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We obtain the basic R-matrix of the two-parameter quantum group U =

Ur,s(so2n) via its weight representation theory and determine its R-matrix
with spectral parameters for the two-parameter quantum affine algebra
U = Ur,s(ŝo2n). Using the Gauss decomposition of the R-matrix realization
of U = Ur,s(so2n), we study the commutation relations of the Gaussian
generators and finally arrive at its RLL-formalism of the Drinfeld realization
of two-parameter quantum affine algebra U = Ur,s(ŝo2n).
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1. Introduction

Quantum groups were independently discovered by Drinfeld [6; 8] and Jimbo [15],
who showed that the universal enveloping algebra U (g) of any Kac–Moody algebra g
admits a certain q-deformation Uq(g) as a Hopf algebra. Their construction is given
in terms of Chevalley generators and q-Serre relations. For the Yangian algebra Y (g)
and the quantum affine algebra Uq (̂g) of complex simple Lie algebra g, Drinfeld [7]
gave their new realizations, which are quantizations of the loop realizations of the
classical loop and affine Lie algebras. Faddeev, Reshetikhin and Takhtajan [21]
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presented the RL L-realizations of Uq(g) [19] of the classical simple Lie algebras g
by means of solutions of the quantum Yang–Baxter equation

R12 R13 R23 = R23 R13 R12,

where R12 = R ⊗ I , etc., and R ∈ End(Cn
⊗Cn). This realization is a natural analog

of the matrix realizations of the classical Lie algebras, which originated from the
quantum inverse scattering method developed by the St. Petersburg school. Later
on, the R-matrix realization of quantum loop algebra Uq(g⊗ C[t, t−1

]) using a
solution of the quantum Yang–Baxter equation with spectral parameters z, w ∈ C,

R12(z)R13(zw)R23(w)= R23(w)R13(zw)R12(z),

where R(z) is a rational function of z with values in End(Cn
⊗ Cn) was given by

Faddeev, Reshetikhin and Takhtajan in [9].
As we know [10], the affine Kac–Moody algebra ĝ admits a natural realization as

a central extension of the loop algebra g⊗C[t, t−1
], when g is a simple Lie algebra.

In [20], Reshetikhin and Semenov-Tian-Shansky proved that the central extension
can be viewed as the affine analog of the construction in [21]. In [5], by using the
Gauss decomposition, Ding and Frenkel showed that the R-matrix realization and
Drinfeld realization of quantum affine algebra Uq(ĝln) are isomorphic. Recently,
Jing, Liu and Molev [17; 18] presented the isomorphisms between the R-matrix and
Drinfeld presentations of one-parameter quantum affine algebras Uq (̂g) of affine
types B(1)n ,C (1)

n , D(1)
n .

On the other hand, in 2001, Benkart and Witherspoon [1], motivated by the
two-parameters (r, s)-Serre relations satisfied by the up-down operators defined
on posets, reobtained the two-parameter quantum enveloping algebras Ur,s(g)

corresponding to the general linear Lie algebra gln and the special linear Lie
algebra sln , which were earlier defined by Takeuchi [22] in 1990. Bergeron, Gao,
Hu in [2] found the defining structures of two-parameter quantum groups Ur,s(g) of
orthogonal and symplectic Lie algebras, which are realized as the Drinfeld doubles
and established their weight representation theory of category Or,s [3]. Much
research has been done for the other types including the affine types (see [4] and
references therein). Hu, Rosso and Zhang [12; 13] defined and initiated the study
of the vertex representations of Drinfeld realizations of two-parameter quantum
affine algebras of untwisted types and constructed the quantum affine Lyndon bases.
The RL L-realization of the two-parameter quantum affine algebra Ur,s(ĝln) has
been given by Jing and Liu [16] under the name of RT T -realization.

A natural open question is how to work out the RL L-realizations for the quantum
affine algebras Ur,s (̂g) of types B(1)n ,C (1)

n , D(1)
n . The difficulty lies in that there has

been no information about two-parameter basic R-matrices in the corresponding
cases for many years, let alone their Yang–Baxterizations. Recently we have
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overcome such obstacles and solved these problems (also see the subsequent
preprints [14; 23]).

The current paper is the first to give the RL L-realization of the two-parameter
quantum affine algebra Ur,s(ŝo2n) by the Reshetikhin and Semenov-Tian-Shansky
method. We show that Drinfeld’s construction can be naturally established in the
Gaussian decomposition of a matrix composed of elements of the quantum affine
algebra. The organization of the paper is as follows. In Section 2, we recall the basic
results. In Section 3, we give the R̂-matrix of the two-parameter quantum group
Ur,s(so2n). In Section 4, we give the isomorphism between Faddeev–Reshetikhin–
Takhtajan and Drinfeld–Jimbo definitions of Ur,s(so2n), and further give the spectral
parameter dependent R-matrix R̂(z) as the Yang–Baxterization of the basic R-matrix
we obtained. In Sections 5–6, we study the commutation relations between Gaussian
generators and give the Drinfeld realization of Ur,s(ŝo2n) (modified version of [12]).

2. Preliminaries

In [2], let K = Q(r, s) be a ground field of rational functions in r, s, where r, s
are algebraically independent indeterminates. Assume 8 is a finite root system
of type Dn with 5 a base of simple roots. Regard 8 as a subset of a Euclidean
space E = Rn with an inner product ( , ). Let ϵ1, . . . , ϵn denote an orthonormal
basis of E , and suppose 5= {αi = ϵi − ϵi+1 | 1 ≤ i < n} ∪ {αn = ϵn−1 + ϵn} and
8 = {±ϵi ± ϵ j | 1 ≤ i ̸= j ≤ n}. In this case, set ri = r (αi ,αi )/2 and si = s(αi ,αi )/2,
so that r1 = · · · = rn = r and s1 = · · · = sn = s.

The Cartan matrix of Dn is

(2-1) Dn = (ai j )n×n =



2 –1 0 · · · 0 0 0
–1 2 –1 · · · 0 0 0

0 –1 2 · · · 0 0 0
...

...
...

. . .
...

...
...

0 0 0 · · · 2 –1 –1
0 0 0 · · · –1 2 0
0 0 0 · · · –1 0 2


.

The quantum structural constant matrix is of the form

(2-2) (⟨w′

i , w j ⟩)n×n =



rs−1 r−1 1 · · · 1 1 1
s rs−1 r−1

· · · 1 1 1
1 s rs−1

· · · 1 1 1
...

...
...

. . .
...

...
...

1 1 1 · · · rs−1 r−1 r−1

1 1 1 · · · s rs−1 r−1s−1

1 1 1 · · · s rs rs−1


.
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In [2], let Ur,s(so2n) be the unital associative algebra over Q(r, s) generated by
ei , fi , w

±1
i , w′±1

i (1 ≤ i ≤ n), subject to the defining relations (D1)–(D6):

(D1) w±1
i , w′±1

i all commute with one another and wiw
−1
i = w′

iw
′−1
i = 1.

(D2) For 1 ≤ i ≤ n, 1 ≤ j ≤ n, and 1 ≤ k (̸= n − 1)≤ n, we have

w j ei = r (ϵ j ,αi )s(ϵ j+1,αi )eiw j , w j fi = r−(ϵ j ,αi )s−(ϵ j+1,αi ) fiw j ,

w′

j ei = s(ϵ j ,αi )r (ϵ j+1,αi )eiw
′

j , w′

j fi = s−(ϵ j ,αi )r−(ϵ j+1,αi ) fiw
′

j ,

wnek = r (ϵn−1,αk)s−(ϵn,αk)ekwn, wn fk = r−(ϵn−1,αk)s(ϵn,αk) fkwn,

w′

nek = s(ϵn−1,αk)r−(ϵn,αk)ekw
′

n, w′

n fk = s−(ϵn−1,αk)r (ϵn,αk) fkw
′

n.

(D3)

wnen−1 = r (ϵn,αn−1)s−(ϵn−1,αn−1)en−1wn,

wn fn−1 = r−(ϵn,αn−1)s(ϵn−1,αn−1) fn−1wn,

w′

nen−1 = s(ϵn,αn−1)r−(ϵn−1,αn−1)en−1w
′

n,

w′

n fn−1 = s−(ϵn,αn−1)r (ϵn−1,αn−1) fn−1w
′

n.

(D4) For 1 ≤ i, j ≤ n, we have

[ei , f j ] = δi j
wi −w′−1

i

r − s
.

(D5) For any 1 ≤ i ̸= j ≤ n but (i, j) /∈ {(n−1, n), (n, n−1)} with ai j = 0, we have

[ei , e j ] = 0, en−1en = rsenen−1,

[ fi , f j ] = 0, fn fn−1 = rs fn−1 fn.

(D6) For 1 ≤ i < j ≤ n with ai j = −1, we have (r, s)-Serre relations:

e2
i e j − (r + s)ei e j ei + rse j e2

i = 0,

f j f 2
i − (r + s) fi f j fi + rs f 2

i f j = 0,

e2
j ei − (r−1

+ s−1)e j ei e j + r−1s−1ei e2
j = 0,

fi f 2
j − (r−1

+ s−1) f j fi f j + r−1s−1 f 2
j fi = 0.

Proposition 2.1. The algebra Ur,s(so2n) is a Hopf algebra with comultiplication 1,
counit ε and antipode S such that

1(ei )= ei ⊗ 1 +wi ⊗ ei , 1( fi )= 1 ⊗ fi + fi ⊗w′

i ,

ε(ei )= 0, ε( fi )= 0,

S(ei )= −w−1
i ei , S( fi )= − fiw

′−1
i ,

and wi , w
′

i are group-like elements for any i ∈ I .
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Definition 2.2. We define the linear mapping f :3×3→ k∗ as

f (λ, µ)= ⟨w′

µ, wλ⟩
−1,

which satisfies

f (λ+ ν, µ)= f (λ, µ) f (ν, µ), f (λ, µ+ ν)= f (λ, µ) f (λ, ν).

Definition 2.3. Let M,M ′ be finite-dimensional U -modules. Define an isomor-
phism of U -modules f̃ : M ⊗ M ′

→ M ⊗ M ′ as

f̃ (m ⊗ m′)= f (λ, µ)m ⊗ m′,

where m ∈ Mλ, m′
∈ M ′

µ and λ,µ ∈3.

Corollary 2.4 [3]. Ur,s(g)∼= Ur,s(n
−)⊗U 0

⊗Ur,s(n), as vector spaces. In particu-
lar, it induces Uq(g)∼= Uq(n

−)⊗ U0 ⊗ Uq(n), as vector spaces.

Let Q = Z8 denote the root lattice and set Q+
=

∑n
i=1 Z≥0αi . Then for any

ζ =
∑n

i=1 ζiαi ∈ Q, we denote

ωζ = ω
ζ1
1 · · ·ωζn

n , ω′

ζ = (ω′

1)
ζ1 · · · (ω′

n)
ζn .

Then Ur,s(n
±)=

⊕
η∈Q+ U±η

r,s (n
±) Q±-graded, where

U η
r,s(n

±)=
{
a ∈ Ur,s(n

±) | ωζ a ω−1
ζ = ⟨ω′

η, ωζ ⟩ a, ω′

ζaω′

ζ
−1

= ⟨ω′

ζ , ωη⟩
−1a

}
,

for η ∈ Q+
∪ Q−.

Lemma 2.5 [3]. Set dζ = dimK U+ζ
r,s (n

+). Consider the basis {uζk }
dζ
k=1 for U+ζ

r,s (n
+),

and {v
ζ
k }

dζ
k=1 is the dual basis for U−ζ

r,s (n
−) with respect to the pairing. Now let

(2-3) 2ζ =

dζ∑
k=1

v
ζ
k ⊗ uζk ∈ U ⊗ U.

All but finitely many terms in this sum will act as multiplication by 0 on any weight
space Mλ of M ∈ O. 2=

∑
ζ∈Q+ 2ζ is a well-defined operator on such M ⊗ M.

Theorem 2.6 [3]. For M,M ′ to be finite-dimensional modules of Ur,s(g), the map

RM ′,M =2 ◦ f̃ ◦ P : M ′
⊗ M → M ⊗ M ′

must be an isomorphism of Ur,s(g)-module, where P(m ⊗ m′)= m′
⊗ m, m ∈ M ,

m′
∈ M ′.

Theorem 2.7 [3]. For M,M ′,M ′′ to be finite-dimensional modules of Ur,s(g), the
map must satisfy

2
f
12 ◦2

f
13 ◦2

f
23 =2

f
23 ◦2

f
13 ◦2

f
12.
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Equivalently, we have

R12 ◦ R23 ◦ R12 = R23 ◦ R12 ◦ R23.

