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HANKEL OPERATORS ON L?(R;+) AND
THEIR p-COMPLETELY BOUNDED MULTIPLIERS

LORIS ARNOLD, CHRISTIAN LE MERDY AND SAFOURA ZADEH

We show that for any 1 < p < oo, the space Hank,(R;) € B(L?(R;)) of
all Hankel operators on L?(R,) is equal to the w*-closure of the linear
span of the operators 6, : L?(R,) — L?(R,) defined by 8, f = f(u—-), for
u > 0. We deduce that Hank, (R, ) is the dual space of A,(R,), a half-line
analogue of the Figa-Talamanca—Herz algebra A ,(R). Then we show that
a function m : R} — C is the symbol of a p-completely bounded multiplier
Hank,(R;) — Hank,(R,) if and only if there exist « € L>°(R,; L?(£2)) and
BeL>*R,;; L”,(ﬂ)) such that m(s + t) = («(s), B(t)) for a.e. (s,?) € [Ri’;_z.
We also give analogues of these results in the (easier) discrete case.

1. Introduction

For any u > 0 and for any function f : Ry — C, let 7, f : Ry — C be the
shifted function defined by 7, f = f(- —u). Let 1 < p, p’ < oo be two conjugate
indices. We say that a bounded operator T : L”(Ry) — L?(Ry) is Hankelian if
(Tt,f, g)=(Tf 1,8) forall feLP(R;)and ge Lp/([R{Jr). Let B(L?(R,)) denote
the Banach space of all bounded operators on L” (R;.). The main object of this paper
is the subspace Hank, (R, ) € B(L”(R)) of all Hankel operators on L”(R,).

The case p =2 has received a lot of attention; see [Nikolski 2002; 2020; Peller
2003; Yafaev 2015; 2017a; 2017b]. The most important result in this case is
that Hank;(R.) is isometrically isomorphic to the quotient space L (R)/H*(R),
where H*°(R) C L*°(R) is the classical Hardy space of essentially bounded func-
tions whose Fourier transform has support in R (see [Nikolski 2020, Section IV.5.3]
or [Peller 2003, Theorem 1.8.1]). This result is the real line analogue of Nehari’s
classical theorem describing Hankel operators on £ (see [Nikolski 2020, Theo-
rem 11.2.2.4], [Peller 2003, Theorem 1.1.1] or [Power 1982, Theorem 1.3]). An
equivalent formulation of the above result is that

(1) Hank,(R;) =~ H' (R)*,

where H!(R) € L'(R) is the Hardy space of all integrable functions whose Fourier
transform vanishes on R_.
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The first main result of this paper is that for any 1 < p < oo, the Banach space
Hank, (R ) coincides with %w*{eu ‘u >0} C B(L?(R4)), where, for any u > 0,
0, : LP(Ry) — LP(R,) is the Hankel operator defined by 6, f = f(u—-). As a
consequence, we show that

) Hank, (R;) = A,(R)",

where A, (R) is a half-line analogue of the Figa-Talamanca—Herz algebra A ,(R)
(see, e.g., [Derighetti 2011, Chapter 3]). We will see in Remark 4.2(a) that
A>(Ry) ~ HY(R). Thus, the duality result (2), established in Theorem 4.1, is
an L”-version of (1).

By a multiplier of Hank, (R ), we mean a w*-continuous operator

T : Hank,(R;) — Hank,(R;)

such that T'(6,) = m(u)é, for all u > 0, for some function m : R} — C. In this
case, we set T = T, and it turns out that m is necessarily bounded and continuous,
see Lemma 4.5. The second main result of this paper is a characterization of
p-completely bounded multipliers 7;,,. We refer to Section 2 for some background
on p-complete boundedness, whose definition goes back to [Pisier 1990] (see
also [Daws 2010; Le Merdy 1996; Pisier 2001]). We prove in Theorem 4.6 that
T,, : Hank,(R;) — Hank,(R) is a p-completely bounded multiplier if and only
if there exist a measure space (€2, 1) and two essentially bounded measurable
functions o : Ry — LP(R2) and 8: R, — Lp/(Q) such that m(s +1) = (x(s), B(1))
for almost every (s,t) € Rf. This is a generalisation of [Arnold et al. 2022,
Theorem 3.1]. Indeed, the result in [Arnold et al. 2022] provides a characterization
of S!'-bounded multipliers on H'(R). Using (1), this yields a characterization of
completely bounded multipliers on Hank; (R, ), which is nothing but the case p =2
of Theorem 4.6. See Remark 4.7 for more on this.

Let us briefly explain the plan of the paper. Section 2 contains some preliminary
results. Section 3 is devoted to Hank,(N) C B(£”), the space of Hankel operators
on £P. We establish analogues of the aforementioned results in the discrete setting.
Results for Hank, (N) are easier than those concerning Hank , (R ) and Section 3
can be considered as a warm up. The main results are stated and proved in Section 4.

2. Preliminaries

All our Banach spaces are complex ones. For any Banach spaces X, Z, we let
B(X, Z) denote the Banach space of all bounded operators from X into Z and we
write B(X) instead of B(X, X) when Z = X. For any x € X and x* € X*, the
duality action x*(x) is denoted by (x*, x) x= x, or simply by (x*, x) if there is no
risk of confusion.
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We start with duality on tensor products. Let X, Y be Banach spaces. Let X ® Y
denote their projective tensor product [Diestel and Uhl 1977, Section VIIL.1]. We
will use the classical isometric identification

3) (X®Y)* ~B(X,Y*)

provided, e.g., by [Diestel and Uhl 1977, Corollary VIIL.2.2]. More precisely,
for any & € (X ® Y)*, there exists a necessarily unique Rg € B(X, Y'™) such that
§(x®y) =(Re(x),y) forall x € X and y € Y. Moreover ||R¢|| = ||§]| and the
mapping & — Rg is onto.

Lemma 2.1. Let A C X and B C Y such that Span{A} is dense in X and Span{B}
is dense in Y. Assume that (R)), is a bounded net of B(X, Y*). Then R, converges
to some R € B(X, Y*) in the w*-topology if and only if (R, (x), y) = (R(x), y) for
allx e Aand y € B.

Proof. Assume the latter property. Since the algebraic tensor product X ® Y is dense
in X ® Y, it implies that (R,, z) — (R, z), for all z belonging to a dense subspace
of X ® Y. Next, the boundedness of (R,), implies that (R,, z) — (R, z), for all 7
belonging to X ® Y. The equivalence follows. U

We will use the above duality principles in the case when X = Y* is an L”-space
L?(2), for some index 1 < p < o0.

