RLL-REALIZATION OF TWO-PARAMETER
QUANTUM AFFINE ALGEBRA IN TYPE D"

RUSHU ZHUANG, NATHONG HU AND XI1AO XU

Volume 329 No. 2 April 2024



PACIFIC JOURNAL OF MATHEMATICS
Vol. 329, No. 2, 2024

https://doi.org/10.2140/pjm.2024.329.357

RLL-REALIZATION OF TWO-PARAMETER
QUANTUM AFFINE ALGEBRA IN TYPE DV

RUSHU ZHUANG, NATHONG HU AND X1A0 XU

We obtain the basic R-matrix of the two-parameter quantum group U =
U, s(s02,) via its weight representation theory and determine its R-matrix
with spectral parameters for the two-parameter quantum affine algebra
U= U,,s(ﬁ’oz,). Using the Gauss decomposition of the R-matrix realization
of U = U, ((s03,), we study the commutation relations of the Gaussian
generators and finally arrive at its R L L-formalism of the Drinfeld realization
of two-parameter quantum affine algebra U = U, (5021)-
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1. Introduction

Quantum groups were independently discovered by Drinfeld [6; 8] and Jimbo [15],
who showed that the universal enveloping algebra U (g) of any Kac—-Moody algebra g
admits a certain g-deformation U, (g) as a Hopf algebra. Their construction is given
in terms of Chevalley generators and g-Serre relations. For the Yangian algebra Y (g)
and the quantum affine algebra U, (g) of complex simple Lie algebra g, Drinfeld [7]
gave their new realizations, which are quantizations of the loop realizations of the
classical loop and affine Lie algebras. Faddeev, Reshetikhin and Takhtajan [21]
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presented the RL L-realizations of U, (g) [19] of the classical simple Lie algebras g
by means of solutions of the quantum Yang—Baxter equation

R12R13R3 = Ry3R13R 2,

where Rjp = R®1, etc., and R € End(C" ® C"). This realization is a natural analog
of the matrix realizations of the classical Lie algebras, which originated from the
quantum inverse scattering method developed by the St. Petersburg school. Later
on, the R-matrix realization of quantum loop algebra U, (g ® C[z, t~'1) using a
solution of the quantum Yang—Baxter equation with spectral parameters z, w € C,

R12(2) R13(zw) Roz(w) = Roz(w) R13(zw) R12(2),

where R(z) is a rational function of z with values in End(C" ® C") was given by
Faddeev, Reshetikhin and Takhtajan in [9].

As we know [10], the affine Kac—-Moody algebra g admits a natural realization as
a central extension of the loop algebra g ® C[¢, t~!], when g is a simple Lie algebra.
In [20], Reshetikhin and Semenov-Tian-Shansky proved that the central extension
can be viewed as the affine analog of the construction in [21]. In [5], by using the
Gauss decomposition, Ding and Frenkel showed that the R-matrix realization and
Drinfeld realization of quantum affine algebra U, (ng) are isomorphic. Recently,
Jing, Liu and Molev [17; 18] presented the isomorphisms between the R-matrix and
Drinfeld presentations of one-parameter quantum affine algebras U, (g) of affine
types B,(zl), C,(ll), D,(ll).

On the other hand, in 2001, Benkart and Witherspoon [1], motivated by the
two-parameters (r, s)-Serre relations satisfied by the up-down operators defined
on posets, reobtained the two-parameter quantum enveloping algebras U, s(g)
corresponding to the general linear Lie algebra gl, and the special linear Lie
algebra sl,,, which were earlier defined by Takeuchi [22] in 1990. Bergeron, Gao,
Hu in [2] found the defining structures of two-parameter quantum groups U, (g) of
orthogonal and symplectic Lie algebras, which are realized as the Drinfeld doubles
and established their weight representation theory of category O™* [3]. Much
research has been done for the other types including the affine types (see [4] and
references therein). Hu, Rosso and Zhang [12; 13] defined and initiated the study
of the vertex representations of Drinfeld realizations of two-parameter quantum
affine algebras of untwisted types and constructed the quantum affine Lyndon bases.
The RLL-realization of the two-parameter quantum affine algebra Ur,s(g’;.[:,) has
been given by Jing and Liu [16] under the name of RT T -realization.

A natural open question is how to work out the R L L-realizations for the quantum
affine algebras U, ;(g) of types Br(,l), C,gl), Dr(,l) . The difficulty lies in that there has
been no information about two-parameter basic R-matrices in the corresponding
cases for many years, let alone their Yang—Baxterizations. Recently we have
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overcome such obstacles and solved these problems (also see the subsequent
preprints [14; 23]).

The current paper is the first to give the RL L-realization of the two-parameter
quantum affine algebra U, ;(502,) by the Reshetikhin and Semenov-Tian-Shansky
method. We show that Drinfeld’s construction can be naturally established in the
Gaussian decomposition of a matrix composed of elements of the quantum affine
algebra. The organization of the paper is as follows. In Section 2, we recall the basic
results. In Section 3, we give the R-matrix of the two-parameter quantum group
U, s(s02,). In Section 4, we give the isomorphism between Faddeev—Reshetikhin—
Takhtajan and Drinfeld—Jimbo definitions of U, ;(s02,), and further give the spectral
parameter dependent R-matrix R (z) as the Yang—Baxterization of the basic R-matrix
we obtained. In Sections 5-6, we study the commutation relations between Gaussian
generators and give the Drinfeld realization of U, ;(502,) (modified version of [12]).

2. Preliminaries

In [2], let K = Q(r, s) be a ground field of rational functions in r, s, where r, s
are algebraically independent indeterminates. Assume @ is a finite root system
of type D, with IT a base of simple roots. Regard & as a subset of a Euclidean
space E = R" with an inner product (, ). Let €1, ..., €, denote an orthonormal
basis of E, and suppose [l ={o; =¢; —€;41 |1 <i <n} U {a, = €,-1 +€,} and
® ={te; +e€; |1 <i#j<n} Inthis case, set r; = r@-)/2 and 5; = s@-%)/2,
sothatrj=.---=r,=rands;=--- =35, =S5.
The Cartan matrix of D, is

2-1 0 0 0O \
-1 2 -1 0 0O
0-1 2 0 0O
(2-1) Dy, = (aij)nxn = : Do
000 -+ 2-1-1
000 ----1 20
0 0 0 =1 0 2 )
The quantum structural constant matrix is of the form
( s~ Tl 1 1 1 1
s rs”tob 1 1 1
1 s rs~! 1 1 1
(2-2) ((w,’, wj))nxn =
1 1 1 rs~t Tl r!
1 1 s rs™l rlsT!
1
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In [2], let U, s(s02,) be the unital associative algebra over Q(r, s) generated by

e, fi, wiﬂ, w;ﬂ (1 <i < n), subject to the defining relations (D1)—(D6):

(D1) wiﬂ, w;ﬂ all commute with one another and w; wl._l = wlfw;_l =1.
(D2) Forl1<i<n,1<j<n,and 1 <k(#n—1) <n, we have
wje; = r(éjaai)s(5j+laai)eiwj, wjfi — r_(éjsai)s_(5j+laai)fiwj’
w;-e,' — s(e-/’“")r(e-"“""")eiw}, w;-fi — s—(é_/,ai)r—(ém,ai)fl,w;’
Wper = r(fn—laak)s_(enyak)ekwn, Wy fr = r_(fn—laak)s(énaak)fkwn’
w;ek — S(Gn—l,ak)r—(én,ak)ekw;’ w,;fk — s_(en—laak)r(emak)fkw;l‘
w}’lel’l—l — r(ensanfl)s_(énflsanfl)en_lwn’
wnfn—l — r_(énsan—l)s(en—lyan—])fn_lwn,
(D3)

’ — o(Enon1) . —(€n—1,00-1) /
w,ep—1=8""""""r " ep—1w,,

w;fn—l — s_(enﬂanfl)r(enflaanfl)fn_lw;l.
(D4) For 1 <i, j <n, we have

—1
w; — w;

lei, fi1=24ij —
(D5) Forany 1 <i# j<nbut(i, j)¢{(n—1,n), (n,n—1)} witha;; =0, we have
lei, ej]:O, €n—16n =rsénn—1,

[fh fj]=0, fnfn—1=rsfn—1fn-

(D6) For 1 <i < j <n with a;; = —1, we have (r, s)-Serre relations:

e?ej —(r+s)ejeje; —i—rsejel-2 =0,
[iff = +s) fififi+rsfi f; =0,
e?ei — (r*1 +s*l)eje,-ej +rflsfle,-eﬁ =0,
fifi =G s fif s T R f =0,
Proposition 2.1. The algebra U, ;(s02,) is a Hopf algebra with comultiplication A,
counit & and antipode S such that
Ae)=e®1+w®e, A(f) =18 fi+ fi ®wj,
&(ei) =0, e(fi) =0,
S(ei) = —w; e, S(f) = —fiw™,

and w;, w; are group-like elements for any i € I.
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Definition 2.2. We define the linear mapping f : A x A — k™ as
FOu )= (wp wy) ™,

which satisfies

fO+v,w=fR,wf,mw, fGutv)=FfQa wfk,v).

