊗ 1= c⊗ f∗1= c⊗ |K |
|H |
= 0.

Therefore, dH,K = 0. Thus, we have proved (11), and hence the spectral sequence
collapses to E1. �
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3. Geometric fixed points

In this section, we shall apply the methods of the previous section to completely
calculate the coefficients of the geometric fixed point spectrum

8G
∗

HA = H̃A
∗
ẼF [G],

where F [G] = {H | H ( G} for any finite group G.
A basic fact about posets is useful for computing examples: For functors F :C→D

between any categories, we get continuous maps

|F | : |C | → |D |,

and for natural transformations F→ G, we get

|F | ' |G|.

In particular, if f, g : P→ Q are morphisms of posets and f ≤ g, then | f | ' |g|.
Thus, in particular, if P has lowest or highest element x , |Id| ' |Constx |. Therefore,
then, |P| is contractible.

Lemma 8. For posets Q ⊆ P, if there exists a morphism f : P→ Q satisfying both

(1) for every x ≤ y ∈ P, we have f (x)≤ f (y),

(2) for every x ∈ P, we have x ≤ f (x) (or alternatively x ≥ f (x)),

then the inclusion induces a homotopy equivalence |Q| ' |P|.

Proof. Suppose we have posets P, Q and a morphism f : P→ Q satisfying the
assumptions. We have an inclusion

ι : Q ↪→ P.

For an x ∈ Q, ι(x)= x . So, for every x ∈ Q,

f ◦ ι(x)= f (x)≥ x = IdQ(x).

Therefore f ◦ ι ≥ IdQ . So | f ||ι| = | f ◦ ι| ' Id|Q|. On the other hand, for x ∈ P,
f (x) ∈ Q, so

ι ◦ f (x)= f (x)≥ x = IdP(x).

So, f ◦ ι≥ IdP . So |ι|| f | = |ι ◦ f | ' Id|P|. �

Denote by G ′p the Frattini subgroup of G, i.e., the subgroup generated by the
commutator subgroup and p-th powers.

Proposition 9. Suppose G is a p-group. Then for any G-spectrum E , we have

8G(E)'8Gab/p(EG ′p).
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In particular, for a constant Mackey functor A, we have

8G(A)'8Gab/p(A).

Comment. Note that one always has an equivalence

8G(E)'8G/H8H E .

The special feature here is that E H
→ 8H E induces an equivalence on G/H -

geometric fixed points if G is a p-group and H is the Frattini subgroup.

We shall first prove:

Lemma 10. Let G be a p-group and let H ⊆ G be a subgroup not containing G ′p.
Then

|PF [G]
H | ' ∗.

Proof. Denote by Q the poset of proper subgroups of G containing G ′p ·H. We have
an inclusion Q ⊆ PF [G]

H . By the Burnside basis theorem, for any subgroup K ( G,
we have K ·G ′p ( G. Thus, we have a map of posets ϕ : PF [G]

H → Q given by

K 7→ K ·G ′p.

Also, for K ∈ Q, ϕ(K )⊇ K. Thus, |Q| ' |PF [G]
H | by Lemma 8.

However, |Q| ' ∗ since Q has a minimal element. �

Note that this implies Proposition 9, since the quotient map

(12) ẼF [G] → ẼF [G/G ′p]

induces an isomorphism on E1-terms of the spectral sequence (5). (The spectral
sequence is not functorial in general with respect to change of groups. In the present
case, however, we have a surjection of groups which preserves the height of the
proper subgroup containing G ′p, while the remaining terms in the source are 0.
Thus, a morphism of spectral sequences which is an isomorphism an E1 arises.)

Also note that for the present purpose, the spectral sequence can be skipped
entirely and one can simply argue that (12) is an equivalence by examining its
H -fixed points for each H : The fixed point set of the left-hand side is contractible
for H ( G and equivalent to S0 if H = G, while the right-hand side is contractible
if H ·G ′p ( G and equivalent to S0 if H ·G ′p = G. By the Burnside basis theorem,
both conditions are equivalent. This was pointed out to me during the process of
revising this paper.

Proposition 11. If G is not a p-group, then

8G(A)= 0.
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Proof. First, suppose G is a finite group that is not a p-group.
The spectrum 8G(Z) is a commutative ring spectrum, since we have

S∞V
∧ S∞V ∼= S∞V .

Choose a prime p. Then by the first Sylow theorem, there exists a p-Sylow
subgroup P of G. Then there exists an H with P ⊆ H ( G that is maximal (i.e.,
there does not exist K such that P ⊆ H ( K ( G). Therefore the contribution
of H to the spectral sequence will include

(13) H̃ W (H)
0 (∅̃)' H W (H)

0 (∗)= Z.

In (13), 1 ∈ Z represents an element η ∈ E1
1,0, where

d1(η)=±
|G|
|H |
∈ Z= E1

0,0.

Since we have p - |G|/|H |, the gcd of all these numbers is 1, and thus, 1∈Z= E1
0,0

of the spectral sequence (8) is killed. Since 8G
∗
(Z) is a commutative ring, it must

be 0. So
8G(Z)= 0. �

Now, one can apply the results of my previous paper [Kriz 2015], as well as
those of [Holler and Kriz 2017; 2020], to calculate 8(Z/p)n (Z).

Recall that for any space or spectrum X, we can obtain maps

H n(X;Z/p) β
−→ H n+1(X;Z/p),(14)

H n(X;Z/p) β
−→ H n+1(X;Z)(15)

as the connecting maps of the long exact sequences from taking cohomology with
coefficients in the following respective short exact sequences:

0→ Z/p→ Z/(p2)→ Z/p→ 0,

0→ Z
·p
−→ Z→ Z/p→ 0.

These are called the Bockstein maps, and the long exact sequence involving (15)
forms an exact couple which gives rise to the Bockstein spectral sequence, in which
(14) is d1.

Consider first the case of p > 2. Recalling the notation of Theorems 1 and 2, the
Bockstein acts by

β(dzi )= zi , βzi = 0.

Also recall that we have

(16) β(ab)= βa · b+ (−1)|a|a ·βb.
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Thus we get
β(tα)= 0, β(uα)= 1

Note that β preserves the relations of (2). For example,

β(−uβuα+β+uαuα+β−uαuβ)

=−β(uβ)uα+β+uββ(uα+β)+β(uα)uα+β−uαβ(uα+β)−β(uα)uβ+uαβ(uβ)= 0.

Now by computing directly on the chain level the equivariant (Z/p)n-homology
of S∞V, where V is the reduced regular representation, the standard (Z/p)n-CW
decomposition of S∞V (thought of as a colimit of smash products of representation
spheres of nontrivial 1-dimensional complex representations α) has only one 0-cell
beside the base point, to which (using one α) p 1-cells are attached on which
(Z/p)n acts transitively. Thus, 8(Z/p)n

0 (Z) = Z/p. Since 8(Z/p)n
∗ (Z) is a ring, it

has characteristic p (i.e., every element is annihilated by p). Thus the Bockstein
spectral sequence collapses to E2, or in other words

(17) H∗(8(Z/p)n
∗

(Z/p), β)= 0.

Hence, we have an exact sequence

(18) 0→8(Z/p)n
∗

(Z)→8(Z/p)n
∗

(Z/p) β
−→8(Z/p)n

∗
(Z/p).

Therefore, 8(Z/p)n
∗ (Z) contains the elements tα and

∑
i ai uαi , where

∑
i ai =

0 ∈ Z/p. Choosing an α0 ∈ (Z/p)n r {0}, since we are in characteristic p, the
elements

∑
i ai uαi where

∑
i ai = 0∈Z/p are linear combinations of ũα= uα−uα0 .

One easily verifies the relations (3). For example,

−ũβ ũα+β + ũαũα+β − ũαũβ
=−(uβ−uα0)(uα+β−uα0)+ (uα−uα0)(uα+β−uα0)− (uα−uα0)(uβ−uα0)

=−uβuα+β + uα0uα+β + uβuα0 − u2
α0
+ uαuα+β − uα0uα+β − uαuα0

+ u2
α0
− uαuβ + uα0uβ + uαuα0 − u2

α0

= 0.

Let R̃n denote the ring Z/p[tα, ũα] modulo the relations (3). Write (18) as

0→ RZ→ RZ/p
β
−→ RZ/p.

We therefore have a homomorphism of rings

ϕ : R̃n→ RZ.

We want to prove that this is an isomorphism.
Now, let us consider p = 2. Choose again a representative α0 ∈ (Z/2)n r {0}.

Again, the RZ contains elements of the form
∑

i ai yi with
∑

i ai = 0 which are
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generated by ỹα = yα − yα0 . Also, the elements tα = y2
α ∈ RZ (by (16)), but note

that ỹ2
α = y2

α + y2
α0

(since we are in characteristic 2), so we only need to include tα0

in the generators. Now similarly as for p > 2, one proves the relations.

(19) ỹα0 = 0, ỹα ỹβ + ỹα ỹα+β + ỹβ ỹα+β + tα0 = 0.

Let R̃n denote the quotient of the ring Z/2[ỹα, tα0] by relations (19).
Again, we have a homomorphism of rings

ϕ : R̃n→ RZ,

ỹα 7→ yα − yα0,

tα0 7→ y2
α0
.

We can prove that ϕ is an isomorphism by calculating the Poincaré series of R̃n ,
checking that it is the same as the Poincaré series of RZ and exhibiting an additive
basis of R̃n that is linearly independent in RZ/2.

Recall from [Holler and Kriz 2017; 2020] that the Poincaré series of RZ/p is

P(RZ/p)=
1

(1− x)n

n∏
i=1

(1+ (pi−1
− 1)x).

Thus, by (17), we have an exact sequence of graded Z/p-vector spaces

0→ RZ→ RZ/p
β
−→ RZ/p[1]

β
−→ RZ[2] → 0

and hence

(20) P(RZ)=
1

1+ x
P(RZ/p)=

1
(1− x2)(1− x)n−1

n∏
i=1

(1+ (pi−1
− 1)x).

For p = 2, we know that the Poincaré series of R̃1 is 1/(1− x2). Now we can treat
the α as elements of (Z/2)n r {0} and assume that α0 = (1, 0, . . . , 0). For n = 2,
we only have ỹ(0,1), ỹ(1,1), ỹ(1,0) = 0. By the relations, we have ỹ(0,1) ỹ(1,1) = tα0 .
Therefore this ring has additive basis ỹm≥1

(0,1)t
m′
α0

, ỹk≥1
(1,1)t

k′
α0

, and t`α0
(m′, k ′, ` ≥ 0),

which give the terms x/((1− x)(1− x2)) twice and 1/(1− x2) in the Poincaré
series. Therefore, the Poincaré series of the ring is

P(R̃2)=
1

1− x2 + 2 ·
x

(1− x)(1− x2)
=

1+ x
(1− x)(1− x2)

.

After this, we can continue by induction since the relations imply

P(R̃n)= P(R̃n−1) · (1+ (2n−1
− 1)x) · 1

1−x

similarly as in [Holler and Kriz 2020]: The additive basis is formed by the additive
basis of R̃n−1 times ỹ≥0

(0,...,0,1) or ỹ≥1
(α′,1), where α′ ∈ (Z/2)n−1 r {0}. These elements
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are linearly independent in RZ/2 by performing a similar induction there (which
was done in [Holler and Kriz 2020]).

The case of p>2 is completely analogous. We define the homomorphism of rings

ϕ : R̃n→ RZ,

ũα 7→ uα − uα0,

tα 7→ tα,

which again we can check is a ring homomorphism by computing the relations
in the target. Again, we check ϕ is an isomorphism by checking that for every n,
the Poincaré series of R̃n agrees with (20). We have R̃1 is generated by the basis
of (t(1))m≥0. Thus, as before, P(R̃1)= 1/(1− x2). This time, for every n ≥ 2, an
additive basis of R̃n is given by the additive basis of R̃n−1 times t≥0

(0,...,0,1) · ũ
ε
(0,...,0,1),

where ε ∈ {0, 1}, or times t≥1
(α′,1), or times t≥0

(α′,1) · ũ(α′,1), where α′ ∈ (Z/p)n−1 r {0}.
This gives

P(R̃n)= P(R̃n−1) · (1+ (pn−1
− 1)x) · 1

1−x
,

and we can proceed by induction.

4. Another example

For the rest of the paper, we will consider equivariant homology with constant
coefficients Z/p for a prime p. If G = (Z/p)n is an elementary abelian group, S
is a set of 1-dimensional representations (real or complex depending on whether
p = 2 or p > 2), and γ =

⊕
α∈S α, then we completely calculated in [Kriz 2015]

the (Z-graded) coefficients of

(21) H̃Z/p
G

∗
(S∞γ )= H̃Z/p

G

∗
ẼFγ .

By the above method, for any p-group G and any set S of nontrivial irreducible
1-dimensional representations of G/G ′p, γ =

⊕
α∈S α, we have

H̃Z/p
G

∗
(S∞γ )= H̃Z/p

G/G ′p

∗
(S∞γ ).

However, for a G-representation γ which does not factor through G/G ′p the
calculation of (21) can be nontrivial. In this section, as an example, we consider the
case where G is the split extraspecial group (as described below) at p = 2 and V is
the irreducible real representation nontrivial on the center. This group is the central
product of n copies of D8. We write Vn = (Z/2⊕Z/2)n , where the generators of
the i-th copy of Z/2⊕Z/2 are denoted by v1,i , v2,i . Define q(v1,i )= q(v2,i )= 0,
q(v1,i + v2,i ) = 1, and let q be additive between different i summands. This is a
split quadratic form on the F2-vector space Vn with associated symplectic form

b(x, y)= q(x + y)+ q(x)+ q(y).
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A vector subspace W ⊆ V is called isotropic when b is 0 on W and is called
q-isotropic if q is 0 on W. The split extraspecial group Ṽn is an extension

1→ Z/2→ Ṽn→ Vn→ 1,

where for v ∈ Vn , 2v 6= 0 if and only if q(v) 6= 0 and for v,w ∈ Vn , vwv−1w−1
=

b(v,w).
Clearly Ṽn is isomorphic to a central product of n copies of D8 and the (real)

irreducible representation γ nontrivial on the center is obtained as the tensor product
of the dihedral representation of the n copies of D8. We shall apply Proposition 4 to

H̃Z/2
Ṽn

∗
(S∞γ ).

The family Fγ consists of elementary abelian subgroups of Ṽn disjoint with the
center which project to q-isotropic subspaces of Vn . Two subgroups are conjugate if
and only if they project to the same q-isotropic subspaces U of Vn . We shall refer to
these subgroups as decorations of U, and call them decorated q-isotropic subspaces.

We shall need to consider the following modular representations of the split
extraspecial 2-group Ṽn: All these representations will factor through the Frattini
quotient Vn . By the representation 2i , we mean a tensor product of the regular
representation of Z/2{v1,i } with the trivial representation on Z/2{v2,i }, where
v1, j , v2, j act trivially for j 6= i . (For counting purposes, equivalently, 1 and 2 can
be reversed). The representation 3i is the kernel of the augmentation from the
regular representation on Z/2{v1,i , v2,i } to the trivial representation (with the other
coordinates also acting trivially).

Let Pn be the poset of elementary abelian subgroups of Ṽn which project to a
nontrivial q-isotropic subspace of Vn . We will refer to these subgroups as decorated
q-isotropic subspaces of Vn .

Theorem 12. For n> 1, H̃k(|Pn|)= 0 except for k= n−1. As a Ṽn-representation,
Hn := H̃n−1(|Pn|) is given recursively as follows:

(22)

H1 = 31,

Hn+1 = 3n+1⊗Hn

⊕2n+1⊗ (22n−1
− 2n−1)Hn

⊕2n+1⊗ (22n−1
+ 2n−1

− 1)(2Hn − 2n22n−2Hn−1).

The subtraction in the last term is to be interpreted recursively as follows: We set
H0 = 1. Then one copy of 2nHn−1 is “subtracted” from the first summand of (22)
with n replaced by n− 1, to leave a copy of Hn−1. The remaining 22n−2

− 1 copies
of 2nHn−1 are subtracted from the second summand of the formula (22) with n
replaced by n− 1 (thus, only one copy of the 2Hn is involved in the subtraction).
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Comment. The expression for Hn given by the theorem is a direct sum of repre-
sentations of the form ⊗

i∈S1

2i ⊗
⊗
j∈S2

3 j

for S1∩ S2 =∅. I do not know if homology groups of Ṽn with coefficients in these
representations are all completely known. For |S2| ≤ 2, they can be deduced from
the computation of Quillen [1971].

Proof. We proceed by induction on n. In the case of n = 1, the isotropic subspaces
are 〈v1〉 and 〈v2〉, and there are two lifts to Ṽ1, and each pair of lifts is given by one
Z/2-summand of V1 = Z/2⊕Z/2. Note that we have 3, because we must consider
reduced homology.

Now to pass from |Pn| to |Pn+1|, consider first the poset Qn of decorated
q-isotropic subspaces of Vn+1 which intersect nontrivially with Vn . Then the
inclusion |Pn| ⊂ |Qn| is an equivalence by Lemma 8, considering the map the other
way given by

W 7→W ∩ Vn.

Now a q-isotropic subspace W of Vn+1 with W ∩Vn = 0 has dim(W )≤ 2. Let Rn+1

denote the union of Qn and the set of decorated isotropic subspaces W ⊂ Vn+1 with
dim(W )= 2, W∩Vn= 0. Then the poset (Rn+1)≥W ∩Qn for any such space W con-
sists of copies of the poset 4Pn−1 (here we use 4 to denote 4 additional independent
decorations). The factors (22) correspond to the choices of W, consisting of one
nonzero q-isotropic vector w ∈ Vn , and one vector w′ with q(w′)= 1, b(w,w′)= 1.
There are 22n−2 choices of w′ for each w. Then W = 〈v1+w, v1+ v2+w

′
〉. This

leads to a based cofibration

(23) |Pn| → |Rn+1| →
∨

4(22n−1+2n−1−1)22n−2

6|Pn−1|.

Now Pn+1 is the union of Rn+1 with the set of all decorated q-isotropic subspaces
W ⊂ Vn+1 with W ∩ Vn = 0, dim(W )= 1. For such a space W, (Pn+1)≥W ∩ Rn+1

consists of

(24) 2(2(22n−1
+ 2n−1)+ (22n−1

− 2n−1))

copies of Pn . The 2 corresponds to additional decorations. The 2(22n−1
+ 2n−1)

summands correspond to q-isotropic vectors of the form w+v1, w+v2, for w ∈ Vn ,
the 22n−1

−2n−1 summand correspond to q-isotropic vectors of the formw+v1+v2.
Thus, we obtain a based cofibration sequence

(25) |Rn+1| → |Pn+1| →
∨

2(2(22n−1+2n−1)+(22n−1−2n−1))

6|Pn|.
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Now from (23) and (25), we can easily eliminate |Rn+1|, as we see that the copies
of 6|Pn| in (25) corresponding to w = 0 project identically to 6|Pn| ⊂6|Rn+1|

under the connecting map. Thus, we obtain a cofibration sequence of the form

(26) |Pn+1|→
∨

2(2(22n−1+2n−1−1)+22n−1−2n−1)

6|Pn|→
∨

4(22n−1+2n−1−1)22n−2

62
|Pn−1|.

The second map (26) is shown to be onto in reduced homology using the sums of
terms indicated in the statement of the theorem. (In particular, we consider, for a
q-isotropic vector w+ v, with 0 6= w ∈ Vn+1, all choices of vectors w′ such that
〈w+ v1, w

′
+ v1+ v2〉 is q-isotropic. Note that this includes but is not equal to, for

n > 1, all 〈w+ v1, u〉 q-isotropic.)
The dichotomy between canceling the first or second summand in (22) comes

from distinguishing whether the projection of w to Vn−1 is 0 or not. �

Comment. The same method shows that the reduced homology of the poset of
undecorated q-isotropic subspaces of Vn is concentrated in degree n− 1 and has
rank 2n(n−1). This poset (for n ≥ 2) is the Tits building of �+2n(2) (the adjoint
Chevally group of type Dn at the prime 2), and this fact therefore also follows from
the Solomon–Tits theorem [Solomon 1969].

The number of q-isotropic subspaces Uk of dimension k of Vn is

vn,k = 2k(k−1)/2
·
(22n−1

+2n−1
−1)(22n−3

+2n−2
−1) . . . (22n−2k+1

+2n−k
−1)

(2k−1)(2k−1−1) . . . (2−1)

The Weyl group of Uk is Ṽn−k . Thus, we have proved the following:

Theorem 13. We have
H̃Z/2

G

0
(S∞γ )= Z/2.

For i > 0,

H̃Z/2
G

i
(S∞γ )= vn,k

n⊕
k=0

Hi−n+k−1(Ṽn−k,Hn−k). �
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LOCAL NORMAL FORMS FOR
MULTIPLICITY FREE U(n) ACTIONS ON

COADJOINT ORBITS

JEREMY LANE

Actions of U(n) on U(n + 1) coadjoint orbits via embeddings of U(n) into
U(n + 1) are an important family of examples of multiplicity free spaces.
They are related to Gelfand–Zeitlin completely integrable systems and mul-
tiplicity free branching rules in representation theory. This paper computes
the Hamiltonian local normal forms of all such actions, at arbitrary points,
in arbitrary U(n + 1) coadjoint orbits. The results are described using
combinatorics of interlacing patterns; gadgets that describe the associated
Kirwan polytopes.

1. Introduction

A Hamiltonian action of a compact connected Lie group K on compact symplectic
manifold (M, ω) with an equivariant moment map is a multiplicity free space if
the ring of K -invariant functions C∞(M)K is a commutative Poisson subalgebra
[Guillemin and Sternberg 1984a]. The moment map of a multiplicity free space
identifies the orbit space, M/K, with a convex polytope called the Kirwan polytope
[1984]. Compact multiplicity free spaces are classified by their Kirwan polytope and
the principal isotropy subgroup of the action [Knop 2011]. The local classification of
multiplicity free spaces (in a neighbourhood of an orbit) is a crucial step in the proof
of the classification theorem for compact multiplicity free spaces. It is equivalent
to the classification of smooth affine spherical varieties for G = K C. Smooth affine
spherical varieties are classified by their weight monoids [Losev 2009].

One particularly concrete family of examples of multiplicity free spaces is
provided by the action of a unitary group, U (n), on a coadjoint orbit of the unitary
group U (n+1) via an embedding of U (n) into U (n+1) (Section 3A). The Kirwan
polytopes of these spaces can be described as the set of points (µ1, . . . , µn) ∈ Rn

that satisfy the so-called interlacing inequalities,

(1) λ1 ≥ µ1 ≥ λ2 ≥ µ2 ≥ · · · ≥ µn ≥ λn+1,

MSC2010: primary 53D20; secondary 14M27, 37J35.
Keywords: coadjoint orbits, multiplicity free spaces, local normal form, Gelfand–Zeitlin, integrable

systems.

401

http://msp.org/pjm/
https://doi.org/10.2140/pjm.2020.309-2
https://doi.org/10.2140/pjm.2020.309.401


402 JEREMY LANE

where λ1, . . . , λn+1 ∈R are fixed parameters determined by the coadjoint orbit. The
main result of this paper (Theorem 3.3) is the computation of the local classifying
data of these spaces at arbitrary points in arbitrary U (n + 1) orbits. This result
has two interesting features. First, the classifying data are described in terms of
combinatorial gadgets called interlacing patterns that encode the combinatorics
of the Kirwan polytope (see Section 3B). An example of an interlacing pattern
is illustrated below. It corresponds to certain points in U (8) coadjoint orbits
diffeomorphic to U (8)/U (2)×U (1)×U (2)×U (1)×U (1)×U (1).

6 6 5 3 3 2 1 0

6 5 4 3 3 1 1

The second interesting feature is the proof (given in Section 4). Rather than using the
classification of smooth affine spherical varieties, the classifying data are computed
directly by elementary means. Following several standard reductions, the main step
in this proof is the explicit computation of the isotropy representations (Section 4A).
It is shown that they are certain products of standard representations and trivial
representations of factors of the isotropy subgroup, which has a block diagonal
form. The block diagonal factors of the isotropy subgroup that act by standard
representations correspond to “parallelogram shapes” that appear in the interlacing
pattern. For example, the isotropy subgroup corresponding to the interlacing pat-
tern above is U (1)×U (1)× 1×U (2)×U (1) and the isotropy representation is
{0}⊕C⊕{0}⊕C2

⊕{0} (see Example 5). The computation of this representation
relies on the relationship between the combinatorics of interlacing patterns and
divisibility properties of characteristic polynomials of certain Hermitian matrices.

Motivation for this work is provided by the Gelfand–Zeitlin1 commutative com-
pletely integrable systems [Guillemin and Sternberg 1983]. Although Gelfand–
Zeitlin systems have been studied extensively in recent years (see, e.g., [Alekseev
et al. 2018; Bouloc et al. 2018; Cho et al. 2020; Lane 2020]), very little is known
about their local normal forms as integrable systems near singular fibers (see
Example 6). An ongoing program aims to use the results of this paper to prove
topological and symplectic local normal forms for Gelfand–Zeitlin systems. The
multiplicity free spaces studied in this paper, as well as the associated Gelfand–
Zeitlin systems, have analogues for orthogonal groups and orthogonal coadjoint
orbits. The local models of those multiplicity free spaces can be computed in a
similar fashion.

1Also spelled Gelfand–Cetlin and Gelfand–Tsetlin.



LOCAL NORMAL FORMS FOR U (n) ACTIONS ON COADJOINT ORBITS 403

2. Hamiltonian group actions and local normal forms

This section fixes conventions, notation, and recalls the statement of the Marle–
Guillemin–Sternberg local normal form. Standard references are [Audin 2004;
Guillemin and Sternberg 1984c] modulo conventions.

2A. Hamiltonian group actions. Let K be a connected Lie group. Denote its Lie
algebra by k, the dual vector space by k∗, and the dual pairing by 〈 · , · 〉. Let Ad
and Ad∗ denote the adjoint and coadjoint actions respectively, i.e., 〈Ad∗k ξ, X〉 =
〈ξ,Adk−1 X〉 for k ∈ K, ξ ∈ k∗, and X ∈ k. Given a left action of K on a manifold M,
the fundamental vector field of X ∈ k is

X p =
d
dt

∣∣∣
t=0

exp(t X) · p, p ∈ M.

Let (M, ω) be a symplectic manifold. A left action of K on M is Hamiltonian
if there exists an equivariant map 8 : M→ k∗ such that

ιXω = d〈8, X〉.

A map 8 with this property is called a moment map. The tuple (M, ω,8) is a
Hamiltonian K -manifold. Hamiltonian K -manifolds (M, ω,8) and (M ′, ω′,8′)
are isomorphic if there exists a K -equivariant, symplectic diffeomorphism ϕ :

(M, ω)→ (M ′, ω′) such that 8′ ◦ϕ =8.

Example 1 (coadjoint orbits). Let O ⊂ k∗ be an orbit of the coadjoint action of K.
Given ξ ∈O, the tangent space TξO ⊂ k∗ is the set of elements of the form ad∗X ξ ,
X ∈ k. The Kostant–Kirillov–Souriau symplectic form ωKKS on O is defined
pointwise by the formula

(ωKKS)ξ (ad∗X ξ, ad∗Y ξ)= 〈ξ, [X, Y ]〉.

The inclusion map ι : O→ k∗ is a moment map for the coadjoint action of K on
(O, ωKKS). 4

Example 2 (homomorphisms). Let (M, ω,8) be a Hamiltonian K -manifold, H be
a Lie group, and ϕ : H → K be a Lie group homomorphism. Let (dϕ)∗ : k∗→ h∗

denote the linear map dual to dϕ : h→ k. Then the action of H on M defined
via the action of K and the homomorphism ϕ is Hamiltonian and (dϕ)∗ ◦8 is a
moment map. 4

Let U (n) denote the group of n× n unitary matrices, with Lie algebra u(n), and
let Hn denote the set of n×n Hermitian matrices, X = X†, where X 7→ X† denotes
conjugate transpose. Fix the isomorphism

(2) Hn→ u(n)∗, X 7→
(

A 7→
1
√
−1

Tr(X A)
)
.
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It is equivariant with respect to the action of U (n) on Hn by conjugation, k·X=k Xk†.

Example 3 (representations). Identify Cn ∼= Mn×1(C). The standard symplectic
form on Cn is

(3) ωstd(x, y)=
1

2
√
−1
(x† y− y†x), x, y ∈ Mn×1(C).

The action of U (n) on Cn by the standard representation is Hamiltonian with
moment map

(4) 8(x)=−1
2

xx†.

More generally, suppose that V is a real vector space equipped with a linear
symplectic form ωV . Let ρ : K → Sp(V, ωV ) be a representation of K on V
by symplectic transformations. Then the action of K on (V, ωV ) defined by ρ is
Hamiltonian with moment map 8V defined by the condition

(5) 1
2
ωV (dρ(X)v, v)= 〈8V (v), X〉 for all v ∈ V . 4

Example 4 (isotropy representations). Let (M, ω,8) be a Hamiltonian K -manifold.
Given p ∈M, let K · p denote the orbit of the action of K through p and let K p ≤ K
denote the isotropy subgroup; the subgroup of elements that fix p. Let K8(p) denote
the isotropy subgroup of 8(p). Then K p ≤ K8(p). The symplectic slice at p ∈ M
is the vector space

Wp = Tp(K · p)ω/(Tp(K · p)∩ Tp(K · p)ω),

where Tp(K ·p)ω denotes the subspace of elements X ∈Tp M such thatωp(X, Y )=0
for all Y ∈ Tp(K · p). The restriction of ωp to Tp(K · p)ω descends to a symplectic
form on Wp denoted ωp. The linearization of the action of K p, a.k.a. the isotropy
representation, preserves the subspaces Tp(K · p)ω and Tp(K · p) ∩ Tp(K · p)ω,
so it descends to an action of K p on (Wp, ωp) by symplectic transformations.
Thus (Wp, ωp,8W ) is a Hamiltonian K p-manifold, where 8W is defined as in
Example 3. 4

2B. Marle–Guillemin–Sternberg local normal forms. Given a connected Lie
group K, Marle–Guillemin–Sternberg data (MGS data) is a tuple (ξ, L ,W, ωW )

where ξ ∈ k∗, L is a Lie subgroup of Kξ , and (W, ωW ) is a symplectic vector space
equipped with a representation of L by symplectic transformations.

Given MGS data (ξ, L ,W, ωW ), [Guillemin and Sternberg 1984c; Marle 1985]
construct a Hamiltonian K -manifold, denoted M(ξ, L ,W, ωW ), with the following
properties. Let m= kξ/l and identify m∗ with a L-invariant complement of l∗ in k∗ξ .
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As a manifold, M(ξ, L ,W, ωW ) is the total space of the vector bundle

(6) K ×L (m
∗
×W )→ K/L

associated to the principal bundle L→ K → K/L and the representation m∗×W.
The symplectic structure on M(ξ,L ,W,ωW) is determined by the data (ξ,L ,W,ωW)

(see [Guillemin and Sternberg 1984b; 1984c; Marle 1985] for more details). With
respect to this diffeomorphic description of M(ξ, L ,W, ωW ), the Hamiltonian
action of K and the corresponding moment map are

(7) k ′ · [k, η,w] = [k ′k, η,w], 8([k, η,w])= Ad∗k(η+8W (w)+ ξ).

Let (M, ω,8) be a Hamiltonian K -manifold. The Marle–Guillemin–Sternberg
data of a point p ∈ M is (8(p), K p,Wp, ωp), where K p is the isotropy subgroup
of p and (Wp, ωp) is the symplectic slice at p equipped with the isotropy represen-
tation of K p as described in Example 4.

