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We explore the possibility of using harmonic analysis on GL; to understand
Langlands automorphic L-functions in general, as a vast generalization of the
PhD Thesis of J. Tate in 1950. For a split reductive group G over a number
field k, let GY(C) be its complex dual group and p be an n-dimensional
complex representation of GV (C). For any irreducible cuspidal automorphic
representation o of G(A), where A is the ring of adeles of k, we introduce the
space S;, ,(A>) of (o, p)-Schwartz functions on A* and (o, p)-Fourier oper-
ator F, , y that takes S, ,(A*) to Sz, ,(A*), where & is the contragredient
of o. By assuming the local Langlands functoriality for the pair (G, p), we
show that the (o, p)-theta functions O, ,(x, ¢) := >, ;x ¢ (ax) converge
absolutely for all ¢ € S; ,(A*). We state conjectures on the (o, p)-Poisson
summation formula on GL{, and prove them in the case where G = GL,,
and p is the standard representation of GL,,(C). This is done with the help
of results of Godement and Jacquet (1972). As an application, we provide
a spectral interpretation of the critical zeros of the standard L-functions
L(s, & x x) for any irreducible cuspidal automorphic representation = of
GL,(A) and idele class character y of k, extending theorems of C. Soulé
(2001) and A. Connes (1999). Other applications are in the introduction.

1. Introduction 302
2. Godement—Jacquet theory and reformulation 309
3. m-Schwartz functions and Fourier operators 320
4. m-Poisson summation formula on GL, 330
5. Convergence of generalized theta functions 339
6. (o, p)-theta functions on GL; 351
7. Variants of Conjecture 1.5 355
8. Critical zeros of L(s, T X x) 364
Acknowledgement 370
References 370

The research of this paper is supported in part by the NSF Grants DMS-1901802 and DMS-2200890.

MSC2020: primary 11F66, 43A32, 46S10; secondary 11F70, 22E50, 43A80.

Keywords: invariant distribution, Fourier operator, Poisson summation formula, automorphic
representation, automorphic L-function, representation of real and p-adic reductive groups,
spectral interpretation of critical zeros of automorphic L-functions.

© 2023 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution License 4.0 (CC
BY). Open Access made possible by subscribing institutions via Subscribe to Open.


http://msp.org/pjm/
https://doi.org/10.2140/pjm.2023.326-2
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://msp.org/s2o/

302 DIHUA JIANG AND ZHILIN LUO

1. Introduction

Let k be a number field and A be the ring of adeles of k. It is well known that
A is a locally compact abelian group and the diagonal embedding of k into A is
a lattice, i.e., the image, which is still denoted by k, is discrete and the quotient
k\A is compact. The classical theory of harmonic analysis on the quotient kK\A —
in particular, the famous 1950 Princeton thesis of J. Tate [44] — has had a great
impact on the modern development of number theory, especially on the theory of
automorphic L-functions.

In Tate’s thesis, the classical Fourier transform and the associated Poisson summa-
tion formula are responsible for the meromorphic continuation and global functional
equation of the Hecke L-function L(s, x) attached to an automorphic character x
of kX \A*.

In their pioneering work in 1972, R. Godement and H. Jacquet extended the
work of Tate on L(s, x) (and also the work of T. Tamagawa in [43]) to the standard
automorphic L-function L(s, i) attached to any irreducible cuspidal automorphic
representation w of GL,(A) [16]. In their work, the Fourier transform and the
associated Poisson summation formula for M, (k)\M, (A) are responsible for the
meromorphic continuation and global functional equation of L(s, w). Here M,
denotes the space of all nxn matrices.

In 2000, A. Braverman and D. Kazhdan [6] proposed that there should exist a
generalized Fourier transform F, ;, on G(A) for any reductive group G defined
over k and any finite-dimensional complex representation p of the L-group G;
and if the associated Poisson summation formula could be established, then there
is a hope to prove the Langlands conjecture [29] on meromorphic continuation
and global functional equation for automorphic L-function L(s, , p) attached to
the pair (7, p), where m is any irreducible cuspidal automorphic representation of
G(A). In [33; 34], one may find careful discussions on the spherical case of and a
helpful introduction to the proposal. In his 2020 paper [37], B. C. Ng6 suggests that
such generalized Fourier transforms could be put in a framework that generalizes the
classical Hankel transform for harmonic analysis on GL; and might be more useful
in the trace formula approach to establish the Langlands conjecture of functoriality
in general.

1A. GLj-theory. We develop GL-theory to explore a possibility of using har-
monic analysis on GL; to understand Langlands automorphic L-functions in general,
which would be a vast generalization of the classical work of Tate in [44] or of the
more systematical treatment by A. Weil in [48]. The development goes in two steps.
The first step is to establish it for the standard automorphic L-function L(s, )
associated with an irreducible cuspidal automorphic representation 7 of GL, (A).
When n =1 and 7 is an automorphic character x, it is the theory developed in Tate’s
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thesis. The second step is to formulate the framework for the general automorphic
L-function L(s, r, p) associated with a pair (7, p) as introduced above.

The GL-theory for a standard L-function L(s, ) is a reformulation and refine-
ment of the Godement—Jacquet theory [16] for L(s, w) of GL,,. It is based on the
determinant morphism

(1-1) det: M, —» G,; GL, — G,,

where G, (k) = k and G,, (k) = GL(k) = k*. We write 7 = ®V6‘k| 7, where |k|
is the set of local places of k and 7, is an irreducible admissible representation of
GL, (k,), which is of Casselman—Wallach type if k, is an Archimedean local field.
For each m,, by taking the fiber integration along det as defined in (3-6), we define
in Definition 3.3 the 7,-Schwartz space Sy, (k). It is important to understand the
structure of the space S, (k) of 7, -Schwartz functions on k.S, whose properties are
discussed intensively in Section 3. In particular, by Proposition 3.2 and Corollary 3.8,
we have that
CP(k)) C Sn, (k) CC(k)).

It is important to mention that Theorem 7.1 provides a new characterization of
C°(k)) as a subspace of Sy, (k) by means of the fiber integration along det in
(3-6). Through diagram (3-16), we define the m,,-Fourier operator (or transform)
Fr,v,» Where v, is the v-component of a fixed nontrivial character ¥ of k\A.
By the local GL-theory (Theorems 3.4 and 3.10), there exists a so-called basic
function Ly, € Sy, (k) when v < oo and m, is unramified, and the ,-Fourier
operator maps the m,-Schwartz space Sy, (k) to the 7, -Schwartz space Sz, (k1)
with 7, . (Ls,) = Lz, . The global 7-Schwartz space S; (A*) is defined to be the
restricted tensor product

Sx(A%) := (X) Sz, (k)
velk|

with respect to the basic functions L., for almost all finite local places, and the
global 7 -Fourier operator F y is defined by

Forr @) = Q) Fr,, (b)
velk|
for any factorizable functions ¢ = &), $v € Sz (A*). One of the main results in
the global GL-theory is the 7w -Poisson summation formula on GL;.

Theorem 1.1 (;r-Poisson summation formula, Theorem 4.7). Let w be an irre-
ducible cuspidal automorphic representation of GL,,(A). For any ¢ € Sy (A*), the
7 -theta function

Ox(x,$) 1= Y p(ax)

aek>
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converges absolutely and locally uniformly as a function in x € A*, and we have
the identity

(1-2) Or(x, ) =Oz(x"", Fry(@) for x e A,

According to the tradition in literature, the w-Poisson summation formula in
(1-2) may also be called the w-theta inversion formula. Our proof of Theorem 1.1
(Theorem 4.7) is based on the work of Godement—Jacquet in [16].

The GL;-theory for general L-functions L(s, o, p) is formulated by means of
the local Langlands functorial conjecture associated with p, which is the major
conjecture in the local theory of the Langlands program.

For a k-split reductive group G, let GY(C) be its complex dual group and
p be an n-dimensional complex representation of GY(C). For any irreducible
cuspidal automorphic representation o = ), cik Ov of G(A), we assume that the
local Langlands functorial transfer m, = m,(0,, p) exists and is an irreducible
admissible representation of GL, (k,), which is of the Casselman—Wallach type if
k, is Archimedean. We define as in (6-5) the (o0, p)-Schwartz space on k¢ to be

Sy pk)) i= S, (k)),

and at unramified local places, the (o,, p)-basic function L, , is taken to be the
my-basic function L, € Sy, (k,). Then we can define as in (6-6) the (o, p)-Schwartz
space on A* to be

So.0 (W) 1= () S0 (k).

which is the restricted tensor product with respect to the basic function L, , at
almost all finite local places, and define, as in (6-8), the (o, p)-Fourier operator (or
transform) F; ,  that takes Sy ,(A*) to Sz, ,(A*), where ¢ is the contragredient
of o. The first result in the global GL-theory for L(s, o, p) is the following.

Theorem 1.2. With notations as introduced above, for all ¢ € S, ,(A™), the (o, p)-
theta function

(1-3) O p(x, ¢) = ) $lax)
aek>

converges absolutely and locally uniformly as a function in x € A*.

It is clear that Theorem 1.2 is a special case of Theorem 6.2, which asserts the
same result as in Theorem 1.2 for much more general o. The proof of Theorem 6.2
is deduced from the technical result (Theorem 5.4), which can be stated as follows.

Theorem 1.3 (Theorem 5.4). Let m = ®U€|k‘ 7y, be an irreducible admissible
representation of GL,(A) with Assumption 5.1. Then for any ¢ € S;(A*) :=
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Qyeip) Sr, (k) the -theta function

On(x,9) = Y d(ax)

aek>
converges absolutely and locally uniformly as a function in x € A*.

We refer to Section 5 for notation not given here. Section 5 is devoted to develop
the basic properties of such general theta functions. Then we show that for any irre-
ducible admissible automorphic representation = of GL, (A), Assumption 5.1 holds
(Proposition 5.5). As a consequence, we obtain the following general assertion.

Corollary 1.4 (Corollary 5.6). Let w be any irreducible admissible automorphic
representation of GL,(A). For any ¢ € Sy (A*), the mw-theta function

O (x, ) = Y p(ax)

aek™
converges absolutely and locally uniformly as a function in x € A%,

It remains to be an interesting problem to establish the 7 -Poisson summation
formula for such general 7 -theta functions as in Corollary 1.4, although Theorem 7.3
obtains the -Poisson summation formula as in Theorem 1.1 for ®, (x, ¢) when &
is any irreducible square-integrable automorphic representation of GL, (A) and ¢
has restrictions at two local places (see Theorem 7.3 for details).

The following is the main statement in the global GL,-theory for L(s, o, p).

Conjecture 1.5 ((o, p)-Poisson summation formula). Ler p : GY(C) — GL,(C)
be any finite-dimensional representation of the complex dual group GV (C) and o
be an irreducible cuspidal automorphic representation of G(A). Then there exist
nontrivial k> -invariant linear functionals &5, , and €, on S5, ,(A™) and Sz, ,(A*),
respectively, such that the (o, p)-Poisson summation formula

8a,p(¢) = 55,p(fa,p,1//(¢))
holds for ¢ € S5, ,(A™), where S, ,(A*) and Fy , y are defined in Section 6B.

It is expected that such Poisson summation formulae on GL; should be responsi-
ble for the Langlands conjecture on the global functional equation of automorphic
L-functions associated with the pairs (o, p). Variants of Conjecture 1.5 will be dis-
cussed in Section 7C and see Conjecture 7.4 for details. It is clear that Theorem 1.1
proves Conjecture 1.5 for the case when o is an irreducible cuspidal automor-
phic representation 7 of G(A) = GL,(A) and p is the standard representation
of GY(C) = GL,(C) (Theorem 4.7). A variant of Theorem 4.7 (Theorem 1.1) is
established in Theorem 7.3 when 7 is an irreducible square-integrable automorphic
representation of GL,(A), based on the characterization in Theorem 7.1 of the
subspace C° (k) in Sy, (k) through the fiber integration.
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It is important to mention that according to the definition of S, ,(A*) and F ,
in (6-6) and (6-8), respectively, if the image of o under the Langlands functorial
transfer associated with p (if it exists) is an irreducible cuspidal automorphic
representation 7 of GL, (A), then the nontrivial k*-invariant linear functionals &, ,
and & , in Conjecture 1.5 can be taken to be

Eo,p(@) = O p(1,¢9) and & ,(¢) =Oz,,(1, $)

for any ¢ € S, ,(A*) (see Corollary 6.3 for details). In this case, Conjecture 1.5
follows from Theorem 1.1 (Theorem 4.7). Therefore, Conjecture 1.5 is supported
by various known cases of the global Langlands functoriality conjecture associated
with p : GY(C) — GL,(C).

From the point of view of the global Langlands functoriality conjecture, it
is important to extend Theorem 1.1 (Theorem 4.7) to more general irreducible
automorphic representations of GL, (A), which may yield new understanding of
the nature of the both nontrivial k*-invariant linear functionals &, , and & , in
Conjecture 1.5. At this point, we would also like to bring the attention of the reader
to the work of L. Lafforgue [27; 28] on the relations between the global Langlands
functoriality conjecture and a certain nonlinear Poisson formula conjecture.

The ultimate goal in the global theory for L(s, o, p) is to prove Conjecture 1.5
without using the global Langlands functoriality. It is expected that Conjecture 1.5
can be proved directly for a split classical group G and the standard representation p
of the complex dual group G (C), by using the doubling method of 1. Piatetski-
Shapiro and S. Rallis in [14] and the recent work of L. Zhang and the authors in
[26] and of J. Getz and B. Liu in [15].

As applications of the GL -theory for automorphic L-functions and the r-Poisson
summation formulas, we are able to provide in Theorem 8.1 a spectral interpretation
of the critical zeros of the standard L-functions L(s, w x ) for any irreducible
cuspidal automorphic representation 7w of GL,, (A) and idele class character x of k.
Theorem 8.1 is a reformulation of [40, Theorem 2] in the adelic framework of
A. Connes in [11] and is an extension of [11, Theorem III.1] from the Hecke
L-functions L(s, x) to the automorphic L-functions L(s, w x x). In [24], Zhaolin
Li and Dihua Jiang provide a new proof of the Voronoi summation formula for
GL,, [20, Theorem 1] by means of Theorem 4.7 (Theorem 1.1), in other words, by
means of the GL;-reformulation of the Godement—Jacquet theory for the standard
L-functions of GL,,. This GL;-theory also proves in [24] the (GL,,, 7)-version with
the Godement—Jacquet kernels of the Clozel theorem [10, Theorem 1.1], which
was proved by L. Clozel for n = 1 and with the Tate kernels. In their upcoming
work [35], Ng6 and Luo use the ideas and the methods of this paper and of [25] to
treat the local theory of the Braverman—Kazhdan—Ng6 proposal for the torus case.
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1B. Brief explanation of each section. In Section 2, we reformulate the local
theory of Godement—Jacquet [16] in terms of the framework of the Braverman—
Kazhdan—Ng6 proposal. We take F =k, for every v € |k| and recall the local theory
of the Mellin transforms, mainly from [21, Chapter I]. In general, it could be highly
nontrivial to reformulate the known Rankin—Selberg theory for certain automorphic
L-functions in terms of the framework of the Braverman—Kazhdan—Ngd proposal
as indicated in [26]. The key point is that one has to figure out the invariant
distribution &, on G (k,), which controls the local theory proposed by Braverman—
Kazhdan in [6] and by Ng6 in [37]. Even in the case of Godement—Jacquet, the
candidate of such an invariant distribution ®gj,, is expected to the experts, but
there is no written document available. We provide the details in Section 2C and
the results are given in Proposition 2.8.

In Section 3, we fully develop the local theory of harmonic analysis on GL; for
the Langlands local L-factors L(s, ) and y-factors y (s, , 1), attached to any
irreducible admissible representations = of GL,(F). When F is non-Archimedean,
we take 7 to be irreducible smooth representations of GL, (F); and when F is
Archimedean, we take 7 to be irreducible Casselman—Wallach representations of
GL, (F) [4; 9; 41; 46]. The set of equivalence classes of all such representations of
GL, (F) is denoted by I1x(GL,).

By Theorem 2.3, via the Mellin inversion, the local Godement—Jacquet L-
functions (or L-factors) (or even general local Langlands L-functions) could be
a GL;-object, i.e., there exists a subspace of smooth functions C*°(F*), whose
Mellin transform sees the corresponding local L-functions. One of the goals in
this section is to recover such a subspace associated to a local Godement—Jacquet
L-function L(s, ) by means of the matrix coefficients of 7. More precisely,
we introduce the space of w-Schwartz functions on F* for any m € [1r(GL,),
which is denoted by S, (F*) (Definition 3.3). By Proposition 3.2, we have that
Sz (F*) C C*®(F*). The first local result is Theorem 3.4, which establishes the
local theory of zeta integrals on GL; for the Langlands local L-function L(s, i)
for any 7w € I1r(GL,). The relevant local functional equation and the properties
of the m-Fourier operator (transform) F y as defined in (3-17) is established in
Theorem 3.10, the second local result.

We note that in [25], a further local theory has been developed so that the
m-Fourier operator F; 4 can be expressed as a convolution operator with kernel
functions ky y for any w € I1r(GL,) [25, Theorem 5.1]. In [24], such kernel
functions are proved to be the normalized Bessel functions associated with 7 and
a certain Weyl group element of GL,. Hence, the -Fourier operator 7 y is a
natural generalization of the classical Hankel transform.

In Section 4, we develop the global theory of harmonic analysis on GL; for the
standard automorphic L-functions L (s, r) associated with any irreducible cuspidal
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automorphic representation w of GL, (A). To do this, we consider any irreducible
admissible representation 7 = ®V6|k| m, of GL,(A), with m, € I, (GL,), and
introduce, for more general 7, the w-Schwartz space S; (A*) = ®v€| k| S, (k)
in (4-1), where the restricted tensor product with respect to the basic function
L, (as defined in Theorem 3.4) is taken at almost all finite local places v. The
n-Fourier operator Fr y () = &), ¢t Fr,.v, (v) is defined in (4-3), with ¢ =
), ¢v € Sz (AX). The main global result in this section is Theorem 4.7, which is a
restatement of Theorem 1.1 and establishes the 7 -Poisson summation formula on
GL,; for any irreducible cuspidal automorphic representation = of GL, (A).

To understand the Poisson summation formulae in Conjecture 1.5, it is desirable to
explore variants of Theorem 4.7 when the automorphic representation 77 may not be
cuspidal, from the point of view of the global Langlands functoriality. In Section 5,
we first show that for any irreducible admissible representation 7 of GL, (A), which
may not be automorphic, but satisfies Assumption 5.1, the m-theta functions

Or(x, )= Y $yx) for ¢ € S(A%)

y k>

converge absolutely and locally uniformly as functions in x € A* (Theorem 5.4).
Then we show that Assumption 5.1 holds for any automorphic representation 7
of GL, (A) (Proposition 5.5). With Theorem 5.4, we are ready to explore a more
general situation in order to formulate Conjecture 1.5 and its variant (Conjecture 7.4).

