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LIMIT THEOREMS AND WRAPPING TRANSFORMS
IN BI-FREE PROBABILITY THEORY

TAKAHIRO HASEBE AND HAO-WEI HUANG

We characterize idempotent distributions with respect to the bi-free multi-
plicative convolution on the bi-torus. The bi-free analogous Lévy triplet of an
infinitely divisible distribution on the bi-torus without nontrivial idempotent
factors is obtained. This triplet is unique and generates a homomorphism
from the bi-free multiplicative semigroup of infinitely divisible distributions
to the classical one. Also, the relevances of the limit theorems associated with
four convolutions, classical and bi-free additive convolutions and classical
and bi-free multiplicative convolutions, are analyzed. The analysis relies
on the convergence criteria for limit theorems and the use of push-forward
measures induced by the wrapping map from the plane to the bi-torus.

1. Introduction

The main aim of the present paper is to build the association among various limit
theorems and their convergence criteria in classical and bi-free probability theories.

Bi-free probability theory, introduced by Voiculescu in [20], is an outspread
research field of free probability theory, which grew out to intend to simultaneously
study the left and right actions of algebras over reduced free product spaces. Since its
creation, a great deal of research work has been conducted to better understand this
theory and its connections to other parts of mathematics [17; 19; 21; 22]. Aside from
the combinatorial means, the utilization of analytic functions as transformations
and the bond to classical probability theory also play crucial roles in the study and
comprehension of this theory [12; 13]. Especially, recent developments of bi-free
harmonic analysis enable one to investigate bi-free limit theorems and other related
topics from the probabilistic point of view [11].

To work in the probabilistic framework, we thereby consider the family &y of
Borel probability measures on a complete separable metric space X and endow
this family with a commutative and associative binary operation ¢{. Classical and
bi-free convolutions, respectively denoted by x and HHH, are two examples of such
operations performed on .. In probabilistic terms, (] * wy is the probability
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distribution of the sum of two independent bivariate random vectors respectively
having distributions w1 and ;. When restricted to compactly supported measures
in Pp2, w BE wo is the distribution of the sum of two bi-free bipartite self-adjoint
pairs with distributions 11 and u,, respectively [20]. This new notion of convolution
was later extended, without any limitation, to the whole class &2 by the continuity
theorem of transforms [11]. The product of two independent random vectors
having distributions on the bi-torus T? gives rise to the classical multiplicative
convolution ®, and the bi-free analog of multiplicative convolution XX is defined
in a similar manner [22].

In (noncommutative) probability theory, the limit theorem and its related subject,
the notion of infinite divisibility of distributions, have attracted much attention.
By saying that a distribution in (£, ¢) is infinitely divisible we mean that it
can be expressed as the operation ¢ of an arbitrary number of copies of identical
distributions from #?x. The collection of measures having this infinitely divisible
feature forms a semigroup and will be denoted by ZD(X, ), or simply by ZD ()
if the identification of the metric space is unnecessary. Any measure satisfying
u=udu, known as idempotent, is an instance of infinitely divisible distributions. In
the case of X =R, these topics have been thoroughly studied in classical probability
by the efforts of de Finetti, Kolmogorov, Lévy and Khintchine (see [16]), and the
same themes in the free contexts have also been deeply explored in the literature [5].

Bi-free probability, as expected, also parallels perfectly aspects of classical
and free probability theories [3]. For example, the theory of bi-freely infinitely
divisible distributions generalizes bi-free central limit theorem as they also serve
as the limit laws for sums of bi-freely independent and identically distributed
faces. Specifically, it was shown in [11] that for some infinitesimal triangular array
{tn k}n>1,1<k<n, C PRz and sequence {v,} C R2, the sequence

(1-1) Sv,l*ﬂnl koo ok Uk,
converges weakly if and only if so does the sequence
(1-2) 8y, BB w, B - - - BE wa, -

The limiting distributions in (1-1) and (1-2) respectively belong to the semigroups
ID(x) and ZD(HH), and their classical and bi-free Lévy triplets agree. This con-
formity consequently brings out an isomorphism A between these two semigroups.

Same tasks are performed in the case of bi-free multiplicative convolution in
this paper. We determine XX-idempotent elements and identify measures in 2
bearing no nontrivial XIX-idempotent factors. Specifically, we demonstrate that
v € ZD(XX) has no nontrivial XX-idempotent factor if and only if it belongs
to &2, the subcollection of Z2 with the attributes

T2
/sj dv(sy,s) #0, j=1,2.
‘U’Z
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Fix an infinitesimal triangular array {vai}n>1.1<k<k, C 12 and a sequence
{€,) C T2. We also manifest that the weak convergence of the sequence

(1-3) 8, DA v,y XADQ - - - DI vy,
to some element in 321?2 yields the same property of the sequence
(1-4) 55n®vnl®"'®vnkﬂ7

and that their limiting distributions are both infinitely divisible. This is done by
distinct types of equivalent convergence criteria offered in the present paper. As in
the case of addition, there exists a triplet concurrently serving as the classical and bi-
free multiplicative Lévy triplets of the limiting distributions in (1-3) and (1-4). The
consistency of their Lévy triplets, together with the description of ID(@&)\@%,
consequently produces a homomorphism I' from ZD(XKX) to ZD(®).

Because of the nature of ID(&@)\@{;2 and that the limit in (1-4) may generally
not have a unique Lévy measure, the homomorphism stated above is neither surjec-
tive nor injective. However, postulating the uniqueness of the Lévy measure, the
weak convergence of (1-4) derives that of (1-3).

In addition to the previously mentioned conjunctions, what we would like to point
out is that measures in P2 and P12 can be linked through the wrapping map W :
Rz — T2, (x,y) — (¢'*, e). This wrapping map induces a map W, : Pg> — P2
so that the measure v,; = Wy(nr) = x W™ enjoys the property: the weak
convergence of (1-1) or (1-2) yields the weak convergence of (1-3) and (1-4) with
&, = W(v,). Furthermore, the synchronous convergence allows one to construct
a homomorphism Wgg : ZD(HH) — ZD(XX) making the following diagram
commute:

ID(%) — 5 TD(®)

1-5) lA r[

TD(EE) — %, 7D(RK)

This diagram is a two-dimensional analog of [6, Theorem 1].

The rest of the paper is organized as follows. In Section 2 we provide the
necessary background in classical and noncommutative probability theories. In
Section 3 we characterize XX-idempotent distributions. In Section 4 we make
comparisons of the convergence criteria of limit theorems, as well as those through
wrapping transforms. Section 5 is devoted to offering bi-free multiplicative Lévy
triplets of infinitely divisible distributions and investigating the relationships among
limit theorems in additive and multiplicative cases. Section 6 provides the derivation
of the diagram in (1-5).
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2. Preliminary

2A. Convergence of measures. Let %Bx be the collection of Borel sets on a com-
plete separable metric space (X, d). A point is selected from X and fixed, named
the origin and denoted by x( in the following. In the present paper, we will be
mostly concerned with the abelian groups X = R? and X = T¢ endowed with the
relative topology from C“, where the origin is chosen to be the unit. They are
respectively the d-dimensional Euclidean metric space and the d-dimensional torus
(or the d-torus for short). The 1-torus is just the unit circle T on the complex plane.
A set contained in {x € X : d(x, x¢) > r} for some r > 0 is colloquially said to be
bounded away from the origin.

Next, let us introduce several types of measures on X that will be discussed
later. The first one is the collection .#x of finite positive Borel measures on X. We
shall also consider the set .# ;O of all positive Borel measures that when confined
to any Borel set bounded away from the origin yield a finite measure. Clearly, we
have .#x C //40. Another assortment concerned herein is the collection &y of
elements in .#Zx having unit total mass.

The set C;,(X) of bounded continuous functions on X induces the weak topology
on .#x. Likewise, .4y’ is equipped with the topology generated by C,°(X),
bounded continuous functions having support bounded away from the origin. Con-
cretely, basic neighborhoods of a t € .} are of the form

where € > 0 and each f; € CZO (X). Putting it differently, a sequence {1,} C .# ;0
converges to some 7 in .# ;O, written as 1, =y, 7, if and only if

lim fdrn:ffdr, feChX).

n—oo

We remark that t is not unique as it may assign arbitrary mass to the origin.
Nevertheless, any weak limit in ./ that comes across in our discussions will serve
as the so-called Lévy measure, which does not charge the origin.

Portmanteau theorem and continuous mapping theorem in the framework of .#y"
are presented below (see [1; 14]). The push-forward measure th™': %y — [0, +00]
of T € .#y" provoked by a measurable mapping i : (X, Zx) — (X', Bx') is defined
as

(2-1) (th™YB)Y=t({x € X :h(x) € B'})), B € %x.

Proposition 2.1. The following statements (1)—(3) are equivalent for {t,} and ©
in Ay
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(1) We have 1, =, 7.
(2) For any f € Cp(X) and any B C $x, which is bounded away from the origin

and satisfies T (0 B) = 0, we have

lim fdrnszdr.
B B

n—o0

(3) For every closed set F and open set G of X that are both bounded away
from xq, we have
limsupt,(F) <t(F) and liminft,(G)> 7(G).
n—00 n—00
Ifh:(X,d) - (X', d) is measurable so that h is continuous at xo, h(xo) = x,
and the set of discontinuities of h has t-measure zero, then t, =y, T implies
T h™! =y Thl.

Finally, let us introduce the subset ./ ;" consisting of measures in .# ;0 that do
not charge the origin xg. This set is metrizable and becomes a separable complete
metric space [14, Theorem 2.2]. In particular, the relative compactness of a subset Y
of A ¥ is equivalent to that any sequence of ¥ has a subsequence convergent in //Z§°.
We refer the reader to [14, Theorem 2.7] for an analog of Prokhorov’s theorem,
which characterizes the relative compactness of subsets in .#’.

2B. Notations. Below, we collect notations that will be commonly used in the
sequel. The customary symbol args € (—m, 7] stands for the principal argument
of a point s € T, while s and Js respectively represent the real and imaginary
parts of s. Here and elsewhere, points in a multidimensional space will be written
in bold letters, for instance, s = (sq, ..., sg) € T¢ and p=(p1,...,pa) € 79 with
each s; € T and p; € Z. For any € > 0, we shall use 7 = {x € RY: x| <€)
and % = {s e T¢ : larg s|| < €} to respectively express open neighborhoods of
origins 0 € R? and 1 € T¢, where args = (argsy, ..., args;) € RY. Analogous
expressions also apply to vectors Jis = (Nsyq, ..., Nsy) and Js = (Isy, ..., Isg).
Besides, we adopt the operational conventions in multidimensional spaces in the
sequel, such as s? = s ... 5P st = (sit1, ... sata), sT = (1/s1, ..., 1/sa),
and €S = (i1, ..., &%),

The push-forward probabilities ') = ;Ln]fl, j=1,...,d, on the real line
induced by projections 7; : R! > R, x — x;, are called marginals of 1 € Ppa.
Marginals of probability measures on T¢ are defined and displayed in the same way.
On T2, we shall also consider the (right) coordinate-flip transform #,, : T? > T2
defined as hop(s) = (s1, 1/s2). Denote by s* = hop(s) and B* = {s* : s € B} if
s € T> and B C T2. By the (right) coordinate-flip measure of p € .#),, we mean

T2
the push-forward measure p* = phgpl, alternatively defined as p*(B) = p(B*) for
B e %p.
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2C. Free probability and bi-free probability. Aside from the classical convolution

on Y2, we shall also consider the bi-free convolution HH, where the bi-free ¢-

transform takes the place of Fourier transform [11]: for w;, uo € Ppe, one has

Gy 88 iy = Gy + Py, All information about marginals of the bi-free convolution

is carried over to the free convolution: (1 BE uy)W) = ,u(lj) H ,ugj) for j =1,2.
Now, we turn to probability measures on the d-torus. The sequence

mp(v):/ws”dv(s), pe7d,

is called the d-moment sequence of v € Py4. In some circumstances, characteristic
function and D(p) are the precise terminology and notation used for this sequence.
Owing to Stone—Weierstrass theorem, we have m ,(v) = m (V") only when v =’
The classical convolution ® of distributions on T¢ is characterized by m,(vi®vy) =
mp(vy) mpy(v2) for vy, vy € Pra.

