Volume 326 No. 2 October 2023



PACIFIC JOURNAL OF MATHEMATICS

Founded in 1951 by E. F. Beckenbach (1906-1982) and F. Wolf (1904-1989)

Matthias Aschenbrenner
Fakultit fiir Mathematik
Universitit Wien
Vienna, Austria
matthias.aschenbrenner @univie.ac.at

Atsushi Ichino
Department of Mathematics
Kyoto University
Kyoto 606-8502, Japan
atsushi.ichino@gmail.com

Dimitri Shlyakhtenko
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
shlyakht@ipam.ucla.edu

msp.org/pjm

EDITORS

Don Blasius (Managing Editor)
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
blasius @math.ucla.edu

Paul Balmer
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
balmer@math.ucla.edu

Robert Lipshitz
Department of Mathematics
University of Oregon
Eugene, OR 97403
lipshitz@uoregon.edu

Paul Yang
Department of Mathematics
Princeton University
Princeton NJ 08544-1000
yang @math.princeton.edu

PRODUCTION

Vyjayanthi Chari
Department of Mathematics
University of California
Riverside, CA 92521-0135
chari @math.ucr.edu

Kefeng Liu
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
liu@math.ucla.edu

Ruixiang Zhang
Department of Mathematics
University of California
Berkeley, CA 94720-3840
ruixiang @berkeley.edu

Silvio Levy, Scientific Editor, production@msp.org

See inside back cover or msp.org/pjm for submission instructions.

The subscription price for 2023 is US $605/year for the electronic version, and $820/year for print and electronic.

Subscriptions, requests for back issues and changes of subscriber address should be sent to Pacific Journal of Mathematics, P.O. Box
4163, Berkeley, CA 94704-0163, U.S.A. The Pacific Journal of Mathematics is indexed by Mathematical Reviews, Zentralblatt MATH,
PASCAL CNRS Index, Referativnyi Zhurnal, Current Mathematical Publications and Web of Knowledge (Science Citation Index).

The Pacific Journal of Mathematics (ISSN 1945-5844 electronic, 0030-8730 printed) at the University of California, c/o Department
of Mathematics, 798 Evans Hall #3840, Berkeley, CA 94720-3840, is published twelve times a year. Periodical rate postage paid at
Berkeley, CA 94704, and additional mailing offices. POSTMASTER: send address changes to Pacific Journal of Mathematics, P.O.
Box 4163, Berkeley, CA 94704-0163.

PJM peer review and production are managed by EditFLOW® from Mathematical Sciences Publishers.

PUBLISHED BY
:I mathematical sciences publishers
nonprofit scientific publishing
http://msp.org/
© 2023 Mathematical Sciences Publishers


http://msp.org/pjm/
mailto:blasius@math.ucla.edu
mailto:matthias.aschenbrenner@univie.ac.at
mailto:balmer@math.ucla.edu
mailto:chari@math.ucr.edu
mailto:atsushi.ichino@gmail.com
mailto:lipshitz@uoregon.edu
mailto:liu@math.ucla.edu
mailto:shlyakht@ipam.ucla.edu
mailto:yang@math.princeton.edu
mailto:ruixiang@berkeley.edu
mailto:production@msp.org
http://msp.org/pjm/
http://www.ams.org/mathscinet
http://www.emis.de/ZMATH/
http://www.viniti.ru/math_new.html
http://www.ams.org/bookstore-getitem/item=cmp
http://apps.isiknowledge.com
http://msp.org/
http://msp.org/

PACIFIC JOURNAL OF MATHEMATICS
Vol. 326, No. 2, 2023

https://doi.org/10.2140/pjm.2023.326.187

_SMOOTH LOCAL SOLUTIONS
TO SCHRODINGER FLOWS WITH DAMPING TERM
FOR MAPS INTO SYMPLECTIC MANIFOLDS

Bo CHEN AND YOUDE WANG

We show the existence of short-time very regular solutions to the initial
Neumann boundary value problem of Schrodinger flows with damping term
(or Landau-Lifshitz—Gilbert flows) for maps from a 3-dimensional compact
Riemannian manifold with smooth boundary into a compact symplectic
manifold.

1. Introduction

Let (M, g) be a compact Riemannian manifold with smooth boundary and (¥, J, w)
be a symplectic manifold, where w is the symplectic form and J : TN — TN with
J?=—idis an w-tamed almost complex structure. For a smooth map u € C>(M, N),
the tension field is defined by

T(u) = try(Vdu),

where V denotes the induced connection on the pullback bundle u*TN.

Recently, in [Chen and Wang 2023b; 2023a] we have addressed the local existence
of strong or even smooth solutions to the initial Neumann boundary value problems
to the Schrodinger flows from a smooth bounded domain Q" (m = 2, 3) into a
standard sphere S% A natural problem is whether or not one can extend the local
existence of smooth solutions to the initial Neumann boundary value problem to the
following Schrodinger flow from a compact Riemannian manifold with boundary
(M, g) into a general symplectic manifold (N, J, w):

ou=Jwrt), (x,t) e M x RT,
ou/dv =0, (x,1) € M x RT,
u(x,0)=u9g: M — N.

Wang is the corresponding author.
MSC2020: 35K51, 35Q60, 58J35.
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In this paper, we are concerned with a geometric flow for maps between (M, g)
and (N, J, w), which is a close relative of the Schrodinger flow. If u is a time-
dependent map from (M, g) into N satisfying

oru+yVyu=at) —pJw)t(u),

we call this geometric flow a Schrodinger flow with damping term ot (1) (or
a Landau-Lifshitz—Gilbert (LLG) geometric flow) for maps from (M, g) into
(N, J, w), where o > 0, B and y are fixed real numbers, v : M x Rt — TM
is a vector field satisfying div(v) = 0 inside M for any ¢t € R™, and V,u is defined
by

Vou =du(v).

We are interested in the well-posedness to the initial Neumann boundary value
problem of the above geometric flow

u+yVou=at(w)—BJw)twm), (x,t)eM xR,
(1-1) du/dv =0, (x,t) € 0IM x RT,
u(x,0)=u9g: M — N.

In fact, the study of system (1-1) above can be regarded as the first step to
approach the previous initial Neumann boundary value problem on the Schrodinger
map flow. This is also the main motivation of this paper.

On the other hand, system (1-1) is of strong physical background. Now, let us
recall some background materials and related equations of this flow.

1A. Background: Landau-Lifshitz—Gilbert equation and the Schridinger map
flow. Let Q be a bounded domain in R>. In physics, for a map u from Q into a
standard sphere S? the Landau-Lifshitz (LL) equation

(1-2) oju=—u X Au

is a fundamental evolution equation for the ferromagnetic spin chain and was
proposed on the phenomenological ground in studying the dispersive theory of
magnetization of ferromagnets. It was first derived by Landau and Lifshitz [1935],
and then proposed by Gilbert [1955] with dissipation as the form

(1-3) oru = —ou X (u X Au) — Bu x Au,

where 8 is a real number and « > 0 is called the Gilbert damping coefficient. Hence,
equation (1-3) above is also called the Landau—Lifshitz—Gilbert (LLG) equation if
a > 0. Here “x” denotes the cross product in R? and A is the Laplace operator
in R?

Let i : S> — R? be the canonical inclusion map, which induces an embedding
iy :TS?* > ST x R3 namely i,.(p, v) = (p,di,(v)) forany p € S?andv e Tp§2.



SMOOTH LOCAL SOLUTIONS TO SCHRODINGER FLOWS WITH DAMPING TERM 189

Let ¢ : R3\ {0} — S? be the projection defined by ¢(y) = y/|y|. Then a direct
calculation shows

di|y(w) =my(w) =w —(w, y)y

for y € S? and w € R3 where 7 is the orthogonal projection from R? to TySZ.
Moreover, it satisfies

Ixy Oy =Ty, Tyoiy =1id.
Then u x has the intrinsic form
UX =1y 0J(u)om,.

Here J is the complex structure on S i.e., J(u) : T,S* — T,S? rotates vectors
7 radians counterclockwise in the tangent space of S? Therefore, (1-3) can be
written as

oru = amy Au — Biy(u) o J(u)om, Au.

Since t (1) = 7, Au € T,S? (i.e., the tension field) and 7, d,u = d;u, we get the
intrinsic version of (1-3) as

(1-4) ou =at(u)—BJ(w)t(u).

In the case a =0, it is just the Schrodinger flow into S% which is introduced inde-
pendently in [Ding and Wang 2001] and [Terng and Uhlenbeck 2006] as a geometric
Hamiltonian flow of maps between manifolds. The intrinsic equation (1-4) can be
defined between general manifolds and gives a natural generalization of the LLG
equation, which is a parabolic perturbation of the Schrodinger flow. Namely, suppose
that (M, g) is a Riemannian manifold and (N, J, w) is a symplectic manifold, the
LLG geometric flow for map u : M x R — N < RX is defined by

1-5) du=oatu) —BJ W)t (u),

where
T(u) = Au+ A(u)(Vu, Vu)

is the tension field, A(u)(-, -) is the second fundamental form of N in RX. Here
we have embedded isometrically N into RX by applying the well-known Nash
embedding theorem. In the following, we always assume that N C RX is just a
submanifold in RX for the sake of convenience and without loss of generality.
Letv: M x RT™ — TM be a vector field with div(v) = 0 inside M. The equation

(1-6) oru+yVyu=cat(u) —BJ(u)t(u)

appears in magnetoelastic theory, where y € R is a constant. One can refer to
[Benesova et al. 2018; Kalousek et al. 2021] for more details.
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In the special case of o = 0, the equation
oru~+yVou=—8Ju)t(u)

is called an incompressible Schrédinger flow, which was derived for the purely
Eulerian simulation of incompressible fluids by Chern et al. [2016].

We should mention that (1-5) and (1-6) are gauge equivalent. Let ¢, : M — M
be a family of diffeomorphisms of M generated by y v, which preserves the volume
element. Namely, ¢, is the solution to the ODE

9 _ (¢ (x), 1)
(1-7) or VU0
¢(-,0) =do,

where ¢p : M — M is a given diffeomorphism. If 0 M # &, we additionally assume
y{v, v)|sm = 0, where v is the outer normal vector of d M. Let u solve (1-6), and
set iu(x,t) = u(¢;(x),t). Then we have

it = (du 4y Vyu) 0 ¢y (x) = ¢ (at(u) — BJ ()T () = ot (it) — BJ ()7 (1).
This is the standard LLG equation
o =at(m) — BJ ()t ()

with respect to the pullback metric g; = ¢/ g.

It is worthy to point out that if the vector field v is the velocity field in magnetic
fluid, which satisfies a Navier—Stokes equation involving a magnetic term, we can
derive the so-called magnetic elasticity system (see [BeneSova et al. 2018] for more
details)

v+ Vyo+VP=puAv—V-(Vu®Vu— W (F)F),
div(v) =0,
F+(-V)F—VvF =«AF,
oru~+yVyu=at(u) — fu X Au,

(1-8)

accompanied by some suitable initial-boundary value conditions. Here w, « are two
positive constants, u : Q" x RT — S? is the magnetization field, v : Q" x R — R™
is the velocity field of the fluid, P is the pressure function, and F : Q" — R"™*™ is
the deformation gradient, where 2" is a domain in R with m = 2, 3. The term
Vu © Vu is an m x m matrix with (i, j)-th entry

(Vu©Vu)ij =(Viu, V;u),
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W is the elastic energy which satisfies W(RS) = W (S) for all R € SO(m) (and
thus W/(RS) = RW'(S)) for all matrices § € R™*", and

t(u) = Au+ |Vu|2u.

In the special case « =0 and F =0, equation (1-8) is the Navier—Stokes—Schrodinger
flow, which can be used to describe the dispersive theory of magnetization of
ferromagnets with quantum effects.

Next, we briefly recall a few results that are closely related to our work in the
present paper. In 1985, the existence of global weak solutions to the LLG equation
(i.e., (1-3) with o > 0) was established by Visintin [1985]. P.L.. Sulem, C. Sulem,
and C. Bardos [Sulem et al. 1986] employed a difference method to prove that the
LL equation (1-2) without a dissipation term defined on R" admits a global weak
solution and a smooth local solution. Later, Alouges and Soyeur [1992] showed the
nonuniqueness of weak solutions to the LLG equation defined on a bounded domain
Q C R Y.D. Wang [1998] adopted a more geometric approximation method (i.e.,
the complex structure approximation method) than the Ginzburg-Landau penalized
method used for the LL.G equation in [Alouges and Soyeur 1992; Bonithon 2007;
Tilioua 2011] to obtain the global existence of weak solutions to the Schrédinger
flow for maps from a closed Riemannian manifold or a bounded domain in R"
into S For recent developments of weak solutions to a class of generalized LL
equations and related flows, we refer to [Jia and Wang 2019; 2020; Chen and Wang
2021] for various results.

The global well-posedness result for the LL equation on R" with n > 2 was
well studied by Ionescu, Kenig, and Bejanaru et al., we refer to [Bejenaru 2008;
Bejenaru et al. 2007; 2011; Ionescu and Kenig 2007] for more details. For the
Schrodinger flow from a closed manifold or R” onto a compact Kéahler manifold
(i.e., (1-9) with o = 0), the existence of local smooth solutions was obtained by
Ding and Wang et al., one can refer to [Ding and Wang 1998; 2001; Sulem et al.
1986; Pang et al. 2000; 2001; 2002; Zhou et al. 1991].

In the case the domain manifold is a smooth bounded domain in R3, Carbou
and Fabrie [2001] proved the local existence and uniqueness of regular solutions
of the initial Neumann boundary value problem to the LLG equation. Recently,
the local existence of very regular solutions to the LLG equation with a > 0 was
addressed by applying the delicate Galerkin approximation method and adding
initial Neumann boundary compatibility conditions on the initial map [Carbou and
Jizzini 2018]. Inspired by this method, which essentially stems from [Sulem et al.
1986], we obtained local-in-time very regular solutions to the LLG equation with
spin-polarized transport in [Chen and Wang 2023c].

Very recently, the authors of this paper studied the most challenging LL equation
(i.e., the Schrodinger flow into $?) on a smooth bounded domain in R? and proved
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the existence and uniqueness of local-in-time strong solutions and local very regular
solutions to its initial Neumann boundary value problem (see [Chen and Wang
2023b; 2023a]).

1B. Motivations and main results. Although we have proved the existence and
uniqueness of local-in-time strong solutions and local very regular solutions to the
initial Neumann boundary value problem of the Schrddinger flow from a smooth
bounded domain in R? into S? (see [Chen and Wang 2023b; 2023a]), the existence
of the initial Neumann boundary value problem of the Schrodinger flow from a
smooth bounded domain M in R* into a compact Kihler manifold N is still an
open problem:

o = J ()T (), (x,1) € M x RY,

ou/ov =0, (x,1) € 0M x RT,

u(x,0)=u9g: M — N.
To this end, the first step is to extend Carbou’s work [Carbou and Jizzini 2018] on
the LLG equation for maps from a smooth bounded domain in R? into S? to the
case from a compact Riemannian manifold with smooth boundary into a symplectic
manifold. So, in this paper we consider the existence of regular solutions to the
initial Neumann boundary value problem of (1-5) with « > 0.

Because the geometry of the domain manifold M does not affect our analysis and
the main results, for simplicity, we assume that €2 is a smooth bounded domain in R™.
Let u be a time-dependent map from €2 to N. We consider the initial Neumann
boundary value problem of the general LLG flow (equation)

ou+yVou=at(u)—BJw)t(u), (x,t)€Q xR,
(1-9) ou/ov =0, (x,1) € 9Q x R,
u(x,0) =up: Q2 — N — RXK,

where o > 0, y and B are fixed real numbers. Here v : @ x RT — R is a vector
field satisfying div(v) = 0, and V,u is defined by

Vou = du(v).

No doubt, the initial Neumann boundary value problem of the corresponding
incompressible Schrodinger flow

du+yVou=—BJwtW), (x,1)eQ2xR"
(1-10) ou/ov =0, (x,1) € 0Q x RT,
ux,0)=up:Q2—> N,

and related problems are more challenging and will be carried out in our forthcoming
papers.



SMOOTH LOCAL SOLUTIONS TO SCHRODINGER FLOWS WITH DAMPING TERM 193

Our main results are the following two theorems:
Theorem 1.1. Let Q be a smooth bounded domain in R* and N be a compact
symplectic manifold. Let uy € H*(2, N) satisfy the compatibility condition
314()
—lae=0.
™ lag
Suppose v e L®(RY, W3(Q)), div(v) =0 forany t € R, and (v, v)|sqxr+ =0.
Then there exists a constant To > 0 depending only on y, o, B, |uoll g2(q), and
IVl Lo (m+ w13 (2)) Such that (1-9) admits a unique local solution u for any T < Ty
which satisfies

(1-11) ue ([0, T, H*(Q, N))NL*([0, T1, H* (2, N)).

Furthermore, if ug € H3(Q, N), ve CORT, HY(Q)), and 8,v € LA (R, H/(Q)),
then this solution u satisfies
(1-12) dlue (o, T1, HH(Q) N LA([0, T, H* ()
forT <Tyandi =0, 1.

Moreover, we can obtain a very regular solution to (1-9) by adding higher order
compatibility conditions on an initial map:

Theorem 1.2. Let Q be a smooth bounded domain in R*> and N be a compact
symplectic manifold. Let k > 4, ug € H*(2, N) satisfy the compatibility condition
at [%] — 1 order, which is given in the Definition 5.1. Suppose that div(v) =0 for
anyt € RT and (v, v)|yaxr+ =0, and for any i < [%] -1,

atl'v c CO(R+, Hk_Z(H_l)(Q, R%)) ) LZ(R+, H2[k/2]—2i (Q, R3)),

moreover, if k is odd, we additionally assume that 3*'*'v € L*(R*, L>(Q)). Then,
for u and Ty > O which are given in Theorem 1.1, we have that for any T < Ty and
0<i<[5]-1,

du e CO[0, T, H*2 (2, N)) N L*([0, T1, H*M'%(Q, N)).
Remark 1.3. (1) Theorems 1.1 and 1.2 still hold true when Q is a compact
3-dimensional Riemannian manifold with smooth boundary.
(2) By almost the same arguments as in the proofs of Theorem 1.1 and Theorem 1.2,
we can also get a short-time very regular solution to the equation
du+yVou =a(tu) +yJ@)\Vou) +J @)t (), (x,1) € Q2 xR,
(1-13) du/dv =0, (x,1) € 02 x RT,
u(x,0)=ug: 2 —> N — R,
on Q x RY, provided that u satisfies some suitable compatibility conditions on the
boundary. Here @ > 0 and y € R.
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To prove Theorem 1.1, we need to consider an extrinsic version (see (3-1)) of
(1-9) and then use the solution of the auxiliary equation

ou+yVou=a(Au+Pu)(Vu, Vu)) — BIw)Au, (x,t)€Q x RT,
(1-14) ou/ov=0, (x,1)€dQ x RT,
ux,0)=up:Q— N — RX,

which preserves the original geometric structures of (1-9), to approximate a solution
of (1-9). Here P(-,-) and J(u) are the extensions of A(-,-) and J defined in
Section 3A, respectively. We then prove the main result Theorem 1.1 by the
following process .7 (1):

(1) We apply Galerkin approximation to (1-14), and then estimate some suitable
energies directly to get a unique solution u to (1-14) satisfying

ue ([0, T1, H*(Q, R) n L ([0, T1, H (@, R)).

Since uge H*(2, N), the geometric structures of the above auxiliary equation (1-14)
guarantee u(x,t) € N for a.e. (x,t) € Q x [0, Tp). Therefore, u is also a solution
to (1-9) satisfying (1-11).

(2) Since the space of test functions associated to (1-14) is small, we cannot get
higher energy estimates directly to improve the regularity of u. We then consider
the differential of Galerkin approximation to (1-14) with respect to time and then
apply an energy method to show (1-12).

Next, with higher order compatibility conditions on initial data at hand we can
prove Theorem 1.2 by following the ideas in [Carbou and Jizzini 2018; Chen and
Wang 2023c]. More precisely, we consider the equation satisfied by afu (i.e., (5-9))
with k > 1 and repeat the process .7 (1) in the proof of Theorem 1.1 with 8tku in
place of u. Namely, we prove the main result Theorem 1.2 by showing the so-called
property .7 (k) which is defined in Section 5.

Our proof of Theorems 1.1 and 1.2 is similar to that of [Carbou and Jizzini
2018; Chen and Wang 2023c], but is more complicated. There are two technical
issues we need to address in our presentation. The first one is that we obtain the
extensions of A(-, -) and J in a tubular neighborhood U,s(N) of N by using the
canonical projections ¢ : Ups(N) — N and 7 : N x RK — TN, which satisfy the
original geometric structures of A(-, -) and J, respectively. Then by multiplying a
truncation function involving the distance function dist( -, N), we get the desired
extensions (i.e., P(-,-) and J(u)) on RX (see Section 3A). In particular, the
extension J of J is still antisymmetric, which plays an essential role in our proof.
The second one is that the property div(v) = 0 can be applied to eliminate some
terms involving v in the process of the energy estimate. This makes the assumptions
on regularity for v in Theorems 1.1 and 1.2 weaker than those for the electric current
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in [Carbou and Jizzini 2018], one can refer to [Carbou and Jizzini 2018] for more
details.

The rest of our paper is organized as follows: In Section 2, we introduce basic
notations on Sobolev spaces and some preliminary lemmas. In Section 3 and
Section 4, we give the proof of Theorem 1.1. Finally, the proof of Theorem 1.2 is
given in Section 5.

2. Preliminary

2A. Notations. In this subsection, we fix some notations on manifolds and Sobolev
spaces which will be used in the following context:

Let (N, J, w) be an n-dimensional symplectic manifold, where w is the symplec-
tic form and J : TN — TN with J? = —id is an w-tamed almost complex structure,
that is, for any X, Y € I'(TN),

o(JX,JY)=w(X,Y).
Then w and J induce a canonical Riemannian metric g on N as
gX,Y) =X, JY),

which also satisfies
g(UX,JY)=g(X,Y).

By the Nash embedding theorem, we always embed isometrically (N, g) into RX
hence without loss of generality we assume N C RX is an embedded submanifold
of RX with the induced metric. Let Q be a smooth bounded domain in R” with
m>1.Letu=®u',...,u¥): Q2— N < RX be a map. We set

HY(Q) = Wh(Q, RY)
and
H*(Q, N) ={u € H*(Q) : u(x) € N for ae. x € Q}.

Moreover, let (B, || - || ) be a Banach space and f : [0, T] — B be a map. For
any p > 0and T > 0, we define

T P 1/p
1A o = ([ 17 15dr) "

and set
LP([0,T], B):={f:[0,T1— B: |l fllzrqo,11.B) < 00}

In particular, we set
LP([0, T1, H*(Q, N))

={uelL?([0,T], Hk(Q)) ‘u(x,t) e N forae. (x,1) e Qx[0,T]},
where k € N and p > 1.
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2B. Some basic lemmas. Next, we recall some crucial lemmas which will be
used later. The following lemma of equivalent norms for Sobolev functions with
Neumann boundary condition can be found in [Wehrheim 2004]:

Lemma 2.1. Let Q2 be a smooth bounded domain in R™ and k € N. There exists a
constant Cy ,, such that, for all u H*2(Q) with g—l'ﬂgg =0,

2-1) ||M||Hk+2(sz) i Ck,m(||u||L2(sz) + ”A””Hk(Q))-
Here, for simplicity we define H*(Q) := L*(Q).
In particular, the above lemma implies that we can define the H**?-norm of u
as follows:
lull ey = llull 2@y + 1Aull g1 (o) -

We also need to use the following ODE comparison theorem and the classical
compactness results in [Boyer and Fabrie 2013; Simon 1987] to show the uniform
estimates and the convergence of solutions to the approximate equation constructed
in the coming sections:

Lemma 2.2. Let f : RT x R — R be a continuous function, which is locally
Lipschitz in the second variable. Let 7 : [0, T*) — R be the maximal solution of the

Cauchy problem
= f(t2),
{ 2(0) = zo.
Lety : RY — R be a C' function such that
Y = £y,
{ ¥(0) < zp.

Then, we have
y() <z(t), tel0,T).

Lemma 2.3 (Aubin—-Lions—Simon compactness lemma, see [Simon 1987]). Let
X C B CY be Banach spaces with compact embedding X — B. Let 1 <p, q,r <oo.
For T > 0, we define

Ep,r:{f;feLP((o,T),X) and %GL’((O,T),Y)},

which is equipped with a norm || f || := || fllLro,17),x) + ldf/dt| L 0,1),v). Then

the following properties hold true:

() If p <ooand p < q, the embedding E, , N LI((0,T), B) in L°((0, T), B) is
compact forall 1 <s < gq.

(2) If p=ocandr > 1, the embedding of E, , in Cc%(0,T1, B) is compact.
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Lemma 2.4 [Boyer and Fabrie 2013, Theorem 11.5.14]. Let k € N, then the space

f

Eyn= {f feL*(0,T), H*(Q)), eL2<<o T), Hk<sz>)}

is continuously embedded in C°([0, T1, H**1(Q)).

2C. Galerkin basis and Galerkin projection. Let 2 be a smooth bounded domain

in R™, A; be the i-th eigenvalue of the operator A — I with Neumann boundary

condition. We denote the corresponding eigenfunction of A; by f;, that is,
A-Dfi=—\ifi WlthE 3920'

Without loss of generality, we assume that { f;}7°, is a complete, standard or-
thonormal basis of L?(Q2, R"). Let H, = span{ f1, ... f,} be a finite subspace
of L2 P, : L> - H, be the Galerkin projection such that for any f € L2
f"=P,f =>1(f, fi)12 fi- Then the following result is proved in [Carbou and
Jizzini 2018]:

Lemma 2.5. There exists a constant C such that for all n, the projection P, satisfies
the following properties:

(1) For f e H'(Q,RY), | P, (f)||H1(Q) < flla >

(2) For f € HX(2, R") with 2130 =0, 1 Pa( Pl 2@y < CIlLf I 2oy
(3) For f € H3(Q, R") with 230 =0, | Ps(Hll w3y < CILf I m3ce-
Here we set H*(Q, R") = W52(Q, R") for k e N.

3. Local strong solution

3A. Approximation equation. We start with constructing the approximation equa-
tion of (1-9). Let N be a complete compact Riemannian manifold, and N C RX.
Let 7 : N x R€ — TN be the canonical orthonormal projection induced by the
inclusion map i : N <> RX. Then there exists a positive constant § such that there
exists a canonical well-defined projection

t:Uxp(N)—> N, xr—1(x),
satisfying dist(x, N) = |x — t(x)|, where
Uss(N) := {x € RX| dist(x, N) < 28}.
Moreover, we have the following theorem (refer to [Simon 1996] for a proof):

Theorem 3.1. Let N be a compact n-dimensional C*°-submanifold embedded
in R, Then there exists a positive number §(N) > 0 and a smooth projection map

1:Uys(N) —> N Cc R¥
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such that the following properties hold:

(1) Forany y € Uys(N), we have y —1(y) € [(y)N with |y —u(y)| = dist(y, N).
Moreover, if z € N\ {t(y)}, we have |y — z| > |y — t(¥)].

(2) Foranyy € N and 7 € TyLN with |z| < 28, we have
W(y+z)=
(3) Forv e RX and y € N, we have
di|y(v) =m,(v) € TyN.
(4) Fory € Nand vy, vy € TyN, we have
Hess t|y (v, v2) = Vmr, (v, v2) = —A(y) (v1, v2).

We next restrict to the case where (N, J, w) is a compact symplectic manifold.
The almost complex structure is a map J : TN — TN such that J? = —id. Then
we can define an extension J of J on U x RX by

UxRE —L U x RK

l(z,not) i*T

TN — TN

where we define U := U,s(N). That is J(u) = (t(u), iy 0 J(t(u)) o m(u)w) for
any (u, w) € U x RX. If we restrict J to RX, the second component of J can be
interpreted as a map

J=iso ) omu :U—REQRK,  J(u) = (Jup )k xk-
To proceed, the following property on J will be used:

Lemma 3.2. Let J : U — RK®RX be the smooth map defined as above. Then Jis
antisymmetric. Namely, for any u € U and X, Y € RX,

(JX,Y) ==X, J@Y).
Proof. For any u € U and X, Y € RX,

(JW)X, Y) = (is 0 J(0(w)) 0 () (X), s 0 ) ¥)
= (J(t(u)) 0 70,y (X)), Ty (YD) 7,y N
= —(mw(X), J (@) o,y (¥)) 1, v = — (X, JwY).

Hence, the proof is completed. (]
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Therefore, (1-9) has the following extrinsic version:

oru+yVyu=a(Au+ P(u)(Vu, Vu)) — ﬂf(u)Au, (x,1) e x RT,

(3-1) du/ov=0, (x,1)€dQ x RT,
u(x,0)=ug:Q— N — RK,
Here we set P(u) = — Hess t(u), and have used the facts

moAu=1t(u)=Au+ Aw)(Vu, Vu)
and
Hess |, (Vu, Vu) = —A(u)(Vu, Vu)

for u : 2 — N (see Theorem 3.1).

Let ¢ be a cut-off function such that ¢ = 1 on [0, %] and ¢ = 0 on [252, c0).
Then the definition domains of J and P can be naturally extended to RX in the
following way:

) = {{(dist(u, N))iy 0 J(t(u)) o7y, dist(u, N) < /28,
=00, dist(u, N) > /25,
and
{—{(dist(u, N)z) Hess (1), dist(u, N) < «/55,
Pu) = .
0, dist(u, N) > /28,

where J(u) is still a smooth antisymmetric matrix-valued function with compact
support set. Then we consider the following approximation equation of (1-9):

ou—+yViu=a(Au~+Pw)(Vu, Vu)) — BIm)Au, (x,1)€Q x R,
(3-2) du/dv =0, (x,1) €2 x RT,
u(x,0)=ug:Q— N — RXK,

3B. Galerkin approximation of (3-2) and a priori estimates. Next, we seek a
solution u#" in H,, to the Galerkin approximation equation associated to (3-2), i.e.,

du" —aAu" = Py (—yVou" +aP ") (Vu", Vu")) — BPy(J(u") Au"),
u"(x,0) =up : @ — RK.

(3-3) {

Here u"(x,1) = > |, gl ) fi(x), g"(t) = {g{(®),..., g, (1)} is a vector-valued
function. One can refer to Section 2C for the notions of H, and f;. A direct
calculation shows that g” satisfies the ODE

ag" . "
o7 = F(g" (1)),

8"(0) = ((uo, f1), -, (o, fu)),

where F(y) is a smooth function of y because of the smoothness of P and J. Then
there exists a regular solution g"(¢) on [0, T"), where T" is the maximal time of
existence. So, we get a regular solution u" to (3-3) on [0, T").
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Next, by taking u" as a test function of (3-3), we can see that

2at/|“ | dx+a/|w 2 dx
:—y/ (Vou", u )dx+a/ (P(u”)(Vu”,Vu”),u”)dx—ﬂ/ (3™ Au™, u") dx.
Q Q Q

First of all, we use the fact that div(v) = 0 with (v, v)|3o = O for all ¢ to eliminate
the term

/Q(Vvu", u"ydx = %/Qdiv(vlunlz) dx=0
On the other hand, since J(1") is antisymmetric and u” € H,,, we have
[ @@ au wyde =~ [ (V@@ V' u") dx.
Q Q
It follows that
(3-4) 28t/| |dx+ot/|Vu|dx<Caﬂ/|Vu|dx

since P and J are smooth maps with compact supports.
Next, taking A%u" as another test function of (3-3), we can show

(3-5) ——/|A n dx+af|VAu 2 dx
- y/Q V(v Vu'), VAu") dx—i—,B/Q(V(f](u”))Au”, VAu") dx

_ a/ (VPW™)(Vu", V™)), VAu") dx
Q
=I+1I+1I1.
To proceed, we estimate the above three terms as follows:
1] < |y|(/|Vv||w"||VAu"|dx+f|v||v2u"||VAu"|dx)
Q Q
< ClyIVull 2 IIVall s IVAU" || 2 + Cly vl oI V2™ || 3 | VAW || 2
< Coly Pl s w13, + Tl VAW |13,
1/2 3/2
+Cly ol g a2 I VA" |2 + a1 | VA" 135
< Co(ly Pllvl e 13,2 + Iy 14l ™ 113,2)
+ Coly Pl s w13, + g VAW |13,

where we have used the interpolation inequality

1/2

2 2, n1/2) g2
IVZullps < V7" 2 1V-u e

and the Sobolev embedding inequality

I flizse < CllLf g
for anyfeHl(Q).
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The second term I can be estimated as follows:
1] < CIﬂI/ [Vu"||Au" || VAu" | dx
Q
< CIBIIVU" | sl Au™ || 3| VAU" || 12

1/2 1/2
< CBIu" |2 | A |2 AW | IV AU | 2
3/2 1/2 1/2
< CIBIU" I35 (N 113 + 1V Au" |52 | VA" 2

< Cop(lu" 132 + 14" 15,) + sl VAL |12,
Similarly, for the last term /11, we have
111 < ca/sz(|w"|3+ IVu" [|V2u" )| VAU"| dx
< Coll Vi[9 + tea I VAU 75 + ClIVU" || L6l V20" | 13 | VAW || 2
< Collu" 1S + Co (" 2 + ™ 115,2) + s | VAU" |17,
In view of the above estimates of terms [, 17, and I11, we have
0
(3-6) fQ|Au"|2dx+a VA" dx = Coy g (10 1130y 1) (" Wyt 1)

Therefore, by combining (3-4) with (3-6), we conclude
0
BTl pgytef [VAU"?dx < Cay g (10115t D (" )+ 1)’

Proposition 3.3. Let Q be a smooth bounded domain in R>. Suppose that u is in

H*(Q) and
dug

v lag
v e L®RY, WI3(Q)), and div(v) = 0 with (v, v)|saxr+ = 0. Then, there exists a
positive constant Ty depending only on «, y, B, and |\ug| g2, such that the above
approximate solutions u" satisfy
T
(3-8)  sup ("l F19:14" 720y +et | (" W3 )+ 1" 131 )) dt < C(T)

0<t<T

’

for0 < T < Ty, where C(T) is a constant depending on T.

Proof. Let f(t) =|u" ||§7[2 +1. Since v e L®(RT, W13(Q)), inequality (3-7) implies
f(¢) satisfies
{ fo<cirm+n?

F0) = [ugll3> +1 < Clluoll3,» + 1.
Here we have used the inequality
lugli2 < Clluoll3,e,

: dug _
since 5%y = 0.
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Then, by Lemma 2.1 and the classical comparison theorem of ODE, Lemma 2.2,
we can show that there exists a positive constant 7y depending only on «, y, B,
and ||ug|| g2, such that for any 0 < T < Ty,

T
SUp_ " 2y + [ 1" 30, di < C(D).
0<t<T 0
By (3-3), it is not difficult to show
ny2 T ny2
Sup ”alu ||L2(Q)+Ol “a[l/t ”HI(Q) dt S C(T)
0<t<T 0
Therefore, the proof is completed. (]
With the above uniform estimate (3-8) of 1" at hand, we can show that there

exists a local strong solution to (3-2) by applying the compactness Lemma 2.3 and
letting n — oo. Therefore, we conclude:

Theorem 3.4. Let Q be a smooth bounded domain in R> and ug € H*(2) with
dug
v e

Suppose that v € L¥(R*, W13(Q)) and div(v) = 0 with (v, v)|yaxr+ = 0. Then

there exists a positive constant Ty depending only on o, y, B, and ||uo|| 2, such that

the initial Neumann boundary value problem (3-2) admits a local strong solution
ue C([0, T1, HA(Q)) N L2([0, T1, H3()), which satisfies

T
(3-9) Oi?qum||§,z(m+||a,u||iz(m>+a /0 (Nl Fgs g+l 31 ) d2 < C(T)

for0 < T < Ty, where C(T) is a constant depending on T.
Since the proof of the above theorem is almost the same as that in [Chen and

Wang 2023c], we omit it. To show that u is a strong solution to (1-9) or (3-1), we
need to prove u(x, t) € N for almost all (x, t) € 2 x [0, Tp).

Proposition 3.5. The solution u constructed in Theorem 3.4 satisfies u(x,t) € N
for almost every (x,t) € Q2 x [0, Ty), and hence u is a local strong solution to (1-9).
Proof. Since u € L*°([0, T1, H*(Q)) and du/dt € L*([0, T1, L>(R)) for T < Ty,
Lemma 2.3 implies
ue ([0, T1, Wh(Q)).
It follows that
sup [u(x, 1) —u(x, 0)] = Cllu(-, 1) —u(-,0)[lyrs — 0
xeQ
as t — 0. Then there exists a positive number #; < T such that for r < ¢;, we have
sup [u(x, 1) —u(x, 0)| <9,

xe2
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namely u(x, t) € Us(N) for (x, 1) € Q x [0, t;]. Therefore, by the definition of the
cut-off function ¢, u satisfies

0
a—L; +yVyu =a(Au —Hess 1(Vu, Vu)) — Biy o J(1(u)) o 7w, Au.

Let p(#) = u — t(u), then we have

5 at/ |0@) 2 dx —/(p(u) ) dx

= /Q<p<u>, a(Ap () +di(Au))) dx

—B /Q<p<u>, JwyAuydx —y /Qv (p(u), Vu) dx
=a/9<p(u>, Ap(u)) dx — %/Qv Vo) dx
- —OthIV,o(u)|2dx.

Here we have used the following facts:
(1) Since At(u) =dit(Au)+ Hesst(Vu, Vu), we have
Au —Hesst(Vu, Vu) = Ap(u) + di(Au).
(2) Since p(u) € T, N and Jw)Au € TN,
(pu), J)Au)y=0 and (p(u),di(Au)) =0.
(3) Since div(v) =0 and (v, v)|3q =0,
/Qv Vp@)dx =0.
Then the Gronwall inequality implies p (#) = O for almost all (x, ¢t) € Q2 x [0, #1].

Finally, we can prove this proposition by repeating the above argument. (]

To end this section, we show the uniqueness of the solution # constructed above:

Proposition 3.6. The solution to (3-1) in L*([0, T1, H*(22)) N L*([0, T1, H*())
is unique.
Proof. Assume u; and u, are two solutions in L°°([O, T], Hz) ﬂLz([O, T], H3(S2)),
then u = u; — u, satisfies
du =—yVyu+aAu~+a(Pw)(Vur, Vur) — P(uz)(Vuz, Vuy))

3-10) 1 =B (u1) — J(u2))Auy — BJ (u2) Au,

u(x,0) =

au/ov =0.

By taking u as a test function to (3-10), we can show

28t/|u| dx+o¢/|Vu| dx——y/ (Vyid, @) dx + I + 1T + I11.
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Here

’/ (V, i, i) dx‘— V) ‘/ div(vli] )dx’—O
since (v, V)]s = 0 and div(v) =

i =a|/Q<P(u1)<Vu1, Vur) = P(2) (i, Vo), i) dx|
5Ca</9|ﬁ|2|Vu1|2dx+/Q|Vﬁ|(|Vu1|+|Vu2|)|ﬁ|dx)
< Ca(llun I+ lual) [ Jal dx+ % [ Vi dx,
11 = |ﬁ|(/9<(f<u1> — Jo)Au, @) dx|
< Clﬁl|f(diV((f(ul)—f(uz))Vul),ﬁ)dX‘
Q
+C|ﬂ|’/9(v((j(ul)—j(u2))'Vul),mdx‘
< CIﬁI/If(ul)—j(uz)IIVmIIVﬁIdx
Q
+C|ﬁ|]/Q<V<<f(u1>—f<uz>>-wo,a)dx\
< CIBINV il [ Vallildx +CIBII Vi + Vually) [ Jaf dx
Q Q

< Cal Bl I3 + lall3o) [ |l dx + [ Vil dx,

111) = |ﬂ|(/9<f<uz>mz, i) dx|
< Iﬁl)/ﬂ(v(f(uz)) Vi, i) dx| + Iﬁl)fszl(diV(f(uz)Vﬁ), i) dx
< CIBII [ |Vual| Vil] dx]

< Callluallys [ il dx + 5 [ Vi dx.

In view of the above estimates of terms I, /1 and /1], we get
) _ - _
o JJiP dx o [ Vi dx < Capy (lrls gy + 2l + ) f P dx.

Then, since |ju; || e L'[0, T], the Gronwall inequality implies

H%(Q) + HMZHH‘(Q)
Uy = us. O
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4. Local regular solution

In the previous section, we obtained a strong solution u to the equation

du+yVou=a(Au+Pu)(Vu, Vu))—BJ () Au, (x,1)eRx[0, Ty),
4-1) ou/adv=0, (x,1)eo2x]0, Tp),
u(x,0)=up:Q2— N—RK,

Here u : Q2 x [0, Tp) — N,
P(u) = —Hesst(u) : R* @ R — R¥
is a bilinear functional, and
JWw) =isoJodi(u) : RK — RX

is an antisymmetric matrix, since d¢(u) = m,,.

Suppose ug € H 3(Q, N) and %" lag = 0, we can improve the regularity of u by
applying the differential of Galerkin approximation to (3-2) with respect to the time
variable 7.

Theorem 4.1. Let Q be a smooth bounded domain in R® and ug € H>(2, N) with

dug
v 13g

Suppose that v € L™ (R*, W'3(Q)) N CO(R*, H'(Q)), 0,v € L2 R, H'(Q)), and
div(v) =0 with (v, v)|goxr+ =0. Then, the solution u given in Theorem 3.4 satisfies

diu e ([0, T1, H* (@) N L*([0, T1, H**())
forT <Tyandi =0, 1.

Proof. We divide the proof into two steps.

Step 1: H?*-estimate of d;u.
To get H 2_estimates of the solution 9,1, we consider the equation of w" = o,u"
as follows, where u" is the Galerkin approximation of u:

4-2) dw" =aAw" + Py(—y Vyw" — y Vy,,u")
+a P, (P (Vw", Vu'") + 0, P (Vu", Vu"))
—BP (3, JW")Au" —Jw") Aw").
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Then we take Aw" as a test function for (4-2) to give
i/ |Vw”|2dx+2a/|Aw”|2dx
atJq Q
5ca,ﬁ(/9|w”|2|Au"|2dx+[Q|w"|2|w"|4dx)
+ca,y(/Q|Vw"|2|w"|2dx +18,v)?|Vu"|* dx)
+|y|/|Vw"|2|W|dx+9/|Aw"|2dx
Q 2J
nn2 nn 4 nyu2 ny2 2
< Copy (" I + 1" |72 + Dlw" 151 + Cay 1" 152 10,011 51
+|y|/|Vw"|2|Vv|dx+9/|Aw”|2dx.
Q 2Ja
Here we have used the fact div(v) = 0 and (v, v)|3oxr+ = 0 to show
/ (v-Vu", Aw") dx = —/ (Vv-Vu", Vw")dx.
Q Q
On the other hand, we have
/QIVw”IZIVvIdxfIIVw”lliaIIVvllLs5IIVw”IILzIIVw"IILsIIVvHu
<Clvllwrs Vw2 ([[w" [ 2 + [Aw" || 12)
<Callolyuallw I3+ [ |Aw" dx.
It follows that
2/ IVw"|? dx +a/ |Aw" > dx
atJq Q
< C(a, B. V)" 13 + " 1372 + 0I5+ DIw™ 150+ C e, ) " 15,2118, 011 71

By assumption we know that v € LZ(R*, W!3(Q)) and 9,v € L*(RT, H'(Q)).
Hence, by applying the Gronwall inequality we can derive from (3-8) that

T
(4-3)  sup [[w"|lg1(g) +a/ ||wn||%12(9) dt <C(a, B,y T, |[w"|i=0ll g1 (@))-
0<t<T 0

Now, it remains to give a bound of ||w"|,—¢||z1. Since
w"(-,0) =aAug+ Py (—y Vyugy +aP(ug)(Vug, Vug) — BI(ug) Aug),
it is not difficult to show
1" i=oll 10y < CCluol2ps - 10 O)II%0).
Here we have used the fact
11175 < Clluollys g,

by providing aailf lag = 0.
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Without loss of generality, the estimate (4-3) implies w" weakly converges to 0, u,
which satisfies

du e L™([0, T, H'(Q)) NL*([0, T, H*())

forany 0 < T < Tp.

Step 2: H*-estimate of u.
Equation (1-5) is equivalent to

=—-AWw)(Vu, Vu)+—— (adju+pJ (u)0;u)+—— (@ Vyu+J (1) Vyu).

pw) 1 +82 pw) ﬁz

Under the assumption that v € L®(R*, H 1(Q)), one can easily show
Au e L=([0, T1, L*(Q)),

the classical L?-theory of elliptic equations gives

u e L2([0, T], W>3(Q)).

Hence, by using the assumption v € L°°([R+, W1’3(Q)) N LZ(IRJF, H2(Q)), we can
take almost the same argument as in [Chen and Wang 2023c] to show

Au e L=([0, T1, H'() N L*([0, T1, H*(Q)),
hence the classical L2-theory of elliptic equations again gives
ue L=([0, T1, H*()) N L*([0, T1, H*(Q)).

Moreover, since u € L2([0, T], H*(2)) and 8,u € L*([0, T], H*(R2)), Lemma 2.4
tells us that u € C°([0, T1, H3(2)). It follows that

du € C°([0, T1, H' ()
by using (4-1) and the fact v € CO(RY, HY(Q)). O
The proof of Theorem 1.1. By combining Theorem 3.4, Propositions 3.5, 3.6, and
Theorem 4.1, we can obtain the results in Theorem 1.1 and finish its proof. (]
5. Local very regular solution

In this section, we prove Theorem 1.2.

5A. Compatibility conditions of the initial data. In order to make the LLG equa-
tion (4-1) (an extrinsic version of the LLG equation (1-9)) admit a regular or smooth
solution, we need to pose some compatibility conditions of the initial data. We
start with a brief description of the compatibility conditions of the initial data. For
the sake of convenience, we assume v is a smooth vector field and « is a smooth
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solution to the initial Neumann boundary value problem of the LLG equation (4-1).
Then, for any k € N, u; = d%u satisfies the linear equation

(5-1) By = Ay — BJ () Aug — y Vyur + Li (e, ) + Fy ()
with the initial data

Vi (uo) := 0ful=0.
In particular, Vo = ug and

Vi(uo) = —y Voi,opito +at(uo) — BJ (o)t (o).
Here we set

Li(ug,u) =2aPu)(Vug, Vu) +ad P(u)(ux, Vu, Vu) — ,Bdf(u)(uk)Au,

and
Fu)=—-y Y CiVyuj+a 3 VAP (u)#u; # - - - #u; #Vu, #Vu
i+j=k i1+-+is+m+l=k
i>1 1<ij<k
+B S VT (u)bui # e Hug # Ay,
i1t +m=k
15ij<k

where v; = 8'v and # denotes the linear contraction.
Then the compatibility conditions of the initial data is defined as follows:

Definition 5.1. Let k € N, ug € H**2(Q, N). Suppose that for any 0 <i <k, v
satisfies
dv e CORT, H*2(Q)).

We say u satisfies the compatibility condition at order &, if forany j € {0, 1, ..., k}
av;

(5-2) —L| =0
av e

Intrinsically, if we set
Vi(uo) = VEu(x, 0) € T(u}(TN))

where V; = Vg; Jor> then the compatibility conditions defined in Definition 5.1 has
the following equivalent characterization:

Proposition 5.2. Let k € N, ug € H**2(Q, N). Suppose that for any 0 <i <k, v
satisfies
v e CORY, H*2(Q)).

Then uq satisfies the compatibility condition of order k if and only if for any
jef{0,1,...,k},

(5-3) V,Vjlag =0.
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Proof. The necessity is proved by induction on k. Since V| = V), if we assume

%—Vv‘ lse = 0, then we have

~ Vi dug|  ~
Vvvl|852:_‘ + A(uop) —‘ , Vi) =0.
v 18Q v 1@

Then, we assume that the result is true for 1 </ <k — 1. For the case [ =k <2, by
definition of Vj, a simple calculations gives

Vi =Vi+ Y Boty(0) Vs - - - Vi)
o

where the sum is over all multi-indices ay, ..., a; such that 1 <ag; <k — 1 and
ay+---+as =k for all i,

(ai, ...,a5) =0o((k)

is a partition of k, and B is a multilinear functional on uj(TN).
Hence, by using the assumption of induction, we have

~ Vi dug| o
Vi Vs =S|+ Awo) i

v e
LAY dug
=—" VB —  Va, ..., Va ) =0.
v 39+; G(k)(u0)< dv lag” ”’)
For the converse the proof is almost the same as above, so we omit it. (]

Remark 5.3. If y =0in (1-9) and V¥ J =0, we set
Wi =V o) (x,0) and Wi =02 (u)(x, 0)

for any k > 1, and set Wy = Wo = ug. Then, by taking a similar argument to that in
the proof of Proposition 5.2 or Proposition 3.2 in [Chen and Wang 2023b], we can
show the k-order compatibility condition defined in Definition 5.1 is equivalent to
one of the following:

(1) For 1 <j <k,
VyWilae =0.
(2) For1 < j <k,
oW,
v lae

Next, we apply the method of induction to show the existence of very regular
solutions to (4-1) by considering the initial Neumann boundary value problem of
equation of a,k u for k > 1 with corresponding initial data Vj. For this purpose, we
intend to prove the main result Theorem 1.2 by showing the following process
T (k) with k > 2:
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(1) Assume that ug € H**(Q) satisfies the (k — 1)-order compatibility conditions.
Suppose moreover

v e CO[0, T, H* 2D (@) nL*([0, T, H* % (Q))
foranyO0 < T <Tpandi €{0,1,...,k—1}. Then forany 0 <i <k — 1, we have

dlu e CO([0, T1, H*2 () N L*([0, T, H* 2 11(Q)),
and

afu e L>([0, T1, L*()) N L*([0, T1, H' ().
(2) Additionally, if ug € H*+1(Q),
a;v c CO([O, T], H2k+1_2(i+1)(9)) ﬂLz([O, T], H2k—2i (Q))

fori €{0,1,...,k— 1} and 8*v € L%([0, T1], L*(R2)), then for any 0 <i < k we
have
olu e CO([0, T, H*2+1(@)) N L*([0, T1, H* 2 +2()).

