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OF QUASIHOMOGENEOUS SINGULARITIES
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Let (V, 0) be an isolated hypersurface singularity defined by the holomorphic
function f : (C"*!, 0) > (C, 0). A local k-th (0 < k < n + 1) Hessian algebra
Hy (V) of isolated hypersurface singularity (V, 0) is a finite-dimensional
C-algebra and it depends only on the isomorphism class of the germ (V, 0).
It is a natural question to ask for a necessary and sufficient condition for a
complex analytic isolated hypersurface singularity to be quasihomogeneous
in terms of its local k-th Hessian algebra H;(f). Xu and Yau proved that
(V, 0) admits a quasihomogeneous structure if and only if Hy(f) is isomor-
phic to a finite-dimensional nonnegatively graded algebra in the early 1980s.
In this paper, on the one hand, we generalize Xu and Yau’s result to H,, .1 (f).
On the other hand, a new series of finite-dimensional Lie algebras L;(V)
(resp. L*(V)) was defined to be the Lie algebra of derivations of the k-th
(0 < k < n+1) Hessian algebra H (V) (resp. A*(V) := Op11/(f, m* J)) and
is finite-dimensional. We prove that (V, 0) is quasihomogeneous singularity if
L,+1(V) (resp. L*(V) :=Der(A*(V))) satisfies certain conditions. Moreover,
we investigate whether the Lie algebras L, (V) (resp. L*(V)) are solvable.

1. Introduction

A polynomial f(zop,...,z,) is weighted homogeneous of type (qo, ..., qn; d),
where qo, . .., g, and d are fixed positive integers, if it can be expressed as a linear
combination of monomials zg’z’il e zf{” for which qoig +q1i1+ -+ quipn =d. In
this case, we say that z; has weight g; and f has weight d. Recall that an isolated
hypersurface singularity (V,0) = {(zo,...,24) : f(z0,...,24) =0 C C't1) s
quasihomogeneous if f is in the Jacobian ideal J;, i.e., f € J; = (%, e 38;”)
By a theorem of Saito [1971], if f is quasihomogeneous with isolated singularity
at 0, then after a biholomorphic change of coordinates, f becomes a weighted

homogeneous polynomial.
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Let (V, 0) be an isolated hypersurface singularity defined by the holomorphic
function f : (C"*!,0) — (C,0). Let O,,; denote the C-algebra of germs of
analytic functions defined at the origin of C"*!. Recall that the moduli algebra is
AV) := Ongr /([ g—g; s %) Mather and Yau [1982] proved that two germs of
complex analytic hypersurfaces of the same dimension with isolated singularities
are contact equivalent if and only if their moduli algebras are isomorphic. Therefore
the moduli algebra A(V) is important in the study of the complex structures of
(V,0). In 1983,Yau introduced the Yau algebra L(V) which was defined as the Lie
algebra of derivations of the moduli algebra A(V), i.e., L(V) = Der(A(V), A(V))
[Seeley and Yau 1990]. It plays an important role in singularity theory [Chen 1995].
In a beautiful paper, Elashvili and Khimshiashvili [2006] first used it to characterize
ADE singularities. It is known that L(V) is a finite-dimensional Lie algebra and
its dimension A(V) is called Yau number [Khimshiashvili 2006; Yu 1996]. Yau,
Zuo and their collaborators have been systematically studying various Lie algebras
of isolated singularities [Benson and Yau 1990; Chen et al. 1995; 2019; 2020a;
2020b; Hussain et al. 2018; 2020; 2021b; Yau and Zuo 2016a; 2016b]. In this
article, we study two kinds of new derivation Lie algebra arising from the isolated
hypersurface singularity (V, 0) as follows.

Hussain, Yau and Zuo [Hussain et al. 2020; 2021b], introduced the new series of
k-th Yau algebras L (V) which was defined to be the Lie algebra of derivations of
the moduli algebra AK(V) = O,41/(f, m*J¢), k > 0, where m is the maximal ideal
of O, i.e., LK(V) := Der(A*(V), A¥(V)). Its dimension was denoted as A*(V).
This series of integers A¥(V) are new numerical analytic invariants of singularities.
It is natural to call it the k-th Yau number. In particular, when k = 0, these are exactly
the previous Yau algebra and Yau number, i.e., L(V) = LO(V), A%V) = A(V).

Let Hess( f) be the Hessian matrix ( f;;) of the second order partial derivatives
of f, and h(f) (the Hessian of f) be the determinant of Hess(f). More generally,
for each k satisfying 0 < k <n+1 we denote by A, (f) the ideal in O, generated
by all k£ x k-minors in the matrix Hess( f). In particular, the ideal &, (f) = (h(f))
is a principal ideal. For each k as above, consider the graded k-th Hessian algebra
of the polynomial f defined by

Hi(f) = Ongt /() + T +hi(f)).

In particular, Hy(f) is exactly the well-known moduli algebra A(V). It is easy
to check that the isomorphism class of the local k-th Hessian algebra Hi(f) is a
contact invariant of f, i.e., Hy(f) depends only on the isomorphism class of the
germ (V, 0) [Dimca and Sticlaru 2015].

Hussain, Yau and Zuo [Hussain et al. 2021a] defined a series of new derivation
Lie algebras

Li(V) :=Der(Hi(f), H (f)), O<k=n+1.
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Since Ho(f) = A(V), so Li(V) is also a generalization of Yau algebra L(V)
and Lo(V) = L(V). L¢(V) is a finite-dimensional Lie algebra and the dimension
of Ly (V) is denoted by A¢ (V) which is new numerical analytic invariant of isolated
hypersurface singularities. It is natural to ask how to use Hy(f) (resp. L,+1(V))
to characterize the quasihomogeneity of an isolated hypersurface singularity. In
this paper, we shall answer this question partially and prove that (V, 0) admits a
quasihomogeneous structure if and only if H,4(f) (resp. L,,+1(V)) is isomorphic
to a finite-dimensional nonnegatively graded algebra (resp. nonnegatively graded
Lie algebra). We propose the following two conjectures.

Conjecture 1.1. Let (V,0) = {(z0,...,22) € C"' ¢ f(z0,...,20) = 0} be an
isolated hypersurface singularity. Then the following are equivalent:

(1) (V,0) is quasihomogeneous.

(2) There exists a k, 0 < k <n+ 1, such that the k-th Hessian algebra Hy(f) is

isomorphic to a finite-dimensional graded commutative local algebra 691'20 Aj;
with Ag = C.

3) Forallk, 0 <k <n+1, the k-th Hessian algebra Hy( f) is isomorphic to a
finite-dimensional graded commutative local algebra @izo A; with Ag =C.

Conjecture 1.2. Let (V,0) = {(z0,...,22) € C""' ¢ f(z0,...,20) = 0} be an
isolated hypersurface singularity with n > 1. Then (V, 0) is a quasihomogeneous
singularity if there exists k, 0 < k < n + 1, such that the following conditions
are satisfied:

(1) Ly(V) (resp. LK(V)) is isomorphic to a nonnegatively graded Lie algebra
@fZO(Lk(V)),- without center.

(2) There exists E € (Lx(V))o (resp. (LX(V))o) such that [E, D;1=i(D;) for any
D; € (Li(V));.

(3) For any element o € m — m?, where m is the maximal ideal of Hi(V) (resp.
AK(V)), «E is notin (Ly(V))o (resp. (LX(V))o).

Remark 1.1. For Conjecture 1.1, the implication (3) = (2) is obvious. Meanwhile,
(1)=(2) and (1) = (3) are immediate corollaries of the well-known theorem of
Saito [1971]. Thus the key point to prove Conjecture 1.1 is the implication (2) = (1)
(see Theorem A). Conjectures 1.1 and 1.2 are verified in [Xu and Yau 1996] when
k = 0. One of our main goals in this paper is to verify these two conjectures for the
case of k =n + 1. We obtain the following two main results.