In Section 6, we consider any k-split reductive group G. In Section 6B, for any
finite-dimensional representation p of the complex dual group G (C), we define the
relevant Schwartz spaces S, ,(A*), called the (o, p)-Schwartz space, in (6-6), and
(0, p)-Fourier operators F, ,  in (6-8) for any irreducible cuspidal automorphic
representation o of G(A), under the assumption (Assumption 6.1) that the local
Langlands reciprocity map exists for G over all finite local places v of k. We
prove in such a generality the convergence properties of the (o, p)-theta function
O, (x, @) as defined in (1-3) for any ¢ € S, ,(A™) and any x € A* (Theorem 6.2,
which contains Theorem 1.2 as a special case).

In Section 7, after we establish a new characterization of C2°(k;’) as a subspace
of Sy, (k) in Theorem 7.1 at all local places of k, we prove a variant of Theorem 4.7
when 7 is an irreducible square-integrable automorphic representation of GL, (A)
(Theorem 7.3). Finally we write down a variant of Conjecture 1.5 with more details
in Conjecture 7.4.

In order to understand the Poisson summation formulae in Conjectures 1.5
and 7.4, we have to explore and develop harmonic analysis on GL; initiated by
the (o, p)-Fourier operator F; , y and the (o, p)-Schwartz space S, ,(A™), both
locally and globally. We refer to [24; 25] for a further discussion of the local theory,
while a further global theory remains to be developed in our future work.
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In Section 8, as an application of the GL-harmonic analysis we developed be-
forehand, we provide a spectral interpretation of the critical zeros of the automorphic
L-functions L(s, w x x) (Theorem 8.1) for any irreducible cuspidal automorphic
representation = of GL, (A) and any character y of the idele class group of k. It
can be viewed as a reformulation of [40, Theorem 2] in the adelic framework of
A. Connes in [11] and an extension of [11, Theorem III.1] from Hecke L-functions
L(s, x) to automorphic L-functions L(s, 7 X x). The proof uses a combination of
arguments in [40], and those in [11], together with the results developed before
Section 8. Further results along the line of [11] will be written in our forthcoming
work.

2. Godement—Jacquet theory and reformulation

2A. Mellin transforms. We recall the local theory of Mellin transforms from the
book of Igusa [21, Chapter I] and state them in a slightly more general situation in
order to treat the case that meromorphic functions may have poles that are not real
numbers. Since the proofs are almost the same, we omit the details.

Let F be a local field of characteristic zero. This means that it is either the
complex field C, the real field R, or a finite extension of the p-adic field Q, for
some prime p.

When F is non-Archimedean, let o be the ring of integers with maximal
ideal pr and fix a uniformizer @ of pr. Let or/pr = kr =~ [F,. Fix the norm
|x|F = q "9 ™) where ordy : F — Z is the valuation on F such that ordf (wr) = 1.
Fix the Haar measure d™x on F so that vol(d*x, 0r) = 1. Let ¥ = ¥ be an
additive character of F which is trivial on o but nontrivial on @, op. In
particular the standard Fourier transform defined via ¥ is self-dual w.r.t. d*x.
Similarly, fix a multiplicative Haar measure d*x on F'*, which is normalized so
that vol(d*x, 0?) = 1. In particular d*x = (1/¢r (1)) - (d*x/|x|F), where {g(s) is
the local Dedekind zeta factor attached to F.

When F is Archimedean, define on F the norm

2| absolute value of z, F =R,
Z =
4 2z, F =C.

Take the Haar measure d™x on F that is the usual Lebesgue measure on F, and set

d* _
dx_x = zlij’ F o R,
d™x F = (]:’

2 |x|F’

the multiplicative Haar measures on F*. The additive character i = iy of F is

chosen as
exp(2mix), F=R,

VP = {exp(Zni(x %), F=C.
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For convenience, define on F the norm

HZ{HF, F#C,
2 Foc

We denote by X(F ) the set of all quasicharacters of F*. Define the topological
group Qp to be {£1} if F =R, C" if F = C, and the unit group oy if F is
non-Archimedean. It is clear that any y € X(F*) can be written as

2-1 X () = Xu(X) = Xu,0(x) = x|} w(ac(x)),

for any x € F*, with u € C and w € Q}, the Pontryagin dual of Qr. Here
ac(x) =x/|x|f € 0; if F is non-Archimedean, and

e (1), F =R,
(2-2) CO=12 o eer, F=C
Xl

It is clear that the unitary character w of Q2 is uniquely determined by x € X(F*),
in particular, we have

(2-3) w(ac(x)) = ac(x)?,

with p € {0, 1} if F =R and p € Z if F = C. Hence, we may sometimes write
x = (u, w) and w(x) = w(ac(x)) for x € F*.

For any local field F of characteristic zero, following [21, Sections 1.4 and 1.5],
we define the following two spaces of functions associated to the local field F'.

Definition 2.1. Let F(F*) be the space of complex-valued functions f such that:

(1) § € C*®(F*), the space of all smooth functions on F*.

(2) When F is non-Archimedean, f(x) = O for |x|g sufficiently large. When
F is Archimedean, we define {* := d"f/dx" if F = R, and {® = @+ .=
39tb5/(3%x8%%) if F = C and n = a + b. Then we have

F* () = o(lxI7)
as |x|F — ooforany p and any n =a+b € Z>o witha, b € Z>.
(3) When F is Archimedean, there exists
e asequence {my};2, of positive integers,

« a sequence of smooth functions {ay ,,} on {£1} if F =R and on CIX if F=C,
parameterized by m = 1,2, ..., my and k € Z>),

e asequence {At}p2, of complex numbers with {Re(Ax)}2, a strictly increasing
sequence of real numbers with no finite accumulation point and Re(1p) > A € R,
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such that

lim {f(x) =Y arm(acx)|x[Fn x| p)" ! } =0.

—0
xle k=0 m=1

The limit is termwise differentiable and uniform (even after termwise differentiation)
in ac(x).

When F is non-Archimedean, one can take the sequence {A} to be a finite
set A and the sequence {m;} to be a finite subset of Zo. The smooth functions
{ak m(ac(x))} are on the unit group 0;.

Since the topological group 2 is compact and abelian, we have the following
Fourier expansion for the smooth functions {ay ,,(ac(x))} on :

A (aC(x)) = D @k m.ow(ac(x)).

weN

In the Archimedean case, we may write di . = ak,m,p With p € {0, 1} if F =R
and peZif F=C.

Definition 2.2. With the same notation as in Definition 2.1, let Z(X(F ™)) be the
space of complex-valued functions 3(xs.») = 3(| - % w(ac(- ))) on X(F*) such that:

(1) 3(Xs,0) is meromorphic on X(F*) with poles at most for s = —A; with A;
belonging to the given set {A}72, if F' is Archimedean; and belonging to the given
finite set A if F is non-Archimedean.

(2) For any k > 0, the difference

mg

bk,m,w
3(Xs,0) — Z G

m=1

is holomorphic for s in a small neighborhood of —Ay if F is Archimedean; and is a
polynomial in C[g*, ¢g~*] if F is non-Archimedean.

(3) When F is non-Archimedean, the function 3(x, ) is identically zero for almost
all characters w € Q" with Q = 0. When F is Archimedean, for every polynomial
P(s, p) in s, p with coefficients in C, and every pair of real numbers a < b, the
function P (s, p)3(xs.») is bounded when s belongs to the vertical strip

(2-4) Sap ={s € Cla =Re(s) = b},

with neighborhoods of —Xy, —A1, ... removed therefrom. More precisely, there
exists a constant ¢ depending only on P, 3, a, b, but neither on s nor on p, such that

[P (s, P)3(Xxs,0)| < ¢
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when s runs in the vertical strip S, ;, with small neighborhoods of —A¢, —A1, ...
removed.

The main results on the local theory of Mellin transforms established in [21,
Chapter I] are as follows.

Theorem 2.3 (Mellin transforms). There is a bijective linear correspondence M =
MF between the space §(F*) and the space Z(X(F*)). More precisely, for
fes(F™),

MF) (Xs.0) = . FOO Xs,00(x) d7x
defines a holomorphic function on
X_oy(F*) = {Xs,0(+) = |- [Fw(ac(-)) € X(F") | Re(s) > —op}

for some oy € R, which has a meromorphic continuation to all characters x; ., €
X(F*) and belongs to Z(X(F ™)) after meromorphic continuation. Conversely, for

3 € Z(X(F*)) and x € F*, the Mellin inverse transform M;l (3)(x) belongs to the
space F(F*). We have the identities

MM™'G) =3 and M'MF)=F

forany fe§(F*) and 3 € Z(X(F™)). Here the Mellin inverse transform is explicitly
given as follows.
When F is Archimedean, the Mellin inverse transform M;l (3)(x) is given by
| 1 o+ioo .
2-5) MO = Y o / 5.0 5.0 (0) ! ds

—i00
weQ)

with w(ac(x)) = ac(x)?, which defines a function § in F(F*) independent of o >
—o00, and the coefficients ay ., and by, , satisfy the relations

bim.p = (D" m =D ag

foreveryk>0,m>1withp€{0,1}if F=Rand p € Zif F =C. The coefficients
Ak,m,p and by, satisfy the relations

mj,
bk,m,w = Z ej,m(— In q)J_]a}L’j’w—l
j=m
with e; ,, defined by the following identity of polynomials in a formal unknown t:

e 1+e—1
t :Zen,g< —1 )

(=1
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If F is non-Archimedean, the Mellin inverse transform M;l (3)(x) is given by

26) M@ =Y (RescmoG(xs0) 179w (ac(x) 7,

weQN

which defines a function | in §(F>*). Here z = q~*° for abbreviation.

2B. Local theory of Godement-Jacquet. Let G, := GL, be the general linear
group defined over F. Fix the following maximal (open if F is non-Archimedean)
compact subgroup K of G, (F) = GL,(F):

GL,(0of), F isnon-Archimedean,
2-7) K =10(n), F =R,
U(n), F=C.

Fix the Haar measure dg = d*g/|detg|}. on G,(F) where d*g is the measure
induced from the standard additive measure on M, (F), the F-vector space of
nxn-matrices. In particular, G, (F) embeds into M, (F) in a standard way.

Let I1r(G,) be the set of equivalence classes of irreducible smooth representa-
tions of G, (F') when F' is non-Archimedean; and of irreducible Casselman—Wallach
representations of G, (F) when F is Archimedean. Let C(sr) be the space of smooth
matrix coefficients attached to 7.

Let S(M,,(F)) be the space of the standard Schwartz—Bruhat functions on M,, (F).
The standard Fourier transform Fy, acting on S(M,,(F)) is defined as

(2-8) Fy(Hx) = / Y (tr(xy) f(»)dTy,
M, (F)

where 1/ is a nontrivial additive character of F. The standard Fourier transform F
extends to a unitary operator on the space L>(M (F), d*x) and satisfies the identity

(2-9) FyoFy 1 =1d.

For any 7w € I1r(G,) and any quasicharacter y € X(F™), the local zeta integral
of Godement and Jacquet is defined by

@10 26 fn0= [ f@en@nergideel; T g

n(
for any f € S(M,(F)) and ¢, € C(r). The following theorem contains the main
results in the local theory of the Godement and Jacquet zeta integrals [16, Chapter I].

Theorem 2.4. With the notation introduced above, the following statements hold
forany f € S(M,(F)) and ¢, € C(r):
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(1) The zeta integral Z(s, f, ¢x, x) defined in (2-10) is absolutely convergent for
Re(s) sufficiently large and admits a meromorphic continuation to s € C.

) Z(s, f, oz, x) is a holomorphic multiple of the Langlands local L-function
L(s, m x x) associated to (7w, x) and the standard embedding

std : GL,,(C) x GL{(C) — GL,(C).

When F is non-Archimedean, the fractional ideal I, , that is generated by the local
zeta integrals Z(s, f, o=, x) is of the form

Lny ={2(s, [0, X) | [ € S(My(F)), ¢z €C(m)} =L(s, 7w x x)-Clg’, ¢"1;

and when F is Archimedean, the local zeta integrals Z(s, f, ¢, x), with unitary
characters x, have the following property. Let S,  be the vertical strip for any a <b,
defined in (2-4). If P, (s) is a polynomial in s such that the product P, (s)L(s, w X x)
is bounded in the vertical strip S, ;, then the product P, (s)Z(s, f, ¢z, x) must be
bounded in the same vertical strip S, p.

(3) The local functional equation

Z(—s, Fy(F)ols x D=y, mxx,9) - 26, f, @rs X)

holds after meromorphic continuation, where the function ¢)(g) is defined as
0 (g™ € C(F), and y(s,m x x, V) is the Langlands local gamma function
associated to (7w, x) and std.

(4) When F is non-Archimedean and m is unramified, take f°(g) = 1y, 0r)(8)
to be the characteristic function of M, (or) and ¢, (g) to be the zonal spherical
function associated to 7. Then the identity

Z(s, [, ¢z, x) =L(s, 7 X X)
holds for any unramified characters y and all s € C as meromorphic functions in s.

For the statements of the current version of Theorem 2.4, we have some comments
in order. When F' is non-Archimedean, the theorem is [16, Theorem 3.3]. When F
is Archimedean, the statements were established in [16] only for K -finite vectors f
in S(M,,(F)) and ¢, in C(;r), and were extended to general smooth vectors in [23,
Section 4.7] and also in [32, Theorem 3.10]. About the boundedness on vertical
strips, we refer to [23, Section 4].

2C. Reformulation of Godement—Jacquet theory. The local theory of Godement—
Jacquet zeta integrals can be reformulated within harmonic analysis and L>-theory.
For f € S(M, (F)), we define

(2-11) Er(g) :=|detg[}>- f(g)
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for g € G, (F). Then we define the Schwartz space on G, (F) to be
(2-12)  Sqa(Gn(F)) :={€ € C®(G,(F)) | |det g|"/*-£(g) € S(M,(F))}.

Proposition 2.5. The Schwartz space Ssa(G,, (F)) is a subspace of L3(G,(F), dg),
which is the space of square-integrable functions on G, (F).

Proof. For & € Sya(G,(F)), write £(g) = [det g|%/* - £ (g) for some f € S(M,(F)).
We deduce the square-integrability of & by the computation

o B
[, E@f@ds= [ ref@de= [

n

f(@f(gdfg<oo. O
(F)

Define the distribution kernel in the local theory of Godement—Jacquet to be

(2-13) Dgi(g) = p(trg) - |det g2,

where 1 is a nontrivial additive character of F. We compute the convolution
Dgyx &Y for any & € Syu(G,(F)) with £(g) = |detg|'}/2-f(g) for some f €

S(M,(F)):

Dgr #EV(g) = /G o, P WEE™ ) dh

n

= [ V) -Idethly detg™ R f gty dh

n

=/ (F)f(h)xp(trgh) et gh[3/? - |det h[3/* dh

=Idetgl}” [ fyrghd*h
= |det gl - Fy (£)(g)-

Since Fy (f)(g) belongs to S(M,, (F)), by definition, we must have that g * £V (g)
belongs to Syq(G,(F)). We define the Fourier operator Fgy in the Godement—
Jacquet theory to be

(2-14) Fe1(€)(g) = (Pgy*£7)(g)
for any & € Sy4(G, (F)).

Proposition 2.6. For any & € Sya(G,(F)) with £(g) = |detg|}/* - f(g) for some
f € S(M,(F)), the Fourier operator Fgy on Sga(G(F)) and the classical Fourier
transform Fy, on S(M,,(F)) are related by the identity

For(€)(g) = (P *EV)(g) = |det g |- Fy (£)(g) = Idet gy >-Fy (Idet(- )| 7"%€) (g).
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For any & € Sua(G(F)) with £(g) = Idet g[}/ - f () for some f € S(M, (F)),
the zeta integral can be renormalized as

(2-15)  Z(s, f, %,x)=/G (F)Ideth" F(©)ex(g)x(detg)|det g[p

=Z(S, ga(pﬂ’ X)

We compute the other side of the functional equation of the Godement—Jacquet zeta
integrals:

Z(1 =5, Fp (el x ™ —/G . detg |2 Fy (/)@Y (&) x " (g)|detgl

s=1/2 4

1/2-s 4

= / faﬂs)(g)son<g>x*1<g>|detg|”2 ;

= Z(1 -5, Far(§), oy, x 1.
Proposition 2.7. For any & € Sqq(G,(F)), ¢ € C(7), and x € X(F™), the zeta
integral defined by

Z(5, &, @rr X) = /G 1 E@r () x (detg)[detgl]

n

s=1/2 4

satisfies the functional equation

Z(1 =5, Far(®). o7 x ) =y (.70 X X ¥) - Z(5, 6. 90 20,
which holds as meromorphic functions in s.

We are going to understand the Godement—Jacquet distribution ®g;y in terms of
the Bernstein center of G, (F'), when F is non-Archimedean. Recall from [3] that
the Bernstein center 3(G (F)) of a reductive group G (F) over a non-Archimedean
local field F' is defined to be the endomorphism ring of the identity functor on the
category of smooth representations of G(F'). It turns out that the Bernstein center
3(G(F)) can be identified with the space of invariant and essentially compactly
supported distributions on G (F), where an invariant distribution ® on G(F) is
called essentially compactly supported if ® xC°(G(F)) C C°(G(F)). It was
proved in [3] that through the Plancherel transform, the Bernstein center 3(G(F))
can also be identified with the space of regular functions on the Bernstein variety
Q(G(F)) attached to G(F), where Q (G (F)) is an infinite disjoint union of finite-
dimensional complex algebraic varieties.

Proposition 2.8. Let F be a non-Archimedean local field of characteristic zero. For
any m € Z, define
Gn(F)m = {g € Gn(F) | |detg|F =q;m

Let 1,, := 15, (r),, be the characteristic function of G,(F), C G,(F). Then the
following statements hold:



FOURIER OPERATORS AND POISSON FORMULAE ON GL; 317

(1) The invariant distribution

(2-16) PGrm(8) == Pcr(8)16,F), (&) = Pas(8)1m(g)

lies in the Bernstein center 3(G,(F)) of G, (F).
(2) Let fgy.m be the regular function on Q(G,(F)) attached to gy » € 3(G,(F)).
Foreverym € I (Gy), x € X(F*), and s € C, define

Ty, =7 ® xs =7 ® x (det)|det|}.

s

Then the Laurent series

far(r) =Y form(ry,)

meZ

is convergent for Re(s) sufficiently large, with a meromorphic continuation to s € C,
and

farmy) =y (3. 700, %) =v(3 —s. T x x 7, ¥).

