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THE h-PRINCIPLE FOR MAPS TRANSVERSE TO
BRACKET-GENERATING DISTRIBUTIONS

ARITRA BHOWMICK

Given a smooth bracket-generating distribution D of constant growth on a
manifold M, we prove that maps from an arbitrary manifold X to M, which
are transverse to D, satisfy the complete z-principle. This partially settles a
question posed by M. Gromov (1986).

1. Introduction

A distribution D on a manifold M is a (smooth) subbundle of the tangent bundle 7M.
Given such a D, we can consider the sheaf I'D of local sections to D, i.e, local vector
fields on M taking values in D. The distribution D is called bracket-generating if at
each point x € M, the tangent space T, M is spanned by the vector fields obtained
by taking finitely many successive Lie brackets of vector fields in I'D. We say D
is (r — 1)-step bracket-generating at x € M, if there exists some integer r = r(x)
such that

T M =Span{[Xy, ..., [Xe—1, Xil... Is | X1, ..., Xk €D, 1 <k <r}.

Note that what we call a (r — 1)-step bracket-generating is usually called an r-step
bracket-generating distribution elsewhere in the literature. Bracket-generating
distributions are the stepping stone for the field of sub-Riemannian geometry
[Gromov 1996; Montgomery 2002].

One possible way to study a given distribution D is via smooth maps u : ¥ — M
from an arbitrary manifold ¥ and looking at how the image of the differential
du: TYX — TM intersects D. The map u is said to be transverse to D if we have
that du(T5 ¥) + Doy = Tu)M holds for every o € X. Gromov [1986] asked the
reader to prove the following.

Theorem. Given a bracket-generating distribution D on a manifold M, maps
Y. — M transverse to D satisfy the h-principle.
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The idea of the proof as indicated in [Gromov 1986, p. 84] contained an error
which was later acknowledged in [Gromov 1996, p. 254]. Eliashberg and Mishachev
[2002, p. 136] showed that the proof indeed goes through if the distribution D is
contact. In fact, their argument remains valid for any strongly bracket-generating
distribution (or fat distribution, see [Montgomery 2002] for a definition). Moreover,
they also planned out a strategy that could work for an arbitrary bracket-generating
distribution as well. Del Pino and Shin [2020] carried out the ideas of Eliashberg
and Mishachev [2002] and proved the A-principle for smooth maps transverse to
real analytic bracket-generating distributions on a real analytic manifold. Their
argument heavily depends on estimating the codimension of certain semianalytic
sets in the jet bundle. It was also conjectured in the same article that Gromov’s
original statement should hold for a smooth bracket-generating distribution if certain
higher-order jet calculations are performed.

The main goal of this article is to identify a suitable higher jet “regularity”
condition (Definition 3.1) so that the sheaf of D-horizontal maps R — M satisfying
this regularity is microflexible. The difficulty lies in proving the local A-principle
for this class of maps provided the distribution is equiregularly bracket-generating
(Definition 2.3), which is proved in Theorem 3.7. Then, applying Gromov’s analytic
and sheaf-theoretic techniques, the i-principles for transverse maps (Theorem 4.1)
and for transverse immersions (Theorem 4.3), follow by a standard argument. We
refer to [Gromov 1986; Eliashberg and Mishachev 2002] for the details of this
theory.

The article is organized as follows: In Section 2, we recall some basic notions
about bracket-generating distributions. In Section 3, we obtain the regularity
criterion for maps R — M horizontal to a bracket-generating distribution and prove
the local A-principle for such maps. In Section 4 we prove the main A-principles.

2. Bracket-generating distributions
Definition 2.1. A distribution of rank n (and corank p) on a manifold M is a
smooth vector subbundle of rank n (and corank p) of the tangent bundle 7M.

Given any distribution D C TM, we have the sheaf of local sections I'D, which
is a sheaf of local vector fields on M. By the notation X € D we shall mean a local
section X € I'D defined on some unspecified open set of M. Given two arbitrary
sheaves £, F of vector fields on M (not necessarily given as sheaves of sections of
some distribution), we can define the sheaf

[, F1=Span{[X,Y]| X €&, Y € F},
where the span is taken over C°°(M). Inductively, we then define

DY =0, D' =D, Dt =D +[D, D], i>1.
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Definition 2.2. A distribution D is said to be bracket-generating if for each x € M
we have T, M = D;“ for some r = r(x). D is said to have type m = m(x) at x
for the (r +2)-tuplem=(0=mg <--- <m,4+1 =dim M), where m; = rkDi for
0<i<r+1

For a generic bracket-generating distribution D on M, the number of steps it
takes to bracket-generate T M is nonconstant and the sheaves D may fail to be of
constant rank.

