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DEFORMATION OF PAIRS AND SEMIREGULARITY

TAKEO NISHINOU

We study relative deformation of a map into a Kéhler manifold whose image
is a divisor. We show that if the map satisfies a condition called semiregularity,
then it allows relative deformations if and only if the cycle class of the
image remains Hodge in the family. This gives a refinement of the so-called
variational Hodge conjecture. We also show that the semiregularity of maps
is related to classical notions such as Cayley—Bacharach conditions and
d-semistability.

1. Introduction

Let 7 : X — D be a deformation of a compact Kéhler manifold X of dimension
n > 2 over a disk D in the complex plane. Let Cy be a compact reduced curve
(when n = 2) or a compact smooth complex manifold of dimension » — 1 (when
n > 2). Let ¢g : Co — Xo be a map which is an immersion, that is, for any p € Cy,
there is an open neighborhood p € V,, C Co such that ¢o|v, is an embedding. Then,
the image of ¢ determines an integral cohomology class [¢(Cp)] of type (1, 1),
that is, a Hodge class which is the Poincaré dual of the cycle ¢y(Cp). Note that the
class [¢(Cop)] naturally determines an integral cohomology class of each fiber of .
Therefore, it makes sense to ask whether this class remains Hodge in these fibers
or not. Clearly, the condition that the class [¢y(Cp)] remains Hodge is necessary
for the existence of deformations of the map ¢g to other fibers.

The notion of semiregularity plays a role in this context, though it was intro-
duced [21] and developed [16] originally for submanifolds of codimension one in a
fixed complex manifold. The main result of these studies is that if a submanifold
of codimension one is semiregular, then the obstruction to deforming it in the
ambient manifold vanishes. Bloch [5] generalized the notion of semiregularity to
subvarieties of any codimension in a projective manifold which are local complete
intersection. He generalized the results of [16; 21] to this case, and also related the
notion of semiregularity to deformation of pairs. Namely, he proved that if Cy is
a subvariety of a projective manifold X which is local complete intersection and
semiregular, and if the class [Co] remains Hodge in an algebraic family X — C
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whose central fiber is X, then there is a deformation of Cy relative to the base. In
other words, a local complete intersection subvariety which is semiregular satisfies
the variational Hodge conjecture. More precisely, the variational Hodge conjecture
asks the existence of a family of cycles of the class [Cy] which need not restrict
to Cp on the central fiber. Therefore, Bloch’s theorem in fact shows that the
semiregularity gives a result stronger than the variational Hodge conjecture. We
also note that Ran [20] generalized Bloch’s result to cases where a weaker version
of semiregularity holds. However, although Bloch’s and Ran’s theorems guarantee
the existence of a relative deformation of a cycle on the central fiber Xy, it gives
little control of the geometry of the deformed cycle.

More recently, the notion of semiregularity has been generalized to maps between
varieties [6; 11]. In [11], maps between compact Kihler manifolds were investigated,
and it was shown that if the map is semiregular, then it deforms in a fixed target
manifold. In [6], the notion of semiregularity was generalized to a very broad
context using cotangent complexes, and many known results were generalized. The
case of maps was also considered (see [6, Theorem 7.23]), but not in the context
of the variational Hodge conjecture as we will do. See also [2; 3; 12; 17; 19] for
recent developments related to semiregularity.

Our purpose is to show that the semiregularity in fact suffices to control the
geometry of the deformed cycles when the cycle is of codimension one, and also
that we can extend the result to maps to a family of Kdhler manifolds. Recall that
@o : Co — Xop is an immersion where dim Cyp = dim X — 1.

Theorem 1. Assume that the map g is semiregular in the sense of Definition 4. If
the class [¢o(Co)] remains Hodge, then the map @o deforms to other fibers.

For example, if the image ¢o(Cp) has normal crossing singularity, then there is
a natural map ¢ : CO — Xy, where Co is the normalization of Cy (when n > 2,
Co= Co). Then, if ¢q is semiregular, Theorem 1 implies that it deforms to a general
fiber and the singularity of the image remains the same (e.g., it gives a relative
equigeneric deformation when n = 2).

On the other hand, if the image ¢o(Cp) has normal crossing singularity, the
semiregularity turns out to be related to some classical notions appeared in different
contexts. Namely, we will prove the following (see Corollary 17).

Theorem 2. Assume that the subvariety po(Cy) is semiregular in the classical sense.
That is, the inclusion of ¢o(Cy) into X is semiregular in the sense of Definition 4.
Then, if the map H°(po(Co), N;) — H%(po(Co), S) is surjective, the map ¢ is
semiregular. In particular, if the class [py(Co)] remains Hodge on the fibers of X,
the map gy can be deformed to general fibers of X.

Here, W, is the normal sheaf of ¢y(Cp) in Xo and S is the infinitesimal normal
sheaf of the variety ¢o(Cp), see Section 6 for the definition. A variety with normal
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crossing singularity is called d-semistable if the infinitesimal normal sheaf is trivial,
see [8]. The notion of d-semistability is known to be related to the existence of
log-smooth deformations (see [13; 14]). By the above theorem, it turns out that it
is also related to deformations of pairs, see Corollary 19.

In the case where n = 2, if Xy is a K3 surface, any immersion ¢ is semiregular,
and Theorem 1 can be applied to any such ¢g. This result is well known and was
proved, for example, using the twistor family associated with the hyperkihler
structure of K3 surfaces. Theorem 1 gives a generalization of it to general surfaces.
In general, we need to check whether a given map ¢y is semiregular or not. For
that purpose, Theorem 31 in [18] combined with Theorem 1 above implies the
following. Let ¢y : Co — X be an immersion such that the image ¢(Cp) is a
reduced nodal curve. Let p : Co — ¢o(Cp) be the natural map (which is a partial
normalization of ¢y(Cp)) and P = {p;} be the set of nodes of ¢y(Cp) whose inverse
image by p consists of two points.

Theorem 3. Assume that ¢o(Cy) is semiregular in the classical sense and the class
[¢o(Co)] remains Hodge on the fibers of X. Then, the map ¢y deforms to general
fibers of X if for each p; € P, there is a first-order deformation of ¢o(Co) which
smooths p;, but does not smooth the other nodes of P. ([

The condition in Theorem 20 is related (in a sense opposite) to the classical
Cayley—Bacharach condition, see [4], which requires that if a first-order deformation
does not smooth the nodes P \ {p;}, then it does not smooth p;, either. Using this,
we can also deduce a geometric criterion for the existence of deformations of pairs,
see Corollary 21.

