COLLAPSED LIMITS OF
COMPACT HEISENBERG MANIFOLDS
WITH SUB-RIEMANNIAN METRICS

KENSHIRO TASHIRO

Volume 329 No. 1 March 2024



PACIFIC JOURNAL OF MATHEMATICS
Vol. 329, No. 1, 2024

https://doi.org/10.2140/pjm.2024.329.165

COLLAPSED LIMITS OF
COMPACT HEISENBERG MANIFOLDS
WITH SUB-RIEMANNIAN METRICS

KENSHIRO TASHIRO

We show that every collapsed Gromov—Hausdorff limit of compact Heisenberg
manifolds endowed with left-invariant Riemannian/sub-Riemannian metrics is
isometric to a flat torus. We say that a sequence of sub-Riemannian manifolds
collapses if their total measure with respect to Popp’s volume converges to zero.

1. Introduction

A sub-Riemannian manifold is a triple (M, D, g), where M is a smooth manifold,
D is a subbundle of the tangent bundle, and g is a metric on D. In the same way to
Riemannian manifolds, we can put a length structure and the associated distance
function on bracket generating sub-Riemannian manifolds (see Definition 2.2).
Sub-Riemannian manifolds appear as Gromov—Hausdorff limits of sequences of
Riemannian manifolds. In general their sectional, Ricci and scalar curvature diverge
as they converge to (non-Riemannian) sub-Riemannian manifolds. However some
sub-Riemannian manifolds have the measure contraction property which reflects
the Ricci curvature lower bound in a sense [Juillet 2009; Rifford 2013; Rizzi 2016;
Barilari and Rizzi 2018]. These results lead us to study sub-Riemannian manifolds
as examples of the singular Gromov—Hausdorff limit spaces.

In [Tashiro 2020], the author began to study the topological type of the Gromov—
Hausdorff limit space of a sequence of (sub-)Riemannian manifolds. Here we use the
notation (sub-)Riemannian metrics to cover both Riemannian and (non-Riemannian)
sub-Riemannian metrics. Let H,, be the n-Heisenberg Lie group, b, the associated
Lie algebra, and I' a lattice in H,,. A quotient space I'\H,, is called a compact
Heisenberg manifold. Let v be a subspace in b, and (-, -) a scalar product on v.
It induces the left-invariant sub-Riemannian structure on H,,. Since the induced
geodesic distance on H,, has the isometric action I from the left, we obtain a quotient
distance on I"\H,,. We also call such a quotient distance on I'\H,, left-invariant.
The author studied noncollapsed limits of compact Heisenberg manifolds with left-
invariant (sub-)Riemannian metrics. Here we say that a sequence is noncollapsed if
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the total measure with respect to Popp’s volume have a strictly positive lower bound.
Popp’s volume is a generalization of a canonical volume form of a Riemannian
manifold (see Section 2C). We showed that the noncollapsed limit of a sequence of
compact Heisenberg manifolds with left-invariant (sub-)Riemannian metrics are
again diffeomorphic to a compact Heisenberg manifold of the same dimension.

In this paper, we study collapsed Gromov—Hausdorff limits of compact Heisenberg
manifolds with left-invariant (sub-)Riemannian metrics. We say that a sequence of
(sub-)Riemannian manifolds collapses if the total measure with respect to Popp’s
volume converges to zero. It complements our previous result [Tashiro 2020].

Theorem 1.1 (Main result). Let {(I'y\H,, disty) }xen be a sequence of compact
Heisenberg manifolds endowed with left-invariant (sub-)Riemannian metrics. As-
sume that this sequence converges in the Gromov—Hausdorff topology with a di-
ameter upper bound D > 0 and the total measure with respect to Popp’s measure
converges to zero. Then the limit space is isometric to a flat torus of lower dimension.

The idea of the proof is the following. It is well known that a compact Heisenberg
manifold has a circle bundle structure S' — '\H, — T2, We show that if a
sequence collapses, then the circle fiber also collapses to a point. Once we show
that the fibers collapse, then the Gromov—Hausdorff limit is isometric to the limit
of the base tori with the quotient distances. It is also known that a Gromov—
Hausdorff limit of tori with flat metrics is isometric to a flat torus [Bettiol et al.
2018, Proposition 3.1]. This concludes the theorem.

2. Preliminaries from sub-Riemannian Lie group

In this section we prepare notation on sub-Riemannian metrics on Lie groups.

2A. Sub-Riemannian structure. Let G be a connected Lie group, g the associated
Lie algebra, v C g a subspace and (-, -) a scalar product on v. For x € G, denote
by L, : G — G the left translation by x. Define a sub-Riemannian metric on G by

Dy =Lyb, g (u,v)= (L u, L v).

Such a sub-Riemannian metric (D, g) is called left-invariant. We sometimes write
a left-invariant sub-Riemannian metric by (v, (-, -)). Moreover, if dim(g/v) =k,
we say that a sub-Riemannian metric (v, (-, -)) is corank k. Notice that if v = g,
i.e., corank O, then (g, (-, -)) is a Riemannian metric.

Remark 2.1. From now on we shall declare the corank of sub-Riemannian metrics.
If we do not declare the corank, then the word “sub-Riemannian metric”’ cover
sub-Riemannian metrics of all corank.