Remark 2.8. Denote 2 f
12 = (2M,M ′ ◦ f̃ )⊗ 1, 2 f

23 = 1 ⊗ (2M ′,M ′′ ◦ f̃ ), 2 f
13 =

(1⊗ P)◦(2 f
⊗1)◦(1⊗ P). Also,2◦ f̃ is the solution of the quantum Yang–Baxter

equation.

3. Basic R-matrix

In this section, we consider the R-matrix R := RV,V for the vector representation
T1 = TV of the Drinfeld–Jimbo algebra U = Ur,s(so2n).

Definition 3.1. The vector representation T1 of the Drinfeld–Jimbo algebra U is
the irreducible type 1 representation with highest weight λ = (1, 0, . . . , 0) with
respect to the ordered sequence α1, . . . , αn of simple roots.

Consider a 2n-dimensional vector space V over K with basis {v j | 1 ≤ j ≤ 2n}.
We define an action of the generators of U = Ur,s(so2n) by specifying their matrices
relative to this basis:

Lemma 3.2. Let Ekl be the 2n×2n matrix with 1 in the (k, l)-position and 0 else-
where. The vector representation T1 of Ur,s(so2n) is described by the following list:

(B1)
T1(ei )= Ei,i+1 −r−

1
2 s−

1
2 E(i+1)′,i ′, T1(en)= En,n+2 −r−

1
2 s−

1
2 E(n+2)′,n′,

T1( fi )= Ei+1,i −r−
1
2 s−

1
2 Ei ′,(i+1)′, T1( fn)= En+2,n −r−

1
2 s−

1
2 En′,(n+2)′,

(B2)

T1(wi )= r Ei,i+s Ei+1,i+1+s−1 E(i+1)′,(i+1)′+r−1 Ei ′,i ′+

∑
j ̸={i,i+1,i ′,(i+1)′}

E j, j ,

T1(w
′

i )= s Ei,i+r Ei+1,i+1+r−1 E(i+1)′,(i+1)′+s−1 Ei ′,i ′+

∑
j ̸={i,i+1,i ′,(i+1)′}

E j, j ,

(B3)

T1(wn)= s−1 En−1,n−1 + r En,n + r−1 En′,n′ + s E(n−1)′,(n−1)′ + r−1s−1 E1,1

+ r−1s−1
∑

1≤ j≤n−2

E j, j + rs
∑

1≤ j≤n−2

E j ′, j ′,

T1(w
′

n)= r−1 En−1,n−1 + s En,n + s−1 En′,n′ + r E(n−1)′,(n−1)′ + r−1s−1 E1,1

+ r−1s−1
∑

1≤ j≤n−2

E j, j + rs
∑

1≤ j≤n−2

E j ′, j ′,

where 1 ≤ i, j ≤ n − 1, and i ′
= 2n + 1 − i .
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Proof. By straightforward calculations one checks that the preceding formulas define
a weight representation T1 of the algebra Ur,s(so2n) on the vector space C2n . For the
basis vector e1 = (1, 0, · · · , 0), we easily verify that T1(E j )e1 = 0, T1(w1)e1 = r e1,
T1(wi )e1 = e1, T1(wn)e1 = r−1s−1e1, T1(w

′

1)e1 = se1, T1(w
′

i )e1 = e1, and
T1(w

′
n)e1 = rse1, for 1 ≤ j ≤ n and 2 ≤ i ≤ n − 1. Hence T1 is the type 1

representation with highest weight λ= α1 +α2 +· · ·+
1
2(αn−1 +αn)= ϵ1. Thus T1

is indeed the vector representation of Ur,s(so2n). □

We illustrate through the following lemmas that the module V ⊗V is decomposed
into the direct sum of three simple submodules, So(V ⊗V ), S′(V ⊗V ) and3(V ⊗V ).
These modules are defined and proved by the following three lemmas.

Lemma 3.3. The module So(V ⊗ V ) generated by
∑2n

i=1 aivi ′ ⊗vi is simple, and ai

satisfies

ai =


(rs−1)

n−i
2 if 1 ≤ i ≤ n,

1 if i = n + 1,
(rs−1)

n−i+1
2 if n + 2 ≤ i ≤ 2n.

Proof. The operators ek, fk, wk, w
′

k act on
∑2n

i=1 aivi ′ ⊗ vi , then the following
computations show that So(V ⊗ V ) is a simple module:

ek .

( 2n∑
i=1

aivi ′ ⊗ vi

)
= (ek ⊗ 1 +wk ⊗ ek) ·

( 2n∑
i=1

aivi ′ ⊗ vi

)
= (a(k+1)′ − ak′r

1
2 s−

1
2 ) vk ⊗ v(k+1)′ + (ak+1s−1

− r−
1
2 s−

1
2 ak) v(k+1)′ ⊗ vk

= 0,

en.

( 2n∑
i=1

aivi ′ ⊗ vi

)
= (en ⊗ 1 +wn ⊗ en) ·

( 2n∑
i=1

aivi ′ ⊗ vi

)
= (an′r

1
2 s−

1
2 − a(n+2)′) vn ⊗ v(n+2)′ + (r−

1
2 s−

1
2 an − a(n+2)′s−1) v(n+2)′ ⊗ vn

= 0.

Moreover,

wk .

( 2n∑
i=1

aivi ′ ⊗ vi

)
=

2n∑
i=1

aivi ′ ⊗ vi , w′

k .

( 2n∑
i=1

aivi ′ ⊗ vi

)
=

2n∑
i=1

aivi ′ ⊗ vi ,

and for 1 ≤ k ≤ n. By similar calculations as above, we know that the operators fk

act trivially on
∑2n

i=1 aivi ′ ⊗ vi . So, it is easy to see that So(V ⊗ V ) is simple. □
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Lemma 3.4. The simple module S′(V ⊗ V ) is defined as follows:

(i) vi ⊗ vi , 1 ≤ i ≤ 2n,

(ii) vi ⊗ v j + sv j ⊗ vi , 1 ≤ i ≤ n and i + 1 ≤ j ≤ n or i ′
+ 1 ≤ j ≤ 2n,

(iii) vi ⊗ v j + r−1v j ⊗ vi , 1 ≤ i ≤ n − 1, n + 1 ≤ j ≤ 2n − i or n + 1 ≤ i ≤ 2n − 1,
i + 1 ≤ j ≤ 2n,

(iv) vi ⊗vi ′ +r−1svi ′ ⊗vi − (r−1s)
1
2 (v(i+1)′ ⊗vi+1 +vi+1 ⊗v(i+1)′), 1 ≤ i ≤ n −1,

where v1 ⊗ v1 is the highest weight vector.

Proof. Operators ek, fk act on vectors in (i)–(iv). The following computations show
that S′(V ⊗ V ) is a simple module, because for case (i), we have

ek . (vi ⊗ vi )=

{
δi,k+1(vk ⊗ vk+1 + svk+1 ⊗ vk),

−δi,k′(rs)−
1
2 (vi−1 ⊗ vi + r−1vi ⊗ vi−1),

or

fk . (vi ⊗ vi )=

{
δi,k(vk ⊗ vk+1 + svk+1 ⊗ vk),

−δi,(k+1)′(rs)−
1
2 (vi ⊗ vi+1 + r−1vi+1 ⊗ vi ),

where 1 ≤ k ≤ n − 1, and for k = n, we have

en. (vi ⊗ vi )=

{
δi,n+2(vn ⊗ vn+2 + svn+2 ⊗ vn),

−δi,n+1(rs)−
1
2 (vn−1 ⊗ vn+1 + r−1vn+1 ⊗ vn−1),

fn. (vi ⊗ vi )=

{
δi,n(vn ⊗ vn+2 + svn+2 ⊗ vn),

−δi,n−1(rs)−
1
2 (vn−1 ⊗ vn+1 + r−1vn+1 ⊗ vn−1).

For case (ii), we have

ek . (vi ⊗ v j + sv j ⊗ vi )

= ek(vi )⊗ v j + swk(v j )⊗ ek(vi )+ sek(v j )⊗ vi +wk(vi )⊗ ek(v j ),

so we get

ek . (vi ⊗ v j + sv j ⊗ vi )=



δi+ j,2n+2(vi ⊗ vi ′ + r−1svi ′ ⊗ vi

− (r−1s)
1
2 v(i+1)′ ⊗ vi+1 + vi+1 ⊗ v(i+1)′),

δi,k+1(vi−1 ⊗ v j + sv j ⊗ vi−1),

δ j,k′(vi ⊗ v j−1 + sv j−1 ⊗ vi ),

δi,kδk+1, j (vi ⊗ vi ).

For operators fk , we have

fk . (vi ⊗ v j + sv j ⊗ vi )

= vi ⊗ fk(v j )+ sv j ⊗ fk(vi )+ fk(vi )⊗w′

k(v j )+ s fk(v j )⊗w′

k(vi ),
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so we have

fk . (vi ⊗ v j + sv j ⊗ vi )=



δi+ j,2n(vi ⊗ vi ′ + r−1svi ′ ⊗ vi

−(r−1s)
1
2 v(i+1)′ ⊗ vi+1 + vi+1 ⊗ v(i+1)′),

δ j,(k+1)′(vi ⊗ v j+1 + sv j+1 ⊗ vi ),

δi,k(vi+1 ⊗ v j + sv j ⊗ vi+1),

δi,(k+1)′δ j,k′(vi+1 ⊗ vi+1),

where 1 ≤ k ≤ n − 1. For k = n, and n′
+ 2 ≤ l ≤ 2n, we have

fn. (vi ⊗ v j + sv j ⊗ vi )=



vn−1 ⊗ v(n−1)′ + r−1sv(n−1)′ ⊗ vn−1

−(r−1s)
1
2 (vn ⊗ vn′ + vn′ ⊗ vn),

δi,n(vn+2 ⊗ vl + r−1vl ⊗ vn+2),

δi,n−1(vn+1 ⊗ vl + r−1vl ⊗ vn+1),

vl ⊗ vl .

For case (iii), we have

ek · (vi ⊗ v j + r−1v j ⊗ vi )

= ek(vi )⊗ v j + r−1wk(v j )⊗ ek(vi )+ r−1ek(v j )⊗ vi +wk(vi )⊗ ek(v j ),

so we get

ek . (vi ⊗ v j + r−1v j ⊗ vi )=



δi+ j,2n+2(vi ⊗ vi ′ + r−1s vi ′ ⊗ vi

−(r−1s)
1
2 (v(i+1)′ ⊗ vi+1 + vi+1 ⊗ v(i+1)′)),

δi,k+1(vi−1 ⊗ v j + r−1v j ⊗ vi−1),

δ j,k′(vi ⊗ v j−1 + r−1v j−1 ⊗ vi ),

δi,kδk+1, j (vi ⊗ vi ).

For operators fk , we have

fk . (vi ⊗ v j + r−1v j ⊗ vi )

= vi ⊗ fk(v j )+ r−1v j ⊗ fk(vi )+ fk(vi )⊗w′

k(v j )+ r−1 fk(v j )⊗w′

k(vi ),

so we have

fk . (vi ⊗ v j + r−1v j ⊗ vi )=



δi+ j,2n(vi ⊗ vi ′ + r−1svi ′ ⊗ vi

−(r−1s)
1
2 (v(i+1)′ ⊗ vi+1 + vi+1 ⊗ v(i+1)′)),

δ j,(k+1)′(vi ⊗ v j+1 + r−1v j+1 ⊗ vi ),

δi,k(vi+1 ⊗ v j + r−1v j ⊗ vi+1),

δi,(k+1)′δ j,k′(vi+1 ⊗ vi+1),
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where 1 ≤ k ≤ n − 1. For k = n, and n′
+ 2 ≤ l ≤ 2n, we have

fn. (vi ⊗ v j + r−1v j ⊗ vi )=



vn−1 ⊗ v(n−1)′ + r−1sv(n−1)′ ⊗ vn−1

−(r−1s)
1
2 (vn ⊗ vn′ + vn′ ⊗ vn),

δi,n(vn+2 ⊗ vl + svl ⊗ vn+2),

δi,n−1(vn+1 ⊗ vl + svl ⊗ vn+1),

vl ⊗ vl .

Therefore, it is easy to see that S′(V ⊗ V ) is simple. □

Lemma 3.5. The simple module 3(V ⊗ V ) is defined as follows:

(i) vi ⊗ v j − rv j ⊗ vi , 1 ≤ i ≤ n and i + 1 ≤ j ≤ n or i ′
+ 1 ≤ j ≤ 2n,

(ii) vi ⊗v j − s−1v j ⊗vi , 1 ≤ i ≤ n −1, n +1 ≤ j ≤ 2n − i , or n +1 ≤ i ≤ 2n −1,
i + 1 ≤ j ≤ 2n,

(iii) −(rs)−
1
2 vi ⊗ vi ′ − s−1v(i+1)′ ⊗ vi+1 + r−1vi+1 ⊗ v(i+1)′ + (rs)−

1
2 vi ′ ⊗ vi ,

1 ≤ i ≤ n − 1,

where v1 ⊗ v2 − rv2 ⊗ v1 is the highest weight vector.