Notation. We will work in the complex analytic category. Later in the paper, we
will study nonconstant maps ¢q : Co — X¢ from a variety Cy to a Kdhler manifold X
and their deformations. We denote by X a family of compact Kédhler manifolds over
a disk D C C whose central fiber is X(. A deformation of ¢y over Spec C[¢]/ ket
will be written as ¢ : Cx — X = X X p Spec Clr]/ e+, By the image of a map ¢g
or ¢, we mean the analytic locally ringed space with the annihilator structure,
see [9, Chapter I, Definition 1.45]. That is, if U is an open subset of Cj; with the
induced structure of an analytic locally ringed space, and V' is an open subset of Xy
such that ¢ (U) is closed in V, we associate the structure sheaf

Oy /Anno, ((r)«Ov)
to the image ¢4 (U).

2. Semiregularity for local embeddings

Let n and p be positive integers with p < n. Let M be a complex variety (not
necessarily smooth or reduced) of dimension n — p and X a compact Kihler
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manifold of dimension n. Let ¢ : M — X be a map which is an immersion, that
is, for any p € M, there is an open neighborhood p € U, C M such that ¢|y, is
an embedding. We assume that the image is a local complete intersection. Then,
the normal sheaf \,, is locally free of rank p. Define the locally free sheaves K,
and wy on M by

}C(p:/\p./\/(;/ and a)M:’C;®(p*/C)(,

where Ky is the canonical sheaf of X.
When ¢ is an inclusion, the natural inclusion

e Ny — o*Qy
gives rise to an element
AP~le € Homo, (AP, * @ ) = T(M, (" 2y 7)Y @9 Kx @K, QN
= Homo, (% "1, oM @N)).
This induces a map on cohomology:
AP le s H PN X, QT — HYPTNM, oy @ N).

When ¢ is not an inclusion, then I'(M, ((p*Q’;{pH)V R Kx @K, ®/\/¢V) is not

necessarily isomorphic to Homo, (2 * + oy ®N¢V ), but the map

APl s PN X, QY > BTN (M, oy @)
is still defined.

Definition 4. We call ¢ semiregular if the natural map AP~ ¢ is surjective.

In this paper, we are interested in the case where p =1 and M is reduced when
n =2, and M is smooth when n > 2. In this case, we have wy ®N(pv = ¢* Ky and
the map AP~ le will be

H"2(X,Kx) — H" (M, 9*Kx).

Remark 5. As we mentioned in the introduction, in [6; 11], Buchweitz—Flenner
and Tacono also considered semiregularity of maps between varieties in broader
contexts. In the case of maps we consider in this paper, their definitions coincide
with ours.

3. Local calculation

Let 7 : X — D be a deformation of a compact Kéhler manifold X of dimension
n > 2. Here, D is a disk on the complex plane centered at the origin. Let

(Ui, (xi1, -, Xin)}
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be a coordinate system of Xg. Taking D small enough, the sets
Wi =Ui xD, (xi1,...,Xin 1)}

gives a coordinate system of X. Precisely, we fix an isomorphism between 4(; and a
suitable open subset of X which is compatible with 7 and the inclusion U; — Xj.
Here, ¢ is a coordinate on D pulled back to 4{;. The functions x; ; are also pulled
back to 4; from U; by the natural projection.

Take coordinate neighborhoods &[;, {f; and ;. On the intersections of these
open subsets, the coordinate functions on one of them can be written in terms of
those on another. Namely, on [; N &l;, x;; can be written as x; ;(x;, t), here we

write
Xj = ()Cj’l, ey xj,,,).

Similarly, on &; N 4L, we have x; ; = x; ;(xx, t). Then, on &; N; N, we have
Xig = X1 (Xp, 1) = x; 1 (xj (X, 1), 7).

For simplicity we often write x; ; (xx, ) as x; ; (xx) and x; ; (x; (xx, 1), 1) as x; 1 (x; (xx)).
Let X, = n~!(¢) be the fiber of the family 7 over t € D. Assume that the map

0o : Co — Xp

exists from a variety Cy of dimension n — 1 to X, which is an immersion.

We can take an open covering {V;} of Cg such that the restriction of ¢g to V; is
an embedding, the image ¢y (V;) is contained in U; and is defined by an equation
Jfi,0 = 0 for some holomorphic function f; o. Moreover, we assume that if V; N'V;
is nonempty, we have

po(ViU V) N (U NUj) = ¢o(V; N V)).

Let Spec C[¢]/t™*! be the m-th order infinitesimal neighborhood of the origin

of D. Note that
{Uim = 4 x p Spec C[#]/t" 1}

gives a covering by coordinate neighborhoods of X,, = X x p Spec C[¢]/t"*!. We
write by x;; , the restriction of x; ; to U; . Let us write

Xim ={Xitms - s Xinm)-

Assume that we have constructed an m-th order deformation ¢, : C,, > X,
of ¢g. Here, m is a nonnegative integer and C,, is an m-th order deformation of Cy.
Let V;,, be the locally ringed space obtained by restricting the structure of a locally
ringed space on Cp, to V.

Let { fi.m(xim, )} be the set of local defining functions of ¢, (V; ;) in U; ,,. We
will often write f; »,(X; ., t) as f; ,(x; ) for notational simplicity. In particular,
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on the intersection U; ,, N U; , there is an invertible function g;; ,, which satisfies

1
fi,m(xi,m(xj,m» t)7 1) = gij,m(xj,ma t) fj,m(xj,m» t) mod "+,
Define a holomorphic function v;; ,, on U; ,, N U; 5, by

1 1
" () = " 0 (X0)

= fim Xim+1Xj m+1)) — &ijum (Xj m+1) fjm (Xj m+1)s
which is an equality over C[¢]/ t"+2. Note that v; j,m can be regarded as a function
on Ul' N Uj.
Proposition 6. Assume that the intersection U; N\ U; N Uy is nonempty. Then, on

UiNU; NU N o(V;), the following identities hold:

Vikn Xkem+1) = Vijm (Xj m+1(Xk,m+1)) + &ij,0(xj,0(Xk,0) Vikm (Xk,m+1)
and
Vijm = —&ij,0 Vji,m-

Remark 7. The equality
UinUNUNgo(V;) =U;NU; NUNgo(V;) =U; NU; N U N o (Vi)
holds by the way we took {V;}.