Proof. For part (1), we have to show that the invariant distribution ®gy ,,(g) is
essentially compact on G, (F). By a simple reduction, it suffices to show that, for
any open compact subgroup K of G, (or), we have

DGy m* 1 € C(Gr(F)).

Since 1x(g) =1k (g™ H = 1(g), the convolution ®gj , * 1 = Pgy,m * 1) can be
written as

By # 1Y.(g) = / B (W) Lic (g~ ') di
G, (F)

- f By, (gh)Lic(h) d
G (F)
= f W (tr gh)|det gh|"?1,,(gh)1xc(h) dh.
Gn(F)
By definition, 1x(h) # 0 if and only if |deth|r = 1, and 1,,(gh) # O if and only

if |detg|r =q5", ie., g € G4(F),. This implies that 1,,(gh) = 1,,(g). The last
integral can be written as

g1, (o) / ¥ (ir(gh)) L (k) dh,
G,(F)

which can be written as

a7 "1, (g) / ) VI Le 4% = " 1,0 Fy (Lo ).
M, (F)
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Hence, we obtain that
Daym * 1ic(g) = Idet g3 1,0 (9) Fy (1) ().

Since Fy (1x)(g) € S(M,(F)) and |det g[¥/*1,,(g) is smooth on M, (F), we ob-
tain that the convolution ®,, y * 1x(g) belongs to C2°(G,(F)) and the invariant
distribution ®gj ,,(g) is essentially compact on G, (F).

For part (2), recall from [3] that the regular function fgj ,, attached to ®gj , is
defined as follows. For any m € I1r(G,) and v € 7, there exists an open compact
subgroup K of G, (F), such that v € 7, the subspace of K-fixed vectors in 7. We
may define an action of ®gj,, on 7 via

(2-17) T (PGym) (V) = 7T (PGym * ) (V),

where ¢ := vol(K)~'1x is the normalized characteristic function of K. Since
DGy m * o lies in C2°(G,(F)), the right-hand side is well defined, and so is the
left-hand side. It is clear that the action defined in (2-17) does not depend on the
choice of such an open compact subgroup K. By Schur’s lemma, there exists a
constant fgy , (), depending on 7, such that

(2'18) 7T(q)GJ,m) = fGJ,m(n) . Idn-

For each m € Z, we define, for any &£ € C2°(G,(F)),

@19 Fon®@ = @cn*E) @ = [ ®autieh

n

In order to include the quasicharacters y € X(F*) in the gamma function, we
write

(2-20) Orix1(8) == @r[x1(g) = pr(g) x(detg) = (x(g)m(g)v, V),

with v € V; and v € Vi, which is a matrix coefficient of = twisted by x. We may
denote the space of such twisted matrix coefficients of = by C(sr[x]). It is clear
that we have

Z(Sa E’ (pﬂ[x]) :Z(Sa E’ (2 X)

For each m € Z, ¢r[,) € C(w[x]), and x € X(F*), consider the zeta function of
Godement—Jacquet, with Fgj ,, (§) defined as in (2-19),

(2-21) Z(1 =5, Farm©E), iy = 20 =5, Parm *E7, 0y

By part (1) as proved above, we obtain that ®gj, x&Y € C°(G,(F)) for any
& € C°(Gn(F)). Hence, the integral in (2-21) is absolutely convergent for any
s € C when & € C°(G,(F)).
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We write the right-hand side of (2-21) as
(2-22) / Parm+§” (9)¢x (g™ )x " (detg)ldet g /" dg,
Gn(F)
which is equal to

(2-23) Dirm *E7(8) (v, F(8)D) xs—1/2(det g) ' dg
G, (F)

= (v, f <DGJ,m*sV<g>m<g>ﬁdg).
Gn(F)

It is clear that
/ Oarm # £ (O)Ty (@) dg = Ty 2 (@ +EV)D
Go(F)

= Ty, 1 (PGym) Ty, (EV)D).

Since £ belongs to C2°(G,(F)), the vector m(év)ﬁ belongs to the space of
m. By definition, we have

(2-24) T (PGrm) = form(Ty, 1) 1;

.
Xs—1/2

Hence, we can write the right-hand side of (2-23) as
(v, / Dirm (&), 1 (8)D dg) = form Ty ) - (0, Ty, (EV)D).
Gu(F)

Next we compute the twisted coefficient (v, m (£Y)?) on the right-hand side
of the above equation as

(v, Ty, ,(EV)D)

:/ gv(h)(v’m(h)ﬁ)dh:/
G,(F)

£y, (W v, D) dh
Gu(F)

:/ §(h)(ry, 1, ()v, V) dh :/ E(M)@up(h)|det h* 2 dh
G (F) G, (F)

= Z(Sv g’ gDJT[X])
Hence, we obtain the functional equation
(225)  Z(1—s, Farm©). 031,0) = farm Ty, _,,) - Z(s. €, @riy)

for any & € C2°(G,(F)), ¢r € C(mr) and x € X(F*).
Theorem 2.4 implies that, when Re(s) is sufficiently small, the zeta integral
Z(1—s, Fgi(&), (p;[x]) converges absolutely for any & € C2°(G,(F)), any ¢ €
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C(m) and any unitary character y € X(F*). We write it as
Z(l -, -FGJ(E.)’ (/)7\1/[)(])
=Y Z(1—s, Farm(®), o3 = Z(5, & @a11) - Y, farm Ty, 1))

meZ meZ

By comparing with the right-hand side of the functional equation in Theorem 2.4,
we obtain that, whenever Re(s) is sufficiently small,

226)  far(Ty ) =Y farm(Tu) =y, T @ X, %) =y (s, 7y, V).

meZ

By changing s — s + %, we get

fGJ(ﬂy) == J/(S+ %’ 7TX, l[/) = V(%JTXS, ‘/f)

By taking the contragredient of 7, , we obtain that

foy(my,) = )/(% T, ¥) = V(% —s, T xx L ¥).
This finishes the proof of part (2). (]

3. m-Schwartz functions and Fourier operators

3A. Two spaces associated to . For any w € [1r(G,), we are going to define
two spaces associated to w: L (X(F*)) and S, (F™).

The space L, = L (X(F™)) consists of C-valued meromorphic functions 3(x)
on X(F*) that satisfy the following conditions:

(1) 3(xs.0) 1s @ holomorphic multiple of the standard local L-function L(s, 7 X w)
with x; ,(x) = |[x[pw(ac(x)).

(2) If F is non-Archimedean, 3(x;.,,) is nonzero for finitely many w € Q”, and
for each w € Q" 3(xs5.0) € L(s, m x w) - C[g*, ¢~*].

(3) If F is Archimedean, for any polynomial P(x; ) = Ps(s), if the function
P(xs5.0)L(s, m X w) is holomorphic in any vertical strip S, as in (2-4), with
small neighborhoods at the possible poles of the L-function L(s, 7 X w)
removed, then for any 3(xs.») € Ly, the product P(xs.4,)3(Xs.0) is bounded
in the same strip S, 5, with small neighborhoods at the possible poles of the
L-function L(s, m X @) removed.

From part (3), we define a seminorm to be

Ma,p:p(3) := sup |P(Xs,a)) : Z(Xs,a))l-
a<Re(s)<b

Then the space £, is complete under the topology that is defined by the family of
seminorms [, p: p for all possible choice of data a, b; P as in part (3) [23, Section 4].
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Proposition 3.1. For any nw € I1(G,), the space L is a subspace of Z(X(F ™))
as defined in Definition 2.2.

Proof. When F is non-Archimedean, the statement is a consequence of Theorem 2.4.
We would like to focus on the case when F is Archimedean. In this case, it suffices
to estimate the boundedness condition. To do so, recall the classical Stirling formula
(see [23, p. 81], for instance)

(3-1) I(x+iy)~ (27-[)1/2|y|x—1/26—(ﬂ/2)|y|

for x fixed and |y| — oo.

Consider the Archimedean local L-functions L(s, w X w) = L(s, w x ac(-)?),
which can be explicitly expressed in terms of classical I'-functions with the local
Langlands parameter of 7. For instance, from [16, Section 8], there exists a finite
family of pairs {(/;, u;)}i_, with
7727 ~{0,1}, F =R,

Z, F=C,

such that in the fixed bounded vertical strip

u,-e([:, l,‘E{

Sap =1{s € C|a <Re(s) < b},
up to a bounded factor in S, ,, we have

[Ty T (F52), F=R,

I T(s+u + 122y, F=c,
i=1 2

with p € 2/27 ~ {0, 1} if F =R; and p € Z if F = C. Here [; 4+ p is understood
to be zero if both /; and p are equal to 1 when F = R.

It follows from the classical Stirling formula in (3-1), in particular the exponential
decay of I' (x+iy) along the imaginary axis, for any polynomial P, (s) = P(s) € C[s]
when F =R, and P,(s) = P(s, p) € C[s, p], the product P (s, p)L(s, T x ac(-)?)
is bounded in vertical strip S, , with small neighborhoods at the possible poles
removed. Hence, from the definition of the space L, (X(F*)), for any 3(xs.») €
L7 (X(F>)), the product P(s, p)3(x), with x (x) = |x|%ac(x)” is bounded in ver-
tical strip S, , with small neighborhoods at the possible poles of the L-function
L(s, m x ac(-)?) removed. Therefore, we obtain that the space L, = L, (X(F*))
is contained in the space Z(X(F ™)), as defined in Definition 2.2. O

L(s,m xac(')”)fv{

For any 7 € [1r(G,,), we define (Definition 3.3) the 7w -Schwartz space S, (F*) C
C>(F™) attached to m, by using the theory of local zeta integrals of Godement—
Jacquet, and prove that

(3-2) S (F*) = M~ (Lz) CC®(FX)
by Theorems 2.3 and 2.4.
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Consider the determinant map
(3-3) det =detr : G, (F) =GL,(F) — F*.

It is clear that the kernel ker(det) equals SL, (F). For each x € F'*, the fiber of the
determinant map det is

(3-4) Gn(F)y:={g € Gu(F) | detg = x}.

It is clear that each fiber G,,(F), is an SL, (F')-torsor. Hence, one has the SL,, (F)-
invariant measure d, g that is induced from the (normalized) Haar measure d;g on
SL,(F).

For & € S3q(G,(F)) as defined in (2-12), ¢, € C(;r), and x € X(F*), the local
zeta integral of Godement and Jacquet, as normalized in (2-15), can be written as

—1/2

(5 Zegen0=[ ([ @@ dg)xlxly " ax.
FX*NJ Gy (F)x
By part (1) of Theorem 2.4, the local zeta integral converges absolutely for Re(s)
large. Hence, the inner integral of (3-5) satisfies

(B-6) ey ()= /G E(2)gn (g) deg = x| £(@)px(2) drg.

n X n X

if £(g) = |detg|"/? - f(g) for some f € S(M,(F)), is absolutely convergent for
almost all x € F* and defines the fiber integration along the fibration in (3-3).

Proposition 3.2. For & € Sgq(G,(F)) and ¢, € C(r), the fiber integration in (3-6)
that defines the function ¢z , (x) is absolutely convergent for all x € F*, and the
function ¢¢ , (x) is smooth over F*.

Proof. Tt is enough to show the proposition for the integral

(3-7) / 7(9)9x(g) dig
G, (F)x

with any f € S(M,,(F)) and ¢, € C(sr). In this case, the product f - ¢, is smooth on
G, (F). Since the fiber G, (F), for any x € F* is closed in G, (F) and in M,,(F),
the restriction of f to the fiber G,(F), is a Schwartz function on G, (F), (see [5]
for F non-Archimedean and [1, Theorem 4.6.1] for F Archimedean).

When F is non-Archimedean, any ¢ (g) € C(rr) is locally constant (smooth) on
G, (F), and hence is smooth on the fiber G, (F),. This implies that the restriction
of f - ¢, is locally constant and compactly supported on the fiber G, (F),. Hence,
the integral in (3-7) is absolutely convergent for all x € F*, and defines a smooth
function in x over F*.

When F is Archimedean, since 7 is a Casselman—Wallach representation of
G, (F), the matrix coefficient ¢, has at most polynomial growth on G, (F) [45,
Theorem 4.3.5], as well as on the fiber G, (F),. This implies that the restriction of
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f - @ is a Schwartz function on the fiber G, (F), ([1, Definition 4.1.1]). Thus the
integral in (3-7) is absolutely convergent for all x € F*. Now we write the integral
in (3-7) as

(3-8) / f(@er(g)dig = / fti(x)g)ex(t1(x)g) dig,
Gn(F)y SL, (F)

where #;(x) = diag(x, 1,...,1) € G, (F) and d; g is the Haar measure of SL, (F).
It is clear that the absolute convergence of the integral in (3-8) is uniform when x
runs in any compact subset of F*. Hence, the integral in (3-7) defines a smooth
function in x over F'*. O

For & € 54a(G(F)) and ¢, €C (), the function ¢ ,,_(x) given in Proposition 3.2
via the fiber integration (3-6) is called a & -Schwartz function on F* associated to
the pair (€, ¢, ). Here is the definition of w-Schwartz space.

Definition 3.3 (r-Schwartz space). For any 7 € I1r(G,,), the space of w-Schwartz
functions is defined by

Sp(F™) = Span{¢: ,, € C*(F*) | & € Sa(Gn(F)), ¢ € C(m)},
where the 7-Schwartz function ¢¢ . associated to a pair (&, ¢, ) is defined in (3-6).

For any ¢ € S, (F*) and a quasicharacter x € X(F ™), define a GL| zeta integral
Z(s, ¢, x) associated to the pair (¢, x) to be

(3-9) 26,90 = [, p@xlly P dx,

When ¢ = ¢ ,, for some & € Sq(G,(F)) and ¢, € C(r), from Theorem 2.4, we
have the identity of local zeta integrals

(3'10) Z(S’¢v X)=Z(S"§"Pn,)(),

which holds for Re(s) sufficiently large and then for all s € C by meromorphic
continuation. Therefore, Theorem 2.4 can be restated for the GL; zeta integrals

Z(s, ¢, X).
Theorem 3.4 (GL; zeta integrals). The GL zeta integral Z(s, ¢, x) as defined in
(3-9) for any ¢ € S, (F*) and any quasicharacter x € X(F*) enjoys the properties:

(1) The zeta integral Z(s, ¢, x) is absolutely convergent for Re(s) sufficiently large,
and admits a meromorphic continuation to s € C.

(2) The zeta integral Z(s, ¢, x) is a holomorphic multiple of the Langlands local
L-function L(s, w X x) associated to (7w, x) and the standard embedding

std : GL,,(C) x GL;(C) — GL,(C).
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When F is non-Archimedean, the fractional ideal generated by the local zeta
integrals Z(s, ¢, x) is of the form

{Z(s. 0, x) | peS(F*)}=L(s,w x x)-Clg’. q¢"°1;

and when F is Archimedean, the GL| zeta integrals Z(s, ¢, x), with unitary char-
acters x, have the following property. Let S, 1, be the vertical strip for any a < b, as
defined in (2-4). If Py (s) is a polynomial in s such that the product P, (s)L(s, T X x)
is bounded in the vertical strip S, p, with small neighborhoods at the possible poles
of the L-function L(s, X x) removed, then the product P, (s)Z(s, ¢, x) must be
bounded in the same vertical strip S, p, with small neighborhoods at the possible
poles of the L-function L(s, w X x) removed.

(3) When F is non-Archimedean, and m is unramified, define
Ly (x) = ¢§°,(p,‘; (x),

where £°(g) = |detg|”/21Mn(0F)(g), with 1p, o) (8) being the characteristic func-
tion of M, (oF), and @5, (g) is the zonal spherical function associated to 7. Then the
identity

Z(s, Ly, x)=L(s, T X x)

holds for any unramified characters y and all s € C as meromorphic functions in s.

We are going to discuss the relation between the m-Schwartz functions and the
square-integrable functions in L?(F*, d*x).

Proposition 3.5. For any w € I1p(Gy,), there exists a real number oy such that for
any ¢ € Sy (F™) and for any k > oy +n/2, the function |x|'p¢ (x) belongs to the
space L>(F*, d*x) of square-integrable functions on F*.

Proof. For any op € R, we consider the following inner product of the function
|x|%0/2¢ (x) for any ¢ (x) € Sz (F*). We write ¢ = ¢z, for some & € Sga(G,(F))
and @, € C() and write £(g) = |det g|%/* f(g) with f € S(M,(F)). Then

G110 [ @@kl d*x

= / |90 4% x / F(g)9x (1) F(8)@n (82) drgi drgo
F* det g1 =det go=x

-/ F(@)0x (21 F(82)0x (g2)ldet 15" der, £2)°,
(Gu(F)xGn(F))°

where (G, (F) x G, (F))° :={(g1, 82) € Gu(F) x G,(F) | detg; = det g»} and
d(g1, g2)° is a Haar measure on (G, (F) x G,(F))°, which makes the above fiber
integration factorization hold.
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We consider the natural embedding
(Gn(F) x Gu(F))° = (Mu(F) x My (F))°
with an open dense image, where
(M, (F) x M,(F))*:={(X,Y) e M,(F) x M,(F) |det X =detY},

which is the fiber product with respect to the determinant map X +— det X, and is a
closed subvariety of the affine space M,,(F) x M,,(F). The natural group action of
G, xG,onM,x M, via

(& (X, Y)) = (gX,hY)

for (g, h) € G, x G, and (X, Y) € M, x M,, yields the action of (G, (F) x G,(F))°
on (M, (F) x M,(F))° by restriction. Take d*X A d'Y to be an additive Haar
measure on M, (F) x M, (F) with |det gh|’ the modulus function of the action of
G, xG, on M, x M,. Take the measure d* (X, Y)° on (M,,(F) x M,,(F))°, which is
the pullback of the measure d* X Ad™Y through the fiber product embedding. Then
the modulus function of the action of (G, (F) x G,(F))° on (M, (F) x M,,(F))° is

|det ghl}. = |det g|3" = |det k|3

for any (g, h) € (G, (F) x G,(F))°. It is easy to check that d* (g, h)°/|det gh|}. is
a Haar measure on (G, (F) x G,(F))°. Hence, there is a constant ¢ > 0, such that

d* (g, h)°

d(g,h)°=c. —=——.
(81" = et ghly

The integral in (3-11) can be written as

(3-12) F(X)pr(X) f (V)@ (Y)|det X|5 7" dT (X, Y)°.

‘/(‘Mil(F)XMn(F))O
Here we assume that «g > n and both ¢, (g1) and ¢, (g2) are viewed as measurable
functions on M, (F) that extend by zero to the boundary M,,(F)\GL, (F).