Theorem 2.1 (Marle–Guillemin–Sternberg local normal forms [Guillemin and
Sternberg 1984b; Marle 1985]). Let (M, ω,8) be a Hamiltonian K -manifold. For
all p ∈ M there exists K -invariant neighbourhoods U ⊂ M of the orbit K · p
and U ′ ⊂ M(8(p), K p,Wp, ωp) of the orbit K · [e, 0, 0] and an isomorphism of
Hamiltonian K -manifolds ϕ :U →U ′ such that ϕ(p)= [e, 0, 0].

Hamiltonian K -manifolds (M, ω,8) and (M ′, ω′,8′) are equivalent if there
exists an automorphism ψ of K, a symplectomorphism F : (M, ω)→ (M ′, ω′), and
an Ad∗K -fixed element ξ ∈ k∗ such that

(1) ψ(k) · F(m)= F(k ·m), and

(2) 8+ ξ = (dψ)∗ ◦8′ ◦ F.

Marle–Guillemin–Sternberg data (ξ, L ,W, ωW ) and (ξ ′, L ′,W ′, ωW ′) for K
are equivalent if the corresponding model spaces are equivalent as Hamiltonian
K -manifolds. For instance, if p and p′ are in the same K -orbit, then the MGS data
of p and p′ are equivalent.

3. Statement of the main theorem

The following notation will be useful in the remainder of the paper. Given a
sequence of real numbers τ = (τ1, . . . , τn), let [τ ] denote the set of elements in τ .
Let τ i denote the i-th element of [τ ] in decreasing order. Let m(τ ) denote the size
of [τ ]. Let nτ (τ ) denote the number of times τ occurs in τ . Let ni (τ ) denote the
number of times τ i occurs in τ .
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3A. Multiplicity free U(n) actions on U(n + 1) coadjoint orbits. Given a non-
increasing sequence of real numbers λ= (λ1, . . . , λn+1), let O3 denote the set of
matrices in Hn+1 with eigenvalues λ1, . . . , λn+1. Then O3 is the orbit of

(8) 3 :=

λ1
. . .

λn+1


under the action of U (n+ 1) by conjugation and the map k 7→ kλk† descends to a
U (n+ 1)-equivariant diffeomorphism

(9) U (n+ 1)/U (n1(λ))× · · ·×U (nm(λ)(λ))→O3.

The map (2) defines a U (n)-equivariant diffeomorphism of O3 with a coadjoint orbit
of U (n+1). Let ω3 denote the symplectic form on O3 defined by this identification
and the Kostant–Kirillov–Souriau symplectic form defined in Example 1. For all
p ∈O3,

(10) (ω3)p([X, p], [Y, p])=
1
√
−1

Tr(p[X, Y ]) for all X, Y ∈ u(n+ 1).

With respect to (2), (O3, ω3, ι :O3→Hn+1) is a Hamiltonian U (n+1)-manifold,
where ι denotes inclusion. Let K =U (n) and let ϕ : K→U (n+1) be an embedding
of K as a Lie subgroup of U (n+ 1). With respect to the identification (2), (dϕ)∗

is a linear projection Hn+1→Hn . By Example 2, (O3, ω3,8) is a Hamiltonian
K -manifold with moment map

(11) 8= (dϕ)∗ ◦ ι :O3→Hn.

It is well-known that (O3, ω3,8) are multiplicity free spaces for all possible
choices of λ and ϕ (this follows from Lemma 4.1 below).

3B. Interlacing patterns. Let λ = (λ1, . . . , λn+1) and µ = (µ1, . . . , µn) be non-
increasing sequences of numbers that satisfy the interlacing inequalities (1). The
inequalities (1) are represented by attaching labels to a fixed set of 2n+ 1 vertices
arranged on a triangular grid as illustrated by the following example.

(12)

λ1 λ2 λ3 λ4 λ5 λ6 λ7 λ8

µ1 µ2 µ3 µ4 µ5 µ6 µ7

If a vertex labelled x appears to the left of a vertex labelled y, then x ≥ y. The labels
on the top row correspond to λ and the labels on the bottom row correspond to µ.
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The (labelled) interlacing pattern of a pair of sequences (λ, µ) that satisfy (1) is
the labelled undirected plane graph obtained by adding straight edges to the diagram
above according to the following rule: two vertices are connected by an edge if
and only if they are nearest neighbours and their labels are equal. For example, the
following is the interlacing pattern of (λ, µ) where λ= (6, 6, 5, 3, 3, 2, 1, 0) and
µ= (6, 5, 4, 3, 3, 1, 1).

(13)

6 6 5 3 3 2 1 0

6 5 4 3 3 1 1

Three types of connected components can occur in interlacing patterns: -shapes,
-shapes, and -shapes. In the example (13): the components labelled 6, 2, and 0

are -shapes, the components labelled 4 and 1 are -shapes, and the components
labelled 5 and 3 are -shapes. By convention, an isolated vertex on the top row is
a -shape and an isolated vertex on the bottom row is a -shape.

If λ= (λ1, . . . , λn+1) is fixed, then the set of pairs (λ, µ) that satisfy (1) (equiva-
lently, the set of labelled interlacing patterns whose labels on the top row are given
by λ) is in bijection with elements of the polytope

1λ := {µ= (µ1, . . . , µn) ∈ Rn
| (λ, µ) satisfies (1)}.

Given (O3, ω3,8) as in the previous section, a point p ∈ O3 determines a
pair (λ, µ) that satisfies (1), where µ = (µ1, . . . , µn) denotes the eigenvalues of
8(p) arranged in nonincreasing order. Thus, every p ∈ O3 has an associated
labelled interlacing pattern. As observed in [Guillemin and Sternberg 1983], the
polytope 1λ defined above is the Kirwan polytope of (O3, ω3,8), i.e.,

1λ={(µ1, . . . , µn)∈Rn
|µ1≥ · · ·≥µn, ∃p ∈O3 with eigenvalues µ1, . . . , µn}.

The notation λ∈[λ]
-shape denotes the set of all λ ∈ [λ] such that the connected com-

ponent of the interlacing pattern of (λ, µ) labelled by λ is a -shape. Similar
notation is used for other sets. For example, any pair (λ, µ) satisfying (1) satisfies
the identity

(14)
n+1∑
i=1

λi −

n∑
i=1

µi =
∑
λ∈[λ]
-shape

λ−
∑
µ∈[µ]

-shape

µ.

Remark 3.1. An unlabelled interlacing pattern is an undirected plane graph that can
be obtained from a labelled interlacing pattern by erasing the labels. In other words,
the edges in an unlabelled interlacing pattern must correspond to a configuration of
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equalities and strict inequalities that is allowed by (1). For instance, the following
is an unlabelled interlacing pattern.

(15)

On the other hand, the following is not an unlabelled interlacing pattern.

(16)

If µ and µ′ are contained in the relative interior of the same face of 1λ, then the
unlabelled interlacing patterns of (λ, µ) and (λ, µ′) are the same. Thus the set of
unlabelled interlacing patterns obtained by erasing labels from labelled interlacing
patterns of pairs (λ, µ), λ fixed, is in natural bijection with the set of faces of1λ. The
partial order on faces of 1λ corresponds to an obvious partial order on the set of all
such unlabelled interlacing patterns. Thus, they encode 1λ as an abstract polytope.
It is also straightforward to read the local moment cone of a point µ ∈1λ from the
unlabelled interlacing pattern of (λ, µ). The intersection of this local moment cone
with the standard lattice in Rn is the weight monoid of the corresponding smooth
affine spherical variety that appears in the classification of [Knop 2011].

Remark 3.2. The interlacing patterns described here occur as rows in larger dia-
grams, also called interlacing patterns, that describe points and faces of Gelfand–
Zeitlin polytopes as well as fibers of Gelfand–Zeitlin systems (see, e.g., [An et al.
2018; Cho et al. 2020; Pabiniak 2014; Bouloc et al. 2018]). Some authors use an
equivalent combinatorial gadget called ladder diagrams and introduce terminology
such as W-blocks, M-blocks, and N-blocks that is equivalent to the notions of

-shapes, -shapes, and -shapes used here.

3C. Statement of the main theorem. Let K = U (n) and let (λ, µ) be a pair of
nonincreasing sequences λ = (λ1, . . . , λn+1) and µ = (µ1, . . . , µn) that satisfy
the interlacing inequalities (1). Let M := diag(µ1, . . . , µn). The stabilizer sub-
group KM for the conjugation action of K is a block diagonal subgroup isomorphic
to U (n1(µ))× · · ·×U (nm(µ)(µ)). Define

(17) W(λ,µ) :=

⊕
µ∈[µ]

-shape

Cnµ(µ),
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and the block-diagonal subgroup

(18) L(λ,µ) := L1× · · ·× Lm(µ) ≤U (n1(µ))× · · ·×U (nm(µ)(µ))= KM,

where

(19) L i =

{(
1 0
0 k

)
| k ∈U (ni (µ)− 1)

}
≤U (ni (µ))

if the component of the interlacing pattern of (λ, µ) labelled µi is a -shape, and
L i = U (ni (µ)) otherwise. Equip W(λ,µ) with the representation of L(λ,µ) where
the factor L i acts by the standard representation on the corresponding factor Cni (µ)

if the component of the interlacing pattern of (λ, µ) labelled µi is a -shape, and
it acts trivially otherwise.

Example 5. Consider the interlacing pattern in equation (13). It follows that
M= diag(6,5,4,3,3,1,1),

(20)
L(λ,µ) =





k6

k5

1

k3

1
k1


∣∣ k6, k5, k1 ∈U (1), k3 ∈U (2)


W(λ,µ) = {0}⊕C⊕{0}⊕C2

⊕{0}.

The representation of L(λ,µ) on W(λ,µ) is (k6,k5,k3,k1)·(z5, z3)= (k5z5,k3z3). 4

For µ ∈ µ, define rµ ≥ 0 such that

(21) r2
µ =−

( ∏
λ∈[λ]
-shape

(µ− λ)

)( ∏
τ∈[µ]

-shape
τ 6=µ

1
(µ− τ)

)

if the connected component of the interlacing pattern of (λ, µ) labelled µ is a
-shape, and rµ = 0 otherwise. If the connected component of the interlacing

pattern of (λ, µ) labelled µ is a -shape, then r2
µ > 0.

Provided that the component of the interlacing pattern of (λ, µ) labelled µ= µi

is not a -shape, define

(22) Ci := Cµ :=
n+1∑
i=1

λi −

n∑
i=1

µi −µ+
∑
τ∈[µ]

-shape

r2
τ

µ− τ
.
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Finally, define a linear symplectic form on W(λ,µ) by the formula

(23) ω(λ,µ)(u,w) :=
1
√
−1

∑
µ∈[µ]

-shape

−u†
µwµ+w†

µuµ
Cµ

,

for all u,w ∈W(λ,µ), where uµ denotes the projection of u to the factor Cnµ(µ).

Theorem 3.3. Let K =U (n) and let (O3, ω3,8) be the Hamiltonian K -manifold
associated to a nonincreasing sequence λ = (λ1, . . . , λn+1) and an embedding
ϕ : K → U (n+ 1) as in Section 3A. Then, the Marle–Guillemin–Sternberg local
normal form data of p ∈O3 is equivalent to

(24) (M, L(λ,µ),W(λ,µ), ω(λ,µ)),

where (λ, µ) is determined by p as in Section 3B and M, L(λ,µ),W(λ,µ), and ω(λ,µ)
are as defined above.

The proof of Theorem 3.3, given in Section 4, describes an explicit linear isomor-
phism between the isotropy representation at p and the symplectic representation
(W(λ,µ), ω(λ,µ)).

Remark 3.4. It is straightforward to check that as L(λ,µ)-representations,

(25) m∗ ∼=
⊕
µ∈[µ]

-shape

(R×Cnµ(µ)−1),

where if the component of the interlacing pattern labelled µi is a -shape, then
the factor L i ∼= U (ni (µ)− 1) acts on the corresponding factor R× Cni (µ)−1 as
the product of the trivial representation and the standard representation. Other-
wise the factor L i acts trivially. The moment map of the local normal form
M(M, L(λ,µ),W(λ,µ), ω(λ,µ)) is easily computed by combining Example 3 and (7).

Example 6. Let λ1 > λ2 > λ3 and let p ∈ O3 such that the eigenvalues of 8(p)
are µ1 = µ2 = λ2. The interlacing pattern of p is

λ1 λ2 λ3

µ1 µ2

It follows from Theorem 3.3 that the orbit through p is a Lagrangian U (2)/U (1)∼=S3

and a neighbourhood of this orbit is isomorphic to a neighbourhood of the zero
section in T ∗S3, equipped with the Hamiltonian action of U (2) by cotangent lift
of the action of U (2) on S3. This particular example was derived by Alamiddine
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[2009], who used it to show that the Gelfand–Zeitlin systems on regular U (3)
coadjoint orbits are isomorphic, in a neighbourhood of this Lagrangian S3 fiber,
to an integrable system for the normalized geodesic flow on T ∗S3 for the round
metric on S3. 4

4. Proof of Theorem 3.3

Let K = U (n) and fix an arbitrary nonincreasing sequence λ = (λ1, . . . , λn+1).
Several standard reductions are in order.

First, any two embeddings K→U (n+1) endow O3 with equivalent Hamiltonian
K -manifold structures: the restricted coadjoint actions differ by the coadjoint action
of an element g ∈U (n+ 1). Thus, it is sufficient to compute the MGS data with
respect to the embedding

(26) ϕ : K →U (n+ 1), k 7→
(

1 0
0 k

)
.

With respect to (2),

(27) (dϕ)∗ :Hn+1→Hn, (dϕ)∗(X)= X (n),

where X (n) is the bottom right principal n× n submatrix of X. Thus 8(X)= X (n).
Second, it is sufficient to compute the MGS data for points of the form

(28) p =
(

c z†

z M

)
=



c z1 z2 · · · zn−1 zn

z1 µ1

z2 µ2
...

. . .

zn−1 µn−1

zn µn


,

zi ∈ C and c =
n+1∑
i=1

λi −

n∑
i=1

µi ,

where µ1 ≥ · · · ≥ µn . Indeed, every point in O3 can be brought to this form by the
action U (n), so its MGS data is equivalent to the MGS data of a point of this form.
Note that p ∈8−1(M) if and only if p is of the form (28).

Before giving the final reduction, recall from [Guillemin and Sternberg 1983]
that the condition p ∈ O3, for p of the form (28), is equivalent to the following
equality of characteristic polynomials,

(29)
n+1∏
i=1

(x − λi )= (x − c)
n∏

i=1

(x −µi )−

n∑
i=1

|zi |
2

n∏
j=1
i 6= j

(x −µ j ).
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Rewrite p in block form

(30) p =



c z†
1 z†

2 · · · z†
m

z1 µ1 In1(µ)

z2 µ2 In2(µ)

...
. . .

zm µm Inm(µ)


, zi ∈ Mni (µ)×1(C).

where m =m(µ). If µ=µi , let zµ = zi denote the corresponding block. Then (29)
becomes

(31)
∏
λ∈[λ]

(x − λ)nλ(λ)

= (x − c)
∏
µ∈[µ]

(x −µ)nµ(µ)−
∑
µ∈[µ]

‖zµ‖2(x −µ)nµ(µ)−1
∏
τ∈[µ]

τ 6=µ

(x − τ)nτ (τ ).

The following lemma is well-known. Its proof is left as an exercise using the
fact that p ∈O3 if and only if p satisfies (31).

Lemma 4.1. Let p be of the form (30). Then p ∈ O3 if and only if for all µ ∈ µ,
‖zµ‖2 = r2

µ. Moreover, the action of KM on 8−1(M) is transitive.

The final reduction concerns the isotropy subgroup. Given (λ, µ), define p̃ ∈O3
of the form (30) such that for all µ ∈ [µ],

(32) zµ =


rµ
0
...

0

 .
By construction, K p̃ = L(λ,µ). The MGS data of every other point p ∈8−1(M) is
equivalent to that of p̃ by Lemma 4.1.

Remark 4.2. Many of the facts mentioned in this section are also useful for studying
Gelfand–Zeitlin systems [Guillemin and Sternberg 1983; Cho et al. 2020].

4A. The isotropy representation. Continuing from the previous section, this sec-
tion computes the isotropy representations at the points p̃ ∈8−1(M) as described
in (30), (32) and Lemma 4.1.

Lemma 4.3. Let p ∈ 8−1(M) and let c, z be defined as in (30). The subspace
Tp(K · p)ω consists of all matrices of the form

(33)
(

0 (c−M)x†
+ z† X†

(c−M)x+ X z 0

)
, X ∈ k, x ∈ Mn×1(C)
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such that

(34)
0= x†z+ z†x,

0= xz†
+ zx†

+ [X,M].

The subspace Tp(K · p)∩ Tp(K · p)ω consists of all matrices of the form

(35)
(

0 z†Y †

Y z 0

)
, Y ∈ kM.

Proof. Denote

η :=

(
0 0
0 Y

)
, ξ :=

(
x0 −x†

x X

)
, X, Y ∈ k, x0 ∈

√
−1R, x ∈ Mn×1(C).

The tangent space TpO3 consists of elements of the form [ξ, p]. Since diagonal
elements of u(n+1) act trivially, set x0=0. Then elements of TpO3 have block form

[ξ, p] =
(
−x†z− z†x (c−M)x†

+ z† X†

(c−M)x+ X z xz†
+ zx†

+ [X,M]

)
, X ∈ k, x ∈ Mn×1(C).

Elements of Tp(K · p) have block form

[η, p] =
(

0 z†Y †

Y z [Y,M]

)
, Y ∈ k.

Recall,

Tp(K · p)ω =
{
[ξ, p] ∈ TpO3 | (ω3)p([ξ, p], [η, p])= 0 for all Y ∈ k

}
.

By (10),
√
−1(ω3)p([ξ, p], [η, p])= Tr(p[ξ, η])

=−Tr(z†Y x)−Tr(zx†Y )+Tr(M[X, Y ])

= Tr(([M, X ] − xz†
− zx†)Y ).

Let
√
−1Ei,i , Ei, j − E j,i , and

√
−1(Ei, j + E j,i ) be standard basis elements for k

(where Ei, j denotes the matrix whose i, j-entry is 1 and all other entries are 0).
Plugging these elements in for Y yields a system of equations,

(36)

0= xi zi + zi x i for all i,

0= (µ j −µi )(X j,i + X i, j )− (x j zi + z j x i − xi z j − zi x j ) for all i 6= j,

0= (µ j −µi )(X j,i − X i, j )− (x j zi + z j x i + xi z j + zi x j ) for all i 6= j,

(where X i, j denotes the i, j entry of X ) which in turn is equivalent to the system
of equations

(37)
0= xi zi + zi x i for all i,

0= (µ j −µi )X j,i − (x j zi + z j x i ) for all i 6= j.
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This system of equations is equivalent to the system of matrix equations (34). It
follows from (34) that the block diagonal parts of [ξ, p] ∈ Tp(K · p)ω are zero, so
[ξ, p] has the form (33) subject to the equations (34). By properties of equivariant
moment maps, Tp(K ·p)∩Tp(K ·p)ω=Tp(KM·p) [Guillemin and Sternberg 1984c].
Elements of Tp(KM · p) have block form of (35), which completes the proof. �

Equations (34) dictate the form of the vectors (c−M)x+ X z, as the next two
lemmas demonstrate.

Lemma 4.4. Let p ∈ 8−1(M) and let z be defined as in (30). Let X ∈ k and
x ∈ Mn×1(C) such that

(38) 0= xz†
+ zx†

+ [X,M].

If the component of the interlacing pattern of (λ, µ) labelled µ is not a -shape,
then

(X z)µ =
( ∑
τ∈[µ]

-shape

r2
τ

µ− τ

)
xµ.

Proof. Let µ 6= ν distinct elements of µ. Let Xµ,ν , xµ, zµ, etc. denote the corre-
sponding blocks of X, x, and z. By (38), the µ, ν block of X is given by the formula

Xµ,ν =
1

µ− ν
(xµz†

ν + zµx†
ν ) for all µ 6= ν.

By Lemma 4.1, if the component of the interlacing pattern of (λ, µ) labelled µ is
not a -shape, then zµ = 0. Thus

(X z)µ =
∑
τ∈[µ]

τ 6=µ

Xµ,τ zτ =
∑
τ∈[µ]

τ 6=µ

1
µ− τ

xµz†
τ zτ

=

( ∑
τ∈[µ]

-shape

‖zτ‖2

µ− τ

)
xµ =

( ∑
τ∈[µ]

-shape

r2
τ

µ− τ

)
xµ. �

Recall the definition of Cµ from (22).

Lemma 4.5. Let p, X, and x as in Lemma 4.4 such that (38) holds. Assume that the
component of the interlacing pattern of (λ, µ) labelled µ is not a -shape. Then,
Cµ = 0 if and only if the component of the interlacing pattern of (λ, µ) labelled µ
is a -shape.
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Proof. First, note that it is sufficient to prove

(39)
∏
λ∈[λ]
-shape

(x − λ)= (x − c)
∏
µ∈[µ]

-shape

(x −µ)−
∑
µ∈[µ]

-shape

r2
µ

∏
τ∈[µ]

-shape
τ 6=µ

(x − τ).

Indeed, since the component of the interlacing pattern labelled µ is not a -shape,
plugging in x = µ yields

(40)
∏
λ∈[λ]
-shape

(µ−λ)=

(
µ−c−

∑
τ∈[µ]

-shape

r2
τ

µ− τ

) ∏
τ∈[µ]

-shape

(µ−τ)=−Cµ
∏
τ∈[µ]

-shape

(µ−τ)

and the factor

(41)
∏
τ∈[µ]

-shape

(µ− τ)

is nonzero.
Second, applying Lemma 4.1 (rµ = 0 when the component labelled µ is not a

-shape) and rearranging, observe that

(42) (x − c)
∏
µ∈[µ]

(x −µ)nµ([µ])−
∑
µ∈[µ]

r2
µ(x −µ)

nµ([µ])−1
∏
τ∈[µ]

τ 6=µ

(x − τ)nτ ([µ])

= (x − c)
∏
µ∈[µ]

-shape

(x −µ)nµ([µ])
∏
τ∈[µ]

, -shape

(x − τ)nτ ([µ])

−

∑
µ∈[µ]

-shape

r2
µ(x −µ)

nµ([µ])−1
∏
τ∈[µ]

-shape
τ 6=µ

(x − τ)nτ ([µ])
∏
τ∈[µ]

, -shape

(x − τ)nτ ([µ])

=

(
(x − c)

∏
µ∈[µ]

-shape

(x −µ)−
∑
µ∈[µ]

-shape

r2
µ

∏
τ∈[µ]

-shape
τ 6=µ

(x − τ)
)

·

∏
τ∈[µ]

-shape

(x − τ)nτ ([µ])−1
∏
τ∈[µ]

, -shape

(x − τ)nτ ([µ]).

Then (39) follows by combining (42) and (31), which completes the proof. �
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For p ∈8−1(M), let Vp ⊂ Cn denote the image of injective linear map

(43)

T : Tp(K · p)ω→ Cn,(
0 (c−M)x†

+ z† X†

(c−M)x+ X z 0

)
7→ (c−M)x+ X z

and let Up ⊂ Vp denote the image of Tp(K · p) ∩ Tp(K · p)ω. Specialize to the
case of p̃ and recall that K p̃ = L(λ,µ). The map T is K p̃-equivariant with respect
to the action of K p̃ on Cn as a block-diagonal subgroup of K = U (n) acting
by the standard representation. Decompose Cn

=
⊕m

i=1 Cni (µ), m = m(µ). The
subspaces V p̃ and U p̃ have the forms

⊕m
i=1 Vi and

⊕m
i=1 Ui , respectively, for

some subspaces Ui ⊂ Vi ⊂ Cni (µ). The map T descends to an isomorphism of
K p̃-representations,

(44) W p̃ = Tp̃(K · p̃)ω/(Tp̃(K · p̃)∩ Tp̃(K · p̃)ω)∼=
m⊕

i=1

Vi/Ui .

The representation of K p̃ = L1× · · ·× Lm on the right is given in each component
by the inclusion L i ⊂ U (ni (µ)) and the standard representation of U (ni (µ)) on
Cni (µ). This representation of L i preserves the subspaces Ui ⊂ Vi so it induces a
representation on Vi/Ui .

Recall that if the component of the interlacing pattern labelled µi is a -shape,
then L i =U (ni (µ)).

Proposition 4.6. For all i = 1, . . . ,m, m = m(µ), there is an isomorphism of L i

representations

Vi/Ui ∼=


Cni (µ) if the component of the interlacing pattern

of (λ, µ) labelled µi is a -shape,

{0} otherwise,

where Cni (µ) denotes the standard representation of U (ni (µ)).

Proof. In general,

Ui = {(Y z)i | Y ∈ kM} = {Yi,i zi | Yi,i ∈ u(ni (µ))}.

If the component of the interlacing pattern of (λ, µ) labelled µi is a -shape, then,
by Lemma 4.1, zi 6= 0, so Ui = Cni (µ) and Vi/Ui ∼= {0}. If the component of the
interlacing pattern of (λ, µ) labelled µi is not a -shape, then, zi = 0, so Ui = {0}.

It remains to determine the subspace Vi when the component of the interlacing
pattern of (λ, µ) labelled µi is not a -shape. In this case, it follows by Lemma 4.4
that the block

((c−M)x+ X z)i = (c−M)xi + (X z)i = Ci xi ,
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where Ci = Cµi as defined in (22). By Lemma 4.3,

(45) Vi = {((c−M)x+ X z)i | X ∈ k, x ∈ Cn, xz†
+ zx†

+ [X,M]}

= {Ci xi | xi ∈ Cni (µ)}.

By Lemma 4.5, Ci = 0 if and only if the component of the interlacing pattern of
(λ, µ) labelled µi is a -shape. This completes the proof. �

Thus
⊕m

i=1 Vi/Ui is isomorphic to the L(λ,µ)-representation W(λ,µ).

Proposition 4.7. The linear symplectic structure on W(λ,µ) defined via the sym-
plectic form ω p̃ and the isomorphism (44) equals the linear symplectic form ω(λ,µ)

defined in (23).

Proof. Denote

η :=

(
0 − y†

y Y

)
, ξ :=

(
0 −x†

x X

)
, X, Y ∈ k, x, y ∈ Mn×1(C).

Then, using Lemma 4.4,

(46)
√
−1(ω3) p̃([ξ, p̃], [η, p̃])

= Tr( p̃[ξ, η])= Tr([ p̃, ξ ]η)

=−Tr
((

0 (c−M)x†
+ z† X†

(c−M)x+ X z 0

)(
0 − y†

y Y

))
=−((c−M)x†

+ z† X†) y+Tr(((c−M)x+ X z) y†)

=−((c−M)x†
+ z† X†) y+Tr( y†((c−M)x+ X z))

=−(c−M)(x† y− y†x)− z† X† y+ y† X z

=−(c−M)(x† y− y†x)− (X z)† y+ y† X z

=−(c−M)(x† y− y†x)+
m∑

i=1

( ∑
-shape
j 6=i

r2
j

µi −µ j

)
(−x†

i yi + y†
i xi ).

Viewing [ξ, p̃] and [η, p̃] as representatives of vectors in the isotropy representation,

(47) (ωλ) p̃([ξ, p̃], [η, p̃])=
1
√
−1

m∑
-shape
i=1

(
c−µi+

∑
-shape
j 6=i

r2
j

µi−µ j

)
(−x†

i yi+ y†
i xi )

=
1
√
−1

m∑
-shape
i=1

Ci (−x†
i yi+ y†

i xi ).
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Applying the isomorphism T :W p̃→W(λ,µ), [ξ, p] 7→ u = (Ci xi )i , [η, p] 7→ v =

(Ci yi )i yields

ω(λ,µ)(u,w)=
1
√
−1

m∑
-shape
i=1

−u†
i wi +w

†
i ui

Ci
. �
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FUNCTIONAL DETERMINANT ON
PSEUDO-EINSTEIN 3-MANIFOLDS

ALI MAALAOUI

Given a three-dimensional pseudo-Einstein CR manifold (M, T 1,0 M, θ), we
establish an expression for the difference of determinants of the Paneitz type
operators Aθ , related to the problem of prescribing the Q′-curvature, under
the conformal change θ 7→ ewθ with w ∈ P the space of pluriharmonic func-
tions. This generalizes the expression of the functional determinant in four-
dimensional Riemannian manifolds established in (Proc. Amer. Math. Soc.
113:3 (1991), 669–682). We also provide an existence result of maximizers
for the scaling invariant functional determinant as in (Ann. of Math. (2) 142:1
(1995), 171–212).

1. Introduction and statement of the results

There has been extensive work on the study of spectral invariants of differential
operators defined on a Riemannian manifold (M, g) and the relations to their
conformal invariants; see for instance [Branson and Ørsted 1986; 1991a; 1991b].
As an example, if we consider the two-dimensional case with the pair of the Laplace
operator −1g, and the associated invariant which is the scalar curvature Rg, we
know that under conformal change of the metric g 7→ g̃= e2wg, one has the relation

Rg̃e2w
=−1gw+ Rg.

It is also known that the spectrum of −1g is discrete and can be written as 0 <
λ1 ≤ λ2 ≤ · · · and the corresponding zeta function is then defined by

ζ−1g (s)=
∞∑
j=1

1
λs

j
.

This series converges uniformly for s > 1 and can be extended to a meromorphic
function in C with 0 as a regular value. The determinant of the operator −1g can
then be written as

det(−1g)= e−ζ
′

−1g (0).
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The celebrated Polyakov formula [1981a; 1981b] states that if g̃ = e2wg, then

ln
(

det(−1g̃)

det(−1g)

)
=
−1
12π

∫
M
|∇w|2+ 2Rw dvg,

for metrics with the same volume. The scaling invariant functional determinant F2

can then be written as

F2(w)=
−1
12π

(∫
M
|∇w|2+ 2Rw dvg −

(∫
M

R dvg

)
ln
(
−

∫
M

e2w dvg

))
.

Notice that the right-hand side is a familiar quantity. It is the Beckner–Onofri
energy [Beckner 1993], and we know that∫

S2
|∇w|2+ 2Rw dvg −

(∫
M

R dvg

)
ln
(
−

∫
S2

e2w dvg

)
≥ 0.

This notion of determinant was extended to dimension four for conformally invariant
operators, keeping in mind that the substitute of the pair (−1g, R) in dimension two
is the pair (Pg, Qg) in dimension four, where Pg is the Paneitz operator and Qg is the
Riemannian Q-curvature [Branson and Ørsted 1991b; Esposito and Malchiodi 2019].
In addition, two new terms appear in the scaling invariant functional determinant
expression. Indeed, if (M, g) is a 4-dimensional manifold and Ag is a nonnegative
self-adjoint conformally covariant operator, then there exist β1, β2 and β3 ∈ R such
that the scaling invariant functional determinant F4 reads as

(1) F4(w)= β1 I (w)+β2 II (w)+β3 III (w),

where
I (w)= 4

∫
M w|Wg|

2 dvg −
(∫

M |Wg|
2 dvg

)
ln
(
−

∫
M e4w dvg

)
,

II (w)=
∫

M wPgw+ 4Qgw dvg −
(∫

M Qg dvg
)

ln
(
−

∫
M e4w dvg

)
,

III (w)= 12
∫

M(1gw+ |∇w|
2)2 dvg − 4

∫
M w1g Rg + Rg|∇w|

2 dvg.

In the case of the sphere S4, we see that the second term II corresponds again to
the four-dimensional Beckner–Onofri energy. The existence and uniqueness of
maximizers of this expression was heavily investigated and we refer the reader to
[Chang and Yang 1995; Gursky and Malchiodi 2012; Esposito and Malchiodi 2019;
Okikiolu 2001] for an in-depth study of this functional in the Riemannian setting.

