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THE NUMBER OF [F,-POINTS ON DIAGONAL
HYPERSURFACES WITH MONOMIAL DEFORMATION

DERMOT MCCARTHY

We consider the family of diagonal hypersurfaces with monomial deformation

hy h
Dajpp:x{+x§ 4. +x?—drx'x2...x =0,

whered = hy + hy + - - - + h, with ged(hy, h;, ..., h,) = 1. We first provide
a formula for the number of F,-points on Dy ) ; in terms of Gauss and
Jacobi sums. This generalizes a result of Koblitz, which holds in the special
case d | ¢ — 1. We then express the number of [F,-points on D, ; ; in terms
of a p-adic hypergeometric function previously defined by the author. The
parameters in this hypergeometric function mirror exactly those described by
Koblitz when drawing an analogy between his result and classical hypergeo-
metric functions. This generalizes a result by Sulakashna and Barman, which
holds in the case ged(d, ¢ — 1) = 1. In the special case hy =hy=---=h, =1
and d = n, i.e., the Dwork hypersurface, we also generalize a previous result
of the author which holds when g is prime.

1. Introduction

Counting the number of solutions to equations over finite fields using character
sums dates back to the works of Gauss and Jacobi. A renewed interest in such
problems followed subsequent important contributions from Hardy and Littlewood
[1922] and Davenport and Hasse [1935]. In a seminal paper, Weil [1949] gives an
exposition on the topic up to that point (as well as going on to make his famous
conjectures on the zeta functions of algebraic varieties). Specifically, he develops
a formula for the number of solutions over [, the finite field with g elements,
and its extensions, of agx,’ + aix|' + -+ arx;* =0, in terms of what we now
call Gauss sums and Jacobi sums. The techniques involved have since become
standard practice and can be found in many well-known text books, e.g., [Berndt
et al. 1998; Ireland and Rosen 1990]. Since then, many authors have used and
adapted the techniques outlined in Weil’s paper to study other equations, e.g.,
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[Delsarte 1951; Furtado Gomide 1949; Koblitz 1983]. Of particular interest is the
work of Koblitz [1983] where he examines the family of diagonal hypersurfaces
with monomial deformation

1-1) D jn: x1+x2+ +x —d)\xl x2 2 xMh =0,

n

where h; € ZT, with ged(hy, ha, ..., hy)=1,andd = h; +hy+- - - +h,. Koblitz’s
main result [1983, Theorem 2] gives a formula for the number of F,-points on Dy ;. 5
in the terms of Gauss and Jacobi sums, in the case d | ¢ — 1. Using the analogy
between Gauss sums and the gamma function, he notes that the main term in his
formula can be considered a finite field analogue of a classical hypergeometric
function. The purpose of this paper is to study Dy, , more generally, i.e., when the
condition d | ¢ — 1 is removed. Firstly, we generalize Koblitz’s result and provide
a formula for the number of [,-points on Dy ; ; in terms of Gauss and Jacobi
sums without the condition d | ¢ — 1. We then express the number of [, -points
on Dy ; , in terms of a p-adic hypergeometric function previously defined by
the author. The parameters in this hypergeometric function mirror exactly those
described by Koblitz when drawing an analogy between his result and classical
hypergeometric functions. This generalizes a result of [Sulakashna and Barman
2022], which holds in the case gcd(d,q —1) = 1. We also examine the special
case when hy = hy =---=h, =1 and d = n, i.e., the Dwork hypersurface, and
generalize a previous result of the author, which holds when ¢ is prime.

2. Statement of results

Let q= p" be a prime power and let [, denote the finite field with g elements.
Let [F* denote the group of multlphcatlve characters of [F* We extend the domain
of x e [F* to [, by defining x (0) := 0 (including for the trivial character g) and
denote x as the inverse of y. Let T be a fixed generator of [F* Let 0 be a
fixed nontrivial additive character of [, and for x < I]:* we define the Gauss sum
g(x) = er[Fq x(x)0(x). For xi1, x2,..., xx € [F*, we define the Jacobi sum
T X203 X0 = Db, titipt=1 X1 X2(02) - -+ xac(ti).

We consider the family of diagonal hypersurfaces with monomial deformation
described in (1-1). Let ¢ := ged(d, ¢ — 1) throughout and define

n
2-1) W:= {w =(wy, wy,...,wy) €Z":0<w; <t, Zwi =0 (modt)}.
i=1
Define an equivalence relation ~, on W by
(2-2) w ~;, w if w—w’ is a multiple modulo ¢ of A = (hy, ha, ..., hy).