Since the F-analytical manifold (M, (F)x M, (F))° isclosedin M, (F)x M, (F),
the restriction of the Schwartz function f(g;) x @ to (M,,(F) x M, (F))° is
still a Schwartz function, which is smooth and compactly supported when F
is non-Archimedean, and is in the sense of [1] when F is Archimedean. By
Theorem 2.4, the zeta integral of Godement—Jacquet Z(s, f, ¢, x) converges
absolutely for Re(s) sufficiently large. It follows that for any = € [1¢(G,), there
exists a real number o, such that for any ¢, € C(x) and any Re(s) > o, the
product |det(g)|%¢x () is bounded when det g tends to zero.
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We write the F-analytical closed submanifold (M, (F) x M, (F))° as a union of
two closed submanifolds:

(M (F) x My (F))° = (Mu(F) x My(F))2, UM (F) x My(F))Z,,

where

(M, (F) x My(F))2, ={(81, 82) € My(F)**" | |det g | > ¢}
and
(M (F) x My(F)2, ={(g1. 82) € My(F)* %" | |det gy | < &}.

For any 7 € I[1(G,), the restriction of the product ¢ (g1)¢x (g2) - |det g1 " to the
closed submanifold (M, (F) x M,(F))2, is of moderate growth and its restriction
to the closed submanifold (M, (F) x MH(F )2, is bounded whenever Re(s) >
2a; +n. Itis also clear the Schwartz function f(tgl) X ]ng) on (M, (F)xM,(F))°
remains a Schwartz function when restricted to either the closed submanifold
(M, (F) x M, (F))2, or the closed submanifold (M, (F) x M, (F))2,. Hence, for
any «g € R with ozo_z 20, + n, the integral -

/ FX)@r (X) f(V)r (V)|det X |27 d* (X, ¥)°
(M, (F)x My (F))°

converges absolutely, and so does the integral
[ p@@wlxl ax

It follows that the product ¢ (x)|x|% is square integrable on F* for x = op/2 >
oy +n/2. U

Corollary 3.6. If r € I1(G,) is unitarizable, then for any ¢ € Sy (F*), the func-
tion |x|nF/ 2. ¢ (x) belongs to the space L*>(F*, d*x) of square-integrable functions
on F*.

Proof. If m € T1r(G,,) is unitarizable, then the matrix coefficient ¢, (g) is bounded
above over G,,(F). For ¢ € S, (F*), we write ¢ = ¢¢ o, With & € S (G, (F)) and
¢ € C(), and write é(g) |detg|F - f(g) with f € S(M,,(F)). We compute
the inner product of |x|’; F -¢(x) as

(-13) [ @@Oll} dx
L Gnenenlda [ 1 (@2)en (8] degad*x

n X

<c<qon>/ x| f |f(g1>|dxg1/G | £(g2)| degad*x

n x
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for some positive constant c(¢,) depending on ¢,. By following the proof of
Proposition 3.5, we obtain that

G-14) [ S Ixl}d*x <c-clpx) /( FCOLFMI (X, Y)°.

M, (F)x My (F))°

The integral on the right-hand side of (3-14) comes from the integral in (3-12) with
g = n. As explained in the proof of Proposition 3.5, the product f(X) x f(Y) is
a Schwartz function on (M,,(F) x M, (F))°. Hence, the integral on the right-hand
side of (3-14) converges. O

By using Proposition 3.5 and Theorem 3.4, together with Theorem 2.3, we are
able to understand the w-Schwartz space S; (F*) by means of the L-functions
L(s,m x x) for any w € [1g(n).

Proposition 3.7. For any w € I1p(G,,), the m-Schwartz space Sy, (F*) is contained
in the space §(F*) as defined in Definition 2.1

Proof. Note first that the GL| zeta integral attached to ¢ € S, (F'*) is the same as the
Mellin transform of ¢ up to a shift in s by the unramified part of x. By Theorem 3.4
and Proposition 3.1, the image of S, (F*) under Mellin transform is contained in
the space L (X(F*)) and hence in the space Z(X(F*)). By Theorem 2.3, for any
¢ € S, (F*), there exists ¢g € F(F*), such that

(3-15) M(p—do)(x) =0

holds identically for any quasicharacter x € X(F*). It remains to show that
¢ — ¢o = 0 holds identically. By smoothness of ¢ and ¢y, it suffices to show that
after unramified twist, both ¢ and ¢ are square integrable on F*.

For ¢¢ € §F(F™), there exists so € R such that, for any Re(s) > so,

lim ¢o () |x [ =0,
x—0

and the limit is preserved by differentiation on both sides when F is Archimedean.
It follows that ¢o(x)|x|% is indeed square integrable on F'* for Re(s) > so, via the
asymptotic formula appearing in the definition of F(F*).

For any ¢ € S;(F*), by Proposition 3.5, there exists a; € R.¢ such that
the function |x[}%¢ (x) is square integrable if Re(s) > o, +n/2. By taking « >
max{sy, &, +n/2}, we obtain that both ¢o(x)|x|% and ¢ (x)|x|} are square inte-
grable over F*. From (3-15), we obtain that the Mellin transform

M($@)|x [ = po(x)|x 1) (x) =0

for all quasicharacters y € X(F™), in particular, for all unitary characters x of F*.
Therefore, by the Mellin inversion formula (Theorem 2.3), we obtain that

e L
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as functions in the space L?(F*,d*x). Since both ¢ (x) and ¢(x) are smooth, we
must have that ¢ (x) = ¢o(x) € F(F>). [l

Finally we are ready to characterize the Mellin inversion M~YL,) in terms of
the w-Schwartz space S, (F*) as in (3-2).

Corollary 3.8. For any w € I1p(G,), the Mellin inversion M~ (L) coincides
with the space Sy (F™) defined by

Sp(F*) =M™ (L) CC®(F).

In particular, the space C2°(F>) of smooth compactly supported functions on F*
is contained in the w-Schwartz space Sy (F*).

Proof. By Proposition 3.7, we have that the space S, (F*) is contained in the
space §(F*). By Theorem 3.4, the Mellin transform (GL; zeta integral) of the
space Sy (F*) is equal to the space £, = L;(X(F*)). Hence, we obtain that
Sz (F*) = M~1(L,), because the Mellin transform is a bijective correspondence
between the space §(F*) and the space Z(X(F*)) (Theorem 2.3). Finally, since
the space £, contains the space of holomorphic functions on X(F*) that are of
Paley—Wiener type along the vertical strips, it is clear from Theorem 2.3 again that
C°(F™) is contained in the 7 -Schwartz space Sy (F™). O

The relevant functional equation for GL; zeta integrals will be discussed in the
next section.

3B. Fourier operators. We define a Fourier operator F y from the 7-Schwartz

space S; (F*) to the -Schwartz space Sz (F*) for any 7w € [1r(G,) with smooth

contragredient 7 and prove the functional equation for GL; zeta integrals Z (s, ¢, x).
The Fourier operator (transform) F y is defined by the diagram

(Far. (1))

Sstd(Gr(F)) ®C () Sstd(Gr(F)) @ C(7)
(3-16) l l
Fry
Sy (FX) Sz(FX)

where v is a nontrivial additive character of F. More precisely, for ¢ = ¢¢ o, €
Sy (F*) with a & € S4q(G,(F)) and a ¢, € C(;r), we define

(3-17) Frp (@) = Fry (Ds.0,) = Gre6).08
where ¢ (g) = ¢, (g~!) € C(7). Hence, we obtain that
(3-18) Fry @) = Fr y(Pe.p,) € Sz (F™).

It remains to check that the definition of the Fourier operator in (3-17) is independent
of the choice of & € Ssq(G,,(F)) and ¢, € C(m).
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Proposition 3.9. The Fourier operator Fy y as in (3-17) is independent of the
choice of & € Sqq(G,,(F)) and ¢, € C(m).

Proof. Assume that ¢, o | = Ps, ¢, , for some &, & € S (G, (F)) and @z 1, 2 €
C(rr). We want to show that Fr y (¢¢, ¢, ) = Fr,y (D.0,,)-
From (3-10), we must have that

Z(sv él? 9071,19 X) = Z(Sv 527 %1,2: X)

for all quasicharacters x € X(F*) and all s € C. Of course, the identity holds for
Re(s) large and then for all s € C by meromorphic continuation. By the functional
equation in Proposition 2.7, we obtain the identity

Z(1—s, FayED o)1 x D =20 —s, Fai(82), ¢ . x ™)

for all x € X(F*) with Re(s) sufficiently small first and then all s € C by meromor-
phic continuation. It follows by the identity in (3-10) again that, for all x € X(F*)
and for Re(s) 4+ Re() sufficiently large, the identity

s—1/2
[ @raen s, (0 = Sraen.or, DX Olly 2 d*x =0

holds. By Proposition 3.7, we have that ¢ )7, (X) — @74y, (¥) belongs to
&(F*). Finally, by Theorem 2.3, we must have that '

¢'FGJ(§1)"/’;¥,1 () — ¢fGJ($2),<pV2(X) =0

T,

as functions on F'*. Therefore, we proved that
¢FGJ($1),</?7¥,| (x) = ¢]:GJ(§2)#J;,2 (x)

as functions on F*, and F y (g, ¢, ) = Fr.y (De5,0.,)- O

The following theorem on the local functional equation for the GL; zeta integrals
Z(s, ¢, x) is a direct consequence of Theorem 2.4 and Proposition 3.9.

Theorem 3.10 (GL, functional equation). For any w € I1p(G,) and its contragre-
dient 7 € N1 p(G,), there exists a Fourier operator Fr,y, which takes ¢ € Sy (F*)
to Fr .y (@) € Sz (F*), such that, after meromorphic continuation, the functional
equation

Z(l=s, Fay @), x ) =vy(s,m x x,¥)- Z(5, ¢, x),
holds for any ¢ € Sy (F*). The identities

‘Fﬁ,lﬁ’l o'/—-'ﬂ,w =1Id and ]:77,1# 0]:77,10*1 =1d
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hold. When F is non-Archimedean, and r is unramified, the Fourier operator Fy y
takes the basic function L; € S;(F>) to the basic function L3 € Sz (F*):

Fﬂ,"//([l-ﬂ) = [l—ﬁs

where the basic function Ly is defined in Theorem 3.4.

4. m-Poisson summation formula on GL;

Let k be a number field and A be the ring of adeles of k. Denote by |k| the set of
all local places of k and by |k|. the set of all Archimedean local places of k. We
may write

k= lkloc U Ikl f,

where |k is the set of non-Archimedean local places of k. For each v € |k],
we write F' = k,. Let I1a(G,) be the set of equivalence classes of irreducible
admissible representations of G, (A). If we write m = ®ve| k| Tvs then we assume
that 7, € Iy, (G,,), where at almost all finite local places v, the local representations
m, are unramified. When v is a finite local place, , is an irreducible admissible rep-
resentation of G, (k,), and when v is an infinite local place, we assume that 7, is of
Casselman—Wallach type as representation of G, (k,). Let A(G,) C I14(G,) be the
subset consisting of equivalence classes of irreducible admissible automorphic repre-
sentations of GL, (A\), and Acusp(G,,) be the subset of cuspidal members of A(G,).

4A. m-Schwartz space and Fourier operator. Take any 7 = ), clk) v € Ia(G,).
At each v € |k|, the ,-Schwartz space Sy, (k,’) is defined in Definition 3.3. Recall
from Theorems 3.4 and 3.10 the basic function L, € Sy, (k) of 7, when the local
component , of 7 is unramified. It is clear from the definition that L, (1) =1
(We have to normalize various local measures in the computations. Actually it
follows from the fact that the Laurent expansion of the unramified local L-factor
has constant term 1.)

For the given 7 =), 77, € [1a(G ), we define the 7r-Schwartz space on A* to be

(4-1) S (W) := Q) S, (k)
velk|

which is the restricted tensor product of the local ,-Schwartz space Sy, (k) with
respect to the family of the basic functions L, for the local places v at which m,
are unramified. The factorizable vectors ¢ = Q) ¢, in Sy (A*) can be written as

(4-2) ¢(x) =[] bv(xn).
vElk|

Here for almost all finite local places v, ¢,(x,) = Ly, (x,). According to our
normalization, we have L, (x,) = 1 when x, € o, , the unit group of the ring o, of
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integers at v. Hence, for any given x € A*, the product in (4-2) is a finite product
over Archimedean local places and finitely many non-Archimedean local places
containing all ramified local places of 7.

For any factorizable vectors ¢ = ), ¢, in Sy (A*), we define the w-Fourier
operator

(4-3) Frp (@) 1= Q) Fro (1),

velk|

where for each v € |k|, F5, y, is the local Fourier operator as defined in (3-16)
and (3-17). It is clear that F, , takes the m,-Schwartz space Sy, (k) to the
7y-Schwartz space Sz, (k,) and enjoys the property

]:nu,w(l]—n,)) = |]—7~rv

when the data are unramified at v. Hence, the Fourier operator F y as defined in
(4-3) maps the -Schwartz space S, (A*) to the 7-Schwartz space Sz (A*).

4B. Global zeta integral. For any 7 = ), 7, € [1a(G,), we define the global
zeta integrals to be

(4-4) 26.0.00= [ p@x@l avx
AX
for any ¢ € S; (A*) and characters x of k*\A*. When ¢ = Q) ¢,, we have

26,0 =[] 26 60, x).
velk|
Let S be a finite subset of |k|, which contains all Archimedean local places and all
the finite local places v at which m, or y, is ramified. Then we write

Z(s,¢, 0 =L, x x)- [ 205, bv x0),

ves

according to Theorem 3.4. If 7 is unitarizable, the partial L-function L5 (s, 7 X )
converges absolutely for Re(s) large. By Theorem 3.4 again, the finite Euler product
]_[VE s Z(s, ¢y, xv) converges absolutely for Re(s) large. We deduce the following
proposition.

Proposition 4.1. Let & € [1a(G,) be unitarizable. Then for any ¢ € S;(A*)

and any character y of k*\A*, the zeta integral Z(s, ¢, x) as defined in (4-4)
converges absolutely for Re(s) sufficiently large.

We apply Proposition 4.1 to the case that 7 € Acusp(Gr) C A(G,) C TTa(Gp).
If 7 € Acusp(Gr), then it is unitary. In this case, the zeta integral Z(s, ¢, x) can be
identified with the Godement—Jacquet global zeta integral. For any f =), f, €
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S(M,(A)) and any ¢, € C(1r), the Godement-Jacquet global zeta integral is defined
to be

4-5) Z(s, f, Ors X) :=/ F(9)@x (2)x (det g)|detg|‘;+("_1)/2 dg.
GL,(A)

Theorem 4.2 [16, Theorem 13.8]. For m € Acusp(G,) and any unitary automorphic
character x of k*\A*, the global zeta integral Z(s, f, pr, x) converges absolutely
forRe(s) > (n+ 1)/2, admits analytic continuation to an entire function in s € C,
and satisfies the global functional equation

(4-6) Z(, from x)=Z(—s5, Fy(f), 02, x7H,

where Fy is the global Fourier transform from S(M, (A)) to S(M,,(A)) associated
to the additive character ¥ of k\A.

For Re(s) > (n+1)/2, we write

A7) Z6, frfns X) = / (|x|g/2 / f(g)gon(g>dxg)x(x)|x|i\‘”2dxx,
Ax Gp(A)y

where G, (A), :={g € G,(A) | detg = x} is an SL, (A)-torsor, and the measure
d, g is SL, (A)-invariant. As in the local situations, we define, for any x € A*,

(4-8) gy, (x) :=/G “ £(Q)pn(g)dig = IXIKﬂ/ F(©)ex(g) dig,

where £(g) := |detg|K/2 - f(g) belongs to the space
@9  Su(Ga(A) = {& €C®(G(A)) | £(g) - Idet gl "> € S(M, (A))).
It is clear that
(4-10) Ssd(Gr(A)) = ® Sstd (G (ky)).
veElk|

Write G, (A) as a direct product decomposition:
(4-11) Gu(A) = A, (R - Gu(A)',

where G,(A)! :={g € G,(A) | |detg|a = 1} and A,(R)™ is the identity connected
component of the center Zg, (R) of G,(R). As in [16, Section 13], any matrix
coefficient ¢, of T € Acusp(G,) can be written as

(4-12)  ¢a(g) = /

ar (hg)az () dh = / ax (hg)az (k) di
Ap(R)TGL(\Gr(A)

Gu(\G,(A)!

for some o, € V; and a5 € Vi, where V, is the cuspidal automorphic realization
of 7 in L*(G, (H\G,(A), ) with central character w, = w. In this case, we
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have wz = w~!. In the integral in (4-8), the coefficient ¢, (g) is bounded over
G,(A). Since f € S(M,,(A)) and G, (A), is a closed submanifold in M, (A), the
restriction to G, (A), of the Schwartz function f is still a Schwartz function on
G, (A),. Hence, the integral in (4-8) converges absolutely for any x € A*, and the
convergence is uniform when x runs in any given compact neighborhood of A*.

Proposition 4.3. For w € Acusp(Gy), the function ¢z o (x) as defined in (4-8) is

smooth on A*. If £(g) =@, & = |det g|"/*- f(g) € Saa(G,(A)) with f =R, f, €
S(M,(A)) and o = Q),, ¢x,, then the function defined by

bz, (x) = 1_[ bg,.0r, (X0)

velk|
for any x € A* belongs to S, (A™).

Proof. Since the integral in (4-8) converges absolutely for any x € A*, and the
convergence is uniform when x runs in any given compact neighborhood of A,
the function ¢, (x) is smooth on A*.

To prove the second statement, we take f = @), f, € S(M,(A)). Since C() =
®, C(my), we take ¢r = Q), ¢, With ¢ € C(m,). Then there exists a finite
subset Sp which contains all Archimedean local places of k such that for any finite
local place v of k, if v € So, then f, = f =1, (o,), 7v is unramified and ¢, = ¢} ,
which is the zonal spherical function on G, (k,) associated to m,. For any x € A*,
and for any finite subset S of |k| that contains Sy and x, € 0 if v & S, we have

(4-13) ¢z, (x) =f

det g=x

£(9)px(g) drg=lim [ / £,(80)¢r, (80) dr, &

ves det g,=x,

with £(g) = |detgly/” - f(g) and & = ®, &, where &,(g) = Idet g1/ - fu(g). At
v ¢ S, we have |x,|, = 1 and the local integral identity

f & (8v) ¢, (8v) dx,&v
det g,=x,
= f 1M,,(o,,)(gv)(p:[v (gv) dx‘,gv = VOI(Gn(UV)xU) =1
det g,=x,

Hence, we obtain that ¢z, (x) =[], @e,.¢,, (x). O

Hence, we obtain the relation between the global GL; zeta integrals defined in
(4-4) and the global Godement—Jacquet zeta integrals defined in (4-5).