Proof. We have

_ 2
Xim1 Xkmt1) = X1 (%) mt1(Xkm41)) mod 7712,

on Ui,m-i—l N Uj,m+1 N Uk,m-‘rl . Then,

!
" i Ok mt1)

= fimXim+1 Xk m+1)) — Gikom (Xk.m+1) Fie.m Xk m+1)
= fim (%im1 O mt 1 Kem1))) = &ijom Xj 1 Ckem+1)) Fim Of 1 Femt1))
+ &ijm X m+1 Xk m+1)) [j.m X m+1 Xk m+1)) — ik Xkm+1) Sre.m Xk m+1)
= "0 et k1) + i X mt Ctems 1)) (o ) ms1 Kemt1))
= ik Xk, m+1) Jeom Xk m+1))
+ &ijm (Xj m1 Xke,m+1)) &jk,m Xk,m+1) Srem Xk ms1)
= ikom Xkm+1) Jiem (X m+1)
= 1" (et k1)) 1" g (et k1)) Vit (k1)
+ (&ij.m (Xj m+1 Xk m+1)) &jk.m Xke.m+1) — Gik.m Xk .m+1)) S Xk m+1),
mod " *2. Since

(81j.m X i1 Xemt1)) & jkom Kkms1)—&ikom Xkmt1)) fiem X ms1) =0 mod ™1,
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we have

1
8ijom X m1 Xem41)) & jkm Xk mt1) = Gikom Xk ms1) mod £+,

Therefore, we have

(gij,m(xj,m—H (xk,m+1)) 8jk,m (xk,m-i-l) - gik,m(xk,m-i-l)) fk,m(xk,m-H)

_ 2
= (8ijm (Xj m1 Xkm+1)) & jkm Ekm1) — Gikom Femt1)) fr,0(k,m1) mod 1" F2,

Since fi o(xx) = 0 on the image of ¢p|y,, we have the first identity. The second
identity follows from this by taking k =i. ]

Note that the pull back ¢3|Wﬂw gij,0 of the set of functions {g;; o} is the set of
transition functions for the normal sheaf of ¢q. Thus, the proposition shows that
the pull back {fﬂélv,»m/, Vijm+1} of the set of functions {v;; ,,+1} behaves as a Cech
1-cocycle with values in the normal sheaf N, of ¢g. Then, the following is a
straightforward generalization of an argument in [16, Section 3], whose proof we
omit.

Lemma 8. The cohomology class of the cocycle {@g|v,nv;Vijm+1} represents the
obstruction to deforming ¢,, one step further. [l

The assumption that ¢y : Co — Xg is an immersion and dim Cy = dim Xy — 1 is
crucial for this lemma. For simplicity, we will write {¢; ViV, Vij.m+ 1} as {vijmy1)
if no confusion would occur.

4. Explicit description of the Kodaira—Spencer class

Let 7 : X — D be a deformation of a compact Kihler manifold X as before. We
have the exact sequence
0— 1*Q) — QL — Q%D—>O
The Kodaira—Spencer class is, by definition, the corresponding class in
u € Bxt! () p. 7*Q).

Lemma 9. The class  is represented by the Cech 1-cocycle

n

ax;(xj, 1)
Hij = Z la—tjaxi,z dt.
=1

Proof. See [10, Section I1.1]. O

From now on, we drop dt from these expressions since it plays no role below.
Restricting this to a presentation over C[¢]/#"*!, we obtain the Kodaira—Spencer
class for the deformation X4 := X xp Spec C[¢]/ t"*+2. We denote this class

by tm.
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Assume that we have constructed an m-th order deformation ¢, : C,, — X,
of ¢o. Let N,/ p be the relative normal sheaf of ¢,, and

Pm O Tx,/D = Nonyp

be the natural map, where Ty, /p is the relative tangent sheaf of X,,. Pulling ,,
back to C,, and taking the image by p,,, we obtain a class ji,, € H'(C,,, Non/D)-

As before, let { f; ,, (xi.m, t)} be the set of local defining functions of ¢, (V; ;)
onU, ;.

Lemma 10. The class i, is represented by the pull back of

n

dxi1(xj, 1)
r)ij,m = Z a—t]axij fi,m(xi» t)
=1

to Cy,.

Proof. We check the cocycle condition. Namely, we have

Nik,m — Nij,m — &ijm Njk,m
n n
ax; 1 (X, 1) 0x;1(x;,1)
=) O fim i ) = Y0 fim (s )

=1 =1

n
9x;j 1 (X, 1)
— 8ij.m Z JT%,[ Sim(xi, 1)

=1

n

n
9x;1(Xg, 1) 0x;(xj,1)
= ; Taxi,l fi,m(xi, ) — lzl: la—tjaxu fi,m(xj7 1)

n
0x;j,1(Xk, 1) -
— &ij.m Z JTax,,, (8l~j,1m Jim(xi(xj, 1), 1))
=1
n
3x-,1(xk, 1) _

= (Wik — Mij — Wjk) fim — 8ijom fim (Xi (X}, 1), 1) Z ]Taxj,l (8ijm)-

=1
Since wir — pij — pjk = 0 by the cocycle condition, and f; ,,(x;(x;, 1), t) is zero
on the image of ¢,,, we see that n;x,,» = 1ij.m + &ij,m Njk,m on Cy,. Also, note that
gij,m is the transition function of the normal sheaf A,,,p. Then, it is clear that 7;;
represents the class [i,. O

Recall that a complex analytic cycle of codimension r in a Kéhler manifold
determines a cohomology class of type (r, r), which is the Poincaré dual of the
homology class of the cycle. Let ¢c, € H'(Xo, Q}(O / p) be the class corresponding
to the image of ¢(. Note that since the family X is differential geometrically trivial,
the class ¢c, determines a cohomology class in H?(X, C). We denote it by é:Co-
Then, we have:
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Lemma 11. When ¢ is semiregular, the class {c, remains Hodge in X, if and
only if the class [iy, is zero.

Proof. Since we are assuming we have constructed ¢, : C,, = X,,, the class g:co is
Hodge on X,,. That is,

tcolx, € H' (X, Q, 1p)-

Bloch [5, Proposition 4.2] showed that g:co remains Hodge on X, if and only if

the cup product . )
{eolx, Yttm € H* (X, Ox,,)

is zero. This is the same as the claim that the cup product g:co Ix,, U m Ja is zero
forany ¢ € H n=2(x, . C). On the other hand, we have:

Claim 12. The cup product ECO lx,, Uim Ua is zero for any a € H*'=2(X,,, C) if
and only if the cup product [, U @) o is zero on Cy,.