5B. H>-regularity of u (i.e., the proof of property 7(2)). For any T < T,
Theorem 4.1 implies that d,u € C°([0, T1, H'()) N L*([0, T], H*(R)) is a strong
solution to

orur+yVyuy
=aAuy—BJ ) Aur+Ly(ur, u)+Fi(u), (x,1)eQx[0,T],
G4 ouy/ov=0, (x,t)ed2x][0,T],
ui(x,0)=v;
where

Li(uy,u) =2aPu)(Vu;, Vu) +adP(u)(uy, Vu, Vu) — ,Bdf(u)(ul)Au,

and
Fi(u) = —y Va,u.
To improve the regularity of d,u, we solve the initial Neumann boundary value
problem (5-4) with compatibility condition
A
Qv laa

As before, we consider the Galerkin approximation equation of (5-4):
(5-5) it +y Py(Vou}) = a A — B Py (J () Au't) + Py (L1 (], u)+ Fi (),
ui(x,0) =V,

Since the operators P and J satisfy
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() |P@)|+|J )| < C,
©2) [V(Pw)|+ |V (J ()| < C|Vul,
3) Jis antisymmetric,

we can apply almost the same argument as that in [Chen and Wang 2023c] to give
the estimate

T
sup_ (1} 13 + Nonuef15) + e [ CIAVUIT + VoI de
0<t<T 0

< C(lluoll g3, 1 P (VD) 2),

by providing v € CO(R™, H*(Q)) and ;v € L™ (R™, L*(Q))NL*(R", H'(Q)), then
taking u} and Azu’l1 as test functions to (5-5).
On the other hand, since

Vi=—=yVu,0uo+at(ug) — BJ (o)t (uo)

and
A%
v lag

Lemma 2.5 implies that

1P (VD 2@y < ClIVillgz < Cluoll gy, v, Ol m2@)-

Without loss of generality, by using the compactness in Lemma 2.3, we can infer
that u} converges to a map u; € L*([0, T1, H*(2)) N L*([0, T1, H3(2)) which
solves (5-4). To show that d,u = u; on 2 x [0, Tp), we need to use the following
result:

Proposition 5.4. The solution to (5-4) in C°([0, T1, H') N L*([0, T], H*()) is
unique.

Proof. Let v; and v, be two solutions of (5-4), which belong to the space
(10, 71, H' (@) N L*([0, T1, H*()).
Then, w = v| — v, satisfies

qo+yVew=aAo—BJu)Aw+ Li(w,u), (x,1)€x][0,T],
dw/ov =0, (x,1) €2 x [0, T],
w(x,0)=0.
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By choosing w as a test function of this equation and taking a simple calculation
we obtain

1o 0o :
2at/9|‘”| dx+ocfQ|Vw| dx

< Ca/ (1Vul| Vol lo| + |Vu*|o[?) dx —ﬁf (dJ () (@) Au, o) dx
Q Q

SCa/(IVMIIVw||w|+|VM|2|w|2)dx—ﬂ/ (Vu, V(dJ (u)(0)w)) dx
Q Q

< ca,,sfg<|Vu||Vw||w| + | Vul|o|?) dx

2 o 2
SCa’ﬂ||M||%°°([O,T],H3(Q))/w|w| dx+§/Q|Va)| dx.

Consequently, the Gronwall inequality implies w = 0, completing the proof. [
It follows from Proposition 5.4 that
(5-6) du € L([0, T, HX()) N L*([0, T1, H*()).

Additionally, if we provide uy € H>(RQ), d,v € C°([0, T], H'(R)), and 3%v
in L?(R*, L?(R2)), we can apply a similar argument to Step 1 of the proof of
Theorem 4.1 to show

(5-7) 3fu e L=([0, T1, H' () N L*([0, T1, H*())

by considering the equation of duY/dz.
To enhance the regularity of u, we need to use the following technical lemmas:

Lemma 5.5. Ler Q be a smooth bounded domain in R, n > 0, and m > 2. If
f e HY(Q) (we set H'(Q) = L*(Q)) and g € H™(RQ), then fg € H(Q) with
[ =min{n, m}. Moreover, there exists a constant C(|| f || g», ||g||gm) such that we
have

Ifelm @ = CALf e, 1gllam).

One can consult [Carbou and Jizzini 2018] for a proof. As a direct corollary, we
have:

Corollary 5.6. Let Q be a smooth bounded domain in R* and N be a compact
Riemannian submanifold of RX. If

u e L*([0, T1, H* (2, N)) N L*([0, T1, H** (2, N))

withk > 2 and L : N — RX® RX is a smooth map, then L(u) belongs to
L>([0, T1, H*()) N L*([0, T1, H* ().

Proof. 1t is not difficult to show that the result holds true for k = 2. Hence, without
loss of generality we can assume that £ > 3.
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Since V(L (1)) = VL (u)#Vu, the fact that u € L>([0, T], HX(Q2, N)) with k >3
implies
V(L(u)) € L=([0, T], L*(2, N)).

On the other hand, a simple calculation gives

Vi)=Y VSL@)#Viu#-. #Viy

i ig=l
I<s<l,ij>1
=VL@#V'u+ V> L@#V' 'u#tVu+ Y VLu)#Viu#. . #Viu
i1ty =1
2<s<l
1<i;j<i-2

for 2 <1 <k+1. Since u € L°([0, T], H*(, N)) and supyey [VEL|(y) < C(s),
Lemma 5.5 above implies

VI(L(u) € L*([0, T], L*(2))

for2 <l <k.
To show VA1 (L(u)) € L2([0, T], L*(2)), we need only to deal with the follow-
ing term of VA*!(L(u)):

[ = V2L)#V* \u#v2u,

since the other terms can be bounded directly by applying Lemma 5.5.
By using the facts V¥~!u e L2([0, T], H*(R2)) and V?u € L*®([0, T], H' (X)),
we have

/ /|1| dxdt <c/ V5 )| oy di - sup /|V2u| dx

tel0,T]

<C [ IVl sup [Vl dx < oo,
0 ref0,717

Therefore, we finish the proof. ([
We are now in position to prove the main result (i.e., 7 (2)) of this subsection:

Proposition 5.7. Suppose that ug € H*(Q, N) satisfies the 1-order compatibility
condition defined in Definition 5.1, v € C*(RY, H*(Q)) N L*(R*, H*(Q)), and
dv € L= (RY, L*(Q)) N L*(R*, H'(Q)). Then for any 0 < T < Ty we have

dlue (o, T1, H©H(Q) N LA ([0, T1, H7# ()
fori € {0, 1}, and

9fu e L>([0, T1, L*()) N L*([0, T1, H' ().
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Additionally, if ug € H>(Q, N), 9lv € C°(RT, H>~%(Q)) N L*(R*, H*%(Q))
withi =0, 1, and 3*v € L*(R*, L*(Q)), we obtain
dlue (o, T, HH(Q) N L*([0, T1, H** ()
forie{0,1,2}.
Proof. Our proof is divided into two steps:

Step 1: H’-estimate of u.
By using (4-1) and taking a simple computation we can show

(5-8) Au=-—Pw)(Vu,Vu) —I— (ad;u + ﬂf(u)atu)

132

y A
+m(avvu + BJ(u)Vyu).

In the case ug € H*(Q2, N), Lemma 5.5 and Corollary 5.6 tell us that
Au € L>([0, T1, H*(Q)),

since u € L®°([0, T], H*(Q)), v € C%(R*, H?>(R2)) and by estimate (5-6). Hence,
by the L2-theory of elliptic equations we know that

u e L*=([0, T, H*(Q)).

Moreover, if we assume v € L2([0, T], H3(2)), we can apply Lemma 5.5 and
Corollary 5.6 again to show

Au e L2([0, T1, H*()),
and hence we have u € L2([0, T, H>(Q)). Consequently, Lemma 2.4 implies
dlu e CO([0, T], H ()
fori =0, 1.

Step 2: H®-estimate of u.
On the other hand, it follows from (5-8) that

Adju = 3 j_ 5 (048 u-+ ,BJ(u)Bzu) + f_ﬂ dJ(u)#B,u#B,u
—|— ,82 0 (@ Vyu +,3J(u)V u)—0;(P(u)(Vu, Vu)).

Then, by using estimate (5-7) and taking the same argument as above, we can show
Adu € L*([0, T1, H' () N L*([0, T1, H*(Q));
hence the L>-theory of the Laplace operator again implies

du € L([0, T1, H* () N L*([0, T1, H*()).
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Finally, we can show
ue L®([0, T1, H> (@) N L2([0, T], H(R),

by providing v € L>([0, T], H*(Q)) N L2([0, T1, H*(Q)).
Now, by Lemma 2.4 we can also derive that

dju e CO([0, T1, H>*(Q))
for i € 0, 1. Hence, it follows that 8t2u e C°([0, T1, HY(Q)) by using the equation
of d,u and the fact /v € CO(R™, H37%(Q)) withi =0, 1. O

5C. Higher order regularity of u (i.e., the proof of & (k) with k > 2). In Section 5B,
we have proved property .7 (k) in the case k = 2. Next, we assume that .7 (k) has
been established for k > 2, then we intend to show .7 (k + 1) is true. To this end,
we assume that ug € H>*T1D(Q) satisfies the k-order compatibility conditions, and
v satisfies

8;.1) e CO([O, T], HZ(k+1)—2(i+1)(Q)) N LZ([O’ T], H2(k+1)—2i (Q))
forany 0 <7 < Tpand any i € {0, 1, ..., k}. Moreover, property .7 (k) implies
a;'u c CO([O, T], H2k*2i+l(Q)) ) LZ([O’ T], HZk*2i+2(Q))

for any 0 <i <«k.
In particular, ux = 0fu € C°([0, T1, H'(Q)) N L*([0, T1, H*(Q)) is a strong
solution to the equation

8,w—i—yvvw:ozAw—,Bf(u)Aw—l—Lk(w,u)—l—Fk(u), (x,)eQ2x[0, T],
(5-9) ow/dv=0, (x,)ed2x][0, T],
w(x, 0)=Vi(up):2— RX.

In the following context, we improve the regularity of u by proving the following
three claims:

(1) If ug € H>*+D(Q) satisfies the k-order compatibility conditions, then we get a
regular solution to (5-9):

w e CO([0, T1, H*(Q)) N L*([0, T, H ().
(2) It follows from an argument on uniqueness that w = u;. Hence we can show
uj € CO([O, T], HZ(k+1)—2i(Q)) ﬂLz([O, T], H2(k+1)+1—2i (Q))

forany 0 <i <k +1, by using (4-1).
(3) Additionally if ug € H**+D+1(Q), we can further prove

w1 € CO(10, T1, H'(Q)) N L*([0, T1, H*())
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by considering differentiation of the Galerkin approximation equation to (5-9) in
the time direction. This implies

u; € CO([O, T], H2(k+1)+1—2i (Q)) ) L2([0, T], H2(k+l)+2—2i (Q))
forany 0 <i <k+1.

5D. Regular solution to (5-9). To show the existence of local regular solutions to
(5-9) by applying a similar argument to that in Section 3, first of all, we estimate
the nonhomogeneous term Fj by using the estimates given in Lemmas 5.5 and 5.6.

Lemma 5.8. Assume that, for 0 <i <k, the field v satisfies
Btiv e CO([O, T H2(k+1)—2(i+1)(Q)) n Lz([O, al H2(k+1)—2i(Q))
and property 7 (k) holds true. Then, we have
F; e L™([0, T1, H* 72 (Q)) N L*([0, T1, H*~**3(Q))
for0<i <k.
Proof. For any 0 <i < k, by setting v; = 9/ v, we have

Fiu)=-y > vn#Vuj +o > VAP (u)#u; #- - - #u; #Vu, #Vu,

m+j=i ity +m+=i
m>1 I<ij<i
+B8 X VT (u)ui # - Hu #Au,
ity tm=i
I<ij<i
=IT+11+111.

Next we estimate the above three terms step by step. For term [: since 1 <m <i
and 0 < j=i—m <i—1, then we have

v € L2([0, T1, H* 2 (Q)) N L*([0, T, H*2+3(Q))
and
uj € L=([0, T1, H*%13(Q)).

Hence, Lemma 5.5 claims
1€ L>([0, T1, H* 2 (@) NL*([0, T1, H* ().
For term I1: since 1 <i; <i—1and 0 <m <i — 1, we have

ui; € L®([0, T1, H* 7213 (Q))
and
Vi € L®([0, T1, H*#2(Q)) N L*([0, T1, H* 2 ().

It follows from Lemma 5.5 that

II € L=([0, T], H*2+2(Q)).
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Similarly, by applying Corollary 5.6 with V* J in place of L, we can also show
11 € L*([0, T1, H*2*1(@)) N L*([0, T1, H*2*3(Q)).
Therefore, the desired results are proved. ([

Now we turn to considering the Galerkin approximation of (5-9):
510 {a,w"an(vvw") = aAw" =B Py(J () Aw") + Py (L(w", 1)+ Fe (),
w" (x, 0) = P, (Vi(up)) : @ — R"

It is not difficult to show that there exists a unique solution w” € H" to (5-10) on a
maximal interval [0, 7)), and we will show Ty < T

Next, we choose w” and A2w" as test functions of (5-10) and take a simple
calculation to show

3 n n n
o Jur P dx o [ V0" dx < Ca(l+ 18Pl + DIw" I + [ | Fl dx,
tJo Q Q
i/|Aw"|2dx+oz/|VAw"|2dx
itJe Q
2 2 6 2 ny2 2

< CallF1BP + Iy )l + 01z + DIl I + Co [ [VEP dix.

It follows that

d
S e e [ VAW dx < Capy OI0" G2 + Cag 0.
where
p@) = lullys + vl +1 < C(T)
and
q(t) = || Fell3, € L'([0, T1)

forany T < T.
On the other hand, since ug € H**+2(Q) and v; € C°([0, T, H*~%(R)) with
0 <i <k, it is not difficult to show

Vi I < CIVil gy < CT ol gy)-

Here we have used Lemma 2.5 in the first inequality.
Thus, by the Gronwall inequality we can infer from the above

T
sup <||w"||§,2+||a,w"||iz>+o¢/0 (w12, + 19 w"[[3,1) dt < C(T).

0<t<T
Hence without loss of generality, we assume that w”" converges to a regular
solution w € L*([0, T1, H*) N L*([0, T1, H3(Q)) to (5-9). Moreover, d,w is
in L*®([0, T1, L*(2)) N L*([0, T1, H'(2)). By Lemma 2.4 we know that

w € C°([0, T], HX()).
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5E. Uniqueness of strong solutions to equation (5-9).

Proposition 5.9. There exists a unique solution to equation (5-9) in the space
L>([0, T1, H' () N L*([0, T1, H*()).

Proof. Suppose w; and w; are two solutions to (5-9) belonging to the space
L>([0, T], H')NL*([0, T, H*(S2)). Then, the difference w = w; — w; satisfies

qw—+yVyw =aAw — ,Bj(M)AIT), u) + Fr(u), (x,1) e 2x[0,T],

dw/dv =0, (x,1) €02 x [0, T],
w(x,0)=0.
Taking w as a test function to the above equation, we can show
19

(5-11) @) dx +ot/|V1T)|2dx
Q Q

29t
:—y/ (v-ViD, w>dx—,8f (J ) Aw, w>dx+/ (Li (D, u), ) dx
Q Q Q
=1+11+1II.
We estimates the above three terms as follows:

1=-Y v-V|w|2dx=—Zf div(v|@|?) dx =0,
2 ) 2J@
since div(v) =0 and (v, v)|yq = 0.
11 =181| [ (S w)A®, B) dx|
< CIBI [ IVl Vull®l dx < Coflullys [ |0P dx +§ [ |VDPdx.
Q Q 4 Jq
111 5Ca/(|1I)||VtI)||Vu|+|17)|2|Vu|)dx+C|ﬂ|‘/(df(tTJ)Au,w)dx‘
Q Q

2 2 _ 2 a _ 2
< Call+B)ullys [ P dx + G [ |Vl dx.
Here we have used the fact
‘/(Vf(wmu,w)dx‘g‘/w(df(w))-w,w>dx’+}/<(df(w))-w,vw>dx‘
Q Q Q

since g—'jlasz =0.
By combining the estimates of /—111 with (5-11), we get

@/|w|2dx+a/|vw|2dx§caﬂ/|w|2dx.
atJq Q Ja

It follows from the Gronwall inequality that w = 0. Therefore, the proof is com-
pleted. ([l

As a direct conclusion of the above proposition, we have u; = w and hence

ug € C°(10, T1, H*(Q2)) N L*([0, T, H> ().
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SK. The proof of item (1) of property 7 (k +1). Now we are in position to prove
item (1) of property Z (k + 1) as follows:

Proposition 5.10. Assume that ug € H***D(Q) satisfies the k-order compatibility
condition, fori € {0, 1, ..., k},

v = dlv e C°([0, T1, H**TD2+D (@) nL?([0, T1, H**TD7% (),

and property 7 (k) holds true. Then, foranyi € {0,1,...,k+ 1},

u; € L([0, T, H**D=21@)) n L2([0, T1, H**DH(Q)).
It follows that, for any i € {0, 1, ..., k},

u; € CO([0, T1, H***D=2 (@) nL*([0, T1, H**TDT(@)).
Proof. Since

Ups1 = o Aug — BJ ) Aug — y Vyug + Li(ug, u) + Fi(u)
and ug € L>([0, T1, H*) N L*([0, T1, H*(RQ)), a direct calculation shows
1 € L=([0, T1, L2 (@) N L*([0, T1, H' ().

Next we prove this proposition by inducting on k + 1 —/. We have shown the
result is true for / = 0 and / = 1. Now, we assume that for / =i > 1 the result has
been proved. Then, we need to establish it for / =i + 1, where i < k — 1. Thus, we
consider the following equation of uy_;:

1 » ay
(5-12) Awpi = (o1 + Iy + = D vyt

q+m=k—i
+ > V4 PHu # -ty #VuH Y,
i1+ etig s +m=k—i
By a7

+== > V4 THu # - -t #o 4V,
i1+ Fig+s+m=k—i
+ L SO VTt B

iy igHm=k—i
m<k—i

=N+ L+ S+ I+ s,

where o denotes o + 2
Next we estimate the above five terms step by step. First of all, by the assumptions
of induction, we have the following:

(1) Fori+1<I<k+1, ugp1— € L=([0, T1, H*~1(2)) N L*([0, T1, H* (Q)).
(2) For0 <1l <i <k, ugq1— € L°([0, T], H*(Q)) N L*([0, T], H**T()).
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(3) For0<s <k,
vy € L2([0, T1, H*# (@) nL*([0, T1, H** D=2 (Q)).
The estimate of term J;: since

uk—i+1 € L=([0, T, H* (Q)) N L*([0, T, H* ()
and
u e L([0, T1, H*1 (@) n L*([0, T1, H* (),
by applying Corollary 5.6 with L replaced by J and Lemma 5.5, we have

Jy e L([0, T1, H* () N L*([0, T1, H* 1 (%)).
The estimate of term J3: A simple computation shows that J3 satisfies

J3 = VP#u,_#Vu#Vu + P(u)#Vu,_i#Vu

1 3 V9 Pl #- -t VU HVu,,
i1+t +s+m=k—i
ij,m,s<k—i—1

=a+b+c.
Since ux—; € L®([0, T1, H**')NL([0, T], H**?) with i <k — 1 and
Vu e L*([0, T1, H*(@)) N L*([0, T1, H*(Q)),
Lemma 5.5 implies
a+be L®([0,T1, H* () N L*([0, T1, H**!()).
On the other hand, by using the facti;, m,s <k —i —1, we have
ui; € L([0, T1, H**D*H(Q)) and Vu,, € L™([0, T], H**D(Q)).
It follows that ¢ € L>®([0, T], H>/+D). Consequently, we obtain
J3 € L([0, T1, H*(2)) N L*([0, T1, H* ().
Taking almost the same argument as in estimating J3, we obtain
Jo+Ja € L([0, T1, H¥ () N L*([0, T1, H* ().
Then we show the last term:

Js = P9 it itur + 2 Do VT g
o g i1+ Fig+m=k—i
ij,m<k—i
=d+e.
Since ux_; € L*([0, T], H**'(Q)) withi <k —1 and

uy € L=([0, T1, H*71(Q)) € L=([0, T1, H*T1(Q)),
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we have
d e L*®([0, T], H¥ ().

Since m,i; <k —1i—1, by Lemma 5.5 and Corollary 5.6, it is not difficult to
show

e e L®([0,T], H¥(Q)).
Combining the above estimates of J;—J5 with formula (5-12), we conclude that
Aug_; € L*®([0, T1, H* (@) N L*([0, T1, H* ().
Then, by the L?-theory of Laplace operator we have
up—;i € L([0, T1, H***D (@) n L*([0, T1, H* V(@)

forl <i<k-1.
It remains to show the result in the case of / =k + 1. Since

(5-13) Au=—-—Pw)(Vu, Vu) + é(aatu + ﬂf(u)atu) + g(txvvu + ﬁf(u)Vvu)
and
e u e L®([0, T], H*1(Q)),
o du € L™([0, T1, H*(Q)) N L*([0, T], H**1(Q)),
e ve L>([0, T, H*(Q)) N L([0, T], H**3(Q)),
we can apply Lemma 5.5 to show
Au € L*([0, T1, H*(Q)),

which gives u € L>([0, T, H*T2(Q)).
And again it follows that

Au € LX([0, T, H¥*+1 (%)),
then the L?-theory of the Laplace operator yields
w e L*([0, T, H* V(@)

Therefore, the proof is completed. U

5G. The proof of item (2) in property & (k +1). In the last part, we assume that
ug € H***+D+1(Q) satisfies the k-order compatibility conditions. Furthermore,
suppose that there hold true the following properties C (k):

e foranyi €{0,1,...,k},
v; € CO([O, T], H2<k+l)+l_2(i+l)(9)) ﬂLZ([O, T], H2(k+1)—2i (Q))

and 85w e L2([0, T1, L2(Q));
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e foranyi €{0,1,...,k+ 1}, we have
u; € CO([O, T], H2(k+1)—2i (Q)) N LZ([O’ T], H2(k+1)+1—2i (Q))

Next, we turn to proving item (2) of property 7 (k + 1).
First of all, taking almost the same argument as in Lemma 5.8, we can show:

Proposition 5.11. Foranyi €{0,1,...,k},
3, Fi € L*([0, T, H* 72 ().

Next, we can also prove the following proposition, which is analogous to the
main theorem in Section 4:

Proposition 5.12. Assume that ug € H**TV+1(Q) satisfies the k-order compatibil-
ity conditions. If the properties C (k) hold true, then we have

uer1 € CO([0, T1, H' () N L*([0, T1, H*()).

Proof. 1t follows from the Galerkin approximation equation (5-10) that w}' := d,w"
satisfies

dw; —aAw; = Py (—y Vyw" — ﬂj(u)Aw” + L (w", u) + Fr(n)).

Then, taking —Aw}' as a test function to this equation, we obtain

19 n)2 n
2aththl dx—l—oz/glAw,ldx
- y/ (8 (v- V™), Aw,")dx-l—,B/ (@, (J (W) Aw"), Aw!) dx
Q Q

= [ 0L w), Awfydx = [ (0 Felw), Awf) dx
=M+ M+ M5+ M,.

By direct calculations, we show the estimates of M|—M as follows:
M| < Clyl [ (8011w |+ ol V" D] Aw]| dx
< Caly PUarvI 0" Iz + Callvlaly P [ |V P dx+ S [ 1aw] P dx,
() = 181 [ (3, @) Aw”, Aw]) dx

o
< Cal Pl 0" G2 + 5 [ AW P dx,
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M3 =| [ 0L, ), Awy) dx
Q
< Co [ (V] PIVuP + uPVw" Va4 Vi P V" ) dx
Q
+Ca/9(|w;’|2|w|4+ lug |2l P | Vu|* 4 [V, 2 Vu*w" %) dx
+ca|/3|2/9<|w;’|2|Au|2+|u,|2|w"|2|Au|2+|Aut|2|w"|2>dx
o 2
+§/Q|Aw;’| dx
< Call+ O ( [ Jur? dx ) +Calulls [ [VwiPdx+ [ |aw; 2 ax,
Q Q 8Ja
where
@) = w5 w13, (lull3, + 1D < C(T).
The last term satisfies the estimate

Ml < C@IaFillfz + 5 [ Jaw]P dx.

Hence, we conclude that
9
at

It follows

/Q|wa|2dx +an|Awf| dx < Cy,a,ﬁ,T/QWw;’de + Coll9 Fil2.

T
sup (19w I3 e [ [ [Aw] P dxdi < C(TL IV 00,
0<t<T 0 /&

since [|0; Fx |17, € L'([0, T]).
Now, it remains to show there exists a uniform bound of ||V}’ ||%13. By using the
fact v; € CO([0, T], H*~%+1) with 0 < i <k, we can show

IV < CIVilgs gy < C ol gy)-
Hence, without loss of generality we can assume that w;' converges weakly to
g1 € L([0, T1, H'(Q)) N L*([0, T1, H*(Q)).
It follows that
dug+1 € L2([0, T1, LX(Q))

by applying the equation of u;,; and the fact 3, Fy € L>([0, T, L>(R2)). Then,
Lemma 2.4 gives
w1 € CO([0, T], H' (). O

Consequently, taking the estimates in Propositions 5.10-5.12 into consideration,
and adopting almost the same argument as in the proof of Proposition 5.10, we can
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see that it is not difficult to show
" € Loo([o’ T1. Hz(k+1)—2i+1(9)) ﬂLZ([O, 7. Hz(k+1)—2i+2(9))
for any 0 <i <k + 1. Hence, Lemma 2.4 implies that for any i € {0, ..., k},
u; € CO[0, T, H2*k+D=2i+1 Q).

Therefore, the second term (2) in property 7 (k + 1) is proved.
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MODULES OVER THE PLANAR GALILEAN CONFORMAL
ALGEBRA ARISING FROM FREE MODULES OF RANK ONE

JIN CHENG, DONGFANG GAO AND ZITING ZENG

The planar Galilean conformal algebra G introduced by Bagchi-Gopakumar
and Aizawa is an infinite-dimensional extension of the finite-dimensional
Galilean conformal algebra in (2+1)-dimensional space-time. In this paper,
we give a complete classification of U/ (CLy)-free modules of rank 1 and
U (h)-free modules of rank 1 over G, where §j is the Cartan subalgebra (a
nilpotent self-normalizing subalgebra) of G, CL is a subalgebra of §j. Also,
we determine the necessary and sufficient conditions for these modules to be
irreducible, and find the maximal proper submodules when these modules
are not irreducible.

1. Introduction

Infinite-dimensional Galilean conformal algebras were introduced by Bagchi and
Gopakumar [2009] in order to construct a systematic nonrelativistic limit of the
AdS/CFT conjecture (see [Maldacena 1998]). Some physicists believe that AdS/CFT
correspondence would be better understood by exploring those algebras (see [Bagchi
et al. 2010; Martelli and Tachikawa 2010]). Moreover, those algebras appear in the
context of Galilean electrodynamics (see [Bagchi et al. 2014; Festuccia et al. 2016])
and may play an important role in Navier—Stokes equations (see [Bhattacharyya et al.
2009; Fouxon and Oz 2008; Fouxon and Oz 2009; Gusyatnikova and Yumaguzhin
1989]). These reasons make the infinite-dimensional Galilean conformal algebras
attract more and more attention from mathematicians and physicists. In particular,
the infinite-dimensional Galilean conformal algebra in (141)-dimensional space-
time is the centerless W-algebra W (2, 2); it has been studied in [Bagchi et al.
2010; Chen and Guo 2017; Zhang and Dong 2009]. This algebra is related to
the BMS/GCA correspondence (see [Bagchi 2010]), the tensionless limit of string
theory (see [Bagchi 2013]) and statistical mechanics (see [Henkel et al. 2012]).
The infinite-dimensional Galilean conformal algebra G in (2+1)-dimensional
space-time, named the planar Galilean conformal algebra by Aizawa [2013], is an
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Keywords: planar Galilean conformal algebra, free module, irreducible module, isomorphism.
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infinite-dimensional Lie algebra with a basis {L,, H,, I, J, | n € Z} and the Lie
brackets are defined by

[Lma Ln] = (fl - m)Lm-i-na [Lmv Hn] = nHm+nv
(1 1) [Lm’ In] = (n - m)lm—i-nv [Lm, Jn] = (I’l - m)-]m—i-n,
[Hm’ In] = Im+na [Hm9 Jn] = —Jm+n>

(Hy, Hyl =, L] =, Ju]l =Um, Jy]1=0 forallm,neZ,

which is the main object in this paper. This algebra is also the special case of
[Martelli and Tachikawa 2010]. As we know, many infinite-dimensional Lie al-
gebras in mathematics and physics are related to finite-dimensional semisimple
Lie algebras. For example, the Virasoro algebra contains infinitely many sl,(C)
as its subalgebras. For the Lie algebra G, there are two interesting features: it
contains the Witt algebra as a subalgebra, and it is associated with the Galilean
algebra, which is a nonsemisimple Lie algebra. Those would suggest that such an
infinite-dimensional algebra is important and its representation theory is different
from semisimple counterparts. So far there are a few of results about structures
and representations of G. The universal central extension G of G was determined in
[Gao et al. 2016]. The highest weight representations and coadjoint representations
of G were investigated in [Aizawa 2013; Aizawa and Kimura 2011], Whittaker
modules and restricted modules over G were studied in [Chen and Yao 2023; Chen
et al. 2022; Gao and Gao 2022].

Recently, a family of nonweight modules over G, called U (h)-free modules,
has attracted more attention from mathematicians, where h = span{Lg, Hp} is a
nilpotent self-normalizing subalgebra, called the Cartan subalgebra of G. The
notion of U (h)-free modules was first introduced by Nilsson [2015] for the simple
Lie algebra sl,,1(C). At the same time, these modules were introduced in a very
different approach in [Tan and Zhao 2015]. Later, U (h)-free modules for many
important infinite-dimensional Lie algebras were determined, for example, the
Virasoro algebra in [Lu and Zhao 2014], the Witt algebra in [Tan and Zhao 2015],
affine Kac—Moody algebras in [Cai et al. 2020]. In the present paper, we will
study this family of modules over G and G. These lead to many new examples of
irreducible modules over G and §G.

The paper is organized as follows. In Section 2, we recall the source of the
infinite-dimensional Galilean conformal algebras. Then we review the planar
Galilean conformal algebra G and G. We show that the 2/(CLg)-free modules of
rank 1 and 2/ (h)-free modules of rank 1 over G coincide with ¢/ (CL)-free modules
of rank 1 and /(h)-free modules of rank 1 over G respectively; see Corollary 2.3.
Lastly, we collect some results about I/ (CLg)-free modules over some Lie algebras
related to the Witt algebra for later use. In Section 3, we get all U/(CLg)-free
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modules of rank 1 over G, and the necessary and sufficient conditions for these
modules to be irreducible are determined; see Theorem 3.2. We also determine
the isomorphism classes of these modules; see Theorem 3.3. In Section 4, we
obtain the main results of this paper. More precisely, we determine that there are
three families of U/ (h)-free modules of rank 1 over G, where ) = span{Lg, Hp}
is the Cartan subalgebra of G; see Theorem 4.12. Also, we give the necessary
and sufficient conditions for these modules to be irreducible, and find the maximal
proper submodules when these modules are not irreducible; see Theorems 4.13, 4.14
and 4.15. Furthermore, we determine the isomorphism classes of these modules;
see Theorem 4.17. Consequently, we give a complete classification of U/ (h)-free
modules of rank 1 over G and G.

Throughout this paper, we denote by Z, Z,, N, C and C* the set of integers,
nonnegative integers, positive integers, complex numbers and nonzero complex
numbers respectively. All vector spaces and algebras are over C. We denote by 1/(g)
the universal enveloping algebra for a Lie algebra g.

2. Notation and preliminaries

In this section, we recall the infinite-dimensional Galilean conformal algebras and
collect some known results about U (C Lg)-free modules over the Lie algebras related
to the Witt algebra.

2A. From Galilean algebras to infinite-dimensional Galilean conformal algebras.
In this subsection, we recall the background in which the infinite-dimensional
Galilean conformal algebras arise. See [Bagchi and Gopakumar 2009] for more
details. First, it is well-known that Galilean algebra G(d, 1) in Galilean space-time
R%! arises as a contraction of the Poincaré algebra ISO(d, 1). The expressions for
the Poincaré generators (u,v=20,1,...,d)

J;w:_(xuav_xva,u)a Pu:a;u

give us the Galilean vector field generators {J;;, P;, B;, H | i,j =1,2,...,d},
where

Jij=—(xi0; —x;8;), Pi=0;,
2-1) J i0j J i

B; = Jy; =t0;, H = Py=—9,.
and ¢, x; are variables. They obey the commutation relations
Wijs Jrs] = 8irJjs + 8isJrj + 8 jr Jsi + 85 Jir,
[H, Bi]=—PF;,
(2-2) [Jij, B/1=—(Bid;r — Bjdir),
[Jij, Prl=—(Pidjr — Pjdir),
[Jij, Hl=[H, P;]=[B;, Pj]1=[B;, Bj]1=[F;, P;]=0.
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Consequently, we obtain the Galilean algebra
GWd,1)=span{J;;, P;,B;,H |i,j=1,2,...,d}

with the commutation relations (2-2).
To obtain the Galilean conformal algebra, we need additional generators

{D,K,K;|i=1,2,...,d},

where

d d
23) D= —( 3 X6 —HB,), K= —( S 21x;8; +t281>, K = 1%%;.
i=1 i=l1
Thus we get that Galilean conformal algebra in (d4-1)-dimensional space-time is
spanned by {J;;, P;, B;, H, D, K, K; | i, j =1,2,...,d} with the commutation
relations (2-2) and

[Jij, K/ 1= —(K;é; — K;é), [K,Bi]l=K,, [K, P;]=2B;,
[HiKl]:_ZBla [D’Kl]:_Klv [D7Pl]:Plv
[D,H]=H, [H,K]=-2D, [D,K]=-K,

[Jij, D1=1[Jij, K]=I[D, Bi1=[K, K;]=[K;, K;] =[K;, Bj]=[K;, P;]=0.

It is clear that Galilean conformal algebra contains Galilean algebra as a subalgebra.
We denote
L“V=H, L9=p, L*V=K,

mMV=p, M?”=8B, M=k,

Then Galilean conformal algebra in (d+1)-dimensional space-time is spanned by
{Jij, LM, Mi(") li,j=1,2,...,d,n=0, £1} with the commutation relations

[L™ L™ = (m —n)L"™ [L M_(”)] = (m — n)M.(m+n)
9 9 9 1 1 9
ijs M{" = =M™ 85— M{™85), i, L1 =M™, M"1=0,

where m,n =0, £1,i, j =1,2,...,d. In fact, we can define the vector fields
Jij = —(xidj —x;0;),

d
LW =—n+ D" Y x9; —t" Dy,
i=1

M ="y,

where n =0, £1,i, j =1,2,...,d. These are exactly the vector fields in (2-1)
and (2-3), so they generate the Galilean conformal algebra.
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Now we have a very natural extension, for arbitrary n € Z, define
T = —1"(xid; — x; ;).

L™ =—(n+ D" i x;9; — "y,

Mi(n) =Dy, =

where i, j = 1,2, ...,d. Therefore, we obtain the infinite-dimensional Galilean
conformal algebra GCA in (d+1)-dimensional space-time,

(n) () .
GCA =span{J;", L, M;" |n€Z,i,j=1,2,...,d},
satisfying the commutation relations
[L(m)’ L(n)] — (m _ n)L(m-l-n)’
[T T80T = 83 T 855 10 85, TS 4 8, 00,

> Yrs

(m) gy _ (m-+n) m) My — (m+n)
[Lm"lij ]——I’l]l-j ’ [LmaMl' ]—(m—n)Mi )

0 M = =@M — sy M), (M™ MM =0.

In this paper, we mainly investigate the infinite-dimensional Galilean conformal
algebra in (2+1)-dimensional space-time, which is called the planar Galilean
conformal algebra by Aizawa [2013].

2B. Planar Galilean conformal algebra. From Section 2A, the planar Galilean
conformal algebra is spanned by {3, L™, M™ |n € Z,i =1, 2). We denote this
algebra by G, then G is an infinite-dimensional Lie algebra with the commutation

relations
(L™, L] = (m — )L™ (L JP) = —p g,
(L™, M™M= m—m)yM" ™, (L, M) = (m — )M,
[J1(31), M1(n)] = M2(’11+n), [11(;")’ Mz(n)] = _Ml(m+n)’
[Jl(g”, Jl(;)] _ [Ml(m)’ M](")] _ [Mém), Mé”)] _ [M](m), Mz(n)] =0 forallm,neZ.

For convenience, we would like to simplify the notation (see [Chen et al. 2022]).
Let

L,=-L", H,=~—1J%,
L=M" +vV=IM",  J,=M" —V=1M" forallneZ.

Then it is easy to check that {L,, H,, I,, J, | n € Z} satisfy the commutation
relations (1-1). Now, we may describe the definition of the planar Galilean conformal
algebra as follows.
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Definition 2.1. The planar Galilean conformal algebra G is an infinite-dimensional
Lie algebra with a basis {L,, Hy, I, J,, | n € Z} subject to the commutation relations

(1-1).
Note that the Lie subalgebra 1 spanned by {/,,, J,, | m € Z} is a commutative
ideal of G. Furthermore, G contains the following interesting subalgebras.

(1) b =span{Ly, Hp} is a nilpotent self-normalizing subalgebra, called the Cartan
subalgebra of G.

(2) V =span{L,, | m € Z} is the centerless Virasoro algebra, i.e., the Witt algebra.
(3) L=span{L,,, H, | m € Z} is the Heisenberg—Virasoro algebra with the one-
dimensional center.
4) W =span{L,,, I,, | m € Z} is the centerless W (2, 2) algebra.
(5) W'=span{L,,, J,, | m € Z} is the centerless W (2, 2) algebra.
Recall that (see [Gao et al. 2016]) the universal central extension G of the planar

Galilean conformal algebra G is an infinite-dimensional Lie algebra with a basis
{L,, H,, I,,, J,, c1, €2, ¢3 | n € Z} subject to the commutation relations

[Lins Lul = (0 —m) Lyin + 15 (m> = m)8p s 01,
(L. Hil =nHpin +m*8pinoca,  [Hp, Hyil=m8pin 063,
(2-4) [Lin, In] = (n = m) Ly s, [Lins Ju) = (0 —m) Jnn,
[(Hu, I] = Lun, [Hn. Jn]l = = Jnsn,
(L, L] =1Jm, Junl=Um, Ju] =0 forallm,neZ.

Denote £’ = span{L,,, H,, ¢1, ¢2, ¢3 | m € Z}, which is a subalgebra of G. From
Theorem 3 in [Chen and Guo 2017] and Theorem 3.1 in [Han et al. 2017] we get
the following lemma.

Lemma 2.2. (1) Suppose M is an L -module such that it is a U(CLg)-free module
of rank 1. Then cyM = coM = ¢c3M = 0.

(2) Suppose M’ is an L'-module such that it is a U(h)-free module of rank 1. Then
clM/ = CzM/ = C3M/ =0.
So, we have the following corollary.

Corollary 2.3. (1) Let M be a U(G)-module such that M, when considered as
a U(CLy)-module, is free of rank 1. Then cyM = coM = ¢3M = 0. Thus
U(CLy)-free modules of rank 1 over G coincide with U(CL)-free modules of
rank 1 over G.

(2) Let M’ be a U(G)-module such that M', when considered as a U(H)-module,
is free of rank 1. Then c;M’ = c;M' = ¢3M' = 0. Thus U(h)-free modules of
rank 1 over G coincide with U()-free modules of rank 1 over G.
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Therefore, we mainly classify ¢/ (CLg)-free modules of rank 1 and U/ (h)-free
modules of rank 1 over G in the following sections.

Now, we conclude this section by recalling ¢/ (CLg)-free modules of rank 1 over
algebras V, £ and W (2, 2), respectively. For any A € C*, o € C, it is not hard to
see that the polynomial algebra C[Lg] has a V-module structure with the following
actions

Ln(f(Lo)) =2"(Lo+ma) f(Lo—m), Ym e Z, f(Lo) € C[Lol.

Denote this module by €2 (A, @). Thanks to [Lu and Zhao 2014], we know that
Q (A, ) isirreducible if and only if o # 0, and €2 (X, 0) has an irreducible submodule
Lo2(A, 0) with codimension 1. Note that (XA, ) can be easily viewed as a
W (resp. W)-module by defining 1,,(2 (%, @)) = 0 (resp. J,(2(A, a)) = 0) for
all n € Z, and the resulting module is denoted by Q (&, )" (resp. Q(1, a)V).
Moreover, we have the following lemmas.

Lemma 2.4 (cf. [Tan and Zhao 2015, Theorem 3]). Let V be a V-module. Assume
that V can be viewed as a U(CLg)-module is free of rank 1. Then V = Q (A, @) for
some ). € C*, a € C.

Lemma 2.5 (cf. [Chen and Guo 2017, Theorem 3]). Let V be a W (resp. W')-
module. Assume that V can be viewed as a U(CLg)-module is free of rank 1. Then
V=QM0, a) (resp. Q(A, oz)W)for some A € C*, a € C.

For 1 € C*, «, B € C, thanks to [Chen and Guo 2017], we see that the polynomial
algebra C[Lg] is an £-module with the actions
Ly (f (L)) =A"(Lo+ma) f (Lo —m),
Hy (f(Lo)) = BA" f(Lo—m) forallmeZ, f(Lo) e C[Lo].
We denote by Q2(X, «, 8) this module. From [Chen and Guo 2017], we also know

that Q2 (A, «, B) is irreducible if and only if (¢, 8) # (0, 0), and 2(X, 0, 0) has an
irreducible submodule Ly (A, 0, 0) with codimension 1. Furthermore:

Lemma 2.6 (cf. [Chen and Guo 2017, Theorem 2]). Let V be an L-module. Assume
that V can be viewed as a U(CLy)-module is free of rank 1. Then V = Q (A, a, B)
for some . € C*, a, B € C.

(2-5)

3. U(CLy)-free modules over G

In this section, we determine the G-module structures on U (CLg). We give the
necessary and sufficient conditions for these modules to be irreducible. Also, we
find the maximal proper submodules and get the irreducible quotient modules when
these modules are not irreducible. Moreover, we determine the isomorphism classes
of these modules.
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Note that 77 is a commutative ideal of G. Thus for any A € C*, «, B € C, by (2-5)
it is easy to see that the polynomial algebra C[Lg] equips with a G-module structure
via the actions

L (f(Lo)) =A"(Lo+ma) f(Lo—m),
(3-1) Hy(f(Lo)) = BA" f(Lo —m),

Ln(f(Lo)) = Jm(f(Lo)) =0 forallmeZ, f(Lo) e C[Lo].
We denote this module by A(A, «, B).

Now we show that {A(A, a, B) | A € C*, «, B € C} exhaust all U(CLy)-free
modules of rank 1 over G up to isomorphism.

Lemma 3.1. Let V be a U(CLg)-free module of rank 1 over G. We identify V with
Cl[Lo] as vector spaces.

(D) 1,(V)=Jn(V)=0 forallm € Z.
(2) There exist . € C*, o, B € C such that

L (f(Lo)) = A" (Lo +ma) f (Lo —m),
Hy(f(Lo)) = BA" f(Lo—m) forall f(Lo) eV, meZ.
Proof. (1) It is clear that V may be viewed as a U (CLg)-free module of rank 1

over W, since W is a subalgebra containing V of G. By Lemma 2.5, we have
1,,(V) =0 for all m € Z. Similarly, we may get J,,(V) =0 for allm € Z.

(2) We view V as a U(CLg)-free module of rank 1 over £. Then the conclusions
are clear by Lemma 2.6. ([

Theorem 3.2. Let V be a U(CLg)-free module of rank 1 over the Lie algebra G.

(1) There exist L € C*, o, B € C such that V = A(A, a, B) as G-modules.

(2) V is an irreducible G-module if and only if V = A(A, «, B) for some ) € C*,
a, B € Cwith (a, B) # (0, 0).

(3) If V is isomorphic to A(r, 0, 0) for some A € C*, then V has an irreducible
submodule LyV with codimension 1.

Proof. (1) is clear from Lemma 3.1 and (3-1).
(2) and (3) follow from the irreducibility of £-module Q2 (A, «, B). [l

From (3-1) and [Chen and Guo 2017] we can get the following theorem.

Theorem 3.3. Let A, ) € C*, o, ', B, B € C. Then A(A, a, B) and A\, o', B')
are isomorphic as G-modules if and only if . = A, a =o', B =B’
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4. U(h)-free modules over G

In this section, we obtain all ¢ (h)-free modules of rank 1 over G. The necessary and
sufficient conditions for these modules to be irreducible are determined. We also
investigate the maximal proper submodules and the irreducible quotient modules
when these modules are not irreducible. Furthermore, we determine the isomorphism
classes of these modules. These conclusions are the main results of this paper.

4A. U(h)-free modules over G. In this subsection, we determine the G-module
structures on U/ (h), where f) = span{Lg, Hp} is the Cartan subalgebra of G.

For any A € C*,§ € C[Hp], denote by T (%, §) = C[Hy, Lo] the polynomial
algebra over C. It is clear that T (A, §) is isomorphic to /() as vector spaces. First,
we consider the £-module structures on 7 (A, §), where £ = span{L,,, H,, | m € Z}.
It is not hard to see that we may give 7' (A, §) an £-module structure via the actions

@n L (f (Ho, Lo)) = A" f (Ho, Lo—m)(Lo+m$),
H, (f(H(), LQ)) = )\.mHof(Ho, Lo—m) forallmeZ, f(H(), L()) € T()\, 8)

Note that HyT (A, §) is always a proper L£-submodule of 7'(X, §). Denote the
quotient module 7' (X, 8 =T, 8)/HoT (A, 8) = C[Lg], where § is the constant
term of 8. It is easy to see that the actions of £ on T (%, §) are

L (f (Lo)) =A™ f (Lo —m)(Lo +md),
H,(f(Ly))=0 forallmeZ, f(Ly)eT(,S$).

Furthermore, we have the following lemma.

Lemma4.1. (1) T(x,d) is an irreducible L-module if and only if § # 0.

) Ifg =0, then T (A, 8) has an irreducible L-submodule LoT (A, 8) with co-
dimension 1.

Proof. This directly follows from the irreducibility of £-module Q (&, 8, 0), which
was introduced in Section 2B. O

By Theorem 3.1 in [Han et al. 2017], we have the following theorem.

Theorem 4.2. Let M be a U(L)-module such that M, when considered as a U(h)-
module, is free of rank 1. Then M = T (A, §) for some ) € C*, § € C[Hp].

Next, we investigate the G-module structures on U/ (h). We first define three fam-
ilies of G-modules “Q2(, §, 0, 0), Q (A, n1, o1, 0) and Q(X, 12, 0, 02)” as follows:
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Definition 4.3. (1) For any A € C*, § € C[Hy], the polynomial algebra C[ Hy, Lo]
can be endowed with a G-module structure via the actions
L, (f(Ho, Lo)) = A" f(Ho, Lo—m)(Lo+mé),
(4-2) H,,(f(Ho, Lo))=A"Hyf(Hy, Lo—m),
1,,(C[Hy, Lo]) = J,»(C[Hp, Lo]) =0 forall m e Z, f(Hy, Lo) € C[Hp, Lo].

We denote this module by (A, 4, 0, 0).
(2) For any A € C*, n; € C, 01(# 0) € C[Hp], the polynomial algebra C[Hy, L]
has a G-module structure with the actions
L (f(Ho, Lo) = A" f(Ho, Lo —m)(Lo — mHo +mn1),
Hyu (f (Ho, Lo) = A" Ho f (Ho, Lo —m),
Ln(f (Ho, Lo) = 1" o1 f(Ho— 1, Lo —m),
Jn(C[Hy, Lo) =0 forallm e Z, f(Hy, Lo) € C[Hy, Lo].

(4-3)

This module is denoted by Q2 (A, n1, o1, 0).
(3) Forany 1 € C*, 0 € C, 02(# 0) € C[Hp], the polynomial algebra C[Hy, L]
becomes a G-module under the following actions
Ly (f(Ho, Lo) = A" f (Ho, Lo —m)(Lo +mHo +mnz),
Hy (f (Ho, Lo) = A" Ho f (Ho, Lo —m),
1 (C[Hp, L) =0,

Jm(f (Ho, Lo) = A" 02 f (Ho + 1, Lo —m),
for all m € Z, f(H(), Lo) € (E[Ho, L()].