Now let us move to the CR setting. We consider a 3-dimensional CR manifold
(M, T 1,0 M, J, θ) and we recall that the substitute for the pair (Pg, Qg) is (Pθ , Qθ ),
where Pθ is the CR Paneitz operator and Qθ is the CR Q-curvature [Fefferman
and Hirachi 2003; Gover and Graham 2005]. The problem with this pair is that
the total Q-curvature is always zero. In fact in pseudo-Einstein manifolds the Q-
curvature vanishes identically. Hence, we do not have a decent substitute for the CR
Beckner–Onofri inequality. Fortunately, if we restrict our study to pseudo-Einstein
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manifolds and variations in the space of pluriharmonic functions P, then we have
a better substitute for the pair (Pg, Qg), namely (P ′θ , Q′θ ). These quantities were
first introduced on odd dimensional spheres in [Branson et al. 2013] and then on
pseudo-Einstein manifolds in [Case et al. 2016; Case and Yang 2013; Hirachi 2014].
In particular one has a Beckner–Onofri type inequality involving the operator P ′θ
acting on pluriharmonic functions as proved in [Branson et al. 2013]. We also
recall that the total Q′-curvature corresponds to a geometric invariant, namely the
Burns–Epstein invariant µ(M) [Burns and Epstein 1988; Chêng and Lee 1990].

One is tempted to see what the spectral invariants of the operator P ′ are or
the restriction of P ′ to the space P of pluri-harmonic functions and link them to
geometric quantities such as the total Q′-curvature.

We recall that the quantity Q′θ changes as follows: if θ̃ = ewθ with w ∈ P, then

(2) P ′θw+ Q′θ = Q′
θ̃
e2w
+

1
2 Pθ (w2),

which we can write as

P ′θw+ Q′θ = Q′
θ̃
e2w mod P⊥.

We let τθ : L2
→ P be the orthogonal projection on P with respect to the inner

product induced by θ and set Aθ = τθ P ′θτθ . Then equation (2) can be rewritten as

Aθw+ τθ (Q′θ )= τθ (Q
′

θ̃
e2w).

Prescribing the quantity Q′θ = τθ (Q
′

θ ) was thoroughly investigated in [Maalaoui
2019b; Case et al. 2016; Ho 2019] mainly because of the property that∫

M
Q′θ dνθ =

∫
M

Q′θ dνθ =−
µ(M)
16π2 .

We recall that in [Maalaoui 2019a], we proved that the dual of the Beckner–Onofri
inequality, namely the logarithmic Hardy–Littlewood–Sobolev inequality, can be
linked to the regularized zeta function of the operator Aθ evaluated at one. This
was proved in the Riemannian setting in [Morpurgo 1996; 2002; Okikiolu 2008].

In this paper, we will generalize the expression (1) by studying the determinant
of the operator Aθ . In all that follows we assume that (M, T 1,0 M, J, θ) is an
embeddable pseudo-Einstein manifold such that P ′θ is nonnegative and has trivial
kernel. First we show that:

Theorem 1.1 (conformal index). Let ζAθ be the spectral zeta function of the opera-
tor Aθ . Then ζAθ (0) is a conformal invariant in P. Moreover,

ζAθ (0)=
−1

24π2

∫
M

Q′θ dvθ − 1.
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In order to compute the determinant of the operator Aθ we introduce the quantities
Ã1(w), Ã2(w) and Ã3(w) defined by

(3)


Ã1(w) :=

∫
M wAθw+ 2Q′θw dν− 1

c1
ln
(
−

∫
M e2w dν

)
,

Ã2(w) := 2
∫

M R
(
1bw+

1
2 |∇bw|

2
)
−
(
1bw+

1
2 |∇bw|

2
)2 dν,

Ã3(w) := 2
∫

M w,0 R− 1
3w,0|∇bw|

2
−w,01bw dν.

One can also write Ã2(w) as

Ã2(w)= 2
∫

M
R
(
1be

1
2w

2e
1
2w

)
−

(
1be

1
2w

2e
1
2w

)2

dν.

Then we have the following:

Theorem 1.2. There exists c2 and c3 ∈ R such that for all w ∈ P, we have

(4) ln
(

det(Aθ )
det(Aewθ )

)
=−

1
24π2 Ã1(w)+ c2 Ã2(w)− c3 Ã3(w).

Notice that the expression (4) is not scaling invariant, because for θ̃ = c2θ , with c
a positive constant, we have

det(Aθ̃ )= c−4ζθ (0) det(Aθ ).

So we fix the volume V of (M, θ) and define the scaling invariant functional

SAθ =

(
Vol(θ)

V

)ζAθ (0)

det(A).

Now we can define the scaling invariant functional F :W 2,2
H (M)∩P→ R by

F(w)= ln(SAθ )− ln(SAewθ ),

where W 2,2
H (M) is Folland–Stein space. Then one can write the following expression

of F,
F(w)= c1 II (w)+ c2 III (w)+ c3 IV (w),

where

(5)


II (w)=

∫
M wAθw+ 2Q′θw dν−

∫
M Q′θ dν ln

(
−

∫
e2wdν

)
.

III (w)= Ã2(w).

IV (w)=− Ã3(w).

Notice that the functional II is the CR Beckner–Onofri functional studied first
in [Branson et al. 2013] on the standard sphere S3. In particular one has on the
standard sphere

II (w)≥ 0.
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This functional was also investigated in [Case et al. 2016] and its critical points
correspond to the pseudo-Einstein structures with constant Q′-curvature. The
functional III is also similar to the Riemannian one defined in [Chang and Yang
1995] and its critical points are pseudo-Einstein contact forms θ̃ satisfying

τ̃ (1̃b R̃)= 0.

The functional IV is a bit different, in fact if we let H defined by

H(w)= R,0− 1
3 |∇bw|

2
,0−

2
3 divb(w,0∇bw)+1bw,0− (1bw),0,

then the critical points of IV satisfy

τ̃ (e−2wH(w))= 0.

We set

a =

∫
M Q′θ dν
16π2 .

Since the coefficients c2 and c3 are still unknown for the operator Aθ and the
corresponding functional SAθ , we will be considering them as parameters in our
setting. Then we show the following for the functional F :

Theorem 1.3. Assume that c2 > 0 and c3 ≥ 0. Then there exists a constant µ
depending on θ , such that if

(6) c3 < µ

(√
25c2

2+
1

3π2 c2(1− a)− 5c2

)
,

then F has a maximizer w∞ ∈ W 2,2
H (M)∩P under the constraint

∫
M e2w dν = 1.

Moreover, this maximizer satisfies the Euler–Lagrange equation

τθ∞

[
−

1
24π2 Q̃′θ + c21̃b R̃+ c3e−2wH(w)

]
= cte,

where the tilde refers to quantities computed using the contact form θ∞ = ew∞θ .

Notice the condition (6) implies in particular that
∫

M Q′θdν < 16π2. Hence, as a
consequence, we have that (M, T 1,0 M, θ) is not equivalent to the standard sphere.
We point out that in order to verify the sharpness of (6) one needs to check specific
examples which is not as easy as in the Riemannian case, since we are dealing with
CR pluriharmonic functions and we lack explicit examples of manifolds where one
can have an explicit expression of the spectrum of the P ′-operators.

2. Heat coefficients and conformal invariance

Let (M,T 1,0M,θ) be a pseudo-Einstein 3-manifold and P ′θ its P ′-operator defined by

(7) P ′θ f = 412
b f − 8 Im

(
∇

1(A11∇
1 f )

)
− 4 Re

(
∇

1(R∇1 f )
)
.



426 ALI MAALAOUI

Denote by τ : L2(M)→ P the orthogonal projection on the space of pluriharmonic
functions with respect to the L2-inner product induced by θ . We consider the
operator Aθ = τ P ′θτ and for the conformal change θ̃ = ewθ , with w ∈ P, we let

Aθ̃ = τθ̃ (e
−2wAθ ),

where τθ̃ is the orthogonal projection with respect to the L2-inner product induced
by θ̃ .

In order to evaluate and manipulate the spectral invariants, we need to study the
expression of the heat kernel of the operator Aθ . Unfortunately, this operator is not
elliptic or subelliptic (as an operator on C∞(M)), and does not have an invertible
principal symbol in the sense of 9H (M)-calculus (see [Ponge 2007]). In fact Aθ
can be seen as a Toeplitz operator, and one might adopt the approach introduced in
[Boutet de Monvel and Guillemin 1981] in order to study it. But instead, we will
modify the operator in order to be able to use the classical computations done for
the heat kernel.

Consider the operator L = Aθ + τ⊥Lτ⊥, where L is chosen so that L has an
invertible principal symbol in94

H (M). Notice that τL=Lτ = Aθ . Based on [Ponge
2007], if K is the heat kernel of L one has the following expansion near zero:

K(t, x, x)∼
∞∑
j=0

ã j (x)t
1
4 ( j−4)

+ ln(t)
∞∑
j=1

t j b̃ j (x).

Since e−tL
= e−t Aθ τ + e−t Lτ⊥, we have that the kernel K of e−t Aθ which is the

restriction to P of K, reads as

(8) K (t, x, x)∼
∞∑
j=0

t
1
4 ( j−4)a j (x)+ ln(t)

∞∑
j=1

t j b j (x),

and this will be the main expansion that we will be using for the rest of the paper.
Now we want to define the infinitesimal variation of a quantity under a con-

formal change. Fix w ∈ P and for a given quantity Fθ depending on θ denote
δFθ := d

dr |r=0 Ferwθ . Next, we define the zeta function of Aθ by

ζAθ (s) :=
∞∑
j=1

1
λs

j
,

where 0< λ1 ≤ λ2 ≤ · · · is the spectrum of the operator Aθ : W 2,2(M)∩P→ P.
In what follows TR[A] is to be understood as the trace of the operator A in P. Then
we have the following proposition.
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Proposition 2.1. With the notations above, we have

ζAθ (0)=
∫

M
a4(x)dx − 1.

Moreover,

δζAθ (0)= 0 and δζ ′Aθ (0)= 2
∫

M
w
(

a4(x)−
1
V

)
dν,

where V =
∫

M dνθ is the volume of M.

Proof. Most of the computations in this part are relatively standard and they can
be found in [Branson and Ørsted 1986; 1991a; 1991b] in the Riemannian setting.
First we use the Mellin transform and (8) to write

ζAθ (s)=
1
0(s)

∫
∞

0
t s−1(TR[e−t Aθ ]−1)dt

=
1
0(s)

(
−

1
s
+

∫ 1

0
t s−1

N∑
j=0

t
1
4 ( j−4)

∫
M

a j (x)dν dt

+

∫
M

t s−1O(t
1
4 (N+1−4))dt+

N∑
j=1

∫ 1

0
t j+s−1 ln(t)

∫
M

b j dν dt

+

∫ 1

0
t s−1O(t N+1 ln(t))dt+

∫
∞

1
t s−1

∞∑
j=1

e−λ j t dt
)

=
1
0(s)

(
−1
s
+

N∑
j=0

1

s+ 1
4( j−4)

∫
M

a j (x)dν+
∫ 1

0
t s−1O(t

1
4 (N+1−4))dt

+

N∑
j=1

1
(s+ j)2

∫
M

b j dν+
∫ 1

0
t s−1O(t N+1 ln(t))dt

∫
∞

1
t s−1

∞∑
j=1

e−λ j t dt
)
.

Since, 0 has a simple pole at s = 0 with residue 1, we see that by taking s→ 0,
there are only two terms that survive, leading to

ζAθ (0)=
∫

M
a4(x) dν− 1.

Next we move to the study of the variation of ζAθ . Let f ∈C∞(M) and v ∈P. Then∫
M
τrw( f )v dνrw =

∫
M

f ve2rw dν.

Differentiating with respect to r and evaluating at 0 yields∫
M
(δτ ( f )+ 2wτ( f )− 2wF)v dν = 0.
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Hence,

δτ( f )= 2τ(w f −wτ( f )).

If we let Mw be the multiplication by w, then

δτ = 2(τMw − τMwτ).

In particular, if f ∈ P , then δτ( f )= 0.
Next we want to evaluate δAθ . Recall that Aerwθ = τerwθe−2rwAθ . Therefore,

δAθ = δτ Aθ − 2τMwAθ =−2τMwAθ .

Thus,

δ TR[e−t Aθ ] = −t TR[δAθe−t Aθ ]

= 2t TR[τMwAθe−t Aθ ]

= 2t TR[MwAθe−t Aθ ].

The last equality follows from TR[AB] = TR[B A] and e−t Aθ τ = e−t Aθ . But

−t MwAθe−t Aθ =
d
dε |ε=0

Mwe−t (1+ε)Aθ .

Using the expansion (8), we have

K (t (1+ ε), x, x)∼
∞∑
j=0

(1+ ε)
1
4 ( j−4)t

1
4 ( j−4)a j (x)+ H,

where H is the logarithmic part. Hence, comparing the terms in the expansion after
integration, we get

δ

∫
M

a j dν =
4− j

2

∫
M
wa j dν.

In particular, we have δ
∫

M a4 dν = 0.
Similarly,

0(s)ζAθ (s)= 0(s)
(
ζAθ (0)+ sζ ′Aθ (0)+ O(s2)

)
.

Hence, since δζAθ (0)= 0, and s0(s)∼ 0 when s→ 0, we have

δζ ′Aθ (0)= [0(s)δζAθ (s)]s=0.
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But,

(9) 0(s)δζAθ (s)=
∫
∞

0
2t s TR[wAθe−t Aθ ] dt

=−

∫
∞

0
2t s d

dt
TR[we−t Aθ ] dt

=

∫
∞

0
2st s−1 TR

[
w
(

e−t Aθ −
1
V

)]
dt.

Using again the expansion (8) and a similar computation as in the previous case
yields

δζ ′Aθ (0)= 2
∫

M
w
(

a4−
1
V

)
dν. �

Proposition 2.2. There exists c 6= 0 such that

ζAθ (0)= c
∫

M
Q′θ dν− 1.

Moreover c =− 1
24π2

.

Proof. First we notice that a4 is a pseudo-Hermitian invariant of order −2, that is

a4,er θ = e−2r a4,θ

for all r ∈R. So from [Hirachi 2014], we have the existence of c1, c2, c3, c4, c5 ∈R

such that
a4 = c1 Q′θ + c21b R+ c3 R,0+ c4 R2

+ c5 Qθ ,

where Q′θ = 21b R− 4|A|2+ R2 and Qθ =−
2
31b R+ 2 Im(A11,1̄1̄). Since we are

in a pseudo-Einstein manifold and w ∈ P we can assume that Qθ = 0. So after
integration, we have ∫

M
a4 dν = c1

∫
M

Q′θ dν+ c4

∫
M

R2 dν.

Since
∫

M a4 dν is invariant under the conformal change ewθ , it is easy to see that
c4 = 0. Hence, ∫

M
a4 dν = c1

∫
M

Q′θ dν.

Next we want to calculate c1 (compare to [Stanton 1989], where the invariant k2

is always 0). We take the case of the sphere S3. Based on the computations in
[Branson et al. 2013], we have

ζAθ (s)= 2
∞∑
j=1

j + 1
( j ( j + 1))s

= 2
∞∑
j=2

1
j2s−1

(
1

1− 1
j

)s

.
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Using the expansion of(
1−

1
j

)−s

= 1+
s
j
+

s(s+ 1)
2 j2 + sO

(
1
j3

)
,

we see that

ζAθ (s)= 2
(
ζR(2s−1)−1+ s(ζR(2s)−1)−

s(s+ 1)
2

(ζR(2s+1)−1)
)
+ s H(s),

with H(s) holomorphic near s = 0 and ζR the classical Riemann Zeta function.
Now we recall that ζR is regular at s = 0 and s =−1 but has a simple pole at s = 1
with residue equal to 1. Hence

ζAθ (0)= 2
(
−

1
12
− 1+ 1

4

)
=−

5
3
6= 0.

Knowing that
∫

S3 Q′θ dν = 16π2, we have

16π2c− 1=−5
3
.

Thus,

c =−
1

24π2 . �

3. The expression for the determinant

Recall that in the previous section, we found that a4 = c1 Q′+ c21b R+ c3 R,0. In
particular,

δζ ′Aθ (0)=
∫

M
2w
(

a4(x)−
1
V

)
dν

= c1

∫
M

2w
(

Q′θ −
1

c1V

)
dν+ c2

∫
M

2R1bw dν− c3

∫
M

2w,0 R dν

= c1 A1+ c2 A2+ c3 A3.

We will calculate the change of each term under conformal change of θ . The easiest
term to handle is the first one. Indeed, recall that if θ̃ = ewθ then

Q̃′θe
2w
= P ′θw+ Q′θ mod P⊥,

R̃ = [R− |∇bw|
2
− 21bw]e−w,

1̃b f = e−w[1b f +∇b f · ∇bw].

So if θ̂u = euwθ , we have∫
M

2w
[

Q̂′θ −
1
c1

1

V̂

]
d v̂ =

∫
M

2uwP ′θw+ 2Q′w−
1
c1

2we2uw∫
M e2uw dν

dν.
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Integrating u in [0, 1] yields

Ã1(w)=

∫
M
wAθw+ Q′θw dν−

1
c1

ln
(
−

∫
M

e2w dν
)
.

For the second term, we have∫
M

R̂1̂bw d v̂ =
∫

M

[
R− u2

|∇bw|
2
− 2u1bw

][
1bw+ u|∇bw|

2] dν

=

∫
M

R1bw− u2
|∇bw|

21bw− 2u(1bw)
2
+ Ru|∇bw|

2

− u3
|∇bw|

4
− 2u2

|∇bw|
21bw dν.

In particular after integrating over u between 0 and 1, we get

Ã2(w)= 2
∫

M
R1bw− |∇bw|

21bw− (1bw)
2
+

1
2

R|∇bw|
2
−

1
4
|∇bw|

4 dν

= 2
∫

M
R1bw−

(
1bw+

1
2
|∇bw|

2
)2
+

R
2
|∇bw|

2 dν.

Next we compute∫
M

T̂w R̂d v̂ =
∫

M

[
w,0 R− u2w,0|∇bw|

2
− 2uw,01bw

]
dν,

where T is the characteristic vector field of θ and we are adopting the notation
T f = f,0. Integrating as above yields

Ã3(w)= 2
∫

M
w,0 R− 1

3
w,0|∇bw|

2
−w.01bw dν.

Therefore, one has

ζ ′Ãθ
(0)− ζ ′Aθ (0)= c1 Ã1(w)+ c2 Ã2(w)− c3 Ã3(w)

or equivalently

ln
(

det(Aθ )
det(Aθ̃ )

)
= c1 Ã1(w)+ c2 Ã2(w)− c3 Ã3(w). �

4. Scaling invariant functional

We focus now on the study of the functional F defined by

F(w)= c1 II (w)+ c2 III (w)+ c3 IV (w),

where c1 =−1/(24π2). For the sake of notation, we will keep using c1 instead of
its numerical value. We will also be using constants Ck depending on M and θ .
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We recall first that there exists a constant C such that

(10)
1

16π2

∫
M
wAθw+ 2Q′w dν− ln

(
−

∫
e2w dν

)
≥ C.

In fact this follows from the CR Beckner–Onofri inequality proved in [Branson et al.
2013] and also treated in [Case and Yang 2013]. Since the functional F is scaling
invariant (that is, F(w+ c)= F(w)), we can assume without loss of generality that
w =

∫
M w dν = 0. Also, we recall that a4 = c1 Q′θ + c21b R+ c3 R,0. Therefore,∫

M
a4w dν =

∫
M

c1 Q′θw+ c2 R1bw− c3 Rw,0 dν.

Hence, we can write F as

F(w)= 2
∫

M
a4w dν+ c1

(∫
M
wAθw dν−

∫
M

Q′θ dν ln
(
−

∫
e2w

))
− 2c2

∫
M

(
1bw+

1
2
|∇bw|

2
)2

dν+ c2

∫
M

R|∇bw|
2 dν

+ 2c3

∫
M
w,0

(1
3
|∇bw|

2
+1bw

)
dν.

Using (10), we have∫
M

Q′θ dν ln
(
−

∫
e2w dν

)
≤

∫
M Q′θ dν
16π2

[ ∫
M
wAθw+ 2Q′θw dν

]
−C.

Therefore, for

a =

∫
M Q′θ dν
16π2

and since c1 < 0, we have

(11) c1

(∫
M
wAθw dν−

∫
M

Q′θ dν ln
(
−

∫
e2w

))
≤ c1

[
(1− a)

∫
M
wAθw dν+ 2a

∫
Q′θw dν

]
+C1

≤ 4c1(1− a)
∫

M
(1bw)

2 dν+C2

∫
M
|∇bw|

2 dν+ 2ac1

∫
Q′θw dν+C3,

where in the second line we used the expression (7). On the other hand, for the
mixed term of III (w), we have for every α > 0,

(12) 2
∫

M
1bw|∇bw|

2 dν ≤ α
∫

M
(1bw)

2
+

1
α

∫
M
|∇bw|

4 dν.

Next, we let λ denote the best constant appearing in the estimate

‖ f,0‖L2 ≤ λ‖1b f ‖L2 .
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Then we have

(13) 2
∫

M
w,0

(1
3
|∇bw|

2
+1bw

)
dν ≤ 2

(
λ‖1bw‖L2

∥∥∥1
3
|∇bw|

2
+1bw

∥∥∥
L2

)
≤ 2λ

(
‖1bw‖

2
L2+

1
3
‖1bw‖L2

∥∥|∇bw|
2∥∥

L2

)
≤ λ

((
2+α

3

)
‖1bw‖

2
L2+

1
3α

∫
M
|∇bw|

4 dν
)
.

Hence, combining (11), (12) and (13) and assuming that c2 > 0 and c3 ≥ 0, we get

(14) c1 II (w)+ c2 III (w)+ c3 IV (w)

≤

(
4c1(1− a)+ c2(α− 2)+ c3

(
2+ α

3

)
λ
) ∫

M
(1bw)

2 dν

+

(
c2

( 1
α
−

1
2

)
+ c3

λ

3α

) ∫
M
|∇bw|

4 dν+C4

∫
M
|∇bw|

2 dν

+2
∫

M
a4w dν+ 2ac1

∫
M

Q′θw dν+C5.

Now we need to choose α in a way that the coefficients of
∫

M(1bw)
2 dν and∫

M |∇bw|
4 dν are both negative. For this to happen, one needs that

4c1(1− a)− 2c2+ 2λc3 < 0,

α <
2c2−2λc3−4c1(1−a)

c2+
1
3λc3

,

1
α
<

c2

2c2+
2
3λc3

.

Hence, we need

2c2+
2
3λc3

c2
<

2c2− 2λc3− 4c1(1− a)

c2+
1
3λc3

.

This is possible if condition (6) is satisfied for µ= 3/(2λ). This yields in particular
that if wk ∈W 2,2

H (M)∩P is a maximizing sequence for F, then there exists C > 0
such that ∫

M
(1bwk)

2 dν+
∫

M
|∇bwk |

4 dν ≤ C.

Indeed, we have

−ε < F(0)≤ F(wk).



434 ALI MAALAOUI

Therefore, there exists c > 0 such that

(15) −ε ≤−c
(∫

M
(1bwk)

2 dν+
∫

M
|∇bwk |

4 dν
)
+C4

∫
M
|∇bwk |

2 dν

+2
∫

M
a4wk dν+ 2ac1

∫
M

Q′θwk dν+C5.

Thus∫
M
(1bwk)

2 dν+
∫

M
|∇bwk |

4 dν≤C6

(∫
M
|∇bwk |

4 dν
)1

2

+C7

(∫
M
|∇bwk |

4 dν
)1

4

+C8,

where here we used the fact that w = 0 and∫
M

fw dν ≤ ‖ f ‖L2‖w‖L2 ≤ ‖ f ‖L2‖∇bw‖L2 ≤ ‖ f ‖L2 V
1
4 ‖∇bw‖L4,

in order to bound the terms of
∫

M a4wk dν and
∫

M Q′θwk dν and Hölder’s inequality
to bound the term

∫
M |∇bwk |

2 dν.
Hence, (wk)k is bounded in W 2,2

H (M) and has a weakly convergent subsequence
that converges to w∞. Passing to the lim sup in F(wk), we get that the weak
limit w∞ is in fact a maximizer of F.

Finally, based on the remark below (5), we see that the critical points of F under
the constraint

∫
M e2wdv = 1 satisfy the equation

τ̃
[
c1 Q̃′θ + c21̃b R̃+ c3e−2wH

]
= cte.
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DISTRIBUTION OF DISTANCES IN
POSITIVE CHARACTERISTIC

THANG PHAM AND LÊ ANH VINH

Let Fq be an arbitrary finite field, and E be a point set in Fd
q . Let 1(E) be the

set of distances determined by pairs of points in E . Using Kloosterman sums,
Iosevich and Rudnev (2007) proved that if |E|≥4q(d+1)/2 then 1(E)=Fq . In
general, this result is sharp in odd-dimensional spaces over arbitrary finite
fields. We use the point-plane incidence bound due to Rudnev to prove that
if E has Cartesian product structure in vector spaces over prime fields, then
we can break the exponent (d + 1)/2 and still cover all distances. We also
show that the number of pairs of points in E of any given distance is close to
its expected value.

1. Introduction

Let E be a finite subset of Rd (d ≥ 2), and 1(E) be the distance set determined
by E . The Erdős distinct distances problem is to find the best lower bound of the
size of the distance set 1(E) in terms of the size of the point set E .

In the plane case, Erdős [1946] conjectured that |1(E)| � |E|/
√

log|E|. This
conjecture was proved up to logarithmic factor by Guth and Katz [2015] in 2010.
More precisely, they showed that |1(E)| � |E|/ log|E|. In higher dimension cases,
Erdős [1946] also conjectured that |1(E)| � |E|2/d. Interested readers are referred
to [Solymosi and Vu 2008] for results on Erdős distinct distances problem in three
and higher dimensions.

In this paper, we use the following notation: X� Y means that there exists some
absolute constant C1 > 0 such that X ≤ C1Y, X ∼ Y means Y � X � Y, X & Y
means X � (log Y )−C2Y for some absolute constant C2 > 0, and X &d Y means
X ≥ C3(log Y )−C4Y for some positive constants C3,C4 depending on d.

As a continuous analogue of the Erdős distinct distances problem, Falconer
[1985] asked how large the Hausdorff dimension of E ⊂ Rd needs to be to ensure
that the Lebesgue measure of 1(E) is positive. He conjectured that for any subset
E ⊂ Rd of the Hausdorff dimension greater than d/2, E determines a distance set
of a positive Lebesgue measure. This conjecture is still open in all dimensions.

MSC2020: 14N10, 51A45, 52C10.
Keywords: distances, finite fields, incidence, Rudnev’s point-plane incidence bound.
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We refer readers to [Du et al. 2018; Guth et al. 2020] for recent updates on this
conjecture.

Let Fq be the finite field of order q , where q is an odd prime power. Given two
points x= (x1, . . . , xd) and y= (y1, . . . , yd) in Fd

q , we denote the distance between
x and y by

‖x− y‖ := (x1− y1)
2
+ · · ·+ (xd − yd)

2.

Note that the distance function defined here is not a metric but it is invariant under
translations and actions of the orthogonal group.

For a subset E ⊂ Fd
q , we denote the set of all distances determined by E by

1(E) := {‖x− y‖ : x, y ∈ E}.

The finite field analogue of the Erdős distinct distances problem was first studied
by Bourgain, Katz, and Tao [Bourgain et al. 2004]. More precisely, they proved that
in the prime field Fp with p ≡ 3 mod 4, |1(E)| � |E|1/2+ε for some ε = ε(α) > 0,
for any subset E ⊂ F2

p of the cardinality |E| = pα, 0< α < 2,
Note that the condition p ≡ 3 mod 4 in Bourgain, Katz, and Tao’s result is

necessary, since if p ≡ 1 mod 4, then there exists i ∈ Fp such that i2
= −1. By

taking E = {(x, i x) : x ∈ Fp}, we have |E| = p and 1(E)= {0}.
In the setting of arbitrary finite fields Fq , Iosevich and Rudnev [2007] showed

that Bourgain, Katz, and Tao’s result does not hold. For example, assuming that
q = p2, one can take E = F2

p, then1(E)= Fp or |1(E)| = |E|1/2. Thus, Iosevich and
Rudnev reformulated the problem in the spirit of the Falconer distance conjecture
over the Euclidean spaces. More precisely, they asked, for a subset E ⊂ Fd

q , how
large |E| needs to be to ensure that 1(E) covers the whole field or at least a positive
proportion of all elements of the field?

Using Fourier analytic methods, Iosevich and Rudnev [2007] proved that1(E)=
Fq for any point set E ⊂ Fd

q with the cardinality |E| ≥ 4q(d+1)/2. Hart, Iosevich, Koh,
and Rudnev [Hart et al. 2011] showed that, in general, the exponent (d+1)/2 cannot
be improved when d is odd, even if we only want to cover a positive proportion
of all the distances. In even-dimensional cases, it has been conjectured that the
exponent (d + 1)/2 can be improved to d/2, which is in line with the Falconer
distance conjecture in the Euclidean space.

In the plane case, Bennett, Hart, Iosevich, Pakianathan, and Rudnev [Bennett
et al. 2017] proved that if E is a subset of F2

q of cardinality |E| ≥ q4/3, then 1(E)
covers a positive proportion of all distances. Murphy and Petridis [2019] showed
that there are infinite subsets of F2

q of size q4/3 whose distance sets do not cover the
whole field Fq . It is not known whether there exist a small c > 0 and a set E ⊂ F2

q
with |E| ≥ cq3/2 such that 1(E) 6= Fq . We refer the interested reader to [Hart et al.
2011, Theorem 2.7] for a construction in odd-dimensional spaces.
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Chapman et al. [2012] broke the exponent (d + 1)/2 to d2/(2d − 1) under the
additional assumption that the set E has Cartesian product structure. However, in
this case, they can cover only a positive proportion of all distances. In the setting
of prime fields, it has been proved in [Pham et al. 2019] that for A ⊂ Fp, we have
|1(Ad)|≥ 1

c ·min{|A|2−1/2d−2
, p}with c = 2(2

d−1
−1)/2d−2

. Therefore, |1(Ad)|≥ p/c
under the condition |A| ≥ p2d−2/(2d−1

−1). However, this result again only gives us a
positive proportion of all distances, and does not tell us the number of pairs of any
given distance.

We will show that if E ⊂ Fd
p has Cartesian product structure, we can break the

exponent (d + 1)/2 due to Iosevich and Rudnev [2007] and still cover all possible
distances. Our main tool is the point-plane incidence bound due to Rudnev [2018].

Our first result is for odd-dimensional cases.

Theorem 1.1. Let Fp be a prime field, and A be a set in Fp. For an integer d ≥ 3,
suppose the set A2d+1

⊂ F2d+1
p satisfies

|A2d+1
|&d p

2d+2
2 −

3·2d−2
−d−1

3·2d−1
−1 ;

then:

• The distance set covers all elements in Fp, namely,

1(A2d+1)= (A− A)2+ · · ·+ (A− A)2︸ ︷︷ ︸
2d+1 terms

= Fp.

• The number of pairs (x, y) ∈ A2d+1
× A2d+1 satisfying ‖x − y‖ = λ is

∼ p−1
|A|4d+2 for any λ ∈ Fp.

Corollary 1.2. For A ⊂ Fp, suppose that |A|& p6/11; then we have

1(A7)= (A−A)2+(A−A)2+(A−A)2+(A−A)2+(A−A)2+(A−A)2+(A−A)2

= Fp.

Our second result is for even-dimensional cases.