Definition 2.3. Let M, M’ be finite-dimensional U-modules. Define an isomor-
phism of U-modules f: M QM — M ® M' as

fmem)=fO, wmem',
where m € M,, m’ € M;L and A, u € A.

Corollary 2.4 [3]. U, (g) = U, ;(n") @ U°® U, (n), as vector spaces. In particu-
lar, it induces Uy (g) = U,(n™) @ Uy ® U, (n), as vector spaces.

Let Q = Z® denote the root lattice and set 0 = 7| Z-oe;. Then for any
=1, ta; € Q, we denote

wr = a)g1 -l a)g = (@)% - (@)™,

Then U, ;(n*) = @ co+ U T(m*) Q*-graded, where

-1 —1
= (wp, w,) " 'a},

Ul ) = {a € Ups ) | g aw; ' = (0, ;) a, wjaw;
forne QTUQ™.
Lemma 2 5[3]. Setd; =dimg Uy (n*) Consider the basis {uk}k | for U;rf (nh),
and {v } w1 LS the dual basis for Ur s (n7) with respect to the pairing. Now let
ds
(2-3) O, =) vy QueURU.
k=1

All but finitely many terms in this sum will act as multiplication by 0 on any weight
space M of M € O. ® = Z§EQ+ O is a well-defined operator on such M @ M.

Theorem 2.6 [3]. For M, M’ to be finite-dimensional modules of U, 5(g), the map
Ryy=0OofoP:MOM-—->MOM

must be an isomorphism of U, ;(g)-module, where P(m @ m') =m’ @ m, m € M,

m' eM.

Theorem 2.7 [3]. For M, M', M" to be finite-dimensional modules of U, s(g), the

map must satisfy
f S F _af f I
O, 00713005; = 0;001;00,.
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Equivalently, we have
Rip0R»30R12 = Ry30Ri20 Ry3.

Remark 2.8. Denote ©f, = @y 0 f)® 1, O3 = 1® Opr.ur 0 ), Oy =
(1 P)o(®/ ®1)o(1® P). Also, ®o f is the solution of the quantum Yang-Baxter
equation.

3. Basic R-matrix

In this section, we consider the R-matrix R := Ry y for the vector representation
T\ = Ty of the Drinfeld—Jimbo algebra U = U, ;(s02,).

Definition 3.1. The vector representation 7} of the Drinfeld—Jimbo algebra U is
the irreducible type 1 representation with highest weight A = (1,0, ..., 0) with
respect to the ordered sequence «y, ..., «, of simple roots.

Consider a 2n-dimensional vector space V' over K with basis {v; | 1 < j < 2n}.
We define an action of the generators of U = U, ;(s02,) by specifying their matrices
relative to this basis:

Lemma 3.2. Let Ey; be the 2nx2n matrix with 1 in the (k, l)-position and O else-
where. The vector representation Ty of U, (s02,) is described by the following list:

11 1
T(ej))=E;jt1—r 2s 2EGq1y,ir, Ti(en) =E,ny2—r 25 2Eui0y oy

(Bl) 1 1 1 1
Ti(fi)=Eit1,i—r 25 2Ey vy, Ti(fa) =Enion—7" 28 2Ey 42y,

Ti(w;) =rE; i+sEiy1iv1+8  EGy1y.ar1y+r~ Ev i+ Z E;;,
EB2) 1 | JALILI 1))
T\(w;) =SE;i+rEit1i+1+r" Eqtiy,i+1y+s Ei i+ Z E;j;,
JEUI+L,((+1)}

T (wy) = S_lEnfl,nfl +7rEyn +r_1En’,n’ +SE@-1y,(n—1y +I"_1S_1E1’1
+r_1s_1 Z Ej,j +rs Z Ej’,j’»

1<j<n-2 1<j<n-2
Ti(w)) =r "Ey_tn1 +5Eun+5 "Evy+rEq-1ym-1y +r s 'E

+I"_IS_1 Z Ej,j—{—rs Z Ej’,j’,

I<j<n-2 I<j<n-2

(B3)

where 1l <i,j<n—1,andi’'=2n+1-—1.
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Proof. By straightforward calculations one checks that the preceding formulas define
a weight representation 77 of the algebra U, ;(s02,) on the vector space C?". For the
basis vector e; = (1, 0, - - - , 0), we easily verify that 7 (E;)e; =0, Ti(w)e; =rey,
Ti(w)er = er, Ti(wy)e; = r~'s7ley, Ti(w))e; = se;, Ti(w))e; = e;, and
Ti(w;,)e; =rse;, for 1 < j <nand2 <i <n—1. Hence T; is the type 1
representation with highest weight A = o + a0 +-- - + %(an_l +a,) =¢€1. Thus Ty
is indeed the vector representation of U, ;(s02,). O

We illustrate through the following lemmas that the module V ® V is decomposed
into the direct sum of three simple submodules, S°(V®V), S'(VQV)and A(VQV).
These modules are defined and proved by the following three lemmas.

Lemma 3.3. The module S°(V Q V') generated by Z?il a; vy @ v; is simple, and a;

satisfies nei
& (rs™H7  ifl<iz<n,
ai = 1 ifi=n+1,

n—i+1

(rs™hY" T ifn+2<i<2n.

Proof. The operators e, fi, wi, w; act on leil a;vyr ® v;, then the following
computations show that §°(V ® V) is a simple module:

2n
e. (Z a; vy ®v,~)
i=l1 2n
=14+ wrRer) - (Zaivi/ ® vi>
i=1

1 1 1 1

L1 1 L 1
= (Ak+1y —apr?s~2) Vg @ Vik+1y + (Qr+15~ — 7728 2a5) Vk+1y @ Uk
=0,

2n
ey. (Zaivi/ ® vi)
i=1 -
=(,Q14+w,Qey)- (Zaivi/ ® vi>
i=1

= (an’r%s_% - a(n+2)’) Un ® Vn42y + (r_%s_%an - a(n+2)/s_l) Vn+2y @ Uy
=0.
Moreover,
2n 2n 2n 2n
Wk (Zaivi’ X vi) = Zaivi’ Qui, wy. (Z aivy ® vi) = Zaivi’ v,
i=1 i=l i=1 i=1
and for 1 < k < n. By similar calculations as above, we know that the operators f
act trivially on leil a;vy @ v;. So, it is easy to see that S°(V ® V) is simple. [
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Lemma 3.4. The simple module S'(V ® V) is defined as follows:
(i) vi®u;, 1 <i <2n,
() v Quj+sv;®u, 1 <i<nandi+1<j<nori'+1=<j<2n,

(i) v ®vj+r v ®u,1<i<n—ln+1<j<2n—iorn+1<i<2n-1,
i+1=<j<2n,

. _ N .
(iv) v; @y +rlsvy @v; — (r 1) 2 (Vg 1y @ Vi1 +Vit1 ®Vi1y), | <i<n—1,
where v| ® vy is the highest weight vector.

Proof. Operators e, fi act on vectors in (i)—(iv). The following computations show
that S'(V ® V) is a simple module, because for case (i), we have

i k4+1(Vk @ Vg1 + SUky1 ® V),
ex- (v ®v;) = 1 1
—Siw(rs) 2(Vi—1 QUi +r v ®Uiq),
or
8ik(Vk ® Vg1 + SVk11 ® V),
fo (0 @ v;) = { (k@ Vit + 501 ® v
=8kt 1y (r$) T2 (Vi @ Vi1 + 77 041 Vi),
where 1 <k <n —1, and for k = n, we have
8i,n+2(vn ® Up42 + SUp42 ® vn)a
en. (Vi ;) = _1 4
_Bi,n+1(rs) 2(Up—1 ® Upngpl +F 041 ® Un—1),
Sin(v Upt2 + SV Vn),
fn- (Vi @) = { l’n_(Ln @ Unt2 HZ_Q? 2
—=8in1(rs) " 2(Vp—1 @ U1 +7~ Vg1 @ Uy—1).

For case (ii), we have

ex. (V; ®Vj+5v; ®V;)
=er (V) @Vj +swi(v)) @ er(v;) +sex(vj) v +wi(v;) ®er(v)),
so we get
Sitjon+2(Vi @ v +r 7 lsvy @u;
1
— (r7') 20641y @ Vg1 + Vig1 ® Viit1y),
er. (V; ® Vi +5v; ® V) = Sik+1(Vis1 @ Vi +50; ® vi_1),
ik ®vj_1+sv;_1 ®V;),
i kOk+1,j (Vi @ v;).