(4-4)

Denote this module by €2 (A, n2, 0, 02).

Remark 4.4. (1) Itis clear that Q2 (4, §, 0, 0) is a G-module by (4-1), since 1] is
an ideal of G. By direct computations we can verify that Q (A, 1, o1, 0) and
Q (A, 2,0, o) are G-modules.

(2) These three families of G-modules in Definition 4.3, when considered as
U(h)-modules, are all free of rank 1.

In the rest of this subsection, we will show that the three families of G-modules
in Definition 4.3 exhaust all I/ (h)-free modules of rank 1 over G up to isomorphism.
We break the arguments into the following several lemmas.

From now on, throughout this subsection, N always denotes the /()-free module
of rank 1 over G. We identify N with C[Hy, L] as vector spaces. Moreover, it is
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clear that we can view N as a U (h)-free module of rank 1 over L. Therefore, by
Theorem 4.2 there exist A € C*, §(Hy) € C[ Hp] such that

45 Ly (f (Ho, Lo)) =A™ f (Ho, Lo —m)(Lo +mé(Ho)),
( i ) Hm(f(H(), L())) = )»mH()f(H(), L() — m) for all m € Z, f(H(), L()) eN.

Lemma 4.5. The actions of G on N are completely determined by L,,(1), H, (1),
I,(1), J,(1) forallm e Z.

Proof. For any f(Hy, Lg) € N, using the commutation relations of G we see that

Ly (f(Ho, Lo)) = f(Ho, Lo —m)L;(1),

Hy (f (Ho, Lo)) = f(Ho, Lo —m)Hy (1),

I (f (Ho, Lo)) = f(Ho— 1, Lo —m) 1,y (1),

Ju(f(Hy, Lo)) = f(Hy+ 1, Ly —m)J,,(1) forallm e Z.

So Lemma 4.5 is clear. O

From Lemma 4.5, we only need to determine the actions of L,,, H,,, I,;, J,, on 1
for all m € Z.

Lemma 4.6. Assume that there exist k,l € Z such that I(1) = J;(1) = 0. Then
I,(N)=J,(N)=0 forallm e 7.

Proof. For any i, j € Z, we have
I(H{LY) = (Ho— 1) Ik L} = (Hy— 1)’ (Lo — k)’ [ (1) = 0,
J(HJL)) = (Ho+ 1)' L] = (Hy+ 1) (Lo — 1) J;(1) = 0.

Thus I (N) = J;(N) = 0. Using the defining relations of G we see that [,,(N) =
Ju(N)=0forallm e Z. O

Lemma 4.7. Suppose that 1,,(1) is nonzero for any m € Z. Denote Iy(1) =
?io co,-(Ho)Lf), where gy € Z, coi (Hy) € C[Hp] fori =0,1,...,qo.

(1) In (4-5), 6(Hy) =aHo+ B, for somea € Z>_y, B € C.
(2) degp,(In(1)) =+ 1 =qo and

I,(1) = Amco(a+1)(Ho)L‘6‘+] + (lower — degree terms in Ly) forallm € 7.
(3) If a > 0, then for any m € 7%, the coefficient of Ly in I,,(1) is
m" (@ + 1)co+1) (Ho) (aHo + B — ja).

@ Ifa>0,thena =1.



238 JIN CHENG, DONGFANG GAO AND ZITING ZENG

Proof. (1) For any n € Z*, denote

Gn _
1,(1) = }_ cai (Ho) Ly,
i=0
where g, € 7, ¢,; (Hy) € C[Hp] and c,g, (Ho) # 0. For any m € Z, we compute
(n—m) Iy, (1)
= [Lmv In](l) = Lmln(l)_Ian(l)

dn X
= Z meni(HO)LE)_In (}\m (L()-H’YL(S(H())))
i=0
dn .
=" cni(Ho)(Lo—m)' Ly (1)— (X" (Lo—n+m8(Ho—1))) I, (1)
i=0
qn .

qn .
= cni(Ho)(Lo—m)' A" (Lo+m8(Ho))— 3~ A" (Lo—n~+m8(Ho—1))cyi (Ho) Ly,
i=0 i=0

dn . qn )
=" (Lo+md(Ho)) 3_ cni(Ho)(Lo—m)'=A" (Lo—n+m8(Ho—1)) 3_ cui (Ho) Ly,

i=0 i=0
In the last equality, the coefficients of Lg" and Lg"_l are respectively
(4-6) A" Cpg, (Ho) (m8 (Ho) — mgy +n —m8(Ho — 1))
and

4-T) m*quA" cag, (Ho) (5(gn — 1) = 8(Hy))
+ A" Cn(go—1) (Ho) (m8 (Ho) —m8(Hy — 1) —mg, +m +n).

Taking m = n, from equality (4-6) we deduce
A" Cng, (Ho) (8 (Ho) — g +1—8(Hy — 1)) =0,

which implies that 6 (Hy) = o Hy+ 8 and ¢, = « + 1 for some «, 8 € C. Note that
gn €2y, thusa e Z-_1, B €C.

(2) From (1), we see that the equality (4-6) becomes
)Vmcnqn (Ho)(n —m).
Thus for any m(# n) € Z, we have deg; (In+n(1)) = ¢, =+ 1 and

(4-8) Iypin(1) = Amcnqn (Ho)Lg" + (lower — degree terms in Lg).
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Taking m = —n, we see that g9 = g, = a + 1, cogy(Ho) = A" cpg, (Hp). Using
equality (4-8) we see that for any m(# 2n) € Z,
deg; (In(1)) =a+1,
I,(1) = kmco(a+1)(Ho)Lg+1 + (lower — degree terms in L),

(4-9)

If we substitute n’ for n in the beginning, where n’(# n) is nonzero, then we can
similarly deduce that (4-9) holds for any m # 2n’. Therefore, the equality (4-9)
holds for any m € Z.

(3) Using (1) we see that equality (4-7) reads

m2qu A" Cng, (Ho) (5 (gn — 1) = 8(Ho)) +nA™ e, —1) (Ho)-
Taking m = n(# 0), we get
(4-10) ma(H0) = Cm(gn—1)(Ho) = MmGmCmq,, (Ho) (8 (Ho) — 5(gm — 1)).
So (3) is clear from (2) and equality (4-10).
(4) For m,n € Z*, we may denote

a+1 . a+1 ;
Li(1) =Y cyj(H)LY), Ln(1) =Y cmi(Ho)Ly,
i=0 1=0
where ¢, (Hp), cmi(Ho) € C[Hyp] and cu(o+1)(Ho), Cm+1)(Ho) # 0. We compute

0= [In» Im](l) = Inlm(l) - Imln(l)

a+1 ] a+1 .
= Incml(HO)L() - Z Imcnj(HO)L(J)
1=0 j=0
a+1 a4+l . !
= Z Z Cnj (Ho)enm (Ho — I)L(I)(LO —n)
j=0 1=0
’ a+1a+1 .
— > > cnj(Ho — Dew(Ho) (Lo —m)! Ly,
j=01=0
In the last equality, the coefficients of L(Z)"“r2 and L%‘Hl are respectively
(4-11) Cn(a+1) (Ho)Cm(a+1)(Ho — 1) = Cpa+1) (Ho — Dem(a+1) (Ho),
and
(4-12) Cna+1) (Ho)em+1) (Ho— D(=n)(a + 1)

+ Cna (Ho)Cma+1) (Ho — 1) + cna+1) (Ho)Cima (Ho — 1)
— (Cna+1)(Ho = Demias 1) (Ho) (—m) (a + 1)
+ na(Ho — Dema+1) (Ho) + Cnat1) (Ho — Deme (Hop)).
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Using (2) and (3) we see that (4-11) and (4-12) read as

A" o1y (Ho) o1y (Ho — 1) — A" cogr1y (Ho — 1)co+1) (Ho)

and
(n—m)(a+ (e — DA o1y (Ho)co+1) (Ho — 1),

which implies
(n —m)(a + 1) (@ = DA cog 1y (Ho) o1y (Ho — 1) = 0
for any m, n € Z*. Thus o = 1. This completes the proof. ]

Proposition 4.8. Suppose that 1,,(1) is nonzero for any m € Z. Then I,,(1) € C[Hp]
forallm e Z.

Proof. 1t is sufficient to show that « = —1 by Lemma 4.7. Now we assume that
o > 0. Then @ = 1 by Lemma 4.7. Denote

Io(1) = coa(Ho) L3 + co1 (Ho) Lo + coo(Ho),

where COZ(HO), Co1 (Ho), Coo(Ho) < C[Ho] with Coz(Ho) 7& 0. Then by Lemma 4.7
we may write

I/ (1) = heoa(Ho) L§ + 21 (Ho + B — 3)coa(Ho) Lo + c10(Ho)
for some c10(Hy) € C[Hp]. We compute

L (1) = [Hy, Iol(1) = Hilp(1) — IpHy (1)
= Hi(co2(Ho) LG + co1 (Ho) Lo + coo(Ho)) — Io (A Hp)
= (co2(Ho) (Lo — 1)* + co1 (Ho) (Lo — 1) + coo (Ho) ) (. Ho)
—A(Hy — 1)(602(H0)L(2) + co1(Ho) Lo + coo(Ho))
= Acoa(Ho) L§ + A(—2Hocor (Ho) + co1 (Ho)) Lo
+ A(Hoco2(Ho) — Hoco1 (Ho) + coo(Hp)),
I (1) = [lo, L1](1) = IoLy(1) — L11p(1)
= Io(A(Lo+ Ho+ B)) — L1 (Coz(Ho)L(z) + co1 (Ho) Lo + coo(Hp))
= (M(Lo+ Ho— 1+ B))(co2(Ho) L§ + co1 (Ho) Lo + coo(Ho))
— (co2(Ho) (Lo — 1)* + co1 (Ho) (Lo — 1) + coo(Ho)) (M(Lo + Ho + B))
= hco2(Ho) L+ 2 (Ho + B — 3)co2(Ho) Lo
— A((co2(Ho) — co1 (Ho)) (Ho + B) + coo(Ho)).
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Then by comparing the coefficients of Ly and the constant terms, we obtain
J(=2Hocoz(Ho)+co1 (Ho)) = 2 (Ho+B —7)coz(Ho),
A (Hocoo (Ho)— Hocor (Ho)+coo(Ho)) = —A((co2 (Ho)—co1 (Ho)) (Ho+B)+coo(Ho)).
Thus we deduce
“13) co1(Ho) = (4Ho + 2 — Dcoa(Ho),
coo(Ho) = (2Ho + B)(2Ho + B — 1)co2(Ho).

Finally, we consider
(4-14)  0=[1, lol(1) = L 1o(1)— Lo 1, (1)
= (co2(Ho—1)(Lo—1)*+co1 (Ho—1)(Lo—D+coo(Ho—1))
x (hcoa(Ho) L§+21(Ho+B—23)co2 (Ho) Lo+c10(Hp))
—(rcor(Ho—1) L§+2A(Ho—1+B—1) coa (Ho—1) Lo+c10(Ho—1))

x (co2(Ho) L§+co1 (Ho) Lo+coo(Hp)).
In the equality (4-14), the coefficient of L(3) is
(4-15) A(co2(Ho)cor (Ho — 1) — coa(Ho — o1 (Hp)).
Substituting (4-13) into (4-15), we get

—4hrco2(Ho)cox(Hp — 1) =0,

which implies cg2(Hp) = 0. This is a contradiction, completing (]

Proposition 4.9. Suppose that J,, (1) is nonzero for any m € Z. Then J,,,(1) € C[Hp]
forallm e 7.

Proof. The proof is similar to that of Lemma 4.7 and Proposition 4.8. (]
Lemma 4.10. Foranym € Z, I,,(1) = X" Iy (1), J,, (1) = A" Jo(1) € C[Hp].
Proof. For any m, n € Z, using Proposition 4.8 and equality (4-5) we see that
Ipn (1) = [Hy, 1,1(1) = Hp 1y (1) — I, Hy (1)
= Hpu (D)1, (1) — I,(W" Ho) = A" Hol, (1) — 1™ (Ho — 1) I, (1)
=A"I,(1).

Taking n =0, we get I,,(1) = A" Iy(1) for m € Z. Similarly, we may get J,,(1) =
A" Jo(1) form € Z. O

Lemma 4.11. (1) IfIo(1) #0, then § = —Hy + 1’ for some n’ € C.
(2) If Jo(1) #0, then 8 = Hy + 1’ for some n” € C.
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Proof. (1) For any m, n € Z, using Proposition 4.8 and equality (4-5) we compute
(n—=m)Lypin(1) =Ly, [,](1) = Ly 1y (1) = I, Ly (1)
= Ln() 1, (1) = I, (A" (Lo+m8(Hy)))
= A" (Lo+m8(Ho))1n(1) = A" (Lo—n) I, (1) —mA™ 8 (Ho— 1) 1,(1)
= A" (m(8(Ho) =8 (Ho—1))+n)1,(1),
which yields (n —m) = (m(8(Hy) —8(Ho — 1)) +n) by Lemma 4.10 and Io(1) # 0.
Thus § (Hy) — §(Hy — 1) = —1, which forces 8§ (Hy) = —Hy + n’ for some n’ € C.
(2) Proved similarly to (1). ([l
Now we state the main results of this subsection.

Theorem 4.12. Let N be a U(G)-module such that N, when considered as a U(h)-
module, is free of rank 1.

(a) There exist .. € C*, 8§ € C[Hyp] such that L1(1) = A(Lo+6), Hi (1) = LH,.
®) If Ip(1) = Jo(1) =0, then N = Q (A, 4, 0, 0) as U(G)-modules.

(c) If In(1) # 0, Jo(1) = 0, then § = —Hy + n' for some n' € C, and N =
Q(A, 1, 01, 0) as U(G)-modules, where o1 = Iy(1) € C[Hp].

(d) If Iy(1) = 0, Jo(1) # 0, then § = Hy + n" for some n”" € C, and N =
Q. 1", 0, 02) as U(G)-modules, where oy = Jy(1) € C[Hy].

(e) The case Iy(1) # 0, Jo(1) # 0 does not exist.
Proof. (a) follows from equality (4-5).
(b) follows from Lemmas 4.5, 4.6 and equalities (4-2), (4-5).
(c) and (d) follow from Lemmas 4.5, 4.6, 4.10, 4.11 and equalities (4-3), (4-4), (4-5).

(e) follows from Lemma 4.11. U

4B. Irreducibility of U (h)-free modules over G. In Section 4A, we determined
all /(h)-free modules of rank 1 over G. These modules have three families
Q(1r,5,0,0), Q(4A,n,o01,0) and Q(A, n2, 0, 0») (see Definition 4.3). Here we
will give the necessary and sufficient conditions for these modules to be irreducible.
Furthermore, we find the maximal proper submodules and obtain irreducible quotient
modules when these modules are not irreducible.

Theorem 4.13. Let A € C*, 8§ € C[Hy). § denotes the constant term of é.

() @, 46,0,0) always has a proper G-submodule HyS2 (A, 8, 0, 0). Denote the
quotient module Q1 (X, 5,0,0) = Q(A,5,0,0)/Hy2(A, 6,0, 0).

(2) Qi(x,8,0,0) is an irreducible G-module if and only if § # 0.
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3) 21(,46,0,0) has an irreducible G-submodule Ly<21 (A, §, 0, 0) with codimen-
sion 1 when § = 0. Consequently, the quotient module

Q1(2,4,0,0)/LoS21(2,6,0,0)
is irreducible.

Proof. These directly follow from the properties of £-module 7' (A, §), which were
described in Lemma 4.1. (]

Theorem 4.14. Let ). € C*, ny € C, 01(£0) € C[Hp].

(1) Q(A, ny, 01, 0) is an irreducible G-module if and only if o1 € C*.

(2) If o1 = Hy+ B, where B € C, then Q2 (X, n1, 01, 0) has a proper G-submodule
012(A, n1, 01, 0). Moreover, denote the quotient module

Qi(A, n1,01,0) =Q(A, n1,01,0) /012X, n1, 01,0) = C[Lo].

1) 1A, n1, 01, 0) is irreducible if and only if (1, B) % (0, 0).
(1) 21(A, n1, 01, 0) has an irreducible G-submodule Ly$21 (A, n1, o1, 0) with
codimension 1 when (n1, ) = (0, 0). Consequently,

Qi(x, m, 01,0)/LoS21 (A, 01, 01, 0)
is irreducible.
3) Ifdeg(oy) =n > 1, we may write
01 =C011012 * * * Oln,

where o1; = Hy+8;, Bi €C, ceC*, fori=1,2,...,n. Theno;Q2(A, n1, 01, 0)
is a proper G-submodule of Q (X, n1,01,0) fori =1,2,...,n. Furthermore,
denote the quotient module

Qi1i(A, m,01,0) =Q(A, n1,01,0)/01;2(, n1, 01, 0).

(1) 1; (A, n1, 01, 0) is irreducible if and only if (n1, Bi) # (0, 0).
(1) 21; (A, n1, 01, 0) has an irreducible G-submodule Ly<21; (A, 11, o1, 0) with
codimension 1 when (ny, 8i) = (0, 0). Consequently,

Qi (A, m1,01,0)/LoS21; (A, n1, 01, 0)
is irreducible.

Proof. (1) (=). Let Q(A, n1,01,0) be an irreducible G-module. Assume that
degH0 (01) = 1. It is easy to see that 012 (A, 01, 01, 0) is a proper G-submodule of
Q (XA, n1, 01, 0), which contradicts that Q2 (A, 11, o1, 0) is irreducible.
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(<=). Suppose o1 € C*. For arbitrary nonzero f(Hy, Lo) € Q(A, n1, o1, 0), we write
q .
f(Ho, Lo) =Y a;j(Ho)L{,
j=0
where g € Z,a;(Hy) € C[Hyl,a,(Hy) # 0. Let (f(Hop, Lo)) denote the G-

submodule of 2 (A, n1, o1, 0) generated by f(Hy, Lo).
If ¢ > 0, we compute

Hy(f(Ho, Lo)) — AHo f (Hop, Lo)
q ) q .
=AHy Y aj(Ho)(Lo—1) —AHy Y a;(Ho)L}
j=0 j=0
= —q)»Hoaq(Ho)Lg_l + (lower — degree terms in Lg).

Denote

fi(Ho, Lo) = Hi(f(Hy, Lo)) — AHy f (Ho, Lo) € (f(Hop, Lo))

with degLO( J1(Ho, Lo)) = g — 1. Therefore, without loss of generality, we may
assume that deg; (f Ho, Lo) = g = 0. Then we write

P .
f(Ho, Lo) =) ¢;iHj,
i=0
where p e 7, c; € C with ¢, #0.
If p =0, then (f(Hy, Lo)) = 2(X, n1, 01, 0) is clear. If p > 0, we deduce that

11 (f (Ho, Lo)) — Aoy f (Ho, Lo)
p _ P .
= )\.Ul Z Ci(H() - l)l - )\O’] Z C[Hé
i=0 i=0
= —Ao1pC) Hé’_l + (lower — degree terms in H).
Thus we can get 1 € (f(Hy, Lo)), which implies (f(Ho, Lo)) = Q(A, n1, o1, 0).
Hence Q2 (X, n1, o1, 0) is irreducible.
(2) First, it is trivial to see that 012 (A, 01, 01, 0) is a proper G-submodule of
Q(, n1, 01, 0). From equality (4-3), we see that the actions of G on the quotient
module (X, n1, o1, 0) are
Ly (f(Lo)) = A" f(Lo—m)(Lo+mp+mny),
Hy (f(Lo)) = —A"Bf (Lo —m),
L,(Q21(A, n1,01,0) = J, (21X, n1,01,0) =0 forallm e Z.

Then (i), (ii) follow from irreducibility of £-module Q2 (A, 8 4+ 11, —B), which was
introduced in Section 2B.

(3) Itis clear that 01;2(X, 11, 01, 0) is a proper G-submodule of (4, 1y, o1, 0).
The remaining parts are similar to (2). (]
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Theorem 4.15. Let .. € C*, ny € C, 02(%£ 0) € C[Hp).
(1) X, n2, 0, 02) is an irreducible G-module if and only if op, € C*.
(2) If oo = Hy+ v, where y € C, then Q (A, 2, 0, 02) has a proper G-submodule
022 (A, 12, 0, 02). Moreover, denote the quotient module

Qo(X, 12,0, 02) =Q(A, 1m2,0,02)/02R2(A, 12,0, 02) = C[Lo].

(1) Q22(A, n2, 0, 0n) is irreducible if and only if (2, y) # (0, 0).
(1) 22(A, 12,0, 02) has an irreducible G-submodule LyS2;(A, 12, 0, 02) with
codimension 1 when (12, y) = (0, 0). Consequently,
Q3(A, 12,0, 02)/LoS22(%, m2, 0, 02)
is irreducible.
(3) Ifdeg(on) =n > 1, we may write
oy =c'o102 -+ 02,
where o2; = Hy+vy;, v €C, ¢ €eC*, fori=1,2, ..., n. Then 02;Q2(7,12,0,07)

is a proper G-submodule of Q2,(A, 12,0, 02) fori =1, 2, ..., n. Furthermore,
denote Q; (A, 12,0, 02) = Qa(A, 12,0, 02) /02 Q20 (A, 12, 0, 02).

(1) 29 (A, 12,0, 0n) is irreducible if and only if (2, y;) # (0, 0).
(11) 22 (A, 12, 0, 02) has an irreducible G-submodule Ly<23; (A, 12, 0, 07) with
codimension 1 when (n2, y;) = (0, 0). Consequently,
Qi (A, m2, 0, 02)/LoS22i (A, 12, 0, 02)
is irreducible.

Proof. The proof is similar to that of Theorem 4.14. U

Remark 4.16. By Theorems 3.2, 4.13, 4.14 and 4.15, we may get many new
irreducible modules over the planar Galilean conformal algebra G.

4C. Isomorphism classes of U (h)-free modules over G. In Section 4A, we showed
that three families of modules (A, 8, 0,0), Q(A, ny, 01,0) and Q2(A, 12, 0, 02)
exhaust all U/ (h)-free modules of rank 1 over G. Now we determine the isomorphism
classes of these modules.

Theorem 4.17. Let A, 2/ € C*, §, 8" € C[Hol, n1, 1}, m2, ny € C, 01,0(, 02,05 €
Cl[Ho] \ {0}.

1) 2(,8,0,00=Q0,8,0,0) ifand only if A =1 ,86 =4¢".

2) Q,n1,01,00=QW, n},0(,0) ifand only if » = X', m1 =1}, 01 = 0].

(3) QA,1n2,0,00) =QM, 15,0,05) ifand only if . = X', 2 = 15, 02 = 0.

4) Any two of Q2(4, 6,0, 0), Q(A, n1, 01, 0), L, 2, 0, 02) are not isomorphic.
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Proof. (1) The “sufficiency” is trivial. We only need to show the “necessity”.
Suppose

0:Q(1,8,0,00 > Q0,8,0,0)
is a G-module isomorphism.
Claim 1. ¢(1) € C[Hp].

Assume that ¢(1) = Z,-q:o a; (Ho)Lf), where g > 0, a;(Hy) € C[Hp] for 0 <
i <q and a,(Hp) # 0. Since ¢ is a G-module isomorphism, we get H;(¢(1)) =
@(H{ (1)) = ¢(AHy) = AHy(¢(1)). From equality (4-2) we obtain

q .
Hi(p(1))=2"Ho ) a;(Ho)(Lo—1)'
i=0

= Hoay (Ho) L{ + 3 Ho(—qay (Ho) +ag -1 (Ho)) L{ ™
+ (lower —degree terms in Lg),

q .
MHo(p(1)) =AHo }_ a;(Ho) L
i=0

= AHoa, (Ho) LY + ) Hoa, 1 (Ho) LE ™" 4 (lower — degree terms in Lo).

By comparing the coefficients of Lg and Lg_l, we deduce
A=, —MNqHya,(Hy) =0.

But —1'q Hya,(Hp) = 0 is impossible. So ¢(1) € C[Hp]. Claim 1 is proved.
Now we may assume ¢ (1) = 520 ch({, where peZ ,c;eCfor0<j=<p
and ¢, # 0. We consider the equality

Li(e() =¢(Li(1)) = ¢A(Lo+8)) = A(Lo +8)(p(1)).
It is clear that
Li(p(1) =Ao()(Lo+8"),  A(Lo+8)(p(1)) =2rp(1)(Lo +9),
which imply A =1/, 8 =¢'.
(2) The “sufficiency” is clear. We only need to show the “necessity”. Suppose that
@ Q01,00 —> QW, 0y, 0/,0)

is a G-module isomorphism. Then ¢’ : Q(X, n1,01,0) — QX/, n},0{,0) is an
L-module isomorphism. From (1) and equalities (4-2), (4-3) it is not hard to see
that A = A’, n; = n} and ¢'(1) € C[Hp].
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Set ¢'(1) = Y i _odrHY, where t € Z,, dy € C for 0 <k <t and d, # 0. Note
that ¢’(Lo1) = ¢'(11(1)). We compute

t
¢ (Lo1) = 1o (1) = hoy Y. diHf,
=0

@' (I1(1) =1 (¢' (1) =No] 3 di(Hy— D).
k=0

By comparing the coefficients of H} we obtain o1 = o7.
(3) is similar to (2).
(4) is trivial. [l

Remark 4.18. We give a complete classification of ¢/(CLg)-free modules of rank 1
and U (h)-free modules of rank 1 over G and g by Theorems 3.2, 3.3, 4.12, 4.17
and Corollary 2.3.
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First we introduce the notion of F-algebroids, which is a generalization of
F-manifold algebras and F-manifolds, and show that F-algebroids are the
corresponding semiclassical limits of pre-Lie formal deformations of com-
mutative associative algebroids. Then we use the deformation cohomology of
pre-Lie algebroids to study pre-Lie infinitesimal deformations and extension
of pre-Lie n-deformations to pre-Lie (n 4+ 1)-deformations of a commutative
associative algebroid. Next we develop the theory of Dubrovin’s dualities
of F-algebroids with eventual identities and use Nijenhuis operators on F-
algebroids to construct new F-algebroids. Finally we introduce the notion of
pre- F-algebroids, which is a generalization of F-manifolds with compatible
flat connections. Dubrovin’s dualities of pre-F-algebroids with eventual
identities, Nijenhuis operators on pre- F -algebroids are discussed.
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1. Introduction

The concept of Frobenius manifolds was introduced by Dubrovin [15] as a geometri-
cal manifestation of the Witten—Dijkgraaf—Verlinde—Verlinde (WDVV) associativity
equations in the 2-dimensional topological field theories. Hertling and Manin [17]
weakened the conditions of a Frobenius manifold and introduced the notion of
an F-manifold. Any Frobenius manifold has an underlying F-manifold structure.
F-manifolds appear in many fields of mathematics such as singularity theory [16],
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integrable systems [1; 3; 4; 12; 13; 25; 27], quantum K-theory [21], information
geometry [10], operad [30] and so on.

The notion of a Lie algebroid was introduced by Pradines in 1967, which is a
generalization of Lie algebras and tangent bundles. Just as Lie algebras are the
infinitesimal objects of Lie groups, Lie algebroids are the infinitesimal objects of
Lie groupoids. See [28] for the general theory about Lie algebroids. Lie alge-
broids are now an active domain of research, with applications in various parts
of mathematics, such as geometric mechanics, foliation theory, Poisson geometry,
differential equations, singularity theory, operad and so on. The notion of a pre-Lie
algebroid (also called a left-symmetric algebroid or a Koszul-Vinberg algebroid)
is a geometric generalization of a pre-Lie algebra. Pre-Lie algebras arose from
the study of convex homogeneous cones, affine manifolds and affine structures on
Lie groups, deformation and cohomology theory of associative algebras and then
appear in many fields in mathematics and mathematical physics. See the survey
article [7] for more details on pre-Lie algebras and [5; 6; 22; 23] for more details on
cohomology and applications of pre-Lie algebroids. Dotsenko [14] showed that the
graded object of the filtration of the operad encoding pre-Lie algebras is the operad
encoding F-manifold algebras, where the notion of an F-manifold algebra is the
underlying algebraic structure of an F-manifold. In [24], the notion of pre-Lie
formal deformations of commutative associative algebras was introduced and it
was shown that F-manifold algebras are the corresponding semiclassical limits.
This result is parallel to the fact that the semiclassical limit of an associative formal
deformation of a commutative associative algebra is a Poisson algebra.

In this paper, we introduce the notion of F-algebroids, which is a generalization of
F-manifold algebras and F-manifolds. There is a slight difference between this F-
algebroid and the one introduced in [11]. We introduce the notion of pre-Lie formal
deformations of commutative associative algebroids and show that F-algebroids
are the corresponding semiclassical limits. Viewing a commutative associative
algebroid as a pre-Lie algebroid, we show that pre-Lie infinitesimal deformations
and extension of pre-Lie n-deformations to pre-Lie (n 4+ 1)-deformations of a
commutative associative algebroid are classified by the second and third cohomology
groups of the pre-Lie algebroid respectively.

F-manifolds with eventual identities were introduced by Manin [29] and then
were studied systematically by David and Strachan [13]. We generalize Dubrovin’s
dualities of F-manifolds with eventual identities to the case of F-algebroids. We
introduce the notion of (pseudo)eventual identities on F-algebroids and develop the
theory of Dubrovin’s dualities of F-algebroids with eventual identities. We introduce
the notion of Nijenhuis operators on F-algebroids and use them to construct new
F-algebroids. In particular, a pseudoeventual identity naturally gives a Nijenhuis
operator on an F-algebroid.
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The notion of an F-manifold with a compatible flat connection was introduced
by Manin [29]. Applications of F-manifolds with compatible flat connections also
appeared in Painlevé equations [2; 3; 18; 25] and integrable systems [1; 4; 19;
26; 27]. We introduce the notion of pre- F-algebroids, which is a generalization of
F-manifolds with compatible flat connections. A pre- F-algebroid gives rise to an
F-algebroid. We also study pre- F-algebroids with eventual identities and give a
characterization of such eventual identities. Furthermore, the theory of Dubrovin’s
dualities of pre- F-algebroids with eventual identities were developed. We introduce
the notion of a Nijenhuis operator on a pre-F-algebroid, and show that a Nijenhuis
operator gives rise to a deformed pre- F'-algebroid.

Mirror symmetry, roughly speaking, is a duality between symplectic and complex
geometry. The theory of Frobenius and F-manifolds plays an important role in
this duality. We expect that the notion of F-algebroids might also be relevant
in understanding the mirror phenomenon. In particular, the Dubrovin’s dual of
F-algebroids constructed in this paper should be related to the mirror construction
along the way the Dubrovin’s dual of Frobenius manifolds is related, at least in
some situations, with mirror symmetry. More precisely the question is: Could we
consider the construction of Dubrovin’s dual of F-algebroids as a kind of mirror
construction? In order to answer the question above, we might need to add some
extra structures to F-algebroids and include those structures in the construction of
the Dubrovin’s dual. This would allow us to give a comprehensible interpretation
of our construction as a manifestation of a mirror phenomenon. We want to follow
this line of thought in future works.

The paper is organized as follows. In Section 2, we introduce the notion of
F-algebroids and give some constructions of F-algebroids including the action
F-algebroids and direct product F-algebroids. In particular, we show that Poisson
manifolds give rise to action F-algebroids naturally. In Section 3, we study pre-Lie
formal deformations of a commutative associative algebroid, whose semiclassical
limits are F-algebroids. We show that the equivalence classes of pre-Lie infini-
tesimal deformations of a commutative associative algebroid A are classified by
the second cohomology group in the deformation cohomology of A. Furthermore,
we study extensions of pre-Lie n-deformations to pre-Lie (n + 1)-deformations
of a commutative associative algebroid A and show that a pre-Lie n-deformation
is extendable if and only if its obstruction class in the third cohomology group
of the commutative associative algebroid A is trivial. In Section 4, we first study
Dubrovin’s duality of F-algebroids with eventual identities. Then we use Nijenhuis
operators on F-algebroids to construct deformed F-algebroids. In Section 5, first
we introduce the notion of a pre-F-algebroid, and show that a pre- F-algebroid
gives rise to an F-algebroid. Then we study Dubrovin’s duality of pre- F-algebroids
with eventual identities. Finally, we introduce the notion of a Nijenhuis operator
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on a pre- F-algebroid, and show that a Nijenhuis operator on a pre- F-algebroid
gives rise to a deformed pre- F-algebroid. At the end, some relations between
pre- F-algebroids and F-manifolds with a compatible flat structure are discussed.

2. F-algebroids

We introduce the notion of F-algebroids, which is a generalization of F-manifolds
and F-manifold algebras. We give some constructions of F-algebroids including
the action F-algebroids and direct product F'-algebroids.

Definition 2.1 [14; 17]. An F-manifold algebra is a triple (g, [—, —], - ), where
(g, -) is a commutative associative algebra and (g, [—, —]) is a Lie algebra, such
that for all x, y, z, w € g, the Hertling—Manin relation holds:

(D Pyy(z,w) =x- Py(z, w) +y- Pc(z, w),
where P, (y, z) is defined by
(2 Pe(y,z) =[x,y -z]l—I[x,yl-z—y-[x, zl.

Remark 2.2. Even though Hertling and Manin [17] use the expression F-algebras
to refer the objects in the definition above, we will use the terminology introduced
in [14] to emphasize that those algebras arise in the study of F-manifolds.

Example 2.3. Any Poisson algebra is an F-manifold algebra.

Definition 2.4 [17]. An F-manifold is a pair (M, ), where M is a smooth manifold
and e is a C°°(M)-bilinear, commutative, associative multiplication on the tangent
bundle TM such that (X(M), [—, —lxm), *) is an F-manifold algebra, where
[—, —lxm) is the Lie bracket of vector fields.

The notion of Lie algebroids was introduced by Pradines in 1967, as a general-
ization of Lie algebras and tangent bundles. See [28] for the general theory about
Lie algebroids.

Definition 2.5. A Lie algebroid structure on a vector bundle A — M is a pair that
consists of a Lie algebra structure [—, —]4 on the section space I'(A) and a vector
bundle morphism a4 : A — TM, called the anchor, such that

[X, fY]a= fIX,Y]a+aa(X)(/)Y VX,YeD(A), feC®(M).
We denote a Lie algebroid by (A, [—, —]4, aa), or A if there is no confusion.

Definition 2.6. A commutative associative algebroid is a vector bundle A over M
equipped with a C°°(M)-bilinear, commutative, associative multiplication -4 on
the section space I'(A).
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We denote a commutative associative algebroid by (A, -4).
In the following, we give the notion of F-algebroids, which are generalizations
of F-manifold algebras and F-manifolds.

Definition 2.7. An F-algebroid is a vector bundle A over M equipped with a
bilinear operation -4 : I'(A) x I'(A) — I'(A), a skew-symmetric bilinear bracket
[—,—]a:T(A) xT'(A) - I'(A), and a bundle map a4 : A — TM, called the
anchor, such that (A, [—, —]a, aa) is a Lie algebroid, (A, -4) is a commutative
associative algebroid and (I'(A), [—, —]a, -4) is an F-manifold algebra.

We denote an F-algebroid by (A, [—, —]4, -4, a4).

Remark 2.8. Cruz Morales and Torres-Gomez [11] had already defined an F-
algebroid. There is a slight difference between the above definition of an F-algebroid
and that one. In [11], it is assumed that the base manifold has an F-manifold
structure (M, ). An F-algebroid defined in [11] is a vector bundle A over M
equipped with a bilinear operation -4 : I'(A) x I'(A) — I'(A), a skew-symmetric
bilinear bracket [—, —]4 : '(A) xI'(A) —> I'(A), and abundle map a4 : A > TM,
such that (A, [—, —]4,aa) is a Lie algebroid, (A, -4) is a commutative associative
algebroid, (I'(A), [—, —]4, -4) is an F-manifold algebra and

3) aa(X -4 Y)=as(X)sas(Y) VX,Y eT(A).

Example 2.9. Any F-manifold algebra is an F-algebroid over a point. Let (M, )
be an F-manifold. Then (TM, [—, — ]z, *,1d) is an F-algebroid.

Definition 2.10. Let (As [_ ) _]A, “As aA)7 (Bv [_ ) _]37 ‘B> aB) be F_algebrOids
on M. A bundle map ¢ : A — B is called a homomorphism of F-algebroids, if
for all X,Y €I'(A), the following conditions are satisfied:

(X -AY)=0X) oY), (X, Y]s)=[pX), )]s, apog =aa.

Definition 2.11. Let (A, [—, —]4, -4, a4) be an F-algebroid. A section ¢ € ['(A)
is called the identity if ¢ -4 X = X for all X € I'(A). We denote an F'-algebroid
(A,[—,—1a, -4, aa) with an identity e by (A, [—, —]a, -4, €, aa).

Proposition 2.12. Assume that (A, [—, —1a, aa) is a Lie algebroid equipped with a
C°(M)-bilinear, commutative, associative multiplication - 5 : I'(A) xI'(A) — "' (A).
Define

@ PX.Y,Z,W)
=Px.,y(Z,W)=X-pPy(Z, W)=Y -y Px(Z,W), VX.Y,Z, Wel'(A),

where P is given by (2). Then ® is a tensor field of type (4, 1) and
) X, Y, ZW)=dX, X, Z,W)=d(X, Y, W, 2).
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Proof. By the commutativity of the associative multiplication -4, we have
X, Y, Z W)=Y, X,Z,W)=d(X,Y, W, Z).
To prove that ® is a tensor field of type (4, 1), we only need to show
(fX, Y, Z,W)=dX,Y, fZ, W)= fO(X,Y,Z, W).
By a direct calculation, we have
O(fX,Y,Z, W)
=[fXaY), ZAWIA—=Z-Alf(X-aY), Wia=W 4 [f(X-aY), Z]a
—fXaPy(Z W)=Y alfX, ZAWIa—=Z-alf X, WIa—=W-alfX, Z]a)
=fPx,y(Z,W)—aa(Z s W)X -aY)+as(W)()X-4Y -aZ)
+aa(Z) ()X -aY a4 W)= f(X-a Py(Z,W))— f(Y -4 Px(Z, W))
Faa(Z-aW)()(X-aY)=aa(W)(F)(X-aY-aZ)=as(Z)([)(X-aY -4 W)
=fO(X,Y,Z, W).
Similarly, we also have ®(X, Y, fZ, W)= fOo(X, Y, Z, W). O

Proposition 2.13. Let (A, [—, —]a, -4, aa) be an F-algebroid with an identity e.
Then

P.(X,Y)=0.
Proof. It follows from (1) directly. ([

Definition 2.14. Let (g,[—, —], - ) be an F-manifold algebra. An action of g on
a manifold M is a linear map p : g — X(M) from g to the space of vector fields
on M, such that

p(lx, yD) =[p@), p(M]xwry Yx,ye€g.
Given an action of g on M, let A = M x g be the trivial bundle. Define an

anchor map a,, : A — TM, a multiplication -, : I'(A) x I'(A) — I"(A) and a bracket
[—,—1,:T(A) xI'(A) = I'(A) by

(6) ap(m,u)=pW), YmeM,ucyg,
@) X, Y=X.7,
®) (X, Y], =L, x)Y =L, nX+[X,Y], VX, YeI(A),

where X-Y and [ X, Y] are the pointwise C° (M)-bilinear multiplication and bracket,
respectively.

Proposition 2.15. With the above notations, (A =M x g,[—, —1p, -p, ap) is an
F-algebroid, which is called an action F-algebroid, where [—, —1,, -, and a, are
given by (8), (7) and (6), respectively.
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Proof. Note that the multiplication -, is a C°°(M)-bilinear, commutative and associa-
tive multiplication and (A, [—, —],, a,) is a Lie algebroid. By Proposition 2.12 and
the fact that g is an F'-manifold algebra, for all u1, us, u3, us € gand f1, fa, f3, fa €
C*>® (M), we have

O(frur, fruz, faus, faus) = f1 f2 f3 fa® i, uz, u3z, ug) =0,

which implies that (I'(A), [—, —1,, ) is an F-manifold algebra. Thus, we obtain
(A,[—,—1p, p» ap) is an F-algebroid. O

Example 2.16. Let g be a 2-dimensional vector space with basis {e;, e;}. Then
(g, [—, —], -) with the nonzero multiplication - and the bracket [—, —]

ej-ey=ey, ejrex=ey-e1=e, [e,er]l=e

is an F-manifold algebra with the identity e;. Let (¢, #) be the canonical coordinate
systems on RZ. It is straightforward to check that the map p : g — X(R?) defined by

9 I
pler) =th—, plea)=t—+15—
ot

ot ot
is an action of the F-manifold algebra g on R2. Then (A= R2 x g, [—,—1p,p,ap)
is an F-algebroid with an identity 1 ® e;, where [—, —],, -, and a, are given by

0 0 , 0 2
ap,(m,cre1+crex) = (C”Za_zz + t28_t1 +ct) 8_t2>‘m Vme R~

f®(cre)pg®@(cre) =(fg)R(cicze), [f®(c1e2)-pg®(c2e2) =0,
[f®(cre1), g R (c2e2)]p
af . ,of

g
= feih—®(crer) —gor|b—+16— ) ®(crer) + fg R (ciczler, ea]),
atz 8t1 8t2

where f, g € C*(R?), ¢, 2 €R, i (1,2}

Let A; and A, be vector bundles over M| and M, respectively. Denote the
projections from M; x M, to M| and M by pr; and pr, respectively. The product
vector bundle A; x Ay — M) x M, can be regarded as the Whitney sum over
M x M, of the pullback vector bundles pr’1 Ap and pr’zAz. Sections of pr!1 Aj are of
the form > u; ®Xl-1, where u; € C°(M; x M>) and Xl.1 e I'(Ay). Similarly, sections
of pr!zAz are of the form ) u! ® Xiz, where u; € C*°(M; x M>) and Xl.2 eT'(Ay).
The tangent bundle 7' (M| x M>) may in the same way be regarded as the Whitney
sum pr!l(TMl) EBpr!Z(TMz). Let (A1,[—, —14,.a4,) and (A, [—, —]4,, aa,) be
two Lie algebroids over the base manifolds M| and M, respectively. We define the
anchora: A; x A, — T (M| x M) by

a(L © XH o L) @ XD) = Y ©ax, (X)) ® L) @ ar, (X2).
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And the Lie bracket on A; x A, is determined by the following relations with the
Leibniz rule:
Nex 1eryi=10X' v',, [eX 1r)=0,
Mex*10Y 1=10[X* Y, [1eX’ 1Y =0
for X', Y! e '(4)) and X2, Y? € T'(A,). See [28] for more details of the direct
product Lie algebroids.

Proposition 2.17. Let (A1, [—., —]4,,4;,a4,) and (A2, [—, —]a,, -4,, aa,) be
two F-algebroids over M| and M, respectively. Then (A X Ay, [—, —1, ¢, a) is
an F-algebroid over My x M, where for

X=Yw®X)®Yu;®X), Y=Y weYHeoY (e,
the associative multiplication < is defined by
XoY =) (uvu® (Xil Ay Ykl)) ® Z(”/jvl/ Q (X? Ay Yl2))-
Proof. 1t follows from straightforward verifications. U

The F-algebroid (A} x Az, [—, —1I, ¢, a) is called the direct product F-algebroid.

3. Pre-Lie deformation quantization of commutative associative algebroids

In this section, we study pre-Lie formal deformations of a commutative associative
algebroid, whose semiclassical limits are F-algebroids. Viewing the commutative
associative algebroid A as a pre-Lie algebroid, we show that the equivalence classes
of pre-Lie infinitesimal deformations of a commutative associative algebroid A are
classified by the second cohomology group in the deformation cohomology of A
and a pre-Lie n-deformation can be extended to a pre-Lie (n 4 1)-deformation if
and only if its obstruction class in the third cohomology group is trivial.

Definition 3.1 [9]. A pre-Lie algebra is a pair (g, *), where g is a vector space and
*:g® g — g is a bilinear multiplication such that for all x, y, z € g, the associator

©) (X, y.2) Exs(y*z) — (xxy)*z
is symmetric in x, y, i.e.,
(x,y,2)=(y, x, z), or equivalently, xx(y*z) — (x*xy)*z=y*x(x*2) — (y*x)*Z.

Definition 3.2 [22; 5]. A pre-Lie algebroid structure on a vector bundle A — M
is a pair that consists of a pre-Lie algebra structure *4 on the section space I"(A)
and a vector bundle morphism a4 : A — TM, called the anchor, such that for all
feC>®(M)and X,Y € I'(A), the following conditions are satisfied:
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D) Xxa (fY)=f(XxaY)+aa(X)(N)Y,
(i) (FX)#aY = (X #aY).
We usually denote a pre-Lie algebroid by (A, %4, a4). Any pre-Lie algebra is a
pre-Lie algebroid over a point.
A connection V on a manifold M is said to be flat if the torsion and the curva-
ture of the connection V vanish identically. A manifold M endowed with a flat
connection V is called a flat manifold.

Proposition 3.3 [22]. Let (A, x4, aa) be a pre-Lie algebroid. Define a skew-
symmetric bilinear bracket operation [— , —]4 on I'(A) by

(10) [X,YJa=Xx2Y Y%, X VX, Yel(A).
Then (A, [—, —]a, aa) is a Lie algebroid, and denoted by A, called the subadja-
cent Lie algebroid of (A, x4, ax).

Example 3.4. Let M be a manifold with a flat connection V. Then (TM, V, 1d)
is a pre-Lie algebroid whose subadjacent Lie algebroid is exactly the tangent Lie
algebroid. We denote this pre-Lie algebroid by Ty M.

Definition 3.5. Let E be a vector bundle over M. A multiderivation of degree n
on E is a pair (D, op), where

D e Hom(A" 'T(E)®T(E),['(E)) and op e I'Hom(A" 'E, TM)),

such that for all f € C°°(M) and sections X; € I'(E), the following conditions are
satisfied:

DX1,eo fXis oo, Xne1, X)) = FD(X1s e s Xy oo X1, X)), i=1,...,n—1,
D(Xla""Xn—lstI’l)=fD(X19"'7X}’l—laXI’l)+JD(X]""9XH—])(f)Xn'

We will denote by Der” (E) the space of multiderivations of degree n, n > 1.

Let (A, x4, aa) be a pre-Lie algebroid. From [22] the deformation complex of A
is a cochain complex (Cj (A, A) = @nzo Der"(A), dgef), where for all X; € I'(A),
i=1,2...,n+1, the coboundary operator dgef : Der" (A) — Der"t1(A) is given by

dgero (X1, ..., Xpt1)

n . A
=Y (DX s 0Xy, . Xin o Xng1)
i=1 n
+ 3 (=D oXy, L Xy X XD ka Xy

i=1

(=D o(X1, . Xy X Xi %4 Xng)
i=1

+ Z (—1)i+j6l)([X,‘,Xj]A,X1,...,X[,...,Xj,...,Xn_‘._l),

I<i<j<n



260 JOHN ALEXANDER CRUZ MORALES, JIEFENG LIU AND YUNHE SHENG

in which oy, is given by
(11) Oddefw(xl7"'axn)

n . ~
= > (=D"Maa (X)), 0 (X1, ..o, Xiv oo Xo) ]z
i=1 L ~
+ Z (_1)l+j0w([Xian]A,X1’"'7Xia---ana---aXn)

I<i<j<n
n . A
+ 2 (=DM ag@ Xy, Xiy oo X, X0).
i=1
The corresponding cohomology, which we denote by H: (A, A), is called the
deformation cohomology of the pre-Lie algebroid.

Since any commutative pre-Lie algebra is a commutative associative algebra, we
have the following conclusion obviously.

Lemma 3.6. Any commutative pre-Lie algebroid is a commutative associative
algebroid.

Note that in a commutative pre-Lie algebroid, the anchor must be zero.

Definition 3.7. Assume that (A, -4) is a commutative associative algebroid. A
pre-Lie formal deformation of A is a sequence of pairs (ux, o,,) € Der?(A) with
1o being the commutative associative algebroid multiplication -4 on I'(A) and
0y, = 0 such that the R[[#i]l-bilinear product -5 on I'(A)[%2]] and R[[7]-linear map
ap : AQR[A] — TM Q@ R[[A]] determined by

(12) Xop¥ =3 (X, ¥),
k=0

(13) ap(X) = 3 h o, (X) VX,Y el(A)
k=0

is a pre-Lie algebroid.
One checks directly that (I'(A)[[2]], -5) is a pre-Lie algebra if and only if

(14) X (i (X, Y), Z) = wi(X, (Y, 2)))

i+j=k — Zk(ul(ﬂf(y’ X),Z)_H*l(yv /'L](X’ Z)))
i+j=
for k > 0.

Theorem 3.8. Assume that (A, -4) is a commutative associative algebroid and
(AQR[A], -5, ag) a pre-Lie formal deformation of A. Define a bracket

[—,—1a:T(A) xI'(A) = T'(A)

by
(X, Yla=m(X,Y)—mi (Y, X) VX, Y el(A).
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Then (A,[—, —1a, -a,0y,) is an F-algebroid which is called the semiclassical
limit of (A @ R[#A], -5, az). The pre-Lie algebroid (A @ R[A], -5, ap) is called a
pre-Lie deformation quantization of (A, -4).

Proof. Define the bracket [—, —]s on I'(A)[[4] by

(X, Ylh=X Y —-Yp X
=X, Ya+ 12 (ua(X,Y) — 2 (Y, X)) +--- VX,Y e (A).