The bi-free multiplicative convolution of vy, v, € '@1?2 is determined by its
marginals (v; XX v,)) = vfj 'K véj ) and the bi-free multiplicative formula

Zul &‘Xh)z(za w) = Evl (Z9 w) : EVQ(Zv U.))

for points (z, w) € C?ina neighborhood of (0, 0) and (0, co). Here the free
multiplicative convolution can be rephrased by means of the free X-transform
XDy = By - Byd valid in a neighborhood of the origin of the complex plane.
The reader is referred to [4; 5; 12; 13; 17; 19; 21; 22] for more details along with
properties of the transforms in (bi)-free probability theory. We remark that given a
measure v € &5, the transform X, is the identity map if and only if v is a product

T2
measure, which leads to
1 2 1 2 1 1 2 2
(2-2) W x V)RR Y x v = 0" RY) x (0P K@),
whenever v%l) X vfz), vél) X véz) € T>F<2' In fact, (2-2) holds for any vy, v, € P12 by

continuity arguments together with the facts that m , ,(v; XX v;) can be expressed
as a polynomial of my ;(v;) fori = 1,2, |k| <|p|, |I| <|q| and that v € P2 isa
product measure if and only if m, ,(v) = mp(v<1)) mq(v(z)) for any p,q € Z.

Fix vy, vy € P2, and let v =v; XX v;. In order to analyze v, it will be convenient
to treat it as the distribution of a certain bipartite pair (u1u2, v1vy), where (11, vy)
and (uy, vp) are bi-free bipartite unitary pairs in some C*-probability space having
distributions v and v,, respectively. Below, we briefly introduce the construction
of such pairs carrying the mentioned properties. For more information, we refer
the reader to [13; 20; 22]. Associating each v; with the Hilbert space H; = Lz(v.,-)
with specified unit vector &;, the constant function one in H;, consider the Hilbert
space free product (H, &) = ;-1 2(H,, ;). The left and right factorizations of #;
from H can be respectively done via natural isomorphisms V; : H;  H(L, j) — H
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and W; : H(r, j) ® H; — H. Then for any T € B(H;), these isomorphisms induce
the so-called left and right operators

A(T)=Vi(T® IH(@,,-))VJ.—‘ and  pj(T) = W,;(I3.j) ® T)Wj_l on H.

For any S;, T; € B(H;), pairs (A1(S1), p1(T1)) and (A2(S2), p2(T3)) are, by defini-
tion, bi-free in the C*-probability space (B(H), ¢¢), where @ (-) = (- &, &). Partic-
ularly, the multiplication operators (S; f)(s, ) =sf (s, t) and (T; f)(s, 1) =tf (s, 1)
for f € H; furnish the desired pairs (41, v1) and (u2, v2), where u; = A;(S;) and
vj = p/(Tj)

Recall from [13] that one can perform the opposite bi-free multiplicative convo-
lution of v; and vy:

(2-3) v KX Pry = (0] KX v))*.

Then vy XIX °Py; is the distribution of (uu2, vov1), the pair obtained by performing
the opposite multiplication on the right face (u1, v1) -°P (uz, v2) = (uiuz, vV2vy).
The coordinate-flip map A, gives rise to a homeomorphism from the semigroup
(P12, KK) to another (L2, KKP) satisfying

(v XX vz)ho = (v h,, ) XX Op(v2hop ),

which is the distribution of
hop((u1, v1) (U2, v2)) = (2, vy 07 = hop((ur, V1)) P hop((u2, v2))-
Passing to the transform
TP (z, w) = X (z, 1/w),
the equation (2-3) is translated into ESIP&WPVZ (z, w) =X (z, w) - TP (z, w).

2D. Limit theorem. Either in classical or in (bi-)free probability theory, one is
concerned with the asymptotic behavior of the sequence

2-4) 8x, On1Q -+ Othnk,, n=1,2,...,

where §, is the Dirac measure concentrated at x € X and {f, }n>1,1<k<k, 1S an
infinitesimal triangular array in £x. The infinitesimality of {,}, by definition,
means that k; < k < --- and that for any € > 0, we have

lim max unk({x e X :d(x,x9) = €}) =

n—oo 1<k<

One phenomenon related to equation (2-4) is the concept of infinite divisibility:

n € (Pyx, Q) is said to be infinitely divisible if for any n € N, it coincides with the
n-fold {-operation u,”" of some u, € Px.
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Commutative and associative binary operations to be considered throughout the
paper are classical convolutions * and ® on Hrs and S, respectively, and bi-free
additive and multiplicative convolutions HHHH and XX on &2 and 12, respectively.
The following convergence criteria play an essential role in the asymptotic analysis
of limit theorems of Ppa.

Condition 2.2. Let {t,} be a sequence in ///[gd.

() For j =1, ...,d, the sequence {0,;},> defined by

2

X=
doyj(x) = —— dt,(x)
1+ x;

belongs to .4k« and converges weakly to some o; € Aa.

dI) For j,£=1,...,d, the following limit exists in R:

Lj= lim/ I ().
%0 Jip (L2 (1+ 1)

Condition 2.3. Let {7,} be a sequence in //Hgd.

(IIT) There is some T € //Hgd with t({0}) =0 (thatis 7 € //Zﬂgd) so that 7, = T.

(IV) For any vector u € R?, the following limits exist in R:

lim lim sup/(u,x)Zdrn(x) = Q(u) = lim liminf/(u, x)zdtn(x).
A €—> 7/5

>0 pnsoo Jy, 0 n—o0

Although we describe the conditions in a higher dimension setup, the reader can

effortlessly mimic the proof in [11] to obtain the equivalence of Conditions 2.2
and 2.3, and draw the following consequences:

(1) The function Q(-) = (A -, -) in (IV) defines a nonnegative quadratic form
on R?, where the matrix A = (a je) is given by

L / e dt(x), j.b=1,....d
Ajy = Ljy— - TX), J.£t=1,...,d.
S AR

In particular, a;; = 0;({0}) for j =1,...,d.
(2) Measures t and o7, ..., o4 are uniquely determined by the relations
x2
doj(x) = —L= dr(x)+ Q(e)) do(dx),
1+ X;

where {e;} is the standard basis of R4,

(3) The function x — min{1, || x|} is -integrable.
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Now, let us briefly introduce the limit theorems of (1-1) and (1-2). Throughout
our discussions in the paper,

(2-5) 0e(0,1)

is an arbitrary but fixed quantity. To meet the purpose, consider the shifted triangular

array
link(B) = Mnk(B + vnk)v B e %Rd,

associated with an infinitesimal triangular array {ft,i}n>1,1<k<k, C Pre and the
vector

2-6) i = [ ¥ dune(x).
o
Due to lim,_, oo maxg<, [|Unkll = 0, {ftxx} so obtained is also infinitesimal. In

conjunction with this centered triangular array, we focus on the positive measures
kl‘l

2-7) T= Y ftnk-
k=1

It turns out that the sequence in (1-1) converges weakly to a certain w, € HPpa if
and only if 7,, defined in (2-7) meets Condition 2.3 (as well as Condition 2.2 since
these two conditions are equivalent) and the limit

kiz

(2-8) v=lim [v,+ > (v +/ Y )
_naoo n i nk Rd1+||x||2 Mnk

exists in R?. Additionally, 1, is *-infinitely divisible and possesses the characteristic
function read as

(2-9) [is(u) = exp|:i (u,v) — L (Au, u) +/Rd(e"<”’x> —1- %) dr(x)],

which is known as the Lévy—Khintchine representation. The limiting distribution is
uniquely determined by the formula (2-9) and denoted by /Lfk"’A’T), and (v, A, 7) is
referred to as its Lévy triplet. The set ZD(x) is completely parameterized by the
triplets (v, A, t), where

(2-10) wve [F\Rd, A € M;(R) is positive semidefinite, and 7 is a positive measure
on R? satisfying 7({0}) = 0 and min{1, |x|*} € L'(x).

As a matter of fact, when d = 2, the same convergence criteria are also necessary
and sufficient to assure the weak convergence of (1-2). Paralleling to the classical
case, the limiting distribution of (1-2) is EHH-infinitely divisible and owns the bi-free
¢-transform, called bi-free Lévy—Khintchine representation, of the form
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U1 (%) arg ann ann
=t (4 0 o)
Z w Z W w

-1 -1
w X127 +xw

+ —1——|dt(x).

/Rz[(z—m)(w—m) 1+ x|? ]

Analogically, this limiting distribution is always expressed as ,uégéaA’r) and said to

own the bi-free Lévy triplet (v, A, ). Those triplets (v, A, t) satisfying (2-10) also
give a complete parametrization of the set ZD(HH), and therefore output a bijective
homomorphism A from ZD(x) onto ZD(HH), sending an element ,u,(kv‘A’T) in the
first set to the distribution /Lé;’é}A’r) in the second one. No matter in the classical
or bi-free probability, *- and EHH-infinitely divisible distributions both appear as
limiting distributions in the limit theorem.

Next, we turn our attention to the limit theorem on the d-torus, on which the
Borel probability measures of interest are sometimes imposed the nonvanishing

mean conditions:

2-11) /sjdv(s);éo, j=1,...,d.
Td

For convenience, we adopt the symbol L@% to signify the collection of probability
measures carrying such features. As will be shown in Theorem 3.12, when d = 2,
these conditions (2-11) turn out to be necessary and sufficient for a XX-infinitely
divisible distribution to contain no nontrivial XX-idempotent factors. We would
also like to remind the reader that the symbol 3”?2 introduced here is distinct from
that in [13] as Theorem 3.10 of the present paper designates that the requirement
m1.1(v) # 0 in the limit theorem is redundant.

Given an infinitesimal triangular array {vk}n>1,1<k<k, i e, one works with
the rotated probability measures d P, (s) = dv,x (byrs), where

(2-12) b, = exp[i/ (args) dvnk(s):|.
)
Once again, {D,;} is infinitesimal because of lim, max; ||arg b,;|| = 0. Given a

sequence {£,} C T¢, further define vectors

kn
(2-13) Yn =8, exp[i Z(arg by +f (3s) dﬁnk(s)ﬂ e T
k=1 T

The bi-free multiplicative limit theorem on the bi-torus has been shown in [13,
Theorem 3.4]:

Theorem 2.4. The necessary and sufficient condition for the sequence (1-3) to

converge weakly to a certain vgx € 91?2 is that the limit

(2-14) lim y, =y

n—oo
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exists and the positive measures
k)'l
(2-15) on = Duk
k=1

satisfy Condition 2.5 stated below with d = 2.
Condition 2.5. Let {p,} be a sequence in //1},,.
(1) For j=1,...,d, the sequence {A,;},>1 defined by
diyj(5) = (1= Ns;) dpy(s)

belongs to .#t« and converges weakly to some A; € .#7a.