For operators fi, we have

Jiee (Vi ®vj+sv; @v;)
=v; @ fi(vj) +5v; @ fr(vi) + fi(v) @ wi(v)) +sfi(vj) @ wy (vi),
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so we have

Sitjon(vi QUi + rlsvy @u;
—(r7' ) 2011y ® Vigt + Vi1 @ V1),
Jie (Vi ®j +5v; @ v;) = 8 1y (Vi ®Vjy1 +5Vj41 @ V;),
8ik(Vig1 @V +5V; @ Viy1),
8i, (k1) 8.k (Vi1 @ Viy1),

where 1 <k <n—1. Fork =n,and n’ +2 <[ < 2n, we have

Un—1 @ Vu—ty + 7' sV(u—1y ® Up—1
— ()2 Uy ® Uy + Vi @ W),
S (Vi ®V;+50; @) =1 8 (Va2 @ v+ 7V @ Upy2),
8in—1(Vns1 @V +r~ vy @ vpy1),
v @y

For case (iii), we have

ex - (Vi ®v; +I”_1Uj ® ;)
= (Vi) Qj +r_1u)k(v‘,~) ® ex(vi) + r_lek(vj) ® v + wi(v;) e (v)),

so we get

Sitjon2(i ® vy +r 7 s vy Qv
—(f’_ls)%(v(wrl)' ® Vi1 + Vigp1 ® V(it1y)),
ek (1 ®vj+r v ®v) = Sikr1(Vic1 ®@v;+r7 v ®@vi_y),
Sjn(i®vji_1+r v @),
3i kOk41,j (Vi ®V;).

For operators f;, we have

- (v Qj +r_1vj ® v;)
=v ® fir(v) +r v ® fi(v) + fiv) @ w(v) +r7" fi(v)) ® wi(vy),

so we have

Sitjan(Vi @ vy +r 7 Lsvy ® v
—(F_IS)%(U(iH)’ ® Vg1 + Vit1 @ V(it1y)),
e (Vi ®v; +I”_]Uj Qi) = 8j k1) (Vi @ Vjyy +r_1vj+1 R i),
8ik(is1 ®v;+r71v; @uip),

Si, (k1) 8.k (Vi1 @ Vig1)s
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where | <k <n—1. Fork=n,and n’' +2 <[ < 2n, we have

Up—1 @ Vn—1y +F_ISU(n71)’ Q Up—1
1
_(r_ls)j(vn Q Uy + v QUy),

fo-i®@vi+r v, @u) = 8in(Unt2 @ U + 5V @ Up42),
Si,n—l(vn—H QU+ sV Q Vyt1),
v Q.
Therefore, it is easy to see that S'(V ® V) is simple. U

Lemma 3.5. The simple module A(V Q@ V) is defined as follows:
i) vi®v—rviu,l<i<nandi+1<j<nori'+1<j<2n,
(i) vi®@vj—s v ®u, 1<i<n—1l,n+1<j<2n—i,orn+1<i<2n—1,
i+1=<j<2n,

_1 _ _ _1
(i) —(rs)"2v; @ vir — s W1y @ Vigr + i1 ® vty + (r5) Ty @ vy,
1<i<n-—1,

where v ® V2 — rvy Q vy is the highest weight vector.

Proof. We can check this lemma by repeating similar calculations to those in
Lemma 3.4. U

Lemma 3.6. The decomposition of U, ;(s02,)-module V® V is
VeV=S8'WVeV)aS(VeV)aA(V V).

Proof. In [11], Hu and Pei proved that as braided tensor categories, the categories
O"* of finite-dimensional weight U, s (g)-modules (of type 1) and O7 are monoidally
equivalent. Referring to the book by Klimyk and Schmiidgen [19], U, (s02,)-module
V ® V is completely reducible and can be decomposed into the direct sum of three
simple modules. U

Proposition 3.7. The minimum polynomial of R= Ry y on VQV is

2n—1 _ 2n—1

(t —riés%) - (t +r%sf%) (t—r 7z s 2).
Proof. Tt follows from the definition of R that R(v; ® v|) = r*%s%vl ® vy and
Rvi®uvy—rvy®up) = —r%s_% (v1 ® vo —rvy ® v1). By the proceeding lemmas,
S'(V®V)and A(V ® V) are simple, and in fact, v; ® v; and v; @ v2 —rva ® Vg
are the highest weight vectors. In particular, each is a cyclic module generated by
its highest weight vector, respectively, R(ajvy ® v;) = alr%s_%vl ®uvy+---,and
v] ® vy only occurs in R(ajvyr ® vy). So we have the desired result

2n 2n
2n—1 _ 2n—1
R(E aivir®vi) =r 2z 5 2 <E aivi/®vi).
i=1 i=1

O
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Theorem 3.8. The braiding R-matrix R = Ry y acts as

m 2n
R=r"2s2 Z Ei®E; +ris Z Eir®Eii
i=1 i=l

2n
+r—5s—é{ Y. E;®Eji+ ) Ej®Eji+ ) E,®Ej),

‘151'57{71 .lﬁl‘f).l*l j=l’l+2
i+1<j<n i'+1<j<2n
+ E E;i® E;j + E Eji®Eij}
n+1<i<2n—1 1<i<n-—1
i+1<j<2n n+1<j<2n—i
2n
11
+r2s2{ E E;i®Eij+ E E;i®Eij+ E Ejn ® Epj
l<i<n—1 l<i<n—1 j=n+2
i+1<j<n i'+1<j<2n
+ E Eij®Ej + E Eij®Eji}
n+1<i<2n—1 1<i<n-—1
i+1<j<2n n+1<j<2n—i
11 11 —1 X i—p)
+(r 252 —r2s 2) E Ejj®Eii_ E (r-2sz)\i /Eij’®Ei’j ,
i<j i>j
where
n—i ifl<i<n
P = 0 lfn +1

n—i+1 ifn+2<i<2n
Proof. We need to check that the braiding R-matrix R actson S°(V®V), S'(V®V)
2n—1 2n—1 11
as multiplication by r 2 s~ 2 , r~2s2, and on A(V ® V) as multiplication by
1 1
—r2s~ 2. By straightforward calculations, one checks that the expression formula
of the basic R-matrix is correct. U

Remark 3.9. Consider the matrix R = P o R, where P = Zi’ JEij®Ej, and R
satisfying the braiding relations on the tensor power V ®*:

RioRjy1o0R; =Rjy10R; o R4,
R,‘ORj:RjOR,‘,

where | <i <k, |i —j| =2, Ri=idy' ' @ R@idy* .

4. Faddeev-Reshetikhin—-Takhtajan realization of U, ;(s02,)

In this section, we give an isomorphism between Faddeev—Reshetikhin—Takhtajan
and Drinfeld—Jimbo definitions of U, ;(s02,), and the spectral parameter depen-
dent R(z). Let B (resp. B/) denote the subalgebra of U, s (s02,) generated by e;, w*!

1
(resp. fi, wl.i]), 1<i<n.
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Definition 4.1. U (R) is an associative algebra with unit. It has generators l;;., i

I<i<2n Let L*=(),1<i,j<2n+1,withl[; =15, =0,and [;; 1, = 1}1;;

12N 1222
for 1 < j <i <2n+ 1. The defining relations are given in matrix form as follows:

prErt E ) pr+r— -7+5
41 RLYLy =L7LYR, RL{L, =L;LR,
where LT = L*® 1, Ly = 1 ® L*.

Since L* are upper and lower triangular, respectively, and the diagonal elements
of these matrix are invertible, L* have inverse (L*)~! as matrices with elements in
U (R). The relations between Lfﬁ and L;E immediately imply the following theorem.

Theorem 4.2. The mapping ¢, between U (ﬁ) and U, 4(502,) is an algebraic
homomorphism.