By the fact that (A @ R[[#A], -5, ap) is a pre-Lie algebroid, (A[[A]l, [—, —1a, ax) is
a Lie algebroid. The A>-terms of the Jacobi identity for [— , — ] gives the Jacobi
identity for [—, —]4 and Ai-terms of [X, fY ]y = fIX, Y]n +an(X)(f)Y gives

[X, fY]a= fIX,Y]a+ o0, (X)())Y.

Thus (A, [—, —]a, oy,) is a Lie algebroid.
For k =1 in (14), by the commutativity of o, we have

/"LO(/JLI(X’ Y)v Z) - /'LO(X’ /‘Ll(Y’ Z)) - :u'l(Xv MO(Y’ Z))
= pno(u1 (Y, X), Z) — po(Y, pi(X, 2)) — p1 (Y, po(X, 2)).

By a similar proof given by Hertling [16], we can show that the Hertling—Manin
relation holds with X -4 ¥ = uo(X,Y) and [X, Y]s = 11 (X, Y) — u1 (Y, X) for
X,Y €I'(A). Thus (A, [—, —]a, -4, 04,) is an F-algebroid. |

In what follows, we study pre-Lie n-deformations and pre-Lie infinitesimal
deformations of commutative associative algebroids.

Definition 3.9. Let (A, -4) be a commutative associative algebroid. A pre-Lie
n-deformation of A is a sequence of pairs (ux, 0y,) € Der’(A) for 0 <k <n
with o being the commutative associative algebroid multiplication -4 on I'(A)
and o, = 0, such that the R[A]]/(A"")-bilinear product -5 on T'(A)[#]/ (A" ™)
and R[A]/ (i‘z”“)—linear map a5 : A QR[[A]] > TM ® R[] determined by

(1) XY =3 MuX, ).
k=0

(16) an(X) = Z m*o,,(X) YX,Y eT(A)
k=0

is a pre-Lie algebroid.

We call a pre-Lie 1-deformation of a commutative associative algebroid (A, -4)
a pre-Lie infinitesimal deformation and denote it by (A, 1, as =oy,).
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By direct calculations, (A, i1, 0,,) is a pre-Lie infinitesimal deformation of a
commutative associative algebroid (A, -4) if and only if for all X, Y, Z e I'(A)

A7 mX,Y) aZ-X-am (Y, Z) — (X, Y -4 Z)
=Y, X)aZ-Y aui(X,Z)—1(Y, X -4 Z).
Equation (17) means that p is a 2-cocycle, i.e., dger 11 = 0.

Two pre-Lie infinitesimal deformations Ay = (A, w1, 0,,) and A} = (A, uj, o)
of a commutative associative algebroid (A, -4) are said to be equivalent if there
exist a family of pre-Lie algebroid homomorphisms Id + ¢ : A — A} modulo h?
for ¢ € Der!(A). A pre-Lie infinitesimal deformation is said to be trivial if there
exist a family of pre-Lie algebroid homomorphisms Id+74¢ : Ay — (A, -4, a4 =0)
modulo A2,

By direct calculations, A, and A}, are equivalent pre-Lie infinitesimal deforma-
tions if and only if

(18) O =0y,
(19) mX, V) =i (X, ) =X a9X)+X)aY =X 4 ).

Equation (19) means that p; — ,u’l = dger ¢ and (18) can be obtained by (19). Thus
we have:

Theorem 3.10. Ler (A, -4) be a commutative associative algebroid. There is a
one-to-one correspondence between the space of equivalence classes of pre-Lie
infinitesimal deformations of A and the second cohomology group Hﬁef(A, A).

It is routine to check that:
Proposition 3.11. Let (A, -4) be a commutative associative algebroid such that
Hi:(A, A) =0.
Then all pre-Lie infinitesimal deformations of A are trivial.

Definition 3.12. Let {(t1,0,,), ..., (4n, 0,,)} be a pre-Lie n-deformation of a
commutative associative algebroid (A, -4). If there exists (4,41, 0p,,,) € Der?(A)
such that

{(1, U/,L])s coes (s U[Ln)a (Mn1, O—/I.”+1)}

is a pre-Lie (n + 1)-deformation of (A, -4), then

{(I’Lla UMI)’ s (Mn, O'My,)a (Mn-i—l, O—/J,,l+1)}

is called an extension of the pre-Lie n-deformation {(it1, 04,), ..., (Un, 0u,)}-
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Theorem 3.13. For any pre-Lie n-deformation of a commutative associative alge-
broid (A, -4), the pair (0O, 0g,) € Der’(A) defined by

20) ©,(X,Y,Z)= ¥ (i(uj(X,Y), Z) = wi(X, u; (¥, Z))

R — i (Y. X), Z)+ i (Y, (X, 2))),

i,j=1

is a cocycle, i.e., dgef®, = 0.
Moreover, the pre-Lie n-deformation {(jt1, 0y,), - .., (ln, 0y,)} extends to some
pre-Lie (n + 1)-deformation if and only if [®,] =0 in ngf(A, A).

Proof. It is obvious that ©,(X, Y, Z) = —-0,(Y, Z, X) forall X, Y, Z e '(A). It
is straightforward to check that

®n(Xa fY7 Z) = f®n(Xs Y? Z)?

Ou(X. Y. fZ) = fOLX. Y, Z) +00,(X. Y)(f) Z.

Thus ©,, is an element of Der>(A). By a direct calculation, we have that the cochain
©, € Der’(A) is closed.

Assume that the pre-Lie (n + 1)-deformation {(u1,0,), ..., (Unt1, Op,iy)}
of a commutative associative algebroid (A, -4) is an extension of the pre-Lie n-
deformation {(u1, 0,,), ..., (Un, 04,)}. Then we have

> (i (X, Y, 2) =i (X, w1 (Y, 2)) = i (i (Y, X), Z)+wi(Y, (X, 2)))

i+j=n+1
ij=1

=X Atnp1(Y,Z2) =Y g phni1(X, Z) + pp1 (Y, X) A Z = i1 (X, Y) -4 Z
Fun1 (Y, X) A Z — 1 (X, Y) 4 Z.

Note that the left-hand side of the above equality is just ®,(X, Y, Z). We can
rewrite the above equality as

O,(X,Y, Z) =dgef pn+1(X, Y, Z).

We conclude that, if a pre-Lie n-deformation of a commutative associative algebroid
(A, -4) extends to a pre-Lie (n 4 1)-deformation, then ®,, is a coboundary.
Conversely, if ©, is a coboundary, then there exists an element (Y, oy, ) € Der?(A)

such that
®n(X7 Y, Z) = ddef W(X7 Ya Z)

It is not hard to check that {(x1, 04,), ..., (Wnt1, Op,,,)} With p, 41 = is a pre-
Lie (n + 1)-deformation of (A, -4) and thus this pre-Lie (n + 1)-deformation is an
extension of the pre-Lie n-deformation {(it1, 0y,), ..., (n, 0p,)}. O
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4. Some constructions of F-algebroids

In this section, we use eventual identities and Nijenhuis operators to construct
F-algebroids. In particular, a pseudoeventual identity naturally gives a Nijenhuis
operator on an F-algebroid.

(Pseudo)eventual identities and Dubrovin’s dual of F-algebroids.

Definition 4.1. Let (A, [—, —]4, -4,aa) be an F-algebroid with an identity e.
A section £ € I'(A) is called a pseudoeventual identity on the F-algebroid if the
following equality holds:

(22) Pe(X,Y)=[e,€la-aX-aY VX, YeI(A).
A pseudoeventual identity £ on the F-algebroid A is called an eventual identity
if it is invertible, i.e., there is a section £~' € '(A) such that €'y E=E 4, €7 =e.

Denote the set of all pseudoeventual identities on an F-algebroid A by E(A),
ie.,
E(A)={€eT(A) | Pe(X,Y)=le,E]la-aX-aY VX, Y €' (A)}.
Proposition 4.2. Let (A,[—, —]a, -4, aa) be an F-algebroid with an identity e.

Then E(A) is an F-manifold subalgebra of I'(A). Moreover, if £ € I'(A) is an
eventual identity on the F-algebroid A, then £~ is also an eventual identity on A.

Proof. By astraightforward calculation, E(A) is a subspace of the vector space I'(A).
For any two pseudoeventual identities £ and &, by (1), we have

Pg,&6,(X,Y) =E&1-4 Pe,(X,Y)+E-4 P (X, Y)
=(&1-ale,&)a+Er-ale,E1]a) aX-aY =[e,&1-4E]aa X 47,
where in the last equality we used P, (&1, £&2) = 0. Thus &; -4 &; is a pseudoeventual
identity.
By (1) and (22), we have
P e (Z, W) =&, e, E2]a-aZ-aWla— e, E2]a-al&1, Z]a-a W
—le,.&la-aZ-alE1, Wla—1[E (e, E1la-aZ-a Wla
+le,&1la-all, Zla-aWHle,E1la-aZ -4 &2, Wa.
On the other hand, by (22), we have
[E1, e, &2]a-aZ-aWla=2le,E1la-le, &2]a-aZ-aW+I[E1, e, E2]ala-aZ-a W
+le, &2la-allr, Z1a-aW+le, E2la-a Z-4[E1, Wa,
(&2, (e, E1la-aZ-aWla=2]e,Ela-le, E1la-aZ-aW+[E, (e, E1lala-aZ-a W
+le, &1la-alér, Z1a-aWHle, E1la-aZ-aE2, Wa.
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Thus
Pigy e (Z, W) =[&1, e, &2ala-a Z- AW —[&, [e, E1lala-a Z -4 W
=le,[&1, &]alaaZ -4 W,
which implies that [£], £ ]4 is a pseudoeventual identity. Therefore, E(A) is an
F-manifold subalgebra of I'(A).

Assume that £ is an eventual identity on the F-algebroid A. By Proposition 2.13,
we have P,(X,Y) = 0. Applying the Hertling—Manin relation with X = £ and
Y = &7, by (22), we obtain

Pei(X,Y)=—E2p[e,Ela-a X 4 Y.
On the other hand, by P,(X, Y) =0, we have
le,Ela-aE=(e,Ela-a€ N aE =(=E-ale, €M) a & =—le, &7 ]a.

Thus we have
Pei(X,Y)=[e,ENa-a X aY,

which implies that £~! is also an eventual identity on A. U

A pseudoeventual identity on an F-algebroid gives a new F-algebroid.
Theorem 4.3. Let (A,[—, —]4a,-4,a4) be an F-algebroid with an identity e.
Then &£ is a pseudoeventual identity on A if and only if (A,[—, —]1a, ¢, aa) is
an F-algebroid, where -¢ : T'(A) x I'(A) — I'(A) is defined by
(23) XeY=X-4Y-4a& VX, Yel(A).
Proof. The proof of this theorem is similar to the proof of Theorem 3 in [13]. We
give a sketchy proof here for completeness. Assume that £ is a pseudoeventual
identity on A. It is straightforward to check that the multiplication -¢ defined by (23)
is C°°(M)-bilinear, commutative and associative.

For X, Y, Z eT'(A), we set

P(Y,Z):=[X,Y ¢ ZIa—[X,Y1a e Z—Y ¢ [X, Zla.

By a direct calculation, we have

(24)  PE(Y,Z)=Px(E-AY,Z)+Px(E,Y) A Z+[X,Ela-aY -2 Z.
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Since £ is a pseudoeventual identity on A, by (24), we have
P{ .y (Z.W)—X ¢ PE(Z, W)=Y ¢ P{(Z, W)
=X AY A (Pe(E-AZ, W)+ W-5 Pe(&,2))

—Z AW A([X-4Y A8 A +E A X AlY,EIa+E-4Y -4[X,E]A)
=X-AY A(Pe(EAZ, W)W qPe(E,2))—Z-gsW-4(Pe(E, X)) aY+Pc(E-4X,Y))
=X AY a(e,ElaalaZ - aWH[e,Ela-al-aZ-4 W)

—ZAW-pa([e,.€la-al-aX-aY+[e,E]la-a&-aX-4Y)
=2[e,Ela-al A X aY AZ AW =2[e,Ela-aE-aX-AY 2Z AW
=0,
which implies that (A, [—, —]a, ‘¢, a4) is an F-algebroid.

The converse can be proved similarly. We omit the details. O

Theorem 4.4. Let (A,[—, —]a,-4,a4) be an F-algebroid with an identity e.
Then & is an eventual identity on A if and only if (A,[—, —]a, ‘¢, a4) is also
an F-algebroid with the identity £, which is called the Dubrovin’s dual of
(A, [—,—]4,-4,a4), where -¢ is given by (23). Moreover, e is an eventual identity
on the F-algebroid (A,[—, —1a, ¢, EY ay) and the map

(25) (Av [_ ) _]A’ ‘A, €, 44, E) - (A’ [_ ) _]A7 *Es gilaaAa e-‘—)

is an involution of the set of F-algebroids with eventual identities, where e’ 1= €72
is the inverse of e with respect to the multiplication -¢.

Proof. By Theorem 4.3, (A, [—, —]4, ‘s, a4) is an F-algebroid. It is obvious that
£~ ! is the identity with respect to the multiplication -¢ defined by (23).

Next, we show that e is an eventual identity on (A, [—, —]4, ¢, £~ ay). Since
the identity with respective to the multiplication -¢ is £~!, we need to show that

le. X s Y]a—le. Xl Y =X cle.YIa=[E" elae X ¢ Y VX, Y ET(A).
By a straightforward computation, for any Z € I'(A), we have
(26) [Z, X -eY]a—1Z,X]a-eY =X ¢Z,Y]a

=Pz(E-a X, Y)+Pz(E,X)-aY +[Z,E]a-aX Y.
Letting Z = e in (26) and using P,(X, Y) =0, we have
[e, X-eY1a—le, X1a-eY =X -ele, Y1a=le,Ela-aX-aY = (e, Ela-aE D e X ¢Y.
Recall now from the proof of Proposition 4.2 that [e, £]4 -4 & “2=[£1, e]4. Thus
e is an eventual identity on the F-algebroid (A, [—, —]4, ‘¢, E1 ay).

Now we show that the map (25) is an involution. Note that el := &2 is the
inverse of e with respect to the multiplication -¢. By Proposition 4.2, e' is also an
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eventual identity on the F-algebroid (A, [—, —]4, ¢, & -1 aya). Furthermore, for
X,Y €I'(A), we have

X AaY=XeY c&2=X Y ce,

which implies that the map defined by (25) is an involution of the set of F'-algebroids
with eventual identities. O

Definition 4.5. An F-manifold (M, e, ) is called semisimple if there exists canon-

ical local coordinates (', ..., u") on M such that e = % +of 0

I and

a 0

ou  dui U gui’
Example 4.6. Let (M, «, ¢) be a semisimple F-manifold. Then e is an identity on
the F-algebroid (TM, [—, —]xm), ¢, Id). It is straightforward to check that any

i,je{l,2, ... n)

pseudoeventual identity on (TM, [—, —|xm), *, Id) is of the form
0 0
&= L R N ,
A g S 5
where f,-(ui) € C°°(M) depends only on u' fori =1,2,...,n. Furthermore, it was

shown in [13] that if all f;(u') are nonvanishing everywhere, then £ € X(M) is an
eventual identity.

Nijenhuis operators and deformed F-algebroids. Recall from [8] that a Nijenhuis
operator on a commutative associative algebra (A, -4) isalinearmap N : A — A
such that

27) N -aN@)=N(Nx)-ay+x-aN@ —Nx-2y) Vx,yeA.

and a Nijenhuis operator on a Lie algebroid (A, [—, —]a, a4) is a bundle map
N : A — A such that
(28) [N(X), N(Y)]a

=N(INX), YI4+[X, N4 —N(X,Y]a) VX,YeT(A).
Definition 4.7. Assume that (A,[—, —]4, -4, a4) is an F-algebroid. A bundle
map N : A — A is called a Nijenhuis operator on the F-algebroid A if N is

both a Nijenhuis operator on the commutative associative algebra (I'(A), -4) and a
Nijenhuis operator on the Lie algebroid (A, [—, —]4, aa)-

Define the deformed operation -y : I'(A) x I'(A) — I'(A) and the deformed
bracket [—, — ]y : ['(A) x T'(A) — I'(A) by
29) X NY=NX)aY+X-4aNX)-—N(X-47),
(30) [X,YIy=[NX), Y]a+[X, N(¥)]a—N(X,Y]s) VX, Y eT(A).
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Theorem 4.8. Assume that N : A — A is a Nijenhuis operator on an F-algebroid
(A, [—,—]4a,-4,a4). Then, (A,[—, —1In, N,any = as o N) is an F-algebroid
and N is an F-algebroid homomorphism from the F-algebroid

(A,[=,=]In,N.ay=asoN)
to (Av [_ ) _]Av “A> aA)‘

Proof. Since N is a Nijenhuis operator on the commutative associative algebra
(I'(A), -a), it follows that (I"(A), -x) is a commutative associative algebra [8].
Since N is a Nijenhuis operator on the Lie algebroid (A, [—, —]4, a4), we get that
(A,[—,—]n,ay) is a Lie algebroid [20].

Define

Bl ON(X,Y,Z,W):=Py (Z.W)=X Ny PY(Z, W)=Y N PY(Z, W),
where X, Y, Z, W € I'(A) and
P;](V(Y, Z2)=[X,Y NZIn— X, YIN - NZ—-Y ‘N [X, Z]N.

Since A is an F-algebroid and N is a Nijenhuis operator on A, by a direct calculation,

we have
dy(X,Y, Z,W)=0,

which implies that

P y(W,Z) =X Ny PY (W, Z)—Y -y P{ (W, Z)=0.

Thus (A, [—, —]n, ‘N, an =as o N) is an F-algebroid. It is obvious that N is an
F-algebroid homomorphism from the F-algebroid (A, [—, —]n, ‘N, any =aasoN)
to (Av[_v_]Av'AvaA)' D

Lemma 4.9. Let (A,[—, —]a, -a, aa) be an F-algebroid and N a Nijenhuis oper-
atoron A. Forallk,l € N:

1) (A, [—, —=1nk, -nk, apnre) is an F-algebroid.
(i) N'isalsoa Nijenhuis operator on the F-algebroid (A, [—, —yk, -y, Ank).
(iii) The F-algebroids
(A, ([—, =Innt, Gyt ayin)  and - (A, [—, = Ik, yist, Ayeer)
are the same.

(iv) N!is an F-algebroid homomorphism between the F-algebroid
(A, [—, =k, sy, aget)  and (A, [—, — 1k, “nk, Ank).

Proof. Since the above conclusions with respect to Nijenhuis operators on com-
mutative associative algebras [8] and Lie algebroids [20] simultaneously hold, by
Theorem 4.8, the conclusions follow immediately. (]
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We now show that pseudoeventual identities naturally give Nijenhuis operators.

Proposition 4.10. Let (A, [—, —1a, -4, aa) be an F-algebroid with an identity e
and £ a pseudoeventual identity on A. Then the endomorphism N = E-4 is a
Nijenhuis operator on the F-algebroid A. Consequently, (A,[—, —]¢, ‘¢, ag) is an
F-algebroid, where

(32) [X,Y]le=[E-aX, Y]a+[X,E-aY]a—E-4[X,Y]a VX, Y el'(A),
with -¢ given by (23) and ag(X) = as(€ -4 X).
Proof. For any X, Y € I'(A), we have
N(X) ~AN(Y)—N(N(X)-AY+X-AN(Y)—N(X-AY))
=X AY AP —E N X AY AE+X AY A E—XAY 4E)
=X AY A —X4Y -4E*=0.
Thus N = £-4 is a Nijenhuis operator on the associative algebra (I'(A), -4).
Then we show that N = £-4 is a Nijenhuis operator on the Lie algebroid

(A,[—,—]a,aa). Itis obvious that N is a bundle map. Since £ is a pseudoeventual
identity on the F-algebroid A, taking ¥ = £ in (22), we have

(33) [X A&, Ela—[X,Ela-al=[E,ela-aX-AE.

Forany X, Y € I'(A), expanding [£-4 X, £-4 Y ]4 using the Hertling—Manin relation
and by (33), we have

[N(X), N(¥)]a = N(IN(X), Y14 + X, N(¥)]a = N([X, Y14)) =0.

Thus N = £-4 is a Nijenhuis operator on the Lie algebroid (A, [—, —]a, aa).
Therefore, N = £- 4 is a Nijenhuis operator on the F-algebroid A.
The second claim follows from Theorem 4.8. O

Corollary 4.11. Let (M, ») be an F-manifold with an identity e and £ a pseudo-
eventual identity on M. Then there is a new F-algebroid structure on TM given by

XeogY =XoYe&, [X,Y]g=[EeX, Y]z +I[X,EoY]xm)—E[X, Y]xm),
ag(X)=EeX VX,Ye€X(M).

5. Pre-F-algebroids and eventual identities

In this section, we introduce the notion of a pre-F-algebroid, and show that a
pre- F-algebroid gives rise to an F-algebroid. Then we study eventual identities
on a pre- F-algebroid, which give new pre- F-algebroids. Finally, we introduce the
notion of a Nijenhuis operator on a pre- F'-algebroid, and show that a Nijenhuis
operator gives rise to a deformed pre- F'-algebroid.
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Some properties of pre- F-algebroids.

Definition 5.1. Let (g, -) be a commutative associative algebra and (g, *) a pre-Lie
algebra. Define W : ®3g — g by

(34) W(x,y,2)i=x%(y-2) —(x*y)-z2—y-(x*2).

(i) The triple (g, *, -) is called a pre-F-manifold algebra if

(35 Vix,y,2)=W(y,x,2) Vx,y,z€g,

(ii) The triple (g, *, -) is called a pre-Lie commutative algebra (or pre-Lie-com
algebra) if
(36) V(x,y,z2)=0 Vx,y,zeg.

It is obvious that a pre-Lie-com algebra is a pre- F-manifold algebra.
Example 5.2 [24]. Let (g, - ) be a commutative associative algebra with a deriva-
tion D. Then the new product

xxy=x-D(y) Vx,yeg

makes (g, *, -) being a pre-Lie-com algebra. Furthermore, (g,[—, —],-) is an
F-manifold algebra, where the bracket is given by

[x,y]=xxy—y*xx=x-D(Qy)—y-D(kx) Vx,yeg.
Let g = R[u!, x», ..., x,] be the algebra of polynomials in n variables. Denote
by ©, = {2?21 pidyi | pi € g} the space of derivations.
Example 5.3 [24]. Let g be the algebra of polynomials in n variables. Define
D, X9, > 9, and *: 9D, xD, > D, by
(pau’)(qau/):(pq)glj 8ui’ (Paui)*(q8u1)=Paui(Q)8uf Vp?qeg

Then (©,, *, ) is a pre-Lie-com algebra with the identity e = 9,1 + - - - 4 9y,,.
Furthermore, it follows that (9,,[—, —1, -) is an F-manifold algebra with the
identity e, where the bracket is given by

[POui, q0,i]= pd,i(q)d, —q0,i(p)d,; VYp,q€g.

Definition 5.4. A pre-F-algebroid is a vector bundle A over M equipped with
bilinear operations -4 : ['(A) x'(A) > T'(A) and x4 : '(A) xI'(A) > T'(A), and a
bundle map a4 : A — TM, called the anchor, such that (A, x4, a4) is a pre-Lie
algebroid, (A, -4) is a commutative associative algebroid and (I'(A), %4, -4) is a
pre- F-manifold algebra. In particular, if (I'(A), %4, -4) is a pre-Lie-com algebra,
we call this pre- F-algebroid a pre-Lie-com algebroid.

We denote a pre- F-algebroid (or pre-Lie-com algebroid) by (A, x4, -4, aa)-
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Definition 5.5. Let (A, %4, -4, a4) and (B, *p, -p, ap) be pre- F-algebroids over M.
A bundle map ¢ : A — B is called a homomorphism of pre- F'-algebroids, if the
following conditions are satisfied:

PX-AY)=0X) oY), @X*aY)=0X)*pp(Y), apop=ay
for all X, Y e I'(A).

Proposition 5.6. Assume that (A, %4, -4, aa) is a pre-F-algebroid. Then we have
an F-algebroid (A,[—, —]1a, -4, aa), and denoted by A€, called the subadjacent
F-algebroid of the pre- F-algebroid, where the bracket [ — , — 4 is given by

(37) [X,Y]A:X*AY—Y*AX VX,YEF(A).

Proof. Since (A, x4, an) is a pre-Lie algebroid, (A, [—, —]a, aa) is a Lie alge-
broid [22]. Since (I"(A), *4, -4) is a pre- F-manifold algebra, (I'(A), [—, —]4, -4)
is an F-manifold algebra [14]. Thus (A, [—, —]4, -4, a4) is an F-algebroid. [J

The notion of an F-manifold with a compatible flat connection was introduced
by Manin [29]. Recall that an F-manifold with a compatible flat connection
(pre-Lie-com manifold) is a triple (M, V, «), where M is a manifold, V is a flat
connection and e is a C°°(M)-bilinear, commutative and associative multiplication
on the tangent bundle TM such that (TM, V, «, 1d) is a pre- F-algebroid (pre-Lie-
com algebroid). It is obvious that an F'-manifold with a compatible flat connection is
a special case of pre- F'-algebroids. An F-manifold with a compatible flat connection
(resp. pre-Lie-com manifold) is called semisimple if its subadjacent F-manifold is
semisimple.

Proposition 5.7. Let (M, V, o, e) be a semisimple pre-Lie-com manifold with the
canonical local coordinate systems (ul, ..., u"). Then we have

VB/auimzo, i,je{l,Z,...,n}.

ad
E k
V3/3uz—. = Fl] an

By (36), forany i, j, k € {1, 2, ..., n}, we have

ad a ] ad ] ad
S ﬁ‘m EANKECE TS A R

8. T k9 i 9
_Z Jk zka gk kg

Proof. Set

For j # k in (38), we have Fl’.‘j =0 (j #k). For j =k in (38), we have Fl]j =0.
Thus for any i, j, k € {1, 2, ..., n}, we have FZ:O. O
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We give some useful formulas that will be frequently used in what follows.

Lemma 5.8. Let (A, %4, -4, aa) be a pre-F-algebroid. Then V(X, Y, Z) defined
by (34) is a tensor field of type (3, 1) and symmetric in all arguments. Furthermore,
U satisfies

(39) V(XY Z W)—W(X,Z, W) saY =W(XAZ,Y,W)-VU(X,Y,W)-4Z,
(40) W(X-4Y,Z, W)—W(X-pAZ, Y, W)=W(W-xY,X,Z)-V(W-4Z,X,Y)
forall X,Y,Z, W e T'(A).

Proof. 1t is straightforward to check that W (X, Y, Z) is a tensor field of type (3, 1).
The symmetry of W (X, Y, Z) in the first two arguments is the consequence of (35)
and in the last two arguments is the consequence of the commutativity of - 4.

By the symmetry of W, we have

@) (X4 Y, Z W)= WX, Z, W), Y=U(X-AW,Y,Z)—VU(X,Y,Z)- o W.
Interchanging Z and W in (41), we have
V(X4 Y, W, Z)— WX, W, 2) aY=W(XAZ Y W)—VU(X,Y, W) 4 Z

By the symmetry of W, equation (39) follows.
By (39), we have

VX AY,ZW)— V(XY Z, Y W)=V(X,Z, W) 4 Y -V(X,Y,W)-4Z,

UYWAY, X,2) VWA Z, X, Y)=VW,X,Z) p Y —-V(W,X,Y) 4 Z
By the symmetry of W, we have

VX, Z, W) oY VX, Y, W) A Z=YW,X,Z)- oY —-V(W,X,Y) -4 Z.

Thus (40) holds. O
Lemma 5.9. Let (A, x4, -4, as) be a pre-F-algebroid with an identity e. Then,
42) Wi, X,Y)=—(X*pe)-47,

(43) (X*xpe)-aY=(F*4e)-aX VX, YeI(A).

Proof. Equation (42) follows by a direct calculation. By the symmetry of ¥ and (42),
equation (43) follows. O

Lemma 5.10. Let (A, %4, -4, as) be a pre-Lie-com algebroid with an identity e.
Then we have

(44) X*4e=0 VXel(A).
Proof. The conclusion follows from the following relation:

X#p(e-pe)—(Xxpe)-pe—(X*4pe)-4e=0. O
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Example 5.11. Assume that {¢} is a coordinate system of R. Define an anchor
map a : TR — TR, a multiplication - : X(R) x X(R) — X(R) and a multiplication
*: X(R) x X(R) - X(R) by
d 0 a a 0 a a ag 0

a(f@) —ufa’ fa—u'ga—fga, f@*g— up-—--
for all f, g € C*(R). Then (TR, *, -, a) is a pre-Lie-com algebroid with the
identity 0/0u. Furthermore, (TR, [—, —1], -, a) is an F-algebroid with the iden-
tity 0/0u, where [ —, —] is given by

d a g af\ o
|:f£, 85] = u(f@ —g£>£.
Definition 5.12. Let (g, *, - ) be a pre-F-manifold algebra (pre-Lie-com algebra).
An action of g on a manifold M is a linear map p : g — X (M) from g to the space
of vector fields on M, such that for all x, y € g, we have

pxxy—y*x)=[px), o()]xwm)-

Given an action of a pre- F-manifold algebra (pre-Lie-com algebra) g on M, let
A = M x g be the trivial bundle. Define an anchor map a, : A — TM, a multiplication
0 :T'(A) xT'(A) — I'(A) and a bracket x, : I'(A) x I'(A) — I'(A) by

45) a,(m,u)=pW), VYmeM,ucyg,
(46) X, Y=XY,
47 X, Y=LyxyY +X*xY VX, Yel(A),

where X -Y and X Y are the pointwise C°°(M)-bilinear multiplication and bracket,
respectively.

Proposition 5.13. With the above notations, we have that (A =M X g, *,, -5, a,)
is a pre-F-algebroid (pre-Lie-com algebroid), which we call an action pre-F-
algebroid (action pre-Lie-com algebroid), where %, -, and a, are given by (47),
(46) and (45), respectively.

Proof. 1t follows by a similar proof of Proposition 2.15. U

It is obvious that the subadjacent F'-algebroid of the action pre- F'-algebroid is
an action F-algebroid.

Example 5.14. Consider the pre-Lie-com algebra (9, -, %) given by Example 5.3.
Let (#1, ..., t,) be the canonical coordinate systems on R”. Let p : ®,, — X(R") is
a map defined by
0 :
p(p(ul,...,u")aui)=p(t1,...,tn)§, ie{l,2,...,n).

i
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It is straightforward to check that p is an action of the pre-Lie-com algebra D,
on R". Thus (A =R" x®,, *,, -», a,) is a pre-Lie-com algebroid, where x*,, -,
and a, are given by

0
ap(m,p(ul,uz,...,u")aui)zp(m)g VYmeR",
1

m

(f ® (P3i)) p (8 ® (q0,1)) = (f8) ® (Pgdij di),
0
(f ® (pd,i)) *p (g ®(g0,i)) = fpa—f ®(q0,) + (f8) ® pd,i(q) i,
where f, g € C*°(R") and p,q € Rlu!, ..., u"].

Eventual identities of pre- F-algebroids.
Definition 5.15. Assume that (A, %4, -4, aa) is a pre- F-algebroid with an identity e.
A section £ € T'(A) is called a pseudoeventual identity on A if the following
equalities hold:
(48) V(E X, Y)=—(Exae) aX-2Y,
(49) (X#4E) aY = %284 X VX, YeT(A).

A pseudoeventual identity £ on the pre- F'-algebroid with an identity e is called

an eventual identity if it is invertible.

Proposition 5.16. Let (A, x4, -4, €, as) be a pre-F-algebroid with an identity e.
If £ e I'(A) is a pseudoeventual identity on A, then £ € I'(A) is a pseudoeventual
identity on its subadjacent F-algebroid A°.

Proof. By a direct calculation, for X, Y € I'(A), we have

Pe(X,Y)—[e,E]a-aX-aY
=EkA(XaY)=(XaY)saE—(Exa X)-aY + (X 54E)-nY
—(E*#aY) A X+ Y %4E)-a X —(exaE) aX-aAY +(Expe)-aX-aY
=VEX,Y)+(E*xae) aX aY —(X-aY)sal+ (X *aE)aY
+ Y %8 aX—(exa8)-aX-2Y.
By (48) and (49), we have
Pe(X,Y)—[e,E]a-aX-aY=0.
Thus € € I'(A) is a pseudoeventual identity on its subadjacent F-algebroid A¢. [
By Lemma 5.10, we have:

Proposition 5.17. Let (A, %4, -4, aa) be a pre-F-algebroid with an identity e and £
an invertible element in I'(A). If (A, x4, -4, an) is a pre-Lie-com algebroid, then £
is an eventual identity on A if and only if (49) holds.
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Lemma 5.18. Let (A, %4, -4, €,aa) be a pre-F-algebroid. Then for £ € T'(A),
equation (48) holds if and only if

(50) W(X,E4Y,2)y=W(Y,E-4X,Z) VX,Y,ZeT(A).
Proof. Assume that (50) holds. By (39), we have
G WE X, Z) aY -V Y, Z) aX=V(X,E-4Y,2)-V(Y,E-4X,Z)=0.
Taking ¥ = e in (51), we have
V(E X, Z)y=—(Expe) 4 X-aZ.

This implies that (48) holds.
Conversely, if (48) holds, then we have

\IJ(S, X, Z)-AY—‘-I’((‘:, Y, Z)-AX=—(S*Ae)-AX-AZ'AY+(5*A€)-AY-AZ-AX=O.

By (39), we have
V(X,E-4Y,2)=V(Y,E4X,2).

This implies that (50) holds. Ul

Let the set of all pseudoeventual identities on a pre- F-algebroid (A, %4, -4, aa)
be E(A) with an identity e.

Proposition 5.19. Let (A, *4, -4, aa) be a pre-F-algebroid with an identity e. Then
forany £, & € E(A), we have £ -4 £, € E(A). Furthermore, if £ is an eventual
identity on A, then £~ is also an eventual identity on A.

Proof. Let &1, & be two pseudoeventual identities on the pre- F'-algebroid A. For
all X, Y, Z eI'(A), by (50), the symmetry of ¥ and Lemma 5.18, we have

W abr, X, Y)=—((E1-a&2)xae)-a X4 Y.
For all X, Y € I'(A), by (35), we have

(X*4(E1:48) aY =Y x4 (E1-48E))a X
=W(ELX,E) aY +(X#481) A& aY +(X#48)-a&1-4Y
—W(ELY, E) aX =Y *aE1)al-a X=X *%28E)-4&1-4 X,

By (39) and (50), we have
W, X, &) AY—V(ELY, E) aX=W(&E4Y, X, 6)—V(E4X,Y,E)=0.
Using the above relation and by (49), we have
(X4 (E1:482)) aY =Y x4 (E1-482) -4 X =0.
Thus & -4 & € E(A).
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Using (50) with X and Y replaced by £~!-4 X and £~! -4 Y respectively, we get
0=WE 4 X, EQE AV, Z)—W(E Y, 841X, 2)
=WEAX Y, Z2)—wE LY X, 2).
By the symmetry of W and Lemma 5.18, we have
WEL X Y)=—(E " *1e)-aX 4 Y.
By (39) and (50), we have
(52) WX, E,ENAY=U(,EE D)4 X
Furthermore, by a direct calculation, we have
(XskaE N QY A E=W(X,E,EN) AY —(Xspe) aY +(X#aE) A Y -2 EL,
(Y HaE N AX Al =W, EE N AX -V xae) a X+ T #4E)aX-aE"
By (43), (49) and (52), we have
(XA E ) aY aE=xaE N -aX aE.
Because £ is invertible, we have
(XA E DAY =T 52 a X,
Thus £~! is an eventual identity on A. U

Proposition 5.20. Let (A, x4, -a,a4) be a pre-F-algebroid with an identity e.
Then & is a pseudoeventual identity on A if and only if (A, *4, ¢, aa) is a pre-F -
algebroid, where -¢ : T'(A) x I'(A) — I'(A) is given by (23).

Proof. Define
U(X,Y,Z)=Xsa(Y ¢ Z)— (X4 Y) e Z—Y e (X4 Z) VX,Y,ZeT(A).
By a straightforward computation, we have

(53) WX, Y,Z)=W(X,EaY, D)+ W(X,E,Y) aZ+(X%aE)-aY 4 Z,
(54) V. X, 2) =V, EAX, Z)+VY,EX)aZ+ Y x4E) aX a4 Z.

By the symmetry of W, (A, %4, -¢, aa) is a pre-F-algebroid if and only if
B V(X,E-4Y,Z)—V(Y,E A X, Z) =Y #4E) a XA Z—(X%4E)-aY 4 Z.
By the symmetry of W and (40), we have

W(X,E4Y,e) =V, E-4X,e)=W(e-aY,E,X)—W(e-aX,EY)=0.
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Taking Z = e in (55), we have

(X*AS)-A Y=(Y*A5)-AX.
This implies that (49) holds. Furthermore, by (49), (55) implies that (50) holds.
By Lemma 5.18, equation (50) is equivalent to (48). Thus £ is a pseudoeventual
identity on (A, *4, -4, €, da).

On the other hand, if £ is a pseudoeventual identity on (A, %4, -4, €,a4), by
Lemma 5.18, we have

W(X,E-A4Y,Z)=V(Y,E4 X, Z).
Furthermore, (55) follows by (49). Thus (A, %4, ¢, a4) is a pre- F-algebroid. [

Corollary 5.21. Let (M, V, o) be an F-manifold with a compatible flat connection
and & a pseudoeventual identity on M. Then (M, V, o¢) is also an F-manifold with
a compatible flat connection, where o¢ is given by

(56) XegY =XeYeE VX, Y€X(M).

Theorem 5.22. Let (A, x4, -4, aa) be a pre-F-algebroid with an identity e. Then
E is an eventual identity on A if and only if (A, %4, ‘¢, aa) is a pre-F-algebroid
with the identity E~L, which is called the Dubrovin’s dual of (A, x4, -A,an), where
-¢ 1s given by (23). Moreover, on the pre-F-algebroid (A, * 4, -¢, E 1 ay), eisan
eventual identity and the map

(57) (A, %4, 4, €,a4,E) = (A, %4, -6, E L aa, e

is an involution of the set of pre-F-algebroids with eventual identities, where
el = £72 is the inverse of e with respect to the multiplication -¢.

Proof. By Proposition 5.20, the first claim follows immediately. For the second
claim, assume that £ is an eventual identity on (A, %4, -4, €, a4). We need to show
that e is an eventual identity on the pre- F-algebroid (A, *4, ‘¢, E N ay),ie.,

(58) Ve, X,Y)=—(exs E e X ¢ Y,
(59) (X*Ae)-gY=(Y>x<Ae) -gX.

By (43), we have
(Xxge)eY —(Y*pe) e X=((Xxpe)-pY —(Y*4e)-4X)-4E=0,

which implies that (59) holds.
On the one hand, by (48) and (50), we have

U, X,Y)=W(E X, V)+WE, e, X) aY +(e%sE)-aX-aY
=2 *xp€) g X g2 Y+ (exp,&) aX-4Y.
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On the other hand, taking X = £ and Y = £~ ! in (48), by the symmetry of ¥, we
have
expe—(exa ) al  —(exaf) al=—(Expe)-aE"

Furthermore, by (43), we have
(exa &) aE2=(expe) pE—exsE+Expe=2Ex e—expE.
Thus we have
Wie, X, Y)=—(exa &N aE> A X aY=—(exaEH e X V.

which implies that (58) holds.

By Proposition 5.19, we have that " = £72 is an eventual identity on the pre-
F-algebroid (A, *4, ‘¢, & ~1 a4). Then similar to the proof of Theorem 4.4, the
map given by (57) is an involution of the set of pre-F-algebroids with eventual
identities. (]

Example 5.23. Consider the pre-Lie-com algebra (g, *, - ) with an identity e given
by Example 5.2. By a direct calculation, for any £ € g, we have

x*x&-y—*x& -x=x-DE)-y—y-DE)-x=0 Vx,yeg.

By Proposition 5.17, £ is a pseudoeventual identity on g. Thus any element of g
is a pseudoeventual identity on g. Furthermore, for any £ € g, there is a new
pre- F-manifold algebra structure on g given by

X ey=x-y-& xxy=x-D(y) Vx,ye€ag.
Example 5.24. Let (M, V, ¢, ¢) be a semisimple pre-Lie-com manifold with local
coordinate systems (u!, ..., u"). Then any pseudoeventual identity on TM is
a
oun’
where f;(u') € C®°(M) depends only on u' for i = 1,2, ..., n. Furthermore, if
all f;(u') are nonvanishing everywhere, then £ € X(M) is an eventual identity.

9
= fl(ul)m+---+fn(un)

Example 5.25. Let (u', u?) be a local coordinate systems on R?. Define

0 d d a a 0 a

. - = —, . :O, —‘*—.:0, i, ] € 1,2
oul ou'  Au'’  u® u? ul  dul ERANLE
Then (TR?, %, «,1d) is a pre-Lie-com algebroid with the identity 3/du"' and thus
(TR?, %, «,1d) is a pre- F-algebroid with the identity 9/du".

Furthermore, any pseudoeventual identity on (TR?, x, e, Id) is of the form

E= [t ot uP) -
_flu aul f2”,u auza
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with 3f1/0u' = df>/0u?, where f; € C*°(R?) depends only on u' and f; is any
smooth function. Furthermore, any pseudoeventual identity on the subadjacent
F-algebroid of (T[R{Z, %, e, 1d) is of the form

&= fl(u) +fz(u u)—

In particular, if fi(u') is nonvanishing everywhere, then £ is an eventual identity
on the subadjacent F-algebroid of (T R2, %, e, Id).

Theorem 5.26 [27]. Let (M, V, *) be an F-manifold with a compatible flat connec-

tion. Let (u', u?, ...,

in X(M) satisfy

u") be the canonical coordinate systems on M. If X and Y

(VzX)eW=(VwX)eZ, (VzY)eW =(VyY)eZ YW,ZeX(M),
then the associated flows
(60) u' :ci»kau; and ' :Czkqu,{
commute, where
ad ad ¢ 0 ;0 ;0
. , i X=X'— and Y=Y —.
out  u’ T Quk ou' ou'
Proposition 5.27. Let (M, V, o) be an F-manifold with a compatible flat connec-

tion and an identity e. Assume that £\, £, € X(M) are pseudoeventual identities.
Then the flows

i__ k l i __ i oyk _ YPVvYe i
(61) ut—chX oo Up=cp Yy, ul = XPYic Jk pq u

commute, where

a.- 8.:6’17-i 8=Xii and & = ’i

out  dul YV ouk’ ! ou! 2 ou'

Proof. Since £ € X(M) and & € X (M) are pseudoeventual identities on (M, V, o),
by Proposition 5.19, £; «&; is also a pseudoeventual identity. Thus £1, & and £ &>

satisfy (49). Furthermore, we have

a
51052 Xqu qu

By Theorem 5.26, the claim follows. ]

Theorem 5.28 [27]. Let (M, V, *) be an F-manifold with a compatible flat con-

2

nection. Let (u', u?, u'") be the canonical coordinate systems on M and

(X1,0s - - - » X(n.0)) a basis of flat vector fields. Define the primary flows by

. o
(62) Ui = i X (p,0) -
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Then there is a well-defined higher flows of the hierarchy defined by

(63) u[(p (x) jk X(p Ol) ux ’

by means of the following recursive relations:

k
(64) Vasous X (p.ay = € X (pa1) Us-

Furthermore, the flows of the principal hierarchy (63) commute.
Proposition 5.29. Let (M, V, ) be an F-manifold with a compatible flat con-

nection and an identity e. Let (X(1,0), ..., X,0)) be a basis of flat vector fields.
Assume that £ € X(M) is a pseudoeventual identity. Define the primary flows by

(65) u, i i &l X(p O)Lt

t(p~0>
where £ = £1(d/du’). Then there is a well-defined higher flows of the hierarchy
defined by

i _om i olyk j
(66) Uy, = Cik Coy € X(p’a)ux,
by means of the following recursive relations:

- i ol yk k
(67) Vasoui X(p.ay = ik Cmi € X(pa—1)Uy-

Furthermore, the flows of the principal hierarchy (66) commute.

Proof. Since £ € X(M) is a pseudoeventual identity on (M, V, ¢), we have by
Proposition 5.20 that (M, V, e¢) is also an F-manifold with a compatible flat
connection, where

XecY =XeYeE VX,V eX(M).

Furthermore, we have

0 0 K o O
o € gui €tj cm € quk”
By Theorem 5.28, the claim follows. ]

Nijenhuis operators and deformed pre- F-algebroids. From [22] a Nijenhuis oper-
ator on a pre-Lie algebroid (A, %4, a4) is a bundle map N : A — A such that

(68) N(X)xaN(Y)=N(NX)*saY+X*xaN(Y)—N(X*4Y)) VX,YeT(A).

Definition 5.30. Let (A, %4, -4, a4) be a pre- F-algebroid. Abundlemap N:A— A
is called a Nijenhuis operator on (A, x4, -4, a4) if N is both a Nijenhuis operator
on the commutative associative algebra (I'(A), -4) and a Nijenhuis operator on the
pre-Lie algebroid (A, x4, a4).
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Theorem 5.31. Assume that N : A — A is a Nijenhuis operator on a pre-F-
algebroid (A, *4, -a,aa). Then (A, xy, -N,ay = aa o N) is a pre-F-algebroid
and N is a homomorphism from the pre-F-algebroid (A, *n, Ny, ay =aas o N) to
(A, %4, -4, an), where the operation -y is given by equation (29) and the operation
sy 1T (A) X ['(A) — ["'(A) is given by

(69) XxyY=NX)xs2 Y+ Xxs NY)—N(X*,Y) VX, Yel'(A).

Proof. Since N is a Nijenhuis operator on the commutative associative algebra
('(A), -4), it follows that (I'(A), -y) is a commutative associative algebra. Since
N 1is a Nijenhuis operator on the pre-Lie algebroid (A, x4, as), (A, *y,ay) is a
pre-Lie algebroid [22].

Define

(70) Wn(X, Y, Z)
3=X>l<N(Y'NZ)—(X*NY)'NZ—(X*NZ)-NY VX,Y,ZGF(A).

By a direct calculation, we have

Uy(X,Y,Z)=W(NX,NY,Z)+WV(NX,Y,NZ)+ V¥ (X, NY,NZ)
—N(V(NX,Y,Z)+ W (X,NY,Z)+¥(X,Y,N2Z))
+N*(¥(X,Y, Z)).

Thus by (35), we have
Un(X,Y, Z2)=Wy(Y, X, Z).

This implies that (A, xy, -n, ay = aa o N) is a pre-F-algebroid. It is not hard to
see that N is a homomorphism from the pre- F-algebroid (A, xx, -n,ay =as o N)
to (A, %4, -4, ax). O

Proposition 5.32. Let (A, x4, -4, as) be a pre-F-algebroid with an identity e and €
a pseudoeventual identity on A. Then the endomorphism N = £ 4 is a Nijenhuis
operator on the pre-F-algebroid (A, x4, -4, aa). Furthermore, (A, x¢, -¢,ag) is a
pre-F-algebroid, where the multiplication x¢ is given by

(T1) X#eY=(E 24 X)xa Y+ X540 (E-4Y)—E-4(Xx4Y) VX, Y el'(A),
the multiplication -¢ is given by (23) and ag(X) = as (€ -4 X).
Proof. By (35), we have
UEAX,E )=V, E4X,E) VX, Yel(A),
which implies that

(72) (E-aX)%a(E-4Y) =Y a(X-4E-4E)—(V#a(E-4 X)) AEF((E-X)%kaY)-4E.
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Since £ is a pseudoeventual identity on A, by (48) and the symmetry of W, we have

U(X,EY)=—(Expae)-aX-aY.
which implies that

(73) X*A(S'AY):—(g*Ae)~AX~AY—(X*AE)-AY—(X*AY)-Ag.
By (48), (49), (72), (73) and the symmetry of W, we have
N(X) %4 N(Y)—N(N(X)*AY—i-X*A NY)—N(X %4 Y)) =0.

Thus N = £-4 is a Nijenhuis operator on the pre-Lie algebroid (A, x4, as).

Also, N = £-4 is a Nijenhuis operator on the commutative associative algebra
('(A), -4). Therefore, N = £-4 is a Nijenhuis operator on the pre- F-algebroid
(A, %4, -4,aa). The second claim follows. O

Corollary 5.33. Let (M, V, o) be an F-manifold with a compatible flat connection
and £ a pseudoeventual identity on M. Then there is a new pre-F-algebroid struc-
ture on TM given by

XecY =XoVoE, XueV =VexY+VeyX—Ee(VyY),
ac(X)=E+X VX,YeX(M).
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EXISTENCE OF PRINCIPAL VALUES OF
SOME SINGULAR INTEGRALS ON CANTOR SETS,
AND HAUSDORFF DIMENSION

JULIA CUFI, JUAN JESUS DONAIRE, PERTTI MATTILA AND JOAN VERDERA

Consider a standard Cantor set in the plane of Hausdorff dimension 1. If
the linear density of the associated measure p vanishes, then the set of
points where the principal value of the Cauchy singular integral of u exists
has Hausdorff dimension 1. The result is extended to Cantor sets in R of
Hausdorff dimension ¢ and Riesz singular integrals of homogeneity —«,
0 < a < d: the set of points where the principal value of the Riesz singular
integral of u exists has Hausdorff dimension «. A martingale associated with
the singular integral is introduced to support the proof.

