RLL-REALIZATION OF TWO-PARAMETER
QUANTUM AFFINE ALGEBRA IN TYPE D"

RUSHU ZHUANG, NATHONG HU AND XI1AO XU

Volume 329 No. 2 April 2024






PACIFIC JOURNAL OF MATHEMATICS
Vol. 329, No. 2, 2024

https://doi.org/10.2140/pjm.2024.329.357

RLL-REALIZATION OF TWO-PARAMETER
QUANTUM AFFINE ALGEBRA IN TYPE DV

RUSHU ZHUANG, NATHONG HU AND XIAO XU

We obtain the basic R-matrix of the two-parameter quantum group U =
U, s(s03,) via its weight representation theory and determine its R-matrix
with spectral parameters for the two-parameter quantum affine algebra
U = U, (502,). Using the Gauss decomposition of the R-matrix realization
of U = U, +(s03,), we study the commutation relations of the Gaussian
generators and finally arrive at its R L L-formalism of the Drinfeld realization
of two-parameter quantum affine algebra U = U, ;(§02,).
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1. Introduction

Quantum groups were independently discovered by Drinfeld [6; 8] and Jimbo [15],
who showed that the universal enveloping algebra U (g) of any Kac—Moody algebra g
admits a certain g-deformation U, (g) as a Hopf algebra. Their construction is given
in terms of Chevalley generators and g-Serre relations. For the Yangian algebra Y (g)
and the quantum affine algebra U, () of complex simple Lie algebra g, Drinfeld [7]
gave their new realizations, which are quantizations of the loop realizations of the
classical loop and affine Lie algebras. Faddeev, Reshetikhin and Takhtajan [21]
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presented the RL L-realizations of U, (g) [19] of the classical simple Lie algebras g
by means of solutions of the quantum Yang—Baxter equation

R12R13R23 = Ry3R13R12,

where Rj» = R® 1, etc., and R € End(C" ® C"). This realization is a natural analog
of the matrix realizations of the classical Lie algebras, which originated from the
quantum inverse scattering method developed by the St. Petersburg school. Later
on, the R-matrix realization of quantum loop algebra U, (g ® Cl[z, t~'1) using a
solution of the quantum Yang—Baxter equation with spectral parameters z, w € C,

R12(2) Ri3(zw) Ryz(w) = Roz(w) Ri3(zw) R12(2),

where R(z) is a rational function of z with values in End(C" ® C") was given by
Faddeev, Reshetikhin and Takhtajan in [9].

As we know [10], the affine Kac-Moody algebra g admits a natural realization as
a central extension of the loop algebra g ® C[¢, t~'], when g is a simple Lie algebra.
In [20], Reshetikhin and Semenov-Tian-Shansky proved that the central extension
can be viewed as the affine analog of the construction in [21]. In [5], by using the
Gauss decomposition, Ding and Frenkel showed that the R-matrix realization and
Drinfeld realization of quantum affine algebra U, (g/E,) are isomorphic. Recently,
Jing, Liu and Molev [17; 18] presented the isomorphisms between the R-matrix and
Drinfeld presentations of one-parameter quantum affine algebras U, (g) of affine
types B,gl), C,Sl), D,gl).

On the other hand, in 2001, Benkart and Witherspoon [1], motivated by the
two-parameters (r, s)-Serre relations satisfied by the up-down operators defined
on posets, reobtained the two-parameter quantum enveloping algebras U, ;(g)
corresponding to the general linear Lie algebra gl, and the special linear Lie
algebra sl,,, which were earlier defined by Takeuchi [22] in 1990. Bergeron, Gao,
Hu in [2] found the defining structures of two-parameter quantum groups U, ;(g) of
orthogonal and symplectic Lie algebras, which are realized as the Drinfeld doubles
and established their weight representation theory of category O™° [3]. Much
research has been done for the other types including the affine types (see [4] and
references therein). Hu, Rosso and Zhang [12; 13] defined and initiated the study
of the vertex representations of Drinfeld realizations of two-parameter quantum
affine algebras of untwisted types and constructed the quantum affine Lyndon bases.
The RL L-realization of the two-parameter quantum affine algebra U, s(ng) has
been given by Jing and Liu [16] under the name of RT T -realization.

A natural open question is how to work out the R L L-realizations for the quantum
affine algebras U, ;(g) of types B,(,l), C ,(,1), D,(,l). The difficulty lies in that there has
been no information about two-parameter basic R-matrices in the corresponding
cases for many years, let alone their Yang—Baxterizations. Recently we have
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overcome such obstacles and solved these problems (also see the subsequent
preprints [14; 23]).

The current paper is the first to give the RL L-realization of the two-parameter
quantum affine algebra U, ;(50,,) by the Reshetikhin and Semenov-Tian-Shansky
method. We show that Drinfeld’s construction can be naturally established in the
Gaussian decomposition of a matrix composed of elements of the quantum affine
algebra. The organization of the paper is as follows. In Section 2, we recall the basic
results. In Section 3, we give the R-matrix of the two-parameter quantum group
U, s (s02,). In Section 4, we give the isomorphism between Faddeev—Reshetikhin—
Takhtajan and Drinfeld—Jimbo definitions of U, ;(s02,), and further give the spectral
parameter dependent R-matrix R (z) as the Yang—Baxterization of the basic R-matrix
we obtained. In Sections 5-6, we study the commutation relations between Gaussian
generators and give the Drinfeld realization of U, ;(50,) (modified version of [12]).

2. Preliminaries

In [2], let K = Q(r, s) be a ground field of rational functions in r, s, where r, s
are algebraically independent indeterminates. Assume @ is a finite root system
of type D, with IT a base of simple roots. Regard & as a subset of a Euclidean
space E = R" with an inner product (, ). Let €1, ..., €, denote an orthonormal
basis of E, and suppose [l ={o; =¢; —€;41 |1 <i <n} U {a, = €,-1 +¢€,} and
® ={+te; *€; |1 =<i#j<n} Inthiscase, setr; = r@ei)/2 gpg 5; = 5(@-2)/2
sothatrj=---=r,=rands;=---=s5, =S5.
The Cartan matrix of D,, is

2-1 0 0 0 O
-1 2 -1 0 0 O
0-1 2 0 0 O
(2-1) Dn:(aij)nxn:
0 0 O 2 -1 -1
0 0 O -1 2 0
0 0 O -1 0 2

rs~t ol 1 1 1 1

s ors™bopl 1 1 1

1 K rs~! 1 1 1

(2-2) (Wi wj)nxn = : :
1 1 1 rs~b 7l r!
1 1 1 s rs~h plgTd
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In [2], let U, 4(s02,) be the unital associative algebra over Q(r, s) generated by
ei, fi, wiil, w;ﬂ(l <1i < n), subject to the defining relations (D1)—(D6):
- w; wl/._1 =1.

(D1) wiﬂ, wl’.ﬂ all commute with one another and w; w;”

D2) Forl <i<n,1<j<n,and 1 <k(#n-—1)<n, we have

€i0) (€i41,04 _—(ejai) —(€j11,04
wjei =r( J z)s( Jj+l l)eiwjv wjf‘l =7 (] z)s (j+1 l)f’iwj’
w}ei — s(€j,0!i)r(€j+1,0li)eiw/i, w;fz — s_(fjsai)r_(5j+lsai)fiw;_’
Wwyer = r(€n71,ak)sf(€n,t¥k)ekwn’ Wy fi = r*(en—lyak)s(%;ak)fkwn’

/ €n_1,0) ,.— (€, / / _ (et €,0, /
wnek:s(nl k) -~ (€n k)ekwn, w fi=s (€n—1,0) 1. (€ k)fkwn-

wnen—l — r(fnﬂanfl)s_(gnflaanfl)

—(€n, 00— €n—1,0p—
Wy fal =7 (€ns0tn—1) g (€n—1,0n 1)fn_1wn’

€n—1Wn,

(D3)

/ €,,0,— —(€p—1,0— /
wnen—l :s(n n l)r (n 1,%n l)en—lwnv

w:lfnfl — s_(énsan—l)r(en—lyan—])fnilw;l'

(D4) For 1 <i, j <n, we have

/—1
w; —w;

lei, fil=68ij————.

r—s

(DS) Forany 1 <i # j <nbut (i, j) ¢ {(n—1,n), (n,n—1)} with g;; =0, we have

lei,ej]1=0, e,_1e,=rsee,1,
[fi7 fj]zo’ fnfnflzrsfnflfw

(D6) For 1 <i < j <n with g;; = —1, we have (r, s)-Serre relations:

2 2
ejej — (r +s)ejeje; +rseje; =0,

fifr =+ fififi+rsfifi=0,

-1, 2
eie; =0,

fif; = s fifi+rTsT i =0

Proposition 2.1. The algebra U, ;(s02,) is a Hopf algebra with comultiplication A,
counit € and antipode S such that

2 -1, —1 -1
ejel-—(r +s" ejeiej +r s

Ale)=¢@1+w;®e;, A(fi)=1® fi+ fi®w,
e(e;) =0, e(fi)=0,
S(er) = —w; e, S(fi) =—fiw] ™",

and w;, w; are group-like elements for any i € I.
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Definition 2.2. We define the linear mapping f : A x A — k™ as
SO )= (w), w) ™,

which satisfies

SO+v,w)=f, wf,w), fO,ut+v)y=FfR, wfi,v).