COLLAPSED LIMITS OF HEISENBERG COMPACT MANIFOLDS 167

For simplicity, we shall consider a Lie group with a left-invariant sub-Riemannian
metric (G, v, (-,-)). The associated distance function is given as follows. We say
that an absolutely continuous path c : [0, 1] — G is admissible if ¢(t) € L.)«b a.e.
t €10, 1]. We define the length of an admissible path by

1
length(c) =/ (¢(t), ¢(2)) dt.
0
For x, y € G, define the distance function by
dist(x, y) = inf{length(c) | ¢(0) = x, c(1) = y, c is admissible}.

In general not every pair of points in G is joined by an admissible path. This
implies that the value of the function dist may be the infinity. The following bracket
generating condition ensures that any two points are joined by an admissible path.

Definition 2.2 (bracket generating distribution). For a sub-Riemannian Lie group
(G, v, (-,-)) and an integer i € N, let v’ be the subspace in g inductively defined by

pl=p, ot'=v+][v, 0]

We say that a subspace v is bracket generating if there is r € N such that v = g.
We say (G, v, (-,-)) is r-step if p ! Cov =g.

Theorem 2.3 (See, e.g., Theorem 3.31 in [Agrachev et al. 2020]). Let (G, v, {-,-))
be a sub-Riemannian Lie group with a bracket generating distribution. Then the
following two assertions hold:

(1) (G, dist) is a metric space.
(2) The topology induced by dist is equivalent to the manifold topology.
In particular, dist : G x G — R is continuous.

Remark 2.4. Since the sub-Riemannian structure is left-invariant, the distance
function is also left-invariant, that is, dist(hx, hy) = dist(x, y) for all &, x, y € G.

2B. Length minimizer. In sub-Riemannian geometry, there are two types of length
minimizers; normal geodesics and abnormal geodesics. Normal geodesics are
characterized as solutions to a specific differential equation, called the Hamiltonian
equation. On the other hand, abnormal geodesics are not solutions to that equation.
It sometimes appear in sub-Riemannian geometry, however, it is known that there
is no nontrivial (i.e., nonconstant) abnormal geodesic if v is fat (see [Montgomery
2002]). Here we say that a bracket generating subspace v C b, is fat if for all
U € v\ {0}, we have v + [U, v] = g. In the next section, we shall check that if G is
the Heisenberg group, then every bracket generating subspace is fat. Therefore we
omit the explanation of abnormal geodesics.
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We say that a basis {Uy, ..., U,} of g is adapted if {Uy, ..., U,} is an orthonor-
mal basis of a sub-Riemannian metric (v, (-, -)). Let H : T*G — R be the function
defined by

HO) =23 p(LaU)? Go=(x,p) € T*G).
i=1

This function is called the sub-Riemannian Hamiltonian.
We say that a Lipschitz curve A = (x, p) : [0, T] — T*G is a solution to the
Hamiltonian equation if it satisfies
. oH . oH
ey x(t)=—, p)=——.
a dax
Such a curve A(t) is called a normal extremal, and its projection x (¢) is called a
normal geodesic. It is known that every minimizer in sub-Riemannian manifold is
either normal or abnormal geodesic. In particular, if a subspace v is fat, then any

length minimizer is a normal geodesic.

2C. Popp’s volume. On a Riemannian Lie group (G, g), one has a canonical
volume form defined by
dvolg = Vi A+ Ay,

where {vy, - - - v,} is a dual coframe of an orthonormal basis. The induced measure
m(2) := fQ dV01R| (2 C G) is called the volume measure.

In sub-Riemannian geometry, we also have a canonical volume form, called
Popp’s volume introduced in [Montgomery 2002]. For simplicity, we only consider
the 2-step case.

We do not introduce the original definition of Popp’s volume, however, we define
it with local coordinates given in [Barilari and Rizzi 2013]. Let Uy, ..., U, be an
adapted frame. Define the constant cf ; by

(Ui, Uj1=) cU.
=1

We call them the structure constants. We define the (n — m) square matrix B by

m
h I

i,j=1
Theorem 2.5 [Barilari and Rizzi 2013, Theorem 1]. Let Uy, ..., U, be a local
adapted frame, and v', ... V" the dual coframe. Then Popp’s volume dvolsp is
locally written by
dvolyr = (det B)*%v1 A AV

The induced measure m($2) := } fQ dvoly R‘ (2 C G) is called Popp’s measure.
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Remark 2.6. If a sub-Riemannian metric is corank 0, i.e., 1-step, then Popp’s
volume coincides with the canonical volume form. Indeed, an adapted frame of
corank O sub-Riemannian metric is an orthonormal basis.

3. Compact Heisenberg manifolds

In this section, we recall fundamental properties on compact Heisenberg manifolds.

3A. Heisenberg groups. For n € N, the n-Heisenberg group H,, is the (2n+1)-
dimensional Lie group diffeomorphic to C* x R with the group product law

w, 2w, )= (w+w, z4+7 + 3Tmw - w)),

where w - w’ is the Hermitian product on C" and Jm denotes the imaginary part.
We shall denote the associated Lie algebra by b,,.
We fix the coordinates of H, >~ C" x R by

(wvz):(xlv"'vxn9yl9"'aynvz)v

where w = X + y+/—1. We also fix the basis {X{, ..., X,,, Y1, ..., Y,, Z} of the
Lie algebra b, by

X; =0y —3vi0;, Yi=0y,+1x0, Z=32..

A straightforward computation shows that [X;, Y;]=Z foralli =1, ..., n and the
other brackets are zero.