Proof. We check the theorem for the case of n = 4. Let us consider L*,

11+1 11+2 lfé I, 0 -+ 0
| 0 B |
SRR D 0
0O --- 0 1;8 ons lg, -+~ 1;7 lgg ot
Then for the generators Li, Léc, ﬁ, we have that
LW 1hIg - IIs Inls 0 0
LT _ 0 12_218 . . ’ Ll_ _ 12_113 12_218 . ’
0 - 0 Igls /g, Igly - Il Igls ),
LT 0 --- 0 Ayn Ap oo Agg
0 L* . = 0 Ap .
+ 2
L2 - . . ’ R: . . ’
. 0 . : . A73
+
0 0 L% Josreu 0 0 Ass Jeyrea
P25z 0 0 0
4 <A’” 0 ) o 0 ris2 0 0
11 — /— s == )
0 QAL'Q ) " 0 0 risz 0
o o o0 risz/
FTisT2 0 0 0
A ( A, 0 ) AL = 0 roigh 00
O QA22 Q 8x8 O 0 rzs2 O
0 0 0 risz
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rTisT2 0 0 0
1 1

Al 0 0 ro2s2 0 0
Ap=( "3 T ) . A= ,

. ( 0 04%'0 f o °F 0 0 rist 0
0 0 0 st/

FisTr 0 0 0

B _<A§44 0 ) JUE I K 0
TN 0oealo ) T 0 0 i 0 ’
0 0 0 rist /),

where Q = Z?:l E5_l",‘, Ai’i’ = Al-:-l and
11 1 1 11
Ajj= (7287 —risTO{Ej — (r72s2) T By ),
1 <i<j<8, E;€ M(8,K), where the multiplication between matrices I/Q\, LljE
and L;E is matrix multiplication. From the equation iQ\L;rLJr = L; LTI/?\, we can
derive the following calculations:

++ o+ ++ g+
Ll =rlplys Ly =151,

++ g+ s [ ST
NGy =150, Ll =r s 15l

RLYLI (vi®v))=LI L} R(v;®v;) =

where 1 < j <7;
Lhlh = sthly,  1h15 =i,
RLTLT (n®v))=LILTRw®v;)= { Ih1d, =150, i = rs) 71,
Ihid =150, s = ) UL,
and we have
(4-2) Ihs + o~ = s hihh = 51,
(4-3) LH1G = i,

where 1 < j <8 (j#7);

P _ 4R L =150, i, =sIhlsh,
(LW @U) =Ly LiRWs V) =y e e s e,

33%34 7 7 %34%33> 33%35 — 35%33»
and we have
(4-4) Ll + o = s hifhi, = 1315,
(4-5) LRl + ™ —sTHILLs = (rs) UL,
(4-6) Iylyy = rlylys.
@7 Ll = 57155,

(4-8) I3 = s~ I,
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where 1 < j <8 (j #6);

Loy = LE LA R it = bttt = 151
1Ly (1a®vj) =Ly Ly R(v4®v)) = Y R R E A T AR
44t3q = Shaglays  Lyglss = Tlzslyy,

and we have

(4-9) Lt = s,
(4-10) Ly = sk,

where 1 < j <8 (j #5). In particular, we get
RL{L} (v4®vs) = LI LT R(v4 ®vs),
RLYLY (vs®u4) = LI LT R(vs ® va),

then we obtain

(4-11) Bhh 4 rs™ 07 —ris OIGIE = rs UL,
(4-12) PSR + (s T — rrs IR, = 15

By (4-2), (4-3) and (4-8), we get

2 _ 2 _
L5 4+ rs UL = (s ™ 4+ DL,

2 _ 2 _
LRTE 4+ r st = s + DISLLLS.

By (4-4), (4-6) and (4-9), we get

BRI 4 rs T IR = (s DI,
0+ S = s+ DIGIAI,.
By (4-5), (4-7) and (4-10), we get

2 _ 2 _
SPLE T+ (rs) LT = (s + DIRIRLE,
rs) I + SPAI = s+ DISIRIE.
By (4-11) and (4-12), we get

++ gt
lylss = L35l

For the equation I/Q\LI_LZ_ =L, L, R, we can repeat the similar calculation process
as above. Then we define a morphism ¢4 : U(R) — U, s(s03):

1 1
+ Pt o ay—1 + _ +
I, = (wiwywz?wy?)™, L5 (r—s)ell]],

1 1
+ 1o i1 + +
Ly — (wywz2w,?) ™, L5 (r —s)exly;,



RLL-REALIZATION OF 2-PARAMETER QUANTUM AFFINE ALGEBRA IN TYPE D},l) 371

+ Lo IN—% + +
I35~ (wiwy) "2, I (r —s)eslss,
+ =1 \—1 + +
l44 = (w3 w4) 4, l35 = (r - S)€4l33,

— 1o _ —
I+ wiwa(wsw)?) ™, Ly = = =)l fi,

1
Ly > (wa(w3ws)2) ™!, Ly > —(r —$)ly, f2,
_ _1 _ _
l33 = (w3wg) ™2, l43 = —(r _S)l33f3,
_ _ _1
Ly = (ws 1w4) 2,

-1
I ™,

I3 > —(r —s)l33 fa,

- —\—1

g CTO IR

where 1 <i < 4. It is obvious that ¢4 still preserves the algebra structure, the

relations in B and B, respectively. Next, we need to ensure that ¢4 preserves the
cross relations of B and B’. Considering the equation RL;FL; =L, LTR, we have:

5 = Uiy =r 50, L = 150,
RLTL;(Ul Qvj) = L;LTR(Ul Rv;) = 11721 21°11 11°32 32°11

where 1 < j <7;

RLTL; (12®v;)=L; Ly R(wn®v;) =

where 1 < j <8 (j #7);

R\LTLZ_ (13®V;) = LZ_LTI/?\(v3®vj) =

Ml =1l

+— _ —1— g+
Lyplyy=s""1y 1,

boliy =izl

= =t
Iilsy =rslgly,

+— _ —1— 1+
Il =r""I3ly,
+— _ g—1+

Iylsy =rsls3ly,,

rslf“zl;1 _lilﬁ = (s—r)(lzlef“1 —l;zlfl),

Ll =rlhls,,
+— =+
[hlsy =rsis3li,,
Il =rljl,,

Ll =150,

S
I35 =15 155,

+— _ o —1y— 1+
I3lyy=r"l3l55,

+— _ o—l— g+
Iyl =571y 15,

Lalh =1,
105 =slhl,

I3l =115,

+— =+
3l =5 13,155,

+— g+
I35l53 = sls315;,

rsl%lgz—lilzg = (s—r)(l%lzrz—l;glz_z),

+— _ —1yj— g+
Islyy=r"lzl,
N
Lyl =115,
+— = 1— g+
Lylyz=r"l3ly;,

+— _ -1+
Iy3lsy = sls31p,

+— _ —l— g+
sl =51y,

Ll =105,
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where 1 < j <8 (j #6);

= =+ +— =+
Lyl =115, I34lyy = lyhl5,

+— _ o—l— g+ +— _ —1y— g+
Lylyz=5""I5305, LGyl =r"" Lyl
+— =+ +— _ o—l— g+
3yly =1y 15y, Lyl =5 I5l5,

RLTL; (na®v)) =Ly LT R(wa®v)) = { rsliil—lle, = (s—r) Ul —Lh 1),
5 =150,
34753 5334

Lo, =10, Liln =150,

14— — _
IL 3=S 14312;&’ lL153 = 515314_&’
where 1 < j <8 (j #5);

l;g-ll_1 = rsll_ll;g-, 1;512_2 = rslz_zl;s,

— — — —1y—
1;5133 = ”1331;5» 1;5144 =r 1441;5’
RLYL; (vs®v;)=L; LT R(vs®v;) = 3 15505, =rsly s, 1515, =ri0s,
1315 =151

35%43 43°35>
rslisls =15l = (s—r) (5515 —15:153),

where 1 < j <8. Now we proceed to the case of general n, restricting the generating
relations (4-1) to E;; @ Ey, 2 < i, j,k,I < 2n — 1, by induction, we get all
commutation relations except those between lﬁ, ll+z, [5, and lf lljjE Repeating
similar computations as above, we have the following relations:

(B1) The /55!, I=" all commute with one another and /3;' ((F5") ™! = ' (EH =1 = 1.

(B2) For 3 <i <n, we have

Ll =1H0 Lilty =1l
Ly = Il liily = Iyl
Lhih =s7N,  Lhiy, =iy,
Il =r I, Il =rlly,.