Definition 2.3. Let M, M’ be finite-dimensional U-modules. Define an isomor-
phism of U-modules f: M QM — M ® M’ as

fm@m'y=f(, wymem',
where m € M, m’ € M;L and A, 4 € A.

Corollary 2.4 [3]. U,5(g) =U,;(n")QU '® U, s(n), as vector spaces. In particu-
lar, it induces U, (g) = U,(n") @ Uy ® U, (n), as vector spaces.

Let Q = Z® denote the root lattice and set 07 = )| Z>o;. Then for any
=1, tia; € Q, we denote
wr = wf‘ b, wp = (@)™ - (@)%
Then U, ;(n*) = ®neQ+ U,,is'7 (n*) Q*-graded, where
-1 _
U}?S(ni) = {a € Ur,s(ni) | o aw, —1 (a) we)a, wgawg (a)’;, wy) la},
forne QTUQO™.

Lemma 2.5 [3]. Set d; =dimy UK (n+) Consider the basis {(u’ )i, for UE (n),
and {vk }k | is the dual basis for Ur s (n7) with respect to the pairing. Now let

s
(2-3) O, =) vy QuieURU.

k=1
All but finitely many terms in this sum will act as multiplication by 0 on any weight
space M, of M € O. © = Z§€Q+ Oy is a well-defined operator on such M ® M.

Theorem 2.6 [3]. For M, M’ to be finite-dimensional modules of U, s(g), the map
Rym=0OofoP:MOM—>MOIM

must be an isomorphism of U, s(g)-module, where P(m @ m') =m’' @ m, m € M,

m' eM.

Theorem 2.7 [3]. For M, M', M" to be finite-dimensional modules of U, s(g), the

map must satisfy
@{zo®f o@ép3 —@éc@f o@f
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Equivalently, we have
Ri20Ry30 R = Ro3 0 Ry3 0 Rp3.

Remark 2.8. Denote ©f, = (@)1 0 /) ® 1, 03, = 1@ (Opr .7 0 f), Oy =
(1®P)o(®/ ®1)o(1® P). Also, ®o f is the solution of the quantum Yang—Baxter
equation.

3. Basic R-matrix

In this section, we consider the R-matrix R := Ry y for the vector representation
T1 = Ty of the Drinfeld—Jimbo algebra U = U, s(s02,).

Definition 3.1. The vector representation 7} of the Drinfeld—Jimbo algebra U is
the irreducible type 1 representation with highest weight A = (1,0, ..., 0) with
respect to the ordered sequence «y, ..., @, of simple roots.

Consider a 2n-dimensional vector space V over K with basis {v; | 1 < j <2n}.
We define an action of the generators of U = U, ;(s02,) by specifying their matrices
relative to this basis:

Lemma 3.2. Let Ey; be the 2nx2n matrix with 1 in the (k, l)-position and 0 else-
where. The vector representation Ty of U, (s02,) is described by the following list:

11 1
Te)=E;it1—r 25 2Eqq1yis, Ti(en) =Eyny2—1 25 2E@uioy ws

11 1
TW(fi)=Eiv1i—r 25 2Epy 11y, Ti(fu) =Enqon—r 25 2Ey (nt2y.

Ty(w)) =rEii+sEiy1ir1+s " Eqyiy.e1y+r~ Eiit Z Ej;,
(B2) 1 1 ALY, (+1)}
/ — —
Ti(w)) =SE; i+rEit1,it1+r" Eitiy,i+1y+s~ Ep i+ Z E;;,
JAlL LG+

Ti(wy) =5 "Eytn1 +7Enn+1 "Epw +SEu_1y,(n—1y + r TR

4 rls7! Z Ejj+rs Z Ej i,

I<j<n-2 I<j<n-2
(B3) N1 -1 1 -1
Ti(w,)=r "Epyn1+SEpn+s Eynw+rEu-1y.m-1y +r s Ei

+rls! Z Ejj+rs Z Ej i,

1<j=<n-=-2 1<j<n-2

wherel <i,j<n—1,andi' =2n+1—i.
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Proof. By straightforward calculations one checks that the preceding formulas define
a weight representation 77 of the algebra U, ;(s02,) on the vector space C?". For the
basis vector e; = (1, 0, - - - , 0), we easily verify that 77 (E;)e; =0, T1(w)e; =rey,
Ti(w)er = e, Ti(wyer = r~'s™ ey, Ti(w))e; = se;, Ti(w)e; = e;, and
Ti(w,)e; =rse, for 1 < j <nand2 <i <n— 1. Hence T; is the type 1
representation with highest weight A = o +ao +-- -+ %(an_l +a,) =¢€1. Thus T;
is indeed the vector representation of U, ;(s02,). U
We illustrate through the following lemmas that the module V ® V is decomposed
into the direct sum of three simple submodules, S°(V®V), S'(VQV) and A(VRQV).
These modules are defined and proved by the following three lemmas.
Lemma 3.3. The module S°(V ® V') generated by 21221 a; vy Q@ v; is simple, and a;

satisfies i
f rs™HT  ifl<izn,

a; = 1 ifi=n+1,
n—i+l

(rs™H) 2 ifn+2<i<2n.

Proof. The operators e, fi, wy, w; act on leil a;vir ® v;, then the following
computations show that S°(V ® V) is a simple module:

2n
ey. (Zaivi/ ®vi)
i=l 2n
=l +wrQex) - (Zaivir ®U,’)
i=1

1 1 1 1

11 —1 11
= (Ak+1y —apr2s 2) Ve @ Vk+1y + (k18 — 7 28 2ak) V1) ® Vg
=0,

2n
éy. (Zaivi/ ®v,-)
=l 2n
= (en ®X1+ Wy ®€n) . (Zaivi’ (024 Ul')
i=1

1 1 1 1

L1 S -1
= (apr?s 2 —A(p42y) Vn @ Vuy2y + (r 28720, — A2y S~ ) Vnt2y @ Uy
=0.

Moreover,

2n 2n 2n 2n
w(Yawou) =Y aveu. u(Laweu)=Yawsu
i=1 i=1 i=1 i=1

and for 1 < k < n. By similar calculations as above, we know that the operators f
act trivially on Z?il a;vi ® v;. So, it is easy to see that S°(V ® V) is simple. [
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Lemma 3.4. The simple module S'(V ® V) is defined as follows:
1) vi®uvi, 1 <i <2n,
(i) v QVj+sv;®u, 1 <i<nandi+1<j<nori'+1<j<2n,

(ii1) v,-®vj+r_1vj®v,~,1§i§n—l,n—|—1§j§2n—i0rn+1§i§2n—l,
i+1<j<2n,

. _ 1) .
(V) v QUi +r sV @V — (r~'s)2 (V(i1y @ Vi1 +Vig1 @ V(i41y), | Si <n—1,
where v| ® vy is the highest weight vector.

Proof. Operators ey, fi act on vectors in (i)—(iv). The following computations show
that S'(V ® V) is a simple module, because for case (i), we have

Oi k1 (Vk @ Vg1 + SV ® vg),
ex. (Vi @) = it |
—Si(rs) 2(Vi1 @V +1rT v QUi1),

or

8i k (Vk @ Vg1 + SVk41 @ Vp),
1 _
—8i,(k+1y (rs) "2 (v; @ Vi1 +r Wi @),

fi-vi®v;) = {

where 1 <k <n — 1, and for k = n, we have

8i,n+2(vn Q Vg2 +5Up42 @ Uy),
en-(vi®vi)= _1 1
_Si,n—ﬁ—l(rs) T(Vp—1 @ Up1 +77 U1 QUy—1),
Sin(Vp @ Vpan + SU10 @ Uy),
o (Vi @) = { l’n_(in " n+2_1 2
—8in—1(rs) 2 (Un—1 ® Vy1 + 77 Vpt1 ® Vy—1).