(i) For 1 < j, £ <d, the following limit exists in R:

ng: lim /(%Sj)(%&‘g) d,On(S)
n—>00 [rda

The limiting distribution v = vy in Theorem 2.4 is XX-infinitely divisible, as
expected, and uniquely determined by the formulas [13]

(2-16) X, (§) =explu;(§)] and X, (z, w) =explu(z, w)l.
Here the functions u;, j =1, 2, are defined on [ and given by

1+&s;
21 —&s;

and for (z, w) € (C\D)?, the function u satisfies

(I=2)(1—w) 1+2zs1 1 +wsy
——u(z,w) =
1 —zw rl—zs1 1 —ws;

uj(§)=—iargy; +/T dh;(s),

(1 —=Ns2) dii(s)

1
i / T2 Sy din(s)
1l =28

. 1+ wsy
—l/ (i\ssl)dkz(s) —L12.
l—ws)

In turn, any measure in ZD(XX) N 33{2 truly arises as a weak-limit point of (1-3).

Remark 2.6. Suppose that v € ID(@X)\@%, andletm; = ['s; dv) for j=1,2.

Then X, (0) = 1/m;, argy; = argm;, and Aj(Tz) = —log|m;| € [0, 00). We
remind the reader that the parameter y; in u;(§) and that appearing in [13] are
conjugate complex numbers. With the help of the equation

1+&s (1-8)d-s)

l_gs(l—iﬁs):ii‘ss—l—?, (&,5)eDxT,

2-17)
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one can see that

1+&s; ,
uj(§) =—iargy; + lim /1 gj(l—i)isj)d,on(s)
n -"'2

i

and
L (I —zw)(I —s1)(1 —s2)
u(z,w)—nlglgo Sy R— dpy(s)

for some sequence {p,} C ///%2 satisfying Condition 2.5.

3. XX-Idempotent distributions

Let © € Px. A measure ' € Py is called a O-factor of w if u = u'OGu’” for some
w” € Px. Particularly, u is said to be {-idempotent when u' = = . Idempotent
distributions and other related subjects in classical probability have been extensively
studied in [16]. It is to questions of these sorts in the bi-free probability theory that
the present section is devoted.

The normalized Lebesgue measure m = d6/(2m) on T is the only X-idempotent
element except for the trivial one, the Dirac measure at 1. On T2, the probability

measure
P(B)=m({seT:(s,5) € B})), Be%n,

is ®-idempotent because m, ,(P) = 1 for p = g € Z and zero otherwise. As a
matter of fact, this singularly continuous measure is also XX-idempotent proved
below.

The following result is a direct consequence of Voiculescu’s two-bands moment
formula in [21, Lemma 2.1] and we provide its proof and notations for the later use.

Proposition 3.1. A XX-idempotent distribution in P2 is one of five types 51,1y,
m X 81, 8 X m, m x m, and P. A measure in P> is KKP-idempotent if and only
ifitis 6(1,1), m x 81, §; x m, m x m, or P*.

Proof. Let v be KX-idempotent. Since each marginal satisfies v = v K v it
follows that v(/) is X-infinitely divisible. If v") has nonzero mean, then Y,m0)=1,
yielding v/) = §; by [4, Lemma 2.7]. Otherwise, we can infer from [4, Lemma 6.1]
that V) = m. Thus, consideration given to the case vV = m = v® is sufficient
to complete the proof. To continue the proof, we realize v = vi XX v, as the
distribution of (u, v) = (u1uz, viva), where (uj, v;) = (A;(S)), p;j(T})), j=1,2,
are bi-free unitary faces respectively following v; = v in the C*-probability space
(B(H), ¢¢), as constructed in Section 2C.

From g (u;) =0 for j = 1,2, it follows that S}"'&; € #{; = ; © C&;, which
supplies a simplistic representation for u”£ for any p € N, namely,

B-1)  uPE=(($16) @ ($26£))®F and  uPE = ((S;'6) @ (S, '&1)®?
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lying in spaces (H; ® H2)®” and (#, ® #,)®P. Similarly, ¢ (v1) = 0 = @z (v2)
implies that

(3-2) vlE = (&) @ (T16))% € Fa @ HD®!, g eN.
We consequently arrive at that for (p, ¢) € (Z\{0}) x (NU{0}),

My (V) = @ WPv?) = (VIE, uPE) =8, 4@z (u1v1) @ (Ua02)1” =8, 4 my 1 (V)

and that mq 4 (v) = @¢ (V1) = &g 4 for g e NU{O}. If my 1(v) =0, thenm, ,(v) =0
for any (p, q) € Zz\{(O, 0)}, which occurs only when v =m x m. If m 1(v) #0,
then the equation m; 1 (v) = ml,l(v)2 results in m 1 (v) = 1, yielding v = P as they
have a common 2-moment sequence.

The KX°P-idempotent elements can be easily ascertained by formula (2-3) and
established results. This finishes the proof. ([

It is known that for any vy, v, € P2, my (Vi XX vp) = mp 4 (V1) mp 4 (v2)
holds when (p, g) = (0, 1), (1, 0).

Lemma 3.2. Identities

my,1(vi XX vp) =mq 1 (vi) my1(v2)

and
my,—1(vi XX Pvy) =my _1(vi) my,—1(v2)

hold for any vy, vy € Pp.
Proof. Following the notations in Section 2C, let o; = (Sj_léj, &), B =(T;§;,&;),
hj=S;'& —a;E;, and k; = Tj&; — B;&; for j =1,2. Then

mia(v)) = (Tj&j, S;'&) = a;Bj + (kj. hy).

On the other hand, we have u;luflé = a2 +arh) +a1hy + hy ® hy and
Vi€ = B1 P& + Prki + Bikr + kr ® ky. Thus, the first desired result follows from
the representation of m1 1(v;) given above and the computations

my 1 (v IR vg) = (viv2€, uy 'uy &)
=aja B1 B2 +az Balky, hy) +aq Bilka, ha) + (kyi, hi)(ka, h2).
Thanks to (2-3) and the first result, we obtain
my,—1 (M XXP) =my (v KX v)) =my _1(vi) my -1 (v2). O

Remark 3.3. Results in Lemma 3.2 can also be easily derived by the moment-
cumulant formula and vanishing of bi-free mixed cumulants [8].
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In the sequel, except for §; 1y, the other four XX-idempotent distributions are
called nontrivial. The abusing notation 0° = 1 is used in the following proposition
and elsewhere.

Proposition 3.4. Let v € Pp.

(1) v has the XX-factor m x 8, if and only if v =m x v®,
(2) v has the XX-factor 8, x m if and only if v =v x m.
(3) v has the XX-factor m x m if and only if v = m x m.
(4) P is a XX-factor of v if and only if

(3-3) mp,q(‘)) :ap,q ml,l(”)p, (p.q) € Zx (NU{0}),
where §, 4 is the Kronecker function of p and q.

Statements (1)—(3) remain true if the convolution XX is replaced with XIX°P. More-
over, P* is a KX P-factor of v if and only if

(3-4) mp.q (v) = Sp,—qml,—l(v)pa (p,q) € Z x (=NU{0}).

Remark 3.5. For negative integers ¢, by taking complex conjugate, formula (3-3)
becomes m, ,(v) =8, ,m_1,_1(v)"P.

Proof. Write v =v; XX vy, where neither vy nor v2 is §(1,1y. We shall stay employing
the notations for v, v, introduced in Section 2C to accomplish the proof.

First, let v, =m x §;. In order to obtain v =m x v® as desired in (1), it amounts
to proving that m , ,(v) =0 for any p € Z* = Z\{0} and g € Z because a probability
measure on the bi-torus is uniquely determined by its moments. To this end, we take
operator models (u1, v) and (u2, vy) as in the proof of Proposition 3.1. A conse-
quence of [20, Lemma 5.3] is that m , , (v) = @g ((u1u2)” (v1v2)?) can be expressed
as a sum of products of quantities from the set {¢e (u;."" v?i) imy,mo,ny, Ny €7}
Moreover, since p # 0, each product in the sum contains at least one factor
@ (uy *vy?) with my # 0, which vanishes because (u2, v2) follows m x ;. This
verifies the “only if” part of (1). The “if” part of (1) is a direct consequence of (2-2).
Alternatively, one can obtain the result by considering the measure v = vIXIX(m x §1).
Indeed, ¥ has the XX-factor m x 8, and so b = m x 1® by the result proved above.
Since 7@ = v@ X §; = v@, it follows that

My (V) =my(m)my(v®) =m,m)m,?) =m, (D)

for any p, g € Z. Hence we have v = v, which proves the “if”” part.
By similar reasonings, (2) holds. If m x m is a XX-factor of v, then so are
distributions m x §; and &; x m, from which we see that (3) holds by (1) and (2).
Finally, we suppose v, = P and justify (4). In view of P being XX-idempotent,
v; XX P may take the place of v, and we do assume so below, without affecting the
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convolution v =v; XX P. Since m, 4, (v1) =0=m ,(v2) for (p, g) = (0, 1), (1, 0),
formulas (3-1) and (3-2), together with Lemma 3.2, allow one to see that

mp () = W& urE) =06, ,(51T1&1, &)’ ($2T2 52, £)7 =6, o m1,1 (V)

for (p, q) € Z x (NU{0}). This furnishes all mixed moments (3-3) of v.

That v XX P has the XX-factor P and the established result implies that for any
(p,q) e Zx (NU{0}), mp, ,(WKXIP) =6, ,m1(vXX P)? =5, ,mq1(v)” by
Lemma 3.2. Thus m, ,(v XX P) =m, ,(v) or, equivalently, v XX P = v if (3-3)
holds, proving the converse of (4).

All assertions regarding XIX°P-idempotent factors are direct consequences of
statements (1)—(4), equation (2-3), and the formula m, ,(vV*) =m, _,(v). [l

Remark 3.6. From m j(m x m) = 0, assertion (4) of Proposition 3.4 can be
strengthened as that P is the only nontrivial XX-idempotent factor of v € 2 if
and only if m 1(v) # 0 and (3-3) holds.

Remark 3.7. The notions of bi-R-diagonality and Haar bi-unitary elements were
first introduced in [18, Example 4.7] and [7, Definition 10.1.2], respectively. A Haar
bi-unitary element is a bipartite pair having distribution P* [15, Definition 2.15].
The opposite multiplication plays a key role when characterizing bi- R-diagonal
pairs in terms of Haar bi-unitary elements [15, Theorem 4.4]. Moreover, measures
v € P satistying (3-4) are bi- R-diagonal because of v = v XX °P P* according to
Proposition 3.4 and because of [15, Theorem 4.4].

For any ¢ € D, define

1 —|ef?
di.(s) = T—asp dm(s),
which is the probability measure on T induced by the Poisson kernel. It is the
normalized Haar measure on T in case ¢ = 0. By taking the weak limit we define
k. = 6. for ¢ € T. Alternatively, «, with ¢ € D U T is the unique probability
measure on [ determined by the requirement m ,(«k.) = c? for p € N. Also, we
have m ,(k.) = clPl for p e —N.
Observe that for any ¢, d e DU T, we have

(3-5) VXX (ke X Kg) =V ® (ke X Kg), VE Pp.

To see this, consider v and &, X x4 as the distributions of two bi-free commuting
unitary faces (u1, v1) and (u2, v2), respectively, in some C*-probability space
(B(H), ¢¢). Observe that both pairs of faces (u2, v2) and (clp), dIp)) are
commuting, bi-free from (u, v;), and have the same (p, g)-moments c”d? for
(p,q)e (NU {0}H)2. In view of the universal calculation formula for mixed moments
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(20, Lemma 5.2], we may replace (u2, v2) with (cIp), dIpy)). This entails
@s (uiu2)? (v1v2)?) = cPdg ufv]),

and hence m, , (v XX (k. X kg)) =mp (v ® (ke X kgq)) for (p,q) € (NU {0hH>2.
Similarly, one can obtain the same identity for (p, g¢) € (NU{0}) x (=N U {0}) by
using that (u2, v2) and (cIp(y), (1/5)13(7{)) have the same (p, g)-moments cPdl,
Therefore, we justify (3-5).