(B3) For 1 <i <n, we have

T A A ST T AT () By AT A
Ly =l il Lilyginer = (rs)_lln_-i-l,n—lll_l’
l]_lli-!_i-i-l :l;i+llﬁ’ l]_llr—:_—l,n-i-l ZFSI:—I,n+ll]_1’
11+11i_+1,i :li_+1,ill+1v 11+11n_+1,n—1 :”ln_+1,n—111+1-
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), +rs T LI = (rs ™ + DILIGL,
)15 +r st () = s + DIKIL IS,
(51 +rs U5 = (rs ™+ DI 505,
(U5)°L; +r7 sl (1) = (77 's + Digy 15,1,

(B4)

(B5) For3 <i <n—1, we have

L AP Y ST Y AT () By AT o9
lz_ll;,ri+1 :l;,ri+1lz_1’ lz_llr—:_—l,n-i-l = (”)_ll:—l,nﬁlz_l’
llJrzli_Jrl,i :li_+1,ill+2v lizln_—b—l,n—l = ”ln_+1,n—111+2’

byligri =1zl bl = (”)_lln_+1,n—1lz_1-

We give explicit expressions of the L-functionals lij; in terms of the generators of
U, s(s02,). Define ¢, : U(R) — U, (s502,) as follows:

I wp) ™, i (r=s)elt,

I+ (wg) ", I —(r =9I fi,
e 7% B AR S Gy 18 A
. (wﬂn)_l’ Lisipor = ==L,y fas
I — wy, I weg,,

where i = o + -+ o+ 3 (@1 + ), o= 2(ay —ty_1), | <i <n—1. By
induction, we can prove that ¢, still preserves the structure of algebra U, ;(s02,). U

Theorem 4.3. ¢, : U (i?\) — U, (502,) is an algebraic isomorphism.

Proof. It is easy to check that the image of ¢, contains all generators of U, ;(502,).
Therefore, ¢, is surjective.

It remains to show that ¢, is injective. To this end, we need to construct an
algebra homomorphism v, : U, (s02,) — U (1’3\),

L o+ g4yl L —1-
AU Lip )™ fir> s G iy o
/ +y—17+ —\—17—
w; = G s wi = )7 s
I+ + ~1 - —1;-
en> 1 Ly Gy )™ Ja—> —r (D B S D
—1+ —\—1—
w;z = (111;1) lnfl,nfl’ Wy = (lnn) lnfl,nfl’

which satisfies i, o ¢,, = id.
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To prove that v, still preserves the algebra structure of U (i?\) is completely
similar to that of Theorem 4.2. Hence, ¢, is injective. (For a similar proof in the
one-parameter setting, one can refer to Section 8.5 of [17]). (]
Proposition 4.4. For the braiding R-matrix R = Ryvy, the spectral parameter
dependent R(z) is given by

2n
R(z) = Z E;; ® Ej;
i=1
rs(z—1) 2
+—{ Z Ei;QEj; + Z Ei;QEj + Z E,j®Ej,
rz—s I<i<n—1 1<i<n-1 j:n+2
i+1<j<n i’+1<j<2n
+ ) Ei®Ej+ ) Eﬁ®Ei,-}
n+1<i<2n—1 1<i<n—1
i+1<j<2n n+1<j<2n—i
—1 2n
+ { Z E;iQFE;; + Z E;i®E;; + Z Ejn®E,;
Fz=s }gigr%—l 1<i<n-—1 j=n+2
i+1<j<n i’+1<j<2n
+ Z Ej;®E;i + Z Eij®Eji}
n+1<i<2n-1 1<i<n-1
i+1<j<2n n+l<j<2n—i
r—s
= DML MIELY
i<j i>j
i'#j i#j
1

2n
T ym—— LJZZI dij(R)Eij Q Erj,
(s—P)z{(r 252 Pi(z—1) = §ilz—(rs™ )"}, ifi > j,
where dij(2)={ (s—r){(r~2s2)P=PF22(z1) = 8;5[z—(rs~ )1}, ifi < J,
slz— (rs™H)> "z =), ifi =j.
Remark 4.5. Consider the R-matrix R (z) = P o R(2), where P is defined as in
Remark 3.9:
2n
R(z) = Z Eii® E;

i=1
2n

rs(z—1)
+rz——s{ Z E;j;® Eii + Z E;j®Eii + Z E;j ® Epp
'lfifn.fl .lﬁiﬁl’.l*l j=l’l+2
i+l<j<n i'+1<j<2n
+ Z EiQE;;+ Z Eii®Ejj}
n+l1<i<2n—1 1<i<n-—1

i+l<j<2n n+1<j<2n—i
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2n
+ Z_l{ Z E;i®Ej;+ Z Ei®E;+ Z Eu ® Ejj

rz—s| % , .
I<i<n-1 I<i<n—1 j=n+2
i+l<j<n i'+1<j<2n
+ Z E;iQFEi; + E Ejj®Eii}
n+1<i<2n—1 1<i<n-1
i+1<j<2n n+1<j<2n—i
r—s 2
+r S{z E E;iQE;; + E Eij®Eji}+ E ¢ij(2)Eijr ® Eij,
< i<j i>j ij=1
i'#j i)
where
d;j(2)
j
cij(z) =

(z—rlnsn=)(rz —5)°

It is easy to check that R (z) satisfies the quantum Yang—Baxter equation
Ri2(2)Ri3(zw) Ros(w) = Rz (w) R13(zw) R12(2),

and the unitary condition

(4-13) Ru(@RzH =Rz HRuG) =1.

5. The algebra Ll(ﬁ) and its Gauss decomposition

Definition 5.1. The algebra U(I?) is an associative algebra with generators l,ﬁ?[q:m]

(meZy\{0}), and l,;G[O]: [,[0]=0, 1 < < k < n and the central element ¢ via
riorsz. Let lij;(z) =3 l;—;[:Fm]Zim, and L*(z) = > =1 Eij ®l;—;(z). Then
the relations are given by the following matrix equations on End(V®?) @ U (k\):

(5-1) 1101, 1[0] are invertible and ;¥ [0]/;;[0] = I;; [0] /;}[O],
(5-2) R(2)Lr@Liw =15 @R(Z),
(5-3) R(E)Li@L ) = L7 )L () 1?(5)_—),

where z, = zr? and z_ = zs2. Here (5-2) is expanded in the direction of either =
or % and (5-3) is expanded in the direction of =.

Remark 5.2. From (5-3) and the unitary condition of R-matrix (4-13), we have

(5-4) R (;—i)Lli(z)L;F(w) = LT (w)LE(2) ﬁ(ﬁ),
F
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So the relations of generating series (5-2), (5-3) are equivalent to

5 e L R(E)=R(Z)LFw o™
66 L@ LI R(2E)=R(3) @ e
They are also equivalent to

(5-7) LF ' R(2)LE@ = LE@R(Z)LFw)™,
(5-8) LI R(3E)Li@ = 1F@R(;E )15

Remark 5.3. Here we present the specific matrix expression formulas for (5-2)

and (5-3), and reveal the differences between type D(l) and type A;I). For D,Sl), write

@ Lo o - 15, (2)
Lro=| 5@ B ﬁ :
: ' Ly 1.22(2)
l;z,l(z) T li,anl(Z) lzjz,zn(z) 2%
then for the generators Lf(z), L;E(z), R (z), we have that
l?:] )b, - 1 2,,(2)1211
L) = : : ,
lzi,m @by, - 2,1 zn(Z)IZn 4n2 x4n?
L*z 0 -~ 0
0 L%
in(z) = _ @
: . . 0
0 T 0 Li(z) 4n2 x4n2
Bi1(z) -+ Biw(2)
R(z) = : - : ,
Bon1(2) -+ Bonon(2) /40,402
an(zy 0 - 0
0 a
By(z) = ‘ 12(2)
: . . 0
0 e 0 al,Zn(Z)

2nx2n

where Bj;(z) is a diagonal matrix, and a;; is the coefficient of element £, ® E;
in R(z), and B;j(z) = b;j(2)Ej; + ci/j»(z) Eirj, where b;;(z) is the coefficient of
element E;; ® E;; in R(z), and ¢;;(z) is the coefficient of element E;/ y ® E;; in R(z).
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The multiplication between matrices R (%), Lli(z), L;E (w) is matrix multiplica-
tion. From

ﬁ(i)Lf(z)Lgt(w) = Lgt(w)LT(z)I?(i),

we can derive the following calculation:

My - Mgy
ﬁ(i)LT(z)in(w) = oo . M;j e M(2n, K),
Mo -+ Monon /4040
) My M,
Lg(w)L?(z)R(i) - M e M@2n, ).
Mﬁn 1 Mén 2n /452 xan?

We only give two types of matrix expressions that will be used later. Taking
M;; = Ml./j, where 1 <i, j <n, consider M;;:

ar1(E)5@  ba(H)5E

aii(%)l,-j;(z)
(5-9) : L*(w),
cin (B - ci,(%) 1@ (B @ e (B)150)

S\N
S

hilf(%)lffj (@) a1 ()155(2)

S

and 1 <i<n,14+n<j, Mj:

aiy (§)15 @ bir ()15 @

¢ '1(%) ’j(z) Cil(ul)l (@) - Ci'i/(%)liﬂ’:j(z) G '1/(11)) j(z)
(5-10) : L*(w),
aii (£)15 @)

b (5), an($)5@

S5
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where the elements in the i’-th row except for the element at position (i’, i’) are
all zero for type A,(ll). Consider Mi/j, forl <i,j<n:

aji (55 e (E)55@
bij(E)H@ - aj(B)5@ - ey (%)li/(f) e by (H)6 @)

(5-11) L*(w) : ,
ey (EEQ

gl

N\t ' +
crjr(5) @) “./l’(%)lij(z)
moreover, | <i <n,1+4+n <j:

a(HI5@  apEie

S\N ..

i )zi@
(5-12) L*(w) : ,
bij(£)57@ - ¢ (%)li&z) caji(B)E@ - b3 @)

v (3@ ajy ()5

where the elements in the j’-th column except for the element at position (j', j)
are all zero for type A,(f).