Proof. We can check this lemma by repeating similar calculations to those in
Lemma 3.4. □

Lemma 3.6. The decomposition of Ur,s(so2n)-module V ⊗ V is

V ⊗ V = So(V ⊗ V )⊕ S′(V ⊗ V )⊕3(V ⊗ V ).

Proof. In [11], Hu and Pei proved that as braided tensor categories, the categories
Or,s of finite-dimensional weight Ur,s(g)-modules (of type 1) and Oq are monoidally
equivalent. Referring to the book by Klimyk and Schmüdgen [19], Uq(so2n)-module
V ⊗ V is completely reducible and can be decomposed into the direct sum of three
simple modules. □

Proposition 3.7. The minimum polynomial of R = RV,V on V ⊗ V is

(t − r−
1
2 s

1
2 ) · (t + r

1
2 s−

1
2 ) · (t − r

2n−1
2 s−

2n−1
2 ).

Proof. It follows from the definition of R that R(v1 ⊗ v1) = r−
1
2 s

1
2 v1 ⊗ v1 and

R(v1 ⊗ v2 − rv2 ⊗ v1)= −r
1
2 s−

1
2 (v1 ⊗ v2 − rv2 ⊗ v1). By the proceeding lemmas,

S′(V ⊗ V ) and 3(V ⊗ V ) are simple, and in fact, v1 ⊗ v1 and v1 ⊗ v2 − rv2 ⊗ v1

are the highest weight vectors. In particular, each is a cyclic module generated by
its highest weight vector, respectively, R(a1v1′ ⊗ v1)= a1r

1
2 s−

1
2 v1 ⊗ v1′ +· · · , and

v1 ⊗ v1′ only occurs in R(a1v1′ ⊗ v1). So we have the desired result

R
( 2n∑

i=1

aivi ′ ⊗ vi

)
= r

2n−1
2 s−

2n−1
2

( 2n∑
i=1

aivi ′ ⊗ vi

)
. □
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Theorem 3.8. The braiding R-matrix R = RV,V acts as

R = r−
1
2 s

1
2

2n∑
i=1

Ei i⊗Ei i + r
1
2 s−

1
2

2n∑
i=1

Ei i ′⊗Ei ′i

+ r−
1
2 s−

1
2

{ ∑
1≤i≤n−1
i+1≤ j≤n

Ei j ⊗ E j i +

∑
1≤i≤n−1

i ′+1≤ j≤2n

Ei j ⊗ E j i +

2n∑
j=n+2

Enj ⊗ E jn

+

∑
n+1≤i≤2n−1

i+1≤ j≤2n

E j i ⊗ Ei j +

∑
1≤i≤n−1

n+1≤ j≤2n−i

E j i ⊗ Ei j

}

+ r
1
2 s

1
2

{ ∑
1≤i≤n−1
i+1≤ j≤n

E j i ⊗ Ei j +

∑
1≤i≤n−1

i ′+1≤ j≤2n

E j i ⊗ Ei j +

2n∑
j=n+2

E jn ⊗ Enj

+

∑
n+1≤i≤2n−1

i+1≤ j≤2n

Ei j ⊗ E j i +

∑
1≤i≤n−1

n+1≤ j≤2n−i

Ei j ⊗ E j i

}

+ (r−
1
2 s

1
2 − r

1
2 s−

1
2 )

{∑
i< j

E j j ⊗ Ei i −

∑
i> j

(r−
1
2 s

1
2 )(ρi −ρ j )Ei j ′ ⊗ Ei ′ j

}
,

where

ρi =


n − i if 1 ≤ i ≤ n

0 if n + 1
n − i + 1 if n + 2 ≤ i ≤ 2n

.

Proof. We need to check that the braiding R-matrix R acts on So(V ⊗V ), S′(V ⊗V )
as multiplication by r

2n−1
2 s−

2n−1
2 , r−

1
2 s

1
2 , and on 3(V ⊗ V ) as multiplication by

−r
1
2 s−

1
2 . By straightforward calculations, one checks that the expression formula

of the basic R-matrix is correct. □

Remark 3.9. Consider the matrix R̂ = P ◦ R, where P =
∑

i, j Ei j ⊗ E j i , and R
satisfying the braiding relations on the tensor power V ⊗k :

Ri ◦ Ri+1 ◦ Ri = Ri+1 ◦ Ri ◦ Ri+1,

Ri ◦ R j = R j ◦ Ri ,

where 1 ≤ i < k, |i − j | ≥ 2, Ri = idV
i−1

⊗ R ⊗ idV
k−1.

4. Faddeev–Reshetikhin–Takhtajan realization of Ur,s(so2n)

In this section, we give an isomorphism between Faddeev–Reshetikhin–Takhtajan
and Drinfeld–Jimbo definitions of Ur,s(so2n), and the spectral parameter depen-
dent R(z). Let B (resp. B′

) denote the subalgebra of Ur,s(so2n) generated by ei ,w′±1
i

(resp. fi , w±1
i ), 1 ≤ i ≤ n.
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Definition 4.1. U (R̂) is an associative algebra with unit. It has generators l+i j , l−j i ,
1 ≤ i ≤ 2n. Let L±

= (l±i j ), 1 ≤ i, j ≤ 2n + 1, with l+i j = l−j i = 0, and l−i i l+i i = l+i i l−i i
for 1 ≤ j < i ≤ 2n + 1. The defining relations are given in matrix form as follows:

R̂L±

1 L±

2 = L±

2 L±

1 R̂, R̂L+

1 L−

2 = L−

2 L+

1 R̂,(4-1)

where L±

1 = L±
⊗ 1, L±

2 = 1 ⊗ L±.

Since L± are upper and lower triangular, respectively, and the diagonal elements
of these matrix are invertible, L± have inverse (L±)−1 as matrices with elements in
U (R̂). The relations between L±

1 and L±

2 immediately imply the following theorem.

Theorem 4.2. The mapping φn between U (R̂) and Ur,s(so2n) is an algebraic
homomorphism.

Proof. We check the theorem for the case of n = 4. Let us consider L±,

L+
=


l+11 l+12 · · · l+18

0 l+22
. . .

...
...

. . .
. . . l+78

0 · · · 0 l+88


8×8

, L−
=


l−11 0 · · · 0

l−21 l−22
. . .

...
...

. . .
. . . 0

l−81 · · · l+87 l−88


8×8

.

Then for the generators L±

1 , L±

2 , R̂, we have that

L+

1 =


l+11 I8 l+12 I8 · · · l+18 I8

0 l+22 I8
. . .

...
...

. . .
. . . l+78 I8

0 · · · 0 l+88 I8


64×64

, L−

1 =


l−11 I8 0 · · · 0

l−21 I8 l−22 I8
. . .

...
...

. . .
. . . 0

l−81 I8 · · · l+87 I8 l−88 I8


64×64

,

L±

2 =


L± 0 · · · 0

0 L±
. . .

...
...

. . .
. . . 0

0 · · · 0 L±


64×64

, R̂ =


A11 A12 · · · A18

0 A22
. . .

...
...

. . .
. . . A78

0 · · · 0 A88


64×64

,

A11 =

(
A′

11 0
0 Q A′−1

11 Q

)
8×8

, A′

11 =


r−

1
2 s

1
2 0 0 0

0 r
1
2 s

1
2 0 0

0 0 r
1
2 s

1
2 0

0 0 0 r
1
2 s

1
2


4×4

,

A22 =

(
A′

22 0
0 Q A′−1

22 Q

)
8×8

, A′

22 =


r−

1
2 s−

1
2 0 0 0

0 r−
1
2 s

1
2 0 0

0 0 r
1
2 s

1
2 0

0 0 0 r
1
2 s

1
2


4×4

,
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A33 =

(
A′

33 0
0 Q A′−1

33 Q

)
8×8

, A′

33 =


r−

1
2 s−

1
2 0 0 0

0 r−
1
2 s−

1
2 0 0

0 0 r−
1
2 s

1
2 0

0 0 0 r
1
2 s

1
2


4×4

,

A44 =

(
A′

44 0
0 Q A′−1

44 Q

)
8×8

, A′

44 =


r−

1
2 s−

1
2 0 0 0

0 r−
1
2 s−

1
2 0 0

0 0 r−
1
2 s−

1
2 0

0 0 0 r−
1
2 s

1
2


4×4

,

where Q =
∑4

i=1 E5−i,i , Ai ′i ′ = A−1
i i and

Ai j = (r−
1
2 s

1
2 − r

1
2 s−

1
2 ){E j i − (r−

1
2 s

1
2 )(ρi ′−ρ j ′ )Ei ′ j ′},

1 ≤ i < j ≤ 8, Ei j ∈ M(8,K), where the multiplication between matrices R̂, L±

1
and L±

2 is matrix multiplication. From the equation R̂L+

1 L+

2 = L+

2 L+

1 R̂, we can
derive the following calculations:

R̂L+

1 L+

2 (v1⊗v j )= L+

2 L+

1 R̂(v1⊗v j )⇒

{
l+11l+12 = rl+12l+11, l+11l+23 = l+23l+11,

l+11l+34 = l+34l+11, l+11l+35 = r−1s−1l+35l+11,

where 1 ≤ j ≤ 7;

R̂L+

1 L+

2 (v2⊗v j )= L+

2 L+

1 R̂(v2⊗v j )⇒


l+22l+12 = sl+12l+22, l+22l+23 = rl+23l+22,

l+22l+34 = l+34l+22, l+22l+35 = (rs)−1l+35l+22,

l+12l+34 = l+34l+12, l+12l+35 = (rs)−1l+35l+12,

and we have

l+12l+23 + (r−1
− s−1)l+22l+l3 = l+23l+12,(4-2)

l+12l+13 = rl+13l+12,(4-3)

where 1 ≤ j ≤ 8 ( j ̸= 7);

R̂L+

1 L+

2 (v3 ⊗ v j )= L+

2 L+

1 R̂(v3 ⊗ v j )⇒

{
l+33l+12 = l+12l+22, l+33l+23 = sl+23l+33,

l+33l+34 = rl+34l+33, l+33l+35 = s−1l+35l+33,

and we have

l+23l+34 + (r−1
− s−1)l+33l+24 = l+34l+23,(4-4)

l+23l+35 + (r−1
− s−1)l+33l+25 = (rs)−1l+35l+23,(4-5)

l+23l+24 = rl+24l+23,(4-6)

l+23l+25 = s−1l+25l+23,(4-7)

l+13l+23 = s−1l+23l+13,(4-8)
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where 1 ≤ j ≤ 8 ( j ̸= 6);

R̂L+

1 L+

2 (v4 ⊗ v j )= L+

2 L+

1 R̂(v4 ⊗ v j )⇒

{
l+44l+12 = l+12l+44, l+44l+23 = l+23l+44,

l+44l+34 = sl+34l+44, l+44l+35 = rl+35l+44,

and we have

l+24l+34 = s−1l+34l+24,(4-9)

l+25l+35 = s−1l+35l+25,(4-10)

where 1 ≤ j ≤ 8 ( j ̸= 5). In particular, we get

R̂L+

1 L+

2 (v4 ⊗ v5)= L+

2 L+

1 R̂(v4 ⊗ v5),

R̂L+

1 L+

2 (v5 ⊗ v4)= L+

2 L+

1 R̂(v5 ⊗ v4),

then we obtain

l+34l+35 + rs−1(r−
1
2 s

1
2 − r

1
2 s−

1
2 )l+36l+33 = rs−1l+35l+34,(4-11)

r−1sl+35l+34 + (r−
1
2 s

1
2 − r

1
2 s−

1
2 )l+36l+33 = l+34l+35.(4-12)

By (4-2), (4-3) and (4-8), we get

l+12
2l+23 + rs−1l+23l+12

2
= (rs−1

+ 1)l+12l+23l+12,

l+23
2l+12 + r−1sl+12l+23

2
= (r−1s + 1)l+23l+12l+23.

By (4-4), (4-6) and (4-9), we get

l+23
2l+34 + rs−1l+34l+23

2
= (rs−1

+ 1)l+23l+34l+23,

l+34
2l+23 + r−1sl+23l+34

2
= (r−1s + 1)l+34l+23l+34.

By (4-5), (4-7) and (4-10), we get

s2l+23
2l+35 + (rs)−1l+35l+23

2
= (r−1s + 1)l+23l+35l+23,

(rs)−1l+35
2l+23 + s2l+23l+35

2
= (r−1s + 1)l+35l+23l+35.

By (4-11) and (4-12), we get

l+34l+35 = l+35l+34.

