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POLYNOMIAL CONDITIONS
AND HOMOLOGY OF FI-MODULES

CIHAN BAHRAN

We identify two recursively defined polynomial conditions for FI-modules in
the literature. We characterize these conditions using homological invariants
of FI-modules (namely the local degree and regularity, together with the
stable degree) and clarify their relationship. For one of these conditions, we
give improved twisted homological stability ranges for the symmetric groups.
As another application, we improve the representation stability ranges for
congruence subgroups with respect to the action of an appropriate linear
group by a factor of 2 in its slope.

1. Introduction

There are (at least) two classes of papers that deal in some depth with FI-modules:

(1) In papers such as [3; 4; 6; 11; 14] the FI-module is the central object of study.
They attach homological invariants to an FI-module by means such as FI-homology
or local cohomology, and study the relationship of these invariants both with the
stabilization behavior of the FI-module and/or between each other.

(2) Papers such as [12; 13; 16; 18; 22] might be thought of as stability machines.
The sequence {G,,} of symmetric groups is but one of many sequences of groups they
deal with and FI-modules arise as the suitable notion of coefficient systems for {G,,}.
They declare a coefficient system to be polynomial with certain parameters in a
recursive fashion: there is a base case, and above that, being polynomial demands
a related coefficient system to be polynomial with some of the parameters lowered.

The main objective of this paper is to characterize the polynomial conditions in (2)
for FI-modules by the homological invariants in (1).

The author was supported in part by TUBITAK 119F422.
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Notation. We write FI for the category of finite sets and injections. An FI-module
is a functor V : FI — Z-Mod and given a finite set S, we write Vs for its evaluation;
given an injection of finite sets « : S < T', we write V,, : Vs — Vr for its induced map.
For n e N we set V,, := V1. We write FI-Mod for the category of FI-modules.
Throughout, our notation for FI-modules will be consistent with [6] and [1].

Degree and torsion. Given an FI-module W, we write
deg(W) :=min{d > —1: Wg =0 for |S| >d} € {-1,0,1,2,3,...} U{oo}.

An FI-module V is torsion if for every finite set S and x € Vg, there exists an
injection « : S < T such that V,,(x) =0 € Vy. We write

HY, : FI-Mod — FI-Mod

for the functor which assigns an FI-module its largest torsion FI-submodule, and
write 0 0

(V) := deg(H, (V).
Shift and derivative functors. Given any FI-module V, we write XV for the

composition —U{#) v
FI —— FI — Z-Mod

and call it the shift functor. It receives a natural transformation from the identity
functor idgr.pmod, Whose cokernel

A = coker(idgr-Mod — %)
we call the derivative functor.
Stable degree. For an FI-module V, we set
8(V):=min{r > —1: A""1(V) is torsion} € {—1,0, 1, ...} U {00}

and call it the stable degree of V. In both polynomial conditions for FI-modules
we shall consider, the stable degree will be in analogy with the usual degree of a
polynomial. Also see [6, Proposition 2.14].

First polynomial condition and local degree. Suppose f is a function in n € N
which is equal to a polynomial of degree < r in the range n > L. We can consider
its discrete derivative A f, which is the function

Af(n):=fn+1) = f(n).

Note that A f is equal to a polynomial of degree < r — 1 in the same range n > L.
The first polynomial condition we treat for FI-modules is a categorification of
this recursion. See [22, Section 4.4 and Remark 4.19] for references to similar
definitions in the literature.
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Definition 1.1. For every pair of integers r > —1, L > 0, we define a class of
FI-modules Poly, (r, L) recursively via
{VeFI-Mod : deg(V) < L —1} if r =—1,

hO(V) <L -1 and
AVePoly,(r—1,L)
Remark 1.2. Let V be an FI-module and r > —1, L > 0 be integers. The following
can be seen to be equivalent by inspection:

e VePoly,(r, L).

« In the sense of [21, Definition 4.10],! V has degree r at L.

« In the sense of [13, Definition 3.24] and [16, Definition 7.1], V has polynomial
degree <r inranks > L — 1.

Poly,(r, L) :=

{VeFI—Mod: } it r > 0.

Local cohomology and locql degree. The functor Hg1 defined above is left exact.
For each j > 0, we write Hj, := R/H?, for the j-th right derived functor of H?, and
write 1 (V) = deg(H. (V) € {~1,0, 1, ...} U oo},

R (V) ;= max{h/(V): j >0} e {—1,0,1,...}U{oo}
for every FI-module V. We call /™ (V) the local degree of V.

Our first main result is that the stable degree (V') and the local degree 2™ (V)
together characterize the first polynomial condition.

Theorem A. For every pair of integers r > —1, L > 0, we have
Poly,(r, L) = {Ve FI-Mod : (V) <r and h™™ (V) < L —1}.
Second polynomial condition and regularity. The second polynomial condition we

shall treat is, perhaps deceivingly, very similar to the first one. In fact the confusion
between the two and the resulting need to clarify was what prompted this paper.

Definition 1.3. For every pair of integers r > —1, M > 0, we define a class of
FI-modules Poly, (r, M) recursively via

{VeFI-Mod : deg(V) <M — 1} ifr =—1,
h(V)y <M —1and
AV e Poly,(r — 1, max{0, M —1})
Remark 1.4. Let V be an FI-module and r > —1, M >0 be integers. The following
can be seen to be equivalent by inspection:
e VePoly,(r, M).
« In the sense of [22, Definition 4.10], V has degree r at M.

Poly,(r, M) :=

{VeFI—Mod: } ifr >0,

INote that [21] is an early preprint version of the published [22]. The authors switched from
Definition 1.1 to Definition 1.3 in between.
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« In the sense of [12, Definition 2.40],> V has polynomial degree < r in ranks
>M—1.

« In the sense of [18, Definition 1.6], V is polynomial of degree r starting at M.

FI-homology and regularity. Regard the functor Hgl : FI-Mod — FI-Mod de-

fined via -
Hy (V)s = coker(@TgSVT — VS)

for every finite set S, which is right exact. For each i > 0, we write HlFI =1L, Hgl
for its i-th left derived functor, and write

(V) :=degH(V)) € {=1,0, 1, ...} U {00},
reg(V) :=max{t;(V)—i:i>1}e{-2,—-1,0,1,...}U{oc}
for every FI-module V. We say that V is generated in degrees < g if tp(V) < g,
and that V is presented in finite degrees if to(V') and t; (V) are both finite. We call
reg(V) the regularity of V.

Our second main result is that the stable degree §(V) and the regularity reg(V)
together characterize the second polynomial condition.

Theorem B. For every pair of integers r > —1, M > 0, we have
Poly,(r, M) ={V e FI-Mod : §(V) <r and reg(V) <M — 1}.

Twisted homological stability with FI-module coefficients. For any FI-module V
and homological degree k > 0, there is a sequence of maps

Hi (Go; Vo) = Hi(S1; Vi) = Hi (G2 Vo) — - -

between the homology groups of the symmetric groups twisted by V,,’s. For the
stabilization of this sequence, recently Putman [18, Theorems A and A’] established
explicit ranges for the class Poly, (r, M) in terms of r, M. We give ranges for the
class Poly, (r, L) in terms of r, L.

Theorem C. Let V be an FI-module and r, L > 0 be integers such that V €
Poly, (r, L). Then for every k > 0, the map Hy(S,; Vi,) = Hi(Spt1; Vig1) is
2k+r+1 if L=0,
an isomorphism for n > 2k+r+LLT+1J—|—2 ifl<L<2r-2,
max{2k +2r+1, L} if L > max{l,2r — 1},
2k+r if L=0,
and a surjection for n > 2k+r+L%J+l ifl<L<2r-2,
max{2k +2r, L} if L > max{1, 2r — 1}.

2Although the ferminology used for the polynomial conditions in [13], [16] and [12] are the same,
the first two use Definition 1.1 while the latter uses Definition 1.3.
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Remark 1.5. Under the same hypotheses with Theorem C, Theorem 5.1 of [21]
establishes

e an isomorphism for n > max{2L + 1, 2k + 2r + 2},
 and a surjection for n > max{2L + 1, 2k 4 2r}.

The ranges in Theorem C are improvements over these.

SLnu-stability ranges for congruence subgroups. For every ring R, the assignment
n — GL, (R) defines an FI-group (a functor from FI to the category of groups), for
which we write GL,(R). If I is an ideal of R, as the kernel of the mod-/ reduction
we get a smaller FI-group

GL.(R, I) :=ker(GL4(R) — GL4(R/1))

called the I-congruence subgroup of GL,(R). For each k > 0 and abelian group .4,
taking the k-th homology with coefficients in A defines an FI-module

Hi(GLo(R, I); A).

We wish to extend the &, -action on H; (GL, (R, I); A) to an action of a linear
group and formulate representation stability over it, in accordance with [17, fifth
Remark, page 990].

Special linear group with respect to a subgroup of the unit group. For a commu-
tative ring A and a subgroup 4l < A*, we write

SLf(A) ={f e GL,(A) : det(f) € L},

so that we interpolate between SL,, (A) < SLff(A) <GL,(A)aswevary | << A*,
Note that we are using the notation in [19], whereas in [13] and [12] this group is
denoted GLfl‘(A).

Hypothesis 1.6. In the triple (R, I, ng), we have a commutative ring R, an ideal /
of R, and an integer ng € N such that the mod-/ reduction

SL,(R) — SL,(R/I)
for the special linear group is surjective for every n > ny.

Stable rank of a ring. Let R be a nonzero unital (associative) ring. A column vector
v € Mat,, 1 (R) of size m is unimodular if there is a row vector u € Matjy,, (R)
such that uv = 1. Writing I, € Mat, «,(R) for the identity matrix of size r, we
say a column vector v of size m is reducible if there exists A € Mat(,—1)xm(R)
with block form A = [I,,_; | x] such that the column vector Av (of size m — 1)
is unimodular. We write st-rank(R) < s if every unimodular column vector of
size > s is reducible.
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Remark 1.7. We make a few observations about Hypothesis 1.6.

(1) It is straightforward to check that the triple (R, I, ng) satisfies Hypothesis 1.6
if and only if setting £l := {x + [ : x € R*}, there is a short exact sequence

1 — GL,(R, I) — GL,(R) — SLY(R/I) — 1

of groups in the range n > ng where the epimorphism is the mod-/ reduction.
Consequently, for every n > ng and any coefficients A, the conjugation GL, (R)-
action on the homology groups H,(GL, (R, I), A) descends to an SLs;lI(R /1)-action.
It is this action for which we will obtain an improved representation stability range.

(2) For a Dedekind domain R and any ideal I of R, the triple (R, I, 0) satisfies
Hypothesis 1.6; see [7, page 2].

(3) If SL,,(R/I) is generated by elementary matrices for n > ng, then (R, I, ng)
satisfies Hypothesis 1.6.

(4) If the K-group SK;(R/I) = 0 (equivalently, the natural map K;(R/I) —
(R/I)* is an isomorphism) and st-rank(R /) < s < o0, then by (3) and [10, 4.3.8,
page 172], the triple (R, I, s 4+ 1) satisfies Hypothesis 1.6.

Theorem D. Let I be a proper ideal in a commutative ring R and s, ng € N, so
o st-rank(R) <, and
o the triple (R, I, ng) satisfies Hypothesis 1.6 with ng < 2s + 3.

Then writing "
Wi={x+1:xeR*}, G,:=SL(R/I)

for every homological degree k > 1 and abelian group A, there is a coequalizer
diagram

d%" Hy(GL,-2(R, 1); A) = Indd Hu(GL,—1(R, ); A) — H(GL, (R, I); A)
of 7G,,-modules whenever

n >

25 +5 ifk=1,

4k +2s+2 ifk=>2.
Remark 1.8. The best stable ranges established previously in the literature under
the assumptions (with ng = 0) of Theorem D are due to Miller, Patzt and Petersen

[12, proof of Theorem 1.4, page 46]: they obtained the conclusion of Theorem D
in the range n > 8k +4s + 9.

2. Homological algebra of FI-modules

Regularity in terms of local cohomology. We first recall a characterization of the
regularity by Nagpal, Sam and Snowden [14].
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Theorem 2.1 [14, Theorem 1.1, Remark 1.3]. Let V be an ¥I-module presented in
finite degrees which is not Hgl-acyclic. Then

reg(V) = max{h/ (V) + j : H. (V) # 0} = max{h/ (V) + j : h/ (V) > 0}.

Remark 2.2. Under the hypotheses of Theorem 2.1, by [1, Theorem 2.4] and [6,
Corollary 2.13], we have

@A HL(V)#£0 ={j:h/ (V) =0} C{0,...,8(V)+ 1}

Corollary 2.3. Let V be a nonzero FI-module with deg(V) < oo. Then V is
presented in finite degrees, and

deg(V) =reg(V) if j=0,

-1, otherwise.

h (V) ={

Proof. V is certainly generated in degrees < deg(V) and also h°(V) < deg(V).
Thus by [1, Proposition 2.5] and [20, Theorem A], V is presented in finite degrees.
Now V and the complex 0 - V — 0 — 0 — - - - satisfy the assumptions of [6,
Theorem 2.10] and hence

vV ifj=0,

H/ (V)=
(V) {0, otherwise.

The rest follows from Theorem 2.1. O

The derivative and local cohomology. In this section, we investigate the relation-
ship between the local cohomology of an FI-module and that of its derivative.
We write K := ker(idpr.moq — X) so that we have an exact sequence

0— K —>idfiMed > X — A—0

of functors FI-Mod — FI-Mod.

Lemma 2.4. For every FI-module V, we have deg(KV) = ho(v).

Proof. Since K'V is a torsion submodule of V, we have KV C H&(V) and hence
deg(K'V) < deg(HY,(V)) = h(V).

There is nothing to show when h%(V) = —1, so we consider two cases.

Case 1. h%(V)=o00. To show deg(K V) = oo, we will show that for every d € N we
have deg(K V) > d. Because hO(V) > d, there exists a torsion element x € Vs — {0}
of V with |S| > d. Because x is torsion, the set

{IT|:V,(x)=0 forsome ¢:S— T} CN
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is nonempty and hence has a least element, say N. Noting N > d, let A be a finite set
of size N—1and f:S < A so by the minimality of N we have 0 # V,(x) € (KV)4
and deg(KV) > |A|=N—-1>d.

Case2. 0 <d :=h"V) < oco. We pick a torsion element x € Vg — {0} with |S| =d
and we claim that V;(x) = O for the embedding ¢ : § < S U {x}. There is a finite
set T and an injection f : § < T such that V;(x) =0. As x #0, f cannot be
an isomorphism so |T'| > |S| and f = g o for some injection g : SU {x} — T.
As Vo (Vi(x)) =0, the element V,(x) is torsion but it lies in degree d + 1, forcing
V,(x) =0 and hence x € KV, showing deg(KV) > d. [l

Proposition 2.5. Given an ¥1-module V, the following are equivalent:

(1) Vis presented in finite degrees.
(2) h%(V) < 0o and AV is presented in finite degrees.

Proof. Assume (1). Then by [8, Theorem 1] XV is presented in finite degrees, and
hence so are KV and AV by [20, Theorem B] and [1, Proposition 2.5]. We have
h°(V) < oo by [20, Theorem A].

Conversely, assume (2). By [6, Proposition 2.9, part (4)], u := §(AV) < oo,
so A“t2V = A“tIAV is torsion. Also, by applying the implication (1) = (2)
to AV and iterating it, A“*?V is presented in finite degrees. Being a torsion FI-
module generated in finite degrees, A“*?V has finite degree, say d. Therefore by
[3, Proposition 4.6], V is generated in degrees < u 4+ d + 2. We conclude by [20,
Theorem Al. ([

Proposition 2.6. Given an FI-module V, the following hold:

(1) Ifh°(V) < oo, then there is a long exact sequence

0O—— KV
)

éH&(V) —— ZHY (V) —— HY(AV) )

4H{;1(V) — S SHL(V) —— HL(AV) )

4{{1;“(V) — s sHMN V) —— T AY) ——

(2) If V is presented in finite degrees, (1) holds such that every FI-module in the
sequence has finite degree.

Proof. For (1), note that K'V is certainly generated in degrees

<deg(KV)=h"(V) <00



POLYNOMIAL CONDITIONS AND HOMOLOGY OF FI-MODULES 215

by Lemma 2.4. Thus by [20, Theorem A] (see [1, Proposition 2.5]), K V is presented
in finite degrees. Therefore, [6, Theorem 2.10] applies to KV and the complex

0— KV —->0—0— ... and hence
~ KV if j =0,
HI(KV) = b=

0, otherwise.

Now applying H?n to the short exact sequence
0—-KV—>V-—>V/KV -0,
the associated long exact sequence gives a short exact sequence

0— KV —H (V) - H.(V/KV) =0
and isomorphisms

H/ (V) =H/ (V/KV)

. . . . . O
for every j > 1. Using these isomorphisms after applying H;, to the short exact

sequence
0— V/KV > XV > AV =0,

the associated long exact sequence will almost have the desired form, except we
need to splice it in the beginning and interchange the order of the shift functor X
with local cohomology H}, in the middle column. To see X o H};, = H}, oX, first
note that ¥ : FI-Mod — FI-Mod

e is exact,
e has an exact left adjoint [9, Theorem 4],

o satisfies X o H), =H o =,

Consequently, given an FI-module U and an injective resolution 0 — U — I*,
applying £ we get an injective resolution 0 — XU — X I* of XU, and hence

H/ (ZU) =H/(H(=1*)) = H/(ZHY, (I") = TH/ (HY, (1)) = ZH/,(U)

for every j > 0, naturally in U.

For (2), assume V is presented in finite degrees. Then deg(K V) = ho(V) < o0 (so
we have the long exact sequence from (1)) and AV is presented in finite degrees by
Lemma 2.4 and Proposition 2.5. Now invoke [6, Theorem 2.10] for V and AV. [

Corollary 2.7. For every FI-module V presented in finite degrees, the following
hold:

(1) Forevery j >0, we have h’ (AV) < max{h/ (V) — 1, h/T1(V)}.
(2) Forevery j > 1, we have h/ (V) < max{h/~'(AV), h/ (AV)}.
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Proof. By Proposition 2.6, for every j > 0 we have
hi(AV) =degH. (AV)
< max{deg TH/ (V), deg H/™ (V)} = max{deg TH/ (V), /T (V)}.
If H/, (V) # 0, then
deg TH/ (V) =degH/ (V) —1=h/ (V) -1

and (1) follows. If H/,(V) = 0, then HL(AV) embeds in HL™' (V) and (1) again
follows.

To prove (2), fix j > 1 and set N := max{h/~'(AV), h/(AV)} so for every
n > N, by Proposition 2.6 we have an isomorphism

H/ (V), = SHL(V), = HL(V)ns1.

But H{;I(V) has finite degree, therefore the above isomorphisms in the entire range
n > N have to be between zero modules so that 1/ (V) = deg HL(V) <N. U

Critical index and the regularity of derivative. In this section, we introduce the
notion of critical index for an FI-module and use it to study how regularity interacts
with the derivative functor.

Definition 2.8. For an FI-module V presented in finite degrees which is not Hgl—
acyclic, we define its critical index as

crit(V) :==min{j : h/(V) > 0 and A/ (V) + j =reg(V)}.

Remark 2.9. Let V be as in Definition 2.8 and set y :=crit(V), p :=reg(V). The
following will not be needed in our arguments but we note them for context.

(1) By Theorem 2.1 and [6, Theorem 2.10], the set of indices
{j:h/(V)=0 and (V) +j = p}

is a nonempty subset of {0, ...,5(V)+1};thus0 <y <§(V)+ 1.

(2) Although they do not give it a name, Nagpal, Sam and Snowden [14, Defini-
tion 3.3] use the critical index: their invariant v satisfies

vHN V)it =i+

for i > 0 [14, Proposition 4.3].
(3) Itis possible that 2Y (V) < h™™ (V). To see this, let us start by an exact sequence

) 0—-Z—>A—->B—>W-=0
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of FI-modules presented in finite degrees where A, B are Hgl—acyclic, deg(W) =0.
Breaking this into two short exact sequences, the associated long exact sequences

for H, yields . .
" HI(Z) = HI2(W)

for every j > 0. In particular, h*(Z) = 0 and h/(Z) = —1 if j # 2. Now setting
V:=Z&T withdeg(T) =1, we get
1 ifj=0,
R(Vy=4 0 ifj=2,
—1, otherwise
so that reg(V) = crit(V) =2, h*(V) =0, but A™*(V) = 1.

Proposition 2.10. Let V be an FI-module presented in finite degrees which is not
Hgl—acyclic. Then:

(1) reg(AV) <reg(V)— 1.
2) If crit(V) > 1, then 0 <reg(AV) =reg(V) — 1 and crit(AV) = crit(V) — 1.

Proof. Note that AV is presented in finite degrees by Proposition 2.5. Set p :=
reg(V) and y :=crit(V).

Assume AV is Hgl—acyclic. Then by [1, Theorem 2.4], h/ (AV) = —1 for every
j >0, and hence by part (2) of Corollary 2.7 we have h/ (V)= —1 for every j > 1,
forcing y = 0. Therefore the condition reg(AV) < 0 (which is equivalent to AV
being Hgl-acyclic by [1, Corollary 2.9]) implies y = 0. In this case, we further have

reg(AV) <0< hO(V) =p

by [1, Theorem 2.4] and (1) follows.
Next, assume AV is not Hgl-acyclic (hence neither is V, see the discussion in
[6, Section 2.3]). Let us write

J(V):={j>0:h/(V)>0}.

Let j € J(AV). By part (1) of Corollary 2.7, we have either 0 < h/ (AV) <h/(V)—1
or 0 < h/(AV) < h/*1(V). In the former case, we have j € J(V) and

W (AV)+j < (V)+j-1<p—1
by Theorem 2.1, and in the latter case, we have j+1 € J(V) and
W (AV)+j<h/T' (V) +j+1-1<p—1

by Theorem 2.1. Yet another application of Theorem 2.1 now yields reg(AV) <
o —1, which is exactly (1). To prove (2), we further assume that y > 1. We claim that

YAV +y —1=p—1.
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To that end, by Proposition 2.6 we have an exact sequence
SH 7' (V) — H7H(AV) — HY(V) — THI(V),
which we evaluate at a finite set of size p — y to get an exact sequence
Héil(v)p—)ﬂrl d Hg:l(AV)p—y — Hi(V)p—y > HE (V) p—y 11

of &,_,-modules. Here:

. H,};_l (V)p—y+1 =0, because by the definition of critical index we have

RN Vy+y—1<p, degHW(V)<p—y+1.
. H,};(V)p_y # 0 and H%(V)p_y+1 = 0, because by the definition of critical
index we have
h"(V)>0 and h"(V)+y=p, degHL(V)=p—v.

Therefore we conclude that

H ' (AV),_, #0, R Y (AV)>0 and W NAV)+y—-1>p—1.

On the other hand, part (1) and Theorem 2.1 give the reverse inequality to the
above, establishing our claim, the equation reg(AV) = p — 1 and the inequality
crit(AV) <y —1. To see in fact crit(AV) =y — 1, wecantake 0 < j <y — 1 and
evaluate the exact sequence

j ‘ i+1
TH/ (V) — HL(AV) - HLF(V)
at a finite set of size p — 1 — j to get
0=H},(V),—j = HL(AV)po1-; = H (V) i1y =0
and conclude 4/ (AV)+ j < p — 1, as desired. O
Identifying the polynomial conditions. In this section we prove Theorems A and B.
Because FI-modules being presented in finite degrees is such a common assumption,

we first incorporate it as a redundant hypothesis in Theorems 2.12 and 2.13, and
then remove this redundancy using Theorem 2.11.

Theorem 2.11. For an FI-module V with §(V) < o0, the following are equivalent:
(1) reg(V) < oc.

2) h"™™*(V) < oo.

(3) Vis presented in finite degrees.

Proof. (3) = (1): Immediate from [3, Theorem A].

(1) = (2): We write:
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» FB for the category of finite sets and bijections.
« Indfy, for the left adjoint of the restriction functor Reskk : FI-Mod — FB -Mod.
o W:=H\ (V).

Then there is a short exact sequence

() 0— K — Indfg(W) > V-0

for some FI-module K. Here Indg}g(W) is Hgl—acyclic [3, Lemma 2.3]. Moreover,
the Hgl—image of the epimorphism in () is the identity map HgI(V) — HgI(V).
Thus applying Hgl to (7), the associated long exact sequence splits into isomor-
phisms

HIY, (V) = HY(K)

for every i > 0. In particular, we have
t(K)=ti11 (V) <reg(V)+i+1<o00

for every i > 0, so K is presented in finite degrees. Consequently 2™**(K) < oo by
[6, Proposition 2.9, part (4)] and [6, Theorem 2.10]. We will be done once we show

H (Indbk (W) =0,

because applying H?n to (1), the long exact sequence yields 2™ (V) =h™**(K). The
last claim follows from W being the direct product of FB-modules each supported
in a single degree, and the functors Indfg, H, commuting with direct products (for
instance, the former via [5, Definition 2.2.2] and the latter via [11, Definition 5.4])
together with [1, Theorem 2.4].

(2) = (3): We employ induction on §(V): if §(V) = —1, then V = H&(V) is

torsion and so
deg(V) = h%(V) < h™™(V) < oo.

Thus V is presented in finite degrees by Corollary 2.3. Next, assume §(V) > 0.
We can apply Proposition 2.6 to V to conclude /™*(AV) < co. We also have
8(AV) <6(V) —1, therefore AV is presented in finite degrees by the induction
hypothesis. We conclude by applying Proposition 2.5. ([

Theorem 2.12. For every pair of integers r > —1, L > 0, we have

Poly, (r, L) = {Ve FL-Mod - V is presented in finite degrees, }

S(V)y<r,and ™™ (V)<L —1

Proof. We fix L > 0 and employ induction on . For the base case r = —1, we first
let Ve Poly,(—1, L), thatis, deg(V) < L —1. Then V is torsion so §(V) = —1, and
by Corollary 2.3 V is presented in finite degrees with A™**(V) < L — 1. Conversely,
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suppose V is presented in finite degrees, §(V) < —1, and A™*(V) < L — 1. Then
V is torsion, so H%(V) =V has degree < L — 1.
For the inductive step, fix r > 0 and assume that we have

Poly, (r — 1, L) = { U € FI-Mod - U is presented in finite degrees, }

S(U)y<r—1l,and h™*(U) <L —1
Next, let V € Poly, (r, L), so by Definition 1.1, hO(V) <L-—1and
AVePoly,(r —1,L).

By the induction hypothesis, we conclude the following.

o AV is presented in finite degrees: it follows that V is presented in finite degrees
by Proposition 2.5.

e §(AV) <r —1: this means A’ AV = A"tV is torsion, so §(V) < r.

o h™*(AV) < L —1: by part (2) of Corollary 2.7, we have h™*(V) < L — 1.
Conversely, let V be an FI-module which is presented in finite degrees, §(V) <r,
and A™**(V) < L — 1. We observe:

e A"tV = A" AV is torsion, so §(AV) <r — 1.

» By Proposition 2.5, AV is presented in finite degrees.

e M¥*(AV) < L —1 by part (1) of Corollary 2.7.

Therefore by the induction hypothesis, we get AV € Poly,(r — 1, L) and hence
V € Poly, (r, L) by Definition 1.1. U

Proof of Theorem A. Immediate from Theorems 2.12 and 2.11. ([

Theorem 2.13. For every pair of integers r > —1, M > 0, we have

Poly, (r, M) = {Ve FI-Mod - V is presented in finite degrees, }

3(Vy<r,andreg(V) <M —1

Proof. We fix M > 0 and employ induction on r. For the base case r = —1, we first
let Ve Poly,(—1, M), thatis, deg(V) < M —1. Then V is torsion so § (V) = —1, and
by Corollary 2.3 V is presented in finite degrees with reg(V) < M — 1. Conversely,
suppose V is presented in finite degrees, 6 (V) < —1, and reg(V) < M — 1. Then
V is torsion, so H%(V) =V has degree < M — 1 by Theorem 2.1.

For the inductive step, fix r > 0 and assume that for every M’ > 0 we have

Poly,(r — 1, M') = { U € FI-Mod - U is presented in finite degrees, }

S(U)y<r—1,andreg(U) <M’ —1
Next, fix M > 0 and let V € Poly, (r, M), so by Definition 1.3, hO(V)y<M —1 and
AV e Poly,(r — 1, max{0, M — 1}).
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By the induction hypothesis, we conclude the following.

o AV is presented in finite degrees: it follows that V is presented in finite degrees
by Proposition 2.5.

¢ 8(AV) <r — 1: this means A" AV = A"V is torsion, so §(V) <.
e reg(AV) <max{—1, M —2}.

Three possibilities arise:

(1) Vis Hgl-acyclic. Thenreg(V)=-2<M — 1.

(2) Vis not Hgl—acyclic and crit(V) = 0. Here the definition of critical index

immediately yields
reg(V)=h%(V) <M —1.

(3) Visnot Hgl—acyclic and crit(V) > 1. Part (2) of Proposition 2.10 yields
1 <reg(V) =reg(AV)+1 <max{0, M — 1}.
Hence M — 1 >0 and reg(V) <M — 1.

Conversely, let V be an FI-module which is presented in finite degrees, §(V) <r,
and reg(V) < M — 1 (in particular, Wvy<m—1 by Theorem 2.1). We observe:

o A"V = A”AV is torsion, so §(AV) <r — 1.
» By Proposition 2.5, AV is presented in finite degrees.

o Either Vis Hgl-acyclic and hence so is AV (see the discussion in [6, Section 2.3])
and reg(AV) = —2, or V is not Hgl-acyclic so that

0<y(V)—1<reg(V)<M-—-1

by [1, Corollary 2.9], and reg(AV) < M — 2 by part (1) of Proposition 2.10. In
both cases we have reg(AV) < max{—1, M —2}.

Therefore the induction hypothesis yields AV € Poly, (r — 1, max {0, M — 1}). We
also have i°(V) <M —1,s0 Ve Poly, (r, M) by Definition 1.3. O

Proof of Theorem B. Immediate from Theorems 2.13 and 2.11. ([

Twisted homological stability.

Proof of Theorem C. By Theorem 2.12, V is presented in finite degrees, §(V) <r,
and h™*(V) < L — 1. Hence by [1, Theorem 2.6], the triple (V, L — 1, r) satisfies
[1, Hypothesis 1.2]. Noting that

r> |_LT_1-| if and only if L < 2r,
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by [1, Theorem C] we have
-2 if L =0,
reg(V) < L if L > max{1, 2r},
r+|H ifl<L<o2r

Thus by Theorem B, we have

Poly, (r, 0) if L =0,

Ve §Poly,(r, L+ 1) if L > max{1, 2r},
Poly,(r,r + |5 +1) if1<L <2r.

Consequently by [18, Theorem A], for every k£ > 0 the map
Hi (G Vn) g Hk(6n+1; Vn+1)
is an isomorphism for

2k+r+1 if L=0,
n>12k+L+2 if L > max{1, 2r},
2k+r+|H+2 ifl<L<2r

and a surjection for
2k +r if L=0,
n>32k+L+1 if L > max{l1, 2r},
2k+r+|E+1 if1<L <2

It remains to improve the bounds in the case L > max{1, 2r — 1} to
e n > max{2k +2r + 1, L} for the isomorphism range,
e n > max{2k + 2r, L} for the surjection range.

To that end, we induct on r. For the base case r =0, by [1, Theorem 2.11] there
is an Hgl-acyclic I with 6(/) <0 and a map V — [ which is an isomorphism in
degrees > L. As Al is torsion but also is Hgl—acyclic, we have Al = KI =0, in
other words / — [ is an isomorphism. Thus 7, is the same trivial &, -representation
for every n > 0 (namely the abelian group I with the trivial G,-action). Now by
[15, Corollary 6.7], for every k > 0 the map

Hi (Sy; 1o) = Hi(Sp415 Lo)
is an isomorphism for n > 2k. Thus for every k > 0, the map
Hi (&5 Vi) = Hi(Spt15 Vat1)

is an isomorphism for n > max{2k, L} (which is better than what the base case de-
mands: an isomorphism for n > max{2k+1, L} and a surjection for n > max {2k, L}).
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Next, take r > 1 and assume that every FI-module U € Poly, (r, L — 1), that is,
by Theorem 2.12, every U presented in finite degrees with §(U) < r — 1 and
h™*(U) < L — 1 satisfies’ the following: for every k > 0 the map

Hi (6,5 Uy) — Hk(6n+1§ Un+1)

is an isomorphism for
n>max{2k+2r —1, L}

and a surjection for
n > max{2k +2r —2, L}.

In particular by [6, Proposition 2.9, part (7)], this applies to
U :=coker(V — ELV).

In degrees n > L, writing [ := >LV, we have a short exact sequence
0O—-V,—-1,—-U,—0

of &,,-modules, and the associated long exact sequence in H,(&,; —) maps to
that of H,(&,+1; —). More precisely, suppressing the symmetric groups in the
homology notation, there is a commutative diagram

Hip1(1y) ——— Hiy1 (Up) ——— Hi (V) ——— Hi(Ip) —— Hyx(Uy)

Hiv1(Ing1) — Hi1 (Ung1) —— Hie (Vi) —— Hie (1) —— Hi(Up1)

of abelian groups with exact rows. We observe:

e As I is Hgl-acyclic and 6 (1) <r, then I € Poly,(r, 0) and so for every k > O the
map p is an isomorphism for n > 2k 4+ r 4 1 and a surjection for n > 2k +r.

» By the induction hypothesis on U, for every k > 0 the map v is an isomorphism
for n > max{2k 4+ 2r — 1, L} and a surjection for n > max{2k +2r — 2, L}.

Therefore we have:

» By the five-lemma, A is an isomorphism provided that v, and uy are isomor-
phisms, w1 is surjective, and vy is injective: these are guaranteed in the range
n > max{2k 4+2r 4+ 1, L} (noting 2(k+ 1) +r <2(k+1) +2r — 1 because r > 1).

» By one of the four-lemmas, A is surjective provided that v;; and py are surjec-
tive, and vy is injective: these are guaranteed in the range n > max{2k 4 2r, L}. [J

3Here the inequality L > max{1, 2(r —1) —1} is guaranteed as we are assuming L > max{1, 2r —1}.
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3. Application to congruence subgroups
Proof of Theorem D. By [1, Theorem 4.15], we have

* 8(Hi(GL4(R, I); A)) < 2k, and
2s4+3  ifk=1,

e reg(Hy(GLo (R, I); A)) <
reg(Hy (GL4 ( )A))<{4k+2s if k> 2.

We now consider the groupoid G := SL¥(R/I) in order to follow the argument and
notation in [12, proof of Theorem 1.4], with the following adjustment: Declare a
new FI-module V via
Ve = {Hk(GLs(R, 1); A) if |S| = no,
0 if | S| < no,

so that by part (1) of Remark 1.7, V extends to a UG-module. Note that as an
FI-module by construction there is a short exact sequence

0—-V —> Hy(GLs(R,I); A)—>T — 0,

with deg(T) <ng—1 < 2s+2. Invoking Corollary 2.3, applying Hom the associated
long exact sequence here yields

hY(V) < h°(Hy(GL4(R, 1); A)),

h'(V) < max{deg T, h' (Hi(GL4(R, I); A))}.

R/ (V) =h’/ (Hi(GL4(R, I); A)) if j > 2.

Thus if 2/ (V) > 0 for j # 1, we have h/ (Hy(GL4(R, I); A)) > 0 and hence

2s+3  ifk=1,

h/ (V) + j < h! (H(GL(R, I): i <
(V) +j < h/(Hg(GL4( )A))+1_{4k+2s itk

by Theorem 2.1 applied to Hy(GL,(R, I); A). If h'(V) > 0, there are two possibil-
ities:

o W' (Hi(GL(R, I); A) < deg T'. Then HVy+1< degT +1<2s43.

o h'(Hy(GL,(R, I); A) > deg T. Then h'!(H;(GL,(R, I); A)) > 0 and hence by
Theorem 2.1,

2s+3  ifk=1
(V) +1 <h' (H (GLJ(R, I); A))+1< ’
(V)+1=<h (Hp(GL.(R, I); A)) + _{4k+2s k>0,

Applying Theorem 2.1 to V now, we get

2s+3  ifk=1,

V) <
reg )_{4k+2s ifk>2.
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By [6, Proposition 3.3] we also have § (V') <2k. Thus by Theorem B and Remark 1.4,
and in the sense of [12, Definition 2.40], V has polynomial degree < 2k
2s+3  ifk=1,

in ranks > ]
{4k+2s if k > 2.

(1) By [12, Remark 2.42], V has the same polynomial degree and rank bounds as
a UG-module.

(2) Noting that st-rank(R/I) <s as well [2, Lemma 4.1], by [12, Proposition 2.13],
the category UG satisfies H3(2, s 4+ 1).

Therefore by [12, Theorem 3.11], we have

~G max{2s +i+4, s +2i + 3} ifk=1,
H;(V),=0 forn> ) ) .
max{4dk +2s+i+1,2k+s+2i+1} ifk>2,

and in particular
2s+3  ifk=1,
4k +2s ifk>2,

2s +4 ifk=1,
4k +2s+1 ifk>2.

0,(v),=0 forn> {

A (V), =0 forn> {

Noting that the definitions of ﬁf in [13, Definition 3.14] and [12, Definition 2.9]
are consistent with each other, the vanishing above corresponds to a coequalizer
diagram of the form

Indg V,—» =Indf" Vi_i— V,

of ZG,-modules whenever
- 25 +5 ifk=1,
T 4k4+2s4+2 ifk>=2

by [13, Remark 3.16]. In this range, we have n — 2 > 25 4+ 3 > nyg, so that
Vi =Hip(GL;(R, I); A) forje{n—2,n—1,n}. O
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A LIFT OF WEST’S STACK-SORTING MAP
TO PARTITION DIAGRAMS

JOHN M. CAMPBELL

We introduce a lifting of West’s stack-sorting map s to partition diagrams,
which are combinatorial objects indexing bases of partition algebras. Our
lifting .~ of s is such that .7 behaves in the same way as s when restricted to
diagram basis elements in the order-rn symmetric group algebra as a diagram
subalgebra of the partition algebra 335 We then introduce a lifting of the
notion of 1-stack-sortability, using our lifting of s. By direct analogy with
Knuth’s famous result that a permutation is 1-stack-sortable if and only if it
avoids the pattern 231, we prove a related pattern-avoidance property for
partition diagrams, as opposed to permutations, according to what we refer
to as stretch-stack-sortability.

1. Introduction
For a permutation p in the symmetric group S,,, we write
ey p=LnR,

letting p be denoted as a string or tuple given by the entries of the bottom row of
the two-line notation for p. We then let West’s stack-sorting map s [6; 7; 8; 9; 10;
11; 12; 13; 14] (compare [27]) be defined recursively so that

(@) s(p) =s(L)s(R)n

and so that s maps permutations to permutations and sends the empty permutation
to itself. Our notation and terminology concerning this mapping are mainly based
on references such as [6; 7; 8; 9; 10; 11; 12; 13; 14]. In this article, we introduce
a lifting of s so as to allow combinatorial objects known as partition diagrams as
input.

The problem of generalizing West’s stack-sorting map has been considered
in a number of different contexts. Notably, the stack-sorting map s has been
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generalized to Coxeter groups [12] and to words [13], and Cerbai, Claesson, and
Ferrari generalized

3) s:S,—> S,

to a function s, : S, — S, for a permutation pattern o [5], so that s = 5o, with a
related generalization of s having been given by Defant and Zheng in [14]. Since s is
defined on permutations, it is natural to consider generalizing this mapping using
“permutation-like” combinatorial objects. The bases of the partition algebra &%
generalize the bases of the order-n symmetric group algebra in ways that are of
interest from both a combinatorial and an algebraic perspective, and this leads us
to consider how partition diagrams, which index the bases of @5 , may be used to
generalize West’s stack-sorting map. We generalize, in this article, s: S, — S, to a
mapping . : Z, - &, from the partition monoid &2, to itself such that . restricted
to permuting diagrams behaves in the same way as s. We then apply our lifting .7
to determine an analogue of a famous result due to Knuth [20, Section 2.2.1] on
1-stack-sortable permutations.

The representation theory of ﬁﬁ is intimately linked with that for the n!-dimen-
sional symmetric group algebra. Indeed, there is so much about the representation
theory of ,@5 and associated combinatorial properties of 25 that are directly derived
from or otherwise based on the representation theory of the algebra span(S,) and
associated combinatorics [2; 3; 17; 18; 22; 23; 25]. The Schur—Weyl duality given
by how the bases of & generalize the bases of span(S,,) is of importance in both
combinatorial representation theory and in the areas of statistical mechanics in
which partition algebras had originally been defined by Martin [21; 22; 23; 24] and
Jones [19]. The foregoing considerations are representative of the extent to which
partition diagrams generalize permutations in a way that is of much significance in
both mathematics and physics. This motivates our lifting West’s stack-sorting map
so as to allow partition diagrams, in addition to permutations, as input.

Preliminaries. To be consistent with the notation in references as in [6; 7; 8;
9; 10; 11; 12; 13; 14] for indexing symmetric groups and maximal elements in
permutations, as in (2) and (3), we let the order of a given partition algebra/monoid
be denoted as in the order of the symmetric group shown in (3). In particular,
following [16], we let the partition monoid of a given order be denoted as &,, and
we let the corresponding partition algebra with a complex parameter & be denoted
as 2%, These structures are defined as follows.

We let 2, consist of set-partitions p of {1,2,...,n,1’,2',...,n’} that we denote
with a two-line notation by analogy with permutations, by aligning nodes labeled
with 1,2, ...,n into an upper row and nodes labeled with 1',2/,...,n" into a
bottom row, and by forming any graph G such that the set of components of G
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equals p. Graphs of this form, denoted in the manner we have specified, are referred
to as partition diagrams, and two such partition diagrams are considered to be the
same if the connected components are the same in both cases. The components of
the graph G given as before are referred to as blocks.

Example 1. The set-partition {{1, 4}, {2, 3,4/, 5}, {5}, {1/, 3'}, {2}} may be de-

noted as
@)

o 0 O

or, equivalently, as

o 0 O

Following [18], we let the underlying field for partition algebras and symmetric
group algebras be C, as C being algebraically closed is of direct relevance in terms
of the study of the semisimple structure for partition algebras [18]. We may let the
symmetric group algebra of order n be denoted by taking the linear span span(sS,),
or, more explicitly, spanc{o : o € §,}, of the symmetric group S,.

For two partition diagrams d; and d», we place d; on top of d, so that the bottom
nodes of d; overlap with the top nodes of d;, then we remove the central row in
this concatenation d; * d, in such a way so as to preserve the relation given by
topmost nodes being in the same component as bottommost nodes in d; *d;. We
then let d; o d; denote the graph thus obtained from this concatenation. This is the
underlying multiplicative operation for partition monoids.

Example 2. Borrowing an example from [16], we let d; be as in Example 1, and

we let dy be as below:
e i 04

We may verify that the monoid product d; o d5, in this case, is as below [16]:

%
o o

For a complex parameter £, we endow the C-span of &7, with a multiplicative
binary operation as did, = £%d, o d», where £ denotes the number of components
contained entirely in the middle row of d; * d,. By extending this binary operation
linearly, this gives us the underlying multiplicative operation for the structure known
as the partition algebra, which is denoted as 225. The set of all elements in &, as
elements in 225, is referred to as the diagram basis of 5.
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Although the algebraic structure of 225 will not be used directly in this article, it
is useful to define 2% explicitly, since we are to heavily make use of an algebra
homomorphism defined on partition algebras and introduced in [4], and it is often
convenient to use notation and terminology associated with ﬁf or its algebraic
structure, e.g., by referring to the diagram basis of 5.

For a partition diagram m, the propagation number of w refers to the number of
blocks in 7 containing at least one vertex in the top row and at least on vertex in the
bottom row. So, there is a clear bijection between the set of all permutations in S,
and the set of all diagrams in &7, that are of propagation number n. In our lifting
West’s stack-sorting map to the partition monoid, to be consistent with two-line
notation for permutations and with (1), we let a permutation

@ p:{1,2,...,n}—>{1,2,...,n}
be in correspondence with the partition diagram 7 given by the set-partition

) {L P} 2, p@)'), .. {n, p)'},

although it is common to instead let a permutation p be mapped to the partition
diagram obtained by reflecting & vertically.

2. A lift of West’s stack-sorting map

As Defant and Kravitz explain in [13], there is a matter of ambiguity in the problem
of lifting the mapping s so as to allow words involving repeated characters. We
encounter similar kinds of problems in terms of the problem of lifting s so as
to allow partition diagrams, as opposed to permutations written as permutation
diagrams, as the argument. This is illustrated below.

Example 3. According to the embedding indicated in (5), we let the permutation
(1373) be written as

If we visualize the block {2, 3’} being removed and placed on the right of a resultant
configuration, by analogy with how the permutation (1) gets mapped to the right-
hand side of (2) under the application of West’s stack-sorting map, there is a clear
way how this removal “splits” the permutation diagram in (6) into a left and a right
configuration by direct analogy with (1), and part of the purpose of our procedure
in the next subsection is to formalize this idea in a way that may be extended to all
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partition diagrams. In contrast, if we remove, for example, the rightmost block of

where the above coloring is to distinguish the blocks in the partition diagram
depicted, then the block highlighted in green is not strictly to the left of the rightmost
block, since there are green nodes to the left and right of a red node in the upper row.

To lift the recursive definition for s indicated in (2) so as to allow members of &2,
as the input for an extension or lifting of s, and to deal with the matter of ambiguity
explained in Example 3, we would want to mimic (2) by allowing the possibility
of “middle” configurations, as opposed to the left-right dichotomy indicated in (1)
and (2). We formalize this idea below.

A procedure for stack-sorting partition diagrams. Define .%,: &, — £, accord-
ing to the following procedure, for an arbitrary partition diagram 7 in &2,. We
order the bottom nodes of a given partition diagram in &2, in the natural way, with
1" <2 <--- < n'. For the sake of convenience, we may write .7 = .7,.

(1) If there are no propagating blocks in 7, skip the below steps involving propa-
gating blocks.