Definition 2.3. A bracket-generating distribution D on M is said to be r-step
bracket-generating if T, M = D"*! for all x € M. Furthermore, D is said to be
equiregular (or, of constant growth) of type m = (mg < - - - < m,41) if D has the
type m at every x € M.

Throughout this article, we shall mostly restrict ourselves to equiregular distribu-
tions D of some fixed type m. In particular, each D° will be a distribution, and we

get a flag
0=D’cD=D'cP’c.---cD=TM

It should be noted that in general, equiregularity is a nongeneric condition on the
germs of distributions of a given rank, although most of the interesting distributions
appearing in the literature possess this property.

Example 2.4. Contact and Engel distributions are well-studied examples of bracket-
generating distributions that bracket-generates the tangent bundle in 1 and 2 steps
respectively. More generally, we have Goursat structures which are certain rank 2,
r-step bracket-generating distributions on manifolds of dimension » 4 2. Note that
all of these distributions are equiregular as well. On the other hand, the Martinet
distribution, given as the kernel ker(dz — y2dx) on R? is not equiregular. We refer
to [Montgomery 2002] for many more examples.

We shall need the following lemma in the next section.

Lemma 2.5. Let D be an equiregular bracket-generating distribution on M, of type
m=(mg<---<m,y). Set p; = rk(D“+1/DS) =myy —mg > 0. Then, for any
x € Mandforl <j<ps 1 <s<r,there exists a collection of vectors

™ eD,, " eDI\Dy. ¢ eDiT\ D],
and 1-forms 1%7 defined near x, such that:

e Foreach1 <s <r, D*' =D% +Span(¢S!, ..., o).

o The 1-forms {A%7} are dual to {¢*7} at x. Also, (A7 |1 <j<ps,1<s<r)
is a frame for the annihilator bundle of D near x.
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e Foreachl <s <s'<randl1 < j<p, 1<j < py, we have

/
Y . . 8 i’ S =5
d)\.s ] |x(rs,]’ ns,./) — JsJ ) )
0, s’ >,

where §; i is the Kronecker’s delta function.
Proof. Since DSl = DS 4+ [D, D], we have the well-defined sheaf homomorphism
Q :DeDYD"! > DD,
X® Y modD' ")~ —[X,Y] mod D’.

Furthermore, ©° is C°°(M)-linear and hence, for vectors X € Dy, Y € D] we have
the linear maps

Q(X,Y mod D™ = —[X, Y], mod D,

where X € D, Y € D* are arbitrary extensions of X, Y respectively. Thus, we have
that Q* : D ® D*/D’~! — D**1/D* is a bundle map, which is surjective since D is
bracket-generating, for 1 <s <r.

Choose vectors %/ € Dy, n*/ € DS \Dj;_1 so that {Q5 (¢, n*/) |1 < j < ps}
forms a frame of D5T!/DS. Let us consider some arbitrary extensions 7/ € D,
7% e DS\ D*~! of 57, n*J respectively, and denote 75/ = —[757, %71 € DS,
Note that Q° (%7, 7*/) = ¢*/ mod D*. Since TM = &_,D**!/D*, we have a
local framing

™ = D@ Span(¢™/, 1< j<p,, 1 <s=<r)
ocC.

near x. Next, choose independent local 1-forms A%J near x, which are in the
annihilator bundle AnnD (i.e., A%/ |p = 0), and {A*/} is dual to {g:s’j}. Note that

p”
, .
D’ = m mker)f’], l<s<r.
loc

Cs'>s j=1

Hence, for s’ > s, we have

dks,’j/(fs’j, ns,j) — I:.ES,J' (AS',j'(ﬁS,j)) _ ﬁ&j()\s’,j'(fs,j)) _ )\S',j’([f&j’ ﬁsj])i|
——— —— —— X
0 0 _Fs.j
g5