Theorem A. Let (V,0) = {(z0,...,2x) € C"T1: f(z0,...,24) = 0} be an iso-
lated hypersurface singularity. Then (V, 0) is quasihomogeneous if and only if its
(n + 1)-th Hessian algebra H, | (f) is isomorphic to a finite-dimensional graded
commutative local algebra @), A; with Ag = C.
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Theorem B. Let (V,0) ={(z0, ..., 2,) € C"T: f(z0, ..., z4) =0} be an isolated
hypersurface singularity withn > 1. Then (V, 0) is a quasihomogeneous singularity
if the following conditions are satisfied:
(1) L,4+1(V) is isomorphic to a nonnegatively graded Lie algebra @LO L; without
center.

(2) There exists E € Lo such that [E, D;] =iD; forany D; € L;.

(3) For any element o € m — m* where m is the maximal ideal of H,11(f), «E is
not in Lo (For brevity, we use L; to denote (L,+1(V));).

Remark 1.2. We can only prove Conjectures 1.1 and 1.2 for k =n + 1. The reason
is that the proof of Theorem B depends on Theorem A. In our proof of Theorem A,
we use a beautiful result of Saito [1974, Corollary 3.8], which cannot be generalized
to general k. As for L¥(V'), we can only verify the conjectures when & is sufficiently
large (see Theorem C), k =1 is still a open problem.

Theorem C. Let (V, 0) be an isolated hypersurface singularity defined by f with
multiplicity of at least three. Then (V, 0) is quasihomogeneous if there exists ko € N
such that for all k > ko:

(1) LX(V) = {:0 L; which is nonnegatively graded and without center.
(2) There exists E € Lo such that |[E, D;1 =iD; forall D; € L;.

(3) For any element o € m — m?> where m is the maximal ideal of A(V), «E is
not in L.

In [Yau 1991], the Lie algebra Lo(V) = LO%(V) was shown to be solvable. Thus a
necessary condition for a commutative local Artinian algebra to be a moduli algebra
is that its algebra of derivations is a solvable Lie algebra. Naturally one expects
that Ly (V) and L¥(V) are also solvable. We prove that LK(V) (k > 2) is indeed
solvable for any dimension n, and k = 1 is solvable for some special cases. For
the sake of convenience to the readers, we abuse the notations of x and z. The
subscript of x we shall use in the following theorem begins with 1 instead of 0
which is slightly different with the above two main theorems. We do this in order
to be consistent with the symbols in [Yau 1983; 1986; 1991], so that the reader can
easily refer to them.

Theorem D. Let f be a homogeneous isolated singularity in n variables xy, . . ., x,
of degree d > 4. Then L¥(V) is solvable fork > 2 ork =1,n =4.

Remark 1.3. In Theorem D, the condition d > 4 cannot be omitted. In fact, there
is a counterexample when d = 3.
Let f = x2y 4 xy?, then the A'(V) is O, module the following relations:

y+x? =0, 2%y +xy7=0, 2xy’ 4+ =0,
2xy? +x%y =0, 2’y+x’=0.
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The monomial basis for A' (V) is

1, x, vy, xz, Xy, y2.

It is easy to check thatx%, vy, xl —y% e L'(V), Hence L' (V) is not solvable.

2. The derivation Lie algebra of a graded commutative Artinian algebra

We first state some elementary properties of the derivation Lie algebra of a graded
commutative Artinian local algebra.

Lemma 2.1. Let A = @;zo A; be a graded commutative Artinian local algebra.
Then the derivation algebra of A denoted by L(A) is a graded Artinian Lie algebra.
(Here Artinian Lie algebra means L(A) is finite dimension as C-vector space.)

Proof. See Lemma 2.1 in [Xu and Yau 1996]. O

Definition 2.1. The socle of a local Artinian algebra A with maximal ideal m is
the complex vector subspace Soc A ={a € A:a-m =0} in A. The type of A is
the complex dimension of Soc A as a vector space. The algebra A is Gorenstein
when its type is one.

Lemma 2.2. Let A be a commutative Artinian local algebra. Let D € L(A) be
any derivation of A. Then D preserves the m-adic filtration of A, i.e., D(im) C m,
where m is the maximal ideal of A.

Proof. See Lemma 2.5 in [Xu and Yau 1996]. O

Proposition 2.1. Let A= @f:o A; be a graded commutative Artinian local algebra
with Ao = C. Suppose the maximal ideal of A is generated by A ; for some j > 0.
Then L(A) is a graded Lie algebra without negative weight.

Proof. See Proposition 2.6 in [Xu and Yau 1996]. ([

Lemma 2.3. Let f be a weighted homogeneous polynomial with isolated singularity
in 2o, ..., zy variables of type (ag, ..., a,; d). Assume wt(zg) = ag > Wt(z1) =
oy > - > Wt(z,) = ay. Then f must be of either the form

= +ai@, .z am1@, e 220+ an (2 e Z0),s
or

—1
f=2812i+a(21,---,2n)181 +tam—1(z1, - )20 am(Z1, - o5 Zn)-

Proof. See Lemma 2.1 in [Chen et al. 1995]. O
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3. Proof of Theorems A and B
We first recall the following useful lemma.

Lemma 3.1 (Rossi). Let (V,0) = {(z0, ..., 2n) : f(20s .., 2n) =0} C C" ! be an
isolated hypersurface singularity. Let 6 =Y \_; a; (z)% be a holomorphic vector
field of (V,0). Then a;(0) =0 for 0 <i <n.

Proof. See [Rossi 1963]. O

Proof of Theorem A. If (V,0) is a quasihomogeneous singularity, then by the
theorem of Saito, we can assume that f is a weight homogeneous polynomial after
a biholomorphic change if necessary. So the moduli ideal (f) +J¢ +h,11(f) =
Jy+h(f)isagradedideal and Hy1(f) = Opt1/((f)+ I s +hn1(f) =D Ai
with Ag = C.

On the other side, we assume that H,,(f) = EB[>0 A; with Ag = C. Let
m = ;. A; be the maximal ideal of H,,(f). Itis not difficult to find a C-basis
of m/m?, denoted by {xo, . . ., x,}, with x; € A, for0<i <n. Let E : Hy11(f) —
H, 1 (f) be the linear map such that the restriction of £ on A; is just multiplication
by i. Then it is easy to see E satisfies Leibniz rule on H,1i(f), i.e., E is a
derivation of H,,1(f). E can be viewed as a derivation of C[xy, ..., x,] which
leaves the moduli ideal (f) + J¢ + h,11(f) in O, invariant. E is of the form
Z?:o qixifTi. If we let the degree of x; be ¢; for 0 <i <n, then Clx, ..., x,] is
graded and the natural map Clxo, ..., x,] = H,+1(f) is a graded homomorphism
of degree 0. Let @F>O J,- be the grading of the moduli ideal (f) + J¢ +h(f). As
E is a graded derivation of degree 0, E leaves J, invariant for all r > 0. Since
ker(E|;,) = 0 and dimc J, < oo, we obtain that E|;, is surjective for all r > 0.
Hence E : (f)+Js +hup1 (f) = (f) +Jg +hup1(f) is bijective. Let b;, r; and
a0, di1, - - ., din be such that

E<8f>_b f+Zal, ()

0x;

forall 0 <i <n. Lete, h and p; be such that
E(h(f))—ef+Zp,—+h h(f)-

By the surjectivity of E: (f)+Jr+h,1(f) — (f)+Jr+h,1(f), there exist
¢, s; and d;g, d;1, . . ., d;, such that

of o siN~, O
(1) §—E<clf+;duaxj+s,h<f>>

1
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n of n of
=E(c;) f+ci Z%&ja‘i‘z E(dij)gj

+Zdu (b f—I—Zaﬂ +r]h(f)>

)
+E(s)h(f)+si (ef+zpj£+h.h(f))
j=0
n n 8 n a
= <E(Ci)+zdijbj+sie)f+ci Z%M%-ﬁ-Z E(dij)an
j= =0 -0 J

+ZE(d’J) —i—Zd,]Zajl —i—lepJ%
=0 j

+(E(Si)+sih)h(f)