We now give a brief background on p-completely bounded maps, following
[Pisier 1990] (see also [Daws 2010; Le Merdy 1996; Pisier 2001]). Let 1 < p < o0
and let §Q, denote the collection of quotients of subspaces of L”-spaces, where
we identify spaces which are isometrically isomorphic. Let E be an SQ ,-space.
Let n > 1 be an integer and let [T;;]1<; j<, € M, ® B(E) be an n X n matrix with
entries 7;; in B(E). We equip M,, ® B(E) with the norm defined by

n

@ T =sup] (3

i=1

n p % n
> Ty ) i e By Y llr < 1)

j=1 i=1

If S C B(E) is any subspace, then we let M,,(S) denote M, ® S equipped with the
induced norm.

Let §; and S, be subspaces of B(E) and B(E>»), respectively, for some SQ -
spaces E| and E,. Let w: S} — S be alinear map. For any n > 1, let w,, : M,,(S1) —
M, (S2) be defined by w,([T;]) = [w(T;)]. for any [T;jli<ij<n € Ma(S1). By
definition, w is called p-completely bounded if the maps w,, are uniformly bounded.
In this case, the p-cb norm of w is defined by ||w|| ,—c, = sup,, [|w,||. We further
say that w is p-completely contractive if ||w|,—» < 1 and that w is a p-complete
isometry if w,, is an isometry for all n > 1. Note that the case p =2 corresponds to the
classical notion of completely bounded maps (see, e.g., [Paulsen 2002; Pisier 2001]).
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We recall the following factorisation theorem of Pisier (see [Le Merdy 1996,
Theorem 1.4; Pisier 1990, Theorem 2.1]), which extends Wittstock’s factorisation
theorem [Paulsen 2002, Theorem 8.4].

Theorem 2.2. Let (21, 1) and (23, (2) be measure spaces and let 1 < p < o0.
Let S € B(L?(21)) be a unital subalgebra. Let w : S — B(L?(R2)) be a linear
map and let C > 0 be a constant. The following assertions are equivalent.

(i) The map w is p-completely bounded and ||w|| ,—c» < C.

(i1) There exist an SQ ,-space E, a unital, nondegenerate p-completely contractive
homomorphism w : S — B(E) as well as operators V : LP(2;) — E and
W:E— LP(2) suchthat |V ||||W| < C and forany x € S, w(x)=Wnm(x)V.

Remark 2.3. Let 1 < p < oo and let p’ be its conjugate index. Let E be an
SO p-space. Then by assumption, there exist a measure space (€2, 1) and two closed
subspaces E, C Ey € LP(2) such that E = E{/E;. Then ElL C E2L C Lp/(Q) and
we have an isometric identification

i
~ E

5 Ef >~ =2,
o) £l

by the classical duality between subspaces and quotients of Banach spaces. More
explicitly, let f € E; and let g € EzL Let f € E denote the class of f modulo E,
and let ¢ € E* denote the element associated to the class of g modulo £ ll through
the identification (5). Then we have

(6) (& Fee =18 )1 1o

We now turn to Bochner spaces. Let (X, v) be a measure space and let X be
a Banach space. For any 1 < p < oo, we let L?(X; X) denote the space of all
measurable functions ¢ : ¥ — X (defined up to almost everywhere zero functions)
such that the norm function ¢ — || (¢)|| belongs to L”(X). This is a Banach space
for the norm ||| ,, defined as the L”(X)-norm of [|¢(-)|| (see, e.g., [Diestel and
Uhl 1977, Chapters I and IIJ).

Assume that p is finite and note that in this case, L” (X)® X isdense in L?(X; X).
Let p’ be the conjugate index of p. Forall ¢ € LP(X; X) and ¢ € Lp/(E; X*), the
function ¢t — (V¥ (¢), ¢ (¢)) x+ x belongs to L'(%) and the resulting duality paring
(¥, @) = fﬂ(w(t), ¢ (1)) dv(t) extends to an isometric embedding L”/(E; X*) —
L?(%; X)*. Furthermore, this embedding is onto if X is reflexive, that is,

@) LP(Z; X*)~ LP(Z:; X)* if X is reflexive.

We refer to [Diestel and Uhl 1977, Corollary I11.2.13 and Section IV.1] for these
results and complements.
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Let (¥, v) and (€2, u) be two measure spaces. Then we have an isometric
identification
LP(Z; LP(Q)) ~ L (X x ),

from which it follows that for any 7T € B(L? (X)), the tensor extension
TQRIrg: LP(2)QLP(Q2) — LP(X)® LP(Q)

extends to a bounded operator T ® I1.»(q) on L? (X x ), whose norm is equal to
the norm of 7. The following is elementary.

Lemma 2.4. The mapping 7w : B(LP (X)) - B(LP(X x Q)) defined by n(T) =
T ® ILr(q) is a p-complete isometry.

Proof. Letn > 1 and let J, = {1, ..., n}. It follows from (4) that M,,(B(L?(X))) =
B(£F(LP(X))) and hence M, (B(LP(X))) = B(LP(J, x ¥)) isometrically. Like-
wise, we have M, (B(L? (X x 2))) = B(L?(J, x X x 2)) isometrically. Through
these identifications,

[T ® v = [Tij1® ILr (0,
for all [7;11<i, j<n in M, (B(L?(X))). The result follows at once. O

We finally state an important result concerning Schur products on B(Zf )-spaces.
Let I be an index set, let 1 < p < 0o and let Ef denote the discrete L”-space over 1.
Let (e;);c; be its canonical basis. To any T € B(EI;), we associate a matrix of
complex numbers, [dy]s.rer, defined by ag; = (T (e;), e5), for all s, ¢ € I. Following
[Pisier 2001, Chapter 5], we say that a bounded family {¢(s, )} ;)e2 of complex
numbers is a bounded Schur multiplier on B (Zf;7 yifforall T € B (Ef ), with matrix
[asi]s.rer, the matrix [¢(s, t)ag]s ;er represents an element of B(Zf). In this case,
the mapping [as;] — [¢(s, t)as] is a bounded operator from B(ﬁﬁ7 ) into itself. We
note that {¢(s, 1)} 1)es2 is a bounded Schur multiplier with norm < C if and only
if foralln > 1, all [a;;]1<; j<n in My, and all 1, ..., t,, 51, ..., 5, in I, we have

)] e (si, tj)aijlll gery < Clllaijlll peery-
In the sequel, we apply the above definitions to the case when I =R.