Corollary 4.4. If 1 € Acusp(Gr), then for any ¢ = ¢, € Sz (A™) with £(g) =
|detg|g/2 - f(g) € Sstd (G, (A)) for some f € S(M,,(A)) and ¢, € C(), the identity

Z(S, ¢’ X) = Z(S, f? 9077:, X)
holds for any character x of k*\A* and Re(s) sufficiently large.
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Proposition 4.5. If 1 € Acysp(G), then for any ¢ = ¢z, € Sy (A™) with £(g) =
\det g|%/% - £ () € Sua(Gu(A)) for some f € S(M,(A)) and g € C(rr), the identity

Frp (Pe.0,)(X) = dF6y6).0y (X)

holds for any x € A*. For any x € A*, the A* -equivariant property

Frp @) = Fry @) (vx7)
holds, where ¢ (y) := ¢ (yx).

Proof. Assume that ¢ = ¢z, € Sz (AX) with £(g) = |det g|%/* £ () € Ssa(Ga(A))
for some f € S(M,(A)) and ¢, € C(r) is factorizable: ¢ = ), ¢,. By definition
(4-3), we have

Frp @) = [ ] Froorn (@) ).

velk|

Write ¢, (x,) = ¢%,.¢,, (x,). Then we have

fﬂv,wu (¢U)(xv) = ¢‘FGJ9V(§V)5¢;[/U (xv).

When the data involved are unramified, we have from the simple calculation below
(4-13) that Fy, y, (¢y)(x,) = 1. Hence, we obtain

Frp @)@ = [ Frvo @0)50) = [ [ b0z, (50) = brener.on ()

as in (4-13).

In order to verify the A*-equivariant property F y (¢™)(y) = Fr,y (¢)( yx~1) for
any x, y € A, itis enough to verify that the local Fourier operators F, y, for all lo-
cal place v € |k| enjoy the same equivariant property. This local equivariant property
for the Fourier operators 7, y, can be deduced from the local functional equation
for the zeta integral Z(s, ¢, x) in Theorem 3.10 through a simple computation. [J

We can deduce the following result from Theorem 4.2.

Theorem 4.6. Let w be an irreducible unitary cuspidal automorphic representation
of G,(A) with the local component w, being of Casselman—Wallach type at all
V € |k|oo. For any ¢ € S;(A™) and any unitary character x of k*\A*, the global
zeta integral Z(s, ¢, x) converges absolutely for Re(s) > (n+1)/2, admits analytic
continuation to an entire function in s € C, and satisfies the functional equation

Z(s, 0, x)=Z(1 =5, Fry(@), x ™1,

where F y is the Fourier operator as defined in (4-3) that takes Sy (A™) to Sz (A™).
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4C. m-Poisson summation formula. We establish here the Poisson summation
formula on GL; for the Fourier operator F; y, which is associated to any 7 €
Acusp(Gr), and takes S (A™) to Sz (A™). Technically, it is possible to establish
such a summation formula from the global functional equation in Theorem 4.6.
However, we are going to take a slightly different way below.

Theorem 4.7 (7-Poisson summation formula). For any m € Acusp(Gy), take T to
be the contragredient of w. For any ¢ € Sy (A*), the w-theta function

Or (x, $) := ) p(ax)

aek>

converges absolutely and locally uniformly for any x € A, and we have the identity

O (x,9) =Oz(x"", Fry (),

as functions in x € A*, where Fy y is the Fourier operator as defined in (4-3) that
takes S; (A™) to Sz (AX).

Proof. Itis clear that O (x, ¢) =0, (1, ¢*) with ¢* (y) =¢ (xy). By Proposition 4.5,
we have Oz (x !, Fry (@) =0z, Fry(@")). Since ¢ € Sy (A™) is arbitrary, it
is enough to show that

Ox(1,9):= Y ¢(@)

aek>

converges absolutely and the identity

Oz (1, ¢) = Oz (1, Fry ()

holds.

In order to prove that the summation ®; (1, ¢) is absolutely convergent, we
write ¢ = ¢, € Sy(AX) with £(g) = |det g[l/* - £(g) € Sa(Gn(A)) for some
f e SM,(A)) and ¢, € C(). From (4-12) we have

4-14) ¢ (g) = /

ARG ()\Gn(A)

Pi(hg)p2(h) dh = / p1(hg)p2(h) dh

Gn(\Gn(A)!

for some B; € V; and 8, € Vi, where V; is the cuspidal automorphic realization
of 7 in L*(G,,(k)\G,(A), w) and so is Vz.
First, we have that

@15 O7(1,¢) =) ¢z, (@)

aek>

=3 ewf B1(hg)Ba(h) dh dyg.
n(A)g G (\G,(A)!

aek>
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By changing variable g — h~! g, we have that det g = «-det 4 and the last expression
in (4-15) becomes

@i | S T 9B @B dueng b
Gy (k)\Gn (A)l Gn(A)g.deth

aek>

For g € G,,(A)q.detn» We change g to t1(«) - y with det y = deth, where () =
diag(c, I,—1) € G, (k). Then (4-16) can be written as

4-17) /
Gn(\Gn(A)!

since B; is automorphic. For any & € G, (A)!, we have |deth|n = 1. Hence, we
must have that G, (A)getn C G, (A)!. Tt is clear that G, (A)ge is an SL,, (A)-torsor
and the measure dge g is left-SL,, (k)-invariant. Hence, (4-17) can be written as

/Gn(k)\Gn A)! Z

ack> e€eSL, (k)

Z /G E(h™'11(@)9)B1(8)Ba(h) daerng dh,

ackx L, (A)delh

/ E(h™ 't (@)eg) B1(2)B2(h) dgerng dh.
SLn (k)\Gn (A)delh

Since any element y € G, (k) can be written as a product of #;(«) and € in a unique
way, we obtain that the above expression is equal to

(4-18) / (
Gy (k)\Gn (A)I SLn (k)\Gn (A)delh

Since £(g) = |detg|¥/ - f(g) € Sua(Gn(A)) for some f € S(M,(A)), and h €
G,(A)! and g € G, (A)getn, we must have that

Z Eh™! Vg)>,31 (8)B2(h) dgetng dh.

y€G, (k)

(4-19) Ehyg) =Idetth vy )W fF(hyg) = F(h ye).

Hence, we obtain that

(4-20) Yo ey = DY fh'ye).

yeG, (k) yeG (k)

By [16, Lemma 11.7], for any f € S(M,(A)), the summation ZyeGn(k) f(hyg)
is of moderate growth in g, h € G,(k)\G,(A) as an automorphic function on
G,(k\GL(A) x G, (k)\G,(A), and so is the summation ZyeG,,(k) E(h_lyg) as an
automorphic function in g, h € G, (k)\Gn(A)l. Since both B;(g) and B, (h) are
cuspidal, we obtain that the integral in (4-18) converges absolutely, and so does the
m-theta function ©, (1, ¢) at x = 1.

Now we continue with the integral in (4-18) to prove the identity

(4-21) O (1, ¢) = Oz (1, Fr y (4)).
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Recall from [16, Section 11; 34, Theorem 4.0.1] the classical Poisson summation
formula

(4-22) Yo flygy= D Idetgh " Fy ()€ yh)

yeM, (k) yeM, (k)

forany f € S(M,(A)) and h, g € G,,(A). When g, h € G, (A)!, it can be rewritten
according to the rank of y € M, (k) as

> fhTlye)
v€G, (k)

= Y FRWOE v+ Y. FWOEelvh— Y fTye).
v€G, (k) Y EM, (k) yEM, (k)
rank(y)<n rank(y)<n

We denote the boundary terms by

(4-23) Brth,g):= Y FNE'vh— > fhlye).
yeM, (k) yeM, (k)
rank(y)<n rank(y)<n

Then (4-18) can be written as a sum of the two terms

( > ﬂ(f)(g—lyh))ﬁl(g)ﬁz(h)ddethgdh,

(4-24) f
Gn(k)\Gn(A)l SLn(k)\Gn(A)delh )/EGn(k)

and

4-25) / f B (h, )61 ()Ba(h) daeung dh.
Gp()\Gn(A)! JSL, ()\Gp (A)det

From the proofs of [16, Lemma 12.13; 34, Lemma 4.1.4], we must have that the
term in (4-25) is zero, because of the cuspidality of both 81(g) and B>(h). Hence,
we obtain that O, (1, ¢) = O, (1, ¢¢ o, ) is equal to the term in (4-24).

Now we write (4-24) as

f / ( > Fw(f)((yg)“h))m(g)ﬁz(h)ddethgdh.
G (NG, (A)! JSL, ()\ G (A)gern

y€G, (k)

By writing back that y = 1 () - € with @ € k* and € € SL, (k), we obtain that the
above expression is equal to

(4-26) ( > Fu (i (a)g)lh)>ﬂ1(g)ﬂz(h) deung dh.

aek>

Gn(\GA(A)! /Gn(/&)deth
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By changing # (@) g to g, we write (4-26) as

@21 > /

aek>

[ R B a8 duans di.
n (k)\Gn (A)l Gy (A)wdeth

After changing variable g — hg, (4-27) can be written as

(4-28) 3 / Fo(Hg™ B1(hg)Ba(h) dh g,

aor JGaA), Gn(k)\G(A)!

which is equal to

(4-29) > / Fy(N)(& Hex(g) dag.
x ¢ Gn(A)g
ack
Finally, by changing g to g~!, we obtain that (4-18) is equal to
(4-30) Z / Fy(N)@ex(g™") dug.
e

By Proposition 2.6, when det g = o € k™, we have

Fy ()& = Far(6)(g)

for £(g) = |det g|"/? - f(g). Hence, the summation in (4-30) is equal to
> Frp (e (D) = Oz (1, Frr g (Pr.,))-
ack>

This proves the m-Poisson summation formula

O7(1,¢) =0z, Fry(9))
for all ¢ € S;; (A™).

For the locally uniform convergence of the m-theta function ®; (x, ¢), since
O (x,d) = O, (1, ¢"), it is enough to prove the locally uniform convergence of
the rr-theta function ®, (x, ¢) around x = 1. One may verify this directly from the
discussion in the proof given above. It also follows directly from Proposition 4.8

below in this case. We are done.

Similar to the work of [40], we obtain the following uniform estimate of the

m-theta function ® (x, ¢), which is important to the application in Section 8.

Proposition 4.8. For any m € Acusp(G), take any ¢ € S, (A*). For any k > 0,
there exists a positive constant c, ¢ such that the mw-theta function O (x, ¢) enjoys

the property

107 (x, §)| < cr.p - min{|x|a, [x[3"}*.



FOURIER OPERATORS AND POISSON FORMULAE ON GL; 339

Proof. This is a reformulation of part (ii) of [40, Theorem 1] and can be proved
accordingly. We omit the details. U

Remark 4.9. The proof of the 7-Poisson summation formula in Theorem 4.7 uses
the Poisson summation formula associated to the classical Fourier transform F,
over the affine space M, (A), without using the global functional equation for the
global zeta integrals Z(s, ¢, x) in Theorem 4.6. Hence, we are able to obtain the
global functional equation for the global zeta integrals Z(s, ¢, x) as in Theorem 4.6
by using the w-Poisson summation formula in Theorem 4.7. Of course, this is
essentially the same proof as the one that uses the global functional equation
of Godement—Jacquet zeta functions in Theorem 4.2. However, it seems still
meaningful to point out the contribution of the w-Poisson summation formulae on
GL; in the theory of the global functional equation for the standard automorphic
L-function L(s, m X x) for any automorphic characters y of A* and any irreducible
cuspidal automorphic representations  of GL, (A), as an extension in a different
perspective of Tate’s thesis to the study of higher degree automorphic L-functions.

5. Convergence of generalized theta functions

In order to prove Theorem 1.2 and explore other possible cases of Conjecture 1.5,
beyond Theorem 4.7 (or Theorem 1.1), we study the convergence issue of general
m-theta functions associated with 7 € I1a(G,), which may not be automorphic.

5A. Convergence of w-theta functions. Recall from Section 4, if 7 = &),z 7w €
Ia(Gp), then for every v € |k|, m, € I1;,(G,), the set of equivalence classes of
irreducible admissible representations of G, (k,), where at almost all finite local
places v, m, is unramified and at any infinite local place v, r, is of Casselman—
Wallach type as representation of G, (k). Asin (4-1), forany 7 =), 7, € [Ta(G,),
we have that

Sx(AX) = X Sx, (k).

velk|

For ¢ € §;(A™), we are going to show that the r-theta function

(5-1) Or(x, )= Y p(ax)

aek>

converges absolutely and locally uniformly as a function in x € A*, under an
assumption (Assumption 5.1) on the unramified local components 7, of 7.

For any 7 = @), 7, € IIa(G,), let S, be a finite subset of local places of k
containing |k|~ such that for any finite local place v ¢ S, the local component
is unramified. For any m, with v & S, via the Satake isomorphism, one has the
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Frobenius—Hecke conjugacy class c(x,) in G,/ (C) associated to m,,. We write
(5-2) c(m,) == diag(g®' ™, ..., ¢ ™)) e GL,(C) = G)(C),

up to the adjoint action of G/ (C), with s;(rr,) € C for j =1, 2, ..., n, where g, is
the cardinality of the residue field x, = 0, /p,. The following is the assumption we
take on the unramified local components , of 7.

Assumption 5.1 (uniform bound). Let 7 = Q) 7w, € [Ia(G,) be an irreducible
admissible representation of G, (A). There exists a positive real number k., which
depends only on 1, such that

1max {Re(s;(m,))} < kx
<jzn

foreveryv & S;.
Then we need to prove some technical local results.

Lemma 5.2. For any m = Q) m, € IIa(G,) with Assumption 5.1, there exists a
positive real number s; > k, such that, for any real number ay > sy, the limit
lim ¢, (x)[x|;°=0
|x],—0
holds, as a function in x € k.S, for any ¢, € Sy, (k) and any local place v € |k|. In

particular, ¢, (x)|x|5° extends to a continuous function on k,, which is compactly
supported on k, if v € |k|  and is of Schwartz type at 00 of k,, if v € |k|oo.

Proof. By Proposition 3.7, at any v € |k|, we have that Sy, (k) C §(k, ), which is
defined in Definition 2.1. In the following we discuss separately for v € |k| and
for v € |kl .

When v € |k|o, the asymptotic of ¢, € Sy, (k) near x = 0 is characterized in
Definition 2.1. In particular, following the notation in Definition 2.1, the fixed
sequence {Ax}g-, has strictly increasing real part {Re(At)};2,. Hence, for any
positive real number sy € R satisfying the inequality

so + Re(rg) > 0,
the limit
(5-3) lim ¢, (x)-[x[}*=0
[x],—0
holds, because the limit formula in Definition 2.1 is termwise differentiable and
uniform (even after termwise differentiation). Hence, the function ¢, (x) - [x[} is
continuous over k, for any positive real number s¢ satisfying so + Re(1p) > 0. It

is clear that the function ¢, (x) - [x |} is still of Schwartz type at co. Since the set
|k|o 1s finite, it is possible to choose a sufficiently positive so, € R such that the
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prescribed property holds for all functions ¢, (x) - [x[|% with ¢, € Sy, (k) at all
V € |k|so, as long as ag > sec.

It remains to treat the case when v € |k| ¢, the finite local places of k. We consider
the local zeta integrals Z(s, ¢,, w,) for any ¢, € Sy, (k)S), and any unitary character
w, € Q). By Theorem 3.4, it converges absolutely for Re(s) sufficiently positive
and admits a meromorphic continuation to s € C. For each v € |k| ¢, we take ¢, to
be a sufficiently positive real number, such that Z(s, ¢,, w,) converges absolutely
for Re(s) > cn,. If v € Sy, then 7, is unramified. In this case, the zeta integral
Z(s, ¢y, w,) converges absolutely for Re(s) > k,, where the positive real number
k depends on 7 only, according to Assumption 5.1. Hence, if we take a positive
real number c¢,; with

(5-4) Cx i=max{ky, cx, |V € Sy Nk|r},

then for any ¢, € Sy, (k)), and any unitary character w,, € Q7), the local zeta integral
Z(s, ¢y, w,) converges absolutely for Re(s) > ¢, at all finite local places v € |k]|f.
By the Mellin inversion formula as displayed in (2-6), we have

55 ¢l = Y (Rescco(Z(s +d. by, ) |x[;°g))wy (ac(x)) !,

w, €L

where z =g, and d > c;. Since the summation on the right-hand side is finite, it
suffices to show that the limit formula

(5-6) limOReSzzo(Z(S +d, ¢y, w)x],°q,) =0

lxlv—

holds for each w, € Q.
It is clear that Z(s 4+ d, ¢, w,) is holomorphic for Re(s) > —(d — c;). By
Theorem 3.4, we have

Z(S +ds ¢U’ a)u) = Pv(s) : L(S +d’ jTV X a)v)7

where p,(s) € Clg}, g, "], depending on ¢,. By the supercuspidal support of
T, @w,, we obtain that the representation m, ®w, can be embedded, as an irreducible
subrepresentation, into the induced representation

Ty Qw, — I1, := Indg’(’lfg’)r,,,l Q- QTyy,,

where 7, ; is an irreducible supercuspidal representation of Gy, ;(ky) with n =
ay1+---+ay,, (see [22]). By [16, Theorem 3.4], we have

L(s, Hu) = L(S, Tv,l) cee L(Sa Tv,tv)-
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By [16, Corollary 3.6], we have
L(s,m, X w,)
L(s, Iy)
is a polynomial in ¢, *. Hence, we obtain that for the given ¢, € Sy, (k,), there
exists a polynomial P,(s) in ¢} and ¢, *, depending on 7, ® w, and ¢,, such that

(5-7) Z(s+d, ¢y, wy) =P,(s)L(s +d, I1,).