A special case of (3-5) is the validity of

(ke; X Kay) I (Key X Kay) = Keye, X Kayd, = (Key X Kay) ® (Key X Ka,)

for any ¢y, ¢3,dy, d» € DUT, yielding the following results.

Proposition 3.8. The measure k. X 4 is both ®- and XX-infinitely divisible for
anyc,d e DUT.

Proposition 3.9. Any v € P12 with moments satisfying (3-3) can be expressed as
P ® (k. x 81), where ¢ = my 1(v). In particular, v is both ®- and XX-infinitely
divisible.

Proof. Clearly, we have m, ,(P ® (k. X 81)) =6, 4 c? for (p, q) € Z x (NU{0}),
and hence v = P ® (k. x §1). The ®-infinitely divisibility of P and Proposition 3.8
yield that v is ®-infinitely divisible. Also, the identity v = P XX (k. x §;) obtained
by (3-5) proves the XIX-infinite divisibility of v. ([

A consequence of (3-5) and Proposition 3.9 is that the following identity holds
for every v € Pp:

(3-6) P XX (Kml.l(v) x8)=PXNXy=P® (Km“(v) X 81).

The following is a bi-free multiplicative analog of the classical multiplicative
limit theorem.

Theorem 3.10. Let {v,i, }n> 1<k<k, be an infinitesimal triangular array in P2
and {€,} be a sequence in T2. If the sequence in (1-3) has a weak limit v, then v is
XX-infinitely divisible. If m o(v) # 0 # mg,1(v), then m1,1(v) # 0. Moreover, if
m1o() =0, then v =m X v® and ifmo1(v) =0, then v = vD x m.

Proof. We separately consider three possible statuses (i) m o(v) # 0 # mg 1(v),
(i) myo(v) =0 # mg,1(v) (the case my,0(v) # 0 = mp,1(v) is treated similarly
to (ii)), and (iii) mj o(v) =0 =mg 1 (v).

(1) Once we can prove that m 1 (v) # 0, then the XX-infinite divisibility of v will

follow from [13, Theorem 4.2]. Assume to the contrary that m 1(v) = 0, which
together with Lemma 3.2 implies that as n — oo,

my1(8g, ) my1(Vu1) -+ - my 1 (Vag,) = my 1 (g, XX v, KX - KK v ) — 0.
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Then there exists a sequence {£,} C N so that as n — 0o, we have
my,1(8g,)m11 (1) -+ -my1(Vne,) > 0 and  my1(vpe,+1) - m11(Vg,) = 0,
namely, one sees from Lemma 3.2 that

mi,1(8g, WX v, KX - KXy ) —0 and my (v, 0,41 XX - KX v, ) — 0
as n — oo. To obtain such a sequence {¢,}, one can select, for example,

€, =min{k : [my 1 (8g, XX, KX - -+ KX v,,p)|
< |my,1 (B, X v, KX - - - KX Vnk,,)|1/2}.

One may assume, by passing to a subsequence if needed, that
g, X vy, BN -+ KK v, = V) € P2, Vg1 XX -+ KRy, = 0] € P
Then we have v = v] KK v{" and m 1 (v]) = 0=my (v]). Also, the formula

myo(v) =myo(vy) mio(vy)

indicates that either |m o(v))| > |mio(W)|'/? or [myo(v])| > |my(v)|'/* must

occur; assume, without loss of generality, that the first inequality is valid. Carrying
out the same arguments on v; allows us to obtain v}, v) € - fulfilling requirements
v =vh BV, my 1 (vy) =0=my 1 (v5), and [myo(v5)] > |myo(v})|'/2. Continuing
this process then results in the existence of sequences {v/}, {v} C Py for which
vy = BRIV my(v)) = 0 = my (), and [y o(v), )| = [m ()]
hold.

One has v = v, KX v” for some v," € P12 and |mo(v,)| > |mi (V)]
Passing to subsequences if needed again, let v, = v| € P2 and v, = v, € P2,
and so v=v; XX vy, m; 1(v;) =0, and |m o(v;)| = 1. The last identity reveals that
V1 =8y X v}z), a=mjo(vi)€T. Also, using 0 £mg 1(v) =mg 1 (v1) mo,1(v2) we get
mo,1(v1) # 0. However, these discussions would lead to m 1(vi) = amg 1(v1) #0,

a contradiction. Hence we must have m ;(v) # 0, as desired.

(ii) Note that the marginal v® is K-infinitely divisible by [2, Theorem 2.1]. The XIX-
infinite divisibility of v will follow immediately if one can argue that v =m x v®.
The proof, presented below, is basically similar to that of (1).

First, applying the strategy employed in the first paragraph of (1) to m0(v) =0
indicates the presence of £, € N satisfying my o(8g, XX v, KX - - - KK v,e,) — 0
and my,o0(Vp,¢,+1 XX -+ XX v, ) = 0 as n — co. Assume, dropping a subse-
quence if necessary, that

172"

6£n XX Vi1 XX ... XX Vne, = U{ € W-U—z, Vn,t,+1 XX ... XX Vnk, = v{/ € @-ﬂ—z.
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Thus we have v = v KX v and m; o(v]) =0 =m o(v{). We may further assume

lmo,1(v})| > |mg1(v)|'/?. Mimicking the arguments in (1) constructs sequences

{v },{v)} C P2 meeting conditions v = v, XX v, m;o(v,) =0 = myo(v)),

and |mo 1 (V)| > |mo.1 (v)|'/?". Passing to subsequences if needed again, assume
BALH ) g q g

that v), = v € P12 and v = vy € Pp2. Then we come to that v = v KX v,

2
mio(v1) =0 =myo(v2), and v{ )

= 8, for some o € T. To proceed the proof,
we shall use notations introduced in Section 2C. Since vi = alp(y), it follows
that v1§ = afvié € C¢ @ #, for any ¢ € Z. Thus, equation (3-1) implies that

mp ()= (&, u"P&) =0 for any (p,q) € N x Z, proving v =m X @,

(iii) In this case, we have vV = m = v® by [2, Theorem 2.1] and [4, Lemma 6.1].
Further, one can employ the proof in (ii) to show that there are vy, v, € %12 so that
v =y XX v; and m1 o(v1) =0=my o(v2). Then mq 1(vi) mo1(v2) =mo,1(v) =0.
If mo,1(v1) =0 =mo,1(v2), then (3-1) and (3-2) yield that m, ,(v) =6, , m1,1(v)?
for (p, q) € Z x (NU{0}), whence v is XX-infinitely divisible by Proposition 3.9.
For the other case, say mg 1(v1) # 0, the established conclusion in (ii) then shows
that vy = m x v{z). In such a situation, the measure v, as well as v, has the
XX-factor m x §;. Thus, Proposition 3.4 says that v = m x m, which is clearly
XX-infinitely divisible. (]

Corollary 3.11. The set TD(XIX) is weakly closed.

We are now in a position to characterize distributions in ZD(XX) carrying no
nontrivial XX-idempotent factors.

Theorem 3.12. In order that a measure v € TD(XKKX) contains no nontrivial XX-
idempotent factor, it is necessary and sufficient that m o(v) # 0 # mo 1(v), in
which case m1,1(v) # 0.

Proof. According to Proposition 3.4, only the necessity requires a proof. We merely
prove that v has a nontrivial XX-idempotent factor when m o(v) = 0, because
the case mq 1(v) = 0 can be handled in the same way. To do so, let m o(v) =0,
and consider two possible cases (i) mg 1(v) = 0 and (ii) mq, ;(v) # 0, which are
discussed separately below. Note that m , o(v) = 0 for all p € N since v =m.

Case (i): Since v) =m for j = 1, 2, one can mimic the proof of Proposition 3.1,
especially employ equations (3-1) and (3-2), to obtain m, ,(v) =6, 4 my,1(v)? for
(p,q) € Zx (NU{0}). Hence P is a XX-factor of v by Proposition 3.4.

Case (ii): To treat this case, let v, € 2 be an n-th XX-convolution root of v for
any n €N, ie., (v,)¥" = v. Then we have v = v/ KX v/, where v/ = (v,)E¥@=D,
myo(v) =0 = my o)) and |mo1(v))| = |mo,1(v)|'/". If v/ and V" are any
weak limits of {v)} and {v}, respectively, then we further obtain v = v/ KX v”,
myo(v') =0=myo(v"), and |mg (V)| = 1. This leads to (v')® = §, for some
a € T, which is exactly the situation dealt in the last part of the proof (ii) of
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Theorem 3.10. Thus we conclude that v = m x v®, which has the XX-idempotent
factor m x 8; by Proposition 3.4.

Lastly, we turn to argue that m; 1(v) # 0 if mo(v) # 0 # mo,1(v). Any
sequence {v,} satisfying v = v;lgwn has a subsequence {v,;} converging weakly
to &g for some § € T? (see (i) of Theorem 3.10). Then Lemma 3.2 implies that
|m1,1(v)|27n"‘ = |m1,1(vnj)| — |m1,1(8¢)| = 1, leading to the desired result. O

Propositions 3.4 and 3.9, and Theorem 3.12 readily imply the following.

Corollary 3.13. Any measure v in ID(XR)\ 2 is either v x m, m x v@),
mxm or P® (k. x 81), where v and v® are in TD(X) with nonzero mean and
ce (DU \ {0}

4. Equivalent conditions on limit theorems

This section is devoted to exploring the associations among the conditions introduced
in Section 2D and the following one.

Condition 4.1. Let {p,} be a sequence in ///1}[,.

(iii) There exists some p € .2}, with p({1}) =0 (i.e., p € .#},) so that p, =1 p.
(iv) The following limits exist in R for any p € Z¢:

lim lim sup/ (p, 35)2 dpp(s) = QO(p) = lim liminf/ (p, 38)2 dpp (s).

e—0 psoco %, e—>0 n—>o© x,

Condition 2.5 with d = 2 was used in [13, Theorem 3.4] to prove the limit
theorem for the bi-free multiplicative convolution, while Condition 4.1 is beneficial
for the corresponding classical limit theorem [10]. More properties regarding these
two conditions are presented below.

Proposition 4.2. Condition 2.5 is equivalent to Condition 4.1, in which

4-1) dxrj(s) = (1—Ns;)dp(s) + Q(;j)él(ds), j=1,...,d,
4-2) / 11— Ms| do(s) < oo,
T4

and the quadratic form Q(-) = (A-,-) on 7% is determined by the positive
semidefinitive matrix A = (aj¢) whose entries are

(4-3) ajo=Lj— /dmsj)(:‘ssz)dp(s) eR, je=1,....d.
T

Moreover, ajj =21;({1}) for j=1,...,d.
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Proof. Suppose first that Condition 2.5 is satisfied. Then the relation
(I—=Ns))dre =1 —-NRse)dr;, jL=1,...,d,
guaranteed by item (i) of Condition 2.5 ensures that the measure

s,;él}( s)

(4-4) dp(s) = o,

dh;j(s)
is unambiguous and does not depend on j. In addition, it satisfies requirements
p(T\%,) < oo for any € > 0 and (4-2). Hence the measure p that we just
constructed belongs to .//l%d.