Theorem 2.5. Let ¢: [R{*f — C be a continuous bounded function. Let 1 < p, p’ <00
be conjugate indices and let C > 0 be a constant. The following assertions are
equivalent.

(1) The family{p(s, t)}(s,z)emz is a bounded Schur multiplier on B(Zpi), with
norm < C.

(ii) There exist a measure space (2, i) and two functions o € L (Ry; LP(R2)) and
BeL>®(Ry; LP(2)) suchthat ||a||lso | Blloc < C and ¢(s, 1) = {e(s), B(1)) v 1
for almost every (s, 1) € Rf.
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Proof. According to [Coine 2018, Section 4.1], (ii) is equivalent to the fact that as
an element of LOO(REF),

(i) ¢ is a bounded Schur multiplier on B(L?(R.)).

It further follows from [Herz 1974, Lemmas 1 and 2] that since ¢ is continuous,
(i1”) is equivalent to (i). The result follows. O

3. Hankel operators on £” and their multipliers

In this section we work on the sequence spaces ¢ = E’,\’J, where N = {0, 1, ...}. For
any 1 < p < oo, we let (e,)>0 denote the classical basis of £7. For any T € B(¢7),
the associated matrix [t;;]; j>0 is given by #;; = (T (e;), e;), for all i, j > 0.

Let Hank,(N) C B(£?) be the subspace of all T € B(£”) whose matrix is
Hankelian, i.e., has the form [c;4 ;]; j>o for some sequence (cx)x=0 of complex
numbers.

Let p’ be the conjugate index of p and regard £” ® £7" C B(£”) in the usual way.
We set

= Y, eQe j
i+j=k
for any k > 0. Then each y; belongs to Hank,(N), and ||y«|| = 1. Indeed, the matrix
of ¥k is [ci4jli,j=0 with ¢y = 1 and ¢; = 0 for all [ # k.

Lemma 3.1. For any 1 < p < 00, the space Hank,(N) is the w*-closure of the
linear span of {yx : k > 0}.

Proof. 1t is plain that Hank,(N) is a w*-closed subspace of B(£”), hence one
inclusion is straightforward.

To check the other one, consider 7" € Hank,(N). By the definition of this space,
there is a sequence (cx)x>0 of C such that

(T(ej),ei)=ciyj, foralli,j=>0.

For any n > 1, let K,, be the Fejér kernel defined by

Ko)= 3 (1—M)eim, teR.
n

k=—n

Then let 7, € B(£?) be the finite rank operator whose matrix is [I?;(i + )it jli,j>o0-
Note that
< k|
Th= 3 <1 - _)Ck Y& € Span{yy : k > 0}.
k=0 n
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We show that || 7,,|| < ||T||. To see this, let & = () j>0 € €7 and (By)m>0 € e,
We have that

(Ty(@), B) = ¥ Kn(m~+ j)ems;@jBm

m,j>0

l g _ .
:2—/ Kn(®) Y CmsjorjBue D .
—TT

7 m,j>0

Since K, > 0, we deduce

| [T o
(Ta(@). B = 5 [ K| & eyt Bue™ 0 d.

m,j>0

Now for all ¢t € [—m, ], we have

Z CntjOj ﬁmeﬂ(mﬂ)t

=‘ > Cm+j(€7ijt“j)(€7imt5m)‘

m,j>0 m,j>0
= (T ((e™" ;) j20), (€™ Bu)m=0)|
1 1
<ITI(X e aj17) (X e pul”)”
j=0 m=>0
<IT el pll Bl
Since

1 s
—/ K, (t)dt = 1,
2]'[ —T

we therefore obtain that [(7;, (), B)| < IT |||l » | Bll »- This proves that || T, || < | T'|l,
as requested.
Foralli, j >0,

(To(e)), ei) = K, (i + j) (Tej, ei) — (Tej, e;),

when n — oco. Hence T, — T in the w*-topology, by Lemma 2.1. Consequently, T’
belongs to the w*-closure of Span{y; : k > 0}. (|

Remark 3.2. (a) Nehari’s celebrated theorem (see, e.g., [Nikolski 2020, Theo-
rem I1.2.2.4], [Peller 2003, Theorem 1.1.1] or [Power 1982, Theorem 1.3]) asserts
that

L>(T)

H>(T)

Here T stands for the unit circle of C and H*°(T) C L*(T) is the Hardy space of
functions whose negative Fourier coefficients vanish. The isometric isomorphism
J : L*=(T)/H*°(T) — Hank,(N) providing (9) is defined as follows. Given any
F € L>®(T), let F denote its class modulo H*(T). Then J(F) is the operator
whose matrix is equal to [f(—i —Jj— Dl j>o.

©) Hank; (N) >~
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(b) We remark that Hank , (N) € Hank;(N). To see this, note that if 7 € Hank , (N),
then because of the symmetry in its matrix representation due to being a Hankelian
matrix, 7 has the same matrix representation as 7*, and therefore T extends to a
bounded operator on £7'. By interpolation, T’ extends to a bounded operator on £2,
which is represented by the same matrix as 7. Hence, T belongs to Hank; (N).

However for 1 < p # 2 < oo, there is no description of Hank,(N) similar to
Nehari’s theorem.

(c) The definition of Hank, (N) readily extends to the case p = 1 isometrically:
Hank; (N) ~ ¢!,
Indeed, let J; : ¢! — Hank; (N) be defined by

0¢]
Ji©) =Y aw. c=(i=ocl".
k=0
Next, let J> : Hank;(N) — ¢! be defined by Jo(T) = T(ep). Then J;, J, are
contractions and it is easy to check that they are inverse to each other. Hence J; is
an isometric isomorphism.

We say that a sequence m = (my)x>o in C is the symbol of a multiplier on
Hank,(N) if there is a w*-continuous operator 7,, : Hank,(N) — Hank,(N)
such that

Tn(vi) = myye, k=0.
Such an operator is uniquely defined. In this case, m € £*° and ||m|lco < || T |-

The following is a simple extension of [Pisier 2001, Theorems 6.1 and 6.2].

Theorem 3.3. Let 1 < p < 00, let C > 0 be a constant and let m = (my)r>0 be a
sequence in C. The following assertions are equivalent.

(1) m is the symbol of a p-completely bounded multiplier on Hank ,(N), and
| T : Hank,(N) — Hank,(N)||,—cp < C.

(ii) There exist a measure space (2, v), and bounded sequences (c;)i>o in L?(S2)
and (B;) j>0 in L”,(Q) such that m; ; = (a;, Bj), for everyi, j >0, and
suplle;l, supllBjll,y < C.

i=0 j=0

Proof. By homogeneity, we may assume that C = 1 throughout this proof.