By applying [16, Proposition 5.11] to the local L-functions L(s, 7, ;), we obtain
that L(s, ,,j) =1 when 7, ; is either supercuspidal (a,, ; > 2) or a ramified character
(av,j = 1). Hence, there exists an integer 1 < r, <1, < n, such that

ry 1 ry © s e
(58) Z(s+d, ¢, ) =Po) [ — = H( 3 g e )
j=t 1 =qv j=1"¢;=0

for some s, ; € C, with j =1,2,...,r,.
Now we are ready to discuss the limit in (5-6). For z = ¢,*, we have

v —Lj(d=sy,j) ;
H;:l(zzzoqv Jl@=Sv,j ,ZZJ)

(5_9) Z(S + dv ¢Uv a)l))|x|1jsq5 = PV (Z) : Zord\,(x)-‘rl )

where P, (z) is a polynomial function in z, z~!. By taking the residue at z = 0, we
obtain that

(5-10) Res,—o(Z(s +d, ¢v, wv)|x],"g;) = Eo(x),
where €y (x) is the coefficient of the constant term of

. —Lj(d—sy,j) .
1_[;':1(22?:0‘111 Jl@=Sv,j ,ZZJ)

(5-11) Pu(2) - o

Since P, (z) is a polynomial function in z, z~! with degree depending on 7, without

loss of generality, we may assume that P, (z) = 1 when we compute €y(x). In this
case, the constant term of (5-11) with P, (z) = 1 is equal to

b (d=sv,j) =iy (d=sy,j
51 Z a 1(d—s,5) o (d—s 1).
f]+"'+£rv20rd"(x)

When v ¢ S, 7, is unramified,

diag(qy"', ..., qv"") = c(my)

is the Frobenius—Hecke conjugacy class associated to 7, in G, (C) with sy, j=s;(my)
for j=1,2,...,n. By Assumption 5.1 and the definition of the positive real number
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¢y as in (5-4), we take dy = 0 and have
(5-13) d —Re(s, ;) > cx —Re(s,, ;) >0

forall j =1,2,...,n. For the remaining finite local places v, we may choose a
positive real number dy such that

(5-14) d+dy— Re(sv,j) >cp+dy— Re(sv,j) >0
forall j=1,2,...,r,and all v € §; N|k| ;. Hence, with the choice of dy, we have

(5-15)  [Res,—o(Z(s +d +do, b, @) |x],°q3)|

< —Z;-V:I £j(d+do—Re(sy, ;)
D DR
C14-by, =ord, (x)
..., er >0
- )3 O ) @ Hdo—ma; (R, )

L1+--+L,,=o0rd, (x)

Zl ----- erv 20

ord, (x)+r,—1 —ord, (x)(d+dp—max; {Re(s, ;)})
o ( ry _1 ) . qv )

Since d + dy — max j{Re(s,,;)} > 0, and the function (Ord”(ri )_+1r “71) is a polynomial
in ord, (x), we must have that

<0rdv (x)+r,—1 ) —ord, (x)(d+do—max,; (Re(sy, )})
im - qv =0.
ord, (x)— 400 ry—1

By (5-5), if d > ¢, + dp, then we must have that
lim @, (x) - [x[¢ =0
x,—0

for all ¢, € Sy, (k) and at all v € |k| ;. It is clear that the function ¢, (x) - |x|‘V’ is
continuous over k, and has compact support.

Finally, by taking a positive real number s, = max{soo, ¢z + dp}, we obtain that
for any ag > s, the function ¢, (x)|x|% is continuous over k, and has the limit

lim ¢, (x)|x|% =0,

x|, —0
for any ¢, € Sy, (k) and at any local place v € |k|. We are done. ([l

Lemma 5.3. Let 7 = Q), my, € Ia(G,) satisfy Assumption 5.1. For any v ¢ Sy,
the basic function Ly, € Sy, (k) is supported on o, — {0} with

Ly, (0X) = 1.
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There exists a positive real number by, > s, which is independent of v, such that,
for any by > by,

L, () - X2 < 1
holds, as a function in x € k., for all v ¢ Sy.

Proof. We continue with the proof of Lemma 5.2 for the non-Archimedean case, and
specialize it to the unramified situation. Note that the basic function L, € Sy, (k)
is the Mellin inversion of the local unramified L-factor

Z(Sv H—JT\,) = L(Sa n\))v

whose Mellin inversion can be calculated by (5-5) after setting P, (s) = 1. In other
words, taking the constant s, as in Lemma 5.2, we have, for any ag > sy,

Lz, (x) - [x|* = Res;=(Z (s + ao, Lz,) |x],”q;).

As in (5-9), we write

1 - £i(sj(my)—ao) g;
(5-16) Z(s+ap, L) = — e = 1‘[( Y@ ).
szl(l — {4y ) j=1 E.,'ZO
where we write z = ¢, and ¢ () = g ) From the Laurent expansion on the

right-hand side, we obtain that the function
Z(s +ao, Ly, Ixl, g,

is holomorphic in z = g ° whenever x ¢ 0,. By taking the residue at z = 0, we
obtain that
Ly, (x)-[x|*=0 for x ¢o0,.

Hence, the basic function L, (x) has support included in o,. Similarly, we apply
the Mellin inversion, as calculated by (5-5), to the case x € 0™, and obtain that the
residue picks up the constant term of the right-hand side of (5-16) as a function of
z=g¢q °, which is equal to 1. Therefore, we obtain

Ly, (0X) = 1.

Finally, whenever x € o \ {0}, we apply (5-15) to the unramified case, and
obtain that

ord, (x)+n—1 —ord, (x)-min; {b—Re(s; (77,,)))
n_] ) gy )

L ) - Je1?] = (
as long as b > s;. By Assumption 5.1, we have

minj<;<,{b—s;(mwy)} > minj<j<,{k; —s;(m,)} > 0.
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Therefore, whenever ord, (x) > 1,
ord, (x)+n—1 —ord, (x)-min; {b—Re(s; (77,)))
( n—1 ) Bk
- <0rdv (x)-il-”—l) . 9—ord, (x)-min; {b—Re(s; (,))
< "

since g, > 2 for any v ¢ S. It turns out that we only need to find a positive integer
b; > s; € R such that, for any b > b,

(ordv(x)—i-n—l) . p—ord, (x)min; {b—Re(s; (1))} < |
n—1 -

holds for any v ¢ S, and ord, (x) > 1. Equivalently, after applying the function
log, on both sides, the above inequality becomes

ord, (x)+n—1
log2<

o )—mmuygpw—RdwmonsQ

Hence, it suffices to show the existence of b, € R so that
min{b — Re(s;(,))} = b — max{Re(s;(r,))}
j J
ordu(x)+n—])

lo
> by —ky > g2( n—1
ord, (x)

for any ord, (x) > 1, i.e.,

lo ord, (x)+n—1
(5-17) T
ord, (x)

for any ord, (x) > 1. As a function of r > 1,

n—1 n—1
o t+n—1 1o [Tic ¢t +k) o [T A+k)
1253 n 2 v N

> logyn > 0.
-1 n—11 — 8Ty~ oRT=

Thus we obtain that

loga("}"1)

t

>0

for any ¢ > 1. On the other hand, by L’Hospital’s rule, one must have that
t4n—1
m 10g2( n’il )

t—00 t

=0.

It follows, as a continuous function in ¢ > 1, there exists a constant ¢y € R such that

log ("+"7)

t

< ¢
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for any ¢ > 1. It is clear now that the inequality in (5-17) holds for any
by > Ky + cp.
Therefore it suffices to take b, = max{s,, k; + co}. We are done. O

We are ready to establish the first property for the m-theta functions ®, (x, ¢) in
such generality.

Theorem 5.4 (convergence of 7-theta functions). Fix any w = @), 7, € [1a(G,)
with Assumption 5.1. Then, for any ¢ € S; (A*), the -theta function
Ox(x,§) 1= Y p(ax)
aek*

converges absolutely and locally uniformly as a function in x € A*.

Proof. For any 7 = ), 7w, € I1a(G,), let S; be a finite subset of local places of k
containing |k|~ and for any finite local place v & S, the local component ), is
unramified. We may assume that ¢ € S; (A*) is a pure restricted tensor of the form

(5-18) ¢ = (@[Lﬂ,,)(&(
V¢S,

with ¢, € Sy, (k) forall v € Sy, poo = ®Ue‘k|w ¢y and ¢ = ®ve|k\_/ oy.
Fix a positive real number sy > b; > s; > k, where the constants «, s, and
b, are as given in Assumption 5.1, Lemma 5.2, and Lemma 5.3, respectively. By

®¢U)=¢oo®¢f

VES,

Lemma 5.3, for any v ¢ S, we have the function L, (x)|x[} is continuous on k,
and supported on 0,. We have

(5-19) |La, () x[] < 1

for every v ¢ S;. Similarly, for any finite v € S; N |k| ¢, the function ¢, (x) |x]}?°
is continuous on k, with compact support. We may assume that the support of
¢y (x)|x[} is contained in a fractional ideal p}'> for some integer m, € Z. Write
0p = [l,gs, 0v and my := [ 5y, P™. Then, by the weak approximation
theorem [48], the product

(5-20) m(p) =0y - My

is a fractional ideal of o = ok, the ring of integers in k.
For any o € k*, the Artin product formula shows that |a|s = 1 [48]. Hence, we
obtain that

(5-21) Or(1,$) =Y dp@ =) ¢ -laly.

aek> aek>
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From the support of the functions ¢, - | - [** for all v € |k| 7, we write

(5-22) Or(Lp)= Y (Poo(@)- D) (@s(@)-la|P).
aek*Nm(p)

It is clear that for o € k* N'm(¢), we have that

ORI =<1_[|[Lnu(a)-|a|i"?)'< [1 \¢v(a).|a|;oy)

VESy veSy NIkl ¢

9’

< ] lév@-lal?

veS NIkl ;

because of (5-19). By Lemma 5.2, there exists a real constant ¢y, such that
(5-23) [T lev@ - lel| <cy.
veSNIk| f
Hence, we obtain that
(5-24) O2(Ld)| <cp- D Ipool@)]- ]2
ack*Nm(¢)

Since the fractional ideal m(¢) of k is a lattice in Ay, =[]
show that the summation

(5-25) > 1boo(@)] -l
aem(e)

velk|s, kv, 1t suffices to

is absolutely convergent.
Consider the compact set

(5-26) Boo(1) := {(ay) € Ao | ety ]y < 1, Vv € [k]oo}.

We write (5-25) as
(5-27) Y Ipsol@)] el + > oo ()] - |22,
aem(@)NBeo(1) aem(@)\(M(P)NBoo (1))

It is clear that the intersection of m(¢) with By (1) is a finite set. By Lemma 5.2,
the function ¢o. (x)|x | is continuous over A, and hence is bounded over Boo(1).
Thus, in (5-27), the first summation

D 1@ el
aem(@)NBeo(1)
is bounded. The second summation in (5-27), which is

> |foo ()] - ]2,

aem(p)\(m(p)NBoo (1))
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where the function ¢ (x) - [x]% is of Schwartz type over Ay N\ Bso(1), is bounded
by the same proof for the absolute convergence of the classical Poisson summation
formula [21, Chapter 4; 47]. This proves the absolute convergence of ®, (x, ¢) for
any ¢ € S; (AX).

For any x € A*, we have O (x, ¢) = O, (1, ¢*) with ¢*(y) = ¢ (yx). Hence,
® (x, ¢) converges absolutely for any ¢ € S, (A*).

For the locally uniform convergence of the m-theta function ®, (x, ¢) at any
x € AX, by using O (x, ¢) = O, (1, ¢*) again, it is enough to show the locally
uniform convergence of ®, (x, ¢) at x = 1 for any given factorizable function ¢ as
in (5-18). As in (5-21), we may write

(5-28) O (x, ) = Y p(ax)-laly.

aek>

Since ¢ = (®u¢s,, Lr,) ® (Qyes, @) asin (5-18), we have m(¢) = [Toep, m@)»
as in (5-20), where m(¢), is a fractional ideal of k, containing the support of the
function ¢, (x) - [x[°. Asin (5-22), we write

(5-29) O )= Y (Pooloroo) - [al2) - (y (xp) - [l

ack*Mm(g)

Take a compact open neighborhood €2 /(¢) of xy =1 in A}( to be

Qr(p) = ( I1 oi) ( [ <1+pﬁv>),
velk| NSy

ve¢Sy

where d, is a positive integer for v € |k| N S;. For any xr € Q(¢), if v & Sy,
then x, € 0 and o # 0 and « € 0,. Hence, ax, # 0 and ax, € 0,. In this case, we
have that

|y (@xy) - el = |La, () - fox,y [0] < 1

by (5-19). If v e Sy N k|, then o € pJ' and x,, € 1 + p?, and hence we have that
ax, € py". In this case, we have that

|y (axy) - [l = |y (@xy) - oy ]

As in (5-23), there exists a real constant ¢y, which is independent of x ; € Q ¢(¢),
such that
braxp) -l < T [dvlax)-lel?] <cy.
veS, Nkl

Hence, we obtain that

(5-30) [O2(x, $) <o Y [doolaxoo) lalD] <o Y [ooloxes)-lerlL].

aek*Nm(ep) aem(ep)
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When x, runs over a compact neighborhood €2, of 1 in A, by the same argument,
we are reduced to showing that

> | oo (@Xo0) | - |22

aem(@)\(m(p)NBuo (1)) B
= [Xool 20 - > | oo (@Xoo) | - [rxoo |

aem (@)~ (m(P)NBoo (1))

converges uniformly. Since the function ¢ (x) - |x|% is of Schwartz type over
Ao\ Boo (1), the uniform convergence of the last summation with x., € 24, follows
from the same proof of that for the classical theta functions. We omit the details
and finish the proof. ([

5B. Justification of Assumption 5.1. We prove Assumption 5.1 when 7 € A(G,,) is
any irreducible admissible automorphic representation of G, (A), which is contained
in [a(Gy).

Proposition 5.5. For any m € A(G,,), Assumption 5.1 holds.

Proof. A cuspidal datum (P, ¢) of G, consists of a standard parabolic subgroup P of
G, with Levi decomposition P = M - N with the Levi subgroup M and the unipotent
radical N, and an irreducible cuspidal automorphic representation & of M (A), which
is square integrable up to a twist of automorphic character of M (A). For any
T = ®V€|k| w, € A(G,), by [30], there exists a cuspidal datum (P, &) of G, such
that v can be realized as an irreducible subquotient of the induced representation
Indg'zs) (¢) of G, (A). It follows that for any v € |k|, the v-component ,, can be
realized as an irreducible subquotient of the induced representation Indgz’lff)” ) (&v)
of G, (ky), where ¢, is the v-component of ¢ = ), ¢,.

Let T be the maximal torus of G,, consisting of all diagonal matrices, and
B =T - U be the Borel subgroup of G,,, consisting of all upper-triangular matrices.
Take S to be a finite subset of |k|, such that S contains |k|,, and for any v ¢ S,
7, and ¢, are unramified. It is well known (see [7], for instance) that there exists
an unramified character 7, of the maximal torus 7 (k,), such that £, embeds as a
subrepresentation into the unramified induced representation Ind?ﬁ]g’g)) (k) (M) By
induction in stages, we have Indg'zlgf)” )(5,,) embeds as a subrepresentation into the
spherical induced representation Indg?,ff)”)(nv) of G, (k,). Hence, the irreducible
spherical representation 7, is the unique spherical subquotient of Indgzk(f)” ) (nv). Via

the Satake isomorphism, the Frobenius—Hecke conjugacy class of m,, in G, (C) is

c(my) = diag(n) (@), ..., 1" (@)).

Here @, is the uniformizer of the prime ideal p,,, and for any r = diag(t;, ..., ;) €
T (k,), the unramified character n, is given by

M(t) = nl(t1) - - " (1)
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It is clear that the conjugacy class of the semisimple element c(7r,,) in the complex
dual group M"Y (C) of the Levi subgroup M is the Frobenius—Hecke conjugacy class
c(ey) of ¢,. In other words, both 7, and ¢, share the same Satake parameter in
TV(C)"», where W, is the Weyl group of G,/ (C).

Take 3. to be an automorphic character of M (A) such that §. ® ¢ is square
integrable modulo the center of M. Then for v ¢ S, the v-component (§; ® &), is
spherical and unitary. By the classification of the spherical unitary dual of GL,
over a non-Archimedean local field &, [42], we obtain

|1 5.y j n—1
0g,, fé‘f‘é‘n{l( DY @) (@y)l}] < —
Since the unramified part of the automorphic character §. is completely determined
by & and the cuspidal datum (P, ¢) of & is uniquely determined by m, up to
conjugation, we obtain that there exists a positive real number «,, depending only
on 7 € A(G,), such that

[log,, max {in)(@)l}] <.

This justifies the assumption. (]

By Theorem 5.4 and Proposition 5.5, we obtain the following absolute conver-
gence.

Corollary 5.6. For any © € A(G,,) and for any ¢ € S, (A™), the m-theta function
Or(x, )= Y p(ax)
ack>

converges absolutely and locally uniformly as a function in x € A*.

Another consequence of Proposition 5.5 is the absolute convergence of the global
zeta integral of Godement—Jacquet type for any 7w € A(G,,).

Corollary 5.7. For any w € A(G,,), there exists a positive real number r, € R, such
that the global zeta integral

Z(s, frpn) = fG - F@er(@ldetgF" " dg,  feS(M,(A)), ¢r €C()

is absolutely convergent for any Re(s) > ry.
Proof. There is no harm to assume that f = ), f, is a pure restricted tensor.

Similarly, one can write ¢, = ]_[U ¢r,. For the given = € A(G,), take the finite
subset S of |k| as in the proof of Proposition 5.5. Then for v ¢ S, the function f,
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is the characteristic function of M, (0,), and ¢, is the zonal spherical function
attached to the unramified representation mr,,. From [16, Chapter I, §7], we have

1

Z(S, fl)’ 9071\,> = det([n _ o{(n’v)qv_é) = L(Ss jTU)’

where the left-hand side is absolutely convergent whenever Re(s) > k, where k
is determined in the proof of Proposition 5.5. It follows that

1
l_[Z(svaa(pﬂu):l_[ —5 =LS(S57T)
vis v detly —a(mu)gy™)

is absolutely convergent for Re(s) > k, + 1. As S is a finite set, it is clear that one
can choose a real number 7, to be sufficiently positive (depending on 7t only) such
that the global zeta integral

Z(s, frgn) =L, 7) - [] 26, for 0

vesS

converges absolutely for Re(s) > r,. We are done. ([

6. (o, p)-theta functions on GL;

For any k-split reductive group G, as in Section 4, we denote by I14(G) the set
of irreducible admissible representations of G(A). If we write 0 = ®V6|k| oy,
then we assume that o, € I, (G), where at almost all finite local places v, the
local representations o, are unramified. When v is a finite local place, o, is an
irreducible admissible representation of G (k, ), and when v is an infinite local place,
we assume that o, is of Casselman—Wallach type as a representation of G (k). Let
A(G) C TIa(G,) be the subset consisting of equivalence classes of irreducible
admissible automorphic representations of G(A), and Acysp(G) be the subset of
cuspidal members of A(G).