Theorem 1.3. Let Fp be a prime field, and A be a set in Fp. For an integer d ≥ 3,
suppose the set A2d

⊂ F2d
p satisfies

|A2d
|&d p

2d+1
2 −

2d
−2d−1

2d+1
−2 ;

then:

• The distance set covers all elements in Fp, namely,

1(A2d)= (A− A)2+ · · ·+ (A− A)2︸ ︷︷ ︸
2d terms

= Fp.

• The number of pairs (x, y) ∈ A2d
× A2d satisfying ‖x− y‖ = λ is ∼ p−1

|A|4d

for any λ ∈ Fp.
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Corollary 1.4. For A ⊂ Fp, suppose that |A|& p4/7; then we have

1(A6)= (A− A)2+(A− A)2+(A− A)2+(A− A)2+(A− A)2+(A− A)2= Fp.

Remark. In the setting of arbitrary finite fields Fq , it is not possible to break the
exponent (d + 1)/2 and still cover all distances with the method in this paper
and the distance energy in [Pham et al. 2017, Lemma 3.1]. More precisely, for
A ⊂ Fq , one can follow the proofs of Theorems 1.1 and 1.3 to get the condi-
tions |A2d+1

| � q(2d+2)/2+1/(4d) and |A2d
| � q(2d+1)/2+1/(4d−2) for odd and even

dimensions, respectively.

Remark. The Cauchy–Davenport theorem states that for subsets X and Y of Fp,
we have |X + Y | ≥ min{p, |X | + |Y | − 1}. It is not hard to check that 1(A2d) =

1(Ad)+1(Ad). The result of [Chapman et al. 2012] tells us that |1(Ad)| ≥ p/2
whenever |A|� pd/(2d−1). Therefore, one can apply the Cauchy–Davenport theorem
to show that |1(A2d)| ≥ p− 1 under the condition |A| ≥ pd/(2d − 1). However,
our set A2d lies on the 2d-dimensional space F2d

p ; thus the exponent d/(2d − 1) is
worse than the Iosevich–Rudnev’s exponent (2d + 1)/(4d). The same happens for
odd-dimensional spaces. Note that the bound |1(Ad)| ≥ 1/c ·min{|A|2−1/2d−2

, p}
with c = 2(2

d−1
−1)/2d−2

in [Pham et al. 2019] is not suitable for this approach since
the constant factor 1/c is too small.

Let Fq be an arbitrary finite field, and E ⊂ Fd
q . The product set of E , denoted by

5(E), is defined as follows:

5(E) := {x · y : x, y ∈ E}.

Using Fourier analysis, Hart and Iosevich [2008] proved that if |E| � q(d+1)/2, then
5(E)⊇ Fq \{0}. Moreover, under the same condition on the size of E , we have that
the number of pairs (x, y)∈ E×E satisfying x · y= λ is∼ q−1

|E|2 for any λ 6= 0. If
E has Cartesian product structure, i.e., E = Ad for some A⊂ Fq , then the condition
|E| � q(d+1)/2 is equivalent with |A| � q1/2+1/(2d).

In the setting of prime fields Fp, if d = 8, Glibichuk and Konyagin [2007] proved
that for A, B ⊂ Fp, if |A|d|B|/2e ≥ p, then we have 8A · B = Fp. This result has
been extended to arbitrary finite fields in [Glibichuk and Rudnev 2009].

In this paper, using the techniques in the proof of Theorem 1.3, we are able to
obtain the following theorem.

Theorem 1.5. For A ⊂ Fp, suppose that |A|& p4/7; then:
• 6A · A = A · A+ A · A+ A · A+ A · A+ A · A+ A · A = Fp.

• For any λ ∈ Fp, the number of pairs (x, y) ∈ A6
× A6 such that x · y = λ is

∼ p−1
|A|12.

Note that our exponent 4/7 improves the exponent 7/12 of Hart and Iosevich
[2008] in the case d = 6. The following is the conjecture due to Iosevich.
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Conjecture 1.6. Let A be a set in Fp and suppose that |A| � p
1
2+ε for any ε > 0.

Then,
A · A+ A · A = Fp, (A− A)2+ (A− A)2 = Fp.

In the spirit of sum-product problems, it has been proved in [Pham et al. 2019]
that for A ⊂ Fp, if |A| � p1/2+1/(5·2d−1

−2), d ≥ 2, then we have

max{|1(Ad)|, |5(Ad)|} � |A|
2− 1

5·2d
−3 .

Using our energies (Lemmas 2.2 and 2.4 below), and the prime field analogue
of Balog–Wooley decomposition energy due to Rudnev, Shkredov, and Stevens
[Rudnev et al. 2020], we are able to give the energy variant of this result.

Theorem 1.7. Let d≥2 be an integer and A a set in Fp with |A|� p1/2+1/(5·2d−1
−2).

There exist two disjoint subsets B and C of A such that A = B tC and

max{Ed((B− B)2), Ed(C ·C)} � d4(log|A|)4|A|
4d−2+ 1

5·2d−3 ,

where Ed((B−B)2) is the number of 4d-tuples {(ai , bi , ci , ei )}
d
i=1 with ai , ci , bi , ei

in B such that (a1 − b1)
2
+ · · · + (ad − bd)

2
= (c1 − e1)

2
+ · · · + (cd − ed)

2, and
Ed(C ·C) be the number of 4d-tuples {(ai , bi , ci , ei )}

d
i=1 with ai , ci , bi , ei ∈C such

that a1b1+ · · ·+ adbd = c1e1+ · · ·+ cded .

2. Preliminaries

Let E and F be multisets in F2
p. We denote by E and F the sets of distinct elements in

E and F, respectively. For any multiset X, we use the notation |X | to denote the size
of X. For λ∈ Fp, let N (E, F, λ) be the number of pairs ((e1, e2), ( f1, f2))∈ E×F
such that e1 f1+ e2+ f2 = λ. In the following lemma, we provide an upper bound
and a lower bound of N (E, F, λ) for any λ∈Fp. Note that, this lemma is essentially
the weighted version of the point-line incidences of [Vinh 2011] in the plane F2

q
(see also [Hanson et al. 2016, Lemma 14]).

Lemma 2.1. Let E, F be multisets in F2
p. For any λ ∈ Fp, we have∣∣∣∣N (E, F, λ)−

|E ||F |
p

∣∣∣∣≤ p
1
2

( ∑
(e1,e2)∈E

m E((e1, e2))
2

∑
( f1, f2)∈F

m F (( f1, f2))
2
)1/2

,

where m X ((a, b)) is the multiplicity of (a, b) in X with X ∈ {E, F}.

Proof. Let χ be a nontrivial additive character on Fp. We have

N (E, F, λ)

=

∑
(e1,e2)∈E,( f1, f2)∈F

1
p

m E((e1, e2))m F (( f1, f2))
∑
s∈Fp

χ(s · (e1 f1+ e2+ f2− λ)).
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This gives us

N (E, F, λ)=
|E ||F |

p
+ L ,

where

L =
∑

(e1,e2)∈E,( f1, f2)∈F

m E((e1, e2))m F (( f1, f2))
1
p

∑
s 6=0

χ(s · (e1 f1+ e2+ f2− λ)).

If we view L as a sum in (e1, e2) ∈ E , then we can apply the Cauchy–Schwarz
inequality to derive the following:

L2
≤

∑
(e1,e2)∈E

m E((e1, e2))
2

∑
(e1,e2)∈F2

p

1
p2

∑
s,s′ 6=0

∑
( f1, f2),( f ′1, f ′2)∈F

m F (( f1, f2))m F (( f ′1, f ′2))

×χ(s · (e1 f1+ e2+ f2− λ))χ(s ′ · (−e1 f ′1− e2− f ′2+ λ))

=

∑
(e1,e2)∈E

m E((e1, e2))
2 1

p2∑
(e1,e2)∈F2

p, ( f1, f2)∈F
( f ′1, f ′2)∈F, s,s′ 6=0

m F (( f1, f2))m F (( f ′1, f ′2))χ(e1(s f1− s ′ f ′1))χ(e2(s− s ′))

×χ(s( f2− λ)− s ′( f ′2− λ))

=

∑
(e1,e2)∈E

m E((e1, e2))
2

∑
s 6=0, ( f1, f2)∈F
( f ′1, f ′2)∈F, f1= f ′1

m F (( f1, f2))m F (( f ′1, f ′2))χ(s · ( f2− f ′2))= I + II,

where I is the sum over all pairs (( f1, f2), ( f1, f ′2)) with f2 = f ′2, and II is the sum
over all pairs (( f1, f2), ( f ′1, f ′2)) with f2 6= f ′2.

It is not hard to check that if f2 6= f ′2, then∑
s 6=0

χ(s · ( f2− f ′2))=−1,

so II < 0. Note that |II| ≤ I since L2
≥ 0.

On the other hand, if f2 = f ′2, then∑
s 6=0

χ(s · ( f2− f ′2))= p− 1.
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In other words,

I ≤ p
∑

(e1,e2)∈E

m E((e1, e2))
2

∑
( f1, f2)∈F

m F (( f1, f2))
2,

which implies that

|L| ≤
√

I + II ≤ p
1
2

( ∑
(e1,e2)∈E

m E((e1, e2))
2

∑
( f1, f2)∈F

m F (( f1, f2))
2
)1/2

.

This completes the proof of the lemma. �

For A ⊂ Fp, let Ed((A− A)2) be the number of 4d-tuples {(ai , bi , ci , ei )}
d
i=1

with ai , ci , bi , ei ∈ A such that

(a1− b1)
2
+ · · ·+ (ad − bd)

2
= (c1− e1)

2
+ · · ·+ (cd − ed)

2.

Similarly, let Ed(A · A) be the number of 4d-tuples {(ai , bi , ci , ei )}
d
i=1 with

ai , ci , bi , ei ∈ A such that

a1b1+ · · ·+ adbd = c1e1+ · · ·+ cded .

In our next lemmas, we give recursive formulas for Ed((A− A)2) and Ed(A · A).

Lemma 2.2. For A ⊂ Fp, we have

Ed((A− A)2)≤ Cd2(log|A|)2
(
|A|4d

p
+ |A|2d+1

√
Ed−1((A− A)2)

)
,

for some positive constant C.

The proof of this lemma will be given in the next section. The following result
is a direct consequence, which tells us an upper bound of Ed((A− A)2).

Corollary 2.3. Let A be a set in Fp. For d ≥ 2, suppose that |A| � (d log|A|)p1/2;
then we have

Ed((A− A)2)� d2(log|A|)2
|A|4d

p
+ d4(log|A|)4|A|

4d−2+ 1
2d−1 .

Proof. We prove by induction on d that

Ed((A− A)2)≤ 2C2d2(log|A|)2
|A|4d

p
+ 2C2d4(log|A|)4|A|

4d−2+ 1
2d−1 ,

whenever |A| ≥
√

2C(d log|A|)p1/2, where the constant C comes from Lemma 2.2.
The base case d = 2 follows directly from Lemma 2.2 by using the trivial upper

bound |A|3 of E1((A− A)2).
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Suppose the statement holds for any d − 1≥ 2; we now prove that it also holds
for d . Indeed, by induction hypothesis, we have

(1) Ed−1((A− A)2)

≤ 2C2(d − 1)2(log|A|)2
|A|4(d−1)

p
+ 2C2(d − 1)4(log|A|)4|A|

4d−6+ 1
2d−2

≤ 2C2d2(log|A|)2
|A|4(d−1)

p
+ 2C2d4(log|A|)4|A|

4d−6+ 1
2d−2 .

On the other hand, it follows from Lemma 2.2 that

(2) Ed((A− A)2)≤ Cd2(log|A|)2
(
|A|4d

p
+ |A|2d+1

√
Ed−1((A− A)2)

)
.

Putting (1) and (2) together, we obtain

Ed((A− A)2)≤ Cd2(log|A|)2
|A|4d

p
+
√

2C2d2(log|A|)2|A|2d+1

×

(
d log|A|

|A|2(d−1)

p1/2 + d2(log|A|)2|A|
2d−3+ 1

2d−1

)
.

Since
√

2C(d log|A|)p1/2
≤ |A|, we have

√
2C2d log|A|

|A|2(d−1)

p1/2 ≤ C
|A|2d−1

p
.

This implies that

Ed((A− A)2)≤ 2Cd2(log|A|)2
|A|4d

p
+ 2C2d4(log|A|)4|A|

4d−2+ 1
2d−1 . �

Similarly, for the case of product sets, we have:

Lemma 2.4. For A ⊂ Fp,

Ed(A · A)≤ Cd2(log|A|)2
(
|A|4d

p
+ |A|2d+1

√
Ed−1(A · A)

)
,

for some positive constant C.

Proof. The proof of this lemma is almost identical to that of Lemma 2.2, so we
omit it. �

Corollary 2.5. Let A be a set in Fp. For d ≥ 2, suppose that |A| � (d log|A|)p1/2;
then we have

Ed(A · A)� d2(log|A|)2
|A|4d

p
+ d4(log|A|)4|A|

4d−2+ 1
2d−1 .

Proof. The proof of Corollary 2.5 is identical to that of Corollary 2.3 with Lemma 2.4
in the place of Lemma 2.2; thus we omit it. �
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2.1. Proof of Lemma 2.2. In the proof of Lemma 2.2, we will use a point-plane
incidence bound due to Rudnev [2018] and an argument in [Shkredov 2018, Theo-
rem 32].

Let us first recall that if R is a set of points in F3
p and S is a set of planes

in F3
p, then the number of incidences between R and S, denoted by I(R,S), is the

cardinality of the set {(r, s)∈R×S : r ∈ s}. The following is a version of Rudnev’s
point-plane incidence bound, which can be found in [de Zeeuw 2016].

Theorem 2.6 [Rudnev 2018; de Zeeuw 2016]. Let R be a set of points in F3
p and S

be a set of planes in F3
p, with |R| ≤ |S|. Suppose that there is no line that contains

k points of R and is contained in k planes of S. Then

I(R,S)�
|R||S|

p
+ |R|1/2|S| + k|S|.

Proof of Lemma 2.2. We first have

Ed((A− A)2)=
∑
t1,t2

r(d−1)(A−A)2(t1)r(d−1)(A−A)2(t2) f (t1, t2),

where r(d−1)(A−A)2(t) is the number of 2(d−1) tuples (a1, . . . , ad−1, b1, . . . , bd−1)

in A2d−2 such that (a1− b1)
2
+ · · ·+ (ad−1− bd−1)

2
= t , and f (t1, t2) is the sum∑

s r(A−A)2+t1(s)r(A−A)2+t2(s). We now split the sum Ed((A− A)2) into intervals:

Ed((A− A)2)�
L1∑

i=1

L2∑
j=1

∑
t1,t2

f (t1, t2)r
(i)
(d−1)(A−A)2(t1)r

( j)
(d−1)(A−A)2(t2),

where L1≤ log(|A|2d−2), L2≤ log(|A|2d−2), and r (i)
(d−1)(A−A)2(t1) is the restriction

of the function r(d−1)(A−A)2(x) on the set Pi := {t : 2i
≤ r(d−1)(A−A)2(t) < 2i+1

}.
Using the pigeon-hole principle two times, there exist sets Pi0 and Pj0 for some

i0 and j0 such that

Ed((A− A)2)≤ (2d − 2)2(log|A|)2
∑
t1,t2

f (t1, t2)r
(i0)

(d−1)(A−A)2(t1)r
( j0)
(d−1)(A−A)2(t2)

� d2(log|A|)22i02 j0
∑
t1,t2

f (t1, t2)Pi0(t1)Pj0(t2).

One can check that the sum
∑

t1,t2 f (t1, t2)Pi0(t1)Pj0(t2) is equal to the number
of incidences between the point set R of points (−2a, e, t1+ a2

− e2) ∈ F3
p with

a ∈ A, e ∈ A, t1 ∈ Pi0 , and the plane set S of planes in F3
p defined by

bX + 2cY + Z = t2− b2
+ c2,

where b ∈ A, c ∈ A and t2 ∈ Pj0 . Without loss of generality, we can assume that
|Pi0 | ≤ |Pj0 |.
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To apply Theorem 2.6, we need to bound the maximal number of collinear points
in R. The projection of R into the plane of the first two coordinates is the set
−2A× A; thus if a line is not vertical, then it contains at most |A| points from R.
If a line is vertical, then it contains at most |Pi0 | points from R, but that line is
not contained in any plane in S. In other words, we can apply Theorem 2.6 with
k = |A|, and obtain∑

t1,t2

f (t1, t2)Pi0(t1)Pj0(t2)�
|A|4|Pi0 ||Pj0 |

p
+ |A|3|Pi0 |

1/2
|Pj0 | + |A|

3
|Pj0 |

�
|A|4|Pi0 ||Pj0 |

p
+ |A|3|Pi0 |

1/2
|Pj0 |.

We now fall into the following cases:

Case 1: If the first term dominates, we have∑
t1,t2

f (t1, t2)Pi0(t1)Pj0(t2)�
|A|4|Pi0 ||Pj0 |

p
.

Case 2: If the second term dominates, we have∑
t1,t2

f (t1, t2)Pi0(t1)Pj0(t2)� |A|
3
|Pi0 |

1/2
|Pj0 |.

Therefore,

Ed((A− A)2)� d2(log|A|)22i02 j0

(
|A|4|Pi0 ||Pj0 |

p
+ |A|3|Pi0 |

1/2
|Pj0 |

)
� d2(log|A|)2

(
|A|4d

p
+ |A|2d+1

√
Ed−1((A− A)2)

)
,

where we have used the facts that

• 2i0 |Pi0 |
1/2
�
√

Ed−1((A− A)2).

• 2 j0 |Pj0 | � |A|
2d−2.

• 2i0 |Pi0 | � |A|
2d−2.

This completes the proof of the lemma. �

3. Proof of Theorem 1.1

Proof of Theorem 1.1. Let λ be an arbitrary element in Fp. Let E be the multiset of
points (2x, x2

+ (y1− z1)
2
+· · ·+ (yd− zd)

2) ∈ F2
p with x, yi , zi ∈ A, and F be the

multiset of points (−t, t2
+ (u1− v1)

2
+ · · ·+ (ud − vd)

2) ∈ F2
p with t, ui , vi ∈ A.

We have |E | = |F | = |A|2d+1.
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It follows from Lemma 2.1 that

(3)
∣∣∣∣N (E,F,λ)−

|E ||F |
p

∣∣∣∣≤ p
1
2

( ∑
(e1,e2)∈E

m E((e1,e2))
2
∑

( f1, f2)∈F

m F (( f1, f2))
2
)1/2

.

We observe that N (E, F, λ) equals the number of pairs (x, y) ∈ A2d+1
× A2d+1

such that ‖x− y‖ = λ.
From the setting of E and F, it is not hard to see that

(4)

∑
(e1,e2)∈E

m E((e1, e2))
2
= |A|Ed((A− A)2),

∑
( f1, f2)∈F

m F (( f1, f2))
2
= |A|Ed((A− A)2).

Putting (3) and (4) together, we have

(5)
∣∣∣∣N (E, F, λ)−

|A|4d+2

p

∣∣∣∣≤ p
1
2 |A|Ed((A− A)2).

On the other hand, Corollary 2.3 gives us

(6) Ed((A− A)2)� d2(log|A|)2
|A|4d

p
+ d4(log|A|)4|A|

4d−2+ 1
2d−1 .

Substituting (6) into (5), we obtain N (E, F, λ)∼ |A|4d+2 p−1 whenever

|A2d+1
|&d p

2d+2
2 −

3·2d−2
−d−1

3·2d−1
−1 .

Since λ is arbitrary in Fp, the theorem follows. �

4. Proofs of Theorems 1.3 and 1.5

The proof of Theorem 1.3 is similar to that of Theorem 1.1, but we need a higher-
dimensional version of Lemma 2.1.

Let E and F be multisets in F3
p. For λ ∈ Fp, let N (E, F, λ) be the number of

pairs ((e1, e2, e3), ( f1, f2, f3)) ∈ E × F such that e1 f1+ e2 f2+ e3+ f3 = λ. One
can follow step by step the proof of Lemma 2.1 to obtain the following.

Lemma 4.1. Let E, F be multisets in F3
p. For any λ ∈ Fp, we have∣∣∣∣N (E, F, λ)−

|E ||F |
p

∣∣∣∣
≤ p

( ∑
(e1,e2,e3)∈E

m E((e1, e2, e3))
2

∑
( f1, f2, f3)∈F

m F (( f1, f2, f3))
2
)1/2

.
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We are now ready to prove Theorem 1.3.

Proof of Theorem 1.3. Let λ be an arbitrary element in Fp. Let E be the multiset of
points (2x1,2x2, x2

1+x2
2+(y1−z1)

2
+·· ·+(yd−1−zd−1)

2) ∈ F3
p with xi , yi , zi ∈ A,

and F the multiset of points (−t1,−t2, t2
1+t2

2+(u1−v1)
2
+·· ·+(ud−1−vd−1)

2)∈F3
p

with ti , ui , vi ∈ A. We have |E | = |A|2d and |F | = |A|2d .
It follows from Lemma 4.1 that

(7)
∣∣∣∣N (E, F, λ)−

|E ||F |
p

∣∣∣∣
≤ p

( ∑
(e1,e2,e3)∈E

m E((e1, e2,3 ))
2

∑
( f1, f2, f3)∈F

m F (( f1, f2, f3))
2
)1/2

.

We observe that N (E, F, λ) is equal to the number of pairs (x, y) ∈ A2d
× A2d

such that ‖x− y‖ = λ.
From the setting of E and F, it is not hard to see that

(8)

∑
(e1,e2,e3)∈E

m E((e1, e2, e3))
2
= |A|2 Ed−1((A− A)2),

∑
( f1, f2, f3)∈F

m F (( f1, f2, f3))
2
= |A|2 Ed−1((A− A)2).

Putting (7) and (8) together, we have

(9)
∣∣∣∣N (E, F, λ)−

|A|4d

p

∣∣∣∣≤ p|A|2 Ed−1((A− A)2).

On the other hand, Corollary 2.3 gives us

(10) Ed−1((A− A)2)� d2(log|A|)2
|A|4d−4

p
+ d4(log|A|)4|A|

4d−6+ 1
2d−2 .

Substituting (10) into (9), we obtain N (E, F, λ)∼ |A|4d p−1 whenever

|A2d
|&d p

2d+1
2 −

2d
−2d−1

2d+1
−2 .

Since λ is arbitrary in Fp, the theorem follows. �

Proof of Theorem 1.5. The proof of Theorem 1.5 is similar to that of Theorem 1.3
with Corollary 2.5 in the place of Corollary 2.3. �

5. Proof of Theorem 1.7

Let us first recall the prime field analogue of Balog–Wooley decomposition energy
due to Rudnev, Shkredov and Stevens [Rudnev et al. 2020].
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Theorem 5.1 [Rudnev et al. 2020]. Let A be a set in Fp with |A| ≤ p5/8. There
exist two disjoint subsets B and C of A such that A = B tC and

max{E+(B), E×(C)}. |A|14/5,

where

E+(B)=|{(a,b,c,d)∈B4
:a+b=c+d}|, E×(C)=|{(a,b,c,d)∈C4

:ab=cd}|.

We refer the interested reader to [Balog and Wooley 2017] for the original result
over R. The most up to date bound for this result over R is due to Shakan [2019].

The following is another corollary of Lemma 2.2.

Corollary 5.2. Let A be a set in Fp, and B be a subset of A. For an integer d ≥ 2,
suppose that |A| � p1/2+1/(5·2d−1

−2) and E+(B). |A|14/5; then we have

Ed((B− B)2)� d4(log|A|)4|A|
4d−2+ 1

5·2d−3 .

Proof. We prove by induction on d that

Ed((B− B)2)≤ 4C2d4(log|A|)4|A|
4d−2+ 1

5·2d−3 ,

whenever |A| ≤ (Cp)1/2+1/(5·2d−1
−2), where the constant C comes from Lemma 2.2.

The base case d = 2 follows from Lemma 2.2 and the facts that E1((B− B)2)�
E+(B) and |B| ≤ |A|.

Suppose the corollary holds for d − 1≥ 2. We now show that it also holds for
general d . Indeed, it follows from Lemma 2.2 that

Ed((B− B)2)≤ Cd2(log|A|)2
(
|B|4d

p
+ |B|2d+1

√
Ed−1((B− B)2)

)
.

On the other hand, by the inductions hypothesis, we have

Ed−1((B− B)2)≤ 4C2(d − 1)4(log|A|)4|A|
4d−6+ 1

5·2d−4

≤ 4C2d4(log|A|)4|A|
4d−6+ 1

5·2d−4 .

Thus, using the fact that |B| ≤ |A|, we obtain

Ed((B− B)2)≤ d2(log|A|)2
(

C
|A|4d

p
+ 2C2d2(log|A|)2|A|

4d−2+ 1
5·2d−3

)
≤ 4C2d4(log|A|)4|A|

4d−2+ 1
5·2d−3 ,

whenever |A| ≤ (Cp)1/2+1/(5·2d−1
−2). �

Using the same argument, we also have another corollary of Lemma 2.4.
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Corollary 5.3. Let A be a set in Fp, and C be a subset of A. For an integer d ≥ 2,
suppose that |A| � p1/2+1/(5·2d−1

−2) and E×(C). |A|14/5; then we have

Ed(C ·C)� d4(log|A|)4|A|
4d−2+ 1

5·2d−3 .

We are now ready to prove Theorem 1.7.

Proof of Theorem 1.7. It follows from Theorem 5.1 that there exist two disjoint
subsets B and C of A such that A = B tC and max{E+(B), E×(C)} . |A|14/5.
One now can apply Corollaries 5.2 and 5.3 to derive

max{Ed((B− B)2), Ed(C ·C)} � d4(log|A|)4|A|
4d−2+ 1

5·2d−3 . �
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ELLIPTIC GRADIENT ESTIMATES
FOR A PARABOLIC EQUATION

WITH V -LAPLACIAN AND APPLICATIONS

JIAN-HONG WANG AND YU ZHENG

In this paper, we establish a local elliptic gradient estimate for positive
bounded solutions to a parabolic equation concerning the V -Laplacian(

1V − ∂t − q(x, t)
)
u(x, t)= F(u(x, t))

on an n-dimensional complete Riemannian manifold with the Bakry–Émery
Ricci curvature RicV bounded below, which is weaker than the m-Bakry–
Émery Ricci curvature Ricm

V bounded below considered by Chen and Zhao
(2018). As applications, we obtain the local elliptic gradient estimates for the
cases that F(u)= au ln u and auγ . Moreover, we prove parabolic Liouville
theorems for the solutions satisfying some growth restriction near infinity
and study the problem about conformal deformation of the scalar curvature.
In the end, we also derive a global Bernstein-type gradient estimate for the
above equation with F(u)= 0.

1. Introduction and main results

In this paper, we will study local and global elliptic gradient estimates for positive
smooth bounded solutions u(x, t) to a parabolic equation

(1.1)
(
1V − ∂t − q(x, t)

)
u(x, t)= F(u(x, t))

on an n-dimensional complete Riemannian manifold (Mn, g), where q(x, t) is a
function which is C2 in the x-variable and C1 in the t-variable, and F(u) is a C2

function of u.
The Equation (1.1) is an important extension of the Schrödinger equation. The

V -Laplacian is defined by
1V :=1− V · ∇,

where V is a smooth vector field.

Yu Zheng is supported by the NSFC (No.11671141).
MSC2010: primary 58J35; secondary 35B53, 35K05.
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As in [Chen et al. 2012], we define the m-Bakry–Émery Ricci curvature

Ricm
V := Ric+1

2LV g− 1
m

V ∗⊗ V ∗

for any number m ≥ 0, where Ric is the Ricci tensor, LV is the Lie derivative in the
direction of V , and V ∗ is the metric-dual of V . When m = 0, it means that V ≡ 0
and Ricm

V returns to the usual Ricci tensor. The (∞)-Bakry–Émery Ricci curvature
is

RicV := Ric+ 1
2LV g.

It is easy to see that Ricm
V ≥ c implies RicV ≥ c, but not vice versa.

If RicV = λg for some real constant λ, then (Mn, g) is a Ricci soliton, which is
a natural extension of Einstein metric. A Ricci soliton is called shrinking, steady
or expanding, if λ > 0, λ= 0 or λ < 0, respectively. In particular, when V =∇ f
for some function f ∈ C∞(M), since L∇ f g = 2 Hess f (Hess is the Hessian with
respect to the metric g), a Ricci soliton becomes a gradient Ricci soliton. The
gradient Ricci soliton plays an important role in the formation of singularities of
the Ricci flow, and has been studied by many authors; see [Cao 2010; Hamilton
1995] for nice surveys.

Relating to the V -Laplacian, we have, for Ricm
V (0 < m <∞), the following

Bochner formula:

(1.2) 1
21V |∇u|2 = |∇∇u|2+〈∇u,∇1V u〉+Ricm

V (∇u,∇u)+ 1
m
|〈V,∇u〉|2

≥
(1V u)2

m+ n
+〈∇u,∇1V u〉+Ricm

V (∇u,∇u).

When m =∞, we have

(1.3) 1
21V |∇u|2 = |∇∇u|2+〈∇u,∇1V u〉+RicV (∇u,∇u).

The formula (1.2) looks like the classical Bochner formula on an (m+n)-
dimensional manifold with Ricci tensor, therefore many geometric results for
the Laplacian on n-dimensional manifolds with Ric bounded below can be possibly
extended to the V -Laplacian on (m+n)-dimensional manifolds with Ricm

V bounded
below, such as the mean curvature comparison theorem, the volume comparison
theorem, etc. However, for RicV , due to lack of the term 1

m |〈V,∇u〉|2, there seems
essential obstacles to obtaining some important conclusions when RicV is only
bounded below.

To the best of our knowledge, the gradient estimate technique was originated by
S.-T. Yau [1975] in the 1970s, who first proved a gradient estimate for the harmonic
function on manifolds. In the 1980s, this technique was developed by Li and Yau
[1986] for the heat equation on manifolds, and yielded a parabolic gradient estimate
(sometimes called Li–Yau’s gradient estimate). More precisely,
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Theorem A [Li and Yau 1986]. Let M be a complete manifold with dimension
n ≥ 2, Ric(M)≥−k, k ≥ 0. Suppose u is any positive solution to the heat equation
in B(x0, R)×[t0−T, t0]. Then

|∇u|2

u2 −
ut

u
≤

cn

R2 +
cn

T
+ cnk

in B
(
x0,

R
2

)
×
[
t0− T

2 , t0
]
. Here cn depends only on n.

Li and Yau [1986] also proved a parabolic gradient estimate for the Schrödinger
equation (

1− ∂t − q(x, t)
)
u(x, t)= 0,

which can be seen as the special case of (1.1) (see [Li and Yau 1986, Theorem 1.2]).
In the 1990s, R. Hamilton [1993] proved a global elliptic gradient estimate

(sometimes called Hamilton’s gradient estimate) for the heat equation on closed
manifolds.

Theorem B [Hamilton 1993]. Let M be an n-dimensional closed manifold with
Ric≥−K for nonnegative constant K , and let u be a positive solution of the heat
equation

∂u
∂t
=1u

with u ≤ A for all time. Then

t |∇u|2 ≤ (1+ 2K t)u2 ln A
u
.

Hamilton’s gradient estimate requires that the equation be defined on closed
manifolds. Later, Souplet and Zhang [2006] proved a local elliptic gradient estimate
(sometimes called Souplet–Zhang’s gradient estimate) for the heat equation on
noncompact manifolds by inserting a necessary logarithmic correction term.