For U € b, let qbi, : H,, — H,, be the flow of the vector field U at time ¢. The
exponential map exp : b, — H,, is defined by exp(U) := qb,lj (e), where e is the
identity element. It is well defined since a left-invariant vector field is complete. It is
well known that the exponential map on the Heisenberg group is a diffeomorphism.
This fact allows us to identify the Heisenberg group H,, to its Lie algebra fj,, by

n
exp:hy > > (iXi+ YY) +2Z > (X1, ... X V1o ¥na2) € Hy
i=1
Let (v, (-,-)) be a left-invariant sub-Riemannian metric on H,,. A subspace v is
bracket generating if and only if

2) v+ Span(Z) =§,,.

In particular, the corank of a bracket generating subspace is 0 or 1. From now on
we always assume the bracket generating condition (2). Moreover, by (2), we can
easily check that if a subspace v C b, satisfies bracket generating condition, then it
is fat. Therefore the sub-Riemannian Heisenberg group does not have nontrivial
abnormal minimizers.
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Let I < H,, be a lattice in H,,, that is, a discrete cocompact subgroup. Since a sub-
Riemannian metric (v, (-, -)) is left-invariant, the left multiplication by I" induces
an isometric action on H,,. Therefore we can define the sub-Riemannian metric
on I'\H,, via the quotient map. We shall denote such a quotient sub-Riemannian
metric on I'\H,, by dist.

3B. Isometry classes of compact Heisenberg manifolds. In this section, we con-
sider isometry classes of left-invariant sub-Riemannian metrics on a compact
Heisenberg manifold I'\H,,. The detail is in [Tashiro 2020].

First of all, we recall the isomorphism classes of compact Heisenberg manifolds.
Let D, be the set of n-tuples of integers r = (ry, ..., r,) such that r; divides r;4
foralli =1,...,n. Forr € Dy, let [, < H, be the discrete subgroup defined by

Fr = <I"1X1, ...,ran, Y], ey Yn, Z).
This gives a classification of lattices in the Heisenberg Lie group.

Theorem 3.1 [Gordon and Wilson 1986, Theorem 2.4]. For any uniform lattice
I' < H,,, there is an automorphism of H,, which sends T" onto T’y for some r € D,,.
Moreover, Iy is isomorphic to Ty if and only if r = s.

Next we consider isometry classes of [',\H,, for a fixed lattice I',.. Fix a scalar
product (-, -)o on b, such that its orthonormal basis is {X1, ..., Y,, Z}. Let Abe a

matrix of the form
A O
A= ,
(0 PA)

where A € GL,,(R) and p4 € R. Moreover let J, € Skew,, (R) be a skew-symmetric

matrix given by
o I,
Jﬁ_(—h 0)

where I, is the identity matrix of size n. We say that a matrix A is of canonical
form if

(AT A= 0 diag(d(A), ..., d,(A))
" —diag(d,(A), ..., d,(A)) 0 ’
where d;(A), ..., d,(A) are nondecreasing positive numbers such that the imaginary
numbers ++/—1d, ..., ++/—1d, are the eigenvalues of ‘AJ, A.

For a matrix A of canonical form, define the scalar product (-, -)4 on Im(A) by
the norm

l[ulla :=min{llwllo | u = Aw}.
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It is equivalent to the following definition: (-, -)4 is the scalar product which has
an orthonormal basis {AXI, e AY,,, paZ}. A pair (Im(A), (-,-)4) gives a sub-
Riemannian metric on H,, of corank O (resp. corank 1) if p4 # O (resp. pg = 0). If
p4 = 0, then the subspace Im(A) is vy, where

vo ;= Span{X1y, ..., X, Y1, ..., Yul.

These types of metrics cover all isometry classes of left invariant (sub-)Riemannian
metrics on compact Heisenberg manifolds.

Theorem 3.2 [Tashiro 2020, Theorem 3.4]. For any compact Heisenberg manifold
with a bracket generating left-invariant sub-Riemannian metric (I'\H,,, v, (-, -)),
there exists an n-tuple r € D, and a matrix A of canonical form such that
(P \H,,, Im(A), (-, -)4) is isometric to (I'\H,,, v, (-, -)).

We shall denote the induced left-invariant distance function on H,, by dist4 and
a quotient distance on I"\H,, by dist4.

3C. j-operator. We recall the j-operator which plays an important role in the
study of nilpotent Lie groups. Let Z* € b be the dual covector of the vector
Z € [by, bl C b,. For a matrix A of canonical form, define a skew symmetric
operator j(A) : bg — vg by

(J(AX), Y)a=Z(X, YD.

Lemma 3.3 [Tashiro 2020, Lemma 4.1]. The operator j(A) : b9 — v has a matrix
representation 'AJ, A in the basis {AX1, ..., AX,, AYy, ..., AY,}.

The positive number d,, can be regarded as the £°°-norm of the matrix ‘AT, A
. . 2 . .
as an element in the Euclidean space R*". We also mention its £>-norm, the
Hilbert—Schmidt norm of matrices.

Definition 3.4. For a matrix A of canonical form, we define §(A) = ||'AJ, A || .
The following lemma is useful for later calculations.

Lemma 3.5 [Tashiro 2020, Lemma 5.1]. For a matrix A of canonical form, we have
(1) 8(A) = /2> 7 di(A)?,
(2) |det(A)| =T/, di(A).