For case (ii), we have

er. (V; ®Vj+5vV; ®V;)
= e (V) QUj +swi(v)) @ e (v;) +sex(v) @ v + wi(v;) ® e (v)),
so we get
Sitjont2(Vi @ vy +1 7 svy @ v
1
— (r7'$) 2041y @ Vi1 + Vig1 ® Viit1y),
er. (Vi ®Vj+5v; Q) = Sik+1(Vi—1 ®Vj +5V; ® V1),
ik (Wi ®Vj_1+sv;-1 QV;),
i kOk+1,j (Vi @ V;).

For operators f;, we have

Je- (Ui ®vj+5v; Qv;)
=0 ® fi(vj) +sv; ® fi(vi) + fi(vi) ® wi(v;) + sfi(vj) ® wy(v;),
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so we have

Sitjon(vi @ vy + 1" Lsvy @
—(F_IS)%U(HI)’ ® Vit1 + Vi1 ®V(it1y),
S (Ui ®@uj +s5v; @v;) = 8 1y (Vi @Vjgp1 +5Vj41 @),
8ik (Vi1 @V +5V; @ Viy1),
8, (k181 (Vig1 @ Vig1),

where ] <k <n—1. Fork=n,and n’ +2 <[ < 2n, we have

Un—1 @ Vu—1y + r_lsv(n—l)’ ® vy—1
—(r79)2 (U ® Uy + Vi @ V),
Jo- i ®V; +50; @) =1 8 (Va2 @ v+ 7 v @ vpy2),
8in—1(Wnt1 @+ 7710 @ V1),
v Q vy

For case (iii), we have

e - (v ®v; +r_1'Uj Qv;)
= e (V) @V + 71w (V) @ e (v;) +r ek (v)) ® vy + Wi (v;) ® e (v)),

so we get

Sitjont2(i ® vy +r s vy @y
— (') (Vgty ® Vi1 + Vi1 ® Vt1y),
er. (Vi ®v;+r v ®v) = Sikr1(Wi—1 ® v +r7 v @vi_y),
Sjn(i®vi_1+r v @),
3i kSk+1,j (Vi ® ;).

For operators f;, we have

S (Vi ®v; —I-r_lvj ®v;)
=1 ® fi(v) +r v ® fi(v) + fir() @ wi(v) +r7" fi(v) @ wi (v,

so we have

Si+jon(vi @ vy +r 7L svy @
_(rils)%(v(i—i-l)’ ® Vit1 + Vip1 ® V(it1y)),
fie- i ®v;+r v @v) = 8.ty (W ®ujp1 +1r i ®vy),
8ik(it1 ®v;+r"1v; ®uig),

8i (k1) 8.1 (Vig1 ®Vig1),
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where 1 <k <n—1. Fork =n,and n’ +2 <[ < 2n, we have

Up—1 ® V(n—1y +Vflsv(n—1)/ Q Vp—1
1
—(r_ls)i(vn Q Uy + vy @ vp),

fo-i®@v;+r v, @u) = 8in(Unt2 @ Ui + 5V @ Vp42),
S8in—1(Vn41 @V + 5V @ Vnt1),
v Q vy.
Therefore, it is easy to see that S'(V ® V) is simple. ([

Lemma 3.5. The simple module A(V ® V) is defined as follows:
@) vi®vj—rvj®u, 1 <i<nandi+1<j<nori'+1<j<2n,
(i) vi®v;—s v Qu, 1 <i<n—lLn+1<j<2n—i,orn+1<i<2n-—1,
i+1=<j<2n,
(iff) —(rs) 720 ® vir — ™ Wir1y ® Vg1 + T Vi ® vry + (78) Tvr ® vy,
1<i<n-—1,
where v1 ® V) — rvy ® vy is the highest weight vector.

Proof. We can check this lemma by repeating similar calculations to those in
Lemma 3.4. ([l

Lemma 3.6. The decomposition of U, ;(s02,)-module VQ V is
VRaV=SVeaV)eSVeaV)eaA(VeV).

Proof. In [11], Hu and Pei proved that as braided tensor categories, the categories
O"* of finite-dimensional weight U, ; (g)-modules (of type 1) and O¢ are monoidally
equivalent. Referring to the book by Klimyk and Schmiidgen [19], U, (s02,)-module
V ® V is completely reducible and can be decomposed into the direct sum of three
simple modules. ([

Proposition 3.7. The minimum polynomial of R= Ry y on V@YV is

2n—1 2n—1

(t —r_%s%) -(t +r%s_%) (t—r 2 s7 7).

Proof. It follows from the definition of R that R(v; ® vy) = r_%s%vl ® v; and
Rvi®uy,—rv,®up) = —r%s_% (v1 ® v —rvy ® v1). By the proceeding lemmas,
S'(V®V)and A(V ® V) are simple, and in fact, vi ® v; and v ® v, —rv; ® vy
are the highest weight vectors. In particular, each is a cyclic module generated by
its highest weight vector, respectively, R(ajvy ® vy) = alr%s*%vl ®uvy+---,and
v] ® vy only occurs in R(ajvyr ® vy). So we have the desired result

2n

2n
2n—1 _ 2n-—1
R(E al-v,-/®v,~>=r 2y 2 (E a,-v,-/®v,-).
i=1

i=1

O
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Theorem 3.8. The braiding R-matrix R = Ry v acts as
L 2n | ! 2n
R=r2s52 Z Eii®Eii +r2s 2 Z Eii’®Ei’i
i=1 =

2n
+r_5s_é{ Z Eii®Ej + Z Eij®@Eji + Z Enj ® Ejn

I<i<n—1 I<i<n—1 J:n+2
i+1<j<n i'+1<j<2n
+ E E; ®Eij + E Eji®Eij}
n+l<i<2n—1 1<i<n-—1
i+1<j<2n n+1<j<2n—i
2n
11
+r2s2 E Eji®Eij + E E;i® E;j + E Ejn ® Eyj
1<i<n-—1 1<i<n-—1 j=n+2
i+l<j<n i'+1<j<2n
+ E Eij®Ej; + E Ejj ®Eji}
n+l<i<2n—1 I<i<n—1
i+l<j<2n ntl<j<2n—i

+ (st - réS—;){Z Eji® Eji — Z(”_%Sé)(p"_p")Eij’ ® Ei’j},
i<j i>]
where
n—i fl<i<n
pi = 0 ifn+l
n—i+1 ifn+2<i<2n
Proof. We need to check that the braldmg R-matrix R actson S°(V®RV), S'(VRV)
as multlphcatlon by riTs Tf r- 2s2 and on A(V ® V) as multiplication by
—risTI. By straightforward calculations, one checks that the expression formula
of the basic R-matrix is correct. ([

Remark 3.9. Consider the matrix R = P o R, where P = Z Eij®Ej;,and R
satisfying the braiding relations on the tensor power V ®*:
RioRiy10R; = Ri110R; 0 R4y,
R,‘ORj =RjOR,',

where 1 <i <k, |i —j|>2, Ri =idy' ' @ RQidy* .

4. Faddeev-Reshetikhin-Takhtajan realization of U, ;(so03,)

In this section, we give an isomorphism between Faddeev—Reshetikhin—Takhtajan
and Drinfeld—Jimbo definitions of U, (s02,), and the spectral parameter depen-
dent R(z). Let B (resp. B ) denote the subalgebra of U, ;(s02,) generated by e;, w .il
(resp. fi, wl. ), 1<i<n.
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Definition 4.1. U (ﬁ) is an associative algebra with unit. It has generators l;]f , lj_l.,
I<i<2n Let L*=(),1<i,j<2n+1,withl[; =15, =0,and [;; 1} = 1}1;
for 1 < j <i <2n+ 1. The defining relations are given in matrix form as follows:

(4-1) RLELF=LFL*R, RLIL; =L;L{R,
where Lic =L*®1, LT =1® L=

Since L* are upper and lower triangular, respectively, and the diagonal elements
of these matrix are invertible, L* have inverse (L*)~! as matrices with elements in
U (R). The relations between Lf and L;E immediately imply the following theorem.

Theorem 4.2. The mapping ¢, between U(I/?\) and U, 4(502,) is an algebraic
homomorphism.