(2) Take the largest bottom node of 7 that is part of a propagating block B. This
propagating block separates 7 into three (possibly empty) classes of configurations
according to how the top nodes of & are separated by removing B. Explicitly, we
define .2, A\, A, . .., M, and Z as follows, by direct analogy with (1). We may
denote .Z, .#;, and % as diagrams in &?,. The blocks of .Z (resp. #) consist of
one of the following:

o Any blocks of w with upper nodes that are all strictly to the left (resp. right)
of all of the upper nodes of B.

» Any nonpropagating blocks of 7 on the bottom row of = with nodes that are
all strictly to the left (resp. right) of all of the lower nodes of B.

 Singleton blocks.
The blocks of expressions of the form .#; consist either of

« any blocks of 7 that do not satisfy either of the first two bullet points listed
above, or

« singleton blocks.

We order .#\ < > < --- < .#, according to the ordering of the minimal
elements, subject the ordering whereby 1’ <2’ <---<n’'<1<2<--- <n. We
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then let B” denote the partition diagram obtained from B by adding any singleton
nodes so as to form a partition diagram in &7,. With this setup, we write

®) S () =S(L)Q L (M)O--- QS (M) O S (X#) OB,

where the associative binary relation © is to later be defined.

(3) Repeatedly apply the above step wherever possible, i.e., to the expressions in
or derived from (8) given by . evaluated at a partition diagram.

(4) The above steps yield a ®-product of expressions of the forms

C)) S(N1), ..., #(Ny,) and Bj,...,B,

my’

not necessarily in this order, for nonpropagating diagrams N;, and where each
expression of the form B} is a partition diagram with exactly one propagating
block and with singleton blocks anywhere else. The factors of the aforementioned
®-product indicated in (9) are ordered in the following way: B} is the j-th factor
of the form B, appearing in this O-product, and .7 (N;) is the i-th factor of the
form .7 (N,) appearing in this ©-product. The operation © indicates that the
following is to be applied. We label the top nodes in the propagating block in B
from left to right with consecutive integers starting with 1, and we then label the
top nodes in the propagating block in B} with consecutive integers (starting with 1
plus the number of top nodes in the propagating block in B/), and we continue in
this manner. We then continue with this labeling, by labeling any nonpropagating
blocks of size greater than 1 in the top row of the N;-expressions, in order of the
nodes as they appear among consecutive N;-diagrams. If there are any unused labels
for the top row, label singleton blocks in the upper row with these leftover labels.
However, for the bottom nodes of any nonsingleton blocks from 7, we let these
bottom nodes keep their original labelings (and if necessary we add in singleton
blocks in a bottom row to form a partition diagram based on the preceding steps).

(5) As indicated above, the above steps produce an element in £2,,. We set . (1)
to be this element.

Example 4. Let 7 denote the partition diagram

Q_0O o
(10)

©)
in &g corresponding to the set-partition

{{1, 2},{3,5,7,2,4,6'},{4,3'}, {6, 7'}, {8}, {1'}, {5, 8/}}.

The largest bottom node of 7 that is part of a propagating block B, in this case, is 7/,
and B is {6, 7'}. For the sake of clarity, we highlight this block in the following
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m

©)

The blocks of . are highlighted in cyan as below (with the propagating block B
again highlighted in a different color for the sake of clarity).

m

(@)

We find that there is only one expressions of the form .#;, and we may denote this
expression as .#. The blocks of .# are highlighted in green as below.

P
®)

We see that # consists of only one block, which is highlighted in orange, as below.

m
@)
So, according to our lifting of West’s stack-sorting map, we obtain the following,

where singleton nodes colored black indicate that these singleton nodes have been
“added in” according to the above given procedure.

manner:

S(r) =
e_© y e 6 0 o

S ©)
@ o e 6 6 0 o
o o o o ()

S ©)
() ) ()
® ©6 6 06 0 0 0 O

S ©)
® ©6 6 06 0 0 0 O
e 6 06 0 o \: ()
® 6 6 06 0 o ()

Now, let us repeat the given procedure to the first .#-factor on the right-hand side
of the above equality, and then to the resultant .-factor involving an argument
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with a block of size 6. This results in the following equality:
L) =
QO 6 6 o o o o

] [ [ o o
® & 6 6 6 6 o O

® 6 6 6 6 o o
e 6 6 o o .\. [
® &6 6 o6 o o [
So, we have determined a ®-product of expressions of the forms indicated in (9).
Now, apply the labeling indicated as follows, according to our procedure.
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So, this shows us how the partition diagram in (10) gets mapped to
a_©O O

©)

according to our sorting map.

Sorting permuting diagrams. Since we claim that our sorting map .%/: &, — 2,
lifts (3), it would be appropriate to formalize and prove this claim, as in Theorem 5
below and our proof of this theorem. We proceed to briefly review some prelimi-
naries concerning Theorem 5.

Our convention for mapping permutations to permutation diagrams, as indicated
in (5), is to be used consistently throughout our article. Again, this convention is
consistent with the notation for West’s stack-sorting map indicated in (1), since
it mimics two-line notation for permutations. We are to extend, as below, this
embedding so as to be applicable to expressions as in L and R in the permutation
decomposition shown in (1).

The rook algebra is a subalgebra of 95 that is spanned by partial permutations.
Partial permutations are diagrams that consist of blocks of size 1 and blocks of
size 2 that consist of a vertex in the top row and a vertex in the bottom row [17].
Following [28], the expression Rd denotes the set of all rook k-diagrams. Similarly,
for each r € Z satisfying 0 < r < k, the expression Rd,[r] denotes the set of rook
k-diagrams with precisely r singleton vertices in each row. Given a permutation
decomposition of the form indicated in (1), we can identify L (resp. R) with a
partial permutation such that the primed elements in any 2-blocks in this partial
permutation are the primed versions of any numbers in L (resp. R) and in such a
way so as to agree with the two-line notation indicated in (1). Explicitly, if L is
empty, we let it be mapped to the partition diagram in &, consisting of singleton
blocks, and if we write

L=0hl-- Ly,
we may identify L with the partition diagram with 2-blocks of the forms

7' A @) Y T ew) L))

and with singleton blocks everywhere else, and similarly for R. This agrees with
our convention indicated in (5) for embedding S, into £2,.

Again with reference to the permutation decomposition in (1) we may identify
the expression n with a partial permutation and in a similar fashion as above, with
the understanding that this expression is part of the concatenation in (1). Explicitly,
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we would identify n with the partition diagram given by the set-partition

(1) {tp~ ), n'pu
(12) {{x}:xeN, 1§x§n,x7ép_l(n)}u
(13) {{x}:xeN, 1 <x <n, x #n}.

As illustrated in Example 4, for permutation diagrams ;| and m», if 7, consists
entirely of singleton nodes then .77 (7r1) © 7 (m2) = S (m2) © L (1) = Z(7r1). This
algebraic property is to be used in our proof of Theorem 5.

Theorem S. Let p be a permutation in Sy, and let w denote the corresponding
partition diagram according to (5). Then 7 (w) equals the partition diagram
corresponding to s(p).

Proof. As above, we let p € §,,, writing p: {1,2,...,n}— {1,2,..., n}. As above,
we let w denote the partition diagram corresponding to (5), i.e., so that the set
of blocks of 7 is (5). With respect to the notation in (8), the expression .7 (%)
(resp. .7 (%)) is equal to . evaluated at a diagram obtained from 7 by taking any
blocks consisting of a bottom node that is labeled the primed version of a number to
the left (resp. right) of n in the sense indicated in (1), i.e., a number in L (resp. R)
according to the notation in (1) for a permutation p € S,,. Since 7 is a permutation
diagram, any .#-expression consists entirely of singleton nodes. So, the product
in (8) reduces to

14) S (r)=S(L)O S (%) OB

As indicated above, .Z (resp. %) is precisely the partition diagram given by embed-
ding L (resp. R) into &?,. Similarly, B’ is precisely the partition diagram given by
embedding the factor » in (1), in the manner indicated in (11)—(13). So, letting it be
understood that the factors in (1) and the left-hand side of (1) may be identified with
their respective embeddings, we find that the ©-product in (14) may be written as

F(p)=#(L)O.#(R)On.

By comparing both sides of the above decomposition with both sides of the decom-
position in (2), an inductive argument provides us with the desired result. ([l

Since we have lifted West’s stack-sorting map so as to allow partition diagrams in
addition to permuting diagrams as input, this leads us to consider how fundamental
properties concerning the s-map (3) may be “translated” according to our lifting. In
particular, we are led to desire to generalize Knuth’s classic result that a permutation
is 1-stack-sortable if and only if it avoids the pattern 231.

The intricate combinatorial structures and behaviors associated with our lifting .7
of West’s stack-sorting map are investigated in Section 3 below. Such investigations
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are inspired by the extent of mathematical interest concerning the beautiful combi-
natorics, at both a structural and enumerative level, associated with an important
variant of the s-map referred to as pop-stack sorting for permutations, with reference
to the work of Asinowski et. al. [1].

3. Pattern avoidance

We again let p € S, be written as a mapping in the manner indicated in (4). In
the context of the study of pattern avoidance in permutations, it is often desirable
to denote p using an n x n grid in the Cartesian plane. For example, if we begin
by letting a permutation p € S3 be denoted in the manner indicated in (1), writing
p =312, we may let this be denoted using the n x n grid below.

More generally, we may denote a permutation

p=p)pQ2)---pn)

with an n x n array such that an (i, j)-entry is nonempty if and only if (7, j) is of the
form (k, n— [f1 (k)+1) for some index k, and where an (k, n — p~! (k) +1)-entry is
highlighted in some way, as above. We say that a permutation p = p(1)p(2) - - - p(n)
contains the pattern 231 if there exist indices &y, k», and k3 such that k; < ky < k3
and such that the entries

(15) (ki,n—p~ (k) + 1),
(16) (ka,n—p~ (k) + 1),
(17) (ks,n— p~ (k) + 1),

satisfy the following in the n x n array we use to denote p: Point (15) is strictly
below (16) and is strictly above point (17). In other words, the n x n array cor-
responding to p contains a pattern that is equivalent, in the sense that we have
specified, to the following configuration:

A permutation is said to avoid the pattern 231 if it does not contain this pattern.
In a similar fashion, we may characterize or define a permutation that avoids the
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pattern 12 as a decreasing permutation, i.e., a permutation of the following form:

Correspondingly, an increasing permutation is of the form shown below, i.e., it is
an identity permutation:

A permutation p is said to be ¢-stack-sortable if

soso---05(p)

t

is increasing; see [9; 13] for related research that has inspired much about this
article.

The concept of a 231-avoiding permutation is of considerable interest for the
purposes of this article, so it is worthwhile to illustrate a permutation of this form.
In this regard, we see that the permutation corresponding to

(18)

avoids the pattern 231. So, according to Knuth’s characterization of 1-stack-sortable
permutations, we would expect the permutation illustrated in (18) to be 1-stack-
sortable. It is worthwhile for our purposes to illustrate this.

Example 6. Being consistent with the notation in (1), the permutation p € Sg
depicted in (18) may be written as 543216. According to the recursion shown in (2)
for West’s stack-sorting map, we obtain

s(p) = 5(543216) = 5(54321)6 = 5(4321)56
— 5(321)456
= 5(21)3456 = 5(1)23456 = 123456.
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So, since s(p) is the identity permutation in S¢, we have that p is 1-stack-sortable.

The main goal of our current section is to generalize the following groundbreaking
result due to Knuth, which, as indicated in [9], was the starting point for the study
of both stack-sorting and pattern avoidance in permutations.

Theorem 7 [20]. A permutation is 1-stack sortable if and only if it avoids 231
(compare [9]).

So, in view of our lifting . of the mapping s, what would be an appropriate way
of generalizing Theorem 7 according to the mapping .? In particular, how can
the concept of “1-stack-sortability” be translated in a meaningful way so as to be
applicable with respect to .#? To answer these questions, we are to make use of a
morphism on partition algebras that we had previously applied in a representation-
theoretic context [4].

Stretch morphisms. To illustrate the problem of determining a suitable analogue of
Theorem 7 according to our lifting . of West’s stack-sorting map, let us consider .
evaluated at a permuting diagram that is 1-stack-sortable.

Example 8. We see that the permutation 312 avoids the pattern 231. So, let us
consider .7 evaluated at the permutation diagram corresponding to 312, as below.

(19) f?§<=
AN
RS

Following through with the procedure introduced in Section 2, we obtain that
identity permutation diagram in £?3 shown below.

[[]

From Theorem 5 together with Example 8, given a partition diagram 7 € £, to

generalize the notion of 1-stack-sortability in an applicable and meaningful way, it
would be appropriate to use a condition whereby . (7r) belongs to a fixed class of
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generalizations of the multiplicative identity element

n

in &,. This leads us to apply, as below, a morphism on partition algebras introduced
in a representation-theoretic context in [4].

Since our lifting of West’s stack-sorting map applies to partition diagrams in
general, as opposed to, say, rook diagrams, it would be appropriate to allow nonrook
diagrams in our lifting of the concept of 1-stack sortability. However, our lifting
of s: S, — §, is such that it preserves the sizes of blocks in a partition diagram
(but not necessarily the arrangement or ordering of the blocks). So, it would be
appropriate to let a partition diagram be mapped, under .7, to a generalization
of (20) allowing for the possibility of blocks other than 2-blocks. In this regard, we
are to employ what is referred to as the Stretch morphism for partition algebras, as
introduced in [4].

Let S be a finite set of natural numbers. Let 7 be a set-partition of SU S’. Let k
be a natural number such that £k > max(S§). Following [4], we write §;(;7) to denote
the diagram basis element in @f corresponding to the set-partition given by adding
blocks of the form {i, i’} to 7, where i is a natural number such thati ¢ S and i < k.
Again, following [4], we let o = (a1, @2, . . ., 0tg(«)) be a set-composition of a finite
set of natural numbers (referring to [4] for details on combinatorial terms related to
Stretch morphisms), and we write m = £(«), and set k > max(U a). As in [4], we
define

21 Stretchy i : 951 — ,@,f
in the following manner.

Let d, be a member of the diagram basis of Py Let w = {1, o, oo, ey )
Then

(22) Stretchy  (dy) = (Sk({ U auUlUeae:1<j< E(n)}).
[€m; i'em;
i is unprimed
We may extend this definition linearly as in [4] so as to obtain an algebra homo-
morphism, but this is not important for our purposes.

An interesting feature concerning the problem of generalizing 1-stack-sortability
by generalizing (3) so as to allow partition diagrams as the arguments of a lift-
ing/extension of the s-map may be explained as follows. By enforcing different con-
ditions on how (20) should be generalized in order to generalize 1-stack-sortability,
say, in the context of a given application, this gives rise to different families of
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combinatorial objects in the study of the classification of partition diagrams that
reduce to a specified generalization of (20), under the application of ..

Definition 9. We say that a partition diagram 7 is stretch-stack-sortable if . (1)
is the evaluation of a Stretch map on an identity permutation diagram.

To begin with, we illustrate the effect of applying (22) to the multiplicative
identity elements in a partition algebra.

Example 10. With regard to the notation in (22), we let d,; be the partition diagram
corresponding to

(23) m={{1,171{2,2}, (3.3 (4. 4}}.

Define « as the set-composition ({1, 2}, {3}, {5, 6, 7}, {4}). Observe that the length
of « equals the order of d,;, in accordance with the definition in (22). Let us consider
the j = 3 case within the family of the argument of §; indicated in (22), letting the
elements in 7 be ordered in the manner we have written these elements in (23). So,
the element corresponding to this j = 3 case is

U aU o =a3Ua;=1{56,7,5,6,7}.
iens i'ems
i is unprimed

Continuing similarly with respect to the other possible values for the j-index, we
obtain that Stretch,, 7 evaluated at d,; is equal to

HILEA

Now, let us consider an illustration of a partition diagram satisfying the conditions
of Definition 9.

Example 11. According to the procedure in Section 2, we may verify the evaluation

AL

So, the argument of .7, in this case, is stretch-stack-sortable.

b

Example 12. We also find that

it stretch-stack-sortable.
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Examples 11 and 12 illustrate the problem of classifying stretch-stack-sortable
partition diagrams. The importance of diagram algebras in both the study of alge-
braic groups and in the field of knot theory provides a source of further motivation
concerning our interest in lifting and generalizing the notions of stack-sortability
and pattern avoidance in permutations to basis elements in diagram algebras. The
following theorem appears to be the first direct step in this direction. The situation
indicated via the bullet points given in Theorem 13 formalizes how the notion of
avoiding the pattern 231 may be lifted from permutations to partition diagrams, in
a way that is directly applicable to lifting West’s stack-sorting map.

Theorem 13. A partition diagram 7 is stretch-stack-sortable if and only if :

(1) The only blocks of m are propagating.

(2) For each block of m, it has the same number of upper and lower vertices.

(3) For each block of 7, all of its lower nodes are consecutive as primed integers.

(4) Letting the blocks of  be denoted in the form C; U D for indices i, and where
C; and D; respectively denote the set of upper and lower nodes of a given block,
and writing

(24) Dj<Dj<--,

according to the consecutive primed integers labeling D, the situation indicated
via the following bullet points cannot occur.

« D; <D <Dj.

o By applying the procedure used to define .7, at the stage in this application
when le3 contains the greatest nonsingleton primed nodes, one of the following
Situations occurs:

o cither lez is part of an £ -configuration and D{l is part of an Z-configuration,
or

. lez is part of an £-configuration and lel is part of an .# -configuration, or
. lez is part of an .# -configuration and le] is part of an Z-configuration, or

. lez is part of an ./ ;-configuration and lel is part of an My-configuration,
with j < k.

Proof. (=) Let & be a stretch-stack-sortable partition diagram. The mapping .7 is
such that the number of blocks in a partition diagram p with u upper nodes and /
lower nodes is equal to the number of blocks in .(u) with u upper nodes and [
lower nodes. So, 7w cannot have any nonpropagating blocks, because, otherwise,
7 would have a nonpropagating block, contradicting that 7 is stretch-stack-sortable.
By using the same property of . that we have previously indicated, we have that
each block of 7 is such that it has the same number of upper and lower vertices.
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Let B be a block of m, and, by way of contradiction, suppose that it is not the
case that all of its lower nodes are consecutive as primed integers. According to
the procedure used to define .7, in . (;r), there would have to be a new block N
such that the labels for the lower nodes of N are the same as the labels of the
lower nodes of B and such that the upper nodes of N are consecutive integers. So,
there would be a block N in . (r) with consecutive integers labeling the upper
nodes of N and such that the lower nodes of N do not form a set of consecutive
primed integers. However, this is impossible for the stretch of an identity diagram.
Now, by way of contradiction, suppose that the situation indicated via the above
six bullet points occurs. In any out of the four possibilities corresponding to the
last four bullet points, the removal of the block containing le3 has the effect of
separating the partition diagram containing lel and lez in such a way so that
in the ®-product shown in (8), the block containing lel will be in an argument
of .7 strictly to the left of the factor in the ®-product given by . evaluated at an
expression involving lez. Consequently, the ordering of the positions of the bottom
nodes of D; and D; will be reversed, but then the top nodes corresponding to D;,
will be labeled with integers strictly smaller than the top nodes corresponding to D;l
in the evaluation of . (;r), giving us a crossing in the partition diagram .7 () that
would be impossible in the stretch of an identity partition diagram.

(«) Conversely, suppose that a partition diagram 7w € &2, satisfies all four of the
conditions listed above. We apply . to 7, so as to obtain a decomposition of the
form indicated in (8). Adopting notation from (8), we may deduce that the following
properties hold, again working under the assumption that the four conditions in the
theorem under consideration hold:

(i) The expression B’ consists, apart from singleton blocks, of a single propagating
block with the same number of upper and lower nodes, and such that the lower
nodes are labeled with consecutive primed integers ending with n’.

(ii) If we were to keep the labelings for the lower nodes as in 7/, then the labeling
for the lower nonsingleton blocks in the ®-decomposition in (8) would be in
the same order.

This latter property may be verified by a case analysis of the form suggested by
the last four out of the six bullet points given above. Repeating this argument
inductively, and mimicking notation from (9), we find that . (7)) may be written as
an O-product of the form

(25) BLORBO-- OB,

where each expression of the form B; consists of, apart from singleton blocks, only
one propagating block, and this propagating block has the same number of top
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nodes as bottom nodes and has consecutive primed integers as its bottom nodes;
moreover, the bottom nodes according to the ordering in (25) form the sequence

<2 <---<n.
So, a direct application of the labeling according to the definition for the ®-product
gives us a stretch of an identity partition diagram. U

Example 14. If we return to the partition diagram in & that is illustrated in (7)
within Example 3, we find that there is a propagating block containing the largest
bottom node 9'. Being consistent with our notation in (24), we write D} = {1’, 2/, 3'},
D), ={4,5,6'}, and Dy = {7, 8,9}, and we let the corresponding blocks in (7)
be denoted as C; U D, C,U D}, and C3 U D. We have that D} < D, < D}, but
when we apply the procedure used to define . to the partition diagram in (7), as
we remove the block C3U Dj, we find that D) is part of an .#-configuration and D]
is part of an .#-configuration, which is one of the forbidden patterns indicated in
Theorem 13. So, according to Theorem 13, the partition diagram in (7) should not
be stretch-stack-sortable, and we may verify that . evaluated at this same diagram
in (7) is equal to

=

being consistent with the coloring in (7). We see that the partition diagram in (26)
is not a stretch of any identity partition diagram.

4. Future work and applications

In regard to Knuth’s famous result that the number of 1-stack-sortable permutations
1

in S, is equal to the n-th Catalan number -~ (2;’) it would be desirable to obtain a
meaningfully similar result for counting the elements in &2, satisfying the conditions
in Theorem 13, i.e., the number of stretch-stack-sortable elements in &2,,. We leave
this as an open problem.

An advantage of our lifting of West’s stack-sorting map may be described as
follows. Since our mapping . may be evaluated at an arbitrary partition diagram,
this allows us to apply and experiment with different ways of generalizing stack-
sortability, based on different kinds of partition diagram generalizations of identity
permutations. We may obtain many further combinatorial results, relative to our
main results, through the use of variants and generalizations of Definition 9. For
example, what kinds of bijective and enumerative results can we obtain, relative to
the theorems introduced in this article, if we instead consider partition diagrams

that get mapped, under the application of .7, to stretches of rook diagrams with
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2-blocks of the form {i, i"}? What if nonrectangular and nonsingleton blocks are
allowed?

Many remarkable results and applications have concerned preimages under
West’s stack-sorting map, as in the work of Defant, Engen, and Miller in [15],
for example. What kinds of applications and combinatorial results can we obtain
concerning preimages under our lifting of s?

Since our definition for stretch-stack-sortability is a lifting of 1-stack-sortability,
this raises the question as to how the notion of 7-stack-sortability may be generalized,
according to our procedure from Section 2. The study of ¢-stack-sortability is widely
known to be much more difficult even for the ¢ = 2 case, relative to the t = 1 case;
see [26, Section 1.2.3], for example. In consideration as to Zeilberger’s renowned
proof [29] of West’s conjecture that the number of 2-stack-sortable permutations

in S, is 2G3n)!
n+D'2n+1!’

this inspires the determination of an analogue of the above indicated enumerative
result, using a lifting of 2-stack-sortability via our mapping .~
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LIMIT CYCLES OF LINEAR VECTOR FIELDS ON (S?)" x R"
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It is well known that linear vector fields defined in R” cannot have limit cycles,
but this is not the case for linear vector fields defined in other manifolds. We
study the existence of limit cycles bifurcating from a continuum of periodic
orbits of linear vector fields on manifolds of the form (S?)” x R" when such
vector fields are perturbed inside the class of all linear vector fields. The
study is done using averaging theory. We also present an open problem about
the maximum number of limit cycles of linear vector fields on (S?)™ x R".

1. Introduction and statement of the main results

The study of periodic orbits of differential systems plays an important role in the
qualitative theory of ordinary differential equations and their applications. A limit
cycle is defined as a periodic orbit of a differential system which is isolated in the
set of all periodic orbits of the system. Among the many works devoted to limit
cycles and their applications, we mention [Christopher and Lloyd 1996; Giacomini
et al. 1996; Han and Li 2012; Ilyashenko 2002].

It is well known that linear vector fields in R” cannot have limit cycles, but this
is not the case if one considers linear vector fields in other manifolds different
from R". The objective of this paper is to study the existence of limit cycles of
linear vector fields defined on the manifolds (S?)" x R”.

The problem of studying limit cycles of linear vector fields on manifolds different
from R" was already treated in [Llibre and Zhang 2016], where the authors consider
linear vector fields on S x R", and they conjecture that such vector fields may
have at most one limit cycle.

Linear autonomous differential systems, namely, systems of the form x = Ax +b,
where A is a nxn real matrix and b is a vector in R”, are the easiest systems to
study because their solutions can be completely determined (see [Arnold 2006;
Sotomayor 1979]), but still they play an important role in the theory of differential
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systems. Thus when a nonlinear differential system has a hyperbolic equilibrium
point, the dynamics around that point is determined by the linearization of the
vector field at that point (Hartman—Grossman theorem; see [Hartman 1960]).

Linear vector fields having invariant subspaces of periodic orbits can be perturbed
inside a concrete class of nonlinear differential systems to obtain limit cycles of
these nonlinear systems bifurcating from the periodic orbits of the linear system
(see [Ferragut et al. 2007; Llibre and Teixeira 2009; Llibre et al. 2007; 2010]).

Moreover, linear differential systems of the form x = Ax 4+ Bu, where x are
the state variables and u is the control input, are applied in control theory for the
modeling of hybrid systems (see [Lafferriere et al. 2001; 1999]). These examples
illustrate the importance of linear differential systems.

In this paper we show that linear differential systems can have limit cycles when
the manifold where they are defined is different from R", and we consider the
question of how many limit cycles, at most, a linear vector field can have depending
on the manifold where it is defined.

Let M be a smooth connected manifold of dimension 7, and let 7M be its tangent
bundle. A vector field on M is amap X : M — TM such that X (x) € T, M, where
T M is the tangent space of M at the point x.

A linear vector field in R" is a vector field of the form X (x) = Ax + b, with
x, b € R" and where A is a n x n real matrix. It is well known linear vector fields
on R" either do not have periodic orbits or their periodic orbits form a continuum,
and therefore they do not have limit cycles.

We consider linear vector fields on some manifolds of the form (S?)” x R", where
S? denotes the unit two-dimensional sphere. Here the sphere S? is parameterized
by the coordinates (6, ¢), where 6 € [—m, ) denotes the azimuth angle and ¢ €
[—m/2, /2] is the polar angle. Hence the curve {¢ = 0} is the equator.

Let 61,915 --.,60m, @m, X1, - .., X,) denote the coordinates of the space (SH)™ x R".
Then we say that a vector field X is linear on M = (S?)™ x R" if the expression
of X in the coordinates z = (01, @1, ..., Om, Om, X1, ..., Xp) € M is of the form
X (z) = Az+ b, with b € M and where A is a 2m+n) x 2m+n) real matrix.

Perrizo [1974] published a paper entitled “w-linear vector fields on manifolds”,
but these w-linear vector fields are very far from the linear differential systems
that we study in this paper. More precisely, from Definition 2.2 of [Perrizo 1974]
for w-linear vector fields on a manifold, such a field X requires the existence of
a nonlocally constant function that is constant on the orbits of X (using Perrizo’s
notation), but the existence of limit cycles in our linear vector fields prevents the
existence of a such function. So our linear differential systems on the manifolds
(S?)™ x R" are not w-linear.

An example in which a linear differential system on the manifold (S%)" x R"
has a limit cycle is the following. Take m = 1, n = 0 and consider the linear system
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on the sphere S? given by
6=1, ¢=og¢,
for6 e[—m, ) and ¢ € (—7/2, w/2), and
6=0 ¢=0,

for ¢ = £ /2. Then, clearly the equator of the sphere {¢ = 0} is the only periodic
orbit of the system, and therefore it is a limit cycle.

We consider generic linear perturbations of some linear vector fields on three
different manifolds of the form (S?)" x R", and we study whether those families
of linear differential systems can have limit cycles.

Let M = S? x R and consider the linear differential system in M given by

(1-1) 6=1, ¢=0, F=r—1,

forreR,0 € [—m,m)and ¢ € (—n /2, w/2), and with 6 =0 on the straight lines
Ry ={p=—m/2} and R, = {9 =7 /2}.
The solution of system (1-1) is given by

0)=60+t, o@)=q¢y, r(t)=(o—1)e" +1.

Thus the sphere {r = 1} is an invariant manifold with two equilibrium points at
the north and the south poles, and is foliated by periodic orbits of period 2,
corresponding to the parallels of the sphere, except at the poles. Moreover the
straight lines R and R, are invariant.

First we shall study the bifurcation of limit cycles when we perturb system (1-1)
inside the class of all linear differential systems, and we shall see that one of the
periodic orbits contained in the sphere {r = 1} may bifurcate to a limit cycle under
certain hypotheses.

We consider the class of differential systems

0 =1+e(ag+a10+arp+azr),
(1-2) @ =¢e(bo+b16 + by + bar),
F=r—14¢e(co+ci10+crp+c3r),

where a;, b; and ¢;, fori =0, ..., 3, are real numbers and with ¢ > 0 being a small
parameter. Note that this is the more general linear perturbation of system (1-1).

Theorem 1. For sufficiently small ¢ > 0O the linear differential system (1-2) has a
limit cycle bifurcating from a periodic orbit of system (1-1) provided that

aiby —arby #0.

This limit cycle bifurcates from the periodic orbit of system (1-1) parameterized by
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O@), p(0), r(1)) = (0o + 1, o, 1), with
_ ar(bg + bz +bymw) —by(ag+ a3 +aym)

6
0 ai1b, —a»rby
bi(ap+az +ajm) —ai(bg + bz + brm)
Yo = .
aiby — arby

Theorem 1 is proved in Section 3.

We remark that the existence of the limit cycle for system (1-2) does not depend
on the perturbation of the 7 equation.

As an example of the previous result, consider the system

(1-3) 0=1+¢cap, ¢=¢cbd, F=r—1,

with a, b € R and ¢ > 0. In this case the sphere {r = 1} is still an invariant manifold.
Applying Theorem 1 with a; = a, by = b and the rest of the coefficients of the
perturbation being zero, we find that system (1-3) has a limit cycle bifurcating from
the periodic orbit of system (1-1) parameterized by (6(t), ¢(¢), r(t)) =(—m+¢, 0, 1).
That is, there is a limit cycle bifurcating from the periodic orbit corresponding to
the equator of the sphere {r = 1} of system (1-1). This limit cycle is still contained
in the sphere {r = 1}.

Next we consider linear differential systems defined on higher dimensional
manifolds. We take M = S? x S? x R and

(1-4) 6=1, ¢=0, v=1, ¢=0, F=r—1,

for 8, ¢,v,¢,r) € M, with 8,v € [—m, ) and ¢, ¢ € (—n /2, 7/2), and with
6 =0 when ¢ = +7/2 and v = 0 when ¢ = +7/2.
The general solution of system (1-4) is

0 =0+t, @) =¢o, v(O)=vo+t, ¢ =¢o, r(t)=(o—1De +1,

and thus the product of spheres {r = 1} = (S%)? is an invariant manifold foliated by
periodic orbits of period 2, except for the four points {r =1, o =+ /2, p =£m/2},
which are equilibrium points.

We consider the most general perturbation of the differential system (1-4) inside
the class of all linear differential systems, namely

=1 + e(ag+ a0 + axp + azv + as¢ + asr),
@ =¢e(bo+b10 +brp 4 b3v + bap + bsr)
(1-5) V=1+4¢e(co+c10+ 290+ c3v+ca¢p +csr),

¢ =e(do+d10 + dop + d3v +dad +dsr)
F=r—14¢c(eg+e10+erxp+e3v+esp+esr),
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with a;, b;, ¢j,di,e; e Rfori =0, ..., 5, and with ¢ > 0 being a small parameter.
The next result gives sufficient conditions on the coefficients of system (1-5) for
there to be a limit cycle bifurcating from a periodic orbit of the unperturbed system.

Theorem 2. For sufficiently small ¢ > 0 the differential system (1-5) has a limit
cycle bifurcating from a periodic orbit of system (1-4) provided that

a, ap asz ay

det | 01 b2 b3 ba £0.
Cc|] C2 C3 ¢4

dy dy d3 dy

This limit cycle bifurcates from the periodic orbit of system (1-4) parameterized by

O(1), o), v(t), p(1), r (1)) = (6o + 1, o, vo+1, ¢o, 1),
where (09, o, Vo, ¢o) is the unique solution of the linear system

a100 + axpo + azvo + aspo = —ap — a1 — azw — as,

b16o + bago + b3vo + bagy = —bo — by — b3 — bs,

c100 + c299 + c3vo + capg = —co — c1T — c3T — cs,

d\0p + drpo + d3vo + dapo = —do — dim — d3m — ds.
Theorem 2 is proved in Section 4.

Finally we consider the linear differential system defined in M = R? x S2, for
(x,y,0,¢9) € R x S?, with 6 € [—m, ) and ¢ € (—7/2, 7/2), given by

(1-6) x=—y, y=x, 6=1, ¢=0,

and with 6 = 0 in the planes P = {¢ = —/2} and P, = {¢ = 7/2}, which are
invariant. The general solution of system (1-6) is
x(t) =xpcost—ygsint, y()=xpsint+ypcost, 60()=00+1t, @()=qo,
and therefore the whole phase space is filled by periodic orbits of period 27, except
for the two equilibrium points (x, y, 8, ¢) = (0,0,0, —7/2) and (x, y,0,¢) =
0,0,0,7/2).

We consider the most general linear perturbation of system (1-6) and we study

the existence of limit cycles bifurcating from the periodic orbits of system (1-6).
Let the perturbed system be

x=—-y+ela+aix+ary+azd + asp),
y=x4¢e(bg+bix +byy+ b30 + bsyp),
0 =1+e(co+c1x+cry+c30 +ca9),

¢ =e(do+dix +doy +d30 + dsp),

-7
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where ¢ > 0 is a small parameter and a;, b;, ¢c;, di e Rfori =0, ..., 4.

Theorem 3. For sufficiently small ¢ > 0O the linear differential system (1-7) has a
limit cycle bifurcating from a periodic orbit of system (1-6) provided that

by+ay ar—by 3 ¢4
det (bl o, b2+a1> #0 and det <d3 ds #0.
This limit cycle bifurcates from the periodic orbit of system (1-6) passing through
the point (xo, Yo, 60, ¢o) where

(2by 4 2a1)bs — 2a3by + 2asa3

O I D a2+ ad + 2a1bs — 2azb;
(2by —2a2)b3 + 2a3by + 2a; a3
Y= _b%—i—b% —|—a§ —|—a%+2a1b2 —2ayby’
B0 = — (we3 +co)dy — weads — C4d0’ o= cod3 — C3do.
c3dy — cads c3dy — cads

Theorem 3 is proved in Section 5.
As an example consider the system

(1-8) Xx=—y4eay, y=x+4ebx, 0=1+eco, ¢=edb,

with a, b, c,d € R, and ¢ > 0. Applying Theorem 3 with a, = a, b = b, c4 =,
dz = d and the rest of the coefficients of the perturbation being zero, we obtain that
system (1-8) has a limit cycle bifurcating from the periodic orbit of system (1-6)
passing through the point (xg, yo, 6o, ¢o) = (0, 0, —m, 0), provided (a — b)cd # 0.
That is, here the limit cycle bifurcates from the periodic orbit corresponding to the
equator of the invariant sphere {x = y = 0} of system (1-6).

The key tool that we use for proving Theorems 1-3 is averaging theory. For a
general introduction to this theory, see the books [Sanders et al. 2007; Verhulst
1996]. As one can see in the proofs of Theorems 1-3, our method based on averaging
theory can produce at most one limit cycle for the studied systems. Therefore the
following open question is natural.

Open question. Let m and n be two nonnegative integers. Is it true that a linear
vector field on the manifold (§)" x R”" can have at most one limit cycle?

A similar open question was stated in [Llibre and Zhang 2016] concerning linear
vector fields on the manifold (S')” x R".

2. Basic results on averaging theory

We now state basic results from averaging theory needed for later proofs. Let M
be a smooth connected manifold of dimension n, and let Fy, F; : R x M — R"
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and F> : R x M x [0, &g) — R" be C? periodic functions of period 7. Given the
differential system

(2-1) x(1) = Fo(t, x),
we consider a perturbation of this system of the form
(22) i(1) = Fo(t, x) +eFi(1,x) + e’ Fa(t, x, €.

The objective is to study the bifurcation of T-periodic solutions of system (2-2)
for ¢ > 0 small enough. A solution to this problem is given by averaging theory.

We assume that there exists k < n such that M = M x M,_;, where M is a
manifold of dimension k£ and M,,_; is a manifold of dimension n—k, and that the
unperturbed system, namely system (2-1), contains an open set, V € M, such that
V is filled with periodic solutions all of them with the same period. Such a set is
called isochronous.

Let x (¢, z, €) be the solution of system (2-2) such that x (0, z, ¢) = z. We write
the linearization of the unperturbed system (2-1) along the solution x(z, z, 0) as

(2-3) y=DFy(t, x(t, z,0))y.

and we let M,(¢) be the fundamental matrix of the linear differential system (2-3),
so M,(0) is the n xn identity matrix. Let & : M = My, x M,_; — M} the projection
of M onto its first k coordinates, that is, £ (xq, ..., x,) = (xq, ..., X¢).

The following results give sufficient conditions for the existence of limit cycles
for a system of the form (2-2) bifurcating from the periodic orbits of system (2-1).

Theorem 4. Let V C M, be an open and bounded set, and let B : V — M,_; bea
C? function. Assume that:

() Z={za=(a, Bo(@)) : @ € V}C M and for each z, € Z the solution x(t, 74, 0)
of system (2-1) is T-periodic.

(i1) For each zo € Z, there is a fundamental matrix M., (t) of system (2-3) such
that the matrix ./\/lz_a1 0) — /\/lz_a1 (T) has the kx (n—k) zero matrix in the upper
right corner, and a (n—k) x (n—k) matrix Ay in the lower right corner with

det(Ay) #O.
Consider the function F : V — R¥ defined by

Flo) =g(/OTM;al(t)Fl (t,x(t,za,O))dt>.

If there exists a € V with F(a) = 0 and with det(DF (a)) # 0, then there is a
limit cycle x (¢, ) of period T of system (2-2) such that x(0, &) — z, as ¢ — O.

The result in Theorem 4 can be found in [Malkin 1956] and [Roseau 1966]. For
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a shorter proof, see [Buicd et al. 2007]. There the result is proved in R”, but it can
be easily extended to a manifold M.

The next result allows us to determine the existence of limit cycles in a system
of the form (2-2) in the case when there exists an open set, V C M, such that for
all z € V, the solution x(z, z, 0) is T -periodic.

Theorem 5. Let V C M be an open and bounded set with V C M, and assume
that for all z € V the solution x(t, z, 0) of system (2-2) is T -periodic. Consider the
function F : V — R" defined by

T
]—"(z)z/o MY Fi(t, x(t, 2, 0) dt.
If there exists a € V with F(a) = 0 and with det(DF (a)) # 0, then there is a limit
cycle x(t, ) of period T of system (2-2) such that x(0, ) — a as ¢ — 0.
For the proof of Theorem 5 see Corollary 1 of [Buica et al. 2007].

3. Proof of Theorem 1

We use the result from averaging theory given in Theorem 4 to deduce the existence
of a limit cycle of system (1-2), for some ¢ > 0 small enough, bifurcating from a
periodic orbit of the same system with & = 0.

Since the general solution of the differential system (1-1), corresponding to
system (1-2) with ¢ = 0, is given by

0(t)=6o+t, @t)=¢o, r(t)=(o—1De +1,
it is clear that all the periodic solutions of that system are parameterized by
@) =00+t, @@)=¢o, r)=1,

with (6o, o) € S*\{go = £ /2}. Then, the periodic solutions all have period 2
and they fill the invariant sphere {r = 1} except for the poles, which are equilibrium
points.

Therefore, for applying Theorem 4 we take M = S? x R and

k=2, n=3,
My=M,={0,p.,r)eM:r=1}=S?
x=(0,0,r),

o = (6o, ¢o),

Bo(a) = Bo(bo, o) = 1,
2o = (&, Po(@)) = (6o, 9o, 1),
(3-1) V={0®,p.rneM:r=1,¢9€(-%+8,% —)}.
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with §g > 0 small enough that

x._ bilag+as+aymw)—ai(bo+bs+bym) T T
= e(—%+680, % —6p),
@ a1br—arh; ( 7 100, 3 0)

Z=Vx{r=1},
x(t, Za, 0) = (6o + 1, 9o, 1),
Fo(t,x)=(1,0,r—1),
Fi(t,x) = (ap +a10 + axp + azr, bg + b10 + bag + b3r, co + 10 + 29 +car),
F(t,x,e)=0,
T =2m,
where we took V C M, as an open subset that contains the periodic orbit from
which a limit cycle bifurcates, as we shall see next.

The fundamental matrix M, (¢) with M, (0) = Id of system (2-3) with F{ and
x(t, zo, 0) described above is the matrix M, (t) = exp(DyFot), i.e.,

100
M, =010
00 ¢

Note that since Fy defines a linear differential system, the fundamental matrix
M., (¢) is independent of the initial conditions z,. We also have

00 0
MO -M'emy=|00 0 |,
00 1—e2"

and therefore, all the assumptions in the in the statement of Theorem 4 are satisfied.
With the described setting, the function F(a) = F(6p, ¢o) from the statement of
Theorem 4 associated with system (1-2) is

2 _
Fo. o) =6 ( [ M OF @ +1. 0. D dr)
= 2n(a0+a1(60+7r) + axpo + b3, bo+b1(6p + 1) +b2§00+b3).

We have det(DF) =472 (a1 by —axb;). Therefore det(D.F) =0 for all (6y, ¢p) € V.
Thus, the only solution of F = 0 is given by

0o = ar(bo+bsz+bym)—by(ag+az+aym) ,
(3_2) albz—azbl
g0 = bi(ap+az+aym)—ay(bg+bz+bym) '
aiby—ash;
This solution, (6y, @), Where ¢o = ¢*, is contained in the set V described in (3-1).
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Hence, by Theorem 4, if ¢ > 0 is small enough, there is a periodic solution,
@(t, ), p(t, &), r(t, e)), of system (1-3), which is a limit cycle, and such that

(0(0,8),¢(0,¢),r(0, ) = (6o, ¢o, 1),

when ¢ — 0, and where 6y and ¢( are given in (3-2).

4. Proof of Theorem 2

We use the result from averaging theory given in Theorem 4 to prove that, for some
& > 0 small enough, there exist a limit cycle of system (1-5) bifurcating from a
periodic orbit of the same system with & = 0.

Since the general solution of system (1-5) with ¢ = 0 (that is, the one of sys-
tem (1-4)) is

01t)=0+t, @®)=g¢o, v(O)=vo+t, ¢@)=¢o, r(t)=@o—1e +1,

we have that all the periodic solutions of that system are
0()=06o+t, @@)=¢o, v()=vo+t, ¢E)=¢o, r()=1,

with (89, @0, Vo, ¢0) € S*\{po = £m/2} x S?\{@o = £7/2}. That is, the periodic
solutions fill the invariant manifold {r = 1} except for the four equilibrium points
{o =x7/2, ¢ = +m/2}, and they have all period 27 .

For applying Theorem 4 we take M = (S?)?> x R and

k=4, n=5,
My=My=1{0,0,v,p,r e M :r=1}=(S5%?2,
x=(0,9,v,¢,r),
a = (8o, 9o, vo, Po),
Bo(a) = Bo(Bo, ®o, vo, o) =1,
2o = (a, Bo(@)) = (6o, o, vo, ¢o, 1),
4-1) V={®.p.v.¢.r)eM:r=1,9€ (=% +8.%—%)}

with §p > 0 small enough that ¢y, ¢ satisfy (4-2) and
90, ¢0 € (=% +80. 5 — ).
Z=Vx{r=1)},
x(1, 29, 0) = (6o + 1, 9o, vo +1, ¢o, 1),
Fo(t,x)=(1,0,1,0,r — 1),
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ap+a|0+arp+azv+asp+asr
bo+b10+brp+b3v+bsp+bsr
Fi(t,x) = | cotc10+crp+c3vtcaptcesr |,
d0+d19+d2(ﬂ+d3v+d4¢+d5l’
eote0+erp+esvtesptesr
F(t,x,e) =0,
T =2m,

where we chose V C M4 as an open subset that contains the periodic orbit from
which a limit cycle bifurcates.

The fundamental matrix M, (¢) with M, (0) = Id of system (2-3) with F{ and
x(t, zo, 0) described above is the matrix M, (t) = exp(DyFot), i.e.,

10000
01000
M, ()=]100100
00010
0000 ¢
We also have

0
0

MO -M'@my=]0000 0 |,
0

and therefore, all the assumptions in the statement of Theorem 4 are satisfied.
In this setting, the function F(«) = F (6, ¢o, Vo, ¢o) in Theorem 4 associated
with system (1-5) is

F (0o, po, vo, $o) =§</()2HM;,1(I)F1(90+1, @0, vo+1, do, 1)dl> = (F1, Fa, F3, Fu),
with
F1=2mn(ap+ a6y + a1 + axpo + azvo + azmw + aspo + as),
Fo =27 (bo + b169 + b1t + bago + b3vo + b3 + bagpo + bs),
F3 =27 (co+ 1600 + c17 + ca@o + c3v0 + 37 + cagpo + ¢5),
Fa=2m(dy+d10p+d\v + dopo + dzvo + dzmw + dagpo + ds).
Also, we have

ay a, as ay

det(DF) = 167* det bi by by by £0,
Cc]1 C2 C3 ¢4

dy dy d3 dy
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by assumption. The initial conditions (6g, @0, Vo, ¢o) such that F (69, ¢o, vo, ¢po) =0
are the solutions of the linear system

a100 + axpo + azvo + aspo = —ap — a1 — azw — as,
b16y + brpo + b3vg + bapg = —bg — byt — bamw — bs,
€160 + c290 + c3v0 + capo = —co — €17 — 37 — s,
d10p + drpo + d3vo + dapo = —do — diw — d3w — ds.