Y . S i S/ =S
=5 Sy — J5 ’
€ {O, s > s.
This concludes the proof of Lemma 2.5. ([

3. Regularity of horizontal curves

Let us fix an arbitrary distribution D that has rank n and corank p on M with
dim M = N =n+ p. Given a manifold ¥, amap u : ¥ — M is called D-horizontal
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if du(T,%) C Dy(s) for each o € 3. For simplicity, let us assume that D is given
as the kernel of 1-forms A!, ..., A? on M. Then, D-horizontal maps X — M are
precisely the solutions of the following nonlinear differential operator:

D:C®°(T, M) — QYZ,RP) =T hom(TZ, RP),

u> (WA, utAP).

ey

To find solutions of ©, we appeal to the Nash—-Gromov implicit function theorem.
As a first step, linearizing ® at some u : ¥ — M we get the linear differential
operator:

£ Tu'TM — QY(Z, RP),

@) ~ -
£ [X i (a0 w0 ) + X (W o) ],

which restricts to the bundle map on I'u*D:
Ly = Lylrup 1 & > [X > (A1 (€, ueX))].

An immersion u : ¥ — M is called (dA%)-regular if the bundle map £, is surjective.
In general, (dA%)-regularity depends on our choice of 1-forms A®, whereas (dA*)-
regularity of a D-horizontal map is independent of any such choice. A (d\%)-regular
horizontal immersion is also called $2-regular, where 2 : AD - TM /D is the
associated curvature 2-form. It follows that the sheaf of C2-regular horizontal maps
Y. — M is microflexible [Gromov 1986, p. 339]. Note that (dA*)-regularity is a
first-order condition on the class of maps. For the existence of a (d\*)-regular
horizontal map, even when dim ¥ = 1, D must be 1-step bracket-generating. We
now identify a suitable higher-order regularity for maps R — M horizontal to an
arbitrary distribution.

W-regular horizontal curves. The arguments presented in this section follow the
general scheme of algebraically solving (underdetermined) linear partial differential
operators as in [Gromov 1986, p. 155]. Briefly, the idea is as follows. In order to
solve the linear operator £, for some u, ideally we need to find out some linear
operator M, : QY(T, R?) — T'u*TM so that £, o M, = Id holds. This involves
solving partial differential equations in the coefficients of 9, which is in general
hard to do. Instead, we try to look for a linear operator &, : Tu*TM — Q'(X, RP)
satisfying &, o £, = Id, where £, : Q'(Z, R?) — T'u*TM is the formal adjoint
of £,. Note that this system is algebraic in the coefficients of &,, and thus are
considerably easier to solve. Once we get a smooth solution &,, we can take the
formal adjoint of the whole equation, and obtain £, o S, = 1d, since £, = £,.
Taking 91, = &, we then have the desired solution to the original problem. This
observation was used by Gromov to prove the fact that a generic underdetermined
linear operator admits (universal) a right inverse [Gromov 1986, p. 156]. Although
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£, is underdetermined, we are not able to appeal to this theorem directly, since we
do not know whether the operator is sufficiently generic in the sense of Gromov.
Instead, we explicitly identify a class of maps u for which the algebraic system
always admits a (smooth) solution. We would like to note that a similar approach
was also successfully used in [De Leo 2019], where the author proved the existence
of nonfree isometric immersions.

Without loss of generality, we assume M = R and fix some coordinates

y!, ..., yY on M. Let us write the 1-forms A°® as

)LS=)Ldey“, l1<s<p.

We also fix the (global) coordinate + on R. For a function u : R — R", the

linearization operator £, (see (2)) is then given as
3 £, C®°[R,RY) - C®(R, RP),
E=(&") > (Our}ou) du" " + (A3, ou) 9, £")1_ .

Written in a matrix form we have £, (§) = £2 & +£,£ 9; & where the p x N matrices £L
are given as

“4) L0 = (35 ou) dru”) Ly = 0u)pxn.