To see p, =>1 p, pick a continuous function f on T¢ with support contained
within T4\%; for some 8 > 0. Then this f produces d continuous functions on T¢,
which are

dist(Uj, s)

fis) = dist(Uy, §) + - - - +dist(Ug, $) T

where U; ={u eT?: larg u;| <8/\/g} and dist(U;, s) =inf{|larg s—argu||:u € U;}
for j = 1,...,d. Obviously, the relation f = f; + --- 4+ f; holds and each
fij/(1 —Ns;) is continuous on T?. These observations and the weak convergence
Anj = A; then yield that

4 d
B fi(s) ' / Ji(s)
/1;11 f(s)dpu(s) _;/1;«’1 s drnj(8) =2 ; a1 —Ns;

:f f(s)dp(s).
'I]'d

dkj(s)

Therefore, we have completed the verification of item (iii) of Condition 4.1.
We next demonstrate the validity of the following identities for 1 < j, £ <d,

(4-5) hm lim sup/ (357)(Is¢) dp, = lim liminf [ (Js;)(Is¢) dpp,
n— 00 €>0 n—>00 Jo

which confirms that of Condition 4.1(iv). To continue, observe that the mapping
S = (‘?ss)z/ (1 —9s) is continuous on T and at the origin, it takes value

(39

4-6
( ) arglsn—l>0 1—MNs

Then (4-2), (4-6), and the Holder inequality imply that (Js;)(Js¢) € L'(p) for
j.£=1,...,d. In order to get results (4-3) and (4-5), we examine the following
differences which are related to them:

Dy = [ Qsp@sde,— [ (sp@sido= [ @s@so o,

Ue
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which further splits into the sum of

In1(€)=/ (‘??Sj)(%Sz)d,On—f (3s7)(Is¢) dp
TN\ TN\%

and
Le)=— [ (3s5;)(Sse) dp.
Ue

Apparently, we have lim._,o I>(¢) = 0 owing to (Js;)(Js¢) € L'(p). Next,
take an €’ € (¢, 2¢) and an €” € (5, €) with the attributes that p(0%.) = 0 and
p(0%) = 0, the presence of which are insured by the finiteness of the measure
lya\g, , p on T¢. Then applying Proposition 2.1 to the established result p, =1 p

results in

lim (357)(Is¢) dpy = f (3s57)(Is¢) dp.

e ST\ TN\
On the other hand, working with the closed subset F, = {s € T? : ¢’ < |Jargs|| <€’}
and employing Proposition 2.1, we come to

(4-7) (lim sup / R d,on> < lim sup / (357)% dp, - f (3s¢)° dpp
n—oo Fe n—oo F,
Qs> dp- | (Is0)>dp — 0
F. F.

as € — 0. With the help of the facts Td\%en = (Td\%e)u(%e\%eu) and %\ C Fv,
we are able to conclude that lim_,o limsup,,_, ., |1,1(€)| = 0. Consequently, we
have shown lim¢_,¢ lim sup,,_, o, | D, (€)| = 0, which together with Condition 2.5(ii)
accounts for (4-3) and (4-5) with any indices j and ¢.

If €’ is also chosen so that 1;(0%) = 0, then we draw once again from (4-6)
that aj; =24, ({1}) because

. ) : (Is5)?
limsup [ [2(1 —MNs;) — (Is;)°| dp, < limsup 2— ———|dA,j
n—oo J, n—>oo J, 1—Ns
Ss;
/ ‘2_1_g}1s J e=od -t

This conclusion and (4-4) give (4-1). It is easy to see that the limits in (iv) of
Condition 4.1 are equal to (Ap, p) for any p € Z¢ (in fact, for any p € R? as well)
with A = (aj,) and aj, the value of the limit given in (4-5). Also, it is clear that
the quadratic form Q extends to R? and is positive therein. Then the positivity of
A > 0 can be gained by that of Q on R?.

Next, we elaborate that Condition 4.1 implies Condition 2.5. Define A;’s as
in (4-1). These measures thus obtained are all in .#7, and the arguments for this
go as follows. Select a sequence ¢, | 0 as m — oo and p({|largs| = €,}) =0
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for each m. Then (iv), along with Proposition 2.1, indicates that for any numbers
m < m’ both large enough, one has

/ (352 dp(s) < 1+ 0(e)).
{em/<\|args||<em}

Thanks to monotone convergence theorem, (4-6), and the assumption p({1}) =0,
one further gets that for m large enough, (1 —MNs;) 14, € L'(p) for any j. This
proves that A; (T%) < o0 and (‘Tssj)2 € L'(p) for any j.

After the previous preparations, we are in a position to justify the weak conver-
gence A,; = A;. Given a continuous function f on T4, the difference

'/Wfdx,,j—/wfdx,

is dominated by the sum of the following four terms:

Dy (m) = /// 1£5) = F )] dny(s),
Duo(m) = | f (D] |nj(Ze,) — 1 O(e))

Dam) =f fldhs(s),
Uery \(1}

/ F diny(s) — f Fdi(s)
T\, T\ %,

First, one can show that lim,, o lim sup,,_, ., |Dp2(m)| = O by applying (4-6) and
item (iv) to

2knj(%em)—Q(ej)=/ [2(1—%s)) = (35)*1dpu () + | (I5) dpa(s)— Q(e)).

U Uem

’

Dps(m) =

Similarly, one can show

lim_lim sup|Dy1(m)| < 5Q(e;) - lim sup|f(s) — f(1)| =0.

m—o0 »_ 5o SE%Em

On the other hand, the finiteness of A ; (T4) leads to
lim D3(m) < || flloo lim A;j(%,\{1}) =0.
m—0o0 m—00

That we have lim,,—, oo D,,4(m) =0 for all m evidently follows from Condition 4.1(iii)
and Proposition 2.1. Putting all these observations together illustrates A,; = A;.
It remains to deal with (ii) of Condition 2.5, in which the integral is rewritten as

(3s5)(Is¢) dpy + / ) (35)(Is¢) dpy.
\

Ve T\ %,
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For any j, ¢, taking the operations limm_>oo limsup,,_, ., and lim,_, o liminf, _, o
of the first integral gives the same value 1 5[0 (ej+e;) — Q(ej) — Q(ee)], while doing
the same thing to the second integral ylelds the value fvd (357)(Is¢) dp because of
0on =1 p and (JIs j)z +(Js¢)? € L' (p). This finishes the proof of the proposition. []

An intuitive thought is that measures on T¢ obtained by rotating measures within
controllable angles maintain the same structural properties, such as Condition 4.1,
as the original ones. The statement and its rigorous proof are given below.

Proposition 4.3. Suppose that {v,;} C Pya is a triangular array for which the
measure p, = Z',Z”Zlvnk satisfies Condition 4.1. If an array {61} C (—m, n]dfulﬁlls

the condition
ky

(4-8) nlgl;o Z(l —cosf,;) =
then Condition 4.1 is still applzcable to measures p,(-) = Zi": | Vnk (- ety in
which p, =1 p and p, and p, define the same quadratic form in Condition 4.1(iv).

Proof. First of all, (4-8) reveals that lim, maxy ||#,|| = 0. We now argue that
pn =1 p as well by using Proposition 2.1. To do so, pick a closed subset F C T¢\%,
for some r > 0. Since p(F) < oo, it follows that given any § > 0, there exists a
closed set F’ C T/\%, /2 such that ¢'% F c F' for all sufficiently large n and for
all 1 <k <k, and p(F'\F) < 48. Then

Pn(F) = v F) < v (F') = pu(F)
k k

implies that lim sup,,_, o, 0x (F) < limsup,,_, o, pn(F') < p(F') < p(F) 4. Con-
sequently, we arrive at the inequality lim sup,_, ., p,(F) < p(F). In the same vein,
one can show that liminf,,_, - 0,(G) > p(G) for any set G which is open and
bounded away from 1. Hence p, =1 p by Proposition 2.1.

Next, we turn to demonstrate that both p, and p, bring out the tantamount
quantities in (4-5), which asserts that the quadratic form in (iv) output by them is
unchanged on Z¢. Any index n considered below is always sufficiently large. In
the case j = ¢, we have the estimate

[ @ dp,,<s>—2 / @) vy (5)

nk/f/
<Z (3(e™" ™ 57))% dvpi(s),
?/26
where we express 0,x = (yk1, - - - , Ouka). The inequality

(4-9) (e 5))* < (35))7 +2[sin O] |5 | 4 sin* (Bi )
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will help us to continue with the arguments. Consideration given to the first term
on the right-hand side of (4-9) gives
ky
lim lim sup Z (35))> dvu(s) = a;;

€e>0 p-soc0 k=1 Ure

by the hypothesis, while analyzing the second term results in

kn

ky 1/2 1/2
> lsin O] - / |Ssj|dvnk(s)s(2sm29nkj) (/ <3sj)2dpn(s)>
%he k=1 i

k=1 e

by the Cauchy—Schwarz inequality. The simple fact sin> x < 2(1 —cos x) for x € R
and the assumption (4-8) immediately yield that

€e=>0 o0

ky
lim limsupi |sin G| 135;] dvar(s) = 0
k=1 " %
and P
lim limsup » f sin? O dvar (s) = 0.
0]/26

€e~>0 pooo

k=1
These estimates then lead to lim._,¢ limsup,,_, ., f% (s j)z dp,(s) < a;;j. Employ-
ing the opposite inclusion %, C ey, and inequality
(e 5:)) > (I57)% — 2(1 — €O Opij) — 2[8in Ot | |35;] — sin® Oy

allows us to obtain lime_,¢ liminf,_, o f%(?ssj)2 dpn(s) > ajj.
Now we deal with the situation j # £ in (4-5). After careful consideration of all
available information, the focus is only needed on the summand

kn
> f O (8))(S5¢) vk (s)
k=1 e e
and justifying that
kn
(4-10) lim lim sup / |31 [Ss¢] dvar(s) =0,
€20 n—soo 1= Sk u) A

where A denotes the operation of symmetric difference on sets. Using the fact
AV e {% < |largs| < 26} and mimicking the proof of (4-7) allow us to
get (4-10) done. O

Recall from (2-1) that the push-forward measure tW~! e ///%d ofagivent e ///[R?d
via the wrapping map W (x) = ¢'* from R¢ to T is defined as

(4-11) W HB)=1({x eR?:¢* € B}), Be By.
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A useful and frequently used result regarding W is the change-of-variables formula
stating that a Borel function f on T¢ belongs to L'(tW~!) if and only if the
function x — f(e'*) lies in L'(7), and the equation

@12) | r@dew o= [ reane

holds in either case. In the following, we will translate conditions introduced in
Section 2D accordingly via the wrapping map W.

Proposition 4.4. Assume that {t,} and t are in ///ng satisfying Condition 2.3 (or
Condition 2.2). Then Condition 4.1, as well as Condition 2.5, applies to p, =1, W ™!
and p = lw\{l}rW_l. Moreover, t, and p, determine the same quadratic form
on7% in particular, the same matrix in (IV) and (iv), respectively.

Proof. Suppose that Condition 2.3 holds for 7, and 7, and let A = (a ) represent
the matrix produced by these measures in (IV). According to Proposition 4.2, we
shall only elaborate that Condition 4.1 is applicable to p, and p.

That p, =1 p is clearly valid according to the continuous mapping theorem,
Proposition 2.1. It remains to argue that in Condition 4.1(iv), p, also outputs A.
The simple observation that ¢'* € %, if and only if x belongs to the set

(4-13) Vo= Jlx+2mp:xen)
pezd

and formula (4-12) help us to establish that for j, £ =1, ...,d,
(5))(350) dpa(s) = / 1) (35)(se) dpns)
U T
= / Lo (e™)(3e9) (Je'™) d, (x)
Rd

= /Nsin(xj) sin(xg) dt, (x).