Theorem C [Souplet and Zhang 2006]. Let M be a Riemannian manifold with
dimension n ≥ 2 and Ric ≥ −k, k ≥ 0. Assume u is any positive solution to the
heat equation in Q R,T = Bx0(R)×[t0−T, t0] ⊂ M× (−∞,∞) with u ≤ M. Then
there exists a dimensional constant c such that

|∇ ln u| ≤ c
(

1
R
+

1
√

T
+
√

k
)(

1+ ln M
u

)
in Q R/2, T/2.

Moreover, if M has nonnegative Ricci curvature and u is any positive solution
of the heat equation on M × (0,∞), then there exist dimensional constants c1, c2

such that
|∇ ln u| ≤ c1

1
√

t

(
c2+ ln u(x, 2t)

u(x, t)

)
for all x ∈ M and t > 0.
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Apart from the above theorems, Li–Yau’s, Hamilton’s and Souplet–Zhang’s
gradient estimates have been generalized to other linear and nonlinear equations
on Riemannian manifolds, see, e.g., [Brighton 2013; Chow and Hamilton 1997;
Chen and Qiu 2016; Cao and Zhang 2011; Huang and Ma 2016; Li and Xu 2011;
Li 1991; 2012; 2015; Ma 2006; Ruan 2007; Wu 2015; Yang 2008; Zhu 2016].

We now give the main theorems, a local elliptic (Souplet–Zhang’s) gradient
estimate for positive smooth solutions to (1.1), which is based on the arguments
of Souplet and Zhang [2006] for the heat equation, Brighton [2013] for the f -
harmonic function and J.-Y. Wu [2015] for the f -heat equation. It is important that
our gradient estimate does not depend on any assumption on V .

Theorem 1.1. Let (Mn, g) be an n-dimensional complete Riemannian manifold,
and let Bx0(R) be a geodesic ball of radius R around x0 and R ≥ 2. Assume
RicV ≥−k in Bx0(R) for some constant k ≥ 0. Let u be a positive solution of (1.1)
in Q R,T = Bx0(R)×[t0− T, t0] ⊂ Mn

× (−∞,∞) with u ≤ M for some positive
constant M , where t0 ∈ R and T > 0. Then there exists a dimensional constant
C(n) such that

(1.4) |∇ ln u|

≤ C(n)
(√

1+ |δ|
R
+

1
√

t − t0+ T
+

√
k+ λ1+ λ2+ λ3+ λ4

)(
1+ ln M

u

)
in Q R/2, T with t 6= t0− T . Here

λ1 =−min
{

0,min
Q R,T

F(u)
u

}
, λ2 =−min

{
0,min

Q R,T

(
F ′(u)− F(u)

u

)}
,

λ3 = 2 max
Q R,T
{q−} (q− =max{−q, 0} is the negative part of q),

λ4 =max
Q R,T

∣∣∇√|q|∣∣,
which are nonnegative constants, and δ =max{x |d(x,x0)=1}1V r(x).

Remark 1.2. Theorem 1.1 describes local elliptic gradient estimate under only
RicV bounded below, whose assumption on RicV is obviously weaker than the
assumption on Ricm

V (m <∞) which was considered by Chen and Zhao [2018].

On one hand, we apply Theorem 1.1 to analyze the existence of solutions to the
special case of (1.1). Moreover, we study the problem about conformal deformation
of the scalar curvature on complete noncompact manifolds; see Corollary 2.7 in
Section 2.

Theorem 1.3. Let (Mn, g) be an n-dimensional complete manifold with RicV ≥ 0.
Consider the equation

(1.5)
(
1V − ∂t − q(x)

)
u(x, t)= auγ
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for some constants a ≥ 0 and γ > 1. Suppose that q(x) 6= 0 and

q− = o(R−1),
∣∣∇√|q|∣∣= o(R−1) as R→∞.

Then there does not exist any positive ancient solution (that is, a solution defined
in all space and negative time) to (1.5) such that u(x, t)= o(r(x)1/2+ |t |1/2) near
infinity. In particular, if V ≡ 0, we only assume u(x, t) = o(r(x)+ |t |1/2) near
infinity.

Remark 1.4. If q(x) is a positive constant, it naturally satisfies the growth con-
ditions of q(x) in Theorem 1.3. There also exist many nontrivial functions q(x)
satisfying these growth conditions, such as q(x)= e−x in R1.

On the other hand, we apply Theorem 1.1 to prove the parabolic Liouville
theorem for the V -heat equation under certain growth conditions of solutions. This
result is similar to the cases of the heat equation and the f -heat equation, obtained
by Souplet and Zhang [2006] and Wu [2015], respectively.

Theorem 1.5. Let (Mn, g) be an n-dimensional complete Riemannian manifold
with RicV ≥ 0. Let u(x, t) be an eternal solution (that is, a solution defined in all
space and time) to

(1.6) (1V − ∂t)u = 0.

Then the following conclusions hold.

(i) If u(x, t)= eo(r1/2(x)+|t |1/2) near infinity and u > 0, then u is a constant.

(ii) If u(x, t)= o(r1/2(x)+ |t |1/2) near infinity, then u is a constant.

Remark 1.6. The growth condition of u is necessary. For example, let u = ex+2t ,
V =∇ f , f =−x in R1. Then u is a nonconstant positive eternal solution to (1.6).
Any complete shrinking or steady Ricci solitons satisfy RicV ≥0, hence Theorem 1.5
also holds on shrinking or steady Ricci solitons.

In the end, we derive a global Bernstein-type gradient estimate for positive
bounded solution to (1.1) with F(u)= 0 on complete Riemannian manifolds with
RicV bounded below, which is inspired by the works of Kotschwar [2007] for the
heat equation and Wu [2015] for the f -heat equation.

Theorem 1.7. Let (Mn, g) be an n-dimensional complete Riemannian manifold
with RicV ≥−k for some constant k ≥ 0. Let u be a solution to

(1.7)
(
1V − ∂t − q(x, t)

)
u(x, t)= 0

in Mn
×[0, T ] with 0< T <∞. Suppose that

0< u ≤ M, q−(x, t)≤ α and
∣∣∇√|q|∣∣≤ β,
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where M, α, β are positive constants. Then there exists an absolute constant C such
that

t |∇u|2 ≤ C M2(1+ (k+α+β)T )
in Mn

×[0, T ].

The rest of this paper is organized as follows. In Section 2, we give a useful
lemma and a cut-off function to prove Theorem 1.1 via the maximum principle
and V -Laplacian comparison theorem. As applications of Theorem 1.1, we prove
Theorems 1.3 and 1.5. Moreover, we apply Theorem 1.3 to discuss Yamabe type
problems and obtain Corollary 2.7. In Section 3, we prove Theorem 1.7 by using
another local elliptic gradient estimate for (1.7).

2. Local elliptic gradient estimate

In this section, we first follow the techniques of [Souplet and Zhang 2006; Brighton
2013; Wu 2015] to prove Theorem 1.1. Notice that 0< u ≤ M is a solution of (1.1).
Define a smooth function

f = ln u
M

in Q R,T .

Obviously, f ≤ 0. By (1.1), we have

(2.1) (1V −∂t) f +|∇ f |2−q(x, t)= A( f ), where A( f )= F(Me f )

Me f =
F(u)

u
.

Let

g := |∇ ln(1− f )|2 =
|∇ f |2

(1− f )2
,

we have the following lemma.

Lemma 2.1. Let (Mn, g) be an n-dimensional complete Riemannian manifold with
RicV ≥−k for some constant k ≥ 0. Then g satisfies

(2.2) (1V − ∂t)g ≥
2 f

1− f
〈∇ f,∇g〉+2(1− f )g2

−2(k+λ1+λ2+λ3)g−2λ2
4,

where λ1, λ2, λ3, λ4 are the same as in Theorem 1.1.

Proof. Let h = ln(1 − f ), i.e., g = |∇h|2. By the Bochner formula (1.3) and
RicV ≥−k, we have

(2.3) 1V g = 2
(
|∇∇h|2+〈∇h,∇1V h〉+RicV (∇h,∇h)

)
≥ 2

(
〈∇h,∇1V h〉− k|∇h|2

)
.
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Since ∇h =− ∇ f
1− f and

1V h =1h−〈V,∇h〉 = −
(1− f )1 f + |∇ f |2

(1− f )2
+

〈
V,
∇ f

1− f

〉
=−

1V f
1− f

−
|∇ f |2

(1− f )2
.

By a direct computation, we obtain

〈∇h,∇1V h〉 =
2∇∇ f (∇ f,∇ f )

(1− f )3
+

2|∇ f |4

(1− f )4
+
〈∇ f,∇1V f 〉
(1− f )2

+
|∇ f |21V f
(1− f )3

.

Hence, (2.3) becomes

(2.4) 1V g ≥
4∇∇ f (∇ f,∇ f )

(1− f )3
+

4|∇ f |4

(1− f )4
+

2〈∇ f,∇1V f 〉
(1− f )2

+
2|∇ f |21V f
(1− f )3

− 2k
|∇ f |2

(1− f )2
.

By using (2.1), we obtain

(2.5) ∂t g =
2〈∇ f,∇ ft 〉

(1− f )2
+

2|∇ f |2 ft

(1− f )3

=
2〈∇ f,∇1V f 〉
(1− f )2

+
4∇∇ f (∇ f,∇ f )

(1− f )2
+

2|∇ f |21V f
(1− f )3

+
2|∇ f |4

(1− f )3

−
2〈∇ f,∇(q + A)〉

(1− f )2
−

2(q + A)|∇ f |2

(1− f )3
.

Combining (2.4) and (2.5), we have

(2.6) (1V − ∂t)g ≥
4∇∇ f (∇ f,∇ f )

(1− f )3
+

4|∇ f |4

(1− f )4
−

4∇∇ f (∇ f,∇ f )
(1− f )2

−
2|∇ f |4

(1− f )3

− 2k
|∇ f |2

(1− f )2
+

2〈∇ f,∇(q + A)〉
(1− f )2

+
2(q + A)|∇ f |2

(1− f )3
.

Since g = |∇ f |2

(1− f )2 , then

〈∇g,∇ f 〉 =
2∇∇ f (∇ f,∇ f )

(1− f )2
+

2|∇ f |4

(1− f )3
,

which implies

(2.7) 0=−2〈∇g,∇ f 〉+
4∇∇ f (∇ f,∇ f )

(1− f )2
+

4|∇ f |4

(1− f )3

+
1

1− f

(
2〈∇g,∇ f 〉−

4|∇ f |4

(1− f )3

)
−

4∇∇ f (∇ f,∇ f )
(1− f )3

.
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From (2.7), we know that

4∇∇ f (∇ f,∇ f )
(1− f )3

+
4|∇ f |4

(1− f )4
−

4∇∇ f (∇ f,∇ f )
(1− f )2

−
2|∇ f |4

(1− f )3

=
2 f

1− f
〈∇g,∇ f 〉+

2|∇ f |4

(1− f )3
.

Using the above equality, (2.6) becomes

(2.8) (1V − ∂t)g ≥
2 f

1− f
〈∇ f,∇g〉+ 2(1− f )g2

− 2
(

k− A′( f )− A
1− f

)
g

−
2

1− f
|∇q|
√

g+
2q

1− f
g.

Since 0< 1
1− f ≤ 1 and

(2.9) 2|∇q|
√

g ≤ 2|q|g+
|∇q|2

2|q|
= 2|q|g+ 2

∣∣∇√|q|∣∣2.
Noticing that the inequality (2.9) is trivial when q = 0. Hence,

−
2|∇q|

√
g

1− f
≥−

2|q|g
1− f

−
2
∣∣∇√|q|∣∣2

1− f
≥−

2|q|g
1− f

− 2
∣∣∇√|q|∣∣2.

Using this inequality, (2.8) can be rewritten as

(1V − ∂t)g ≥
2 f

1− f
〈∇ f,∇g〉+ 2(1− f )g2

− 2
(

k− A′( f )−
A

1− f
+

2q−

1− f

)
g

− 2
∣∣∇√|q|∣∣2.

By the definitions of λ1, λ2, λ3, λ4, we have

−
A

1− f
≤

A−

1− f
≤ A− =−min{0,

F(u)
u
} ≤ λ1,

−A′( f )=−
(
F ′(u)−

F(u)
u

)
≤ λ2,

2q−

1− f
≤ λ3,

∣∣∇√|q|∣∣≤ λ4.

Hence, (2.2) immediately follows. �

In order to prove Theorem 1.1, we introduce a useful cut-off function which
originated with Li and Yau [1986] (see also [Bailesteanu et al. 2010; Souplet and
Zhang 2006]).

Lemma 2.2. Fix t0 ∈ R and T > 0. For any given τ ∈ (t0−T, t0], there exists a
smooth function η̄ : [0,∞)×[t0−T, t0] → R satisfying following propositions:

(1) 0 ≤ η̄(r, t) ≤ 1 in [0, R] × [t0−T, t0], and it is supported in a subset of
[0, R]× [t0−T, t0].
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(2) η̄(r, t)= 1 and ∂r η̄(r, t)= 0 in
[
0, R

2

]
×[τ, t0] and

[
0, R

2

]
×[t0−T, t0], respec-

tively.

(3) |∂t η̄| ≤ C η̄1/2/(τ − t0 + T ) in [0,∞)× [t0−T, t0] for some constant C > 0,
and η̄(r, t0− T )= 0 for all r ∈ [0,∞).

(4) −(Cε/R)η̄ε ≤ ∂r η̄ ≤ 0 and |∂2
r η̄| ≤ Cε η̄ε/R2 in [0,∞)×[t0−T, t0] for every

ε ∈ (0, 1) with some constant Cε depending on ε.

Now, we apply Lemmas 2.1 and 2.2 to prove Theorem 1.1 via the maximum
principle and the V-Laplacian comparison theorem [Wu 2018, Theorem 2.1] in a
local space-time supported set.

Proof of Theorem 1.1. Fix any number τ ∈ (t0−T, t0], we will show that (1.4) holds
at (x, τ ) for all x ∈ Bx0

( R
2

)
. The assertion of theorem will immediately follows due

to τ is arbitrary.
Choose a cut-off function η̄(r, t) satisfying the propositions of Lemma 2.2. Let

η : M×[t0−T, t0]→ R such that η(x, t)= η̄(r(x), t), where r(x)= d(x, x0). It is
easy to see that η(x, t) is supported in Q R,T . Our aim is to calculate (1V −∂t)(ηg)
and estimate each term at a space-time point where ηg attains its maximum.

From Lemma 2.1, we conclude

(2.10) (1V − ∂t)(ηg)−
(

2 f
1− f

∇ f + 2
∇η

η

)
∇(ηg)

≥ 2(1− f )ηg2
−

(
2 f

1− f
〈∇ f,∇η〉

)
g− 2

|∇η|2

η
g+ (1V η)g− ηt g

− 2(k+ λ1+ λ2+ λ3)ηg− 2λ2
4η.

Assume
(ηg)(x1, t1)= max

Bx0 (R)×[t0−T,τ ]
(ηg).

We may assume (ηg)(x1, t1) > 0, otherwise, g(x, τ )≤ 0 and (1.4) naturally holds at
(x, τ ) whenever d(x, x0) <

R
2 . Notice that t1 6= t0− T due to (ηg)(x1, t1) > 0. We

may also assume that η(x, t) is smooth at (x1, t1) by the standard Calabi argument
[1958]. Using the maximum principle, at (x1, t1), we have

1V (ηg)≤ 0, (ηg)t ≥ 0 and ∇(ηg)= 0.

Hence, (2.10) can be simplified as

(2.11) 2(1− f )ηg2
≤

(
2 f

1− f
〈∇ f,∇η〉+ 2

|∇η|2

η

)
g− (1V η)g+ ηt g

+ 2(k+ λ1+ λ2+ λ3)ηg+ 2λ2
4η.

at (x1, t1). In the following, we will estimate each term on the right hand side of
(2.11) and obtain the desired gradient estimate in Theorem 1.1. We will get it by
two steps.
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Case I. Assume x1 /∈ Bx0(1). Since RicV ≥−k and d(x1, x0)≥ 1 in Bx0(R), R≥ 2,
by the V -Laplacian comparison theorem, we have

1V r(x1)≤ δ+ k(R− 1),

where δ =max{x |d(x,x0)=1}1V r(x).
Below the Young’s inequality and Lemma 2.2 will be repeatedly used in the

following estimate. Let c be a constant depending only on n whose value may
change from line to line. Then we have the following inequalities:

2 f
1− f

〈∇ f,∇η〉g ≤ 2| f ||∇η|g3/2

= 2
[
η(1− f )g2]3/4

·
| f ||∇η|[

η(1− f )
]3/4

≤ η(1− f )g2
+ c

f 4
|∇η|4

(1− f )3η3

≤ η(1− f )g2
+ c

f 4

R4(1− f )3
.

(2.12)

2
|∇η|2

η
g ≤ 1

8ηg2
+ 8
|∇η|4

η3 ≤
1
8ηg2
+

c
R4 .(2.13)

−(1V η)g =−
(
∂2

r η̄+ ∂r η̄1V r
)
g

≤

(
|∂2

r η̄| +
(
|δ| + k(R− 1)

)
|∂r η̄|

)
g

= η1/2g
|∂2

r η̄|

η̄1/2 +
(
|δ| + k(R− 1)

)
η1/2g

|∂r η̄|

η̄1/2

≤
1
8ηg2
+ c

(
|∂2

r η̄|
2

η̄
+ δ2 |∂r η̄|

2

η̄
+ k2(R− 1)2

|∂r η̄|
2

η̄

)
≤

1
8ηg2
+

c
R4 +

cδ2

R2 + ck2 (R−1)2

R2

≤
1
8ηg2
+

c
R4 +

cδ2

R2 + ck2.

(2.14)

|ηt |g = η1/2g
|η̄t |

η̄1/2 ≤
1
8ηg2
+ 8
|η̄t |

2

η̄
≤

1
8ηg2
+

c
(τ−t0+T )2

.(2.15)

2(k+ λ1+ λ2+ λ3)ηg ≤ 1
8ηg2
+ 8(k+ λ1+ λ2+ λ3)

2.(2.16)

2λ2
4η ≤ 2λ2

4.(2.17)
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Substituting (2.12)–(2.17) into the right hand side of (2.11), at (x1, t1), we have

2η(1− f )g2
≤ η(1− f )g2

+
1
2ηg2
+c

f 4

R4(1− f )3
+

c
R4 +

cδ2

R2 +ck2
+

c
(τ−t0+T )2

+8(k+ λ1+ λ2+ λ3)
2
+ 2λ2

4.

Since 1− f ≥ 1, the above estimate implies

(ηg2)(x1, t1)≤
1

1− f

(
1
2ηg2
+ c

f 4

R4(1− f )3
+

c
R4 +

cδ2

R2 + ck2
+

c
(τ−t0+T )2

+ 8(k+ λ1+ λ2+ λ3)
2
+ 2λ2

4

)
≤

1
2ηg2
+ c

f 4

R4(1− f )4
+

c
R4 +

cδ2

R2 + ck2
+

c
(τ−t0+T )2

+ 8(k+ λ1+ λ2+ λ3)
2
+ 2λ2

4

≤
1
2ηg2
+

c
R4 +

cδ2

R2 +
c

(τ−t0+T )2
+ c(k+ λ1+ λ2+ λ3+ λ4)

2.

Since 0≤ η ≤ 1, then

(ηg)2(x1, t1)≤ (ηg2)(x1, t1)

≤
c

R4 +
cδ2

R2 +
c

(τ−t0+T )2
+ c(k+ λ1+ λ2+ λ3+ λ4)

2.

Since η(x, τ )= 1 when x ∈ Bx0

( R
2

)
by the proposition (2) in Lemma 2.2 and R ≥ 2,

we obtain

g(x, τ )= (ηg)(x, τ )≤ (ηg)(x1, t1)

≤
c

R2 +
c|δ|
R
+

c
τ−t0+T

+ c(k+ λ1+ λ2+ λ3+ λ4)

≤
c(1+|δ|)

R
+

c
τ−t0+T

+ c(k+ λ1+ λ2+ λ3+ λ4)

for all x ∈ Bx0

( R
2

)
.

Case II. Assume x1 ∈ Bx0(1)⊂ Bx0

( R
2

)
when R ≥ 2. In this case, η is a constant

in space direction in Q R/2,T . Hence (2.11) can be simplified as

2(1− f )ηg2
≤ ηt g+ 2(k+ λ1+ λ2+ λ3)ηg+ 2λ2

4η

at (x1, t1). Since 1− f ≥ 1, this implies

2ηg2
≤ ηt g+ 2(k+ λ1+ λ2+ λ3)ηg+ 2λ2

4η

at (x1, t1). Substituting (2.15)–(2.17) into the right hand side of the above inequality,
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we have

(ηg2)(x1, t1)≤ c
( 1
(τ−t0+T )2

+ (k+ λ1+ λ2+ λ3)
2
+ λ2

4

)
.

Since 0≤ η ≤ 1, we have

(ηg)(x1, t1)≤ c
( 1
τ−t0+T

+ k+ λ1+ λ2+ λ3+ λ4

)
.

Since η(x, τ )= 1 whenever x ∈ Bx0

( R
2

)
,

g(x, τ )= (ηg)(x, τ )≤ (ηg)(x1, t1)

≤ c
( 1
τ−t0+T

+ k+ λ1+ λ2+ λ3+ λ4

)
for all x ∈ Bx0

( R
2

)
.

Combining the above two cases, by the definition of g and the fact that τ ∈
(t0−T, t0] was chosen arbitrarily, we obtain

|∇ f |
1− f

(x, t)≤ C(n)
(√

1+ |δ|
R
+

1
√

t − t0+ T
+

√
k+ λ1+ λ2+ λ3+ λ4

)
for any (x, t) ∈ Q R/2,T with t 6= t0 − T . Substituting f = ln u

M into the above
estimate completes the proof of theorem. �

Remark 2.3. If q(x, t)= F(u)=0, V =∇ f for some function f , then Theorem 1.1
is the same as Theorem 1.1 in [Wu 2018] for the weighted heat equation. From the
proof of Theorem 1.1, we know that the term

√

(1+ |δ|)/R in (1.4) can be changed
into 1

R whenever V ≡ 0.

When V is bounded, we can prove another gradient estimate of (1.1) in any
geodesic ball. Its proof is similar to that of Theorem 1.1 except that the V -Laplacian
comparison theorem in Theorem 1.1 is replaced by another V -Laplacian comparison
theorem [Wu 2018, Theorem 2.2]. We only provide the conclusion and omit the
proof.

Theorem 2.4. Let (Mn, g) be an n-dimensional complete Riemannian manifold.
Assume RicV ≥−k and |V | ≤ a in Bx0(R) for some nonnegative constants k and a.
Let 0 < u ≤ M be a solution of (1.1) in Q R,T . Then there exists a dimensional
constant C(n) such that

(2.18) |∇ ln u| ≤C(n)
(√

1+a
R
+

1
√

t−t0+T
+

√
k+λ1+λ2+λ3+λ4

)(
1+ln M

u

)
in Q R/2, T with t 6= t0− T , where λ1, λ2, λ3, λ4 are the same as in Theorem 1.1.
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As applications of Theorem 1.1, we can derive some corollaries by considering
the special cases of (1.1). More precisely,(

1V − ∂t − q(x, t)
)
u = au ln u,(2.19) (

1V − ∂t − q(x, t)
)
u = auγ ,(2.20)

where a and γ are constants.
When V ≡ 0, the elliptic version of (2.19) is closely related to the gradient Ricci

soliton; (see [Ma 2006]). In fact, consider the gradient Ricci soliton

Ric+∇∇ f + λg = 0,

where λ is a constant. Taking the trace of the above equality, we have

R+1 f + nλ= 0.

Using the contracted Bianchi identity and Ricci identity, then

|∇ f |2+ R− 2λ f = c
for some constant c. Hence

|∇ f |2−1 f − 2λ f = nλ+ c.

Setting u = e− f , we obtain

1u− (c+ nλ)u =−2λu ln u.

When V ≡ 0, the elliptic version of (2.20) is related to conformal deformation of
the scalar curvature on manifolds. In fact, for any n-dimensional (n ≥ 3) manifold,
consider a conformal metric g̃ = u4/(n−2)g for some positive function u. Then the
scalar curvature s̃ of metric g̃ related to the scalar curvature s of metric g is given
by

(2.21) 1u− n−2
4(n−1)

su+ n−2
4(n−1)

s̃u(n+2)/(n−2)
= 0.

We have known that if M is compact and s̃ is a constant, the existence of u is the
well-known Yamabe problem which has been solved by R. Schoen [1984] (see also
[Lee and Parker 1987; Mastrolia et al. 2012] for more details).

Corollary 2.5. Let (Mn, g) be an n-dimensional complete Riemannian manifold
with RicV ≥ −k for some constant k ≥ 0. Let 0 < u ≤ M be a smooth solution
of (2.19) with a ≤ 0 in Mn

× [t0−T, t0]. Suppose that q− ≤ c1 and
∣∣∇√|q|∣∣ ≤ c2

for some constants c1, c2. Then there exists a dimensional constant c(n) such that

(2.22) |∇ ln u| ≤ c(n)
(

1
√

t−t0+T
+

√
k− a ln(max{M, 1})− a+ 2c1+ c2

)
·

(
1+ ln M

u

)
in Mn

× (t0−T, t0].
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Proof. Since F(u) = au ln u (a ≤ 0) and 0 < u ≤ M , by the definitions of λi

(i = 1, 2, 3, 4), it is easy to obtain

λ1 =−a ln(max{M, 1}), λ2 =−a, λ3 = 2c1, λ4 = c2.

Applying Theorem 1.1 and setting R→∞, (2.22) immediately follows. �

Corollary 2.6. Let (Mn, g), q− and
∣∣∇√|q|∣∣ be the same as in Corollary 2.5. Let

0 < u ≤ M be a smooth solution of (2.20) with γ > 1 in Mn
× [t0−T, t0]. Then

there exists a dimensional constant c(n) such that

(2.23) |∇ ln u| ≤ c(n)
(

1
√

t−t0+T
+

√
k+ sgn a−1

2
(aγMγ−1)+ 2c1+ c2

)
·

(
1+ ln M

u

)
in Mn

× (t0−T, t0], where

sgn a =


1 if a > 0,
0 if a = 0,
−1 if a < 0.

Proof. Since F(u)= auγ (γ > 1) and 0< u ≤ M , by the direct calculations, we
have

(i) If a ≥ 0, then λ1 = λ2 = 0.

(ii) If a < 0, then λ1 =−aMγ−1, λ2 =−a(γ − 1)Mγ−1.

Using (1.4) and letting R→∞, the desired result (2.23) follows. �

Next, we apply Theorem 1.1 to prove Theorem 1.3 which analyze the existence
of solutions to the parabolic equation (1.5) when the coefficient q(x) and solutions
u(x, t) satisfying some growth conditions. Furthermore, we can use Theorem 1.3 to
study the problem about conformal deformation of the scalar curvature on complete
manifolds.

Proof of Theorem 1.3. From the proof of Theorem 1.1 and Corollary 2.6, since
a ≥ 0, then λ1 = λ2 = 0, we get a local elliptic gradient estimate for (1.5):

(2.24) |∇ ln u| ≤ c(n)
(√

1+|δ|
R
+

1
√

t−t0+T
+

√
λ3+ λ4

)(
1+ ln M

u

)
for any (x, t) ∈ Q R

2 ,T
with t 6= t0− T , where λ3, λ4 be defined in Theorem 1.1.

For any fixed space-time point (x0, t0), by the growth assumptions of u(x, t) and
q(x), applying (2.24) to u(x0, t0) in the space-time set Q R,R = Bx0(R)×[t0−R, t0],
then

(2.25) |∇ ln u(x0, t0)| ≤ c(n)
(√

1+|δ|
R
+o(R−1/2)

)(
1+o(ln

√
R)−ln u(x0, t0)

)
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for sufficiently large R ≥ 2.
Notice that ln u(x0, t0) is a fixed value, which implies

|∇u(x0, t0)| = 0 as R→∞.

Since (x0, t0)was chosen arbitrarily, then u(x, t)≡u(t), and Equation (1.5) becomes

(2.26) u′(t)=−q(x)u(t)− auγ (t).

Case I. a = 0.
In this case, u′(t) = −q(x)u(t). Since q(x) 6= 0, we solve this equation and

obtain

(2.27) u(t)= Ce−q(x)t ,

where C is an arbitrary constant.
From (2.27), we know q(x) = c for some constant c > 0 due to the growth

assumption of q−. Then

u(t)= u(0)e−ct
= u(0)ec|t |,

which contradicts the assumption that u(x, t)= o(r(x)1/2+ |t |1/2) near infinity.

Case II. a > 0.
In this case, (2.26) can be regraded as a one-order linear ordinary equation which

has a general solution

(2.28) u1−γ (t)= Ce(γ−1)q(x)t
−

a
q(x)

,

where C is an arbitrary constant.
By the same way, we know q(x)= c for some constant c > 0, then

u1−γ (t)=
(

u1−γ (0)+ a
c

)
e(γ−1)ct

−
a
c
.

Since a, c, γ − 1 and u(0) are positive constants, which imply

u1−γ (t)→−a
c
< 0 as t→−∞,

this is impossible since u > 0.
As for the case V ≡ 0, the term

√
(1+ |δ|)/R in (2.24) can be changed into 1

R .
Since u(x, t)=o(r(x)+|t |1/2) near infinity, we apply (2.24) to u(x0, t0) in Q R,R2 =

Bx0(R)×[t0−R2, t0] and the proof is almost the same as before except that (2.25)
is replaced by

|∇ ln u(x0, t0)| ≤ c(n)
( 1

R
+ o(R−1/2)

)(
1+ o(ln R)− ln u(x0, t0)

)
. �

As an application of Theorem 1.3, we discuss the Yamabe type problem of
complete Riemannian manifolds and immediately obtain the following corollary.
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Corollary 2.7. Let (Mn, g) be an n-dimensional (n ≥ 3) complete Riemannian
manifold with Ric≥ 0 and the scalar curvature s of g satisfying

sup
Bx0 (R)

|∇
√

s| = o(R−1)

as R→∞. Then there does not exist complete metric

g̃ ∈
{
u4/(n−2)g | 0< u ∈ C∞(M) and u(x)= o(r(x)1/2)

}
,

such that the scalar curvature s̃ of g̃ is some nonpositive constant.

Proof. It is equivalent to prove that if s̃ is some nonpositive constant, then there
does not exist any positive solution to (2.21) satisfying u(x) = o(r(x)1/2). In
Theorem 1.3, let

u(x, t)= u(x), V = 0, q(x)= n−2
4(n−1)

s ≥ 0,

a =− n−2
4(n−1)

s̃ ≥ 0, γ =
n+2
n−2

> 1,

we know that q(x) satisfies the growth conditions in Theorem 1.3 due to the
assumptions on s, hence the conclusion follows. �

We also apply Theorem 1.1 to derive the parabolic Liouville theorem for the
V -heat equation which extends some known results.

Proof of Theorem 1.5. Since F(u)= q = 0, using Theorem 1.1, we have

(2.29) |∇ ln u| ≤ C(n)
(√

1+|δ|
R
+

1
√

t−t0+T

)(
1+ ln M

u

)
.

(i) By the assumption of u(x, t), we have

ln u = o(r1/2(x)+ |t |1/2)

near infinity. For any space-time point (x0, t0), we apply (2.29) to u(x0, t0) in the
space-time set Q R,R = Bx0(R)×[t0−R, t0], then

|∇u(x0, t0)|
u(x0, t0)

≤
C(n, δ)
√

R

(
1+ o(

√
R)− ln u(x0, t0)

)
for sufficiently large R ≥ 2.

For the fixed value ln u(x0, t0), setting R→∞ in the above inequality, we get

|∇u(x0, t0)| = 0.