Proof of Claim 12. By definition of Z¢,|x,,, the class Z¢,lx, U im Ua is zero
if and only if the class ¢, i, U @) o is zero. Note that the cohomology group
H?>%(X,,, C) decomposes as

H> (X, €©) = H" (X, Q5 7 5) @ H' ™ (X, @5 5) @ H' > (X, Kx,, /),

here, Ky, /p 1s the relative canonical sheaf. By dimensional reason, the cup product
between ¢ (1, and the pull back of the classes in

H (X, Q7 5) @ H' ' (X, Q) 1)

is zero. Therefore, we can assume that o belongs to H =2( X, K X,./D), and so the
class ¢ a belongs to H"2(Cpy, 9 Kx,, /D). On the other hand, ¢, 1, belongs to
HY(C,,, ¢ Tx,./p) and we have the natural map

H'(Cy, ¢*Tx,,/p) = H' (Cpi, Nouyp)-

Here, [1,, is the image of ¢}, 11, by this map. Recall that the dual of H'(C,, Nin/D)
is given by H"~2(C, 915 Kx,,/p)- So, it follows that the cup product ¢} i, U@l o
reduces to [i,, U ¢, a. This proves the claim. O

It immediately follows that if i, is zero, then ECO remains Hodge in X,,4. For
the converse, assume that {¢, remains Hodge in X,,4. There is a natural map

L H (X, ©) — H' (Cpy. Nwyp)”
as in the proof of the claim. Namely, for a class « of

H? (X, ©) = H" (X, Q5 5p) ® H" (1) ® H' Q)
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and B € H'(Cpp, Ny /D) let t(a)(B) be the cup product BUg;, a composed with the
trace map H n=1(C,, wc, ) — C. Here, wc,, is the dualizing sheaf of C,,, see [1].
The restriction of this map to X is a surjection by the semiregularity of ¢g. Since
the surjectivity is an open condition, ¢ is also a surjection. This shows that (i, Ug} o
is zero for any o € H*"*~2(X,,, C) is equivalent to the claim that fi,, is zero. O

Thus, when the class ECo remains Hodge in X,,;1, we can write i, as the
coboundary of a Cech 0-cochain with values in Nomyp on Cp,. We choose one such
representative {§;} where 8; € I'(V; ,,, N}u/p) such that

8 — &ijm 8 = Mijm-

Here, {n;;m} is a representative of (i, (see Lemma 10). Also, note that by the exact

sequence
0— Ou,,, = Ov,,,(@m(Vim)) = Nuplv,,, — 0,

there is a section S,- of Oy, (@m(Vi.m)) which maps to ;. Then, we have a lift
of n;j,m to an open subset of X as follows.

Lemma 13. When the class ZCo remains Hodge in X1, the section
ijn = 8i (i (xj, 1), 1) = gijm (7, 1) 8 (xj, 1)

OfOU,-,mmUj.,,, (@ (Viim NV} m)) coincides with n;j , when restricted to V; . O

5. Proof of Theorem 1

As we mentioned in the introduction, in [16], it was shown that if Cy C X is
a submanifold of codimension one that is semiregular, then the obstruction to
deforming Cy in X, vanishes. The point of their proof is to construct a Cech
1-cocycle on X with values in the sheaf Ox(Cp), whose restriction to Cj is the
relevant obstruction class. Then, the vanishing of such a class in cohomology
is a straightforward consequence of the definition of semiregularity. Thus, it is
important to represent the obstruction as a restriction of a Cech cocycle on the
ambient space. In the case which was studied in [16], the construction of such a
cocycle on the ambient space can be done by a direct calculation. In our case of
maps where ¢o(Cp) may be singular, we need an additional argument which is a
variant of that in [18]. Also, we need to take account of the effect of the deformation
of the ambient space, but it is covered by Lemma 13. In this section, we unify these
arguments and complete the proof of the main theorem.
Recall that the obstruction to deforming ¢,, is given by a cocycle

olvinv Vijms1}  on Co,
{p /
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where v;; ,, is defined by

" () = fim (X, 1), 0) = gijm (X, 1) fim (X, ).

For the explicit calculation of the obstruction, we eliminate g;; ,, (x;, t) from this
expression as follows.

Lemma 14. On U; ,, N U ,,, we have

Vijm (X))

ﬁ,m(xia t)

_ 1 8fi,m(xia t) A 1 afj,m(xjv 1) Y
B fi,m(xi»t)< ot +8[) fj,m(xi,t)( at +8]>’

modulo functions holomorphic on the image of ¢ulv,,v;,,-

) (m+1)m

Proof. First, by differentiating the equation

1
" (X)) = fim (XX, 1), 1) = 8ijm (X, 1) fim (X, 1)
with respect to ¢, we have

(m4+1) " vij,m(xj)
n

_ fimGxis 1) +Z ax; 1 (xj, 1) Ofim(xi, 1)

ot = ot 8x,~,1
Of jm(xj, 1) 3gijm(xj,1)
—wmw¢>’%f - ”QJ Fim(xi, 1)
Ofim(xi,t) ofjm(x;, 1) 08ijm(xj, 1)
= S i (), DT A i — T o (X, 1)

onV;,,NV;,. Since f;,, is zero on the image of ®mlv; . we can ignore the last
term. By the same reason, we can replace 1;; ,, by 7;;,, introduced in Lemma 13,
and we can regard the above equation as an equation on U; , N U; .

Dividing this by f; ,(x;, t), we have

Vijm(Xj)

Jim(xi, 1)

_ 1 fim (Xis 1) &ijm(Xj, 1) 0f jm (X, 1) Nij.m

 fimi )t fimxist) 9t Sim iy 1)

_ 1 Ofim(Xis 1) &ijm (%), 1) 8fj,m(xjat)+ 3 B ijmd;
Jim(xi, 1) ot Sfim(xi, 1) ot Jimxist)  fim(xi, 1)

_ 1 fimxist) =\ 1 fjm(xj 1) <
B fi,m(xi’ t) ( dt +8[) fj,m (xi, t) ( ot +8J>

() (m+D"
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modulo functions holomorphic on C,,. Note that this is an equation over C[¢]/¢" !,

and so we have
gij,m(xj» 1) fj,m(xj» 1) _

ﬁ,m(xiv t)

1 afi,m (xi, t) s
[fi,m(xi,t)( o1 +5’>L

be the coefficient of " in

1 afi,m(xi’ t) s
fi,m(xia t)( ot +6[>

Note that the above equation still holds when we replace

1 afi,m (xi, 1) 4 1 ij,m (xj, l‘) 3
fi,m(xi»t)( ot H’) and f,-,m(x,»,t)( a1 +8]>

O

Let

by

1 Afim(xis 1) |« 1 Of jm(xj, 1) | =
|:f,-,m(x,-,t)< ot +5'>]m e |:fj,m(xi7t)< ot +5’)]m’

respectively. Also, we can think of

1 8fi,m(xivt) 3
[ﬁ,mm,t)( T ”’)L

as a function on U; by forgetting ™.

Now, introduce any Riemannian metric on Xg. Recall that we fixed an open
covering {V;} of Co. If V; does not contain a singular point of Cg, we write V, =V.
If V; contains a singular point of Cy, we write by V; the complement of a small
closed disk around the smgular point in V;. For each Vi, let Ny, ly, be the normal
bundle of ¢ restricted to V Let S3|V be the circle bundle of radius § in N¢o|v .
Here, § is a small positive real number. If § is small enough, the exponential map
gives an embedding of S|y, into a small neighborhood of the image (po(\of) We
can assume that the image of S5|v is disjoint from goo(V) even if V; contains a
singular point of Co. Note that the bundles Ss|y, on each v glue and give a circle
bundle Ss on the open subset _J, V; of Co. When n > 3, this is actually a bundle
over Cy.

