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Let C be the familiar class of normalized close-to-convex functions in the
unit disk. Koepf (1987) proved that for a function f(z) =z + Y o, ax z¥ in
the class C,
3-4x, rel0,1],
laz—ra3| < 3 3+4o re[} 3], and  |las| —|az|| < 1.
1, re[3,1]

Recently, Xu et al. (2023) generalized the above results to a subclass of close-
to-quasiconvex mappings of type B defined on the open unit polydisc in C",
and to a subclass of close-to-starlike mappings defined on the open unit ball
of a complex Banach space, respectively. In the first part of this paper, by
using different methods, we obtain the corresponding results of norm type
and functional type on the open unit ball in a complex Banach space. We
next give the coefficient inequalities for a subclass of g-starlike mappings
of complex order A on the open unit ball of a complex Banach space, which
generalize many known results. Moreover, the proofs presented here are
simpler than those given in the related papers.

1. Introduction

Let S be the class of functions of the form

(1-1) fE=E+D an&",

m=2

which are univalent in the open unit disk
U=1{¢eC:|§ <1}
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Let X be a complex Banach space with norm || - ||, B be the open unit ball of X.
Let L(X, Y) denote the set of continuous linear operators from X into a complex
Banach space Y. Let I be the identity in L(X, X). For each x € X \ {0}, we define

T(x)={Tx € L(X,0) : | Tx|| = 1, T (x) = lIx]]}.

According to the Hahn—Banach theorem, 7' (x) is nonempty.
Let H(B) denote the set of all holomorphic mappings from B into X. It is well
known that if f € H(B), then

e.¢]

1
FO) = D" f@)((y—x)")

m=0

for all y in some neighborhood of x € B, where D™ f(x) is the m-th Fréchet
derivative of f at x, and for m > 1,

D" f()((y =x)") = D" f)(y =%, ...,y —x).

m

Furthermore, D™ f(x) is a bounded symmetric m-linear mapping from

X"=Xx---xX into X.

m

A holomorphic mapping f : B — X is said to be biholomorphic if the inverse f~!
exists and is holomorphic on the open set f(B). A mapping f € H(B) is called
locally biholomorphic if the Fréchet derivative Df (x) has a bounded inverse for
eachx e B. If f: B — X is a holomorphic mapping, then f is called normalized if
f(©)=0and Df(0) =1, where I represents the identity operator from X into X.
A mapping f € H(B) is called starlike if f is biholomorphic on B and f(B) is a
starlike domain. Let S*(B) denote the class of normalized starlike mappings on B,
when X =C, B =U, the class $*(U) is denoted by S*. Suppose f, g € H(U). If
there exists a Schwarz function ¢ (i.e., ¢ € H(U), ¢(0) =0, ¢(U) C U) such that
f = g o, then we say that f is subordinate to g(written f < g).

Now, we introduce the class of quasiconvex mappings of type B on B in X,
which has been introduced by Roper and Suffridge [31] on the unit ball B C C".

Definition 1.1. Let 42 : B — X be a normalized locally biholomorphic mapping. If
(1-2) Re{T[(Dh(x)) " (D*h(x)(x*)+Dh(x) x)]} >0, xeB\{0}, Ty e T (x),

then £ is called a quasiconvex mapping of type B on B.
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Let Qp(B) denote the class of quasiconvex mappings of type B on B. When
X =C, B =U, we deduce easily that relation (1-2) is equivalent to

Eh"(§)
h'(&)

which is the well-known criterion of convex functions on U. Let IC denote the class
of normalized convex functions on U.