Then u is only a time-dependent function due to (x0, t0) being arbitrary. Moreover,
u is a constant by using (1.6).
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(ii) Let MR = supQ√R,
√

R
|u|. Considering the function U = u+ 2M2R , then

M2R ≤U (x, t)≤ 3M2R

whenever (x, t) ∈ Q2
√

R, 2
√

R . For any fixed point (x0, t0), applying (2.29) to U , we
have

|∇u(x0, t0)|
u(x0, t0)+ 2M2R

≤
C(n, δ)
√

R

for sufficiently large R ≥ 2. By the assumption of u(x, t), we have M2R = o(R1/4).
The conclusion immediately follows by taking R→∞. �

3. Global elliptic gradient estimate

In this section, we follow the arguments of Kotschwar [2007] and Wu [2015] to
prove Theorem 1.7. The key is to derive a local elliptic gradient estimate which
is different from Souplet–Zhang’s gradient estimate. Our proof is based on the
technique of Shi [1989] from the estimation of derivatives of curvature under the
Ricci flow. Firstly, we give the following lemma.

Lemma 3.1. Define

G(x, t) := (4M2
+ u2)|∇u|2.

Under the same assumptions as in Theorem 1.7, we have

(3.1) (∂t −1V )G ≤
(5

2 k+ 7
2α
)
G− 2

125M4 G2
+ 50β2 M4.

Proof. By straightforward calculations, we obtain

(∂t −1V )u2
=−2|∇u|2− 2qu2.

(∂t −1V )|∇u|2 ≤−2|∇∇u|2− 2u〈∇u,∇q〉− 2q|∇u|2+ 2k|∇u|2.

Then,

(3.2) (∂t−1V )G = (∂t−1V )u2
·|∇u|2+(4M2

+u2)(∂t−1V )|∇u|2

−2〈∇u2,∇|∇u|2〉

≤ (−2|∇u|2−2qu2)|∇u|2

+(4M2
+u2)

(
−2|∇∇u|2−2u〈∇u,∇q〉−2q|∇u|2+2k|∇u|2

)
−8u∇∇u(∇u,∇u).

Since

−8u∇∇u(∇u,∇u)≤ 10u2
|∇∇u|2+ 8

5 |∇u|4, 5u2
≤ 4M2

+ u2
≤ 5M2,
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the inequality (3.2) can be simplified as

(3.3) (∂t −1V )G ≤ 10k M2
|∇u|2− 2

5 |∇u|4− 2qu2
|∇u|2

− 2(4M2
+ u2)u〈∇u,∇q〉− 2(4M2

+ u2)q|∇u|2.

Using the Young’s inequality, then

−2(4M2
+ u2)u〈∇u,∇q〉 ≤ 10M2u|∇u||∇q|

≤ 2|q|u2
|∇u|2+ 25

2
|∇q|2

|q|
M4

= 2|q|u2
|∇u|2+ 50

∣∣∇√|q|∣∣2 M4.

Notice that
−2(4M2

+ u2)q|∇u|2 ≤ 10M2q−|∇u|2,

and
|q| − q = 2q−.

Hence, (3.3) can be written as

(∂t −1V )G ≤ 10k M2
|∇u|2− 2

5 |∇u|4+ 4q−u2
|∇u|2+ 10M2q−|∇u|2

+ 50
∣∣∇√|q|∣∣2 M4

≤−
2
5 |∇u|4+ (10k+ 14α)M2

|∇u|2+ 50β2 M4,

where we used the assumptions q− ≤ α and
∣∣∇√|q|∣∣≤ β.

By the definition of G, we know

4M2
|∇u|2 ≤ G ≤ 5M2

|∇u|2.

Hence, the inequality (3.1) follows. �

Now, applying Lemma 3.1, we give a proof of Theorem 1.7.

Proof of Theorem 1.7. As in [Li and Yau 1986], we take a cut-off function φ̄(s)
which is defined in [0,∞) such that 0≤ φ̄(s)≤ 1 and

φ̄(s)= 1 for s ∈
[
0, 1

2

]
, φ̄(s)= 0 for s ∈ [1,∞).

φ̄(s) also satisfies

−c1 ≤
φ̄′(s)
φ̄1/2(s)

≤ 0, φ̄′′(s)≥−c2

for positive absolute constants c1 and c2.
Let φ(x)= φ̄

( r(x)
R

)
for R ≥ 2, where r(x) denotes the distance from the fixed

point x0 to x . Using the argument of Calabi [1958], we may assume φ(x) ∈C2(M)
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with support in Bx0(R). By direct calculations, we have

(3.4)
|∇φ|2

φ
≤

c3

R2 , 1Vφ =
φ̄′1V r

R
+
φ̄′′

R2

for some positive absolute constant c3.
Considering tφG in Bx0(R)×[0, T ], using Lemma 3.1, we get

(3.5) (∂t −1V )(tφG)≤ φG+ tφ
(( 5

2 k+ 7
2α
)
G− 2

125M4 G2
+ 50β2 M4

)
− tG1Vφ− 2t〈∇φ,∇G〉

Assume

(tφG)(x1, t1)= max
Bx0 (R)×(0,T ]

(tφG).

If tφG is not identically zero (i.e., u is not a constant in suppφ), then

(tφG)(x1, t1) > 0.

By the maximum principle, at (x1, t1),

∇(tφG)= 0, (∂t −1V )(tφG)≥ 0.

In the following, we will estimate the each term on the right hand side of (3.5) at
(x1, t1).

Case I. Assume x1 ∈ Bx0(1)⊂ Bx0

( R
2

)
because of R ≥ 2.

In this case, φ≡ 1 implies ∇φ=1Vφ= 0. The inequality (3.5) can be simplified
as

0≤ G+ t
((5

2 k+ 7
2α
)
G− 2G2

125M4 + 50β2 M4
)
.

It is equivalent to

2
125M4 tG2

−
((5

2 k+ 7
2α
)
t + 1

)
G− 50β2 M4t ≤ 0

at (x1, t1). Since 0< t ≤ T , we have

2
125M4 (tG)2−

((5
2 k+ 7

2α
)
T + 1

)
tG− 50β2 M4T 2

≤ 0.

At this time, (x1, t1) is also the maximum point of tG in Bx0

( R
2

)
× (0, T ]. Hence,

we obtain

(tG)(x, t)≤ (tG)(x1, t1)≤ C M4(1+ (k+α+β)T )
in Bx0

( R
2

)
×[0, T ].
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Case II. Assume x1 /∈ Bx0(1).
In this case, since RicV ≥ −k, d(x1, x0) ≥ 1 and R ≥ 2, by the V -Laplacian

comparison theorem, we have

1V r(x1)≤ δ+ k(R− 1)≤ |δ| + k(R− 1),

where δ =max{x |d(x,x0)=1}1V r(x). Hence,

(3.6) 1Vφ ≥−
c1

R

(
|δ| + k(R− 1)

)
−

c2

R2 .

By using Lemma 3.1, (3.4) and (3.6), at (x1, t1), we have

(3.7) 0≤ (∂t −1V )(tφG)

= φG+ tφ(∂t −1V )G− tG1Vφ− 2t〈∇φ,∇G〉

=

(
φ+ 2t |∇φ|

2

φ
− t1Vφ

)
G+ tφ(∂t −1V )G− 2

〈
∇(tφG), ∇φ

φ

〉
≤

(
1+

c4t
R2 +

c1t
R

(
|δ| + k(R− 1)

))
G

+ tφ
(( 5

2 k+ 7
2α
)
G− 2G2

125M4 + 50β2 M4
)

≤−
c5

M4 tφG2
+

(
1+ c6

(1+|δ|
R
+ k+α

)
T
)

G+ c7β
2 M4T .

Multiplying both sides of (3.7) by tφ and using tφ ≤ T , we have

c5

M4 (tφG)2−
(

1+ c6

(1+|δ|
R
+ k+α

)
T
)
(tφG)− c7β

2 M4T 2
≤ 0.

We solve this inequality and obtain that

(tφG)(x1, t1)≤ c8 M4
(

1+
(1+|δ|

R
+ k+α+β

)
T
)
.

Notice that the above constants ci (i = 1, 2, . . . , 8) are all absolute positive constants.
Consequently,

(tG)(x, t)= (tφG)(x, t)≤ (tφG)(x1, t1)

≤ c8 M4
(

1+
(1+|δ|

R
+ k+α+β

)
T
)

for any (x, t) ∈ Bx0

( R
2

)
×[0, T ].

Combining the above two cases, we obtain

(tG)(x, t)≤ C M4
(

1+
(1+|δ|

R
+ k+α+β

)
T
)

for any (x, t) ∈ Bx0

( R
2

)
×[0, T ].

Since G ≥ 4M2
|∇u|2, the theorem follows by taking R→∞. �
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OPTIMAL L2 EXTENSION OF SECTIONS FROM
SUBVARIETIES IN WEAKLY PSEUDOCONVEX MANIFOLDS

XIANGYU ZHOU AND LANGFENG ZHU

We obtain optimal L2 extension of holomorphic sections of a holomorphic
vector bundle from subvarieties in weakly pseudoconvex Kähler manifolds.
Moreover, in the case of a line bundle the Hermitian metric is allowed
to be singular.

1. Introduction and main results

The L2 extension problem is an important topic in several complex variables and
complex geometry. Many generalizations and applications (see [Manivel 1993;
Ohsawa 1995; 2001; Siu 1996; 1998; Berndtsson 1996; Demailly 2000; 2012a;
Siu 2002; McNeal and Varolin 2007; Berndtsson and Păun 2008], etc.) have been
obtained since the original work of Ohsawa and Takegoshi [1987]. Recent progress
concerns the optimal L2 extension and its applications (see [Guan et al. 2011; Zhu
et al. 2012; Guan and Zhou 2012; 2015a; 2015c; Błocki 2013; Zhou 2015; Ohsawa
2015; Berndtsson and Lempert 2016; Cao 2017; Zhou and Zhu 2018], etc.).

Most recently, several general L2 extension theorems with optimal estimates
were proved in [Guan and Zhou 2015c] for holomorphic sections defined on sub-
varieties in Stein or projective manifolds. In [Demailly 2016], several L2 extension
theorems were obtained for holomorphic sections defined on subvarieties in weakly
pseudoconvex Kähler manifolds.

In this paper, we prove an optimal L2 extension theorem, which generalizes
the main theorems in [Guan and Zhou 2015c] to weakly pseudoconvex Kähler
manifolds and a main theorem in [Zhou and Zhu 2018], and optimizes a main
theorem in [Demailly 2016] (cf. Theorem 2.8 and Remark 2.9 in [Demailly 2016]).

Let us recall some usual notions and some definitions in [Demailly 2016].

Zhou was partially supported by the National Natural Science Foundation of China (No. 11688101
and No. 11431013). Zhu was partially supported by the National Natural Science Foundation of
China (No. 11201347, No. 11671306 and No. 12022110) and the China Scholarship Council. Zhu is
the corresponding author.
MSC2010: primary 32D15, 32J25, 32Q15, 32U05, 32W05; secondary 14F18, 32L10.
Keywords: optimal L2 extension, plurisubharmonic function, multiplier ideal sheaf, strong openness,
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Definition 1.1. A function ψ : X→ [−∞,+∞) on a complex manifold X is said
to be quasi-plurisubharmonic if ψ is locally the sum of a plurisubharmonic function
and a smooth function. In addition, we say that ψ has neat analytic singularities if
every point x ∈ X possesses an open neighborhood U on which ψ can be written as

ψ = c log
∑

1≤ j≤ j0

|g j |
2
+ u,

where c is a nonnegative number, g j ∈OX (U ) and u ∈ C∞(U ).

Definition 1.2. If ψ is a quasi-plurisubharmonic function on a complex manifold X,
the multiplier ideal sheaf I(ψ) is the coherent analytic subsheaf of OX defined by

I(ψ)x =
{

f ∈OX,x : ∃U 3 x,
∫

U
| f |2e−ψ dλ <+∞

}
,

where U is an open coordinate neighborhood of x , and dλ is the Lebesgue measure in
the corresponding open chart of Cn. We say that the singularities of ψ are log canon-
ical along the zero variety Y = V (I(ψ)) if I((1− ε)ψ)

∣∣
Y =OX

∣∣
Y for every ε > 0.

If ω is a Kähler metric on X, we let dVX,ω :=ω
n/n! be the corresponding Kähler

volume element, where n = dim X. In case ψ has log canonical singularities along
Y = V (I(ψ)), one can associate in a natural way a measure dVX,ω[ψ] on the set
Y 0
= Yreg of regular points of Y as follows.

Definition 1.3. If g ∈ Cc(Y 0) is a compactly supported nonnegative continuous
function on Y 0 and g̃ is a compactly supported nonnegative continuous extension
of g to X such that (supp g̃)∩ Y ⊂ Y 0, then we set∫

Y 0
g dVX,ω[ψ] = lim

t→−∞

∫
{x∈X : t<ψ(x)<t+1}

g̃e−ψdVX,ω.

Remark 1.4. By Hironaka’s desingularization theorem (Theorem 2.8), it is not
hard to see that the limit in the above definition does not depend on the extension g̃
and then dVX,ω[ψ] is well defined on Y 0 (see Proposition 4.5 in [Demailly 2016]
for a proof).

Remark 1.5. The definition of dVX,ω[ψ] here has a slight difference with the one
in [Guan and Zhou 2015c]. In fact, if we denote the measure in [Guan and Zhou
2015c] by dV̂X,ω[ψ], the integral

∫
Y 0 g dVX,ω[ψ] here is equal to∑

1≤ j≤n

π j

j !

∫
Yn− j

g dV̂X,ω[ψ],

where Yn− j is the (n− j)-dimensional component of Yreg.

We will define a class of functions before the statement of our main theorem.
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Definition 1.6. Let α0 ∈ (−∞,+∞] and α1 ∈ [0,+∞). When α0 6= +∞, let
Rα0,α1 be the class of functions defined by

(1-1)

{
R ∈ C∞(−∞, α0] : R > 0, R is decreasing near −∞,

lim
t→−∞

et R(t) <+∞, CR :=

∫ α0

−∞

1
R(t)

dt <+∞,∫ α0

t

(
α1

R(α0)
+

∫ α0

t2

dt1
R(t1)

)
dt2+

(α1)
2

R(α0)
< R(t)

(
α1

R(α0)
+

∫ α0

t

dt1
R(t1)

)2

for all t ∈ (−∞, α0)

}
.

When α0 = +∞, we replace R ∈ C∞(−∞, α0] with R ∈ C∞(−∞,+∞) and
R(+∞) := limt→+∞ R(t) ∈ (0,+∞] in the above definition of Rα0,α1 .

Remark 1.7. The numbers α0, α1 and the function R(t) are equal to the numbers A,
1/δ and the function 1/(cA(−t)et) which are defined just before the main theorems
in [Guan and Zhou 2015c]. If α0 6= +∞ and R is decreasing on (−∞, α0],
then (1-1) holds for all t ∈ (−∞, α0). If α0 = +∞, then (1-1) implies that∫
+∞

t (α1/R(+∞)) dt2 <+∞ for all t ∈ (−∞,+∞). Therefore, α1/R(+∞)= 0,
i.e., α1 = 0 or R(+∞)=+∞.

Theorem 1.8 (The main theorem). Let R ∈Rα0,α1 . Let (X, ω) be a weakly pseudo-
convex complex n-dimensional manifold possessing a Kähler metric ω, and ψ be a
quasi-plurisubharmonic function on X with neat analytic singularities. Let Y be
the analytic subvariety of X defined by Y = V (I(ψ)) and assume that ψ has log
canonical singularities along Y. Let L (resp. E) be a holomorphic line bundle (resp.
a holomorphic vector bundle) over X equipped with a singular Hermitian metric
h = hL (resp. a smooth Hermitian metric h = hE ), which is written locally as e−φL

for some quasi-plurisubharmonic function φL with respect to a local holomorphic
frame of L. Assume that

(i)
√
−12h+

√
−1∂∂ψ is semipositive on X \{ψ =−∞} in the sense of currents

(resp. in the sense of Nakano),

and that there is a continuous function α < α0 on X such that the following two
assumptions hold:

(ii)
√
−12h +

√
−1∂∂ψ + (1/χ̃(α))

√
−1∂∂ψ is semipositive on X \ {ψ =−∞}

in the sense of currents (resp. in the sense of Nakano),

(iii) ψ ≤ α,
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where χ̃(t) is the function

(1-2)

∫ α0

t

(
α1

R(α0)
+

∫ α0

t2

dt1
R(t1)

)
dt2+

(α1)
2

R(α0)

α1

R(α0)
+

∫ α0

t

dt1
R(t1)

.

Then for every section f ∈ H 0(Y 0, (K X ⊗ L)|Y 0) (resp. f ∈ H 0(Y 0, (K X ⊗ E)|Y 0))
on Y 0

= Yreg such that

(1-3)
∫

Y 0
| f |2ω,h dVX,ω[ψ]<+∞,

there exists a section F ∈ H 0(X, K X ⊗ L) (resp. F ∈ H 0(X, K X ⊗ E)) such that
F = f on Y 0 and

(1-4)
∫

X

|F |2ω,h
eψ R(ψ)

dVX,ω ≤

(
α1

R(α0)
+CR

)∫
Y 0
| f |2ω,h dVX,ω[ψ].

Remark 1.9. The case of Theorem 1.8 when X is Stein or projective was proved
in [Guan and Zhou 2015c] (see also Proposition 4.1 in [Zhou and Zhu 2018] for a
simplified version). Hence Theorem 1.8 can be regarded as a generalization of the
main theorems in [Guan and Zhou 2015c] to weakly pseudoconvex Kähler manifolds.
Then it is easy to see from Remark 1.5 and the main theorems in [Guan and Zhou
2015c] that the constant α1/R(α0)+CR in (1-4) is optimal. Hence Theorem 1.8
gives an optimal version of a main theorem in [Demailly 2016] (cf. Theorem 2.8
and Remark 2.9 in [Demailly 2016]).

Remark 1.10. In [Zhou and Zhu 2018], Theorem 1.8 was proved for L in the
special case when ψ = m log |s|2, α0 = α1 = 0 and R is decreasing on (−∞, 0],
where s is a global holomorphic section of some holomorphic vector bundle of
rank m over X equipped with a smooth Hermitian metric, and s is transverse to
the zero section. Similarly as in [Zhou and Zhu 2018], a global plurisubharmonic
negligible weight can be added to Theorem 1.8 by adding another regularization
process to Step 2 in Section 4.

Remark 1.11. In order to deal with the singular metric hL on the weakly pseudo-
convex Kähler manifold X, not only the regularization Theorem 2.2 and the error
term method of solving ∂ equations (Lemma 2.1) are needed, but also a limit
problem about L2 integrals with singular weights needs to be solved. We solve
the limit problem in Proposition 3.2. Then by using Propositions 3.1, 3.2 and the
strong openness property of multiplier ideal sheaves (Theorem 2.7) as the key tools,
we construct a family of smooth extensions of f satisfying some uniform estimates,
and overcome the difficulty in dealing with the singular metric (see also [Zhou and
Zhu 2018] for the special case).
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The rest of this paper are organized as follows. First, we recall some results used
in the proof of Theorem 1.8 in Section 2. Then, we prove two key propositions in
Section 3 which will be used to deal with the singular metric hL . Finally, we prove
Theorem 1.8 in Section 4 by using the results in Sections 2 and 3.

2. Some results used in the proof of Theorem 1.8

In this section, we recall some results which will be used in the proof of Theorem 1.8.

Lemma 2.1 [Demailly 2000; 2016]. Let (X, ω) be a complete Kähler manifold
equipped with a (not necessarily complete) Kähler metric ω, and let (Q, h) be a
holomorphic vector bundle over X equipped with a smooth Hermitian metric h.
Assume that τ and A are smooth and bounded positive functions on X and let

B :=
[
τ
√
−12Q,h −

√
−1∂∂τ −

√
−1A−1∂τ ∧ ∂τ,3

]
.

Assume that δ ≥ 0 is a nonnegative number such that B + δI is semipositive
definite everywhere on ∧n,q T ∗X ⊗ Q for some q ≥ 1. Then given a form g ∈
L2(X,∧n,q T ∗X ⊗ Q) such that D′′g = 0 and∫

X
〈(B+ δI)−1g, g〉ω,h dVX,ω <+∞,

there exists an approximate solution u ∈ L2(X,∧n,q−1T ∗X ⊗ Q) and a correcting
term v ∈ L2(X,∧n,q T ∗X ⊗ Q) such that D′′u+

√
δv = g and∫

X

|u|2ω,h
τ + A

dVX,ω+

∫
X
|v|2ω,h dVX,ω ≤

∫
X
〈(B+ δI)−1g, g〉ω,h dVX,ω.

The following regularization theorem due to Demailly plays an important role
in the present paper.

Theorem 2.2 [Demailly 1994, Theorem 6.1]. Let (X, ω) be a complex manifold
equipped with a Hermitian metric ω, and �b X be an open subset. Assume that
T = T̃ + (

√
−1/π)∂∂ϕ is a closed (1, 1)-current on X, where T̃ is a smooth real

(1, 1)-form and ϕ is a quasi-plurisubharmonic function. Let γ be a continuous real
(1, 1)-form such that T ≥ γ . Suppose that the Chern curvature tensor of TX satisfies

(
√
−12TX +$ ⊗ IdTX )(κ1⊗ κ2, κ1⊗ κ2)≥ 0 (∀κ1, κ2 ∈ TX with 〈κ1, κ2〉 = 0)

for some continuous nonnegative (1, 1)-form $ on X. Then there is a family of
closed (1, 1)-currents Tς,ρ = T̃ + (

√
−1/π)∂∂ϕς,ρ defined on a neighborhood of

� (ς ∈ (0,+∞) and ρ ∈ (0, ρ1) for some positive number ρ1) independent of γ ,
such that

(i) ϕς,ρ is quasi-plurisubharmonic on a neighborhood of�, smooth on�\Eς (T ),
increasing with respect to ς and ρ on �, and converges to ϕ on � as ρ→ 0,
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(ii) Tς,ρ ≥ γ − ς$ − δρω on �,

where Eς (T ) := {x ∈ X : ν(T, x) ≥ ς} (ς > 0) is the ς-upperlevel set of Lelong
numbers, and {δρ} is an increasing family of positive numbers such that lim

ρ→0
δρ = 0.

Remark 2.3. Although Theorem 2.2 is stated in [Demailly 1994] in the case X
is compact, almost the same proof as in [Demailly 1994] shows that Theorem 2.2
holds in the noncompact case while uniform estimates are obtained only on the
relatively compact subset �.

Lemma 2.4 [Demailly 1982, Theorem 1.5]. Let X be a Kähler manifold, and Z be
an analytic subset of X. Assume that � is a relatively compact open subset of X
possessing a complete Kähler metric. Then � \ Z carries a complete Kähler metric.

Lemma 2.5 [Hörmander 1990, Theorem 4.4.2]. Let � be a pseudoconvex open set
in Cn, and ϕ be a plurisubharmonic function on �. For every w ∈ L2

(p,q+1)(�, e−ϕ)
with ∂w = 0 there is a solution s ∈ L2

(p,q)(�, loc) of the equation ∂s = w such that∫
�

|s|2

(1+ |z|2)2
e−ϕ dλ≤

∫
�

|w|2e−ϕ dλ,

where dλ is the 2n-dimensional Lebesgue measure on Cn.

Lemma 2.6 [Demailly 1982, Lemma 6.9]. Let � be an open subset of Cn and Z
be a complex analytic subset of �. Assume that u is a (p, q−1)-form with L2

loc
coefficients and g is a (p, q)-form with L1

loc coefficients such that ∂u = g on � \ Z
(in the sense of currents). Then ∂u = g on �.

Multiplier ideal sheaves have the following new property which was conjectured
by Demailly.

Theorem 2.7 (strong openness property of multiplier ideal sheaves [Guan and
Zhou 2015b]). Let ϕ be a negative plurisubharmonic function on the unit polydisk
1n
⊂ Cn. Assume that F is a holomorphic function on 1n satisfying∫

1n
|F |2e−ϕ dλ <+∞.

Then there exists r ∈ (0, 1) and β ∈ (0,+∞) such that∫
1n

r

|F |2e−(1+β)ϕ dλ <+∞,

where 1n
r := {(z1, . . . , zn) ∈ Cn

: |zk |< r, 1≤ k ≤ n}.

We’ll also need the following desingularization theorem due to Hironaka.
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Theorem 2.8 (Hironaka’s desingularization theorem [Hironaka 1964; Bierstone
and Milman 1991]). Let X be a complex manifold, and M be an analytic sub-
variety in X. Then there is a local finite sequence of blow-ups µ j : X j+1→ X j

(X1 := X, j = 1, 2, . . .) with smooth centers S j such that:

(1) Each component of S j lies either in (M j )sing or in M j ∩ E j , where M1 := M,
M j+1 denotes the strict transform of M j by µ j , (M j )sing denotes the singu-
lar set of M j , and E j+1 denotes the exceptional divisor µ−1

j (S j ∪ E j ).

(2) Let M ′ and E ′ denote the final strict transform of M and the exceptional divisor
respectively. Then:

(a) The underlying point-set |M ′| is smooth.
(b) |M ′| and E ′ simultaneously have only normal crossings.

Remark 2.9. We say that |M ′| and E ′ simultaneously have only normal crossings if,
locally, there is a coordinate system in which E ′ is a union of coordinate hyperplanes,
and |M ′| is a coordinate subspace.

3. Key propositions used to deal with the singular metric hL

In order to deal with the singular metric hL , we prove two key propositions in this
section, which are generalizations of the key propositions in [Zhou and Zhu 2018].

Proposition 3.1. Let R be a positive continuous function defined on (−∞, 0] such
that βR := supt≤0(e

t R(t)) < +∞ and β̂R := inft≤0 R(t) > 0. Let � ⊂ Cn be a
bounded pseudoconvex domain, φ be a plurisubharmonic function on �, and ϒ
be a quasi-plurisubharmonic function defined on a neighborhood on �. Assume
that ϒ has neat analytic singularities and the singularities of ϒ are log canonical
along the zero variety Y = V (I(ϒ)). Set

U = {x ∈� : ϒ(x) < 0}.

Furthermore, assume that
√
−1∂∂ϒ ≥−γ

√
−1∂∂|z|2

on � for some nonnegative number γ , where z := (z1, . . . , zn) is the coordinate
vector in Cn. Then for every β1 ∈ (0, 1) and every holomorphic n-form f on U
satisfying ∫

U

| f |2e−φ

eϒ R(ϒ)
dλ <+∞,

there exists a holomorphic n-form F on � satisfying F = f on Y,

(3-1)
∫

U

|F |2e−φ dλ
eϒ R(ϒ)

≤ e2γ sup� |z|
2
(

2+
72βR

β1β̂R

)∫
U

| f |2e−φ dλ
eϒ R(ϒ)

,
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and

(3-2)
∫
�

|F |2e−φ dλ
(1+ eϒ)1+β1

≤ e2γ sup� |z|
2
(
βR +

36βR

β12β1

)∫
U

| f |2e−φ dλ
eϒ R(ϒ)

.

Proof. This proposition is a modification of a theorem in [Demailly 2012b].
Since � is a pseudoconvex domain, there is a sequence of pseudoconvex sub-

domains �k b � (k = 1, 2, . . .) such that
⋃
+∞

k=1 �k = �. Then for fixed k, by
convolution we can get a decreasing family of smooth plurisubharmonic functions
{φ j }

+∞

j=1 defined on a neighborhood of �k such that lim j→+∞ φ j = φ.
Let θ : R→ [0, 1] be a smooth function such that θ = 1 on

(
−∞, 1

4

)
, θ = 0 on( 3

4 ,+∞
)

and |θ ′| ≤ 3 on R.
Fix k and j. Set f̂ = θ(eϒ) f . Then the construction of f̂ implies that f̂ is

smooth on � and f̂ = f on Y ∩�.
Set g = ∂ f̂ . Then g = θ ′(eϒ)eϒ∂ϒ ∧ f on �.
Let 6 := {ϒ = −∞}. Lemma 2.4 implies that �k \6 is a complete Kähler

manifold. Let �k \6 be endowed with the Euclidean metric and let Q be the trivial
line bundle on �k \6 equipped with the metric

h := e−φ j−ϒ−β1 log(1+eϒ )−2γ |z|2 .

Then we want to solve a ∂ equation on �k \6 by applying Lemma 2.1 to the case
τ = 1, A= 0 and δ = 0 (in fact, the case τ = 1 and A= 0 is the nontwisted version
of Lemma 2.1). The key step in applying Lemma 2.1 is to estimate the term∫

�k\6

〈B−1g, g〉h dλ,

where B := [
√
−12h,3].

Set ν = ∂ϒ . Then g = θ ′(eϒ)eϒν ∧ f on �.
Since
√
−12h

∣∣
�k\6

=
√
−1∂∂φ j+

√
−1∂∂ϒ+β1

√
−1∂∂ log(1+eϒ)+2γ

√
−1∂∂|z|2

=
√
−1∂∂φ j+

(
1+

β1eϒ

1+eϒ

)
√
−1∂∂ϒ+2γ

√
−1∂∂|z|2+

β1eϒ
√
−1∂ϒ∧∂ϒ

(1+eϒ)2

≥
β1eϒ
√
−1ν∧ν

(1+eϒ)2
,

we get

B≥
β1eϒ

(1+ eϒ)2
TνT∗ν

on �k \6, where Tν denotes the operator ν∧ • and T∗ν is its Hilbert adjoint operator.
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Then we get 〈B−1g, g〉h
∣∣
�k\U
= 0 and

〈B−1g,g〉h
∣∣
(U∩�k)\6

=〈B−1(θ ′(eϒ)eϒν∧ f ),θ ′(eϒ)eϒν∧ f 〉h

≤
(1+eϒ)2

β1eϒ
|θ ′(eϒ)eϒ f |2e−φ j−ϒ−β1 log(1+eϒ )−2γ |z|2

=
(1+eϒ)2−β1

β1
|θ ′(eϒ) f |2e−φ j−2γ |z|2

≤
36
β12β1

| f |2e−φ j−2γ |z|2 .

Hence it follows from Lemma 2.1 that there exists uk, j ∈ L2(�k \6, K�⊗ Q, h)
such that ∂uk, j = g = ∂ f̂ on �k \6 and∫

�k\6

|uk, j |
2
h dλ≤

∫
�k\6

〈B−1g, g〉h dλ.

Thus ∫
�k\6

|uk, j |
2e−φ j−2γ |z|2

eϒ(1+ eϒ)β1
dλ≤

36
β12β1

∫
U∩�k

| f |2e−φ j−2γ |z|2 dλ(3-3)

≤
36βR

β12β1

∫
U

| f |2e−φ−2γ |z|2

eϒ R(ϒ)
dλ.

Hence we have uk, j ∈ L2(�k \6, K�). Since g ∈ C∞(�k, ∧
n,1T ∗�), Lemma 2.6

implies that ∂uk, j = g holds on �k .
Let Fk, j := f̂ − uk, j . Then ∂Fk, j = 0 on �k . Thus Fk, j is holomorphic on �k .

Hence uk, j is smooth on �k . Then the nonintegrability of e−ϒ along Y implies that
uk, j = 0 on Y ∩�k . Therefore, Fk, j = f on Y ∩�k .

It follows from (3-3) that∫
U∩�k

|uk, j |
2e−φ j−2γ |z|2

eϒ R(ϒ)
dλ≤

2β1

β̂R

∫
U∩�k

|uk, j |
2e−φ j−2γ |z|2

eϒ(1+ eϒ)β1
dλ

≤
36βR

β1β̂R

∫
U

| f |2e−φ−2γ |z|2

eϒ R(ϒ)
dλ.