We denote the class containing w by [w]. If h = (1, 1,...,1) we write ~;. We
note, in this case, that each class contains a representative w where some w; = 0,
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for 1 <i <n. We will write [w,] to indicate that we have chosen such a representative
for a particular class.

Our first result provides a formula for the number of [, -points on Dy j j in terms
of Gauss and Jacobi sums, without the condition d | g — 1. We will use A" ([F,)
and P"([F,) to denote the affine and projective n-spaces, respectively, over ;. We
denote the subset of elements in these spaces where all coordinates are nonzero
by A”([F;) and IP"([F;).

Theorem 2.1. Let N,(Dy . 1) be the number of points in pr—1 (Fg) on Dy j, . Then

Ny (D )——qn_]_l—ZJ(Twlq%' T T
q d,)\,,h - q—l ~ k) LG )

T (dh),

L Zg(Twl"r”h”)g(Twzqu*’m)...g(Tw""r”hw‘d
q—14 g(T%)

where the first sum is over all w* = (wy, wa, ..., wy) € W such that 0 < w; <t
for all i, and the second sum is over all s € {0, 1,..., q[;l — 1} and all w =
(wy, wy, ..., wy) €W.

Theorem 2.1 generalizes [Koblitz 1983, Theorem 2], which holds in the case
d | g — 1. Using an analogy between Gauss sums and the gamma function, Koblitz
noted that the second summand in his formula, which corresponds to the second
summand in Theorem 2.1 above with ¢ = d, can be considered a finite field analogy
of the classical hypergeometric function

L R wi b
i dh; * hi
CONES | NCARTR

2 . a1
i=1 d d d

‘ Adnl hh}
where the top line parameters range over all i = 1, ..., n and, for each i, all
b; =0,...,h; — 1. The main purpose of this paper is to express N,(Dy 3 ;) in
terms of a p-adic hypergeometric function previously defined by the author, whereby
the parameters in this p-adic hypergeometric function mirror exactly those described
by Koblitz in (2-3) above.

Next, we rewrite Theorem 2.1 in a way more amenable to manipulation when
we pass to the p-adic setting.

Corollary 2.2.

qnfl -1
N, (D = —
q( d,)L,h) q 1

-~ % [l

weW =1
some w; =0

1 - q-1
- TWiT Thisyo (7 =5y 75 (g,
e DB B EL )8 (T ™) T4 (=d2)

s, w =1
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where the first sum is over all w = (wy, wy, ..., w,) € W such that at least
one w; = 0, and the second sum is over either all s € {O, 1,..., qt;l — 1}
and all w = (wy, wy, ..., w,) € Woralls € {0,1,...,qg — 2} and all w =
(wy, wy, ..., w,) € W/ ~y. In the latter case, the sum is independent of the choice

of equivalence class representatives.

We now define our p-adic hypergeometric function. Let Z,, denote the ring of
p-adic integers, Q, the field of p-adic numbers, QTP the algebraic closure of Q,,
and C,, the completion of (ET,,. Let Z, be the ring of integers in the unique unramified
extension of Q,, with residue field F,. Recall that for each x € [y, there is a unique
Teichmiiller representative w(x) € Z; such that w(x) is a (g—1)-st root of unity
and w(x) = x (mod p). Therefore, we define the Teichmiiller character to be
the primitive character o : I, — Z; given by x — w(x), which we extend with
w(0) :=0.

Definition 2.3 [McCarthy 2013, Definition 5.1]. Let ¢ = p” for p an odd prime.
Let A €Fy,meZ" and a;, b; € QN Z, for 1 <i <m. Then define

ay, az, ..., 4y
G
m m

b]a b27 e bm

T el ) bt 00D it ot )

', (aip*)) Ty ((=bip*)) (

We note that the value of ,,G,[- - - ] depends only on the fractional part of the a;
and b; parameters, and is invariant if we change the order of the parameters. Our
main result expresses N, (Dy,3,5) in terms of this function.

Theorem 2.4. Let g = p” for p an odd prime. Then, for ptdhy ---hy,

n—l_l —1)
Nq<Dd,x,h)=qq_ SEVN S cw

1
4 weW
some w; =0

(_l)n ...... thl‘i‘Z_l ...... dih hy 1
= Y CwaGa| " S
[w]eW /~y 1 d d q

where the top line parameters in 4G4 are the list

[&Jrﬁ

i=l,,,,,n;bi=0,1,...,/’li—1:|,
th; h;
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and
n r—1

(2-4) c) =TT () p) —m 7).
i=1a=0

As we can see, the parameters of ;G, in Theorem 2.4 mirror exactly those
in (2-3) (when d | ¢ — 1 and so t =d) up to inversion of the argument )»dh}l” e hz".
This inversion is a feature of the definition of the function ,,G,,. Because we
are summing over W/ ~;,, we can remove this inversion while also swapping the
top and bottom line parameters, which gives a more natural representation, in the
opinion of the author. This can be seen more clearly later, in Corollary 2.9, where
we get an all integral bottom line parameters.