Note that the obstruction class

(@5 1V, Vijm+1] € H (Co, Nigy)

is zero if and only if the pairing of it with any class in H"~2(Cy, ¢*Kx,) is zero.
By semiregularity, any class in H"~2(Cy, ¢*Ky,) is a restriction of an element
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of H"2(Xo, Kx,). Let ® be any closed C* (2n — 2)-form on Xy. In particular,
O represents a class in

H™ (X0, C) = H" (X0, Kx,) ® H"™' (Xo, 2y, ") & H" (Xo, Q. 2).

0

Here, Qé{o is the sheaf of holomorphic i-forms on Xj. Integrating the restriction of
the singular (2n — 2)-form

U (fimGn D) <
[ﬁmuhn< 1 +&ﬂm®

to the circle bundle along the fibers, we obtain a closed (2n — 3)-forms y; on V,
Then, we have:

Lemma 15. On V, N VJ the limit lims_,o y; — y; exists, and is m + 1 times the
fiberwise pairing between @g|v,nv; vij.m(X;) and ¢;©.

Proof. Note that v;; ,, (x;) is a local section of the normal sheaf Ny, of o : Co — X.
Thus, it naturally pairs with the pull back of ® and gives a (2n —3)-form on Vin VJ
Then, the claim is a consequence of the equation (x) and standard estimates of
integrations.

Now, if Cy is nonsingular (in particular if n > 3), let C?"=3(Cy) be the sheaf of
smooth closed (2n — 3)-forms on Cy. It has a resolution

0— C*"(Co) — A (Co) = A *(Co) > 0

by flabby sheaves. Here, A’ (Cy) is the sheaf of complex valued smooth i-forms
on Cy. Thus, the cohomology group H!(Cy, C*"3) is naturally isomorphic to
H>=2(Cy, C) = H"(Co, Kc,)-

By Lemma 15, as the radius § goes to zero, the Cech 1-cocycle {yij} with
values in closed (2n — 3)-forms obtained as the differences of {y;} converges to the
obstruction class [v;; ] paired with the pull back of ® by ¢y, considered as a class
in H'(Cy, C**~3). However, by the above isomorphism between H'(Cy, C*"3)
and H"~1(Cy, Kc,), this class is the same as the obstruction class paired with ¢;®.
Thus, the obstruction to deforming ¢,, vanishes if and only if the limit class in
Lemma 15 vanishes for any ® € H"2(X,, Kx,)-

If Cy is nonsingular, {y;} is defined on a genuine open covering of Cy. Thus, the
Cech cocycle {y; 7} vanishes for all §. So, the limit also vanishes. This finishes the
proof of Theorem 1 for Cy nonsingular.

When n =2 and Cj is singular, |, V; covers only an open subset of Cy. However,
one can show that the Cech 1-cocycle defined by vij = vi — v; still does not depend
on the radius 8, and lim;_.¢ y; — y; gives the obstruction class paired with ¢;®.
Thus, it suffices to prove the vanishing of the class [y;;] for a small 6. This can be
reduced to an application of the Stokes theorem. See [18] for full details. U
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6. Criterion for semiregularity

In this section, we give necessary conditions for a map ¢ : Co — Xp to be
semiregular. It turns out that some classical notions which appeared in different
contexts such as Cayley—Bacharach condition and d-semistability are related to
relative deformations of maps.

The case n > 2. First, we consider the case n > 2. Let 7w : X — D be a family
of n-dimensional K&hler manifolds. Let ¢y : Co — X be a map from a compact
smooth complex manifold of dimension n — 1 which is an immersion. We also
assume that the image ¢o(Cp) has normal crossing singularity.
Consider the exact sequence on ¢y(Cy) given by
0— "Kx, = prpyKx, > Q— 0,

where ¢ : ¢o(Co) — Xy is the inclusion, and p : Co — ¢o(Cp) is the normalization.
The sheaf Q is defined by this sequence. It is supported on the singular locus
sing(go(Cp)) of ¢o(Co). We have an associated exact sequence of cohomology
groups
ey -e = H" (0 (Co), ¢ Kxg) = H" 2 (90(Co), P95 Kxo)

— H"*(g0(Co), Q)

— H" (¢o(Co), 1*Kx,)

— H" (90(Co), P+ 95 Kxo)

— H" (0(Co), Q).

By dimensional reason, we have H ”_l(wo(Co), Q) = 0. Also, note that

H' (90(Co), s 93 Kxy) = H' (Co, 9 Kx,)

fori =n—2,n—1, by the Leray spectral sequence. Therefore, if ¢y(Cop) is
semiregular in the classical sense, that is, the natural map

H"™2(Xo, Kx,) = H"*(90(Co), " Kx,)
is surjective, then the map ¢g is semiregular if and only if the map

H" 2 (¢0(Co), *Kx,) — H"2(90(Co), ps 95 Kx,)
is surjective.

Corollary 16. Assume that ¢o(Cy) is semiregular in the classical sense and the
class [¢o(Co)] remains Hodge on the fibers of X. Then, if the map

H"2(0(Co), *Kx,) = H"2(90(Co), s 93 Kx,)

is surjective, @y can be deformed to general fibers of X. [l
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On the other hand, consider the exact sequence
0—>p*j\/(po—>j\/'[—>8—>0,

of sheaves on ¢(Cp), where S is defined by this sequence. The associated exact
sequence of cohomology groups is

2) 0 — H (90(Co), ps Nyo) — H (00(Co), Ny)
— H%go(Co), S)

— H'(00(Co), ps Nyy)
— H'(0o(Co), N}) — - -

We have
H' (90(Co), px Ngo) = H'(Co, Ny,)

again by the Leray spectral sequence. Note that the group H' (C, Ny,) is isomorphic
to the dual of H"~'/(Cy, ¢t Kx,), i =0, 1. Similarly, the group H'(¢(Co), N)
is isomorphic to the dual of H"~'~/(¢o(Cy), *Kx,), i =0, 1.

Comparing the dual of the cohomology exact sequence (1) with (2), we obtain
H" 2 (po(Co), QV=H 0((po(Co), S). In particular, we can restate Corollary 16 as
follows.