For the equation R̂L−

1 L−

2 = L−

2 L−

1 R̂, we can repeat the similar calculation process
as above. Then we define a morphism φ4 : U (R̂)→ Ur,s(so8):

l+11 7→ (w′

1w
′

2w
′

3
1
2w′

4
1
2 )−1, l+12 7→ (r − s)e1l+11,

l+22 7→ (w′

2w
′

3
1
2w′

4
1
2 )−1, l+23 7→ (r − s)e2l+22,
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l+33 7→ (w′

3w
′

4)
−

1
2 , l+34 7→ (r − s)e3l+33,

l+44 7→ (w′−1
3 w′

4)
−

1
2 , l+35 7→ (r − s)e4l+33,

l−11 7→ (w1w2(w3w4)
1
2 )−1, l−21 7→ −(r − s)l−11 f1,

l−22 7→ (w2(w3w4)
1
2 )−1, l−32 7→ −(r − s)l−22 f2,

l−33 7→ (w3w4)
−

1
2 , l−43 7→ −(r − s)l−33 f3,

l−44 7→ (w−1
3 w4)

−
1
2 , l−53 7→ −(r − s)l−33 f4,

l+i ′i ′ 7→ (l+i i )
−1, l−i ′i ′ 7→ (l−i i )

−1,

where 1 ≤ i ≤ 4. It is obvious that φ4 still preserves the algebra structure, the
relations in B and B′, respectively. Next, we need to ensure that φ4 preserves the
cross relations of B and B′. Considering the equation R̂L+

1 L−

2 = L−

2 L+

1 R̂, we have:

R̂L+

1 L−

2 (v1 ⊗ v j )= L−

2 L+

1 R̂(v1 ⊗ v j )⇒

{
l+11l−21 = r−1l−21l+11, l+11l−32 = l−32l+11,

l+11l−43 = l−43l+11, l+11l−53 = rsl−53l+11,

where 1 ≤ j ≤ 7;

R̂L+

1 L−

2 (v2⊗v j )= L−

2 L+

1 R̂(v2⊗v j )⇒



l+22l−21 = s−1l−21l+22, l+22l−32 = r−1l−32l+22,

l+22l−43 = l−43l+22, l+22l−53 = rsl−53l+22,

rsl+12l−21−l−21l+12 = (s−r)(l−22l+11−l+22l−11),

l−32l+12 = rl+12l−32, l−43l+12 = l+12l−43,

l+12l−53 = rsl−53l+12, l−11l+12 = sl+12l−11,

l−22l+12 = rl+12l−22, l−33l+12 = l+12l−33,

l−44l+12 = l+12l−44,

where 1 ≤ j ≤ 8 ( j ̸= 7);

R̂L+

1 L−

2 (v3⊗v j )= L−

2 L+

1 R̂(v3⊗v j )⇒



l+33l−21 = l−21l+33, l+33l−32 = s−1l−32l+33,

l+33l−43 = r−1l−43l+33, l+33l−53 = sl−53l+33,

l+23l−21 = s−1l−21l+23,

rsl+23l−32−l−32l+23 = (s−r)(l−33l+22−l+33l−22),

l+23l−43 = r−1l−43l+23, l+23l−53 = sl−53l+23,

l+23l−11 = l−11l+23, l+23l−22 = s−1l−22l+23,

l+23l−33 = r−1l−33l+23, l+23l−44 = l−44l+23,
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where 1 ≤ j ≤ 8 ( j ̸= 6);

R̂L+

1 L−

2 (v4⊗v j )= L−

2 L+

1 R̂(v4⊗v j )⇒



l+34l−11 = l−11l+34, l+34l−22 = l−22l+34,

l+34l−33 = s−1l−33l+34, l+34l−44 = r−1l−44l+34,

l+34l−21 = l−21l+34, l+34l−32 = s−1l−32l+34,

rsl+34l−43−l−43l+34 = (s−r)(l−44l+33−l+44l−33),

l+34l−53 = l−53l+34,

l+44l−21 = l−21l+44, l+44l−32 = l−32l+44,

l+44l−43 = s−1l−43l+44, l+44l−53 = sl−53l+44,

where 1 ≤ j ≤ 8 ( j ̸= 5);

R̂L+

1 L−

2 (v5⊗v j )= L−

2 L+

1 R̂(v5⊗v j )⇒



l+35l−11 = rsl−11l+35, l+35l−22 = rsl−22l+35,

l+35l−33 = rl−33l+35, l+35l−44 = r−1l−44l+35,

l+35l−21 = rsl−21l+35, l+35l−32 = rl−32l+35,

l+35l−43 = l−43l+35,

rsl+35l−53−l−53l+35 = (s−r)(l−55l+33−l+55l−33),

where 1 ≤ j ≤ 8. Now we proceed to the case of general n, restricting the generating
relations (4-1) to Ei j ⊗ Ekl , 2 ≤ i, j, k, l ≤ 2n − 1, by induction, we get all
commutation relations except those between l±11, l

+

12, l
−

21 and l±i i , l
±

i j . Repeating
similar computations as above, we have the following relations:

(B1) The l±1
11 , l

±1
i i all commute with one another and l±1

11 (l
±1
11 )

−1
= l±1

i i (l
±1
i i )

−1
= 1.

(B2) For 3 ≤ i ≤ n, we have

l+i i l+12 = l+12l+i i , l−i i l+12 = l+12l−i i ,

l+i i l−21 = l−21l+i i , l−i i l−21 = l−21l−i i ,

l+22l+12 = s−1l+12l+22, l+22l−21 = sl−21l+22,

l−22l+12 = r−1l+12l−22, l−22l−21 = rl−21l−22.

(B3) For 1 ≤ i ≤ n, we have

l+11l+i,i+1 = l+i,i+1l+11, l+11l+n−1,n+1 = (rs)−1l+n−1,n+1l+11,

l−11l−i+1,i = l−i+1,i l
−

11, l−11l−n+1,n−1 = (rs)−1l−n+1,n−1l−11,

l−11l+i,i+1 = l−i,i+1l+11, l−11l+n−1,n+1 = rsl+n−1,n+1l−11,

l+11l−i+1,i = l−i+1,i l
+

11, l+11l−n+1,n−1 = rsl−n+1,n−1l+11.
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(B4)

(l+12)
2l+23 + rs−1l+23(l

+

12)
2
= (rs−1

+ 1)l+12l+23l+12,

(l+23)
2l+12 + r−1sl+12(l

+

23)
2
= (r−1s + 1)l+23l+12l+23,

(l−21)
2l−32 + rs−1l−32(l

−

21)
2
= (rs−1

+ 1)l−21l−32l−21,

(l−32)
2l−21 + r−1sl−21(l

−

32)
2
= (r−1s + 1)l−32l−21l−32.

(B5) For 3 ≤ i ≤ n − 1, we have

l+12l+i,i+1 = l+i,i+1l+12, l+12l+n−1,n+1 = (rs)−1l+n−1,n+1l+12,

l−21l+i,i+1 = l+i,i+1l−21, l−21l+n−1,n+1 = (rs)−1l+n−1,n+1l−21,

l+12l−i+1,i = l−i+1,i l
+

12, l+12l−n+1,n−1 = rsl−n+1,n−1l+12,

l−21l−i+1,i = l−i+1,i l
−

21, l−21l−n+1,n−1 = (rs)−1l−n+1,n−1l−21.

We give explicit expressions of the L-functionals l±i j in terms of the generators of
Ur,s(so2n). Define φn : U (R̂)→ Ur,s(so2n) as follows:

l+i i 7→ (w′

βi
)−1, l+i,i+1 7→ (r − s)ei l+i i ,

l−i i 7→ (wβi )
−1, l−i+1,i 7→ −(r − s)l−i i fi ,

l+nn 7→ (w′

βn
)−1, l+n−1,n+1 7→ (r − s)enl+n−1,n−1,

l−nn 7→ (wβn )
−1, l−n+1,n−1 7→ −(r − s)l−n−1,n−1 fn,

l+i ′i ′ 7→ w′

βi
, l−i ′i ′ 7→ wβi ,

where βi = αi +· · ·+αn−2 +
1
2(αn−1 +αn), βn =

1
2(αn −αn−1), 1 ≤ i ≤ n − 1. By

induction, we can prove that φn still preserves the structure of algebra Ur,s(so2n). □

Theorem 4.3. φn : U (R̂)→ Ur,s(so2n) is an algebraic isomorphism.

Proof. It is easy to check that the image of φn contains all generators of Ur,s(so2n).
Therefore, φn is surjective.

It remains to show that φn is injective. To this end, we need to construct an
algebra homomorphism ψn : Ur,s(so2n)→ U (R̂),

ei 7→
1

r −s
l+i,i+1(l

+

i i )
−1, fi 7→

1
s−r

(l−i i )
−1l−i+1,i ,

w′

i 7→ (l+i i )
−1l+i+1,i+1, wi 7→ (l−i i )

−1l−i+1,i+1,

en 7→
1

r −s
l+n−1,n+1(l

+

n−1,n−1)
−1, fn 7→

1
s−r

(l−n−1,n−1)
−1l−n+1,n−1,

w′

n 7→ (l+nn)
−1l+n−1,n−1, wn 7→ (l−nn)

−1l−n−1,n−1,

which satisfies ψn ◦φn = id.
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To prove that ψn still preserves the algebra structure of U (R̂) is completely
similar to that of Theorem 4.2. Hence, φn is injective. (For a similar proof in the
one-parameter setting, one can refer to Section 8.5 of [17]). □

Proposition 4.4. For the braiding R-matrix R = RV V , the spectral parameter
dependent R(z) is given by

R(z)=

2n∑
i=1

Ei i ⊗ Ei i

+
rs(z − 1)

r z − s

{ ∑
1≤i≤n−1
i+1≤ j≤n

Ei j ⊗ E j i +

∑
1≤i≤n−1

i ′+1≤ j≤2n

Ei j ⊗ E j i +

2n∑
j=n+2

Enj ⊗ E jn

+

∑
n+1≤i≤2n−1

i+1≤ j≤2n

E j i ⊗ Ei j +

∑
1≤i≤n−1

n+1≤ j≤2n−i

E j i ⊗ Ei j

}

+
z−1
r z−s

{ ∑
1≤i≤n−1
i+1≤ j≤n

E j i⊗Ei j +

∑
1≤i≤n−1

i ′+1≤ j≤2n

E j i⊗Ei j +

2n∑
j=n+2

E jn⊗Enj

+

∑
n+1≤i≤2n−1

i+1≤ j≤2n

Ei j⊗E j i +

∑
1≤i≤n−1

n+1≤ j≤2n−i

Ei j⊗E j i

}

+
r−s
r z−s

{
z
∑
i< j
i ′
̸= j

E j j⊗Ei i +

∑
i> j
i ̸= j ′

E j j ⊗ Ei i

}

+
1

(z − r1−nsn−1)(r z − s)

2n∑
i, j=1

di j (z)Ei j ′ ⊗ Ei ′ j ,

where di j (z)=


(s−r)z{(r−

1
2 s

1
2 )ρ j −ρi (z−1)− δi j ′[z−(rs−1)1−n

]}, if i > j,
(s−r){(r−

1
2 s

1
2 )ρ j −ρi +2n−2(z−1)− δi j ′[z−(rs−1)1−n

]}, if i < j,
s[z − (rs−1)2−n

](z−1), if i = j.

Remark 4.5. Consider the R̂-matrix R̂(z) = P ◦ R(z), where P is defined as in
Remark 3.9:

R̂(z)=

2n∑
i=1

Ei i ⊗ Ei i

+
rs(z − 1)

r z − s

{ ∑
1≤i≤n−1
i+1≤ j≤n

E j j ⊗ Ei i +

∑
1≤i≤n−1

i ′+1≤ j≤2n

E j j ⊗ Ei i +

2n∑
j=n+2

E j j ⊗ Enn

+

∑
n+1≤i≤2n−1

i+1≤ j≤2n

Ei i ⊗ E j j +

∑
1≤i≤n−1

n+1≤ j≤2n−i

Ei i ⊗ E j j

}
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+
z − 1
r z − s

{ ∑
1≤i≤n−1
i+1≤ j≤n

Ei i ⊗ E j j +

∑
1≤i≤n−1

i ′+1≤ j≤2n

Ei i ⊗ E j j +

2n∑
j=n+2

Enn ⊗ E j j

+

∑
n+1≤i≤2n−1

i+1≤ j≤2n

E j j⊗Ei i +

∑
1≤i≤n−1

n+1≤ j≤2n−i

E j j⊗Ei i

}

+
r−s
r z−s

{
z
∑
i< j
i ′
̸= j

Ei j⊗E j i +

∑
i> j
i ̸= j ′

Ei j ⊗ E j i

}
+

2n∑
i, j=1

ci j (z)Ei ′ j ′ ⊗ Ei j ,

where

ci j (z)=
di j (z)

(z − r1−nsn−1)(r z − s)
.