1. Introduction

Our main result deals with the Cauchy singular integral on Cantor sets in the plane
and the proof extends with minor variations to the Riesz transforms in R?. We first
proceed to formulate the result for the Cauchy integral and then we take care of the
Riesz transforms.

The appropriate Cantor sets for the Cauchy integral are defined as follows.
Let (A,);2, a sequence of real numbers satisfying % <A <A< % Let Q¢ :=
[0, 1] x [0, 1] be the unit square. Take the 4 squares contained in Q¢ with sides
of length A parallel to the coordinate axis having a vertex in common with Qg
(the 4 “corner squares” of side length A;). Repeat in each of these 4 squares the
same procedure with the dilation factor A; replaced by A, to get 16 squares of
side length A1 A;. Proceeding inductively we obtain at the n-th step 4” squares Q’}.,
1 < j <4", of side length s, = Ay - - - A,,. Our Cantor set is

MSC2020: primary 42B20; secondary 30E20.
Keywords: Cauchy singular integral, Riesz singular integral, Cantor set, Hausdorff dimension,
martingale.
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Let 1 be the Borel probability measure on K with /L(Q;?) =4"" and denote by a,
the linear density at generation 7, that is,

1 (@)

a, <1.

- 4ns, Sn
Set D, ={Q}:j=1,...,4") and D = J72 | D.
Theorem 1.1. If lim,_ o a, = 0, then the set of points z € K for which the

principal value

) 1
1-1) lim

e—0 lw—z|>e W —Z

duw

exists has Hausdorff dimension greater than or equal to 1.

This solves a problem posed in [Cuff et al. 2022, Open problem 5.5, p. 1621].

If a,, = 1 for all n, then K is the famous Garnett—Ivanov Cantor set, which has
positive and finite one-dimensional Hausdorff measure but zero analytic capacity. In
this case it was noticed in [Cufi et al. 2022] that the principal value does not exist at
any point of K. If a, — 0, then the Hausdorff dimension of K is greater than or equal
to 1 and it has non-sigma finite one-dimensional Hausdorff measure. If in addition
don a? < 0o, then the principal value exists 1 almost everywhere. So Theorem 1.1 is
relevant only when a,, — 0 slowly. That the condition ) _, a? < oo implies the almost
everywhere existence of principal values can be seen in two ways. First, we introduce
a martingale (S,);2, (see (2-1)) and show that the increments |S, 11 (x) — S, (x)| are
bounded by C a,, with the constant C independent of n and x. In Lemma 2.4 we
prove that for any point x the principal value exists at x if and only if (S, (x))52,
converges. If ) a,% < 00, then S, is an L? martingale and consequently it converges
almost everywhere. Alternatively, the condition ) _, a? < oo implies that the Cauchy
singular integral operator is bounded in L?(w). In [Mattila and Verdera 2009] it
was shown in a very general setting that L? boundedness together with zero density
of the measure yields the almost everywhere existence of principal values.

The main argument in the proof of Theorem 1.1 deals with case where ) _, a’=oo.
It is a variation of a line of reasoning used in other situations (see [Donaire et al.
2014]). We use a stopping time argument to show that (S,(x));2, converges
to 0 in a set of Hausdorff dimension 1 (indeed, given any complex number zq the
martingale (S, (x));2 , converges to zq in a set of Hausdorff dimension 1). We get the
dimension 1 conclusion by applying a lemma of Hungerford [1988]. For the sake of
the reader we present a proof of Hungerford’s lemma in our context in Appendix A.

Our proof extends with only technical modifications to cover the case of other
odd kernels, for instance,
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But one of the ingredients of our method fails for the odd kernel (z + 7)/z> and we
do not know whether Theorem 1.1 holds in this case. The difficulty is indicated at
the fifth line after the statement of Lemma 3.1.

In R? our proof works for the Riesz transforms of any homogeneity —«, 0 <« <d.
These are the vector valued singular integrals with kernel

R“(x):mxfﬂ, O<a<d.

The appropriate Cantor sets for the a-Riesz transform are those of Hausdorff
dimension «. They are constructed by the procedure outlined before in the planar
case with dilation factors that satisfy 27%/% < 1, <A < 27!, At generation n one
has 29" cubes Q’} of side length s, = A1 - - - ,,. The Cantor set is defined by

and the canonical measure on K by M(Q;f) =274 | < Jj =< 241 The « density
isa, = 2_d”sn_“ = M(Q;?)sn_"‘ <I1.Fori,=2"4* n=1,2..., one gets the self
similar Cantor set of dimension «. If a, — 0 then our Cantor set has Hausdorff
dimension > « and non o finite Hausdorff «-dimensional measure.

Theorem 1.2. If lim,_,oca, = 0, then the set of points x € K for which the
principal value
(1-2) lim R*(y—x)duy
=0 J1y—x|>¢

exists has Hausdorff dimension greater than or equal to .

In Appendix B we give some indications on how to adapt the proof for the
Cauchy kernel to the Riesz transforms in higher dimensions.

We let diam(A) denote the diameter and dim A the Hausdorff dimension of a

set A. We use the notation a < b to mean that a < Cb for some constant C which
may depend on A and d, and a ~ b fora Sband b S a.

2. Martingales

Let C be the Cauchy kernel, C(x) = 1/x for x € C,x # 0. For each x € K
let O, (x) be the square in D,, containing x. Define the truncated Cauchy integral
at generation n as

Tn(x)=/ Cx—y)dny, xek,
K\Qn (x)

and a martingale (S, (x));2, by

2-1) Sn(x) =S80, =f T,du, xe€Kk.
On(x)
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Remark 2.1. That S, is a martingale is easily checked. The reader will realise that
the martingale condition also holds for kernels K (x, y) satisfying the antisymmetry
condition K (x, y) = —K (y, x).

We shall prove:

Theorem 2.2. If lim,,_, o a, =0, then the set of points x € K for which (S, (x))52
converges has Hausdorff dimension greater than or equal to 1.

We first show that the martingale (2-1) has uniformly bounded increments.

Lemma 2.3. There exists a positive constant C = C (L) such that
2-2) [Sp41(x) =S, (x)| <Ca,, n=0,1,... and x € K.

Thus if ), a, converges, (S, (x)),2, converges for all x € K. As mentioned in
the introduction, even the weaker condition ) a,% < oo implies that (S, (x));2,
converges for u almost all x € K. Hence we shall assume that Y, a2 = oo. Under
this assumption one proves in [Cuff et al. 2022] that the set where the principal
values fail to exist has full x measure. In Lemma 2.4 below we show that principal
values exist if and only if the martingale converges. Hence (S,(x));2 is not
convergent for o almost all x € K. By a standard result in martingale theory (see,
for example, [Shiryaev 1996, Corollary 6, p. 561]) we get
(2-3) limsup |S,(x) — Sp(x)| =00, forallm=0,1,... and u ae.

n—oo

Proof of Lemma 2.3. Set Q,, = Q,(x), x€ K, n=1,2,... Then

Sn+1<x>—sn<x>=f / C(z—y)duyduz—f / Cw—y)duy duw
Qn+1 K\QrHrl n K\Qn
2/ (f C(z—y)duz—f C(w—y)duw>duy
K\Qn Qn+1 n

+/ f C(z—y)dpzduy.
Qn\Qn-H Qn+1

The last double integral is < a,, where the implicit constant depends on A here and
for the rest of the proof.

To estimate the first summand above we remark that for each 7’ € 9,1 and
w’' € 0, we have

f C(z—y)duz—f C(w—y)duw
On+1

n

:fQ (Ca=y)—CE —y) duz—f (Cw—y) = Cw' — y)) daw
+CE —y)—Cw' —y).
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Clearly
ICE@ =) —Cw —y)|Ssalx =372 yeK\Qu x€0,.
Hence
'f (Cz—y)—CE —y)duz| S splx—y| 7
Qn+1
and
‘f (Cw—y)—Cw' —y))duz| S splx — y| 7.
0n
Setting

R;i=0;\Qj+1,

the absolute value of the first summand of S,1(x) — S, (x) is

n—1
Ssn/ x =y 2 dpy ~ 50 ) s7(R))
K\Q, =
n—1
=S5, Z sj_24*] < sns;247" =a,,
j=0

because s 2471 < (sf A2)4 I = (4A2)s’2 4-i-1 s]i24fj < (@ATynis 24,

Hence [Sy41(x) = Su (X)I

By the following lemma Theorem 2.2 is equivalent to Theorem 1.1.

289

O

Lemma 2.4. If lim,_, » a, =0, then for each x € K the principal value (1-1) exists

if and only if the sequence (S,(x));2, converges.

Proof. Set 0, = Q,(x)forx e K andn=1, 2, ... Then by the proof of Lemma 2.3

1 1 1
Sn(x)_/ duy‘ = 'f / ( — = )duydux/
K\Q, X~ 0, JK\Q\X' =y x—y

S Cal’lv

where the constant depends onA Compare now a given truncation || K\B(x.e) 1= y ——duy,
0 < e < 1, with fK\Q o duy where n is chosen so that diam(Q,) < ¢ <

diam(Q,,_1). Since Q,, C B(x €) we have

1 1
/ dpy —/ duy‘ =
K\Q, X —Y K\B(x,e) X =Y

<C

1
o™
B(x,o)\Q, X — Y

uB(x, ¢e)
Sn
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with C = C(X). To complete the proof just remark that, since ¢ < diam(Q,_1),
B(x, ¢) can intersect at most N squares in D,, with N an absolute constant. Hence

uB(x, &) < Cu(Qyp). O

We proceed now to discuss relative martingales.
Forxe RC Q, Q € Dy, R € D,, m < n, we define the relative martingale
starting at Q as

SQ,R(X):SQ,R:f/ C(z—y)duyduz.
RJO\R

Then for some constant C,
2-4) ISk — S0 — So.rl = Cay,.

Indeed, we have

SR_SQ:f/ C(z—y)duyduz—f/ C(w—y)dupy duw
R JK\R 0 JK\Q

=/ (f C(z—y)duz—f C(w—y)duw) duy
K\ \JR 0

+/ fC(z—y)duzduy
O\RJR

:f (f C(z—y)duz—f C(w—y)d;uu) duy +So r.
K\Q \/R 0

The first summand above is bounded in absolute value by a constant times a,, by
the same argument as in the proof of (2-2).
As for (2-2) we havefor RC RC Q,Q€D,,, ReD,, R € Dy11,

(2-5) 1So.r = Sg 1 = Can.

3. The stopping time argument

The proof of Theorem 2.2 is based on a stopping time argument for which we need
some preliminary facts.

Given a nonzero complex number z consider the sector o (z, 8), 0 <8 < 7, with
vertex at z and aperture & whose axis is the semiline emanating from z and passing
through 0. That is, w € o (z, 8) if and only if

<w—z —z> (0)
,— ) >cos| =
lw—z| |z| 2

where (-, -) denotes the scalar product in the plane.
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The octants with vertex O are the eight sectors
oj={weCiw=pwle? G-1T<¢<;Th 1<j<s

These are the sectors with vertex the origin of amplitude 45° degrees and having an

edge over a coordinate axis. It will be convenient to expand these octants so that

they have the same axis and amplitude of 75°. In other words, we are adding 15°

in each direction. Denote the expanded sectors by &;. The octants with vertex z are

the sectors 0(z) =z+0j, 1 < j <8, and the expanded octants 6;(z) =z +07;.
We have the following obvious lemma.

Lemma 3.1. Given any sector o of vertex z and amplitude 120° there exists an
octant with vertex z, say o (z) for some index j between 1 and 8, such that 6;(z) Co.

Consider the symmetries with respect to the coordinate axis and the main diagonal.
That is, fi(x +iy) = —x 4+ iy, fo(x +iy) =x —iy and f3(x +iy) =y +ix for
x+iyeC. Forany j,k=1,...,8, by composing two such symmetries we obtain
a linear mapping f; x that maps the octant o; onto the octant o;. Observe that
C(fj(z)) = fj(C(2)) for j =1,2,and C(f3(z)) = — f3(C(z)). It is precisely this
last identity that fails for the kernel (z +7)/z>.

Let Q € D and let ¢ be its centre. Define

fo,jk(x)=fir(x—co)+cg, x€Q, jk=1,....8,
so that
fo.j k() = fo. ik = fix(x—=y), x,yeQ, jk=1,...,8
We claim that
(3-D S0.foix® =€k fik(Sor), RCQ, O, ReD,

where ¢ = £1. We check (3-1) by the general formula for the image (push-
forward) v®/ of a measure v under a Borel map f (see, for example, [Mattila 1995,

Theorem 1.19])
/ gdvu’f=/(gof)dv.
f4) A

The restriction of  to Q is invariant under the maps fo ;. i.e., (i O)hfeik=p|0.
Hence, since Q\ fo jx(R) = fo,jx(Q\ R) and

C(f0,jk@ — fo.jx(w)) =¢jx fi.k(Cz—w)),

we obtain

/ / C(z—w)duzd,uw:sj’kfj,k</ /C(z—w)duzd,uw),
O\f0.jk(R) Y fo.jk(R) O\R JR

from which (3-1) follows.
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Assume that we have fixed an octant o; and that for some square R € D contained
in Q we have S g € oy with k # j. We claim that we can find a square R’ € D
contained in Q, of the same size as R, such that [Sp z'| = |Sg, r| and Sg r' € o%.

If ¢ = 1 then the value of the relative martingale at the square fp ;«(R)
is f;x(So,r) € 0j. Note that the size of fp ;«(R) is exactly the size of R and
150, f0.14®)| = 1S0.Rl.

To treat the case ¢; ; = —1 let us introduce the mapping y : Q — Q defined by
¥ (x)=—(x—cg)+cg. Then y? is the identity mapping on Q and S¢ , (r)=—S0.r
for each square R € D contained in Q. Setting R = (y o fp, jx)(R) we get

Fik(So.R) = =50, 1o jx(R) = S0.(vofo j)(R) = SQ.R'-
We shall need the following elementary lemma.
Lemma 3.2. If z € C,w € 0(z,120°) and 0 < |w — z| < |z|/2, then |w| <
2] = lw —z|/4.
Proof. Let R = |z], r = |w — z| and let v be the third vertex, in addition to 0 and z,
of the equilateral triangle containing w. Under the assumptions of the lemma |w|

is maximized when w lies on the side connecting z and v. Assuming that w is on
that side, project w on the side connecting 0 and z and apply Pythagoras to obtain

lwl> = (R—r/2)+(/3r/2)> =r? + R = rR < (R—r/#) = (2] — lw — z|/4)’
because of the assumption r < R/2. ([

Proof of Theorem 2.2. We assume, as we may, that ) aﬁ = 00. Then for p almost
all x the sequence (S,(x));2, diverges and (2-3) holds.

Let M be a big positive integer to be chosen later. We replace (a,);2 , by the
nonincreasing sequence b, = C max,,>, dn,, where C is as in inequalities (2-2),
(2-4) and (2-5), which now read

32 IS+ (x)=S,x)|<b,, n=0,1,... and x €K,

(3-3) ISk—So—Sorl<bn, Q€Dy, ReD,, RCQ,

(3-4) 1So.k =S gl <bw, Q€Dn, R€Dyy1, R€D,, RCRC Q.
We plan to define a sequence of stopping time conditions. At each step a family

of stopping time squares will arise, which is going to be the family 7, in Lemma A.1

(Hungerford’s lemma). The first stopping time is special and its goal is to have a

family of squares with relatively large |So| for each square Q in the family.
The first stopping time condition is

(3-5) |So| > M by.

Declare Q a stopping time square of first generation if Q is a square in D for which
[Sol > Mbgand |So/| <Mby, Q C Q'. We call F the set of stopping time squares
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of first generation. One may think of this as a process as follows. One takes a
point x € K and looks at the squares in D containing x. One examines all those
squares, starting at Q¢ and checks whether condition (3-5) is satisfied. If it is not,
then one proceeds to the square containing x in the next generation. The process
stops when one finds a square Q containing x for which (3-5) holds. Note that
the set of x for which the process never stops has vanishing © measure by (2-3).
Hence ZQGFI n(Q) = 1. Since Sp, = 0, it follows from (3-2) that it is necessary
to descend at least M + 1 generations to find the first stopping time square.

The second stopping time condition is slightly different. Let Q € F;. The second
stopping time is performed on the relative martingale associated with Q and its
condition is

(3-6) |So.r| > Mby.
A stopping time square R of second generation satisfies |Sg r| > M by and
|So.r| <Mby, R €D, RCR CO.

By (2-3) and (3-3) the stopping time squares of second generation cover almost
all Q. Again, by (3-4) and the fact that Sp o = 0 one has to descend through at
least M + 1 generations to find a stopping time square of second generation. Hence
if R is a stopping time square of second generation and R € D, then n > 2(M + 1).
We do not put all stopping time squares of second generation in 7> (Q). We put a
stopping time square of second generation R in F>(Q) provided Sg € o (S, 120°).
That there are many such stopping time squares can be shown as follows.

Let R be a stopping time square of second generation. Let o denote the angle
between the vectors Sg — Sp and Sgp . Then by (3-3),

ISk —Sol = |So.rl —by = (M —1)by

and

Sk — S0 — So.rl - by

- in15°,
Sk—Sol  ~ M—1Dby M—1 "

0<|sina| <

provided M —1 > 1/sin 15°, which we assume. Since [Sg—Sg— S rl < |Sr—S0l|
and Sg o = Sr— So + (So,r — Sk — Sp), we see that cosa > 0. Thus || < 15°.

By Lemma 3.1 there is j with 1 < j < 8 such that 6;(Sg) C 0(Sp, 120°). If
we are lucky enough that we have Sg g € o; and so Sg — Sp € 0;, which yields
Sr€d;(Sg) Ca(Sg, 120°).

Butit may occur that Sp g €0y, k# j. Applying two symmetries fgp ;i of Q,ora
symmetry of the form y o fg ; « in the worst case, as we discussed before Lemma 3.2,
we obtain a stopping time square R’ of second generation and of the same size as R
such that Sp g € 0; and so Sgr € 0;(S(Q)) C o (Sp, 120°), as desired.
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Therefore, subdividing the stopping time squares of second generation in eight
classes, according to the octant to which Sy g belongs, we get

(3-7) > w®) = u(Q).

ReF(0)

Define 7, = UQeJ-'l Fr(0).
Let us obtain some properties of stopping time squares R in 7,(Q). Let R be
the father of R. Then |SQ,R| < M by and so

1Sz —Sol = ISp gl +1Sg —So =Sy gl = (M + Dby
and

ISk — Sol = ISk — Sil+ 1Sz — Sol <bu + (M + Dby = (M +2)by.

Now two possibilities appear.
If |So| <2|Sg — So| <2(M +2)by, then

ISRl < ISk — Sol +[Sol <3(M +2)by.
If |[Sg| > 2|Sg — Spl, since Sg € 0 (Sp, 120°) we can apply Lemma 3.2 to get
ISkl < |Sol — Sk — Sgl/4 < |So| — (M — )by /4 < [So| — bu

provided M > 5.
Therefore at least one of the following two inequalities holds: either

(3-3) ISkl <3(M +2)by,
or
(3-9) ISRl < |So| —bu.

We can proceed to define inductively F, for n > 3, in a way analogous to what we
did to define 7, from F;. Assume that we have defined 7, = UQEJT’H Fn_1(0).
Given Q € F,,_ we set the n generation stopping time in the relative martingale
associated with Q as

ISo.rl > Mb—1)m

If R is a stopping time square of n-th generation then besides the previous inequality
one has

|So.r"| <Mbu_1yy, R'e€eD, RGR CO,
whence

(3-10) ISk = Sol <I1So.r |l +bu—1ymy < (M +1)bg—1ym-
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Note that if R is a stopping time square of generation n, we can take advantage of
the symmetries of Q, as before, to find another one, say R’, of the same size with
the additional property that Sk € 0(Sg, 120°). Define 7, (Q) as the stopping time
squares R of generation n such that Sg € 0(Sg, 120°) and F, = UQE]:n—l Fu(Q).
We then have

(3-11) > u®) =t u(Q).
ReF,(Q)

Given R € F,(Q), we have as before that at least one of the following two inequal-
ities holds: either

(3-12) ISk < 3(M +2)b(—1ym
or
(3-13) ISRl < 1Sl —bm-1)m-

Set F =(,2; Ugcr, Q- To complete the proof we shall show that the hypo-
theses of Hungerford’s Lemma A.1 are fulfilled and that
(3-14) lim S,(x)=0, xeF.

m— 00

For (b) in Hungerford’s Lemma A.1 recall that each stopping time square has
descended at least M + 1 generations from the generating square in the previous
family. Then one has (b) with ¢ replaced by 1/4™ and taking M big enough one
has 1/4" < ¢. Condition (c) with ¢ = 1/8 is (3-11).

To prove (3-14), take x € F. Forevery n =1, 2, ..., there is a unique Q, € F,
such that x € Q,. Let m, be the unique positive integer satisfying Q, € D,,,.
Clearly the sequence m,, is increasing and m, > M n. Since Sg, = S, (x) we have
by (3-12) and (3-13) that either

(3-15) |Sm, () = 3(M +2)bp-1ym
or
(3-16) 1Sm, GO =S, O = bu—ym, n=12,...

For m,_1 <m < m, we have by (3-10)
(3-17) |Sm (X) = S, ()| < (M + Dbpu-1)m-

To conclude that lim,,—, o S; (x) = 0 it is enough to show that lim,,_, o, Sy, (x) = 0.

We say that n € N7, if (3-16) holds and n € N3, if (3-15) holds and (3-16) fails.
Because ), b, diverges and (bn);2, is nonincreasing, >, ba—1ym also diverges.
It follows that (3-16) cannot hold for infinitely many consecutive n, whence N>
is infinite.
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Let n € AV, and let N > n be such that k € N for all n <k < N. Then by (3-16)
and (3-15) forn <k < N,

1S O] =[S, ()] < 3(M +2)b—1)m-

It follows that lim,,, _, o S, (x) = 0. O

Appendix A. A lemma on Hausdorff dimension

Let 1 be the canonical measure associated with a Cantor set in R?, as defined in
the Introduction before the statement of Theorem 1.2. Denote by D, the set of all
cubes Q’;, 1 < j <29, appearing at the n-th generation of the construction and
D=/, D,.

The following lemma is due to Hungerford [1988], who worked in a one-
dimensional context.

Lemma A.1. Let 0 < ¢ < ¢ < 1 and let F,, be a disjoint family of cubes in D, for
n=0,1,2,..., satisfying the following.
(@) Fo={Qo}
(b) If Q € Fy41, then there exists 0 € F, with Q C Q and n(Q) < eu(Q).
(c) If Q € Fy, then
Y u® = Q).

RCQs REFH+1

Let E =, Uger, Then
dim E > a(1 —logc/loge).
Proof. Set f =a(1 —logc/loge). We will construct a Borel probability measure v

with v(E) = 1 such that for some constant C and for all balls B(x, r) centred at x
of radius » one has

(A-1) v(B(x,r) <Cr? forxeE, 0<r<I.

Then Frostman’s lemma will give the result.
Let us define the functions v, : 7, > R, n =0, 1, 2. .., setting first vo(Qp) = 1.
Suppose that vy, ..., v,_ are defined and let for Q € F,,, with Q as in (b),
Vn—1 (Q)
2 reF,.rc§ H(R)

Then we define the Borel measures v, setting

v (Q) = n(Q).

v, (Q) d
W (A) = E AN for A c R?.
vy (A) Z M(Q)M( Q) forAC
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Then for Q € F,,

v (@)= D> vpi(R)

ReFui1,RCQ
_ oy w® e
Y peF.pco M(P)
ReF,11,RCQ €Fnt1,PCO
Iterating this we have
(A-2) v (Q) = v (Q) for Q € Fy, m > n.

In particular, each v, is a probability measure and some subsequence of (v,)
converges weakly to a probability measure v such that v(Q) = v,(Q) for Q € D,,.

Since
v( U Q)= Y ov@) =) w(@=1,
QeF, QeF, Q€eF,

we have v(E) = 1. Therefore v(E \ UQefn Q) = 0 for every n, so

(A-3) (@)= Y  wR)., QeF.
RCQ,REFu41
It remains to verify (A-1). First of all we have by condition (c¢) for Q € F,,, n > 2,

V@) _w(Q) _ wi(@ (D)
/J/(Q) ,bL(Q) ZRcé,Re}'n /'L(R) N C,LL(Q)’

and by induction,

:L((g))fcn forQefmn:I,z....

Now let us prove that

(A-4)

(A-5) v(Q) < Cd(Q)? for Q e D.

Take n such that ¢"t! < u(Q) < . We may assume that v(Q) > 0. Then Q
intersects a square R in the family F, ;. Since by (b) u(R) < &"*! < u(Q), one
has R C Q. We have, by (A-3) and (A-4),

@)= Y v® =" D wR) =TT ).

RCQ7R€*FVL+1 RCQsRGJ—_rH»l
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Since u(Q) <d(Q)% it is enough to show that c™"u(Q) < w(Q)P/® which is

" < M(Q)—logc/logs’
that is,
—nlogc < —(logc/loge)log u(Q),
or n <logu(Q)/loge, which is a consequence of u(Q) < &".
To finish, let x € E and 0 < r < 1. For some n, x belongs to a square Q € D,
with d(Q)/4 <r <d(Q). Then B(x, r) can meet at most 44 squares of D, and so
by (A-5), v(B(x, 7)) <4%v(Q) <44 Cd(Q)P <4P+4 CrP and (A-1) follows. [

Appendix B. The Riesz transforms in R¢

We first slightly modify the argument in [Cuf et al. 2022] to show that > -2, a?=oc
yields divergence a.e. of the martingale. If the martingale converges in a set of
positive measure, then also the principal values of the Riesz transform exist in a
set E of positive measure, by the analog of Lemma 2.4. By a result of Tolsa [2014,
Theorem 8.13] we find a set F C E of positive measure on which the singular Riesz
transform operator is bounded on LZ(/L| r). In particular, the capacity of F associated
with the Riesz kernel is positive and so also that of the Cantor set. The main result
of [Mateu and Tolsa 2004] (see Theorem 1.2, p. 678 and its extension in the last
formula in p. 696) states that the «-Riesz capacity of the Cantor set is comparable to
(Zzozl aﬁ)_l/ 2, so that positive capacity yields a convergent series. We remark that
the previous argument uses very strong results, in particular the nonhomogeneous
T (1)-Theorem of Nazarov, Treil and Volberg, to extract the subset /' on which
the singular Riesz transform is L2(,u| r) bounded. In [Cufi et al. 2022] one resorts
to Menger curvature, which is not available for kernels of homogeneity —« with
1 < a < d, and the proof is slightly simpler. It would be desirable to have a direct
argument relating the series to the convergence of the martingale.

The part of the stopping time argument of Section 3 that does not obviously
extend to higher dimensions is related to the sector o (z, 120°). In particular, one
should replace the 45° degrees sectors centred at the origin with one edge on a
coordinate axis with other regions. We proceed as follows. Divide R? into 2¢
regions (which in R? are the usual octants) by requiring that each coordinate has a
definite sign. For example,

OI{XERd:X]ZO,XQZO,...XdZO}

or
O ={xeR?:x;<0,x>0,...x; >0}

are such regions. Let us concentrate in the region O. Divide O in the d! subregions
determined by a permutation o of the d variables

O ={x €RY:0<xo01) S Xo) <+ < Xo(a)}-
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Note that the maximal angle between two vectors lying in a subregion O, is
precisely arccos(d~!/?), which approaches 90° as d — oo. Given a cone I' with
vertex at the origin and aperture 6, we would like to find a region O, contained in
the cone I'. This can be done as follows. The axis of the cone is a ray emanating
from the origin contained in O, for some o. Taking 6 = 0(d) < m close enough
to 7r one can achieve O, C I'. Indeed, something stronger can be obtained: there
exists a sufficiently small angle y = y (d) such that expanding O, in all directions
by at most y degrees one still remains in the cone I'.

The planar argument now works with 6 in place of 120°.

One also needs to have enough linear isometries to transport one region O, into
another O,/. Consider the following kinds of linear isometries. Fix a variable x;
and take the mapping that leaves the other variables invariant and changes the sign
to the x; variable. Given two variables x; and x; with i # j consider the mapping
that leaves the other variables invariant and interchanges x; and x ;. Finally take the
mapping x — —x. Let S be the set of such linear isometries. One can easily check
that given two regions O, and O, one can map one into the other by composing
finitely many isometries in S.

All these elements lead to a stopping time argument that proves Theorem 1.2.
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CERTAIN FOURIER OPERATORS AND THEIR
ASSOCIATED POISSON SUMMATION FORMULAE ON GL;

DIHUA JIANG AND ZHILIN LUO

We explore the possibility of using harmonic analysis on GL; to understand
Langlands automorphic L-functions in general, as a vast generalization of the
PhD Thesis of J. Tate in 1950. For a split reductive group G over a number
field k, let GY(C) be its complex dual group and p be an n-dimensional
complex representation of GV (C). For any irreducible cuspidal automorphic
representation o of G(A), where A is the ring of adeles of k, we introduce the
space S;, ,(A>) of (o, p)-Schwartz functions on A* and (o, p)-Fourier oper-
ator F, , y that takes S, ,(A*) to Sz, ,(A*), where & is the contragredient
of o. By assuming the local Langlands functoriality for the pair (G, p), we
show that the (o, p)-theta functions O, ,(x, ¢) := >, ;x ¢ (ax) converge
absolutely for all ¢ € S; ,(A*). We state conjectures on the (o, p)-Poisson
summation formula on GL{, and prove them in the case where G = GL,,
and p is the standard representation of GL,,(C). This is done with the help
of results of Godement and Jacquet (1972). As an application, we provide
a spectral interpretation of the critical zeros of the standard L-functions
L(s, & x x) for any irreducible cuspidal automorphic representation = of
GL,(A) and idele class character y of k, extending theorems of C. Soulé
(2001) and A. Connes (1999). Other applications are in the introduction.
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1. Introduction

Let k be a number field and A be the ring of adeles of k. It is well known that
A is a locally compact abelian group and the diagonal embedding of k into A is
a lattice, i.e., the image, which is still denoted by k, is discrete and the quotient
k\A is compact. The classical theory of harmonic analysis on the quotient kK\A —
in particular, the famous 1950 Princeton thesis of J. Tate [44] — has had a great
impact on the modern development of number theory, especially on the theory of
automorphic L-functions.

In Tate’s thesis, the classical Fourier transform and the associated Poisson summa-
tion formula are responsible for the meromorphic continuation and global functional
equation of the Hecke L-function L(s, x) attached to an automorphic character x
of kX \A*.

In their pioneering work in 1972, R. Godement and H. Jacquet extended the
work of Tate on L(s, x) (and also the work of T. Tamagawa in [43]) to the standard
automorphic L-function L(s, i) attached to any irreducible cuspidal automorphic
representation w of GL,(A) [16]. In their work, the Fourier transform and the
associated Poisson summation formula for M, (k)\M, (A) are responsible for the
meromorphic continuation and global functional equation of L(s, w). Here M,
denotes the space of all nxn matrices.

In 2000, A. Braverman and D. Kazhdan [6] proposed that there should exist a
generalized Fourier transform F, ;, on G(A) for any reductive group G defined
over k and any finite-dimensional complex representation p of the L-group G;
and if the associated Poisson summation formula could be established, then there
is a hope to prove the Langlands conjecture [29] on meromorphic continuation
and global functional equation for automorphic L-function L(s, , p) attached to
the pair (7, p), where m is any irreducible cuspidal automorphic representation of
G(A). In [33; 34], one may find careful discussions on the spherical case of and a
helpful introduction to the proposal. In his 2020 paper [37], B. C. Ng6 suggests that
such generalized Fourier transforms could be put in a framework that generalizes the
classical Hankel transform for harmonic analysis on GL; and might be more useful
in the trace formula approach to establish the Langlands conjecture of functoriality
in general.

1A. GLj-theory. We develop GL-theory to explore a possibility of using har-
monic analysis on GL; to understand Langlands automorphic L-functions in general,
which would be a vast generalization of the classical work of Tate in [44] or of the
more systematical treatment by A. Weil in [48]. The development goes in two steps.
The first step is to establish it for the standard automorphic L-function L(s, )
associated with an irreducible cuspidal automorphic representation 7 of GL, (A).
When n =1 and 7 is an automorphic character x, it is the theory developed in Tate’s
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thesis. The second step is to formulate the framework for the general automorphic
L-function L(s, r, p) associated with a pair (7, p) as introduced above.

The GL-theory for a standard L-function L(s, ) is a reformulation and refine-
ment of the Godement—Jacquet theory [16] for L(s, w) of GL,,. It is based on the
determinant morphism

(1-1) det: M, —» G,; GL, — G,,

where G, (k) = k and G,, (k) = GL(k) = k*. We write 7 = ®V6‘k| 7, where |k|
is the set of local places of k and 7, is an irreducible admissible representation of
GL, (k,), which is of Casselman—Wallach type if k, is an Archimedean local field.
For each m,, by taking the fiber integration along det as defined in (3-6), we define
in Definition 3.3 the 7,-Schwartz space Sy, (k). It is important to understand the
structure of the space S, (k) of 7, -Schwartz functions on k.S, whose properties are
discussed intensively in Section 3. In particular, by Proposition 3.2 and Corollary 3.8,
we have that
CP(k)) C Sn, (k) CC(k)).

It is important to mention that Theorem 7.1 provides a new characterization of
C°(k)) as a subspace of Sy, (k) by means of the fiber integration along det in
(3-6). Through diagram (3-16), we define the m,,-Fourier operator (or transform)
Fr,v,» Where v, is the v-component of a fixed nontrivial character ¥ of k\A.
By the local GL-theory (Theorems 3.4 and 3.10), there exists a so-called basic
function Ly, € Sy, (k) when v < oo and m, is unramified, and the ,-Fourier
operator maps the m,-Schwartz space Sy, (k) to the 7, -Schwartz space Sz, (k1)
with 7, . (Ls,) = Lz, . The global 7-Schwartz space S; (A*) is defined to be the
restricted tensor product

Sx(A%) := (X) Sz, (k)
velk|

with respect to the basic functions L., for almost all finite local places, and the
global 7 -Fourier operator F y is defined by

Forr @) = Q) Fr,, (b)
velk|
for any factorizable functions ¢ = &), $v € Sz (A*). One of the main results in
the global GL-theory is the 7w -Poisson summation formula on GL;.

Theorem 1.1 (;r-Poisson summation formula, Theorem 4.7). Let w be an irre-
ducible cuspidal automorphic representation of GL,,(A). For any ¢ € Sy (A*), the
7 -theta function

Ox(x,$) 1= Y p(ax)

aek>
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converges absolutely and locally uniformly as a function in x € A*, and we have
the identity

(1-2) Or(x, ) =Oz(x"", Fry(@) for x e A,

According to the tradition in literature, the w-Poisson summation formula in
(1-2) may also be called the w-theta inversion formula. Our proof of Theorem 1.1
(Theorem 4.7) is based on the work of Godement—Jacquet in [16].

The GL;-theory for general L-functions L(s, o, p) is formulated by means of
the local Langlands functorial conjecture associated with p, which is the major
conjecture in the local theory of the Langlands program.

For a k-split reductive group G, let GY(C) be its complex dual group and
p be an n-dimensional complex representation of GY(C). For any irreducible
cuspidal automorphic representation o = ), cik Ov of G(A), we assume that the
local Langlands functorial transfer m, = m,(0,, p) exists and is an irreducible
admissible representation of GL, (k,), which is of the Casselman—Wallach type if
k, is Archimedean. We define as in (6-5) the (o0, p)-Schwartz space on k¢ to be

Sy pk)) i= S, (k)),

and at unramified local places, the (o,, p)-basic function L, , is taken to be the
my-basic function L, € Sy, (k,). Then we can define as in (6-6) the (o, p)-Schwartz
space on A* to be

So.0 (W) 1= () S0 (k).

which is the restricted tensor product with respect to the basic function L, , at
almost all finite local places, and define, as in (6-8), the (o, p)-Fourier operator (or
transform) F; ,  that takes Sy ,(A*) to Sz, ,(A*), where ¢ is the contragredient
of o. The first result in the global GL-theory for L(s, o, p) is the following.

Theorem 1.2. With notations as introduced above, for all ¢ € S, ,(A™), the (o, p)-
theta function

(1-3) O p(x, ¢) = ) $lax)
aek>

converges absolutely and locally uniformly as a function in x € A*.

It is clear that Theorem 1.2 is a special case of Theorem 6.2, which asserts the
same result as in Theorem 1.2 for much more general o. The proof of Theorem 6.2
is deduced from the technical result (Theorem 5.4), which can be stated as follows.

Theorem 1.3 (Theorem 5.4). Let m = ®U€|k‘ 7y, be an irreducible admissible
representation of GL,(A) with Assumption 5.1. Then for any ¢ € S;(A*) :=
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Qyeip) Sr, (k) the -theta function

On(x,9) = Y d(ax)

aek>
converges absolutely and locally uniformly as a function in x € A*.

We refer to Section 5 for notation not given here. Section 5 is devoted to develop
the basic properties of such general theta functions. Then we show that for any irre-
ducible admissible automorphic representation = of GL, (A), Assumption 5.1 holds
(Proposition 5.5). As a consequence, we obtain the following general assertion.

Corollary 1.4 (Corollary 5.6). Let w be any irreducible admissible automorphic
representation of GL,(A). For any ¢ € Sy (A*), the mw-theta function

O (x, ) = Y p(ax)

aek™
converges absolutely and locally uniformly as a function in x € A%,

It remains to be an interesting problem to establish the 7 -Poisson summation
formula for such general 7 -theta functions as in Corollary 1.4, although Theorem 7.3
obtains the -Poisson summation formula as in Theorem 1.1 for ®, (x, ¢) when &
is any irreducible square-integrable automorphic representation of GL, (A) and ¢
has restrictions at two local places (see Theorem 7.3 for details).

The following is the main statement in the global GL,-theory for L(s, o, p).

Conjecture 1.5 ((o, p)-Poisson summation formula). Ler p : GY(C) — GL,(C)
be any finite-dimensional representation of the complex dual group GV (C) and o
be an irreducible cuspidal automorphic representation of G(A). Then there exist
nontrivial k> -invariant linear functionals &5, , and €, on S5, ,(A™) and Sz, ,(A*),
respectively, such that the (o, p)-Poisson summation formula

8a,p(¢) = 55,p(fa,p,1//(¢))
holds for ¢ € S5, ,(A™), where S, ,(A*) and Fy , y are defined in Section 6B.

It is expected that such Poisson summation formulae on GL; should be responsi-
ble for the Langlands conjecture on the global functional equation of automorphic
L-functions associated with the pairs (o, p). Variants of Conjecture 1.5 will be dis-
cussed in Section 7C and see Conjecture 7.4 for details. It is clear that Theorem 1.1
proves Conjecture 1.5 for the case when o is an irreducible cuspidal automor-
phic representation 7 of G(A) = GL,(A) and p is the standard representation
of GY(C) = GL,(C) (Theorem 4.7). A variant of Theorem 4.7 (Theorem 1.1) is
established in Theorem 7.3 when 7 is an irreducible square-integrable automorphic
representation of GL,(A), based on the characterization in Theorem 7.1 of the
subspace C° (k) in Sy, (k) through the fiber integration.
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It is important to mention that according to the definition of S, ,(A*) and F ,
in (6-6) and (6-8), respectively, if the image of o under the Langlands functorial
transfer associated with p (if it exists) is an irreducible cuspidal automorphic
representation 7 of GL, (A), then the nontrivial k*-invariant linear functionals &, ,
and & , in Conjecture 1.5 can be taken to be

Eo,p(@) = O p(1,¢9) and & ,(¢) =Oz,,(1, $)

for any ¢ € S, ,(A*) (see Corollary 6.3 for details). In this case, Conjecture 1.5
follows from Theorem 1.1 (Theorem 4.7). Therefore, Conjecture 1.5 is supported
by various known cases of the global Langlands functoriality conjecture associated
with p : GY(C) — GL,(C).

From the point of view of the global Langlands functoriality conjecture, it
is important to extend Theorem 1.1 (Theorem 4.7) to more general irreducible
automorphic representations of GL, (A), which may yield new understanding of
the nature of the both nontrivial k*-invariant linear functionals &, , and & , in
Conjecture 1.5. At this point, we would also like to bring the attention of the reader
to the work of L. Lafforgue [27; 28] on the relations between the global Langlands
functoriality conjecture and a certain nonlinear Poisson formula conjecture.

The ultimate goal in the global theory for L(s, o, p) is to prove Conjecture 1.5
without using the global Langlands functoriality. It is expected that Conjecture 1.5
can be proved directly for a split classical group G and the standard representation p
of the complex dual group G (C), by using the doubling method of 1. Piatetski-
Shapiro and S. Rallis in [14] and the recent work of L. Zhang and the authors in
[26] and of J. Getz and B. Liu in [15].

As applications of the GL -theory for automorphic L-functions and the r-Poisson
summation formulas, we are able to provide in Theorem 8.1 a spectral interpretation
of the critical zeros of the standard L-functions L(s, w x ) for any irreducible
cuspidal automorphic representation 7w of GL,, (A) and idele class character x of k.
Theorem 8.1 is a reformulation of [40, Theorem 2] in the adelic framework of
A. Connes in [11] and is an extension of [11, Theorem III.1] from the Hecke
L-functions L(s, x) to the automorphic L-functions L(s, w x x). In [24], Zhaolin
Li and Dihua Jiang provide a new proof of the Voronoi summation formula for
GL,, [20, Theorem 1] by means of Theorem 4.7 (Theorem 1.1), in other words, by
means of the GL;-reformulation of the Godement—Jacquet theory for the standard
L-functions of GL,,. This GL;-theory also proves in [24] the (GL,,, 7)-version with
the Godement—Jacquet kernels of the Clozel theorem [10, Theorem 1.1], which
was proved by L. Clozel for n = 1 and with the Tate kernels. In their upcoming
work [35], Ng6 and Luo use the ideas and the methods of this paper and of [25] to
treat the local theory of the Braverman—Kazhdan—Ng6 proposal for the torus case.



FOURIER OPERATORS AND POISSON FORMULAE ON GL; 307

1B. Brief explanation of each section. In Section 2, we reformulate the local
theory of Godement—Jacquet [16] in terms of the framework of the Braverman—
Kazhdan—Ng6 proposal. We take F =k, for every v € |k| and recall the local theory
of the Mellin transforms, mainly from [21, Chapter I]. In general, it could be highly
nontrivial to reformulate the known Rankin—Selberg theory for certain automorphic
L-functions in terms of the framework of the Braverman—Kazhdan—Ngd proposal
as indicated in [26]. The key point is that one has to figure out the invariant
distribution &, on G (k,), which controls the local theory proposed by Braverman—
Kazhdan in [6] and by Ng6 in [37]. Even in the case of Godement—Jacquet, the
candidate of such an invariant distribution ®gj,, is expected to the experts, but
there is no written document available. We provide the details in Section 2C and
the results are given in Proposition 2.8.

In Section 3, we fully develop the local theory of harmonic analysis on GL; for
the Langlands local L-factors L(s, ) and y-factors y (s, , 1), attached to any
irreducible admissible representations = of GL,(F). When F is non-Archimedean,
we take 7 to be irreducible smooth representations of GL, (F); and when F is
Archimedean, we take 7 to be irreducible Casselman—Wallach representations of
GL, (F) [4; 9; 41; 46]. The set of equivalence classes of all such representations of
GL, (F) is denoted by I1x(GL,).

By Theorem 2.3, via the Mellin inversion, the local Godement—Jacquet L-
functions (or L-factors) (or even general local Langlands L-functions) could be
a GL;-object, i.e., there exists a subspace of smooth functions C*°(F*), whose
Mellin transform sees the corresponding local L-functions. One of the goals in
this section is to recover such a subspace associated to a local Godement—Jacquet
L-function L(s, ) by means of the matrix coefficients of 7. More precisely,
we introduce the space of w-Schwartz functions on F* for any m € [1r(GL,),
which is denoted by S, (F*) (Definition 3.3). By Proposition 3.2, we have that
Sz (F*) C C*®(F*). The first local result is Theorem 3.4, which establishes the
local theory of zeta integrals on GL; for the Langlands local L-function L(s, i)
for any 7w € I1r(GL,). The relevant local functional equation and the properties
of the m-Fourier operator (transform) F y as defined in (3-17) is established in
Theorem 3.10, the second local result.

We note that in [25], a further local theory has been developed so that the
m-Fourier operator F; 4 can be expressed as a convolution operator with kernel
functions ky y for any w € I1r(GL,) [25, Theorem 5.1]. In [24], such kernel
functions are proved to be the normalized Bessel functions associated with 7 and
a certain Weyl group element of GL,. Hence, the -Fourier operator 7 y is a
natural generalization of the classical Hankel transform.

In Section 4, we develop the global theory of harmonic analysis on GL; for the
standard automorphic L-functions L (s, r) associated with any irreducible cuspidal
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automorphic representation w of GL, (A). To do this, we consider any irreducible
admissible representation 7 = ®V6|k| m, of GL,(A), with m, € I, (GL,), and
introduce, for more general 7, the w-Schwartz space S; (A*) = ®v€| k| S, (k)
in (4-1), where the restricted tensor product with respect to the basic function
L, (as defined in Theorem 3.4) is taken at almost all finite local places v. The
n-Fourier operator Fr y () = &), ¢t Fr,.v, (v) is defined in (4-3), with ¢ =
), ¢v € Sz (AX). The main global result in this section is Theorem 4.7, which is a
restatement of Theorem 1.1 and establishes the 7 -Poisson summation formula on
GL,; for any irreducible cuspidal automorphic representation = of GL, (A).

To understand the Poisson summation formulae in Conjecture 1.5, it is desirable to
explore variants of Theorem 4.7 when the automorphic representation 77 may not be
cuspidal, from the point of view of the global Langlands functoriality. In Section 5,
we first show that for any irreducible admissible representation 7 of GL, (A), which
may not be automorphic, but satisfies Assumption 5.1, the m-theta functions

Or(x, )= Y $yx) for ¢ € S(A%)

y k>

converge absolutely and locally uniformly as functions in x € A* (Theorem 5.4).
Then we show that Assumption 5.1 holds for any automorphic representation 7
of GL, (A) (Proposition 5.5). With Theorem 5.4, we are ready to explore a more
general situation in order to formulate Conjecture 1.5 and its variant (Conjecture 7.4).

In Section 6, we consider any k-split reductive group G. In Section 6B, for any
finite-dimensional representation p of the complex dual group G (C), we define the
relevant Schwartz spaces S, ,(A*), called the (o, p)-Schwartz space, in (6-6), and
(0, p)-Fourier operators F, ,  in (6-8) for any irreducible cuspidal automorphic
representation o of G(A), under the assumption (Assumption 6.1) that the local
Langlands reciprocity map exists for G over all finite local places v of k. We
prove in such a generality the convergence properties of the (o, p)-theta function
O, (x, @) as defined in (1-3) for any ¢ € S, ,(A™) and any x € A* (Theorem 6.2,
which contains Theorem 1.2 as a special case).

In Section 7, after we establish a new characterization of C2°(k;’) as a subspace
of Sy, (k) in Theorem 7.1 at all local places of k, we prove a variant of Theorem 4.7
when 7 is an irreducible square-integrable automorphic representation of GL, (A)
(Theorem 7.3). Finally we write down a variant of Conjecture 1.5 with more details
in Conjecture 7.4.

In order to understand the Poisson summation formulae in Conjectures 1.5
and 7.4, we have to explore and develop harmonic analysis on GL; initiated by
the (o, p)-Fourier operator F; , y and the (o, p)-Schwartz space S, ,(A™), both
locally and globally. We refer to [24; 25] for a further discussion of the local theory,
while a further global theory remains to be developed in our future work.
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In Section 8, as an application of the GL-harmonic analysis we developed be-
forehand, we provide a spectral interpretation of the critical zeros of the automorphic
L-functions L(s, w x x) (Theorem 8.1) for any irreducible cuspidal automorphic
representation = of GL, (A) and any character y of the idele class group of k. It
can be viewed as a reformulation of [40, Theorem 2] in the adelic framework of
A. Connes in [11] and an extension of [11, Theorem III.1] from Hecke L-functions
L(s, x) to automorphic L-functions L(s, 7 X x). The proof uses a combination of
arguments in [40], and those in [11], together with the results developed before
Section 8. Further results along the line of [11] will be written in our forthcoming
work.

2. Godement—Jacquet theory and reformulation

2A. Mellin transforms. We recall the local theory of Mellin transforms from the
book of Igusa [21, Chapter I] and state them in a slightly more general situation in
order to treat the case that meromorphic functions may have poles that are not real
numbers. Since the proofs are almost the same, we omit the details.

Let F be a local field of characteristic zero. This means that it is either the
complex field C, the real field R, or a finite extension of the p-adic field Q, for
some prime p.

When F is non-Archimedean, let o be the ring of integers with maximal
ideal pr and fix a uniformizer @ of pr. Let or/pr = kr =~ [F,. Fix the norm
|x|F = q "9 ™) where ordy : F — Z is the valuation on F such that ordf (wr) = 1.
Fix the Haar measure d™x on F so that vol(d*x, 0r) = 1. Let ¥ = ¥ be an
additive character of F which is trivial on o but nontrivial on @, op. In
particular the standard Fourier transform defined via ¥ is self-dual w.r.t. d*x.
Similarly, fix a multiplicative Haar measure d*x on F'*, which is normalized so
that vol(d*x, 0?) = 1. In particular d*x = (1/¢r (1)) - (d*x/|x|F), where {g(s) is
the local Dedekind zeta factor attached to F.