(4-2)

Since det(DF) # 0, system (4-2) has a unique solution, (6, o, Vo, ¢0), and this
solution is contained in the set V described in (4-1).
Hence, by Theorem 4, if ¢ > 0 is small enough, there is a periodic solution,

O, ¢), 9(t,8),v(t, €), ¢(1, €),1(1, £)),

of system (1-5), which is a limit cycle, and such that

(0(0,8),¢(0,¢),v(0,8), ¢(0, &), r(0, £)) = (6o, 9o, vo, ¢o, 1),

when ¢ — 0, and where 6y, ¢, Vo, and ¢y are given by the unique solution of
system (4-2).

5. Proof of Theorem 3

Since the general solution of system (1-7) with ¢ = 0 is given by
(5-1) x(t)=xgcost—ygsint, y(t) =xgpsint+ygcost, 6(t) =6p+t, ¢(t) =g,

the whole phase space is filled by periodic solutions, except from the equilibrium
points (x, y,0, ¢) =(0,0,0, —x/2) and (x, y, 6, ¢) = (0,0, 8, r/2). Hence, the
periodic solutions of the differential system (1-6) fill an open set of the phase space
M =R?x S2.

To prove Theorem 3 we use the result given in Theorem 5 to deduce that there
exists a limit cycle of system (1-7), for some ¢ > 0 small enough, bifurcating from
the periodic orbits of the same system with & = 0.

To clarify the notation, here we denote the solution x (¢, z, 0) from the statement
of Theorem 5 by x(t, z, 0), and x will denote the first variable in the phase space.

For applying Theorem 5 we take M = R? x S? and

x=(x,y,0,9),
z = (X0, Yo, 00, ¥0),
x(t,2,0)=(x(@®),y(®),0(),¢(t)) givenby (5-1),
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Fo(t,x)=(—y,x,1,0),

apta x+ayy+azf+ase
Fi(t.x) = bo+b1x+byy+b30+bsp ’
cot+cix+cry+c3f+cap
do+dix+dry+d30+dsgp
Fr(t,x,¢) =0,
T =2m,
(5-2) V={.y.0,0)eM:|(x, )l <l+k, 9e(=5+8.5—5)}

2,/a§+b§

\/alz+a§+b%+b%+2a1b2—2a2b1

with k = and &g > 0 small enough that

codz — c3dp

* = € -z 8 9 z— 8 9
C3d4—C4d3 ( 2+0 2 0)
and where we chose V C M as an open subset that contains the periodic orbit from
which a limit cycle bifurcates.
The fundamental matrix M, (¢) of system (2-3) with M, (0) = Id and with Fj

and x(, z, 0) as just described is given by

cost —sint 0 0
sint cost 00
0 0 10
0 0 01

Mz(t) =

Therefore all the assumptions in the statement of Theorem 5 are satisfied.
In this setting the function F(z) = F(xo, Yo, 6o, ¢o) in Theorem 5 associated
with system (1-7), namely,

27 1
F(x0. Y0, 60, ¢0) = /O M@ Fy (2, x (2, x, 0)) dt,

is given by F = (F1, F2, F3, Fa), which after some straightforward computations
can be written as
Fi=(ray —mbi)yo + (b + mwai)xo — 27 bs,
Fr=(mwhby+may)yo+ (mby — mwaz)xp + 2mas,
Fz =2mwc300 + 2w eqp0 + 27T2C3 + 21y,
Fiy = 2md300 + 2w dagpo + 272 d3 + 2 dp.
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Assuming that

w(by+ay) w(a—by) O 0

w(by—ay) w(by+a;) O 0
0 0 27TC3 27TC4
0 0 27‘[d3 27Td4

(5-3) det(DF) = det £0,

the linear system (Fi, />, F3, F4) = (0, 0, 0, 0) has a unique solution, given by
(2b2 + 261] )b3 — 2a3b1 + 2a2a3

Xg = ,
T R+ + a2 +a’ +2arby — 2arby
(2b1 — 2a)b3 + 2azby + 2a;a;3
b2 +b1 +a5+a;+ 2a1by —2a,by
O — — (7w ez + co)dy — mweads — cady _ cod3z — c3dy
0= c3dy — cads ’ Yo = c3dy — cadsy

This solution (xg, Yo, 6o, o), where @9 = @™, is contained in the set V in (5-2).
The condition (5-3) is clearly satisfied for all (xq, yo, 6o, ¢o) € V taking into
account the assumptions in the statement of Theorem 3.
Hence, by Theorem 5, there is a periodic solution (x(¢, ¢), y(t, &), 0(t, &),
o(t, e)) of system (1-7), which is a limit cycle, and such that

(x(0,¢), y(0,¢),0(0, &), 9(0, £)) = (x0, yo, 6o, ¥0)

when ¢ — 0, and where xg, yg, 89 and ¢q are given in (5-4).
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HOROSPHERICAL COORDINATES
OF LATTICE POINTS IN HYPERBOLIC SPACES:
EFFECTIVE COUNTING AND EQUIDISTRIBUTION

TAL HORESH AND AMOS NEVO

We establish effective counting results for lattice points in families of domains
in real, complex and quaternionic hyperbolic spaces of any dimension. The
domains we focus on are defined as product sets with respect to an Iwasawa
decomposition. Several natural diophantine problems can be reduced to
counting lattice points in such domains. These include equidistribution of
the ratio of the length of the shortest solution (x, y) to the ged equation
bx —ay =1 relative to the length of (a, b), where (a, b) ranges over primitive
vectors in a disc whose radius increases, the natural analog of this problem
in imaginary quadratic number fields, as well as equidistribution of integral
solutions to the diophantine equation defined by an integral Lorentz form
in three or more variables. We establish an effective rate of convergence
for these equidistribution problems, depending on the size of the spectral
gap associated with a suitable lattice subgroup in the isometry group of
the relevant hyperbolic space. The main result underlying our discussion
amounts to establishing effective joint equidistribution for the horospherical
component and the radial component in the Iwasawa decomposition of lattice
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1. Introduction and statement of main results

Our goal in the present paper is to establish effective counting and equidistribution
results for Iwasawa components of elements of lattice subgroups of isometry groups
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of (real, complex or quaternionic) hyperbolic spaces. The problem is an instance
of counting problems in which one seeks to study the asymptotic behavior of the
number of lattice orbit points in some expanding family of regions in hyperbolic
space, going beyond the classical problem of counting in hyperbolic balls. Since
counting the points of a lattice orbit in regions of hyperbolic space reduces to
counting the elements of the lattice subgroup in suitable lifted regions of the group
of isometries G, we will focus on counting in the group itself, rather than in the
symmetric space.

The domains that we consider are product sets in the Iwasawa coordinates on G.
We write the Iwasawa decomposition in the form G = NAK, where K is maximal
compact, A =R, and N is the unipotent subgroup that stabilizes an ideal boundary
point which we denote {oo}. The map N x A x K — G given by (n, a, k) — nak
is a diffeomorphism, so these are indeed coordinates on G.

Let G denote a nonexceptional simple Lie group of real rank one with finite
center; namely, locally isomorphic to one of the following: SO(1, n), SU(1, n), or
SP(1, n) for some n > 1. The corresponding rank 1 symmetric spaces G/K are,
respectively, the real hyperbolic space Hp, the complex hyperbolic space Hi. and
the quaternionic hyperbolic space Hf;. The group G acts on the corresponding space
by isometries of a Riemannian distance, which we will refer to as the “hyperbolic
distance” and denote by d(-,-). The remaining rank one simple Lie group is
Fa4(-20y, which corresponds to the octonionic hyperbolic plane H?2; we shall not
consider this case.

A Haar measure @ on G is given in the Iwasawa coordinates as follows. We
parametrize A by A = {a, : t € R}, where a, = exptH|, and H; € a = Lie(A) is
the element satisfying o(H;) = 1, where « is the unique short positive root.

Let ug denote a Haar probability measure on K. The subgroup N is parametrized
by a euclidean space of the appropriate dimension, see Table 1 for the different cases,
and a Haar measure on N is the Lebesgue measure on this underlying euclidean
space. A Haar measure on G with respect to the Iwasawa coordinates is given by

dt
(1-1) M=y X oo X g

where p is a positive parameter that depends on the group G. The Iwasawa com-
ponent subgroups, symmetric spaces and Haar measure of the rank 1 groups are
summarized in Table 1 in Section 4A below.

Let I" C G be a lattice subgroup. We consider lattice points whose N and K com-
ponents lie in given bounded subsets ¥ C N and ¢ C K, and study their asymptotic
behavior as their A-component a; ranges over (—oo, 0] and tends to —oo.

Define the family {R7 (¥, ®)}7~0, where

Ry (W, ®) :=WAL_7.0® = {nak:neW, te[-T,0], k € d}
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L

Figure 1. The domains Ry (W, ®) projected to the real hyperbolic
plane in the upper half-plane model (left), the real hyperbolic
3-space in the upper half-space model (middle) and the real hyper-
bolic plane in the unit disc model (right).

as T — oo; see Figure 1. According to (1-1), the volume of these domains equals
1
p(Rr (¥, ®)) = 2 -y (W) g (D) (T = 1),

while the volume of NAjo o) K is finite. We shall require that the domains ¥ C N
and ® C K are nice: bounded, embedded smooth submanifolds of full dimension
whose boundaries are piecewise smooth —namely, a finite union of smooth sub-
manifolds of codimension 1. We allow the case where only some of these boundary
submanifolds are included in the nice set, while others are not, e.g., a half open
rectangle, two of whose edges are included and the remaining two are not.

We can now formulate our main result, namely an effective solution to the lattice
point counting problem in the sets Ry (W, &), for an arbitrary lattice.

Theorem 1.1. Fix any Iwasawa decomposition in G, let W C N and ® C K be
nice domains, and consider the family Ry (V, ®) as defined above. For any lattice
I' < G, there exists a parameter k = k (I') < 1 (defined explicitly in (4-2)) such that
forT >0,

(R (W, ©) .

#(Rr (Y, 2)NT) = TAGIT) + O((Rr (¥, @) -log u(Rr (¥, ®)))
. MN(\IJ)MK(CD) ) e2rT 20Tk
== G/D o + Or,u,o(T (e)").

For example, for the lattice SL;(Z) in SL,(R), we will see below that one can
take x (SL2(2)) = §

This case has of course received considerable attention in the past, and we will
describe it further at the end of the next section.

We now formulate our two main corollaries. The first is an effective ratio theorem
for lattice points in the sets Ry (W, @), and the second effective joint equidistribution
of the N and K components in the Iwasawa decomposition, as follows.
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For H € {N, A, K}, we denote the projection to the H-component by
my:G=NAK — H.

Corollary 1.2. (1) Let W, W' C N and ®, ® C K be nice sets, and let ' < G be
any lattice. Then the denominator in the following ratio is eventually positive
and

#TORP(V, D))ty (W) (@)
#HETNRr (W, ) puy (W) ug (P)

+O(T(e*T)~179),

where the implied constant depends on W, V', ®, & and k = k(") < 1 is the
exponent associated with " appearing in Theorem 1.1.

(2) The set of N-components and K -components become jointly effectively equidis-
tributed in W x ® with respect to |y X g as T — oo. Namely, for every
Lipschitz function  defined on V, and Lipschitz function ¢ defined on ®,

1

#TNYVAL_T0P)

Z ¥ (g (7 ) (g (1)

yeEVAL_T 0P

/ ¥ (n) dpy (n) -

—2p(1—k)T
MN(‘I/) K(CD)/ pk)dug (k) + O(Te ),

where the constant depends on the functions ¥ and ¢, and the sets WV and .
The proofs of Theorem 1.1 and Corollary 1.2 are in Section 4.

Remark 1.3. When the lattice in question is cocompact, the (unbounded) cuspidal
strip WA (9,.0)® may contain infinitely many lattice points, despite its bounded
volume. One expects that this fact should not change the overall asymptotics, but
the irregularity caused by this cuspidal strip requires further consideration, and
this is the reason why we have decided to consider here the domains Ry (W, ®)
which are truncated at some fixed height, say + = 0. These domains are the natural
ones to consider in the context of lattices with a cusp, because they account for
all but finitely many lattice points in the strip WA« 00) P, provided the lattice
orbit points y - z all have bounded height; namely, that the A-component a; of y - z
satisfies t < C(I', z). This property amounts to a generalized form of the Shimizu
lemma, and it holds in all the specific examples we will consider below, namely
real hyperbolic spaces of arbitrary dimension.

Remark 1.4. Iwasawa decomposition of a Lie group is used in one of two conven-
tions: G = NAK or G = KAN. Our results are phrased with respect to the first
option, but the corresponding statements with respect to the KAN decomposition
may be easily deduced. Indeed, the KAN coordinates of g € G are obtained from

the NAK coordinates of g~': ¢! = nak implies ¢ = k~'a='n~!. In particular,
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the Haar measure with respect to the KAN coordinates is 1z X e2Pt dt x ty» and
the statement of Theorem 1.1 is replaced by

oy (W)t (@) 20T
wG/T)  2p

for ® C K, ¥ C N, « asin Theorem 1.1, and T > 0.

#T N (DA V) = +O(T (1)),

Remark 1.5. Theorem 1.1 is formulated for a family of domains in G itself, rather
than in the symmetric space, and this makes it possible to analyze the distribution of
the K-components of the lattice elements. As we shall see below, equidistribution
of the K-components plays a key role in a number of applications, including angular
equidistribution of shortest solutions to the gcd equation in Z2 and in imaginary
quadratic number fields. The connection between the problem of equidistribution of
the norms of the shortest solutions of the ged equation in Z2 and the equidistribution
of Iwasawa N -components in SL;(Z) was first pointed out by Risager and Rudnick
[2009], and has motivated the approach pursued in the present paper. We will first
formulate and prove some applications of Theorem 1.1 and Corollary 1.2 and then
comment further on the history of this problem.

2. Iwasawa components and diophantine problems

2A. Distribution of shortest solutions of the gcd equation. We begin with applica-
tions related to certain arithmetic lattices in SL,(R) and SL;(C). In what follows,
the norm we refer to is the euclidean norm on R? or C?, denoted by || - ||.

For every primitive integral vector v = (a, b), let w, denote the shortest integral
vector that completes v to a (positively oriented) basis of Z2, namely, the shortest
solution to the gcd equation bx —ay = 1. Let 6, denote the angle between w,
and v, where 0 < 6, < w. We say that v is positive if 6, is acute, and negative if 6,
is obtuse (Figure 3).

Let ® C S! be a subarc of the unit circle and |®] its length, 0 < |®| <2m. Let
Se denote the corresponding sector of the plane R? (see Figure 2), and

So(R) =SeNBg where Bg = {v e R%; ||v] <R)}.

In the case of the lattice SL,(Z), Corollary 1.2 has the following geometric
interpretation.

Theorem 2.1. For every primitive integral vector v = (a, b), let w, and 0, be as
above.

(1) The number of primitive vectors v in Sg(R) is given by

%|®|R2+O(R7/4logR).
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Figure 2. Z>-points contained in the sector Sg.

(2) The ratios ||wyl|/||v]l of the length of the shortest solution w, relative to the
length of v, for v € Sg(R), become effectively equidistributed in the interval
[O, %] as R — oo. The rate of convergence for a Lipschitz function f is
Ore(R™*.log R).

(3) The number of positive primitive vectors in Sg(R) is
3 2 7/4
531OIR* + O(R *log R),

and the same formula holds for the number of negative primitive vectors
in Sg(R).

(4) Part (2) holds when v is restricted to positive vectors only, or to negative
vectors only.

Remark 2.2. Note that part (1) counts the number of primitive integral vectors of
norm at most R in any sector in the plane, with error estimate given by R7/#1log R.
This result is of course not new, and in fact our estimate falls short of a much better
estimate for this problem that follows from the work of Selberg and Good; see
[Selberg 1991; Good 1983; 1984]. We refer to Section 3C for a more detailed
discussion.

Proof of Theorem 2.1. If v = (a, b) € Z* is primitive, it can be completed to
countably many matrices in SL,(Z), representing the different integral solutions to
the equation bx —ay = 1. The NAK components of these integral matrices encode
the vector v and the different solutions to bx —ay =1 as follows. By the Iwasawa
decomposition of SL,(R) if (x, y) is such a solution, the corresponding matrix in
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SL,(Z) has NAK decomposition

x ¥\ _ (1 (e I (b ~a
ab I o ) Ve \a b))

N-component A-component K -component

The subgroups N, A, and K of SL,(R) are identified with R, R, and S! respectively
through ( ) <X, (et(;z 88/2 ) < t,and (2?1:3 _zions% ) <> 6. We choose here the Haar
measure jg on the circle to have total mass 27r. Note that the A and K components
of the Iwasawa decomposition depend only on the vector v: the A-component
(1/ y)”” HSH) encodes the norm of v, and the K-component (*, //IIHvaI”) is the rotation
matrix by an angle of 6 + 7r where 6 is the angle between the positive x-axis and
v (counterclockwise). The N-component depends on the specific solution (x, y),
namely the upper row of the matrix. If w := (x, y), then the N-component is
( (]) <w’”>l/ Il ), namely its N-coordinate is given by the projection of w to the line
span{v}, divided by the norm of v.

The different solutions to bx —ay =1 are {(x +ma, y +mb) : m € 7}, and they

correspond to matrices (xtlm“ 7 +b’"b ) whose N-coordinate is
(x +ma)a+ (y +mb)b xa+ yb {w, v)
=m —_— = m —_—,
a’ +b? a’+b? v]|2

namely all the integral translations of (w, v)/ |lv]|?, the N-coordinate appearing
above.

Observe that among all the integral matrices that correspond to v, the one
whose N-coordinate is minimal —i.e., in the interval [ 5 2) is the one that
corresponds to the shortest solution to bx — ay = 1, namely, the one whose upper
row has minimal norm. This is because the integral solutions are the integral points
on the affine line span{v} + w (where w is any fixed solution of bx —ay = 1) which
is parallel to span{v}. Hence, when decomposing R? as span{v} @ span{v=}, all of
these solutions have the same v component, and the shortest integral solution is
the one with the shortest v-component (namely, the shortest projection on span{v}).
The shortest integral solution w, corresponds to the matrix (**) = ("7 %), which
we denote by y,.

We conclude that the set {y € SLy(Z) : my(y) € [—31.3)} is in one-to-one
correspondence y, <> v with the set of primitive integral vectors. Furthermore, for
each y,, e Ta)/2 ig the length of v, and the rotation angle determined by 7 ()
is in 37 + © if and only if v € Se.

Consequently, the sets

lvelimy e[-3.3), T <m() <0, 7g(y) € 37 + O}
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and

{v eR%*:;visa primitive integral vector, |v|| < el n € O}
are in one-to-one correspondence.

Now apply part (1) of Corollary 1.2 with I' = SL,(Z), the interval A7) C
AZ=ER, ¢‘=%7T+@CSI EKand\Ilz[—%, %) CR=N. Notingthatp:%for
SL,(R), the volume of the domains in question is |®| (e — 1)/vr where vr is the
covolume of SL;(Z) in SL,(R), which is 2¢(2) = —7‘[ (with respect to the Haar
measure chosen). The domain Sg(R) = Sg N By is deﬁned by R?> =T and hence
the main term of the volume is

e
w2 207 ’
Note that when |®| = 2 the number of primitive lattice points of norm at most R
has main term |Bg|/¢(2) = 6R?/x.
Furthermore, we note « (SL,(Z)) = % (see Section 4A). Hence the main factor
in the error estimate is exp(%T) = R7/*. This proves part (1) of Theorem 2.1.
To prove part (2), recall that 6, denotes the angle between w, and v, so that the
N-component of y, is given by

Xpa + yyb _ (wy, v) _ lwy || cos(8y)
a2+ b? |l vl

(2-D Ty (Vo) =
Since

X Wy .
=der (20} =der() = bl sinG).

and ||w, || > 1, it follows that |sin(6,)| = O(||v||~"), or equivalently 1 — |cos(6,)| =
O(||lv[=2). From part (2) of Corollary 1.2 applied to W =[—1, 1) and ® = 17 +O,
we have that for primitive vectors v in Sg(R), the N-components of y, become
effectively equidistributed in [—1, 1) as R — oo, at rate O(R™/* - logR). It
follows that their absolute values become effectively equidistributed in [O, %] at the
same rate. These absolute values are

Iy ()| = ”” 1“” 1c0s(6y)| = ”ﬁ"”””<1+0<|| ||*2>>—”|}””||”+0<||v|r>

where the last equality follows since the ratio ||w,]|/||v|| is bounded. This follows
from (2-1), since |7y ()| < % and |cosO,| > 1 — C/||v||2.

To prove part (2) it remains to show that the values ||w,|/||v] for v € Sg(R)
are also effectively equidistributed in [0, %] at rate O(R™'/*.log R) as R — oc.
Let Pr denote the primitive integral vectors v € Sg(R), and note that by part (1)
we have |Pgr| > R? for R > R;. Let f be a Lipschitz function on [O, %] Then for
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Figure 3. Integral vectors v, w, and angle 6, for 6, acute and v
positive (left) and 6, obtuse and v negative (right). This figure
also depicts the lines W,, = {w : det ('l‘j) =m} for m € Z, where
Wy = span{v} and w, is the shortest integral vector in W.

R > Ry,
1 ||wv||) I
- flay )| = — |y (1)
|Prl & (nvu v |P | ; Z b
Cy CfC CfC rz(n) )
< L =0 R “log R).
=k ”v”2 Z Z " re(R™“logR)
n=1 veBg n=1
lvl*=n

Here ry(n) is the number of representations of an integer n as a sum of two
squares, and the last estimate follows using Abel’s partial summation formula.
Since Y p_, ra(k) =K + O(VK),

R? R?
ra(n) 1 1
; Y TR HX_:rQ(n) +Z(71n + 0(«/_))<— - ?) = O(log R).

Since the N-components equidistribute at rate R~!/#1log R, and the term just esti-
mated vanishes faster, this proves part (2) of Theorem 2.1.

By the expression (2-1) for the N-component of y,, the vector v is positive if
and only if cos 6, > 0, i.e., if and only if my (y,) > 0. Similarly, v is negative if
and only if y (y,) < 0. Thus, by applying Corollary 1.2 to W, = [0, %], we obtain
part (2) for the positive vectors, and similarly when W_ = [—%, O], we obtain part
(2) for the negative vectors. This proves part (3), and part (4) follows by applying
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the argument used in the proof of part (1) to the choices W_ or W, as the set of
N-components. U

2B. The gcd equation in imaginary quadratic number fields. Theorem 2.1 extends
to rings of integers in imaginary quadratic number fields, as follows. Let d be a
negative squarefree integer, and let O, denote the ring of integers in the quadratic
number field @[+/d]. The ring Oy is a lattice in C, which is a rectangular lattice
when d is congruent to 1 or 3 modulo 4, and an “isosceles-triangular” lattice when d
is congruent to 1 modulo 4. The Dirichlet fundamental domain D, of the lattice O,
is defined as the (closed) set of all points whose distance to O is less than or equal
to their distance to any other lattice point. The strict Dirichlet fundamental domain
D; is defined as the interior of D, together with a union of intervals contained in
the boundary 9Dy, chosen so that every orbit has a unique point in D/,. We let
[0, r4] denote the image of the norm function | - || : Dy — R, and let v; denote the
probability measure on [0, r;] which is the distribution of the norm of a random
uniform point in D,;. Equivalently v; is the push-forward of Lebesgue measure
on Dy, normalized to have total mass 1. Note that v, is equivalent but not equal to
Lebesgue measure on the interval.

We refer to v = (&, B) in (9[21 as primitive if the ideals («) and (8) are coprime;
namely, if there exists a solution (£, 1) in (9621 to B€ —an = 1. Consider a shortest
vector that completes v to a basis of (95, namely, a shortest Oy-integral solution to
the equation S&€ — an = 1. We will presently explain how to specify a unique such
shortest solution, which we denote by w,,.

Let © C S be a spherical cap in the unit sphere, let Sg denote the corresponding
sector of R* = C?, and Sg(R) = Se N Bg where Bg = {v € C?; |v| < R}.

Theorem 2.3. Consider primitive vectors v = («, ) € (’)621 in Se(R) c C>.

(1) The number of primitive vectors in Se (R) is given by c| O|R*+ O (R*d log R),
where cq is a positive constant depending only on d.

(2) The ratios ||wy||/||v|| of the length of the shortest solution w, relative to the
length of v, for v € Sg(R), become effectively equidistributed in the interval
[0, rg] as R — oo, with respect to the measure vy. The rate of convergence for
a Lipschitz function f is Of,@(R*‘*(l*’(d) -log R).

Here kg4 is the exponent that corresponds to the lattice PSL;(O4) of PSLy(C) in
Theorem 1.1.

Observe that when Oy is a euclidean domain with respect to the usual norm,
namely when d € {—1, —2, —3, —7, —11}, and « and 8 are coprime, the equation
BE —an =1 is their gcd equation. Then w, is the shortest solution to the gcd
equation defined by v, as in the case of Z.
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The arguments in the proof of Theorem 2.1 can be applied, with some modifi-
cations, to prove Theorem 2.3. In the present context, Corollary 1.2 is applied for
the Iwasawa components of the lattice SL,(Oy) in SL,(C). We briefly describe the
necessary adjustments, see [Elstrodt et al. 1998] for further details.

Proof. Recall the Iwasawa decomposition of SL,(C) consists of the subgroups

N = (1 Z):ze@},
1
e’ 0
A= (0 e_t/2>lt€R},

K = (b _é>:|a|2—|—|b|2=1}=SU(2).
a b

Clearly, K is isomorphic to the unit sphere 3 in C2.
A primitive pair (o, B) € O can be completed to a matrix (i Z) in SL,(O,),
and the Iwasawa coordinates of such a matrix are

a+np 1 _—
(5 ’7>:<1 |a§||2m§|2> <¢||a||2+|ﬂ|2 ) 1 (ﬁ —oz).
o« p 1 VIelZ+1812) Vel + 181> \« B

N-component A-component K -component

The A and K components encode the vector v: the A-component encodes its
norm, and the bottom row of the K-component encodes the unit vector v/||v|| in
the unit sphere S3. The N-component encodes the upper row of the matrix: if
w = (&, n), this component equals (w, v)/|lv]|?. The set of solutions to B€ —an =1
is {(§ + moa, n+mp) : m € Oy}, and the matrices in SL,(O,) that correspond to
these solutions differ only by their N-components; these components are

(E+ma)i-+(n-+mp)f Eatnp (w,v)
(1 T P+11A12 ) - (1 mt |a|2+|ﬁ||2) - (1 m+1uvu2 ) :
1 1

where m € O4. Using v and v as orthogonal coordinates in the plane C2, by
the same argument that was used in the real case (Theorem 2.1), the shortest O -
integral solution w, = (&§,, 1y) to B& —an = det (’l‘j) =1 corresponds to the matrix
¥y € SLp(O4) whose N-coordinate has minimal norm.

Clearly, the set of N-components {m + (w, v)/ lvl|? : m € Oy} is the orbit of
(w, v)/|lv]|* under translations by the lattice O, in C. Hence there is a unique ele-
ment in this orbit in every Oy-integral translation of the strict Dirichlet fundamental
domain D),. The representative which is of minimal norm is the one that lies in D),
itself. Thus, y, is the unique matrix in SL>(O,), among the matrices whose bottom
row is v, whose N-component lies in D).
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Let s(v) and c(v) be such that

I = det (5v 73) = det("") = Jw, vl 50,

and (wy, v) = ||lwy|||lv]| - c(v); these are the analogs for sin 6, and cos 6,: see (2-1).
Taking the absolute value squared of the previous two equations, the identity

s> +lc@* =1,
is easily seen to be equivalent to 1 + |{w,, V)2 = lwy [|I*llv]|?, and this equation
is a consequence of &, — an, = 1, as can be verified directly (starting with
(wy, v) =&y + 1y B).

In particular, when |v| is large, s(v) is small (since ||w, || is bounded below), and
in fact s(v) = O(|lv]|~"). Now [s(v)|? =1 —[c(v)|* > 1 —|c(v)| so 1 — |c(v)| =
O(|lvll~2), and

o 0 _ el o

llvll [[vll llvll

As above, the last estimate follows since |(w,, v)|/||v]|? is the N-component which
is in D/, and hence bounded, and [c(v)| > 1 — C/lv|>

The proof now proceeds in a manner analogous to the proof of Theorem 2.3.
Namely, we apply Corollary 1.2 to I" = SL,(Oy), the interval A[_r ¢; in A with

e’/?=R,and to ¥ = D), ® = 0. Using also that p = 1 for SL,(C), the measure
of Ry (®, W) here is ¢/,|O] - T . Therefore, the error estimate for the number of
lattice points in the set is bounded by a multiple of 7%,

We conclude that the number of primitive lattice points («, ) € Se(R) is
then given by c4|®|R* + O(R*“log R). This completes the proof of part (1)
of Theorem 2.3.

To prove part (2), note by Corollary 1.2, part (2), that the N-components of y,,
where v € Sg(R), equidistribute effectively in W with respect to the Lebesgue
measure, at the rate O 7o (R—*1=%4) .Jog R) for any Lipschitz function f. Therefore,
their norms effectively equidistribute in [0, r4] with respect to vy, at the same rate.
To show that the ratios ||w,||/||v]l, with v € Sg(R), also have that property, we
consider the difference. Let Qg = {v = (&, B) € So(R), «, € Oy coprime}. By
part (1) of the theorem, Qp satisfies |Qg| > R* /¢q4. Then

1 o, |
'QR'UEZQ:R‘]C( ||u||> Tl N(V”)')' |QR|U§‘ o o)l

chf chfC chfC r4(n) 5
Z ||v||2 Z Z n Z n o(R™).

veBR n=1 veBg n=1
[vl>=n

(L+O0([vl|™2)).
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Here r4(n) is the number of representations of an integer n as a sum of four squares.
To establish this estimate, note that Zle r4(k) = |B1|K? + O(K?3/?), and using
Abel’s partial summation formula,

R? R? R’
3 ram) _ 1 3 S (B2 sy (L Ly 2 or?2
— T R241 — ra(n) + :1(|Blln + 0 ))(n n+1) = O(RD.

Finally, since the N-components equidistribute at rate R~*(17) log R, and the
term just estimated vanishes faster, the conclusion of part (2) holds. ([l

3. Further diophantine and geometric applications

Let us now demonstrate some further applications of Theorem 1.1 and Corollary 1.2.

3A. Lifts of horospheres. Let I" be a nonuniform lattice in G, with a cusp at the
point o at the boundary of the associated hyperbolic space. Let H,; be the unipotent
subgroup in G which stabilizes o (in particular, it is conjugate to N). We consider
the case in which I'N H,, is a lattice in H,. Let H be a horosphere in the hyperbolic
space of G which is based at o; in other words, H is an orbit of H;. Observe
that # projects to a closed horosphere 7{ in the space I'\G. Let Br(z) denote a
hyperbolic ball of radius 7 that is centered at z, and let N(T) denote the number
of horospheres of the form yH, with y € I', that meet the ball Br(z). Eskin and
McMullen [1993, Theorem 7.2] have considered the counting function N (7T') and
discussed the case of G = PSL,(R). This problem can be formulated for a simple
Lie group of any real rank, see [Mohammadi and Salehi Golsefidy 2014]; we will
provide an effective estimate for real rank 1.

Theorem 3.1. Let I' < G be a nonuniform lattice, and let o, H,, H be as above. If
I' N H, is a lattice in H,, then

VOlg/r(/]T[) eZpT
n(G/T)y  2p

where k = k (I") is the exponent associated with T.

N(T) = + O, r (T (1)),

Proof. Assume first that z =i (where i is the point stabilized by K') and that o = co
(where oo is the point stabilized by N), or equivalently H, = N and N NI is a
lattice in N. Then H is a horizontal horosphere, i.e., it is orthogonal to the geodesic
A -i, and we may write H = Na,, -i for some y € R. Then the set of horospheres
yH that meet the ball By (i) is in one-to-one correspondence with the elements of
the set

{yN:d(i,yH)<T}={yN :d(i,yNa,-i) <T}.
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We write the elements of I' in their KAN coordinates, and denote y = ky, a;,)n,, .
Then

{yN:d(, kya;,yn,Nay-i) <T}={yN :d(i,a;,)Nay-i) <T}
={yN:d(@,a;;)N -a_i)aiy)-ay-i) <T}
= {]/N Zd(i, Na,(y)ﬂ . i) < T}
={yN :d(i.aiey 1) < T},
where the last equality follows since the horosphere Nayy;(y) - i is orthogonal to
the geodesic A - i, and thus the point nearest to i on this horosphere is its meeting
point with the geodesic, ayy(y) - i.
Now, d(i, ar()4+y-i) =t (y)+yl,s0d(, a;y4y-i) < T ifand only if =T —y <
t(y) < T —y. Moreover, the cosets y N are in one-to-one correspondence with

the lattice elements y = k, a;(,)n, such that n,, € W(I'), for a choice ¥(I") of a
fundamental domain for '’ "N in N. Then,

N(T)=#y = kyat(y)ny ‘ny € wI), - T—y=<t(y)<T -y}
—#T N (K A1y 1y ¥ (T)).

Now the desired result follows from Theorem 1.1 and Remark 1.4:

(WD) 20T
ow(G/T)  2p
(W) T

N(T) + O((T — y)(e* T\

+ O(T(ezp(T_y))K)

~uG/m ¢ 2p
7] 20T

The foregoing result is valid for any lattice I" satisfying that N N I" is a lattice
in N. Recall that S = AN stabilizes oo, normalizes N, and acts transitively on
the symmetric space. For any z we can choose s € S such that s - z =i, and then
sNs~'NsTs™! = NNT* is a lattice in N* = N and the previous result applies
to I'*. Writing s = asn,, we have

dad, sys*INay ) =d(s7 i, ys*INsnglaglay ‘i)=d(z,yNay_,-i),

and we can conclude that the result holds for the lattice I" and any choice of origin z.

Finally, if the cusp o of a lattice '’ is arbitrary, we can conjugate the lattice I"’
and obtain a lattice I" containing a lattice in N, for which the result applies with
any choice of origin. This implies its validity for the lattice I'/, with any choice of
origin. (]
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3B. Diophantine equation associated with a Lorentz form. When G = SO°(1, n),
the elements of the subgroups A and N of G can also be given explicitly as

cosht O sinht
(3' 1 ) a; = 0 In_l 0
sinht O cosht

and
1 1
L+ 30vl? v* =3l
(3-2) ny = v I -V >
1 2 1 2
vl vt 1=l

see, e.g., [Faraut 1983, pp. 373 and 375].
The explicit N and A Iwasawa components of a given g € G can be deduced as
follows.

Claim 3.2. Let

80,0 *** 80,n
g=|\ : : | €6
8n,0 " 8n.n
If g = nyask, then
! 81,0
t -1 .
e =1(80.0—8&n.0) and v=——"7—#H—
§ & 80,0 —8n,0
8n—1,0
Proof. On the one hand,
1
80,0 - 80,n 0 80,0
g§1= : : = :
8n,0 *°° 8n,n 0 8n,0
On the other hand,
g-i=nyak-i =nya;-i,
where
1 1 1
L+l v =1l coshz 0 sinht) [
Nydy -1 = v 1,1 —v 0O I,_.; O

Hwl> v 1—1fvll>) \sinhz 0 cosht

cosht + %e"||v||2
= e T.v
sinh 7 + Se~!||v|?
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Namely,
80,0 cosht + e |v]|?
: = e v
. 1,— 2
210 sinhz 4 3¢~ ||v||

In particular,

80.0 — gn.0 =cosht —sinht =e™’,

and
81,0
: =e v
8n—1,0
The expression for e’ and v easily follows from the foregoing equations. ([

SO°(1, n) is the isometry group of the Lorentz form, and each element g =
(8i,j)o<i, j<n satisfies goo > 0 and g(%,o — gio — = gio = 1. Namely, the first
column of g satisfies the Lorentz equation

(3-3) xg—xf——x2=1, x0>0.

Conversely, every such vector (xo, ..., X,) appears as the first column of a matrix
(gi,j) belonging to the connected component of the isometry groups of the Lorentz
form.

By Claim 3.2 above, the N and A components of g depend only on the first
column of g. Hence, Corollary 1.2 concerning the equidistribution of the N-
components as the A-components approach oo can be used to study the behavior
of the corresponding parameters of solutions to the Lorentz equation (3-3).

For every x = (xg, ..., x,) € R"+! that satisfies (3-3) with xo > 0, note that
Xo > x, and define the height function /2 (x) =log(1/(xo—x,)) (corresponding to the
A-component). Define also the vector v(x) = (1/(xo — x,)) (X1, ..., Xp—1) € R
(corresponding to the N-component). Assume ¥ C R"~! is nice, and consider
the family Ry (¥, K) C G. By applying Corollary 1.2 (part (2)) to the lattice
SO°(1, n)(Z) in SO°(1, n), we conclude:

Corollary 3.3. Let S7 denote the set of integral solutions x to the Lorentz equation
(3-3) with —T < h(x) < 0. The rational vectors v(x), x € St become effectively
equidistributed in W as T — 00, at rate O (e*PT¢r=1),

3C. Egquidistribution of Iwasawa coordinates: history of the problem. The prob-
lem of joint equidistribution of the Iwasawa coordinates of nonuniform lattices has
quite a long history. We summarize the relevant results we are aware of as follows.
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The analysis by Selberg and Good of the SL,(R) case. Consider a nonuniform
lattice I' C SL,(R) = NAK, with a maximal parabolic subgroup I', equal to N (Z),
so that its fundamental domain in N is (say) [0, 1]. The joint equidistribution (in
[0, 1] x K) of the N component and the K components of the lattice elements
was established by Selberg [1991]. This result was also proved by Good [1983,
Corollary p. 119; 1984, p. 101].

In particular, the problem of counting the number of points y € I'/ ', with
Im(yi) > 7! corresponds to taking W to be a fundamental domain of I'o, C N
in Theorem 1.1, and ® = K, and amounts to establishing equidistribution for the
real parts of the orbit points. This problem was considered in detail by Good [1983,
§ 11], using a thorough analysis of generalized Kloosterman sums. The error term in
this problem stated by Good, who attributes it also to Selberg, is superior to the one
which follows from Theorem 1.1 in this case. For a tempered lattice I' C SL,(R)
as above, the error exponent stated by Good [1983, § 11, Theorem 4] amounts to %
as opposed to % which follows from Theorem 1.1.

Good’s analysis [1983] can be elaborated further and used to derive effective joint
equidistribution of both the N and the K components of lattice elements, which
again will be superior to Theorem 1.1 in this case. Apparently, this elaboration has
not been carried out in that paper and it is not clear what is the error estimate it
provides.

The analysis of Selberg and Good is based on intricate estimates in harmonic
analysis of automorphic forms and generalized Kloosterman sums, and was confined
to the SL,(R) case only. We note that Selberg [1991, §3] raises specifically the
problem of extending the joint equidistribution statement to higher-dimensional
hyperbolic spaces. This problem is given an effective solution in Corollary 1.2 of the
present paper. A superior error estimate could in principle be derived by extending
the analysis of Selberg and Good to higher-dimensional hyperbolic spaces, but
judging by [Good 1983], this is quite a formidable task.

From equidistribution of real parts of lattice orbits to the gcd equation in 7*. The
problem of analyzing the distribution of the shortest solution to the gcd equation
in Z? was considered by Dinaburg and Sinai [1990] who measured the size of the
shortest solution by the maximum norm, and used the theory of continued fractions.
It was subsequently observed by Risager and Rudnick [2009] that when the size
of the smallest solution is measured using the euclidean norm, equidistribution of
shortest solutions is equivalent to the problem of equidistribution of real parts of the
points in the orbit of i under SL;(Z) in the upper half-plane, and the latter result has
already been established by Good [1983]. This elegant observation has provided
the motivation for the present paper. Following Risager and Rudnick, Truelsen
[2013] has established a quantitative form for the equidistribution of real parts for
any lattice with a standard cusp in SL,(R). In particular, Truelsen established a rate
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of convergence in the equidistribution of the lengths of shortest solutions of the gcd
equation, which is R~1/4+¢
the error estimate of R~!/41log R, and shows that effective equidistribution at this
rate is valid with v varying in any given fixed angular sector of radius R. Note that
Truelsen’s results are confined to lattices in SL,(R), and do not consider lattices in
SL;(C), for example.

in the case of tempered lattices. Theorem 2.1 provides

Counting in general domains. Chamizo [2011] and Truelsen [2013] have estab-
lished some further lattice point counting results for a variety of other families
of sets in the upper half-plane. Theorem 1.1 also allows for a large collection
of families of increasing domains in hyperbolic spaces, namely Ry (¥, ®), with
W C N and ® C K any nice sets. These families are also called bisectors associated
with the decomposition G = NAK. Mohammadi and Oh [2015, Theorem 7.21]
have considered the problem of counting the points of a Zariski-dense geometrically
finite discrete subgroup A in such sets. Under some restrictions they have obtained
an asymptotic estimate for the count, with unspecified rate. A generalization of
this discussion to the case of discrete geometrically finite groups in general real,
complex and quaternionic hyperbolic spaces was established by Kim [2015].

Lifts of horospheres in hyperbolic space. Eskin and McMullen [1993] have raised
the problem of counting the number of lifts of a closed horosphere H in G/ I" which
intersect a ball of radius 7" in hyperbolic space, and have established the main term
for this counting problem. As shown in Theorem 3.1, in the case of hyperbolic
space, the problem amounts to counting the points of a nonuniform lattice lying in
the sets Ry (W, K), where ¥ C R"~! is the fundamental domain of I'sxc = ' NN,
and thus is solved effectively by Theorem 1.1.

The problem can be formulated also for higher-rank symmetric space, and the
main term of the asymptotics for counting such lifts has been established recently
by Mohammadi and Salehi Golsefidy [2014]. Further work on the subject has
been recently carried out by Dabbs, Kelly and Li in [Dabbs et al. 2016], where an
effective count for the lift of horospheres in certain higher rank locally symmetric
spaces was established.

Local statistics of the Iwasawa N -component. Marklof and Vinogradov [2018]
have recently considered, among other things, the projection of lattice orbit points to
a neighborhood of a horizontal horosphere tending to the boundary, namely the sets
given by Rr (¥, K)\ Ry_.(¥, K). Theorem 1.1 implies without difficulty, as we
shall see below, an effective counting result for these sets as well. In their work, they
have analyzed the local statistics of the Iwasawa N-components in ¥ as T — o0.
This problem is more delicate than just the equidistribution of the N-component,
and it was established by them in real hyperbolic space of any dimension, but not
in an effective form.
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4. Proof of the main theorem

4A. A spectral method for counting lattice points. In the discussion of the present
section, G is a connected almost simple Lie group, not necessarily of real rank 1.
The lattice point counting method in the family of domains {Br} C G that we will
use [Gorodnik and Nevo 2010; 2012] has two ingredients: a spectral estimate and
a regularity property. The crucial spectral estimate requires bounding the norm
of the averaging operators defined by Br in the representation on L(Z)(F\G). Let
us recall the fact that there exists m € N such that the unitary representation of
G in L(Z)(F\G), when taken to the m-th tensor power, is weakly contained in the
regular representation of G. The essential property of such m is that m > % p, where
p satisfies that the K -finite matrix coefficients of 7719\6 are in LP*¢(G) for every
¢ > 0. We define m(I") to be the least even integer with this property if p > 2, or 1
if p = 2; see [Gorodnik and Nevo 2012, Definition 3.1]. One of the remarkable
features of harmonic analysis on simple Lie groups is that then for any measurable
set of positive finite measure B in G, if we denote by 8 the Haar uniform measure
on B divided by u(B), the estimate

(4-1) 172 GBIl < Co.p - w(B)~ @ INFE for every ¢ > 0

holds [Nevo 1998]. Thus, m(I") measures the size of the spectral gap in LZ(F\G).
The lattice I' is called rempered if the representation HIQ\G is already weakly
contained in regular representation, namely if m([") = 1.

We now turn to the second ingredient, which is the Lipschitz property of the
domains Br.

Definition 4.1 [Gorodnik and Nevo 2012]. Let G be a Lie group with Haar mea-
sure mg. Assume {Br} C G is a family of bounded measurable sets such that
w(Br) - oo as T — oo. Let O, C G be the image of a euclidean ball of radius €
in the Lie algebra under the exponential map. Denote

BJTF(G) = 0BrO0, = U uBrv and Bj(e€):= ﬂ uBrv.

u,ve0, u,ve0,

The family {B7} is Lipschitz well-rounded if there exist €g > 0 and Ty > O such
that for every 0 < € <e€g and T > Ty,

w(Bf(€)) < (14 Ce)u(By (€)),
where C > 0 is a constant that does not depend on € or T'.

The concept of well-roundedness appeared first in [Duke et al. 1993; Eskin and
McMullen 1993], and was used later also in [Gorodnik and Weiss 2007]. Lipschitz
well-roundedness was applied extensively in [Gorodnik and Nevo 2012].
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Theorem 4.2 [Gorodnik and Nevo 2012]. Let G be a connected almost simple Lie
group with Haar measure mg, and let I' < G be a lattice. Assume {Br} C G is a
family of bounded measurable sets which satisfies W (Br) — oo as T — oo. If the
family {Br} is Lipschitz well-rounded, then

#(BT N F) = M(BT) + O(M(BT) . E(T)l/(lerimG))

1
u(G/T)
as T — oo, where (G / ') is the measure of a fundamental domain of T in G, and
E(T) is (a bound on) the rate of decay of operator norm ||7TIQ\G(ﬂT) II.

Note that the above theorem applies to every lattice I".
When using the estimate (4-1) for ||71(F)\G (Br)|l, the error term obtained in
Theorem 4.2 is
O (u(Br)< M+ forevery ¢ > 0,
where

1

(4-2) O =1 = Darame)

€ (0,1).

In our case, where G is of real rank 1 and the family of domains is Ry (¥, @),
the estimate (4-1) may be very slightly improved so that the error term is given by

O((log t(R7 (¥, @) - w(Ry (¥, ))“1),
as we now explain. Assume that a set B C G of positive finite measure satisfies that
w(K -B-K) <const-u(B).