Assume (1). Let « :E; — Eg be defined by « ((ax)rez) = (a—p)kez, let J :E‘f\zJ — EQ
be the canonical embedding and let Q : E; — E’,\ij be the canonical projection.
Define g : B(ﬁg) — B(EKJ) by g(T) = Q«xT J. According to the easy implication
(i) = (i) of Theorem 2.2, the mapping g is p-completely contractive. We note that
if [# j1(, jyez2 1s the matrix of some T € B(E;), then the matrix of ¢(7') is equal
to [t*i,j](i,j)el\lz-
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Let M, (Z) € B(Z%) be the space of all bounded Fourier multipliers on £%; this
is a unital subalgebra. Let T € M, (Z) and let ¢ € L°°(T) denote its symbol. Then
the /rlrlatrix of T is equal to (i — D], jez2» hence the matrix of ¢(T) is equal
to [¢(—i — j)], jyenz- Hence, g(T) is Hankelian. We can therefore consider the
restriction map

qM/lp(Z) . MP(Z) — Hankp(N).

Lets: Eg — 62 be the shift operator defined by s(e;) =e;1, forall j € Z. We
observe (left to the reader) that

(10) ¢ =y, keN.

We assume that 7,, : Hank,(N) — Hank, (N) is p-completely contractive. Con-
sider w : M,(Z) — Hank,(N) € B(£”) defined by w := Ty 0 g|m,,z)- Then w is
p-completely contractive. Applying Theorem 2.2 to w, we obtain an SQ ,-space E,
a contractive homomorphism 7 : M, (Z) — B(E) and contractive maps V : E’N’J — E
and W : E — ZINJ such that

(11 w(T)=Wn(T)V, TeM,2).
Leti, j > 0. By (10), we have
w(s™ ) =T (q(s™ ) = T (e ) = mis Ve
hence (w(s~(+))e;, e;j) =m; ;. Consequently, from (11), we obtain that
miyj = (w(s™ )V (&), WH(e))E k-
The mapping 7 is multiplicative, hence this implies that
mitj = (m(sTHV(e), m(s™)* W ek k-

Setx; :=m(s™)V(e;) € E and yj = n(s_j)*W*(ej) € E*. Then, forall i, j >0
we have ||x;|| < 1, ly;I| <1 and m;y; = (x;i, y;)E,E*.

Let us now apply Remark 2.3. As in the latter, consider a measure space (€2, )
and closed subspaces E, C E; C LP(L2) such that E = E|/E,. Recall (5). For
any i > 0, pick «; € E; such that |lo; ||, = ||x;|| and «; = x;. Likewise, for any
J =0, pick B; € E2L such that || 8|, = lly;Il and Bj =yj. Then for all i, j > 0,
we both have |[a; |, <1, |Bjlly <1 and m;4; = (@i, Bj)p 1»- This proves (ii).

Conversely, assume (ii). By [Pisier 2001, Corollary 8.2], the family {m;;}; jjene
induces a p-completely contractive Schur multiplier on B(£7). It is clear that the
restriction of this Schur multiplier maps Hank, (N) into itself. More precisely, it
maps Y to myyy for all k > 0. Hence m is the symbol of a p-completely contractive
multiplier on Hank , (N). U
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4. Hankel operators on L?(R,)

Throughout we let 1 < p < oo and we let p’ denote its conjugate index. For any
u>0,wesett,f:=f(-—u),forall fe L' (R)+L®R). Let

Hank, (R4) € B(L"(R4))

be the space of Hankelian operators on L”(R..), consisting of all bounded operators
T :LP(Ry) — LP(Ry) such that

(Tt f, g) =(Tf, tug),

forall f € LP(R,), g€ LP (Ry) and u > 0.

For any u > 0, let 6, : L?(Ry) — L?(R,) be defined by 6, f = f(u—-). Note
that 6, is a Hankelian operator on L” (R ). Indeed, forall f € L?(R}), g € LP/([RJF)
and v > 0, we have

Ouif.8)= [ Fu—)g(s —v)ds = (0, f. Tug)

if v <u, and (0,7, f, g) = (6. f, twvg) = 0 if v > u. The operators 9, are the
continuous counterparts of the operators y; from Section 3. From this point of view,
part (1) of Theorem 4.1 below is an analogue of Lemma 3.1. However its proof is
more delicate.

We introduce a new space A, (R;) € Co(R;) by

ApR)={F=Y fuxgu: fu€ L"), gueL” R)and X || fullpllgally <00},

n=1 n=1

and we equip it with the norm

oo
(12) 1Flla, =inf] 3 15l lgall ).
n=1

where the infimum runs over all possible representations of F' as above. The
space A, (R, ) is a half-line analogue of the classical Figa-Talamanca—Herz algebra
A, (R); see, e.g., [Derighetti 2011]. The classical arguments showing that the latter
is a Banach space show as well that (12) is a norm on A, (R, ) and that A, (R, ) is
a Banach space.

It follows from the above definitions that there exists a (necessarily unique)
contractive map

Qp: LP(RO)B LI (RL) — Ap(Ry)

such that Q,(f ® g) = fx g, forall f € LP(Ry) and g € L? (Ry). Moreover 0,
is a quotient map. Hence the adjoint

0% : A,(Ry)* — B(L"(Ry))
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of 0, is an isometry. This yields an isometric identification A ,(R;)* >~ ker(Q p)L

(= ran(Q%)).
We observe that

(13) ker(Q,,)L = Span” {6, : u > 0}.
To prove this, we note that

(14) (O, f @ &) =(0u(f), 8)=(f*8)(u),
forall f € LP(R), g € L” (Ry) and u > 0. Hence,

o0 0
n=1 n=1
for all sequences (f,,), in L?(Ry) and (g,), in LP/([RJF) such that

00
Z ”fn”p”gn”p’ < 00,
n=1

and all u > 0. This implies that Span{6, : u > 0} | =ker(Q ), and (13) follows.

Theorem 4.1. (1) The space Hank,(R.) is equal to the w*-closure of the linear
span of {6, 1 u > 0}.

(2) We have an isometric identification
Hankp (R+) >~ Ap (R+)*

Proof. Part (2) follows from part (1) and the discussion preceding the statement
of Theorem 4.1. For any f € LP(Ry), g € Lp/(R+) and u > 0, the functionals
T (Tt f,g)and T — (Tf, 1,g) are w*-continuous on B(L”(R,)). Conse-
quently, Hank , (R,) is w*-closed. Hence Hank,(R,) contains the w*-closure of
Span{6, : u > 0}. To prove the reverse inclusion, it suffices to show, by (13), that

Hank,(R}) C ker(Q,)™.