It is easy to check that R̂(z) satisfies the quantum Yang–Baxter equation

R̂12(z)R̂13(zw)R̂23(w)= R̂23(w)R̂13(zw)R̂12(z),

and the unitary condition

(4-13) R̂21(z)R̂(z−1)= R̂(z−1)R̂21(z)= 1.

5. The algebra U(R̂) and its Gauss decomposition

Definition 5.1. The algebra U(R̂) is an associative algebra with generators l±kl [∓m]

(m ∈ Z+ \ { 0 }), and l+kl [0]= l−lk [0]=0, 1 ≤ l ≤ k ≤ n and the central element c via
r

c
2 or s

c
2 . Let l±i j (z)=

∑
∞

m=0 l±i j [∓m]z±m , and L±(z)=
∑n

i, j=1 Ei j ⊗ l±i j (z). Then
the relations are given by the following matrix equations on End(V ⊗2)⊗U(R̂):

l+i i [0], l−i i [0] are invertible and l+i i [0] l−i i [0] = l−i i [0] l+i i [0],(5-1)

R̂
(

z
w

)
L±

1 (z)L
±

2 (w)= L±

2 (w)L
±

1 (z)R̂
(

z
w

)
,(5-2)

R̂
(

z+

w−

)
L+

1 (z)L
−

2 (w)= L−

2 (w)L
+

1 (z)R̂
(

z−

w+

)
,(5-3)

where z+ = zr
c
2 and z− = zs

c
2 . Here (5-2) is expanded in the direction of either z

w

or w
z , and (5-3) is expanded in the direction of z

w
.

Remark 5.2. From (5-3) and the unitary condition of R̂-matrix (4-13), we have

(5-4) R̂
(

z±

w∓

)
L±

1 (z)L
∓

2 (w)= L∓

2 (w)L
±

1 (z)R̂
(

z∓

w±

)
.
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So the relations of generating series (5-2), (5-3) are equivalent to

L±

1 (z)
−1L±

2 (w)
−1 R̂

(
z
w

)
= R̂

(
z
w

)
L±

2 (w)
−1L±

1 (z)
−1,(5-5)

L±

1 (z)
−1L∓

2 (w)
−1 R̂

(
z±

w∓

)
= R̂

(
z∓

w±

)
L∓

2 (w)
−1L±

1 (z)
−1.(5-6)

They are also equivalent to

L±

2 (w)
−1 R̂

(
z
w

)
L±

1 (z)= L±

1 (z)R̂
(

z
w

)
L±

2 (w)
−1,(5-7)

L∓

2 (w)
−1 R̂

(
z±

w∓

)
L±

1 (z)= L±

1 (z)R̂
(

z∓

w±

)
L∓

2 (w)
−1.(5-8)

Remark 5.3. Here we present the specific matrix expression formulas for (5-2)
and (5-3), and reveal the differences between type D(1)

n and type A(1)n . For D(1)
n , write

L±(z)=


l±11(z) l±12(z) · · · l±1,2n(z)

l±21(z) l±22(z)
. . .

...
...

. . .
. . . l±2n−1,2n(z)

l±2n,1(z) · · · l±2n,2n−1(z) l±2n,2n(z)


2n×2n

,

then for the generators L±

1 (z), L±

2 (z), R̂(z), we have that

L±

1 (z)=

 l±11(z)I2n · · · l±1,2n(z)I2n
...

. . .
...

l±2n,1(z)I2n · · · l±2n,2n(z)I2n


4n2×4n2

,

L±

2 (z)=


L±(z) 0 · · · 0

0 L±(z)
. . .

...
...

. . .
. . . 0

0 · · · 0 L±(z)


4n2×4n2

,

R̂(z)=

 B11(z) · · · B1,2n(z)
...

. . .
...

B2n,1(z) · · · B2n,2n(z)


4n2×4n2

,

Bll(z)=


al1(z) 0 · · · 0

0 al2(z)
. . .

...
...

. . .
. . . 0

0 · · · 0 al,2n(z)


2n×2n

,

where Bll(z) is a diagonal matrix, and al j is the coefficient of element Ell ⊗ E j j

in R̂(z), and Bi j (z) = bi j (z)E j i + ci ′ j ′(z)Ei ′ j ′ , where bi j (z) is the coefficient of
element Ei j ⊗E j i in R̂(z), and ci j (z) is the coefficient of element Ei ′ j ′ ⊗Ei j in R̂(z).
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The multiplication between matrices R̂
( z
w

)
, L±

1 (z), L±

2 (w) is matrix multiplica-
tion. From

R̂
(

z
w

)
L±

1 (z)L
±

2 (w)= L±

2 (w)L
±

1 (z)R̂
(

z
w

)
,

we can derive the following calculation:

R̂
(

z
w

)
L±

1 (z)L
±

2 (w)=

 M11 · · · M1,2n
...

. . .
...

M2n,1 · · · M2n,2n


4n2×4n2

, Mi j ∈ M(2n,K),

L±

2 (w)L
±

1 (z)R̂
(

z
w

)
=

 M ′

11 · · · M ′

1,2n
...

. . .
...

M ′

2n,1 · · · M ′

2n,2n


4n2×4n2

, M ′

i j ∈ M(2n,K).

We only give two types of matrix expressions that will be used later. Taking
Mi j = M ′

i j , where 1 ≤ i, j ≤ n, consider Mi j :

(5-9)



ai1
( z
w

)
l±i j (z) bi1

( z
w

)
l±1 j (z)

. . .
...

ai i
( z
w

)
l±i j (z)
...

. . .

ci ′1
( z
w

)
l±1′ j (z) · · · ci ′i

( z
w

)
l±i ′ j (z) · · · ci ′i ′

( z
w

)
l±i j (z) · · · ci ′1′

( z
w

)
l±1 j (z)

...
. . .

bi1′

( z
w

)
l±1′ j (z) ai1′

( z
w

)
l±i j (z)


L±(w),

and 1 ≤ i ≤ n, 1 + n ≤ j , Mi j :

(5-10)



ai1
( z
w

)
l±i j (z) bi1

( z
w

)
l±1 j (z)

. . .
...

ci ′1
( z
w

)
l±1′ j (z) · · · ci ′i

( z
w

)
l±i j (z) · · · ci ′i ′

( z
w

)
l±i ′ j (z) · · · ci ′1′

( z
w

)
l±1 j (z)

. . .
...

ai i
( z
w

)
l±i j (z)
...

. . .

bi1′

( z
w

)
l±1′ j (z) ai1′

( z
w

)
l±i j (z)


L±(w),
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where the elements in the i ′-th row except for the element at position (i ′, i ′) are
all zero for type A(1)n . Consider M ′

i j , for 1 ≤ i, j ≤ n:

(5-11) L±(w)



a j1
( z
w

)
l±i j (z) c1 j ′

( z
w

)
l±i1′(z)

. . .
...

b1 j
( z
w

)
l±i1(z) · · · a j j

( z
w

)
l±i j (z) · · · c j j ′

( z
w

)
l±i j ′(z) · · · b1′ j

( z
w

)
l±i1′(z)

. . .
...

c j ′ j ′
( z
w

)
l±i j (z)

...
. . .

c1′ j ′
( z
w

)
l±i1(z) a j1′

( z
w

)
l±i j (z)


,

moreover, 1 ≤ i ≤ n, 1 + n ≤ j :

(5-12) L±(w)



a j1
( z
w

)
l±i j (z) c1 j ′

( z
w

)
l±i1′(z)

. . .
...

c j j ′
( z
w

)
l±i j (z)
...

. . .

b1 j
( z
w

)
l±i1(z) · · · c j ′ j ′

( z
w

)
l±i j ′(z) · · · a j j

( z
w

)
l±i j (z) · · · b1′ j

( z
w

)
l±i1′(z)

...
. . .

c1′ j ′
( z
w

)
l±i1(z) a j1′

( z
w

)
l±i j (z)


,

where the elements in the j ′-th column except for the element at position ( j ′, j ′)

are all zero for type A(1)n .

Definition 5.4. Let X = (xi j )
n
i, j=1 be a sequence matrix over a ring with identity.

Denote by X i j the submatrix obtained from X by deleting the i-th row and j-th
column. Suppose that the matrix X i j is invertible. The (i, j)-th quasideterminant
|X |i j of X is defined by

(5-13) |X |i j =

∣∣∣∣∣∣∣∣∣∣∣∣

x11 · · · x1 j · · · x1n
...

. . .
...

. . .
...

xi1 · · · xi j · · · xin
...

. . .
...

. . .
...

xn1 · · · xnj · · · xnn

∣∣∣∣∣∣∣∣∣∣∣∣
= xi j − r j

i (X
i j )−1ci

j ,

where r j
i is the row matrix obtained from the i-th row of X by deleting the el-

ement xi j , and ci
j is the column matrix obtained from the j-th column of X by

deleting the element xi j .

Proposition 5.5. L±(z) have the following unique decomposition

(5-14) L±(z)= F±(z)K ±(z)E±(z),
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by applying the Gauss decomposition to L±(z), where we introduce matrices with
N × N , and N = 2n,

F±(z)=


1 0 · · · 0

f ±

21(z)
. . .

. . .
...

...
. . .

. . . 0
f ±

N1(z) · · · f ±

N ,N−1(z) 1

 ,(5-15)

E±(z)=


1 e±

12(z) · · · e±

1N (z)

0
. . .

. . .
...

...
. . .

. . . e±

N−1,N (z)
0 · · · 0 1

 ,(5-16)

K ±(z)=


k±

1 (z) 0 · · · 0

0
. . .

. . .
...

...
. . .

. . . 0
0 · · · 0 k±

N (z)

 .(5-17)

Their entries are found by the quasideterminant formulas

(5-18) k±

m (z)=

∣∣∣∣∣∣∣
l±11(z) · · · l±1,m−1(z) l±1m(z)
...

. . .
...

...

l±m1(z) · · · l±m,m−1(z) l±mm(z)

∣∣∣∣∣∣∣
for 1 ≤ m ≤ 2n, k±

m (z)=
∑

t∈Z+
k±

m (∓t)z±t ;

(5-19) e±

i j (z)= k±

i (z)
−1

∣∣∣∣∣∣∣
l±11(z) · · · l±1,i−1(z) l±1 j (z)
...

. . .
...

...

l±i1(z) · · · l±i,i−1(z) l±i j (z)

∣∣∣∣∣∣∣
for 1 ≤ i < j ≤ 2n; e±

i j (z)=
∑

m∈Z+
e±

i j (∓m)z±m ;

(5-20) f ±

j i (z)=

∣∣∣∣∣∣∣
l±11(z) · · · l±1,i−1(z) l±1i (z)
...

. . .
...

...

l±j1(z) · · · l±j,i−1(z) l±j i (z)

∣∣∣∣∣∣∣ k±

i (z)
−1

for 1 ≤ i < j ≤ 2n, f ±

j i (z)=
∑

m∈Z+
f ±

j i (∓m)z±m .

6. Drinfeld realization of Ur,s(ŝo2n)

In this section, we will study the commutation relations between the Gaussian
generators and give the Drinfeld realization of Ur,s(ŝo2n).
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Theorem 6.1. In the algebra U(R̂), we have

X+

i (z)= e+

i,i+1(z+)−e−

i,i+1(z−), X+

n (z)= e+

n−1,n+1(z+)−e−

n−1,n+1(z−),

X−

i (z)= f +

i+1,i (z−)− f −

i+1,i (z+), X−

n (z)= f +

n+1,n−1(z−)− f −

n+1,n−1(z+).

For the generators {k±

i (z), X±

j (z), k±

n+1(z), X±
n (z) | 1 ≤ i ≤ n, 1 ≤ j ≤ n − 1}, the

relations between k±

i (z) and X±

j (z) are the same as those in Ur,s(ĝln). The other
relations are those involving k±

i (z) and k±

n+1(w), that is,

k±

i (z)k
±

n+1(w)= k±

n+1(w)k
±

i (z),

k+

n+1(z)k
−

n+1(w)= k−

n+1(w)k
+

n+1(z),

k∓

i (z)k
±

n+1(w)
z∓−w±

r z∓−sw±

=
z±−w∓

r z±−sw∓

k±

n+1(w)k
∓

i (z).

The relations involving k±
t (w) (1 ≤ t ≤ n + 1) and X±

n (z) are

k±

l (w)X
±

n (z)= rs X±

n (z)k
±

l (w),

rsk±

l (w)X
∓

n (z)= X∓

n (z)k
±

l (w), 1 ≤ l ≤ n − 2,

(rw− sz±)k±

n−1(w)X
+

n (z)= rs(w− z±)X+

n (z)k
±

n−1(w),

rs(w− z∓)k±

n−1(w)X
−

n (z)= (rw− sz∓)X−

n (z)k
±

n−1(w),

k±

n (w)X
+

n (z)=
wr −sz±

w−z±

X+

n (z)k
±

n (w),

X−

n (z)k
±

n (w)=
wr −sz∓

w−z∓

k±

n (w)X
−

n (z),

k±

n+1(w)X
+

n (z)=
rs(w−z±)

sw−r z±

X+

n (z)k
±

n+1(w),

X−

n (z)k
±

n+1(w)=
rs(w−z∓)

sw−r z∓

k±

n+1(w)X
−

n (z).