Corollary 17. Assume that ¢o(Cy) is semiregular in the classical sense and the
class [po(Co)] remains Hodge on the fibers of X. Then, if the map

H (90(Co), N}) — H (90(Co), S)

is surjective, @y can be deformed to general fibers of X. U

The sheaf S is the infinitesimal normal sheaf of the singular locus of ¢, (Cy),
as we will see below. Recall that we assume that the image ¢o(Cp) has normal
crossing singularity. Then, for any point p € ¢y(Cp), we can take a coordinate
system (zy, ..., Z,) on a neighborhood U of p in Xg so that U N ¢y(Cop) is given
by xi---xx =0, 1 <k <n. Let Z; be the ideal of Oy generated by x; and let T be
the ideal defining ¢o(Co) N U in U. Then,

T/TIQ® - QLi/LiT

gives an invertible sheaf on the singular locus of ¢g(Cp) N U. Globalizing this
construction, we obtain an invertible sheaf on the singular locus of ¢(Cyp). Then,
the dual invertible sheaf of this is called the infinitesimal normal sheaf of the singular
locus of ¢g(Cp), see [8]. We note that the infinitesimal normal sheaf is canonically
isomorphic to the sheaf (see [8, Proposition 2.3])

1 1
EXtOW()(Co) (QW) (Co)° Oﬁﬁo(Co) )
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Lemma 18. The sheaf S is isomorphic to the infinitesimal normal sheaf.

Proof. Note that the sheaf 7, /7)7 ® - - - ® 7y /Z;; T is generated by the element
X1 ® - - - ®xi. The sheaf p, N, is given by

k
P Hom(z; /77. Oy) on U.
i=1

The sheaf A, is given by Hom(Z/Z?, Oy). The sheaf A is an invertible sheaf
and generated by the morphism which maps x; ---x; to 1 € Op. In particular,
by multiplying any xj ---X; - - - x, the generator is mapped into the image of
D« /\fw0 — N, namely, the image of the generator of Hom(Z; /Iiz, Oy). Also,
note that the ideal of the singular locus of ¢ (Cy) is generated by xj - - - X; - - - xg,
i=1,..., k. From these, it is easy to see that the cokernel of the map p, /\/}00 — N,
is isomorphic to the dual of 7, /71T ® - - - ® Iy, /T4 I. O

Recall that the infinitesimal normal sheaf is related to deformations of ¢g(Cop)
which smooth the singular locus, see [8]. In particular, ¢o(Cy) is called d-semistable
if the infinitesimal normal sheaf is trivial, and d-semistable variety carries a log
structure log smooth over a standard log point, so that one can study its deformations
via log smooth deformation theory [13; 14; 15].

By Corollary 17, the infinitesimal normal sheaf plays a crucial in the deformation
theory even if it is not d-semistable.

On the other hand, the notion of d-semistability gives a sufficient condition for
the existence of deformations in this situation, too, as follows.

Corollary 19. Let the image ¢o(Co) be very ample and H' (Xo, Ox, ((po(Co))) =0.
Let ¢o(Co) be d-semistable and the singular locus of ¢o(Cy) is connected. Then,
the map @q is semiregular.

Proof. First, we note that the subvariety ¢o(Cp) is semiregular in the classical sense.
Namely, consider the cohomology exact sequence

- — H'(Xo, Ox,(¢0(Co))) = H'(90(Co), N}) = H*(Xo, Ox,) — -+,

here ¢ : ¢o(Cy) — Xy is the inclusion and N, is the normal sheaf of it. When
H'(Xo, Ox,(¢0(Co))) =0, the map H'(¢o(Co), N,) = H*(Xo, Ox,) is injective.
Since this map is the dual of the semiregularity map

H" (X0, Kx,) — H" %(00(Co), t* Kx,),

it follows that ¢o(Cp) is semiregular.
To prove that ¢q is semiregular, it suffices to show the map

H (90(Co), N)) — H (90(Co), S)
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is surjective. When ¢y (Cy) is d-semistable, the sheaf S is the trivial line bundle on
the singular locus of ¢y(Cp). Since we assume that the singular locus is connected,
it suffices to show that the map HO((pO(CO), N) — Ho(wo(Co), S) is not the zero
map. This in turn is equivalent to the claim that the injection

H (90(Co), pi Ny) — H (00(Co), Ny)

is not an isomorphism. Since ¢g(Cp) is very ample, there is a section s of
Ox (¢o(Cp)) which does not entirely vanish on the singular locus of ¢¢(Cp). Then,
if o is a section of Ox (po(Cy)) defining ¢o(Cop), the sections o + 75, where 7 € C
is a parameter, deforms ¢y(Cyp), and the nonvanishing of s on the singular locus
of ¢o(Cp) implies that this smooths a part of the singular locus of ¢o(Cp). Since
the sections of H°(¢o(Co), ps« Ny,) give first-order deformations which does not
smooth the singular locus, it follows that the map

H%(00(Co), px Nypy) = H(90(Co), Ny)

is not an isomorphism. This proves the claim. ([

The case n = 2. Now, let us consider the case n = 2. Although we can work in a
more general situation, we assume ¢y(Cp) is a reduced nodal curve for simplicity.
However Cy need not be smooth. Let p : Co — ¢o(Cp) be the natural map, which
is a partial normalization. In this case, we can deduce very explicit criterion for the
semiregularity. Again, we have the exact sequence

0 — H°(@0(Co), px Nyy) = H°(90(Co), N)
— H%p0(Cp), S)
— H'(¢0(Co), ps Nyy) = H'(90(Co), N}) — -+,

and if ¢ (Cop) is semiregular in the classical sense, then ¢g is semiregular if and
only if the map HO(¢0(C0), N) — HO(<p0(C0), S) is surjective. Let P = {p;} be
the set of nodes of ¢y(Cp) whose inverse image by p consists of two points. Then,
the sheaf S is isomorphic to ®;C,,, where C,, is the skyscraper sheaf at p;. By
an argument similar to the one in the previous subsection, we proved Theorem 20
below in [18].

Theorem 20. Assume that ¢o(Co) is semiregular in the classical sense. Then,
the map @g is semiregular if and only if for each p; € P, there is a first-order
deformation of ¢o(Co) which smooths p;, but does not smooth the other nodes
of P. ([l

For applications, it will be convenient to write this in a geometric form. Consider
the exact sequence

0— Ox, = Ox,(¢o(Cp)) = N, = 0
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of sheaves on X and the associated cohomology sequence
0 — H(Xo, Ox,) = H°(Xo, Ox,(¢0(C0)))
— H(po(Co), N)) — H'(Xo, Ox,) = -+~

Let V be the image of the map H0(<p(C0), N,) = H'(Xo, Ox,). Since we are
working in the analytic category, we have the exact sequence

0— 27— Oxy,— Oy,—~ 0

of sheaves on X. Let V be the image of V in Pic®(Xo) = H' (X, (’)*XO). In [18],
we proved the following.