We will use a double approximation process. First, let k£, [ in C.(R), the space of
continuous functions with compact support. To any 7 € B(L?(R)), we associate
Ty € B(L?(R4)) defined by

(Tea(f), 8) = /R<T(fuk-f), Tyl -g)du, feLP(Ry), g€ L’ (Ry).
We note that

l /
[Tk et du < 0T ( [ 1mkf 1 du) ( [ lr-idgll du)’
= IT 1ol £ Ul NN -
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Thus, T ; is well-defined and || Ty ;|| < [T |||k, [I!]| ;. We are going to show that
(15) T € Hank,(R;) = Ti; € ker(Q,)".

Let o € C.(R,)™ such that ||a|; = 1. Let R, € B(LP(R,)) be defined by

Ro(f)=axf, feLl(Ry).

We show that (TR ), belongs to ker(Qp)L if T € Hank, (R, ), and we use these
auxiliary operators to establish (15).

We fix some T € Hank,(R,). Let z € ker(Q,). Since C.(R) is both dense in
L?(R;) and LI’/(IRJF), it follows, e.g., from [Derighetti 2011, Chapter 3, Propo-
sition 6] that there exist sequences (f;),>1 and (gx)n>1 in C.(R4+) such that
Yool M fallplignlly < oo and z =Y 72, fu ® g Since z € ker(Q)), we have
> o2 fa* gn =0, pointwise.

We write R, f = fR+ f(s)T;ads as a Bochner integral, for all f € C.(Ry). A
simple application of Fubini’s theorem leads to

k*l‘fn*gn:/R/R(Tuk'fn)(s)fs(fful‘gn)deu,

for all » > 1. We deduce that
o0

(TR () gn) = 2 TRk f), Tl )

n=1

= ioj R(T((tuk-fn)*a), Tyl - gn) du
n=1

- 2 S fo ks FOOHT (). -l ) dd

; /R /RJr(T(O[)’ (tuk - fu)($)Ts(T—ul - gn)) dsdu
- (T(er), ksl - fnxgn)

n
x
=<T(a),k*l- 3 f,,*g,,>=o.
n=1
This shows that (TRy)x,; belongs to ker(Qp)L.
For z, f,, g, as above, write

o0

- (Te(f). ) = S Tt (f)s 80) — (TR (i) 8)-

n= n=

n
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Then we have

o0

Y ATk (fn), &n)

n=1

=% [Tk fu= (ke f) e, Tl - g0) | d

=1
nOO , / %
= Y ATI( [ k- fu = (k- sl du) ([ lie-ul - gally du)’
n=1

00 L
<ITWy X Neally ([ Imik - fu = (k- £2) <l du)”
n=1

Recall that by assumption, « > 0 and fR+ a(s)ds = 1. Then we deduce from
above that

o0

né:](Tk,l(fn): gn)
<IN, i e ([, ][, @k gy~ ek ]| du);

) 1
Iy X gl ([, [, @@ mk: fu= k- £} dsdu)”.
n=l1 +

The integral in the right-hand side satisfies
(/ / a(s) ” Tk fu—Ts(Tuk- fn) H?dsdu)
RJR;

< </R/R+oz(s)|| tuk- fo—Tssuk- f ||§d5d”>
+</RfR+a(s)|| fs+uk.fn—rs(ruk.fn)||£dsdu>}:

=< </RfR+a(s)|| t"((k_rfk)‘fn)ﬂidsdu)’l”
+</R /R+a(s)” Ttuk-(fn=Ts fn)||idsdu>

< sup (/R”Tu(k_fsk).fn||§du)117+ sup (/{RH‘CS_,_uk-(fn—Tsfn)Hidu)

sesupp(a) sesupp(a)

= Ssup ”k_fsk”p”fn”p"' sup ”k”p”fn_fsfn”p-
sesupp(a) sesupp(a)

S =

S =

S =

S =

Hence we obtain that

o0

Z (T (fn)» &n)

n=1

00
=< ”T””l”p/ Z ”gn”p/( sup ||k_fsk”p||fn||p+ sup ||k||p||fn_77sfn||p)
n=1 sesupp(a) sesupp(a)
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Given € > 0, choose M such that

o0

> Ifallpligally <e.

n=M+1
We may find sg > 0 such that for all s € (0, sp) and all 1 <n < M, we have that
6||k||p 1 fo = fally < ;
n sJn — .
Yomer W fallplignll P Mligally

We may now choose « so that supp(«) C (0, fp). Then we obtain from above that

”k - Tsk”p =

o0

2 ATk1(fn)s &n)
n=1
M
= ||T||||l||p’<€||k”p+ > lgnlly - sup Nklipll fu — 75 full p
n=1 sesupp(a)

o0
+ % gl sup WKl fa— T fal,)
n=M+1 sesupp(a)

oo
§I|T||||l”p’(26”k”p+ > 2||k”p||gn||p’||fn”p>
1

n=M+
<4l TN p K]l p-

Since € was arbitrary, this shows that Y o (Tx.;(f1),8x)=0. Since 2= o7 | [, ®gn
was an arbitrary element of ker(Q ), we obtain (15).

Next, we construct a sequence (7%, ;, ), Which tends to 7 in the w*-topology of
B(L?(R4)). In the sequel, we assume that &, [ in C.(R) are such that

(16) lkll, =1, |y, =1 and /Rk(—s)l(s)ds =1.
Consider any f, g € C.(R;). We have
(T (). &) = (Tia(f), 8)]
=| [ATU(=)),16)8) = (T (wk- f). 0 g) ds|
S/R \(T((k(—S)—Tsk)f),l(S)(g’)|dS+/R (T (zsk - £), (U(s) —T-5D)g)| ds

<171 f k=) = 50 f||;;ds>z'>( [ sy’
+ITI( [ 1mk- f||§ds)5 ([ 16—l ds)ﬁ/

Il ( [, 117 Ik = RN ar )’
+ 1
P TP AYY
FITHLA(f, 11 e =117 dr )

Here k denotes the function s — k(—s).
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Now for n > 1, set

k, = Xl=mnl  ond L, : X[_n"f],

@n)7 @n)7

where x(_, ) is the indicator function of the interval [—n,n]. Then |k,|, =
Ix]l =1 and fR kn(—s),(s)ds =1 as in (16). Let K = supp(f) Usupp(g) and
let r = sup(K). Note that k, = k,, and that we have

1 1
7

sup || tekn — knllp < <£)F and  sup [ty — Ly < (ﬁ)” .
tek n tekK n

Therefore,

(T (), &) = (T 1, () 8)] < 2n—r||T||||f||p||g||pf,

hence (T, 1, (f), &) —= (T (f), g). Since || Ty, ;, || <||T || for all n > 1, this implies,

n—oo

by Lemma 2.1, that T} ;, — T in the w*-topology of B(L?(R,)). Consequently,
T € ker(Q p)L as expected. U

Remark 4.2. (a) For any 1 < p < o0, let H?(R) C L?(R) be the subspace of all
f € LP(R) whose Fourier transform has support in R;. Recall the factorisation

property
H'(R) = H*(R) x H*(R).