The relations involving k±

n+1(z) and X±
t (w) (1 ≤ t ≤ n − 1) are

k±

n+1(z)X
∓

l (w)= X∓

l (w)k
±

n+1(z),

k±

n+1(z)X
±

l (w)= X±

l (w)k
±

n+1(z), 1 ≤ l ≤ n − 2,

k±

n+1(w)X
+

n−1(z)=
rs(z±−w)

z±s−rw
X+

n−1(z)k
±

n+1(w),

X−

n−1(z)k
±

n+1(w)=
rs(z∓−w)

z∓s−rw
k±

n+1(w)X
−

n−1(z).
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For the relations involving X±
n (z) and X±

t (z) (1 ≤ t ≤ n), we have

X±

n (w)X
±

l (z)= X±

l (z)X
±

n (w),

X±

n (w)X
∓

l (z)= X∓

l (z)X
±

n (w), 1 ≤ l ≤ n − 3,

X+

n (w)X
+

n−2(z)=
r z−sw
z−w

X+

n−2(z)X
+

n (w),

X−

n (w)X
−

n−2(z)=
z−w

r z−sw
X−

n−2(z)X
−

n (w),

X±

n (w)X
∓

n−2(z)= X∓

n−2(z)X
±

n (w),

X±

n (w)X
±

n−1(z)= (rs)±1 X±

n−1(z)X
±

n (w),

X±

n−1(w)X
∓

n (z)= X∓

n (z)X
±

n−1(w),

X+

n (z)X
+

n (w)=
zr −ws
zs−rw

X+

n (w)X
+

n (z),

X−

n (z)X
−

n (w)=
zs−wr
zr −sw

X−

n (w)X
−

n (z),

[ X+

n (z), X−

t (w) ] = (s−1
− r−1)δnt

{
δ
(

z−

w+

)
k−

n+1(w+)k−

n (w+)
−1

− δ
(

z+

w−

)
k+

n+1(z+)k+

n (z+)
−1

}
,

and the following (r, s)-Serre relations hold in U(R̂):{
X−

n−2(z1)X−

n−2(z2)X−

n (w)− (r + s)X−

n−2(z1)X−

n (w)X
−

n−2(z2)(6-1)

+ rs X−

n (w)X
−

n−2(z1)X−

n−2(z2)
}
+ {z1 ↔ z2} = 0,{

X+

n (z1)X+

n (z2)X+

n−2(w)− (r + s)X+

n (z1)X+

n−2(w)X
+

n (z2)(6-2)

+ rs X+

n−2(w)X
+

n (z1)X+

n (z2)
}
+ {z1 ↔ z2} = 0,{

rs X+

n−2(z1)X+

n−2(z2)X+

n (w)− (r + s)X+

n−2(z1)X+

n (w)X
+

n−2(z2)(6-3)

+ X+

n (w)X
+

n−2(z1)X+

n−2(z2)
}
+ {z1 ↔ z2} = 0,{

rs X−

n (z1)X−

n (z2)X−

n−2(w)− (r + s)X−

n (z1)X−

n−2(w)X
−

n (z2)(6-4)

+ X−

n−2(w)X
−

n (z1)X−

n (z2)
}
+ {z1 ↔ z2} = 0,

where the formal delta function δ(z)=
∑

n∈Z zn .

Proof. The proof is based on the induction on n. We consider first the case n = 4,

L±(z)=


l±11(z) l±12(z) · · · l±18(z)

l±21(z) l±22(z)
. . .

...
...

. . .
. . . l±78(z)

l±81(z) · · · l±87(z) l±88(z)


8×8

.
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Observe (5-9) and (5-11) and restrict them to Ei j ⊗ Ekl , 1 ≤ i, j, k, l ≤ 4, then

R̂1

(
z
w

)
L̃±

1 (z)L̃
±

2 (w)= L̃±

2 (w)L̃
±

1 (z)R̂1

(
z
w

)
,

R̂1

(
z+

w−

)
L̃±

1 (z)L̃
±

2 (w)= L̃±

2 (w)L̃
±

1 (z)R̂1

(
z−

w+

)
,

L̃±(z)=


l±11(z) l±12(z) l±13(z) l±14(z)
l±21(z) l±22(z) l±23(z) l±24(z)
l±31(z) l±32(z) l±33(z) l±34(z)
l±41(z) l±42(z) l±43(z) l±44(z)


4×4

,

and

R̂1

(
z
w

)
=

4∑
i=1

Ei i ⊗ Ei i +
s(w−z)
sw−zr

(∑
i> j

Ei i ⊗ E j j + s−1
∑
i< j

Ei i ⊗ E j j

)

+
(s−r)w
sw−zr

(∑
i> j

Ei j ⊗ E j i +
z
w

∑
i< j

Ei j ⊗ E j i

)
.

Jing and Liu [16] gave the following spectral parameter dependent R̂A
( z
w

)
of

Ur,s(ĝln), in particular, setting n = 4,

R̂A

(
z
w

)
=

4∑
i=1

Ei i ⊗ Ei i +
w−z

w−zrs−1

(∑
i> j

Ei i ⊗ E j j + s−1
∑
i< j

Ei i ⊗ E j j

)
+
(1−rs−1)w

w−zrs−1

(∑
i> j

Ei j ⊗ E j i +
z
w

∑
i< j

Ei j ⊗ E j i

)
,

we get R̂A
( z
w

)
=R̂1

( z
w

)
. Thereby, we can directly have the relations of generators

{X±

1 (z), X±

2 (z), X±

3 (z), k±

1 (z), k±

2 (z), k±

3 (z), k±

4 (z)}.
Next, we need to obtain the relations between the remaining Gauss generators.

First, using the Gauss decomposition, we write down L±(z) and L±(z)−1:

L±(z)=


k±

1 (z) k±

1 (z)e
±

12(z) · · ·

f ±

21(z)k
±

1 (z)
...

...
...

...
...

 ,

L±(z)−1
=

 · · · · · · · · ·

· · · · · · −e±

N−1,N (z)k
±

N (z)
−1

· · · −k±

N (z)
−1 f ±

N ,N−1(z) k±

N (z)
−1

 .

Then using the generating series relations (5-2) and (5-4), we can complete our
proof by using the following lemmas. □
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Lemma 6.2. The following equations hold in U(R̂):

k±

5 (w)X
±

i (z)= X±

i (z)k
±

5 (w),(6-5)

k±

5 (w)X
∓

i (z)= X∓

i (z)k
±

5 (w),(6-6)

k±

j (z)k
±

5 (w)= k±

5 (w)k
±

j (z),(6-7)

k±

j (z)k
∓

5 (w)
z±−w∓

r z±−sw∓

=
z∓−w±

r z∓−sw±

k∓

5 (w)k
±

j (z),(6-8)

where 1 ≤ i ≤ 2 and 1 ≤ j ≤ 3.

Proof. Due to the observation made in formulas (5-9) and (5-11), the relations
between the Gaussian generators mentioned above follow from those for the quantum
affine algebra Ur,s(ĝl5); see [16] □

Lemma 6.3.

k±

1 (w)X
+

4 (z)= rs X+

4 (z)k
±

1 (w),(6-9)

rsk±

1 (w)X
−

4 (z)= X−

4 (z)k
±

1 (w),(6-10)

k±

2 (w)X
+

4 (z)= rs X+

4 (z)k
±

2 (w),(6-11)

rsk±

2 (w)X
−

4 (z)= X−

4 (z)k
±

2 (w),(6-12)

X±

4 (w)X
±

1 (z)= X±

1 (z)X
±

4 (w),(6-13)

X±

4 (w)X
∓

1 (z)= X∓

1 (z)X
±

4 (w).(6-14)

Proof. We only give details for one case of (6-9), (6-11), (6-13) and (6-14), the
remaining relations are verified in a similar way. By (5-9) and (5-11), taking the
equations M11 = M ′

11, we get

a15

(
z
w

)
k±

3 (w)e
±

3,5(w)l
±

11(z)= a13

(
z
w

)
l±11(z)k

±

3 (w)e
±

3,5(w),

and the relations between k±

3 (w)e
±

3,5(w) and l∓11(z) we have

a15

(
z∓

w±

)
k±

3 (w)e
±

3,5(w)l
∓

11(z)= a13

(
z±

w∓

)
l∓11(z)k

±

3 (w)e
±

3,5(w),

so that k+

1 (z)X
+

4 (w)= rs X+

4 (w)k
+

1 (z). Now apply M12 = M ′

12 to obtain

a25

(
z
w

)
k±

3 (w)e
±

3,5(w)l
±

12(z)= a13

(
z
w

)
l±12(z)k

±

3 (w)e
±

3,5(w),

a25

(
z∓

w±

)
k±

3 (w)e
±

3,5(w)l
∓

12(z)= a13

(
z±

w∓

)
l∓12(z)k

±

3 (w)e
±

3,5(w).

So we get X+

4 (w)X
+

1 (z)= X+

1 (z)X
+

4 (w). Since M21 = M ′

21, we get

a15

(
z
w

)
k±

3 (w)e
±

3,5(w)l
±

21(z)= a23

(
z
w

)
l±21(z)k

±

3 (w)e
±

3,5(w).
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Furthermore,

a15

(
z∓

w±

)
k±

3 (w)e
±

3,5(w)l
∓

21(z)= a23

(
z±

w∓

)
l∓21(z)k

±

3 (w)e
±

3,5(w),

thus we prove a case of relation in (6-14). Since M22 = M ′

22, the formula is

a25

(
z
w

)
k±

3 (w)e
±

3,5(w)l
±

22(z)= a23

(
z
w

)
l±22(z)k

±

3 (w)e
±

3,5(w),

on the other hand, we have

a25

(
z∓

w±

)
k±

3 (w)e
±

3,5(w)l
∓

22(z)= a23

(
z±

w∓

)
l∓22(z)k

±

3 (w)e
±

3,5(w).

As a final step, use the relations between l±21(z) and X+

4 (w) and those between
e∓

12(z) and X+

4 (w), to come to the relation

k+

2 (z)X
+

4 (w)= rs X+

4 (w)k
+

2 (z),

as required. □

Lemma 6.4.

(rw− sz±)k±

3 (w)X
+

4 (z)= rs(w− z±)X+

4 (z)k
±

3 (w),(6-15)

rs(w− z∓)k±

3 (w)X
−

4 (z)= (rw− sz∓)X−

4 (z)k
±

3 (w),(6-16)

X±

4 (w)X
∓

2 (z)= X∓

2 (z)X
±

4 (w),(6-17)

(z −w)X+

4 (w)X
+

2 (z)= X+

2 (z)X
+

4 (w)(r z − sw),

(r z − sw)X−

4 (w)X
−

2 (z)= X−

2 (z)X
−

4 (w)(z −w).(6-18)

Proof. The arguments for both formulas are quite similar so we only give a proof
of one case of (6-17) and (6-18), taking the equations M13 = M ′

13, we get

a35

(
z
w

)
l±15(w)l

±

13(z)+ b53

(
z
w

)
l±13(w)l

±

15(z)(6-19)

= l±13(z)l
±

15(w),

a35

(
z
w

)
l±25(w)l

±

13(z)+ b53

(
z
w

)
l±23(w)l

±

15(z)(6-20)

= a12

(
z
w

)
l±13(z)l

±

25(w)+ b12

(
z
w

)
l±23(z)l

±

15(w),

a35

(
z
w

)
l±35(w)l

±

13(z)+ b53

(
z
w

)
l±33(w)l

±

15(z)(6-21)

= a13

(
z
w

)
l±13(z)l

±

35(w)+ b13

(
z
w

)
l±33(z)l

±

15(w).
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Using f ±

32(w) f ±

21(w) · (6-19) − f ±

32(w)(6-20) − f ±

31(w) · (6-19) + (6-21), through a
lot of calculations, we can obtain

(6-22) a35

(
z
w

)
k±

3 (w)e
±

35(w)l
±

13(z)+ b53

(
z
w

)
k±

3 (w)l
±

15(z)

+ a13

(
z
w

)
f ±

32(w)l
±

13(z)k
±

2 (w)e
±

25(w)

= a13

(
z
w

)
l±13(z) f ±

32(w)k
±

2 (w)e
±

25(w)+ a13

(
z
w

)
l±13(z)k

±

3 (w)e
±

35(w)

+ b13

(
z
w

)
k±

3 (w)l
±

11(z)e
±

15(w).