Corollary 2.5. Let g = p” for p an odd prime. Then, for ptdh; -- - h,,

nfl_l (_1)11
Ny (D) =T Y cw)
4 q weW

some w; =0

_1y 1Lz ..
+( 1) 3 C(—w)de|: d d_ N d

[wleW/~y

dyh hy
Ant ] :
q

Ideally, in Theorem 2.4 and Corollary 2.5, we would like to combine both sums
into a single hypergeometric term. In general, it seems that this is not possible.
However, it can be achieved in two special cases as we see in the next two results.
The first is when gcd(d, ¢ — 1) = 1 and the second is when all 4; = 1, i.e., the
Dwork hypersurface.

Corollary 2.6. Let ¢ = p" for p an odd prime. If gcd(d,q — 1) = 1 then, for
ptdhy---hy,

n—1

Ny(Daj.n) = qu + (—1)nd1Gd1|: ad

dyph h,
Adplt .. hn’]
q
where the bottom line parameters in 41 G4 are the list
[E
hi
with exactly one zero removed.

Corollary 2.6 is Theorem 1.2 of [Sulakashna and Barman 2022].
When hy = hy) =---=h, =1 and d = n in (1-1), we recover the Dwork
hypersurface, which we will denote D, i.e.,

i:l,...,n;bi:O,1,...,hi—1]

Dy :x{+x3+--+x; —nixixa...x, =0.

We now provide formulas for the number of [, -points on Dy, first in terms of Gauss
and Jacobi sums, and then in terms of the p-adic hypergeometric function. For a
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given w = (wy, wy, ..., w,) € W, define ny to be the number of k’s appearing in w,
e, ng={w; |1 <i<n,w; =k}|. WethenletS, .=k |0<k<t—1,n,=0}
and §;, denote its complement in {0, 1, ..., 7 — 1}. So the elements of S, are the

numbers from O to ¢ — 1, inclusive, which do not appear in w. We define the
following lists:

2-5) Ay,: [# ‘kesw]u[s

0§b§n—1,b¢_0(mod%>];

(2-6) By : [% repeated n; — 1 times ‘ ke S;]

We note both lists contain n — |S;, | numbers.

Corollary 2.7 (corollary to Theorem 2.1). Let N,(D;,) be the number of points in
P"~Y(F,) on D;. Let t = gcd(n, ¢ — 1). Then, for A #0,

Nq(DA)

n—1_1 1 qut;l—H ng—1 B
= T 1)2[1_[ S kqfl) qu’lﬂ(—l)CI}g(T_"“')T”S(—n/\)
- 9= o Lies, g(T757T7%)

where the sum is overeitherallse{0,1,...,"7_1—1} and all w=(wy,wy,...,w,)eW

oralls € {0,1,...,q —2} and all w = (w1, ws,...,w,) € W/ ~1. In the latter case,
the sum is independent of the choice of equivalence class representatives.

Theorem 2.8. Let g = p” for p an odd prime. Let N,(D;,) be the number of points
in P"fl([Fq) on D, for some )\ € [FZ. Lett = gcd(n, g — 1) and let C(w) be defined
by (2-4). Then, for p {n,
" ] |
q

n—1 _
Ny(Dy) =T———
Theorem 2.8 generalizes Theorem 2.2 in [McCarthy 2017] which holds for g = p.
Finally, if we let gcd(n, ¢ —1) =1 in Theorem 2.8, orwe let hy =h,=---=h, =1
in Corollary 2.6, it easy to see that we arrive at the following result.

1 . A
17 T > C(wo>sz[
Corollary 2.9. If gcd(n, g — 1) = 1 then, for p {n,

Wy
B
[wyleW/~1 Yo

—_— 3N
=

qn—l -1 1
Ny (Dy) = qT + (=1D)"21Gu- [ ;

Corollary 2.9 generalizes Corollary 2.3 in [McCarthy 2017] which holds for g = p.