More precisely, the product hih, € HY(R) and ||h1hally < ||hill2]lh2|l2 for all
hi, hy € H*(R) and conversely, for all 4 € H'(R), there exist k1, hyo € H*(R) such
that & = hyhy and [|hlly = [|A1l2]lh2])2.

Recall that by definition,

AR =X foxgn: for g0 € PR, X W fllallgall < o0}

It therefore follows from the above factorisation property and the identification of
L*(Ry) with H 2(R) via the Fourier transform that

Arx(Ry) ={h:he H' (®)),
with ||ﬁ|| A;®y) = |l (). Therefore, we have an isometric identification
ARy Z H'(R).

Since H'(R)+ = H*®(R), we have

« ~ LZ[®)
Hi(R)* = R
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Applying Theorem 4.1(2), we recover the well-known fact (see [Nikolski 2020,
Section 1V.5.3] or [Peller 2003, Theorem 1.8.1]) that

L*(R)

H>*[®R)

(b) Notice that Hank ,(R) € Hank, (R ). Indeed, suppose that T € Hank , (R.) and
note that the adjoint mapping 7€ B(LP'(RJF)) coincides with 7" on LP(R)N LP/([RQ).
To see this, take f, g € LP(R,.)NLP (Ry) and observe that f ® g—g® f belongs to
ker(Q ). This implies that (T'(f), g) = (T (g), f). Therefore, T coincides with T*
on L?(Ry)N LY (R,). It then follows by 1nterpolat10n that 7' extends to a bounded
operator on LZ([R{+) say T. Since T and T coincide on LP(Ry)N LZ(IRJr) and T
is Hankelian, it follows from the definition of Hankel operators that T is also a
Hankel operator and hence belongs to Hank; (R-.).

Hank,(Ry) =

(¢) The definition of Hank,(R,) extends to the case p = 1. In analogy with
Remark 3.2(c), we have an isometric identification

Hank; (R;) >~ M(RY),

where M ([Ri ) denotes the space of all bounded Borel measures on [R{* To establish
this, we first note that for all f elL! (R4), the function u — 6,( f ) is bounded
and continuous from R into L'(R,). Hence for all v € M (R?), we may define
H, € B(L'(R})) by

(17 Hi() = [ (v, fel'®y).
+
It is clear that H, is Hankelian. It follows from (14) that

(Ho(f). g)= fR*(f £ dv(w), feL'Ry), g€ L¥(Ry).

We note that the mapping v — H, is a one-to-one contraction from M (R? ) into
Hank; (R ). We shall now prove that this mapping is an onto isometry.

We use the isometric identification M ([R )~ CO([R )* provided by the Riesz
theorem and we regard L! Rpy<M (IR ) in the obvious way. Let T € Hank; (R} ).
We observe that for all &, f € L'(Ry) and all g € CO([R{ ), we have

(18) (T(hxf),8) =(T(h), f*g)

Indeed, write i f =fooo f(s)tshds. Thisimplies that T (h= f) =fooo f)T (zsh) ds,
hence

(T(h+f), g) = /Ooof(S)<Ttsh, g)ds = /O°°f<s)<Th, n,g)ds = (T(h), f*g).

Let (h,)n,>1 be a norm one approximate unit of L! (R4). Then (T (hy))p>1 1s
a bounded sequence of L!'(R,). Hence it admits a cluster point v € M R3)
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in the w*-topology of M(RZY). Thus, for all g € Cy(R?), the complex number
fR* g(u)dv(u) is a cluster point of the sequence ({7 (h,), g&))n>1. Furthermore,
we have ||[v|| < ||IT|. Let f € L'(R;) and let g € Co(R?Y). Since h, * f — f
in L'(R,), we have that (T (h, % f),g) — (T(f), g). By (18), we may write
(T (hy* f),g)=(T(hy,), f*g). We deduce that

(T(f).8)= [, (f*&)w)dviw),

This implies that T = H,, see (17), which concludes the proof.

Definition 4.3. We say that a function m : R} — C is the symbol of a multiplier on
Hank, (R ) if there exist a w*-continuous operator 7}, : Hank,(R) — Hank,(R})
such that for every u > 0, 7,,(6,) = m(u)6,. (Note that such an operator 7}, is
necessarily unique.)

Remark 4.4. Suppose that 7, : Hank , (R, ) — Hank , (R ) is a multiplier as defined
above. Using Theorem 4.1(2), let S, : A,(Ry) — A,(Ry) be the operator such
that S} = T,,. For f € LP(R,) and g € L” (R,.), we have, by (14),

[Sm (f * @) = (04, Sn(f * g))
= <Tm(9u)a f*g>
=mu)(Ou, [ *8)
=mu)(f *g)u).
We deduce that S,,(F) =m - F, for every F € A,(R,).

Conversely, if m : Ry — C is such that S, : A,(Ry) — A,(R;) given by
Sn(F)=m-F is well-defined and bounded, then S, is a multiplier on Hank ,(R).

Lemma 4.5. If m : RY — C is the symbol of a multiplier on Hank ,(R.), then m is
continuous and bounded.

Proof. For all u > 0, we have m(u)60, = T,,(6,), hence |m(u)| < ||Tx||. Thus, m is
bounded. For any a > 0, let (o, 4) be the indicator function of the interval (0, a).
Then m - x(0,a) * X(0,a) belongs to A, (R ), hence to Cb([R ), by Remark 4.4. Since
X(0,a) * X0,a) > 0 on (0, 2a), it follows that m is continuous on (0, 2a). Thus, m is
continuous on RY . O

Theorem 4.6. Let 1 < p < 00, let C > 0 be a constant and let m : [F\Rjr — Cbhea
function. The following assertions are equivalent.