For any o € Ia(G) and p : G¥ — GL,(C), we are going to introduce the
(0, p)-Schwartz space Sy, , (A™), the (o, p)-Fourier operator F; , y and (o, p)-theta
functions ®, ,(x, ¢) by means of the existence of the local Langlands reciprocity
map as in the local Langlands conjecture for G. The idea is to use the local
Langlands conjecture for the pair (G, p) as input and to formulate the global
statements, such as the (o, p)-Poisson summation formula, which is expected to
be responsible for the global functional equation for the Langlands L-function
L(s, 0, p) as predicted by the Langlands conjecture, as output. The goal in this
section is to prove Theorem 6.2, which contains Theorem 1.2 as a special case and
serves a base for the discussion on Conjecture 1.5 and its refinement in Section 7.
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6A. On the local Langlands conjecture. We briefly review the local Langlands
conjecture for G over any local field F =k, for any local place v € |k]|.

For any Archimedean local field, the local Langlands conjecture for G is a
theorem of Langlands, which follows from the Langlands classification theory [31].
At any non-Archimedean local places, for unramified representations, their local
Langlands parameters are uniquely determined by the Satake isomorphism [7; 38].
In the following we review the local Langlands conjecture for an F-split reductive
group G over a non-Archimedean local field F of characteristic zero.

Let Wr be the Weil group attached to F. The set of local Langlands parame-
ters is denoted by ® (G), which consists of continuous, Frobenius semisimple
homomorphisms

(6-1) ¢ : Wr xSLy(C) — G,

up to conjugation by G". The local Langlands conjecture asserts that there exists a
reciprocity map

(6-2) Rr.c :Rep(G(F)) = Pr(G),

where Rep(G(F)) is the set of equivalence classes of smooth representations of
G (F) of finite length. PRF ¢ is expected to be surjective with finite fibers, and
to satisfy a series of compatibility conditions. Beyond the existence, one has to
formulate and prove the uniqueness of such a local Langlands reciprocity map.
When G = GL,, it is a theorem of Harris—Taylor [17], of G. Henniart [19] and
of P. Scholze [39] that the local Langlands reciprocity map exists and is unique
with compatibility of local factors, plus other conditions. Note that in this case, the
uniqueness of such a local Langlands reciprocity map is proved by Henniart using
the special case of the local converse theorem [18]. However, such a uniqueness is
not known in general. When G is an F-quasisplit classical group, then such a local
Langlands reciprocity map exists due to the endoscopic classification of J. Arthur [2].
In their recent work [13], L. Fargues and P. Scholze use the geometrization
method to understand the local Langlands conjecture. In particular, they establish a
local Langlands reciprocity map for any F-split reductive groups considered in this
paper. More precisely, Theorem 1.9.6 of [13] asserts that for any F-split reductive
group G, there exists a local Langlands reciprocity map Rr ¢ from Rep(G(F))
to ®r(G), satisfying nine compatibility conditions. In particular when G = GL,,,
the reciprocity map of Fargues and Scholze coincides with the unique one for GL,,.
When G is an F-quasisplit classical group, the reciprocity map of Fargues and
Scholze coincides with the one by Arthur. Although it is still not known (as far as
the authors know) if the reciprocity map of Fargues and Scholze is unique, it is the
most promising one towards the local Langlands conjecture in great generality.
From now on, we are going to take the following assumption.
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Assumption 6.1. Over any non-Archimedean local field F of characteristic zero,
for any F-split reductive group G, the reciprocity map R g exists for the local
Langlands conjecture for G.

We may simply take the reciprocity map 9ir ¢ as defined in [13, Theorem 1.9.6]
for the local Langlands conjecture. In fact, the relevant discussions in the rest of
this paper make no essential difference on which reciprocity map Rr g we are
going to take. Of course, the difference may occur if one discuss the definition of
local L-functions L(s, o, p) or y-functions y (s, o, p, ¥). but we are not going to
discuss those objects in the rest of this paper.

6B. Convergence of (o, p)-theta functions. Let G be a k-split reductive group.
Take p : GY(C) — GL,(C) to be any finite-dimensional representation of the
complex dual group GY(C). For any o € Ia(G), we write 0 = ®U o, with
o, € Iy, (G). By Assumption 6.1, for any local place v € |k|, there exists a local
L-parameter ¢, = ¢,(0,) such that the composition p o g, is a local L-parameter
for G, (k,) = GL,(k,). By the local Langlands conjecture for GL,, [17; 19; 31; 39],
there exists a unique irreducible admissible representation

(6-3) my, =my(0, p, Ri,.G)
belonging to I1r(G,), which we may simply denote, if there is no confusion, by
(6-4) my, = 1, (0y, P).

According to the Langlands functoriality conjecture, it makes sense to define the
(0y, p)-Schwartz space on k' to be

(6-5) Sayp (k) = S (k).

At unramified local places, the (o,, p)-basic function L, , is taken to be the m,-
basic function L,, € Sz, (k). Then we can define the (o, p)-Schwartz space on
A* to be the restricted tensor product

(6-6) So.p (V) = R) S0 (k)

with respect to the basic function L, , at almost all finite local places. Note that
the definition of the (o, p)-Schwartz space S, ,(A*) may rely on the assumption
of the local Langlands reciprocity map (Assumption 6.1) at the ramified finite local
places of o, when G is a general k-split reductive group.

Let ¥ = @), ¥, be a nontrivial additive character of A with ¥ (a) = 1 for any
a € k. Define the (o,, p)-Fourier operator F, , y, on kS to be

(6_7) }-Gmp,lﬂu = ‘F”w‘pv’
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which is a linear transformation from the (o, p)-Schwartz space S, , (k) to the
(6y, p)-Schwartz space S, , (k). Then we define the (o, p)-Fourier operator

(6'8) Fﬁ,p,lﬁ = ®‘deaps¢’v’
v

which is a linear transformation from the (o, p)-Schwartz space S, ,(A*) to the
(@, p)-Schwartz space Sz ,(A*). Again, the definition of the (o, p)-Fourier op-
erator F, , y may rely on the assumption of the local Langlands reciprocity map
(Assumption 6.1) at the ramified finite local places of o, when G is a general k-split
reductive group.

Theorem 6.2 (convergence of (o, p)-theta functions). Let p : GY(C) — GL,(C)
be any finite-dimensional representation of the complex dual group G (C). Take
Assumption 6.1 for G. Then, for any given unitary o € IIp(G), the (o, p)-theta
function

Oup(x. §) = Y Plax)

ack>
converges absolutely and locally uniformly for any ¢ € S, ,(A*) and x € A*.

Proof. As discussed above, under Assumption 6.1 for G, for any o = ), 0, €
[15(G), we obtain , = 7, (0, p) of GL, (k,) for all v € |k|. Note that at v € |k|o,
m, is taken to be of Casselman—Wallach type. Hence, 7 := ), 7, is an irreducible
admissible representation of G, (A) and belongs to 14 (G,,). From (6-5) and (6-6),
we have that

Os,p(x, §) = O (x, @)

for any ¢ € S, ,(A*) = S;(A*). By Theorem 5.4, it is sufficient to verify
Assumption 5.1 for this 7.

Since 0 = ), 0, is unitary as a representation of G(A), we must have that o,
is an irreducible admissible unitary representation of G (k,) at every v € |k|, and
is unramified for almost all v € |k|. Since G is k-split, we can fix a Borel pair
(B, T) of G defined over k, with a fixed maximal k-split torus 7 of G. Let o be
the half-sum of positive roots with respect to the given pair (B, T) and let g be
the modular character of B(k,). Then, for any coweight * € Hom(G,,, T),

8p(" (@) /? = glew?),

where @, is a fixed uniformizer in 0, and " is viewed as a cocharacter from &
to T (k,).

Let S be a finite subset of |k| containing |k|s, such that for any v ¢ S, both o,
and m,, are unramified. For any v ¢ S, o, is unitary and unramified. Then the zonal
spherical function attached to o,,, which is the normalized matrix coefficient of o,
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attached to spherical vectors in o,, is bounded by 1—see [7, p. 151, (40)], for
instance. Now let

c(oy) = (qil(o'v)’ o qir(%))

be the Frobenius—Hecke conjugacy class of o, inside 7Y (C) >~ (C*)", where r is
the k-rational rank of G. Then, by [36, Theorem 4.7.1],

max {|s;(0,)|} < max {[(o, ®])I},

l<j=<r l<j=r
where {a)jy};.zl is a fixed set of fundamental coweights. Note that the result of
[36] assumes G to be simple-connected. But if we go over the proof of [36,
Theorem 4.7.1], the only result used is the explicit formula for zonal spherical
functions when the Frobenius—Hecke conjugacy class c(o,) of o, is nonsingular.
Hence, it suffices to apply the general formula appearing in [8, Theorem 4.2] to the
proof of [36, Theorem 4.7.1]. Therefore max<;<,{|s;(o,)|} has an upper bound
which is independent of the local places v.

At unramified local places, we obtain the Frobenius—Hecke conjugacy class

c(m,) of m, to be

c(my) = p(c(oy))

for all v ¢ S. It is clear that for this 7 = Q) 7, € [1a(G,), the family of the
Frobenius—Hecke conjugacy classes

{c(m) | Vv ¢ S}

associated to the irreducible admissible representation 7 satisfies Assumption 5.1.
We are done. U

Note that the definition of the (o, p)-theta function ®, ,(x, ¢) may depend
on the existence of the local Langlands reciprocity map 9ir ¢ for general G
(Assumption 6.1), However, the absolute convergence of ®, ,(x, ¢) in Theorem 6.2
only depends on the unramified data, and hence is independent of Assumption 6.1.
As a consequence of Theorem 4.7, we have:

Corollary 6.3. Assume the global Langlands functoriality is valid for (G, p). For
0 € Acusp(G), if its functorial transfer r is cuspidal on G, (A), then Conjecture 1.5
holds with & ,(¢) = Oy ,(1, @) for any ¢ € Sy, ,(AX).

7. Variants of Conjecture 1.5

In Theorem 4.7, we established a w-Poisson summation formula (Conjecture 1.5)
for any 7w € Acusp(Gp) and p = std. We explore the possibilities when 7 is not
cuspidal.
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7A. Certain special Schwartz functions. As before, we take F to be any local
field of characteristic zero. For any m € [1r(G,,), recall from Definition 3.3 the
space of w-Schwartz functions

Sq(F™) = Span{¢g o, € C*(F™) | § € Swa(Gn(F)), ¢z € C(m)},

where the -Schwartz function ¢ ,, associated to a pair (&, ¢, ) is defined in (3-6).
We introduce here a subspace of Sy (F*):

(7-1) S (F) := Span{gg g, | & € C°(Gn(F)), ¢ €C(m)}.

We prove the following result, which provides a new description of the test functions
in C2°(F*), the space of all smooth, compactly supported functions on F*.

Theorem 7.1. Let F be any local field of characteristic zero. For any w € I1g(G,,),
the subspace S;, (F*) of Sz (F*) as defined in (7-1) is equal to the space C2°(F*),
ie.,

S (F*) =CX(F™).

First of all, via the determinant morphism det : G,, — G, it is not hard to verify
that the fiber integration

e [ E@dg

yields a surjective homomorphism from C°(G,(F)) to C2°(F*). For any & €
C°(G,(F)) and ¢, € C(r), the product £(g)¢x (g) belongs to C°(G,(F)). With
the fiber integration through det, the function ¢¢ ,_(x) belongs to C2°(F*). Hence,
we obtain that

(7-2) SS(F*) CCX(F*)

for any w € [1p(G,,). To prove the converse of (7-2), we are going to use different
arguments for the non-Archimedean case and the Archimedean case.

We first consider the non-Archimedean case. For any quasicharacter x € X(F*),
it can be written in a unique way as x (x) = |x|% - @(x) with s € C and w € Q".
We may write x = x,., and X(F*) = C x Q”. Furthermore, we write the space
Z(X(F*)) defined in Definition 2.2 as Z(C x Q"). We denote by L the subspace
of Z(C x Q") consisting of functions 3(xs.») = 3(s, ®) € Z(C x Q") with the two
properties

(1) 3(s, ) is nonzero at finitely many w € Q";
(2) for any w € Q", 3(s, w) € Clg*, ¢*].

By Theorem 2.3, the subspace L is in one-to-one correspondence with C2°(F™)
via the Mellin transform and its inversion. Denote by L7 the subspace of L that
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is in one-to-one correspondence with the subspace S, (F*). From the discussion
right after [34, Theorem 3.1.1], for any given w € Q”, the subspace

Irw ={2(s,& ¢z, 0) | § €CT(Gn(F)), ¢r € C(m)}

of the fractional ideal Z ,, as in Theorem 2.4 is equal to C[g*, ¢ *]. For the fixed
w € Q", the space 7, consists of the restriction of functions in Ly to the slice
C x {w}, according to the definition of the space L. In other words, for any
fixed w € Q" and 3(s, @) € Lep, there exists finitely many Eaf; € C*(G,(F)) and
@3 » € C (), such that

6.0 = Z(5.8) @) = Y Z(. by @)
j J

for any s € C. Hence, with any fixed w € Q", for any 3(s, ) € L¢p, there exists
3°(s, w) € L2 such that

(7'3) 3(*970)) :30(s’w)

as functions in s € C.
Define, for each wy € 27, a function 3, (s, @) with the property

1, if w=wy,

o (8, @) = {0, if @ % wo.

By definition, the function j,, (s, @) belongs to Ly for each wy € Q. Hence, from
(7-3), we have

T4 56,0 = Y 30y(5, ) 3(5,0) = Y Gay(s, ) -3°(s, @),
C()()GQA (1)()69A

for any 3(s, w) € L¢p. Note here that the summations only take finitely many
wo € 2”. Hence, to prove the converse of (7-2), it is enough to show that

(7-5) du (5, ©) - 5°(s, wo) € L3

for every wp € Q. Tt is clear that (7-5) is an easy consequence of the following
proposition.

Proposition 7.2. The space Ly is an associative algebra without identity, and the

space L3 is an Lep-module under multiplication.

Proof. From the definition of Ly, it is clear that Ly is an associative algebra under
the multiplication and has no identity.

To prove that £ is an L¢,-module, we take 3(s, @) € Lepe and write ¢ as the
Mellin inversion of 3(s, w). Via the determinant morphism det : G, (F) — F*, we
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write
= d,
b= [ J@dg
for some f € C°(G,(F)). For any & € C2°(G,(F)) and ¢, € C(;r), we write

3°(s, w) € L to be the Mellin transform of the function ¢¢ , € Sy (F*). It is
enough to show that

(7-6) 505, @) -3°(s, @) € L.
It is clear that

(7_7) 3(5‘,&))'30(5‘,(0) =Z(sv¢*¢§,§0ﬂaw)'

Now we compute the right-hand side of (7-7) with a fixed w € Q":
(7-8) Z(s.¢xdeg0) = [ 0@l P d% [ 90, 70 A"y

y

= P P dy
= [Lo@ily P f a [ F@d
. h h)d,-i,.h
Sy 1 EOO ) d,
After changing variable g — gh~!, the right-hand side of (7-8) is equal to
@9) [ okl e [ ay [  feh e
x det g=x
. h h)d,-i.h.

Sy 1 EIOr 0 A,
In (7-9), the integration in y € F'* yields the identity
7-10 dx h™ &)@z (h) dy-1 I
(7-10) /yew y/deth:y,lxﬂg ()@ (h) 1,

= [ F(&h™)E)ex(h) dh.

Gu(F)

By applying (7-10) to (7-9), we can write (7-9) as
[ oty Pax [ fehT)Ees () dh dg,
detg=xJ G, (F)
which is equal to
a1y [ fehThE) e (e (det g)ldet gl d dg.
8€G,(F)J heG,(F)

By taking a change of variable 4 — h~'g, (7-11) can be written as

@12y [ [ g )en (™ 9o (detg)ldet gl dh dg.
2€Gu(F)J heG,(F)
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Since f, & € C2°(G,(F)), the function
(8. )= f(E(R"g)
belongs to the space C°(G,(k,) x G,(k,)). By [5, 1.22], we have
C(Gnky) x Gp(ky)) 2 CZ(Gu(ky)) @ CF(Gr(ky)).

We may write

FER" g) = &;(2)& (h)

j=1
for some &;(g) and £7(h) in C°(G,(F)). Meanwhile, we write
(7-13) 9 (h™'g) = (m(h™'g)v, V) = (m(gv, F(W)D), vem HeR.

By applying those explicit expressions to the integral in (7-12), we obtain that
(7-12) is equal to

S @b Fhpede el dhdg
j=1 8€Gy(F) JheG,(F)

=> / & (9)w(det g)|det gl ' dg / £ () (7 (g)v. 7 (h)) dh
geG,(F) heG,(F)

Jj=l
r

:Z/G " si(g)(ﬂ(g)v,ﬁ(gj)ﬁ)a)(detg)Idetg|§:—1/2dg‘
=176

By writing ¢ ;(g) := (m(g)v, T(§/)7), we obtain that

(7-14) Z(S’qj*‘pé,wn»w):ZL(F)Si(g)%,j(g)w(detg)|detg|;_l/2dg
j=17Gn

r
= ZZ(S? ¢§_/,(pﬂ‘ja Cl))

j=1

By definition of £, we obtain that the right-hand side of (7-14) belongs to the
space L, and so does the function Z(s, ¢ *¢x ., ). Therefore we have established
(7-6). We are done. O

We have finished the proof of Theorem 7.1 for the non-Archimedean case.
Now we turn to the proof the converse of (7-2), and hence Theorem 7.1 for the
Archimedean case.
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We first treat the case when F' =~ C. It is clear that the multiplication map

m:C* xSL,(C) — G,(0C)
(7-15)
(a,h)yr—>a-h

provides a surjective group homomorphism with finite kernel, which in particular
is a smooth (covering) map. The push-forward map along m, which we denote by

(7-16) m, : C°(C* x SL,(C)) — CZ(G,(C))

is surjective. In fact, the surjectivity can be easily verified as follows. For any
feCX(Gn(0)), let m*(f) be the pull-back of f along m, which is given by

m*(f)(a,h)= f(a-h), (a,h)eC*xSL,().
Then we obtain that

m, (m*(f))(h) = Z fla-h)=lker(m)|- f(g), ge€Gu(O).

(a,h)eC* xSL,(C)
a-h=g

It is clear now that the subspace Sy, (C*) of S;(C*) is equal to the space spanned
by the functions

(7-17) P, (f).0n (X) = / m.(f) ()¢ () drg

det g=x

= f Yo flahex(g)deg
det g=x

(a,h)eC* xSL,(C)
a-h=g

with all f € C2°(C* x SL,(C)) and ¢, € C(r). Thus, in order to show the converse
of (7-2), it suffices to show that any function in C2°(C*) is of the form as in the
last line of (7-17).