Taking the equations M23 = M ′

23, we have

a35

(
z
w

)
l±15(w)l

±

23(z)+ b53

(
z
w

)
l±13(w)l

±

25(z)(6-23)

= a21

(
z
w

)
l±23(z)l

±

15(w)+ b21

(
z
w

)
l±13(z)l

±

25(w),

a35

(
z
w

)
l±25(w)l

±

23(z)+ b53

(
z
w

)
l±23(w)l

±

25(z)(6-24)

= l±23(z)l
±

25(w),

a35

(
z
w

)
l±35(w)l

±

23(z)+ b53

(
z
w

)
l±33(w)l

±

25(z)(6-25)

= a23

(
z
w

)
l±23(z)l

±

35(w)+ b23

(
z
w

)
l±33(z)l

±

25(w).

A similar calculation, we come to the relation

(6-26) a35

(
z
w

)
k±

3 (w)e
±

35(w)l
±

23(z)+b53

(
z
w

)
k±

3 (w)l
±

25(z)

=b21

(
z
w

)
{ f ±

32(w) f ±

21(w)l
±

13(z)k
±

2 (w)e
±

25(w)− f ±

31(w)l
±

13(z)k
±

2 (w)e
±

25(w)}

+a23

(
z
w

)
{l±23(z) f ±

32(w)k
±

2 (w)e
±

25(w)+l±23(z)k
±

3 (w)e
±

35(w)}

+b23

(
z
w

)
{l±33(z)k

±

2 (w)e
±

25(w)+l±21(z)k
±

3 (w)e
±

15(w)}

− f ±

32(w)l
±

23(z)k
±

2 (w)e
±

25(w).

Furthermore, by using − f ±

21(z) · (6-22) + (6-26), we get

a35

(
z
w

)
k±

3 (w)e
±

35(w)k
±

2 (z)e
±

23(z)+ b53

(
z
w

)
k±

3 (w)k
±

2 (z)e
±

25(z)

= b23

(
z
w

)
k±

2 (z)k
±

3 (w)e
±

25(w)+ a23

(
z
w

)
k±

2 (z)e
±

23(z)k
±

3 (w)e
±

35(w),
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and taking into account the relations between e∓

3,5(w) and e±

23(z), we have

a35

(
z∓

w±

)
k∓

3 (w)e
∓

35(w)k
±

2 (z)e
±

23(z)+ b53

(
z∓

w±

)
k∓

3 (w)k
±

2 (z)e
±

25(z)

= b23

(
z±

w∓

)
k±

2 (z)k
∓

3 (w)e
∓

25(w)+ a23

(
z±

w∓

)
k±

2 (z)e
±

23(z)k
∓

3 (w)e
∓

35(w).

Therefore, we can arrive at (z −w)X+

4 (w)X
+

2 (z)= X+

2 (z)X
+

4 (w)(r z − sw). Now
turn to (6-24). Taking the equation M31 = M ′

31, we get

a15

(
z∓

w±

)
k∓

3 (w)e
∓

35(w)l
±

31(z)(6-27)

=

{
l±31(z)− b32

(
z±

w∓

)
f ∓

32(w)l
±

21(z)

+ b31

(
z±

w∓

)
( f ∓

32(w) f ∓

21(w)− f ∓

31(w))l
±

11(z)
}

k∓

3 (w)e
∓

35(w),

a15

(
z
w

)
k±

3 (w)e
±

35(w)l
±

31(z)(6-28)

=

{
l±31(z)− b32

(
z
w

)
f ±

32(w)l
±

21(z)

+ b31

(
z
w

)
( f ±

32(w) f ±

21(w)− f ±

31(w))l
±

11(z)
}

k±

3 (w)e
±

35(w).

Using M32 = M ′

32, consider the relations

a15

(
z∓

w±

)
k∓

3 (w)e
∓

35(w)l
±

32(z)(6-29)

=

{
l±32(z)− b32

(
z±

w∓

)
f ∓

32(w)l
±

22(z)

+ b31

(
z±

w∓

)
( f ∓

32(w) f ∓

21(w)− f ∓

31(w))l
±

12(z)
}

k∓

3 (w)e
∓

35(w),

a15

(
z
w

)
k±

3 (w)e
±

35(w)l
±

32(z)(6-30)

=

{
l±32(z)− b32

(
z
w

)
f ±

32(w)l
±

22(z)

+ b31

(
z
w

)
( f ±

32(w) f ±

21(w)− f ±

31(w))l
±

12(z)
}

k±

3 (w)e
±

35(w).

By −(6-27) · e±

12(z)+ (6-29) and −(6-28) · e±

12(z)+ (6-30), we can obtain

a15

(
z
w

)
k±

3 (w)e
±

35(w) f ±

32(z)k
±

2 (z)

=

{
f ±

32(z)k
±

2 (z)−b32

(
z
w

)
f ±

32(w)k
±

2 (z)
}

k±

3 (w)e
±

35(w),

a15

(
z∓

w±

)
k∓

3 (w)e
∓

35(w) f ±

32(z)k
±

2 (z)

=

{
f ±

32(z)k
±

2 (z)−b32

(
z±

w∓

)
f ∓

32(w)k
±

2 (z)
}

k∓

3 (w)e
∓

35(w),

and therefore X+

4 (w)X
−

2 (z)= X−

2 (z)X
+

4 (w). □
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Lemma 6.5. In the algebra U(R̂), we have

e±

36(z)= f ±

63(z)= 0, e±

45(z)= f ±

54(z)= 0.

Proof. We only verify a case of the first relation. By (5-9) and (5-11), we have
M13 = M ′

13, and so get the relations

8∑
i=1

ci6

(
z
w

)
l±1i (w)l

±

1i ′(z)= l±13(z)l
±

16(w),(6-31)

8∑
i=1

ci6

(
z
w

)
l±2i (w)l

±

1i ′(z)= a12

(
z
w

)
l±13(z)l

±

26(w)+ b12

(
z
w

)
l±23(z)l

±

16(w),(6-32)

8∑
i=1

ci6

(
z
w

)
l±3i (w)l

±

1i ′(z)= a13

(
z
w

)
l±13(z)l

±

36(w)+ b13

(
z
w

)
l±33(z)l

±

16(w).(6-33)

Let ( f ±

32(w) f ±

21(w)− f ±

31(w)) · (6-31) − f ±

32(w) · (6-32) + (6-33). Through a lot of
calculations, we obtain

(6-34)
8∑

i=3

ci6

(
z
w

)
k±

3 (w)e
±

3i (w)l
±

1i ′(z)

= a13

(
z
w

)
l±13(z)k

±

3 (w)e
±

36(w)+ b13

(
z
w

)
k±

3 (w)k
±

1 (z)

· {(e±

12(w)− e±

12(z))e
±

26(w)− e±

16(w)}.

And from M23 = M ′

23, we obtain

8∑
i=1

ci6

(
z
w

)
l±1i (w)l

±

2i ′(z)= a21

(
z
w

)
l±23(z)l

±

16(w)+ b21

(
z
w

)
l±13(z)l

±

26(w),(6-35)

8∑
i=1

ci6

(
z
w

)
l±2i (w)l

±

2i ′(z)= l±23(z)l
±

26(w),(6-36)

8∑
i=1

ci6

(
z
w

)
l±3i (w)l

±

2i ′(z)= a23

(
z
w

)
l±23(z)l

±

36(w)+ b23

(
z
w

)
l±33(z)l

±

26(w).(6-37)

Calculating ( f ±

32(w) f ±

21(w)− f ±

31(w))·(6-35)− f ±

32(w)·(6-36)+(6-37)− f ±

21(z)·(6-34),
we get

(6-38)
8∑

i=3

ci6

(
z
w

)
k±

3 (w)e
±

3i (w)k
±

2 (z)e
±

2i ′(z)

= a23

(
z
w

)
k±

2 (z)e
±

23(z)k
±

3 (w)e
±

36(w) + b23

(
z
w

)
k±

3 (w)k
±

2 (z)e
±

26(w).
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Using M23 = M ′

23, we come by the relations

8∑
i=1

ci6

(
z
w

)
l±1i (w)l

±

3i ′(z)= a31

(
z
w

)
l±33(z)l

±

16(w)+ b31

(
z
w

)
l±13(z)l

±

36(w),(6-39)

8∑
i=1

ci6

(
z
w

)
l±2i (w)l

±

3i ′(z)= a32

(
z
w

)
l±33(z)l

±

26(w)+ b32

(
z
w

)
l±23(z)l

±

36(w),(6-40)

8∑
i=1

ci6

(
z
w

)
l±3i (w)l

±

3i ′(z)= l±33(z)l
±

36(w).(6-41)

Calculating

( f ±

32(w) f ±

21(w)− f ±

31(w)) · (6-39) − f ±

32(w) · (6-40) + (6-41) − f ±

32(z) · (6-38)
− f ±

31(z) · (6-34),

we arrive at the relation

(6-42)
8∑

i=3

ci6

(
z
w

)
k±

3 (w)e
±

3i (w)l
±

3i ′(z)= k±

3 (z)k
±

3 (w)e
±

36(w).

Setting z =w, we get e±

36(z)= 0. The remaining relations can be proved in a similar
way. □

Lemma 6.6. The following equations hold in U(R̂):

X±

4 (w)X
±

3 (z)= (rs)±1 X±

3 (z)X
±

4 (w),(6-43)

X±

3 (w)X
∓

4 (z)= X∓

4 (z)X
±

3 (w).(6-44)

Proof. The arguments are similar for all relations so we only prove the relation
X+

4 (w)X
+

3 (z)= rs X+

3 (z)X
+

4 (w). By (5-9)–(5-12), we have M34 = M ′

34, and then
get the relation

8∑
i=1

ci5

(
z
w

)
l±3i (w)l

±

3i ′(z)= l±34(z)l
±

35(w)

through a similar calculation process as in Lemma 6.5, which yields

(6-45)
8∑

i=3

ci5

(
z
w

)
k±

3 (w)e
±

3i (w)k
±

3 (z)e
±

3i ′(z)= k±

3 (z)e
±

34(z)k
±

3 (w)e
±

35(w),

and from M35 = M ′

35, we obtain

(6-46)
8∑

i=3

ci4

(
z
w

)
k±

3 (w)e
±

3i (w)k
±

3 (z)e
±

3i ′(z)= k±

3 (z)e
±

35(z)k
±

3 (w)e
±

34(w).
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Furthermore, M33 = M ′

33 and M36 = M ′

36 give that

8∑
i=3

ci6

(
z
w

)
k±

3 (w)e
±

3i (w)k
±

3 (z)e
±

3i ′(z)= k±

3 (z)k
±

3 (w)e
±

36(w),(6-47)

8∑
i=3

ci3

(
z
w

)
k±

3 (w)e
±

3i (w)k
±

3 (z)e
±

3i ′(z)= k±

3 (z)e
±

36(z)k
±

3 (w).(6-48)

Combining (6-45) with (6-46), we get that

(6-49) (rs)−1 X+

4 (w)X
+

3 (z)−X+

3 (w)X
+

4 (z)=X+

3 (z)X
+

4 (w)−(rs)−1 X+

4 (z)X
+

3 (w).

Taking (6-45) and (6-47), owing to Lemma 6.5 and the fact that e±

36(z) = 0, we
have

(6-50)
5∑

i=4

k±

3 (w)e
±

3i (w)k
±

3 (z)e
±

3i ′(z)
(

ci5

(
z
w

)
− (r−1s)

1
2 ci6

(
z
w

))
= k±

3 (z)e
±

34(z)k
±

3 (w)e
±

35(w).

Using the relations (6-46) and (6-48), we get

(6-51)
5∑

i=4

k±

3 (w)e
±

3i (w)k
±

3 (z)e
±

3i ′(z)
(

ci4

(
z
w

)
− (rs−1)

1
2 ci3

(
z
w

))
= k±

3 (z)e
±

35(z)k
±

3 (w)e
±

34(w).

Exchanging z and w in the relation (6-51), and combining into (6-50), we obtain

(6-52) z(rs)−1 X+

4 (w)X
+

3 (z)−wX+

3 (w)X
+

4 (z)

= zX+

3 (z)X
+

4 (w)−w(rs)−1 X+

4 (z)X
+

3 (w)

By (6-49) and (6-52), we get X+

4 (w)X
+

3 (z)= rs X+

3 (z)X
+

4 (w). □

Lemma 6.7. The following equations hold in U(R̂):

(6-53) [X+

4 (z), X−

4 (w)]

= (s−1
−r−1)

{
δ
(

z−

w+

)
k−

5 (w+)k−

3 (w+)
−1

−δ
(

z+

w−

)
k+

5 (z+)k+

3 (z+)
−1

}
.