Proof. We check the theorem for the case of n = 4. Let us consider L*,

ll+1 ll+2 l}*é I, 0 -+ 0
| 0 B -—| o b
: R N L
0O --- 0 1;8 ot 18—1 18+7 18—8 ot
Then for the generators Lft, L;E, k\, we have that
IhIs Thlg - Ikl Iils 0 - 0
0 Ihly - _ Gl Il .
Lf= . 2 . Ly = 21. 2‘2 . ,
: I Is : .0
0 oo 0 Il Jopg lnls o gls gls Joyg
LT 0 --- 0 Ay Ap - Agg
N .
o 0L CRo| 0 Aw ’
L0 Azg
+
0 0 L 64x64 0 0 Ass 6464
Fis2 0 0 0
11
A 0 0 rzsz 0 0
Ap=( "m0 ) , A= :
! < 0 Q04A7'0 ). " 0 0 rist 0
0 0 0 ris2 /),
rTisr 0 0 0
A _(A’z 0 ) A — 0 risi 0 0
. 0 04%'0 ) % 0 0 rist 0 ’
0 0 0 risi
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Bl—=

roisTr 0 0 0
1 1

A 0 0 r 2572 0 0
A = 33 1— ) ’ A/ = ’

¥ ( 0 QA331Q 8% 8 + 0 0 r_%s% 0
0 0 0 ris2 /),

risT 0 0 0

4 _(A;M 0 ) o 0 r2s2 0 0
I NN 2 Vriyely 0 0 risto0 ’
0 0 0 rist /),

where Q = Z?:l Es_ii, Apir = A[_il and
11 1 1 11
Aij= (7282 =r2s TO{Ej — (r2s) PPV Epy,

1 <i<j<8, E;€ M(8,K), where the multiplication between matrices R, LI—L

and L;E is matrix multiplication. From the equation RL;FLJr = L;r LTR, we can

derive the following calculations:

- ~ RS I sy S I SR sy

+7 4+ +7+ 1t 12t itz = sty

RL Ly (ni®v))=L; LT R(vi®v)) = A AP St A R S B Py
11434 = L34t q1s 1l3s =1 8 l3styys

where 1 < j <7,
+ 7+ + 7+ + 7+ + 7+
Il =slhly, Il =rlyly,

RLTLT (n®v))=LI LT Rwn®v))= { Lhi, =150, Lhis = rs) 71l
+ 7+ + 7+ + 7+ —174 1+
Il =1yl Ihlis = (rs)  I5sl,,

and we have

(4-2) A R T | AV A A

(4-3) IhE =ikl

where 1 < j <8 (j #7);

~ ~ I =15 1L = sihi,

+7 4+ +7+ 33412 = “12¢22> 33423 2333
RLl L2 (v3®vj):L2L1 R(v3®vj): R o o PRy
33034 = Tlgglss,  l33l35 =5 l35l33,

and we have

(4-4) Lhld + ' = s OIS, = 1,

-5) bls + 07! = sThigl5 = ) ™ sy,
(4-6) I3l = riylys.
4-7) Islas = s~ sl

(4-8) 1Lt = s~URI,
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where 1 < j <8 (j #6);

Ihih =1hit Ihh = hi

s+ +71+7p 44*12 12%44> 4423 23%44>
RLle(v4®vj)=L2L1R(v4®vj)=> I — st I =t
4434 = Slaglyy>  tgabzs = Tlzstyy,

and we have

(4-9) I = s Ui

24434 — 34°24>
(4-10) Lt = s,

where 1 < j <8 (j #5). In particular, we get
RLYLY (va®vs) = Ly LT R(va ®vs),
R\LTL;(IB Rvg) = L;Lri\’\(v5 ®v4),
then we obtain
4-11) l;l;g—i—rs_l(r_%s% —r%s_%)l;%l;’3 :rs_ll;;l;,
(4-12) PS4 (r st — rasT IR = 1.
By (4-2), (4-3) and (4-8), we get
2 _ 2 _
150 +rs T LT = (rs T+ DL,
2 _ 2 _
LRTE 4r sIhEE = (s + DI L.
By (4-4), (4-6) and (4-9), we get
2 _ 2 _
Ly, +rs T LT = (rs T+ DG,
2 _ 2 _
G 4 s = s + DI,
By (4-5), (4-7) and (4-10), we get
2 _ 2 _
SPLE TS+ (rs) UL = (7Y + DRI,
_ 2 2 _
(rs) IS 4+ P50 = s + DI
By (4-11) and (4-12), we get
15,055 = 15,

For the equation I/?\LI*LZ* =L, L} R, we can repeat the similar calculation process
as above. Then we define a morphism ¢4 : U(R) — U, s(s03):

1 1
+ NN B AN | + _ +
Il = (Wiwywz?wy?) ™, 1= (r—=s)el]],

1 1
+ oty 1 ay—1 + +
15, = (wyw32wy?) ™, lyy = (r —s)ealy,,
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+ -1 + +
I35 (wiwy) ™2, I3 — (r —s)eslss,
+ r—1, 7\—1 + +
Ly (wy wy)" 2, L (r — s)esls;,

1
Ly i (wswa) )™ by = = =)l fi,

ly, = (wa(w3wg)?) ™, Ly > —(r —=s)ly f,
I~ (w3w4)_%, Lz = —(r —9)5; f3,
> (w3 'wa) 72, s> —(r = )53 fa.
I a7 Lo )7

where 1 < i < 4. It is obvious that ¢4 still preserves the algebra structure, the
relations in B and B’, respectively. Next, we need to ensure that ¢, preserves the
cross relations of B and B’. Considering the equation RLTLZ_ =L, LTR , we have:
Y ~ Iy =r 50, i = 10,
RLYL: (1, ®v))=L;LTRw; ®@v;) = 112 200110 brrtz T sk
b SO ! G =150 115, = rslgl,
11t43 = bzt 11t53 = I'Sts3typo

where 1 < j <7,

+— _ o—l— g+ +— o —1j— g+
Inlyy =571l Iply =r""Inl,

Ll =150, Lhlsy =rslgls,
rslihl, —15 05 = (s—r)Unl —hl),

RLT Ly (1x®v)) =Ly LT Rn®v)) = | Il =rlhly,  Ialh=0hs
+ - -+ -+ + -
Ihlsy=rsiszlyy, Ll =slhl,

155 =rlhl,, 1505 =155,

Ll =150,
where 1 < j <8 (j #7);

Il =115, 15, =508,
Lhln=r G, 15 =siglsh,
I, =575,

RLT Ly (3®v)) =Ly LT R(3®v;) = | rslils,—lnlh = (s—r) (515 —1515),
B e I A A L

+1— -+ +— _ 1=+
byl =1l bty =5l

o et e S o D T
Iplyz=r"l3lys,  Ipslay =1l
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where 1 < j <8 (j #6);

Bili=Inby  Gin=Inly,
il =s"t50, i, =r 0,
~ ~ Lhlsy =503, Ll =s""1,04,
RLTL; (4®vj) =Ly LT R(4®v)) = { rslils—1505, = (s—r) Ul —115),
Balsy =I5y,

Lol =00, Ll =150,

— 14— — —
lLl43 =S 143129,’ 1L153 = Slsslftz’
where 1 < j <8 (j #5);

1;’511_1 =rsll_ll;'5, 1;512_2 =rs12_21;r5,
+— =+ t— 1=+
Lislyy=rilylys, Ll =r""lyl5s,
RLYL; (vs®v;)=L; LT R(vs®v;) = 3 1551, =rsly 1, 1D, =ri5ls,

Ll =150,

rslisl =l = (s—r) (5515 —15153),

where 1 < j <8. Now we proceed to the case of general n, restricting the generating
relations (4-1) to E;; ® Ey, 2 < i, j,k,I < 2n — 1, by induction, we get all
commutation relations except those between llil, lfrz, [, and li“f, lf; Repeating
similar computations as above, we have the following relations:

(B1) The /i, 1" all commute with one another and /3! (15"~ = I (EH =1 = 1.

(B2) For 3 <i <n, we have

Ll =1 Lily =1l
Lily = Iyl liilyy = bl
ohih =sUhl,  Lhl, = s,
Il =r7 I, Il =1l

(B3) For 1 <i <n, we have

++ g+ g+ + o+ _ 1+ +
B =00l Bl g =) Lyl
= - — = _ —1,— —
Ll =l hiliinor =) s
-+ -+ -+ ot -
e =lials by =180y iy
I =1, 1 11 rsl I

11%+1,i i+1,i"11° 11°n+1,n—1 = 10111
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)5 +rs LI = (s~ + DG,
)25+ r s () = s + DIKILL,,
(5l +rs 50 = (rs ™+ DI 1505,
(U5) L, +r7 sl ()% = (s + Digyl, Ly

(B4)

(B5) For3 <i <n—1, we have

l;rzl;,rﬂrl =liJ,ri+1lfr2’ lizl:—l,n+1 = (rs)_ll:—l,nﬂlfrz’
o =l =T
lfrzlijrl,i = li_Jrl,iliE’ lfrzln_ﬂ,nq = rSln_Jrl,nfllii_Z’

biligr; =l il bl = (rs)_lln_-i-l,n—llZ_l‘

We give explicit expressions of the L-functionals lij; in terms of the generators of
U, s(s02,). Define ¢, : U(R) — U, 4(s02,) as follows:

I} (wl/gi)_l, l;;.H > (r —s)el,

17— (wg) ™, iy —(r =9l f.