Xu et al. [35] introduced the following class of mappings on the open unit ball
of a complex Banach space.

me(1+ >>0, £ el

Definition 1.2 [35]. Suppose that f : B — X is a normalized holomorphic mapping.
If there exists a mapping h € Qg (B) such that

(1-3) Re{T[(Dh(x)"'Df(x)x1} >0, x € B\ {0}, Tx € T(x),
then f is called a close-to-quasiconvex mapping of type B on B.
If X =C", B=U", then it is obvious that the relation (1-3) is equivalent to

w21 o seun\ o).
Zj
where p(z) = (p1(2), ..., pu(2)) = (Dh(z))_lDf(z) z is a column vector in C”,
and j satisfies |z;| = ||z|l = maxi<x<n{lzxl}.
The following definition has been introduced by Pfaltzgraff and Suffridge [29]
on the unit ball with respect to an arbitrary norm in C".

Definition 1.3. Suppose that f : B — X is a normalized locally biholomorphic
mapping. If there exists a mapping 7 € S*(B) such that

(1-4) Re{T.[(Df (x))"'h(x)]} >0, x B\ {0}, T, € T(x),
then f is called a close-to-starlike mapping on B.

Remark 1.4. Clearly, if X = C, B = U, then the relation (1-3) (respectively,

the relation (1-4)) is equivalent to ReL &) = 0, & e U, here h € K (respectively,

/ h'()
Ne 5}’: (g) >0, &£ e U, here h € §*), which is the usual definition of close-to-convex

functions on U.

Koepf [23] obtained the following Fekete and Szegd inequality for the class C.
Theorem 1.5 [23]. Let the function f (&) be defined by (1-1). If f € C, then
3—4x, re[0,1].

jas —ra3l < Y 3+g0. Ae[3. 5],
1, Ae[%,l].
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As an interesting application of Theorem 1.5, it was proved that ||a3| — |a2|} <1
for the class C.

In recent years, the Fekete and Szegd inequality for subclass of biholomorphic
mappings in several complex variables has been studied by some authors (see [3; 4;
5; 6; 7; 15; 20; 21; 32; 36; 38]).

Xu et al. [39] obtained the following Fekete and Szeg6 inequality for the subclass
of close-to-quasiconvex mappings of type B on the open unit polydisk U" in C"* with
respect to H € Q(U"), which could be regarded as a generalization of Theorem 1.5
to several complex variables.

Theorem 1.6 [39]. Let f : U" — C, h: U" — C be holomorphic functions, and
H(z) = zh(z) € Qp(U"). Suppose that F(z) = zf (2) is a close-to-quasiconvex
mapping of type B with respect to H(z). Then, for A € [0, 1], z € U"*, we have

G-4nzl*, €0, 5],
D?F (0)(? 3
L0 0@ 14070 L) < d e ), reld 3]
IzII, reld 1]
and
3 3 2 2
H'D F(;)(z ) H_”D F(O;‘(z )izl |§||Z||3-

The above estimates are sharp.

Hamada [15] generalized Theorem 1.6 to the open unit ball of a complex Banach
space under weaker assumptions than in Theorem 1.6. Moreover, in the same paper,
Hamada also obtained the Fekete and Szeg6 inequality of functional type for the
subclasses of close-to-quasiconvex mappings of type B on the open unit ball B in a
complex Banach space.

Theorem 1.7 [15]. Let G be a quasiconvex mapping of type B on B such that
ID*GO)(x") =Lg(x)x, xeX
21 G > ,

where Lg(-) € L(X, C). Let F be a close-to-quasiconvex mapping of type B on B
with respect to G such that

TD*FO)(x*)=Lp(x)x, x€X,
where Lr(-) € L(X, C) and

%D3F(O)(x3) =Q0r(x)x, xeX,
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where Q p(x) is a homogeneous polynomial of degree 2 with values in C. Let xo € X
with ||xo|| = 1. Then, for A € [0, 1], it holds that

]
It

DEFO)) 3—4x, relo,
X0 1, 4
—2! >H§ §+97, )»E[

1, re|

’

1D’ F(0)(x3) — A3, D*F (0) (xo,

LI W—
—_ 0 Wl

k]

The above estimates are sharp.