This property is called K -radializability; see [Gorodnik and Nevo 2010, Defini-
tion 3.21]. When B is radializable, then it is a consequence of the spectral transfer
principle [Nevo 1998] and of estimates of the Harish-Chandra function in real rank 1
that

7,6 ()l = Co - (og (BT - (B)™ 7 < Cg - (log ju(B)) - ju(B) 0

see [Gorodnik and Nevo 2010, Proposition 5.9; Nevo 1998, §2.2, Theorem 6]. The
sets Ry (W, ®) are indeed radializable, with constant that depends on E and & but
does not depend on T'. In particular, when Br are the probability measures that
correspond to Ry = Ry (¥, @), then

E(T) = |7\ (Br)ll < Cg - (log u(Rr)) - w(Rp) 70,

as claimed.
From the above discussion it follows that in order to prove Theorem 1.1, it suffices
to show that the family { Rt (W, ®)} is Lipschitz well-rounded.
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G S0°(1, n) Su(, n) SP(1,n)  Fa20
I R C H @)
N (as a manifold) | R""! C 'R H 1R O@R’
K SO(m)  S(U(1) x U(n)) SP(1) x SP(n) Spin(9)
G/K H}, H}. H}, H},
(p,q) (n—1,0) 2n—-2,1) (4n—4,3) 8,7)
dt/eZpt dt/e(n—l)t dt/eZnt dt/e(4n+2)t dt/6221

Table 1. Simple rank 1 Lie groups: Iwasawa subgroups, symmetric
spaces and Haar measure . = 1), x (dt/e**") x Mg -

4B. Lipschitz property for Iwasawa coordinates in the negative direction of A. In
order to show that the family Ry (W, ®) is Lipschitz well-rounded, we introduce
coordinates on N, in addition to the parametrization we have already introduced
above for A, namely A = {a, : t € R}, where a; = exptH|, and H| € a = Lie(A)
is the element satisfying o (H;) = 1, with « the unique short positive root.

Let K € {R, C, H} be the (possibly noncommutative) field over which the matrices
in G are defined, and n the dimension (over ) of the corresponding hyperbolic
space. The group N is of Heisenberg type (see [Cowling et al. 1991; 1998]), and in
particular it is parametrized by the space K" & J(IK), where J([K) is the subspace of
“pure imaginary” numbers in K, namely of elements w such that w 4 conj(w) = 0.
A parametrization may be chosen such that

N ={n,,:vekK", z e J(K)},
with the group multiplication

Ny, 21 Ms,20 = Mj+up,z14+22+3(v2,01)) 0

where (v2, v1) = vjv,. The subspaces K" and J(IK) correspond to subsets of N
that are invariant under conjugation by A, and specifically,

4-3) ANy A = Nty 2.

As aresult, if p := dimg(K") and ¢ := dimg(J(K)) = dimg(K) — 1, then u, is
the Lebesgue measure on R?*9, and the parameter p that appears in (1-1) for the
Haar measure equals %( p+2q).

Let N denote the opposite unipotent group, namely the one that corresponds to
the negative roots

4-4) ATy Ay = Nyt g2t .

On the subgroups H € {A, K} we consider the metric dy induced by the riemannian
metric on G. We denote by K 4 s) the open ball in K with center ¢ € K and radius 6,
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and by A ) the open ball in A, with center ¢ and radius & (these are simply the
elements that correspond to the interval (r —§, t+38), since d4 is the euclidean metric
on R). On the product space N = R” x R? we let dy denote the maximum of the
two euclidean metrics dl(\,l), d](\%) on the components K" = R” and J(IK) = R?, and
let N(y,8,)x(z,5,) be the domain in N parametrized by the product of open euclidean
balls in K" = R? and J(I) = R? with centers v, z and radii §;, §, respectively.
When a ball is centered at the identity we omit the center and denote it by Ks),
A@), and Nis)x sy)-

In what follows, || - [ck = || - || is the Cartan—Killing norm on the Lie algebra
Lie(G) of G, and || - [|op is the norm on the space of linear operators on Lie(G).

Lemma 4.3. Let G C SLy(R) be a connected semisimple linear Lie group. Let
O¢ = exp(Be¢), where B = {X € Lie(G) : || X|lcx < €}. For every g € G, the
following inclusion holds:

80e8™" € Ocjadgl, = exp{X € Lie(G) : [ Xllck < € - [|Ad gllop}-
Proof. The operator norm is defined by
Ad = max [|[Adg(X)| = max ||[gX 1.
[Adgllop = max [ Ad g = max llgXg ™|
Therefore Ad g(B.) C Lie(G) is contained in a ball of radius
Adg(X)||= Xg 7l = Xg 7l = Xg N =¢||Ad g]lop-
)Igleaéll gXl )lgleaéllg g | )p;g;glllg g | )Igleaéllge g8 lI=€llAdgllop
Since the exponential function e* : My (R) — My (R) has a convergent power series

expansion at every point X, it follows that geX g1 = eX8™" for every g € GLy (R).
Therefore

808~ =gexp(Bo)g ™' =exp(gBcg™') = exp(Adg(B))
C exp(Be.|adglop) = Oc|Aadgllopy- U

Let M denote the centralizer of A in K. We will use that there exists §p > 0 and
positive constants ¢, ¢z, ¢}, ¢; such that for all 0 < § < 8o,

(4-5) Os S Ny <6 Aers) Ker8) S Ocieys
(4-6) 05 € Nieo)x @) A Me:n) N @) @28) S Oyerss

the latter being the Bruhat coordinates on a neighborhood of the identity in G.
The foregoing inclusions are consequences of the following fact. Let there be
given a decomposition of a Lie algebra as a direct sum of Lie subalgebras, and
let there be given any basis of the Lie algebra. Then there exists a closed ball of
fixed size centered at O in the Lie algebra satisfying the following property. The
map assigning the canonical coordinates associated with the first decomposition (of
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either the first or the second kind) to the canonical coordinates associated with the
given basis (of either the first or the second kind), is an invertible smooth map with
all its derivatives (and the derivatives of its inverse) bounded. In particular, it is a
bi-Lipschitz map.

Proposition 4.4 (effective Iwasawa decomposition). Letn, , € N, ¢ € K, a; €
A with t < 0. There exists € > 0 such that for every 0 < € < €| there are
positive constants C, Cy,, Ca, Ck that depend only on n, , and ¢ (in particular,
independent of t) such that

Oc -1ny,:0:¢9 - Oc S Ny ey x(2.cle) Att,Cae) K (g, Cxe)-

Furthermore, when n,, ; varies over a compact set ¥, and ¢ varies over K, these
constants can be taken to be uniform.

Proof. Observe that
Nsx )N x(p2) S Nsi+p1)x Ga+02+0181)
and
(4-7) M,z No)x(02) € Nw, o) x @ pa+Ilvlior) -
In particular,

(4-8) Ny, 2N x5) Nio) x(02) S Mo,z NG 1+p0)x Sa+p240161)
C Nw.s1+p1) % 2.8+ p2+0181+ [0 B1+01)) -
Finally, note that
(4-9) K¢ C Kg.5)-
Step 1: Right perturbations. We show that

Ny,:0:P - Oc © Nw,rie)x(z,r26) Att,r3e) K (@, rae)

where r; =r; (v, z) is independent of r <0. Recall ||Ad ¢|| = 1. Then, by Lemma 4.3,

4-5)
Ny, 0P - Oc C nv,zatoe¢ - nv,zat(N(cle)x(cle)A(cle)K(cle))¢
(4-3)
- nv,ZN(e’cle)x(ez’cle)atA(CIG)K(CIG)d)
4-7),(4-9)

IN

N(v,c|e’e)x(z,clez’e-i-cl ||v||e’e)A(l,L'1€) K(¢701€)
C Nu,cio)x @ eretervle)A,cre) Kig,cre)s

the latter inclusion holding since e’ < 1.
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Step 2: Left perturbations. We show that

Oc¢ -1y 0:9 S N t,6)x (z,626) At,036) K (¢, 04

where ¢; = ¢; (v, z) is independent of ¢ < 0.
Denote n = ||Ad n;lz||op. By Lemma 4.3,

Oc -ty a1 S ny ;Opeasd.

(We note that we will apply this argument below to n, , € ¥ C N for a fixed
bounded set V).
Assume 0 < € < min{l, §y/n}. Then

(4-6) _

nv,zoneat¢ - nv,z(N(czne)><(czne)A(czne)M(czr)e)N(czne)x(czne))at¢
(4-4) _
C 1y Neaneyx(eane) Acane) @ Mcane) N (crete) x (cae2ne)P
c ”v,zN(czne)><(czr;e)A(czne)at(oc’zczne)¢a

the latter inclusion coming from the second inclusion in (4-6), since 1 > ¢ > ¢*
and Mc,ne)N (cyetne) x(ere2ne) C Ocjeane- By the first inclusion in (4-5), provided

O<e< 50/(c’2c2n), this is included in

nv,zN(czne)x(czne)A(t,czne) (N(clc’zczne)x(clcéczr]e)A(clc’zczne) K(céclczne))¢7

and by (4-3) and (4-9), the above set is included in

nU,ZN(CZTIG)X(Czﬂf) N(e’+c2’7€~clc’zczne)x(ez(’+02”‘)~clc§02ne)A(1,6’2776)A(CIC’ZCZM) K(¢,CIC/20277€) :

Hence by (4-8), using ¢’ < 1, for every € < € where €; satisfies the two foregoing
conditions, we obtain that the above set is included in

N(v,(1+01€'2€”2”)6277€)><(Z,(1+610/2€2‘2”6(1+Czn€)+\|vH(Hezcz”eclc'z)czne))

Ag.(vercheme) Kg.ercheane)-
Step 3: Combining left and right perturbations. Let g :=n, ;a;¢ with t <0 and
let € < €;. Fix positive constants £; = max{¢; (v, z’) : ny » € my (g - O1)}, which
are uniform, namely independent of ¢. Since g - O, C g - Oy, it follows from Step 2
that for every

80 = nvo,20a10¢0 € 8- 067
it holds that
Oc 80 C Ny i) 20, t26) Atto, 30) K g, 116
But, as was shown in Step 1, dl(\,l)(vo, V) <ri€, dl(\%) (2o, 2) <rp€, da(ty, t) <rze and

dg (¢o, ¢) < ree. Then by the triangle inequality for the metrics dl(vl), a’z(\?), da,dg,

Oc-g-0c C N(v,rle+l71e)><(z,r26+£726)A(t,r3e+£736)K(¢,r4e+f4e)‘ g
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4C. Lipschitz regularity of the domains Rt (¥, ®). Recall that we wish to show
that the family {R7 (¥, ®)}7r~¢ is Lipschitz well-rounded (Definition 4.1). Since
we have already established the Lipschitz property for the Iwasawa coordinates in
the negative direction of A, all that remains is to bound the quotient of the measures
of R7 (¥, ®)*(e) and Ry (¥, @) (¢), which we perform below.

Proof of Theorem 1.1. Throughout this proof, it will be convenient to parametrize N
as RP* instead of R” ®R?. We will write n, instead of n,, -, and Ny 5y = N(v.5),(2.8)
for a ball of radius § centered at x = (v, z). It will also be convenient to denote
Mg =dt/e*"", and then p = My X fg X g
The proof will proceed by showing that there exists €y > 0, which will be
described explicitly below, such that for 0 < € < €y, Ry (¥, ®)*(¢) is contained in
a product set of the form W A_7+ ¢+ ®T, and Ry (W, @)~ (€) contains a product set
of the form W~ A_7- - ®~, with the following property. The ratio of the measure
of the three components of WA _r+ ¢+ ®™ to the corresponding components of
W~A_r- s-®~ is bounded by 1 + Ce, for 0 < € < €y, T > Tp. It then follows
immediately that
I(Rr (¥, ®)*(€)) <14Cle
W(Rr (W, @)~ (€))
To construct the sets alluded to above, recall first that for every H € {N, A, K},
§ € H and § > 0, H 5) denotes the open ball of radius § centered at & with respect
to the metric dy on H. By Proposition 4.4 there exist positive constants Cy, C4,
Ck that depend on ¥ and & alone such that forevery x e W, ¢ € ©, 0 <€ < ¢
and r <0,

Oc nxarky - Oc © Nix,cye)Ar,cre) K(g,Cxe)-

We now claim that the inclusions

(4-10) 7y (R (W, @) (€)) € | Hee.cpor-
EeE
(4-11) 7y (Rr(W, @)7(€) 2 | J He.cpo\ | Hecno
EcE £cdE

hold for every H € {N, A, K} and the corresponding & € {V¥, [T, 0], ¢} in H.
The sets appearing in the right-hand side of the first inclusion are the sets W™,
[T+, S*], @7, and the sets appearing in the right-hand side of the second inclusion
are the sets W—, [T, S7], &, alluded to above, for H =N, A, K.

Note that the set on the right-hand side of (4-11) is the set of points in E
whose distance from the complement of E is at least Cye. Namely it is the set
of points such that an open Cgye-ball centered around them is fully contained in
& =y (Rr (¥, ®)). This follows from the following fact. If § € &, &' ¢ E and
the distance between them is less than some n > 0, then £ has distance less than n
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from some point in dE. Conversely, if £ € E has distance less than n from 0 &,
then it has distance less than 7 to some point &’ ¢ 2.

The inclusion (4-10) is a straightforward consequence of Proposition 4.4. To
prove the inclusion (4-11), we note that

“4-12) geRr (¥, D) (¢) <= g cuRr (Y, d)v Yu,v e O
< ugv € Ry (¥, ®) Yu,v e O,
= my(ugv) € my (Rr (¥, ®)) VYu,ve O, VH,
since Ry (W, @) is a product set, and O, = O;l.
Now consider g such that 7 (g) € Uscz Hee,cpe) \ Ugcaz Hie.cpe)- Then as

just noted above, 7, (g) € E and H(x, (5).ce) C E, and therefore by the version of
Proposition 4.4 stated just before (4-10),

7y (ugv) € Hix, (g).cye) C Ty (Rr (W, @)).

Thus every such g is contained in Ry (W, @) (¢) by (4-12). Letting g range over
the product set, we conclude that W~ A_7- - ®~ C Ry (W, @)~ (e), as stated.

As to the volume estimate, we begin with the N-component. Since WV is assumed
to be nice, there exists a constant «; which depends on W and Cy such that

MN( U N(x,cNe)> S aje.
xeow
Note that |,y N.cye) € WU U, ey Ni.cye)- Therefore, by definition of W
in (4-10),
(W) < MN< U N(x,cNe>> < 1y (W) +MN< U N(x,cNe)) <y (W) +aje.
xew xedw

On the other hand, by (4-11),

py (W) = MN<( U Me.cvou | N(x,cNe>)\ U N(x,cNe>>

xev¥ xeow xeow
= MN("D) - //LN< U N(X,CN€)>
xeow
> py (W) —aqe.

By assuming € is small enough such that aje < % My (W), the last two inequalities
imply

py (W) | < W) tae— (W) —one) - 2

py(W) T sy (W) iy (W)
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The same considerations apply for ® € K. Since it is also assumed to be nice,
there exists oy > 0 that depends on d® and Cg such that

pg (1) = MK( U K(k,CKe)) < e,
kedd
and, similarly to the N case, by assuming aye < % g (D),

ILK((I)+)_ < 20
w@) (@)

< €.

Finally, for the A-component, it follows from (4-10) and (4-11) that

TA(Rr (W, ®)F(€)) € [T — Cae, 04+ Cae]l =[-T", §7]
and

T4(RT (W, @) (€)) D [T + Cu€e,0—Cpe]l=[-T7, 57 1.
Clearly,

tCpe dt _ i(e2p(T+CAe) _ e—ZpCAe)

A (=T, §%]) < /

—T—Cpe ezﬂt 2I0
and

—Cye d
=175 = [ !

= L (2er=cae) _ 20Cae)
—T+Cac €t 2p

As a result,

MA([_T+» S+]) e20(T+Cre) _ ,—2pCre _ (e2p(T—CA6) _ eZPCAé)

- @ @ @@ <
MA([_T_» S_]) - ez,o(T—CAe) _ eZpCAE

(eZpT + 1) (eZpCAe _ 872,0CA€)
e2rT e—20Cae _ o=2pT p2pChe’

For € < (4pC4)~ " and T > 2p~! it holds that ¢2°€4¢ — ¢=2°C4¢ < 3.2pC4e and
e~ 2PCae _ o= 2pT p2pCac > %; therefore,

=T+ S*) | 6pCac
PR e A R V7

=24pCze.
Now since

1(RT (¥, @)*(e)) - iy (P, (=T, ST g (1)
I(RT (¥, @)7(€)) ~ iy (¥ )y (=T, STD g (7))

by choosing Ty =2p " and €9 =min{ey, wy (W)/(at1), pg (P)/(er2), 1/(4pCa)}
we conclude that the family {R7 (¥, ®)}r- 1, is Lipschitz well-rounded for 0 < € <
€0, and by Theorem 4.2 (and the discussion in Section 4A) we are done. O
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4D. Proof of Corollary 1.2. Let W, ¥V, ®, ®" and « as in the statement of the
corollary. By Theorem 1.1, the denominator in the following ratio is eventually
positive and the following estimate holds:

#CNRr (W, )ty (W) (@7 + 0(TeT)
#CORI (U, @) 1y (W)pag (9)eT + O(Te2reT)
iy (W) g ()
iy (W) g (D)

The limit of the foregoing expression is (14 (W) tg (D)) /(1y (W) pig (P)) as T —
00, since k < 1. The implied constant depends on W, W', &, @',

Let now v and ¢ be nonnegative Lipschitz functions with positive integral,
with v defined on W, and ¢ defined on ®. We also view ¥ as a (measurable
bounded) function on N by defining it to be zero outside W, and we extend ¢ to
K similarly. Let Ry (¥, ¢) be the measure on G whose density with respect to
Haar measure on G (written in Iwasawa coordinates as in (1-1)) is given by the
function D7 (na;k) = ¥ (n) xj—r,01(a:)¢ (k). Equivalently, the measure is given by
the following formula: for F € C.(G),

+ O(T(eZpT)_(l_K)).

0 d
Rer ) (F) = [ [ [ Faky (0 duny ) 51 diag (0.

The family of measures Rr (v, ¢) is Lipschitz well-rounded, in the following sense.
Defining

Dy “(g)= sup Dr(ugv), Dy“(g)= inf Dr(ugv),

u,ve0,
we have

fGD?e(g)du(g) <+ Cé)/GD;’G(g) du(g).

The family Ry (v, ¢) satisfies a weighted version of the lattice point counting result
which the sets Ry (¥, ®) satisfy, namely

Y "0r0)= [ Dr@dn@)+ 06,y (( [ Pr@ante) " tog [ Dr(@dn).

yell
so that in the present case,

D Ve )X T.0 (T (V) (i (7))

yel
=7 /Nvf(n) duy (n)- /qu (k) d i (k) + Oy (T*T<T)),

The proof of the weighted version of the lattice point problem stated above under
the assumption of Lipschitz well-roundedness is a straightforward modification of
the arguments that appear in [Gorodnik and Nevo 2012]. The fact that when ¢ and
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¢ are Lipschitz functions on N and K the measures Rr (Y, ¢) defined above are
Lipschitz well-rounded is a straightforward modification of the arguments in the
present paper. Note that it suffices to consider nonnegative Lipschitz functions on
N and K, and the case of general Lipschitz functions follows, since max( f, 0) and
max(— f, 0) are nonnegative Lipschitz functions and f is their difference. Finally,
the statement of Corollary 1.2 part (2) follows by considering a Lipschitz function
Y defined on W C N, a Lipschitz function ¢ defined on ® C K, defining Dy using
Y and ¢, and estimating the ratios as

> yer Dr(y)
> yer XRr(w,a)(¥)
= — g [V duy ) — [ 30 dpg k) + OTe 1=,
(W) I pg (P) Sk
where the implied constant depends on &, ¥, ¢, 1. O
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BOUNDED RICCI CURVATURE AND
POSITIVE SCALAR CURVATURE UNDER RICCI FLOW

KLAUS KRONCKE, TOBIAS MARXEN AND BORIS VERTMAN

We consider a Ricci de Turck flow of spaces with isolated conical singularities,
which preserves the conical structure along the flow. We establish that a given
initial regularity of Ricci curvature is preserved along the flow. Moreover
under additional assumptions, positivity of scalar curvature is preserved
under such a flow, mirroring the standard property of Ricci flow on compact
manifolds. The analytic difficulty is the a priori low regularity of scalar
curvature at the conical tip along the flow, so that the maximum principle
does not apply. We view this work as a first step toward studying positivity
of the curvature operator along the singular Ricci flow.
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1. Introduction and statement of main results

Consider a compact smooth Riemannian manifold (M, g) without boundary. Its
Ricci flow is a smooth family of metrics (g(¢));>¢ such that

1-1) 9;8(r) = —2Ric(g(1)), g0)=¢

where Ric(g(#)) denotes the Ricci curvature tensor of g(¢). Due to diffeomorphism
invariance of the Ricci tensor, this evolution equation fails to be strongly parabolic.
One overcomes this problem by adding an additional term to the equation which
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breaks the diffeomorphism invariance. This leads to the equivalent and analytically
more convenient Ricci de Turck flow

1-2) 9;8(t) = —2Ric(g()) + Lwrg®), g(0) =g,

where W (¢) is the de Turck vector field defined in terms of the Christoffel symbols
for the metrics g(¢) and a background metric &

(1-3) W ()" = g0 (T (g(1) = TH;(h).

In the applications, the background metric / is usually taken as the initial metric g,
or as its small Ricci flat perturbation. The de Turck vector field defines a one-
parameter family of diffeomorphisms (¢ (¢));>0 and if (g(¢));>o is a solution to
the Ricci de Turck flow (1-2), then the pullback (¢ (#)*g(#)),>0 is a solution to the
Ricci flow (1-1).

On singular spaces, the de Turck vector field may point towards the singular
stratum and thus lengths of the corresponding integral curves may not be bounded
from below away from zero. Hence the one-parameter family of diffeomorphisms
(¢ (t))r>0 may not exist for positive times. Therefore, in the singular setting (1-1)
and (1-2) are generally not equivalent and we study the latter flow.

Our work establishes an interesting property of the flow, namely that a given
initial regularity of the Ricci curvature is preserved along the flow.

Theorem 1.1. The singular Ricci de Turck flow preserves the initial regularity of
the Ricci curvature. In particular, if the initial metric has bounded Ricci curvature,
the flow remains of bounded Ricci curvature as well.

We are not able to deduce an analogous result for the scalar curvature. The
reason is that the norm of the Ricci tensor appears as the reaction term in the
evolution equation of the scalar curvature. Thus, unbounded Ricci curvature at
the singularity pushes the scalar curvature to infinity after infinitesimal time. In
contrast, the evolution equation on the Ricci curvature is tensorial which allows
more flexibility. However, we are able to prove a different property of the scalar
curvature along the Ricci flow which is well known in the smooth compact case.

Theorem 1.2. An admissible Riemannian manifold with isolated conical singulari-
ties and positive scalar curvature admits a singular Ricci de Turck flow preserving
the singular structure and under the additional assumption of strong tangential
stability, positivity of scalar curvature along the flow.

The present work is a continuation of a research program on singular Ricci flow,
that preserves the initial singular structure, that has seen several recent advances.
In the setting of surfaces with conical singularities, singular Ricci flow has been
studied by Mazzeo, Rubinstein and Sesum [16] and Yin [23]. The Yamabe flow,
which coincides with the Ricci flow in the two-dimensional setting, has been studied
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in general dimension on spaces with edge singularities by Bahuaud and Vertman
in [1] and [2]. In the setting of K#hler manifolds, K&hler—Ricci flow on spaces
with edge singularities appears in the recent results on the Calabi—Yau conjecture
on Fano manifolds; see Donaldson [6], Tian [20], see also Jeffres, Mazzeo and
Rubinstein [9]. Kihler—Ricci flow in case of isolated conical singularities has been
addressed by Chen and Wang [4], Wang [22], as well as Liu and Zhang [15].

Ricci flow on singular spaces of general dimension, without the Kihler condition,
does not reduce to a scalar equation and has been studied in [21] by Vertman.
Subsequently, Kroncke and Verman [13; 14] established stability and studied
solitons and Perelman entropies of this flow in the special case of isolated conical
singularities. The present work is a continuation of this research program.

Let us point out that Ricci flow preserving the initial singular structure, is not
the only possible way to evolve a singular metric. In fact, Giesen and Topping
[7; 8] construct a solution to the Ricci flow on surfaces with singularities, which
becomes instantaneously complete. Alternatively, Simon [19] constructs Ricci flow
in dimension two and three that smoothens out the singularity.

2. Geometric preliminaries on conical manifolds

We begin with a definition of spaces with isolated conical singularities. We point
out that part of our analysis in fact applies to spaces with nonisolated conical
singularities, the so-called edges.

Definition 2.1. Let M be the open interior of a compact smooth manifold M
with boundary F := dM. Let x be a boundary defining function and C(F) a
tubular neighborhood of the boundary with open interior C(F) := (0, 1), x F. An
incomplete Riemannian metric g on M with an isolated conical singularity is a
smooth metric on M satisfying

g1 C(F)=dx*+x%gr+h=:g+h,

where the higher order term 4 has the following asymptotics at x = 0. Let g =
dx? + xgr denote the exact conical part of the metric g over C(F) and V; the
corresponding Levi Civita connection. Then we require that for some y > 0 and all
integers k € Ny the pointwise norm

(2-1) x*VEh|g = 0(x"), x—0.

Remark 2.2. We emphasize here that we do not assume that the higher order term
h is smooth up to x = 0 and do not restrict the order y > 0 to be an integer. In that
sense the notion of conical singularities in the present discussion is more general
than the classical notion of conical singularities where /4 is usually assumed to be
smooth up to x = 0 with y = 1. This minor generalization is necessary, since the
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Ricci de Turck flow, which will be introduced below, preserves a conical singularity
only up to a higher order term / as above.

We call (M, g) a manifold with an isolated conical singularity, or a conical
manifold for short. The definition extends directly to conical manifolds with finitely
many isolated conical singularities. Since the analytic arguments are local in nature,
we may assume without loss of generality that M has a single conical singularity
only.

Let (z) = (z1, ..., z,) be local coordinates on F, where n = dim F. Then (x, z)
are local coordinates on the conical neighborhood C(F) C M. A b-vector field is
by definition a smooth vector field on M which is tangent to the boundary dM = F.
The b-vector fields form a Lie algebra, denoted by V. In the local coordinates
(x, z), the algebra V), is locally, near 0 M, generated by

d 0 0
x—, 0, =—,...,— |,
0x 071 0zp

with smooth coefficients on M. The b-tangent bundle T M is defined by requiring
that the b-vector fields form a spanning set of sections for it, i.e., V, = C>® (M, *T M).
The b-cotangent bundle ?7*M is the dual bundle and locally, near 3 M, generated
by the one-forms

d
(2-2) {%,dzl,...,dzn}.

Note that the differential form dx—x is singular in the usual sense, but smooth as
a section of ?T*M. Extend the radial function x of the cone C(F) to a nowhere
vanishing smooth function x : M — [0, 2]. Then we define the incomplete b-tangent
space {*T M by asking that C**(M,"*T M) :=x~'C°(M,*T M). The dual bundle,
the incomplete b-cotangent bundle °T* M, is related to its complete counterpart
PT*M by C®(M,""T*M) = xC>®(M,>T*M), and is locally generated by

(2-3) {dx, xdzy, ..., xdz,).

3. Weighted Holder spaces on conical manifolds

In this section we review definitions from [21, Section 1.3] in the case of isolated
conical singularities. Let (M, g) be a manifold with isolated conical singularities.

Definition 3.1. Let dy;(p, p’) denote the distance between two points p, p’ € M
with respect to the conical metric g. In terms of the local coordinates (x, z) over
the singular neighborhood C(F), the distance can be estimated up to a constant
uniformly from above and below by the distance function of the model cone

d((x,2), &, 2) = (Ix —=x'*+ (x + x|z = 21DV



BOUNDED RICCI CURVATURE AND POSITIVE SCALAR CURVATURE 299

The Holder space Cjt(M x [0, T]), a € [0, 1), is by definition the set of functions
u(p, t) that are continuous on M x [0, 7] with finite a-th Holder norm
lu(p, 1) —u(p', t')|
< 00,
du(p, p)* +1t —1'|*/2

(3-D lltlle := |Iu||oo+SuP(

with supremum taken over all p, p’ € M and t,t’ € [0, T] with p % p’ and t # ¢'.!

We now extend the notion of Hélder spaces to sections of the vector bundle
S := Sym*("’T*M) of symmetric 2-tensors. Note that the Riemannian metric g
induces a fiberwise inner product on S, which we also denote by g.

Definition 3.2. The Holder space Ci;(M x [0, T], S) is by definition the set of
all sections w of S which are continuous on M x [0, T'], such that for any local
orthonormal frame {s;} of S, the scalar functions g(w, s;) are in C2,(M x [0, T]).
The a-th Holder norm of w is defined using a partition of unity {¢;};c; subordi-
nate to a cover of local trivializations of §, with a local orthonormal frame {s j;}

over supp(¢;) for each j € J. We put
(3-2) ol P =" "lg(; @, 8ji) la-

jeJ k

Different choices of ({¢;}, {s;«}) lead to equivalent norms so that we may drop
the upper index (¢, s) from notation. Next we come to weighted and higher order
Holder spaces of S-sections.

Definition 3.3. (1) The (hybrid) weighted Holder space for y € R is
CE(M x[0,T1,S), :=x7 CL(M x [0, T],S) Nx’T*CL (M x [0, T], S)

¢

with Holder norm ||w|lq,y = X7 @lle + 77" @]l 0o.
(2) The weighted higher order Holder spaces are defined by

CE* (M % [0.T1. 8), :={weCl_ | (V}ox?0) o e CE_ forall j+2I <k},

for any y € R and k € N. For any y > —« and k € N we also define

CoY(M x [0, T1, S ={wecy| VoG we Ci , forall j 421 <k}.

The corresponding Holder norms are defined using a finite cover of coordinate
charts trivializing Sy and a subordinate partition of unity {¢;};c;. By a slight
abuse of notation, we identify V;, with its finite family of generators over each
coordinate chart. Writing D := {V{; o(x29,)! | Jj + 2l < k} the Holder norm on
Cike’“(M x [0, T1, S), is then given by

(3-3) ooy =D > 1X@) ) lay + @y -

jeJ XeD

1'We can assume without loss of generality that the tuples (p, p’) are always taken from within the
same coordinate patch of a given atlas.
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For the Holder norm on Cil;’a(M x [0, T1, S)f, replace in (3-3) [|w|la,, by [@]lq-

The Holder norms for different choices of coordinate charts, the subordinate
partition of unity or vector fields V;, are equivalent. Analogously we also consider
time-independent Holder spaces, which are denoted in the same way with [0, T']
deleted from notation above.

The vector bundle S decomposes into a direct sum of subbundles S = Sy @ S,
where the subbundle Sp = Sym% (*’T*M) is the space of trace-free (with respect
to the fixed metric g) symmetric 2-tensors, and S is the space of pure trace (with
respect to the fixed metric g) symmetric 2-tensors. Definition 3.3 extends verbatim
to subbundles Sy and Sj.

Remark 3.4. The spaces presented here are slightly different from the spaces
originally introduced in [21]. There, in case of S;-sections, higher order weighted
Holder spaces were defined in terms of x” C instead of Cioé’y. Here, we present
a more unified definition, which will become much more convenient below. The
arguments of [21] still carry over to yield regularity statements in these unified
Holder spaces.

Definition 3.5. Let (M, g) be a compact conical manifold, yy, y; € R. We define
the following spaces:

(1) If (M, g) is not an orbifold, we set

I, (M x [0, T1, 8) := C™ (M x [0, T1, So)y, ®Ci” (M x [0, T1, S1)},.

(2) If (M, g) is an orbifold, we set

3%, (M x [0, 71, 8) 1= CE*(M x [0, T, Sp)%, &CL™(M x [0, T, $1)),.

Note that e.g., for the nonorbifold case, the different choice of spaces for the Sy
and S| components, simply ensures that the §; component is not (!) included in
xVCi% for some positive weight y. In case of orbifold singularities, this restriction
is imposed on both the Sp and S} components. We can now impose regularity
assumptions on our initial data (M, g). Definitions 3.2 and 3.3 extend naturally to
associated bundles of "*T M. Also we write fo/’”‘ = ﬂ{')‘,‘;‘,

Definition 3.6. Let o € [0, 1), k € Ny and y > 0. A conical manifold (M, g) is
(o, v, k) Holder regular if the following two conditions are satisfied:

(i) The (0, 4) curvature tensor Rm € Cike’“(M x [0, T], @*T*M)_,.

(i1) The Ricci curvature tensor Ric € J—Ck_g 4y (M x[0,T],S).

We continue under that assumption from now on.
Remark 3.7. The asymptotics of the Ricci curvature tensor, as a section of S, is

generically O(x~2) as x — 0. Hence (a, y, k) Holder regularity with y > 0 in
particular implies that the exact conical part (C(F'), g) must be Ricci-flat. This is
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equivalent to (F", gr) being Einstein with Einstein constant n — 1. Moreover, the
weight y corresponds to the weight in (2-1).

4. Lichnerowicz Laplacian and tangential stability

Consider the right hand side —2 Ric(g(#)) + Lw)g(#) of the Ricci de Turck flow
equation (1-2). Write W () = W(g(¢), h) to indicate precisely what the de Turck
vector field depends on. Choose # = g as the background metric. Then, replacing
g(t) = g + 5 w for some symmetric 2-tensor w, the linearization of the right-hand
side of (1-2) is given by

d .
(4-1 7 (T2Ric@+50) + Lwgrson @+ 0)ls=0=—AL®,

where Ay is an elliptic operator, which is known as the Lichnerowicz Laplacian
of g, acting on symmetric 2-tensors by

Ar wij = Aa),-j —2g1’q Rm;l-j Wyrp +gqu,-p Wyj +gqujp Wiq,

where A denotes the rough Laplacian, and Rmy;; and R;; denote the components

of the (1, 3)-Riemann curvature tensor and the Ricci tensor, respectively. Near the
conical singularity A can be written as follows. We choose local coordinates (x, z)
over the singular neighborhood C(F) = (0, 1), x F. Consider a decomposition of
compactly supported smooth sections C3°(C(F), S [ C(F))

CSC(C(F), S | C(F)) — CF((0, 1), C®(F) x Q'(F) x Sym*(T*F)),

(4-2)
w = (w(am ax)’ w(ax, : )’ a)( N ))7

where Q!(F) denotes differential 1-forms on F. Under such a decomposition, the
Lichnerowicz Laplace operator A associated to the singular Riemannian metric g
attains the following form over C(F)

3) ap=- 2 nd O
E770x2 xax 2 ’

where [J; is a differential operator on C®°(F) x Q' (F) x Sym?(T* F), depending
only on the exact conical part g, and the higher order term is O € x 217 V% with

Holder regular coefficients.

Tangential stability. We can now impose a central analytic condition, under which
existence of singular Ricci de Turck flow has been established in [21].

Definition 4.1. (F, gr) is called (strictly) tangentially stable if the tangential oper-
ator [y, of the Lichnerowicz Laplacian on its cone restricted to tracefree tensors is
nonnegative (resp. strictly positive).
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Tangential stability (in fact a smaller lower bound [J;, > —((n — 1)/ 2)? would
suffice) has a straight forward implication: for w € C°(C(F), §) we find

0 1 n—1 2 n—1 !
- ALw:(m</DL+( )
0 1 n—1 2 n—1
O(W(Jm( ) ))e

Thus, tangential stability in particular implies that A, acting on compactly sup-
ported smooth sections, has a lower bound, i.e., there exists some C € R such that

(4-5) AL | CP(M, S)>C.

For convenience of the reader we shall add here a complete characterization of tan-
gential stability, obtained by Kroncke and Vertman [13]. Recall that by Remark 3.7,
the assumption of («, y, k) Holder regularity implies that (F, gr) is Einstein with
Einstein constant (n — 1).

Theorem 4.2. Let (F, gr), n > 3 be a compact Einstein manifold with constant
(n — 1). We write Ag for its Einstein operator, and denote the Laplace Beltrami
operator by A. Then (F, gr) is tangentially stable if and only if Spec(Ag|rr) >0
and Spec(A)\ {0} N (n,2(n + 1)) = @. Similarly, (M, g) is strictly tangentially
stable if and only if Spec(Ag|r7) > 0 and Spec(A)\ {0} N[n,2(n+ 1)] = @.

There are plenty of examples, where (strict) tangential stability is satisfied. Any
spherical space form is tangentially stable. [13] also provides a detailed list of strict
tangentially stable Einstein manifolds that are symmetric spaces. Note that S” is
tangentially stable but not strictly tangentially stable.

Theorem 4.3. Let (F", gr), n > 2 be a closed Einstein manifold with constant
(n — 1), which is a symmetric space of compact type. If it is a simple Lie group G,
it is strictly tangentially stable if G is one of the following spaces:

(4-6) Spin(p)(p=6,p#7), Ee E;7, Es, Fu

If the cross section is a rank-1 symmetric space of compact type G/K, (M, g) is
strictly tangentially stable if G is one of the following real Grassmannians

S0Qq+2p+1D) s0®)
SO(2g + 1) x SO2p) SO(5) x SO(3)
SO@2p) SO@2p+2)
4D 5600 x SO(p) (P =4, SO0(p +2) xSO(p) P =Y
S0Cp) (p—2>2¢qg=>3),

SO(2p —¢q) xSO(q)



BOUNDED RICCI CURVATURE AND POSITIVE SCALAR CURVATURE 303

or one of the following spaces:

SU@2p)/SO(p) (n=6), Ee/[Sp(4)/{xI}],  E¢/SUQ2)-SU(H),
(4-8)  E7/[SU8)/{£I}], E7/S0(12)-SU(2), Eg/SO(16),
Eg/E7-SU(2), F4/Sp(3) -SU(2).

Self-adjoint extensions of the Lichnerowicz Laplacian. We can now study the self-
adjoint closed extensions of Ay acting on compactly supported sections C3°(M, S).
We write L2(M, S) for the completion of C;°(M, §) with respect to the L?-norm
(-, )2 defined by g. The maximal closed extension of Ay in L*(M, S) is defined
by the following domain

(4-9) D(ALmax) i={we L*(M, S) | ALw e L*(M, S)},

where A w is defined distributionally. The minimal closed extension of Ay in
L*(M, S) is obtained as the domain of the graph closure of Ay, acting on C5°(M, S)

®(AL,min) = {a) € ®(AL,max) | El(wn)neN C CSO(M, S) :
Wy 7% o, A w, = A w in Lz(M, S)}.
Let (A, w;) be the set of eigenvalues and corresponding eigentensors of the
tangential operator [];. Assuming tangential stability, we have A > 0, and hence
we define

2
(4-10) v(h) 1= A+<?).

Standard arguments, see, e.g., [10], show that for each w € D(A [ max) there exist
constants c;t, v(A) € [0, 1), depending only on w, such that @ admits a partial
asymptotic expansion as x — 0

@1 o= Y (f@x "+ (@x " log(x)) - o,
v(A)=0
+ Z (C;“(a))x”0‘)_(”_1)/2 +c; ()x"P=0=D/2y ) 4+ B,
v(A)e(0,1)

for @ € D(AL min). All self-adjoint extensions for Ay, can be classified by algebraic
conditions on the coefficients in the asymptotic expansion (4-11), see, e.g., Kirsten,
Loya and Park [10, Proposition 3.3]. The Friedrichs self-adjoint extension of A
on C;°(M, S) C L*>(M, S) is given by the domain

(4-12) D(AL) :={w € D(AL max) | ¢; (w) =0for v(d) € [0, 1)}.
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Note that if n > 3, then tangential stability implies that all v(1) > 1. Hence the
minimal and maximal domains coincide and we find

(4-13) D(AL) =D(ALmax) = D(Apmin), forn=3.

We close the section with an observation by Friedrichs and Stone, see Riesz
and Nagy [18, Theorem on page 330], compare the corresponding statement in our
previous work [13, Proposition 2.2].

Proposition 4.4. Assume that (M, g) is tangentially stable, so that by (4-5) the
Lichnerowicz Laplacian A with domain C3°(M, S) is bounded from below by a
constant C € R.> Then the Friedrichs self-adjoint extension of the Lichnerowicz
Laplacian Ay is bounded from below by C as well.

5. Existence and regularity of singular Ricci de Turck flow

The main result of [21, Theorem 4.1], see also [13, Theorem 1.2], is existence and
regularity of singular Ricci de Turck flow. Despite a slight difference of Holder
spaces used here and in [21], we still conclude from [21, Theorem 4.1] that the heat
operator of the Friedrichs extension A; maps

e—tAL . g_(:k,ol

O 2ty (M X [0, T1, §) — H (M x [0, T, S).

Y0, Y1

Therefore existence and regularity obtained in [21, Theorem 4.1], as well as in [13,
Theorem 1.2] for a different choice of a background metric, still hold in our spaces.

Theorem 5.1. Let (M, g) be a conical manifold, which is tangentially stable and
(o, k + 1, y) Holder regular. In case the conical singularity is not orbifold, we
assume strict tangential stability. Let the background metric be either equal to g or
a conical Ricci flat metric, in which case g is assumed to be a sufficiently small
perturbation of g in 9{71‘/3/2’“ (M, S). Then there exists some T > 0, such that the Ricci
de Turck flow (1-2), starting at g admits a solution g(-) € 9{%)2,’1“ (M x[0,T],S)
for some vy, y1 € (0, v) sufficiently small.

Let us now explain in what sense the flow preserves the conical singularity.
Given an admissible perturbation g of the conical metric gg, the pointwise trace of
g with respect to go, denoted as tr,, g is by definition of admissibility an element
of the Holder space Ci];’a(M , S1)?, restricting at x = 0 to a constant function
(trg, 8)(0) = ug > 0. Setting X := ,/ug - x, the admissible perturbation g = go +h
attains the form

g=di*+%’gr +h,

2The case of C =0 is commonly referred to as linear stability in the literature.
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where |h] ¢ = O(x7) as x — 0. Note that the leading part of the admissible
perturbation g near the conical singularity differs from the leading part of the
admissible metric gg only by scaling.

We now wish to specify conditions on the weights yp, y1. Let us write (1) for the
tangential operator of the Lichnerowicz Laplacian A, acting on trace-free tensors So.
The tangential operator of Ay acting on the pure trace tensors S; is simply the
Laplace Beltrami operator Ay of (F, gr). We set ug := min(Spec 0} \{0}) > 0
and u; := min(Spec Ar\{0}) > 0. In the orbifold case we set u := min{ug, u;}.>
Define

2 2 2 2
Then the admissible choice of weights (yp, 1) (in the orbifold case set y = yp = yy)
and the Holder exponent « is given by the following restrictions:

Y0 € (0, m0), YW =2y, V<V,
(5-D €O, m), i<y, <y,
a € (0, wo—vo) N O, w1 —y1).

Remark 5.2. Note that in case of ug, u; > n, i.e., Iy > n, and assuming additionally
y > 1, we may choose yy, y; > 1 satisfying (5-1). This stronger condition is studied
in the Appendix, where a list of examples is provided.

We close the section by pointing out regularity of the de Turck vector field.
As before we may define weighted higher order Holder spaces of the incomplete
b-cotangent bundle b, By Theorem 5.1, see [21, Section 6],

(5-2) W(t) e Cl (M x [0, T1, P T*M) 145,

where ¥ :=min{yy, y1}, and ¥ =y in the orbifold case. As explained in the previous
Remark 5.2, assuming [, > n we can choose ¥ > 1, so that existence time of the
integral curves of W () is positive, uniformly bounded away from zero. In this case
we may pass from the Ricci de Turck flow back to Ricci flow, which is generally
not clear in the singular setting.

6. Evolution of curvatures under Ricci de Turck flow

The results of this section are well-known in the setting of smooth compact manifolds
where the Ricci flow is defined. Evolution equations are usually proven by studying
evolution of curvatures under the Ricci flow, and then the corresponding equations
follow for the Ricci de Turck flow by applying the corresponding diffeomorphisms.
In the singular setting there might be no globally well-defined diffeomorphism to

3See [21, Remark 2.5].
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go from the Ricci de Turck flow back to the Ricci flow, as the de Turck vector field
may be pointing toward the singularity. Thus we need to establish the evolution
of Ricci curvature under Ricci de Turck flow directly without passing back to the
Ricci flow. The evolution of the scalar curvature is then a direct consequence.

Notation. Let g(t),t € [0, T] be a Ricci de Turck flow of Riemannian metrics
on M. We denote by V, A, Ay and I" the covariant derivative, the Laplace Beltrami
operator, the Lichnerowicz Laplacian and the Christoffel symbols, respectively,
defined with respect to the metric g(). We let |-| be the norm with respect to g(¢).
We denote the Riemann curvature tensor by Rm, the Ricci tensor by Ric and the
scalar curvature by R, and we use the following conventions:

Rm(X, Y)Z = Vx(VyZ) — VY(V)(Z) — V[X’y]z,

R a 9 d R! 0
m\ —, — | —5 = s
dxt’ dxJ ) oxk ik g x!
Here and below we use the Einstein summation convention and sum over repeated

upper and lower indices. We lower the upper index to the fourth slot R;jx := g RZ. k-
Then the Ricci tensor Ric and the scalar curvature R are given by

Ricjy = Rj := Rfjk = gilRijkl, R:= gijjk-

Theorem 6.1. Let M be a smooth manifold. Let g(t),t € [0, T] be a solution of the
Ricci de Turck flow with initial metric g and reference metric h, i.e.,

58 (. 1) = (2R + VW + V; W) (x, 1), (x,1) € M x[0, T,
(6-1)

8ij(x,0) =g;;(x), xeM,

where W(1)* = g(1)'(T};(g(1)) — T'};(h)) is the de Turck vector field. Then the
Ricci tensor Ric evolves by

(6-2) (8[+AL)Rjk =Vijka+ijVka+kaVij.
Proof. By [5, Lemma 3.5] the evolution of the Ricci curvature is given by
(6-3) Rk = 28" (VyVjar, +VyViajp — V,pVyaj — V;Viap,),

where the time-dependent (0, 2)-tensor a is the time-derivative of the metric, a;; :=
%gij. Using the Ricci de Turck flow equation %gij =—-2R;; +V;W; +V;W; we
obtain
(6-4) 8tRjk = —gpq (Vq Vj Rkp—i—VqVkij—Vqu Rjk—Vj Vkqu)
+%g”’1 (VquVk W,+VyV;V,Wi+V, ViV W,+V, ViV, W;
-V, VyViW =V, V,ViW;—V;V\V,W,—V;V,V, Wp).
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The first line on the right-hand side is the time-derivative of the Ricci tensor when
the metric evolves by Ricci flow. Since it is known [5, Lemma 6.9] that under Ricci
flow the time-derivative of the Ricci tensor equals the Lichnerowicz Laplacian of
the Ricci tensor, i.e., 9; Rjx = —AL R, it follows that

(6-5) ALRjk = gpq(quijp +VqVkij — vquRjk — Vijqu).