L = (w//s,,)_l’ L > r=s)eal ),
b > (W)™ Ly == s
I}, — W, 15— weg,,

where i =a; 4+ -+ o2+ %(an—l +on), Bn = %(an —op—1), 1 <i <n—1.By
induction, we can prove that ¢, still preserves the structure of algebra U, ;(s02,). [

Theorem 4.3. ¢, : U (ﬁ) — U, (s02,) is an algebraic isomorphism.

Proof. It is easy to check that the image of ¢, contains all generators of U, ;(s02,).
Therefore, ¢, is surjective.

It remains to show that ¢, is injective. To this end, we need to construct an
algebra homomorphism v, : U, (s02,) — U (i?\),

L o+ -1 | P,
e = s L @), fir Py G g
’ +\—1;+ . ——17=
w; = G s wi = Gy i
1 o+ + —1 | —1;—
én s Ly Gy )™ Ja> P ((SEFYIND By ST
/ +\—17+ —\—1l7=
w, — (I,}) ln_l,n_l, w, = (1) ln_lﬁ_],

which satisfies v, o ¢, = id.
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To prove that i, still preserves the algebra structure of U (ﬁ) is completely
similar to that of Theorem 4.2. Hence, ¢, is injective. (For a similar proof in the
one-parameter setting, one can refer to Section 8.5 of [17]). ([
Proposition 4.4. For the braiding R-matrix R = Ryvy, the spectral parameter
dependent R(z) is given by

2n
R(z) = Z Eii ® E;;

i=1

2n
rs(z—1)
+—{ > E;®Eji+ Y Ej®Eji+ Y Ey,®E;

rz—s - - ,
1<i<n-—1 1<i<n-—1 J=n+2
i+l<j<n i’+1<j<2n
+ Z E;i®E;;+ Z E.ji®Eij}
n+l1<i<2n—1 I<i<n—1
i+1<j<2n n+1<j<2n—i
—1 2n
+— { Z E;®E;; + Z E;®E;; + Z EinQ®Ey;
rz—s !5[5@—1 .lgign—l j=l’l+2
i+l<j<n i'+1<j<2n
+ Z Ei;iQEj; + Z Eij®Eji}
n+1<i<2n—1 I<i<n-1
i+l<j<2n nl<j<2n—i
r—s
+ ZZEjj®Eii+ZEjj®Eii
rz—s . .
i<j i>]
i'#j i#j
1 2n
dij () Eij ® Ey
(Z_rl—nsn—l)(rz_s) .Zl 1 1 rJ
i,j=

(s—r)z{(r 2P P (e—1) = 8iplz—(rs™ D', ifi >

where dij(2)= 1 (s—r){(r~2s )P~ PH2=2 (1) — 8y [z—(rs ™)'}, ifi <,

slz— (rs™H2"(z—1), ifi =j.

Remark 4.5. Consider the R-matrix R (z) = P o R(2), where P is defined as in
Remark 3.9:

2n
R(2)=) Ei®E;
i=1

2n
rs(z—1)
+—{ Z Ejj ® Eii + Z E;j®Eii + Z E;j ® Enn

rz—=s

1<i<n-—1 1<i<n-—1 j:n+2
i+l<j=n i/+1<j<2n
+ E EiQE;;+ E Eii®Ejj}
n+l1<i<2n—1 1<i<n-—1

i+1<j<2n n+1<j<2n—i
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2n
z—1
" { Z Ei®E;;+ Z Ei®Ejj+ Z Enn ® Ejj

rz—=s > - ,
1<i<n-—1 1<i<n—1 ]:I’l+2
i+1<j<n i’+1<j<2n
+ E E;i®FEi + E Ejj@Eii}
n+1<i<2n—1 1<i<n-—1
i+1<j<2n n+1<j<2n—i
2n
r—s
+ {Z E Ei;QFEj; + E Eij®Eji}+ E cij()Epj ® Eij,
rz—s
< i<j i>j i,j=1
i'#j i#j
where
d;j(z)
J
¢ij(z) =

(z—rl=nsn=N(rz —s)

It is easy to check that R (z) satisfies the quantum Yang—Baxter equation
Ri2(2)Ri3(zw) Ryz(w) = Rz (w) R13(zw) R12(2),

and the unitary condition

(4-13) Ru@RE H =Rz HRuG) =1.

5. The algebra u(if) and its Gauss decomposition

Definition 5.1. The algebra U/ (1’3\) is an associative algebra with generators l,i?[:Fm]
(meZy\{0}), and l,;;[O]: [;,[0]=0, 1 < < k < n and the central element ¢ via
rsorst. Let[5(2) = Yoo [ [Fmle™, and L*(2) = 37 ;) Eyj ® [j;(2). Then
the relations are given by the following matrix equations on End(V®?) ® U(R):

(5-1) 1101, 1[0] are invertible and 1}t [0]/;;[0] = I, [0] /;}[O],
(5-2) ﬁ(i)Lf(z)Lf(w) = L;E(w)Lf(z)ﬁ(i),
(5-3) R(Z)Lr L ) = L LT @R(Z),

where z, = zr? and z_ = zs2. Here (5-2) is expanded in the direction of either v
or %, and (5-3) is expanded in the direction of .

Remark 5.2. From (5-3) and the unitary condition of R-matrix (4-13), we have

(5-4) R(3o)Et@Li =15 L @R(5E).
:F
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So the relations of generating series (5-2), (5-3) are equivalent to

5 L@ 'LEw R(E) =R(2)tFw e
(5-6) Lf(o—lLiauy4§(ii>::ﬁ(ii)Lg(wy4L?(@—k
They are also equivalent to
(5-7) L R(2) 1@ =L @R(Z) 15w ™,
(5-8) LT ' R(E) L7 @ = LE@R( )L]F(w)_

:F

Remark 5.3. Here we present the specific matrix expression formulas for (5-2)

and (5-3), and reveal the differences between type D(l) and type Aﬁ,l). For D,(ll), write

5@ H@ o 15, ()
| B0 BO |
: s l;l:’l—l,Zn(Z)
li,l(z) T liln—l () lZﬂiLZﬂ @) 2nx2n
then for the generators Lic(z), L;E(z), R (z), we have that
@by -+ 15, @)Dy
LY ()= A ,
Z;I:Ll(z)lzn T l;:ﬂ,ZVl (2) Lo 4n? x4n?
LE(2) 0 e 0
0 L*w . :
L= ~ ~ © . ,
: " " 0
0 o 0 Li(z) 4n2 x4n?
Bii(z) -+ Biaw(2)
R(z) = : - : ,
Bou1(2) -+ Bonon(2) /040
an (Z) 0 e 0
0
By(z) = ' ap(z)
: . . 0
0 e 0 al,Zn(Z) 2nx2n

where Bj;(z) is a diagonal matrix, and a;; is the coefficient of element £ ® E;
in R(z) and B;;(z) = b;j(2)Ej; + ¢ j(z) Ejrjr, where b;;(z) is the coefficient of
element £;; ® Ej; in R(z) and ¢;;(z) is the coefficient of element E;/ j @ E;; in R(z).
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The multiplication between matrices R (%), L (2), L (w) is matrix multiplica-

tion. From

ﬁ(i)Lf(z)Lgt(w) - Lf(w)LT(z)I?(i),

we can derive the following calculation:

My - Mo,
RE)LroLiwm=| : -
Mo, 1 -+ My, 2,
My - M,
LFLi@R(2)=| -
M, o My,

We only give two types of matrix expressions

M;; = M;;, where 1 <i, j <n, consider M;;:

(au(%)lf;(z) bit($)1;)

au(%)l?;(z)
(5-9) : .
cin(5)! l/j(z) c”(%) ;@ e i'(5
biv (£)117(2)
and 1 <i<n,1+n=<j, M:
ai1 ()15 bit (5)15;

(5-10)

)l @) -

gl

Cifl(%)lﬁj(Z) Ci’i(%)lij;(z) CW(%) ;@)

aii(%)lﬁ(Z)

biv (515,

gl

M,‘j € M(2n, K),

M} € M(2n,K).

that will be used later. Taking

L= (w),

L* (w),
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where the elements in the i’-th row except for the element at position (i’,i") are
all zero for type AY. Consider M, for 1 <i, j <n:

aji ()5 @ e (§)61@)
b(EE@ - ay(BNEG o e (B)EQ o by (2)E )
(5-11) L*(w) : ,
e (5@
ey (35 aji($)15)
moreover, | <i <n,14+n<j:
aj1(£)5@ Clj’(%)liil’(z)
(5)1%)
(5-12) L*(w) : " ,
bij (2@ - ejp(E)5 @ - -ajj(%)liﬂ;(z) by ()@
v (2)5 @ a1 ()@

where the elements in the j'-th column except for the element at position (j/, j)
are all zero for type A ,(,1).