3D. Geodesics on Heisenberg groups. Let A be a matrix of canonical form. For
i =1,...,n,define the functions Ay, hy,, h, : T*H,, — R by

hxi A = p(Lg*AXi), hy,- (OES P(Lg*AYi)a h.(p) = p(Lg*Z)
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for . = (g, p) € T*H,,. Suppose that an admissible path

y() =Y xi(OAX; +y; (DAY, +2()Z
i=1

is length minimizing. By the Hamiltonian equation (1) with a linear modification,
there is a lift A(¢) of y (¢) such that

hy, = di(A)hhy, G=1,...,n),
hy, = —d;(A)h;hy, G=1,...,n),
h,=0,

Xi = hy (i=1,...,n),
Yi = hy, (i=1,...,n),
E=3 20 di(A)(xihy, — yihy) + P3Pz,

where we write
hy (1) =hy, 0A(t), hy,(t)=hy ok(t), h(t)=h;oA(t).

By proving this equation, we obtain the following parametrization of length mini-
mizers.

Lemma 3.6 ([Eberlein 1994, Proposition 3.5] for corank O and [Rizzi 2016,
Lemma 14] for corank 1 cases). Let A be a matrix of canonical formand ).: [0, T]—
T*H,, be the normal extremal with the initial data

(hy,(0), ..., hy,(0), h:(0) = (px,, - - ., Py,, p) € T]H, = by,

Then the associated normal geodesic y is given as follows.
If p; #0, then

(w))_ 1 ( sin(p.d; (A)t) cos(pzd,-(mr)—l) (p)
yi®)) ~ p.di(A) \—cos(p.di(A)t)+1  sin(p.d;i(A)) py)’

- 1
2(t) = pipt + T Z(r T A sin(p.d; (A)t)> Py, +p3)-

* =1

Moreover, the normal geodesic fails to be length minimizing over the time

2
T=———,
|pld;, (A)
where iy, € {1, ..., n} is the minimum integer such that (py,, py,) # (0, 0).

If p, =0, then

x; (1) _ (P« _
<Yi(l)> = (pyl) foz() =0.
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Remark 3.7. The initial data (py,, ..., py,) is identified with the projection of
initial vector into vy C h,, = T,H,, via the identification

n
R¥ 5 (Pyy. - ov Py) = Y (P AXi + py, AY;) € vy

i=1
For later arguments, we give an explicit distance from the identity to points in
the horizontal direction and the vertical direction.

Lemma 3.8 ([Eberlein 1994, Proposition 3.11] for corank O and [Tashiro 2020,
Lemma 5.2] for corank 1 cases). For U € vy and V € [b,, h,], we have

dista(e, U+ V) > U]l 4.
Moreover, the equality holds if and only if V = Q.

Lemma 3.9. For zg € R, the distance from e to z0Z = (0, . . ., 0, zo9) € H,, is given by

2
" dy(4)

PA

dist4 (e, z0Z) = min{

JIzolmda(4) — nng},

with the convention

‘Z_O‘=+oo if pa =0,
PA

2
dn(A)
Proof. For the simplicity we assume zo > 0. First let us consider a unit speed
geodesic of the initial data (0,...,0, p;). Then a unit speed normal geodesic
y .10, T] - H, with y(T) = z9Z needs to satisfy

{Z(T) = p3p.T = 20,
|psz| =1

Then the length is equal to the time 7" = |zg9/p| With the convention |zg/p4| = 400
if p4 =0, i.e., sub-Riemannian metric of corank 1.

Next we consider geodesics of the initial data (p,,, ..., py,) # 0. Since the
endpoint zoZ is in the center [b,, b,], the initial data (py,, ..., py,) € R ~ v,
need to be inside the eigenspace of £4/d;(A) of j. (with the multiplicity), where
we use the identification

JIolmdy (4) = w20} = +00 if fzolmda(A) — 720} <0.

n
R¥ 3 (Pays - s Pyy) = Z(px[AXi + py AY;) € vy.
i=1
Indeed, by the parametrization of x;(¢), y; (t) in Lemma 3.6, the geodesic ends at
[H., b1 only if the frequency of the trigonometric function is the same. Moreover,
its length T = 27 /(| p;|di(A)) is independent of the choice of the initial data
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(Px;s---» Py,) as long as it belongs to the same eigenspace. Therefore we can
assume that the initial covector is (0, ...,0, p,,,0,...,0, p,). If such a normal
geodesic is unit speed and its endpoint is zopZ, then it needs to satisfy

21 p} b4
di(A) ~ p2di(A)

P2+ (pap)? =1.

«(T) = Py, =20,

This equation has a solution only if zg > Zn,of\ /d; (A) with
. \/ wd(A) =2mp} "
"N diA)—mpd T T z0di(A) —mpd

2 2w
pdi(A) ~ di(A)

Its length is

z20d; (A) — mp3.

Therefore the distance from e to zoZ = (0, .. ., 0, z¢) is the minimum of two values
. 20 Zﬁ 2 Zﬁ 2
—, — di(A) — e d,(A) —
mm{ oa | i) z0d1(A) —py 4 (A 20dn(A) — TPy
. 20 2ﬁ 2
=miny |—|, ———+/20d,(A) — 7p }
{ PA dn(A) " A
where we use dj(A) <--- <d,(A). [l

3E. Popp’s volume form on Heisenberg group. In this section, we discuss Popp’s
volume form on the Heisenberg Lie group.