Since
|Fk, j |

2∣∣
U∩�k

≤ 2| f̂ |2+ 2|uk, j |
2
≤ 2| f |2+ 2|uk, j |

2,

we get ∫
U∩�k

|Fk, j |
2e−φ j−2γ |z|2

eϒ R(ϒ)
dλ≤ 2

∫
U∩�k

(| f |2+ |uk, j |
2)e−φ j−2γ |z|2

eϒ R(ϒ)
dλ(3-4)

≤

(
2+

72βR

β1β̂R

)∫
U

| f |2e−φ−2γ |z|2

eϒ R(ϒ)
dλ.
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Since

(3-5) 〈κ1+ κ2, κ1+ κ2〉 ≤ 〈κ1, κ1〉+ 〈κ2, κ2〉+ c〈κ1, κ1〉+
1
c
〈κ2, κ2〉

for any inner product space (H, 〈 • , • 〉), where κ1, κ2 ∈ H, we get

|Fk, j |
2∣∣

U∩�k
≤ (| f | + |uk, j |)

2
≤ (1+ eϒ)| f |2+

(
1+ 1

eϒ
)
|uk, j |

2.

Then
|Fk, j |

2

(1+ eϒ)1+β1

∣∣∣∣
U∩�k

≤ | f |2+
|uk, j |

2

eϒ(1+ eϒ)β1
.

Since |Fk, j |
2
∣∣
�k\U
= |uk, j |

2, we get

|Fk, j |
2

(1+ eϒ)1+β1

∣∣∣∣
�k\U
≤

|uk, j |
2

eϒ(1+ eϒ)β1
.

Hence it follows from the two inequalities above and (3-3) that

(3-6)
∫
�k

|Fk, j |
2e−φ j−2γ |z|2

(1+eϒ)1+β1
dλ≤

∫
U
| f |2e−φ−2γ |z|2 dλ+

∫
�k

|uk, j |
2e−φ j−2γ |z|2

eϒ(1+eϒ)β1
dλ

≤

(
βR+

36βR

β12β1

)∫
U

| f |2e−φ−2γ |z|2

eϒ R(ϒ)
dλ.

Since e−2γ sup� |z|
2
≤ e−2γ |z|2

≤ 1 on �, the desired holomorphic n-form F
on � and the L2 estimates (3-1) and (3-2) can be obtained from (3-4) and (3-6) by
applying Montel’s theorem and extracting weak limits of {Fk, j }k, j , first as j→+∞
and then as k→+∞. �

Proposition 3.2. Let X, ψ , Y and Y 0 be as in Theorem 1.8. Let U b V b � be
three local coordinate balls in X, φ be a plurisubharmonic function on � such that
sup� φ <+∞, and v be a nonnegative continuous function on � with supp v ⊂U.
Let C , β, c1 and c2 be positive numbers, and let β1 be a small enough positive
number. Assume that f is a holomorphic function on �∩ Y satisfying

(3-7)
∫
�∩Y 0
| f |2e−φ dλ[ψ]<+∞,

and that ft ∈O(�)
(
t ∈ (−∞, 0)

)
are a family of holomorphic functions such that

for all t ∈ (−∞, 0), ft = f on �∩ Y,

sup
V
| ft |

2
≤ Ce−β1t ,(3-8)

1
et

∫
�∩{ψ<t+c2}

| ft |
2e−(1+β)φ dλ≤ C.(3-9)

Then

(3-10) lim
t→−∞

∫
U∩{t−c1<ψ<t+c2}

etv| ft |
2e−φ

(eψ + et)2
dλ≤

∫
U∩Y 0

v| f |2e−φ dλ[ψ].
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Remark 3.3. One of the key points in the proof of Proposition 3.2 is to verify that
the upper limit in (3-10) produces the zero measure on the singular set of Y, i.e.,
we have (3-16). Then the key uniform estimates in Step 2 of the proof are obtained.

In order to prove Proposition 3.2, we prove the following lemma at first.

Lemma 3.4. Let r1, r2 and γ be positive numbers such that r1 < r2 < γ . Let ϕ be a
bounded negative subharmonic function on1γ , where1γ := {w ∈C : |w|<γ }. As-
sume that {vt }t∈(−∞,0) are nonnegative continuous functions defined on1γ such that

(3-11) lim
t→−∞

sup
{w∈C : et (r1)2α<|w|2α<et (r2)2α}

|vt(w)− v0| = 0,

where α ∈ [1,+∞) and v0 ∈ [0,+∞). Let

Pt :=

∫
{w∈C : et (r1)2α<|w|2α<et (r2)2α}

et
|w|2α−2vt(w)e−ϕ(w)

(|w|2α + et)2
dλ(w).

Then

(3-12) lim
t→−∞

Pt ≤
πv0e−ϕ(0)

α
.

Proof. Put

Sδ,t = {z ∈1γ : ϕ(et/(2α)z) < (1+ δ)ϕ(0)}, δ ∈ (0,+∞), t ∈ (−∞, 0).

Denote by λ(Sδ,t) the 2-dimensional Lebesgue measure of Sδ,t .
Since ϕ(w) is a negative upper semicontinuous function on 1γ and ϕ(0) >−∞,

we have that for every ε ∈ (0, 1), there exists tε ∈ (−∞, 0) such that

ϕ(et/(2α)z)≤ (1− ε)ϕ(0)

for all z ∈1γ when t ∈ (−∞, tε).
Since ϕ(et/(2α)z) is subharmonic on 1γ with respect to z for any t ∈ (−∞, tε),

it follows from the mean value inequality that, for all t ∈ (−∞, tε),

ϕ(0)≤
1
πγ 2

∫
z∈1γ

ϕ(et/(2α)z) dλ(z)

=
1
πγ 2

∫
z∈1γ \Sδ,t

ϕ(et/(2α)z) dλ(z)+
1
πγ 2

∫
z∈Sδ,t

ϕ(et/(2α)z) dλ(z)

≤
(1− ε)ϕ(0)

(
πγ 2
− λ(Sδ,t)

)
πγ 2 +

(1+ δ)ϕ(0)λ(Sδ,t)
πγ 2

= ϕ(0)
(

1− ε+
(δ+ ε)λ(Sδ,t)

πγ 2

)
.
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Then ϕ(0) < 0 implies that

λ(Sδ,t)≤
πγ 2ε

δ+ ε
≤
πγ 2

δ
ε

when t ∈ (−∞, tε). Hence

(3-13) lim
t→−∞

λ(Sδ,t)= 0 for all δ ∈ (0,+∞).

Since ϕ is bounded, we have

−ϕ ≤ C1

for some positive number C1.
Equation (3-11) implies that

sup
{w∈C : et (r1)2α<|w|2α<et (r2)2α}

vt(w)≤ C2

for some positive number C2 independent of t when t is small enough.
Then by the change of variables w = et/(2α)z, we have

Pt =

∫
{z∈C : r1<|z|<r2}

|z|2α−2vt(et/(2α)z)e−ϕ(e
t/(2α)z)

(|z|2α + 1)2
dλ(z)

=

∫
{r1<|z|<r2}∩Sδ,t

|z|2α−2vt(et/(2α)z)e−ϕ(e
t/(2α)z)

(|z|2α + 1)2
dλ(z)

+

∫
{r1<|z|<r2}\Sδ,t

|z|2α−2vt(et/(2α)z)e−ϕ(e
t/(2α)z)

(|z|2α + 1)2
dλ(z)

≤
(r2)

2α−2C2eC1(
(r1)2α + 1

)2 · λ(Sδ,t)

+
(

sup
r1<|z|<r2

vt(et/(2α)z)
)
e−(1+δ)ϕ(0)

∫
{r1<|z|<r2}

|z|2α−2

(|z|2α + 1)2
dλ(z).

Since ∫
{r1<|z|<r2}

|z|2α−2

(|z|2α + 1)2
dλ(z)≤

π

α
,

we obtain from (3-11), (3-13) that

lim
t→−∞

Pt ≤
πv0e−(1+δ)ϕ(0)

α
.

Since δ is an arbitrary positive number, we get (3-12). �

Now we begin to prove Proposition 3.2.
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Proof. Let βv := supU v.
Without loss of generality, we may suppose that φ is negative on �.
We will use Hironaka’s desingularization theorem (Theorem 2.8) to deal with

the measure dλ[ψ]. This idea comes from [Demailly 2016].
At first we use Theorem 2.8 on X to resolve the singularities of Y and we

denote the corresponding proper modification by µ1. Next, we make a blow-up µ2

along |Y ′|. Then we use Theorem 2.8 again to resolve the singularities of 6 and we
denote the corresponding proper holomorphic modification by µ3, where 6 denote
the strict transform of {ψ = −∞} by µ1 ◦ µ2. Finally, we make a blow-up µ4

along |6′|. Thus we can get a proper holomorphic map µ : X̃→ X, which is locally
a finite composition of blow-ups with smooth centers and is equal to µ1◦µ2◦µ3◦µ4.
Moreover, Ỹ and the divisor µ−1({ψ =−∞}) \ Ỹ simultaneously have only normal
crossings in X̃ , where Ỹ denotes the strict transform of µ−1

2 (|Y ′|) by µ3 ◦µ4.

Step 1: Representing the measure | f |2dλ[ψ] on Y 0
∩U explicitly as an integral

on Ỹ (see (3-15)).

For any x̃ ∈ µ−1(U ) ∩ µ−1({ψ = −∞}), there exists a relatively compact
coordinate ball (W ;w1, . . . , wn) contained in µ−1(V ) centered at x̃ such that
wb
= 0 is the zero divisor of the Jacobian Jµ, and ψ ◦µ can be written on W as

ψ ◦µ(w)= c log |wa
|
2
+ ũ(w),

where c is a positive number, w := (w1, . . . , wn), ũ ∈ C∞(W ), wa
:=
∏n

p=1w
ap
p

and wb
:=
∏n

p=1w
bp
p for some nonnegative integers ap and bp.

Let Dp := {wp = 0}. Then as proved in [Demailly 2016], the multiplier ideal
sheaf I(ψ) is given by the direct image formula

I(ψ)= µ∗OX̃

(
−

n∑
p=1

bcap − bpc+Dp

)
,

where bcap−bpc+ denotes the minimal nonnegative integer bigger than cap−bp−1.
Since ψ has log canonical singularities, by the construction of µ and Theorem 2.8,
one of the following cases is true on W :

(A) Ỹ is given on W precisely by Dp0 (if W is small enough) for some p0 satisfying
cap0 − bp0 = 1, and cap − bp ≤ 1 for p 6= p0;

(B) Ỹ ∩W =∅, and cap − bp ≤ 1.

By definition, the measure | f |2dλ[ψ] can be defined as

(3-14) g 7→ lim
t→−∞

∫
{t<c log |wa |2+ũ(w)<t+1}

| f̃ ◦µ|2(g̃ ◦µ)ξe−ũ

|wca−b|2
dλ(w),

where dλ(w) := the Lebesgue measure with respect to the coordinate vectorw, f̃ is a
holomorphic extension of f to�, g and g̃ are defined as in Definition 1.3, and ξ is the
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smooth positive function |Jµ|2/|wb
|
2 (as stated in [Demailly 2016], one would still

have to take into account a partition of unity on the various coordinate charts covering
the fibers of µ, but we will avoid this technicality for the simplicity of notation).

In Case (A), let us denote w= (w′, wp0)∈Cn−1
×C, a = (a′, ap0), b= (b′, bp0)

and dλ(w)= dλ(w′)dλ(wp0). Then (3-14) becomes

g 7→ lim
t→−∞

∫
{t<c log |wa |2+ũ(w)<t+1}

| f̃ ◦µ|2

|(w′)ca′−b′ |2
·
(g̃ ◦µ)ξe−ũ

|wp0 |
2 dλ(w).

Since the domain of integration can be written as{
et−ũ(w)

|(w′)a
′

|
−2c < |wp0 |

2cap0 < et+1−ũ(w)
|(w′)a

′

|
−2c},

the mapping (3-14) becomes

(3-15) g 7→
π

cap0

∫
w′∈Dp0

| f ◦µ|2

|(w′)ca′−b′ |2
· (g ◦µ)ξe−ũ dλ(w′).

Set κ = {p : cap − bp = 1}.
If p ∈ κ \ {p0}, then Theorem 2.8 and the construction of µ imply that an image

of Dp under a finite sequence of blow-ups in the desingularization process must
be contained in a smooth center contained in Y or µ−1

2 (|Y ′|). Hence the images of
Dp and Dp ∩ Dp0 coincide under the composition of these blow-ups.

Since it is implied from (3-7) and (3-15) that f ◦µ
∣∣

Dp∩Dp0
= 0, we obtain that

(3-16) f ◦µ
∣∣

Dp
= 0

holds for all p ∈ κ \ {p0} in Case (A).
Similarly, we can get that (3-16) holds for all p ∈ κ in Case (B). Then (3-14) is

the zero measure in Case (B).
Therefore, we represent the measure | f |2dλ[ψ] on Y 0

∩U explicitly as in (3-15).

Step 2: Obtaining some uniform estimates for ft ◦µ.

By Cauchy’s inequality for holomorphic functions, it follows from (3-8) that

(3-17) sup
U1

|∂γ ft |
2
≤ C1 sup

V
| ft |

2
≤ C1Ce−β1t

for any t ∈ (−∞, 0) and any multi-index γ satisfying |γ | ≤ n, where U1 b V is
a neighborhood of U , and C1 is a positive number independent of t and γ .

Let Wt :=W ∩µ−1(U )∩ {ψ ◦µ < t + c2}.
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In Case (A), by applying the mean value theorem to ft ◦µ successively along
the directions in κ , we get from (3-17) and (3-16) that for any w = (w′, wp0) ∈Wt ,

| ft ◦µ(w
′, wp0)− ft ◦µ(w

′, 0)|2 ≤ C2
∏
p∈κ

|wp|
2 sup
|γ |≤|κ|

sup
µ−1(U1)

|∂γ ft |
2(3-18)

≤ C3e−β1t
∏
p∈κ

|wp|
2

and

(3-19) | ft ◦µ(w
′, 0)|2 = | f ◦µ(w′, 0)|2 ≤ C4

∏
p∈κ\{p0}

|wp|
2

when t is small enough, where C2, C3 and C4 are positive numbers independent of t .
In Case (B), if κ 6=∅, take p1∈κ and denotew=(w′′, wp1). Since ft◦µ(w

′′, 0)=
f ◦µ(w′′, 0)= 0, by a similar method we have that

(3-20) | ft ◦µ(w
′′, wp1)|

2
≤ C5e−β1t

∏
p∈κ

|wp|
2

for any w= (w′′, wp1)∈Wt when t is small enough, where C5 is a positive number
independent of t . If κ =∅, (3-8) implies that

(3-21) | ft ◦µ(w)|
2
≤ Ce−β1t

for any w ∈Wt .

Step 3: The proof of (3-10).

Let j be a positive integer. Then (3-9) implies that

1
et

∫
{φ≤− j}∩U∩{ψ<t+c2}

| ft |
2e−φ dλ≤

1
et

∫
{φ≤− j}∩U∩{ψ<t+c2}

| ft |
2e−(1+β)φ−β j dλ

≤ Ce−β j

for any t ∈ (−∞, 0).
Therefore, for every ε ∈ (0, 1), there exists a positive integer jε such that

(3-22)
∫
{φ≤− jε}∩U∩{t−c1<ψ<t+c2}

etv| ft |
2e−φ

(eψ + et)2
dλ

≤
1

(e−c1 + 1)2et

∫
{φ≤− jε}∩U∩{ψ<t+c2}

v| ft |
2e−φ dλ≤

βvCe−β jε

(e−c1 + 1)2
<
ε

2

for any t ∈ (−∞, 0).
Set φε =max{φ,− jε}. We want to prove

(3-23) lim
t→−∞

∫
U∩{t−c1<ψ<t+c2}

etv| ft |
2e−φε

(eψ + et)2
dλ≤

∫
U∩Y 0

v| f |2e−φε dλ[ψ].
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Set

I0 = lim
t→−∞

∫
W∩µ−1(U )∩{t−c1<ψ◦µ<t+c2}

et(v ◦µ)| ft ◦µ|
2e−φε◦µ|Jµ|2

(eψ◦µ+ et)2
dλ.

Then by Step 1, it suffices to prove that

(3-24) I0 ≤
π

cap0

∫
W∩µ−1(U )∩Dp0

(v ◦µ)| f ◦µ|2ξe−ũ−φε◦µ

|(w′)ca′−b′ |2
dλ(w′)

in Case (A) and I0 = 0 in Case (B), where ξ is the smooth positive function
|Jµ|2/|wb

|
2 defined in Step 1.

In Case (A), let

8t(w
′) :=

∫
Wt,w′

et(v ◦µ)| ft ◦µ|
2e−φε◦µ|Jµ|2

(eψ◦µ+ et)2
dλ(wp0)

and

8(w′) :=
π

cap0

·
v ◦µ(w′, 0)| f ◦µ(w′, 0)|2ξ(w′, 0)e−ũ(w′,0)−φε◦µ(w′,0)

|(w′)ca′−b′ |2
,

where Wt,w′ is the 1-dimensional open set{
et−c1−ũ(w′,wp0 )|(w′)a

′

|
−2c< |wp0 |

2cap0 < et+c2−ũ(w′,wp0 )|(w′)a
′

|
−2c}
∩W∩µ−1(U )

for every fixed t and w′
(
w′ ∈ Dp0 \

⋃
p 6=p0

Dp
)
. Then

(3-25) I0 = lim
t→−∞

∫
W∩µ−1(U )∩Dp0

8t(w
′) dλ(w′).

Since−c1<ψ ◦µ− t < c2 holds on Wt,w′ , we obtain from (3-18) and (3-19) that

8t(w
′)≤ C6

∫
Wt,w′

(v ◦µ)| ft ◦µ|
2e−φε◦µ|Jµ|2

eψ◦µ
dλ(wp0)

≤ C7

∫
Wt,w′

| ft ◦µ|
2

|wca−b|2
dλ(wp0)

≤ C8

∫
Wt,w′

∏
p∈κ |wp|

2

|w(1+β1)ca−b|2
dλ(wp0)+C8

∫
Wt,w′

∏
p∈κ\{p0}

|wp|
2

|wca−b|2
dλ(wp0),

where C7 and C8 are positive numbers independent of t .
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Since it is easy to prove that the right-hand side of the above inequality is
dominated by a function of w′ which is independent of t and which belongs to
L1(W ∩µ−1(U )∩ Dp0) when

β1 < min
{p : ap 6=0}

1− (cap − bp)+bcap − bpc+

cap
,

it follows from (3-25) and Fatou’s lemma that

(3-26) I0 ≤

∫
W∩µ−1(U )∩Dp0

lim
t→−∞

8t(w
′) dλ(w′).

Since (3-18) implies that

lim
t→−∞

sup
wp0∈Wt,w′

| ft ◦µ(w
′, wp0)− f ◦µ(w′, 0)| = 0

for every fixed w′ ∈
(
W ∩µ−1(U )∩ Dp0

)
\
⋃

p 6=p0
(Dp0 ∩ Dp) when β1 < 1/cap0 ,

it follows from Lemma 3.4 that

lim
t→−∞

8t(w
′)≤8(w′) for all w′ ∈

(
W ∩µ−1(U )∩ Dp0

)∖ ⋃
p 6=p0

(Dp0 ∩ Dp).

Hence (3-24) follows from (3-26). Similarly, we can obtain from (3-20) and (3-21)
that I0 = 0 in Case (B) when

β1 < min
{p : ap 6=0}

1− (cap − bp)+bcap − bpc+

cap
.

Thus we get (3-23).
It is easy to see that (3-10) follows from (3-22) and (3-23). Thus we finish the

proof of Proposition 3.2. �

4. Proof of Theorem 1.8

Without loss of generality, we can suppose that f is not 0 identically.
Let h0 be any fixed smooth metric of L on X. Then h = h0e−φ for some global

function φ on X, which is quasi-plurisubharmonic by the assumption in the theorem.
Since X is weakly pseudoconvex, there exists a smooth plurisubharmonic ex-

haustion function P on X. Let Xk := {P < k} (k = 1, 2, . . . , we choose P such
that X1 6=∅).

Our proof consists of several steps. We will discuss for fixed k until the end of
Step 5.

We will give the proof for the line bundle L in the first five steps, and we will
give the proof for the vector bundle E in Step 6.
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Step 1: Construction of a family of special smooth extensions f̃t of f to a neigh-
borhood of Xk ∩ Y in X.

In order to deal with singular metrics of holomorphic line bundles on weakly
pseudoconvex Kähler manifolds, we construct in this step a family of smooth
extensions f̃t of f satisfying some special estimates by using the results in Section 3.

Let ε ∈
(
0, 1

2

)
.

For the sake of clarity, we divide this step into four parts.

Part I: Construction of local coordinate patches {�i }
N
i=1, {Ui }

N
i=1 and a partition of

unity {ξi }
N+1
i=1 .

For any point x ∈ Y, we can find a local coordinate ball �′x in X centered at x
such that there exists a local holomorphic frame of L on �′x and such that φ can
be written as a sum of a smooth function and a plurisubharmonic function on �′x .
Moreover, we assume that ψ can be written on �′x as

(4-1) ψ = cx log
∑

1≤ j≤ j0

|gx, j |
2
+ ux ,

where cx is a positive number, gx, j ∈OX (�
′
x) and ux ∈ C∞(�′x).

Let Ux b Vx b�x b�′x be three small coordinate balls.
Since Xk ∩ Y is compact, there exist points x1, x2, . . . , xN ∈ Xk ∩ Y such that

Xk ∩ Y ⊂
⋃N

i=1 Uxi .
For simplicity, we denote �′xi

, �xi , Uxi , Vxi and uxi by �′i , �i , Ui , Vi and ui ,
respectively. We denote the local expression (4-1) on �′i by

ψ = ϒi + ui .

Choose an open set UN+1 in X such that Xk ∩ Y ⊂ X \UN+1 b
⋃N

i=1 Ui . Set
U = X \UN+1.

Let {ξi }
N+1
i=1 be a partition of unity subordinate to the cover {Ui }

N+1
i=1 of X. Then

supp ξi bUi for i = 1, . . . , N and
∑N

i=1 ξi = 1 on U.

Part II: Construction of local holomorphic extensions f̂i,t (1 ≤ i ≤ N ) of f to
�i ∩ {ψ < t + c2}, where c2 will be defined in this part.

By Remark 1.9, f has local L2 extensions to local coordinate balls around every
point in Y. Hence f is indeed a holomorphic section well defined on Y (not only
on Y 0). By Step 1 (see (3-15)) in the proof of Proposition 3.2, (1-3) is equivalent to

∫
Dp0

| f ◦µ|2ω,h0
ξe−ũ−φ◦µ

|(w′)ca′−b′ |2
dλ(w′) <+∞.
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Hence by Theorem 2.7, there exists a positive number β ∈ (0, 1) such that

(4-2)
∫
�i∩Y 0

| f |2ω,h0
e−(1+β)φ dVX,ω[ψ]<+∞ (1≤ i ≤ N ).

Let α̃0 < α0 be a fixed number such that R is decreasing on (−∞, α̃0]. Then set
R0(t)= R(α̃0)e−β2(t−α̃0), t ∈ (−∞, α̃0], where β2 is a positive number which will
be determined later in Step 4. Let

R1(t) :=min{R0(t + α̃0), R(t + α̃0)}, t ∈ (−∞, 0].

Then R1 is decreasing and thereby satisfies all the requirements for the functions in
R0,α1 except that R1 is only continuous.

Let c1 = c2 := log((2− ε)/ε), mi := inf�i ui and Mi := sup�i
ui .

For each fixed t ∈ (−∞, 0), by Remark 1.9, we apply Theorem 1.8 to the
Stein manifold �i ∩ {ϒi < t + c2−mi }, to the negative plurisubharmonic function
ϒi−t−c2+mi , to the holomorphic section f on�i∩Y 0 with the L2 condition (4-2)
and to the function R1 (R1 is only needed to be continuous by the remark after
Theorem 2.1 in [Guan and Zhou 2015c]), and then we obtain L2 extensions of f
from �i ∩ Y 0 to

�i ∩ {ϒi < t + c2−mi },

where we equip the line bundle L with the singular metric h0e−(1+β)φ . More pre-
cisely, there exists a uniform positive number C1 (independent of t) and holomorphic
extensions f̂i,t (1≤ i ≤ N ) of f from �i ∩Y 0 to �i ∩{ϒi < t+c2−mi } such that

(4-3)
∫
�i∩{ϒi<t+c2−mi }

| f̂i,t |
2
ω,h0

e−(1+β)φ

eϒi−t−c2+mi R1(ϒi − t − c2+mi )
dVX,ω

≤ C1

∫
�i∩Y 0

| f |2ω,h0
e−(1+β)φ dVX,ω[ϒi − t − c2+mi ]

≤ C2et
∫
�i∩Y 0

| f |2ω,h0
e−(1+β)φ dVX,ω[ψ],

where C2 is a positive number independent of t . Furthermore, we get that f is in
fact holomorphic on �i ∩ Y and f̂i,t = f on �i ∩ Y.

Part III: Construction of local holomorphic extensions f̃i,t (1≤ i ≤ N ) of f to �i .

For each fixed t , applying Proposition 3.1 to the local extensions f̂i,t (1≤ i ≤ N )
with the weight (1 + β)φ and to the case ϒ = ϒi − t − c2 + mi , � = �i and
some small positive number β1 which will be determined later in Step 4, we obtain
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from (4-3) holomorphic sections f̃i,t (1≤ i ≤ N ) on �i satisfying f̃i,t = f̂i,t = f
on �i ∩ Y 0,

(4-4)
∫
�i∩{ϒi<t+c2−mi }

| f̃i,t |
2
ω,h0

e−(1+β)φ

eϒi−t−c2+mi R1(ϒi − t − c2+mi )
dVX,ω ≤ C3et ,

and

(4-5)
∫
�i

| f̃i,t |
2
ω,h0

e−(1+β)φ

(1+ eϒi−t−c2+mi )1+β1
dVX,ω ≤ C3et

for some positive number C3 independent of t .
Since supt≤0(e

t R1(t)) <+∞, it follows from (4-4) that

(4-6)
∫
�i∩{ψ<t+c2}

| f̃i,t |
2
ω,h0

e−(1+β)φ dVX,ω ≤ C4et

for any t , where C4 is a positive number independent of t .
Since ϒi is bounded above on �i , it follows from (4-5) that

(4-7)
∫
�i

| f̃i,t |
2
ω,h0

e−(1+β)φ dVX,ω ≤ C5e−β1t

for any t , where C5 is a positive number independent of t .
Since | f̃i,t |

2 is plurisubharmonic on �i , by mean value inequality, we get
from (4-7) that

(4-8) sup
Vi

| f̃i,t |
2
ω,h0
≤ C6e−β1t

for any t , where C6 is a positive number independent of t .
Since (4-6) and (4-8) imply that the assumptions in Proposition 3.2 hold for f̃i,t ,

we apply Proposition 3.2 to f̃i,t (1≤ i ≤ N ) and get

(4-9) lim
t→−∞

∫
Ui∩{t−c1<ψ<t+c2}

etξi | f̃i,t |
2
ω,h0

e−φ

(eψ + et)2
dVX,ω

≤

∫
Ui∩Y 0

ξi | f |2ω,h0
e−φ dVX,ω[ψ],

which will be used in Step 4.

Part IV: Construction of a family of smooth extensions f̃t of f to a neighborhood
of Xk ∩ Y in X.

Define f̃t =
∑N

i=1 ξi f̃i,t for all t .
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Since

f̃t |U j =

N∑
i=1

ξi f̃ j,t +

N∑
i=1

ξi ( f̃i,t − f̃ j,t)= f̃ j,t +

N∑
i=1

ξi ( f̃i,t − f̃ j,t)

for any j = 1, . . . , N, we have

(4-10) |D′′ f̃t |ω,h0

∣∣
U j
=

∣∣∣∣ N∑
i=1

∂ξi ∧ ( f̃i,t − f̃ j,t)

∣∣∣∣
ω,h0

for all t.

Let µ and W be as in the beginning of the proof of Proposition 3.2 (here W
is centered at a point x̃ ∈ µ−1(Ui ∩U j )∩ {ψ = −∞}). For similar reasons as in
(3-18), (3-20) and (3-21), we get from (4-8) that

(4-11) | f̃i,t ◦µ− f̃ j,t ◦µ|
2
ω,h0

∣∣
Wi, j,t
≤ C7e−β1t

∏
p∈κ

|wp|
2

when κ 6=∅ and t is small enough, and that

(4-12) | f̃i,t ◦µ− f̃ j,t ◦µ|
2
ω,h0

∣∣
Wi, j,t
≤ C7e−β1t

when κ =∅ and t is small enough, where

Wi, j,t :=W ∩µ−1(Ui ∩U j )∩ {ψ ◦µ < t + c2}

and C7 is a positive number independent of t .

Step 2: Singularity attenuation process for the current
√
−1∂∂φ.

Since the singularities of
√
−1∂∂ψ obstruct the application of Theorem 2.2, we

work on X̃ first and then go back to X. Some ideas in this step come from [Yi 2012].
Let µ : X̃→ X be as in the beginning of the proof of Proposition 3.2. Let X̃k+1 :=

µ−1(Xk+1), X̃k := µ
−1(Xk) and 6̃0 := µ

−1(60), where 60 := {ψ =−∞}. Then

γ1 :=
√
−1∂∂(ψ ◦µ)−

∑
j

q j [D j ]

is a smooth real (1, 1)-form for some positive numbers q j , where (D j ) are the
irreducible components of 6̃0. It is not hard to prove the following lemma and we
won’t give its proof.

Lemma 4.1. There exists a positive number ñk such that

ω̃k+1 := ñkµ
∗ω+

√
−1∂∂(ψ ◦µ)−

∑
j

q j [D j ]

is a Kähler metric on X̃k+1.
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Since µ : X̃ \ 6̃0 → X \ 60 is biholomorphic and
∑

j q j [D j ]
∣∣

X̃\6̃0
= 0, the

curvature assumptions (i) and (ii) in Theorem 1.8 imply that
√
−1∂∂(φ ◦µ)

∣∣
X̃\6̃0
+ γ2

∣∣
X̃\6̃0
≥ 0 and

√
−1∂∂(φ ◦µ)

∣∣
X̃\6̃0
+ γ3

∣∣
X̃\6̃0
≥ 0

hold on X̃ \ 6̃0, where

γ2 :=
√
−1µ∗2L ,h0 + γ1, γ3 :=

√
−1µ∗2L ,h0 +

(
1+

1
χ̃(α ◦µ)

)
γ1.

Since γ2 and γ3 are continuous on X̃ , and φ ◦µ is quasi-plurisubharmonic on X̃ ,
we get that

(4-13)
√
−1∂∂(φ ◦µ)+ γ2 ≥ 0

and

(4-14)
√
−1∂∂(φ ◦µ)+ γ3 ≥ 0

hold on X̃ . Since there must exist a continuous nonnegative (1, 1)-form $k+1 on
the Kähler manifold (X̃k+1, ω̃k+1) such that

(
√
−12TX̃k+1

+$k+1⊗ IdTX̃k+1
)(κ1⊗ κ2, κ1⊗ κ2)≥ 0 (for all κ1, κ2 ∈ TX̃k+1

)

holds on X̃k+1, by Theorem 2.2, we obtain from (4-13) and (4-14) a family of
functions {φ̃ς,ρ}ς>0,ρ∈(0,ρ1) on a neighborhood of the closure of X̃k such that

(i) φ̃ς,ρ is quasi-plurisubharmonic on a neighborhood of the closure of X̃k , smooth
on X̃k \ Eς (φ ◦µ), increasing with respect to ς and ρ on X̃k , and converges
to φ ◦µ on X̃k as ρ→ 0,

(ii)
√
−1
π
∂∂φ̃ς,ρ ≥−

γ2

π
− ς$k+1− δρω̃k+1 on X̃k ,

(iii)
√
−1
π
∂∂φ̃ς,ρ ≥−

γ3

π
− ς$k+1− δρω̃k+1 on X̃k ,

where Eς (φ ◦µ) := {x ∈ X̃ : ν(φ ◦µ, x) ≥ ς} (ς > 0) is the ς-upperlevel set of
Lelong numbers of φ ◦µ, and {δρ} is an increasing family of positive numbers such
that limρ→0 δρ = 0.