PXN’
Taking the formal adjoint of £,, we get the first-order operator
R : C* (R, R”) > CP(R,RY)
which can be written as
) R, =R+ Rlo =T —(eha,.
Observe that
©)  £5— 3L, = (@uryow) du’ =3,(y 0m)
= ((9u A} ou — 3,15, ou) 8,u”)pr = (— (.2, d)f)(au))pr.
Let us now consider the equation
7 GoR,=1d
for an arbitrary order ¢ linear operator G : C*°(R, RV) — C*®(R, R”) given as
6:=6"+6"9+- -+ &9/,

where &' are p x N matrices of functions. Note that (7) is algebraic in the entries of
the matrices &'. In fact, equation (7) represents a total of p?(q +2) many equations
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in pN (g + 1) many variables, namely, {wa [1<a<p, 1<B<N,0<i<g}
This system is underdetermined if and only if
(8) p’(@+2)<pN@+1) & ng>p-—n.
Expanding out (7) we have
d=GoR, =(G"+&"9 +---+6791) o (R + R} 9)
=GR +6'"9 R+ .. + 679N
+ ("R + 'R+ R+ +67(q0! R+ 97 R))) &,
+ (&R + &1RY + g8, R))) 9
+ &R o0t
Comparing both sides, we get the block-matrix system:

© (6° 6" ... &t &)

RO R 0 0
3 RO RY + 9, R 0 0
X : E : :
IR (-1 TR+ IR L R 0
94 RO g 'R0+l mL L RO449,R! R

=(Ide17 Opxp -+ Opxp OPXP)‘

Let us denote

(10) Ry:=—(&) —9,£,) = (tu5, V) pun, A=y = (05 0u)pun,
so that from (5) we have

(11) RO = —(R,)" and R!=-A"T

Taking the adjoint of the coefficient matrix in (9) and multiplying by —1 we then
get the following matrix:

R, &R, ... 37 'R, R,

A Ri+3A ... (q—D3 "R,+37"'A g3 'R, +3IA
a a=|% A

o 0 .. A Ry +qdA

o 0 .. 0 A
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A is a matrix of size p(g +2) x N(q + 1), which depends on the (g + 1)-th jet of
the map u. The rows of this matrix can be linearly independent only if ng > p —n
holds (see (8)). Under the full rank condition, one can always solve for &' smoothly
in (9), and thus solving (7). It should be noted that there is no unique solution,
but instead, we have an affine space of them. The full rank of A will enable us to
choose a solution that varies smoothly depending on j;/ + (x).

Definition 3.1. For some fixed ¢ satisfying nqg > p — n, let us define the relation
W C JITHR,RY) as

W= { qul(x) | du, is injective and A = A(]‘”l(x)) has full (row) rank}.

A smooth solution of W is called a W-regular or weakly (d1*)-regular map. We
denote by Sol W the space of all VW-regular maps.

Lemma 3.2. (dA*)-regular maps are YW-regular.

Proof. If an immersion u : R — R" is (d)A*)-regular, then the block ( )2 wn 1 i

the top left corner of A has full (row) rank, which makes the first two row- blocks
of A full rank. On the other hand, the A blocks on the “off-diagonal” are always
full rank, since the rows of A consist of linearly independent 1-forms {A°}. Note
that there is no overlap between the ( )2 .. block and the rest of the diagonal A
blocks. Hence, the rows of A are linearly 1ndependent whenever u is (dA*)-regular,
i.e., u is then W-regular. O

In light of the above lemma, one observes that the first row-block of A is the one
where the rank of A might drop, and one may consider WW-regularity as the natural
higher-order analog of dA*-regularity. This observation shall become more clear in
the proof of Theorem 3.7. Let us now show that £, admits a universal right inverse
over YW-regular maps, i.e., one can solve £, o M, = Id for any W-regular map u,
such that 91, depends smoothly on u.

Proposition 3.3. Fix g satisfying nq > p —n and the relation W C J9T1(R, RV).
Then, for W-regular maps u : R — RV, there exists a linear partial differential
operator M, : C*(R, R?) — C®(R, R") of order q, satisfying £, o M, = Id.
Furthermore, the assignment

Sol W x C®(R, R?) 5 (u, P) — M(u, P) :=M,(P) € C*(R, RY)
is a differential operator, nonlinear of order 2q + 1 in the first variable.