Let x, be the central character of . By a change of variable, we write (7-17) as

18 = X @) g @) i
Assume that f € C2°(C* x SL,(C)) is given by a pure tensor

fa, h)= fi(a)- f2(h)
with f1 € C2°(C*) and f> € C2°(SL,(C)). Then (7-18) can be written as

(T19) G, (@) = ( 3 i@ (a)) : fs

a"=x n

: f2(W)@z(h) dih.
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It is clear that multiplying by the character x. stabilizes the space C2°(C*), which
means that fi(a)x.(a) € C2°(C*) for any fi € C2°(C*). The map

CX(C*) — C®(C*) with f > <x =3 f(a)>
a=x
is surjective, since it is the push-forward map along the surjective covering map
C*—C* with a+—a".

Therefore, any function in C2°(C*) can be written as ¢n,(f),¢, (x) for some ¢, €
C(m) and f € C°(C* x SL,(C)). This finishes the proof of the converse of (7-2).
We now turn to the case when F = R and treat the cases of n odd and of n even
separately.
When r is odd, the multiplication map

m:R* xSL,(R) - G,(R)
(a,8)r—>a-g

is surjective, the proof in the complex case is applicable and yields a proof for this
case. We omit the details here.
When 7 is even, we write G, (R) as a disjoint union two real smooth manifolds:

G(R) =G, (R)LG, (R),

where G, (R) (resp. G, (R)) consists of elements in G,(R) with positive (resp.
negative) determinant.
By the surjectivity of the map

R.¢ x SL,(R) — G,‘:([Ri) with (a,g)—~a-g,

the proof in the complex case shows that the space S7(R*) contains the space
C°(R-0). Since R* = R.oUR-o, we have that

CER™) =C°(R-0) ©C°(Rp)-
It remains to show that
(7-20) C(Rop) C S2(RX).
Take 6 = diag(—1, 1, ..., 1) € G,(R) and consider the map

m R.oxSL,(R) — G, (R) with (a,h)—>a-h-0.
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As the complex situation, for any f € C°(R-o x SL,(R)), we set

(7-21) Pz (),0r X) = / Y flah)gx(9)deg.
detg=x (4 h)eR-oxSL,(R)
a-h-0=g

for x € Rp. We only need to show the space spanned by the functions of the form

(722) (x> by (0, () | f €CPRop X SLy(R)), ¢z € C())

with x € R contains (and hence is equal to) the space C2°(R).
By a simple change of variable, we obtain that

(7-23) Bure (0 (0) = f 3" fla, h)- xa(@en(h-6) dih,

SL, (R)

a'=—x

where x is the central character of w € [Ig(n). Assume that f (a, h) = fi(a)- f2(h)
is a pure tensor with f; € C2°(R~¢) and f, € C2°(SL,(R)). Then (7-23) can be
written as

T2 b @ =Y Fi(@xm@)- /S o B0,

a=—x
with x € R_g. For y = —x > 0, the functions of the form
> F1(@) tg (@) - fr() gz (h-0)dih
ar—y SL, (R)

recover the space C.°(R-), as treated in the previous case. Thus, the functions
of the form in (7-24) recover the space C2°(R-¢). This completes the proof for
the converse of (7-2) for the Archimedean case. Therefore, we finish the proof of
Theorem 7.1.

7B. A variant of rw-Poisson summation formulae. For any m = ®V6| Kl € [Ma(G,),
we define in (4-1) the space of w-Schwartz functions on A*:

Sx(A) = Q) Sx, (k).

We define Sg (AX) to be the subspace of S; (A*) that is spanned by the functions
of the form ¢ = Q) ¢, € Sy (A*) with at least one local component ¢, belonging
to C2°(k). Note that for any ¢ = Q) ¢, € Sy (AX), there are at most finitely many
local components from C2°(k,‘). It is also easy to verify from the definition of
the -Fourier operator 7 y as in (4-3) and Theorem 7.1 that there exist functions
=@, ¢ € Sz (AX), such that

Frr (@) = Q) Fry (h0) € SHAX),

velk|



FOURIER OPERATORS AND POISSON FORMULAE ON GL; 363

We define S;°(A*) to be the subspace of S7 (A*) that is spanned by the functions
of the form ¢ = ), ¢, € Sy (A*) with the property that F  (¢) € S3(AX).

Theorem 7.3. Assume that w € A(G,) is square integrable. For any ¢ € S3°(A*),
the m-Poisson summation formula

Or (x, ) = O (™', Fry ()
holds as functions in x € A*.

Proof. By Corollary 5.6, both ®,(x, ¢) and Oz (x~ 1, Fry(@)) are absolutely
convergent. It suffices to show the equality. The proof goes in the same way as
Theorem 4.7 when 7 € Acysp(G,). The first key point is that when 7 is square
integrable, its matrix coefficients can also be realized as the integrals in (4-14), with
B1, B2 € V; being not necessarily cuspidal.

The second key point is to prove that the boundary terms defined in (4-23) vanish
automatically by the local assumption on ¢ at the two local places v; and v,. More
precisely, take ¢ = ¢z ,, € Sy (A™) and assume that

¢ =) ¢ =) be..0m,

with £,(g) = |detg[}/? f,(g) for some f, € S(M,(k,)), and ¢, € C(,). The
assumption at the two local places vy and v; is the same as that f,, € C2°(G,(k,,))
and Fy, (f,) € C°(Gn(ky,)). For f = &, fv and Fy (f) = Q, Fy, (f,) with
the above f,, at the given local place vy and Fy,, (f,,) at the given local place vy,
the boundary terms B (h, g) in (4-23) must vanish automatically. Therefore, the
summation identity is established. We refer the other details of the proof to the
proof of Theorem 4.7. (]

7C. Refinement of Conjecture 1.5. We are going to state our conjecture on (o, p)-
Poisson summation formula on GL; with more details, which refines Conjecture 1.5.
We will continue with the discussions in Section 6B. By Assumption 6.1, for
0 € Acusp(G), there exists a m = Q) 7, € Ma(G,) with m, = 7, (0,, p) for all v.
We define the space S, ,(A™) of (o, p)-Schwartz functions as in (6-5) and (6-6);
and the (o, p)-Fourier operator F; , y as in (6-7) and (6-8). Finally we define the
space ng’p (AX) to be equal to the space S,°(A*), which is defined in Section 7B.

Conjecture 7.4 (refinement of Conjecture 1.5). Let G be a k-split reductive group,
and p : G¥(C) — GL,(C) be a representation of the complex dual group G (C).
With Assumption 6.1, for any o € Acusp(G), there exist k™ -invariant linear func-
tionals & , and E , on Sy, ,(A™) and Sz ,(A*), respectively, such that the (o, p)-
Poisson summation formula

(7'25) go,,o(¢) = Eg,p(fn,p,W(‘p))
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holds for ¢ € Sq,(A™). If ¢ € S5°,(A*), then the identity in (7-25) holds for

Eop(@)(x) = Opp(x, ) = Y ¢(ax)
aek™
with x € A%,
We make remarks on Conjecture 1.5 and its refinement Conjecture 7.4.

Remark 7.5. In Corollary 6.3, we have proved that if the global Langlands functo-
riality is valid for (G, p) and the image of ¢ under the functorial transfer is cuspidal
on G, (A), then Conjectures 1.5 and 7.4 hold with

Eop(@)(x) = O, (x, ) = Y ¢(ax)
aek>

for any ¢ € S5 ,(A™) and any x € A If the global Langlands functoriality is valid
for (G, p) and the image of o under the functorial transfer is square integrable
on G,(A), then by Theorem 7.3, a similar (o, p)-Poisson summation formula in
Conjecture 7.4 holds for ¢ € S;°(A™).

8. Critical zeros of L(s, T x )

We provide a spectral interpretation of critical zeros of the automorphic L (s, 7 X x)
for any 7 € Acusp(Gr) and character x of the idele class group Cy = k*\A* for
a number field k. This can be viewed as a reformulation of [40, Theorem 2] (see
also [12]) in the adelic formulation of A. Connes [11], and is a extension of [11,
Theorem III.1] from the Hecke L-functions L(s, x) to the standard automorphic
L-functions L(s, T X x).

8A. Polya—Hilbert—-Connes pairs. For a number field k, denote by A! = A,l =
ker(] - |a) the norm one ideles of k. Denote by C; := k*\A* the idele class group
of k, and define C,i :=k*\A!. Then A* has a noncanonical decomposition

1
(8-1) A* =A" x RE,

where R = |A* |4 is the connected component of 1. In the following, we choose
and fix a section of the short exact sequence

1A' - A > RX — 1.
This gives a fixed noncanonical decomposition
(8-2) Cr =Cp x R
For any § > 0, define L(%(Ck) to the space consisting of measurable functions

Q:Ck—>C
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with a finite Sobolev norm || - |5 as defined by

(8-3) 10117 := [ 10(x)1*(1 + (log |x]a)?)*/* d*x.
Ck

It is clear that the space L%(Ck) is a Cx-module via the right translation ts defined by
(3-4) ts(a@)(0)(x) :=0(xa)

for any 6 € L%(Ck) and a, x € C,. Note that the C,-module L%(Ck) is not unitary,
but has the property

(8-5) [ts (x) || = o(log |x]a)%?,  |x]a — o0.

For any 7w € Acusp(Gr), take any ¢ € Sy (A™). By Proposition 4.8, for any « > 0,
there exists a positive constant ¢, ¢ such that the -theta function ©; (x, ¢) enjoys
the property

107 (x, §)| < cr.p - min{|x]a, [x[3},

in particular, ®, (x, ¢) decays rapidly when |x|sy — O or |x|a — o0, and hence
belongs to Lg(Ck). Define

(8-6) 615 = /c 1O (x, )2(1 + (log |x|a)?)** d*x

for any ¢ € S;(A*). Then we have the embedding
8-7) Or 1§ € Sr(A¥) > Ox (-, §) € LF(Ch)

with respect to the Sobolev norms defined in (8-3) and (8-6), respectively.
Denote by ®, the completion of the image © (S, (A*)) in L%(Ck). Since

(1) (O (-, #))(x) = Ox (x, ts(¥)P)

for any ¢ € Sy (A*), with x, y € Ci, the closed subspace O, is also a Cx-module.
Define the quotient space

(8-8) Hys = L3(C)/Ox,

which is also a Cx-module. The associated representation is denoted by v 5. It is
clear that the restriction of the Cy-module to C,l is unitary and has the decomposition

(8'9) H]T,Slcll = @ Hr[,é,x-

xec}
By the fixed (noncanonical) decomposition in (8-2), each eigenspace Hy s , 1S a
module of R}. The associated representation is denoted by t; 5 ,. Note that v, 5 ,
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is also a representation of C; = C,l X [R%fr on Hy 5 . The action of [Ri on Hy s,y
generates a flow with the infinitesimal generator

.1
(8-10) DOrs5.50) = Ell_r)% g(tn,&x(exp(é) —1))6
for any 0 € Hy s, ,. As in [11], one should take the pair

(8'11) (Hﬂ,5,xv QJT,S,X)

to be a candidate of the Pélya—Hilbert space. We call it a Pélya—Hilbert—Connes
pair. .

For any x € C,l, by the fixed noncanonical decomposition C; = C,l x RY as in
(8-2), the character x has a unique extension to Cy by defining that it is trivial on R.
We may still denote the extended character by .

Theorem 8.1 (critical zeros of L(s, x x)). Given any w € Acusp(G,) and any
character x € C}, take D5, as in (8-10) with § > 1.

(1) The spectrum Sp(Dy s5,,) is discrete and is contained in i - R with i = +/—1.
(2) 1 €Sp(Dns.y) ifand only if L(% + p, 7 x x) = 0.
(3) The multiplicity msp(o, , ) (1) is equal to the largest integer m < %(1 + &) with

m < Mp(sxxy) (% + /L), the multiplicity of % + w as a zero of the automorphic
L-function L(s, T X x).

Note Theorem 8.1 can be viewed as a reformulation of [40, Theorem 2] in the
adelic framework of [11] and is an extension of [11, Theorem III.1] from the Hecke
L-functions L(s, x) to the standard automorphic L-functions L(s, 7w X x). See also
[12] for relevant discussion.

8B. Proof of Theorem 8.1. We are going to prove Theorem 8.1 by using an
argument that combines the approach of [11] and that of [40].
Consider the pairing

(8-12) L3(Co) x L25(Cr) — € with (8, n) = (6, 1),
where the pairing is defined by the integral

0.0 = [, 6Om() d*x.
For any y € C;, we have

(ts(MO, n) = (0, t_s(y " "n)

for any 6 € L3(Cx) and n € L? 4(Cx).
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Consider a function 1 € L* 5(Cr) as a distribution on the eigenspace Hy 5 5. Then
(8-13) (0.m) =0
for any 0 € G)_ﬂ, and, for any ¢ € C,l,

t_s(n=x""(t)n

as a distribution on H 5 ,. Hence, we may write, for x =ta € C; = C,i x RY, the
fixed noncanonical decomposition, that

(8-14) n(x) =x" (OB,
where B(a) is a measurable function on [R{i with
1Blls = / 1B@/*(1+ (logla])®)™*d*a < co.
R+
The orthogonality in (8-13) can be written as
(8-15) [ Oxtxr o) dx =0
Cr
for any ¢ € S;(A*). As in [40], we prove the following lemma, which is a

reformulation of Lemma 1 of [40].

Lemma 8.2. The subspace of ®, generated by functions of type
(bxOx(-,9))(1) = f b(x)On (x~'1, ¢) d*x
Ck

with all b(x) € C°(Cy) is dense in ©,.

Proof. We reformulate the proof of [40, Lemma 1]. For any 6 € ©,, we have
(b *0)(t) :f b(x)0(x 1) d*x = / b(x)0" (t~'x) d*x = ts(b)(") ()
Ck Cr

for any b(x) € C2°(Cy). Since O, is aclosed subspace of L§(Ck) and is a C-module,
it is clear that b6 belongs to ®_ . In particular, we have that b+ ®, (-, ¢) belongs
to @, for all b(x) € C°(Cr) and all ¢ € S (AX).

Next, by [11, Lemma 5], there exists a sequence of functions {f,} with f,
belonging to the space S(Cx) of the Bruhat—Schwartz functions on Cy, such that
ts(fn) tends strongly to 1 in L(%(Ck) and the norm of ts(f;;) are bounded. Now
following the same argument as in the proof of [40, Lemma 1], we obtain that there
exists a sequence of functions b, € C2°(Cx) with the properties

(1) ts(b,) converges strongly to 1;
(2) the norm of t5(b,) is bounded,;
(3) by * O, (-, ¢) converges to O (-, ¢) for any ¢ € S, (AX).
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Therefore the linear span of b * ®, (-, ¢) with b(x) € C2°(Cx) and ¢ € S, (AX) is
dense in ©,,. We are done. |

By Lemma 8.2, it is enough to consider the orthogonality
(8-16) [, @0z om) dx =0
k

for any ¢ € Sy (A) and b(x) € C2°(Cy).

Lemma 8.3. Foranyn € L2_5 (Cr), the integral
[, ®x0x(.onme) d
k
is zero for any b € C2°(Cy) and any ¢ € S (A*) if and only if

L(3+ip,mx x) - Mm(Xin)

is zero as a function in X;,, where x;, is any unitary character of Cy that can be
written as X, (x) = x()a'* for x =ta € C; = C,: X Ri, the fixed noncanonical
decomposition.

Proof. We are going to apply the Parseval formula for the Fourier transform from
Cy to its unitary dual @ to (8-16). Since y;,(x) = x (t)a'*, the Fourier transform
for Cy is

MO i) = [, 6003, 0 d"x,
By applying the Parseval formula to the integral
[, o Ox (. pneome) d*x,
we obtain that (8-16) is equivalent to
(8-17) /@M(b)(xm)/\/l(@n( S ) X)) M) (Xip) dXin =0
for any ¢ € S;(A) and b(x) € C2°(Cy). It is easy to verify from definition that

MOz (-, ) (Xiw) = Z(5 +im. ¢, x).

where the right-hand side is the global (GL,) zeta integral as defined in (4-4). From
Corollary 4.4 and [16, Proposition 13.9], the global zeta integral Z (% +in, d, X)
is a bounded function in u. Hence, the product

Ton (i) = Z(3+ip, ¢, x) - M) (Xin)

is a tempered distribution on @ It follows that (8-17) is the same as

(8-18) /5 MG Ki) Tpon (i) dxip = 0
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for any ¢ € Sy (A*) and b(x) € C°(Cy). Denote by @,n(x) the (inverse) Fourier
transform of Ty ,(x;.). By using the Parseval formula for the (inverse) Fourier
transform, we obtain that (8-18) is equivalent to

(8-19) / b(x)Tg.,(x)d*x =0

Ck

for all ¢ € S,r (A) and b(x) € C>°(Cx). Hence, we must have that (8-19) holds if
and only if 7;5 n(x) =0 as distribution on Ci, which is equivalent to 74 , (xi,.) =0 as
distribution on Cx. In other words, we obtain that for any n € L? < 5(Ck), the integral

. (b*Oz (-, $))(x)n(x)d*x

is zero for any b € C2°(Cy) and any ¢ € S; (A*) if and only if

(8-20) Z(3+ip, d, x) - M@ (xiw) =0

for all ¢ € S;(A*). By Corollary 4.4 and [16, Theorem 13.8], there exist finitely
many @i, ..., ¢¢ € Sy (A*) such that

Zh+in i)+ -+ 23 +in, e x) =L(3+ipn. 7w x x).
Thus we obtain that (8-20) implies
(8-21) L(3+ip, 7 xx) - M®(xin) =0

as a function in x;,.
To prove the converse, we consider factorizable data ¢ = ), ¢ € S, (AX) and
x =@, xv. The global zeta integral factorizes into an Euler product

Z(s,¢, 0 =] 20, ¢u x0)-
Vv
By Theorem 3.4, we obtain that

Z 9 b
25,6 0 = LGs, 7 x ) - [ | o Xe)
LUL6 mx )
where S is the finite set of local places, including all Archimedean local places
of k, such that for any v ¢ S, the data 7, and yx, are unramified, and the quotient
Z(s, ¢v, xv)/L(s, m, X x,) is holomorphic in s € C. Hence, if n € L%B (A™) satisfies

L(3+ipw, 7 x x) - M@ (xin) =0

as a function in x;,, i.e., (8-21) holds, then (8-20) holds for factorizable data
»=Q, ¢y € Sx(A¥) and x = ), xv. Hence, it holds for all ¢ € S;(A*) and
all x. We are done. O
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The rest of the proof of Theorem 8.1 is exactly the same as the proof of [40,
Theorem 2, page 178], which follows from the same argument of Connes (in the
proof of [11, Theorem III.1, pp. 86—87]). We omit the details.
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