) =<E(cl->+Zd,-,-b,-+s,-e)f

Jj=0

n n 8
+Z[ciqjxj+E<dl~,~>+2dﬂal,~+sip,}%+(E(si>+sih>h(f).
1=0 J

j=0
Now we assume that f is not quasihomogeneous. Recall the beautiful result of
Saito [1974, Corollary 3.8]: Let f € O, be a germ of a holomorphic func-

tion which defines a hypersurface with an isolated singularity at O, then f is not
quasihomogeneous, precisely when

32 f
axiaxj

hp) :det( ) &)+
0<i,j<n

Without loss of generality, we assume that r; =0, s; =0 for 0 <i <n and h =0.
Thus

o oo riS g
3) a_x,.—E(C’f*Z:d’faxj)

0
<E(Cl)+zdl]b )f+Z|:CICIjx] +E(dlj) +Zdllal]] 8f

j=0

Let

n

n
ad
0; = E [CiCIjxj+E(dij)+ E dilalj_sij]g~
J

j=0 =0
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Then 6;(f) = (E(c,-) + Z?:o dijb j) f. So 6; is a holomorphic vector field of
{f(x0,...,x,) =0}. By Lemma 3.1, 6;;(0) = O for all 0 < j < n, where we write

0; = ZJ 0911 Ty . Observe that for any g € Clxo, ..., x,], E(g) vanishes at 0.
Therefore we conclude that

n
(Z diayj — aij) 0)=0
1=0
for all 0 <i < n. This means that

doo(0) do1(0) ... don(0) aopo(0) ao1(0) ... ap,(0)
d10(0) d11(0) ... dix(0) | |a10(0) a11(0) ... a1(0)

=1,
an (0) dnl (0) v dnn (O) an0 (0) ani (0) -+ Qnn (0)
where [ is the identity matrix. On the other hand, by the surjectivity of

E:(f)+Jr+h(f)— (f)+ T +h(f),

there exist ¢ and dy, . . ., d,, such that
"9
) f=E(cf+Zdia—£)
_E(c)f-i-chij +ZE(d)—+Zd<bf+Zat/8 )
af
= (E(C)+Zbidi)f+2(04jxj+E(dj)+zdiaij>g-
i=0 j=0 i=0 !

Let
n n a
H = Z(cqjxj +E(dj)+2dlal])a_
j=0 i=0 o
Then H(f) = [1 — E(c) — body — b1dy — --- — byd,]f. So H is a vector field
of{f(xo,.. ,Xx,) = 0}. By Lemma 3.1, H;(0) =0 for 0 <i <n, where H =
Yo Hi=~. Since E(d;) vanishes at the origin fori =0, 1, ..., n, we conclude that

(Xn: a’iaij)(O) =0
i=0
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forall0 < j <n,i.e.,

apo(0) ap1(0) --- ap,(0)

ai0(0) a1 (0) --- a1,(0)

[do(0) di(0) --- dn(0)]- =[00--- 0].

an0(0) an1(0) -+ an,(0)

Since the matrix
apo(0) ap1(0) ... ap,(0)
aip(0) a1 (0) ... a1,(0)

an0(0) a,1(0) ... an,(0)
is nonsingular, we deduce that [dy(0) d1(0) --- d,(0)]=[0 O --- 0]. It follows
that 1 — E(c¢) —body—b1d, —- - -—b,d, isaunitin 0,11 =C{xy, ..., x,} since E(c)

vanishes at the origin. Because (1 — E(c) — bodo — b1dy —--- — b,d,) f = H(f),
we conclude that f € ("f 8 )(9,,+1. By definition of quasihomogeneity,

3_)60’ ey Wn
(V,0) is quasihomogeneous which is contradict to our assumption. Hence f is

quasihomogeneous, i.e., (V, 0) is quasihomogeneous. U

Theorem 3.1. Let (V,0) be a hypersurface singularity defined by a weighted
homogeneous polynomial f(zo, ..., z,) which has an isolated singularity at the
origin with multiplicity at least three. Suppose that n > 1. When the multiplicity is
equal to three, we also need to suppose that n > 1. Then the Lie algebra L, (V)
is graded and without center.

Proof. Since f is a weighted homogeneous polynomial, the moduli ideal
N +Jr+ha1(f)=Jr+hpp1(f)
is graded and hence

Hyp1(f) :=Clzo, ..., 21/ ((f) + 5 +hug1(f))

is graded. By Lemma 2.1, L, (V) is graded. Let D be an element in the center
of L,+1(V). Write D = Zi D; where D; is a derivation with weight i. Let

. 3
E = 7 —
Z iz 8Z,’
i=0
be the Euler derivation where ¢; = wr(z;). Then

0=[E,D]= [E,ZD,-] =ZiD,~

i

which implies D; =0 for i # 0. Hence D is a homogeneous element of weight 0.



130 GUORUI MA, STEPHEN S.-T. YAU, QIWEI ZHU AND HUAIQING ZUO

If we write
D(f)=Y_cjfi+c-h(f),

then by comparing weight of both sides, we get ¢ = 0. This shows D(f;) € J. From
now on we consider D as a derivation on O,11/Js. Let D ="} _b; a% Then

0=I[zE, D1=zl[E, D]+ [zi, DIE = —b;E.

This implies that b; € Socle of O, 41/Jf forall 0 <i <n,i.e., z;-b; € J for any
0 < j < n. By local duality, we know that the socle of O,1/J; is the highest
degree nonzero subspace of O,11/J¢. We shall assume without loss of generality
that d > 2q¢p > 2q; > - -+ > 2g,. By Lemma 2.1 in [Chen et al. 1995], we obtain
that f must satisfy one of the following two cases:

f_!zg+m@huqan$*+~wwﬂap“¢o, Case (1),
zg"_]z,' +ai(zy, ..., zn)zg_2+- dau(z1,...,zy). Case (2).

Hence
wt h(f) =(d —2q0)+(d—2q1)+---+(d —2qn)

{ m(n+1)qo—22 0dj Case (1),
(m—l)(n+1)qo+(n+l)q,—22, 09j, Case (2).

If the multiplicity of f is at least four, we have wt h(f) > 2q¢ and wt(i) >...>

wt( o ) > 2qo. The fact that D is a homogeneous element of weight O implies that
wt(b ) =wt(z;) = ¢q; for all 0 <i < n. Hence wt(z; - b;) < 2qo. This would lead
to a contradiction unless b; =0 for all 0 <i < n. Hence D =0.

Now we consider the case of mult(f) = 3.

Case (1) f =z3+a1(zl, .. .,z,,)z(z)+a2(zl, o zZzotas(zi, ..., 2a).

In this case wt h(f) =3(n+1)go —2 ) +_, ¢; which implies that

wmﬁbﬂ%—%zw(w>zmzw(ﬂ0
0zn 920

for all n. Since D is a homogeneous element of weight 0, we obtain that D( ) eJy
for all 0 < j <n, i.e., D is a derivation of the algebra C[zy, ..., z, /((f) +Jy).
By Proposition 3.1 in [Xu and Yau 1996], we obtain that D = 0.

Case (2) f= z%zi +a1(z1, - z20)20 + a2 (215 - -+, Zn)-

In this case wt h(f) =2(n+ 1)go +ng; — 22?20 qj, which implies that

w”%ﬂ>2%—qn=w<af>Z”.Zw<gi>
9z, 020
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when n > 2. Since D is a homogeneous element of weight 0, we obtain that D (B—f)
Jy forall 0 < j <n,i.e., D is a derivation of the algebra Clzo, ..., z,1/(f) i Jr.
By Proposition 3.1 in [Xu and Yau 1996] we obtain that D = 0. (]

Notice that Ly has no center for mult(f) > 3 and n > 1 [Xu and Yau 1996].
However, for L, |, some interesting new phenomena have been discovered, e.g.,
the following remark.

Remark 3.2. A counterexample when mult(f) =3 and n =1 is as follows:

f =2z +ai(z)z+a(z).