Definition 5.4. Let X = (x;;); =1 be a sequence matrix over a ring with identity.
Denote by X'/ the submatrix obtained from X by deleting the i-th row and j-th
column. Suppose that the matrix X%/ is invertible. The (i, j)-th quasideterminant
|X|;; of X is defined by

X1 s X1 v Xl
e
(5-13) [X|ij=|xi1 - Xij - Xin |=x;;—r; (X))
Xpl *0 Xpj ot X

where rij is the row matrix obtained from the i-th row of X by deleting the el-
ement x;;, and c; is the column matrix obtained from the j-th column of X by
deleting the element x;;.

Proposition 5.5. L*(z) have the following unique decomposition

(5-14) L¥(2) = FF () K () E*(2),
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by applying the Gauss decomposition to L*(z), where we introduce matrices with
N x N,and N =2n,

1 0 . 0
+
(5_15) F:l:(z) — fZI(Z) ,
S 0
f}\zt:l(z) f/i/t,N_l(Z) 1
1 eliz(z) ‘e efN (2)
(5-16) o= |
: i eIZ{:I—I,N(Z)
0 0 1
ki@ 0 0
(5-17) K@ =| °
: . . 0
0 - 0 k@
Their entries are found by the quasideterminant formulas
@ - @ 1)
(5-18) kp@=| 1 :
lr:rfl (Z) T l;ll:,m—l (Z) lr:rlzzm (Z)
for1<m <2n,ki(z)= diez, kE(Ft)z;
@) - 1@ 5@
(5-19) i@=k@ :

@ - 15 e
for1<i<j<2nm;e5() =),z € Fm";
@ - @ @
(5-20) fi=| + . K@
@ - G e

for 1 <i<j<2n, f5) =Y ez, fiiEFmZ".
6. Drinfeld realization of U, ;(502,)

In this section, we will study the commutation relations between the Gaussian
generators and give the Drinfeld realization of U, ;(§02,).
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Theorem 6.1. In the algebra U (ﬁ), we have

X;F(Z) = i+i+1(z+)_e;i+l(z—)’ X, ()= e; L1 @) =€, (@),
X7 @ =1, =G, X @ = 1@ = o1 @)
For the generators {ki(z) Xi(z),knﬂ(z) Xi(z) [1<i<n, 1< J <n-—1}, the

relations between k (z) and X (z) are the same as those in U, s(g[ ). The other
relations are those mvolvmg k (Z) and k 1 (w), that is,

ki (@Dky (w) =k (k' (2),
k1 @k () =k, (k) (2),

¥ IE— Wi _ Zx— Wz g F
K (@ () e = 2 O (kT (2

The relations involving kti(w) (1<t<n+1)and X,f () are

k(W)X (2) = rs Xy (k" (w),
rskF(w)XF(2) = X (0kF(w), 1<l<n-2,
(rw —szo)k,_ (W)X, (2) = rs(w — ) X, @k, (w),
rs(w—zp)k, (W)X, (2) = (rw — sz) X, Dk, (w),

k)X (@) = I X @k (),

X (kEw) = %kf(wx; (2),
—iF

( )
o ()X () = MU= X (),

Xy @kE (w) = B2 ()X (2).
SW—rzy

The relations involving k,j;rl (z) and Xti(w) (I<t<n-—1)are

ko QX (w) = XF(w)ky,, (2),
ky (X[ (w) = X[ (wky(x), 1<l<n-2,

)X,y = PEXr @k (),

n+l s

X, @k ) = S )X ).
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For the relations involving X,f (z) and Xti (z) (1 <t <n),we have

XEw)XE () = XF @) XE(w),
XEw)XF (@) =XF()XF(w), 1<l<n-3,

X)X, (@) = ==X, @)X, (w),

Z n
X, (W)X, ,(2) =2 X (D)X, (w),
rz—sw
X )XT,(2) = X7, ()X, (w),
XEw)XE () = r)FXE () XE(w),

XE ) XF@) = XF@XE | (w),

X)X w) =L xrw)X; (),
s —rw

X, (@)X, (w) =222 ()X, (2),
Ir—sw
[X5 @, X7 )] = 67" =8 [8(5 )y wky )™
w4
=5(E8 )k ok e
and the following (r, s)-Serre relations hold in U (ﬁ):

1) X, @)X, @)X, (W)= +9)X, @)X, W)X, ,(z2)

+rsX, (W)X, (@)X, ,(z2)}+{z1 < 22} =0,

62) Xy @)X, @)X, ,(w) = (r+9)X, @)X, _,w)X, (z2)

+rs X, L)X, @)X (22} +{z1 < 22} =0,

6-3)  {rsX @)X L@ X, (w) = +5)X, @)X (W)X, ,(z2)

+ X)X L)X @)} +{z o 22} =0,

64 {rsX, @X, @)X, ,(w) = +85)X, @)X, W)X, (z2)

+ X, ,(w)X, )X, (22)}+{z1 © 22} =0,

where the formal delta function §(z) =) _, ;2"

381

Proof. The proof is based on the induction on n. We consider first the case n = 4,

@ @ - )
Lre=| 5@ 5@ '
: ' I5(2)
i@ o lgR) Ig@) Jo
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Observe (5-9) and (5-11) and restrict them to E;; ® E, 1 <1, j, k,l <4, then

Ri(2)Foliw =FwitoR(£).
R(E) @D =Lwlior(E),

@ e E@ G
G GG G e

[*(z) = :
i) @ 5@ 5@
@) 10 e h@ /.,
and
- ( )

»(Z s(w—z 1
Rl(a)=ZEii®Eii+m(ZEii®Ejj+s ZEii®Ejj)
i=l i>] i<j

(s—r)w z
1>] i<y

Jing and Liu [16] gave the following spectral parameter dependent R A(i) of
U, s(gl,), in particular, setting n = 4,

4
5 (z w—z -1
RA(E) :X;Eii®Eii+m(ZEii®E1‘j +s ZEii®Ejj)
i= i>j

i<j
(I—rs Hw Z
i>] i<j
we get R4 (%)=§1 (%) Thereby, we can directly have the relations of generators
(X2, X5 @), X5 (), k7 (2, k5 (2, k3 (), k5 ().
Next, we need to obtain the relations between the remaining Gauss generators.
First, using the Gauss decomposition, we write down L*(z) and L*(z)~ !

kK (2) ki (2)ei(2)
LY@ =| ke : S

Li<z)_l = —eﬁ_l,N(Z)ki(Z)_l ) .

—ky @7 fy o1 @) k()™

Then using the generating series relations (5-2) and (5-4), we can complete our
proof by using the following lemmas. U



RLL-REALIZATION OF 2-PARAMETER QUANTUM AFFINE ALGEBRA IN TYPE D,(ll) 383

Lemma 6.2. The following equations hold in U (ﬁ):

(6-5) kT (w)XE(2) = X (2)ks (w),

(6-6) kT ()X (2) = X7 (2)k5 (w),

(6-7) ke (k3 (w) = k5 (w)k (2),

(6-8) ki (@K (w) 508 = E 2k F W)k (2),

i—sij rz;—swi
where 1 <i <2and1<j<3.

Proof. Due to the observation made in formulas (5-9) and (5-11), the relations
between the Gaussian generators mentioned above follow from those for the quantum

affine algebra U, (§I\5); see [16] O
Lemma 6.3.

(6-9) k()X (2) = rs X @k (w),

(6-10) rskf(w)X; (z) = X, (ki (w),

(6-11) k()X (2) = rs X (k5 (w),

(6-12) rsk¥(w)X; (z) = X, (k5 (w),

(6-13) XEw)X{(z) = X @ XE(w),

(6-14) XEw)XF(z) = XT @ XF(w).

Proof. We only give details for one case of (6-9), (6-11), (6-13) and (6-14), the
remaining relations are verified in a similar way. By (5-9) and (5-11), taking the
equations M| = M|, we get

ars (£ ) wyess W)l () = ars( £ ) @kF wies s(w),
and the relations between k (w)e3 s(w) and l 1(z) we have
ki IT(z) = k3
ars (52 JK5 W5 I @) = ans (2 ) T ks (w)ess (0,
so that k" (z) X (w) = rs X (w)k{ (z). Now apply My, = M}, to obtain
azs (£ ) wyes i) = as( £ )i @kF wies s(w),
5 IT(z) = IS
s (35 )65 e 5 @@ = (12 JIR@K (e 5(w).