Definition 5.4. Let X = (x; ])" | be a sequence matrix over a ring with identity.
Denote by X'/ the submatrix obtalned from X by deleting the i-th row and j-th
column. Suppose that the matrix X'/ is invertible. The (i, j)-th quasideterminant
|X|;; of X is defined by

'xll .. ‘x]j ... 'xln

J i1

(5-13) IX1ij=|xin o+ Xij oo Xin | =X —r; (X))
xl’ll ... xnj ... xnn

where rij is the row matrix obtained from the i-th row of X by deleting the el-
ement x;;, and cj. is the column matrix obtained from the j-th column of X by
deleting the element x;;.

Proposition 5.5. L*(z) have the following unique decomposition

(5-14) L*(2) = FEF(2)K*(2) E*(2),
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by applying the Gauss decomposition to L*(z), where we introduce matrices with
N x N,and N =2n,

1 0 0
+ . .. .
(5-15) Fro=| 7@ = |
D 0
@ o fuya@ 1
I e - ey
(5-16) Ef¢=|°
R ¢9)
0 0 1
kiz 0 0
(5-17) k*@=| °
: ) . 0
0 - 0 k()

Their entries are found by the quasideterminant formulas

@ - 5,0 @
(5-18) KE () = 3 :
l’:rlfl @ - lr:ril:,m—l () lr:rlfm (2)

for1 <m <2n, kﬁ(z) = ZZGL ki(:;:t)zi’;

@ - 5@ 5@

(5-19) (@) =k @) Lo :
@ - L@ R
forl<i<j<2n; eiﬁ(z) = ez, e?;(q:m)zi’";
0@ - 5 @) @)
(5-20) fiy=| + bk @
@ - 1) 5@

forl<i<j<n fi@ =Y, /i Fmz"
6. Drinfeld realization of U, ;(502,)

In this section, we will study the commutation relations between the Gaussian
generators and give the Drinfeld realization of U, ;(502,).
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Theorem 6.1. In the algebra L{(k\), we have

X ()= ?—i—l-l(ZJr)_ei_i-i—l(Z*)’ Xy@=e,_ 1n+1(Z+) n—1nt1(2-)s
X, ()= z+1 (@) = fig1, 24, X, @)= f+1n 1@ = a1 @)
For the generators {ki(z) Xi(z) kn+1(z) Xi(z) [1<i<n,1< J <n—1}, the

relations between ki(z) and X i(z) are the same as those in U, Y(g[ ). The other
relations are those involving k (z) and kn 1 (w), that is,

ki (ki (w) = ,m(w)ki(z)

n+1(Z)kn_+l(w) 1(w)k +1(2)s
kF (@kr (w) =5 = 20 pE (kT (2).

I3 —SW+  IFZi—SWg
The relations involving k,i(w) (I<t<n+1)and Xff (z) are

k()X (2) = rs X (k" (w),
rsk" (W)X () = X7 @k (w), 1<1<n-2,
(rw —szo)k,_ (W)X, (2) =rs(w — z) X, @k, (w),
rs(w — z;)kf_l(w)X”— (2) =(rw—szp)X, (Z)kn_l(w),

kK w) X (z) = BE2522 X F )k (w),
w—27+

X, @ky () = Z—Fk )X, (2),
F

(w—z2)
ko (W)X (2) = %x+(z>kn+l(w)’

Xy (k) = BW=Z) )X (2).
SW—rzy

The relations involving k +1(2) and Xi(w) (1<t<n-—1)are

w1 @XT(w) = XF (W, (2),
ki (X (w) = X (k1 (@), 1<1<n-2,

L)X (@) =B Wyt et (w),

248 —rw

X (OkE, () = Bt )Xo (o).
zq:s—rw
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For the relations involving Xf (z) and XtjE (z) (1 <t <n),we have

XEw)XF(z) = XF ) XE(w),
X, wXF @) =X @X;(w), 1<I<n-3,

X)X, ) ="= i}“’x+ 2@ X,) (W),

X, (W)X, (2) =

X, ()X, (w),
XEw)XF ,(2) = 2(z)xi(u»
XEw)XE (o) = <rs>ﬂﬂxi L@ XEw),
X5 ()X =XF @)X | (w),
X)X w) = L8 xHw) X (2),
5 —rw

X, ()X, (w) = 2 — X, ()X, @),

(X @, X7 @)1= (67" = r D8 (5 )k (ks ()™
Wy
=5(E8 )k ok e
and the following (r, s)-Serre relations hold in U (ﬁ):

61 X, @)X, @)X, (w) = +5)X, ()X, (W)X, _,(z2)
+rsX, (W)X, ()X, z(zz)} +{z1 o 2} =
62)  {XF @)X @)X, (w) = (r+9)X,; @)X, _,(w) X, (z2)
+rs X, W)X (2) X, (22)} +{z1 < 22} =0,
(6-3)  {rsX, @)X, @)X, (w) = (r+)X,_, @)X, (w)X,_,(z2)
+ X)X, @)Xy 522} + {21 < 22) =0,
6-4)  {rsX, @)X, (22)X,_,(w) = +)X, @)X, W)X, (z2)
+ X, ,(w)X,; @)X, (z2)} +1{z1 < 22} =0,
where the formal delta function §(z) =) _, ., 2"

Proof. The proof is based on the induction on n. We consider first the case n = 4,

5@ Gk - R

ro=| 5@ 5@
: . 78(Z)
@) o Ig@) IR Je.
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Observe (5-9) and (5-11) and restrict them to E;; ® Ey, 1 <1, j, k, I <4, then

R(E) oz w =Hwiifor(2).

R (%)L?(Z)Lgﬂ(w) =LFw)ILf@R (w;)
- +
E@ 5@ 5@ @

G e Gk Ee

L*(@) = :
lﬁ(z) li(z) li(z) lﬁ(z)
i) @ @ L /,.,
and
D s(w—z) 1
R( ) ZE11®E”+ SwW—zr (;E11®EJ]+S gEH@E”)
(s rw
SW—2zr (ZE’]®EJ’+ ZEU@EJ’)
i>] i<j

Jlng and Liu [16] gave the following spectral parameter dependent R A( ) of
v S(g[ ), in particular, setting n =4,

RA( ) ZEH®Ell+—(ZE11®EJJ+S_IZEZZ®E]J>

1<j

(I—rs~Hw Z
- 1 El El El El
R — (Z J®Eji+ )] ,®])

i>j i<j

we get Ra (%):I/ﬂ (%). Thereby, we can directly have the relations of generators
(XT@), X5 (), X5 (@), k' (@), k5 (), k5 (), k3 @),

Next, we need to obtain the relations between the remaining Gauss generators.
First, using the Gauss decomposition, we write down L*(z) and L*(z)~!:

ki (z) ki (2)ei5(2)
L*)=| ikt : B

LY '=| - —ey 1 y@ky (@)™ ) .
k@ fy v @ ky ()™

Then using the generating series relations (5-2) and (5-4), we can complete our
proof by using the following lemmas. (]
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Lemma 6.2. The following equations hold in U (k\):

(6-5) kE(w)XE(2) = XE(kZ (w),

(6-6) kW) XF(2) = XF (k3 (w),

(6-7) ke (2)ks (w) = k5 (w)k (2),

(6-8) K5 @S (w) === = R L (w)k (2),
rZ4 —Sw=x rZz—Sw4

where 1l <i<2and1<j<3.

Proof. Due to the observation made in formulas (5-9) and (5-11), the relations
between the Gaussian generators mentioned above follow from those for the quantum

affine algebra U,’S(g/[\S); see [16] U
Lemma 6.3.

(6-9) K (w) X[ (2) = rs X (kT (w),

(6-10) rski (w)X} (2) = X (ki (w),

(6-11) K (w) X[ (2) = rs X (k5 (w),

(6-12) rsky ()X} (2) = X (k5 (w),

(6-13) XEw)XE(z) = XE@XEw),

(6-14) XEw)XT(z) = XT @) XF(w).