To simplify the second and third line on the right-hand side, we compute several
terms by commuting covariant derivatives. We have

(6-6) Vo ViV Wi =V (Vo VWi — RT W)
=V, ViWi = VR Wy — R™ V), Wiy,

Hence by exchanging j and k
(6-7) V,ViV,W; =V,V, VW, —V,,R,’(’;ij —R,’(”qume.
Furthermore,

(6-8) V,V;ViW,
=V, ViWy =R Vi Wy — R Vi Wy
=V, (ViVp Wy =R W)= R Ny Wy — R Vi Wiy

=V ViV Wy =V R Wiy =RV Wy — R Vi Wy — R Vi Wi

By exchanging j and k and commuting covariant derivatives we have

6-9) V,ViV;W, =V V;V,W, = ViR" W,, —R" VkW

piq

=V, ViV, W, — R,'g;pv W, —RquVpW kamW

piq

Now plugging (6-5), (6-6), (6-7), (6-8), (6-9) into (6-4) we obtain

(6-10) & Rjx=—ALRj—1g"(V, R’”kW +R" VWtV quJW

+RpjkV 14 +R?}]qVka+Rkij Wy

—I—RquV Wi —|—VkRZ’qu —{—RMVka

+ R Vi Wy R Vi W)
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Simplifying and rearranging terms yields

(6-11) & Rjx=—ALRjx — 18"V, W, (R7, + R, + REG,)
— 58IV Wy (R + R, + Ry

— —g”qW (VpRY + VR + ViR, + ViR )
— 8" (R ViWm + R Vi W),

The second line on the right-hand side is

(6-12) ——g”"V Wi (R]pk—l—R,’("pjﬁ—R,’(’;p)—Egqu Wy (R R, + R )

= _§Vme(ijkm+Rkpjm+Rkjpm)_jvm Wp(Rpjkr11+Rkjpm+Rpkjm)
= _%Vme (ijkm+Rkpjm+Rkjpm)_%vP wn (ijkp+Rkjmp+Rmkjp)
= _%Vme(ijkm+Rkpjm+Rkjpm_Rkpjm_Rkjpm_ijkm)

=0,

where in the penultimate line we used the symmetries of the curvature tensor. The
fourth line on the right-hand side is given by

(6-13) —gPI(R™ VW + R" ViWy) = RinV; W + Ry Vi W,

pkq piq

To compute the third line on the right-hand side, we first observe that by the
symmetries of the curvature tensor and the second Bianchi identity

(6-14) VoRjgkm = VpRimjg =~V Rpijiq — Vi Rumpjg-

Moreover, exchanging j and k yields

(6-15) VpRigim = —VmRpjkg — VjRmpig-

Now using (6-14) and (6-15) we obtain for the third line on the right-hand side

(6-16)  —38PI W (VpRI AV, RE AV R +ViRY )

== 38" W" (= Vi Rpjq = Vi Rnpjq =V R pjig
_Vj Rmpkq +Vj Rpkqm +vk Rqum)
_%Wm(_vm Rkj+kamj_vajk+vj Rmk_vj ka_kajm)
=W"V,Rji.
Plugging (6-12), (6-13) and (6-16) into (6-11) we finally obtain the claimed evolution
equation of the Ricci tensor

8,Rjk=—ALRjk-i-Vijka+ijVka+kaVij. O
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Corollary 6.2. Let M be a smooth manifold. Let g(t), t € [0, T] be a solution of
the Ricci de Turck flow with initial metric g and reference metric h, i.e.,

D gij(x, 1) = (2R +ViW; + V; W) (x,1), (x,1) € M x[0, T,

(6-17) i
8ij(x,0) =g (x), xeM,

where W (1)k = gl (Ffj (g(1) — Ffj (h)) is the de Turck vector field. Then the
scalar curvature R evolves by

(6-18) (8 + A)R = (W, VR) +2|Ric|*.
Proof. The scalar curvature is given by R = g/*R jk- Since
dg't=—gPg"d,8,0 = """ (=2R g + V, W, +V,W),)
and by the evolution equation for the Ricci tensor (6-2) we thus obtain
R =—g"g" (=2Rpy + V, W, + V,W,)R i
+ g (= ALRjL + Vi Rjx W™ + Ry Vi W™ 4 Ripy V; W™)

=2[Ric|* —2gPg"V ,W,Rjx — g/*ALRjx + Vy RW™ +2g7* R, V, V"
=—AR+V,,RW" 4+ 2|Ric|?,

where in the last step we used gjkALRjk = AR. O

Remark 6.3. Note that in the proof we didn’t use the special form of W, we just
used that W is a (time-dependent) one-form.

Remark 6.4. Note also that, although the computations above are local, it is not
possible to locally go from the Ricci de Turck flow back to the Ricci flow. If the de
Turck vector field points towards the singularity, such that there exists a sequence
of points p, € M where the integral curve of the de Turck vector field starting at
Pn has maximal existence time .« (p,) — 0, the local diffeomorphisms generated
by the de Turck vector field are not defined near p, for times tmax(pn) <t <T. As
the times fmax (p,) become arbitrarily small, it is also not possible to replace T by
a smaller time 0 < § < T and obtain the evolution equations on [0, S].

7. Regularity of Ricci curvature along the Ricci de Turck flow

Our aim in this section is to improve the a priori low regularity of the Ricci curvature
along the singular Ricci de Turck flow, as noted in [21, Theorem 8.1]. Consider an
(o, k+ 1, y)-Holder regular conical manifold (M, g), satisfying tangential stability,
with singular Ricci de Turck flow g(-) € J—C%‘f‘yl (M x [0, T], S), i.e., decomposing
g(t) = (14u)g+w into trace and trace-free parts with respect to the initial metric g,
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we have
(@, u) € CEH(M x [0, T1, So)y, ®Cit > (M x [0, T, S1)5,.

Recall the following transformation rule for the Ricci curvature tensor under con-
formal transformations (setting 1 +u = ¢%>® and noting that dim M =n + 1)

(7-1) Ric((14u)g) =Ric(g)—(n—1)(Vop—04-04)+(ALp—(n—1)[|VS|*)g.

From here we conclude that Ric((1 + u#)g) — Ric(g) € Cike’“(M x [0, T], 8)-24y,-
Now consider Ric((1+u)g +w) —Ric((14+u)g), which is an intricate combination
of a and w, involving their second order x ~2 V? derivatives. Hence that difference
lies in C{;“(M x [0, T], §)—24+5 with ¥ :=min{yy, y1}. We conclude

Ric(g) € CLM"* (M x [0, T1, 8) 2+,
Ric(g(r)) € CL*(M x [0, T1, )24y,  t>0.

€

(7-2)

In particular, e.g., if po, w1 <2 <y, then y <2 < y. In that case, the initial Ricci
curvature Ric(g) is bounded as a section of S, while for positive times Ric(g(#)) is
singular as a section of S. In this section we improve this low regularity result.

Expansion of the Lichnerowicz Laplacian. Below we fix the following notation: A
superscript “~” indicates that the quantity is taken with respect to the initial metric
£(0). For example, V and A7 refer to the covariant derivative and the Lichnerowicz
Laplacian with respect to g(0). Otherwise the quantities are defined with respect to

the flow g (7).

Theorem 7.1. Consider an («, k + 1, y)-Holder regular conical manifold (M, g),

satisfying tangential stability, with singular Ricci de Turck flow g(-) € ﬂ{];;f)z,’l“ (M x

[0,T],S), i.e., decomposing g(t) = ag + w into trace and trace-free parts with
respect to the initial metric g. Then there exist

AeCh*(M x1[0,T], S)7,
B eCl*(M x[0,T1. $)-117.
CeCl*(M x[0,T1, $) 217,

such that for any (time-dependent) symmetric 2-tensor ¢
(7-3) Arc=a"PAa e+ (A-(x"'V) 2+ B-x"'V, +0)e.

Proof. Consider the rough Laplacian A = —g'/V;V ; first. We start by writing out
A in local coordinates and later on turn to the Lichnerowicz Laplacian A;. We
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compute for any symmetric 2-tensor ¢

(7-4) (Ao =—g"ViVjcu
= —gij (81- ajckl—a'FTkal—F;nka'le—a'F';llck,n—r"j?llaickm
S N ETES Wi WYORE S Wil DaTS W TTOME WA o

ijt m ijt m
. m P mppP
LT emp=T1 8 chm+ T D icmp+ T TE cip)-

Our goal is to obtain an expansion for each term on the right-hand side of (7-4).
The metric g(¢) has the form g;; = ag;; + w;;, with inverse (see [21, page 28])
(7-5) g1 =a7'8" —a 2§ wp +a g g " wyp g -

Hence the first term on the right-hand side of (7-4) is given by

—g"9i0jc =—a""'870;0jcu—(—a 2§ g wps+a gl 8 8 wsp wrg)0idjcur.
Now we study the asymptotics of the last expression at the conical singularity. This
is analogous to the discussion in [21, pages 28-29]. Consider the local coordinates
(zoy - - - » 2n) Of C(F) with zg =x and (zy, . . ., z,) being local coordinates of F. An
upper index i = 0 does not contribute any singular factor of x due to the structure
of the inverse g~!. A lower index i = 0 indicates a differentiation by 9, € x~!V,,
Hence an index i = 0 (as a combination of a lower and upper index) contributes
x~1V;, up to a term of type A.

Similarly, an upper index i > O contributes a singular factor x~! due to the
structure of the inverse g~'. A lower index i > 0 indicates a differentiation by
dz; € Vp Hence an index i > 0 (as a combination of a lower and upper index)
contributes x ! V;, up to a term of type A. Hence in total we find

(7-6) —g78:8jcn = —a"'§7 88 e+ A (x 71 V) en,

for some A € Ck (M x [0, T], S)7. In order to study the remaining terms in (7-4),
involving Chrlstoffel symbols, we note that the Christoffel symbols Fk with respect
to the metric g(¢) are related to the Christoffel symbols Fk of the 1n1t1a1 metric g
as follows
(7-7) Tf =T} +3a"" 8" (0:a2jm+0;a8im—nagij+0i jm +03; @im — O wi))
+ %( a nglgmp W) +a nglgkrgpq wip qu)
X (a0 &jm + 0j&im — 0m&ij) + 0iagjm + 9;agim

— Onagij + 0 jm +0j Wim — 0 wij)

This allows us to conclude by counting upper and lower indices as above that for

any {Y,}, with Yo := 9, and ¥; := x—laz,. fori=1,...,n, we have

(7-8) (Ac)(Yi, Y1) =a " (A)(Yi, Y+ (A-(x T V)2 +B-x "1V +C)e(Yi, Y1),
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for some terms A, B, C as in the statement of the theorem. Computing further
(7-9) A=a""PAa"P +4+(A- V) + B x T Y, 0,

where B'= B—a~Y2(Va~1/2),C' = C—a~Y2(Aa~'/?). Note that the terms B’, C’
still have the same Holder regularity as B, C. Now we turn to the Lichnerowicz
Laplacian. Recall that it is given by

ALCkl = Ackl — ngqR;lerp + gqukquz —I—g”qukaq-

To deal with the extra terms involving the Riemann curvature tensor and the Ricci
curvature on the right-hand side, we note the following formula for the components
of the curvature tensor in local coordinates

(7-10) Rfjk = 3iF§-k — ;T + karz{p - Fﬁcl“ﬁ-p,

which also leads to a formula for the components of the Ricci tensor
(7-11) Rjx =R =0T —9;T}, +Th i, —ThT .
These extra terms can be treated using (7-7), which leads to the claimed expansion
for the Lichnerowicz Laplacian. ([
Corollary 7.2. Under the conditions of Theorem 7.1 we conclude
(7-12) (8 +a"*Aa""?*)Ric =: X (Ric) € CL"*(M x [0, T1, S) 4125
Proof. Recall the evolution (6-2) of Ricci curvature along the Ricci de Turck flow
(7-13) (3; + Ar) Ricjx = V,, Ricjy W™ +Ricj,, Vi W™ + Ricy,, V; W™,
By (5-2) and (7-2) we conclude

(8 + Ar)Ric € C (M x [0, T1, S)—a127-
The statement now follows from Theorem 7.1 and (7-2). U
Mapping properties of the heat parametrix for L := a'/ 2Xa~12, We first point

out the following relation between L = a'/ 2Aa~1/2 and the Lichnerowicz Laplace
operator Ay

(7-14) L=a"?Aa"'"?
Y —i—al/Z(Za_l/z) +a1/2(§a—1/z)§
=AL+(B-V+0)
= AL+P,

where B and C are terms with same regularity as in Theorem 7.1. The heat operator
for Ay has been studied in [21, Theorem 3.1], which asserts that for n > 3, any
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y € (0, 24+ min{ug, 11}) and o € (0, 1) sufficiently small, the following is a bounded
mapping (we simplify notation by writing }C’}‘;“ = J{])‘/”‘;‘,)

(7-15) e AL gt (M x [0, T1, S) — H424(M x [0, T1, S).

Since by (7-14), L and A differ only by lower order terms P, the heat operator
construction in [21] carries over to get a heat parametrix for L as well. Thus, exactly
as in (7-15), we find

(7-16) H:=e "5 (M x[0,T1,8) — HELS(M x [0, T1, 9).

The following mapping properties are needed later in this section, and follow by
similar arguments as in [21, Theorem 3.1] and (7-15).

Lemma 7.3. Consider smooth functions p € C*(M) smooth up to the boundary,
n € Cg°(M) smooth with compact support away from the conical singularity. Let
v € Cy° (M, TM) be asmooth 1-form and w € Cy° (M, PT*M QPT*M) a smooth
(0, 2)-tensor, both with compact support away from the conical singularity. Let H
be the heat parametrix of L = a'/ 2Aa~V2. Then

Eg:=nHp: 3, (M x[0,T],8) - HEL9(M x [0, T1, S),
Eo:=v®Hp : H (M x [0, T], S) > HELA(M x [0. T, T*M ® S),

EO::w®Hp:ﬂ-Ck_’Z‘+y(Mx[O, T1,8) > HEL(M x [0, T, T* M®®S),

with || Eoll = 0, | Eoll = 0 and | Eol| = 0 as T — 0.
The next result is a straightforward consequence of Lemma 7.3.

Corollary 7.4. In the notation of Lemma 7.3 we find
Fo:=v®VHp:H",_ (Mx[0,T],S)— HEL S (Mx[0, ], T* M5,
Go:=g"viV;Hp: }c" -, (Mx[0,T],8) - J{k+1 Le(Mx[0,T1, ),

with | Fyl| = 0, ||Goll > 0as T — O.

Proof. By Lemma 7.3 we have

(M x[0,T],S) — F4 M x [0, T], P T*M® ® 9),

Vv ® Hp) : H:e e

—4+y
with [V(v® Hp)|| = 0 as T — 0. On the other hand
Vwv® Hp) =Vv@® Hp+v® VHp.

Hence the mapping properties of Fy follow by applying Lemma 7.3 to Vv ® Hp.
The mapping properties of Gg follow from the ones of Fy, as Gy is simply Fy
composed with a contraction. (]
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Heat operator parametrix for a=/ 2Xa~12. Our goal in this section is the existence
of inverses Q and R for the parabolic operator P := d; + a~'L, where a is the
pure trace part of g(¢) with respect to the initial metric g and is positive uniformly
bounded away from zero for short time. These parametrices are constructed out
of the heat parametrix H for L = a'/*?Aa~"/2, using (7-16), Lemma 7.3 and
Corollary 7.4. Our main result in this subsection is as follows.

Theorem 7.5. Let n > 3. Consider any y € (0,2 + min{ug, n1}) and o € (0, 1)
sufficiently small, such that (7-15) holds. Then there exists Ty > O sufficiently small
and a bounded linear map

(M x [0, Tpl, §) — HE2% (M x [0, Tol, S),

. k,o
Q: ¥ ~2+y

—4+y
such that if f € fHk_’Zer (M x [0, Tpl, S), then u = Qf solves the initial value
problem

@ +a 'Lu=f u(-,0=0.

The proof of that theorem will occupy the rest of this subsection. Before we
proceed, let us note an immediate consequence.

Theorem 7.6. Let n > 3. Consider any y € (0, 2 4+ min{ug, u1}) and o € (0, 1)
sufficiently small, such that (7-15) holds. Then there exists Ty > 0 sufficiently small
and a bounded linear map

R:IHETSM, $) — LM x [0, To), S),

such that if ug € fHk_Jgi;f (M, S), then u = Ruq solves the initial value problem

@ +a 'Lyu=0, u(-,0) =uo.

Proof. We have Lug € H"§, (M, S) and thus a~' Lug € 35§ (M x [0, To], S).
We set Rug := ug + Q(a~ ' Lug), which yields the desired solution to the initial

value problem above. U

Construction of a boundary parametrix. We now begin the proof of Theorem 7.5.
The proof idea is to construct boundary and interior parametrices, and glue them
together to an approximate solution to (3; +a~!L). Provided the error is sufficiently
“nice”, we can obtain a solution Q by a Neumann series argument. We follow the
analytic path outlined in the work by Vertman jointly with Bahuaud [2].

We start by introducing the notion of a reference covering which is a special
case of a covering considered in [2]. Let U = [0, 1), x (=1, 1)? be a model half-
cube. For each p € M, there is a coordinate chart ®, : U — W, onto an open
neighborhood W, C C(F) C M, centered around pi. Due to compactness of 0 M,
there are finitely many such charts {W;, ® pi}f\’: , covering C(F). Together with
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Vi

1
0 i

Figure 1. The cutoff functions ¢;, ;.

the open set Wy = M \([0, %) x F ) we obtain an open cover of M that we call a
reference covering.
Let o : RT™ — [0, 1] be a smooth cutoff function with o(s) =1 for s < ‘l‘ and
1

o(s) =0 for s > 5. Denote by (x,z) € CID;I_1 (W;) the local coordinates on the

coordinate chart W;, centered around p; € d M. Then we define

x Izl
$i(®p,(x,2) :=0x)a(llzl),  Vi(Pp(x,2)) =0 (§>0 (T)
Notice that ¢;, ¥; € C“(lVI) are both identically 1 near (0,0), and ¥; = 1 on
supp ¢;. Furthermore, ¢;, ¥; € Ci,(M), since they are constant near the cone points.

These functions are illustrated in the radial direction in Figure 1.
Next, for ¢ € (0, 1) to be specified later, and any p =z9 € W; NdM we set

- X ~ X

@ip(x,2) == ¢ (;, zZ— ZO)a Vipx,2) =i (g, z— za)-
This defines smooth cutoff functions ; p, Ui, » € C®(M) which again lie in
Cfe’“ (M), with the Holder norms bounded by ¢ ™% ||¢; “C{\'.a( M) and e[| [| ke
respectively ¢ ‘

(M)’

(7-17) ”ai,p”C:‘eﬂ(M) = S_a”(Pi ”Cfe'a(M)’ ||¢i,p||c£‘é°‘(M) = 8_a||‘/fi “Cfé"(M)'

Let L; be the lattice of points in the coordinate chart W; of the form {(0, w) | w € Z"}.
By construction, every point on d M lies in the support of at most a fixed number
(independent of ¢) of functions {%, pli=1,...,N, pe L;}. Furthermore, let
F, = F.(x) be a cutoff function with supp F. C {x > ¢/4} C M, which is identically
1 on the set {x > ¢}. Let G;(x) = F.(3%). For any p € L; we normalize

(Zi,p {/71',17
7-18) @iy Vipi= —
"7 TR+, D qer; Phg

TG+, > ger, Prg
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By (7-17), these functions again lie in C¥ (M), with

1€

—u —
i, pll ko pry = const- e @il chayyy = const- e,

(7-19) W w
||wi’pllcé<e,a(M) <const-¢g ||1p,-||cike,a(M) <const-eg %,

Finally note that due to normalization, for any 0 < ¢ < 1, the functions
C:=D D b W=D ) Vi
i peL; i peL;

are smooth cutoff functions in C*°(M) which are identically 1 in a neighborhood
of the cone singularity. We can now introduce an approximate boundary parametrix.

Consider any f € 3{122‘ ty (M x [0, Tp], S) and denote by H,, the heat kernel of

a(p,0)~'L,* for any p € 3M (note this is simply a rescaling of L by a positive
constant). Then we define our boundary parametrix by

N
(7-20) Onf =Y VipHplej,fl.

j=1 peL;
Lemma 7.7. The solution u, :=; ,H,[@; , f] satisfies
@ +a'Lu,=9;,f+E) ,f+E] ,f.
where the operators E?’ » and Ej1 p are as follows:

@) E;.)’p is a bounded linear map on U{IEZJFV (M x [0, T], S), and there exists a

constant C > 0 independent of j, p, such that for T /> < 1

IEY £l < Ce” + T ), £,
o

.. . . k,
(i1) Ejl.’p is a bounded linear map on 9{_4+

y(M x [0, T, S), with operator norm
satisfying ||E]1., L= 0asT — 0"

Proof. We simplify notation by omitting the subscripts on ¢, ¥ and E°, E'. Then
we compute in view of (7-14)
@ +a~'Lyuy = @ +a” ' L)Y Hplef])
= Yo Hylpf1+a (By - Hylof1+287Viv (V;Hylof |
+ B Hplof]) + ¥ LH,lpf])
=y @ +a” (P, O Hylpf1+ ¥ (@' —a~ (p, 0)LH,l¢f]
+a” Ay - Hylof1+a 287V (V;Hylef1+ B - Hylof )
= yof +E°f+E'f,

“4Recall that g(p, 1) = a(p, Ng(p) ® w(p, 1).
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where the operators E® and E'! are explicitly given by

E°f =y —a ' (p.0)LH,lef].

E'f:=a"'Ay - Hylof1+2a7" g7V (V;Hylpf1+ B - Hylof D).
Since ¥ = 1 on supp ¢, any derivative of Y vanishes on a neighborhood of the
conical singularity. Hence the claimed mapping properties of E! follow from

Lemma 7.3 and Corollary 7.4. What is left is establishing the mapping properties
of E°. Writing out definitions of the various Holder norms, we find

(72D NE fllyee < Cllv(a™! —a™ (p, ODllgter - ILHplofllgets -
We write p = (0, zo). For any (x, z) in the support of ¥ we obtain

a0, 2,0 = a7 (0, 20, 0)1 < I Ix ™7 (xB)a ™ oo + 1% 1@ [
< 7 7Y (0)alloo + 12l
Y /2
<Cldu(p,q)" +1 )”a”Cile’a(MX[O,T],Sl)’;

Y Ol/2
<CE"+T )”a”Ci'e*"‘(Mx[O,T],Sl)';’

where we used that a(0, -, ¢) is constant in z, and d,a~' = —d,a - a—2. Recall the
notation D of Definition 3.3. Then for any partial differential operator X € D of
order at least 1, we compute similar to above for any (x, z) € supp ¥

1X(a ' (x,z2,0) —a"' (0,20, )| = [ Xa ' (x, 2, )] < x| Ix 7 Xa oo

Y
= Ce'llallcremxo,r1,5e

y aQ
<C(e" + T2)”a||Cile'°‘(M><[0,T],Sl)};'

Analogous estimates hold for Holder differences. Noting (7-19), we conclude

(722) Y@ —a™ (p ODlgte = Ce™ (& + T2 all kv yrpo 11,5,

Now we estimate L H,[¢f]. We first note that it vanishes identically at # = 0. This
is obtained from the following mapping properties of the heat operator

Hyop: 35, (M x[0,T],S) — HEL4(M x[0,T1, 9),

Hyop: 3, (M x[0,T],S)— 3 5420 (M x [0, T, S),

where the first mapping property is due to (7-15) and the second is obtained by
similar arguments, converting the lesser target regularity into a time weight. Hence



318 KLAUS KRONCKE, TOBIAS MARXEN AND BORIS VERTMAN

LHylpf] e ﬂ{]ig +y vanishes identically at = 0 and hence

(7-23)  WLHplgf g0 = ILHplpf]— LHplof1(t = 0)lly0
(7-24) < CT*Pllpf Myes, = CE+T oS Mgens -

Analogous estimates hold for Holder differences, if we take supremums over supp .
Hence overall we arrive at the estimate

(7-25) ILHplof Mats upprxcio.rrs) = CE* TR Tgges -
Plugging the estimates (7-22) and (7-25) into (7-21), we conclude for 7'/ g2 <1
0 y o/2N — /2
1Ef iy, < Cle” + T + T lof Mo
< CE+ T A+ T/ pf Mgt
< CE" + T lpf s, -

This finishes the proof. (]

Proposition 7.8. Let o € (0, min{y, 1}). For every é§ > 0, there exists ¢ > 0 and
Ty > 0 sufficiently small, such that the heat parametrix defined in (7-20)

(M x [0, Tpl, §) — HE2%(M x [0, Tol, S),

. k,a
Qp: H —2+y

—4ty

is a bounded linear map, solving
@ +a '"LY(Qpf)=Df +E f+E'f,

where E° and E' are bounded linear maps on J—CIELV (M %10, Tp], S) with operator
norms |E°|| < 8 and |[E'|| — 0 as Ty — O*.

Proof. By Lemma 7.7 we compute for any f € Fehe (M x [0, Tp], S)

—4+y

N
@ +a ' LYQu )= Y @ +a 'Ly, Hplpjpfl=2f + E°f + E'f,

j:] ])EL]'

where we have defined fori =0, 1

N
E'f:= Z Z Ejlpf‘

j:] [)GLj

The operators E; > and hence also both E° and E!, are bounded operators on

J—CIEZ‘ ty (M x [0, Tp], S) by Lemma 7.7. It remains to estimate their operator norms

as Top — 0. The fact that |[E'|| — 0 as Ty — 07 is a direct consequence of the
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second statement in Lemma 7.7. For the estimate of || E°|| we argue as follows. We
choose & > 0 and Ty > 0 with Ty < ¢2. Then by Lemma 7.7 and (7-19) we have

2
1ED , Fllgs < CC&” + T3 )lgp fllggs

-/ Y o2
<Ce (e +T0 )”f”g{kjw
— — /2

=C(e" ™ 4+ 67T, )||f||g{$x+y
Now set 8" :=8/(3_,|L;IN) > 0 for a given § > 0. Then fix & > 0 sufficiently small
Ce¥ ™% < §'/2 (note that y — « > 0). For the fixed £ > 0 choose Ty > 0 sufficiently
small, such that Ce™* T(;l/z < 8'/2. These choices yield || E?|| < 8, and the proof is
finished. ([

Construction of an interior parametrix. Next we construct an approximate interior
parametrix. This construction is analogous to the one in [2], but for the convenience
of the reader we repeat it here.

Recall that the radial function of the cone x : C(F) — (0, 1) is extended smoothly
to a nowhere vanishing function x € C*°(M). We assume that x > 1 outside of
the singular neighborhood C(F). For ¢ > 0 small enough, Y, :={x >¢/2} C M
is a manifold with smooth boundary {¢/2} x F. Let Y denote the double of Y.
Since the Riemannian metric on Y need not be smooth, we smoothen the metric
in a small collar neighborhood of {¢/2} x F, such that the metrics on Y and M
coincide over Y»,.

Since ® € C*®(M) is by construction identically 1 in {x < &}, the function
1 — @ defines a smooth cutoff function on the closed double Y, which is again
denoted by 1 — ®. Let P denote the extension of P = 3; +a~'L to a uniformly
parabolic operator on Y. Note that ﬂ-lej‘ y | Ye = Cike’“(Yg x [0, Tp], S). Let
0;: Cike’“(Yg x [0, Tol, ) — Cike+2’°‘(Y8 x [0, Ty, S) be the solution operator of the
inhomogeneous Cauchy problem

Pu=(1-®)f u(-,0)=0.

Also let x be any smooth cutoff function which is identically 1 on supp(1 — ®).

Then we define the interior parametrix for any f € iHlﬁZ‘ +y by

0if = x0il(1— @) f].

Construction of the parametrix. From the approximate boundary and interior para-
metrices we obtain an approximate parametrix by

Of = f+0Oif

for f € Feh (M x [0, Tol, S). From there we get a parametrix as follows.

—4+y
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Proof of Theorem 7.5. By Proposition 7.8 we conclude
@ +a 'L)Qf =bf +E f+E' f+(1—®)f+ E*f =: f + Ef.

where Ezf = [X,a_lL]éi[(l — @) f]. Now similarly as in Lemma 7.3 and
Corollary 7.4 we find that || E2|| — 0 as Ty — 0. Hence we can choose Ty sufficiently
small, such that the error term Ef := E° f + E! f + E? f has operator norm less
than 1. Then I + E, as an operator on J—C'ﬁj{‘ +y (M x [0, Tp], S), is invertible, and
we set

Q:=QU+E)". a

Extension of parametrices to the full time interval. In this subsection we extend
the existence results of Theorems 7.5 and 7.6 from the shorter time interval [0, Tp]
to the full time interval [0, T']. By Theorem 7.5, for any f € iHli’Zer (M x[0,T1,S)
there exists a Ty € (0, T'] and a solution u = Q f € J{Ii’g+y (M x [0, Tp], S) to the
parabolic initial value problem

@ +a 'Lyu=f u@=0)=0.
If Ty < T, we consider the homogeneous Cauchy problem
@ +a 'Ly =0, vit=0)=u(t =Ty,

where the initial data u(r = Ty) € ﬂ{]ig +y (M, S). By Theorem 7.6, the solution to
this problem, v; = Rv; (¢t = 0), exists on the time interval [0, Tp] independent of

the initial value u(# = Tp). We may use Theorem 7.5 to solve
0 +a~"'"Lyuy = f(p, 1+ To), u1(0) =0,
on the interval [Ty, 27], and then the function

u(p,t), for0<r<Typ,

Fp 1) —
“(p. 1) {m(p,t—To)-l-vl(p,t—To), for To <t < 2Ty,

extends u past Ty. This process continues until n7y > T, and produces a solution u
in U-lengy(M x [0, T'], S). Thus Theorem 7.5 and hence also Theorem 7.6 hold on
the full time interval [0, T].

Remark 7.9. To see that the solution produced in this way indeed has the claimed
regularity (in particular including Holder regularity in time), we observe that instead
of piecing together solutions on the time intervals [0, Ty], [7o, 27p] etc. we could
have instead chosen overlapping intervals [0, Ty], [Ty — &, 2Ty — €] etc. with a
small ¢ > 0. Then these solutions agree on the overlaps by a uniqueness argument
analogous to the proof of Theorem 7.10, based on the fact that the Friedrichs self
adjoint extension L is bounded from below.
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Regularity of Ricci curvature along the flow. We continue under the previously
fixed notation where the superscript “~" indicates that the quantity is taken with
respect to the initial metric. The following result proves our main Theorem 1.1.

Theorem 7.10. Let (M, g) be a tangentially stable conical manifold of dimension
at least 4, with (a, y, k + 1) Holder regular geometry. Let g(t),t € [0, T] be the
solution of the Ricci de Turck flow with initial metric g and reference metric as
in Theorem 5.1. Then, assuming y € (0, 2 4+ min{ug, 11}), ifliTc € U—legﬂ/ (M x
[0, T, S), then Ric € "5, (M x [0, T1, S).

—2+y
Proof. By Corollary 7.2 we know
(d+a~'L) Ric=: X (Ric) eCly (M x[0, T1, $) 412y SH G, (Mx[0, T1, 5).

Consider the parametrix Q of Theorem 7.5 and the parametrix R of Theorem 7.6.
We set ¥’ := min{y, 27} and define

(7-26) Ric’ := Q(X (Ric)) + R(Ric) € H S, (M x [0, T1, S),

which is a solution of the parabolic initial value problem

(7-27) (3 +a 'L)Ric’ = X(Ric), Ric(t = 0) = Ric.

We define u := Ric’ — Ric. For n > 3 (recall that dim M > 42 we can integrate by

parts without boundary terms and conclude (recall L = a'/?Aa~1/?)
Ol T2 01 gy = —(@ PR U, 1) 241 g0 = = IV @ P) 74y ) < O-

Since u(t = 0) =0, we find that u = 0. Hence we still conclude, despite having no
maximum principle at hand

Ric = Ric’ € ¢

b5 (M x[0, T, S).

We iterate the argument, improving the weight as long as y” < y. This proves the
theorem. O

8. Positivity of scalar curvature along the Ricci de Turck flow

We can now prove our second main result on positivity of scalar curvature along the
singular Ricci de Turck flow. At this final step, we will need a stronger tangential
stability hypothesis. We impose, see Remark 5.2, the following additional

Assumption 8.1. We assume strong tangential stability: ug, u; > n, i.e., > n,
so that we may choose yp, y; > 1 satisfying (5-1). This stronger condition is studied
in the Appendix, where a list of examples is provided. Amongst the symmetric
spaces of compact type, only

Eg, E7/[SUE®)/{*I}], Eg/SO(16), Esg/E;7-SU(2)
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satisfy the strong tangential stability condition.’
The following theorem proves our second main result, Theorem 1.2.

Theorem 8.2. Let (M, g) be a strong tangentially stable conical manifold of dimen-
sion at least 4, with (o, y, k + 1) Holder regular geometry, where we assume y > 3.
Let g(t),t € [0, T] be the solution of the Ricci de Turck flow with initial metric g
and reference metric as in Theorem 5.1. Assume that R, > 0. Then Ry > 0 for all
t € [0, T). Furthermore, if R, is positive at some point in the interior M, then Rg )
is positive in the interior M for allt € (0, T].

Proof. By Theorem 7.10, Ric € J{’i’g+y/(M x [0, T, S), where y’ is any weight
smaller than {y, 2 + uo, 2 + ©1}. Due to Assumption 8.1 of strong tangential
stability, we find in the evolution equation (6-18) for the scalar curvature along the

flow

(8-1) &R+ AR = (W, VR) +2|Ric|> € C%(M x [0, T]).

1€

We want to express the Laplace Beltrami operator A in terms of a~'A, where A
denotes the Laplace Beltrami operator with respect to g = g(0). Consider first the
Laplace Beltrami operator for ¢ = ag,

1 .
A§=— Aai(\/detg'g”aj)
det g

—a'A- (% — 1)-8,-a-a2-§ij8j

—a 'A— {x_lvba, a}x_lvb,

where {x~'V,a, a} refers to a linear combination of monomials consisting of the
terms in the brackets. If we take into account higher order terms with g =ag & w,
we obtain in the same notation and higher regularity of R

(82) AR—a 'AR
= {x_l]/;,a, a}x_IVhR + {x_IV;, o, x o, a)}x_IVhR + {a, a)}x_IVl%R
€ CY(M x [0, T).

(&
The relation above is similar to Theorem 7.1, where we note that the Lichnerowicz
Laplacian acting on the pure trace component S; coincides with the Laplace Beltrami
operator. Combining (8-1) and (8-2), we conclude

(8-3) dR+a 'AR=P eC:(M x[0,T]).

¢

By [2, Propositions 4.1 and 4.6] there exists a solution R’ € Cio(M x [0, T]) of
(8-3), for a given initial value R(0) € CZ(M), such that AR" € C(M x [0, T])

SWe hope to lift that restriction in the forthcoming work.
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again. Exactly as in Theorem 7.10, we find R = R’. Hence the maximum principle
obtained in [2, Theorem 3.1] applies to R and, denoting by Ry, (#) the minimum
of the scalar curvature at time ¢, which is attained at pp,i(?) € M, we conclude

0 Rugin (1) = (W (Pmin(1)), V Runin (1)) + 2|Ric(pmin (1)) |
= (W (Pmin(1)), V Rmin (7))

Now, if pnin(¢) lies in the open interior of M, then V Ryin (1) =0. If pyin(¢) lies at the
conical singularity, we argue as follows: note that (W, VR) € CZ(M x [0, T]),_3.

Since by strong tangential stability, we can choose y’ > 3, we find that (W, VR) is
vanishing at the conical singularity and hence

0 Runin (1) = (W (pmin(#)), VRpin(?)) =0.

This implies that R > 0 for all ¢ € [0, T']. Now the last statement follows from the
strong maximum principle [11, Theorem A.5]. (]

Appendix: Characterizing the spectral conditions

In this appendix, we aim to characterize strong tangential stability in terms of
eigenvalues of geometric operators on the cross-section of a cone. Note that this
condition is only used in the last part of our argument, proving Theorem 1.1. It is
not used in our first main result Theorem 1.2 on higher regularity of Ricci curvature.

Note that the operator [ can be entirely be described as an operator on the
cross section (F"*, gr) of the cone. Therefore in this section, all scalar products and
geometric operators are taken with respect to (F", gr). The operator Ag denotes
the Einstein operator on symmetric two-tensors over F. It is given by

r
AE wjj = Aa),-j _zgpq quij Wyrp,

where A is the rough Laplacian. We write A for the Laplace Beltrami operator on F.
Moreover, TT denotes the space of symmetric two-tensors which are trace-free
and divergence-free at each point.

Theorem A.l. Let (F", gr), n > 3 be a compact Einstein manifold with constant
n — 1. Then (F, gr) is strongly tangentially stable if and only if we have the
conditions

Spec(Aglrr) > n,  Spec(Aqi(rnkerdiv) > 1+ Vn2+2n+1,

and if for all positive eigenvalues A of the Laplace—Beltrami operator on functions

satisfies

n(A=3n+2)(A+4—n)n(A+n+2)
—8n(n—1)(A—n)(A+n+2)—8in(n+1)(A—3n+2) > 0.
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Proof. We first recall from the discussion before Remark 5.2 that strong tangential
stability is equivalent to the two estimates

up = min(Spec 0, \{0}) > n, u; = min(Spec Ar\{0}) > n.

However, the condition #; > n holds for any Einstein metric except the sphere,
where we have equality [17]. For the rest of the proof, it thus suffices to consider
the bundle Sp [ . We use the same methodology as in [13] which builds up on
a decomposition of symmetric 2-tensors established in [12]. We use the notation
in [12, Section 2] and the calculations in Section 3 of the same paper where we
remove all terms containing radial derivatives in order to obtain expressions for the
tangential operator. More precisely, we write:

o {h;}, abasis of L2(TT), Agh; =«ih;, Vi := (r’h;).
« {w;}, a basis of coclosed sections of L%(T*F), Aw; = Hiwi, V3= (r28*w;) ®
(dr Orw;).

e {v;},abasis of L2(F), Av; =Av;, Vai := (r2(nV?v; + Av;2)) D (dr OrVuv;) &
(v; (r2g —ndr ®dr)).

Here, A in Aw; denotes the connection Laplacian, while A in Av; denotes the
Laplace Beltrami operator. The spaces V;;, V3., Vi, with L?(0, 1) coefficients,
span all trace-free sections L?(So | F) over F, and are invariant under the action
of the Lichnerowicz Laplacian. In [12, Section 2], there is also a notion for the
spaces Vs := (v;(r’g + ndr @ dr)). But these spaces span the full trace sections
L?(S; | F), whose discussion is not relevant here. At first, ifh= r’h; € Vii,

@Oph, b2 = killhl 2

such that [J; > n on V;; for all i if and only if x; > n for all eigenvalues of the
Einstein operator on T T-tensors are positive (nonnegatlve)

Let now £ € V3; so that it is of the form h= h1 +h2 = (pr *wi +Ydr O ro;.
In this case, we have the scalar products

Orhi, h) 2 = 30*(wi — (n — 1))%,
(Opha, h2) 2 = 220 + 2n +6)],
(Ophy, ho) 2 = =2(ui — (n— D)Yre.

Taking r28*w; and dr O rw; as a basis, [J; respects the subspace and acts as
2 X 2-matrix
(%(u,- —(m=1) =20 — (n - 1)))
—2(ui—(n=1) 2ui+Q2n+6) J-

Because
a2, = S(i — (n = D) -l@l*,  llholl7, =21y,
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the operator [y — n -id > 0 is represented by

A= (%(Mf — (=1 =5 —(n—1)) =2(u; —(n— 1)))
' —2(pi —(n—1)) 21 +6 '

The matrix A is positive definite if and only if the matrix

g (20— Q@n=1) =20t — (n—1)
o -2 21 +6

is positive definite because A is obtained from B by multiplying the first column
by u; — (n —1). By computing principal minors, this holds if

det(B) = 5(ui — (2n — 1) (2 +6) —4(u; — (n — 1)) > 0.

This in turn holds if

wi >n+vn2+2n+1.

Therefore, (J;, > n on the spaces Vs ; if and only if A > n++/n?>+2n+1 on
coclosed sections L?(T*F). It remains to consider the case & € V4 i, so that it is of
the form

h= fz] —I—ﬁg + }~z3 = (prz(nvzv,- + Avig) +vdr ©rVuv; + Xv; (r2g —ndr @dr).
This case is the most delicate one. We have the scalar products

@rh1, hy) =nn— D (ki —n) (A — 2(n — 1))¢?,
(Opha, h) =2 (A — (n — 1) + 2n + 6) 119>,
(OpLhs, h3) = [n{(n+ DA; —2(n + D} +2n%(n + 3)] X2,
(Ophy, hy) = —4(n — DA (L —n)¥re,

Opha, h3) =4+ DAY X,

(Orhy, h3) =0

and the norms
121172 = n(n — DA (A —n)e?,
72117, = 207,
I73]l7. = (n+ Dn.
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Consider (7 —n -id). It acts as a matrix A = (a;;)1<n<3, Whose coefficients are
given by

ajp =nn— DA (A —n)[A; —2(n — 1) —n],

ayp =2xi[A —(n—1)+3],

ayz=n{(n+ DA, —2(n—1)—nn+1)+2nn+3)},

app =ax = —4(m—1Dr;(x; —n),

ay =azp =4+ DA;,

a;z=az =0.
In order to prove positivity of this matrix, we consider its principal minors As3

(which is the lower right entry), A3 (the lower right 2 x 2-matrix) and A (the whole
matrix). At first,

Az =n{(n+ DA; +n>+3n+2} > 0.

Observe that in the case A; = 0, ﬁl =0 and Ez = 0, so that Vy; = span{fm} and
hence, (Ll — n -id) acts as A3z > 0. Therefore, we may from now on assume that
A; > 0, which means that actually X; > n (due to eigenvalue estimates for Einstein
manifolds, see, e.g., [17]) with A; = n only for §”. By considering the matrix

20 +4—n) 4(n+ 1A,
4n+1) n{n+Dr;+n>+3n+2})°
from which one recovers Aj3 by multiplying the first column by A;, we see that

det Aoz _ ) )
=20 +4—n-[(n+ Da; +n2+3n+2]—16(n + 1)2A,

=2n(n+ A2 =4+ D) (n+Hr; —2n(n —4)(n> +3n +2),

which is positive if

n+4
n

)L,'>

+\/"ni4+(n—4)(n+2).

Here, the right hand side is smaller than » if n > 4 such that this condition holds
anyway. Before we compute the full determinant of A, we remark that in the case
Ai = n, the tensor 51 is vanishing so that in this case, the matrix A describing [,
on V4 ; reduces to the matrix A3 which just has been considered. Therefore, there
is nothing more to prove in this case and we may assume A = A; > n from now on.
To compute the full determinant of A, we first consider the matrix

nA=2n—1)—n] —2(n—1)(A—n) 0
—4 A—(n—1)+3 4x
0 2(n+1) n{A+2(n+1)—n)
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type | G dim(G) A o STS
2p(p+2)  2p(p+2)
A |SUptDpz2 ol BER BER no
. - ;
Spin(5) 10 s : "
i 21 12
B, | Spin(7) 21 a 2 ",
Spin2p+1),n>4 2p(p+1) 2251 % o
Co |Sppz3  pCp+D BE S no
Dp Spin(2p), p = 3 pCp+1) 21;0_—11 2[5,%11 o
e o ¥ F w
e w6 % 3w
Eg Es 496 4 % yes
N S 2 1% n
G2 G2 14 2 2 o

Table 1. Conditions of Theorem A.1 for simple Lie groups.

from which we recover A by multiplying the three columns by (n — 1)A(A —n) and
2X, (n+ 1), respectively. We get

[((n— DA —n)2-A-(n+1)] " det A
=n(A—=3n+2)(A+4—n)n(A+n+2)
—8nn—1)A—n)(A+n+2)—8in(n+1)(A—3n+2)
which finishes the proof. O

Theorem A.2. Amongst the symmetric spaces of compact type, only
Es, E7/[SU®)/{£I}], Eg/SO(16), Eg/E7-SU(2)
are strongly tangentially stable.

Proof. We merge and analyze Tables 2 and 3 in [12] and Tables 1 and 2 in [3]. In
Tables 1-3, A denotes the smallest nonzero eigenvalue of the Laplace—Beltrami
operator divided by the Einstein constant #—1 and ® denotes the smallest eigenvalue
of the Lichnerowicz Laplacian Az on symmetric 2-tensors with [, trhdV =0
divided by the same constant n — 1.