For a matrix A of canonical form with p4 # 0, denote by dvolz(A) the canon-
ical Riemannian volume form. Since it is the wedge of the dual coframe of an
orthonormal frame, we have

dvolg(A) = p; ' (det AT XF A~ AYFAZ*.

In particular, the total measure of a Riemannian compact Heisenberg manifold
(Tr\Hp, (-, -)a) 18

(3)  meas(I';\H,, (-,-)a) :=

/ dvolR(A)‘:Hri|pAl(detA)_1|.
T \H, o1

Next let A be a matrix of canonical form with p4 = 0. Denote by dvol;z(A) Popp’s
volume associated to the sub-Riemannian metric (vg, (-,-)4)-
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By the definition, the (i, j)-th entry of the matrix AJnA is the structure con-
stant ¢;; of the basis {AX, ..., AY,}, thatis

Z*([AX;, AX;])  Z*([AXi, AYj_n])
Z*([AYi—p, AX;D) Z*([AYj—n, AYj_n])

C )= A A—( 0 diag(dl(A),...,dn(A)))
— \&ij) — n — .

—diag(d;(A), ..., d,(A)) o
By Theorem 2.5, Popp’s volume dvolsz(A) is written by
dvolsg(A) =8(A) ' (det A) ' XF A AYFAZE
In particular, the total measure of a sub-Riemannian compact Heisenberg

manifold (I';\H,, vo, (-,-)a) is

(4) meas([,\H,, vg, (-,-)a) :=

dvol,g(A)| = 18(A) " (det A)7L.
/mHn vol,x( )' Eru) (det A)~'|

3F. The circle bundle structure. Fix a n-tuple of numbers r € D,,. We recall a circle
bundle structure of a compact Heisenberg manifold I, \H,. Let P : H, — §, — vg
be the composition of the logarithm map and the projection. Denote the image
of the lattice T, by 3,, which is again a lattice in v, isomorphic to Z>*. Then one
obtains a surjective map P : I,\H, — 3,\bg such that the following diagram is
commutative:

H, —r v

Pr, Par

l—‘r\Hn L 5r\00

Here the vertical arrows are the quotient map. The compact Heisenberg manifold
I, \H,, has a circle bundle structure by this map P. For each b € 3,\vo, we denote
by F} the fiber over b.

Remark 3.10. Since a sub-Riemannian metric (-, -) 4 is left-invariant, the diameter
of a fiber is independent of the choice of a base point b. We shall denote the
diameter of a fiber by diam(F4).

The quotient metric on vy has an orthonormal basis {AX Lo vnns AX on}. Therefore
we shall denote the induced distance on by by dist;, and the quotient distance
on 3,\bg by dist i~ In the next section, we use the circle bundle structure to show
that the Gromov—Hausdorff limit of compact Heisenberg manifolds is isometric to
that of the base flat tori.
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4. Gromov-Hausdorff limits of compact Heisenberg manifolds

4A. Collapse of the circle fiber. We say that a sequence of compact metric spaces
{M,} converges to a compact metric space N if the Gromov—Hausdorff distance
dgu(My, N) converges to 0. We do not use the original definition of dg g since it
is complicated. Instead of the original definition, we use the e-approximation map
which is easier to compute.

Definition 4.1 [Fukaya 1990, Definition 1.1]. Let (M, dy), (N, dy) be a compact
path metric spaces. For € > 0, we say a map ¢ : M — N is an e-Hausdorff
approximation if it satisfies the following:

(i) The € neighborhood of ¢ (M) in N is N.

(i1) For u, v € M. we have

ldy (u, v) —dn(P(u), d(v))] <e.

It is known that if there is e-Hausdorff approximation map between M, N, then
deu(M, N) < 2¢. Therefore if a metric space Mj has an €;-approximation to N
such that ¢, — 0, then the sequence { My} converges to N in the Gromov—Hausdorff
topology.

We can check that the quotient map P is an e-approximation with € equal to the
diameter of the fiber.

Lemma 4.2. The quotient map P : (I;\H,, dista) — 3,\ (v, dist ;) is a 2 diam(F)-
approximation map.
Proof. Since the map P is surjective, we only need to check the almost isometric
embeddability (Definition 4.1(ii)).

Let u1, up € I' \H,, be points in the compact Heisenberg manifold. By definition
of the distance on the quotient space, there are v, v, € [, \H,, such that

dista (v, v2) =dist; (P (ur), P(u2)).
By the triangle inequality, we have
|dista (ur, u2) —dist; (P (u1), P(u2))| < dista(uy, vi) +dista (2, v2)
< 2diam(F).
This proves almost isometric embeddability. (]

Proposition 4.3. Let (I'y ) \H,, disty .) be a sequence of compact Heisenberg mani-
folds which has a uniform upper bound of the diameter. Assume that the diameter of
the fibers diam(F4,) converges to 0. Then its Gromov—Hausdorff limit is isometric
to that of base flat tori (3, \0o, (mAk).

In particular, the limit is isometric to a flat torus of lower dimension.
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Proof. Since the diameter of the base flat tori is also uniformly bounded, we
can assume that the sequence of base flat tori subconverges to a flat torus (N, d)
(possibly a point). It is a consequence of [Bettiol et al. 2018, Proposition 3.1]. Then
there are ek—approx_imation map ¢ : (3r\vo, cTstAk) — (N, d). By Lemma 4.2, the
composition @i o P is (2diam(Fy, ) 4 €;)-approximation. By the assumption, the
Gromov-Hausdorff limit of (I'y ) \Hy, di_stAk) is isometric to (N, d). ]

4B. Collapse of the fiber. Let {(I';)\H,, dist4, )} be a sequence of compact sub-
Riemannian Heisenberg manifolds with the diameter upper bound by D > 0. In
this section, we show that if the sequence collapses, then the diameter of the circle
fibers converge to zero.