Ye

Observe next that we have 775\“//6 = Ufnz] Dem, Where Dy = Vo O {|xpm| > 7},
provided that € < . If we temporarily impose the requirement o, (0 Z,,) = 0 for

some m € {1, ..., d}, then the weak convergence o,,, = o, implies that
: : : : : . 1+ x5
lim sup Isin(x;) sin(x,)| dt, = lim sup [sin(x;) sin(xg)| - 5 doum
n—»oo Jg,, n—oo Jg,, Xin
1+x2

=/ Isin(x;) sin(xe)| - —=— dom 5z 0.
Tem Yin
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This, along with facts x —sinx = o(|x|?) as |x| = 0 and xf € Ll(oj), leads to

lim limsup [ (3s;)(3s¢) dp,(s) = lim lim sup/ sin(x;) sin(x¢) dt,(x)
=0 pnsoo Jo e>0 pooo

€

€e=>0 o0

= lim limsup/ xjxedt,(x).
¥
The same arguments also elaborate the identity

lim liminff (35;)(Is¢) dp, (s) = lim liminf/ Xj X dt,(x).
e—0 n—o0 %, e—0 n—oo ¥,

Apparently, the selection of € does not vary the validity of these identities, and so

we have established that p, generates the matrix A in (iv) as well. U

Measures in ///ﬂgd can be wrapped either clockwise or counterclockwise (see
equation (4-11)) in all variables, and consequences, such as Proposition 4.4, are not
affected at all by this slight change. As a matter of fact, it is also the case when
one wraps some variables counterclockwise and others clockwise. Without loss
of generality, we shall use the simplest circumstance, the 2-dimensional opposite
wrapping map Wy : R — T2, (x1, x2) — (¥, e~*), to illustrate these features.
The following result is merely an easy consequence of the continuous mapping the-
orem, the relations (r(Wz*)_l)(B) =(t Wz_l)(B*) =(t Wz_l)*(B) for any B € %12,
and Proposition 4.4.

Proposition 4.5. If {p,} and p in ///%2 fulfill Condition 4.1, then
(1) p; =10 and
(2) for any p = (p1, p2) € 7%, denoting by p* = (p1, —p2), we have

lim lim sup/<p,~:ss>2dp;(s) = Q(p") = lim liminf/ (p,3s)2dp}(s).
U, €— Ue

€e—>0 p-oo n—00

Farticularly, if {t,} and T in //[gz satisfy Condition 2.3 (or Condition 2.2), then
statements (1) and (2) above apply to p), = t,,(W;)_1 and p* = 'c(W;)_l.

We add one remark on item (2) of the preceding proposition: if Q(p) = (Ap, p),
then Q(p*) = (AP p, p), where the (i, j)-entry of A°P is (—l)iﬂAlj.

5. Limit theorems and bi-free multiplicative Lévy triplet

5A. Bi-free multiplicative Lévy—Khintchine representation. Thanks to Proposi-
tion 4.2, one can correlate the quantity L, and measures A; given in the formu-
las (2-16) with the matrix A and measure p € ///1}2 determined by (4-1), (4-2),
and (4-3). Therefore, instead of working with the parametrization (y, A1, A2, L12)
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for measures in ZD(XX) N @?2, one may take another parametrization (y, A, p)
(with the same y) having the following properties with d = 2:

(5-1) yeTd Aisa positive semidefinite d x d symmetric matrix, and
p 1s a positive measure on T so that p({1})) =0and |1 —Ns| € Ll(,o).

We shall refer to (y, A, p) as the bi-free multiplicative Lévy triplet of the mea-
sure in ZD(XX) N 91?2 having (bi-)free X-transforms presented in (2-16), and
signify this measure by vggA’p ) to comply with the correspondence. This triplet
plays the role of the classical multiplicative Lévy triplet. We will clarify this in
more details in Corollary 5.3, where limit theorems between classical and bi-free
multiplicative convolutions are examined and in Section 6, where the commutativity
of diagram (1-5) is verified.

A measure v belongs to ZD(KXP) N 2, if and only if v* € ZD(XIX) N 2 by

(2-3) and Theorem 3.12. Thus, we shall denote by vggﬁ,’p ) the measure v satisfying
*  AOD %
V' = vfgyg’A ) and refer to (y, A, p) as its opposite bi-free multiplicative Lévy

triplet. Passing to analytic transforms, we have
EP (@ w) =X gr (2, L/w)  for (z,w) e D x (TU{OH".
XX

In terms of notations introduced above, we reformulate the basic limit theorem
[13, Theorem 3.4] on the bi-free multiplicative convolution, including statements
for XIX°P,

Theorem 5.1. Given an infinitesimal array {v,;} C 9{2 and a sequence {€,} C T2,
define y,, as in (2-13). The following are equivalent.

(1) The sequence

(5-2) 8g, XX v, X - - - KK vy
converges weakly to some vgx € ,@{2.

(2) The sequence

(5-3) 8¢, DI Py, BRI P - .. BIX Py
converges weakly to some Vg € @%.

(3) The measure p, = Z],Z”: | Vnk satisfies Condition 4.1 (or Condition 2.5) with
d =2 andlim, y, =y exists.

If (1)-(3) hold, then vgx = V%VBQA’/)) and (vgxer)* = ng?’A)p’p*), where p and A are
as in Condition 4.1 and Proposition 4.2, respectively.
Proof. We only prove (2)<>(3). With {b,;} defined in (2-12), the equality

exp[i (args)dv,:k(s):|: L
Uy
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shows that (v*)°(B) = v}, (b}, B) = Vi (bpi B*) = Vi (B*) = (Vr)*(B) for any

Borel set B on T2. Since the operations * and o acting on v,y are interchangeable

in order, we adopt the notation ¥, instead of (v};,)° = (D) if no confusions arise.
Item (2) holds if and only if

8 RIR vy B - - BRI vy = (S, BRI Py BIRIP - - - IR Pjg)* = (vigzor)*

according to (2-3). This happens if and only if Condition 4.1 applies to the measure
S0 = (X4 Pak)” and the vector

kn

yh=E"exp [i Z(arg bl + / (3s)d, (s)ﬂ
T

k=1
has a limit by Theorem 2.4. Then Proposition 4.5 proves the equivalence (2)<(3)
and the last assertion. (]

Recall from [16] that a measure v in ZD(®) has no nontrivial ®-idempotent
factor if and only if its characteristic function takes the form

(p)=y" exp(—%mp, p) +fw<s1’ —1-i(p, %s»dp(s)), pez’

for certain triplet (y, A, p) fulfilling the conditions in (5-1). We shall write vg’A’p )
for this measure, and refer to p and (y, A, p) as its multiplicative Lévy measure
and multiplicative Lévy triplet, respectively. A known phenomenon is that a ®-
infinitely divisible distribution on T¢ has unique ¥ and A, but may have various
Lévy measures. For example, it was pointed out in [6] that when d = 1, one has
vg 08 vg 070-1) The uniqueness of multiplicative Lévy measures will be more
systematically studied in [10]. This observation leads to the following definition.

Definition 5.2. Let p be a multiplicative Lévy measure on T¢. The symbol L(p)

stands for the collection of those measures serving as multiplicative Lévy measures

(1,0,/)).

for v

The following corollary, derived from Theorem 2.4 and [10], supplies the link
between classical and bi-free limit theorems on the bi-torus. The attentive reader
can also notice that the hypothesis L(p) = {p} is redundant in the implication
(2) = (D).

Corollary 5.3. Let {v,x} C P2 be infinitesimal, {€,} C T2, and (y, A, p) be
a multiplicative Lévy triplet such that L(p) = {p}. With the notations in (2-13)
and (2-15) for d = 2, the following statements are equivalent:

(1) 5En @ l)nl @ . e ® Ul’lk,l = U(g’vAvp)'
(2) 8, KR v, KK - - - KR vy, = v 7.
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(3) limy—o00 ¥, =¥, pn =1 p, and

lin(l) limsup/ (p,35)2 dp,(s) = (Ap, p)

€— N

e — lim liminf | (p, 35)>dpa(s), peZ>
Ue

7
€

e—=>0 n—>oo

The one-dimensional multiplicative limit theorem, which was pointed out in the
remark to [23, Corollary 4.2], is a consequence of Corollary 5.3, e.g., by considering
product measures.

Corollary 5.4. Let {vy,} C Pt be infinitesimal, {§,} C T, and (y,a, p) be a
multiplicative Lévy triplet such that L(p) = {p}. With the notations in (2-13)
and (2-15) for d = 1, the following statements are equivalent:

(1) 8, D vpy @« @ vy, = 7.

(2) 8, Rvy K-+ Ry, = v,
(3) lim, 00 Yn =¥, pn =1 p, and

lim lim sup (Ss)zdpn () =a= hm hm 1nf/ (mss) dp, (s).
€e=>0 nsoo Jo
Apparently, the nonuniqueness of Lévy measures is the exclusive obstruction
for reaching the equivalence of limit theorems, thus complementing the work of
Chistyakov and Gotze [9, Theorems 2.3 and 2.4].
The goal of this section is to provide an alternative description for the X-transform
of a measure in ZD(XX) N 22 2 in terms of its bi-free multiplicative Lévy triplets.

To achieve this, we need some basws. For any p € N, the function

sP—1—1ip3s

Ko(s) = —
p() 1—Ns

is continuous on T and equal to —p? at s = 1.
Lemma 5.5. For any p € N, we have |SKpllco < p* and [*_K,(e'?) df = —2pm.

Proof. In the following arguments, we shall make use of the basic formula:

1 —cos(p#
(5-4) 1=cosP® _ ii-pe Z i(j+00

1—cosf
Jj.k=0

Clearly, we have SK; = 0. If [|SK)[le0 < p3 for some p > 2, then for s # 1, the
inequality |(1 —Ns?)/(1 —NRs)| < p? following from (5-4) implies that

1 —MNs?

K1)l = 357 = 3Kp(s) + <1+p+p*<(p+1)°.

-3
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By induction, this finishes the proof of the first assertion. To prove the second
assertion, it suffices to show ffﬂ(l —cos(ph))/(1 —cosO)db =2pm, which can
be easily obtained by using (5-4) again. ([

X

Fix a measure v € &, NID(XX), and suppose that its (bi-)free X-transforms
are given as in (2-16). Due to the integral representations, both u; and u, are
analytic in © = (C\T) U {oo} and u is analytic in Q2. Hence the function

Uy(z,w) =

u(z, w) — ui(z) —

is analytic in Q2. If v € ZD(KX°P) N ,@%, then we define
UP(z, w) =Up(z, 1/w),

which is also an analytic function in Q2.

When v € ZD(XXP)N @?2, one can obtain an equivalent formula for U, in terms
of the bi-free multiplicative Lévy triplet, which we call the bi-free multiplicative
Lévy—Khintchine representation. Note that we acquire the following proof with the
help of limit theorems, in spite of the algebraic nature of the statement. Also, it is
simpler even though there exists an algebraic proof.

(¥y,A,p)

Theorem 5.6. Letting v = v ™", we have
(5-5) Uz, w) = g agyi + T argy, = No(z, w) + By (z, w),
where
aiy z(14+2) app Zw ap wl+w)
Ny(ew) = DL 2 4
2 (I-2°¢ d-20-w) 2 d-w)
and

P,(z,w)=(0—-2)1—w) Z[/ (s? —1—i(p, Is)) d,o(s)i| 7P P2,
p=0' T

Further, letting v = vg&fp’p), we have U;p(z, w) = Uv(y*,A‘)p‘p*) (z, 1/w).
XX

Proof. First of all, using Remark 2.6 and the function

. zw(l —s)(1 —s2) _ z(14zs1)(1 —Nsyp) _ w(l+wsy) (1 —Nsy)
C (I—zs)(1 —wsy) (I =2)(1 —2zs1) (1 =w)(1 —wsy)

one can rewrite U, as

f(z, w,s)

iz iw .
Uy(z,w) = Earg Y1+ [— o 8 V2+n11)1130 /vzf(z’ w, §) dp,(s).
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Below, r > 0 is taken so that p(0%;) = 0. The continuity of s — f(z, w, s)
on T? for any fixed (z, w) € D? and Proposition 2.1 imply that

lim fz,w,s)dp, = f(z,w,s)dp.
n—00 J12\%, TA\%

Using dominated convergence theorem, we arrive at

lim lim f(z,w,s)dp, —/f(z,w s)dp.

r—0 n—o0 '|]'2\02/

On the other hand, thanks to weak convergence A,,; = (1—-Ns;) p, = 4;, j=1,2,
we see that for & € D,

+&s; _ajj 14§
,/7/,_1—5 (I —MNs;)dp, > —1_5‘

lim sup
n—oo

1+E‘

1+§Sj 1+& o )
1—&s; 1—g| "

llmsup<‘knj(ﬁ2/) a“‘ +/ 1 —sjld)\,,,> —= 0.