Let go = sqi, then a; (z1) = az}™' az(Z1) = sz“r1

If > =0and s = 1, then f = zozl + azoz}. Hence ;’70 = 2z0z1 + azj,
(?Zfl = Zo + 2azoz; and h(f) —4(z0 + azoz1 +a zl) It is obvious that D is
a linear combination of zg=> 3 % Zo 321 , 21 a‘;o and z; aazl

It is easy to Verlfy that (aZ , 3z L h(f )) = (zo, zl , 20z1). Hence for any derivation

= (apz0 + a121) 7 35 T (bozo + b121) 5> 32> We obtain that

Zoi,D/ —bozoi—almi

| 0z ] 021 920
Z1i,D/ —6l021i-i-boZ1i—190201—19121i
) : 320 ] a20 071 020 d20
071 ] 020 971 971 am

71—, D’ —a]Z]i—boZoi

071 ] az0 9z1

Let D= aniZO +2z1 087] then [D, D’]1 =0 for all derivations D’, i.e., D is in the center.

Proof of Theorem B. By conditions (1) and (2), the adjoint representation of L1 (V)
is faithful and ad E is semisimple. Take the Jordan decomposition of £ =S+ N,
where S is semisimple and N is nilpotent. In view of the theorem on page 99
of [Humphreys 1975], we know that N = 0. Therefore, there exists a coordinate
Xg, - .., Xy such that

d
E=o0pxg— +ax;— +---+oux .
008)60 11al nnax”

Observe that

(6) [E,x;E]l=—x;[E, E]+[E, x;]E =o;x; E.
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Write x; E = Do+ D1+ ---+ Dy where D; € L; forall 0 <i <k. Then
(7) [E.x;E]=) [E.Dj]1=Y  jD;.
On the other hand, equation (6) says that

k
8) [E.xiEl=o; Yy Dj.

j=0

If a; = 0, equations (7) and (8) imply D; =0 forall 1 < j <k, ie., x;E € Ly.
This contradicts hypothesis (3) of the Theorem A. Therefore, o; = j for some
positive integer j between 1 and k in the view of equations (7) and (8). Since E
acts on Hy,+((f), Hy+1(f) is graded according to the eigenspace of E. H,4+1(f)
is nonnegatively graded because all the «;’s are positive integers. Notice that the
kernel of E on H,11(f) is precisely C. Hence we can apply Theorem A to conclude
that (V, 0) is a quasihomogeneous singularity. U

For the proof of Theorem C, it is much simpler:

Proof of Theorem C. By the proof of Theorem B, we know there is an Euler
derivation in L¥(V), written as E = )", ;x; . Notice that

of X
E = iXxi— € (/J, Jr).
(f) IZa xige € (fomtJp)
Take ko € N such that mult(f) — 1 + ko > deg(f). For k > ko,
deg(E(f)) = deg Za‘x‘% < mult(m®J ;)
i i lax,- f)-

(Here, mult(kaf) ;= min{mult(g) | g € (kaf) and g # 0}, deg(f) means the
degree of the highest degree monomial in f.) This means E(f) can only be some
multiple of f:
E(f)= Zomﬁ =af
- i taxi .
Comparing degrees of both sides shows that a is a nonzero constant. This tells us
that f € (Jy), thus f is quasihomogeneous. (]

The following theorem tells us that the condition “without center” is necessary:

Theorem 3.3. Let f be weight homogeneous of multiplicity at least three, with
weights given in Theorem C, then L*¥(V') is without center.
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Proof. Let D be in the center of L*(V) written as D = > ; Di, where D; is a
derivation of weight i. Let

E = ZO[[X[%

1

be the Euler derivation. Then
0=[E, D] = |:E ZD,} =Y _iD;
i i
which implies only Dg # 0. Hence, D is homogeneous of weight 0. If we write

d
Dzza[a—xj.

Then

0=[x;E, D] =x/[E, D]+ [x;, DIE = —a; E.
This means if we regard a; E as a derivation of C{xy, ..., x,}, then for all g €
([:{'x05 L ] -xl’l}$

aE(g) € (m*Jy, f).

Since (mlJf, f)D (kaf, f) foralll <k, weknow a; E maps any g € C{xo, ..., x,}
into (m'J r+ f). Let I =0, therefore a; E can be regarded as a zero derivation of
A%(V). This leads to a; is in the socle of A%(V). By Lemma 2.3, we obtain that

d > wt(x,) + 2wt (xg) = a, + 20p.
Since the socle of A%(V) is generated by Hess(f), we have
wt(a;) =(d—2a9)+ -+ (d —2a;,) > ap.

However, D with weight 0 means wt(a;) = wt (x;) < g, which is a contradiction.
Hence, D must be zero as a derivation of A°(V), which implies that a; € J¢.
Again, since f is of multiplicity at least three, a; € Jy implies that wt(a;) >
wt (f) —wt(xg) > ag+a, > wt(x;). This is a contradiction. Therefore, a; = 0. [

4. Solvability of L*(V)

Firstly, we recall two classical results given in [Yau 1986; 1991].

Theorem 4.1 [Yau 1991]. Let si(2,C) act on the formal power series ring
Clx1, ..., x,1, preserving the m-adic filtration where m is the maximal ideal
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in Cllxy, ..., x,]. Then there exists a coordinate system

X1, X2, ..., XI5
Xii+1, X425 «oes X415
)
XlyAhtA 141 o XLt
Xl +lp+ 4l +1s ooy Xp
via

H=H+ - +H,
(10) X=X+ -+X,
Y=Y+ +7Y,,

where
0

R Y

0
+ A =3xp ety 2+
OX] ot 42

d

OX1y 4ot —1
0

—’
axll +eetl

a
(12) Xj == DXty st
axll+"'+lj71+2

a
+i(l; — l)xll+---+l_,_1+i8—+ E
Xl +i+1

0

—’
01+t

(11) Hj=(; = DXttty +1

S GURE ) -

+ (= = D)Xty

+ (lj - I)XZH_..._HJ._]

9
(13) Y =Xp4otl; 27—+
! RN OXy oot l g +1

d
Xyl i+
OXLyeetlyy4i—1

0

+ X e, T
! / 8X[1+..A+[j_1

with [Xj, Y;1= H;, [H;, X;1=2X, [H}, Y;] = —2Y;.
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Here we call r the irreducible representation number. A polynomial g is called
of weight j if H(g) = jg for some j € Z. Note that[; > 2 foralli=1,...,r.

Theorem 4.2 [Yau 1991]. Let sl(2, C) act on M,f, the space of homogeneous
polynomial of degree d > 2 as in Theorem 4.1 withly > 1, >--->1. > 2. Let I be the
complex vector subspace spanned by %, g—;;, ey % where f is a homogeneous
polynomial of degree k + 1. If I is a s1(2, C)-submodule, then the singular set of [

contains the x1-axis and the x;,-axis.

The solvability of L(V) has been proved in [Yau 1991]. The solvability of L¥ (V)
for k > 2 is proved below while k = 1 is much harder. We can only prove A! (V) does
not admit some special s/(2, C)-action. (This is equivalent that (f, mJy) = (mJy)
does not admit certain special s/(2, C)-action, because a derivation D in L'(V) has
the property D(mJy) C (mJy).)

The key point of the proof for k > 2 is to show f is s/(2, C)-invariant, then
Theorem 4.2 leads to contradiction.

Case 1: k > 2.
Proposition 4.1. Let f be a homogeneous isolated singularity in n variables
X1, ...,%Xy Of degree d > 4. Then Lk(V) is solvable for k > 2.
Proof. Let D € L*¥(V) be a derivation, then D( f, m* Jr) C (f, kaf). By Leibniz
rule, we obtain that D(m* J ;) = D(m*)J y+m* D(J ). Moreover D(m*)J; Ccm*J,
hence D(I) C I is equivalent to mkD(Jf) C (f, kaf) and D(f) C (f, m"Jf).
(Here I = (f, kaf).)

We obtain

af
(14) D(f)=aD-f+2i:b,-D-a—m,

where a? € O, and biD em*. Whenever D= H, X or Y, it preserves the degree of f,
hence the left-hand side of equation (14) is of degree d. However, deg(bl-D . %) >

deg(f) when k > 2, thus the term (Zl biD . %) is zero. Equation (14) becomes

D(fy=a"-f

for D=H, X or Y. This means that f is s/(2, C)-invariant. Therefore J is s/(2, C)-
invariant. By Theorem 4.2, f is singular on x;-axis, which is a contradiction. [J

Case2: k=1.