The fiber over b € 3,\bg is written by Fj, = {I';(x)20Z - hp | zo € R}, where we
fix hy € Pr_r(lk)(p_l(b)) C H,,. In particular, the subset {z0Z - hp | 70 € [0, 1)} C H,
is a representative of Fj. By the left-invariance of the restricted distance on Fj, its
diameter is the distance from 4, to %Z - hp and is independent of the choice of /.

The above argument shows the following lemma.

Lemma 4.4. The diameter of the fibers diam(Fy,) is given by
diam(F,) = disty, (e, 5 Z).

Let us pass to the estimate of the diameter. First we consider a sequence
{T'r k) }ken such that r (k) # r (ko) for any k; # k. This implies that the sequence
of numbers {r,(k)} diverges.

Proposition 4.5. Assume that diam(I'y @) \Hy., (-, -)4,) < D and r, (k) diverge to
the infinity. Then the diameter of the fibers diam(F,,) converge to zero.

Proof. Let y,x = %rn(k)Xn € H,,. Since y,  is on the plane vy, by Lemma 3.8,
a length minimizer from e to y,; in H, is the straight segment £(¢) := tX,,
t € [0, 3r4(k)]. Moreover its projection by Pr,,, is a length minimizer from
Irxye 10 T'rkyyn k. Indeed, any element in I'y. 1)y, « is written by

ra(k)(m+ %)X, +E,

where m € Z and E is an element in h,, ~ H,, transverse to X,. Clearly a length
minimizer from I'; e to I'y) ¥k 1s realized when

m=0,—1 and FE =0.

This shows that the projection of the straight segment £(¢) is length minimizing
in [-\H,,.
Since the length of the straight segment £(¢) is H %rn k)X, H 40 Ve obtain
©) | 37200 X |, = dista, (e, yn1) = dista, (Trwye, Tr Vak)
< diam(T ) \H,, disty,) < D.
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By the same argument we also show that
©) [37a] 5, = D
Ag

On the other hand, let ¢ : [0, 4] — H,, be a path inductively defined by

_t @X,, for € [0, 1],

. c(1)-( (t — )myn) fort e[1.2].
c =

c(2)-<(t 2) ’"(") ) for t € [2.3].

c(3)-((t—3)mY,,) for € [3. 4].

The endpoint of ¢ is c(4) = %Z , and the length is

length(c) = [|v/27 (k) Xulla, + H\/EY"
= V21, ()| Xull , +

vl
N R

2
2rp (k) (k)+ sz
_ 4V2D
Vrank)

Here the third inequality follows from (5) and (6). Hence we obtain

diam(Fy,) = disty, (e, 3Z) <length(c) < 42D
VA
Since r,, (k) diverges to the infinity, the diameters of the fibers converge to zero. [J

Next we consider a sequence consisting of a fixed isomorphism type I \H,,. We
start from Riemannian case.

Proposition 4.6. Let {I';\H,,, disty, } be a sequence of compact Heisenberg man-
ifolds with left-invariant Riemannian metrics with the diameter upper bound. If
the total measure in the canonical Riemannian volume converges to zero, then the
diameter of the fibers diam(Fy,) converges to zero.

Proof. By (3), if the total measure converges to zero, then either/both of the
following two cases holds:
|—1

(@ |pa,l~" — 0, o0r

(b) |det(A)|~! — 0.
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In the case (a), by using Lemmas 3.9 and 4.4, we have

2 \/rra’,,(Ak)_nzz
d(ApV T 2 P,

1
204,

diam(F,) = disty, (e, 3Z) = min{

1
204,

<

-0 (k— 00).

In the case (b), by using Lemmas 3.5, 3.9 and 4.4, we have

1 2 [md,(Ay) 2
’ : \/ —m2p3, 1 <
204, dn(Ar) 2

2
< | ——=—>0 (k— o).
V VIdet(Ap)|

In both cases, the diameter of the fiber diam(Fy,) converges to zero. This
concludes the proposition. O

diam(fF,,) = min

A similar argument follows also for sub-Riemannian metrics of corank 1.

Proposition 4.7. Let {I',\H,, (TstAk} be a sequence of compact Heisenberg mani-
folds with left-invariant sub-Riemannian metrics of corank 1. If the total measure in
Popp’s volume converges to zero, then the diameter of the fibers converges to zero.

Proof. By (4), if the total measure converges to zero, then either/both of the
following two cases holds:

(a) 8(Ax)~' =0, or
(b) |det(Ap)|~! — 0.

In the case (a), by using Lemmas 3.5, 3.9 and 4.4, we have

diam(Fy4,) = dista, (e, 2Z) = min {Jroo’ - (ZA ) \/@ }
n k
:\/szx/ﬁ_)() o o0

In the case (b), again by using Lemmas 3.5, 3.9 and 4.4, we have

7 2
diam(F,,) = o |
iam(Fy,) d,(Ap) =\ |det(Ap)| ch e

In both cases, the diameter of the fiber diam(Fy,) converges to zero. This
concludes the proposition. (]

Now we are prepared to prove the main theorem.
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Proof of Theorem 1.1. Suppose that there are infinitely many isomorphic classes
of lattices I'y, in the sequence. Then by Proposition 4.5, the diameter of the fibers
converges to 0, and by Proposition 4.3, the Gromov—Hausdorff limit is isometric to
a flat torus of lower dimension.