3. Preliminaries

We start by recalling some properties of Gauss and Jacobi sums. See [Berndt et al.
1998; Ireland and Rosen 1990] for further details, noting that we have adjusted
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results to take into account £(0) = 0, where ¢ is the trivial character. We first note
that G(¢) = —1. For x € [,

_ x(—=1) if x #e¢,
G3-1) GGG = { ¢ Tx#
1 if x =e.
For x1, x2, ..., xx € [’FE and a € [, we define the generalized Jacobi sum
Ja (X105 X25 - X0 1= Z x1(t) x2(12) - -+ xk (1)

tiely ti+t++tr=a
When a = 1 we recover the usual Jacobi sum as defined in Section 2.

Proposition 3.1. For x1, x2,..., Xk € ﬁ,

Jo(X1s X2, -+ XK)
(q - l)k - (q - 1) J(Xh X251 Xk) if‘Xla X25 ooy Xk all trivial,

_ —(g—DJ (s x25 -+ X) if X1x2 - Xk trivial but at least
N one of x1, X2, - - -, Xk nontrivial,
0 if x1x2 -+ Xk nontrivial.
Proposition 3.2. For xix2 - - - xx trivial but at least one of x1, X2, - - . » Xk nontrivial

then
JOs x2s oo x0) = —xk(=DJ (1, x20 -+ -5 Xk—1) -

Proposition 3.3. For x1, x2, ..., xx all trivial,

JX1 X25 -0 x0) = [(g — DF 4+ (=1 /q.

Proposition 3.4. For x1, x2, ..., xx not all trivial,
Gx1)G(x2) - - GOw) XX e 2 €
G(X1x2- " Xxx) ’
J(XI,X2,~"7X]():
_ GG (x2) - G(xk) XX Xk = e
q

We now recall the p-adic gamma function. For further details, see [Koblitz 1980].
Let p be an odd prime. For n € Z we define the p-adic gamma function as

Lpn):= (=" [ Jj
O<j<n
pli
and extend it to all x € Z, by setting I',(0) := 1 and I',(x) := lim, ., I",(n)
for x # 0, where n runs through any sequence of positive integers p-adically
approaching x. This limit exists, is independent of how n approaches x, and
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determines a continuous function on Z, with values in Z;. The function satisfies
the following product formula.

Theorem 3.5 [Gross and Koblitz 1979, Theorem 3.1]. Ifh e Z ™, pthand0<x <1
with (q — 1)x € Z, then

r—1 h—1 r—1 h—1
32 []TIr((52p) = 0@ T T, (xp™) [T T (25%)-
a=0 b=0 a=0 b=1

We note that in the original statement of Theorem 3.5 in [Gross and Koblitz
1979], w is the Teichmiiller character of [F”I;. However, the result above still holds
as a)|[p; is the Teichmiiller character of [F;.

The Gross—Koblitz formula allows us to relate Gauss sums and the p-adic
gamma function. Let 7 € C, be the fixed root of x”~! + p = 0 that satisfies
m=¢,—1 (mod (¢, — 1)%).

Theorem 3.6 [Gross and Koblitz 1979, Theorem 1.7]. For j € Z,

. _ysr-l et .
8@ = VRS Ty (27).

We now recall some results of [Weil 1949; Koblitz 1983; Furtado Gomide 1949].
Note that the definitions and notation used for characters and for Gauss and Jacobi
sums vary among those papers and differ from what’s defined in this paper. So, we
have adjusted the statement of their results accordingly. For d € Z™, let D, denote
the diagonal hypersurface

Dd:xii+xg+---+xff=0.

Theorem 3.7 [Weil 1949]. Let N (f (Dg) be the number of points in A" (F,) on Dy.
Lett :=gcd(d, g — 1). Then

NAD)=¢""" = (- DY J@T T LT,
w*
where the sum is over all w* = (wy, wa, ..., w,) € W such that 0 < w; < t.

Using similar methods to those in [Weil 1949; Koblitz 1983, Theorem 2] it is
easy to see that

Theorem 3.8. Let NqA’*(Dd) be the number of points in A”([FZ) on Dy Let t :=
gcd(d, g — 1). Then

NA*(Dgy = S Jo(TV 5 Tv 5 L T,

weW
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The next result appears in [Koblitz 1983] in the homogenous case, and in general
in [Furtado Gomide 1949]. We note that [Furtado Gomide 1949] contains a minor
error. A term is omitted in the determination, but is easily fixed.

Theorem 3.9 [Furtado Gomide 1949; Koblitz 1983, Theorem 1]. Let N qA’* be the
number of points in A" (F}) on

m m ]
E aix; "xy o oxm =0

for some a; € [F;, mj; € Zzo, such that for a given i, m j; are not all zero. Then
NA =g -0+ g -]
q

— (@ = D" T @) T (@) . T (@) T (T T4, L T),
o

where the sum is over all o« = (a1, a2, ...,a,) # 0 satisfying 0 < o; < g —1,
Yoi_yai=0(modg—1),and};_ymjija;=0 (mod g — 1) forall j€{1,2,...,n}.