To check that the above mentioned spaces satisfy the condition of Theorem A.1,
we check on one hand that the estimate for A in this theorem holds for (n — 1) - A.
On the other hand, we have the relations Ay = Ag+2(n—1)id, §*o Ay = A 05*
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type | G/K dim(G/K) A ® |[STS
A | SUPY/SOM). Sz p=3 | EhER | HEE 2 o
SU(p)/SO(p), p = 6 | AR 2 o
SU4)/Sp(2) = §° 5 2 3 no
U suepssownpzs |2 -poi Q2 o
AL —U}E):{iil) =CP”? 2p 2 2 |no
Tgx0p4ZP =2 2pq 2 2 no
oD 6 2 { lno
%, p=>2 4p+2 2 2;;% no
BI | sooasen 12 2 § no
s <o P =3 6p Wi | ma |no
S0t thekouy P4 =2 | 20Cm+1) | SRR | i | no
BIl | 30550 =82, p>1 2p et 25 o
CI | Sp(p)/U(p), p=3 p(p+1) 2 22 | no
sp(ls)px(zs)p(l) =s* 4 % 1? no
CIl | fsm =HPY. p =2 4p | A o
S gzpz2 | 4p | Mem | 2w
SOEXSOm 15 3 5 |no
oo P = 3 4p 2 2 no
DI %’ p=z4 p? ;:T; 2[;2)7”12 no
00,12 x50 P =4 p(p+2) - =~ |mo
oo 2p—q)q = 22 | no
p—2z2q=3
DIl | Z3 =52+ p>3 2p+1 2 AED | no
DI | SOQ2p)/U(p), p=5 p(p—1) 2 2 |no
EI | E¢/[Sp(4)/{%I}] 42 z 3 no
EIl | E¢/SUQ)-SU(6) 40 3 3 no
EIIl | E¢/ SO(10) - SO(2) 32 2 2 |no

Table 2. Continued in Table 3.
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type | G/K dim(G/K) | A | ® | STS
EIV | E¢/F, 26 218 |no
EV | E7/[SU®)/{£I}] 70 D3 yes
EVI | E;/SO(12)-SU(2) 64 R S
E VIL | E;/Eq-SO(2) 54 212 |no
E VIII | Eg/ SO(16) 128 82 118 1 yes
EIX | Es/E;-SUQ2) 12 | 2] 12 yes
FI F4/Sp(3) - SU(2) 28 212 o
FII | F4/Spin(9) 16 1% |no
G G,/ SO4) 8 % % no

Table 3. Conditions of Theorem A.1 for symmetric spaces of
nongroup type.

and Ay = A+ (n — 1)id. Therefore, the condition Spec(Ag|rr) > n holds, if
(n—1)©—2(n—1) > n and the condition Spec(Agq! (ryrker(div) > n++vn*>+2n +1
holds if (n — 1)® > 2n —1++/n2+2n+1.

To show that all the other examples do not satisfy [1; > n, we proceed as follows:
We check that (n — 1) A satisfies

n+4 n+4
A< " +\/ " +n—-4)(n+2)

or

n(A—=3n+2)(A+4—n)n(A+n+2)
—8nn—1DA —n)A+n+2)—8An(n+1)(A—-3n+2) <O0.

This holds for example, if A <3. Because Az (f-gr)=Af-grand A;oVZ=V20A,
we clearly have ® < A. Because of the decomposition

C®(Sym>(T*F)) = C®(F) - gr ® VX(C®(F)) ® 8" (' (F) Nker(div)) ® T'T,
(see [12]) © is attained on
S (QU(F)Nker(div)) ® TT

if ® < A. In this case, we check if ® satisfies (n — 1)® —2(n — 1) < n and
(n—1)® <2n—1++/n% 4+ 2n + 1 (both conditions are satisfied if ® < 3). Due to the
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relations above, this implies that either Spec(Ag|r7) > n or Spec(Agq1 (F)nker(div)) >
n+~/n%+2n 4+ 1 fails so that ;> n fails.

Therefore, the condition Spec(Ag|rr) > n holds, if (n —1)® —2(n—1) > n
and the condition Spec(A g1 (F)nker(div) > 1 + V12 +2n+ 1 holds if (n — 1)® >
2n—1++/n?2+2n+1.

To finish the proof, one just has to go through all the values of ® and A in
Table 1. Strong tangential stability is abbreviated by STS. As was already said, for
the spaces mentioned in the statement of the theorem, one manually checks the
estimates above to verify that the conditions of Theorem A.1 are satisfied. In all
the other cases, one finds ® < 3 except in the case E;/ SO(12) - SU(2) where one
manually checks the condition on A mentioned above. This finishes the proof of
the theorem.

In the case of irreducible rank-1 symmetric spaces of compact type, an analogous
argumentation yields Tables 2 and 3. (]
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POLYNOMIAL DEDEKIND DOMAINS WITH
FINITE RESIDUE FIELDS OF PRIME CHARACTERISTIC

GIULIO PERUGINELLI
To the everlasting memory of Robert Gilmer

We show that every Dedekind domain R lying between the polynomial rings
Z[X] and Q[X] with the property that its residue fields of prime characteris-
tic are finite fields is equal to a generalized ring of integer-valued polynomials;
that is, for each prime p € Z there exists a finite subset £, of transcendental
elements over Q in the absolute integral closure Z_p of the ring of p-adic
integers such that R = {f € Q[X] | f(E,) S Z_p, for each prime p € Z}.
Moreover, we prove that the class group of R is isomorphic to a direct sum
of a countable family of finitely generated abelian groups. Conversely, any
group of this Kind is the class group of a Dedekind domain R between Z[X]
and Q[ X].

1. Introduction

Given a Dedekind domain D, the class group of D measures how far D is from
being a UFD and it is therefore an important object in the study of factorization
problems in the ring D. It is well-known that the class group of the ring of integers
of a number field is a finite abelian group. In contrast with this result, Claborn
[1966] proved the groundbreaking result that every abelian group occurs as the
class group of a suitable Dedekind domain.

Eakin and Heinzer [1973] showed that every finitely generated abelian group is
the class group of a Dedekind domain between Z[X] and Q[ X]. More generally,
they proved that if V1, ..., V,, are distinct DVRs with same quotient field K and,
foreachi=1,...,n, {Vl-,j}f":1 is a finite collection of DVRs extending V; to K (X),
each of which is residually algebraic over V; (i.e., the extension of the residue fields
is algebraic), then

R=Vi;NKI[X]
i
is a Dedekind domain. They also give an explicit description of the class group of
such a domain R, thanks to which they showed the quoted result by considering

MSC2020: 13B25, 13F05, 13F20, 20K99.
Keywords: Dedekind domain, class group, integer-valued polynomials.

© 2023 The Author, under license to MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons
Attribution License 4.0 (CC BY). Open Access made possible by subscribing institutions via Subscribe to Open.


http://msp.org/pjm/
https://doi.org/10.2140/pjm.2023.324-2
https://doi.org/10.2140/pjm.2023.324.333
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://msp.org/s2o/

334 GIULIO PERUGINELLI

suitable residually algebraic extensions of a finite set of DVRs of (0 to Q(X).

Actually, if we suppose that each residue field extension of V; ; over V; is
finite, a ring R constructed as above can be represented as a ring of integer-valued
polynomials in the following way. For each i, j, by [Peruginelli 2017, Theorem 2.5
and Proposition 2.2], there exists an element «; ; in the algebraic closure K ; of the
V;-adic completion I?i of K, «; j transcendental over K, such that

Vij=Via, =l € KX) | p(ei,}) € Vi,

where V; is the absolute integral closure of V;, the completion of V;. Hence, the
above ring R can be represented as R = {f € K[X]| f(«; ;) € \71 Vi, j} (for more
details, see [Peruginelli 2017, Remark 2.8]).

More recently, Glivicky and Saroch [2013] investigated a family of quasieuclidean
subrings of Q[X] depending on a parameter o € Z, the profinite completion of Z.
A ring of this family is always a Bézout domain (i.e., finitely generated ideals are
principal) and might be a PID or not, according to the finiteness of some set of
primes depending on « and the set of polynomials in Z[X]. Glivick4 et al. [2023]
observed that these rings can be realized as overrings of the classical ring of integer-
valued polynomials Int(Z) = { f € Q[X] | f(Z) C Z}, which is a two-dimensional
nonnoetherian Priifer domain; such overrings have been completely characterized
in [Chabert and Peruginelli 2016]. We will review this representation in Section 2.

In the same area, Chang [2022] generalized Eakin and Heinzer’s result, proving
that there exists an almost Dedekind domain R (i.e., Ry, is a DVR for each maximal
ideal M of R) which is not noetherian, lies between Z[X] and Q[X] and has
class group isomorphic to a direct sum of a prescribed countable family of finitely
generated abelian groups. As before, assuming the finiteness of the residue field
extensions of the involved DVRs, Chang’s construction falls in the class of integer-
valued polynomial rings that we consider in this paper.

Here, we provide a complete description of the class of Dedekind domains R
lying between Z[ X] and Q[ X] such that their residue fields of prime characteristic
are finite fields. Throughout the paper, for short we denote the last property by
saying that R has finite residue fields of prime characteristic. We remark that
the residue fields of such a domain R cannot be all finite fields. In fact, since
R C Q[X](y) for every irreducible ¢ € Q[X], the residue field of the center of the
DVR Q[X],) on R is a finite extension of @, hence an infinite field. However, since
R is supposed to be Dedekind (in particular, a Priifer domain) the residue fields of
prime characteristic are algebraic extensions of the corresponding prime field (see,
for example, [Peruginelli 2018, Theorem 3.14]). Infinite algebraic extensions of
the prime fields of prime characteristic are also allowed, and that is the content of
another work on this subject [Peruginelli 2023].
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The paper is organized as follows. We first set the notation we will use throughout
the paper and introduce the class of generalized rings of integer-valued polynomials,
which are subrings of Q[X] formed by polynomials which are simultaneously
integer-valued over different subsets of integral elements over Z, the ring of p-adic
integers, for p running over the set of integer primes. In Section 2, we review Loper
and Werner’s construction [2012] of Priifer domains and recall that it falls into
the class of generalized rings of integer-valued polynomials, as already observed
in [Peruginelli 2017, Remark 2.8]. We then characterize when a ring of their
construction is a Dedekind domain in Theorem 2.15. In order to accomplish this
objective, we introduce the definition of polynomially factorizable subsets E of
7= I1 » Z_p (we refer to Section 1 for unexplained notation), which turns out to be
the key assumption for such a ring to be of finite character (hence, a noetherian
Priifer domain, thus Dedekind). Furthermore, we show in Theorem 2.17 that every
Dedekind domain R with finite residue fields of prime characteristic lying between
Z[X] and Q[X] is equal to a generalized ring of integer-valued polynomials with
class group equal to a direct sum of a countable family of finitely generated abelian
groups (Recall that the Picard group of Int(Z) is a free abelian group of countably
infinite rank [Gilmer et al. 1990]). Among other things, we will also characterize
the PIDs among these class of domains, generalizing the aforementioned work of
Glivicky and Saroch [2013] (see also [Glivicka et al. 2023]). We will also give a
criteria for when two such generalized rings of integer-valued polynomials are equal.
Finally, in Section 3, by means of a suitable modification of Chang’s construction,
given a group G which is the direct sum of a countable family of finitely generated
abelian groups, we prove that there exists a Dedekind domain R with finite residue
fields of prime characteristic, Z[X] C R € Q[X], with class group G, thus giving a
positive answer to a question raised by Chang [2022]. By the previous results, such
a domain is a generalized ring of integer-valued polynomials.

It has come to our attention that Theorem 7 of [Chang and Geroldinger 2024]
shows the existence of a Dedekind domain with class group equal to a direct sum
of a countable family of prescribed finitely generated abelian groups. However, that
construction is based on a polynomial ring with an infinite set of indeterminates
with the additional property that each ideal class contains infinitely many height-one
prime ideals.

Notation. The generalized rings of integer-valued polynomials considered in this
paper fall into the class of integer-valued polynomials on algebras (see for example
[Frisch 2013; 2014; Peruginelli and Werner 2017]), which encompasses also the
classical definition of ring of integer-valued polynomials. We now recall the latter
definition. Let D be an integral domain with quotient field K and A a torsion-free
D-algebra such that AN K = D. We may evaluate polynomials f € K[X] at



336 GIULIO PERUGINELLI

any element a € A inside the extended algebra A @ p K. The D-algebra A clearly
embeds into AQp K and if f(a) € A we say that f is integer-valued at a. In general,
given a subset S of A, we define the ring of integer-valued polynomials over S as

Intk (S, A) = {f € K[X]| f(s) € A, Vs € S}.

Note that when A = D we get the usual definition of ring of integer-valued polyno-
mials on a subset S of D, and in that case we omit the subscript K. If S=D = A,
then we set Int(D, D) = Int(D).

For an integral domain D, we define the Picard group of D, denoted by Pic(D),
as the quotient of the abelian group of the invertible fractional ideals of D by the
subgroup generated by the nonzero principal fractional ideals, where the operation
is the ideal multiplication (see [Cahen and Chabert 1997, §VIIL.1]). If D is a
Dedekind domain, then Pic(D) is the usual ideal class group of D.

Let [® be the set of all prime numbers. For a fixed p € P, we adopt the following
notation:

- Zp) denotes the localization of Z at pZ.

- Z, and Q,, denote the ring of p-adic integers and the field of p-adic numbers,
respectively.

- @, and Z, denote a fixed algebraic closure of @, and the absolute integral
closure of Z,,, respectively.

- For a finite extension K of Q,, we denote by O the ring of integers of K.
- v, denotes the unique extension of the p-adic valuation on @, to QT,,.
-Ifae (I;Tp, we denote the ramification index e(Q, () | Q) by e,.

- 7=T] pep £ p, the profinite completion of Z.

- L= HpeP ZP'
- Fora € Q,, we set

Vya = 0 €QX) | 9(a) € Z,).

Clearly, V, 4 is a valuation domain of Q(X) extending Z,, with maximal ideal
equal to M, o = {¢p € Vpo | vp(p(a)) > 0}). Moreover, V,, is a DVR if «
is transcendental over @ and it has rank 2 otherwise. In the former case, the
ramification index e(V), o | Z(;)) is equal to e,. In either case, let O, and M,, be the
valuation domain and maximal ideal of @, (c), respectively. Then, the residue field
of V, « is equal to Oy /M, and pO, = Mg, for some integer e, which is equal to
eq (for all these results, see [Peruginelli 2017, Proposition 2.2 and Theorem 2.5]).

The following result, mentioned in the introduction, characterizes residually
algebraic extensions of Z(,) to Q(X) of a certain kind; the valuation overrings of
the Dedekind domains we are dealing with belong to this class.
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Theorem 1.1 [Peruginelli 2017, Theorems 2.5 and 3.2]. Let W C Q(X) be a
valuation domain with maximal ideal M extending Z ) for some p € P. If pW = M*
for some e > 1 and W/M D 7/pZ is a finite extension, then there exists o € G;Tp
such that W =V, . Moreover, for o, € @,, we have V), o =V, g if and only if
a, B are conjugate over Q,,.

Clearly, if W is as in the assumptions of Theorem 1.1 and Z[X] C W, then « € Z_p.
Given f € Q[X], the evaluation of f(X) at an element a = («)) € Z is done
componentwise:

f@ =) e]]Q,.

peP

We say that f is integer-valued at o if f (o) € Z which is equivalent to f € V), o,
for all p € P.

Definition 1.2. Given a subset E of ? we define the generalized ring of integer-
valued polynomials on E as:

Intg(E,7) = {f € Q[X]| f(«) € Z, Va € E}.

If E =7, then Intg(Z, Z) = Intq(Z, Z) = Int(Z); in fact, the first equality follows
easily from the fact that the polynomials have rational coefficients; for the last
equality, see [Chabert and Peruginelli 2016, Remark 6.4] (essentially, Z is dense
in 2). We recall that the family of overrings of Int(Z) which are contained in Q[X]
is formed exactly by the rings Intg(E, 2), as E ranges through the subsets of Vi
of the form [ | pep Ep, where for each prime p, E), is a closed (possibly empty)
subset of Z,, [Theorem 6.2]. In the study of a generalized ring of integer-valued
polynomials Intg (E, /Z\), without loss of generality we may suppose that the subset
E of 7 is of the form E=]] peP E, (see the arguments given in [Remark 6.3]).
Note that we allow each component E, of E to be equal to the empty set.

2. Polynomial Dedekind domains

Loper and Werner [2012] exhibited a construction of Priifer domains between Z[ X ]
and Q[X] in order to show the existence of a Priifer domain strictly contained in
Int(Z). As earlier in [Eakin and Heinzer 1973], their construction is obtained by
intersecting a suitable family of valuation domains of (2(X) indexed by P with
Q[X]. A valuation domain of this family is equal to V,, 4, for some o € Z_,, by
Theorem 1.1 and the fact that X is in every valuation domain of this family. By
[Peruginelli 2017, Remark 2.8], a ring in Loper and Werner’s construction can be
represented as a generalized ring of integer-valued polynomials Intg(E, Z), for a
suitable subset E of Z which satisfies the following definition.
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Definition 2.1. Let E=]| vep Ep C 7. We say that £ is locally bounded, if, for each
prime p, E,, is a subset of Z_p of bounded degree, that is, {[Q,(a) : Q,] | @ € E,}
1s bounded.

As we have already said above, some of the components E, of E may be equal
to the empty set. Since QQ,, has at most finitely many extensions of degree bounded
by some fixed positive integer, if E,, C Z_p has bounded degree then E, is contained
in a finite extension of Q.

By Theorem 1.1, a Priifer domain constructed in [Loper and Werner 2012]
can be represented as an intersection of valuation domains (see also [Chabert and
Peruginelli 2016]):

(2.2) nto(E.2)= () () Vo, N [) QXIe).

peP ay€kE), qepirr

Here E =] pep Ep C 7is locally bounded and P'™ denotes the set of irreducible
polynomials in Q[X]; note that the intersection on the right in this display equals
Q[X]. Similarly, for the ring Intq(E,, Z,) = {f € Q[X]| f(E,) C Z,} we have

(2.3) Intg(Ep. Zp) = () Vpa,N () QX]ip)-

apEEp qGPi“

In particular, Intq (E, Z) = (,,ep(Z \ pZ) ™ Intg(E, Z) = ) ,cp Inta(E,. Z,) by
Lemma 2.5.

By means of the representation (2.2), the main result of [Loper and Werner 2012,
Corollary 2.12] can now be restated as follows:

Theorem 2.4, Let E C 7 be locally bounded. Then the ring Intg(E, /Z\) is a Priifer
domain.

We want to characterize when a ring of the form Intg(E ,/Z\), E C 7, is a
Dedekind domain. In order to accomplish this objective, we need to describe the
prime spectrum of this ring when E is locally bounded. It is customary for rings of
integer-valued polynomials to distinguish the prime ideals into two different kinds,
and we do the same here in our setting: given a prime ideal P of R = Intg(E, Z),
we say that P is nonunitary if P NZ = (0) and that P is unitary if P NZ = pZ for
some p € P.

It is a classical result that each nonunitary prime ideal of R is equal to

Py =q(XQX]NR

for some g € P (see for example [Cahen and Chabert 1997, Corollary V.1.2]).
If PNZ=pZ, peP,and o € E,, the following is a unitary prime ideal of R:

Mpo={f €R|vp(f(x)) >0}
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If E, is a closed subset of Z_p for each prime p,and E =[] » Ep 1s locally bounded,
we are going to show that each unitary prime ideal of R is equal to 91, o, for some
pePanda € E,.

Lemma 2.5. Let E C 7 be any subset, P be a finite subset of P and S the multiplica-
tive subset of 7 generated by P\ P. Then S~! Int@(E 7)= ﬂ cp Intg(E,, Z, ).
In particular, for each p € P, (Z \ pZ)~' Intg(E, Z) = Int@(Ep, p)

Proof. The proof follows by an argument similar to the one of [Chabert and
Peruginelli 2018, Proposition 4.2]. Let R = Intg(E, /Z\) and R, = Intg(E), Z_p),
for each p € P. The containment S “IRC N peP R, is clear, since R € R/, and for
every d € S, d is aunit in R, for each p € P. Conversely, let f € ﬂpep R,. Let
deZ,d#0,besuchthatdf € Z[X] and letd =t ]_[pep p?r,a,>0andt € Z not
divisible by any p € P. Then, letting g = ¢, we have that g is in Z,)[X] C R, for
each g ¢ P and g is in R, for each p € P because 7 is a unit in Z ), for all p € P.
Hence, f = £ € ST!R, as desired. O

Proposition 2.6. Let E = ]_[ E, C 7 be locally bounded and closed. If M is a
unitary prime ideal of Int@(E Z) such that M N Z = pZ for some p € P, then M
is maximal and there exists o € E,, such that M =M, .

Proof. Let R = Intg(E ,Z). We use the fact that R is a Priifer domain by
Theorem 2.4.

Let M be a unitary prime ideal of R and let V = Rj;. Then, by Lemma 2.5, we
have R, = Intq(E,, Z_p) C V, since (Z \ pZ)_lV = V. Let M’ be the center of V
on R,. Since M "N R = M, it is sufficient to show that

M =My ={f €Ry|vp(f(e) >0}

for some a € E, (with a slight abuse of notation, we denote the unitary prime ideals
of R and R, in the same way). Let f € R,. Let K be a finite extension of Q,
such that Ok contains E, and let iy, ..., i,—1 € Ok be a set of representatives for
Ok /m Ok = [y, where 7 is a uniformizer of Ok (i.e., a generator of the maximal
ideal of Og). For each a € E, there exists some j € {0,...,q — 1} such that
f(a)—i; € Ok. In particular, ]_[q_o(f(oz) ij) € Ok foreach o € E,. Observe
that the polynomials X9 — X and ]_[ = (l)(X —1;) coincide modulo 7, so in particular
f@)? — f(a) e mOk. If e = e(Og | Qp), we have (f(a)? — f(a)) € pOk.
Equivalently, (f? — f)¢ € pR,, which is contained in M’. Since M’ is a prime
ideal, it follows that f7— f € M’, so modulo M’, f satisfies the equation X?—X =0.
This shows that R, /M’ is contained in the finite field F,, so it is a finite domain,
hence a field. This proves that M’ is maximal. Note that, since R/M < R,/M’ and
the latter is a finite field, it follows also that M is a maximal ideal of R.
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Since R, is countable, M’ is countably generated, say M’ = |, In, Where
L, =(p, fi,..., fn) foreach n e N. By [Gilmer and Heinzer 1968, Proposition 1.4],
for each n € N, there exists «, € E, such that [, C 9, 4, (we may exclude the
nonunitary prime ideals of R, because they do not contain p, hence neither I, for
every n). Suppose first that E, is finite. Then there exists a € E, such that the set
J={neN|I, CIM,q}is acofinal subset of N. Hence, for each f € M’, there
exists n € J such that f € I, C M, o, so that M’ € 9, , and therefore equality
holds since M’ is maximal. If E, is infinite, since it is a closed subset (because E
is closed) contained in a finite extension of Q,, by compactness we may extract
a sequence {a,},en from E, converging to some element o € E,. Without loss
of generality we suppose that o, — «. Now, foreach f e M', f € I, CM o,
for some n. Since I, C I, foreachn € N, f € M, , for each m > n, that
is, v, (f(am)) > 0. By continuity we get that v,(f(«)) > 0, thatis, f € I, ,.
Therefore as before we conclude that M' =91, . O

Thus, if Intg(E, ?) is a Priifer domain, given a maximal unitary ideal 91, o,
pePanda € E,, we have

@7 Inta(E, D, , = Vpa-

p.a

Similarly, for ¢ € P', we have
(2.8) Intg(E, Z)y, = Q[X1(q)-

We call the valuation domains V), , unitary, and the others Q[X],) nonunitary.
Similar equalities hold for the Priifer domain Intg(E),, Z_p). Note that the residue
field of Intg(E, Z) at a unitary prime ideal is a finite field (by the property of the
unitary valuation overrings we discussed about in Section 1), while the residue
field of a nonunitary prime ideal of Intg(E, 7) is a finite extension of the rationals,
hence an infinite field.

We finish this section with the following remark.

Remark 2.9. By Theorem 1.1, given a ring Intg(E, Z_p), without loss of generality
we may assume that the elements of E, are pairwise nonconjugate over Q,. Under
this further assumption and if E, is bounded (i.e., contained in a finite extension
of @), Theorem 2.4, (2.7) and Proposition 2.6 imply that there is a one-to-one
correspondence between the elements of E, and the unitary valuation overrings
Vpa, @p € Ep, of Intg(E,, Z,).

2A. Thelocal case. For afixed p € P, we characterize in this section the subsets E,
of Z_p for which the corresponding ring of integer-valued polynomials Intg (E ), Z_p)
is a Dedekind domain. The following proposition is a generalization of [Chang
2022, Theorem 4.3 (2)].
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Proposition 2.10. Let E, be a subset of Z_p. Then Intg(Ep, Z_p) is a Dedekind
domain with finite residue fields of prime characteristic if and only if E, is a finite
subset of transcendental elements over Q.

Suppose that E,, ={ay, ..., a,} and the a;’s are pairwise nonconjugate over Q,,.
Then, then the class group of Intg(E,, Z_p) is isomorphic to 7 /eZ ® 7", where
e=gcdley, |1 =1,...,n}. Thus Intg(E,, Z_p) is a PID if and only if E, contains
at most one element o), € Z_p, such that ap, is transcendental over Q and unramified
over Q.

Proof. Let R, = Intq(E,, Z,). Note that, if E,, is the empty set, then R, = Q[X].
We assume henceforth that £, # &.

Suppose R, is a Dedekind domain with finite residue fields of prime characteristic.
We show first that each maximal unitary ideal M of R), is equal to 9, ,,, for some
a, € E,. Let V be a unitary valuation overring of R, which is centered on M.
By Theorem 1.1, there exists g € Z_p such that V = V), o,. Then, M = 9N, 4.
Since M is finitely generated and R, is Priifer, by [Gilmer and Heinzer 1968,
Proposition 1.4] M € 9, 4, for some &), € E;, (we may exclude the nonunitary
prime ideals of R, because they do not contain p, hence neither M). Since M is
maximal, it follows that M =9, ,, ,, which means that o and &, are conjugate over
Q, by [Peruginelli 2017, Theorem 3.2]. Hence, without loss of generality, we may
suppose that «p € E,. Note that each «, € E, is transcendental over Q, otherwise
the valuation overring V), o, of R, would have rank 2. Since R, is Dedekind, p is
contained in only finitely many maximal ideals of this ring; necessarily, such ideals
are unitary. By the previous argument, such ideals are equal to M), 4, for a), € E .
Since by Theorem 1.1 and (2.7), M, o, = M, g, if and only if «,, B, € E), are
conjugate over Q,,, it follows that E, is a finite subset of Z,.

Conversely, suppose now that £, C Z_p is a finite subset of transcendental
elements over Q. The fact that Intg(E,, Z_p) is a Dedekind domain follows from
[Eakin and Heinzer 1973, Theorem], but we give a different self-contained argument
based on the previous results. We know that £, has bounded degree, so R, is
Priifer, by Theorem 2.4. By (2.3), R, is equal to an intersection of DVRs which
are essential over it. Moreover, each nonzero f € R, belongs to finitely many
maximal ideals, since E), is finite and f has finitely many irreducible factors in
Q[X]. Hence, R, is a Krull domain, so, by [Gilmer 1992, Theorem 43.16], R, is
a Dedekind domain. Finally, R, has finite residue fields of prime characteristic,
because each of the unitary valuation overrings of R, (namely, V,,,, o) € E})
have finite residue field.

Assuming that the elements of E, are pairwise nonconjugate over Q,, the
claim regarding the class group follows easily from [Eakin and Heinzer 1973,
Theorem], taking into account the representation (2.3). If £, = {ay, ..., o}, let
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e=(ey,...,eq,) €Z" and e = gcd(ey,, . . ., €y,). Then, the class group of R, is
isomorphic to
7"/ (e) = Z)eZ &I .

The last claim follows at once from the description of the class group. (]

2B. The global case. If, foreach peP, E, C Z_p is a finite subset of transcendental
elements over Q and E =[] » E, then, by [Chang 2022, Corollary 2.6], Intg(E, Z)
is an almost Dedekind domain. However, this ring might not be noetherian, that is, a
Dedekind domain. See for example the construction of [Chang 2022, Theorem 3.1],
in which the polynomial X is divisible by infinitely many primes p € P. In general,
an almost Dedekind domain R is Dedekind if and only if it has finite character, that
is, each nonzero f € R belongs to finitely many maximal ideals of R [Gilmer 1992,
Theorem 37.2], or, equivalently, v(f) #~ 0 only for finitely many valuation overrings
V of R (which are only DVRs). We aim to characterize the subsets £ = ]_[ E, of
7 such that Intg(E, Z) is Dedekind.

Definition 2.11. We say that E is polynomially factorizable if, for each g € Z[X]
and o = («)) € E, there exist n,d € Z, n,d > 1 such that g(«)" /d is a unit of Z,
that is, v, (g(ap)" /d) =0, for all p € P.

Note that g(a)" = (g(ap)") € 7. Loosely speaking, a subset £ of 7 is polyno-
mially factorizable if, for every g € Z[X] and @ € E, g() € 7 is divisible only by
finitely many primes p € P (up to some exponent n > 1), or, equivalently, all but
finitely many components of g(«) are units. Note that, if the above condition of
the definition holds, then g(«)” and d generate the same principal ideal of Z.

The next lemma gives a simple characterization of polynomially factorizable
subsets E of Z in terms of the finiteness of some sets of primes associated to every
polynomial in Z[X]. For every g € Z[X] and subset E = [ | 2 Ep S 7, we set

Pe.e={p €P|3a, € E, such that v,(g(a,)) > 0}.

The next result shows that E is polynomially factorizable if and only if Py g is
finite for every g € Z[X].

Lemma 2.12. Let g € Z[X] and E = ]_[p E,C Z where each E |, C Z_p is a closed
set of transcendental elements over Q. Then the following conditions are equivalent:

1) The set Py g is finite.
ii) For each o € E, there existn,d € Z,n,d > 1 such that g(«)" /d is a unit of/Z

Proof. We use the following easy remark: for o = () € 7= I1 »Zp, the set
{p € P|vy(ap) > 0} is finite if and only if there exists d € Z, d > 1, such that
al =dZ.
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Suppose i) holds and let « = («),) € E. By assumption, there are only finitely
many p € P such that v, (g(c,)) > 0, for some «), € £, say, p1, ..., pr. Leta € E
be fixed; in particular, there exists n € N such that nv,(g(«,)) = a, € Z for each
prime p (where a, =0 forall p ¢ {pi, ..., pr}). Hence, if we let d = ]_[f:1 piap"
we get v, (g(ap)") =v,(d) for all p € P, thus ii) holds.

Assume now that ii) holds and suppose that P, g is infinite. For each p € Py g, let
ap € E, be such that v, (g(«))) > 0 and consider the element @ = () € E, where o,
is any element of E, for p ¢ P, g. If thereisnon > 1 such thatnv,(g(ap,)) =a, €Z
for all p € P we immediately get a contradiction. Suppose instead that such an n
exists. Since a,, is nonzero for infinitely many p € P, there is no d € Z such that

v,(g(ap)"/d) =0 for each p € P, which again is a contradiction. U

Remark 2.13. By Lemma 2.12, it follows easily that a subset £ C Zis polynomially
factorizable if and only if P g is finite for each irreducible g € Z[X]. In fact, if
g =11, &, where g; € Z[X] are irreducible, then P, g = J; Py, E.

It is well-known that, given a nonconstant g € Z[ X], there exist infinitely many
p € P for which there exists n € Z such that g (n) is divisible by p (see for example
the proof of [Cahen and Chabert 1997, Proposition V.2.8]). In particular, 7 is not
polynomially factorizable by Lemma 2.12.

The next lemma describes the Picard group of Intg(E, ?) in terms of the Picard
groups of the localizations Intg(E ,, Z_p), p € P (see Lemma 2.5).

Lemma2.14. Let E=[] E), C 7 be a subset. Then

Pic(Intg(E, 2)) = @ Pic(Intg(E,. Z,)).
peP

Proof. Let R = Intg(E,Z) and R, = (Z\ pZ)~'R, for p € P; by Lemma 2.5,
R, =Intg(E,, Z_p). Since the proof follows by the same arguments of [Gilmer et al.
1990, Theorem 1], we just sketch it and refer to the cited paper for the details. By a
classical argument (see for example [McQuillan 1985, Lemma 1]), every finitely
generated ideal J of R (in particular, every invertible ideal of R) is isomorphic to
a finitely generated unitary ideal /, that is, I N Z = dZ # (0). For such an ideal,
(I NZ)py =L for all p € P not dividing d, so IR, = R,,. This argument shows
that we have a well-defined map from Pic(R) to P peP Pic(R)).

If I is a unitary ideal of R, say I NZ = dZ, such that IR, is principal, it is
generated by d. Hence, I and d R have the same localizations at each prime p € P,
so they are equal. This shows that the previous map is injective.

For the surjectivity, it is sufficient to show that, if J, is an invertible unitary
ideal of R, for some p € P, then there exists an invertible ideal J of R such that
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JR,=J, and JR; = R, for each g € P\ {p}. The ideal J = J, N R has the required
properties. U

Now we may characterize when a generalized ring of integer-valued polynomials
Intg(E, Z) is Dedekind and describe its class group.

Theorem 2.15. Let E =] »Ep C Z be a subset. Then Intg(E, Z) is a Dedekind
domain with finite residue fields of prime characteristic if and only if E, is a
finite set of transcendental elements over Q for each p € P and E is polynomially
factorizable.

In this case, the class group of Intg(E, /Z\) is equal to a direct sum of a countable
family of finitely generated abelian groups.

Proof. Let R = Intg(E, z) and suppose the conditions for E in the statement are
satisfied. Then E is locally bounded and closed so, by Theorem 2.4, R is Priifer.
For R to be Dedekind, it is sufficient to show that it is a Krull domain [Gilmer
1992, Theorem 43.16]. By assumption, each of the unitary valuation overrings
of R in the representation (2.2) is a DVR with finite residue field, so R has finite
residue fields of prime characteristic by Proposition 2.6. We have to show that R
has finite character, that is, for each nonzero f = % eR,geZ[X]andn € 7\ {0},
f 1is contained in only finitely many maximal ideals of R. As in the proof of
Proposition 2.10, f is contained in only finitely many nonunitary prime ideals of R.
We now check the maximal unitary ideals of R, described in the Proposition 2.6,
which contain f. Since the denominator n of f is divisible by only finitely many
p € P, f is contained in only finitely many maximal unitary ideals if and only if the
same condition holds for g. Since E, is finite for each p € P, this is equivalent to
the finiteness of the set P, g. Since E is polynomially factorizable, by Lemma 2.12,
P, £ is finite.

Conversely, if Intg (E, i) is a Dedekind domain with finite residue fields of prime
characteristic, then, for each prime p, the overring Intg(E),, Z_p) is a Dedekind do-
main with finite residue fields of prime characteristic [Gilmer 1992, Theorem 40.1].
By Proposition 2.10, E, is a finite subset of Z_p formed by transcendental elements
over Q (so, in particular, E is locally bounded). If there exists some g € Z[X] such
that the set P, £ is infinite, then g(X) would be contained in infinitely many unitary
prime ideals of Intg(E, /Z\), a contradiction with [Gilmer 1992, Theorem 37.2].
Therefore, E is polynomially factorizable by Lemma 2.12.

The final claim follows from Lemma 2.14 and Proposition 2.10. ([

The next corollary is a generalization of [Glivicky and Saroch 2013, Lemma 3.3]:
it characterizes the elements « in Z for which the ring Intg({«}, Z) is a PID.

Corollary 2.16. Let E = [ | »Ep C 7 be a subset such that, for each p € P, the
elements of E, are pairwise nonconjugate over Q. Then Intg(E, Z) is a PID with
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finite residue fields of prime characteristic if and only if, for each prime p, E,,
contains at most one element of Z,, unramified over Q) and transcendental over Q,
and E is polynomially factorizable.

Note that if the conditions of Corollary 2.16 occur, namely, E, = {«,,} for each
p € P, then E is the singleton {a}, where o = («)) € Z. The condition that E is
polynomially factorizable appears in other equivalent forms in [Glivicky and Saroch
2013, Lemma 3.3] and [Glivicka et al. 2023, Proposition 1.1], in the case « € 7.

Proof. The proof follows from Theorem 2.15, Lemma 2.14 and Proposition 2.10. [J

An argument similar to the one in the proof of [Eakin and Heinzer 1973, Theorem]
shows that a PID Intg({«}, /Z\) as in the statement of Corollary 2.16 is never a
Euclidean domain.

We now show that each Dedekind domain with finite residue fields of prime
characteristic between Z[ X] and Q[ X] is indeed a generalized ring of integer-valued
polynomials.

Theorem 2.17. Let R be a Dedekind domain with finite residue fields of prime
characteristic such that Z[X] C R € Q[X]. Then R is equal to Intg(E, z),for
some subset E =] »Ep C Z such that E p IS a finite set of transcendental elements
over Q for each prime p and E is polynomially factorizable.

In particular, the class group of R is isomorphic to a direct sum of a countable
family of finitely generated abelian groups.

Proof. Let Pr = {p € P | 3P € Spec(R) such that P N Z = pZ}. Clearly, Pg is
empty if and only if R = Q[X]; in this case for E equal to the empty set we have
the claim. Suppose P is not empty. For each p € Pg, we denote by Py , the set of
unitary prime ideals of R lying above p. By assumption, for each P € Pg ,, p € P,
Rp is a DVR of Q(X) with finite residue field extending Z,). By Theorem 1.1,
there exists a,, € Z,, transcendental over @, such that Rp =V, o . Let E, be the
subset of Z,, formed by such «,’s, for each P € P ,. Since R is Dedekind and by
(2.2) and (2.3), we have the equalities
R= [ N RpNAXI= ) [ Vpa, NQIX]
pEPr PePg ) pePr ay€E,

=N Int@(Ep,Z_p)zlnt@(Ei),
pEPR

Whe_re E = HpePR E,C 7. By Theorem 2.15, for each p € P, E, is a finite subset
of Z, of transcendental elements over Q, E is polynomially factorizable and the
class group of R is isomorphic to a direct sum of a countable family of finitely
generated abelian groups. U

It was shown in [Glivicky and Saroch 2013, Proposition 3.4] that the cardinality
of the set of @ € Z such that Intg({a}, Z) is a PID is 2™, The next corollary
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describes all the PIDs with finite residue fields of prime characteristic between
Z[X] and Q[X].

Corollary 2.18. Let R be a PID with finite residue fields of prime characteristic
such that Z[X]1 C R C Q[X]. Then R is equal to Intg({a}, z),for some o= (ap) € 7
such that, for each p € P, a, is transcendental over Q, o, is unramified over Q)
and {a} is polynomially factorizable.

Proof. The proof follows from Theorem 2.17 and Corollary 2.16. ([

2C. Equality of generalized rings of integer-valued polynomials. Given two lo-
cally bounded closed subsets E, F of Z, we characterize when the associated
generalized ring of integer-valued polynomials Intg(E, Z), Intg(F, Z) are the
same.

The following is a general result about integral extensions of rings of integer-
valued polynomials. For an integral domain D with quotient field K, let K and D
be the algebraic closure of K and the absolute integral closure of D, respectively.
We let Gx = Gal(K/K) be the absolute Galois group of K. For a subset Q of
K we set Gg(Q) = {o(a) |o € Gg,a € Q} = UgeGK o (£2). We say that Q is
G g -invariant if Gk (2) = Q. Note that in general we have

(2.19) Intg (2, D) = Intg (G (), D)

because if f(a) € D for some f € K[X] and « € €, then, for every o € G, we
have f(o(a)) = o (f(at)) € D because o (D) C D.

Lemma 2.20. Let D be an integrally closed domain with quotient field K. Let
Q C D be G-invariant. Let F be an algebraic extension of K containing Q. Then
Intg (2, D) is the integral closure of Intg (€2, D) in F(X).

Proof. By [Cahen and Chabert 1997, Proposition IV.4.1], Intz (£2, D) is integrally
closed. In particular, Intz (€2, D)= Intz (€2, D)NF(X) is integrally closed, too.
Hence, we just need to show that Intg (€2, D) C Intz(S2, D) is an integral ring
extension.

Without loss of generality, we may enlarge F and suppose that F is normal over
K (e.g., we may take F = K). Let f € Intp (92, D) C F[X]. In particular, f is
integral over K[X], that is, it satisfies a monic equation of the form

[ g "+ g1 f+80=0,

where g; € K[X], fori =0,...,n — 1. We claim that g; € Intg (€2, D), for
i=0,...,n—1, which will prove the claim. In fact, let

O(T)=T"4 g T" '+ +go e K[X][T],
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and suppose that & (7') is irreducible over K (X). The roots of ®(7T) are the con-
jugates of f under the action of the Galois group Gal(F(X)/K (X)) = Gal(F/K),
which acts on the coefficients of the polynomial f. If o € Gal(F/K), then
o(f) € Intp(L2, D). In fact, for each o € €, since Q is Gal(F/K)-invariant,
we have o = o (') for some o’ € Q, therefore o (f) () = o (f () which still is
an element of D (which likewise is left invariant under the action of Gal(F /K)).
Now, since each coefficient g; of ®(T) is an elementary symmetric function of
the elements o (f), o € Gal(F/K), we have g;(x) € D, for each o € ; thus
gi € Intg (€2, D), as claimed. O

To ease notation, we denote the absolute Galois group of @, (p prime) by G,.

Theorem 2.21. Suppose E =[], E, and F =[], F, are locally bounded closed
subsets of Z. Then the rings Int@(E Z) and Int@(F Z) are equal if and only if
G,(E,) = G,(F)), for each p € P.

Proof. Clearly, Intg(E, Z) = Intg(F, Z) if and only if the two rings have the same
localization at each p € P, that is, by Lemma 2.5, Intg(E ), Z_p) = Intg(F), Z_p).
Such a condition is equivalent to Intg , (E ,, Z_p) =Intg, (F), Z_p). In fact, one impli-
cation is obvious because Intg(E,, Z ) is the contraction to Q[X] of Intg,(E,, Z)).
Conversely, suppose that Intq(E,, Z,) = Intq(F), Z,) and let f € Intg, (Ep, Z),),
say f(X) =), a; X'. We can choose g € Q[X] sufficiently v,-adically close to
f(X), thatis, g(X) = Zi a; X', where vp(a; —a;) > n foreach i > 0, where n € N
is arbitrary large. Then h = f — g € p"Z,[X], so, if a, € E,, it follows that
g(ap) = f(ap) +h(ay) € Z,. Hence, g € Intq(E,, Z,) = Intg(F,, Z,). If now
B, € F,, wehave f(B,)= g(,Bp)—i—h(,Bp) €Z ,, which h proves that f € Intg,, (F), L Zp).
The other containment Intg, (Fp, Z,) € Int@ (Ep, Z, p) follows in the same way.

Let p € P be a fixed prime and set R,,,E Intg,(Ep, Z)) and Rp F, =
Intg,(F), Z,). Since Ep, F), are subsets of Z of bounded degree, there exists
a finite Ga101s extensmn K of Q, containing both of them. By (2.19), Rp E,
Intg, (G ,(E)), Zp) and Rp F, =Intg, (G, (F)), Zp) Clearly, R, g, and Rp F, are
equal if and only if they have the same integral closure in K (X). By Lemma 2.20,
this amounts to say that

(2.22) Intg (G ,(Ep), Z,) = Intg (G ,(F,), Z,).

Note that the rings of (2.22) are equal to Intx (G ,(E ), Ok), Intg (G ,(F), Ok),
respectively, where Oy is the ring of integers of K. Moreover, G, (E ) is a closed
subset of Ok, being a finite union of closed sets o (E,), o € Gal(K /Q),). Similarly,
G ,(F)) is closed.

Finally, by [McQuillan 1991, Lemma 2], (2.22) holds if and only if G ,(E,) =
G,(Fp). ([l
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Theorem 2.21 implies that the rings Intg({}, Z), o € Z, are in one-to-one
correspondence with the elements of Z.

3. Construction of a Dedekind domain with prescribed class group

We review Chang’s construction [2022] mentioned in the introduction and moditfy it
in order to show that, given a group G which is the direct sum of a countable family
of finitely generated abelian groups, there exists a Dedekind domain R with finite
residue fields of prime characteristic, Z[X] C R € Q[X], such that the class group of
R is G. As in [Eakin and Heinzer 1973], we show first that the ring constructed by
Chang can also be represented as a generalized ring of integer-valued polynomials.
In [Chang 2022, Lemma 3.4] it is proved that for each n € N and p € P, there exists
a DVR of Q(X) which is a residually algebraic extension of Z,) with ramification
index equal to n; by means of Theorem 1.1, we can give an explicit representation
of such an extension in terms of a valuation domain V), , associated to some o € Z,,
which generates a totally ramified extension of Q,, of degree n.

Let I be a countable set and G = &, _; G; be a direct sum of finitely generated
abelian groups G;. Suppose that for each i € I we have

G =7 Qi \Z®-- - ®Z/ni 1, 7

for some uniquely determined nonnegative integers m;, n; 1, ..., n; x, satisfying
ni j | n; j+1. We partition P into a family of finite subsets {P;};c; each of which
contains arbitrary chosen 1+ k; primes, namely P; = {p;, gi 1, ..., gi.r, } and corre-

spondingly for each i € I we fix the following 1 + k; sets:

1) E,, is a subset of Z,, of m; + 1 elements {«,, 1,...,ap, m;+1} Which are
transcendental over Q.

i) For j=1,... ki, Ej ; = {oy, ;} a singleton of Z,, ; such that o, ; is transcen-
dental over @ and n; ; = Cay, > the ramification index of Q) (o, ;) over Q.

~and also

We set E; = E,, X l_[];lzl Ey

ki _ =
Ri =Tntg(Ep,. Z,) N () Int(Ey, . Z,, ) = Inta(E;. 2).

j=1

Since each of the unitary valuation overrings of R;, namely V,o,, p € P; and
ap € Ep, is a DVR which is residually algebraic over [, [Peruginelli 2017, Propo-
sition 2.2], by [Eakin and Heinzer 1973, Theorem and Corollary] R; is a Dedekind
domain with class group isomorphic to G;.
We also set B
R=(R =Inta(E. 2),

iel
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where E = [[; E;. By [Chang 2022, Corollary 2.6], R is an almost Dedekind
domain with class group isomorphic to G.

As we already mentioned at the beginning of Section 2B, the ring R =Intg(E, Z)
is not Dedekind in general. By Theorem 2.15, this happens precisely when E is
polynomially factorizable. By a suitable modification of the above construction,
we are going to show that there exists a polynomially factorizable subset E of Z
such that R is Dedekind with class group isomorphic to G, thus giving a positive
answer to [Chang 2022, Question 3.7].