< lim sup(|)»n, (%) — 3aj;] ,
%

IEI)2

Similarly, one can show that

(-s)(1-s5) :/ (1—s1)(1 —s2)
" (= zs)(1 — ws))

lim lim
r—0 n—o00 TZ\%(I — ZSl)(l — 'LUSZ)
and

lim lim sup
r—-0 pnosoo

(1 =511 —52) 12
dpp+ —— o | =
2, (1 —zs1)(1 —ws) (I-2)1—-w)
Next, we shall make use of the equation (2-17). After some algebraic manipulations,
we come to the result

lim f(Z w, §)dp,(s) = —N(z, w)+(1—z)(1—w)/ f(z,w,8)dp(s),
T2

n—oo

where

fzw,s) . .
_ _ 1 _ 12381 _ Tw3sy
S (d—zsp(—ws) (I-2(0-w) (I-21-w) 1-2)(1—w)?

Lastly, the use of the power series expansion

E(—ENT (U —&) ' =) p & for &,65¢€D,

p>0

allows us to get

ff(z w, 5)dp(s) = /Z(s —1—i(p,3s) " w dp(s).

r>0
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The operations of integration and summation performed above are interchangeable
due to Lemma 5.5. Indeed, one can utilize the uniform convergence of the summands
to obtain

/Z(sff —1—ip;3s;) " wP dp = Zf/cpj(s)dxj ZPwP?

p=0 p=0
= Z/(Sjpj —1 —ipj?ss.,-)d,ozplwpz
p=0

and similarly

/Z(sf)] — (s> =) P wP dp = Z/(sf” —1D(s3? = Ddpz"w?.

p=0 p>0

Putting all these findings together yields the desired result.
According to the definition of b, which is characterized by (V)* = vgg’Ap’p ),

the last assertion follows from the definition of U,”. O

Performing the power series expansion to N, (z, w) in Theorem 5.6 further yields
that

Uy(z, w)
(I=2)(1=w)
= Z[i(p, argy) — 3(Ap. p) +/T2(sp —1—-i(p, ‘TSS))dp(S)] Zwt,
p=0

which offers the generating series for the exponent of the characteristic function
(5-6)  d(p) =y’ exp[—%(Ap, p) +/2<s1' —1-ip, ss»dp(s)], pel’
T

of a measure in ZD(T?, ®) N 255 (cf. Corollary 5.3.)

5B. Limit theorems via wrapping transformations. We next present the limit
theorems through the wrapping transformations.

Theorem 5.7. Let (v, A, t) be a triplet satisfying (2-10) with d = 2, and let

{nk} C P2 be an infinitesimal triangular array and {v,} a sequence of vectors
in R2. If the sequence in (1-2) converges weakly to /Lé;éaA’r), then the sequences
in (5-2) and (5-3) generated by v, = W™ and &, = e'™ converge weakly

(y.A,p A,p)

10 Vg ) and vggop , respectively, where

(5-7) p =Ly W™
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and

(5-8) y = exp[iv + i/Rz(sin(x) — #W) dr(x)}.

Proof. Before carrying out the main proof, let us record some properties instantly

inferred from the hypotheses for the later utilization. Because the index n goes to

infinity ultimately, it is always big enough whenever mentioned in the proof.
Firstly, observe that v, belongs to &2 ' and the vector

(5-9) b= 3 / x djtpi (x + 27 )

peZ\{0

satisfies lim,,_, .o maxg ||« || = O by the infinitesimality of {i,x}. Secondly, follow-
ing the notations in (2-6) and (4-13), an application of (4-12) gives

Vak + O = / Teirixeqy(€™) arg(e™) dpn (x)
R

:A_dl{s:llargs|<€}(s) afg(s) dvnk(s):/arg(s)dvnk(s)-

Yo

This and equation (2-12) provide us with the relations arg b, = v, + 0, and
AV (s) = d (e W) (%% 5) as for any B € %2, we have

(Fak W) (B) = i ({€'™ € €™ B}) = var (€' B) = Dy (e B).

Except for the beforehand mentioned results, the array {6} in (5-9) also fulfills
the condition in (4-8), which will play a dominant role in our arguments. Its proof,
provided below, is based on the convergence 7, = ) _; flnk =0 T and some estimates.
For convenience, denote 6,,x = (0k1, Guk2) and v, = (Vuk1, Vnk2), and consider the
positive Borel measure 0,4 (-) = ZpeZd\{O} Lo (- +2np)1% on the closure of ¥5g.
The infinitesimality of {/i,x} indicates that lim,_, oo max;<x<k, Onk (#29) = 0 and
the assumption 6 € (0, 1) in (2-5) shows that

ok (Vg — V) < > ftak (Vg + 27 p) = fur(F20\ V0).-
PEZ\(0}

This, together with Cauchy—Schwarz inequality, enables us to obtain

2
Zenkj Z(///e (xj + Unkj) dan(x))

k=1 —Unk

Vo —Vnk

= Z Onk (Vo — vnk)/ (xj + Unkj)2 donk(x)
k=1

< 6%7,(Y39\ Y39) max oui(Yap).
1<k<k,
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Since “1729\”1/29 is bounded away from 1 € T2, the relation 7, =¢ t leads us to
lim sup,, rn(%g\"//gg) < 00. Thus, we are able to conclude that Zi”: | 93,( i~ 0 as
n — 00, yielding (4-8) by the inequality 1 — cos x < %2 on R.

After these preparations, we are ready to present the proof of the theorem. Since
(1-2) converges weakly, 7, meets Condition 2.3, and thus p, = 7, W1 satisfies
Condition 2.5 according to Proposition 4.4. Then Proposition 4.3 consequently
yields that Condition 2.5 also applies to p, = Z:": | Unk-

To finish the proof, we just need to verify (2-14) due to Theorem 5.1. The
existence of the limit in (2-8) implies that the vector

kn
E, = i[vn + D+ / sin(x) dizm]
k=1

also has a limit when n — oo. Indeed, the limit —i lim,_, , E, disintegrates into
the sum of that in (2-8) and

kn
: . X . _ N
nll)rgog /Rz(sm(x) ~1 n ||x||2> d g (x) = /Rz<sm(x) Toix2 n ||x||2> dt(x).

The validity of the equality displayed above is just because of that the integrand is
O(|lx|%) as [|x|| = O and the function min{1, ||x||?} is t-integrable.
In order to go further, we analyze the difference

(arg b + /T Zx“ss d Vi (S)> - (vnk + /R 2sin(x) d[lnk(x)),

which, along with the help of equation [sin(x) d /i = [J(e'?*s) db,, becomes

(5-10) (Gnk—sinﬂnk)+sin(0nk)f(1—ms) dﬁnk(s)+(1—c050nk)/ 38 d b (s).
T2 T2

Using the elementary inequality

(5-11) |x —sinx| <1—cosx, |x|§%,

we see from the established result that

kn ky
Zl@nkj — SN Oy | < Z(l —c08Opj) — 0 as n— oo.
k=1 k=1

For the second term in (5-10), A,j = (1 —Ns;) p, = A; € A2 yields that

ky

2

k=1

n—oo

sin(@p;) / (1 —Ns;) duic(s)
T2

< (E‘ia’i Isin O, |) doni (T2 ——> 0.
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As for the last term, we then have

[ @sp i)
'[|'2

n—oo

kn k”
> (1= cos ) <> (1 =08 Ouij) 732 O-
k=1 k=1
Consequently, we have arrived at that the limit in (2-14) exists and equals the vector
in (5-8). O

The employment of the wrapping limit theorem with v, = 0 gives the following
identically distributed limit theorem, which is the bi-free version of [6, Theorem 3.9].
Corollary 5.8. Let (v, A, T) be a triplet satisfying (2-10) with d = 2, {u,} a
sequence in P, and {k,} a strictly increasing sequence in N. If /L,Hfaﬂk” = /Léé’éaA’T),
then (p, W~ 1)H%n — V%YEQA”)) and (p, W~ HEE ke — vggfp’p), where y and p are
as in Theorem 5.7.

Example 5.9. Given a 2 x 2 real matrix A = (a;;) > 0 with a;; > a»n > 0,
consider planar probability measures u, = %(8% + 8 o, +06, +06_p ), where
a, = (v/2det A, 0)//nax and B, = (v2ai2, V2ax) /\/nay. Clearly, 1, = u,
for all n and t, := nu, =0 0 as n — oo. Furthermore, for any 6 > 0, if n is
large enough, then f% ng dt, = aj; and f% x1x2 dt, = aj». Hence the identically
distributed limit theorem introduced in Section 2D indicates that ™" converges
weakly to uégé?’o), which is known as the bi-free Gaussian distribution with bi-free
Lévy triplet (0, A, 0). For the measures

Vu = Un W = 1 (Bgian + Somian + 8ip, + 8p-its) € P2,

a direct verification or an application of Corollary 5.8 shows that v,ig&" = v%’gA’o) and
v,igwp” = vggg’igo). Analogically, vgx = vgl’zA’O) is called the bi-free multiplicative

Gaussian distribution with Lévy triplet (1, A, 0). Note that the component P,z in
the representation (5-5), called the bi-free multiplicative compound Poisson part
(see Example 5.10), vanishes.

Example 5.10. Given any r > 0 and u € P, let u, =1 —r/n)do+r/nu, t, =
niin, and T =rlg2 g u. A straightforward verification reveals that Condition 2.3

applies to 7,, 7, and Q = 0. Hence [11, Theorem 5.6] shows that /,LEHEE" converges

weakly to the so-called bi-free compound Poisson distribution ,ué;’ég D with rate r
and jump distribution x, where v =r [x(1 + [x]1?)~'du. Applying Corollary 5.8

shows that

)|Z||Xl’l (e[",(),p)

((L=r/n) 81 +7/n(uW™H)"" = vgg ™",

W 1REPn (€,0,p)

as well as (u, = Vger > Where

p= rsz\{l}(uW_l) and u= r/sinx du.
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Analogous to the planar case, we refer to measures of the form vgyg = vgg ’0’”),
where r >0, ve P withv({1}) =0, and u = rf;”‘ssdv as the bi-free multiplicative
compound Poisson distribution with rate r and jump distribution v. In (5-5), we
have the bi-free Gaussian component N,z = 0.

SC. Limit theorems for identically distributed case. The following is a special
case of the limit theorem in the context of identically distributed random vectors on
the bi-torus.

Proposition 5.11. Let p, =k,v,, where {v,} C 2 2 and {kn} CNwithky <k <.
If p,, satisfies Condition 4.1 (or Condition 2.5) and the limit

v= lim f & dpa(€)
n—oo 'n'z

VA, ep v A .
exists, then v,ig&k =V IZX ? and v;,gﬁ = gﬁop #) , where p and A are as in

Condition 4.1 and Proposition 4.2, respectively.