When F is Archimedean, define on F the norm

2| absolute value of z, F =R,
Z =
4 2z, F =C.

Take the Haar measure d™x on F that is the usual Lebesgue measure on F, and set

d* _
dx_x = zlij’ F o R,
d™x F = (]:’

2 |x|F’

the multiplicative Haar measures on F*. The additive character i = iy of F is

chosen as
exp(2mix), F=R,

VP = {exp(Zni(x %), F=C.
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For convenience, define on F the norm

HZ{HF, F#C,
2 Foc

We denote by X(F ) the set of all quasicharacters of F*. Define the topological
group Qp to be {£1} if F =R, C" if F = C, and the unit group oy if F is
non-Archimedean. It is clear that any y € X(F*) can be written as

2-1 X () = Xu(X) = Xu,0(x) = x|} w(ac(x)),

for any x € F*, with u € C and w € Q}, the Pontryagin dual of Qr. Here
ac(x) =x/|x|f € 0; if F is non-Archimedean, and

e (1), F =R,
(2-2) CO=12 o eer, F=C
Xl

It is clear that the unitary character w of Q2 is uniquely determined by x € X(F*),
in particular, we have

(2-3) w(ac(x)) = ac(x)?,

with p € {0, 1} if F =R and p € Z if F = C. Hence, we may sometimes write
x = (u, w) and w(x) = w(ac(x)) for x € F*.

For any local field F of characteristic zero, following [21, Sections 1.4 and 1.5],
we define the following two spaces of functions associated to the local field F'.

Definition 2.1. Let F(F*) be the space of complex-valued functions f such that:

(1) § € C*®(F*), the space of all smooth functions on F*.

(2) When F is non-Archimedean, f(x) = O for |x|g sufficiently large. When
F is Archimedean, we define {* := d"f/dx" if F = R, and {® = @+ .=
39tb5/(3%x8%%) if F = C and n = a + b. Then we have

F* () = o(lxI7)
as |x|F — ooforany p and any n =a+b € Z>o witha, b € Z>.
(3) When F is Archimedean, there exists
e asequence {my};2, of positive integers,

« a sequence of smooth functions {ay ,,} on {£1} if F =R and on CIX if F=C,
parameterized by m = 1,2, ..., my and k € Z>),

e asequence {At}p2, of complex numbers with {Re(Ax)}2, a strictly increasing
sequence of real numbers with no finite accumulation point and Re(1p) > A € R,
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such that

lim {f(x) =Y arm(acx)|x[Fn x| p)" ! } =0.

—0
xle k=0 m=1

The limit is termwise differentiable and uniform (even after termwise differentiation)
in ac(x).

When F is non-Archimedean, one can take the sequence {A} to be a finite
set A and the sequence {m;} to be a finite subset of Zo. The smooth functions
{ak m(ac(x))} are on the unit group 0;.

Since the topological group 2 is compact and abelian, we have the following
Fourier expansion for the smooth functions {ay ,,(ac(x))} on :

A (aC(x)) = D @k m.ow(ac(x)).

weN

In the Archimedean case, we may write di . = ak,m,p With p € {0, 1} if F =R
and peZif F=C.

Definition 2.2. With the same notation as in Definition 2.1, let Z(X(F ™)) be the
space of complex-valued functions 3(xs.») = 3(| - % w(ac(- ))) on X(F*) such that:

(1) 3(Xs,0) is meromorphic on X(F*) with poles at most for s = —A; with A;
belonging to the given set {A}72, if F' is Archimedean; and belonging to the given
finite set A if F is non-Archimedean.

(2) For any k > 0, the difference

mg

bk,m,w
3(Xs,0) — Z G

m=1

is holomorphic for s in a small neighborhood of —Ay if F is Archimedean; and is a
polynomial in C[g*, ¢g~*] if F is non-Archimedean.

(3) When F is non-Archimedean, the function 3(x, ) is identically zero for almost
all characters w € Q" with Q = 0. When F is Archimedean, for every polynomial
P(s, p) in s, p with coefficients in C, and every pair of real numbers a < b, the
function P (s, p)3(xs.») is bounded when s belongs to the vertical strip

(2-4) Sap ={s € Cla =Re(s) = b},

with neighborhoods of —Xy, —A1, ... removed therefrom. More precisely, there
exists a constant ¢ depending only on P, 3, a, b, but neither on s nor on p, such that

[P (s, P)3(Xxs,0)| < ¢
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when s runs in the vertical strip S, ;, with small neighborhoods of —A¢, —A1, ...
removed.

The main results on the local theory of Mellin transforms established in [21,
Chapter I] are as follows.

Theorem 2.3 (Mellin transforms). There is a bijective linear correspondence M =
MF between the space §(F*) and the space Z(X(F*)). More precisely, for
fes(F™),

MF) (Xs.0) = . FOO Xs,00(x) d7x
defines a holomorphic function on
X_oy(F*) = {Xs,0(+) = |- [Fw(ac(-)) € X(F") | Re(s) > —op}

for some oy € R, which has a meromorphic continuation to all characters x; ., €
X(F*) and belongs to Z(X(F ™)) after meromorphic continuation. Conversely, for

3 € Z(X(F*)) and x € F*, the Mellin inverse transform M;l (3)(x) belongs to the
space F(F*). We have the identities

MM™'G) =3 and M'MF)=F

forany fe§(F*) and 3 € Z(X(F™)). Here the Mellin inverse transform is explicitly
given as follows.
When F is Archimedean, the Mellin inverse transform M;l (3)(x) is given by
| 1 o+ioo .
2-5) MO = Y o / 5.0 5.0 (0) ! ds

—i00
weQ)

with w(ac(x)) = ac(x)?, which defines a function § in F(F*) independent of o >
—o00, and the coefficients ay ., and by, , satisfy the relations

bim.p = (D" m =D ag

foreveryk>0,m>1withp€{0,1}if F=Rand p € Zif F =C. The coefficients
Ak,m,p and by, satisfy the relations

mj,
bk,m,w = Z ej,m(— In q)J_]a}L’j’w—l
j=m
with e; ,, defined by the following identity of polynomials in a formal unknown t:

e 1+e—1
t :Zen,g< —1 )

(=1
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If F is non-Archimedean, the Mellin inverse transform M;l (3)(x) is given by

26) M@ =Y (RescmoG(xs0) 179w (ac(x) 7,

weQN

which defines a function | in §(F>*). Here z = q~*° for abbreviation.

2B. Local theory of Godement-Jacquet. Let G, := GL, be the general linear
group defined over F. Fix the following maximal (open if F is non-Archimedean)
compact subgroup K of G, (F) = GL,(F):

GL,(0of), F isnon-Archimedean,
2-7) K =10(n), F =R,
U(n), F=C.

Fix the Haar measure dg = d*g/|detg|}. on G,(F) where d*g is the measure
induced from the standard additive measure on M, (F), the F-vector space of
nxn-matrices. In particular, G, (F) embeds into M, (F) in a standard way.

Let I1r(G,) be the set of equivalence classes of irreducible smooth representa-
tions of G, (F') when F' is non-Archimedean; and of irreducible Casselman—Wallach
representations of G, (F) when F is Archimedean. Let C(sr) be the space of smooth
matrix coefficients attached to 7.

Let S(M,,(F)) be the space of the standard Schwartz—Bruhat functions on M,, (F).
The standard Fourier transform Fy, acting on S(M,,(F)) is defined as

(2-8) Fy(Hx) = / Y (tr(xy) f(»)dTy,
M, (F)

where 1/ is a nontrivial additive character of F. The standard Fourier transform F
extends to a unitary operator on the space L>(M (F), d*x) and satisfies the identity

(2-9) FyoFy 1 =1d.

For any 7w € I1r(G,) and any quasicharacter y € X(F™), the local zeta integral
of Godement and Jacquet is defined by

@10 26 fn0= [ f@en@nergideel; T g

n(
for any f € S(M,(F)) and ¢, € C(r). The following theorem contains the main
results in the local theory of the Godement and Jacquet zeta integrals [16, Chapter I].

Theorem 2.4. With the notation introduced above, the following statements hold
forany f € S(M,(F)) and ¢, € C(r):
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(1) The zeta integral Z(s, f, ¢x, x) defined in (2-10) is absolutely convergent for
Re(s) sufficiently large and admits a meromorphic continuation to s € C.

) Z(s, f, oz, x) is a holomorphic multiple of the Langlands local L-function
L(s, m x x) associated to (7w, x) and the standard embedding

std : GL,,(C) x GL{(C) — GL,(C).

When F is non-Archimedean, the fractional ideal I, , that is generated by the local
zeta integrals Z(s, f, o=, x) is of the form

Lny ={2(s, [0, X) | [ € S(My(F)), ¢z €C(m)} =L(s, 7w x x)-Clg’, ¢"1;

and when F is Archimedean, the local zeta integrals Z(s, f, ¢, x), with unitary
characters x, have the following property. Let S,  be the vertical strip for any a <b,
defined in (2-4). If P, (s) is a polynomial in s such that the product P, (s)L(s, w X x)
is bounded in the vertical strip S, ;, then the product P, (s)Z(s, f, ¢z, x) must be
bounded in the same vertical strip S, p.

(3) The local functional equation

Z(—s, Fy(F)ols x D=y, mxx,9) - 26, f, @rs X)

holds after meromorphic continuation, where the function ¢)(g) is defined as
0 (g™ € C(F), and y(s,m x x, V) is the Langlands local gamma function
associated to (7w, x) and std.

(4) When F is non-Archimedean and m is unramified, take f°(g) = 1y, 0r)(8)
to be the characteristic function of M, (or) and ¢, (g) to be the zonal spherical
function associated to 7. Then the identity

Z(s, [, ¢z, x) =L(s, 7 X X)
holds for any unramified characters y and all s € C as meromorphic functions in s.

For the statements of the current version of Theorem 2.4, we have some comments
in order. When F' is non-Archimedean, the theorem is [16, Theorem 3.3]. When F
is Archimedean, the statements were established in [16] only for K -finite vectors f
in S(M,,(F)) and ¢, in C(;r), and were extended to general smooth vectors in [23,
Section 4.7] and also in [32, Theorem 3.10]. About the boundedness on vertical
strips, we refer to [23, Section 4].

2C. Reformulation of Godement—Jacquet theory. The local theory of Godement—
Jacquet zeta integrals can be reformulated within harmonic analysis and L>-theory.
For f € S(M, (F)), we define

(2-11) Er(g) :=|detg[}>- f(g)
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for g € G, (F). Then we define the Schwartz space on G, (F) to be
(2-12)  Sqa(Gn(F)) :={€ € C®(G,(F)) | |det g|"/*-£(g) € S(M,(F))}.

Proposition 2.5. The Schwartz space Ssa(G,, (F)) is a subspace of L3(G,(F), dg),
which is the space of square-integrable functions on G, (F).

Proof. For & € Sya(G,(F)), write £(g) = [det g|%/* - £ (g) for some f € S(M,(F)).
We deduce the square-integrability of & by the computation

o B
[, E@f@ds= [ ref@de= [

n

f(@f(gdfg<oo. O
(F)

Define the distribution kernel in the local theory of Godement—Jacquet to be

(2-13) Dgi(g) = p(trg) - |det g2,

where 1 is a nontrivial additive character of F. We compute the convolution
Dgyx &Y for any & € Syu(G,(F)) with £(g) = |detg|'}/2-f(g) for some f €

S(M,(F)):

Dgr #EV(g) = /G o, P WEE™ ) dh

n

= [ V) -Idethly detg™ R f gty dh

n

=/ (F)f(h)xp(trgh) et gh[3/? - |det h[3/* dh

=Idetgl}” [ fyrghd*h
= |det gl - Fy (£)(g)-

Since Fy (f)(g) belongs to S(M,, (F)), by definition, we must have that g * £V (g)
belongs to Syq(G,(F)). We define the Fourier operator Fgy in the Godement—
Jacquet theory to be

(2-14) Fe1(€)(g) = (Pgy*£7)(g)
for any & € Sy4(G, (F)).

Proposition 2.6. For any & € Sya(G,(F)) with £(g) = |detg|}/* - f(g) for some
f € S(M,(F)), the Fourier operator Fgy on Sga(G(F)) and the classical Fourier
transform Fy, on S(M,,(F)) are related by the identity

For(€)(g) = (P *EV)(g) = |det g |- Fy (£)(g) = Idet gy >-Fy (Idet(- )| 7"%€) (g).
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For any & € Sua(G(F)) with £(g) = Idet g[}/ - f () for some f € S(M, (F)),
the zeta integral can be renormalized as

(2-15)  Z(s, f, %,x)=/G (F)Ideth" F(©)ex(g)x(detg)|det g[p

=Z(S, ga(pﬂ’ X)

We compute the other side of the functional equation of the Godement—Jacquet zeta
integrals:

Z(1 =5, Fp (el x ™ —/G . detg |2 Fy (/)@Y (&) x " (g)|detgl

s=1/2 4

1/2-s 4

= / faﬂs)(g)son<g>x*1<g>|detg|”2 ;

= Z(1 -5, Far(§), oy, x 1.
Proposition 2.7. For any & € Sqq(G,(F)), ¢ € C(7), and x € X(F™), the zeta
integral defined by

Z(5, &, @rr X) = /G 1 E@r () x (detg)[detgl]

n

s=1/2 4

satisfies the functional equation

Z(1 =5, Far(®). o7 x ) =y (.70 X X ¥) - Z(5, 6. 90 20,
which holds as meromorphic functions in s.

We are going to understand the Godement—Jacquet distribution ®g;y in terms of
the Bernstein center of G, (F'), when F is non-Archimedean. Recall from [3] that
the Bernstein center 3(G (F)) of a reductive group G (F) over a non-Archimedean
local field F' is defined to be the endomorphism ring of the identity functor on the
category of smooth representations of G(F'). It turns out that the Bernstein center
3(G(F)) can be identified with the space of invariant and essentially compactly
supported distributions on G (F), where an invariant distribution ® on G(F) is
called essentially compactly supported if ® xC°(G(F)) C C°(G(F)). It was
proved in [3] that through the Plancherel transform, the Bernstein center 3(G(F))
can also be identified with the space of regular functions on the Bernstein variety
Q(G(F)) attached to G(F), where Q (G (F)) is an infinite disjoint union of finite-
dimensional complex algebraic varieties.

Proposition 2.8. Let F be a non-Archimedean local field of characteristic zero. For
any m € Z, define
Gn(F)m = {g € Gn(F) | |detg|F =q;m

Let 1,, := 15, (r),, be the characteristic function of G,(F), C G,(F). Then the
following statements hold:
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(1) The invariant distribution

(2-16) PGrm(8) == Pcr(8)16,F), (&) = Pas(8)1m(g)

lies in the Bernstein center 3(G,(F)) of G, (F).
(2) Let fgy.m be the regular function on Q(G,(F)) attached to gy » € 3(G,(F)).
Foreverym € I (Gy), x € X(F*), and s € C, define

Ty, =7 ® xs =7 ® x (det)|det|}.

s

Then the Laurent series

far(r) =Y form(ry,)

meZ

is convergent for Re(s) sufficiently large, with a meromorphic continuation to s € C,
and

farmy) =y (3. 700, %) =v(3 —s. T x x 7, ¥).

Proof. For part (1), we have to show that the invariant distribution ®gy ,,(g) is
essentially compact on G, (F). By a simple reduction, it suffices to show that, for
any open compact subgroup K of G, (or), we have

DGy m* 1 € C(Gr(F)).

Since 1x(g) =1k (g™ H = 1(g), the convolution ®gj , * 1 = Pgy,m * 1) can be
written as

By # 1Y.(g) = / B (W) Lic (g~ ') di
G, (F)

- f By, (gh)Lic(h) d
G (F)
= f W (tr gh)|det gh|"?1,,(gh)1xc(h) dh.
Gn(F)
By definition, 1x(h) # 0 if and only if |deth|r = 1, and 1,,(gh) # O if and only

if |detg|r =q5", ie., g € G4(F),. This implies that 1,,(gh) = 1,,(g). The last
integral can be written as

g1, (o) / ¥ (ir(gh)) L (k) dh,
G,(F)

which can be written as

a7 "1, (g) / ) VI Le 4% = " 1,0 Fy (Lo ).
M, (F)
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Hence, we obtain that
Daym * 1ic(g) = Idet g3 1,0 (9) Fy (1) ().

Since Fy (1x)(g) € S(M,(F)) and |det g[¥/*1,,(g) is smooth on M, (F), we ob-
tain that the convolution ®,, y * 1x(g) belongs to C2°(G,(F)) and the invariant
distribution ®gj ,,(g) is essentially compact on G, (F).

For part (2), recall from [3] that the regular function fgj ,, attached to ®gj , is
defined as follows. For any m € I1r(G,) and v € 7, there exists an open compact
subgroup K of G, (F), such that v € 7, the subspace of K-fixed vectors in 7. We
may define an action of ®gj,, on 7 via

(2-17) T (PGym) (V) = 7T (PGym * ) (V),

where ¢ := vol(K)~'1x is the normalized characteristic function of K. Since
DGy m * o lies in C2°(G,(F)), the right-hand side is well defined, and so is the
left-hand side. It is clear that the action defined in (2-17) does not depend on the
choice of such an open compact subgroup K. By Schur’s lemma, there exists a
constant fgy , (), depending on 7, such that

(2'18) 7T(q)GJ,m) = fGJ,m(n) . Idn-

For each m € Z, we define, for any &£ € C2°(G,(F)),

@19 Fon®@ = @cn*E) @ = [ ®autieh

n

In order to include the quasicharacters y € X(F*) in the gamma function, we
write

(2-20) Orix1(8) == @r[x1(g) = pr(g) x(detg) = (x(g)m(g)v, V),

with v € V; and v € Vi, which is a matrix coefficient of = twisted by x. We may
denote the space of such twisted matrix coefficients of = by C(sr[x]). It is clear
that we have

Z(Sa E’ (pﬂ[x]) :Z(Sa E’ (2 X)

For each m € Z, ¢r[,) € C(w[x]), and x € X(F*), consider the zeta function of
Godement—Jacquet, with Fgj ,, (§) defined as in (2-19),

(2-21) Z(1 =5, Farm©E), iy = 20 =5, Parm *E7, 0y

By part (1) as proved above, we obtain that ®gj, x&Y € C°(G,(F)) for any
& € C°(Gn(F)). Hence, the integral in (2-21) is absolutely convergent for any
s € C when & € C°(G,(F)).
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We write the right-hand side of (2-21) as
(2-22) / Parm+§” (9)¢x (g™ )x " (detg)ldet g /" dg,
Gn(F)
which is equal to

(2-23) Dirm *E7(8) (v, F(8)D) xs—1/2(det g) ' dg
G, (F)

= (v, f <DGJ,m*sV<g>m<g>ﬁdg).
Gn(F)

It is clear that
/ Oarm # £ (O)Ty (@) dg = Ty 2 (@ +EV)D
Go(F)

= Ty, 1 (PGym) Ty, (EV)D).

Since £ belongs to C2°(G,(F)), the vector m(év)ﬁ belongs to the space of
m. By definition, we have

(2-24) T (PGrm) = form(Ty, 1) 1;

.
Xs—1/2

Hence, we can write the right-hand side of (2-23) as
(v, / Dirm (&), 1 (8)D dg) = form Ty ) - (0, Ty, (EV)D).
Gu(F)

Next we compute the twisted coefficient (v, m (£Y)?) on the right-hand side
of the above equation as

(v, Ty, ,(EV)D)

:/ gv(h)(v’m(h)ﬁ)dh:/
G,(F)

£y, (W v, D) dh
Gu(F)

:/ §(h)(ry, 1, ()v, V) dh :/ E(M)@up(h)|det h* 2 dh
G (F) G, (F)

= Z(Sv g’ gDJT[X])
Hence, we obtain the functional equation
(225)  Z(1—s, Farm©). 031,0) = farm Ty, _,,) - Z(s. €, @riy)

for any & € C2°(G,(F)), ¢r € C(mr) and x € X(F*).
Theorem 2.4 implies that, when Re(s) is sufficiently small, the zeta integral
Z(1—s, Fgi(&), (p;[x]) converges absolutely for any & € C2°(G,(F)), any ¢ €
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C(m) and any unitary character y € X(F*). We write it as
Z(l -, -FGJ(E.)’ (/)7\1/[)(])
=Y Z(1—s, Farm(®), o3 = Z(5, & @a11) - Y, farm Ty, 1))

meZ meZ

By comparing with the right-hand side of the functional equation in Theorem 2.4,
we obtain that, whenever Re(s) is sufficiently small,

226)  far(Ty ) =Y farm(Tu) =y, T @ X, %) =y (s, 7y, V).

meZ

By changing s — s + %, we get

fGJ(ﬂy) == J/(S+ %’ 7TX, l[/) = V(%JTXS, ‘/f)

By taking the contragredient of 7, , we obtain that

foy(my,) = )/(% T, ¥) = V(% —s, T xx L ¥).
This finishes the proof of part (2). (]

3. m-Schwartz functions and Fourier operators

3A. Two spaces associated to . For any w € [1r(G,), we are going to define
two spaces associated to w: L (X(F*)) and S, (F™).

The space L, = L (X(F™)) consists of C-valued meromorphic functions 3(x)
on X(F*) that satisfy the following conditions:

(1) 3(xs.0) 1s @ holomorphic multiple of the standard local L-function L(s, 7 X w)
with x; ,(x) = |[x[pw(ac(x)).

(2) If F is non-Archimedean, 3(x;.,,) is nonzero for finitely many w € Q”, and
for each w € Q" 3(xs5.0) € L(s, m x w) - C[g*, ¢~*].

(3) If F is Archimedean, for any polynomial P(x; ) = Ps(s), if the function
P(xs5.0)L(s, m X w) is holomorphic in any vertical strip S, as in (2-4), with
small neighborhoods at the possible poles of the L-function L(s, 7 X w)
removed, then for any 3(xs.») € Ly, the product P(xs.4,)3(Xs.0) is bounded
in the same strip S, 5, with small neighborhoods at the possible poles of the
L-function L(s, m X @) removed.

From part (3), we define a seminorm to be

Ma,p:p(3) := sup |P(Xs,a)) : Z(Xs,a))l-
a<Re(s)<b

Then the space £, is complete under the topology that is defined by the family of
seminorms [, p: p for all possible choice of data a, b; P as in part (3) [23, Section 4].
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Proposition 3.1. For any nw € I1(G,), the space L is a subspace of Z(X(F ™))
as defined in Definition 2.2.

Proof. When F is non-Archimedean, the statement is a consequence of Theorem 2.4.
We would like to focus on the case when F is Archimedean. In this case, it suffices
to estimate the boundedness condition. To do so, recall the classical Stirling formula
(see [23, p. 81], for instance)

(3-1) I(x+iy)~ (27-[)1/2|y|x—1/26—(ﬂ/2)|y|

for x fixed and |y| — oo.

Consider the Archimedean local L-functions L(s, w X w) = L(s, w x ac(-)?),
which can be explicitly expressed in terms of classical I'-functions with the local
Langlands parameter of 7. For instance, from [16, Section 8], there exists a finite
family of pairs {(/;, u;)}i_, with
7727 ~{0,1}, F =R,

Z, F=C,

such that in the fixed bounded vertical strip

u,-e([:, l,‘E{

Sap =1{s € C|a <Re(s) < b},
up to a bounded factor in S, ,, we have

[Ty T (F52), F=R,

I T(s+u + 122y, F=c,
i=1 2

with p € 2/27 ~ {0, 1} if F =R; and p € Z if F = C. Here [; 4+ p is understood
to be zero if both /; and p are equal to 1 when F = R.

It follows from the classical Stirling formula in (3-1), in particular the exponential
decay of I' (x+iy) along the imaginary axis, for any polynomial P, (s) = P(s) € C[s]
when F =R, and P,(s) = P(s, p) € C[s, p], the product P (s, p)L(s, T x ac(-)?)
is bounded in vertical strip S, , with small neighborhoods at the possible poles
removed. Hence, from the definition of the space L, (X(F*)), for any 3(xs.») €
L7 (X(F>)), the product P(s, p)3(x), with x (x) = |x|%ac(x)” is bounded in ver-
tical strip S, , with small neighborhoods at the possible poles of the L-function
L(s, m x ac(-)?) removed. Therefore, we obtain that the space L, = L, (X(F*))
is contained in the space Z(X(F ™)), as defined in Definition 2.2. O

L(s,m xac(')”)fv{

For any 7 € [1r(G,,), we define (Definition 3.3) the 7w -Schwartz space S, (F*) C
C>(F™) attached to m, by using the theory of local zeta integrals of Godement—
Jacquet, and prove that

(3-2) S (F*) = M~ (Lz) CC®(FX)
by Theorems 2.3 and 2.4.
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Consider the determinant map
(3-3) det =detr : G, (F) =GL,(F) — F*.

It is clear that the kernel ker(det) equals SL, (F). For each x € F'*, the fiber of the
determinant map det is

(3-4) Gn(F)y:={g € Gu(F) | detg = x}.

It is clear that each fiber G,,(F), is an SL, (F')-torsor. Hence, one has the SL,, (F)-
invariant measure d, g that is induced from the (normalized) Haar measure d;g on
SL,(F).

For & € S3q(G,(F)) as defined in (2-12), ¢, € C(;r), and x € X(F*), the local
zeta integral of Godement and Jacquet, as normalized in (2-15), can be written as

—1/2

(5 Zegen0=[ ([ @@ dg)xlxly " ax.
FX*NJ Gy (F)x
By part (1) of Theorem 2.4, the local zeta integral converges absolutely for Re(s)
large. Hence, the inner integral of (3-5) satisfies

(B-6) ey ()= /G E(2)gn (g) deg = x| £(@)px(2) drg.

n X n X

if £(g) = |detg|"/? - f(g) for some f € S(M,(F)), is absolutely convergent for
almost all x € F* and defines the fiber integration along the fibration in (3-3).

Proposition 3.2. For & € Sgq(G,(F)) and ¢, € C(r), the fiber integration in (3-6)
that defines the function ¢z , (x) is absolutely convergent for all x € F*, and the
function ¢¢ , (x) is smooth over F*.

Proof. Tt is enough to show the proposition for the integral

(3-7) / 7(9)9x(g) dig
G, (F)x

with any f € S(M,,(F)) and ¢, € C(sr). In this case, the product f - ¢, is smooth on
G, (F). Since the fiber G, (F), for any x € F* is closed in G, (F) and in M,,(F),
the restriction of f to the fiber G,(F), is a Schwartz function on G, (F), (see [5]
for F non-Archimedean and [1, Theorem 4.6.1] for F Archimedean).

When F is non-Archimedean, any ¢ (g) € C(rr) is locally constant (smooth) on
G, (F), and hence is smooth on the fiber G, (F),. This implies that the restriction
of f - ¢, is locally constant and compactly supported on the fiber G, (F),. Hence,
the integral in (3-7) is absolutely convergent for all x € F*, and defines a smooth
function in x over F*.

When F is Archimedean, since 7 is a Casselman—Wallach representation of
G, (F), the matrix coefficient ¢, has at most polynomial growth on G, (F) [45,
Theorem 4.3.5], as well as on the fiber G, (F),. This implies that the restriction of
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f - @ is a Schwartz function on the fiber G, (F), ([1, Definition 4.1.1]). Thus the
integral in (3-7) is absolutely convergent for all x € F*. Now we write the integral
in (3-7) as

(3-8) / f(@er(g)dig = / fti(x)g)ex(t1(x)g) dig,
Gn(F)y SL, (F)

where #;(x) = diag(x, 1,...,1) € G, (F) and d; g is the Haar measure of SL, (F).
It is clear that the absolute convergence of the integral in (3-8) is uniform when x
runs in any compact subset of F*. Hence, the integral in (3-7) defines a smooth
function in x over F'*. O

For & € 54a(G(F)) and ¢, €C (), the function ¢ ,,_(x) given in Proposition 3.2
via the fiber integration (3-6) is called a & -Schwartz function on F* associated to
the pair (€, ¢, ). Here is the definition of w-Schwartz space.

Definition 3.3 (r-Schwartz space). For any 7 € I1r(G,,), the space of w-Schwartz
functions is defined by

Sp(F™) = Span{¢: ,, € C*(F*) | & € Sa(Gn(F)), ¢ € C(m)},
where the 7-Schwartz function ¢¢ . associated to a pair (&, ¢, ) is defined in (3-6).

For any ¢ € S, (F*) and a quasicharacter x € X(F ™), define a GL| zeta integral
Z(s, ¢, x) associated to the pair (¢, x) to be

(3-9) 26,90 = [, p@xlly P dx,

When ¢ = ¢ ,, for some & € Sq(G,(F)) and ¢, € C(r), from Theorem 2.4, we
have the identity of local zeta integrals

(3'10) Z(S’¢v X)=Z(S"§"Pn,)(),

which holds for Re(s) sufficiently large and then for all s € C by meromorphic
continuation. Therefore, Theorem 2.4 can be restated for the GL; zeta integrals

Z(s, ¢, X).
Theorem 3.4 (GL; zeta integrals). The GL zeta integral Z(s, ¢, x) as defined in
(3-9) for any ¢ € S, (F*) and any quasicharacter x € X(F*) enjoys the properties:

(1) The zeta integral Z(s, ¢, x) is absolutely convergent for Re(s) sufficiently large,
and admits a meromorphic continuation to s € C.

(2) The zeta integral Z(s, ¢, x) is a holomorphic multiple of the Langlands local
L-function L(s, w X x) associated to (7w, x) and the standard embedding

std : GL,,(C) x GL;(C) — GL,(C).
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When F is non-Archimedean, the fractional ideal generated by the local zeta
integrals Z(s, ¢, x) is of the form

{Z(s. 0, x) | peS(F*)}=L(s,w x x)-Clg’. q¢"°1;

and when F is Archimedean, the GL| zeta integrals Z(s, ¢, x), with unitary char-
acters x, have the following property. Let S, 1, be the vertical strip for any a < b, as
defined in (2-4). If Py (s) is a polynomial in s such that the product P, (s)L(s, T X x)
is bounded in the vertical strip S, p, with small neighborhoods at the possible poles
of the L-function L(s, X x) removed, then the product P, (s)Z(s, ¢, x) must be
bounded in the same vertical strip S, p, with small neighborhoods at the possible
poles of the L-function L(s, w X x) removed.

(3) When F is non-Archimedean, and m is unramified, define
Ly (x) = ¢§°,(p,‘; (x),

where £°(g) = |detg|”/21Mn(0F)(g), with 1p, o) (8) being the characteristic func-
tion of M, (oF), and @5, (g) is the zonal spherical function associated to 7. Then the
identity

Z(s, Ly, x)=L(s, T X x)

holds for any unramified characters y and all s € C as meromorphic functions in s.

We are going to discuss the relation between the m-Schwartz functions and the
square-integrable functions in L?(F*, d*x).

Proposition 3.5. For any w € I1p(Gy,), there exists a real number oy such that for
any ¢ € Sy (F™) and for any k > oy +n/2, the function |x|'p¢ (x) belongs to the
space L>(F*, d*x) of square-integrable functions on F*.

Proof. For any op € R, we consider the following inner product of the function
|x|%0/2¢ (x) for any ¢ (x) € Sz (F*). We write ¢ = ¢z, for some & € Sga(G,(F))
and @, € C() and write £(g) = |det g|%/* f(g) with f € S(M,(F)). Then

G110 [ @@kl d*x

= / |90 4% x / F(g)9x (1) F(8)@n (82) drgi drgo
F* det g1 =det go=x

-/ F(@)0x (21 F(82)0x (g2)ldet 15" der, £2)°,
(Gu(F)xGn(F))°

where (G, (F) x G, (F))° :={(g1, 82) € Gu(F) x G,(F) | detg; = det g»} and
d(g1, g2)° is a Haar measure on (G, (F) x G,(F))°, which makes the above fiber
integration factorization hold.
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We consider the natural embedding
(Gn(F) x Gu(F))° = (Mu(F) x My (F))°
with an open dense image, where
(M, (F) x M,(F))*:={(X,Y) e M,(F) x M,(F) |det X =detY},

which is the fiber product with respect to the determinant map X +— det X, and is a
closed subvariety of the affine space M,,(F) x M,,(F). The natural group action of
G, xG,onM,x M, via

(& (X, Y)) = (gX,hY)

for (g, h) € G, x G, and (X, Y) € M, x M,, yields the action of (G, (F) x G,(F))°
on (M, (F) x M,(F))° by restriction. Take d*X A d'Y to be an additive Haar
measure on M, (F) x M, (F) with |det gh|’ the modulus function of the action of
G, xG, on M, x M,. Take the measure d* (X, Y)° on (M,,(F) x M,,(F))°, which is
the pullback of the measure d* X Ad™Y through the fiber product embedding. Then
the modulus function of the action of (G, (F) x G,(F))° on (M, (F) x M,,(F))° is

|det ghl}. = |det g|3" = |det k|3

for any (g, h) € (G, (F) x G,(F))°. It is easy to check that d* (g, h)°/|det gh|}. is
a Haar measure on (G, (F) x G,(F))°. Hence, there is a constant ¢ > 0, such that

d* (g, h)°

d(g,h)°=c. —=——.
(81" = et ghly

The integral in (3-11) can be written as

(3-12) F(X)pr(X) f (V)@ (Y)|det X|5 7" dT (X, Y)°.

‘/(‘Mil(F)XMn(F))O
Here we assume that «g > n and both ¢, (g1) and ¢, (g2) are viewed as measurable
functions on M, (F) that extend by zero to the boundary M,,(F)\GL, (F).

Since the F-analytical manifold (M, (F)x M, (F))° isclosedin M, (F)x M, (F),
the restriction of the Schwartz function f(g;) x @ to (M,,(F) x M, (F))° is
still a Schwartz function, which is smooth and compactly supported when F
is non-Archimedean, and is in the sense of [1] when F is Archimedean. By
Theorem 2.4, the zeta integral of Godement—Jacquet Z(s, f, ¢, x) converges
absolutely for Re(s) sufficiently large. It follows that for any = € [1¢(G,), there
exists a real number o, such that for any ¢, € C(x) and any Re(s) > o, the
product |det(g)|%¢x () is bounded when det g tends to zero.
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We write the F-analytical closed submanifold (M, (F) x M, (F))° as a union of
two closed submanifolds:

(M (F) x My (F))° = (Mu(F) x My(F))2, UM (F) x My(F))Z,,

where

(M, (F) x My(F))2, ={(81, 82) € My(F)**" | |det g | > ¢}
and
(M (F) x My(F)2, ={(g1. 82) € My(F)* %" | |det gy | < &}.

For any 7 € I[1(G,), the restriction of the product ¢ (g1)¢x (g2) - |det g1 " to the
closed submanifold (M, (F) x M,(F))2, is of moderate growth and its restriction
to the closed submanifold (M, (F) x MH(F )2, is bounded whenever Re(s) >
2a; +n. Itis also clear the Schwartz function f(tgl) X ]ng) on (M, (F)xM,(F))°
remains a Schwartz function when restricted to either the closed submanifold
(M, (F) x M, (F))2, or the closed submanifold (M, (F) x M, (F))2,. Hence, for
any «g € R with ozo_z 20, + n, the integral -

/ FX)@r (X) f(V)r (V)|det X |27 d* (X, ¥)°
(M, (F)x My (F))°

converges absolutely, and so does the integral
[ p@@wlxl ax

It follows that the product ¢ (x)|x|% is square integrable on F* for x = op/2 >
oy +n/2. U

Corollary 3.6. If r € I1(G,) is unitarizable, then for any ¢ € Sy (F*), the func-
tion |x|nF/ 2. ¢ (x) belongs to the space L*>(F*, d*x) of square-integrable functions
on F*.

Proof. If m € T1r(G,,) is unitarizable, then the matrix coefficient ¢, (g) is bounded
above over G,,(F). For ¢ € S, (F*), we write ¢ = ¢¢ o, With & € S (G, (F)) and
¢ € C(), and write é(g) |detg|F - f(g) with f € S(M,,(F)). We compute
the inner product of |x|’; F -¢(x) as

(-13) [ @@Oll} dx
L Gnenenlda [ 1 (@2)en (8] degad*x

n X

<c<qon>/ x| f |f(g1>|dxg1/G | £(g2)| degad*x

n x
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for some positive constant c(¢,) depending on ¢,. By following the proof of
Proposition 3.5, we obtain that

G-14) [ S Ixl}d*x <c-clpx) /( FCOLFMI (X, Y)°.

M, (F)x My (F))°

The integral on the right-hand side of (3-14) comes from the integral in (3-12) with
g = n. As explained in the proof of Proposition 3.5, the product f(X) x f(Y) is
a Schwartz function on (M,,(F) x M, (F))°. Hence, the integral on the right-hand
side of (3-14) converges. O

By using Proposition 3.5 and Theorem 3.4, together with Theorem 2.3, we are
able to understand the w-Schwartz space S; (F*) by means of the L-functions
L(s,m x x) for any w € [1g(n).

Proposition 3.7. For any w € I1p(G,,), the m-Schwartz space Sy, (F*) is contained
in the space §(F*) as defined in Definition 2.1

Proof. Note first that the GL| zeta integral attached to ¢ € S, (F'*) is the same as the
Mellin transform of ¢ up to a shift in s by the unramified part of x. By Theorem 3.4
and Proposition 3.1, the image of S, (F*) under Mellin transform is contained in
the space L (X(F*)) and hence in the space Z(X(F*)). By Theorem 2.3, for any
¢ € S, (F*), there exists ¢g € F(F*), such that

(3-15) M(p—do)(x) =0

holds identically for any quasicharacter x € X(F*). It remains to show that
¢ — ¢o = 0 holds identically. By smoothness of ¢ and ¢y, it suffices to show that
after unramified twist, both ¢ and ¢ are square integrable on F*.

For ¢¢ € §F(F™), there exists so € R such that, for any Re(s) > so,

lim ¢o () |x [ =0,
x—0

and the limit is preserved by differentiation on both sides when F is Archimedean.
It follows that ¢o(x)|x|% is indeed square integrable on F'* for Re(s) > so, via the
asymptotic formula appearing in the definition of F(F*).

For any ¢ € S;(F*), by Proposition 3.5, there exists a; € R.¢ such that
the function |x[}%¢ (x) is square integrable if Re(s) > o, +n/2. By taking « >
max{sy, &, +n/2}, we obtain that both ¢o(x)|x|% and ¢ (x)|x|} are square inte-
grable over F*. From (3-15), we obtain that the Mellin transform

M($@)|x [ = po(x)|x 1) (x) =0

for all quasicharacters y € X(F™), in particular, for all unitary characters x of F*.
Therefore, by the Mellin inversion formula (Theorem 2.3), we obtain that

e L
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as functions in the space L?(F*,d*x). Since both ¢ (x) and ¢(x) are smooth, we
must have that ¢ (x) = ¢o(x) € F(F>). [l

Finally we are ready to characterize the Mellin inversion M~YL,) in terms of
the w-Schwartz space S, (F*) as in (3-2).

Corollary 3.8. For any w € I1p(G,), the Mellin inversion M~ (L) coincides
with the space Sy (F™) defined by

Sp(F*) =M™ (L) CC®(F).

In particular, the space C2°(F>) of smooth compactly supported functions on F*
is contained in the w-Schwartz space Sy (F*).

Proof. By Proposition 3.7, we have that the space S, (F*) is contained in the
space §(F*). By Theorem 3.4, the Mellin transform (GL; zeta integral) of the
space Sy (F*) is equal to the space £, = L;(X(F*)). Hence, we obtain that
Sz (F*) = M~1(L,), because the Mellin transform is a bijective correspondence
between the space §(F*) and the space Z(X(F*)) (Theorem 2.3). Finally, since
the space £, contains the space of holomorphic functions on X(F*) that are of
Paley—Wiener type along the vertical strips, it is clear from Theorem 2.3 again that
C°(F™) is contained in the 7 -Schwartz space Sy (F™). O

The relevant functional equation for GL; zeta integrals will be discussed in the
next section.

3B. Fourier operators. We define a Fourier operator F y from the 7-Schwartz

space S; (F*) to the -Schwartz space Sz (F*) for any 7w € [1r(G,) with smooth

contragredient 7 and prove the functional equation for GL; zeta integrals Z (s, ¢, x).
The Fourier operator (transform) F y is defined by the diagram

(Far. (1))

Sstd(Gr(F)) ®C () Sstd(Gr(F)) @ C(7)
(3-16) l l
Fry
Sy (FX) Sz(FX)

where v is a nontrivial additive character of F. More precisely, for ¢ = ¢¢ o, €
Sy (F*) with a & € S4q(G,(F)) and a ¢, € C(;r), we define

(3-17) Frp (@) = Fry (Ds.0,) = Gre6).08
where ¢ (g) = ¢, (g~!) € C(7). Hence, we obtain that
(3-18) Fry @) = Fr y(Pe.p,) € Sz (F™).

It remains to check that the definition of the Fourier operator in (3-17) is independent
of the choice of & € Ssq(G,,(F)) and ¢, € C(m).
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Proposition 3.9. The Fourier operator Fy y as in (3-17) is independent of the
choice of & € Sqq(G,,(F)) and ¢, € C(m).

Proof. Assume that ¢, o | = Ps, ¢, , for some &, & € S (G, (F)) and @z 1, 2 €
C(rr). We want to show that Fr y (¢¢, ¢, ) = Fr,y (D.0,,)-
From (3-10), we must have that

Z(sv él? 9071,19 X) = Z(Sv 527 %1,2: X)

for all quasicharacters x € X(F*) and all s € C. Of course, the identity holds for
Re(s) large and then for all s € C by meromorphic continuation. By the functional
equation in Proposition 2.7, we obtain the identity

Z(1—s, FayED o)1 x D =20 —s, Fai(82), ¢ . x ™)

for all x € X(F*) with Re(s) sufficiently small first and then all s € C by meromor-
phic continuation. It follows by the identity in (3-10) again that, for all x € X(F*)
and for Re(s) 4+ Re() sufficiently large, the identity

s—1/2
[ @raen s, (0 = Sraen.or, DX Olly 2 d*x =0

holds. By Proposition 3.7, we have that ¢ )7, (X) — @74y, (¥) belongs to
&(F*). Finally, by Theorem 2.3, we must have that '

¢'FGJ(§1)"/’;¥,1 () — ¢fGJ($2),<pV2(X) =0

T,

as functions on F'*. Therefore, we proved that
¢FGJ($1),</?7¥,| (x) = ¢]:GJ(§2)#J;,2 (x)

as functions on F*, and F y (g, ¢, ) = Fr.y (De5,0.,)- O

The following theorem on the local functional equation for the GL; zeta integrals
Z(s, ¢, x) is a direct consequence of Theorem 2.4 and Proposition 3.9.

Theorem 3.10 (GL, functional equation). For any w € I1p(G,) and its contragre-
dient 7 € N1 p(G,), there exists a Fourier operator Fr,y, which takes ¢ € Sy (F*)
to Fr .y (@) € Sz (F*), such that, after meromorphic continuation, the functional
equation

Z(l=s, Fay @), x ) =vy(s,m x x,¥)- Z(5, ¢, x),
holds for any ¢ € Sy (F*). The identities

‘Fﬁ,lﬁ’l o'/—-'ﬂ,w =1Id and ]:77,1# 0]:77,10*1 =1d
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hold. When F is non-Archimedean, and r is unramified, the Fourier operator Fy y
takes the basic function L; € S;(F>) to the basic function L3 € Sz (F*):

Fﬂ,"//([l-ﬂ) = [l—ﬁs

where the basic function Ly is defined in Theorem 3.4.

4. m-Poisson summation formula on GL;

Let k be a number field and A be the ring of adeles of k. Denote by |k| the set of
all local places of k and by |k|. the set of all Archimedean local places of k. We
may write

k= lkloc U Ikl f,

where |k is the set of non-Archimedean local places of k. For each v € |k],
we write F' = k,. Let I1a(G,) be the set of equivalence classes of irreducible
admissible representations of G, (A). If we write m = ®ve| k| Tvs then we assume
that 7, € Iy, (G,,), where at almost all finite local places v, the local representations
m, are unramified. When v is a finite local place, , is an irreducible admissible rep-
resentation of G, (k,), and when v is an infinite local place, we assume that 7, is of
Casselman—Wallach type as representation of G, (k,). Let A(G,) C I14(G,) be the
subset consisting of equivalence classes of irreducible admissible automorphic repre-
sentations of GL, (A\), and Acusp(G,,) be the subset of cuspidal members of A(G,).

4A. m-Schwartz space and Fourier operator. Take any 7 = ), clk) v € Ia(G,).
At each v € |k|, the ,-Schwartz space Sy, (k,’) is defined in Definition 3.3. Recall
from Theorems 3.4 and 3.10 the basic function L, € Sy, (k) of 7, when the local
component , of 7 is unramified. It is clear from the definition that L, (1) =1
(We have to normalize various local measures in the computations. Actually it
follows from the fact that the Laurent expansion of the unramified local L-factor
has constant term 1.)

For the given 7 =), 77, € [1a(G ), we define the 7r-Schwartz space on A* to be

(4-1) S (W) := Q) S, (k)
velk|

which is the restricted tensor product of the local ,-Schwartz space Sy, (k) with
respect to the family of the basic functions L, for the local places v at which m,
are unramified. The factorizable vectors ¢ = Q) ¢, in Sy (A*) can be written as

(4-2) ¢(x) =[] bv(xn).
vElk|

Here for almost all finite local places v, ¢,(x,) = Ly, (x,). According to our
normalization, we have L, (x,) = 1 when x, € o, , the unit group of the ring o, of
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integers at v. Hence, for any given x € A*, the product in (4-2) is a finite product
over Archimedean local places and finitely many non-Archimedean local places
containing all ramified local places of 7.

For any factorizable vectors ¢ = ), ¢, in Sy (A*), we define the w-Fourier
operator

(4-3) Frp (@) 1= Q) Fro (1),

velk|

where for each v € |k|, F5, y, is the local Fourier operator as defined in (3-16)
and (3-17). It is clear that F, , takes the m,-Schwartz space Sy, (k) to the
7y-Schwartz space Sz, (k,) and enjoys the property

]:nu,w(l]—n,)) = |]—7~rv

when the data are unramified at v. Hence, the Fourier operator F y as defined in
(4-3) maps the -Schwartz space S, (A*) to the 7-Schwartz space Sz (A*).

4B. Global zeta integral. For any 7 = ), 7, € [1a(G,), we define the global
zeta integrals to be

(4-4) 26.0.00= [ p@x@l avx
AX
for any ¢ € S; (A*) and characters x of k*\A*. When ¢ = Q) ¢,, we have

26,0 =[] 26 60, x).
velk|
Let S be a finite subset of |k|, which contains all Archimedean local places and all
the finite local places v at which m, or y, is ramified. Then we write

Z(s,¢, 0 =L, x x)- [ 205, bv x0),

ves

according to Theorem 3.4. If 7 is unitarizable, the partial L-function L5 (s, 7 X )
converges absolutely for Re(s) large. By Theorem 3.4 again, the finite Euler product
]_[VE s Z(s, ¢y, xv) converges absolutely for Re(s) large. We deduce the following
proposition.

Proposition 4.1. Let & € [1a(G,) be unitarizable. Then for any ¢ € S;(A*)

and any character y of k*\A*, the zeta integral Z(s, ¢, x) as defined in (4-4)
converges absolutely for Re(s) sufficiently large.

We apply Proposition 4.1 to the case that 7 € Acusp(Gr) C A(G,) C TTa(Gp).
If 7 € Acusp(Gr), then it is unitary. In this case, the zeta integral Z(s, ¢, x) can be
identified with the Godement—Jacquet global zeta integral. For any f =), f, €
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S(M,(A)) and any ¢, € C(1r), the Godement-Jacquet global zeta integral is defined
to be

4-5) Z(s, f, Ors X) :=/ F(9)@x (2)x (det g)|detg|‘;+("_1)/2 dg.
GL,(A)

Theorem 4.2 [16, Theorem 13.8]. For m € Acusp(G,) and any unitary automorphic
character x of k*\A*, the global zeta integral Z(s, f, pr, x) converges absolutely
forRe(s) > (n+ 1)/2, admits analytic continuation to an entire function in s € C,
and satisfies the global functional equation

(4-6) Z(, from x)=Z(—s5, Fy(f), 02, x7H,

where Fy is the global Fourier transform from S(M, (A)) to S(M,,(A)) associated
to the additive character ¥ of k\A.