Theorem 3.1. Let G be a direct sum of a countable family {G,}ic; of finitely
generated abelian groups (which are not necessarily distinct). Then there exists
a Dedekind domain R between Z| X and Q[ X] with class group isomorphic to G.
Moreover, for eachi € I, there exists a multiplicative subset S; of Z such that S;~ 'R
is a Dedekind domain with class group G;.

Proof. We keep the notation used in the above construction. Let P, =|_J icrPi\{pi}).
Foreachg =g¢; ; € P, forsomei € [ and j € {1, ..., k;}, we set n, =n; ;. We
choose a uniformizer g of Z, which is transcendental over Q. Let &, € Z_q be a root
of the Eisenstein polynomial X"« —g. Clearly, &, is still transcendental over (2 and
it is well-known that Q, (&, ) is a totally ramified extension of Q, of degree n,. We
now let ¢y, = &, + |log g |: this is another generator of @, (¢,) over Q, which still
is transcendental over Q and has v,-adic valuation zero. We then set E, = {o,} in
the above construction.

Similarly, for each p = p; € P\ P,, for some i € I, let m, =m ,,. We choose dis-
tinct elements «, ; € [log p|+pZ,,fori=1, ..., m,+1, which are transcendental
over Q and set Ep ={ap 1,-.., Cpm,+1}-

We show now that with these choices the subset E = ]_[ E,C Z is polynomially
factorizable, and therefore the corresponding domain R = Int@(E Z) is a Dedekind
domain by Theorem 2.15. By Lemma 2.12, we need to show that for each g € Z[ X],
P, g is finite. Let g € Z[X] be a fixed polynomial. For o = () € E, we have:

- ap = pa+|logp], forsomea € Z,,if pc P\P,.
- o, =a,+ |log pl, if p € P,, where &, is a root of an Eisenstein polynomial,
so, in particular, v, (a,) > 0.
For each p € P, let 7, be a uniformizer of Q,(«,) (which is just p if p ¢ P,). We
then have

glap) = g(llog p|) (mod ).
Now, for all p sufficiently large, g(|log p]) is not divisible by p, since

i g(logx)
1m

X—00 X

=0.
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Hence, P, g is finite.

The fact that Intg(E, Z) has class group equal to G follows either by [Chang
2022, Corollary 2.6] or by applying Lemma 2.14 and Proposition 2.10, by noting
that Pic(Intq(E , Z,)) = Z™ for each p € P\ P, and Pic(Intg(E,, Z,)) =Z/n,Z
for each g € P,.

For the last claim, if i € I, we let S; be the multiplicative subset of Z generated
by P\ P;. Then, by Lemma 2.5, Si_1 Intg(E, 2) = Intg(E;, 2) which has class
group isomorphic to G; by Lemma 2.14 and Proposition 2.10. ([l
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THE COHOMOLOGICAL BRAUER GROUP
OF WEIGHTED PROJECTIVE SPACES AND STACKS

MINSEON SHIN

We compute the cohomological Brauer groups of twists of weighted projective
spaces and weighted projective stacks, generalizing Gabber’s computation of
the Brauer group of Brauer—Severi varieties. A key ingredient in our proof
is a description of the Brauer group of toric varieties due to DeMeyer, Ford,
Miranda (1993).

1. Introduction

Weighted projective spaces and stacks are a natural generalization of projective
space that often arise in the construction of certain moduli spaces. For example,
the moduli space of cubic surfaces is isomorphic to P(1, 2, 3, 4, 5), see, e.g., [13,
Section 9.4.5]. Over a field & of characteristic not 2 or 3, the moduli stack of elliptic
curves M 1 is isomorphic to an open substack of Py (4, 6).

To recall the construction of weighted projective spaces and stacks, let n > 1 and
let p = (po, ..., pn) be an (n 4 1)-tuple of positive integers. For any field k, we
may define an equivalence relation on k"*1\ {(0, ..., 0)} by

~ Lo Pn
9
(X0, ...y xp) ~ (WPxq, ..., u""x,)

for all units u € k*. The weighted projective space Pz (p) is the scheme-theoretic
quotient of this action; it is the scheme whose k-rational points correspond to the
equivalence classes of this equivalence relation. Taking the stack-theoretic quotient
of the above action gives the weighted projective stack Pz(p) associated to p. If
every p; is equal to 1, then Pz(p) and Pz(p) are isomorphic to the (unweighted)
projective space P".

In this paper, we are interested in the cohomological Brauer groups of étale twists
of weighted projective spaces and weighted projective stacks. For any scheme S,
we denote Br'(S) := Hét(S, Gm)iors the cohomological Brauer group of S. In
the unweighted case, an étale twist of projective space is called a Brauer—Severi
scheme; it is well known that to every Brauer—Severi scheme f : X — S there is
an associated class [X] € Br/(S) and that the pullback of [X] to Br'(X) is trivial.
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A theorem of Gabber states that the induced map Br'(S)/([X]) — Br’(X) is in fact
an isomorphism.

Theorem 1.1 (Gabber [18, Chapter II, Theorem 2]). Let S be a scheme and let
f 1 X — S be a Brauer—Severi scheme. Then the sequence

(1.1.1) F(S,Z)—)Br’(S)f—*>Br/(X)—>O

is exact, where the first map sends 1 — [X].

The purpose of this paper is to extend the above theorem to include weighted
projective spaces and stacks.

Theorem 1.2. Let fx : X — S be a morphism of schemes such that there exists an
étale surjection S’ — S such that X xg S’ >~ Pg (p). Then there is a natural Brauer
class [X] € Br'(S) associated to X, and the sequence

(1.2.1) ['(S,Z) — Br'(S) f—;>Br/(X)—>O

is exact, where the first map sends 1 — [X].

Theorem 1.3. Let S be a scheme, let fx : X — S be a morphism of algebraic stacks
such that there exists an étale surjection S — S such that X x g S’ >~ Py (p). Then
there is a natural Brauer class [X] € Br'(S) associated to X, and the sequence

(1.3.1) I'(S,Z) — Br'(S) 4% Br(x) — 0

is exact, where the first map sends 1 — [X]. If T : X — X denotes the coarse
moduli space of X, then X satisfies the hypothesis of Theorem 1.2, and pullback
by m induces a commutative diagram

*

f
(S, Z) —> Br'(S) — Br'(X) — 0

(132) xlcm(p)/[ Tr[*

['(S,2) — Br'(S) ? Br'(X) — 0

X

where the rows are (1.2.1) and (1.3.1) and the leftmost vertical map denotes
multiplication-by-lcm(p).

1.4. Outline of the paper. To prove Theorems 1.2 and 1.3, we show that R' £, G,, ~Z
and R? f,G,, = 0 and apply the Leray spectral sequence to the morphism f. For
the claim that R? Jf+«Gy = 0, a deformation theory argument of Mathur (personal
communication, 2019) which uses a Tannaka duality result of Hall and Rydh [22],
reduces us to the case where § is the spectrum of a field. Here, the proofs of
Theorems 1.2 and 1.3 require different approaches (indeed, a Deligne—Mumford
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stack X and its coarse moduli space X may have nonisomorphic (Picard groups
and) Brauer groups in general).

As we recall in Section 3.2, a weighted projective space P(p) is a toric variety.
In Section 3, we use the results of DeMeyer, Ford and Miranda [11] on the Brauer
group of toric varieties to compute the Brauer group of P(p) over an algebraically
closed field; taking the prime-to-p limit of dilations of the toric variety reduces us
to computing the p-torsion when each weight p; is a power of p. In Section 5 we
prove Theorem 1.3, for which the key observation turns out to be that the G,,-action
on A"*! extends to an action of the multiplicative monoid A on A"*!,

2. Weighted projective spaces

In this section, we recall basic facts about weighted projective spaces (in particular,
regarding their Picard group Lemma 2.8 and cohomology of line bundles Lemma 2.9)
which will be used in the proof of Theorem 1.2. For general background on weighted
projective spaces, we refer to [12; 29].

2.1. For a weight vector p = (po, - - . , pu), the weighted projective space associated

to p is _
Pz(p) :=ProjZlio, ..., ta],

where Z[tg, ..., t,] has the Z-grading defined by deg(#;) = p;. We set

Ps(p) :=Pz(p) Xspecz S

for any scheme S. By [14, Lemme (2.1.6), Proposition (2.4.7)], the weighted
projective space Pz(p) is projective. Thus, if S is quasicompact and admits an
ample line bundle, then the same is true for Pg(p); hence in this case Br = Br’
for Ps(p) by a theorem of Gabber [9] (i.e., the Azumaya Brauer group coincides
with the cohomological Brauer group).

2.2. Suppose a positive integer d divides all p; and set p/d := (po/d, ..., pn/d).
Then there is a natural isomorphism Pz (p) ~Pz(p/d) by [14, Proposition (2.4.7)(i)],
and under this isomorphism Op, (,/4)(£) corresponds to Op,(,)(d€) for all £ € Z.

If p, o are two weight vectors such that one is a permutation of the other, then
the corresponding weighted projective spaces Pz(p), Pz(o) are isomorphic. The
converse is not true in general, but is true if p, o satisfy a certain “normalization”
condition.

Definition 2.3 (normalized weight vectors [2, Section 2]). We say that p = (po, ..., on)
satisfies (N) if, for all 0 <i < n, we have gcd({p;};2i) = 1.

Lemma 2.4 [2, Section 8]. Let p, o be two weight vectors satisfying (N). We have
Pz(p) =~ Pz(0) if and only if p is a permutation of .
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By Lemma 2.5 below, every weight vector p has an associated normalized weight
vector p’ such that p’ satisfies (N) and Pz(p) >~ Pz(p’). Thus in Theorem 1.2 we
may always assume that our weight vector p satisfies (N).

Lemma 2.5 (reduction of weights [10, Proposition 1.3; 12, Section 1.3.1; 2, Sections
1.3, 1.4]). Suppose gcd(p) = 1. Define the constants

di :==ged({pj}jzi), si:=lem({d;}j%), s:=lem(so,..., ),
o= pi/si» P =Py, .-, 0p)
andlet R":=7Z[t;, . .., t,] be the ring with the Z-grading determined by deg(t) = p;.

The ring homomorphism R — R sending t/ — tl-di (which multiplies the degree
by s) induces an isomorphism

¢ :Pz(p) = Pz(p)
of schemes. We have

(2.5.1) lcm(p) =5 -lem(p’)

since vp(lem(p)) = o, and v,(Iem(p’)) = a;, — «;,_, for any prime p, in the
notation of [2, Section 1.2].

For any integer £, there exists a unique pair (b;(£), c;(£)) € 7’ satisfying
0 <bi(0) <d and € = bi(0)p; + c;i()d;; set £’ =€ — Y " bi(£)p;. The
multiplication—by-(tg(’(e) .
Op,(0)(€') = Op,(p)(£) of Op,(p)-modules. Furthermore €' is divisible by s and we
obtain an isomorphism

.t,f"(z)) map R({') — R({) induces an isomorphism

Op, (01 (£'/5) = ¢1(Op,(p) (1))

of Op,(p)-modules. In particular, we have

(2.5.2) " (Op,(p)(£)) = Op,(p) (s€)
forall £ € 7 since b;(sf) =0.

Remark 2.6. By Lemma 2.5, all weighted projective lines Pz (go, g1) are isomor-
phic to P!: thus, for Theorem 1.2, we may assume n > 2.

Lemma 2.7. The sheaf Op,,)(r) is reflexive for any r € Z. If p satisfies (N), the
sheaf Op, () (r) is invertible if and only if lcm(p) divides r.

Lemma 2.8 (Picard group of P(p) [2, Section 6.1]). For any connected locally
Noetherian scheme S, the map

Z @ Pic(S) — Pic(Ps(p))

sending

(£, L) > Opg(p) (L -lem(p)) ® f5L

is an isomorphism. (See also [26, Section 6].)
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Proof. By Section 2.2, we may assume gcd(p) = 1. In [2] the desired claim is
proved assuming that p satisfies (N). If p does not satisfy (N), then we conclude

using (2.5.1) and (2.5.2). ([l
Lemma 2.9 (cohomology of Op(,(£) [10, Section 3]). Let A be a ring and set
X :=Ps(p).
(1) For € >0, the A-module H*(X, Ox (£)) is free with basis consisting of mono-
mials tgo <15 such that eg, . . ., e, € Zso and poeg -+ -+ ppe, = L.
(2) For £ <0, the A-module H" (X, Ox (£)) is free with basis consisting of mono-
mials tgo o te" such that eq, ..., e, € Z-oand poey+ - -+ ppe, = L.

(3) If (i, ) & ({0} x Z=0) U ({n} x Z o), then H' (X, Ox (£)) = 0.
(4) For any A-module M and any (i, £), the canonical map

H' (X, 0x () ®4 M — H' (X, Ox(6) ®4 M)
is an isomorphism.

Remark 2.10. The projection Pz(p) — SpecZ is a flat morphism of relative
dimension n, and its geometric fibers are normal. By [12, Section 1.3.3(iii)], we
have that Ps(p) — S is smooth if and only if Ps(p) >~ P5. If p satisfies (N), then
Lemma 2.4 implies that Pg(p) >~ P% if and only if p =(1,..., 1).

3. Over an algebraically closed field

In this section, we prove Lemma 3.1 (i.e., Theorem 1.2 when S = Spec k for an
algebraically closed field k). We will consider arbitrary fields in Lemma 4.1, and
generalize from fields to (strictly henselian) local rings in Lemma 4.3.

Lemma 3.1. Ifk is an algebraically closed field, then Hﬁt(ﬂj’k (p), G,) =0.

Proof (outline of argument). In Section 3.2, we recall how to construct a fan A such
that Px(p) is isomorphic to the toric variety X = X (A). In Section 3.3, we recall a
result of DeMeyer, Ford and Miranda giving an isomorphism

HZ (X, G,) ~ H2 (U, G,),

where 4l denotes the standard affine open cover of the toric variety X (corresponding
to the maximal cones of the fan A). We show (in Section 3.4 and Lemma 3.5) that it
suffices to show that the p-torsion vanishes, when each weight in p = (po, ..., pn)
is a power of p. In Sections 3.7-3.9, we define a double complex A®® such that the
spectral sequence {E;*} corresponding to the horizontal filtration on A®* satisfies
HP (8, Gy =~ Eé”o for all p. We compute Eg’o in Sections 3.10 and 3.11. O
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3.2. Presentation as a toric variety. We recall from [17, Section 2.2; 8, Exam-
ple 3.1.17] how to view a weighted projective space as a toric variety (i.e., what the
fan is).

Let U € GL,,+1(Z) be an invertible matrix which has p as its first row (using the
Euclidean algorithm, do column operations on p to reduce to (1,0, ..., 0), then
apply the inverse column operations in the reverse order on the identity matrix id,,1);
let Y € Mat(,11)x,(Z) be the matrix obtained by removing the leftmost column
of UL let vy, ..., v, € Z" be the rows of Y; then P(p) is isomorphic to the toric
variety associated to the fan A whose maximal cones are generated by the n-element
subsets of {vg, ..., v,}.

3.3. Reduce to computing the subgroup of Zariski-locally trivial Brauer classes.
Let A’ be a nonsingular subdivision of A, and let X’ be the toric variety associated
to A’. The morphism of fans A" — A gives rise to a morphism of toric varieties
X’ — X which is a resolution of singularities for X. As in [11], we set

H*(K /X&, Gpy) := ker(H% (X, G,,) — HL(K, Gp)),

since X' is regular, the restriction Hét(X " Gy — Hegt(K , G, is injective; hence
there is an exact sequence

0 — H*(K /X, Gp) — HZ (X, Gy) — HL(X', Gp)

of abelian groups. Here X' is a smooth, proper, geometrically connected, rational
k-scheme; hence Hegt(X ', G;;) = 0 by birational invariance of the Brauer group
(see [21, corollaire 7.3] in characteristic 0 and [6, Corollary 5.2.6] in general);
thus it remains to compute HZ(K/Xét, Gm). By [11, 4.3, 5.1], there are natural

isomorphisms
(3.3.1) H (4, Gy) =~ H2, (X, Gy) =~ HA(K / X, Gp),

where U = {Uy, ..., Us,} is the Zariski cover of X corresponding to the set of
maximal cones of A.

3.4. Limit of dilations. Let A be a ring and let X be the toric variety (over A)
associated to a fan A of cones in Ng. For any positive integer d, the multiplication-
by-d map xd : N — N induces a finite A-morphism

6: X —> X,

which is equivariant for the d-th power map on tori. This is called a dilation [7,
Section 6] (or toric Frobenius [23, Remark 4.14]). For a cone o of A, this is the
A-algebra endomorphism of I'(U,, Oy, ) = Alo¥ N M] sending x™ x4™ for
m € oY NM. If o is a smooth cone, then 6, : U, — U, is flat for any d.
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We view N as a category whose objects correspond to positive integers m € N
and there is a morphism m| — my if m | divides m,. Let S C N be a multiplicatively
closed subset; there is a functor S°° — (Sch) sending m +— X and {m; — my} —
Omy/m, s the limit

xS .= Um(Opyjm, : X — X)

of the resulting projective system is representable by a scheme since all the transition
maps are affine. The scheme X!/5 is isomorphic to the monoid scheme obtained
by the usual construction with the finite free Z-module N and its dual M replaced
by the S~'Z-module S~'N and its dual S~'M = Homg-1,(S~'N, $~!Z). More
precisely, set
U5 .= Spec Alo¥ N S~MJ;

for any face t of o, the canonical map UT1 AN U;/ $isan open immersion; then
U;l/ S and U;z/ 5 are glued along the common open subscheme U;l/rﬁgz.

If A is reduced, then we have

(3.4.1) LUy, Gp) = (Alc” NMD* =A% - (- NM)
for any cone o € A; hence, by (3.3.1), the pullback
07 :H. (X, Gy) — HE (X, Gp)
is multiplication-by-d. In the limit, we obtain a natural isomorphism

(3.4.2) STYHE (X, Gp)) =~ HL (X5, G,)

zar
of S~!Z-modules.

Lemma 3.5. Let d be a positive integer dividing p;, and set p' := (p}, ..., p,)
where p; := p;/d and ,0} :=pjfor j #i. Ifd €S, then Pz (p)V/S ~Pz(p)HV/5.

Proof. As in Section 3.2, let U, U’ € GL,,1(Z) be invertible matrices whose first
rows are p and p’, respectively. Let U° € GL,,;1(S~!Z) be the matrix obtained by
dividing the i-th column of U by d; then (U°)~! is obtained by multiplying the
i-th row of U~! by d; this does not change the cones since we are just replacing V]
by %vg. Set V:=U"-(U°)~! € GL,41(S~'Z); since the first rows of U°, U’ are the
same, the matrix V has the form

V = [\i/ \(])//]

for some V' € Mat,, 1 (S7!Z) and V" € GL,,(S7!Z). Let Y°, Y’ € Mat (4 1yxn (S™'2)
be the matrices obtained by removing the leftmost column of (U°)~!, (U")~! re-
spectively; then (U')~!.V = (U°)~! implies Y'- V/ = Y°; then V/: S~IN — S~IN
induces the desired isomorphism Pz (P)VS — Pz(pHV/S. ([l
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3.6. We show that H2, (X, G,,) = 0 by showing that the localization
H,, (X, Gp) ®z Z(p)

is O for every prime p. By (3.4.2) and Lemma 3.5, we may thus assume that
p=(1,p% . ... p")

for some nonnegative integers e; < --- < e,. In this case, in Section 3.2 we may
take the first row of U to be p and the other rows to coincide with the identity id,, 1,
so that

—-D -p
(3.6.1) Y= !
1
and thus vy = (—p°', ..., —p®) and v; is the i-th standard basis vector of Z".
3.7. Definition of A®®. For convenience, we set [n]:={0, 1, ..., n}; we will use /

to denote a subset of [n]. We construct a double complex
(AP}, {dP9 : AP9 — AP (dl D P-4 APHLAY)

as follows: for —1 < p <n, we set

(3.7.1) APl — @ 7P, AP0 = EB 7"

[I|=n—p [I|=n—p

and A?4 =0if (p,q) €{—1,...,n} x{0, 1}.

For the vertical differential d7*° : AP0 — AP:1 the I-th component (with |1] =
n — p) of this map is the group homomorphism 7" — Z"~? whose corresponding
matrix has rows v; fori € I.

The horizontal differentials dfl’ "1 are defined with the sign conventions as follows:
if I ={ig,...,in—p—1} C[n]is a subset of size |I| =n — p and I’ is obtained by
removing the i-th element of / (where 0 <i <n — p — 1), then the restriction from
the I-th to I’-th components has sign (—1).

The subcomplex of A®* obtained by restricting to p > 1 is isomorphic to the
morphism of Cech complexes

C*(A, M) = C*(A, SF),

in the notation of [11, (5.0.1)].
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3.8. Diagram of A®®. Here is a diagram of the double complex A®**:

d—l,l dO,] dl,] dn—l,]
11" 0,1 " IR 2.1 R 1
AT A> A" A% An—1.1 —— an,
d;l.o} dg,o/l\ dl},()/l\ d%,o/l\ dc—l,()}\ dc,()/i\
A—I,O A0,0 Al,O AZ,O . An—l,O — An,O
d7]'1 dO,] dl,] dnfl,()
h h h h

For a weighted projective surface (i.e., n = 2), this looks like
I’ ———el’el’ —1'91'92' ——— 0
] e ] [o0) [o1] [

72— S 7orrer7? — —7Perteor?r ——M 72

3.9. Let C? be the complex with CX = 7@ and such that the differentials Ck— k!
have sign conventions as above. Then Cj is isomorphic to a direct sum of shifts
of id : Z — Z, and hence is exact. The complex A*? is isomorphic to the direct
sum (Cy )", and hence is exact. The complex A*! is isomorphic to the direct
sum (C;_l)”“, and hence is exact. Let

69D (IEp), (dp - BP0 — EFrarly)

denote the spectral sequence corresponding to the horizontal filtration on A®*,
so that Eg 1 = AP-9 and dg " = d". Then there is a natural isomorphism

EDY ~ HP (4, Gy),

where 4 is the Zariski open cover of X corresponding to the maximal cones of A.
Since there are only two nonzero rows, the differentials

p,l . p,l p+2,0
d,” :Ey — E,
are isomorphisms for all p. We are interested in H? W, Gy, ~ Eg’o ~ Eg’l.

3.10. For the differential d29 : A%% — A®! the J-th component (with |I| = n) of
this map is the group homomorphism 7" — 7" whose corresponding matrix is
obtained by removing the i-th rows from Y (3.6.1) for i ¢ I; hence

(3.10.1) EM >~ P z/(p),

i€[n]
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where a generator of the i-th component Z/(p®) is given by the image of the first
standard basis vector of 7" (see (3.7.1)).

For the differential d\l,’o AL 5 ALT the [-th component (with |[/| =n —1) of
this map is the group homomorphism Z” — 7"~! whose corresponding matrix is
obtained by removing the i-th rows from Y (3.6.1) for i & I; hence

(3.10.2) E}’l ~ @ Z/(pmin{eil,eiz})
i1<i2

where a generator of the i-th component Z/(p™n¢i-

the first standard basis vector of Z"~! (see (3.7.1)).

¢r}) is given by the image of

3.11. We compute Eg’ = ker d01 imd; L (3.9.1). Wlth identifications as
in (3.10.1) and (3.10.2), the image of (xo, X{, ..., Xp) € E ! under the differential
d(l)’l : E?’l — Ei’l has (i1, i»)-th coordinate (— 1)”)6,I +( 1)27!x;,. Suppose
(X0, X1,...,x,) € kerd(l)’l; using the differential d1 E_1 LN E0 1, we may
assume that x, = 0in Z/(p°"). Since e,_; < e,, the cond1t10n

(=D g + (=D x, =0

in Z/(p¢-") forces x,—1 = 0 in Z/(p*-"). Using downward induction on i, we
conclude that x; =0 in Z/(p®) for all i. Thus we have Eg’l =0.

Remark 3.12 (assumptions on the base field). In [11], there are two implicit
assumptions regarding the base field k:

(1) Itis assumed that k is algebraically closed, as we do throughout Section 3 (this
assumption will be removed in Lemma 4.2). This is used to conclude that all closed
points are k-points and to identify the henselization and the strict henselization
at a closed point of a variety. In the proof of Lemma 4.1, the reference to [31,
Chapter VI, Section 14, Theorem 32, p. 92] (in showing that an affine toric variety
is analytically normal) requires k to be perfect (here we may also use [24, (33.])
Theorem 79]).

(2) Itis assumed that k has characteristic 0. This is used to conclude that (5.1.1) is
a split surjection; we only use their Lemmas 4.3 and 5.1, which do not depend
on the characteristic of k. (There are potential subtleties when considering the
Brauer group of (affine) toric varieties in positive characteristic; for example, if
k is an algebraically closed field of characteristic p, the Brauer group of A,% has
nontrivial p-torsion by [4, Theorem 7.5]. These classes are not cup products since

fppt(Az’ /pr) 0.)
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4. Over a general base scheme

In this section, we prove Theorem 1.2 for an arbitrary scheme S (see Section 4.4).
This is a Leray spectral sequence argument for the structure morphism f : X — S.
For this, we show that le*Gm =/Z and sz*Gm =0 (see Lemma 4.3).

We first generalize Lemma 3.1 to arbitrary fields:

Lemma 4.1. For any field k, the pullback map
H;, (Speck, Gyy) — H, (Pi(p), G)
is an isomorphism.

Proof. Let P € (Pr(p))(k) be a k-point, and let o € Hét([lj’k(p), G;,) be a Brauer
class such that «p = 0 in Hét(Spec k, G,,). It suffices to show that @ = O; this
follows from Lemma 4.2, whose hypotheses are satisfied by Lemma 3.1. ([

Lemma 4.2. Let A be a local ring, set X ;=P 4(p), let P € X(A) be an A-rational
point and let a € Hgt(X, Gy, be a class such that ap = 0. If there exists a finite
faithfully flat A-algebra A’ such that a s =0, then a = 0.

Proof. Let G — X be the G,,,-gerbe corresponding to «. Since G4 is trivial, there is
a 1-twisted line bundle £ on G4;set A” ;= A’ Q4 A’ and A .= A’ Q4 A Q4 A';
then there exists a line bundle L” on X 4~ such that L"|g,, >~ (p7L)~ '@ p3c’
this line bundle L” satisfies pj;L" >~ p;;L" ® p},L"; hence L" is trivial since
Pias Pi3s P35 i Pic(X ar) — Pic(X o) are the same maps Z — Z (see Lemma 2.8).
Choose an isomorphism ¢ : py L' — p3L' of Og,,-modules; the isomorphisms p};¢
and p};¢ o p},¢ differ by an element u, € T'(X g7, G,) = T'(A"”, G,,). Since G| p
is trivial, we may refine the finite flat cover A — A’ if necessary so that u,, is the
coboundary of some ug € I'(X 47, G,,). After modifying ¢ by this ug, we have that
the descent datum (£’, ¢) gives a 1-twisted line bundle on G. ([

We use deformation theory of twisted sheaves to deduce Theorem 1.2 over strictly
henselian local rings:

Lemma 4.3. Let A be a strictly henselian local ring. Then H?l([P’ 4(0), G,) =0.

Proof. This proof is an argument of Siddharth Mathur (personal communication,
2019). By standard limit techniques, we may assume that A is the strict henseliza-
tion of a localization of a finite type Z-algebra; in particular, A is excellent [20,
Corollary 5.6(iii)]. Let m be the maximal ideal of A and let k := A /m be the residue
field.

We first consider the case when A is complete. Set X :=P4(p) andlet7r:G— X
be a G,,-gerbe corresponding to a class [G] € H2 (X, Gy). The class [G] is trivial if
and only if 7 admits a section. We have that go is a G3;,-gerbe over Xo = Py (p),
which is a trivial gerbe by Lemma 4.1 since k is separably closed. For £ € N,
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set Xy := X Xgpec 4 Spec A/m“] and G, := G xx X,. We have equivalences of
categories X
Mor(X, §) ~ Hom,g ~(Coh(g), Coh(X))

2

~ Hom, g ~(Coh(G), lim Coh(X,))
3

~ lim Hom, g ~(Coh(G), Coh(X,))
1

~ 1im Mor(X¢, G),

where the equivalences marked 1 are by [22, Theorem 1.1] (here we use that A is
excellent), the equivalence marked 2 is Grothendieck existence [15, Scholie 5.1.4],
the equivalence marked 3 is [22, Lemma 3.8].

It remains now to construct a compatible system of morphisms X; — G. A mor-
phism X; — G over P4(p) corresponds to a 1-twisted line bundle on Gy; the
obstruction to lifting a line bundle via G, — G4 lies in Hegt(Gg, mZOgg). Since
G — X is a cohomologically affine morphism and the diagonal of G is affine, the pull-
back Hét(Xg, mK(DX[) — He%t(ge, mKng) is an isomorphism by [3, Remark 3.5] and
a Leray spectral sequence argument; by Lemma 2.9, we have Hét(X ¢, mtOy,) = 0.

In general, if A is not complete, we use Artin approximation to descend a 1-
twisted line bundle from G” to G. O

4.4. Proof of Theorem 1.2. Set f := fx. The Leray spectral sequence associated
to the map f and sheaf G,, is of the form

44.1) ESY = H{(S, RY £.:G,) = HLT (X, Gy)

et

with differentials dé’ ’q :Eg R Eé’ +24-1 Por any strictly henselian local ring A, we
have Hét(lp 4(p), G;;) =0 by Lemma 4.3, and hence R? f+«G, = 0 since its stalks
vanish. The sheaf R! f+«Gyy, is the sheaf associated to T +— Pic(X7); by Lemma 2.8,
every line bundle on Py (p) is, locally on T, isomorphic to one pulled back from
Pz(p); hence R! £,.G,, is isomorphic to the constant sheaf Z. Hence we have an
exact sequence

@.42)  HUS.2) - H(S, G,) L5 HA(X, G,) — HL(S, 2)

and we may argue as in [30, Section 4.3] to show that f* restricts to a surjection
on the torsion subgroups, inducing an exact sequence (1.2.1) as desired. ([

Remark 4.5 (the Brauer class of a twist of weighted projective space). By the
argument in Section 4.4, the map I'(S, Z) — Br/(S) in (1.2.1) corresponds to the
differential dg’l in the Leray spectral sequence for f : X — S. The Brauer class
[X] € Br'(S) is defined to be the image of 1 € I'(S, Z) under T in (4.4.2). We
have the following alternative description of [X]. Let R := Z[to, ..., t,] be the
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Z-graded ring with deg(#;) = p;, and let Autg; 4o (R) denote the group sheaf sending
a scheme 7 to the set of Z-graded Or-algebra automorphisms of R ®7 Or. By [2,
Section 8], we have an exact sequence

I = Gy — Autgae. (R) — Autyen (Pz(0)) — 1

of sheaves of groups for the étale topology on the category of schemes, where
the image of G, is contained in the center of Autg 5. (R). By definition, X is an
Autg, (Pz(p))-torsor over S, and the class of [X] under the coboundary map

HY (S, Auten(Pz(p))) — Hg (S, Gy)

is the desired Brauer class.

Alternatively, fix an étale surjection S’ — S and set §” := 5" x5 8" and §"" :=
S x s 8" x5 8'; the choice of an isomorphism X x g S’ >~ Pg (p) yields an automor-
phism ¢ : Pg»(p) — Pgr(p) satisfying the cocycle condition pi;¢ = p3,¢ o pl,¢
over S””. Choose £ > 0 so that Op(, (£) is very ample; fixing a Z-basis of
I'(Pz(p), Op,»)(£)) gives an invertible matrix ¢* € GL,(I'(S”, Ogr)), where
r =rankz I'(Pz(p), Op,(,) (£)); here the invertible matrices

P, P’ - phye’ € GL.(I'(S”, Ogn))

differ by a unit u € I'(S”, G,;), which is the desired class in Hgt(S, Gyn). In other
words, given a Z-graded algebra automorphism of R, it restricts to a Z-graded
algebra automorphism of its £-th Veronese subring RW .= @i>0 R;,, which restricts
to an abelian group automorphism of R, and thus a Z-graded algebra automorphism
of the standard graded algebra Sym$ R, >~ Z[t{, ..., t/]; the induced group homo-
morphism Autg g (R) — Autg 51, (Symy Ry) induces a commutative diagram of
exact sequences which we may use to compare the two constructions above.

Remark 4.6 (comparison to the argument of Gabber). Gabber [18] computes the
Brauer group of Brauer—Severi schemes over an arbitrary base scheme by combining
the following two facts to reduce to the P! case:

(1) Suppose Y — X is a closed immersion locally defined by a regular sequence,
and let B — X be the blowup of X at Y; then Hét(X, Gp) — Hét(B, G,y) is injective.

(2) The blowup of P" at a point is a P!-bundle over P"~!,

In our case, we may ask whether the analogous statement to (2) holds —namely,
whether a (weighted) blowup of P(p) at a (torus-invariant) local complete intersec-
tion subscheme is isomorphic to a P(p’)-bundle over P(p”) for some p’, p” such
that |p| — 1 = [p’| — 1+ |p”| — 1. Indeed, the blowup of the weighted projective
surface P(1, 1, g») at its unique singular point gives the g,-th Hirzebruch surface [,
(see [12, Section 1.2.3; 19]). Such a result for arbitrary o would give an alternative
proof of Theorem 1.2. This seems unlikely, however, as it (with Remark 2.6) would
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imply that every weighted projective surface P(pg, p1, p2) is a P'-bundle over P!,
which has Picard group Z2, but P(2, 3, 5) has three isolated singular points and
blowing up these points increases the Picard rank by 3.

5. Weighted projective stacks
In this section we prove Theorem 1.3 (see Section 5.9).

5.1. Let p = (po, . .., pp) be a weight vector, and consider the G,,-action on A"*+!
sending u - (fg, ..., ty) — (U™t, ..., u’t,). The weighted projective stack associ-
ated to p is the quotient stack

Pz(p) == [(AZT\ {0})/Gp]

for this action. For any scheme S, we denote the base change of Pz(p) to S by
Ps(p) :=Pz(p) X SpecZ S.
The weighted projective stack Pz(p) admits a natural morphism

7 - Pz(p) — Pz(p)

to the weighted projective space Pz(p), which is a coarse moduli space morphism
[1, Section 2.1]. Since Pz(p) is smooth for any p, the morphism m, is not an
isomorphism if p £ (1, ..., 1).

Lemma 5.2. For any field k, the pullback map
HZ,(Speck, Gy) — HZ(Pi(p), Gn)

is an isomorphism.

Proof. We have a descent spectral sequence
(5.2.1) E{! = H (G xi (AT \{0D), Gy) = HE ™ (Pi(p), Gin)

with differentials d"? : E}"? — E”Jrl ‘4. Each GX’;( xx (A7 {0}) is an open sub-
scheme of A"er + , hence has trivial Picard group; hence Ep ' =0 forall p The pull-
back BG,,  — Pk (p) induces an isomorphism of complexes H0 (G G,) — E' 0,
hence, by the proof of [30, Lemma 4.2], we have E =0.

It remains to compute Eg’z, which is isomorphic to the equalizer of the two
pullback maps

a*, p5 :HL (AP {0}, G,) = HE(Gyy i (AT {0)), Gy)

m,k’

corresponding to the action map and second projection, respectively; by purity for
the Brauer group (see Gabber [16] and Cesnavitius [5]), this is isomorphic to the
equalizer of

a*, p5 tHL (AT, Gp) = HE (G <k AL, Gy,
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and also to the equalizer of

a*, p5 cHL (AP, Gp) = HE AL < AP Gy)
since the restriction

HZ (Al 3, AT G,,) — HE(Gy X AT Gy)

is injective. With coordinates A,i = Speck[u], let f : AZH — A,l Xk AZH be the
morphism of k-schemes obtained by setting # = 0; note that p, f =id and af factors
through Speck. Let o € Hgt(AZH, Gy,) be a Brauer class such that a*a = pja
in Hgt(A,l Xk AZH, Gnm); then f*a*a = f*pja = a; hence « is in the image of
HZ (Speck, Gyy). O

Lemma 5.3 [26, Corollary 4.3]. For any connected scheme S, the map

Z @ Pic(S) — Pic(Ps(p))
sending
“, L) — Ops(p)(ﬁ) ®JT;£

is an isomorphism.

Lemma 5.4 (cohomology of Op,)(£) [25, Proposition 2.5]). Let A be a ring and
set X :=Pa(p).

(1) For € >0, the A-module H*(X, Ox (£)) is free with basis consisting of mono-
mials tgo cete such that ey, . . ., e, € Zso and poeg+ -+ -+ pne, = L.

(2) For £ <0, the A-module H" (X, Ox (£)) is free with basis consisting of mono-
= such that e, . . ., e, € Z.oand pgeg~+ - - -+ ppep, = L.

mials t° - - - 1
(3) If (i, €) & ({0} x Z50) U ({n} x Z ), then H'(X, Ox(£)) = 0.
(4) For any A-module M and any (i, £), the canonical map
H' (X, Ox(0)) ®4 M — H' (X, Ox(£) ®4 M)
is an isomorphism.
Lemma 5.5. Let A be a strictly henselian local ring. Then H?z(PA (), G) =0.

Proof. The proof is the same as that of Lemma 4.3 with the following modifications:
for the triviality of the gerbe Gy over the special fiber, we use Lemma 5.2; to
obtain the equivalence marked 2, we use Grothendieck existence for stacks [28,
Theorem 1.4] (using that P(p) is proper [25, Proposition 2.1]); to conclude that
Hét(Xg, mZOXZ) =0, we use Lemma 5.4. U

Lemma 5.6. Let
7, Pz(p) — Pz(p)
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denote the coarse moduli space morphism. For any £ € Z, there is a canonical
Op,(p)-linear map

(5.6.1) 75 (Op,(p) () = Op, () (0),
which is an isomorphism if € is divisible by lcm(p).

Proof. Set R := /|1, ..., t,] with the Z-grading determined by deg(#;) = p;. The
restriction of (5.6.1) to the open substack [(Spec R[ti_l]) /Gy, ] corresponds to the
graded homomorphism

(5.6.2) RO 10 @y, 1y, RIT'T— RO

1

of Z-graded R[tfl]—modules; the m-th component of (5.6.2) is isomorphic to the
R[tl.*l]o-linear map

(563) R[t'il]f ®R[tiil]0 R[tiil]m - R[tiil]l-i-m

1

induced by multiplication.

If ¢ is divisible by p;, then the multiplication—by—t;Z /Pi map R[ti_l] — R[ti_l](f)
is an isomorphism of Z-graded R [ti_l]—modules, thus (5.6.3) is an isomorphism
for all m € Z, in other words the restriction of (5.6.1) to [(Spec R[ti_l])/Gm] is an
isomorphism. U

Lemma 5.7. The pullback
, : Pic(Pz(p)) — Pic(Pz(p))
is multiplication by lcm(p).

Proof. We have that Pic(Pz(p)) 2 Z is generated by the class of Op,(,)(Icm(p))
and that Pic(Pz(p)) = Z is generated by the class of Op,(,)(Icm(1)) by Lemma 2.8
and Lemma 5.3, respectively. We have the desired claim by Lemma 5.6. (]

Remark 5.8. There exist p, £ for which the natural map (5.6.1) is not an isomor-
phism. For example, in case p = (1, 2) and £ =1, the element #y € R[to_l]z is not in
the image of the map (5.6.3) for m =1 and i = 0. We have Op,)(1) >~ Op(,), and
the pullback (5.6.1) is multiplication by #; € I'(P(p), Op(,)(1)); see Lemma 2.5
for details. Furthermore, the natural map Op,)(1) ® Op(,) (1) = Op(,)(2) is not an
isomorphism; here [14, Proposition 2.5.13] does not apply since R is not generated
in degree 1. (See also [10, Exemple 4.8; 12, Section 1.5.3].)

5.9. Proof of Theorem 1.3. The proof of the exactness of (1.3.1) is the same as
in Section 4.4 with the following modifications: to show R?f.G,, = 0, we use
Lemma 5.5; to show le*Gm ~ /, we use Lemma 5.3.

For any faithfully flat morphism S” — S, the pullback g : X x g 8" — X x g8 isa
coarse moduli space morphism. Since X x g8’ >~ Py (p), we have X x5S5" ~Pg (p).
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We have a morphism between Leray spectral sequences for &' and X induced by
pullback via mr, from which we obtain the vertical maps in (1.3.2). The description
of the left vertical arrow in (1.3.2) follows from Lemma 5.7. ([l

Remark 5.10. It should be possible to describe the Brauer class [X'] € Br/(S) in a
similar way to Remark 4.6, using Noohi’s description of the automorphism 2-group
of weighted projective stacks in [27].
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POCHETTE SURGERY OF 4-SPHERE

TATSUMASA SUZUKI AND MOTOO TANGE

Iwase and Matsumoto (2004) defined ‘“pochette surgery” as a cut-and-paste
operation on 4-manifolds along a 4-manifold homotopy equivalent to S* v S1.
Suzuki (2022) studied infinitely many homotopy 4-spheres obtained by
pochette surgery. We compute the homology of pochette surgery of any
homology 4-sphere by using “linking number” of a pochette embedding.
We prove that pochette surgery with the trivial cord does not change the
diffeomorphism type or gives a Gluck surgery. We also show that there
exist pochette surgeries on the 4-sphere with a nontrivial core sphere and a
nontrivial cord such that the surgeries give the 4-sphere.

1. Introduction

1A. Pochette surgery. Let D" be an n-dimensional disk and S” an n-dimensional
sphere. Let P denote the boundary-sum S! x D31D? x S2. It is called a pochette.
Throughout this paper, all manifolds are assumed smooth, and connected, and
all maps are smooth. For a manifold M, the open tubular neighborhood for a
submanifold A C M is denoted by N(A). Let E(X) denote the exterior M — N (X)
of a submanifold X in M.

Here we define pochette surgery, which was initially defined by Iwase and
Matsumoto in [7]. Let e be an embedding P < M in a 4-manifold M. Let Q,
denote the image e(Q) of a submanifold Q in P.

Definition 1.1. Let g be a diffeomorphism g : 9P — dE(P,). Gluing E(P,) and P
via g, we construct a manifold M (e, g) := E(P,) Uy P. We call this operation a
pochette surgery. We say that the diffeomorphism g is a gluing map for the pochette
surgery.

We call the curves [ := S! x {pt} and m := dD? x {pt} on 0 P a longitude and
a meridian of P, respectively. According to [7, Theorem 2], the diffeomorphism
type of M (e, g) is uniquely determined by the following data:
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(i) An embedding e: P — M.
(i) A homology class g.([m]) € HI(0E(P,)) = Z[m.] ® Z[l.].
(iii)) A mod 2 framing € around g(m).

The mod 2 framing will be defined in Section 2C. The induced map g, maps the
primitive element [m] in H;(d P) to p[m.]+qll.] in H (0 E(P,)), where p, g are
relatively prime integers. Then, we call the element p/g € Q U {oo} a slope of the
pochette surgery. Any slope p/q gives an unoriented image g(m) of m. Hence,
for some embedding e, the pochette surgery with the slope p/q and the mod 2
framing € is called (p/q, €)-pochette surgery of M and this denotes M (e, p/q, €).
We call the 2-sphere S := {pt} x S C P a core sphere of P and the meridian
2-sphere B := {pt} x dD> C P a belt sphere of P.

Consider P as D? x S2Uh', where h! is a 1-handle. In order to embed P into
a 4-manifold M, we have only to determine an embedding of D? x S? and the
1-handle h'. First we take an embedding e : D? x S < M.

Definition 1.2 (cord). The 1-handle gives a properly embedded, simple arc in E (S2)
by taking the core of 4'. We call this arc a cord here. If a cord is boundary parallel,
then the cord is called trivial.

1B. Gluck surgery and circle surgery. Let S’ be an embedded sphere with a
product neighborhood in a 4-manifold M. Gluck surgery along S’ is an operation
GI(S) := E(S")U, (D? x §?), where ¢ is a diffeomorphism 9 D? x §? — dN(S') =
S x $? which is not homotopy equivalent to the identity. From the construction
of pochette surgery, for an embedding e : P — M, any (0o, 0)-pochette surgery is
the trivial surgery and any (oo, 1)-pochette surgery yields GI(S,). In the case of
(0, €)-pochette surgery, it is an operation E (I,) U (D? x §?) along the curve [, C M.
This surgery means that the result is one side of the manifold obtained by attaching
5-dimensional 2-handle on M x I along I,. We call the result an S'-surgery (circle
surgery). Thus, any pochette surgery with the slope p/g can be regarded as an
intermediate between a Gluck surgery and an S!-surgery.

Pochette surgery is a generalization of Gluck surgery as mentioned above. Gluck
surgery gave exotic nonorientable 4-manifolds in [1]. It is natural to think pochette
surgery may give interesting orientable 4-manifolds, possibly exotic 4-spheres and
so on. In this article, we focus on pochette surgeries yielding homotopy 4-spheres.

1C. Other results. Since the definition of pochette surgery was done, some people
have studied pochette surgery. Murase [9] studied pochette surgeries of the double
of P. Let D(P) be the double of P which means P Ujq (—P). In fact, D(P) is
diffeomorphic to S' x S3#52 x S2. Let ip be the inclusion map ip : P — D(P).
He shows the resulting manifold D(P)(ip, p/q, €) is diffeomorphic to a rational
homology 4-sphere with type L, which is defined in [13].
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In the next section, we will share Okawa’s result with readers. He investigates
pochette surgeries yielding homotopy 4-spheres with the core sphere ribbon and
with the cord trivial. We generalize this in Theorem 1.4.

Suzuki [14] computed the homology of some types of pochette surgeries. These
results are generalized in this paper (Proposition 2.5).

Pochette surgery can easily extend to a surgery along 1S! x D312 D? x §? for
some positive integers a, b. This is called outer surgery defined in [10]. In the
future, we expect to find many exotic 4-manifolds by pochette surgery or outer
surgery. See Section 5 for questions for pochette surgery or outer surgery.

1D. Pochette surgery with trivial cord or trivial core sphere. After the definition
of pochette surgery by Iwase and Matsumoto, pochette surgeries for embedding
of P with trivial cord or trivial core sphere in S* have been considered to construct
a new type of homotopy 4-spheres.