So we get XI(w)XT(z) = Xf(z)XI(w). Since My = M, we get

ars (£ ) ey w)l5; (2) = aas (£ ) @kF w)es s (w).
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Furthermore,
ars (2 )kF (w)eds )i (2) = @ (22 )5 (ks wyeds (w),
Wi ’ wo ’
thus we prove a case of relation in (6-14). Since M», = M),, the formula is
azs (£ ) whess )l55() = azs (£ )13 @k w)es s(w),
on the other hand, we have

s (5 )65 (055 (@) = s (12 )R @K e 5(w).

As a final step, use the relations between lzi1 (z) and Xj(w) and those between
efz(z) and Xj{ (w), to come to the relation

k3 (X[ (w) = rs X (w)ks (2),

as required. ([
Lemma 6.4.
(6-15) (rw — sz)kF (W) X$(2) = rs(w — z0) X (kS (w),
(6-16) rs(w — z2)ky W)X, (2) = (rw — sz2) X, (2)k5 (w),
(6-17) XEw)XF (z) = XF @) XE(w),
(z—w)X] (W) XS (2) = XT @)X (w)(rz —sw),
(6-18) (rz—sw)X, (w)X, (z) = X, ()X, (w)(z — w).

Proof. The arguments for both formulas are quite similar so we only give a proof
of one case of (6-17) and (6-18), taking the equations M3 = M 13, we get

619 axs( 2 )5l @ +bs ()i )k @
= I53()l5(w),
Z \;£ + Z \;£ +
(6200 a5 (2 )3 () +bss (£ )i 2)
= an ()i @55 w) + b2 )5 @ W),
621)  ass( L) E@IHE@ +bss () ) )
= (L) @I + b (£ )@ @),
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Using f55(w) f55 (w) - (6-19) — £35(w)(6-20) — f55(w) - (6-19) + (6-21), through a
lot of calculations, we can obtain

(622) ass( £ ) ey @) +bsy (£ ) )i @)
+ais(2) I K w)eds(w)
= an (L)@ @k el w) +an (£ ) @k w)essw)

+bis( 2 ) @i e ).

Taking the equations M3 = M),, we have

(6-23) a35<§)lf§(w)l§§(z) + b53<5)li (w)l35(2)

= ax1 (£ )3 @5 ) + a1 (£ )1 @5 w),
(624) a2 )BE IS @) + by (£ ) B w5 )

= 153(2)l5(w),
(6-25) a35<§)l§5(w)l§3(z)+b53<5)133(w)l§5(@

=ax (i)z; (2)55(w) + ba3 (i)lf3 (@55 (w).

A similar calculation, we come to the relation

(6-26) a35< )ki(w)e35(w)lzg(z)+b53< )ki(w)lzs(z)
b1 (£ ) U350 f35 )l (K5 (el (w) = i ) (k3 (w) e (w)
s () U5 2) S5 W)k (w)es )+ (@kF (w)ess (w))

b3 (£ ) (5 k3 (w)ess )+ @k (w)e(w))
— fa W)@k (w)ers (w).

Furthermore, by using — fzjlE (z) - (6-22) + (6-26), we get

ass (i)k;c(w)eé% (w)kjE (Z)€§E3 (2) + bs3 (i)ki (w)kjE (Z)eécs (2)

= b2 (£ )5 (k5 (weds () + a2 ( £ )5 (D)5 (A (w)ed (w),
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and taking into account the relations between e;F s(w) and €2i3 (2), we have
ass (52 )k w)efy ks (2)e532) +bss (£ )i ik (2)e552)
= o2 )l AT @) ) a3 (52 )45 e AT (el )

Therefore, we can arrive at (z — w) X, (w) X5 (z) = X5 (2) X (w)(rz — sw). Now
turn to (6-24). Taking the equation M3 = M}, we get

(6:27) as(( £ )i (w)efy w5 2)
= {5i@ - bn(32) ke
+ by (Z—i)<f£<w)f21<w) — [ @I @ kT w)efw),
(628) ars(£ )5 ez )i )
={5@ (L) @ik @
b3t () () S ) = i @) ) s w)egs ).
Using M3, = M,, consider the relations
(6:29) ans(( £ )i (w)efy W) (2)
= | - (=) s
+ b3 (Z—*)<f£<w>f§<w> — @)@ KT el w),
(630) ars( £ )5 (w)ess )i ()
= {50 —b2(2) e
+ b3 ( £) () o ) — FE S0 [ w)essw).
By —(6-27) - €35 (2) + (6-29) and —(6-28) - €3 (2) + (6-30), we can obtain
ars( £ )i weds w) 5 R (2)
={ 5@ @—bn (L) fE@kE @ [k e ),
ars (2 )k (w)efy () S5k @)
= |0k @-bu(52) ek @ e,

and therefore X/ (w) X, (z) = X, (2) X (w). O



RLL-REALIZATION OF 2-PARAMETER QUANTUM AFFINE ALGEBRA IN TYPE D,(ll) 387

Lemma 6.5. In the algebra U (ﬁ), we have

() =fE(2) =0, 5@ =rfi@=

Proof. We only verify a case of the first relation. By (5-9) and (5-11), we have
Mz = Mi3, and so get the relations

8
631 Y ais( )it ) = B @l ),
i=1
8
632) Y eio( )15 )l ) = a2 )i @i w) + b £ ) B 1 ),
i=1

8
633) Y aio( )15 )i ) = as( 2 )i @i w) + bis( £ ) B @1 w).
i=1

Let (f55w) f55(w) — f5-(w)) - (6-31) — fi5(w) - (6-32) + (6-33). Through a lot of
calculations, we obtain

(6-34) ché( )i whes )i 2)
= (£ )@k gy w) +bia (£ )k ik @)

(eF; (w) — e5(2)exg (w) — e (w)).

And from Mj3 = M), we obtain

(6-35) ché( Vi)l () = aa (£ )5 @l )+ ba1 (£ )1 @l ),
(6-36) ché( ) )5 () = B (i (w),

(637) Zc,é( 2N )i () = axs (£ )55 @l (w) + bos (£ ) B @) ).

Calculating (f355(w) f5: (W) — fis ))-(6-35)— f35 W) -(6-36)+(6-37)— f5:(2)-(6-34),
we get

(6-38) ch(,( ) w)es w)k3 @)es (2)

= (25 ek (k5 (whedyw) +bs (£ )kF W)k @)esy(w).
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Using My3 = Mé3, we come by the relations

(6-39) ché( Vi)l ) = asi (£ )5 @) +bs1 (£ ) @l ),
(6-40) Zc,-é(z) )i (2) = ax (£ )15 @b ) +bx (£ ) B 55 w),
i=1

8
6-41) Y eis( )3 )l () = B @l (w).
i=1

Calculating
(W) f51(w) — f57(w)) - (6-39) — f55(w) - (6-40) + (6-41) — f55(2) - (6-38)
— f51(2) - (6-34),

we arrive at the relation

8
(6-42) Zcm( V) W) (2) = K (K5 (w)es (w).

i=3
Setting z = w, we get eé% (z) =0. The remaining relations can be proved in a similar
way. ([l
Lemma 6.6. The following equations hold in U (k\):

(6-43) Xy X5 (@) = (rs)™' X5 (@) X5 (w),
(6-44) X5 (w)X7 ) = XJ () X5 (w).
Proof. The arguments are similar for all relations so we only prove the relation

X5 w)X{ (2) =rsX{ (@) X[ (w). By (5-9)(5-12), we have M34 = M}, and then
get the relation

8
> eis(2 )i () = Bl w)
i=1

through a similar calculation process as in Lemma 6.5, which yields

8
645) D cis(E )kF wies Wik e () = K (e, (kS (w)eds (w),

i=3

and from M35 = M5, we obtain

8
6:46) D cia(E)kF whes W)k (@)es () = K (S5 (R (w)es (w).

i=3
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Furthermore, M33 = M, and M3s = M give that

8
©647) 3 cio £ ) )ed kF (ed (1) = kF@kF (w)es(w),
i=3
8
©648) Y cia(E ) @ed @k @ed () = K @em (DK w),

Combining (6-45) with (6-46), we get that
(6-49) (rs) ' X (W) XT @) —XT W) X] (2)=XT @)X (w)—(rs) ' X] () X5 (w).