Corollary 21. In the situation of Theorem 20, the map ¢q is unobstructed if for
each p; € P, there is an effective divisor D such that Ox (¢o(Co) — D) € V which
avoids p; but passes through all points in P\ {p;}.

A particularly nice case is when the map H0(<p0(C0), N) — H'(Xo, Ox,) is
surjective. This is the case when ¢y(Cy) is sufficiently ample. Then, if for each
pi € P there is an effective divisor D which is algebraically equivalent to ¢n(Cp)
which avoids p; but passes through all points in P \ {p;}, the map ¢ is semiregular.
This is, in a sense, the opposite to the classical Cayley—Bacharach property, see,
for example, [4].

Combined with Theorem 1, we have:

Corollary 22. Assume that ¢o(Cy) is reduced, nodal and semiregular in the classi-
cal sense and the class [¢o(Cy)] remains Hodge on the fibers of X. Then, the map g
deforms to general fibers of X if the condition in Theorem 20 or Corollary 21 is
satisfied. ([

In the case of n = 2, the original exact sequence

-+ = H%@o(Co), * Kx,) = H(90(Co), ps 04 Kx,)
— H(po(Cp), Q)
— H'(¢0(Co), " Kx,)
— H'(¢0(Co), p+ 95 Kx,) = H'(90(Co), Q)

before taking the dual is sometimes also useful. In this case, if ¢o(Cp) is semiregular
in the classical sense, then ¢q is semiregular if and only if the map

H (90(Co), ¥ Kx,) = H(90(Co), ps 03 Kxy) = H(Co, 9 Kx)

is surjective. For example, when the canonical sheaf Ky, is trivial, then it is clear
that this map is surjective and also ¢y(Cop) is semiregular in the classical sense. In
fact, in this case it is not necessary to assume that the image ¢g(Cp) is nodal or
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reduced, and any immersion ¢g from a reduced curve Cy is semiregular. It is known
that when Xy is a K3 surface and the image ¢((Cyp) is reduced, then the map ¢g
deforms to general fibers if the class [¢g(Cp)] remains Hodge. This claim is proved
using the twistor family associated with the hyperkéhler structure of K3 surfaces,
see, for example, [7]. Corollary 22 gives a generalization of this fact to general
surfaces.

Acknowledgements

The author would like to thank the referees for informative comments. The author
was supported by JSPS KAKENHI grant number 18K03313.

References
[1] A. Altman and S. Kleiman, Introduction to Grothendieck duality theory, Lect. Notes Math. 146,
Springer, Berlin, 1970. Zbl

[2] R. Bandiera, E. Lepri, and M. Manetti, “Semiregularity maps and deformations of modules over
Lie algebroids”, preprint, 2022. To appear in Pure Appl. Math. Q. arXiv 2208.00694

[3] R. Bandiera, E. Lepri, and M. Manetti, “L liftings of semiregularity maps via Chern—Simons
classes”, Adv. Math. 435 (2023), art. id. 109358. MR Zbl

[4] W. P. Barth, K. Hulek, C. A. M. Peters, and A. V. de Ven, Compact complex surfaces, A Series
of Modern Surveys in Mathematics 3, Springer, Berlin, 2004. Zbl

[5] S. Bloch, “Semi-regularity and deRham cohomology”, Invent. Math. 17 (1972), 51-66. MR Zbl

[6] R.-O. Buchweitz and H. Flenner, “A semiregularity map for modules and applications to
deformations”, Compositio Math. 137:2 (2003), 135-210. MR Zbl

[7] X. Chen, F. Gounelas, and C. Liedtke, “Curves on K3 surfaces”, Duke Math. J. 171:16 (2022),
3283-3362. MR Zbl

[8] R. Friedman, “Global smoothings of varieties with normal crossings”, Ann. of Math. (2) 118:1
(1983), 75-114. MR Zbl

[9] G.-M. Greuel, C. Lossen, and E. Shustin, Introduction to singularities and deformations,
Springer, Berlin, 2007. MR Zbl

[10] P. A. Griffiths, “Periods of integrals on algebraic manifolds, I, Amer. J. Math. 90:3 (1968),
805-865. Zbl

[11] D. Iacono, “A semiregularity map annihilating obstructions to deforming holomorphic maps”,
Canad. Math. Bull. 54:3 (2011), 472-486. MR Zbl

[12] D. Iacono and M. Manetti, “Semiregularity and obstructions of complete intersections”, Adv.
Math. 235 (2013), 92-125. MR Zbl

[13] K. Kato, “Logarithmic structures of Fontaine—Illusie”, pp. 191-224 in Algebraic analysis,
geometry, and number theory (Baltimore, MD, 1988), Johns Hopkins Univ. Press, Baltimore,
MD, 1989. MR Zbl

[14] FE. Kato, “Log smooth deformation theory”, Tohoku Math. J. (2) 48:3 (1996), 317-354. MR Zbl

[15] Y. Kawamata and Y. Namikawa, “Logarithmic deformations of normal crossing varieties and
smoothing of degenerate Calabi—Yau varieties”, Invent. Math. 118:3 (1994), 395-409. MR


http://dx.doi.org/10.1007/BFb0060932
http://msp.org/idx/zbl/0215.37201
http://msp.org/idx/arx/2208.00694
http://dx.doi.org/10.1016/j.aim.2023.109358
http://dx.doi.org/10.1016/j.aim.2023.109358
http://msp.org/idx/mr/4658349
http://msp.org/idx/zbl/07797720
http://dx.doi.org/10.1007/978-3-642-57739-0
http://msp.org/idx/zbl/1036.14016
http://dx.doi.org/10.1007/BF01390023
http://msp.org/idx/mr/325613
http://msp.org/idx/zbl/0254.14011
http://dx.doi.org/10.1023/A:1023999012081
http://dx.doi.org/10.1023/A:1023999012081
http://msp.org/idx/mr/1985003
http://msp.org/idx/zbl/1085.14503
http://dx.doi.org/10.1215/00127094-2021-0107
http://msp.org/idx/mr/4505360
http://msp.org/idx/zbl/1516.14051
http://dx.doi.org/10.2307/2006955
http://msp.org/idx/mr/707162
http://msp.org/idx/zbl/0569.14002
http://msp.org/idx/mr/2290112
http://msp.org/idx/zbl/1125.32013
http://dx.doi.org/10.2307/2373485
http://msp.org/idx/zbl/0188.24801
http://dx.doi.org/10.4153/CMB-2011-012-3
http://msp.org/idx/mr/2857978
http://msp.org/idx/zbl/1230.13014
http://dx.doi.org/10.1016/j.aim.2012.11.011
http://msp.org/idx/mr/3010052
http://msp.org/idx/zbl/1267.13032
http://msp.org/idx/mr/1463703
http://msp.org/idx/zbl/0776.14004
http://dx.doi.org/10.2748/tmj/1178225336
http://msp.org/idx/mr/1404507
http://msp.org/idx/zbl/0876.14007
http://dx.doi.org/10.1007/BF01231538
http://dx.doi.org/10.1007/BF01231538
http://msp.org/idx/mr/1296351