The case of trivial cord. In this paper, we clarify diffeomorphism types of pochette
surgeries of closed 4-manifolds with the trivial cord. Okawa proved the following.

Theorem 1.3 (Okawa [12]). Let e be an embedding of P into S* with the cord trivial.
If the core sphere S, is a ribbon 2-knot, then any pochette surgery S*(e, 1/q, €) is
diffeomorphic to S* for any integer q.

Here we state the first main theorem.

Theorem 1.4. Let e be an embedding of P into a closed 4-manifold M with the
trivial cord. Then for any integer q, the following holds:

M (e, l/q,e)g{M’ ¢=0,
GI(S,), e=1.

The Gluck surgery along any ribbon 2-knot is diffeomorphic to the standard
4-sphere; see, for example, [5]. Hence, Theorem 1.4 implies Theorem 1.3. It is also
known that Gluck surgeries of some nonribbon 2-knots give the standard S*; see,
for example, [6; 8; 11]. Pochette surgeries for such examples give the standard S*.

Theorem 1.4 determines diffeomorphism types of (1/¢, €)-pochette surgeries
with the trivial cord. As a corollary, we clarify the diffeomorphism type of any
pochette surgery on a homology 4-sphere with the complement of the core sphere
homotopically trivial.

Gluck surgery can produce nonorientable exotic 4-manifolds due to Akbulut [1].
Hence, Theorem 1.4 implies that pochette surgery also produces nonorientable exotic
4-manifolds. As in the case of Gluck surgery, it remains uncertain whether pochette
surgery has the potential to produce orientable exotic 4-manifolds (Question 5.6).
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The case of trivial core sphere. Suzuki [14] proved that several examples of infin-
itely many homotopy 4-spheres with the trivial core sphere are all diffeomorphic to
the standard 4-sphere.

Theorem 1.4 immediately leads to the following theorem. This is a generalization
of first author’s result.

Theorem 1.5. Let M be a homology 4-sphere. Let e be an embedding P — M with
m1(E(Se)) = Z. If a pochette surgery produces a homology 4-sphere, then the result
is diffeomorphic to M or GI(S,). In particular suppose M is S* and e : P — S* is
an embedding that the core sphere S, is the unknot. Then if a pochette surgery by e
yields a homology 4-sphere M', then M is diffeomorphic to S*.

1E. Pochette surgeries with nontrivial core sphere and cord. Next, we consider
several examples of pochette surgeries with nontrivial core sphere and cord.
First, we prove the existence of such an example.

Theorem 1.6. There exists a pochette embedding e : P < S* with a nontrivial core
sphere and a nontrivial cord such that the pochette surgery S*(e, g) is diffeomorphic
to §*.

Further, the following theorem gives a sufficient condition for the existence of
nontrivial cords whose surgery yielding homotopy 4-sphere is trivialized.

Theorem 1.7. Let S C S* be any ribbon 2-knot of 1-fusion with 1 (E(S)) % Z.
Then there exists a nontrivial cord c in E(S) and an embedding

e:P—>P,=N(S)UN(c)C §*
such that the pochette surgery S*(e, p/(p + 1), €) is diffeomorphic to S*.

Actually, as proven in Theorem 1.7, the core sphere of e is any nontrivial ribbon
2-knot of 1-fusion. Furthermore, there exist infinitely many cords for such a ribbon
2-knot such that the results all obtain the standard S*.

Theorem 1.8. Let S C S* be any ribbon 2-knot with 71 (E(S)) 2 Z. Then there
exists a nontrivial cord C in E(S) satisfying the following conditions:

(1) The embedding e : P — S* has the core sphere S and the cord C.

(2) If for a gluing map g, S*(e, g) is a homology 4-sphere then it is diffeomorphic
to the double of a homology 4-ball H without 3-handles.

For a general ribbon 2-knot, it is uncertain whether the homology 4-ball H is
contractible or not. In Theorem 1.8 we show that for any nontrivial ribbon 2-knot
there exists a nontrivial cord such that any pochette surgery yielding a homology
4-sphere gives the double of a homology 4-ball without 3-handles.
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Furthermore, when S4(e, g) is a homotopy 4-sphere, for S4(e, g) to be the
standard S*, we have only to assume the AC-triviality of the presentation of ;. As
a result, we obtain the following theorem.

Theorem 1.9. If the homology 4-ball H obtained in Theorem 1.8 is contractible
and the presentation of wi(H) for a handle decomposition of H without 3-handles
is AC-trivial, then S*(e, g) is standard sS4,

In Lemma 4.5, we actually give infinitely many presentations for 7 (H) satisfying
this condition. This means that such a type of ribbon 2-knots has a nontrivial cord
satisfying S*(e, g) = S*.

It is unknown whether a pochette surgery with nontrivial S, gives an exotic
manifold or not. In general, even if S, is trivial in a 4-manifold M, then it is unclear
whether the pochette surgery is trivial or not. We expect that some pochette surgery
creates a new exotic 4-manifold.

1F. Aims of this paper. The first aim of this paper is to investigate pochette surg-
eries M (e, g) yielding homotopy 4-spheres and to determine the diffeomorphism
types. What occurs in the case of nontrivial core sphere? The second aim is what
even in this case, we clarify the existence of nontrivial cords that pochette surgeries
give the standard S*.

1G. Organization of this paper. In Section 2, we give a review for pochette surgery.
We define several definitions and lemmas. To carry out the second aim above, we
compute the homology of M (e, g) for any homology 4-sphere M. In order to
compute the homology, we need to introduce the notion of a linking number for
an embedding of a pochette as well as the slope which was defined by Iwase and
Matsumoto [7]. The linking number of an embedded pochette is the usual linking
number of the embedded core sphere S, and the longitude /, in M. It depends on
the choice of a meridian m, a longitude / and an embedding e : P < M. Actually,
we show that the homology of a pochette surgery is uniquely determined by the
slope and the linking number (Proposition 2.5).

In Section 3, first, we prove Theorem 1.4 and clarify that pochette surgeries
M (e, g) of the case where the cord is trivial is diffeomorphic to M or some Gluck
surgery. Second, we prove Theorem 1.5, by using this result, and we give a
sufficient condition that any pochette surgery of M for some core sphere gives the
same manifold M or the Gluck surgery. As a particular condition, any (1/g, €)-
pochette surgery of 4-sphere whose core sphere is the unknot is diffeomorphic
to S*.

In Section 4, we investigate cases where the core sphere S, is a nontrivial 2-knot
and the cord is a nontrivial (Theorem 1.6). These surgeries give the standard 4-sphere.
Actually, we use a ribbon 2-knot of 1-fusion as S,. The proof is essentially proven
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in Theorem 1.7. We generalize this situation to some cases where the core spheres
are any general nontrivial ribbon 2-knots § with 71 (E(S)) % Z (Theorem 1.8).
However, we did not see whether the resulting manifold is a homotopy 4-sphere
or not. In Theorem 1.9, we give a sufficient condition of ribbon 2-knots for the
existence of a nontrivial cord such that any surgery yielding homotopy 4-sphere
gives the standard S*.

2. Preliminaries

2A. Embedding of P. To consider an embedding of P in a 4-manifold M, as
mentioned in the previous section, we embed a 2-sphere S in M with product
neighborhood and embed a cord in the exterior E(S). In 4-dimension, the isotopy
class of any 1-manifold coincides with the homotopy class. Thus, the isotopy class
of any embedding of P is determined by a 2-knot with product neighborhood and
the homotopy class of a cord as a proper embedding in E(S).

Let S be a 2-knot in a homology 4-sphere M. Here we clarify the isotopy classes
of embedding e of P with S, = S. We put G(S) = 71 (E(S)). G(S) includes a
subgroup (m) that is isomorphic to Z. In this section, m is regarded as the class
represented by the meridian circle. Here we call (m) a boundary-subgroup.

In fact, the abelianization map induces the surjection G(S) — H|(E(S)) =Z
and the meridian is mapped to a generator in Z C H;(E(S)). Thus m is nontorsion
in G(S). We define the set of isotopy classes of cords in E(S) to be

IL(E(S),dE(S)) :=1[(, d1), (E(S), IE(S))],
and the double coset space G(S)//(m) := (m)\G(S)/(m). Let
@ i (E(S), 9E(S)) — ILI(E(S), 0E(S))
be the natural map.

Lemma 2.1. Let S be a 2-knot in a homology 4-sphere M. The set of properly
embedded cords up to isotopy with the end points included in d E(S) has a bijection
to the double coset space G(S)//{m).

Proof. By the short exact sequence
1 > 7 (BE(S)) = mi(E(S)) = G(S) = mi(E(S), IE(S)) — 1

induced from the homotopy long exact sequence of the pair (E(S), dE(S)), we
have the bijection

T (E(S), IE(S)) = (m)\G(S).

Here m(E(S), 0E(S)) is the relative homotopy set.
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Any element in IT;(E(S), dE(S)) can be realized as one in w1 (E(S), dE(S))
by homotoping a starting point of the path to the base point xo of 71 (E(S), 0 E(S)).
If (o) = ¢(y1) for some yo, y1 € 71 (E(S), IE(S)), then

¥0(0) = y1(0) = xo, yo(1), y1(1) € IE(S).

There is a homotopy H : I x I — E(S) suchthat H(i, - ) =y; and H(¢,i) € 0E(S)
(i =0,1). Then c(t) := H(t,0) is a loop in d E(S) with a base point xo, we have
Yo =7v1-c €m(E(S),dE(S)). Therefore, ¢ is surjective. If

Yo=y1-c €T (E(S), E(S))
for some ¢ € T (VE(S)), then yy = y; in [11(E(S), dE(S)). Thus
71 (E(S), DE(S))/ (m) — T (E(S), DE(S))
is bijective.
Then we obtain the bijection
I (E(S), 0E(S)) = mi(E(S), 0E(S))/(m) — G(S)//(m). a

Let [id]] be the element in G(S)//{(m) represented by the trivial cord. Here the
class in the double coset is represented by [ - ]| and id stands for the identity element
in G(S). Hence, if the boundary-subgroup (m) is a proper subgroup in G(S), then
G(S)//(m) # {[id]l}. If S is the trivial 2-knot in the 4-sphere, then G (S) = (m)
and it has a unique isotopy class of a cord. If G(S) is not isomorphic to Z, then
there exists a nontrivial cord.

2B. Fundamental group of pochette surgery. In general, to find a homotopy 4-
sphere obtained by applying pochette surgery, we need to compute the fundamental
group. Let M be a 4-manifold and e an embedding e : P — M. According to [7],
we see that a free isotopy class of an unoriented curve with slope p/q is uniquely
determined as an image of m. We call the class a natural lift. Let ¢, , be the natural
lift of p[m.]+ ql(l.] to 1 (3 E(P.)), which is defined in [7]. Let I’, and m’ be the
images on 71 (d E(P,)) of the based, oriented, longitude and meridian in 0 P via e
respectively. Let c;’ o be an element in 71 (d E(P,)) presenting ¢, 4. Concretely, the
element is given by

o =la/plyp2a/pi=la/ply,rB3a/pl=12q/p) Ly ppa/pl=LP=D @)/ Pl
p.4q :
See Theorem 6 in [7].
We assume that the group presentation of m{(E(S)) is m1(E(S)) = (S | R),

where S is a set of generators and R is a set of relators. For the inclusion maps
i:0P,— E(P,) and j : dP — P, the following maps are induced:

ig :m(0P) = m(E(P.)), J#:m(0P)— mi(P).
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From the Seifert—Van Kampen theorem, we have
(1) T(Me, /g, ©) = (S| R.c, ).

2C. Mod 2 framing. For a gluing map g : 9P — 0 E(P,) we define mod 2 framing
of g(m) as explained in [7, first paragraph in p. 162]. Let us consider a pochette
surgery on M. After attaching D? x S? in P along g(m), we can uniquely attach
the remaining S' x D3. Hence, we have only to consider an identification between
neighborhoods of m and g(m) via g to attach P.

We fix an identification

OP =SS! x aD#9D? x §* = S' x §*#S! x §2.

The meridian m = 8 D? x {pt} C 3 P has the natural product framing. We obtain
an identification ¢ : 9E(P,) — S' x S*#S! x §2 through the embedding e. Then,
S x §2#S! x S? can be presented by the 2-component unlink with O-framings. We
map the natural framing on m C 0 P to a framing on g(m). The framing is presented
by an integer by the identification ¢. As far as we consider the diffeomorphism type
of the result of the pochette surgery, we have only to consider an integer modulo 2
as the framing on g(m). In fact, consider P as S' x D3 attaching a 2-handle with
the cocore m. For two gluing maps g1, g2 : 9P — 0E(P,) with g(m) = go(m)
but with framings whose difference is divisible by 2, the map gl’1 o g2|N@m) can
be extended to the inside of the 2-handle. Namely, two 4-manifolds attached by
such gluing maps are diffeomorphic each other. Such a framing on g(m) is called a
mod 2 framing and written by €.

2D. Linking number. Let | and S be the longitude and the core sphere of a
pochette P respectively. Let M be an oriented homology 4-sphere and e : P — M
an embedding. The images [, and S, in M give submanifolds of M. Then they can
give the linking number

£=L(S.,1.)

according to [3]. In fact, we extend an embedding e|s : S — M to a map B - M,
where B? is a homology 3-ball. The orientation of B° is induced by the one of S,.
We count the intersection points between the image of B> and I, with sign. Here we
deform [, in E(S,) so that /, can meet with B° transversely. For each intersection
point if the concatenation of orientations on 3> and [, at the point coincides with
the orientation of M, then the sign is +1, otherwise —1. We call the sign a local
intersection number at the intersection point. In the end, we sum up the local
intersection numbers through all the intersection points. In the same way, we can
compute L(/., S.) by changing the order of /, and S,.

In the general theory of linking number, the absolute values of L(S,, /) and
L., S.) are the same. Actually, by the careful consideration of orientation we can
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easily obtain L(S,, l,) = —L(l,, Se) =: £. We call this number ¢ linking number of
the embedding e. We must notice that the linking number is not an invariant of the
embedding of P. If we fix the coordinate m and /, then the linking number can be
determined. This is due to what the 3-disk separating S' x D3 and D? x S? is not
unique.

Here let us reinterpret the linking number L(S,, [.) in terms of the homology.
We use the intersection pairing:

(.03 H3(E(S), 0(E(Se))) x Hi(E(S,)) — Z.

Let M? be a Seifert hypersurface of S, in E(S,), namely M?3 is a properly embedded
3-manifold in E(S,) satisfying M3 =S,. Hs (E(Se), 8(E(Se))) is isomorphic
to Z[M?3]. Here M3 N E(S,) and M? are identified. H3(E(P,), dE(P,)) is iso-
morphic to ZIM?].

The intersection point between M?> and m, is one point. Here we give an
orientation on M?3 satisfying ([M?], [me])gl = +1.

By the definition of linking number, it follows that ([M?], [])3 = ¢. Since
Hy(E(S,)) is also isomorphic to Z generated by [m.], we have [[.] = £[m.].

In the similar way we consider the next intersection pairing:

()3 Ha(E(le), 0(E(le))) x Ha(E(le)) — Z.

Here we take a proper embedded surface ¥ satisfying 0¥ =/, in E(l,). We take
the usual orientation of the meridian B, of /, and the orientation on X by using
([x1, [Be])‘zt = +1. From the computation L(l,, S.) = —£ of the linking number,
we obtain ([X], [Se])‘zl = —{. Since H,(E (l,)) is isomorphic to Z generated by the
belt sphere [B.], [S.] = —¢[B.] holds.

2E. The homology of a pochette surgery. Let M be a homology 4-sphere. Here
we compute the homology of the result by pochette surgery. Let g: 0P — 0E(P,)
be a gluing map with the slope p/g and the mod 2 framing €. Let i be the inclusion
map 0E(P,) - E(P,).

To compute the homology group of any pochette surgery of a homology 4-sphere,
we prove lemmas needed later. First, we compute the homology of E(P,) here.
Since E(P,) is connected, we have Hy(E(P,)) = 7.

Lemma 2.2. E(P,) has the following homology groups:

Z-[m.], n=1,
H,(E(P;)) =4Z-[B.], n=2,
0, n>3.

Proof. Let h? be a 4-dimensional 3-handle. Attaching 4> on the belt sphere of P,,
we obtain E(P,) Uh®> = E(S,) and E(P,)Nh*> = 9D x D! = §? x D'. The
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homology of E(S,) is the same as the homology of S! and the first homology group
is generated by the meridian m,. Since H; is independent of attaching any 3-handle,
we have H;(E(P,)) = H{(E(P,)Uh®) = H|(E(S.)) = Z[m,] = Z. Then we obtain
the Mayer—Vietoris sequence:

o= Hy(S? x DY) — H,(E(P.)) ® Hy(h) — Hy(E(S.)) — - -

Thus, we can easily check
Z, n=2,
H,(E(P,)) = {

0, n=3,4.

The generator of H; clearly corresponds to the meridian m, of E(S,) and the
one of H, corresponds to the generator, the belt sphere B, which is the image
of Hy(S? x D). O

From this lemma, we obtain natural isomorphisms H;(E(P,)) = H,(E(S.)) and
Hy(E(P,)) = Hy(E(l.)). The isomorphisms are induced by the inclusions and
connect the corresponding elements [m.] and [ B,].

Let g be a gluing map from 0 P to d E(P,). Suppose that g..([m]) = p[m.]+qll]
is satisfied on the first homology group.

Lemma 2.3. If g..([m]) = plme] +qllc], then we have g,([B]) = p[B.] —q[S.].

Proof. We put g.([l]) = r[m.] +slle], g«([B]) = x[B.] + y[S.]. Then, we can
define the nondegenerate bilinear form (-, - )3 : H{ (0 P) x Hp(d P) — Z from the
cup product H2*(P)x HY(3P) — H*P).

By defining

(Im], [BD)3=0, (UL[Bl)3=1, ([Im],[Shs=1 and ([I],[S])3=0,

we determine the orientations on m and B. These orientations coincide with
the ones determined Section 2D via the map H, (0 P,) — H,(E(P.)). Since g :
oP — 0E(P,) is a diffeomorphism, we can define the nondegenerate bilinear
form (-,-)§: H{(OE(P,)) x Hy(0E(P,)) — Z from the nondegenerate bilinear
form (-,-)3: H(0P) X Hy(0P) — Z. Since g : 0P — dE(P,) is an orientation
preserving diffeomorphism, the determinant of the matrix given by

(8+(Im1) g:(11D) = (Ime] 11c]) (5 ;)

is 1. Hence we obtain ps — gr = 1. Thus the inverse is as

-1 . -1 L)) = l (s—r)‘
(s meD) g2 (WD) = () UD( _,

Since
(g+(a), g+(B))3 = (a, B)3 forall « € Hi(dP), B € Hy(dP),
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we have

x = ([Le]. x[Be] + yIS])§ = ([le]. g ([B1) = (g ' ([L]). [B])
= (=rlm]+pll],[Bl)3=p
and
y = (Ime]. x[Bel + y[Se])5 = (Imel. g+(IBD)s = (g, ' (Im.). [B])3
= (s[m] —qll], [B])3 = —q.
Therefore, we obtain the desired result above. ]

Lemma 2.4. Let e be an embedding P — M with linking number £. Let i be an
inclusioni : 0E(P,) — E(P,). Then iy ([l.]) = £Im.] and i.([S.]) = —£[B.] are
satisfied.

Proof. The image of [l.] € H(0E(P,)) by i, is also [l.] in H{(E(P,)). Since
H{(E(P,)) and H|(E(S,)) are identified with each other by the natural isomorphism
by the inclusion, the elements [m.] having in these homology groups are mapped.
Hence, from Section 2D, [l.] = £[m.] also holds in H|(E(P,)). In the same way,
we have i, ([S.]) = —£[B.]. O

Here, we compute the homology groups of the pochette surgery M (e, p/q, €).
Since M is connected and oriented, Hy(M (e, p/q, €)) = Hs(M(e, p/q,€)) = Z is
satisfied. We compute H, of M forn =1, 2, 3.

Proposition 2.5. Let M be a homology 4-sphere. Let e be an embedding with
linking number £. Then, M (e, p/q, €) has the following homology groups:

@) If p+qt #0, then

Z/(p+qO)Z, n=1,2,

H,(M(e, p/q,€)) = {0 w3

(1) If p+q€ =0, then

~|Z, n=1,3,
Hn(M(ev P/C],G)) = {ZZ’ n=72.

Note that the case of p 4+ g¢ =0 means (p, g) = (¢, —1), (—£, 1) because p, g
are relatively prime.

Proof. The embedding map e : P < M induces the map
Hy(3P) 5 H,(DE(P.) = Hy(E(P,)).

Then we have H1(8E(P N=2Z -[m.|DZ- [ el, HY(OE(P,))=Z-[B.]1®Z-[S.] and
obtain g, ([m]) = plm.l+qlle], ix([m.])=[m.] and i.([B.]) =[B.]. By Lemma 2.3,
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we obtain g, ([B]) = p[B.] — q[Se]. By Lemma 2.4, we have i, ([l.]) = ¢[m.] and
i+([Se]) = —4[B.]. By Lemma 2.2 and the Mayer—Vietoris sequence

< —> H(E(P.)) ® Hi(P) — Hy(M(e, p/q,€)) = Hy 1 (0P) — -+,
we obtain

0 Hy(M(e. p/q.€) — 2 7 [B1®Z-[S]

I ®in Z-[B,]®Z-[S] 2 Hy(M(e, p/q, €)) LN Z-Iml®Z-[l]

18l 7 myez- 11 s HiMee. plg.e) —2=0 s Hy@P)

We put j, = ju1 D jn2 for any n € Z. Since we have 9; =0, i; is a surjection. Since

we have ji([m]) = (p +q0)[m.] and ji([I]) = (r +s€)[m.] + [!], we obtain

Hi(M(e, p/q,€)) =Imiy =Z-[m 1S Z-[11/{(p+qOlmc], (r +sO)[m.]+[I])
=Z-[mel/{(p+qOlm]) =2Z/(p+q0) L.

Here r, s are the same coefficients as the ones used in the proof of Lemma 2.3.
Next, we compute H, and Hj of the result of the pochette surgery.
If p+qf # 0, then j; is an injection. Since i, is a surjection, we obtain the
following isomorphism:

Hy(M(e, p/q,€)) =Imi
ZZ-[B®Z-[S1/{(p+qOIB.], (r' +5"O)[B.]1+[S])
=7Z-[B./{(p+qOIB))=Z/(p+ql)Z.

Here, r’, s are some integers satisfying ps’+qr’ = 1. In this case, Im 93 = Ker j, =0.

Thus we have
H3(M(e, p/q,€)) =Kerd; =0.

If p+q¥€ =0, then Im 0, = Ker j; = Z - [m]. Thus we have
Hy(M(e, p/q,€)) =Ilmir ®Z-[m]=Z-[B.]®Z-[m].
In this case, Im 03 = Ker j, = Z - [B]. Thus we have
H3(M(e, p/q.€)) =Z-[B].
Therefore, we obtain the desired result above. O

The theorems by Whitehead [15], Freedman [4] and Proposition 2.5 imply the
next corollary.

Corollary 2.6. Let M be a homology 4-sphere. M (e, p/q, €) is homeomorphic
to 8% if and only if M (e, p/q, €) is a simply connected 4-manifold and |p + q¥| is
equal to 1.
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Proof. By Freedman’s theorem, M (e, p/q, €) is homeomorphic to S* if and only if
M(e, p/q, €) is homotopy equivalent to S*. We will only show that M (e, p/q, €)
is homotopy equivalent to S* if and only if M (e, p/q, €) is a simply connected 4-
manifold and |p +¢g¥¢| = 1. By the Whitehead theorem, the necessary and sufficient
condition for a manifold to be homotopy equivalent to S* is 771 = {id} and H, =0
for n =1, 2, 3. From Proposition 2.5, we can easily check this corollary follows. [J

2F. Images of the meridian by diffeomorphism. In this section we describe images
of m via some gluing maps g : 0P — 0 E(P,) with slope 1/p and p/(p+1). In the
first diagram in Figure 1 we describe m, [ C #25% x S!. By sliding along the dashed
arrow in the first picture, m is moved to a curve represented by [m] + [/] in the
second picture. Furthermore, sliding the diagram along the dashed arrow, we obtain
the third picture. Then [m]+[/] is moved to a curve by represented by [m]+2[/]. By
the same diffeomorphism, [m] + 2[/] is moved to a curve represented by [m] + 3[/]
in the fourth picture.

Thus, by the diffeomorphism 7 : #25% x S! — #252 x S! with slope 1/p, merid-
ian m is moved to a curve represented in [m] 4+ p[/] as in the bottom picture
in Figure 1. This position will be used when we describe the handle diagram
of M(e,1/p, €).

[m]+[1]
0 0 0 0
m l /}W I

(] 4211 7 mew
ﬁ A AR
F&F

_—

[
)

Figure 1. Images of m and [ via a gluing map #>5° x S! — #25% x §'.
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4opy

plm]+(p+ DI/

Figure 3. Case (I).

Furthermore, exchanging m and / in the last picture in Figure 1 and doing an
isotopy, we obtain a curve represented by p[m] + [/] as in the first pictures in
Figures 2 and 3. We call these cases Case (I) and Case (II) respectively. Sliding
a O-framed 2-handle, we obtain the second picture. The thin curves in the figures
are represented by p[m]+ (p + 1)[/]. By an isotopy we obtain the last pictures in
Figures 2 and 3.
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NERNE

.'/

U 3-handle, 4-handle
E(P,) M(e,1/q,¢€)

Figure 4. Attaching P on E(P,) with the trivial cord.

3. Proofs of Main theorems

In this section we prove Theorem 1.4.

Proof of Theorem 1.4. Let e be an embedding P <— M with a trivial cord. The
exterior E(P,) is obtained by attaching a O-framed 2-handle on E(S,) in a separated
position from the diagram of E(S,) as in the left picture of Figure 4. The circle m,
in the figure is the image of meridian of P. For example, when we describe E(S,)
along the motion picture as in [5, Section 6.2], it is a meridian of a 1-handle
corresponding to a 0-handle of the embedded sphere. Hence, the pochette surgery
on M can be obtained by attaching an e-framed 2-handle on E(P,) plus a 3-handle
and a 4-handle. The position of the e-framed 2-handle is understood from the
argument in Section 2F. The right picture in Figure 4 is the local picture of the
handle diagram of M (e, 1/q, €).

Here, we prove that the rightmost O-framed knot in Figure 4 is isotopic to the
unknot in d(E(S,)Uh?(€)) = S3, where h?(¢) is the e-framed 2-handle. We remove
the previous 3- and 4-handle in M (e, 1/q, €). Since the boundary of obtained
manifold is diffeomorphic to the e-Dehn surgery of d E(S,.). By several handle
moves, we obtain the Hopf link surgery that the framing coefficients of the two
components are (0) and (€). Then we get the second picture in Figure 5. From this
point, doing slides by g-times, we obtain the fifth picture. Canceling the Hopf link
component, we obtain O-framed knot as in the last picture in Figure 5. Hence, this
O-framed unknot is isotopic to the unknot.

Since we can move the O-framed unknot in the last picture in Figure 4 to the
unlink position in the same picture, we cancel this component with a 3-handle. The
remaining diagram is obtained by attaching an e-framed 2-handle and a 4-handle on
E(S,.). Therefore, the resulting manifold is the trivial surgery or the Gluck surgery
along S, depending on € =0 or 1 respectively. ([

Using this theorem, we can prove Theorem 1.5.
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0
o) (€ 0) (&) O 0
wg @ Slid4in>g @ Ocarﬂlg O

Figure 5. The isotopy type of the rightmost component.

Proof of Theorem 1.5. Let e be an embedding P — M. If G(S,.) = Z holds, then
m1(E(Se), IE(S)) consists of one element. This means that any cord in E(S,)
is isotopic to the trivial cord. Moving the embedded 1-handle in P around the
meridian dD? x {pt} as an isotopy of e, we can make the linking number zero.
Hence, if the pochette surgery produces a homology 4-sphere, then the slope is 1/¢
for some meridian and longitude in P. From Theorem 1.4, the result is M (when
€ =0) or GI(S,) (when e =1).

If M is diffeomorphic to S* and S, is the unknot, then any cord is isotopic to the
trivial one. In the same way as above, any pochette surgery yielding a homology
4-sphere gives S*. U

4. Examples

4A. Pochette surgeries along ribbon 2-knots of 1-fusion. In this section, we
consider diffeomorphism types of pochette surgeries on the 4-sphere with nontrivial
core spheres and nontrivial cords.

Now we define ribbon 2-knot and fusion.
Definition 4.1 (ribbon 2-knot). Let {D?, ..., Dfn} be m pairwise disjoint 3-disks
in S*. We take m — 1 pairwise disjoint embeddings fi, ..., fu—1: D*x[0, 1] — S*.
We assume that the embeddings satisfy the following conditions:

o fi(D*x[0, 1N, 8D} = fi(D*> x {0, 1}) forany 1 <k <m — 1.

. UZ:II fie(D? x [0, 1) Ul aD; is connected.
Then the boundary of union of these m 3-disks and m — 1 D? x [0, 1]

m m—1
Joapju ] f@D? %0, 1))

u=1 k=1

is a 2-knot and called a ribbon 2-knot of (m — 1)-fusion.
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Figure 6. A ribbon 2-knot of 1-fusion (left) and the diagram of
the complement of the 2-knot (right).

We take any ribbon 2-knot of 1-fusion as core spheres. Let S denote a ribbon
2-knot of 1-fusion in the 4-sphere. The sphere S is the double of a disk obtained by
attaching one band over two 2-disks as presented by the left picture in Figure 6. The
right diagram is the handle diagram of the complement of S. Let m’ C dE(S,) be
the oriented meridian of a dotted 1-handle indicated in Figure 6 with a base point p.
Let I’ be an oriented meridian of the other dotted 1-handle passing p. Pushing the
complement (the dashed line in the right picture in Figure 6) of the neighborhood
of I’ in the interior of E(S,), we obtain a cord c¢. Then the following holds.

Lemma 4.2. If G(S,) is not isomorphic to Z, then this cord c is nontrivial.
Recall the triviality of a cord was defined in Definition 1.2.

Proof. The fundamental group G(S,) is presented by

(o y [wxw™ y=h),

where x and y are the elements presented by the meridian m’ and the longitude [’
respectively, and w is a word obtained by reading x, y along the 2-handle corre-
sponding to the band. Here the boundary-subgroup in G(S,) is (x).

Let p : G(S.) — G(S.)//{x) be the projection for the double coset. Let [id]] be
the trivial coset in G(S,)//(x), which is the coset including the identity element
id € G(S,). The inverse image p~!([id])) is equal to (x). In fact (x) C p~'([id])
is clear. For any z € p‘1 ([idI), there exist some integers r, s such that x"zx* =id
is satisfied. Then z =x7"7% € (x).

The homotopy class of the cord ¢ corresponds to [y]] € G(S.)//Z. If the cord ¢
is trivial, then y € p~!([[id])) = (x) holds. Hence we have y = x” for some integer
n. This means G(S,) is an abelian group. Since the abelianization of G(S,) is Z,
we have G(S,) = Z. O
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4

a> m,

J
@Lﬁ—/o C’% % 2 3-handles

Figure 7. The pochette complement whose core sphere is a ribbon
2-knot of 1-fusion.
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Figure 8. (I): m, is isotopic to /1. (II): m, is isotopic to /5.

In general, it is well-known that G(S,) Z% Z is satisfied for many nontrivial
2-knot S,. Then the cord c is nontrivial.

By using this cord ¢, we obtain an embedding e : P < §* whose core sphere
is S. Then the handle diagram of the complement E(P,) of P is Figure 7. The
meridian m, is isotopic to /{ or [, in E(S,). Here we assume that m, is isotopic
to /;. Then, we put the orientation of the longitude as [/.] = —[/;] in E(P,). Then
[m.] = —[l.] in H{(E(S,)) is satisfied. In this situation, the linking number of P,
is —1. Consider the (p/(p + 1), €)-pochette surgery by using the embedding e and
these oriented meridian and longitude in P. The element y € m(E(P,)) is a lift
of —[/;] and y‘1 is a lift of —[/], and hence yil is a lift of the longitude /..

According to the last pictures in Figures 2 and 3, the cases (I) and (I) in Figure 8
are obtained as results of attaching P along p[m.] + (p + 1)[l.] with the mod 2
framing €. The case (I) is the one which m, is isotopic to /1 (as an oriented loop),
while (I) is the case where m, is isotopic to /5 in the same way.

To prove Theorem 1.7, we first prove the following:
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Figure 9. Handle moves.

Proposition 4.3. S*(e, p/(p+1), €) is diffeomorphic to the double of a contractible
4-manifold without no 3-handles.

Proof. Here we will consider the case where m, is isotopic to /. The case where
m, 1s isotopic to /| can be proved in the same way.

We deform the handle diagram of (II) as in Figure 9. Continuously, we deform the
handle diagram according to Figure 10. We show that the last picture presents that
S*e, p/(p+1),¢€)is diffeomorphic to the double of a contractible 4-manifold C.
The fundamental group 71 (C) of C has the following presentation

) (x, y [wxw yE yF (xy=hp),

according to the last picture in Figure 10. The proof of the triviality of this group
is postponed in Lemma 4.4. The homology group of C is easily found out to be
trivial from the handle decomposition. O

As mentioned in [2, second paragraph in p. 36], the following result holds. Let C
be a contractible 4-manifold with » 1-handles, n 2-handles and no 3-handles. If the
presentation 1 (C) with respect to the handle decomposition is AC-trivial, which is
defined in the next section, then the double satisfies D(C) :=CUjq (—C) = 9(C x I).
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Figure 10. Handle moves.

Since the handle decomposition of C x I depends only on the homotopy classes of
the 2-handles, C x I is diffeomorphic to the standard D>. In the next section, we
give a brief review of Andrews—Curtis moves and Andrews—Curtis trivial.

4B. AC-triviality. Let F = F(X) be a free group of rank n > 2 with a basis
X ={x1,...,x,}and W = (wy, ..., w,) an n-tuple of words of X. Consider the
following three types of transformations of W:

(ACI): Replace w; by w;w; if j #i.
(AC2): Replace w; by w;” I
(AC3): Replace w; by vw;v~! for some v € F, and leave wy fixed for all k £1.

Let R = (x1,...,x, | wy, ..., wy,) be a presentation of the trivial group. We
call base transformations (inversion and permutation of generators and relators)
of X, the transformations (AC1)-(AC3) for relators wy, ..., w,, and adding or
deleting a generator g and a relator g as the same element Andrews—Curtis moves
(or AC-moves). If R can be reduced to the empty presentation (& | &) by a finite
sequence of AC-moves for the basis and relators, then R is called an AC-trivial
presentation.
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Figure 11. A handle diagram of a ribbon 2-knot exterior.

Lemma 4.4. The presentation (2) is an AC-trivial presentation of the trivial group.

Proof. We give the following sequence of AC-moves:

(o, y L wxw ™ y= yF ey ®HP) = (o xy®! fwxw ™ x T ey ®h, 2T ayEH P

=
= (x,z | wxw 'x7lz, x71zP

= (x 7127tz jwxw x Tl x 2P
= (u,z | wE ™ uHw ™ uzu) = (z 2",
Here since this group is trivial, m = £=1. Thus the presentation is AC-trivial. [

We left the proof of the triviality of 7 (C) in Proposition 4.3. Lemma 4.4 implies
the proof of Proposition 4.3 completes.

Proof of Theorem 1.7. Let e : §? < §* be a ribbon 2-knot of 1-fusion. We take
the same cord ¢ as the one chosen in Section 4A, which is used in Figure 6. By
using Proposition 4.3, the pochette surgery S*(e, p/(p + 1), €) is diffeomorphic to
the double of a contractible 4-manifold C. The C has an AC-trivial presentation
of m; coming from a handle decomposition of C with no 3-handles. By applying
the method in [2], S*(e, p/(p + 1), €) = D(C) is diffeomorphic to the standard
4-sphere. ([l

Proof of Theorem 1.6. Let S and ¢ be the ribbon 2-knot and the cord that we dealt
with in Theorem 1.7. Then S is nontrivial and c¢ is nontrivial. The pochette surgery
gives the standard S*. ]

4C. A case of spun trefoil knot. As an example, we give a concrete diagram for
the spun trefoil knot as a ribbon 2-knot of 1-fusion. Figure 11 is the handle diagram
of the complement.

We choose m, and [, as in Figure 12 (left), then the embedding i : 9 P, — E(P,)
gives i, ([/.]) = —[m.]. Namely the linking number is £ = —1. Let x, y be lifts
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Figure 12. A pochette surgery S4( ) with a nontrivial 2-knot

S, and a nontrivial cord.

in 771 (S*(e, 1, €)) of generators m, and [, respectively. Then the presentation of
T (S4 (e, %, e)) is the following:

(e, y Lyxtyxy e, y2x) = (id).

The diagram of this homotopy 4-sphere becomes the right picture in Figure 12. In
this case, we can deform this diagram into the double of a contractible 4-manifold
with no 3-handles as in Figure 13.

4D. Pochette surgeries along ribbon 2-knots of n-fusion. The method to prove
Theorem 1.7 can be easily extended to the case of the surgery that the core sphere
is any ribbon 2-knot of n-fusion.

Proof of Theorem 1.8. Let S be any ribbon 2-knot of n-fusion. We fix the handle
decomposition of E(S) corresponding to the fusion. That is, the decomposition has
one 0-handle, n + 1 dotted 1-handles, n 2-handles and n dual 2-handles and n 4 1
3-handles and one 4-handle. See [5, Section 6.2] for the description of ribbon 2-knot
complement. We take two based meridians m’ and I’ of the dotted 1-handles with a
base point py € d E(S). We suppose that i’ lies in d E(S) and is a meridian of d E(S).
Let x, y be elements in 711 (E(S)) corresponding to m and [’ respectively. Here we
can assume that y*! is conjugate to x but y*! ¢ (x). Actually, if any based meridian
of each dotted 1-handle of E(S) is in an element in (x), then 7t (E(S)) is a quotient
of Z, because the set of the meridians of the dotted 1-handles is a generator of
w1 (E(S)). Actually using the abelianization map 71 (E(S)) ab, H((E(S)) =2, we
conclude that 7r; (E(S)) is isomorphic to Z. Now this case is ruled out. Thus, there
exists a based meridian I’ C E(S) such that y := [I'] is conjugate to x but y & (x).
In the same way as the proof of Theorem 1.7, from !” we produce a cord in E(S).
Thus, by taking such a cord, we obtain a pochette embedding e : P — S*. By
moving the O-framed 2-handle by the process in Figures 9 and 10, we can take the
O-framed 2-handle in the position of the meridian of the e-framed 2-handle.
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Figure 13. A diffeomorphism to the double of a contractible 4-manifold.

If the graph for the n-fusion is as in Figure 14. This is just a schematic picture for
the fusion, and the edges stand for connecting O-framed 2-handles coming from the
bands of the ribbon disk. Actually, in the true picture, the edges should be drawn
as some bands and might be linking to several dotted 1-handles. For our proof, we
may omit these data because sliding the O-framed 2-handle to dual 2-handles, we
can ignore the linking.

We take the two based oriented meridians m’ and I in the positions in the figure.
We suppose that the below O-framed 2-handle in the first picture in Figure 9 is
attached in the dashed circle in Figure 14 in our situation. From the 1-handle k
linking to I’ to the 1-handle k’ linking to m’, the O-framed 2-handle can be moved
by doing several handle slides and some isotopy. See Figure 15 for the handle
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Figure 14. A graph for the fusion of a ribbon 2-knot.

moves. This also generalizes the moves from the first picture in Figure 9 to the
second picture in Figure 10. Hence, we can freely move the O-framed 2-handle
from a dotted 1-handle to another dotted 1-handle.

By these handle slides, all O-framed 2-handles corresponding to the dual bands
can be moved in the meridians of all 2-handles. This means that S*(e, p/(p+1), €)
is the double of a homology 4-ball H without 3-handles. U

As mentioned in Section 1 as well, it is unclear whether any homology 4-sphere
obtained by this pochette surgery is simply connected or not.

If the 2-knot is n-fusion ribbon knot, the fundamental group of S*(e, p/(p+1), €)
has the form

—1. -1 -1 -1 -1 —1
(3) <XI,...,xn+1 | wlxilwl le s-~~swnxinwn xjn ’xs (xrxs )]7>’

where for k =1,2,...,n, wg is a word in xq, ..., X,41, the set

ik i} Tk=1,...,n}

is the set of edges of the graph, and r, s are some integers in {1, ..., n}. Even if H
in the proof of Theorem 1.8 is contractible, that is, the fundamental group is trivial
then it is unclear whether S*(e, p /(p+ 1), €) is diffeomorphic to S% or not.

Proof of Theorem 1.9. If the homology 4-ball H in the proof above is contractible,
then S* (e, g) = HU(—H) is a homotopy 4-sphere. Furthermore, if the presentation
of 71 coming from the handle decomposition is AC-trivial, then from the method
mentioned right after the proof of Theorem 1.7, therefore, S*(e, g) is diffeomorphic
to the standard S*. (]
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Figure 15. Deformations to move the O-framed meridian in the position.

We give a sufficient condition that the presentation (3) is AC-trivial. Let
{x1, ..., xy41} be a generator of the free group F;, 1. For any word w of xy, ..., x,+1,
we put rp;_1 = wxz,-w_lxiil for2i — 1 <n, ry = wxz,urgw_lxz_iil for2i <n

1 .
wxpw xn_H, n 18 even.

and _ .
WXyt w_lx1 1, n is odd,
rn =
Then we consider the presentation
(X1, e ooy Xpae1 | 71y ooy ).

This presentation gives the fundamental group of the complement of a ribbon 2-knot

of n-fusion.
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Lemma 4.5. Let n be a positive integer. For any word w of xi, ..., Xp+1, the
relatorsry, ..., r, are the same as above. Forr, 1 =x ! (x2x, ! )?, the presentation
(4) <x1»---sxn+l|r1’---,rnsrn+l>

is the trivial group presentation with AC-trivial.

Proof. We obtain
. -1 _ w . —1 w_l ~ . —1 and —1 Jp— —1 .
Faj—1 7y = WX2i Xp;4p X2i Xpjyo Foiv1 72 = Xp;43X2i42;

rn__l1 I'n :xnxl_1 if nis odd, r,_1 rn_1 = wxy, xl_1 w ~x, xl_1 if n is even, where
~ presents the relation between conjugate elements. Then we have

(X1 oo ey Xnr1 |71, 72,735 ooy Py Pt 1)
= (X1, ..., Xnal |r1r2_1,r2, F3yevvs Pny Fusl)
= (X1, Xna1 | r1r2_1, rz_1 F3, 73y ooy s Ftl)
= (X1 Xntl | rlrz_l, r2_1 r3,r3r4_1, ey Ty Prtl)
~ {(xl, e X | rlrz_l, r2_1 r3,r3r4_1, e, rn:ll FrsTns Tnsl), 1 s odd,
I NETRE rlrz_l, r2_l r3,r3r4_1, R rn_l, Fuy Futl), N 1S even
= (X1, e Xntl |xzx4_1,x3x5_1,x4x6_1, .. .,xn_lx;il,xnxl_l, Tny Tnsl)-
Replacing x; xl._+12 with x/ fori =2,...,n—1 and x, xl_l with x/, we give

o {xéxixé ceeX) | Xpq1, nisodd,
VAN AN / :
XHX[XG - X X1, n is even,

-1

WX, () Txyt, s odd,
rp =
n+1-

w'x (w) ' x n is even,

where w’ is a word of x1, x/ and x,4; and we have

(-xla ---’-xn—i-l Ir]9r29r3ar4a "‘5r}’l’rn+l>
~ ! / / / / / /
= (X1, X0 ooy Xy X1 | X0y X3, X400y Xy 13 Xy Py Frg1)
/ n—1.,.—1 -1 -1 .
~ {(xl, Xnpt | Wxppr (W) X, X (Xeg1xy )P),  nis odd,
= S | .
(X1, X1 | w'xp ()™ x, L x), n is even.
By applying Lemma 4.4, we see that this presentation is AC-trivial. Therefore, we
obtain the desired result above. |

5. Questions

In this section we raise several questions. We leave the following problem about
Theorem 1.8.
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Question 5.1. Let S be any ribbon 2-knot with G(S) % Z. Does there exist a
nontrivial cord c in E(S) such that any nontrivial surgery with respect to the
embedding e : P — S* with the cord ¢ and the core sphere S yielding a homology
4-sphere gives the standard 4-sphere?

Since pochette surgery is a generalization of Gluck surgery, the triviality of Gluck
surgery on any ribbon 2-knot might also hold in the pochette surgery situation.

Question 5.2. Let S be any ribbon 2-knot with G(S) % Z. Suppose that e : P — S§*
is any embedding with S, = S. Does any pochette surgery S*(e, g) vielding a
homology 4-sphere for some gluing map g give the 4-sphere?

It might be possible that we answer the following question affirmatively.

Question 5.3. Let S be any ribbon 2-knot in S* with G(S) % Z. If a pochette

surgery with the core sphere S yields a homology 4-sphere, is the pochette surgery
the standard 4-sphere?

Can the diffeomorphisms in the previous section be generalized to cases of any
nontrivial core sphere?

Question 5.4. Let S be any 2-knot with G(S) £ Z. Then, does there exist a nontrivial
cord in E(S) such that any pochette surgery for a pochette embedding e : P — S*
with the core sphere S is S$* or GI(S)?

Can we construct a homotopy 4-sphere other than GI(S) by pochette surgery?
Furthermore, we raise two questions in more generalized settings.

Question 5.5. Can a pochette surgery of S* construct an exotic §*?
More generally, we ask the following question.

Question 5.6. Can a pochette surgery of an oriented 4-manifold M construct an
exotic structure on M?

Pochette surgery can be generalized to a surgery on a generalized pochette
P.p» =10S" x D3P D? x §2. Such a surgery is called an outer surgery and it is
studied by Nakamura in [10]. Would studying outer surgery lead to the construction
of interesting 4-manifolds? Investigating outer surgery is a potential avenue for
future research about exotic 4-manifolds.
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