Assume there are finitely many isomorphic classes of lattices in the sequence.
By taking a subsequence, we can assume that the lattices are isomorphism to I,
for a fixed r in D,. By Propositions 4.6 and 4.7, if the total measure converges
to 0, then the diameter of the fiber converges to 0. Again by Proposition 4.3, the
Gromov—Hausdorff limit is isometric to a flat torus of lower dimension. (|

Acknowledgement

The author thanks Prof. Koji Fujiwara for many helpful comments. The author
thanks Prof. Ryokichi Tanaka for bringing the problem to his attention. This work
was supported by JSPS KAKENHI Grant Number JP20J13261.

References

[Agrachev et al. 2020] A. Agracheyv, D. Barilari, and U. Boscain, A comprehensive introduction to
sub-Riemannian geometry, Cambridge Studies in Advanced Mathematics 181, Cambridge University
Press, 2020. MR Zbl

[Barilari and Rizzi 2013] D. Barilari and L. Rizzi, “A formula for Popp’s volume in sub-Riemannian
geometry”, Anal. Geom. Metr. Spaces 1 (2013), 42-57. MR Zbl

[Barilari and Rizzi 2018] D. Barilari and L. Rizzi, “Sharp measure contraction property for generalized
H-type Carnot groups”, Commun. Contemp. Math. 20:6 (2018), art. id. 1750081. MR Zbl

[Bettiol et al. 2018] R. G. Bettiol, A. Derdzinski, and P. Piccione, “Teichmiiller theory and collapse
of flat manifolds”, Ann. Mat. Pura Appl. (4) 197:4 (2018), 1247-1268. MR Zbl

[Eberlein 1994] P. Eberlein, “Geometry of 2-step nilpotent groups with a left invariant metric”, Ann.
Sci. Ecole Norm. Sup. (4) 27:5 (1994), 611-660. MR Zbl

[Fukaya 1990] K. Fukaya, “Hausdorff convergence of Riemannian manifolds and its applications”,
pp. 143-238 in Recent topics in differential and analytic geometry, edited by T. Ochiai, Adv. Stud.
Pure Math. 18-I, Academic Press, Boston, 1990. MR Zbl

[Gordon and Wilson 1986] C. S. Gordon and E. N. Wilson, “The spectrum of the Laplacian on
Riemannian Heisenberg manifolds”, Michigan Math. J. 33:2 (1986), 253-271. MR Zbl

[Juillet 2009] N. Juillet, “Geometric inequalities and generalized Ricci bounds in the Heisenberg
group”, Int. Math. Res. Not. 2009:13 (2009), 2347-2373. MR Zbl

[Montgomery 2002] R. Montgomery, A tour of subriemannian geometries, their geodesics and appli-
cations, Mathematical Surveys and Monographs 91, American Mathematical Society, Providence,
RI, 2002. MR Zbl

[Rifford 2013] L. Rifford, “Ricci curvatures in Carnot groups”, Math. Control Relat. Fields 3:4
(2013), 467-487. MR Zbl

[Rizzi 2016] L. Rizzi, “Measure contraction properties of Carnot groups”, Calc. Var. Partial Differen-
tial Equations 55:3 (2016), art.id. 60. MR Zbl


http://msp.org/idx/mr/3971262
http://msp.org/idx/zbl/1487.53001
http://dx.doi.org/10.2478/agms-2012-0004
http://dx.doi.org/10.2478/agms-2012-0004
http://msp.org/idx/mr/3108867
http://msp.org/idx/zbl/1260.53062
http://dx.doi.org/10.1142/S021919971750081X
http://dx.doi.org/10.1142/S021919971750081X
http://msp.org/idx/mr/3848070
http://msp.org/idx/zbl/1398.53038
http://dx.doi.org/10.1007/s10231-017-0723-7
http://dx.doi.org/10.1007/s10231-017-0723-7
http://msp.org/idx/mr/3829569
http://msp.org/idx/zbl/1402.32014
http://dx.doi.org/10.24033/asens.1702
http://msp.org/idx/mr/1296558
http://msp.org/idx/zbl/0830.53039
http://dx.doi.org/10.2969/aspm/01810143
http://msp.org/idx/mr/1145256
http://msp.org/idx/zbl/0754.53004
http://dx.doi.org/10.1307/mmj/1029003354
http://dx.doi.org/10.1307/mmj/1029003354
http://msp.org/idx/mr/837583
http://msp.org/idx/zbl/0599.53038
http://dx.doi.org/10.1093/imrn/rnp019
http://dx.doi.org/10.1093/imrn/rnp019
http://msp.org/idx/mr/2520783
http://msp.org/idx/zbl/1176.53053
http://dx.doi.org/10.1090/surv/091
http://dx.doi.org/10.1090/surv/091
http://msp.org/idx/mr/1867362
http://msp.org/idx/zbl/1044.53022
http://dx.doi.org/10.3934/mcrf.2013.3.467
http://msp.org/idx/mr/3110060
http://msp.org/idx/zbl/1275.53034
http://dx.doi.org/10.1007/s00526-016-1002-y
http://msp.org/idx/mr/3502622
http://msp.org/idx/zbl/1352.53026

COLLAPSED LIMITS OF HEISENBERG COMPACT MANIFOLDS 181

[Tashiro 2020] K. Tashiro, “Mahler type theorem and non-collapsed limits of sub-Riemannian
compact Heisenberg manifolds”, 2020. arXiv 2004.09407

Received July 28, 2021. Revised July 12, 2023.