For Re(s) > (n+1)/2, we write

A7) Z6, frfns X) = / (|x|g/2 / f(g)gon(g>dxg)x(x)|x|i\‘”2dxx,
Ax Gp(A)y

where G, (A), :={g € G,(A) | detg = x} is an SL, (A)-torsor, and the measure
d, g is SL, (A)-invariant. As in the local situations, we define, for any x € A*,

(4-8) gy, (x) :=/G “ £(Q)pn(g)dig = IXIKﬂ/ F(©)ex(g) dig,

where £(g) := |detg|K/2 - f(g) belongs to the space
@9  Su(Ga(A) = {& €C®(G(A)) | £(g) - Idet gl "> € S(M, (A))).
It is clear that
(4-10) Ssd(Gr(A)) = ® Sstd (G (ky)).
veElk|

Write G, (A) as a direct product decomposition:
(4-11) Gu(A) = A, (R - Gu(A)',

where G,(A)! :={g € G,(A) | |detg|a = 1} and A,(R)™ is the identity connected
component of the center Zg, (R) of G,(R). As in [16, Section 13], any matrix
coefficient ¢, of T € Acusp(G,) can be written as

(4-12)  ¢a(g) = /

ar (hg)az () dh = / ax (hg)az (k) di
Ap(R)TGL(\Gr(A)

Gu(\G,(A)!

for some o, € V; and a5 € Vi, where V, is the cuspidal automorphic realization
of 7 in L*(G, (H\G,(A), ) with central character w, = w. In this case, we
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have wz = w~!. In the integral in (4-8), the coefficient ¢, (g) is bounded over
G,(A). Since f € S(M,,(A)) and G, (A), is a closed submanifold in M, (A), the
restriction to G, (A), of the Schwartz function f is still a Schwartz function on
G, (A),. Hence, the integral in (4-8) converges absolutely for any x € A*, and the
convergence is uniform when x runs in any given compact neighborhood of A*.

Proposition 4.3. For w € Acusp(Gy), the function ¢z o (x) as defined in (4-8) is

smooth on A*. If £(g) =@, & = |det g|"/*- f(g) € Saa(G,(A)) with f =R, f, €
S(M,(A)) and o = Q),, ¢x,, then the function defined by

bz, (x) = 1_[ bg,.0r, (X0)

velk|
for any x € A* belongs to S, (A™).

Proof. Since the integral in (4-8) converges absolutely for any x € A*, and the
convergence is uniform when x runs in any given compact neighborhood of A,
the function ¢, (x) is smooth on A*.

To prove the second statement, we take f = @), f, € S(M,(A)). Since C() =
®, C(my), we take ¢r = Q), ¢, With ¢ € C(m,). Then there exists a finite
subset Sp which contains all Archimedean local places of k such that for any finite
local place v of k, if v € So, then f, = f =1, (o,), 7v is unramified and ¢, = ¢} ,
which is the zonal spherical function on G, (k,) associated to m,. For any x € A*,
and for any finite subset S of |k| that contains Sy and x, € 0 if v & S, we have

(4-13) ¢z, (x) =f

det g=x

£(9)px(g) drg=lim [ / £,(80)¢r, (80) dr, &

ves det g,=x,

with £(g) = |detgly/” - f(g) and & = ®, &, where &,(g) = Idet g1/ - fu(g). At
v ¢ S, we have |x,|, = 1 and the local integral identity

f & (8v) ¢, (8v) dx,&v
det g,=x,
= f 1M,,(o,,)(gv)(p:[v (gv) dx‘,gv = VOI(Gn(UV)xU) =1
det g,=x,

Hence, we obtain that ¢z, (x) =[], @e,.¢,, (x). O

Hence, we obtain the relation between the global GL; zeta integrals defined in
(4-4) and the global Godement—Jacquet zeta integrals defined in (4-5).

Corollary 4.4. If 1 € Acusp(Gr), then for any ¢ = ¢, € Sz (A™) with £(g) =
|detg|g/2 - f(g) € Sstd (G, (A)) for some f € S(M,,(A)) and ¢, € C(), the identity

Z(S, ¢’ X) = Z(S, f? 9077:, X)
holds for any character x of k*\A* and Re(s) sufficiently large.
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Proposition 4.5. If 1 € Acysp(G), then for any ¢ = ¢z, € Sy (A™) with £(g) =
\det g|%/% - £ () € Sua(Gu(A)) for some f € S(M,(A)) and g € C(rr), the identity

Frp (Pe.0,)(X) = dF6y6).0y (X)

holds for any x € A*. For any x € A*, the A* -equivariant property

Frp @) = Fry @) (vx7)
holds, where ¢ (y) := ¢ (yx).

Proof. Assume that ¢ = ¢z, € Sz (AX) with £(g) = |det g|%/* £ () € Ssa(Ga(A))
for some f € S(M,(A)) and ¢, € C(r) is factorizable: ¢ = ), ¢,. By definition
(4-3), we have

Frp @) = [ ] Froorn (@) ).

velk|

Write ¢, (x,) = ¢%,.¢,, (x,). Then we have

fﬂv,wu (¢U)(xv) = ¢‘FGJ9V(§V)5¢;[/U (xv).

When the data involved are unramified, we have from the simple calculation below
(4-13) that Fy, y, (¢y)(x,) = 1. Hence, we obtain

Frp @)@ = [ Frvo @0)50) = [ [ b0z, (50) = brener.on ()

as in (4-13).

In order to verify the A*-equivariant property F y (¢™)(y) = Fr,y (¢)( yx~1) for
any x, y € A, itis enough to verify that the local Fourier operators F, y, for all lo-
cal place v € |k| enjoy the same equivariant property. This local equivariant property
for the Fourier operators 7, y, can be deduced from the local functional equation
for the zeta integral Z(s, ¢, x) in Theorem 3.10 through a simple computation. [J

We can deduce the following result from Theorem 4.2.

Theorem 4.6. Let w be an irreducible unitary cuspidal automorphic representation
of G,(A) with the local component w, being of Casselman—Wallach type at all
V € |k|oo. For any ¢ € S;(A™) and any unitary character x of k*\A*, the global
zeta integral Z(s, ¢, x) converges absolutely for Re(s) > (n+1)/2, admits analytic
continuation to an entire function in s € C, and satisfies the functional equation

Z(s, 0, x)=Z(1 =5, Fry(@), x ™1,

where F y is the Fourier operator as defined in (4-3) that takes Sy (A™) to Sz (A™).
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4C. m-Poisson summation formula. We establish here the Poisson summation
formula on GL; for the Fourier operator F; y, which is associated to any 7 €
Acusp(Gr), and takes S (A™) to Sz (A™). Technically, it is possible to establish
such a summation formula from the global functional equation in Theorem 4.6.
However, we are going to take a slightly different way below.

Theorem 4.7 (7-Poisson summation formula). For any m € Acusp(Gy), take T to
be the contragredient of w. For any ¢ € Sy (A*), the w-theta function

Or (x, $) := ) p(ax)

aek>

converges absolutely and locally uniformly for any x € A, and we have the identity

O (x,9) =Oz(x"", Fry (),

as functions in x € A*, where Fy y is the Fourier operator as defined in (4-3) that
takes S; (A™) to Sz (AX).

Proof. Itis clear that O (x, ¢) =0, (1, ¢*) with ¢* (y) =¢ (xy). By Proposition 4.5,
we have Oz (x !, Fry (@) =0z, Fry(@")). Since ¢ € Sy (A™) is arbitrary, it
is enough to show that

Ox(1,9):= Y ¢(@)

aek>

converges absolutely and the identity

Oz (1, ¢) = Oz (1, Fry ()

holds.

In order to prove that the summation ®; (1, ¢) is absolutely convergent, we
write ¢ = ¢, € Sy(AX) with £(g) = |det g[l/* - £(g) € Sa(Gn(A)) for some
f e SM,(A)) and ¢, € C(). From (4-12) we have

4-14) ¢ (g) = /

ARG ()\Gn(A)

Pi(hg)p2(h) dh = / p1(hg)p2(h) dh

Gn(\Gn(A)!

for some B; € V; and 8, € Vi, where V; is the cuspidal automorphic realization
of 7 in L*(G,,(k)\G,(A), w) and so is Vz.
First, we have that

@15 O7(1,¢) =) ¢z, (@)

aek>

=3 ewf B1(hg)Ba(h) dh dyg.
n(A)g G (\G,(A)!

aek>
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By changing variable g — h~! g, we have that det g = «-det 4 and the last expression
in (4-15) becomes

@i | S T 9B @B dueng b
Gy (k)\Gn (A)l Gn(A)g.deth

aek>

For g € G,,(A)q.detn» We change g to t1(«) - y with det y = deth, where () =
diag(c, I,—1) € G, (k). Then (4-16) can be written as

4-17) /
Gn(\Gn(A)!

since B; is automorphic. For any & € G, (A)!, we have |deth|n = 1. Hence, we
must have that G, (A)getn C G, (A)!. Tt is clear that G, (A)ge is an SL,, (A)-torsor
and the measure dge g is left-SL,, (k)-invariant. Hence, (4-17) can be written as

/Gn(k)\Gn A)! Z

ack> e€eSL, (k)

Z /G E(h™'11(@)9)B1(8)Ba(h) daerng dh,

ackx L, (A)delh

/ E(h™ 't (@)eg) B1(2)B2(h) dgerng dh.
SLn (k)\Gn (A)delh

Since any element y € G, (k) can be written as a product of #;(«) and € in a unique
way, we obtain that the above expression is equal to

(4-18) / (
Gy (k)\Gn (A)I SLn (k)\Gn (A)delh

Since £(g) = |detg|¥/ - f(g) € Sua(Gn(A)) for some f € S(M,(A)), and h €
G,(A)! and g € G, (A)getn, we must have that

Z Eh™! Vg)>,31 (8)B2(h) dgetng dh.

y€G, (k)

(4-19) Ehyg) =Idetth vy )W fF(hyg) = F(h ye).

Hence, we obtain that

(4-20) Yo ey = DY fh'ye).

yeG, (k) yeG (k)

By [16, Lemma 11.7], for any f € S(M,(A)), the summation ZyeGn(k) f(hyg)
is of moderate growth in g, h € G,(k)\G,(A) as an automorphic function on
G,(k\GL(A) x G, (k)\G,(A), and so is the summation ZyeG,,(k) E(h_lyg) as an
automorphic function in g, h € G, (k)\Gn(A)l. Since both B;(g) and B, (h) are
cuspidal, we obtain that the integral in (4-18) converges absolutely, and so does the
m-theta function ©, (1, ¢) at x = 1.

Now we continue with the integral in (4-18) to prove the identity

(4-21) O (1, ¢) = Oz (1, Fr y (4)).
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Recall from [16, Section 11; 34, Theorem 4.0.1] the classical Poisson summation
formula

(4-22) Yo flygy= D Idetgh " Fy ()€ yh)

yeM, (k) yeM, (k)

forany f € S(M,(A)) and h, g € G,,(A). When g, h € G, (A)!, it can be rewritten
according to the rank of y € M, (k) as

> fhTlye)
v€G, (k)

= Y FRWOE v+ Y. FWOEelvh— Y fTye).
v€G, (k) Y EM, (k) yEM, (k)
rank(y)<n rank(y)<n

We denote the boundary terms by

(4-23) Brth,g):= Y FNE'vh— > fhlye).
yeM, (k) yeM, (k)
rank(y)<n rank(y)<n

Then (4-18) can be written as a sum of the two terms

( > ﬂ(f)(g—lyh))ﬁl(g)ﬁz(h)ddethgdh,

(4-24) f
Gn(k)\Gn(A)l SLn(k)\Gn(A)delh )/EGn(k)

and

4-25) / f B (h, )61 ()Ba(h) daeung dh.
Gp()\Gn(A)! JSL, ()\Gp (A)det

From the proofs of [16, Lemma 12.13; 34, Lemma 4.1.4], we must have that the
term in (4-25) is zero, because of the cuspidality of both 81(g) and B>(h). Hence,
we obtain that O, (1, ¢) = O, (1, ¢¢ o, ) is equal to the term in (4-24).

Now we write (4-24) as

f / ( > Fw(f)((yg)“h))m(g)ﬁz(h)ddethgdh.
G (NG, (A)! JSL, ()\ G (A)gern

y€G, (k)

By writing back that y = 1 () - € with @ € k* and € € SL, (k), we obtain that the
above expression is equal to

(4-26) ( > Fu (i (a)g)lh)>ﬂ1(g)ﬂz(h) deung dh.

aek>

Gn(\GA(A)! /Gn(/&)deth
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By changing # (@) g to g, we write (4-26) as

@21 > /

aek>

[ R B a8 duans di.
n (k)\Gn (A)l Gy (A)wdeth

After changing variable g — hg, (4-27) can be written as

(4-28) 3 / Fo(Hg™ B1(hg)Ba(h) dh g,

aor JGaA), Gn(k)\G(A)!

which is equal to

(4-29) > / Fy(N)(& Hex(g) dag.
x ¢ Gn(A)g
ack
Finally, by changing g to g~!, we obtain that (4-18) is equal to
(4-30) Z / Fy(N)@ex(g™") dug.
e

By Proposition 2.6, when det g = o € k™, we have

Fy ()& = Far(6)(g)

for £(g) = |det g|"/? - f(g). Hence, the summation in (4-30) is equal to
> Frp (e (D) = Oz (1, Frr g (Pr.,))-
ack>

This proves the m-Poisson summation formula

O7(1,¢) =0z, Fry(9))
for all ¢ € S;; (A™).

For the locally uniform convergence of the m-theta function ®; (x, ¢), since
O (x,d) = O, (1, ¢"), it is enough to prove the locally uniform convergence of
the rr-theta function ®, (x, ¢) around x = 1. One may verify this directly from the
discussion in the proof given above. It also follows directly from Proposition 4.8

below in this case. We are done.

Similar to the work of [40], we obtain the following uniform estimate of the

m-theta function ® (x, ¢), which is important to the application in Section 8.

Proposition 4.8. For any m € Acusp(G), take any ¢ € S, (A*). For any k > 0,
there exists a positive constant c, ¢ such that the mw-theta function O (x, ¢) enjoys

the property

107 (x, §)| < cr.p - min{|x|a, [x[3"}*.
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Proof. This is a reformulation of part (ii) of [40, Theorem 1] and can be proved
accordingly. We omit the details. U

Remark 4.9. The proof of the 7-Poisson summation formula in Theorem 4.7 uses
the Poisson summation formula associated to the classical Fourier transform F,
over the affine space M, (A), without using the global functional equation for the
global zeta integrals Z(s, ¢, x) in Theorem 4.6. Hence, we are able to obtain the
global functional equation for the global zeta integrals Z(s, ¢, x) as in Theorem 4.6
by using the w-Poisson summation formula in Theorem 4.7. Of course, this is
essentially the same proof as the one that uses the global functional equation
of Godement—Jacquet zeta functions in Theorem 4.2. However, it seems still
meaningful to point out the contribution of the w-Poisson summation formulae on
GL; in the theory of the global functional equation for the standard automorphic
L-function L(s, m X x) for any automorphic characters y of A* and any irreducible
cuspidal automorphic representations  of GL, (A), as an extension in a different
perspective of Tate’s thesis to the study of higher degree automorphic L-functions.

5. Convergence of generalized theta functions

In order to prove Theorem 1.2 and explore other possible cases of Conjecture 1.5,
beyond Theorem 4.7 (or Theorem 1.1), we study the convergence issue of general
m-theta functions associated with 7 € I1a(G,), which may not be automorphic.

5A. Convergence of w-theta functions. Recall from Section 4, if 7 = &),z 7w €
Ia(Gp), then for every v € |k|, m, € I1;,(G,), the set of equivalence classes of
irreducible admissible representations of G, (k,), where at almost all finite local
places v, m, is unramified and at any infinite local place v, r, is of Casselman—
Wallach type as representation of G, (k). Asin (4-1), forany 7 =), 7, € [Ta(G,),
we have that

Sx(AX) = X Sx, (k).

velk|

For ¢ € §;(A™), we are going to show that the r-theta function

(5-1) Or(x, )= Y p(ax)

aek>

converges absolutely and locally uniformly as a function in x € A*, under an
assumption (Assumption 5.1) on the unramified local components 7, of 7.

For any 7 = @), 7, € IIa(G,), let S, be a finite subset of local places of k
containing |k|~ such that for any finite local place v ¢ S, the local component
is unramified. For any m, with v & S, via the Satake isomorphism, one has the
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Frobenius—Hecke conjugacy class c(x,) in G,/ (C) associated to m,,. We write
(5-2) c(m,) == diag(g®' ™, ..., ¢ ™)) e GL,(C) = G)(C),

up to the adjoint action of G/ (C), with s;(rr,) € C for j =1, 2, ..., n, where g, is
the cardinality of the residue field x, = 0, /p,. The following is the assumption we
take on the unramified local components , of 7.

Assumption 5.1 (uniform bound). Let 7 = Q) 7w, € [Ia(G,) be an irreducible
admissible representation of G, (A). There exists a positive real number k., which
depends only on 1, such that

1max {Re(s;(m,))} < kx
<jzn

foreveryv & S;.
Then we need to prove some technical local results.

Lemma 5.2. For any m = Q) m, € IIa(G,) with Assumption 5.1, there exists a
positive real number s; > k, such that, for any real number ay > sy, the limit
lim ¢, (x)[x|;°=0
|x],—0
holds, as a function in x € k.S, for any ¢, € Sy, (k) and any local place v € |k|. In

particular, ¢, (x)|x|5° extends to a continuous function on k,, which is compactly
supported on k, if v € |k|  and is of Schwartz type at 00 of k,, if v € |k|oo.

Proof. By Proposition 3.7, at any v € |k|, we have that Sy, (k) C §(k, ), which is
defined in Definition 2.1. In the following we discuss separately for v € |k| and
for v € |kl .

When v € |k|o, the asymptotic of ¢, € Sy, (k) near x = 0 is characterized in
Definition 2.1. In particular, following the notation in Definition 2.1, the fixed
sequence {Ax}g-, has strictly increasing real part {Re(At)};2,. Hence, for any
positive real number sy € R satisfying the inequality

so + Re(rg) > 0,
the limit
(5-3) lim ¢, (x)-[x[}*=0
[x],—0
holds, because the limit formula in Definition 2.1 is termwise differentiable and
uniform (even after termwise differentiation). Hence, the function ¢, (x) - [x[} is
continuous over k, for any positive real number s¢ satisfying so + Re(1p) > 0. It

is clear that the function ¢, (x) - [x |} is still of Schwartz type at co. Since the set
|k|o 1s finite, it is possible to choose a sufficiently positive so, € R such that the
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prescribed property holds for all functions ¢, (x) - [x[|% with ¢, € Sy, (k) at all
V € |k|so, as long as ag > sec.

It remains to treat the case when v € |k| ¢, the finite local places of k. We consider
the local zeta integrals Z(s, ¢,, w,) for any ¢, € Sy, (k)S), and any unitary character
w, € Q). By Theorem 3.4, it converges absolutely for Re(s) sufficiently positive
and admits a meromorphic continuation to s € C. For each v € |k| ¢, we take ¢, to
be a sufficiently positive real number, such that Z(s, ¢,, w,) converges absolutely
for Re(s) > cn,. If v € Sy, then 7, is unramified. In this case, the zeta integral
Z(s, ¢y, w,) converges absolutely for Re(s) > k,, where the positive real number
k depends on 7 only, according to Assumption 5.1. Hence, if we take a positive
real number c¢,; with

(5-4) Cx i=max{ky, cx, |V € Sy Nk|r},

then for any ¢, € Sy, (k)), and any unitary character w,, € Q7), the local zeta integral
Z(s, ¢y, w,) converges absolutely for Re(s) > ¢, at all finite local places v € |k]|f.
By the Mellin inversion formula as displayed in (2-6), we have

55 ¢l = Y (Rescco(Z(s +d. by, ) |x[;°g))wy (ac(x)) !,

w, €L

where z =g, and d > c;. Since the summation on the right-hand side is finite, it
suffices to show that the limit formula

(5-6) limOReSzzo(Z(S +d, ¢y, w)x],°q,) =0

lxlv—

holds for each w, € Q.
It is clear that Z(s 4+ d, ¢, w,) is holomorphic for Re(s) > —(d — c;). By
Theorem 3.4, we have

Z(S +ds ¢U’ a)u) = Pv(s) : L(S +d’ jTV X a)v)7

where p,(s) € Clg}, g, "], depending on ¢,. By the supercuspidal support of
T, @w,, we obtain that the representation m, ®w, can be embedded, as an irreducible
subrepresentation, into the induced representation

Ty Qw, — I1, := Indg’(’lfg’)r,,,l Q- QTyy,,

where 7, ; is an irreducible supercuspidal representation of Gy, ;(ky) with n =
ay1+---+ay,, (see [22]). By [16, Theorem 3.4], we have

L(s, Hu) = L(S, Tv,l) cee L(Sa Tv,tv)-
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By [16, Corollary 3.6], we have
L(s,m, X w,)
L(s, Iy)
is a polynomial in ¢, *. Hence, we obtain that for the given ¢, € Sy, (k,), there
exists a polynomial P,(s) in ¢} and ¢, *, depending on 7, ® w, and ¢,, such that

(5-7) Z(s+d, ¢y, wy) =P,(s)L(s +d, I1,).

By applying [16, Proposition 5.11] to the local L-functions L(s, 7, ;), we obtain
that L(s, ,,j) =1 when 7, ; is either supercuspidal (a,, ; > 2) or a ramified character
(av,j = 1). Hence, there exists an integer 1 < r, <1, < n, such that

ry 1 ry © s e
(58) Z(s+d, ¢, ) =Po) [ — = H( 3 g e )
j=t 1 =qv j=1"¢;=0

for some s, ; € C, with j =1,2,...,r,.
Now we are ready to discuss the limit in (5-6). For z = ¢,*, we have

v —Lj(d=sy,j) ;
H;:l(zzzoqv Jl@=Sv,j ,ZZJ)

(5_9) Z(S + dv ¢Uv a)l))|x|1jsq5 = PV (Z) : Zord\,(x)-‘rl )

where P, (z) is a polynomial function in z, z~!. By taking the residue at z = 0, we
obtain that

(5-10) Res,—o(Z(s +d, ¢v, wv)|x],"g;) = Eo(x),
where €y (x) is the coefficient of the constant term of

. —Lj(d—sy,j) .
1_[;':1(22?:0‘111 Jl@=Sv,j ,ZZJ)

(5-11) Pu(2) - o

Since P, (z) is a polynomial function in z, z~! with degree depending on 7, without

loss of generality, we may assume that P, (z) = 1 when we compute €y(x). In this
case, the constant term of (5-11) with P, (z) = 1 is equal to

b (d=sv,j) =iy (d=sy,j
51 Z a 1(d—s,5) o (d—s 1).
f]+"'+£rv20rd"(x)

When v ¢ S, 7, is unramified,

diag(qy"', ..., qv"") = c(my)

is the Frobenius—Hecke conjugacy class associated to 7, in G, (C) with sy, j=s;(my)
for j=1,2,...,n. By Assumption 5.1 and the definition of the positive real number
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¢y as in (5-4), we take dy = 0 and have
(5-13) d —Re(s, ;) > cx —Re(s,, ;) >0

forall j =1,2,...,n. For the remaining finite local places v, we may choose a
positive real number dy such that

(5-14) d+dy— Re(sv,j) >cp+dy— Re(sv,j) >0
forall j=1,2,...,r,and all v € §; N|k| ;. Hence, with the choice of dy, we have

(5-15)  [Res,—o(Z(s +d +do, b, @) |x],°q3)|

< —Z;-V:I £j(d+do—Re(sy, ;)
D DR
C14-by, =ord, (x)
..., er >0
- )3 O ) @ Hdo—ma; (R, )

L1+--+L,,=o0rd, (x)

Zl ----- erv 20

ord, (x)+r,—1 —ord, (x)(d+dp—max; {Re(s, ;)})
o ( ry _1 ) . qv )

Since d + dy — max j{Re(s,,;)} > 0, and the function (Ord”(ri )_+1r “71) is a polynomial
in ord, (x), we must have that

<0rdv (x)+r,—1 ) —ord, (x)(d+do—max,; (Re(sy, )})
im - qv =0.
ord, (x)— 400 ry—1

By (5-5), if d > ¢, + dp, then we must have that
lim @, (x) - [x[¢ =0
x,—0

for all ¢, € Sy, (k) and at all v € |k| ;. It is clear that the function ¢, (x) - |x|‘V’ is
continuous over k, and has compact support.

Finally, by taking a positive real number s, = max{soo, ¢z + dp}, we obtain that
for any ag > s, the function ¢, (x)|x|% is continuous over k, and has the limit

lim ¢, (x)|x|% =0,

x|, —0
for any ¢, € Sy, (k) and at any local place v € |k|. We are done. ([l

Lemma 5.3. Let 7 = Q), my, € Ia(G,) satisfy Assumption 5.1. For any v ¢ Sy,
the basic function Ly, € Sy, (k) is supported on o, — {0} with

Ly, (0X) = 1.
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There exists a positive real number by, > s, which is independent of v, such that,
for any by > by,

L, () - X2 < 1
holds, as a function in x € k., for all v ¢ Sy.

Proof. We continue with the proof of Lemma 5.2 for the non-Archimedean case, and
specialize it to the unramified situation. Note that the basic function L, € Sy, (k)
is the Mellin inversion of the local unramified L-factor

Z(Sv H—JT\,) = L(Sa n\))v

whose Mellin inversion can be calculated by (5-5) after setting P, (s) = 1. In other
words, taking the constant s, as in Lemma 5.2, we have, for any ag > sy,

Lz, (x) - [x|* = Res;=(Z (s + ao, Lz,) |x],”q;).

As in (5-9), we write

1 - £i(sj(my)—ao) g;
(5-16) Z(s+ap, L) = — e = 1‘[( Y@ ).
szl(l — {4y ) j=1 E.,'ZO
where we write z = ¢, and ¢ () = g ) From the Laurent expansion on the

right-hand side, we obtain that the function
Z(s +ao, Ly, Ixl, g,

is holomorphic in z = g ° whenever x ¢ 0,. By taking the residue at z = 0, we
obtain that
Ly, (x)-[x|*=0 for x ¢o0,.

Hence, the basic function L, (x) has support included in o,. Similarly, we apply
the Mellin inversion, as calculated by (5-5), to the case x € 0™, and obtain that the
residue picks up the constant term of the right-hand side of (5-16) as a function of
z=g¢q °, which is equal to 1. Therefore, we obtain

Ly, (0X) = 1.

Finally, whenever x € o \ {0}, we apply (5-15) to the unramified case, and
obtain that

ord, (x)+n—1 —ord, (x)-min; {b—Re(s; (77,,)))
n_] ) gy )

L ) - Je1?] = (
as long as b > s;. By Assumption 5.1, we have

minj<;<,{b—s;(mwy)} > minj<j<,{k; —s;(m,)} > 0.
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Therefore, whenever ord, (x) > 1,
ord, (x)+n—1 —ord, (x)-min; {b—Re(s; (77,)))
( n—1 ) Bk
- <0rdv (x)-il-”—l) . 9—ord, (x)-min; {b—Re(s; (,))
< "

since g, > 2 for any v ¢ S. It turns out that we only need to find a positive integer
b; > s; € R such that, for any b > b,

(ordv(x)—i-n—l) . p—ord, (x)min; {b—Re(s; (1))} < |
n—1 -

holds for any v ¢ S, and ord, (x) > 1. Equivalently, after applying the function
log, on both sides, the above inequality becomes

ord, (x)+n—1
log2<

o )—mmuygpw—RdwmonsQ

Hence, it suffices to show the existence of b, € R so that
min{b — Re(s;(,))} = b — max{Re(s;(r,))}
j J
ordu(x)+n—])

lo
> by —ky > g2( n—1
ord, (x)

for any ord, (x) > 1, i.e.,

lo ord, (x)+n—1
(5-17) T
ord, (x)

for any ord, (x) > 1. As a function of r > 1,

n—1 n—1
o t+n—1 1o [Tic ¢t +k) o [T A+k)
1253 n 2 v N

> logyn > 0.
-1 n—11 — 8Ty~ oRT=

Thus we obtain that

loga("}"1)

t

>0

for any ¢ > 1. On the other hand, by L’Hospital’s rule, one must have that
t4n—1
m 10g2( n’il )

t—00 t

=0.

It follows, as a continuous function in ¢ > 1, there exists a constant ¢y € R such that

log ("+"7)

t

< ¢
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for any ¢ > 1. It is clear now that the inequality in (5-17) holds for any
by > Ky + cp.
Therefore it suffices to take b, = max{s,, k; + co}. We are done. O

We are ready to establish the first property for the m-theta functions ®, (x, ¢) in
such generality.

Theorem 5.4 (convergence of 7-theta functions). Fix any w = @), 7, € [1a(G,)
with Assumption 5.1. Then, for any ¢ € S; (A*), the -theta function
Ox(x,§) 1= Y p(ax)
aek*

converges absolutely and locally uniformly as a function in x € A*.

Proof. For any 7 = ), 7w, € I1a(G,), let S; be a finite subset of local places of k
containing |k|~ and for any finite local place v & S, the local component ), is
unramified. We may assume that ¢ € S; (A*) is a pure restricted tensor of the form

(5-18) ¢ = (@[Lﬂ,,)(&(
V¢S,

with ¢, € Sy, (k) forall v € Sy, poo = ®Ue‘k|w ¢y and ¢ = ®ve|k\_/ oy.
Fix a positive real number sy > b; > s; > k, where the constants «, s, and
b, are as given in Assumption 5.1, Lemma 5.2, and Lemma 5.3, respectively. By

®¢U)=¢oo®¢f

VES,

Lemma 5.3, for any v ¢ S, we have the function L, (x)|x[} is continuous on k,
and supported on 0,. We have

(5-19) |La, () x[] < 1

for every v ¢ S;. Similarly, for any finite v € S; N |k| ¢, the function ¢, (x) |x]}?°
is continuous on k, with compact support. We may assume that the support of
¢y (x)|x[} is contained in a fractional ideal p}'> for some integer m, € Z. Write
0p = [l,gs, 0v and my := [ 5y, P™. Then, by the weak approximation
theorem [48], the product

(5-20) m(p) =0y - My

is a fractional ideal of o = ok, the ring of integers in k.
For any o € k*, the Artin product formula shows that |a|s = 1 [48]. Hence, we
obtain that

(5-21) Or(1,$) =Y dp@ =) ¢ -laly.

aek> aek>
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From the support of the functions ¢, - | - [** for all v € |k| 7, we write

(5-22) Or(Lp)= Y (Poo(@)- D) (@s(@)-la|P).
aek*Nm(p)

It is clear that for o € k* N'm(¢), we have that

ORI =<1_[|[Lnu(a)-|a|i"?)'< [1 \¢v(a).|a|;oy)

VESy veSy NIkl ¢

9’

< ] lév@-lal?

veS NIkl ;

because of (5-19). By Lemma 5.2, there exists a real constant ¢y, such that
(5-23) [T lev@ - lel| <cy.
veSNIk| f
Hence, we obtain that
(5-24) O2(Ld)| <cp- D Ipool@)]- ]2
ack*Nm(¢)

Since the fractional ideal m(¢) of k is a lattice in Ay, =[]
show that the summation

(5-25) > 1boo(@)] -l
aem(e)

velk|s, kv, 1t suffices to

is absolutely convergent.
Consider the compact set

(5-26) Boo(1) := {(ay) € Ao | ety ]y < 1, Vv € [k]oo}.

We write (5-25) as
(5-27) Y Ipsol@)] el + > oo ()] - |22,
aem(@)NBeo(1) aem(@)\(M(P)NBoo (1))

It is clear that the intersection of m(¢) with By (1) is a finite set. By Lemma 5.2,
the function ¢o. (x)|x | is continuous over A, and hence is bounded over Boo(1).
Thus, in (5-27), the first summation

D 1@ el
aem(@)NBeo(1)
is bounded. The second summation in (5-27), which is

> |foo ()] - ]2,

aem(p)\(m(p)NBoo (1))
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where the function ¢ (x) - [x]% is of Schwartz type over Ay N\ Bso(1), is bounded
by the same proof for the absolute convergence of the classical Poisson summation
formula [21, Chapter 4; 47]. This proves the absolute convergence of ®, (x, ¢) for
any ¢ € S; (AX).

For any x € A*, we have O (x, ¢) = O, (1, ¢*) with ¢*(y) = ¢ (yx). Hence,
® (x, ¢) converges absolutely for any ¢ € S, (A*).

For the locally uniform convergence of the m-theta function ®, (x, ¢) at any
x € AX, by using O (x, ¢) = O, (1, ¢*) again, it is enough to show the locally
uniform convergence of ®, (x, ¢) at x = 1 for any given factorizable function ¢ as
in (5-18). As in (5-21), we may write

(5-28) O (x, ) = Y p(ax)-laly.

aek>

Since ¢ = (®u¢s,, Lr,) ® (Qyes, @) asin (5-18), we have m(¢) = [Toep, m@)»
as in (5-20), where m(¢), is a fractional ideal of k, containing the support of the
function ¢, (x) - [x[°. Asin (5-22), we write

(5-29) O )= Y (Pooloroo) - [al2) - (y (xp) - [l

ack*Mm(g)

Take a compact open neighborhood €2 /(¢) of xy =1 in A}( to be

Qr(p) = ( I1 oi) ( [ <1+pﬁv>),
velk| NSy

ve¢Sy

where d, is a positive integer for v € |k| N S;. For any xr € Q(¢), if v & Sy,
then x, € 0 and o # 0 and « € 0,. Hence, ax, # 0 and ax, € 0,. In this case, we
have that

|y (@xy) - el = |La, () - fox,y [0] < 1

by (5-19). If v e Sy N k|, then o € pJ' and x,, € 1 + p?, and hence we have that
ax, € py". In this case, we have that

|y (axy) - [l = |y (@xy) - oy ]

As in (5-23), there exists a real constant ¢y, which is independent of x ; € Q ¢(¢),
such that
braxp) -l < T [dvlax)-lel?] <cy.
veS, Nkl

Hence, we obtain that

(5-30) [O2(x, $) <o Y [doolaxoo) lalD] <o Y [ooloxes)-lerlL].

aek*Nm(ep) aem(ep)



FOURIER OPERATORS AND POISSON FORMULAE ON GL; 349

When x, runs over a compact neighborhood €2, of 1 in A, by the same argument,
we are reduced to showing that

> | oo (@Xo0) | - |22

aem(@)\(m(p)NBuo (1)) B
= [Xool 20 - > | oo (@Xoo) | - [rxoo |

aem (@)~ (m(P)NBoo (1))

converges uniformly. Since the function ¢ (x) - |x|% is of Schwartz type over
Ao\ Boo (1), the uniform convergence of the last summation with x., € 24, follows
from the same proof of that for the classical theta functions. We omit the details
and finish the proof. ([

5B. Justification of Assumption 5.1. We prove Assumption 5.1 when 7 € A(G,,) is
any irreducible admissible automorphic representation of G, (A), which is contained
in [a(Gy).

Proposition 5.5. For any m € A(G,,), Assumption 5.1 holds.

Proof. A cuspidal datum (P, ¢) of G, consists of a standard parabolic subgroup P of
G, with Levi decomposition P = M - N with the Levi subgroup M and the unipotent
radical N, and an irreducible cuspidal automorphic representation & of M (A), which
is square integrable up to a twist of automorphic character of M (A). For any
T = ®V€|k| w, € A(G,), by [30], there exists a cuspidal datum (P, &) of G, such
that v can be realized as an irreducible subquotient of the induced representation
Indg'zs) (¢) of G, (A). It follows that for any v € |k|, the v-component ,, can be
realized as an irreducible subquotient of the induced representation Indgz’lff)” ) (&v)
of G, (ky), where ¢, is the v-component of ¢ = ), ¢,.

Let T be the maximal torus of G,, consisting of all diagonal matrices, and
B =T - U be the Borel subgroup of G,,, consisting of all upper-triangular matrices.
Take S to be a finite subset of |k|, such that S contains |k|,, and for any v ¢ S,
7, and ¢, are unramified. It is well known (see [7], for instance) that there exists
an unramified character 7, of the maximal torus 7 (k,), such that £, embeds as a
subrepresentation into the unramified induced representation Ind?ﬁ]g’g)) (k) (M) By
induction in stages, we have Indg'zlgf)” )(5,,) embeds as a subrepresentation into the
spherical induced representation Indg?,ff)”)(nv) of G, (k,). Hence, the irreducible
spherical representation 7, is the unique spherical subquotient of Indgzk(f)” ) (nv). Via

the Satake isomorphism, the Frobenius—Hecke conjugacy class of m,, in G, (C) is

c(my) = diag(n) (@), ..., 1" (@)).

Here @, is the uniformizer of the prime ideal p,,, and for any r = diag(t;, ..., ;) €
T (k,), the unramified character n, is given by

M(t) = nl(t1) - - " (1)
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It is clear that the conjugacy class of the semisimple element c(7r,,) in the complex
dual group M"Y (C) of the Levi subgroup M is the Frobenius—Hecke conjugacy class
c(ey) of ¢,. In other words, both 7, and ¢, share the same Satake parameter in
TV(C)"», where W, is the Weyl group of G,/ (C).

Take 3. to be an automorphic character of M (A) such that §. ® ¢ is square
integrable modulo the center of M. Then for v ¢ S, the v-component (§; ® &), is
spherical and unitary. By the classification of the spherical unitary dual of GL,
over a non-Archimedean local field &, [42], we obtain

|1 5.y j n—1
0g,, fé‘f‘é‘n{l( DY @) (@y)l}] < —
Since the unramified part of the automorphic character §. is completely determined
by & and the cuspidal datum (P, ¢) of & is uniquely determined by m, up to
conjugation, we obtain that there exists a positive real number «,, depending only
on 7 € A(G,), such that

[log,, max {in)(@)l}] <.

This justifies the assumption. (]

By Theorem 5.4 and Proposition 5.5, we obtain the following absolute conver-
gence.

Corollary 5.6. For any © € A(G,,) and for any ¢ € S, (A™), the m-theta function
Or(x, )= Y p(ax)
ack>

converges absolutely and locally uniformly as a function in x € A*.

Another consequence of Proposition 5.5 is the absolute convergence of the global
zeta integral of Godement—Jacquet type for any 7w € A(G,,).

Corollary 5.7. For any w € A(G,,), there exists a positive real number r, € R, such
that the global zeta integral

Z(s, frpn) = fG - F@er(@ldetgF" " dg,  feS(M,(A)), ¢r €C()

is absolutely convergent for any Re(s) > ry.
Proof. There is no harm to assume that f = ), f, is a pure restricted tensor.

Similarly, one can write ¢, = ]_[U ¢r,. For the given = € A(G,), take the finite
subset S of |k| as in the proof of Proposition 5.5. Then for v ¢ S, the function f,



FOURIER OPERATORS AND POISSON FORMULAE ON GL; 351

is the characteristic function of M, (0,), and ¢, is the zonal spherical function
attached to the unramified representation mr,,. From [16, Chapter I, §7], we have

1

Z(S, fl)’ 9071\,> = det([n _ o{(n’v)qv_é) = L(Ss jTU)’

where the left-hand side is absolutely convergent whenever Re(s) > k, where k
is determined in the proof of Proposition 5.5. It follows that

1
l_[Z(svaa(pﬂu):l_[ —5 =LS(S57T)
vis v detly —a(mu)gy™)

is absolutely convergent for Re(s) > k, + 1. As S is a finite set, it is clear that one
can choose a real number 7, to be sufficiently positive (depending on 7t only) such
that the global zeta integral

Z(s, frgn) =L, 7) - [] 26, for 0

vesS

converges absolutely for Re(s) > r,. We are done. ([

6. (o, p)-theta functions on GL;

For any k-split reductive group G, as in Section 4, we denote by I14(G) the set
of irreducible admissible representations of G(A). If we write 0 = ®V6|k| oy,
then we assume that o, € I, (G), where at almost all finite local places v, the
local representations o, are unramified. When v is a finite local place, o, is an
irreducible admissible representation of G (k, ), and when v is an infinite local place,
we assume that o, is of Casselman—Wallach type as a representation of G (k). Let
A(G) C TIa(G,) be the subset consisting of equivalence classes of irreducible
admissible automorphic representations of G(A), and Acysp(G) be the subset of
cuspidal members of A(G).

For any o € Ia(G) and p : G¥ — GL,(C), we are going to introduce the
(0, p)-Schwartz space Sy, , (A™), the (o, p)-Fourier operator F; , y and (o, p)-theta
functions ®, ,(x, ¢) by means of the existence of the local Langlands reciprocity
map as in the local Langlands conjecture for G. The idea is to use the local
Langlands conjecture for the pair (G, p) as input and to formulate the global
statements, such as the (o, p)-Poisson summation formula, which is expected to
be responsible for the global functional equation for the Langlands L-function
L(s, 0, p) as predicted by the Langlands conjecture, as output. The goal in this
section is to prove Theorem 6.2, which contains Theorem 1.2 as a special case and
serves a base for the discussion on Conjecture 1.5 and its refinement in Section 7.
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6A. On the local Langlands conjecture. We briefly review the local Langlands
conjecture for G over any local field F =k, for any local place v € |k]|.

For any Archimedean local field, the local Langlands conjecture for G is a
theorem of Langlands, which follows from the Langlands classification theory [31].
At any non-Archimedean local places, for unramified representations, their local
Langlands parameters are uniquely determined by the Satake isomorphism [7; 38].
In the following we review the local Langlands conjecture for an F-split reductive
group G over a non-Archimedean local field F of characteristic zero.

Let Wr be the Weil group attached to F. The set of local Langlands parame-
ters is denoted by ® (G), which consists of continuous, Frobenius semisimple
homomorphisms

(6-1) ¢ : Wr xSLy(C) — G,

up to conjugation by G". The local Langlands conjecture asserts that there exists a
reciprocity map

(6-2) Rr.c :Rep(G(F)) = Pr(G),

where Rep(G(F)) is the set of equivalence classes of smooth representations of
G (F) of finite length. PRF ¢ is expected to be surjective with finite fibers, and
to satisfy a series of compatibility conditions. Beyond the existence, one has to
formulate and prove the uniqueness of such a local Langlands reciprocity map.
When G = GL,, it is a theorem of Harris—Taylor [17], of G. Henniart [19] and
of P. Scholze [39] that the local Langlands reciprocity map exists and is unique
with compatibility of local factors, plus other conditions. Note that in this case, the
uniqueness of such a local Langlands reciprocity map is proved by Henniart using
the special case of the local converse theorem [18]. However, such a uniqueness is
not known in general. When G is an F-quasisplit classical group, then such a local
Langlands reciprocity map exists due to the endoscopic classification of J. Arthur [2].
In their recent work [13], L. Fargues and P. Scholze use the geometrization
method to understand the local Langlands conjecture. In particular, they establish a
local Langlands reciprocity map for any F-split reductive groups considered in this
paper. More precisely, Theorem 1.9.6 of [13] asserts that for any F-split reductive
group G, there exists a local Langlands reciprocity map Rr ¢ from Rep(G(F))
to ®r(G), satisfying nine compatibility conditions. In particular when G = GL,,,
the reciprocity map of Fargues and Scholze coincides with the unique one for GL,,.
When G is an F-quasisplit classical group, the reciprocity map of Fargues and
Scholze coincides with the one by Arthur. Although it is still not known (as far as
the authors know) if the reciprocity map of Fargues and Scholze is unique, it is the
most promising one towards the local Langlands conjecture in great generality.
From now on, we are going to take the following assumption.
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Assumption 6.1. Over any non-Archimedean local field F of characteristic zero,
for any F-split reductive group G, the reciprocity map R g exists for the local
Langlands conjecture for G.

We may simply take the reciprocity map 9ir ¢ as defined in [13, Theorem 1.9.6]
for the local Langlands conjecture. In fact, the relevant discussions in the rest of
this paper make no essential difference on which reciprocity map Rr g we are
going to take. Of course, the difference may occur if one discuss the definition of
local L-functions L(s, o, p) or y-functions y (s, o, p, ¥). but we are not going to
discuss those objects in the rest of this paper.

6B. Convergence of (o, p)-theta functions. Let G be a k-split reductive group.
Take p : GY(C) — GL,(C) to be any finite-dimensional representation of the
complex dual group GY(C). For any o € Ia(G), we write 0 = ®U o, with
o, € Iy, (G). By Assumption 6.1, for any local place v € |k|, there exists a local
L-parameter ¢, = ¢,(0,) such that the composition p o g, is a local L-parameter
for G, (k,) = GL,(k,). By the local Langlands conjecture for GL,, [17; 19; 31; 39],
there exists a unique irreducible admissible representation

(6-3) my, =my(0, p, Ri,.G)
belonging to I1r(G,), which we may simply denote, if there is no confusion, by
(6-4) my, = 1, (0y, P).

According to the Langlands functoriality conjecture, it makes sense to define the
(0y, p)-Schwartz space on k' to be

(6-5) Sayp (k) = S (k).

At unramified local places, the (o,, p)-basic function L, , is taken to be the m,-
basic function L,, € Sz, (k). Then we can define the (o, p)-Schwartz space on
A* to be the restricted tensor product

(6-6) So.p (V) = R) S0 (k)

with respect to the basic function L, , at almost all finite local places. Note that
the definition of the (o, p)-Schwartz space S, ,(A*) may rely on the assumption
of the local Langlands reciprocity map (Assumption 6.1) at the ramified finite local
places of o, when G is a general k-split reductive group.

Let ¥ = @), ¥, be a nontrivial additive character of A with ¥ (a) = 1 for any
a € k. Define the (o,, p)-Fourier operator F, , y, on kS to be

(6_7) }-Gmp,lﬂu = ‘F”w‘pv’
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which is a linear transformation from the (o, p)-Schwartz space S, , (k) to the
(6y, p)-Schwartz space S, , (k). Then we define the (o, p)-Fourier operator

(6'8) Fﬁ,p,lﬁ = ®‘deaps¢’v’
v

which is a linear transformation from the (o, p)-Schwartz space S, ,(A*) to the
(@, p)-Schwartz space Sz ,(A*). Again, the definition of the (o, p)-Fourier op-
erator F, , y may rely on the assumption of the local Langlands reciprocity map
(Assumption 6.1) at the ramified finite local places of o, when G is a general k-split
reductive group.

Theorem 6.2 (convergence of (o, p)-theta functions). Let p : GY(C) — GL,(C)
be any finite-dimensional representation of the complex dual group G (C). Take
Assumption 6.1 for G. Then, for any given unitary o € IIp(G), the (o, p)-theta
function

Oup(x. §) = Y Plax)

ack>
converges absolutely and locally uniformly for any ¢ € S, ,(A*) and x € A*.

Proof. As discussed above, under Assumption 6.1 for G, for any o = ), 0, €
[15(G), we obtain , = 7, (0, p) of GL, (k,) for all v € |k|. Note that at v € |k|o,
m, is taken to be of Casselman—Wallach type. Hence, 7 := ), 7, is an irreducible
admissible representation of G, (A) and belongs to 14 (G,,). From (6-5) and (6-6),
we have that

Os,p(x, §) = O (x, @)

for any ¢ € S, ,(A*) = S;(A*). By Theorem 5.4, it is sufficient to verify
Assumption 5.1 for this 7.

Since 0 = ), 0, is unitary as a representation of G(A), we must have that o,
is an irreducible admissible unitary representation of G (k,) at every v € |k|, and
is unramified for almost all v € |k|. Since G is k-split, we can fix a Borel pair
(B, T) of G defined over k, with a fixed maximal k-split torus 7 of G. Let o be
the half-sum of positive roots with respect to the given pair (B, T) and let g be
the modular character of B(k,). Then, for any coweight * € Hom(G,,, T),

8p(" (@) /? = glew?),

where @, is a fixed uniformizer in 0, and " is viewed as a cocharacter from &
to T (k,).

Let S be a finite subset of |k| containing |k|s, such that for any v ¢ S, both o,
and m,, are unramified. For any v ¢ S, o, is unitary and unramified. Then the zonal
spherical function attached to o,,, which is the normalized matrix coefficient of o,
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attached to spherical vectors in o,, is bounded by 1—see [7, p. 151, (40)], for
instance. Now let

c(oy) = (qil(o'v)’ o qir(%))

be the Frobenius—Hecke conjugacy class of o, inside 7Y (C) >~ (C*)", where r is
the k-rational rank of G. Then, by [36, Theorem 4.7.1],

max {|s;(0,)|} < max {[(o, ®])I},

l<j=<r l<j=r
where {a)jy};.zl is a fixed set of fundamental coweights. Note that the result of
[36] assumes G to be simple-connected. But if we go over the proof of [36,
Theorem 4.7.1], the only result used is the explicit formula for zonal spherical
functions when the Frobenius—Hecke conjugacy class c(o,) of o, is nonsingular.
Hence, it suffices to apply the general formula appearing in [8, Theorem 4.2] to the
proof of [36, Theorem 4.7.1]. Therefore max<;<,{|s;(o,)|} has an upper bound
which is independent of the local places v.

At unramified local places, we obtain the Frobenius—Hecke conjugacy class

c(m,) of m, to be

c(my) = p(c(oy))

for all v ¢ S. It is clear that for this 7 = Q) 7, € [1a(G,), the family of the
Frobenius—Hecke conjugacy classes

{c(m) | Vv ¢ S}

associated to the irreducible admissible representation 7 satisfies Assumption 5.1.
We are done. U

Note that the definition of the (o, p)-theta function ®, ,(x, ¢) may depend
on the existence of the local Langlands reciprocity map 9ir ¢ for general G
(Assumption 6.1), However, the absolute convergence of ®, ,(x, ¢) in Theorem 6.2
only depends on the unramified data, and hence is independent of Assumption 6.1.
As a consequence of Theorem 4.7, we have:

Corollary 6.3. Assume the global Langlands functoriality is valid for (G, p). For
0 € Acusp(G), if its functorial transfer r is cuspidal on G, (A), then Conjecture 1.5
holds with & ,(¢) = Oy ,(1, @) for any ¢ € Sy, ,(AX).