A key step in proving the main results of this paper is to adapt Theorem 3.9
to Dd,l,h-

Corollary 3.10. Let t := gcd(d,q — 1). For A #0,

N;’*(Dd,}u,h) — Z J(Twquil—}—h]s’ Tu}2qr;l+hzs, o Twanil-i-hn‘s‘) Tds(d)\‘)
S, w

where the sum is over all s € {O, 1,...,”[;1—1} and all w=(wy, wa, ..., w,) eW.

Corollary 3.10 generalizes Corollary 1 in [Koblitz 1983], which holds in the
cased | g — 1.

4. Proofs

Proof of Corollary 3.10. We taker =n+1;a; =1,fori =1, ...,n,and a, = —dA;
mj; =d if i = j and zero otherwise, and, m;, = h;, for all j = 1,...,n, in
Theorem 3.9. This yields

4-1)  N*(Dajn)
1 n n —Qpt1 a oy At
= 2[@= D"+ (D" = YT (—dh) T (T4, T, T

where the sum is over all ¢ = (1, o2, ..., op41) # 0 satisfying 0 < o; < g — 1,
Zfﬂl ;=0 (modg—1),andd oj+h; a,11=0 (modg—1) forall j=1,2,...,n

The conditiond a; +hj a,41 =0 (mod g — 1), forall j €{1,2,...,n}, implies
t =ged(d, g — 1) divides hj o, forall j € {1,2,...,n}. If [° is a prime power
dividing ¢ but not a1, then [ divides h; for all j € {1,2,...,n}. Thisis a
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contradiction, as gcd(hy, ..., h,) = 1. Therefore, /¢ divides «,+1, which implies ¢
divides at;11. So “H {O, ..., =1 1}. Let

t

= —<é)_l—a”+' (mod —q_l)
t t t

such that s € {0, 1,..., qT_l—l}. Then s runs around {O, 1,...,
We now express the conditions on « in terms of s. Firstly,

qt;l — 1} as o+l a”“ does.

daj=—hjan modg—1) = Laj=—h;2 (mod 1)

= aj=hjs (mod q7_1>
Soa;=hjs+w; T forw; €{0,1,...,t—1}, for j € {1,2,...,n}. Also,
4-2) %E—(%)s (mod qt;l) =  au41 =—ds (modg —1).

Using the fact that Z?: hj=d,itis easy to see that

(4-3) Zw, Z (j—hjs):#(Z;aj—ds).
=

j= l
Combining (4-2) and (4-3) we get that

n+1

ZwJ_O(modt) — Zal_O(modq—l)
j=1 i=1

Substituting for «, (4-1) becomes
1
(4-4) N} (Dgsn) = Jla—1+ (="
3T (dry g (T s T s pds)
S, W

where the sumis over all s € {O 1,. ——1} and all w = (wq, wo, ..., wy), such
that 0 <w; <t and Z?:] w; =0 (mod t), and such that not all of 5, wy, wo, ..., w,
are zero.

As Yl wl-qt;1 +h;s —ds =0 (mod g — 1), by Proposition 3.2 we have
J(Twl +hls Twy,qt;l-i-h,,s T—dS):_J(TUHqt;l-Fh]S Twy,qt;l-‘rh,,S)T—dS(_l)
and by Proposition 3.3 we have

J(@0. 10 7% = L1(g — 1" + (1",
%f_/ q
n times

completing the proof. (]
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Proof of Theorem 2.1. We follow Koblitz [1983, Theorem 2] and note that
(4-5) Nq(Dapn) = Ny (Dajsn) = Ng(Da,0,1) — Ny (Da,on)-
We know

N}Dg)—1 =qn—1 _
—1 q—1

1 _ _ _
(4-6) Ny(Dao.)= P AC ARt A by
w*

by Weil’s result, Theorem 3.7 above;

N;(Dd’)hh) _ 1 1 Z J(Twlqt;l-‘rhls’ Twzqt;l—t-hzs’ o, Twnqt;l-i-h,,S) Tds(d)\.)
9 s, W

when A # 0, by Corollary 3.10; and

gq—1

1 a-1 a=1 a1
Ny (Dao.) = Ny (Da) = quJO(TWz TR T
w
by Theorem 3.8.
Using Propositions 3.1, 3.3 and 3.4, we get that for A # 0,