More recently, Xu et al. [37] gave another extension of Theorem 1.5 to higher
dimensions, and established the following Fekete and Szeg6 inequality for the
subclass of close-to-starlike mappings on the open unit ball B in a complex Banach
space with respect to H € S*(B).

Theorem 1.8 [37]. Let f : B — C, h : B — C be holomorphic functions, and
H(x) =xh(x) € S*(B). Suppose that F (x) = xf (x) is a close-to-starlike mapping
with respect to H (x). Then, for x € B\ {0}, Ty € T (x), A € [0, 1], we have

3—4x, r€]0,1].

<Q3ton relssl)
1, rel31]

T.(D*F(0)(x)) A<Tx<z>2F<0)<x2>)>2
30 x |3 2! [|x ||

The above estimates are sharp.

and

Ty (DSF(O)(xg))‘
3 lx]3

T.(D*F(0)(x*)) H -
2 |x)|?

Zhang et al. [40] introduced the following class of g-starlike mapping of complex
order A on B in X, which has been introduced by Hu et al. [22] on B".

Definition 1.9 [40]. Let g : U — C be a biholomorphic function such that g(0) =1,
Neg(€) > 0on U. Let A € C with fied <0 and let f : B — X be a normalized
locally biholomorphic mapping. If

flxl
— +
T.(Df (x))~" f(x))
then f is called a g-starlike mapping of complex order A.

Let S;, , (B) denote the class of g-starlike mapping of complex order A on B. In
particular, when X = C, B = U, the above relation implies that

Sf é)
< g,
f &)
In view of Remark 2.4 of [40], we know that some important subclasses of S(B)
coincide with the classes of S; , (B) for certain choices of g and A.
Since the authors [37; 39] used Definitions 1.2 and 1.3 directly, the proofs of
Theorems 1.6 and 1.8 are long and rather complicated. In Section 3, under the same

1=

€g), xeB\{0}, Ix e T(x),

fes;, U if and only if (1 —

£ el.
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conditions as in Theorems 1.6 and 1.8, we will establish the corresponding inequal-
ities of norm type and functional type for the subclasses of close-to-quasiconvex
mappings of type B and close-to-starlike mappings on the open unit ball of a Banach
space, respectively. Next, In Section 4, we obtain the coefficient inequalities for
a subclass of g-starlike mappings of complex order A on the open unit ball of a
complex Banach space. The various results of this paper would generalize many
known results. Moreover, the proof methods presented here simplify those appeared
in some earlier papers [25; 26; 28; 33; 36; 37; 39].

Some investigations concerning the coefficient estimates for subclasses of holo-
morphic mappings in several variables have been obtained by Bracci et al. [1; 2],
Graham et al. [8; 9; 10; 11; 12; 13; 14], Hamada et al. [16; 18; 19], Kohr [24], Liu
and Wu [27], Liu et al. [28], and Xu et al. [34; 35].

2. Some lemmas
In order to prove the desired results, we need to provide the following lemmas.

Lemma 2.1 [17]. Let h : B — X be a normalized locally biholomorphic mapping.
Then h is a starlike mapping on B if and only if

NRe(Te(Dh(x) 'h(x))) >0, xeB\{0}, T, € T(x).

Comparing Lemma 2.1 with Definition 1.3, we remark that any normalized
starlike mapping on B is close-to-starlike (with respect to itself).

Lemma 2.2. Let g : U — C satisfy the conditions of Definition 1.9, f € H(B, C),
fO)=1, F(x)=xf(x). Fixx € B\{0} and denote xy = ﬁ Let1(§) =T, (F (Exgp)),
& el Then

le S;,\([U) & Fe S;A(IE%).