Proof. We only give details for one case of (6-9), (6-11), (6-13) and (6-14), the
remaining relations are verified in a similar way. By (5-9) and (5-11), taking the
equations M| = M|, we get

ars (£ )i et it @) = ans (£ ) @K e s ),
and the relations between kj[(w)e3 s(w) and l 1(z) we have
ars (2 )i eds )l @) = as (22 ) @k e s ).
:F
so that k; (2) X (w) = rs X (w)k{ (z). Now apply M}, = M/, to obtain
ars (£ )15 et it @) = ans (£ ) @K e s (w),
ars (£2 )k e sl ) = ans (22 ) @k e s(w).
:F
+ +0y — y+ + : _
So we get X; (w) X[ (z2) = X|" (2) X (w). Since My = M,,, we get

ars( £ ) ek )i, () = a2 )5, Ok (w)eds (w).
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Furthermore,

ars (2 JK5 (0505 @) = an (2 )5 (s (w)ess ),

thus we prove a case of relation in (6-14). Since My, = Méz’ the formula is

axs (£ )i ek ()i (2) = axs (£ )5k (w)eds (w),

z
w
on the other hand, we have

axs (£ e s E) = ax (;—i)z;@)kf(w)e;fs(w).

As a final step, use the relations between l;tl (z) and Xj(w) and those between
e}, (z) and X (w), to come to the relation

k;(Z)XI(w) = rsXI(w)k;(z),

as required. U
Lemma 6.4.
(6-15) (rw — sz0)ky (W) XT (@) = rs(w — z2) X (k5 (w),
(6-16) rs(w —z2)ki (W)X} (2) = rw — s2) X (2)ks (w),
(6-17) X3 (w)XF (2) = XT @)X (w),
(z—w)X; (W)XT(2) = X5 (@) X] (w)(rz —sw),
(6-18) (rz—sw)X, (w)X, (z2) = X, ()X, (w)(z — w).

Proof. The arguments for both formulas are quite similar so we only give a proof
of one case of (6-17) and (6-18), taking the equations M3 = Mi3, we get

619 ass( 2 )55 @ +bss ()@ )

= 1515 (w),
620)  ass( )@@ +bss (2 )5 ) )

= an (L)@ + b )5 @ W),
621) x5 (2 )1 @) +bss (£ )1 )5 )

= an (L) @i ) +bi (£ ) @1 @),
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Using fi5(w) f5:(w) - (6-19) — fi5(w)(6-20) — £ (w) - (6-19) + (6-21), through a
lot of calculations, we can obtain

(622) axs( 2 )k wiess )l @) +bss (£ )i 2)
+ans () ) @k (w)ess(w)
= s (£ )15 FE K @exs w) +an (£ )15 K ey (w)

b3 (£ )k )i (e ).

Taking the equations M3 = M;, we have

(623) a5 (£ )15 () +bss (£ )1 w55 2)

_a21( )zgg(z)lls(wwrbm( )i @B w),
(6-24) ass(i)lé(w)li(zwrbsa(—) S(W)l5(2)

= l53(D)l55(w),
(6-25) a35<§)l§%(w)l§§(z)+b53<a)l S (w)l55(2)

= a2 ) 5@ ) + bas (£ ) @15 ),

A similar calculation, we come to the relation

(6:26) ass( £ )i w)ess ()i (2)+bss (£ ) )iz ()
b1 (£ ) U550 f55 )l (K5 (e w) = fif )l (k3 (w) e (w))
s ()12 £ W)k (w)ess )+ @k (w)ess (w))

s (£ YUK (w)eds w)+E (k5 (wedy (w)
— f W53k (w)eys(w).

Furthermore, by using — fzi1 (z) - (6-22) + (6-26), we get

ass (£ )5 et ks ek (2) + s (£ ) )3 (2)ess (@)

= bo3 (£ )kF @kF (w)ed () + a3 ( £ )5 ey (hF (w)es ),
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and taking into account the relations between egF’ s(w) and ei% (2), we have
ass (2 )k (w)efy k3 ()e33 @) +bss (£ )i (wks ez @)
= b2 )l AT @) ) + a3 (12 )45 @i AT (el (w)

Therefore, we can arrive at (z — w)XI(u))X;r(Z) = X;(Z)Xj(w)(rz —sw). Now
turn to (6-24). Taking the equation M3 = M}, we get

Z +
(627) ars( 22 )k ek <)
= {5 @ —bu( ) EwiE e
W
b (55 ) U@ ) — S O [ ey (w),
©6-28) ais( = )ki(w>e35<w)zgl(z)
= 5@ -tu(2) B
b3 ( £) () S ) — FE B )} w)ess ).
Using M3, = Méz, consider the relations
(6:29) ans (£ )i (w)efy w35 (2)
= {5~ bn(2) FEe)
Wz
b3 (52) B )~ S5O K ey w),
(6:30) ais(= )ki<w>e35<w>z32<z>
= {5 - b2(2) FEE
b3t () () £ ) = FE @I [ ek w).
By —(6-27) - €55 (2) + (6-29) and —(6-28) - €35 (z) 4 (6-30), we can obtain

ars( £ ) )edsw) F5K @)
= { @K @ —bx(2) )k @ [kF w)essw),
ars (E5 )T el ) 50k )
={ 5@k @ —bx () fE@kE @} @)efyw),
F

and therefore XI(w)Xz_ () =X, (Z)Xr(w). O
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Lemma 6.5. In the algebra L{(I/?\), we have
35 = fi5() =0, €5 = f5(@) =0

Proof. We only verify a case of the first relation. By (5-9) and (5-11), we have
Mz = M{3, and so get the relations

(6-31) ngcl-ﬁ( V)i () = B @l (w),
i=1

(6-32) ngcl-ﬁ( )5 i @) = ann( 2 )5 @l ) + b (2 ) ),
i=1

(6-33) ngcl-ﬁ( )i @) = ans( 2 ) B @l )+ bis (£ ) @ ).
i=l

Let (f35(w) f5E (w) — £55(w)) - (6-31) — f5(w) - (6-32) + (6-33). Through a lot of
calculations, we obtain

(6-34) Zc,(,( ) (w)ed it (2)
= (L) @kF w)esw) +bis (£ )k ki 2)

A(e(w) — €35 (2))ex (w) — e (w)).

And from M3 = M23, we obtain

8
635) Y ciol £ )i () = an (£ ) @l ) + b (£ ) @15 (w),
i=1
8
(636) Y cio( 2 )5 @) = B w),
i=1

8
©637) Y cio £ )5 )l () = an (£ ) @l ) + b (£ )5 @13 (w).
i=1

Calculating (f55(w) f55 (W) — f55 (w))-(6-35)— f55 w)-(6-36)+(6-37)— f;5(2)-(6-34),
we get

(6-38) Zc,6( Y (w)ed @k (e )

= an (£ )3 @K eds) +bn (L) @k @egyw).
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Using M3 = M), we come by the relations

z z
w w w

8
639) Y cio £ )EEIE () = an (£ ) By @5 ) + by (£ )5 @1 w),
i=1

z
w

8
6:40) Y cio( £ )5 )l () = a2 ) @) + b (£ )5 13w,
i=1

8
(6-41) Zcm(i)l;ﬁ(w)l;j(z) = 5 () (w).
i=1

Calculating

(f5(w) f1 (W) = f57(w)) - (6-39) — f35(w) - (6-40) + (6-41) — f35(2) - (6-38)
— f5(2) - (6-39),

we arrive at the relation
8
(6-42) Z;‘ cio £ ) wes )i (2) = k(A (w)ey(w).

Setting z = w, we get egcﬁ (z) =0. The remaining relations can be proved in a similar

way. U
Lemma 6.6. The following equations hold in U (ﬁ):

(6-43) XFw)XE(2) = (rs) ' XF () XF (),

(6-44) XEw)XT(2) = XT (2) X5 (w).

Proof. The arguments are similar for all relations so we only prove the relation
XTI w)X{ (2) =rsX{ (X[ (w). By (5-9)~(5-12), we have M34 = M}, and then
get the relation

> eis( £ )i )i () = Byl w)

i=1

through a similar calculation process as in Lemma 6.5, which yields

8
645 Y cis( 2 ) @)ed ik @)es (2) = K ed (ks ey (w),
i=3

and from M35 = M5, we obtain

8
646) Y c,-4<§)k§:(w)e§§ (WKE(2)ed (2) = ki () () (w)ed; (w).
i=3
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Furthermore, M33 = M, and M3s = M give that

8
647) 3 cio £ ) el )k (ed () = kF @k (w)es(w),
i=3
8

(6-48) Y e (i)kf(w)e;ﬁ(w)kf(z)e;(z) = k5 (2)e ()5 ().
i=3

Combining (6-45) with (6-46), we get that
(6-49) (rs) ' XF () XT ()= XT W)X @)=XT @)X (w)—rs) ' XF (@) XT (w).