Now we consider the case of k = 1. The key point is as follows: If L' (V) is not
solvable, then (f, mJy) = (mJy) admits an action as in Theorem 4.1. Selecting
a generator g € (mJr), we know that H(g), X(g), Y (g) € (mJy). Repeating this
procedure, we can find that the number of generators is greater than n?, which leads
to a contradiction.
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Case2.1: k=1, n=2.

Proposition 4.2. Let f be a homogeneous isolated singularity in 2 variables x1, x»
of degree d > 4. Then L' (V) is solvable.

Proof. In the case n = 2, the action of s/(2, C) is given by
d
X = X1— Y= Xp—.
8)62 3)61
By Lemma 2.3, f is of one of the following two forms:
Form (1): f _xl +a1x1 xz + - +adx§.
Form (2): f = x1 xz + azx{’ 2x22 +---+ adxg
If f is of Form (1), then

0
x1%:alx{’—l—al(d—l)x1 Xo+---Fag— 1x1x2 e(me).
1

Hence,

0
Xde( 1%) =c-xf1€(me)

where c is a constant. This implies that
d d d—1 d, d d
xlaY(x1)=X1 )Q,...,Y(xl):x2

are all in (mJ 7). These are d + 1 > 4 monomials. However dim¢ (mJy N Mg ) =4,
which is a contradiction. (The basis of mJy N Mg are x; % with i, j € {1, 2}.)
? J
If f is of Form (2), then
X1 a_f =dx{ +2a(d — Dx{""xo+ - +dagxix§ T e (mJy).
X2
By similar reasoning, we get a contradiction. (]

Remark 4.3. The proof for n =2 can be generalized to more variables. However, we
must require the s/(2, C)-action to be irreducible. For general action it is still open.

Recall in Theorem 4.1, for H = H,+- - -+ H,, we call r the irreducible component
number.

Definition 4.1. The s/(2, C)-action is called irreducible if the irreducible component
number r =1 and [; = n.

Case2.2: k=1,n>2,r=1and | =n.

Theorem 4.4 (weak Theorem D). Let f be a homogeneous isolated singularity
in n variables xy, ..., x, of degree d > 4. Then (mJ ) does not admit irreducible
sl(2, C)-action.
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Proof. By Theorem 4.1, we obtain that

0 0
=(n— 1)X1 — + (n—3)x—
0x2

9
—(n—1
r + (= —1))xy ox,

o (1= 3D,

0 0 a
=m—-—Dx;— +2mn—2D)x—+---+i(n—i)x;
0x> 0x3 d

Xi+1
0
e (1= Dy
0x,
d 0
Y=xo—+xs—+ - +x +- 4 x, .
3)61 3)(2 Xi—1 axn,1
By Lemma 2.3, we obtain f = xf +ai(xy, ..., xn)xf’*l + - tag(xa, ..., x,)
(Form (1)) or f =x""x;+ax(xa, ..., x)x 2+ +ag(xa, ..., x,) (Form (2)),
where a; (x2, ..., x,) is a polynomial of degree i in variable x», ..., x,,. (We omit

the constant coefficient in later discussion for simplicity.)
If f is of Form (1), then

a
X — / = xle '+ lower weight terms.
0x1
If f is of Form (2), then
af
X;j—— oy = x,x1 '+ lower weight terms.
N

The following lemma shows that xixffl € (mJy) whenever f is of Form (1) or (2).

Lemma4.1. Let g =Y g/ be a homogeneous polynomial in (mJ r), where gl is
weight j component of g, then g/ € (mJy).

By Lemma 4.1, we obtain that these polynomials are in mJ:

d.
Xl,
x xo;
d—1 d—1 .
x| X3, Y (x)" x2);
d—1 d—1 2,..d—1
x| X4, Y(x] x3), Yo(x] ™ x2);
d—1 d—1 —2,..d—1
X\ X, Y(x{™ xp-1), Y"R (T x2);

Y20 ), Y xfx).
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Here on each row the polynomials are of same weight. We call these polynomials
“Block 1.

All these polynomials are linear independent. Their weights are greater than or
equal to wt(xf_lxn) —2=(d—2)(n—1)—2. A similar discussion shows that

X
sz[*lxn—l,
X s X )
xg_lx,,_3, X(x,‘f_lxn_z), R Xz(xff_lxn_l);
x,‘f_lxl, X(x,‘f_lxz), e X”_z(xf_]xn,l);
X2 (xd71xy), - X" )

are in mJ ¢, with weight less than or equal to —(d —2)(n — 1) + 2. We call these
polynomials “Block 2”.

Sinced >4 andn > 2, —(d—-2)n—1)+2 < (d—-2)(n—1) — 2. Thus
polynomials in Block 1 are of weights greater than those in Block 2, which implies
the polynomials in Block 1 and Block 2 are linearly independent.

In Block 1 and Block 2, there are 2(1+14+24---+n—14+n—-2)=n(n+1)—2
linear independent polynomials of degree d, while dim¢(mJy N M?) = n?, which
is a contradiction. (]

Observation: In the proof of r = 1, we construct two “blocks”. The first one
starts from xfl_lx,-, which is constructed by acting with Y. The second one starts
from x4~ !x; and is constructed by acting with X.

Now for r # 1, firstly we assume /| + - - - + [, = n. We hope to construct blocks
as above, then comparing the number of generators will lead to contradiction.

Case3:r>1,1+---+1 =n.

We construct the following blocks (here 1 <i, j <r.):

Block 1.1

_xl .
Bxl ’

_xz‘
8)61 ’

£x3, Y(ﬂ)@>;

8)61
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b B d
_fx4’ Y _f_x3 s Y _fxz
8x1 8)61 8)C1
B ad
fxll, Y —fle—l ) ) yh-2 fxz ;
dxy ax dxy
)
Yz(—xu—l), . Yl‘1< sz)
9 0x1
Block 1.2
of
—X ;
8.X1 I1+1
af
—X )
axl 1+2
af y of
—— X743, —X ;
8x1 ht3 Bxl fi+2
af of Laf Of
— , Y{ — 1, Y2 —— ;
8x1x11+12 (8x1xll+lz 1) ax1x11+2
af _
Y2<8 1x11+lz—1>, s P 1<8—x11+2)
Block 1.r
af
9y .X]l+ Ay +1s
b
8 x11+ A 1+27
of af .
FPR R R Y oy e |
af af L2 0
—— X[ ekl » Y| — vt —1 1, e, Y —_ ;
ax1 L4+ <8x1xll+ +r 1) 8x1xll+ Hp—1+2

of -1 9
Y2<a_x]xll+"'+lrl)a ceey er l<a_x1‘xll+"'+lr—l+2)'
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Block i.j
af

X1, 4.1,

af

OXpy ot

af

0Ky 4t

xll+"'+l_]'_|+1;

xll+---+l_]'_|+2;

af

—x11+...+l .1+2) )
Oy 4ty !

x11+'“+lj,1+37 Y(

of f
—xllerJrlj, Y —x11+...+lj,1 s

8X11+...+[[ ax11+"‘+l,'

af
;-2 .
Q) Y <—xll+"'+ljl+2 5

8.x11+...+ll.
P OTE—— PR R ) ey L T A2
8.x11+...+l[- 8x1|+...+li

The number of linear independent polynomials in Block i.j is
204+ 1424 +1j—14+1;—2) =2+ I; - 2.

Similar to the construction of Block 1 and Block 2, we can construct another Block
“dual” to Block i.j with 2(/; + 1)/; — 2 polynomials. If all above polynomials
are linear independent, the whole number of linear independent polynomials is
rlh(h+ 1) +---+1.(I, +1)—2r). However

4rih+ D+ + LG+ D =2r) > (L +- - +1,)* =n.

This is a contradiction.

The problem arises on the linear independence of different blocks. To be more
precise, there may exist variables in other blocks with same weight, so we cannot
get linear independence by comparing weight. We use an example to explain this
phenomenon.