(i) m is the symbol of a p-completely bounded multiplier on Hank ,(R,.), and

I 7, : Hank ,(Ry) — Hank, (R} )|l ,—c» < C.
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(ii) m is continuous and there exist a measure space (2, ) and two functions
o € L®(Ry; LP(Q)) and B € L®(Ry; LP(RQ)) such that |||l Bllee < C
and m(s +1t) = (a(s), B(t)), for almost every (s, t) € [Rf.

Proof. By homogeneity, we may assume that C = 1 throughout this proof.

Assume (i). The continuity of m follows from Lemma4.5. Let 7,, : Hank , (R;) —
Hank, (R, ) be the p-completely contractive multiplier associated with m. Let
k : LP(R) — L?(R) be defined by («f)(t) = f(—t), for all f € LP(R). Let
J : LP(R;) — LP(R) be the canonical embedding and let Q : L?(R) — L? (R ) be
the canonical projection defined by Of = fir, . Let ¢ : B(LP(R)) — B(L?(R,))
be given by ¢(T) = QkTJ, for all T € B(L?(R)). Applying the easy implication
(il)) = (i) of Theorem 2.2 we obtain that g is p-completely contractive.

Let M, (R) € B(L?(R)) denote the subalgebra of bounded Fourier multipliers.
Let us show that if 7 € M, (R), then ¢(T') € Hank,(Ry). For any s € R, recall
7, € B(LP(R)) given by 7,(f) = f (- —s). Note that 7, € M, (R) and that M, (R) =
Span®"{z, : s € R}. For all f € L”(R.), we have

q() f=0t(f(- =) = Q0(f(=(-+s5)) ={t e Ry > f(=1 —5)}.

Hence, if s > 0, then ¢(7;) =0 and if s < 0, then g(7;) = 6_;. It is plain that g is
w*-continuous. Since Hank,(R) is w*-closed, we deduce that g maps M ,(R)
into Hank, (R, ).

Consider the mapping

90 *=g)m,®) : Mp(R) — Hank, (R})

and set
I':=Tyoq0: M,(R) = B(LP(R})).

It follows from above that
(19) () =m(s)0,, s>0.

Since g is p-completely contractive, I is also p-completely contractive. Applying
Theorem 2.2 to I", we obtain the existence of an S Q ,-space E, a unital p-completely
contractive, nondegenerate homomorphism 7 : M ,(R) — B(E) as well as operators
V:LP(Ry) > Eand W : E — LP(R,) such that ||V|||W] < 1 and for every
xeM,R),T'x)=Wrx)V.

Let ¢ : LY(R) — M, (R) be defined by [c(g)](f) = g * f, for all g € L'(R) and
f e LP(R). Let A : L'(R) — B(E) be given by A = 7 oc. Then A is a contractive,
nondegenerate homomorphism. By [de Pagter and Ricker 2008, Remark 2.5], there
exists o : R — B(E), a bounded strongly continuous representation such that for all
ge L'(R), AM(g) = fR g(t)o(t) dt (defined in the strong sense). Let us show that

20) ['(t_s)=Wao(-s)V, s>0.
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Let n € L' (R),. be such that [ n(t)dt = 1. For any r > 0, let n,(t) = rn(rt).
Since o : R — B(FE) is strongly continuous, the function ¢ — (o (t)x, x*) is
continuous and we have

(21) /Rnr(—s —){o(t)x, x*)dt == (o (=s5)x, x"),
for all x € E and x* € E*. Since the left-hand side in (21) is equal to

(7 (c(my(=s—)))x, x7),

we obtain, by Lemma 2.1, that 7(c(n,(—s—-))) — o(—s) in the w*-topology
of B(E). This implies that Wr (c(n,(—s—-)))V — Wo (—s)V in the w*-topology
of B(L?(R4)). We next show that Wr(c(n,(—s—-)))V — I['(r_) in the w*-
topology of B(L?(R.)), which will complete the proof of (20). Since

W (e (=s—-))V =T (=s=-)))

and I' is w*-continuous, it suffices to show that ¢(n,(—s—-)) — 7_; in the w*-
topology of B(L?(R)). To see this, let f € L”(R) and g € LP/([R). We have that

(cp(=s—-Nf. g) = (=s—-)xf, &)
= (8—s*77r*fag>
—>(6_s* f,8)=(t—5[. 8).

By Lemma 2.1 again, this proves that c(n,(—s—-)) — 7_; in the w*-topology, as
expected.
Given any € > 0, let m, : R} — C be defined by

me(t)=m(t+e¢), t=>0.
Let f € LP(R;) be given by [ = 67%)((0,5) and let g € LP/(IRJF) be given by
g=¢€ 7 X0, Forany s, >0, set
ae(s):=0(=s—5)V(z,f) and Bc(t):=0(—1—5) W*(xg).

Since o is strongly continuous, «. and . are continuous. By (19) and (20), we
have that

(e(s), Be)p.ex =(o(=s = 5)V (s f). o (=1 = §) W*(n10))
= (Wo(—s—t—e)V(t:f). 1:8)
= (T (T—smr- ) (T ). Ti8)
=m(s +1+€){(Ost1+e(Ts f), T 8)
=me(s + (€ xaarer € P Xwire)
=me(s+1),
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for all s, t > 0. Moreover, |la(s)|| < ||Vl and ||Bc(@)|| < [|W|| for all z, s > 0. Since
o and B¢ are continuous, this implies that e € L*°(Ry; E), B € L*(Ry; E*)
and [loelloollBelloo = IVINIWI < 1.

We now show that the S Q ,-space E can be replaced by an L”-space in the above
factorisation property of m.. Following Remark 2.3, assume that £ = E/E,, with
E),CE| CLP(Q),andforall f € Ey, let f € E denote the class of f. Recall (5)
and for all g € EzL, let ¢ € E* denote the class of g. Since F is a quotient of E,
we have an isometric embedding £* C E}. More precisely,

_Ey N L7(Q)

E*=—=
I I
Ej Ej

— E7.

This induces an isometric embedding
L'(Ry; E*) € L'(Ry; E).
Since E* and E7 are reflexive, we may apply the identifications
L'Ry; E* ~L®R,; E) and L'Ry; E* ~ L®[Ry; Ey)

provided by (7). By the Hahn—Banach theorem, we deduce the existence of
&, € L®(R,; E;) such that ||&|lec = || [l oo and the functional L' (R ; Ef)—C
induced by &, extends the functional L' (R,; E*) — C induced by . It is easy to
check that the latter means that oTQ(s) = o (s) almost everywhere on R,. Likewise,
there exist B € L®(Ry; E5-) such that || loo = [|Belloo and Be (1) = Be(r) almost
everywhere on R,. Regard @, as an element of L*°(R,, L?(2)) and B; as an
element of L* (R, L”,(Q)). By (6), we then have

(e (s), Be (1)) £, £+ = (e (s), EE(I»LP,LM,

for almost every (s, ) € R’f.