7. Variants of Conjecture 1.5

In Theorem 4.7, we established a w-Poisson summation formula (Conjecture 1.5)
for any 7w € Acusp(Gp) and p = std. We explore the possibilities when 7 is not
cuspidal.
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7A. Certain special Schwartz functions. As before, we take F to be any local
field of characteristic zero. For any m € [1r(G,,), recall from Definition 3.3 the
space of w-Schwartz functions

Sq(F™) = Span{¢g o, € C*(F™) | § € Swa(Gn(F)), ¢z € C(m)},

where the -Schwartz function ¢ ,, associated to a pair (&, ¢, ) is defined in (3-6).
We introduce here a subspace of Sy (F*):

(7-1) S (F) := Span{gg g, | & € C°(Gn(F)), ¢ €C(m)}.

We prove the following result, which provides a new description of the test functions
in C2°(F*), the space of all smooth, compactly supported functions on F*.

Theorem 7.1. Let F be any local field of characteristic zero. For any w € I1g(G,,),
the subspace S;, (F*) of Sz (F*) as defined in (7-1) is equal to the space C2°(F*),
ie.,

S (F*) =CX(F™).

First of all, via the determinant morphism det : G,, — G, it is not hard to verify
that the fiber integration

e [ E@dg

yields a surjective homomorphism from C°(G,(F)) to C2°(F*). For any & €
C°(G,(F)) and ¢, € C(r), the product £(g)¢x (g) belongs to C°(G,(F)). With
the fiber integration through det, the function ¢¢ ,_(x) belongs to C2°(F*). Hence,
we obtain that

(7-2) SS(F*) CCX(F*)

for any w € [1p(G,,). To prove the converse of (7-2), we are going to use different
arguments for the non-Archimedean case and the Archimedean case.

We first consider the non-Archimedean case. For any quasicharacter x € X(F*),
it can be written in a unique way as x (x) = |x|% - @(x) with s € C and w € Q".
We may write x = x,., and X(F*) = C x Q”. Furthermore, we write the space
Z(X(F*)) defined in Definition 2.2 as Z(C x Q"). We denote by L the subspace
of Z(C x Q") consisting of functions 3(xs.») = 3(s, ®) € Z(C x Q") with the two
properties

(1) 3(s, ) is nonzero at finitely many w € Q";
(2) for any w € Q", 3(s, w) € Clg*, ¢*].

By Theorem 2.3, the subspace L is in one-to-one correspondence with C2°(F™)
via the Mellin transform and its inversion. Denote by L7 the subspace of L that
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is in one-to-one correspondence with the subspace S, (F*). From the discussion
right after [34, Theorem 3.1.1], for any given w € Q”, the subspace

Irw ={2(s,& ¢z, 0) | § €CT(Gn(F)), ¢r € C(m)}

of the fractional ideal Z ,, as in Theorem 2.4 is equal to C[g*, ¢ *]. For the fixed
w € Q", the space 7, consists of the restriction of functions in Ly to the slice
C x {w}, according to the definition of the space L. In other words, for any
fixed w € Q" and 3(s, @) € Lep, there exists finitely many Eaf; € C*(G,(F)) and
@3 » € C (), such that

6.0 = Z(5.8) @) = Y Z(. by @)
j J

for any s € C. Hence, with any fixed w € Q", for any 3(s, ) € L¢p, there exists
3°(s, w) € L2 such that

(7'3) 3(*970)) :30(s’w)

as functions in s € C.
Define, for each wy € 27, a function 3, (s, @) with the property

1, if w=wy,

o (8, @) = {0, if @ % wo.

By definition, the function j,, (s, @) belongs to Ly for each wy € Q. Hence, from
(7-3), we have

T4 56,0 = Y 30y(5, ) 3(5,0) = Y Gay(s, ) -3°(s, @),
C()()GQA (1)()69A

for any 3(s, w) € L¢p. Note here that the summations only take finitely many
wo € 2”. Hence, to prove the converse of (7-2), it is enough to show that

(7-5) du (5, ©) - 5°(s, wo) € L3

for every wp € Q. Tt is clear that (7-5) is an easy consequence of the following
proposition.

Proposition 7.2. The space Ly is an associative algebra without identity, and the

space L3 is an Lep-module under multiplication.

Proof. From the definition of Ly, it is clear that Ly is an associative algebra under
the multiplication and has no identity.

To prove that £ is an L¢,-module, we take 3(s, @) € Lepe and write ¢ as the
Mellin inversion of 3(s, w). Via the determinant morphism det : G, (F) — F*, we
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write
= d,
b= [ J@dg
for some f € C°(G,(F)). For any & € C2°(G,(F)) and ¢, € C(;r), we write

3°(s, w) € L to be the Mellin transform of the function ¢¢ , € Sy (F*). It is
enough to show that

(7-6) 505, @) -3°(s, @) € L.
It is clear that

(7_7) 3(5‘,&))'30(5‘,(0) =Z(sv¢*¢§,§0ﬂaw)'

Now we compute the right-hand side of (7-7) with a fixed w € Q":
(7-8) Z(s.¢xdeg0) = [ 0@l P d% [ 90, 70 A"y

y

= P P dy
= [Lo@ily P f a [ F@d
. h h)d,-i,.h
Sy 1 EOO ) d,
After changing variable g — gh~!, the right-hand side of (7-8) is equal to
@9) [ okl e [ ay [  feh e
x det g=x
. h h)d,-i.h.

Sy 1 EIOr 0 A,
In (7-9), the integration in y € F'* yields the identity
7-10 dx h™ &)@z (h) dy-1 I
(7-10) /yew y/deth:y,lxﬂg ()@ (h) 1,

= [ F(&h™)E)ex(h) dh.

Gu(F)

By applying (7-10) to (7-9), we can write (7-9) as
[ oty Pax [ fehT)Ees () dh dg,
detg=xJ G, (F)
which is equal to
a1y [ fehThE) e (e (det g)ldet gl d dg.
8€G,(F)J heG,(F)

By taking a change of variable 4 — h~'g, (7-11) can be written as

@12y [ [ g )en (™ 9o (detg)ldet gl dh dg.
2€Gu(F)J heG,(F)
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Since f, & € C2°(G,(F)), the function
(8. )= f(E(R"g)
belongs to the space C°(G,(k,) x G,(k,)). By [5, 1.22], we have
C(Gnky) x Gp(ky)) 2 CZ(Gu(ky)) @ CF(Gr(ky)).

We may write

FER" g) = &;(2)& (h)

j=1
for some &;(g) and £7(h) in C°(G,(F)). Meanwhile, we write
(7-13) 9 (h™'g) = (m(h™'g)v, V) = (m(gv, F(W)D), vem HeR.

By applying those explicit expressions to the integral in (7-12), we obtain that
(7-12) is equal to

S @b Fhpede el dhdg
j=1 8€Gy(F) JheG,(F)

=> / & (9)w(det g)|det gl ' dg / £ () (7 (g)v. 7 (h)) dh
geG,(F) heG,(F)

Jj=l
r

:Z/G " si(g)(ﬂ(g)v,ﬁ(gj)ﬁ)a)(detg)Idetg|§:—1/2dg‘
=176

By writing ¢ ;(g) := (m(g)v, T(§/)7), we obtain that

(7-14) Z(S’qj*‘pé,wn»w):ZL(F)Si(g)%,j(g)w(detg)|detg|;_l/2dg
j=17Gn

r
= ZZ(S? ¢§_/,(pﬂ‘ja Cl))

j=1

By definition of £, we obtain that the right-hand side of (7-14) belongs to the
space L, and so does the function Z(s, ¢ *¢x ., ). Therefore we have established
(7-6). We are done. O

We have finished the proof of Theorem 7.1 for the non-Archimedean case.
Now we turn to the proof the converse of (7-2), and hence Theorem 7.1 for the
Archimedean case.
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We first treat the case when F' =~ C. It is clear that the multiplication map

m:C* xSL,(C) — G,(0C)
(7-15)
(a,h)yr—>a-h

provides a surjective group homomorphism with finite kernel, which in particular
is a smooth (covering) map. The push-forward map along m, which we denote by

(7-16) m, : C°(C* x SL,(C)) — CZ(G,(C))

is surjective. In fact, the surjectivity can be easily verified as follows. For any
feCX(Gn(0)), let m*(f) be the pull-back of f along m, which is given by

m*(f)(a,h)= f(a-h), (a,h)eC*xSL,().
Then we obtain that

m, (m*(f))(h) = Z fla-h)=lker(m)|- f(g), ge€Gu(O).

(a,h)eC* xSL,(C)
a-h=g

It is clear now that the subspace Sy, (C*) of S;(C*) is equal to the space spanned
by the functions

(7-17) P, (f).0n (X) = / m.(f) ()¢ () drg

det g=x

= f Yo flahex(g)deg
det g=x

(a,h)eC* xSL,(C)
a-h=g

with all f € C2°(C* x SL,(C)) and ¢, € C(r). Thus, in order to show the converse
of (7-2), it suffices to show that any function in C2°(C*) is of the form as in the
last line of (7-17).

Let x, be the central character of . By a change of variable, we write (7-17) as

18 = X @) g @) i
Assume that f € C2°(C* x SL,(C)) is given by a pure tensor

fa, h)= fi(a)- f2(h)
with f1 € C2°(C*) and f> € C2°(SL,(C)). Then (7-18) can be written as

(T19) G, (@) = ( 3 i@ (a)) : fs

a"=x n

: f2(W)@z(h) dih.
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It is clear that multiplying by the character x. stabilizes the space C2°(C*), which
means that fi(a)x.(a) € C2°(C*) for any fi € C2°(C*). The map

CX(C*) — C®(C*) with f > <x =3 f(a)>
a=x
is surjective, since it is the push-forward map along the surjective covering map
C*—C* with a+—a".

Therefore, any function in C2°(C*) can be written as ¢n,(f),¢, (x) for some ¢, €
C(m) and f € C°(C* x SL,(C)). This finishes the proof of the converse of (7-2).
We now turn to the case when F = R and treat the cases of n odd and of n even
separately.
When r is odd, the multiplication map

m:R* xSL,(R) - G,(R)
(a,8)r—>a-g

is surjective, the proof in the complex case is applicable and yields a proof for this
case. We omit the details here.
When 7 is even, we write G, (R) as a disjoint union two real smooth manifolds:

G(R) =G, (R)LG, (R),

where G, (R) (resp. G, (R)) consists of elements in G,(R) with positive (resp.
negative) determinant.
By the surjectivity of the map

R.¢ x SL,(R) — G,‘:([Ri) with (a,g)—~a-g,

the proof in the complex case shows that the space S7(R*) contains the space
C°(R-0). Since R* = R.oUR-o, we have that

CER™) =C°(R-0) ©C°(Rp)-
It remains to show that
(7-20) C(Rop) C S2(RX).
Take 6 = diag(—1, 1, ..., 1) € G,(R) and consider the map

m R.oxSL,(R) — G, (R) with (a,h)—>a-h-0.
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As the complex situation, for any f € C°(R-o x SL,(R)), we set

(7-21) Pz (),0r X) = / Y flah)gx(9)deg.
detg=x (4 h)eR-oxSL,(R)
a-h-0=g

for x € Rp. We only need to show the space spanned by the functions of the form

(722) (x> by (0, () | f €CPRop X SLy(R)), ¢z € C())

with x € R contains (and hence is equal to) the space C2°(R).
By a simple change of variable, we obtain that

(7-23) Bure (0 (0) = f 3" fla, h)- xa(@en(h-6) dih,

SL, (R)

a'=—x

where x is the central character of w € [Ig(n). Assume that f (a, h) = fi(a)- f2(h)
is a pure tensor with f; € C2°(R~¢) and f, € C2°(SL,(R)). Then (7-23) can be
written as

T2 b @ =Y Fi(@xm@)- /S o B0,

a=—x
with x € R_g. For y = —x > 0, the functions of the form
> F1(@) tg (@) - fr() gz (h-0)dih
ar—y SL, (R)

recover the space C.°(R-), as treated in the previous case. Thus, the functions
of the form in (7-24) recover the space C2°(R-¢). This completes the proof for
the converse of (7-2) for the Archimedean case. Therefore, we finish the proof of
Theorem 7.1.

7B. A variant of rw-Poisson summation formulae. For any m = ®V6| Kl € [Ma(G,),
we define in (4-1) the space of w-Schwartz functions on A*:

Sx(A) = Q) Sx, (k).

We define Sg (AX) to be the subspace of S; (A*) that is spanned by the functions
of the form ¢ = Q) ¢, € Sy (A*) with at least one local component ¢, belonging
to C2°(k). Note that for any ¢ = Q) ¢, € Sy (AX), there are at most finitely many
local components from C2°(k,‘). It is also easy to verify from the definition of
the -Fourier operator 7 y as in (4-3) and Theorem 7.1 that there exist functions
=@, ¢ € Sz (AX), such that

Frr (@) = Q) Fry (h0) € SHAX),

velk|
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We define S;°(A*) to be the subspace of S7 (A*) that is spanned by the functions
of the form ¢ = ), ¢, € Sy (A*) with the property that F  (¢) € S3(AX).

Theorem 7.3. Assume that w € A(G,) is square integrable. For any ¢ € S3°(A*),
the m-Poisson summation formula

Or (x, ) = O (™', Fry ()
holds as functions in x € A*.

Proof. By Corollary 5.6, both ®,(x, ¢) and Oz (x~ 1, Fry(@)) are absolutely
convergent. It suffices to show the equality. The proof goes in the same way as
Theorem 4.7 when 7 € Acysp(G,). The first key point is that when 7 is square
integrable, its matrix coefficients can also be realized as the integrals in (4-14), with
B1, B2 € V; being not necessarily cuspidal.

The second key point is to prove that the boundary terms defined in (4-23) vanish
automatically by the local assumption on ¢ at the two local places v; and v,. More
precisely, take ¢ = ¢z ,, € Sy (A™) and assume that

¢ =) ¢ =) be..0m,

with £,(g) = |detg[}/? f,(g) for some f, € S(M,(k,)), and ¢, € C(,). The
assumption at the two local places vy and v; is the same as that f,, € C2°(G,(k,,))
and Fy, (f,) € C°(Gn(ky,)). For f = &, fv and Fy (f) = Q, Fy, (f,) with
the above f,, at the given local place vy and Fy,, (f,,) at the given local place vy,
the boundary terms B (h, g) in (4-23) must vanish automatically. Therefore, the
summation identity is established. We refer the other details of the proof to the
proof of Theorem 4.7. (]

7C. Refinement of Conjecture 1.5. We are going to state our conjecture on (o, p)-
Poisson summation formula on GL; with more details, which refines Conjecture 1.5.
We will continue with the discussions in Section 6B. By Assumption 6.1, for
0 € Acusp(G), there exists a m = Q) 7, € Ma(G,) with m, = 7, (0,, p) for all v.
We define the space S, ,(A™) of (o, p)-Schwartz functions as in (6-5) and (6-6);
and the (o, p)-Fourier operator F; , y as in (6-7) and (6-8). Finally we define the
space ng’p (AX) to be equal to the space S,°(A*), which is defined in Section 7B.

Conjecture 7.4 (refinement of Conjecture 1.5). Let G be a k-split reductive group,
and p : G¥(C) — GL,(C) be a representation of the complex dual group G (C).
With Assumption 6.1, for any o € Acusp(G), there exist k™ -invariant linear func-
tionals & , and E , on Sy, ,(A™) and Sz ,(A*), respectively, such that the (o, p)-
Poisson summation formula

(7'25) go,,o(¢) = Eg,p(fn,p,W(‘p))
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holds for ¢ € Sq,(A™). If ¢ € S5°,(A*), then the identity in (7-25) holds for

Eop(@)(x) = Opp(x, ) = Y ¢(ax)
aek™
with x € A%,
We make remarks on Conjecture 1.5 and its refinement Conjecture 7.4.

Remark 7.5. In Corollary 6.3, we have proved that if the global Langlands functo-
riality is valid for (G, p) and the image of ¢ under the functorial transfer is cuspidal
on G, (A), then Conjectures 1.5 and 7.4 hold with

Eop(@)(x) = O, (x, ) = Y ¢(ax)
aek>

for any ¢ € S5 ,(A™) and any x € A If the global Langlands functoriality is valid
for (G, p) and the image of o under the functorial transfer is square integrable
on G,(A), then by Theorem 7.3, a similar (o, p)-Poisson summation formula in
Conjecture 7.4 holds for ¢ € S;°(A™).

8. Critical zeros of L(s, T x )

We provide a spectral interpretation of critical zeros of the automorphic L (s, 7 X x)
for any 7 € Acusp(Gr) and character x of the idele class group Cy = k*\A* for
a number field k. This can be viewed as a reformulation of [40, Theorem 2] (see
also [12]) in the adelic formulation of A. Connes [11], and is a extension of [11,
Theorem III.1] from the Hecke L-functions L(s, x) to the standard automorphic
L-functions L(s, T X x).

8A. Polya—Hilbert—-Connes pairs. For a number field k, denote by A! = A,l =
ker(] - |a) the norm one ideles of k. Denote by C; := k*\A* the idele class group
of k, and define C,i :=k*\A!. Then A* has a noncanonical decomposition

1
(8-1) A* =A" x RE,

where R = |A* |4 is the connected component of 1. In the following, we choose
and fix a section of the short exact sequence

1A' - A > RX — 1.
This gives a fixed noncanonical decomposition
(8-2) Cr =Cp x R
For any § > 0, define L(%(Ck) to the space consisting of measurable functions

Q:Ck—>C
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with a finite Sobolev norm || - |5 as defined by

(8-3) 10117 := [ 10(x)1*(1 + (log |x]a)?)*/* d*x.
Ck

It is clear that the space L%(Ck) is a Cx-module via the right translation ts defined by
(3-4) ts(a@)(0)(x) :=0(xa)

for any 6 € L%(Ck) and a, x € C,. Note that the C,-module L%(Ck) is not unitary,
but has the property

(8-5) [ts (x) || = o(log |x]a)%?,  |x]a — o0.

For any 7w € Acusp(Gr), take any ¢ € Sy (A™). By Proposition 4.8, for any « > 0,
there exists a positive constant ¢, ¢ such that the -theta function ©; (x, ¢) enjoys
the property

107 (x, §)| < cr.p - min{|x]a, [x[3},

in particular, ®, (x, ¢) decays rapidly when |x|sy — O or |x|a — o0, and hence
belongs to Lg(Ck). Define

(8-6) 615 = /c 1O (x, )2(1 + (log |x|a)?)** d*x

for any ¢ € S;(A*). Then we have the embedding
8-7) Or 1§ € Sr(A¥) > Ox (-, §) € LF(Ch)

with respect to the Sobolev norms defined in (8-3) and (8-6), respectively.
Denote by ®, the completion of the image © (S, (A*)) in L%(Ck). Since

(1) (O (-, #))(x) = Ox (x, ts(¥)P)

for any ¢ € Sy (A*), with x, y € Ci, the closed subspace O, is also a Cx-module.
Define the quotient space

(8-8) Hys = L3(C)/Ox,

which is also a Cx-module. The associated representation is denoted by v 5. It is
clear that the restriction of the Cy-module to C,l is unitary and has the decomposition

(8'9) H]T,Slcll = @ Hr[,é,x-

xec}
By the fixed (noncanonical) decomposition in (8-2), each eigenspace Hy s , 1S a
module of R}. The associated representation is denoted by t; 5 ,. Note that v, 5 ,
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is also a representation of C; = C,l X [R%fr on Hy 5 . The action of [Ri on Hy s,y
generates a flow with the infinitesimal generator

.1
(8-10) DOrs5.50) = Ell_r)% g(tn,&x(exp(é) —1))6
for any 0 € Hy s, ,. As in [11], one should take the pair

(8'11) (Hﬂ,5,xv QJT,S,X)

to be a candidate of the Pélya—Hilbert space. We call it a Pélya—Hilbert—Connes
pair. .

For any x € C,l, by the fixed noncanonical decomposition C; = C,l x RY as in
(8-2), the character x has a unique extension to Cy by defining that it is trivial on R.
We may still denote the extended character by .

Theorem 8.1 (critical zeros of L(s, x x)). Given any w € Acusp(G,) and any
character x € C}, take D5, as in (8-10) with § > 1.

(1) The spectrum Sp(Dy s5,,) is discrete and is contained in i - R with i = +/—1.
(2) 1 €Sp(Dns.y) ifand only if L(% + p, 7 x x) = 0.
(3) The multiplicity msp(o, , ) (1) is equal to the largest integer m < %(1 + &) with

m < Mp(sxxy) (% + /L), the multiplicity of % + w as a zero of the automorphic
L-function L(s, T X x).

Note Theorem 8.1 can be viewed as a reformulation of [40, Theorem 2] in the
adelic framework of [11] and is an extension of [11, Theorem III.1] from the Hecke
L-functions L(s, x) to the standard automorphic L-functions L(s, 7w X x). See also
[12] for relevant discussion.

8B. Proof of Theorem 8.1. We are going to prove Theorem 8.1 by using an
argument that combines the approach of [11] and that of [40].
Consider the pairing

(8-12) L3(Co) x L25(Cr) — € with (8, n) = (6, 1),
where the pairing is defined by the integral

0.0 = [, 6Om() d*x.
For any y € C;, we have

(ts(MO, n) = (0, t_s(y " "n)

for any 6 € L3(Cx) and n € L? 4(Cx).
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Consider a function 1 € L* 5(Cr) as a distribution on the eigenspace Hy 5 5. Then
(8-13) (0.m) =0
for any 0 € G)_ﬂ, and, for any ¢ € C,l,

t_s(n=x""(t)n

as a distribution on H 5 ,. Hence, we may write, for x =ta € C; = C,i x RY, the
fixed noncanonical decomposition, that

(8-14) n(x) =x" (OB,
where B(a) is a measurable function on [R{i with
1Blls = / 1B@/*(1+ (logla])®)™*d*a < co.
R+
The orthogonality in (8-13) can be written as
(8-15) [ Oxtxr o) dx =0
Cr
for any ¢ € S;(A*). As in [40], we prove the following lemma, which is a

reformulation of Lemma 1 of [40].

Lemma 8.2. The subspace of ®, generated by functions of type
(bxOx(-,9))(1) = f b(x)On (x~'1, ¢) d*x
Ck

with all b(x) € C°(Cy) is dense in ©,.

Proof. We reformulate the proof of [40, Lemma 1]. For any 6 € ©,, we have
(b *0)(t) :f b(x)0(x 1) d*x = / b(x)0" (t~'x) d*x = ts(b)(") ()
Ck Cr

for any b(x) € C2°(Cy). Since O, is aclosed subspace of L§(Ck) and is a C-module,
it is clear that b6 belongs to ®_ . In particular, we have that b+ ®, (-, ¢) belongs
to @, for all b(x) € C°(Cr) and all ¢ € S (AX).

Next, by [11, Lemma 5], there exists a sequence of functions {f,} with f,
belonging to the space S(Cx) of the Bruhat—Schwartz functions on Cy, such that
ts(fn) tends strongly to 1 in L(%(Ck) and the norm of ts(f;;) are bounded. Now
following the same argument as in the proof of [40, Lemma 1], we obtain that there
exists a sequence of functions b, € C2°(Cx) with the properties

(1) ts(b,) converges strongly to 1;
(2) the norm of t5(b,) is bounded,;
(3) by * O, (-, ¢) converges to O (-, ¢) for any ¢ € S, (AX).
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Therefore the linear span of b * ®, (-, ¢) with b(x) € C2°(Cx) and ¢ € S, (AX) is
dense in ©,,. We are done. |

By Lemma 8.2, it is enough to consider the orthogonality
(8-16) [, @0z om) dx =0
k

for any ¢ € Sy (A) and b(x) € C2°(Cy).

Lemma 8.3. Foranyn € L2_5 (Cr), the integral
[, ®x0x(.onme) d
k
is zero for any b € C2°(Cy) and any ¢ € S (A*) if and only if

L(3+ip,mx x) - Mm(Xin)

is zero as a function in X;,, where x;, is any unitary character of Cy that can be
written as X, (x) = x()a'* for x =ta € C; = C,: X Ri, the fixed noncanonical
decomposition.

Proof. We are going to apply the Parseval formula for the Fourier transform from
Cy to its unitary dual @ to (8-16). Since y;,(x) = x (t)a'*, the Fourier transform
for Cy is

MO i) = [, 6003, 0 d"x,
By applying the Parseval formula to the integral
[, o Ox (. pneome) d*x,
we obtain that (8-16) is equivalent to
(8-17) /@M(b)(xm)/\/l(@n( S ) X)) M) (Xip) dXin =0
for any ¢ € S;(A) and b(x) € C2°(Cy). It is easy to verify from definition that

MOz (-, ) (Xiw) = Z(5 +im. ¢, x).

where the right-hand side is the global (GL,) zeta integral as defined in (4-4). From
Corollary 4.4 and [16, Proposition 13.9], the global zeta integral Z (% +in, d, X)
is a bounded function in u. Hence, the product

Ton (i) = Z(3+ip, ¢, x) - M) (Xin)

is a tempered distribution on @ It follows that (8-17) is the same as

(8-18) /5 MG Ki) Tpon (i) dxip = 0
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for any ¢ € Sy (A*) and b(x) € C°(Cy). Denote by @,n(x) the (inverse) Fourier
transform of Ty ,(x;.). By using the Parseval formula for the (inverse) Fourier
transform, we obtain that (8-18) is equivalent to

(8-19) / b(x)Tg.,(x)d*x =0

Ck

for all ¢ € S,r (A) and b(x) € C>°(Cx). Hence, we must have that (8-19) holds if
and only if 7;5 n(x) =0 as distribution on Ci, which is equivalent to 74 , (xi,.) =0 as
distribution on Cx. In other words, we obtain that for any n € L? < 5(Ck), the integral

. (b*Oz (-, $))(x)n(x)d*x

is zero for any b € C2°(Cy) and any ¢ € S; (A*) if and only if

(8-20) Z(3+ip, d, x) - M@ (xiw) =0

for all ¢ € S;(A*). By Corollary 4.4 and [16, Theorem 13.8], there exist finitely
many @i, ..., ¢¢ € Sy (A*) such that

Zh+in i)+ -+ 23 +in, e x) =L(3+ipn. 7w x x).
Thus we obtain that (8-20) implies
(8-21) L(3+ip, 7 xx) - M®(xin) =0

as a function in x;,.
To prove the converse, we consider factorizable data ¢ = ), ¢ € S, (AX) and
x =@, xv. The global zeta integral factorizes into an Euler product

Z(s,¢, 0 =] 20, ¢u x0)-
Vv
By Theorem 3.4, we obtain that

Z 9 b
25,6 0 = LGs, 7 x ) - [ | o Xe)
LUL6 mx )
where S is the finite set of local places, including all Archimedean local places
of k, such that for any v ¢ S, the data 7, and yx, are unramified, and the quotient
Z(s, ¢v, xv)/L(s, m, X x,) is holomorphic in s € C. Hence, if n € L%B (A™) satisfies

L(3+ipw, 7 x x) - M@ (xin) =0

as a function in x;,, i.e., (8-21) holds, then (8-20) holds for factorizable data
»=Q, ¢y € Sx(A¥) and x = ), xv. Hence, it holds for all ¢ € S;(A*) and
all x. We are done. O
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The rest of the proof of Theorem 8.1 is exactly the same as the proof of [40,
Theorem 2, page 178], which follows from the same argument of Connes (in the
proof of [11, Theorem III.1, pp. 86—87]). We omit the details.

Acknowledgement

We would like to thank the referee for helpful comments, which made the paper
more readable.

References

[1] A. Aizenbud and D. Gourevitch, “Schwartz functions on Nash manifolds”, Int. Math. Res. Not.
2008:5 (2008), art.id. 155. MR Zbl

[2] J. Arthur, The endoscopic classification of representations: orthogonal and symplectic groups,
American Mathematical Society Colloquium Publications 61, American Mathematical Society,
Providence, RI, 2013. MR Zbl

[3] J. N. Bernstein, “Le ‘centre’ de Bernstein”, pp. 1-32 in Representations of reductive groups over
a local field, edited by P. Deligne, Hermann, Paris, 1984. MR Zbl

[4] J. Bernstein and B. Krotz, “Smooth Fréchet globalizations of Harish-Chandra modules”, Israel J.
Math. 199:1 (2014), 45-111. MR Zbl

[5] J. N. Bernstein and A. V. Zelevinsky, “Representations of the group GL(n, F'), where F is a
local non-Archimedean field”, Uspehi Mat. Nauk 31:3(189) (1976), 5-70. In Russian; translated
in Russian Math. Surveys 31:3 (1976), 1-68. MR Zbl

[6] A. Braverman and D. Kazhdan, “y-functions of representations and lifting”, pp. 237-278 in
Visions in mathematics (Tel Aviv, 1999), vol. 1, edited by N. Alon et al., Birkhduser, 2000. MR
Zbl

[7] P. Cartier, “Representations of p-adic groups: a survey”, pp. 111-155 in Automorphic forms,
representations and L-functions, I (Corvallis, OR, 1977), edited by A. Borel and W. Casselman,
Proc. Sympos. Pure Math. 33, Amer. Math. Soc., Providence, RI, 1979. MR Zbl

[8] W. Casselman, “The unramified principal series of p-adic groups, I: The spherical function”,
Compositio Math. 40:3 (1980), 387-406. MR Zbl

[9] W. Casselman, “Canonical extensions of Harish-Chandra modules to representations of G”,
Canad. J. Math. 41:3 (1989), 385-438. MR Zbl

[10] L. Clozel and P. Sarnak, “A universal lower bound for certain quadratic integrals of automorphic
L-functions”, preprint, 2022. arXiv 2203.12475

[11] A. Connes, “Trace formula in noncommutative geometry and the zeros of the Riemann zeta
function”, Selecta Math. (N.S.) 5:1 (1999), 29-106. MR Zbl

[12] A. Deitmar, “A Polya—Hilbert operator for automorphic L-functions”, Indag. Math. (N.S.) 12:2
(2001), 157-175. MR Zbl

[13] L. Fargues and P. Scholze, “Geometrization of the local Langlands correspondence”, preprint,
2021. arXiv 2102.13459

[14] S. Gelbart, 1. Piatetski-Shapiro, and S. Rallis, Explicit constructions of automorphic L-functions,
Lecture Notes in Mathematics 1254, Springer, 1987. MR Zbl

[15] J. R. Getz and B. Liu, “A refined Poisson summation formula for certain Braverman—Kazhdan
spaces”, Sci. China Math. 64:6 (2021), 1127-1156. MR Zbl


http://dx.doi.org/10.1093/imrn/rnm155
http://msp.org/idx/mr/2418286
http://msp.org/idx/zbl/1161.58002
http://dx.doi.org/10.1090/coll/061
http://msp.org/idx/mr/3135650
http://msp.org/idx/zbl/1297.22023
http://www.math.tau.ac.il/~bernstei/Publication_list/publication_texts/Bern_Center.pdf
http://msp.org/idx/mr/771671
http://msp.org/idx/zbl/0599.22016
http://dx.doi.org/10.1007/s11856-013-0056-1
http://msp.org/idx/mr/3219530
http://msp.org/idx/zbl/1294.22010
https://doi.org/10.1070/RM1976v031n03ABEH001532
http://msp.org/idx/mr/0425030
http://msp.org/idx/zbl/0342.43017
http://dx.doi.org/10.1007/978-3-0346-0422-2_9
http://msp.org/idx/mr/1826255
http://msp.org/idx/zbl/1004.11026
http://msp.org/idx/mr/546593
http://msp.org/idx/zbl/0421.22010
http://www.numdam.org/item?id=CM_1980__40_3_387_0
http://msp.org/idx/mr/571057
http://msp.org/idx/zbl/0472.22004
http://dx.doi.org/10.4153/CJM-1989-019-5
http://msp.org/idx/mr/1013462
http://msp.org/idx/zbl/0702.22016
http://msp.org/idx/arx/2203.12475
http://dx.doi.org/10.1007/s000290050042
http://dx.doi.org/10.1007/s000290050042
http://msp.org/idx/mr/1694895
http://msp.org/idx/zbl/0945.11015
http://dx.doi.org/10.1016/S0019-3577(01)80023-9
http://msp.org/idx/mr/1913639
http://msp.org/idx/zbl/1024.11033
http://msp.org/idx/arx/2102.13459
http://dx.doi.org/10.1007/BFb0078125
http://msp.org/idx/mr/892097
http://msp.org/idx/zbl/0612.10022
http://dx.doi.org/10.1007/s11425-018-1616-0
http://dx.doi.org/10.1007/s11425-018-1616-0
http://msp.org/idx/mr/4268887
http://msp.org/idx/zbl/1465.11142

FOURIER OPERATORS AND POISSON FORMULAE ON GL; 371

[16] R. Godement and H. Jacquet, Zeta functions of simple algebras, Lecture Notes in Mathematics
260, Springer, 1972. MR Zbl

[17] M. Harris and R. Taylor, The geometry and cohomology of some simple Shimura varieties,
Annals of Mathematics Studies 151, Princeton University Press, 2001. MR Zbl

[18] G. Henniart, “Caractérisation de la correspondance de Langlands locale par les facteurs € de
paires”, Invent. Math. 113:2 (1993), 339-350. MR Zbl

[19] G. Henniart, “Une preuve simple des conjectures de Langlands pour GL(n) sur un corps p-
adique”, Invent. Math. 139:2 (2000), 439—455. MR Zbl

[20] A. Ichino and N. Templier, “On the Voronoi formula for GL(n)”, Amer. J. Math. 135:1 (2013),
65-101. MR

[21] J.-i. Igusa, Forms of higher degree, Tata Institute of Fundamental Research Lectures on Mathe-
matics and Physics 59, Tata Institute of Fundamental Research, Bombay, 1978. MR Zbl

[22] H. Jacquet, “Représentations des groupes linéaires p-adiques”, pp. 119-220 in Theory of group
representations and Fourier analysis (Montecatini Terme, Italy, 1970), edited by F. Gherardelli,
Ed. Cremonese, Rome, 1971. MR Zbl

[23] H. Jacquet, “Archimedean Rankin—Selberg integrals”, pp. 57-172 in Automorphic forms and
L-functions, II: local aspects, edited by D. Ginzburg et al., Contemp. Math. 489, Amer. Math.
Soc., Providence, RI, 2009. MR Zbl

[24] D. Jiang and Z. Li, “The Voronoi summation formula for GL; and the Godement—Jacquet
kernels”, 2023. arXiv 2306.02554

[25] D. Jiang and Z. Luo, “Certain Fourier operators on GL| and local Langlands gamma functions”,
Pacific J. Math. 318:2 (2022), 339-374. MR Zbl

[26] D.lJiang, Z. Luo, and L. Zhang, “Harmonic analysis and gamma functions on symplectic groups”,
preprint, 2021. To appear in Mem. Amer. Math. Soc. arXiv 2006.08126v2

[27] L. Lafforgue, “Noyaux du transfert automorphe de Langlands et formules de Poisson non
linéaires”, Jpn. J. Math. 9:1 (2014), 1-68. MR Zbl

[28] L. Lafforgue, “Du transfert automorphe de Langlands aux formules de Poisson non linéaires”,
Ann. Inst. Fourier (Grenoble) 66:3 (2016), 899-1012. MR Zbl

[29] R.P. Langlands, “Problems in the theory of automorphic forms”, pp. 18-61 in Lectures in modern
analysis and applications, 111, edited by C. T. Taam, Lecture Notes in Math. 170, Springer, 1970.
MR

[30] R. Langlands, “On the notion of an automorphic representation. A supplement to the preceding
paper”, pp. 203-207 in Automorphic forms, representations and L-functions (Corvallis, OR,
1977), vol. 2, edited by A. Borel and W. Casselman, Proc. Symp. Pure Math. 33, Am. Math.
Soc., Providence, RI, 1979. Zbl

[31] R. P. Langlands, “On the classification of irreducible representations of real algebraic groups”,
pp- 101-170 in Representation theory and harmonic analysis on semisimple Lie groups, edited
by P.J. Sally, Jr., Math. Surveys Monogr. 31, Amer. Math. Soc., Providence, RI, 1989. MR

[32] W.-W. Li, “Generalized zeta integrals on certain real prehomogeneous vector spaces”, Nagoya
Math. J. 249 (2023), 50-87. MR Zbl

[33] Z. Luo, “On the Braverman—Kazhdan proposal for local factors: spherical case”, Pacific J. Math.
300:2 (2019), 431-471. MR Zbl

[34] Z. Luo, “An introduction to the proposal of Braverman and Kazhdan”, pp. Chapter 7 in On the
Langlands program: endoscopy and beyond, edited by W. T. Gan et al., Lect. Notes Inst. Math.
Sci. Natl. Univ. Singap. 43, World Sci., Hackensack, NJ, 2023.


http://msp.org/idx/mr/342495
http://msp.org/idx/zbl/0244.12011
http://msp.org/idx/mr/1876802
http://msp.org/idx/zbl/1036.11027
http://dx.doi.org/10.1007/BF01244309
http://dx.doi.org/10.1007/BF01244309
http://msp.org/idx/mr/1228128
http://msp.org/idx/zbl/0810.11069
http://dx.doi.org/10.1007/s002220050012
http://dx.doi.org/10.1007/s002220050012
http://msp.org/idx/mr/1738446
http://msp.org/idx/zbl/1048.11092
http://dx.doi.org/10.1353/ajm.2013.0005
http://msp.org/idx/mr/3022957
http://msp.org/idx/mr/546292
http://msp.org/idx/zbl/0417.10015
http://msp.org/idx/mr/291360
http://msp.org/idx/zbl/0242.22016
http://dx.doi.org/10.1090/conm/489/09547
http://msp.org/idx/mr/2533003
http://msp.org/idx/zbl/1250.11051
http://msp.org/idx/arx/2306.02554
http://dx.doi.org/10.2140/pjm.2022.318.339
http://msp.org/idx/mr/4474366
http://msp.org/idx/zbl/1506.11074
http://msp.org/idx/arx/2006.08126v2
http://dx.doi.org/10.1007/s11537-014-1274-y
http://dx.doi.org/10.1007/s11537-014-1274-y
http://msp.org/idx/mr/3173438
http://msp.org/idx/zbl/1300.11033
http://dx.doi.org/10.5802/aif.3029
http://msp.org/idx/mr/3494164
http://msp.org/idx/zbl/1417.11153
http://msp.org/idx/mr/302614
http://msp.org/idx/zbl/0414.22021
http://dx.doi.org/10.1090/surv/031/03
http://msp.org/idx/mr/1011897
http://dx.doi.org/10.1017/nmj.2022.21
http://msp.org/idx/mr/4545218
http://msp.org/idx/zbl/07652946
http://dx.doi.org/10.2140/pjm.2019.300.431
http://msp.org/idx/mr/3990815
http://msp.org/idx/zbl/1457.11062

372 DIHUA JIANG AND ZHILIN LUO

[35] Z. Luo and B. C. Ngo, “Non-abelinan Fourier kernels on SL; and GL;”, preprint, 2023.

[36] 1. G. Macdonald, Spherical functions on a group of p-adic type, Publications of the Ramanujan
Institute 2, University of Madras, Centre for Advanced Study in Mathematics, Ramanujan
Institute, Madras, 1971. MR Zbl

[37] B. C. Ngd, “Hankel transform, Langlands functoriality and functional equation of automorphic
L-functions”, Jpn. J. Math. 15:1 (2020), 121-167. MR

[38] I. Satake, “Theory of spherical functions on reductive algebraic groups over p-adic fields”, Inst.
Hautes Etudes Sci. Publ. Math. 18 (1963), 5-69. MR Zbl

[39] P. Scholze, “The local Langlands correspondence for GL, over p-adic fields”, Invent. Math.
192:3 (2013), 663-715. MR Zbl

[40] C. Soulé, “On zeroes of automorphic L-functions”, pp. 167-179 in Dynamical, spectral, and
arithmetic zeta functions (San Antonio, TX, 1999), edited by M. L. Lapidus and M. van
Frankenhuysen, Contemp. Math. 290, Amer. Math. Soc., Providence, RI, 2001. MR Zbl

[41] B. Sun and C.-B. Zhu, “A general form of Gelfand—Kazhdan criterion”, Manuscripta Math.
136:1-2 (2011), 185-197. MR Zbl

[42] M. Tadié, “Spherical unitary dual of general linear group over non-Archimedean local field”,
Ann. Inst. Fourier (Grenoble) 36:2 (1986), 47-55. MR Zbl

[43] T. Tamagawa, “On the ¢-functions of a division algebra”, Ann. of Math. (2) 77 (1963), 387-405.
MR Zbl

[44] J. T. Tate, “Fourier analysis in number fields, and Hecke’s zeta-function”, pp. 305-347 in
Algebraic number theory (Brighton, 1965), edited by J. W. S. Cassels and A. Frohlich, Thompson,
Washington, DC, 1967. MR

[45] N.R. Wallach, Real reductive groups, I, Pure and Applied Mathematics 132, Academic Press,
Boston, 1988. MR Zbl

[46] N.R. Wallach, Real reductive groups, II, Pure and Applied Mathematics 132, Academic Press,
Boston, 1992. MR

[47] A. Weil, “Sur la formule de Siegel dans la théorie des groupes classiques”, Acta Math. 113
(1965), 1-87. MR Zbl

[48] A. Weil, Basic number theory, Springer, 1995. MR Zbl

Received May 10, 2023. Revised November 18, 2023.

DIHUA JIANG

SCHOOL OF MATHEMATICS
UNIVERSITY OF MINNESOTA
MINNEAPOLIS, MN

UNITED STATES

jiang034 @umn.edu

ZHILIN Luo

DEPARTMENT OF MATHEMATICS
UNIVERSITY OF CHICAGO
CHICAGO, IL

UNITED STATES

zhilinchicago @uchicago.edu


http://msp.org/idx/mr/435301
http://msp.org/idx/zbl/0302.43018
http://dx.doi.org/10.1007/s11537-019-1650-8
http://dx.doi.org/10.1007/s11537-019-1650-8
http://msp.org/idx/mr/4068833
http://www.numdam.org/item?id=PMIHES_1963__18__5_0
http://msp.org/idx/mr/195863
http://msp.org/idx/zbl/0122.28501
http://dx.doi.org/10.1007/s00222-012-0420-5
http://msp.org/idx/mr/3049932
http://msp.org/idx/zbl/1305.22025
http://dx.doi.org/10.1090/conm/290/04580
http://msp.org/idx/mr/1868475
http://msp.org/idx/zbl/1094.11030
http://dx.doi.org/10.1007/s00229-011-0437-x
http://msp.org/idx/mr/2820401
http://msp.org/idx/zbl/1229.22014
http://dx.doi.org/10.5802/aif.1046
http://msp.org/idx/mr/850742
http://msp.org/idx/zbl/0554.20009
http://dx.doi.org/10.2307/1970221
http://msp.org/idx/mr/144928
http://msp.org/idx/zbl/0222.12018
http://msp.org/idx/mr/0217026
http://msp.org/idx/mr/929683
http://msp.org/idx/zbl/0666.22002
http://msp.org/idx/mr/1170566
http://dx.doi.org/10.1007/BF02391774
http://msp.org/idx/mr/223373
http://msp.org/idx/zbl/0161.02304
http://msp.org/idx/mr/1344916
http://msp.org/idx/zbl/0823.11001
mailto:jiang034@umn.edu
mailto:zhilinchicago@uchicago.edu

Guidelines for Authors

Authors may submit articles at msp.org/pjm/about/journal/submissions.html and choose an
editor at that time. Exceptionally, a paper may be submitted in hard copy to one of the
editors; authors should keep a copy.

By submitting a manuscript you assert that it is original and is not under consideration
for publication elsewhere. Instructions on manuscript preparation are provided below. For
further information, visit the web address above or write to pacific@math.berkeley.edu or
to Pacific Journal of Mathematics, University of California, Los Angeles, CA 90095-1555.
Correspondence by email is requested for convenience and speed.

Manuscripts must be in English, French or German. A brief abstract of about 150 words or
less in English must be included. The abstract should be self-contained and not make any
reference to the bibliography. Also required are keywords and subject classification for the
article, and, for each author, postal address, affiliation (if appropriate) and email address if
available. A home-page URL is optional.

Authors are encouraged to use IATEX, but papers in other varieties of TgX, and exceptionally
in other formats, are acceptable. At submission time only a PDF file is required; follow
the instructions at the web address above. Carefully preserve all relevant files, such as
IATEX sources and individual files for each figure; you will be asked to submit them upon
acceptance of the paper.

Bibliographical references should be listed alphabetically at the end of the paper. All ref-
erences in the bibliography should be cited in the text. Use of BibTgX is preferred but not
required. Any bibliographical citation style may be used but tags will be converted to the
house format (see a current issue for examples).

Figures, whether prepared electronically or hand-drawn, must be of publication quality.
Figures prepared electronically should be submitted in Encapsulated PostScript (EPS) or
in a form that can be converted to EPS, such as GnuPlot, Maple or Mathematica. Many
drawing tools such as Adobe Illustrator and Aldus FreeHand can produce EPS output.
Figures containing bitmaps should be generated at the highest possible resolution. If there
is doubt whether a particular figure is in an acceptable format, the authors should check
with production by sending an email to pacific @math.berkeley.edu.

Each figure should be captioned and numbered, so that it can float. Small figures occupying
no more than three lines of vertical space can be kept in the text (“the curve looks like
this:”). It is acceptable to submit a manuscript will all figures at the end, if their placement
is specified in the text by means of comments such as “Place Figure 1 here”. The same
considerations apply to tables, which should be used sparingly.

Forced line breaks or page breaks should not be inserted in the document. There is no point
in your trying to optimize line and page breaks in the original manuscript. The manuscript
will be reformatted to use the journal’s preferred fonts and layout.

Page proofs will be made available to authors (or to the designated corresponding author)
at a website in PDF format. Failure to acknowledge the receipt of proofs or to return
corrections within the requested deadline may cause publication to be postponed.


http://msp.org/pjm/about/journal/submissions.html
mailto:pacific@math.berkeley.edu
mailto:pacific@math.berkeley.edu

and Hausdorff dimension

JULIA CUFI, JUAN JESUS DONAIRE, PERTTI MATTILA and
JOAN VERDERA

Certain Fourier operators and their associated Poisson summation 301
formulae on GL;

DIHUA JIANG and ZHILIN LUO



	 vol. 326, no. 2, 2023
	Masthead and Copyright
	01
	1. Introduction
	1A. Background: Landau–Lifshitz–Gilbert equation and the Schrödinger map flow
	1B. Motivations and main results

	2. Preliminary
	2A. Notations
	2B. Some basic lemmas
	2C. Galerkin basis and Galerkin projection

	3. Local strong solution
	3A. Approximation equation
	3B. Galerkin approximation of (3-2) and a priori estimates

	4. Local regular solution
	5. Local very regular solution
	5A. Compatibility conditions of the initial data
	5B. H^5-regularity of u (i.e., the proof of property T(2))
	5C. Higher order regularity of u (i.e., the proof of T(k) with k>=2)
	5D. Regular solution to (5-9)
	5E. Uniqueness of strong solutions to equation (5-9)
	5F. The proof of item (1) of property T(k+1)
	5G. The proof of item (2) in property T(k+1)

	Acknowledgements
	References

	02
	1. Introduction
	2. Notation and preliminaries
	2A. From Galilean algebras to infinite-dimensional Galilean conformal algebras
	2B. Planar Galilean conformal algebra

	3. U(CL0)-free modules over G
	4. U(h)-free modules over G
	4A. U(h)-free modules over G
	4B. Irreducibility of U(h)-free modules over G
	4C. Isomorphism classes of U(h)-free modules over G

	Acknowledgments
	References

	03
	1. Introduction
	2. F-algebroids
	3. Pre-Lie deformation quantization of commutative associative algebroids
	4. Some constructions of F-algebroids
	(Pseudo)eventual identities and Dubrovin's dual of F-algebroids
	Nijenhuis operators and deformed F-algebroids

	5. Pre-F-algebroids and eventual identities
	Some properties of pre-F-algebroids
	Eventual identities of pre-F-algebroids
	Nijenhuis operators and deformed pre-F-algebroids

	Acknowledgements
	References

	04
	1. Introduction
	2. Martingales
	3. The stopping time argument
	Appendix A. A lemma on Hausdorff dimension
	Appendix B. The Riesz transforms in R^d
	Acknowledgements
	References

	05
	1. Introduction
	1A. GL1-theory
	1B. Brief explanation of each section

	2. Godement–Jacquet theory and reformulation
	2A. Mellin transforms
	2B. Local theory of Godement–Jacquet
	2C. Reformulation of Godement–Jacquet theory

	3. pi-Schwartz functions and Fourier operators
	3A. Two spaces associated to pi
	3B. Fourier operators

	4. pi-Poisson summation formula on GL1
	4A. pi-Schwartz space and Fourier operator
	4B. Global zeta integral
	4C. pi-Poisson summation formula

	5. Convergence of generalized theta functions
	5A. Convergence of pi-theta functions
	5B. Justification of Assumption 5.1

	6. (sigma, rho)-theta functions on GL1
	6A. On the local Langlands conjecture
	6B. Convergence of (sigma, rho)-theta functions

	7. Variants of Conjecture 1.5
	7A. Certain special Schwartz functions
	7B. A variant of pi-Poisson summation formulae
	7C. Refinement of Conjecture 1.5

	8. Critical zeros of L(s, pi x chi)
	8A. Pólya–Hilbert–Connes pairs
	8B. Proof of Theorem 8.1

	Acknowledgement
	References

	Guidelines for Authors
	Table of Contents