Proof. Since F € S; ,(B), we deduce from Definition 1.9 that

llx]|

T.((DF(x))"'F(x))

It follows that F is locally biholomorphic on B, and thus f(x) # 0, x € B. Using
a similar method to that in [8] (also see [9, Theorem 7.1.14]), we have

(1—2) +reg), xeB\{0}, T, € T(x).

xDf(x)

2-1) (DF(x)]"! = — (1 SR () )
F@\' 1y 2
Hence,
o LY
(DF(x)) F(x)—x<1+Df(x)x)_ DD x € B.

fx)
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We find from the above equality that

I £+ Df () x
A=(1—-\ A U).
TLDF&) Fay T e thes®

Since [(§) = T (F (§x0)) = Tx(§xo f(§x0)) = &f (§x0), we have
I'(€) = f(&xo) + Df (§x0) Exo

(2-2) A=)

and

SIZ(S) =1 )L)f(f;“xo) -;(l;ico(fxo) &x0 +heg),
which implies that [ € S; , ().

Conversely, we assume [ € S * )\([U) Then it is clear that Sll (g) #0, £ e U. Hence
we have Df(x)x

f)

It is not hard to deduce from this and (2-1) that F is locally biholomorphic on B.
On the other hand, in view of (2-2) and (2-3), we can conclude that

; e pE®
Tex, (DF(€x0) " F(€x0)) 1®

Taking & = ||x|| in the above relation, we obtain
llx |l

T«((DF(x))~'F(x))
as desired. O

(2-3) (I=2)

1+

£0, xeB.

(1—=2)

(I=2)

+reg),

Lemma 2.3 [20]. Let g(§) =14 g'(0) & + 5+ £0O (O) £24 ... be a holomorphic function
on U such that g'(0) #£0. Let s(§) =1+ (0)5 43 (0)52 . be a holomorphic
Sfunction on U such that s < g. Then for every u € C, it holds that

s"(0) §"(0)
— u(g'(0)?
Lemma 2.4. Let g : U— C satisfy the conditions of Definition 1.9 and

— u(s'(0))?

< maX{lg’(O)l,

2 2

This estimate is sharp.

1) =6+ In&§" €S, ).

m=2

1g"(0)]
I3 — vl 1,
|13 2|_2|1_Mmax

Then
18 "(0)
2'(0)

Yo' (0 }, veC.
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The above estimate is sharp for the function

1(§) =SeXP

: ‘/E t lldt
A

if |35 + 28/ (0)| = 1, and for

1(§) = ! /S ) — 1) tar
©=cexp i | (@)=
if [y + s O] =1
Proof. Since [ € S;‘yk([U), we have
BN (G
b(&)=( Z(S) regl), el b<yg.

A computation shows that

b// (0)
2

b (0) = (1— 1) b, =2(1=0) 15— (1=

By using Lemma 2.3, we have

b//(o) //(0)
5~ b)) smax{|g/(0)|, § S~ g 0)? } necC.
From the above relations, we obtain that
/ 1 O
|z3—12|_|g()| max{1, |1 180 "ol vec. O
211 =2 g'(0)

Remark 2.5. Lemma 2.4 generalizes Theorem 3.1 of [36], when A =0, Lemma 2.4
obtained by Xu et al. [36]. Moreover, the proof presented here is simpler than that
in [36, Theorem 3.1].

Lemma 2.6. Let g : U— C be a convex function which satisfies the conditions of
Definition 1.9 and o
IE) =&+ In&" €Sk, U).

m=2

Then

m

1 18"(0)]
m k—2 , =2,3,4,....
Il = G 1)!1_[(( )+|1—x|) "
k=2
Proof. Since | € S; , (U), the function p is defined by

£ o
I(§)

in view of Definition 1.9, we have p < g. If

p) =

§el,

PEV=1+piE+pr&24-+puE"+..., Ecl,
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then from Rogosinski’s theorem [30], we obtain that | p,,| <|g’(0)|, m=1,2,3,....
Comparing the coefficients in the power series of [(§) p(&§) = (1 — 1) EU'(E) + AL (§),
we deduce that (1 — 1)l = p; and

A=Mm—-Dlp=pua+bpunot+lzpms+---+lp_1p1, m=2,34,....