4-7) (q=D(N;(Dap.1n)—N;y(Dao.n))
:ZJ(Twlqt;l-i-hls Twzqt;l-‘rhzs Tw”qt;l-i_h”s)Tds(d)\)

s,w
s#0
Y T@T T LT ) S (T T L T T
w w
=Z](Twqu;]—i_hlx,Twzqf;]—’_hzs,...,Tw"?—i_h"s)de(d)\)
S,w
s#0
-1 -1 —1
+q Y T T LT g ek e)— (g —1)"
wu;éO
—1 —1 —1
=ZJ(Twqu+h1S,Twqu+h2S,...,Twan+hns)Tds(d)\,)
$£0
— —1 —1
D BICAi S ST RN
wu;)éO
(Twlqt;l—khm) Twzqt;l-‘rhzs Twy,qr;l-i-h,,S)
— g(T)

Combining (4-5), (4-6) and (4-7), which trivially hold for A = 0 also, yields
the result. O
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Proof of Corollary 2.2. Applying (3-1) and Proposition 3.4 to Theorem 2.1 we
get that

Nq(DdAh)
T ZHW’ , >——ZH8<T“ )
q w* =1 w =]
+q(q Zl_[g(Tw, 7 +/’l S‘)g(T dS)TdY( d)\.)
;#u())z 1
S e e (1)
w* =1 w =1
q(q Zl_[g(Tw, 7 +h S)g(T dS) TdS( d)\,)
s,w j=1
g =1 1
- T e
somew,—O
q(q_l) Zl_[g(Tw, 7 +h S)g(T dS) TdS( d)h)
s,w =1
Wherethelastsumlsoverallse{0,1,...,7—1}andallw_(wl,wz,...,wn)eW,

as required. To get the alternative summation limits, we note that

1 n
@8) Y S e T ey (=) T (—d)

s=0 weWi=1

— Z Z g(T(wi+jhi)(il‘;l+hiS)g(T_ds) Tds(—d)\,)
=0

> Hg(wa T (T 4) T4 (—dA).

s=0 [w]eW/~i=1

This sum is independent of the choice of equivalence class representatives [w], as
changing representative can be countered by a simple change of variable in s. [J
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Proof of Corollary 2.7. We start from Corollary 2.2 with h = (1,1,...,1) and
d = n, and rewrite using the notation described in Section 2, i.e.,

— _ k— n
(4-9) Ny(Dy) = T p Z [] ey
weW keS¢
0eSs,
1 _
+ 3 [T Ty () T (=),
qlq—1 &
where t = ged(n, g — 1), and the second sum is over all s € {0, 1,..., qt;l — 1}

and all w € W. We proceed in the same fashion as the proof of Theorem 2.2 in
[McCarthy 2017]. By (3-1) it is easy to see that

| kL= \np—1 1
oo Bl HIREL L

-kt
o keSg kese 8T~ kese\

We now focus on the second sum in (4-9). If quT_l = ¢ then kq + 5 =
0 (mod g — 1), which can only happen if s =0 (mod 1= 1) in which case s = 0.
So, if s £ 0 then ThT +s # ¢. Again using (3-1), we see that, for A #£ 0,

q—1

@11 SN[ e @ Ty g () T (=ni)

weW s=0keS

+S)nk 1

g(Tk kﬂ'i‘s _ —ns\ ns
—ZZ [1 5 o T e Je )77

weW s=1 -keS; g(T

_Z[l_[g(Tk,)nk 1][ l—[ Tk ,( l)q:|

kq
wew Lkese (T kese\(0)

—zz[ng”"

kL_
weW s=0 Lkese (T )

+Z[]‘[g( i 1][1‘[#”71(—1)(1— I T“?'(—nq]

-kt
wew bkese &(T77) Jdljese keSE N\ (0)

w

+s)nk ! k;l—i-s —ns ns
T(=Dgq [g(TT)T™ (—=nk)

%‘+s)nk—1

e

g A
weW s=0 brese (T 7 7%)

k4 —\e—1
+(q—1>2[1_[g(f 7,(3_ M H T’ﬂ( 1)q]

c c
0ese keSs, keSS\

Tk?-‘r?(_l) q:|g(T—n&‘) TnY(_n)\’)

w
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Accounting for (4-10) and (4-11) in (4-9) yields

n—1
q" ' —1
Ny(D;) = o
ZZ[Hg(T“ oy ",1+S(—1)q]g(T—ns)Tns(—n)»)
q(q D oew =0 ress 8T ki %)

To get the alternative summation limit, proceed in the same manner as in (4-8). [