380 TAKEO NISHINOU

[16] K. Kodaira and D. C. Spencer, “A theorem of completeness of characteristic systems of complete
continuous systems”, Amer. J. Math. 81 (1959), 477-500. MR Zbl

[17] E. Lepri and M. Manetti, “Connections and Lo liftings of semiregularity maps”, J. Geom. Phys.
168 (2021), art.id. 104303. MR Zbl

[18] T. Nishinou, “Obstructions to deforming maps from curves to surfaces”, J. Math. Soc. Japan
76:1 (2024), 51-71. MR Zbl

[19] J. P. Pridham, “Semiregularity as a consequence of Goodwillie’s theorem”, preprint, 2012.
arXiv 1208.3111

[20] Z. Ran, “Hodge theory and the Hilbert scheme”, J. Differential Geom. 37:1 (1993), 191-198.
MR Zbl

[21] F. Severi, “Sul teorema fondamentale dei sistemi continui di curve sopra una superficie algebrica”,
Ann. Mat. Pura Appl. (4) 23 (1944), 149-181. MR Zbl

Received October 4, 2022. Revised December 10, 2023.

TAKEO NISHINOU

DEPARTMENT OF MATHEMATICS
RIKKYO UNIVERSITY

ToKkYoO

JAPAN

nishinou@rikkyo.ac.jp


http://dx.doi.org/10.2307/2372752
http://dx.doi.org/10.2307/2372752
http://msp.org/idx/mr/112156
http://msp.org/idx/zbl/0097.36501
http://dx.doi.org/10.1016/j.geomphys.2021.104303
http://msp.org/idx/mr/4273074
http://msp.org/idx/zbl/1468.14019
http://dx.doi.org/10.2969/jmsj/86878687
http://msp.org/idx/mr/4693862
http://msp.org/idx/zbl/07810907
http://msp.org/idx/arx/1208.3111
http://projecteuclid.org/euclid.jdg/1214453428
http://msp.org/idx/mr/1198605
http://msp.org/idx/zbl/0804.14004
http://dx.doi.org/10.1007/BF02412828
http://msp.org/idx/mr/15841
http://msp.org/idx/zbl/0061.33303
mailto:nishinou@rikkyo.ac.jp

PACIFIC JOURNAL OF MATHEMATICS

Founded in 1951 by E. F. Beckenbach (1906-1982) and F. Wolf (1904-1989)

Matthias Aschenbrenner
Fakultit fiir Mathematik
Universitit Wien
Vienna, Austria
matthias.aschenbrenner @univie.ac.at

Atsushi Ichino
Department of Mathematics
Kyoto University
Kyoto 606-8502, Japan
atsushi.ichino@gmail.com

Dimitri Shlyakhtenko
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
shlyakht@ipam.ucla.edu

msp.org/pjm

EDITORS

Don Blasius (Managing Editor)
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
blasius@math.ucla.edu

Paul Balmer
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
balmer@math.ucla.edu

Robert Lipshitz
Department of Mathematics
University of Oregon
Eugene, OR 97403
lipshitz@uoregon.edu

Paul Yang
Department of Mathematics
Princeton University
Princeton NJ 08544-1000
yang @math.princeton.edu

PRODUCTION

Vyjayanthi Chari
Department of Mathematics
University of California
Riverside, CA 92521-0135
chari @math.ucr.edu

Kefeng Liu
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
liu@math.ucla.edu

Ruixiang Zhang
Department of Mathematics
University of California
Berkeley, CA 94720-3840
ruixiang @berkeley.edu

Silvio Levy, Scientific Editor, production@msp.org

See inside back cover or msp.org/pjm for submission instructions.

The subscription price for 2024 is US $645/year for the electronic version, and $875/year for print and electronic.

Subscriptions, requests for back issues and changes of subscriber address should be sent to Pacific Journal of Mathematics, P.O. Box
4163, Berkeley, CA 94704-0163, U.S.A. The Pacific Journal of Mathematics is indexed by Mathematical Reviews, Zentralblatt MATH,
PASCAL CNRS Index, Referativnyi Zhurnal, Current Mathematical Publications and Web of Knowledge (Science Citation Index).

The Pacific Journal of Mathematics (ISSN 1945-5844 electronic, 0030-8730 printed) at the University of California, c/o Department
of Mathematics, 798 Evans Hall #3840, Berkeley, CA 94720-3840, is published twelve times a year. Periodical rate postage paid at
Berkeley, CA 94704, and additional mailing offices. POSTMASTER: send address changes to Pacific Journal of Mathematics, P.O.
Box 4163, Berkeley, CA 94704-0163.

PJM peer review and production are managed by EditFLoW® from Mathematical Sciences Publishers.
PUBLISHED BY
:l mathematical sciences publishers
nonprofit scientific publishing

http://msp.org/
© 2024 Mathematical Sciences Publishers


http://msp.org/pjm/
mailto:blasius@math.ucla.edu
mailto:matthias.aschenbrenner@univie.ac.at
mailto:balmer@math.ucla.edu
mailto:chari@math.ucr.edu
mailto:atsushi.ichino@gmail.com
mailto:lipshitz@uoregon.edu
mailto:liu@math.ucla.edu
mailto:shlyakht@ipam.ucla.edu
mailto:yang@math.princeton.edu
mailto:ruixiang@berkeley.edu
mailto:production@msp.org
http://msp.org/pjm/
http://www.ams.org/mathscinet
http://www.emis.de/ZMATH/
http://www.viniti.ru/math_new.html
http://www.ams.org/bookstore-getitem/item=cmp
http://apps.isiknowledge.com
http://msp.org/
http://msp.org/

ptic genus and string cobordism at dimension
FEI HAN and RuizHI HUANG

The domination monoid in henselian valued fields 287
MARTIN HILS and ROSARIO MENNUNI
Inverse semigroup from metrics on doubles, III: Commutativity and 325
(in)finiteness of idempotents
VLADIMIR MANUILOV
The number of [, -points on diagonal hypersurfaces with monomial ~ 339
deformation
DERMOT MCCARTHY

Deformation of pairs and semiregularity 361
TAKEO NISHINOU




	1. Introduction
	Notation

	2. Semiregularity for local embeddings
	3. Local calculation
	4. Explicit description of the Kodaira–Spencer class
	5. Proof of 0=thm.21=Theorem 1
	6. Criterion for semiregularity
	The case n>2
	The case n = 2

	Acknowledgements
	References
	
	