Thus by the mathematical induction, we obtain

m

18'(0)] B
| < ]‘[((k-2)+m), m=2,34,...,

—(m—-1)! i

as desired. O

3. Simplified proofs of Fekete—Szegt inequalities for close-to-quasiconvex
mappings of type B and close-to-starlike mappings

In this section, by using the proof methods different from those appeared in [39]
and [37], we obtain the corresponding results of norm type and functional type for
subclasses of close-to-quasiconvex mappings of type B and close-to-starlike map-
pings defined on the open unit ball in a complex Banach space (see Theorem 1.7).

Theorem 3.1. Let f : B — C, h : B — C be holomorphic functions, and let
H(x) = xh(x) € Qg(B). Suppose that F(x) = xf (x) is a close-to-quasiconvex
mapping of type B with respect to H(x). Then, for x € X \ {0}, T, € T (x) and
A € [0, 1], we have

3—4xr, rel0,1],
D’FOE) 1 D*F(0) o DPFOGHN| 1,4 )\e%l 32]]
EIFTESTIE A B ERA
1, rel3.1],
3 3 2 211\2 3—4r. ae(0.3].
T (D’ F(0)(x ))—A LDTFOCDY_ )1 4 el 2
3P e AL BRI
2
1, rel3.1],
T (D’ F(0)(x?)) T (D*F(0)(x?)) <1
31 x| 2! lx1? N

and

‘H D3F(0)(x?)) H B “ D*F(0)(x?)
3! |x | 2! |x |12

The above estimates are sharp.

=1

Proof. Fix x € X \ {0} and denote xo = Hi_ll Let p : U — C be given by

T (DH (£x0)) " (D*H (§x0) (§x0)>+D H (£ x0) (x0)) E£0

= 3 :
p&) {1’ E—0,
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Then p € H(U), p(0) =1, and

_ T.((DH (§x0))”" (D?H (§x0) (§x0)* + D H (§x0) (£ x0))
pé) = :

_ Tex, (DH (§x0)) ' (D*H (§x0) (§x0)* + D H (§x0) (£ X0))
1§ xoll ’
Since H € Qp(B), using Definition 1.1, we obtain

£ e\ {0).

(3-D Ne(p(€)) >0, §el.
On the other hand, by using an elementary computation, we have
1 xDh(x)
_ h(x)
(DH(x)™' = (1 -~ )
(x)
h(x) 1+ 55

and
D?*h(x)(x%) +3Dh(x) x + h(x)
h(x) + Dh(x) x o

(DH(x))""(D*H(x)(x*) + DH(x) x) =

This allows us to rewrite p in the form

_ D*h(&x0)((§x0)%) 4+ 3Dh(Ex0)(Ex0) + h(Exo)
h(Exo) + Dh(£x¢)(Exg)

Let k(§) = T (H(Exp)) = &Eh(Exp) for & € U. Elementary computations using
this inequality yield that

(3-3) k' (&) = h(§xo) + Dh(&x0) (§x0)

and

(3-2) p&)

el

EK"(§)  D*h(£x0)((§x0)%) + 3Dh(£x0)(Ex0) + h(£x0)
k&) h(€x0) + Dh(§x0) (5 x0) '
Using (3-1), (3-2) and (3-4), we obtain k € K.

Let s(x) = (DH(x))"'DF(x) x, and let

Ty (s(§x0)) , £eU\{0},
r§) = { 5
1, £=0.
Then r is holomorphic on U, r(0) =1 and

Ti(s(Gx0)) _ Twy(s(8x0) _ Texo(5(5x0))
3 3 1§ xol

Since F(x) is a close-to-quasiconvex mapping of type B with respect to H (x),
from Definition 1.2, we obtain

G4 1+

r@) =

£ U\ {0}

(3-5) Ne(r(E)) >0, &el.
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A simple computation shows that

Ti(s(§x0)) _ Tu((DH (§x0))~' DF (§x0) §x0)

(3-6) r§) = £ = :
S (Exo) + Df (§x0) §xo
= , 0}.
W) + DhGExyExy ©
Letting [(§) = T, (F (€xp)), & € U, we have
(3-7) I'(§) = T« (DF (5x0) x0) = f(§x0) + Df (§x0) &xo.