Example 4.5. Inthe case n =4 and [} =1, =2,
H=H +H,, X=X1+X; Y=Y +7Y,.

x1 and x3 are of same weight. Let f = (x; +x3)* +x§ —I—xff + xi%xz —I—x?)m which
defines an isolated singularity. The operation of taking highest weight is restricting
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polynomial to x, = x4 = 0. For example,

a
% = 4(x; +x3)° 4 3x7 (x2 4 x4).
1

The highest weight part of % is 4(x1 +x3)3. However

af af
8x1 xa=x4=0 BX3'
Thus - 97 are linear dependent.
8X| xz—X4—0’ ax p P P 3
In this example, we only need to exchange - f to 8){2 . Then ){1 .

af
3x2 lxo=x4=0
select linear independent polynomials. This is illustrated in the following lemma:

are linear independent. It reminds us that there exists a suitable way to

Lemma 4.2. Ifr =2 and |} = [, then there exists g1, g> of weight (d —1)(I; — 1)
in (mJy), such that the following four polynomials are linear independent:

81X1,  81X5+1,  82X1,  82X[+1-

Proof. We first show how to construct g1, g» from the derivatives of f. Then we
prove the linear independence of above four polynomials. Let us consider the
following polynomials:

af af
dxy xz=~--=X11=X11+z=-~=xn=0’ dxa Xz=---=X/l=XI1+2=---=xn:0’
af
’ 92y Xo=+e =Xy =X 2=+ =X, =0

These are polynomials in x1, x;, 41 of degree d — 1, for simplicity we write them as

hi, ..., hy.
Let the common factor of Ay, ..., h, be h. Define
—{h=0}N{xs = =x, =x42 =+ =x, =0},
Here h, xa, ..., x1,, X1,42, - . ., X, are n— 1 functions, and thus dim ¥ > 1. However,
by the definition of Y, f|y = h;|ly =0foralli =1, ..., n. This contradicts that f
defines an isolated singularity. Thus the common factor of Ay, ..., h, is 1.
We claim there exists ap, ...,a, € Cand j € {1, ..., n}, such that ajhy +---+

aph, and h; do not have common factor. If the claim holds, then we denote
hj=gi, Y ah = g.
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Now we prove the linear independence of g1x1, g1X1,+1, 2X1, 82X1,+1. Assume
the contrary. Then there exists by, by, bz, by which are not all zero such that

81(b1x1 + b3xy 1) = g2(bax1 + baxy, 41).

Without loss of generality, we assume that by, by # 0. byx| 4+ b3x;, 41 and byx| +
baxj, 41 are coprime, otherwise g1, g2 have common factor. Thus the above equality
implies

(b1xy +b3xi+1) 1 &2, (baxy +bax;+1) | g1

Observe that g1, g2 have degree d — 1 > 3 > 1 = deg(b1x1 + b3x;,+1); hence
deg(g2/(b1x1+b3x;,+1)) > 2. This means g»/(b1x1 + b3x;,+1) 1s a nontrivial poly-
nomial, and is a factor of g, which contradicts that g;, g» have no common factor.

At last we prove the claim. For j such that i; # 0, we express & ; as product of
irreducible polynomials:

r G r

. = .. T
hj=s,'sy s

If h;, and h; do not have common factor then we are done. So we assume each £;
and h; have a common factor for any i =1, ..., n. Since the common factor of
hy,...,h, is 1, there exists two polynomials, say %1, iy, such that they have a
different common factor with 4 ;. Without loss of generality, we assume sy | i,
52 | ha, s11ha, s21hy. Then sy, 521 (hy + hy). If hy + h, does not have common
factor with &, then we are done. So we assume s3 | (hy + h3). If 53 | hy, then
s3 | (h1 + hy — hy), which contradicts that 4, h; have a different common factor
with /1 j. Thus s31 hy, ho. Then s, 52, 531 ((h1 + h2) + k1), by the same induction
we know s4 | (2h1 +h2) or 2h +h; has no common factor with £ ;. Since 7; is finite,
this implies that the induction procedure must terminate, and so finally we can find
a linear combination of 41, h> such that it has no common factor with ;. O

Case3.1: r =2.
The following proposition follows from Lemma 4.2 immediately.

Proposition 4.3. Let f be homogeneous isolated singularity of degree d. Then
(mJy) does not admit an sl(2, C)-action whenr =2, I +1, =n.

Proof. We divide it into two cases:
Case 1: [1 =1p.
Choose g1, g2 as in Lemma 4.2. Then we consider the following four blocks:
Block 1.1
81X1;
81X2;

g1x3, Y(g1x2);
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g1X4, Y (g1x3), Y%(g1x2);
g1xy,, Y(g1x1,-1), Y 2(g1x2);
Y2(g1x1,-1), Y= (g1x0);
Block 1.2
82X1;
82X2;
82X3, Y (g2x2);
g2X4, Y (g2x3), Y2 (g2x2);
82X, Y (g2x1,-1), Y72 (gax2);
Y2(gax1,1), Y (gax2);
Block 2.1
81X1,+15
81X1,425
81X1,43, Y (g1x1,42);
81X1,+4, Y (81X1,43), Y2(g1x1,42);
81X1, 41y Y(g1X1,45-1), Y272 (g1x1,42);
Y2 (811, 41,-1) Y2 (g1x1,42);
Block 2.2
82X, +15
82X1425
82X1, 43, Y (82x1,42);
82X1,+4, Y (g2x1,43), Y2 (g2x1,42);
82X1 41y Y (g2X1,45-1), Y272 (g2x1,42);

Y2(g2X1,41-1)» Y2 (gaxs 1)
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The number of polynomials in all the blocks is 2(/{ (/{1 + 1) =2+ ([ + 1) — 2).
Replacing xi, x;,4+1 by x;,,x, and Y by X, we can get another 2(/;(/; + 1) +
[(I3 + 1) — 4) polynomials. However 4(112 + l% +1+1, —4) > n?, whichis a
contradiction.

Case 2: [1 > I».

In this case we can use same argument as in the irreducible case that
x{7'x; € (mJy) foralli
LoXi f i

And the block can be constructed as follows:

In Block 1.1, 2.1, we choose g; to be xffl. In Block 1.2, 2.2, we choose g; to
be xl“:jrll +g3(x1, ..., x1,), where g3 is a polynomial of weight (d — 1)(l2 — 1) such
that (x,‘fjrll + g3) € Jy. Then it leads to a contradiction similarly. O

Proof of Theorem D. When k > 2, the theorem follows immediately from
Proposition 4.1. In the case of n =4, k=1, r hastobe 1 or 2. If » = 2, we obtain
that /; + [, = 4 by Theorem 4.1. And the result follows from Proposition 4.3. If
r =1, [} =4, the result follows from Theorem 4.4. We only have to consider the
casesr =1, [y =2 or 3.

Case 1: r =1, [} =2. The sl(2, C)-action is as follows:

ad a
H=x——x—, X=x1—, Y=x—.
ax1 9x2 9x, dxy

By Lemma 4.1, xf_lx,- € mJy. By the discussion in Proposition 4.2, xld_l, xgi_l,
xff_l are in Jy. Thus

xf, Y(xfl):xfflxz, Yd(xld):xg;

xf_]xg, Y(xf_])g), R Yd_l(xf_1x3)=x§l_lm;
xf_lm, Y(xf_1x4), R Ydfl(xf_lxél):xg_lm;
x¢; xd;

d—1 d—1_ . d—1 d—1_ .
X3 X1, X3 X2, Xy X1, X, X2
are in mJy. The number of linear independent polynomials of degree d are 3d +6 >
16, which is a contradiction.