Proof of Theorem 2.4. We start from Corollary 2.2, which we rewrite as

LY e e

weW =1
some w; =0

Vl—

(4-12) Ng(Daj.n)=

[w] ’
[wleW/~

where
q=2 n

Ruwy = 3 [ o g (1) 74 (~di).
s=0 i=1
We note Ry, is independent of the choice of equivalence class representative.
We now let T = w and apply the Gross—Koblitz formula, Theorem 3.6, to both
summands in (4-12). From the first summand we get that

n r—l1
UI

@13 [[e@ ) = 1y p=n E A [T () 0

i=l1 i=1a=0
= (=" C(w).
The second, Ry, yields

n

(4-14) Ry = (= 1>”“Z[r ]HFP ][HF ]

s=0 =a=0i=1
x (=p)" &% (=dn),
where
r—=1 n r—1
v= D ((F ) P (74 )
a=0i=1 a=0
r—1 n r—1 n r—1
=2 2 (F+35)p +Z P DL =L ()P
a=0i=1 a=0i=1 a=0
r—1 n r—1 n
=22 (=3 LG+’ ZL( Dp')ez
a=0i=1 a=0i=1

asy ;  hi=dand ) ;_, w; =0 (mod1).
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We will now use Theorem 3.5 to expand the terms involving the p-adic gamma
function in (4-14). Let k € Z such that

w; his
k < T+qT1 <k+1.
Then 0 < x := %+% —k < land (¢ —1)x €Z. So, by Theorem 3.5, with h = h;
and p i,

—1hi—1

l_[ [T (G + 255+ 55 )

a=0 b=0
r—1 hi—

S ) DA (C H ()"

As{b|b=0,1,..., hi—1}={b—-k|b=0,1,..., h; — 1} (mod h;) we have

r—1h;i—1
@15) TTTTTo (G + 5 +m)e%)
a=0 b=0
r—1 h,‘—l
wiqz;l his wi i a a
= o T T (5 + 220 p) TT T (2) P
a=0 b=1

Similarly, with k € Z chosen such that 0 < x := = —k < 1, we apply Theorem 3.5
to get that

r—1h;—1

@16 [T T (G +7)r)
a=0 b=0 -
cg=1
=o(h ") [T ((F) l_[Fp ((7)p
a=0
Combining (4-15) and (4-16) we have, for p t h;,

4-17) 1_[F ’“S ) )

r=1hi=1T ((([u;; + +h£,-) a
r

= 1_[ 1_[ (((ﬂ_i_g)pa))p )) rljrp(((%)pa)) as(hzhi)'

a=0 b=0
A final application of Theorem 3.5, this time with k € Z such that 0 <x := k— =<l
and p {d, we get, after some simplification, that
r=ld-1p ([(=L 5\ pa
a4 " a=1/)P
(4-18) H T =11 ]‘[ G — L) @ (d™).
a=0b=0 ( Z)r°))
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Accounting for (4-17) and (4-18) in (4-14) and making the change of variable
s — (g — 1) —s we get that

n r—l1 q—2
@190 Ruy= 0 TTTTra() ) X0
i=1a=0 s=0

where
r—1 n r—=1 n r—1
y= (%) p — L(% = 220 ] = 2L (2) P
a=0 i=1 a=0 i=1 a=0
and we have used the fact that w(—1) = —1. Let

r—1 n r—1 n hi—1 ) r—1d—1 ; )
R DI D I UL SRS A D BEZEeT
a=0 i=1 a=0 i=1 b=0 a=0 b=0
n r—1h—1 , B r—1d—1 . Y
+ G +a)p") = 51+ 22 2 UG P + 5]

a=0 b=0 a=0 b=0
|

1
Asged(p,d)=1,{b|b=0,1,....,d—1}={bp® | b=0,1,...,d — 1} (modd)

and so
d—1 ., d—1 . d—1 ., d—1 .,
D UCAP )+ E =2 U@+ 5] =D G+ ] =D+ 5]
b=0 b=0 b=0 b=0
Similarly, as ged(p, h;) =1,

hi—1 . hi—1

UG+ i)p) = 5] = 2 UG+ 2) = 35
b=0 b=0
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hi—1 hi—1
=2 G =2 il = 2P + i
b=0 b=0
= S - g+ - L
b=0
So
r—1 n r—1 n r—=1 n
y—z= GRS MICOTAEDIO(COIS
a=0 i=1 a=0 i=1 a=0 i=1
Thus

1
(4-20) —— R =(—D"C(w)
qg—1

S
T e )