Proof. Fix ajet o = j,f“(t) € W|;, represented by some map u : Op(t) — R
The first-order operator 2R, defined on Op(¢) gives rise to the (linear) symbol map

w, : JHR, R, — JOUR, RV)|, = C®°[R, RY),.
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For any jet j},(r) e J'(R, RP)|, represented by some P : Op(t) — R?, we then
have A, (j5(1)) = Ry (P)(1). We define AY : J7H (R, RP)|, — J(R, RV)|, by

AL G ) = gy, py @,
Since o € W, the matrix A, = A(j! + (#)) has full row rank. We can then readily
solve for &/ = &/ (o) in (9), in terms of rational polynomials of the terms of A,.
Indeed, we get a (linear) map Ag, : J9(R, RM)|, = C®(R, RP)|, satisfying the
commutative diagram

A(q)
JIHU(R, RP)|, o > J1U(R, RN)|,
JOR, RP)|,

Consider an open neighborhood U (o) C W of o so that the denominators of all the
rational polynomials in Ag, remain nonzero for all jets v € U (o). Shrinking U (o)
if necessary, assume that U (o) projects down to an open neighborhood V(o) C R
of . We then have a smooth map

Ay :U@@) x J4(V(0),RY) = C®(V(0), RP),
so that for 7 € U(0)|, with s € V(o) and for any j,q,H(s), the following holds:

Ao (1. AL G 0) = pd T G5 () = P(s).

Note that A, is nonlinear in the first term, whereas it is linear in the second term.

We now have an open cover U = {U (o)}, of W. Fix a partition of unity
{pPa}aca on W subordinate to 4, so that supp p, C Uy for some U, € 4l. We denote
the corresponding open set V,, C R and the map

Ay Uy x J1(Vy, RNY > C®(V,, RP).
Define the bundle map

Ag W x J1(R,RY) = C® (R, RP)

via the formula

As(t,m) =) Ay(T, pu(T)N).

Since each A, is linear in the second argument, the map Ag is well-defined and
smooth. Now, for jets T = j5+1(s) eWandn= j;ﬁ“ (s) € J2TH(R, RP), we have
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As(T AL ) =D Ag(T, pa (D) A ()
o
= Z Ag(T, Afﬁf (pa(T)M)), as A;gj is linear
o

= Z ng(pa(t)n), by the construction of A,
o

= pi*! (Z pa(r)n)
=pi™ ) =P
Define & : Sol W x C®(R, RY) — C*®(R, R?) via the formula
S, &) = As(™, jD).

The operator G is nonlinear of order ¢ + 1 in the first component and linear of
order ¢ in the second component. We have &(u, R, (P)) = P for any u € Sol W
and P € C*(R, R?).

Lastly, define the operator 20 : Sol W x C*° (R, R?) - C*(R, RY) by

M(u, P) =M, (P) =&,(P),

where &, : C®(R, R?) — C®(R, R") is the formal adjoint to the operator &, :
&> G(u, &). We have

£,0M, =R, 06,=6,0R,=1d=1d for any u € Sol W.

Clearly 91 is a differential operator, which is linear of order ¢ in the second
component. Since taking adjoint of the g-th order operator G, itself has order g,
we have O is nonlinear of order 2¢g + 1 in the first component. (]

Following Gromov’s terminology [Gromov 1986, pp. 115-116], Proposition 3.3
implies that for any ¢ satisfying ng > p — n, the first-order operator

D:C®R,RY) > C®(R, RP)

is infinitesimally invertible over WW-regular maps, with defect 2¢ 4+ 1 and order of
inversion g. For « > 0, denote the relation of a-infinitesimal solutions of © =0 as

(13) Ry,

tang

=) 1 j§e @) =0} c T (R RY), a>0.

Next, for o > (2q + 1) — 1 = 2q denote the relation of W-regular «-infinitesimal
solutions of ©® =0 by

(14) Wa = (it OV NRE,, C T R, RY).
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Each W, has the same C*°-solutions for « > 2¢, namely, the VV-regular D-horizontal
curves. Denote the sheaves

(15) ®"Y =SolW, and W)Y=TW, fora>2q.
A direct application of the results in [Gromov 1986, pp. 118-120] then gives us:
Theorem 3.4. Fix q satisfying nqg > p —n, where p = cork D, n =1k D. Then:
o ®W is microflexible.
o For any
o>max{2qg+14q, 2.1+2q}=3q +1,
the jet map jo*': ®W — WV is a local weak homotopy equivalence.