Case 2: r =1, [ =3. By the discussion in Theorem 4.4, we can find 3(3+1)—2=10
linear independent polynomials in x;, x3, x3. Thus we only need to find more than 6

polynomials. xf, xf_lxl, xjf_lxz, xff_lx3, xf_1x4, xg_1x4, x§_1x4 are satisfied.
O



CHARACTERIZATION & SOLVABILITY OF QUASIHOMOGENEOUS SINGULARITIES 145

References

[Benson and Yau 1990] M. Benson and S. S.-T. Yau, “Equivalences between isolated hypersurface
singularities”, Math. Ann. 287:1 (1990), 107-134. MR Zbl

[Chen 1995] H. Chen, “On negative weight derivations of the moduli algebras of weighted homoge-
neous hypersurface singularities”, Math. Ann. 303:1 (1995), 95-107. MR Zbl

[Chen et al. 1995] H. Chen, Y.-J. Xu, and S. S.-T. Yau, “Nonexistence of negative weight derivation
of moduli algebras of weighted homogeneous singularities”, J. Algebra 172:2 (1995), 243-254. MR
Zbl

[Chen et al. 2019] H. Chen, S. S.-T. Yau, and H. Zuo, “Non-existence of negative weight derivations
on positively graded Artinian algebras”, Trans. Amer. Math. Soc. 372:4 (2019), 2493-2535. MR Zbl

[Chen et al. 2020a] B. Chen, H. Chen, S. S.-T. Yau, and H. Zuo, “The nonexistence of negative
weight derivations on positive dimensional isolated singularities: generalized Wahl conjecture”, J.
Differential Geom. 115:2 (2020), 195-224. MR Zbl

[Chen et al. 2020b] B. Chen, N. Hussain, S. S.-T. Yau, and H. Zuo, “Variation of complex structures
and variation of Lie algebras, II: New Lie algebras arising from singularities”, J. Differential Geom.
115:3 (2020), 437-473. MR Zbl

[Dimca and Sticlaru 2015] A. Dimca and G. Sticlaru, “Hessian ideals of a homogeneous polynomial
and generalized Tjurina algebras”, Doc. Math. 20 (2015), 689-705. MR Zbl

[Elashvili and Khimshiashvili 2006] A. Elashvili and G. Khimshiashvili, “Lie algebras of simple
hypersurface singularities”, J. Lie Theory 16:4 (2006), 621-649. MR Zbl

[Humphreys 1975] J. E. Humphreys, Linear algebraic groups, Graduate Texts in Mathematics 21,
Springer, 1975. MR Zbl

[Hussain et al. 2018] N. Hussain, S. S.-T. Yau, and H. Zuo, “On the derivation Lie algebras of
fewnomial singularities”, Bull. Aust. Math. Soc. 98:1 (2018), 77-88. MR Zbl

[Hussain et al. 2020] N. Hussain, S. S.-T. Yau, and H. Zuo, “On the new k-th Yau algebras of isolated
hypersurface singularities”, Math. Z. 294:1-2 (2020), 331-358. MR Zbl

[Hussain et al. 2021a] N. Hussain, S. S.-T. Yau, and H. Zuo, “Inequality conjectures on derivations
of local k-th Hessain algebras associated to isolated hypersurface singularities”, Math. Z. 298:3-4
(2021), 1813-1829. MR Zbl

[Hussain et al. 2021b] N. Hussain, S. S.-T. Yau, and H. Zuo, “k-th Yau number of isolated hyper-
surface singularities and an inequality conjecture”, J. Aust. Math. Soc. 110:1 (2021), 94-118. MR
Zbl

[Khimshiashvili 2006] G. Khimshiashvili, “Yau algebras of fewnomial singularities”, preprint, Uni-
versiteit Utrecht, 2006, available at http://www.math.uu.nl/publications/preprints/1352.pdf.

[Mather and Yau 1982] J. N. Mather and S. S.-T. Yau, “Classification of isolated hypersurface
singularities by their moduli algebras”, Invent. Math. 69:2 (1982), 243-251. MR Zbl

[Rossi 1963] H. Rossi, “Vector fields on analytic spaces”, Ann. of Math. (2) 78 (1963), 455-467.
MR Zbl

[Saito 1971] K. Saito, “Quasihomogene isolierte Singularitdten von Hyperflichen”, Invent. Math. 14
(1971), 123-142. MR Zbl

[Saito 1974] K. Saito, “Einfach-elliptische Singularititen”, Invent. Math. 23 (1974), 289-325. MR
Zbl

[Seeley and Yau 1990] C. Seeley and S. S.-T. Yau, “Variation of complex structures and variation of
Lie algebras”, Invent. Math. 99:3 (1990), 545-565. MR Zbl

[Xu and Yau 1996] Y.-J. Xu and S. S.-T. Yau, “Micro-local characterization of quasi-homogeneous
singularities”, Amer. J. Math. 118:2 (1996), 389-399. MR Zbl


http://dx.doi.org/10.1007/BF01446880
http://dx.doi.org/10.1007/BF01446880
http://msp.org/idx/mr/1048283
http://msp.org/idx/zbl/0673.32016
http://dx.doi.org/10.1007/BF01460981
http://dx.doi.org/10.1007/BF01460981
http://msp.org/idx/mr/1348357
http://msp.org/idx/zbl/0836.32015
http://dx.doi.org/10.1016/S0021-8693(05)80001-8
http://dx.doi.org/10.1016/S0021-8693(05)80001-8
http://msp.org/idx/mr/1322403
http://msp.org/idx/zbl/0839.32015
http://dx.doi.org/10.1090/tran/7628
http://dx.doi.org/10.1090/tran/7628
http://msp.org/idx/mr/3988584
http://msp.org/idx/zbl/1440.14013
http://dx.doi.org/10.4310/jdg/1589853625
http://dx.doi.org/10.4310/jdg/1589853625
http://msp.org/idx/mr/4100703
http://msp.org/idx/zbl/1451.13071
http://dx.doi.org/10.4310/jdg/1594260016
http://dx.doi.org/10.4310/jdg/1594260016
http://msp.org/idx/mr/4120816
http://msp.org/idx/zbl/1454.14007
http://dx.doi.org/10.4171/dm/502
http://dx.doi.org/10.4171/dm/502
http://msp.org/idx/mr/3398724
http://msp.org/idx/zbl/1342.14093
http://msp.org/idx/mr/2270654
http://msp.org/idx/zbl/1120.32016
http://msp.org/idx/mr/396773
http://msp.org/idx/zbl/0325.20039
http://dx.doi.org/10.1017/S0004972718000266
http://dx.doi.org/10.1017/S0004972718000266
http://msp.org/idx/mr/3819975
http://msp.org/idx/zbl/1403.32017
http://dx.doi.org/10.1007/s00209-019-02269-x
http://dx.doi.org/10.1007/s00209-019-02269-x
http://msp.org/idx/mr/4050070
http://msp.org/idx/zbl/1456.14005
http://dx.doi.org/10.1007/s00209-020-02688-1
http://dx.doi.org/10.1007/s00209-020-02688-1
http://msp.org/idx/mr/4282149
http://msp.org/idx/zbl/1467.32014
http://dx.doi.org/10.1017/s1446788719000132
http://dx.doi.org/10.1017/s1446788719000132
http://msp.org/idx/mr/4211938
http://msp.org/idx/zbl/1493.32012
http://www.math.uu.nl/publications/preprints/1352.pdf
http://dx.doi.org/10.1007/BF01399504
http://dx.doi.org/10.1007/BF01399504
http://msp.org/idx/mr/674404
http://msp.org/idx/zbl/0499.32008
http://dx.doi.org/10.2307/1970536
http://msp.org/idx/mr/162973
http://msp.org/idx/zbl/0129.29701
http://dx.doi.org/10.1007/BF01405360
http://msp.org/idx/mr/294699
http://msp.org/idx/zbl/0224.32011
http://dx.doi.org/10.1007/BF01389749
http://msp.org/idx/mr/354669
http://msp.org/idx/zbl/0296.14019
http://dx.doi.org/10.1007/BF01234430
http://dx.doi.org/10.1007/BF01234430
http://msp.org/idx/mr/1032879
http://msp.org/idx/zbl/0666.14002
http://dx.doi.org/10.1353/ajm.1996.0020
http://dx.doi.org/10.1353/ajm.1996.0020
http://msp.org/idx/mr/1385285
http://msp.org/idx/zbl/0927.32022