U IEEEEEE ;"Tt_{_hﬁ ...... dih o
= e aGa| G me
d d d q

Substituting for (4-13) and (4-20) in (4-12), we get the required result. O
Proof of Corollary 2.5. In Theorem 2.4, we make the change of variables w —
—w (mod t), which is a bijection on W/ ~, and s — (¢ — 1) — s in the expansion
of ;G4 by definition. O
Proof of Corollary 2.6. If t = ged(d, g —1) =1 then w = (0,0, ..., 0) is the only
element in W and C(0) = 1. So, by Corollary 2.5

h
Adhl --.hzn] )
q

n—1__ _1\n 0 1 e
q L (=D d d
Ny(Dg . n) = + 144Gy b
q—1 q
The first bottom line parameter in ;G4 is % = 0. We will “cancel” the zero from
both top and bottom to get the required 4_; G 4—1. From Definition 2.3 we see that
the contribution to the summand of the top and bottom line zero is

ISWI S}

ﬁ Fp({(0=750) P") T (((0+ 557) P¥)) (_p)—L<0pk>—%J—[<0pk>+y’%J
1 TH(0ph) ' ((0p*)

which, by Theorem 3.6 and (3-1), equals

@ (=1)q ifs#0,

8@ )g@):{ 1 ifs=0.
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We also note that when s = 0 the summand in Definition 2.3 equals 1. Therefore,

a, ..., a
)»] =1+61'd—1Gd—1[b2 bn
q 27 MR n

as required. (]

Proof of Theorem 2.8. We start from Corollary 2.7 and proceed in the same fashion
as the second half of the proof of Theorem 2.2 in [McCarthy 2017]. We let T = @
and apply the Gross—Koblitz formula, Theorem 3.6, to get

n—1
q" " —1 1
(4-21) Ny(Dy) = + > Ru
q-1 qlq-1
where
q—2 r—1
Ry =Y (=" (=p)' @™ (- n»]‘[r —20r%)
s=0
ng—1
X 1_[ (=K ﬁ p(<(§+q%)pa) k
keS¢ a=0 Fp(<(_7k_q%)pa>)
with
nik
v=) Z Zw—wZL% + 7
keS§, keS§

YU rZOL(;—fi)p“J

keS¢, a=0

As p {n we derive from (4-18) that

[Tl
I (5 = -2) ) ﬁ (2= 257)p%)

B l_[ b0 (;od ) & (")
a=0 bl;lo Fp(<(§)pa))
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So, after some manipulation,

12 0, (5 = 225)pf)
(4-22) Ry = (=D"T) (=p)? @™ (=1) [ — 1 ]
; kechg) Fp((%pa))
- n— r— b_ s \pa
% Ii IFP( n l?—l)p )]
L p=0 =0 Ly ((Zpa))
b#0 (mod %)
- (kg sy ey
% l—[ 1—[ p(<( t q—l nk—>) F[w],
Liesgazo  Tp((—Ep9)
where
r—1 B —1 r—1 ne—1 3 o1
ruoti=| TTTTr()| | TTTTrottso)™ || T -0t
kesSe a=0 keS¢ a=0 kese,

Applying the Gross—Koblitz formula, Theorem 3.6, in reverse and (3-1) we get that

I HF ((F) P DTo((p?)

keS§ a=0 )
= [T e@*e@ ) (—py Ze=ol (T 1))

keS§,
= (— 11O T B(—1)KT
keS¢
Thus
r—1
(4-23) Flw] = (=150 g ISl G~y Sl TT TTr, ((5pe)™.
keS¢ a=0
If we let
—Z—Z(nk—l)ZI_ J
keS, 1
n—

> L))

b=0
b0 (mod %)

+ ZL(%P“)—

keSy a=0

then, after a lengthy but straightforward calculation, we find that

n r—l1

(4-24) v—z=—r[SS\ {0} + ) ) (% pe).

i=1 a=0
Accounting for (4-23) and (4-24) in (4-22), and then (4-21), yields the result. [
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5. Concluding remarks

When d | g — 1 itis possible express the results of Koblitz, and those in this paper, in
terms of hypergeometric functions over finite fields, as defined in [Greene 1987], or
using a normalized version defined in [McCarthy 2012]. For example, see [Goodson
2017a; McCarthy 2017; Nakagawa 2021] for related results. To extend these results
beyond ¢ =1 (mod d) it is necessary to move to the p-adic setting as we have done
in this paper. Other results where the p-adic hypergeometric function, ,,G,,, 1s
used to count points on certain hypersurfaces, which are special cases of the results
in this paper, can be found in [Barman et al. 2016; Goodson 2017b].
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