Taking (6-45) and (6-47), owing to Lemma 6.5 and the fact that egté(z) =0, we
have

5
(6-50) ;k?(w)ei(w)k?(z)e;xz)(cis(i) —'9)3as(2))
= k5 (2)e3,(2)kF (w)egy (w).

Using the relations (6-46) and (6-48), we get

5
+ + + + (2 _ A (2
650 K ek @65 (cin( 2) = rs™Hiea(2))
= k;c (z)e?f5 (z)kgc(w)ei(w).
Exchanging z and w in the relation (6-51), and combining into (6-50), we obtain
(6-52) z(rs)”' X (w)XT (2) —wXT (W)X} (2)
=2X§ @ X{ (w) —w(rs) "' X{ (@) X5 (w)
By (6-49) and (6-52), we get X (w) X5 (z) = rsX{ (2) X (w). O
Lemma 6.7. The following equations hold in U (ﬁ):
(6-53)  [X7 (), X; (w)]
=67 (5 ks ks T8 (S ) ok o
Proof. By (5-10) and (5-12), we have M35 = M§5 and then get the relations

asa ()1 @) @+bas( £ )i @@ = ba (2 )i @ @)+ () 5@ W),

asa (S )55 @b ( £ )5l @) = baa(( 2 )55 w)-+asa () @153 w),
asa (5 )5 w155 @b (£ ) @) @) = @5 ),
asa ()15 ) @b (£ )55 @) = bas (2 )5 @5 w)ass (£ ) 15 ).
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By straightforward calculations, one can check that
(X7 (2), X; (w)]
— (sfl—fl){3(ﬁ)k_;(wgk;(w+)*1—5(%)@(@)@(@)*1 }
This completes the proof. (]
Lemma 6.8. The following equations hold in U (I/Q\):

(6-54) K ) X7 (2) = BEE ) ot )k (w),
248 —TwW

(6-55) X7 ()kEw) = ngt(w)xg ),
xS —TW

(6-56) ki w)X$(2) = 2 X (2)k; (),
w—274+

(6-57) X, (kf(w) = %{kf(w)X; (2).

—iF

Proof. We only give a proof of one case of (6-54). Similarly, we give the other
identities. Using again M35 = M} and M3, = M;,, we get

28: ( ) (W5 (2) = b3s<z> (D15 (w)+a35< ) L (D)55(w)

through the same calculating process as in Lemma 6.5, which yields

8

658) Y cis( £ )5 el ks (ed (2) = ass (£ )45 ey @k (w).

i=5

From M35 = Mj;, we obtain

im( VI I 2) = bas (2 )5 1 () +ass (£ )51 (w),

i=1

we arrive at the relation

8
659 D 2)er ks @ed ) = bas( £ )5 kE edyw).
i=5
Using (6-58) and (6-59), due to the relation ejES (z) = f;j (z) =0, we obtain
K e ) (ess(£) —ess(2))
= ass(£ )3 @esy (K5 () = bas( £ )i @)k (e (w).
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Finally, we get
kF (w) X7 (2) = BE =Wy (d ().
ZiS—rw

This completes the proof. (]
Lemma 6.9.
(6-60) ky (2)k35 (w) = ks (w)ky (2),
(6-61) ki (2)kF (w) VZ:;“L = rZ:;Uul kF (w)k (2).

Proof. The proof is similar to that of Lemma 6.5. (]
Lemma 6.10. The following equations hold in U (I/Q\):

(6-62) k3 (2)k5 (w) = k3 (w)k5 (2),

(6-63) k3 (2)kF (w) = kF (W)kZ (2),

(6-64) KEw)X] (z) = W72 xk (),
SW—rZ4+

(6-65) X7 (kEw) = B0 k() X (2).
Sll)—r‘z;

Proof. Here we only prove (6-64) as the other relations can be shown similarly. By
(5-10) and (5-12), we have M35 = Mgs. Then we can get the relation

5 )l = bas( £ ) @5 ) +axs (£ )55 @I ).
By straightforward calculations, one checks that
k) X{ () = BEW Xt ok ().
rz4—sw

This completes the proof. O
Proposition 6.11. The following equations hold in U (1/3\)
(6-66) {X3 2 X5 (22) X, (w) — (r +5) X5 (z1) X, (w) X5 (22)
+rsX; (w)X5 (z1)X5 (22)} +{z1 < 22} =0,
(6-67) (X3 @) XS (22) X5 (w) — (r +5) X (21) X5 (w) X} (22)
+rs X3 (w)XT @)X (22)} +1{z1 < 22} =0,
(6-68) rsX3 @D X5 (22) X5 (W) — (r +5) X5 () X (W)X (22)
+ X7 (W) X5 (2)XS (22)} +{z1 © 22} =0,
6-69)  {rsXy @)Xy (22)X; (w) — (r +5)Xy @)X, W)Xy (22)
+ X5 (W)X, )X (22)} 4+ {z1 < 22} =0.
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Proof. The equations can be proved similarly as in [16]. (|

Now we proceed to the case of general n. We first restrict the relation to E;; ® Eyy,
2<i, j,k,1 <2n— 1. By induction, we get all the commutation relations we need
except those between Xli(z), kft (z), and X,f (z), w1 (2

Lemma 6.12. The following equations hold in U (R):

(6-70) k()X (w) = rs X;F(w)ki(2),

(6-71) rskE(R) X, (w) = X, (w)ki(2),

(6-72) XEw)X{(2) = XT @)X w),

(6-73) XEw)XF(z) = XF @) XE(w),

(6-74) ki @k, (w) =k (w)ki (),

(6-75) ko @k (w) = ki (ki (2),

(6-76) ko (KT (w) =k (ki (2),

(6-77) i X[ (w) = BUE W)k 2).

(6-78) Xy w)kk, | (2) = B2kt (2) X (w),

SW—rzZx

(6-79) R F (w)k(2) = —ﬁkimk (W),

Wil —ZS Wl —2Z4S

(6-80) [X:(zxX,;(w)]:(s*l—r”){a(;;) ok, (w)™!
—5( 5 )it ek o7

Proof. By straightforward calculations one checks that the preceding formulas are
correct. ([

Finally, we define the map 7 : U, ;(§02,) — U(R) as follows:
xF(@) e (r —S)*IX;—L(Z(rs’l)%),
E@ e (=) XErsT)T),
0i(2) > ks Dk s ™D T
i) k;l(z<rs—‘>%>k.—(z(rs—‘>%)“
on(2) > ks Tk s~ )
V(D) = Ky (2rs™) Tk z(rs ™) )7

where 1 <i <n — 1, and satisfy all the relations of Proposition 6.13.
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Proposition 6.13. In U, (502,), the generating series xii @), 0i(2), ¥i(2), xE(2),
©n(2), and ¥, (z), and the relations between xijE (2), 9i (2), and ; (z) are the same
as in U, s(sl,,); the other relations as follows:

(6-81) [9j (@), a(w)] =0,  [¥;(2), Yu(w)] =0,
(6-82) 0 (DY (w) = gi"E ;x/fn(ww,(z) l<j<n,
Jn\w_

+1
@32 ) = ) guna () w002
+ -1 we\ T 4
683) Y@ ) =97 g (E) 5.

+1
n@xEw) = g (£) @I (2),
W4

1
(6-84) a3 ) = gan(22) " E I @),
Ou(D)xE (W) = (rs) ' xE | (w)ea(2),
(6-85) Y (D)x (W) = (rs) T ()Y (2),
@n ()X (W) = X7 (W)@, (2),
(6-86) (D)X (W) = X" (W)Y (z), 1<l<n-3,

01 (2)xE(w) = xF(w)g, (2),
Ui (D)xE(w) =xF(w)g(z), 1<t<n-3,

+1
25 ) = g2 () a7y w22
1
687 Ya2@rEw) = gna2(E) T wE W2,

+1
55w = g2 2) xEwIx,),
(6-88) XE(@xEw) = (w), w)EFxFw)xF (@), @i, =0

(6-89)  [x; (2), xj (w)]
SSCIR U U C) TSR G IHC] N T
(6-90)  {xF ,(z)xT ,(z)xF(w) — (rF + s L (@)xE(w)x L (z2)
+ (r)F xE (W) L)X L (z)} iz < ) =
(6-91) (xF@DxF(z)xl ,(w) — T +sFOxE (@), (w)xE(z2)

+ ()T L (WxE@DxE ()} +Hz < ) =
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_ < _ < =+ _
v.vhere 4 = zr2 and z_ =zs2. We set 8i; () = ZneL anZ , a formal power series
in z, and it can be expressed as follows:

(W, wi)*1z = (W', wi) (w], wy) ~HE>

+
8;; (2=
i z— (], w;) (W), wi)*
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