146 GUORUI MA, STEPHEN S.-T. YAU, QIWEI ZHU AND HUAIQING ZUO

[Yau 1983] S. S.T. Yau, “Continuous family of finite-dimensional representations of a solvable Lie
algebra arising from singularities”, Proc. Nat. Acad. Sci. U.S.A. 80:24 (1983), 7694-7696. MR Zbl

[Yau 1986] S. S.-T. Yau, “Solvable Lie algebras and generalized Cartan matrices arising from isolated
singularities”, Math. Z. 191:4 (1986), 489-506. MR Zbl

[Yau 1991] S. S.-T. Yau, “Solvability of Lie algebras arising from isolated singularities and noniso-
latedness of singularities defined by sl(2, C) invariant polynomials”, Amer. J. Math. 113:5 (1991),
773-778. MR Zbl

[Yau and Zuo 2016a] S. S.-T. Yau and H. Zuo, “Derivations of the moduli algebras of weighted
homogeneous hypersurface singularities”, J. Algebra 457 (2016), 18-25. MR Zbl

[Yau and Zuo 2016b] S. S.-T. Yau and H. Q. Zuo, “A sharp upper estimate conjecture for the Yau
number of a weighted homogeneous isolated hypersurface singularity”, Pure Appl. Math. Q. 12:1
(2016), 165-181. MR Zbl

[Yu 1996] Y. Yu, “On Jacobian ideals invariant by a reducible sl(2, C) action”, Trans. Amer. Math.
Soc. 348:7 (1996), 2759-2791. MR Zbl

Received August 9, 2023. Revised January 15, 2024.

GUORUI MA

YAU MATHEMATICAL SCIENCES CENTER
TSINGHUA UNIVERSITY

BEIJIING

CHINA

maguorui @mail.tsinghua.edu.cn

STEPHEN S.-T. YAU

BEIJING INSTITUTE OF MATHEMATICAL SCIENCES AND APPLICATIONS (BIMSA)
BEIJIING

CHINA

and

DEPARTMENT OF MATHEMATICAL SCIENCES
TSINGHUA UNIVERSITY

BEIIING

CHINA

yau@uic.edu

QIWEI ZHU

DEPARTMENT OF MATHEMATICAL SCIENCES
TSINGHUA UNIVERSITY

BEIJIING

CHINA

zhuqw19 @mails.tsinghua.edu.cn

HUAIQING ZUO

DEPARTMENT OF MATHEMATICAL SCIENCES
TSINGHUA UNIVERSITY

BEIIING

CHINA

hqzuo @mail.tsinghua.edu.cn


http://dx.doi.org/10.1073/pnas.80.24.7694
http://dx.doi.org/10.1073/pnas.80.24.7694
http://msp.org/idx/mr/728666
http://msp.org/idx/zbl/0563.17010
http://dx.doi.org/10.1007/BF01162338
http://dx.doi.org/10.1007/BF01162338
http://msp.org/idx/mr/832806
http://msp.org/idx/zbl/0589.17012
http://dx.doi.org/10.2307/2374785
http://dx.doi.org/10.2307/2374785
http://msp.org/idx/mr/1129292
http://msp.org/idx/zbl/0747.17012
http://dx.doi.org/10.1016/j.jalgebra.2016.03.003
http://dx.doi.org/10.1016/j.jalgebra.2016.03.003
http://msp.org/idx/mr/3490075
http://msp.org/idx/zbl/1343.32021
http://dx.doi.org/10.4310/PAMQ.2016.v12.n1.a6
http://dx.doi.org/10.4310/PAMQ.2016.v12.n1.a6
http://msp.org/idx/mr/3613969
http://msp.org/idx/zbl/1453.32034
http://dx.doi.org/10.1090/S0002-9947-96-01633-9
http://msp.org/idx/mr/1355078
http://msp.org/idx/zbl/0872.17002
mailto:maguorui@mail.tsinghua.edu.cn
mailto:yau@uic.edu
mailto:zhuqw19@mails.tsinghua.edu.cn
mailto:hqzuo@mail.tsinghua.edu.cn

PACIFIC JOURNAL OF MATHEMATICS

Founded in 1951 by E. F. Beckenbach (1906-1982) and F. Wolf (1904-1989)

msp.org/pjm

EDITORS

Don Blasius (Managing Editor)
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
blasius @math.ucla.edu

Matthias Aschenbrenner Vyjayanthi Chari Atsushi Ichino
Fakultit fiir Mathematik Department of Mathematics Department of Mathematics
Universitit Wien University of California Kyoto University
Vienna, Austria Riverside, CA 92521-0135 Kyoto 606-8502, Japan
matthias.aschenbrenner @univie.ac.at chari @math.ucr.edu atsushi.ichino@gmail.com
Robert Lipshitz Kefeng Liu Dimitri Shlyakhtenko
Department of Mathematics Department of Mathematics Department of Mathematics
University of Oregon University of California University of California
Eugene, OR 97403 Los Angeles, CA 90095-1555 Los Angeles, CA 90095-1555
lipshitz@uoregon.edu liu@math.ucla.edu shlyakht@ipam.ucla.edu
Paul Yang Ruixiang Zhang
Department of Mathematics Department of Mathematics
Princeton University University of California
Princeton NJ 08544-1000 Berkeley, CA 94720-3840
yang @math.princeton.edu ruixiang @berkeley.edu
PRODUCTION

Silvio Levy, Scientific Editor, production@msp.org

See inside back cover or msp.org/pjm for submission instructions.

The subscription price for 2024 is US $645/year for the electronic version, and $875/year for print and electronic.

Subscriptions, requests for back issues and changes of subscriber address should be sent to Pacific Journal of Mathematics, P.O. Box
4163, Berkeley, CA 94704-0163, U.S.A. The Pacific Journal of Mathematics is indexed by Mathematical Reviews, Zentralblatt MATH,
PASCAL CNRS Index, Referativnyi Zhurnal, Current Mathematical Publications and Web of Knowledge (Science Citation Index).

The Pacific Journal of Mathematics (ISSN 1945-5844 electronic, 0030-8730 printed) at the University of California, c/o Department
of Mathematics, 798 Evans Hall #3840, Berkeley, CA 94720-3840, is published twelve times a year. Periodical rate postage paid at
Berkeley, CA 94704, and additional mailing offices. POSTMASTER: send address changes to Pacific Journal of Mathematics, P.O.
Box 4163, Berkeley, CA 94704-0163.

PJM peer review and production are managed by EditFLOW® from Mathematical Sciences Publishers.

PUBLISHED BY
:I mathematical sciences publishers
nonprofit scientific publishing
http://msp.org/
© 2024 Mathematical Sciences Publishers


http://msp.org/pjm/
mailto:blasius@math.ucla.edu
mailto:matthias.aschenbrenner@univie.ac.at
mailto:chari@math.ucr.edu
mailto:atsushi.ichino@gmail.com
mailto:lipshitz@uoregon.edu
mailto:liu@math.ucla.edu
mailto:shlyakht@ipam.ucla.edu
mailto:yang@math.princeton.edu
mailto:ruixiang@berkeley.edu
mailto:production@msp.org
http://msp.org/pjm/
http://www.ams.org/mathscinet
http://www.emis.de/ZMATH/
http://www.viniti.ru/math_new.html
http://www.ams.org/bookstore-getitem/item=cmp
http://apps.isiknowledge.com
http://msp.org/
http://msp.org/

A characterization and solvability of quasihomogeneous singularities 121

GUORUI MA, STEPHEN S.-T. YAU, QIWEI ZHU and HUAIQING
ZUo

Stable value of depth of symbolic powers of edge ideals of graphs 147
NGUYEN CONG MINH, TRAN NAM TRUNG and THANH VU
Collapsed limits of compact Heisenberg manifolds with 165
sub-Riemannian metrics
KENSHIRO TASHIRO
On the coefficient inequalities for some classes of holomorphic 183
mappings in complex Banach spaces
QINGHUA XU, XIAOHUA YANG and TAISHUN LIU



	1. Introduction
	2. The derivation Lie algebra of a graded commutative Artinian algebra
	3. Proof of Theorems A and B
	4. Solvability of L^k(V)
	References
	
	