Hence from (3-3), (3-5), (3-6) and (3-7), we obtain

Yo (l(é)) % (f(SXO)+Df(SXO)SXO)
e >0,
K'(&) h(&Exo) + Dh(&x¢) Exo

which means that / € C. Thus from Theorem 1.5, we have

3—4x, ref0,1].
l///(o) l//(O) 2 | . é
(3-8) 3 _)\< 21 =13 ton AE[%’?]’
1, rel31]
and
(3_9) ‘ l///(o) l//(O)H

Furthermore, since [(§) = Ty (F(Exg)) = Tx (Exo f (Exg)) = Ef (Exp) for £ € U, a
simple computation yields that

1"(0)  T(D3F(0)(x3)) _ D?f(0)(xj)
3 3! B 2 ’

1"(0)\? T.(D2F(0)(x2)\?
( 2(!)) =( ( 2f )(XO))) = (D (0)(x0))%,

and
D3F0)(x3) D*f(0)(x})
31 Y

D?F(0)(xg)
2!

x0, 3D*F(0) (xo, ) = (Df (0)(x0))*xo-
Using the above equalities, (3-8) and (3-9), we obtain all of the desired conclusions
about Theorems 3.1. The example which shows the sharpness of Theorem 3.1 is the
same as the mapping defined in [37]. This completes the proof of Theorem 3.1. [J

Theorem 3.2. Let f : B — C, h : B — C be holomorphic functions, and let
H(x) =xh(x) € S*(B). Suppose that F(x) = xf (x) is a close-to-starlike mapping
with respect to H (x). Then, for x € X \ {0}, T, € T(x) and ) € [0, 1], we have the
same conclusions as in Theorem 3.1.
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Proof. Fix x € X\{0} and denote xp = . Let p : U — C be given by

m.
T (DH (x0)) "' H(£x0)) 0
pé) = { § - 570,
1, £=0.

Then p € H(U), p(0) =1, and

_ T ((DH(§x0)~" H (§x0)) _ Texo ((DH (5x0)) ' H(§x0))

U\ {0}.
p) £ 1Exol § € U\ {0}
Since H € §*(B), by Lemma 2.1, we have
(3-10) Ne(p)) >0, £&ell.
At the same time, a short computation yields the relation
(DHE) T HE) = —— D,
~ h(x)+ Dh(x)x"’
Hence the above relations imply that
h(&xo)
3-11 = , U.
1D PO = Exo)  DhEr) ) ©
Let
k() =T (H(x0) =&h(Exp), &€l
Then, we have
k' (&) = h(&x0) + Dh(&x0) (£ x0)
and
(3-12) EK'(E) _ h(Exo) + Dh(éXo)(SXo)‘
k(&) h(&xo)
By using (3-10), (3-11) and (3-12), we obtain k € S§*.
Let s(x) = (DF(x))"'H(x), and let
Ty (s(§x0))
===, §eUN{0},
= §
r(§) {1’ £—o0.
Then r is holomorphic on U, r(0) =1 and
o) = TOER) | TuGEx) _ TeGEn) ) o0

3 3 11§ xoll

Since F(x) is a close-to-starlike mapping with respect to H (x), from Definition 1.3,

we obtain
Re(r (&) >0, &el.
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A simple computation shows that

_ Tu(s(Exo)) T ((DF(Ex0)) " H(Exo))
-8 £

_ h(&xo)

 f(Exo) + Df (Exo) Exo’

Letting [(§) = T (F (Exp)), & € U again, we obtain

I'(§) = T« (DF (x0) x0) = f(§x0) + Df (§x0) &xo.

r(&)