Proof. Let h : T> — (—m, m]? be the inverse of the wrapping map W (x) = e'*
restricted to (—m, 1%, namely, h(§) = arg &. Further let i, = v,h~! € P and
t=ph~le ///[R?z, whose supports are all contained in [—, 7]?. Then v, = u, W1,
and 7, = p, h~! = T by the continuous mapping theorem. Also, (4-2) and (4-12)

show that min{1, ||x||?} € L'(t). One can utilize (5-11) to justify

lim liminf/ (args;j)(args¢) dp,(s) = hm lim sup/ (args;j)(args¢) dp,(s).
Ue =0 9

e—>0 n—>o0 n—oo

On the other hand, one has the equation fVe Xjxedt, = f% (args;)(arg s¢) dpy
by the change-of-variables formula (4-12), which implies that t, satisfies (IV) of
Condition 2.3. Ultimately, observe that

X X .
/sz dt,(x) = ‘/;Tz\ss dp, (s) +/Rz<w — sm(x)) dt,(x)

has a limit when n — oo owing to x /(1 + lx]1%) —sin(x) = O(||x||?) as ||x|| = O
and min{1, [|x||2} € L' (z). Thus, ui*" = &4 by [11, Theorem 5.6], and so
we accomplish the proof by Corollary 5.8. ([

We shall also consider the rotated probabilities
df)n(s) = dvn(wn s)

associated with a sequence {v,} C 2., where @, = (w1, w,2) € T? has components

T2

a),,J-:/s.,-dvn
T2

TZSj dv,(s)|.
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Through this sort of rotated distributions, we next present the bi-freely identically
distributed limit theorem, which is the bi-free analog of [6, Proposition 3.6].

Theorem 5.12. The following are equivalent for a sequence {v,} in 2. 2 and a
strictly increasing sequence {k,} in N.

Xk,

(1) The sequence v;,g " converges weakly to some vxx € 3”{;2

op

(2) The sequence v;,g Xk converges weakly to some Vg € (@X .

(3) Condition 4.1 holds for p,, = k, v, and the limit y = hm,Hoo(w ﬁ’é) exists

in T2

nl?

If (1)~(3) hold, then vz = v2" and (vgger)* = vZ*" ") where p and A are
respectively as in Condition 4.1 and Proposition 4.2.

Proof. Only the equivalence (1) < (3) needs a proof, which relies on Proposition 4.3.
First of all, the weak convergence of v? Mhn 1oy € 22X 2 yields that v, = §(;.1). Indeed,
mly()(l)n)k” = Ev(l)(O)_k” — Ev(l)(O) =mj,o(v) ShOWS that

k
o, = myo(v)/|mio(v)| = wi.

Since X 50 ()kn = a) (P2 ol (k" — w; ¥,m(2) = L0 (2) uniformly for z in a neigh-
borhood of zero as n — oo by [4, Proposition 2. 9] 1t follows from [4, Lemma 2.7]
that v(l) = §1. In the same vein, one can obtain v v :> 81, giving the desired weak
convergence. On other hand, the ///Tz—weak convergence of p, = k, v, also implies
v, = 61. In other words, v, is infinitesimal if assertion (1) or (3) holds.

Write v,, = dg, XX f),;g " and consider measures d Gn (s) =dv, (5 s), where
&, = a)],‘l and b = exp[z f Y (args) d V,]. Then as indicated in Theorem 5.1, asser-
tion (1) holds if and only if p, =k, vn satisfies Condltlon 25and y,=§,exp(iE,)
has a finite limit, where E, = k,[arg b + f (3s)d v,,] The infinitesimality of v,

reveals that 0,, = (0,1, 6,2) — 0 as n — oo, where

(5-12) 0, = argh,; = [ args; di,(s).
K

This simple fact will be often utilized in the following proof, and all the indices
n considered below are sufficiently large. The equivalence of Condition 2.5
and Condition 4.1 is employed below as well. With a view toward applying
Proposition 4.3 to p, and pj,, we shall prove that lim,_, o k|0, % =

Now, we argue that p, (-) =k, 13),,( ) = pp(e'?n.) satisfies Condition 2.5 if the
same condition applies to p, = k,V,. Let A,; = (1 — Ns;) p,. Using the fact

(5-13) f Ssjdv,(s) =0, j=1,2,
T2
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we have
knOnj Z/argsj dpn(s)—/‘%sj dpn(s)
Uy T2

args; — Js;
:/ Md/\nj(s)—/ arg s; dpn ().
T2 1— ERS] T2\ %

Then the continuity of s — (args — Js)/(1 —MNs) on T implies that

limsup &, 16,;| < oo,
n—oo

and so lim,,_, o k5 ||0,]|> = 0. Thus, p;, meets Condition 2.5 by Proposition 4.3.

Conversely, suppose that p;, satisfies Condition 2.5. We first rewrite (5-12) as
arg l;,,j = fgn_l%(arg sj +arg l;,,j) dl%n. On the other hand, the integral in (5-13) can
be decomposed into the sum

Sby,j —(sz;nj)/a — isj) dvu(s) — (1 —mz},,j)/(ssj)dﬁn(s)+/(:ssj)dﬁn(s).
'|]'2 'ﬂ'2 '[|'2
Since En j = €0s 0, +1 sin6,;, some simple calculations allow us to obtain

0, = arg by, —/z(ssj)dan(s) = B, + Ry,
T

where o
Ryj = (Onj —sinB,;) + (1 —cos 9nj)/(3sj)df)n
and
B, = _enj‘g)n (T2\5;1%9) - f _ . (args)) d‘g)” (s)
T2\b; ' %

args; — 3

S o
o, Ld(1—Rsj)v,(s).

+ sin(9nj)/ (1= 9s;) din(s) "‘/
T2 T

Note that sets Tz\l;n_ "% are uniformly bounded away from 1, whence we see
that limsup,,_, . k,|B,;| < 0o by the t///%z—convergence assumption of p;. Then
|Ruj| < 1601?4167 1* leads to

lim sup &, 160, [ [1 — |0,;] — |9nj|2] <limsupk,|B,;| < oc.
n— 00 n—oo

We thus obtain lim sup,, k,[6,j| < oo, and so lim, k, |6, I>=0. Consequently, p,
satisfies Condition 2.5 by Proposition 4.3 again.
Finally, by using (5-13), one can express components of E,, = (E,1, E;») as

Epj = knbyj + kn (sénjl)f (Rs;) dD,(s)
T2

= k(6 — sin6,) + sin(@nj)/(l — 0s;) dpu(s).
‘U’Z
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As noted above that p, meets Condition 2.5 if and only if so does p, and that
lim,, _, o6 ky, |0 |> =0 in either case. Consequently, we have shown lim,,_, o E,;; =0
for j =1, 2 and arrived at y = lim,_, y,, if (1) or (3) holds. O

Remark 5.13. In spite of S?im” =61, 2nd_ fails to converge in ///T}z. This example
demonstrates that in Theorem 5.12, the rotated probabilities ¥, are a necessary
medium in the convergence criteria of the bi-free multiplicative limit theorem. For
the same inference, the converse statement of Proposition 5.11 does not hold, yet it
does in the additive setting [11, Theorem 5.6].

6. Homomorphisms between infinitely divisible distributions
This section will provide explanations for the diagram (1-5). The bijection
A ID(x) — ZD(HB)
was already defined in [11], specifically,

A,
APy = pt o,

*

Ifv =4 W1 then (2-9) and (4-12) show that

N _ i (p, —lA, /(i(p,x)_l_M) :|
v(p) exp[l(p v) —5(Ap, p) + y e Tl dr(x)

=y? GXP[—%MP, p) +/W(s” —1—i(p,3s)) dp(S)],

where p and y are respectively given in (5-7) and (5-8). Putting it differently, the
wrapping map induces a homomorphism W, : ZD(x) — ZD(®) satisfying

(6-1) W, (uA0) = vg,A,p)‘

*

Motivated by (6-1), we analogously define Wgg : ZD(BH) — ZD(XK) as

A,
Wem (v ) = v

’

(y,A,p)
XX

where y and p are given as before. It was shown in Theorem 5.7 that the weak

convergence of (1-2) to some vé;gﬂA’T) implies that equation (1-3) converges weakly
(v,A,7)
to WEE(UEE ).

For the last ingredient I' : ZD(XKX) — ZD(®), recall from Proposition 3.9
that XX-idempotent elements also belong to ZD(®). Also, [6, Definition 3.3]
introduced a homomorphism I'y : ZD(T, X) — ZD(T, ®) (which was denoted by
" therein), which leads to the following definition.

Definition 6.1. Let v € ZD(KX). Define I'(v) = vg’A’p) ifv= ngQA’p). For

Ve @p\@%, define D' (v) = v if v = PRN (k. x 81), and let ' (v) =m x ['; (v?®)

ifv=mxv®and ") =T1vP) xmifv=v® xm.
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One can check that I' : ZD(XX) — ZD(®) is a homomorphism and that the
diagram (1-5) commutes. The latter result comes from the definition, while the
former one requires convolution identities in Section 3. For example, if we write
n = PRX(k, x 8;) and v = m x v with v® e ZD(X) N 2, then we have
uXX v =P XX (m x v'¥) =m x m, where the last equality can be confirmed by
the use of (3-6) and computing moments. On the other hand,

FrwelrW)=pu®@mxT?)=P®mxT;1v?)=mxm,

where the last equality is again obtained by computing moments. Consequently, we
arrive at I'(u XX v) =T'(u) ® I'(v).
This map I is neither injective nor surjective as we have

((1,0),0,78¢,0) __  ((1,0),0,78(-i,0))
U® = U®

and P® (u x 8;) lies in ZD(®)\['(ZD(XKX)) for any u € ZD(T, ®)\{xk.:c € DUT}.
Further, I" is not weakly continuous. More strongly, we prove the following.

Proposition 6.2. (1) The restriction of I to the set TD(X) N 9”{ has no weakly
continuous extension to ZD(X).

(2) The restriction of T to the set TD(XX) N e@% has no weakly continuous
extension to TD(XKX).

Proof. Since T'(u™ x u@) =T (M) x ' (u®) for uV, u® € IDR) N 27,
assertion (2) follows immediately from (1).

Suppose that F? =Tlrp@ne; has a weakly continuous extension I'; to ZD(IX).
Observe that k., € ZD(X) N 9{; and F?(KC) =k, for any ¢ € (DUT)\{0}. The latter
identity is shown below. From the moments m ,(x.) = c¢? for p € N, the formula

S () =1 = exp[(—10g|c|)/ LFS2 0 i) dm(s)}
ke ¢ ¢/|c| x1—s2 =M

yields that «. has (c/|c|, 0, p), where p(ds) = [—log|c|/(1 —Ns)] m(ds) on T*,
as its free multiplicative Lévy triplet (also known as X-characteristic triplet in [6,
p- 2437]). On the other hand, Lemma 5.5 says that the same triplet (c/|c|, 0, p)
also serves as the classical multiplicative Lévy triplet of k.. Thus we have shown
that F?(KC) = k.. That k, = m as ¢ — 0 allows us to further obtain I’y (m) = m.

Next, denote by v, the probability distribution in ZD(X) N 2 having the free
multiplicative Lévy triplet (1, 0, né_;), and let u, = F?(vn). Then (5-6) shows that
for any p € Z,

1, p is even,
9 - )P = D] =
fn(p) = exp[n((=1) )] L_zn’ b is odd,
which readily implies that w, = %(8,1 + 61). However, we will explain in the next

paragraph that v, = m, which apparently leads to a contradiction.
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To see why v,, = m, select a weakly convergent subsequence of {v, } (still denoted
by {v,} in the remaining arguments) and denote the weak limit by v. Let v, be
the probability measure having the free multiplicative Lévy triplet (1,0, (5) 8_1).
Passing to a further subsequence we may assume that v, weakly converge to v’.
Then letting n — oo in the identity v, = v, Xv; gives v =v'Xv’". On the other hand,
we see from (2-16) or from [6, Section 2.5] that %,/ (0) =e€", i.e., m v)=e"—0
as n — oo by Remark 2.6, whence m(v") = 0. By the definition of freeness, we
can further conclude that m ,(v) = 0 for all p € Z\{0} or, equivalently, v =m. [
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