Remark 3.5. It should be noted that the WW-regularity of D-horizontal maps R — M
is independent of any choice of coordinates on M or choice of defining 1-forms A*.
Indeed, these are precisely the class of maps R — M over which the operator ©
(see (1)) is infinitesimally invertible. Since the solution space © = 0 is independent
of any choice, so is the regularity of such maps.

Local h-principle for VW-regular horizontal curves. To keep the notation light,
throughout the rest of this section, we shall treat any higher jet j (x) formally as
variables. That is, j,/ (x) really represents the tuple of formal maps

(F':O'T\R— T,nRY, 1<i<gq)

in the jet space J&’u(x))([l%, RY), and each component 8tiu(x) = F! (8}) e RN are
independent variables. For any 1-form A defining D near y = u(x), the components
of the higher jets j,/(y) will be treated as known scalar values.

Now, consider the first-order relation
(16)  Rimm-tang = | Jo (x) € J'(R, RY) | du, is injective and Imdu, C Dy ).

The solution sheaf Sol Rimm-tang consists of all the D-horizontal immersed curves. It
follows from (13) that Rimm-tang C R?ang. For any « > ¢, where g satisfies ng > p—n,
we have from (14) that the jet projection map p‘l"Jr1 JH(R,RY) - TR, RY)
restricts to a map et .
P |Wa ‘W — Rimm-tang-

In fact, we have the following commutative diagram:

Wy —— RE —— J*TI(R,RY)

tang

a+l1 a+l1 a+l
a Wal l/p] |Rﬁmg Py

Rimm-tang <> R?ang — J](R, RN)

Note that p‘f“ is an affine bundle. Let us now make the following easy observation.
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0

Lemma 3.6. Forany o € Riang>

the fiber of p‘f“ IR, Over o is contractible.

Proof. Ajet jit! (x) € R, CJ*TH(R, RY) is defined by the equation jg,, (x) =0

tang
(see (13)), which expands to the following system:

0= 3 (W*A* ()
(17) =0/ (A, ou) ) :
= (A}, ou) 3K u|, + terms involving j*(x) =0

where 1 <s < p, 0 <k <. Recall the matrix A = ()\‘L ou(x))pxn from (10) and
denote by 8tk u the column vector 8;‘ u= (8," u”(x))nx1. Then, equation (17) can
be expressed as the following affine system:

Aatu =0

A0 = (=@ 0w ")

(18)

A3 u = p x 1 vector involving j*(x)

Note that we have R?ang|(x, u(x)) = ker A. Since A has full rank, given any value of
o = jlx) =8 ueRY,,, the above system can always be solved in a triangular

tang?
way. Clearly, at each step the solution space is affine. It follows that the fiber of
p‘f‘“ |rg,, over o is contractible. O

The discussion so far had no extra assumption on the distribution D. From this
point onwards, we shall only consider equiregular, bracket-generating distributions.
The main goal of this section is to prove the following.

Theorem 3.7. Let D be an equiregular bracket-generating distribution of rank
n and corank p on RN="*P_ with type m. Let qq satisfy nqy > p — n. Fix a jet
o= j; (x) € Rimm-tang- Then for each K > 1, there exists some q(m, K) > qo, such
that for any o > q(m, K) the complement of the fiber Wy |, = (p‘lHl |Wa)*1 (o) has

codimension at least K in R, lo = (p‘f+1 Ingng)_l (o).

As a corollary, we get the local i-principle for WW-regular horizontal maps.

Corollary 3.8. The sheaf map ®"V — [I'"Rimm-tang induced by the differential map
is a local weak homotopy equivalence.

Proof. Fix some jet 0 € Rimm-tang. It follows from Theorem 3.7 and Lemma 3.6 that
the fiber of p‘f“ lw, over o is K-connected for o sufficiently large. Hence, passing
to the infinity jet, we get that the fiber is weakly contractible. By an argument of
Gromov [1986, p. 77], the sheaf map p{°: \I!Zg = I'Woo = I'Rimm-tang 1s then a
local weak homotopy equivalence. Also, from Theorem 3.4 we have the sheaf map
j®: @Y — W is a local weak homotopy equivalence. But then the composition
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Ru 3Ry 3R [0 Ru
A 0‘297(2
S /J-’._Jg,[%peer the highest-order jet 8;1 +y
A é’«\” R appears only in this block
‘&1.011
O Ry -