Taking (6-45) and (6-47), owing to Lemma 6.5 and the fact that egt()(z) =0, we
have

5
+ + + + Z 1.1 z
650 3k @65 (as(£) - 7'9)2as(£))
= k5 (2)e3, (2)kF (w)esy (w).
Using the relations (6-46) and (6-48), we get
5
+ + + + Z 131 z
65D Dk @65, (e () = s 2es(£))
= k5 (2)e55 (2)kF (w)ed (w).
Exchanging z and w in the relation (6-51), and combining into (6-50), we obtain
(6-52) z(rs) ' XF(w)XT(2) —wX§ (W) X[ (2)
=2X{ (XS (w) —w(rs) ' XF () XT (w)
By (6-49) and (6-52), we get X (w) X5 (z) = rsX{ (2) X (w). O
Lemma 6.7. The following equations hold in U (I/Q\):
(6-53) [X](2), X; (w)]
I | 2=\, — - —1_of Z+ V1 + + —1
=67 D5 ks ks T 5 (Z ) ok o
Proof. By (5-10) and (5-12), we have M35 = Més and then get the relations

asa (S ) )5 @b (S )i @)@ = ba (2 )i @ )+aa () 5@ ),
ass( 2 ) @b (£ )l ) = bso (£ ) o)+ (£ ) s ),
asa ()15 w155 @) +bas
asa (£ )i @)l )+bas(

)
)E ) = @ ),
)i

z
w
< \1£ + Z \;+ + [AYEs +

L)) @) = bas (S I @I @) +ass (2 ) @ w).
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By straightforward calculations, one can check that
(X7 (@), X3 (w)]
- (s_l—r_]){8<§)—;)k5_(w+)k3_(w+)_l—5(%)k;(z+)k;(2+)_l I
This completes the proof. ]
Lemma 6.8. The following equations hold in U (i?\):

(6-54) kE(w)XT (2) = BEE=W k(o ),
248 —rw

(6-55) X5 @kEw) = ;’j(z Wkt () X5 (2).
.

(6-56) ki (w)X$(2) = P22 X (ki (w),
w—274+

(6-57) Xy (k3 () = Z=—5kF )X, (2)-

:F

Proof. We only give a proof of one case of (6-54). Similarly, we give the other
identities. Using again M35 = M} and M3, = M;,, we get

ic,-s(i)l;(w)l;(z)=b35(z) L5 ) +axs( £ ) 1 )
i=1

through the same calculating process as in Lemma 6.5, which yields

8
658) Y cis( L )5 ek ks (ed (2) = ass (£ k5 edy (kE (w).

i=5

From M35 = Mjs, we obtain

im( Vi )t (@) = bas (£ ) @1 ) +ass (£ ) @i w),

i=1
we arrive at the relation

8

659 Y cis(L)eE kg ek () =bas (£ )kE ik @)esyw).

i=5

Using (6-58) and (6-59), due to the relation effs () = fsﬂj (z) =0, we obtain

k3 (ks (2)e3,(2) <055<§) _C54(i))
— a35< )k (2)e3, (kT (w) —b35( )ki(w)ki(z)e34(w)
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Finally, we get
K w)XH(2) = B0t (ks (w).
S—rw

48—
This completes the proof. ([

Lemma 6.9.

(6-60) kg (ks (w) = k3 (w)ky (2),

(6-61) ki(z)/ﬁ(w) 70— FTUE T )k (2).

i+—S ij VZ:F —SW4+
Proof. The proof is similar to that of Lemma 6.5. ([
Lemma 6.10. The following equations hold in U (i?\):

(6-62) kK (2)ks (w) = k¥ (w)k3 (2),
(6-63) ks (kT (w) = kI (w)k3 (2),
(6-64) )X () = B X @k ),
(6-65) Xy @K @) = T )X @)

Proof. Here we only prove (6-64) as the other relations can be shown similarly. By
(5-10) and (5-12), we have M35 = M§5~ Then we can get the relation

S50 = bas( £ )5 @15 ) +ass (£ ) @I ).
By straightforward calculations, one checks that
K )X () = BEE X okt ().
rz4—sw

This completes the proof. U
Proposition 6.11. The following equations hold in U (i{\)
(6-66) {X5)X5 () X) (w) — (r+5)X5 (2) X, (w)X5 (22)
+rsX; (w)X5 (21)X5 (22)} +{z1 © 22} =0,
6-67)  {X7(@DXJ (@) X3 (W) — (r+9)X] @)Xy (W)X (22)
+rsXy (W) X[ @)X[ (22} +{z1 © 22} =0,
(6-68) {rs X3 (21) X3 (22)X{ (w) = (r +5) X5 (21) X5 (w) X3 (22)
+ X7 (W) XS @) XS (22)} +{z1 © 22} =0,
(6-69) {rsX; @)X, (22)X; (w) = (r + )X, (@) X5 (W)X, (2)
+ X5 (W)X, @)X, (22} +{z1 < 22} =0.
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Proof. The equations can be proved similarly as in [16]. U

Now we proceed to the case of general n. We first restrict the relation to E;; ® Eyy,
2 <i,j, k,1 <2n—1. By induction, we get all the commutation relations we need
except those between X i(z) ki(z) and X i(z) kn +1(2)-

Lemma 6.12. The following equations hold in U (R):

(6-70) K@ X (w) = rs X (w)ki(z),

(6-71) rskE ()X, (w) = X, (wki (2),

(6-72) XEw)XE(@) = XE@XxEw),

(6-73) X, w)XT (@) = XT @)X, (w),

(6-74) ki<z)kn+1(w) ,m(w)ki(z)

(6-75) n-H (Z)kn-i-l (w) = n+1 (w)kn+1 (@),

(6-76) n+1 (Z)kn-i-l (w) = n+1 (w)kn-i-l (@),

(677) i X w) = B ks 2.
(6-78) X, Wk @ =T X, (1),
(6-79) o ek W) = Sk @k (),

(680) X[ X, )] =67 = H{(2= )k ok, o™
—5(E5 ) ok o™

Proof. By straightforward calculations one checks that the preceding formulas are
correct. (]

Finally, we define the map 7 : U, (502,) — U(R) as follows:
E (@) > (r—9)  XEGrs ),
XE@ > =) XEGrsTH),
0i(2) > ki s DDk s~ )7
Vi(2) > ki s YOk (s ™H )7,
(@) > ko @rs ™D Tk s )
Ua@ > ki s~ Tk s~ )7,

where 1 <i <n — 1, and satisfy all the relations of Proposition 6.13.
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Proposition 6.13. In U, (502,), the generating series xilL @), 9i(2), ¥i(2), xE(2),
on(2), and V¥, (z), and the relations between xl.i (2), 9i (2), and ; (z) are the same
as in U, ;(sl,); the other relations as follows:

(6-81) [0 (@), ea(w)] =0,  [¥;(2), Yu(w)] =0,
(6-82) 0 ()Y (w) = ié ;wn(ww,(z) l<j<n,
Jn\w_

+1
(@5 () = 57 gua () 62D (2),
+ Tl we\ Tl o+
683 v@x W) = 097 g2 ) x,w)e ),
*1
nDxE W) = gun( ) xEWIR(2),
Wi

(6-84) @) = g (1) a0,
O (@)X, (W) = (rs) ™ x| (W)en (2),
(6-85) Y (D)2, (W) = )T, (W) ¥ (2),
0 (D)X (W) = x;" (W)@ (2),
(6-86) Y (D)X (W) =X (W)Y (), 1<I<n-3,
01 (2)x; () = x, (W), (2),
Vi (2)x, (W) =x; (W), (z), 1<t<n-3,

+1
25 ) = g2 () a2
1
@87 Y2t w) = gna2(2) T w2,

+1
5@ = g2 2) xEwIxE L),
(6-88) E(@xEw) = (wh, w)EFxFw)xF ), @, =0

(6-89)  [x, (2), xj (w)]
= 67 =8 (2= )8 (2 Jeuen | =

(6-90)  {xF,(z)xT ,(z)xE(w) — (r*' +5EHxF L (zDxE(w)xE ,(22)

+(rs>i1xi(w)xn L@DXE ()} + 1z < ) =

6-91)  {xFznxf(z)xr ,(w) — F +sTHaF )l ,(w)xE(z)

+ )T, (w)xE@)xE ()} +{z1 < 22) =0,
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c c .
where 7. =zr2 and z— = zs2. We set gij; @=> cl.j;nz”, a formal power series

in z, and it can be expressed as follows:

neZy

_ 1
(W, wi)* 'z — (W) wy) (w), wy) ™) *

+
g,"(Z) = 1
! z— ((w], wj)(w, w;))*2
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