£ U\ {0}

Consequently, combining this observation with the preceding relations, we have

mg(él'(f)) B q{e(f(éxo) + Df (§xo) Exo) ~ 0,

k(&) h(&xo)
which implies that [ € C. The remaining part of the proof of Theorem 3.2 is similar
to that in the proof of Theorem 3.1, so we omit the details. U

4. Simplified proofs of coefficient inequalities for a subclass of g-starlike
mappings of complex order A

By using Lemmas 2.2, 2.4 and 2.6, we establish bounds of all terms of homogeneous
expansions and the Fekete—Szegd inequality for a subclass of g-starlike mappings of
complex order A on the open unit ball of a complex Banach space, which generalize
the corresponding results appeared in [25; 26; 28; 33; 36].

Theorem 4.1. Let g : U — C be a convex function which satisfies the conditions of
Definition 1.9, and f € H(B, C), f(0) = 1. Suppose that F (x) = xf(x) € S;J(B).
Then for x € B, we have

10" FO M _ [T[r =2+ 7518/ O]
m! - (m—1)!

Proof. Fix x € B\ {0} and denote xo = . Let [(¢) = T.(F(£xo)), £ € U. In

llxl

view of Lemma 2.2, we have [ € S;’/\([U). Since [(§) = T (F (Exg)) = Ef (Exp), we
obtain

Ix||™, m=2,3,4,....

D"FO)(xg) _ D" F(O) g™ 1™ (0)

m! =1 m
By using Lemma 2.6, we have
10" FO G _ Tlr =24 518" O]
m! = (m—1)!

as desired. O

”x”m’ m:273’4’-~~7
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Remark 4.2. Theorem 4.1 generalizes many known results. In Theorem 4.3 if we
setk:Oandg(é):}%g, Eel, A:Oandk:—&, 0 <« < 1, we can readily
deduce the corresponding results of [28], [26] and [33], respectively. Moreover, the

proofs presented here are simpler than those given in [28], [26] and [33].
Theorem 4.3. Let g : U — C satisfy the conditions of Definition 1.9, and let
feH,C), f(O)=1. Suppose that F(x) =xf(x) € S;’A([B). Then for v € C,
x € B\ {0}, we have

3 3 2 2
HD FO0)(x”) ) 1 DZF(O)(x, D F(0)(x ))H
3 x| 2x|P3 2!
18'(0)] 1870 1-2v
: 2|1—x|max{1’ 290 " 1-x g(O)H
and
T(D’FO)(x%) (TX(DZF(m(xZ)))2
31 ||x|? b 2! |x )12
lg"(0)] 180  1-2v
REE max{l’ PO R g(O)H'

The above estimates are sharp.

Proof. Fix x € B\ {0} and denote xg = Hi_ll Let[(§) =Ty (F(éxp)), & € U. From
Lemma 2.2, we have [ € S;’,\(U). Since [(§) = T (F (Exg)) = £f (Exp), we have

") _ T (D*F (0)(x;)) _ D? f(0)(xg)

3! 3! 2
1”(0 2 T, DZFO 2 2
(57) = (R0 = 0w
and
D3F(0)(x3) D?f(0)(x} D?*F(0)(x}
) DT b2 (xo, w)ﬂwm)(m))%

Using the above equalities and Lemma 2.4, we obtain the desired conclusion.
In order to prove that the estimates of Theorem 4.3 are sharp, it suffices to
consider the following examples.

If |%% + 11__2; g (O)| > 1, we consider the example

T,(x) dt
F(x)=xexp / gt)y—1H—, xeb, |lull=1.
1—A 0 1
If |%% + 11__2; g/(0)| < 1, we consider the example
T (x) dt
2
F(x)=xexp / (gtH—1)—, xebB, u|=1. O
1—Ax 0 t
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Remark 4.4. If we set A = —itan 8, —5 < B < 5 and A =0 in Theorem 4.3, we
obtain the corresponding results of [25] and [36], respectively. Moreover, the proofs
presented here are simpler than those given in [25] and [36].
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