Proof. By (5-10) and (5-12), we have M35 = M ′

35 and then get the relations

a53

( z
w

)
l±13(w)l

±

35(z)+b35

( z
w

)
l±15(w)l

±

33(z)= b31

( z
w

)
l±15(z)l

±

33(w)+a31

( z
w

)
l±35(z)l

±

13(w),

a53

( z
w

)
l±23(w)l

±

35(z)+b35

( z
w

)
l±25(w)l

±

33(z)= b32

( z
w

)
l±25(z)l

±

33(w)+a32

( z
w

)
l±35(z)l

±

23(w),

a53

( z
w

)
l±33(w)l

±

35(z)+b35

( z
w

)
l±35(w)l

±

33(z)= l±35(z)l
±

33(w),

a53

( z
w

)
l±53(w)l

±

35(z)+b35

( z
w

)
l±55(w)l

±

33(z)= b35

( z
w

)
l±55(z)l

±

33(w)+a35

( z
w

)
l±35(z)l

±

53(w).
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By straightforward calculations, one can check that

[X+

4 (z), X−

4 (w)]

= (s−1
−r−1)

{
δ
(

z−

w+

)
k−

5 (w+)k−

3 (w+)
−1

−δ
(

z+

w−

)
k+

5 (z+)k+

3 (z+)
−1

}
.

This completes the proof. □

Lemma 6.8. The following equations hold in U(R̂):

k±

5 (w)X
+

3 (z)=
rs(z±−w)

z±s−rw
X+

3 (z)k
±

5 (w),(6-54)

X−

3 (z)k
±

5 (w)=
rs(z∓−w)

z∓s−rw
k±

5 (w)X
−

3 (z),(6-55)

k±

4 (w)X
+

4 (z)=
wr −sz±

w−z±

X+

4 (z)k
±

4 (w),(6-56)

X−

4 (z)k
±

4 (w)=
wr −sz∓

w−z∓

k±

4 (w)X
−

4 (z).(6-57)

Proof. We only give a proof of one case of (6-54). Similarly, we give the other
identities. Using again M35 = M ′

35 and M34 = M ′

34, we get

8∑
i=1

ci5

(
z
w

)
l±5i (w)l

±

3i ′(z)= b35

(
z
w

)
l±54(z)l

±

35(w)+ a35

(
z
w

)
l±34(z)l

±

55(w)

through the same calculating process as in Lemma 6.5, which yields

(6-58)
8∑

i=5

ci5

(
z
w

)
k±

5 (w)e
±

5i (w)k
±

3 (z)e
±

3i ′(z)= a35

(
z
w

)
k±

3 (z)e
±

34(z)k
±

5 (w).

From M35 = M ′

35, we obtain

8∑
i=1

ci4

(
z
w

)
l±5i (w)l

±

3i ′(z)= b35

(
z
w

)
l±55(z)l

±

34(w)+ a35

(
z
w

)
l±35(z)l

±

54(w),

we arrive at the relation

(6-59)
8∑

i=5

ci4

(
z
w

)
e±

5i (w)k
±

3 (z)e
±

3i ′(z)= b35

(
z
w

)
k±

5 (w)k
±

3 (z)e
±

34(w).

Using (6-58) and (6-59), due to the relation e±

45(z)= f ±

54(z)= 0, we obtain

k±

5 (w)k
±

3 (z)e
±

34(z)
(

c55

(
z
w

)
− c54

(
z
w

))
= a35

(
z
w

)
k±

3 (z)e
±

34(z)k
±

5 (w)− b35

(
z
w

)
k±

5 (w)k
±

3 (z)e
±

34(w).
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Finally, we get

k+

5 (w)X
+

3 (z)=
rs(z+−w)

z+s−rw
X+

3 (z)k
+

5 (w).

This completes the proof. □

Lemma 6.9.

k±

4 (z)k
±

5 (w)= k±

5 (w)k
±

4 (z),(6-60)

k±

4 (z)k
∓

5 (w)
z±−w∓

r z±−sw∓

=
z∓−w±

r z∓−sw±

k∓

5 (w)k
±

4 (z).(6-61)

Proof. The proof is similar to that of Lemma 6.5. □

Lemma 6.10. The following equations hold in U(R̂):

k±

5 (z)k
±

5 (w)= k±

5 (w)k
±

5 (z),(6-62)

k±

5 (z)k
∓

5 (w)= k∓

5 (w)k
±

5 (z),(6-63)

k±

5 (w)X
+

4 (z)=
rs(w−z±)

sw−r z±

X+

4 (z)k
±

5 (w),(6-64)

X−

4 (z)k
±

5 (w)=
rs(w−z∓)

sw−r z∓

k±

5 (w)X
−

4 (z).(6-65)

Proof. Here we only prove (6-64) as the other relations can be shown similarly. By
(5-10) and (5-12), we have M35 = M ′

35. Then we can get the relation

l±55(w)l
±

35(z)= b35

(
z
w

)
l±55(z)l

±

35(w)+ a35

(
z
w

)
l±35(z)l

±

55(w).

By straightforward calculations, one checks that

k+

5 (w)X
+

4 (z)=
rs(z+−w)

r z+−sw
X+

4 (z)k
+

5 (w).

This completes the proof. □

Proposition 6.11. The following equations hold in U(R̂){
X−

2 (z1)X−

2 (z2)X−

4 (w)− (r + s)X−

2 (z1)X−

4 (w)X
−

2 (z2)(6-66)

+ rs X−

4 (w)X
−

2 (z1)X−

2 (z2)
}
+ {z1 ↔ z2} = 0,{

X+

4 (z1)X+

4 (z2)X+

2 (w)− (r + s)X+

4 (z1)X+

2 (w)X
+

4 (z2)(6-67)

+ rs X+

2 (w)X
+

4 (z1)X+

4 (z2)
}
+ {z1 ↔ z2} = 0,{

rs X+

2 (z1)X+

2 (z2)X+

4 (w)− (r + s)X+

2 (z1)X+

4 (w)X
+

2 (z2)(6-68)

+ X+

4 (w)X
+

2 (z1)X+

2 (z2)
}
+ {z1 ↔ z2} = 0,{

rs X−

4 (z1)X−

4 (z2)X−

2 (w)− (r + s)X−

4 (z1)X−

2 (w)X
−

4 (z2)(6-69)

+ X−

2 (w)X
−

4 (z1)X−

4 (z2)
}
+ {z1 ↔ z2} = 0.
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Proof. The equations can be proved similarly as in [16]. □

Now we proceed to the case of general n. We first restrict the relation to Ei j ⊗Ekl ,
2 ≤ i, j, k, l ≤ 2n − 1. By induction, we get all the commutation relations we need
except those between X±

1 (z), k±

1 (z), and X±
n (z), k±

n+1(z).

Lemma 6.12. The following equations hold in U(R̂):

k±

1 (z)X
+

n (w)= rs X+

n (w)k
±

1 (z),(6-70)

rsk±

1 (z)X
−

n (w)= X−

n (w)k
±

1 (z),(6-71)

X±

n (w)X
±

1 (z)= X±

1 (z)X
±

n (w),(6-72)

X±

n (w)X
∓

1 (z)= X∓

1 (z)X
±

n (w),(6-73)

k±

1 (z)k
±

n+1(w)= k±

n+1(w)k
±

1 (z),(6-74)

k±

n+1(z)k
±

n+1(w)= k±

n+1(w)k
±

n+1(z),(6-75)

k±

n+1(z)k
∓

n+1(w)= k∓

n+1(w)k
±

n+1(z),(6-76)

k±

n+1(z)X
+

n (w)=
rs(w−z±)

sw−r z±

X+

n (w)k
±

n+1(z),(6-77)

X−

n (w)k
±

n+1(z)=
rs(w−z∓)

sw−r z∓

k±

n+1(z)X
−

n (w),(6-78)

w±−z∓

w±r −z∓s
k∓

n+1(w)k
±

1 (z)=
w∓−z±

w∓r −z±s
k±

1 (z)k
∓

n+1(w),(6-79)

(6-80) [X+

n (z), X−

n (w)] = (s−1
− r−1)

{
δ
(

z−

w+

)
k−

n+1(w+)k−

n−1(w+)
−1

− δ
(

z+

w−

)
k+

n+1(z+)k+

n−1(z+)
−1

}
.

Proof. By straightforward calculations one checks that the preceding formulas are
correct. □

Finally, we define the map τ : Ur,s(ŝo2n)→ U(R̂) as follows:

x±

i (z) 7→ (r − s)−1 X±

i (z(rs−1)
i
2 ),

x±

n (z) 7→ (r − s)−1 X±

n (z(rs−1)
n−1

2 ),

ϕi (z) 7→ k+

i+1(z(rs−1)
i
2 )k+

i (z(rs−1)
i
2 )−1,

ψi (z) 7→ k−

i+1(z(rs−1)
i
2 )k−

i (z(rs−1)
i
2 )−1,

ϕn(z) 7→ k+

n+1(z(rs−1)
n−1

2 )k+

n−1(z(rs−1)
n−1

2 )−1,

ψn(z) 7→ k−

n+1(z(rs−1)
n−1

2 )k−

n−1(z(rs−1)
n−1

2 )−1,

where 1 ≤ i ≤ n − 1, and satisfy all the relations of Proposition 6.13.
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Proposition 6.13. In Ur,s(ŝo2n), the generating series x±

i (z), ϕi (z), ψi (z), x±
n (z),

ϕn(z), and ψn(z), and the relations between x±

i (z), ϕi (z), and ψi (z) are the same
as in Ur,s(ŝln); the other relations as follows:

[ϕ j (z), ϕn(w)] = 0, [ψ j (z), ψn(w)] = 0,(6-81)

ϕ j (z)ψn(w)=
g jn

( z−

w+

)
g jn

( z+

w−

)ψn(w)ϕ j (z), 1 ≤ j ≤ n,(6-82)

ϕn(z)x±

n−2(w)= (rs)±1gn,n−2

(
z
w±

)±1
x±

n−2(w)ϕn(z),

ψn(z)x±

n−2(w)= (rs)∓1gn,n−2

(
w∓

z

)∓1
x±

n−2(w)ϕn(z),(6-83)

ϕn(z)x±

n (w)= gnn

(
z
w±

)±1
x±

n (w)ϕn(z),

ψn(z)x±

n (w)= gnn

(
w∓

z

)∓1
x±

n (w)ϕn(z),(6-84)

ϕn(z)x±

n−1(w)= (rs)±1x±

n−1(w)ϕn(z),

ψn(z)x±

n−1(w)= (rs)∓1x±

n−1(w)ψn(z),(6-85)

ϕn(z)x±

l (w)= x±

l (w)ϕn(z),

ψn(z)x±

l (w)= x±

l (w)ψn(z), 1 ≤ l ≤ n − 3,(6-86)

ϕt(z)x±

n (w)= x±

n (w)ϕt(z),

ψt(z)x±

n (w)= x±

n (w)ϕt(z), 1 ≤ t ≤ n − 3,

ϕn−2(z)x±

n (w)= gn,n−2

(
z
w±

)±1
x±

n (w)ϕn−2(z),

ψn−2(z)x±

n (w)= gn,n−2

(
w∓

z

)∓1
x±

n (w)ϕn−2(z),(6-87)

x±

n−2(z)x
±

n (w)= gn,n−2

(
z
w

)±1
x±

n (w)x
±

n−2(z),

x±

i (z)x
±

n (w)= ⟨w′

n, wi ⟩
±1x±

n (w)x
±

i (z), ain = 0(6-88)

(6-89) [x+

n (z), x−

j (w)]

= (s−1
−r−1)δ jn

{
δ
(

z−

w+

)
ψn(w+)−δ

(
z+

w−

)
ϕn(z+)

}
, j ≤ n,

(6-90) {x±

n−2(z1)x±

n−2(z2)x±

n (w)− (r
±1

+ s±1)x±

n−2(z1)x±

n (w)x
±

n−2(z2)

+ (rs)±1x±

n (w)x
±

n−2(z1)x±

n−2(z2)} + {z1 ↔ z2} = 0,

(6-91) {x±

n (z1)x±

n (z2)x±

n−2(w)− (r
∓1

+ s∓1)x±

n (z1)x±

n−2(w)x
±

n (z2)

+ (rs)∓1x±

n−2(w)x
±

n (z1)x±

n (z2)} + {z1 ↔ z2} = 0,
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where z+ = zr
c
2 and z− = zs

c
2 . We set g±

i j (z)=
∑

n∈Z+
c±

i jnzn , a formal power series
in z, and it can be expressed as follows:

g±

i j (z)=
⟨w′

j , wi ⟩
±1z − (⟨w′

j , wi ⟩⟨w
′

i , w j ⟩
−1)±

1
2

z − (⟨w′

i , w j ⟩⟨w
′

j , wi ⟩)
±

1
2

.
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