We therefore obtain that m. : R} — C satisfies condition (ii) of the theorem
(with C =1).

Define ¢ : [R{f — C by ¢(s,t) = m(s +t). Likewise, for any € > 0, define
Qe [Ri*f — Cby ¢(s, t) =mc(s+1). Since m is continuous, the functions ¢ and ¢,
are continuous. It follows from above that for all € > 0, ¢, satisfies condition (ii)
in Theorem 2.5, with C = 1. The latter theorem therefore implies that the family
{pc (s, t)}(s’t) R is a bounded Schur multiplier on B(¢f 1), with norm less than
one. Thus for all [a;;]i<; j<s in M, and for all #1,...,¢,,s1,...,s, in RY, we
have ||[¢¢ (s, tj)a,-j]||B([g) < ||[aij]||3(e,’;)- Since m is continuous, . — @ pointwise
when € — 0. We deduce that ¢ satisfies (8) with C =1 for all [a;;]1<; j<, in M,
and all 71, ...,¢t,,51,...,5, 1In [R{i. Consequently, the family {¢(s, ’)}(s,z)eR’f is
a bounded Schur multiplier on B(¢, ), with norm less than one. Applying the
implication (i) => (ii) in Theorem 2.5,+we deduce the assertion (ii) of Theorem 4.6.
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Conversely, assume (ii). Following Lemma 2.4, let
7 :B(L?(R,)) - B(L? (R, x Q))

be the p-completely isometric homomorphism defined by 7(7) =T ® I1»(g). This
map is w*-continuous. Indeed, let (7;), be a bounded net of B(L?(R,.)) converging
to some T € B(L?(R,)) in the w*-topology. For any f € LP(R,), g € LP/([RQ),
@ € LP(Q) and ¥ € LP'(2), we have

(7 (M), (f @)@ (@) = (T.f. &) Lo,y 1r @) (@ V) o). @)
where the duality pairing in the left-hand side refers to the identification
(LP(Ry x Q) ® L (R x Q))* >~ B(LP (R x Q)).
Since (7, f, g) — (T f, g), we deduce that
(1), (f @) ®(®Y)) = (n(T), (f®) ®(E®Y)).

Since LP(R;) ® LP(Q) and L” (Ry) ® LP () are dense in L”(Ry x €2) and
L (Ry x Q), respectively, we deduce that 7 (7;) — 7 (7T') in the w*-topology, by
Lemma 2.1. This proves that 7 is w*-continuous.

Let V:LP(Ry) — LP(Ry; LP(2)) ~ LP (R4 x Q) be defined by

V(f)=fa, feLl[Ry).
This is a well-defined contraction. Likewise we define a contraction
W:LP(R, x Q) — LP(Ry)

by setting
W*(g) =8B, geL”[Ry).

It follows from above and from the implication (ii) = (i) of Theorem 2.2 that the

mapping
w: B(LP(Ry)) = B(LP(Ry)), w(T)=Wn(T)V

is a w*-continuous p-complete contraction.
We claim that for all u > 0, we have

(22) w(6y) = m(u)b,.

To prove this, consider f € LP(Ry) and g € Lp/([RJr). For all u > 0, we have
(W) f, 8) = (T @IV (), W (g) = (@) (fa), (gB)).

By the definitions of 7 and 6,,, we have 7 (6,)(f«a) = (fa)(u— -). Consequently,

(W) f, 8) = /Ouf(u —0gW){a(u —1), f(n))dt, u=>0.
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Let i € L'(R,) be an auxiliary function. Then using Fubini’s theorem and setting
s = u —t in due place, we obtain that

[ @0 f ohedu= [ [T f =g~ 0). pe) duds
0 o J
= [ [ hGHDF )8 ls). p)) dsd.

Applying the a.e. equality m(s +1¢) = (x(s), B(¢)) and reversing this computation,
we deduce that

[ w@) £ g1 du= [“m@(f ) (hw) du.
0 0

Since h is arbitrary, this implies that (w(8,) f, g) = m(u)(f * g)(u) for a.e. u > 0.
Equivalently, (w(8,) f, g) = m(u){0, f, g) for a.e. u > 0. It is plain that u > 6,
is w*-continuous on B(L?(R,)). Since w is w*-continuous, the function u +—
(w(8,) f, g) is continuous as well. Since m is assumed continuous, we deduce that
(wBy) f, g) =mu)(0, f, g) for all u > 0. This yields (22), for all u > 0.

By part (1) of Theorem 4.1 and the w*-continuity of w, the identity (22) implies
that Hank,(R,) is an invariant subspace of w. Further the restriction of w to
Hank, (R, ) is the multiplier associated to m. The assertion (i) follows. U

Remark 4.7. We proved in [Arnold et al. 2022, Theorem 3.1] that a continuous
function m : R} — C is the symbol of an § !_bounded Fourier multiplier on H'(R),
with S'-bounded norm < C, if and only if there exist a Hilbert space # and
two functions «, 8 € L*®(R,; H) such that ||a¢]eollBllec < C and m(s + 1) =
(a(t), B(s))y for almost every (s, t) € [RR*+2. It turns out that using (1), a mapping
S:H'(R)— H'(R) is an S'-bounded Fourier multiplier with § !_bounded norm < C
if and only if S* : Hank,(R;) — Hank, (R ) is a completely bounded multiplier
with completely bounded norm < C. See [Arnold et al. 2022, Remark 3.4] for more
on this. Thus the statement in [Arnold et al. 2022, Theorem 3.1] is equivalent to
the case p =2 of Theorem 4.6. In this regard, Theorem 4.6 can be regarded as a
p-analogue of [Arnold et al. 2022, Theorem 3.1].

Remark 4.8. Let f € L”(R,) and g € L” (R,.). For any s, t > 0, we may write

(f*g)(s+f)=/Rf(s+r)g(t—r)dr.

Equivalently,
(f*s+D) =(t—s [ 1) 1rr,).L0V R,)-

According to the implication (ii)) => (i) of Theorem 4.6 and Remark 4.4, f x g
is therefore a pointwise multiplier of A,(R,), with norm less than or equal to
Il fllpllgll,r. We deduce that every F € A, (Ry) is a pointwise multiplier of A, (R),
with norm less than or equal to || F'|| 4, This means that A ,(R) is a Banach algebra
for the pointwise product.
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