Since ω̃k+1 is a Kähler metric on X̃k+1 by Lemma 4.1 and X̃k is relatively compact
in X̃k+1, there exists a positive number nk >1 such that nkω̃k+1≥$k+1 holds on X̃k .
Take ς = δρ and denote φ̃δρ ,ρ simply by φ̃ρ . Then φ̃ρ is quasi-plurisubharmonic on
a neighborhood of the closure of X̃k , smooth on X̃k \ Eδρ (φ ◦µ), increasing with
respect to ρ on X̃k , and converges to φ ◦µ on X̃k as ρ→ 0. Furthermore,
√
−1∂∂φ̃ρ + γ2+ 2πnkδρω̃k+1 ≥ 0 and

√
−1∂∂φ̃ρ + γ3+ 2πnkδρω̃k+1 ≥ 0
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hold on X̃k . Since µ : X̃k \ 6̃0→ Xk \60 is biholomorphic, we get that
√
−1∂∂(φ̃ρ ◦µ−1)+ (µ−1)∗γ2+ 2πnkδρ(µ

−1)∗ω̃k+1 ≥ 0

and
√
−1∂∂(φ̃ρ ◦µ−1)+ (µ−1)∗γ3+ 2πnkδρ(µ

−1)∗ω̃k+1 ≥ 0

hold on Xk \60. Then, replacing γ2, γ3 and ω̃k+1 with their definitions, we obtain
that

(4-15)
√
−1∂∂(φ̃ρ ◦µ−1)+

√
−12L ,h0+(1+2πnkδρ)

√
−1∂∂ψ ≥−2πnk ñkδρω

and

(4-16)
√
−1∂∂(φ̃ρ ◦µ−1)+

√
−12L ,h0 +

(
1+ 2πnkδρ +

1
χ̃(α)

)
√
−1∂∂ψ

≥−2πnk ñkδρω

hold on Xk \60.
Since Eδρ (φ ◦µ) is an analytic set in X̃ , Remmert’s proper mapping theorem

implies that

6ρ := µ
(
Eδρ (φ ◦µ)

)
is an analytic set in X. By Lemma 2.4, Xk \ (60 ∪ 6ρ) is a complete Kähler
manifold.

It follows from the properties of φ̃ρ that φ̃ρ ◦µ−1 is smooth on Xk \ (60 ∪6ρ),
increasing with respect to ρ on Xk \60, uniformly bounded above on Xk \60 with
respect to ρ, and converges to φ on Xk \60 as ρ→ 0.

In Step 3, we will use φ̃ρ◦µ−1 to construct a smooth metric of L on Xk\(60∪6ρ).

Step 3: Construction of additional weights and twist factors.

Let ζ , χ and η be the solution to the following system of ODEs defined on
(−∞, α0):

χ(t)ζ ′(t)−χ ′(t)= 1,(4-17) (
χ(t)+ η(t)

)
eζ(t) =

(
α1

R(α0)
+CR

)
R(t),(4-18)

(χ ′(t))2

χ(t)ζ ′′(t)−χ ′′(t)
= η(t),(4-19)

where we assume that ζ , χ and η are smooth on (−∞, α0), and that inft<α0 ζ(t)= 0,
inft<α0 χ(t)= α1, η > 0, ζ ′ > 0 and χ ′ < 0 on (−∞, α0). If α0 =+∞, we replace
the assumption inft<α0 χ(t)= α1 by χ > 0. By a similar calculation as in [Guan
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and Zhou 2015c] or [Zhou and Zhu 2018], we can solve the system of ODEs and
the solution is

χ(t)= χ̃(t),

ζ(t)= log
( α1

R(α0)
+CR

)
− log

(
α1

R(α0)
+

∫ α0

t

dt1
R(t1)

)
,

η(t)= R(t)
(

α1

R(α0)
+

∫ α0

t

dt1
R(t1)

)
− χ̃(t),

where χ̃(t) is defined by (1-2).
Let ε ∈

(
0, 1

2

)
be as in Step 1 and put σt = log(eψ + et)− ε. Then there exists a

negative number tε such that σt ≤ α−
ε
2 on Xk for any t ∈ (−∞, tε).

Let hρ,t be the new metric on the line bundle L over Xk \ (60 ∪6ρ) defined by

hρ,t := h0e−φ̃ρ◦µ
−1
−(1+2πnkδρ)ψ−ζ(σt ).

Let τt := χ(σt) and At := η(σt). Set Bρ,t = [2ρ,t , 3] on Xk \ (60∪6ρ), where

2ρ,t := τt
√
−12L ,hρ,t −

√
−1∂∂τt −

√
−1∂τt∧∂τt

At
.

Set νt = ∂σt . We want to prove

(4-20) 2ρ,t
∣∣

Xk\(60∪6ρ)
≥

et

eψ
√
−1νt ∧ νt − 2πnk ñkχ(σt)δρω.

It follows from (4-17) and (4-19) that

2ρ,t
∣∣

Xk\(60∪6ρ)

= χ(σt)
(√
−12L ,h0 +

√
−1∂∂(φ̃ρ ◦µ−1)+ (1+ 2πnkδρ)

√
−1∂∂ψ

)
+
(
χ(σt)ζ

′(σt)−χ
′(σt)

)√
−1∂∂σt

+

(
χ(σt)ζ

′′(σt)−χ
′′(σt)−

(χ ′(σt))
2

η(σt)

)
√
−1∂σt ∧ ∂σt

=χ(σt)
(√
−12L ,h0+

√
−1∂∂(φ̃ρ ◦µ−1)+(1+2πnkδρ)

√
−1∂∂ψ

)
+
√
−1∂∂σt

= χ(σt)
(√
−12L ,h0 +

√
−1∂∂(φ̃ρ ◦µ−1)+ (1+ 2πnkδρ)

√
−1∂∂ψ

)
+

et

eψ
√
−1νt ∧ νt +

eψ

eψ + et

√
−1∂∂ψ.

Since χ is decreasing and χ = χ̃ , it follows from (4-15) and (4-16) that

χ(σt)
(√
−12L ,h0+

√
−1∂∂(φ̃ρ◦µ−1)+(1+2πnkδρ)

√
−1∂∂ψ

)
+

eψ

eψ+et

√
−1∂∂ψ

=χ(σt)
(√
−12L ,h0+

√
−1∂∂(φ̃ρ◦µ−1)+(1+2πnkδρ)

√
−1∂∂ψ+2πnk ñkδρω

)
−2πnk ñkχ(σt)δρω+

χ(α)eψ

eψ+et ·

√
−1∂∂ψ
χ(α)
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≥
χ(α)eψ

eψ+et

(
√
−12L ,h0+

√
−1∂∂(φ̃ρ◦µ−1)+(1+2πnkδρ)

√
−1∂∂ψ

+2πnk ñkδρω+

√
−1∂∂ψ
χ(α)

)
−2πnk ñkχ(σt)δρω

≥−2πnk ñkχ(σt)δρω

on Xk \ (60 ∪6ρ). Hence we get (4-20) as desired.
Let β be as in Step 1. Let β0 and β3 be two positive numbers which will be

determined later in Step 4. We choose an increasing family of positive numbers
{ρt }t∈(−∞,tε) such that limt→−∞ ρt = 0 and for any t ,

2πnk ñkχ(t − 1)δρt < eβ0t ,(4-21)

2πnkδρt < β3,(4-22) (
ε

2−ε
et
)2πnkδρt

>
1

1+ε
.(4-23)

Since σt ≥ t − 1 on Xk and χ is decreasing, we have χ(σt) ≤ χ(t − 1) on Xk .
Then it follows from (4-20) and (4-21) that

2ρt ,t
∣∣

Xk\(60∪6ρt )
≥

et

eψ
√
−1νt ∧ νt − eβ0tω.

Hence

(4-24) Bρt ,t + eβ0t I≥
[

et

eψ
√
−1νt ∧ νt , 3

]
=

et

eψ
Tνt T

∗

νt
≥ 0

on Xk \ (60 ∪6ρt ) as an operator on (n, 1)-forms, where Tνt denotes the operator
νt ∧ • and T∗νt

is its Hilbert adjoint operator.

Step 4: Construction of suitably truncated forms and solving ∂ globally with L2

estimates.

In this step and Step 5, we denote Bρt ,t and hρt ,t simply by Bt and ht respectively.
Let ε ∈

(
0, 1

2

)
be as in Step 1. It is easy to construct a smooth function

θ : R→ [0, 1] such that θ = 0 on
(
−∞, ε2

]
, θ = 1 on

[
1− ε

2 , +∞
)

and |θ ′| ≤
(1+ ε)/(1− ε) on R.

Define gt = D′′
(
θ(et/(eψ + et)) f̃t

)
, where f̃t is constructed in Step 1. Then

D′′gt = 0 and

gt =−θ
′

( et

eψ+et

) eψ+t

(eψ+et)2
∂ψ ∧ f̃t + θ

( et

eψ+et

)
D′′ f̃t = g1,t + g2,t ,

where g1,t and g2,t denote

−νt ∧ θ
′

( et

eψ+et

) et

eψ+et f̃t and θ
( et

eψ+et

)
D′′ f̃t ,

respectively.
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Then

supp g1,t ⊂ {t − c1 <ψ < t + c2} and supp g2,t ⊂ {ψ < t + c2},

where c1 and c2 are defined as in Step 1.
It follows from (3-5) and (4-24) that

(4-25) 〈(Bt+2eβ0t I)−1gt ,gt 〉ω,ht

∣∣
Xk\(60∪6ρt )

≤ (1+ε)〈(Bt+2eβ0t I)−1g1,t ,g1,t 〉ω,ht+
1+ε
ε
〈(Bt+2eβ0t I)−1g2,t ,g2,t 〉ω,ht

≤ (1+ε)〈(Bt+eβ0t I)−1g1,t ,g1,t 〉ω,ht+
1+ε
ε

〈 1
eβ0t g2,t ,g2,t

〉
ω,ht

.

By (4-24), we have

〈(Bt + eβ0t I)−1g1,t , g1,t 〉ω,ht

∣∣
Xk\(60∪6ρt )

≤
eψ

et

∣∣∣θ ′( et

eψ+et

) et

eψ+et f̃t

∣∣∣2
ω,ht

.

Then ζ > 0 implies that

I1,t :=

∫
Xk\(60∪6ρt )

〈(Bt + eβ0t I)−1g1,t , g1,t 〉ω,ht dVX,ω

≤
(1+ ε)2

(1− ε)2

∫
Xk∩{t−c1<ψ<t+c2}

et
| f̃t |

2
ω,h0

e−φ̃ρt ◦µ
−1

(eψ + et)2e2πnkδρtψ
dVX,ω.

Since φ̃ρt ◦µ
−1
≥ φ on Xk \60, it follows from (4-23) that

I1,t ≤
(1+ ε)2

(1− ε)2

∫
Xk∩{t−c1<ψ<t+c2}

et
| f̃t |

2
ω,h0

e−φ dVX,ω

(eψ + et)2
(
ε

2−εet
)2πnkδρt

≤
(1+ ε)3

(1− ε)2

∫
Xk∩{t−c1<ψ<t+c2}

et
| f̃t |

2
ω,h0

e−φ dVX,ω

(eψ + et)2
.

Since

| f̃t |
2
ω,h0

∣∣
U =

∣∣∣∣ N∑
i=1

√
ξi ·
√
ξi f̃i,t

∣∣∣∣2
ω,h0

≤

( N∑
i=1

ξi

)( N∑
i=1

ξi | f̃i,t |
2
ω,h0

)
=

N∑
i=1

ξi | f̃i,t |
2
ω,h0

by the Cauchy–Schwarz inequality, we have

I1,t ≤
(1+ ε)3

(1− ε)2

N∑
i=1

∫
Xk∩{t−c1<ψ<t+c2}

etξi | f̃i,t |
2
ω,h0

e−φ dVX,ω

(eψ + et)2
.
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Then it follows from (4-9) that

lim
t→−∞

I1,t ≤

N∑
i=1

lim
t→−∞

(
(1+ ε)3

(1− ε)2

∫
Xk∩{t−c1<ψ<t+c2}

etξi | f̃i,t |
2
ω,h0

e−φdVX,ω

(eψ + et)2

)

≤

N∑
i=1

(1+ ε)3

(1− ε)2

∫
Ui∩Y 0

ξi | f |2ω,h0
e−φ dVX,ω[ψ]

≤
(1+ ε)3

(1− ε)2

∫
Y 0
| f |2ω,h0

e−φ dVX,ω[ψ].

Then

(4-26) I1,t ≤
(1+ ε)4

(1− ε)2

∫
Y 0
| f |2ω,h0

e−φ dVX,ω[ψ]

when t is small enough.
Since ζ(σt) > 0 and φ̃ρt ◦µ

−1
≥ φ on Xk \60, by (4-22), we have

I2,t :=

∫
Xk\(60∪6ρt )

〈 1
eβ0t g2,t , g2,t

〉
ω,ht

dVX,ω

≤
1

eβ0t

∫
Xk∩{ψ<t+c2}

|D′′ f̃t |
2
ω,h0

e−φ̃ρt ◦µ
−1

e(1+2πnkδρt )ψ
dVX,ω

≤
1

eβ0t

∫
Xk∩{ψ<t+c2}

|D′′ f̃t |
2
ω,h0

e−φ

e(1+β3)ψ
dVX,ω.

Then it follows from (4-10) and the Cauchy–Schwarz inequality that I2,t is bounded
by the sum of the terms

C8

eβ0t

∫
Ui∩U j∩{ψ<t+c2}

| f̃i,t − f̃ j,t |
2
ω,h0

e−φ

e(1+β3)ψ
dVX,ω (1≤ i, j ≤ N ),

where C8 is some positive number independent of t .
By the definition of R1 (see Part II in Step 1), (4-4) implies that for i = 1, . . . , N,

(4-27)
∫
�i∩{ψ<t+c2}

| f̃i,t |
2
ω,h0

e−(1+β)φ

eψ R0(ψ)
dVX,ω ≤ C9

for some positive number C9 independent of t when t is small enough. Then by
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the Hölder inequality, we get∫
Ui∩U j∩{ψ<t+c2}

| f̃i,t − f̃ j,t |
2
ω,h0

e−φ

e(1+β3)ψ
dVX,ω

≤

(∫
Ui∩U j∩{ψ<t+c2}

| f̃i,t − f̃ j,t |
2
ω,h0

e−(1+β)φ

eψ R0(ψ)
dVX,ω

) 1
1+β

×

(∫
Ui∩U j∩{ψ<t+c2}

| f̃i,t − f̃ j,t |
2
ω,h0

(R0(ψ))
1
β

e(1+β3·
1+β
β
)ψ

dVX,ω

) β
1+β

≤ C10

(∫
Ui∩U j∩{ψ<t+c2}

| f̃i,t − f̃ j,t |
2
ω,h0

e(1+β3·
1+β
β
+β2·

1
β
)ψ

dVX,ω

) β
1+β

when t is small enough, where C10 is a positive number independent of t .
We will estimate the last integral above by estimating its pull-back under µ. We

cover µ−1(Ui ∩U j )∩ {ψ ◦µ < t + c2} by a finite number of coordinate balls such
as W in Step 1 in the proof of Proposition 3.2. It follows from (4-11) and (4-12)
that for each W,∫

Wi, j,t

| f̃i,t ◦µ− f̃ j,t ◦µ|
2
ω,h0
|Jµ|2

e(1+β3·
1+β
β
+β2·

1
β
)ψ◦µ

dλ(w)≤ C11

∫
Wi, j,t

1∏n
p=1 |wp|

2β5,p
dλ(w),

where
β5,p := β4cap + (cap − bp)−bcap − bpc+,

β4 := β3 ·
1+β
β
+β2 ·

1
β
+β1,

and C11 is a positive number independent of t .
Since

(
W ∩ {ψ ◦µ < t + c2}

)
⊂

n⋃
p=1

({
|wp|< e(t+c2−m)/(2c|a|)}

∩W
)
,

where m := infW ũ(w), we obtain∫
Wi, j,t

1∏n
p=1 |wp|

2β5,p
dλ(w)≤

n∑
p=1

∫
{|wp|<e(t+c2−m)/(2c|a|)}∩W

1∏n
p=1 |wp|

2β5,p
dλ(w)

≤ C12

n∑
p=1

e((1−β5,p)/c|a|)t

when max1≤p≤n β5,p < 1, where C12 is a positive number independent of t .
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Let β1 be a positive number such that

(4-28) β1 < min
{p : ap 6=0}

1− (cap − bp)+bcap − bpc+

3cap
.

Take β2 = β1β, β3 = β1β/(1+β). Then β4 = 3β1 and max1≤p≤n β5,p < 1.
Let β0 be a positive number such that

β0 < min
1≤p≤n

β(1−β5,p)

2(1+β)c|a|

for every W. Then we have

(4-29) I2,t ≤ C13 · eβ0t ,

where C13 is a positive number independent of t .
Therefore, it follows from (4-25), (4-26) and (4-29) that∫
Xk\(60∪6ρt )

〈(Bt + 2eβ0t I)−1gt , gt 〉ω,ht dVX,ω ≤ (1+ ε)I1,t +
1+ε
ε

I2,t ≤ C(t),

where

C(t) :=
(1+ ε)5

(1− ε)2

∫
Y 0
| f |2ω,h0

e−φ dVX,ω[ψ] +
1+ε
ε

C13 · eβ0t .

Then by Lemma 2.1, there exists uk,ε,t ∈ L2(Xk \ (60 ∪6ρt ), K X ⊗ L , ht) and
vk,ε,t ∈ L2(Xk \ (60 ∪6ρt ), ∧

n,1T ∗X ⊗ L , ht) such that

(4-30) D′′uk,ε,t +
√

2eβ0tvk,ε,t = gt

on Xk \ (60 ∪6ρt ) and

(4-31)
∫

Xk\(60∪6ρt )

|uk,ε,t |
2
ω,h0

e−φ̃ρt ◦µ
−1
−(1+2πnkδρt )ψ−ζ(σt )

τt + At
dVX,ω

+

∫
Xk\(60∪6ρt )

|vk,ε,t |
2
ω,h0

e−φ̃ρt ◦µ
−1
−(1+2πnkδρt )ψ−ζ(σt ) dVX,ω ≤ C(t).

Since {φ̃ρt ◦µ
−1
} are uniformly bounded above on Xk \60 with respect to t as

obtained in Step 2, we have

(4-32) e−φ̃ρt ◦µ
−1
≥ C14

on Xk \ 60 for any t , where C14 is a positive number independent of t . Since
t − ε ≤ σt ≤ α −

ε
2 on Xk and ψ is upper semicontinuous on X, we have that

ψ , ζ(σt) and τt + At are all bounded above on Xk for each fixed t . Then it follows
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from (4-31) that uk,ε,t ∈ L2 and vk,ε,t ∈ L2. Hence it follows from (4-30) and
Lemma 2.6 that

(4-33) D′′uk,ε,t +
√

2eβ0tvk,ε,t = D′′
(
θ

(
et

eψ + et

)
f̃t

)
holds on Xk . Furthermore, (4-31) and (4-18) imply that

(4-34)
∫

Xk

|uk,ε,t |
2
ω,h0

e−φ̃ρt ◦µ
−1(

α1
R(α0)
+CR

)
eψ R(σt)

dVX,ω+

∫
Xk

|vk,ε,t |
2
ω,h0

e−φ̃ρt ◦µ
−1
−ψ−ζ(σt ) dVX,ω

≤ e2πnkδρt MψC(t),

where Mψ := supXk
ψ .

Define

Fk,ε,t =−uk,ε,t + θ
( et

eψ+et

)
f̃t .

Then (4-33) implies that D′′Fk,ε,t =
√

2eβ0tvk,ε,t on Xk . Since φ̃ρt ◦µ
−1
≥ φ on

Xk \60, it follows from (3-5) and (4-34) that

(4-35)
∫

Xk

|Fk,ε,t |
2
ω,h0

e−φ̃ρt ◦µ
−1

eψ max{R(ψ − ε), R(σt)}
dVX,ω

≤ (1+ ε)
∫

Xk

|uk,ε,t |
2
ω,h0

e−φ̃ρt ◦µ
−1

eψ R(σt)
dVX,ω

+
1+ ε
ε

∫
Xk

∣∣θ( et

eψ+et

)
f̃t
∣∣2
ω,h0

e−φ̃ρt ◦µ
−1

eψ R(ψ − ε)
dVX,ω

≤ (1+ ε)e2πnkδρt Mψ

(
α1

R(α0)
+CR

)
C(t)+ C̃(t)

when t is small enough, where

C̃(t) :=
1+ ε
ε

∫
Xk∩{ψ<t+c2}

| f̃t |
2
ω,h0

e−φ

eψ R(ψ − ε)
dVX,ω.

Now we want to prove

(4-36) lim
t→−∞

C̃(t)= 0.

As in (4-27), we can obtain from (4-4) that for i = 1, . . . , N,∫
�i∩{ψ<t+c2}

| f̃i,t |
2
ω,h0

e−(1+β)φ

eψ R(ψ − ε)
dVX,ω ≤ C15
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for some positive number C15 independent of t when t is small enough. Then by
the Hölder inequality, we have that∫

Ui∩Xk∩{ψ<t+c2}

| f̃i,t |
2
ω,h0

e−φ

eψ R(ψ − ε)
dVX,ω

≤

(∫
Ui∩{ψ<t+c2}

| f̃i,t |
2
ω,h0

e−(1+β)φ

eψ R(ψ − ε)
dVX,ω

) 1
1+β

×

(∫
Ui∩{ψ<t+c2}

| f̃i,t |
2
ω,h0

eψ R(ψ − ε)
dVX,ω

) β
1+β

≤ C
1

1+β
15

(∫
Ui∩{ψ<t+c2}

| f̃i,t |
2
ω,h0

eψ R(ψ − ε)
dVX,ω

) β
1+β

when t is small enough.
We cover µ−1(Ui ) ∩ {ψ ◦ µ < t + c2} by a finite number of coordinate balls

such as W in Step 1 in the proof of Proposition 3.2. Then, in order to prove
limt→−∞ C̃(t)= 0, it suffices to prove

lim
t→−∞

∫
Wi,t

| f̃i,t ◦µ|
2
ω,h0
|Jµ|2

eψ◦µR(ψ ◦µ− ε)
dλ(w)= 0,

where
Wi,t :=W ∩µ−1(Ui )∩ {ψ ◦µ < t + c2}.

Then by (3-18)–(3-21), it suffices to prove

(4-37) lim
t→−∞

∫
Wi,t

dλ(w)
R(ψ ◦µ− ε)|wp0 |

2
∏

1≤p≤n,p 6=p0
|wp|

2(cap−bp)−2bcap−bpc+
=0

in Case (A) and

(4-38) lim
t→−∞

∫
Wi,t

dλ(w)
R(ψ ◦µ− ε)

∏n
p=1 |wp|

2β1cap+2(cap−bp)−2bcap−bpc+
= 0

in Case (A) and Case (B).
Applying Fubini’s theorem with respect to (w′, wp0) and then using change of

variables, we can obtain that

lim
t→−∞

∫
Wi,t

dλ(w)
R(ψ ◦µ− ε)|wp0 |

2
∏

1≤p≤n,p 6=p0
|wp|

2(cap−bp)−2bcap−bpc+

≤ C16 lim
t→−∞

∫ t+c2−m

−∞

ds
R(s+M − ε)

= 0,

where M := supW ũ(w), m := infW ũ(w) and C16 is a positive number independent
of t . Hence we get (4-37).
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Similarly, it is easy to see that (4-28) implies that (4-38).
Therefore, we obtain (4-36).
Let α̂k := supXk

α. Then

eψ max{R(ψ − ε), R(σt)} ≤ eε sup
t≤α̂k

(
et R(t)

)
.

Hence it follows from (4-32) and (4-35) that

(4-39)
∫

Xk

|Fk,ε,t |
2
ω,h0

dVX,ω ≤ C17

for some positive number C17 independent of t when t is small enough.
Since the positive continuous function R is decreasing near −∞, it is easy to see

that max{R(ψ − ε), R(σt)} is equal to R(ψ − ε) near {ψ = −∞} and converges
uniformly to R(ψ − ε) on Xk as t→−∞.

Since φ̃ρt ◦µ
−1 is increasing with respect to t and converges to φ on Xk \60 as

t→−∞, by extracting weak limits of {Fk,ε,t } as t→−∞, we get from (4-39) and
(4-35) a sequence {t j }

+∞

j=1 and Fk,ε ∈ L2 such that lim j→+∞ t j =−∞, Fk,ε,t j ⇀ Fk,ε

weakly in L2 as j→+∞ and

(4-40)
∫

Xk

|Fk,ε|
2
ω,h0

e−φ

eψ R(ψ − ε)
dVX,ω

≤
(1+ ε)6

(1− ε)2

(
α1

R(α0)
+CR

)∫
Y 0
| f |2ω,h0

e−φ dVX,ω[ψ].

Since σt ≤ α−
ε
2 on Xk , α̂k := supXk

α and ζ is increasing, we get

(4-41) e−ζ(σt ) ≥ e−ζ(α̂k−
ε
2)

on Xk . Then (4-34), (4-32) and (4-41) imply that∫
Xk

|vk,ε,t |
2
ω,h0

dVX,ω ≤ eζ(α̂k−
ε
2)+(1+2πnkδρt )MψC−1

14 C(t).

Hence
√

2eβ0t jvk,ε,t j → 0 in L2 as j→+∞. Since D′′Fk,ε,t =
√

2eβ0tvk,ε,t on Xk ,
we get D′′Fk,ε = 0 on Xk . Then Fk,ε is a holomorphic section of K X ⊗ L on Xk .
In Step 5, we will prove that Fk,ε = f on Xk ∩ Y 0 by solving ∂ locally.

Step 5: Solving ∂ locally with L2 estimates and the end of the proof for the line
bundle L .

For any x ∈ Xk ∩ Y, let �x be as in Step 1. Let

�̂x b (Xk ∩�x)

be a coordinate ball with center x . Since the bundle L is trivial on �x , uk,ε,t and
vk,ε,t can be regarded as forms on�x with values in C and the metric h0 of L on�x

can be regarded as a positive smooth function.
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It is easy to see that C(t)≤ C18 for some positive number C18 independent of t
when t is small enough. Then it follows from (4-34), (4-41) and (4-32) that∫

�̂x

|vk,ε,t |
2e−ψ dλ≤ C19C18

for some positive number C19 independent of t when t is small enough.
Since ∂vk,ε,t = 0 on �̂x by (4-33), applying Lemma 2.5 to the (n, 1)-form

√

2eβ0tvk,ε,t ∈ L2
(n,1)(�̂x , e−ψ),

we get an (n, 0)-form sk,ε,t ∈ L2
(n,0)(�̂x , e−ψ) such that

∂sk,ε,t =
√

2eβ0tvk,ε,t

on �̂x and

(4-42)
∫
�̂x

|sk,ε,t |
2e−ψ dλ≤ C20

∫
�̂x

|

√

2eβ0tvk,ε,t |
2e−ψ dλ≤ 2C20C19C18eβ0t

for some positive number C20 independent of t . Hence

(4-43)
∫
�̂x

|sk,ε,t |
2 dλ≤ C21eβ0t

for some positive number C21 independent of t .
Now define

Gk,ε,t =−uk,ε,t − sk,ε,t + θ
( et

eψ+et

)
f̃t

on �̂x . Then Gk,ε,t = Fk,ε,t − sk,ε,t and ∂Gk,ε,t = 0. Hence Gk,ε,t is holomorphic
in �̂x . Therefore, uk,ε,t + sk,ε,t is smooth in �̂x . Furthermore, we get from (4-39)
and (4-43) that

(4-44)
∫
�̂x

|Gk,ε,t |
2 dλ≤ 2

∫
�̂x

|Fk,ε,t |
2 dλ+ 2

∫
�̂x

|sk,ε,t |
2 dλ≤ C22

for some positive number C22 independent of t when t is small enough.
We get from (4-32) and (4-34) that∫

�̂x

|uk,ε,t |
2e−ψ

R(σt)
dλ≤ C23C(t)≤ C23C18

for some positive number C23 independent of t when t is small enough. Since
R(σt)≤ R(t − ε) on �̂x when t is small enough, we have that∫

�̂x

|uk,ε,t |
2e−ψ dλ≤ C23C18 R(t − ε).
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Therefore, combining the last inequality and (4-42), we obtain that∫
�̂x

|uk,ε,t + sk,ε,t |
2e−ψ dλ≤ 2C23C18 R(t − ε)+ 4C20C19C18eβ0t .

Then the nonintegrability of e−ψ along �̂x ∩Y and the smoothness of uk,ε,t + sk,ε,t

in �̂x show that uk,ε,t+sk,ε,t = 0 on �̂x ∩Y for any t . Hence Gk,ε,t = f on �̂x ∩Y 0

for any t .
Since sk,ε,t j → 0 in L2

(n,0)(�̂x) by (4-43) and Fk,ε,t j ⇀ Fk,ε weakly in L2
(n,0)(�̂x)

as j →+∞, Gk,ε,t j ⇀ Fk,ε weakly in L2
(n,0)(�̂x) as j →+∞. Hence it follows

from (4-44) and routine arguments applying Montel’s theorem that a subsequence of
{Gk,ε,t j }

+∞

j=1 converges to Fk,ε uniformly on compact subsets of �̂x . Then Fk,ε = f
on �̂x ∩ Y 0 and thereby on Xk ∩ Y 0.

Since the positive continuous function R is decreasing near −∞, et R(t) is
bounded above near−∞ and φ is locally bounded above, applying Montel’s theorem
and extracting weak limits of {Fk,ε}k,ε, first as ε→ 0, and then as k→+∞, we
get from (4-40) a holomorphic section F on X with values in K X ⊗ L such that
F = f on Y 0 and∫

X

|F |2ω,h
eψ R(ψ)

dVX,ω ≤

(
α1

R(α0)
+CR

)∫
Y 0
| f |2ω,h dVX,ω[ψ].

Theorem 1.8 is thus proved for the line bundle L .

Step 6: The proof for the vector bundle E .

The proof for E is similar but simpler. We only point out the main modifications
by examining the proof for L .

In Step 1, we don’t need to construct a family of special smooth extensions
f̃t of f since hE is smooth. Hence the strong openness property and the key
propositions are not needed. Delete Parts II and III in Step 1 and replace the family
of sections f̃i,t with a fixed local holomorphic extension f̃i . Then f̃t becomes a
fixed smooth extension f̃ =

∑N
i=1 ξi f̃i . Then it is easy to see that (4-9)–(4-12) hold

for f̃i,t = f̃i , f̃t = f̃ and β1 = 0.
Step 2 is not needed since hE is already smooth.
In Step 3, the negative term will not appear on the right-hand side of (4-20) since

δρ = 0.
In Step 4, it is easy to prove the estimate (4-26) for I1,t by the modified (4-9). It

is also not hard to prove the estimate (4-29) for I2,t by the modified (4-10)–(4-12).
Equation (4-36) can be easily obtained since hE is smooth.

Step 5 for E is almost the same and Theorem 1.8 is thus proved for the vector
bundle E .
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