KENSHIRO TASHIRO
MATHEMATICAL INSTITUTE
TOHOKU UNIVERSITY
SENDAI

JAPAN

kenshiro.tashiro.b2 @tohoku.ac.jp


http://msp.org/idx/arx/2004.09407
mailto:kenshiro.tashiro.b2@tohoku.ac.jp

PACIFIC JOURNAL OF MATHEMATICS

Founded in 1951 by E. F. Beckenbach (1906-1982) and F. Wolf (1904-1989)

msp.org/pjm

EDITORS

Don Blasius (Managing Editor)
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
blasius @math.ucla.edu

Matthias Aschenbrenner Vyjayanthi Chari Atsushi Ichino
Fakultit fiir Mathematik Department of Mathematics Department of Mathematics
Universitit Wien University of California Kyoto University
Vienna, Austria Riverside, CA 92521-0135 Kyoto 606-8502, Japan
matthias.aschenbrenner @univie.ac.at chari @math.ucr.edu atsushi.ichino@gmail.com
Robert Lipshitz Kefeng Liu Dimitri Shlyakhtenko
Department of Mathematics Department of Mathematics Department of Mathematics
University of Oregon University of California University of California
Eugene, OR 97403 Los Angeles, CA 90095-1555 Los Angeles, CA 90095-1555
lipshitz@uoregon.edu liu@math.ucla.edu shlyakht@ipam.ucla.edu
Paul Yang Ruixiang Zhang
Department of Mathematics Department of Mathematics
Princeton University University of California
Princeton NJ 08544-1000 Berkeley, CA 94720-3840
yang @math.princeton.edu ruixiang @berkeley.edu
PRODUCTION

Silvio Levy, Scientific Editor, production@msp.org

See inside back cover or msp.org/pjm for submission instructions.

The subscription price for 2024 is US $645/year for the electronic version, and $875/year for print and electronic.

Subscriptions, requests for back issues and changes of subscriber address should be sent to Pacific Journal of Mathematics, P.O. Box
4163, Berkeley, CA 94704-0163, U.S.A. The Pacific Journal of Mathematics is indexed by Mathematical Reviews, Zentralblatt MATH,
PASCAL CNRS Index, Referativnyi Zhurnal, Current Mathematical Publications and Web of Knowledge (Science Citation Index).

The Pacific Journal of Mathematics (ISSN 1945-5844 electronic, 0030-8730 printed) at the University of California, c/o Department
of Mathematics, 798 Evans Hall #3840, Berkeley, CA 94720-3840, is published twelve times a year. Periodical rate postage paid at
Berkeley, CA 94704, and additional mailing offices. POSTMASTER: send address changes to Pacific Journal of Mathematics, P.O.
Box 4163, Berkeley, CA 94704-0163.

PJM peer review and production are managed by EditFLOW® from Mathematical Sciences Publishers.

PUBLISHED BY
:I mathematical sciences publishers
nonprofit scientific publishing
http://msp.org/
© 2024 Mathematical Sciences Publishers


http://msp.org/pjm/
mailto:blasius@math.ucla.edu
mailto:matthias.aschenbrenner@univie.ac.at
mailto:chari@math.ucr.edu
mailto:atsushi.ichino@gmail.com
mailto:lipshitz@uoregon.edu
mailto:liu@math.ucla.edu
mailto:shlyakht@ipam.ucla.edu
mailto:yang@math.princeton.edu
mailto:ruixiang@berkeley.edu
mailto:production@msp.org
http://msp.org/pjm/
http://www.ams.org/mathscinet
http://www.emis.de/ZMATH/
http://www.viniti.ru/math_new.html
http://www.ams.org/bookstore-getitem/item=cmp
http://apps.isiknowledge.com
http://msp.org/
http://msp.org/

A characterization and solvability of quasihomogeneous singularities 121

GUORUI MA, STEPHEN S.-T. YAU, QIWEI ZHU and HUAIQING
ZUo

Stable value of depth of symbolic powers of edge ideals of graphs 147
NGUYEN CONG MINH, TRAN NAM TRUNG and THANH VU
Collapsed limits of compact Heisenberg manifolds with 165
sub-Riemannian metrics
KENSHIRO TASHIRO
On the coefficient inequalities for some classes of holomorphic 183
mappings in complex Banach spaces
QINGHUA XU, XIAOHUA YANG and TAISHUN LIU



	1. Introduction
	2. Preliminaries from sub-Riemannian Lie group
	2A. Sub-Riemannian structure
	2B. Length minimizer
	2C. Popp's volume

	3. Compact Heisenberg manifolds
	3A. Heisenberg groups
	3B. Isometry classes of compact Heisenberg manifolds
	3C. j-operator
	3D. Geodesics on Heisenberg groups
	3E. Popp's volume form on Heisenberg group
	3F. The circle bundle structure

	4. Gromov–Hausdorff limits of compact Heisenberg manifolds
	4A. Collapse of the circle fiber
	4B. Collapse of the fiber

	Acknowledgement
	References
	
	