Figure 1. Highest-order jet of u in A.

pio % O I"Rimm-tang 18 a local weak homotopy equivalence as well. Note
that the composition map is nothing but the differential map u +— du. (]

To prove Theorem 3.7, we need to understand the equations involved in defining
the relation W, C J*t(R, R") as in (14). We have already seen in Lemma 3.6 that
given a jet 0 € Rimm-tang, the fiber of R‘émg|g is the solution space of a triangular
affine system (see (18)). But a jet jb‘j‘“(x) € Wyloe C R‘émg
regularity as well, i.e., the matrix A = A( j,j’“(x)) as given in (12) must have
independent rows. We note the following features of the matrix that will become

useful later in the proof.

| must satisfy W-

Firstly, the A blocks in the off-diagonal of A have full rank. Thus, the rank can
only drop at the first row-block. In any block above the A-diagonal, the highest-
order jet term 9,/ 4 is contributed by the 9/ R, factor, and it appears linearly. In
fact, from (10) we have

(19) O Ry = (dr (7w, 8,)) _\ + a px N matrix in j(x).

pPxN
Furthermore, no component of 3,/ y appears anywhere below the diagonal passing
through this block (see Figure 1). In particular, in each column-block, the highest-
order derivative of u occurs in the first row-block only.

Secondly, each column-block of A has N many columns, which can be labeled by
the framing {1, ..., Oy} of TRY, as it is clear from (19). For any arbitrary choice of
frame {W1, ..., Wy}, we can always perform some (invertible) column operations
on A so that the columns in the target column-block, say the (g + 1)-th column-
block, are now labeled by {Wy, ..., Wy}. Indeed, if we write W; = WZ.J d;, then one
can consider the invertible matrix W = (le e WI{,) NxN, so that multiplying the
97 R, block from the right by W transforms it into the following block:

(20) (d)\‘v(azq“”’ WM))pr + a p x N matrix in j/(x).
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We extend this W to a block-diagonal-matrix W of size N (a+1)x N+ 1)
by putting W as the (g 4 1)-th diagonal block, and Idy in all the other diagonal
positions. Now, if we multiply the matrix A by W from the right, it will perform
column manipulations precisely at the (¢ + 1)-th column-block. In particular, the
top row-block in this column is now (3;/ R,) W, and thus by looking at (20), we may
label this column-block by Wy, ..., Wy. Note that this process does not change
the rank of the matrix, since the column manipulation is invertible by construction.

In the proof, for each column-block of A, we shall only prescribe a subframe
of TR (obtained by using Lemma 2.5), which will then be arbitrarily extended to
a full frame. Performing the column manipulation as described above will make
sure that the target column-block is labeled first by the prescribed subframe and
then by the arbitrary choice of extension. As we shall see, we are not interested
in the columns which are labeled arbitrarily during this process. If the matrix
has full (row) rank after discarding a few columns, then the original matrix will
also have full rank. Thus, given a subframe, say, (Wi, ..., W,) for the (¢ + 1)-th
column-block, we shall say that the (g + 1)-th column-block is relabeled by the
subframe, while discarding the arbitrarily extended part.

Let us now proceed with the proof of Theorem 3.7. We refer to page 226, where
the major steps of the proof are carried out in detail for an example case.

Proof of Theorem 3.7. Let 0 = ju1 (x) € Rimm-tang be a given jet, and y = u(x).
Suppose D has the type m=(0=mgy <--- <m,+; =N =n—+p), where m; =dim D;
for 0 <s <r+1. We denote p; = dim(D}*t!/D}) = myy1 —my for 1 <s <r and
set po = 0. Using Lemma 2.5, we get the vectors

™ eD,, ' eD\D), M eDyT\D;, l<j<ps, l<s<r
at y, and the 1-forms A*/ near y. We write the matrix A (see (12)) in terms of

these A*/’s. As observed in Remark 3.5, this does not change the relations W,,.

Notations: We label the row- and column-blocks of A starting from 0, so that the
(0, g)-th block is 8;’ R, and the (¢ + 1, ¢)-th block is the A block. We will use ¢**

to mean the tuple of vectors (;‘S’l, ..., ¢5Ps) and similarly 7%, n®°, A% etc. In
particular, the matrix A is then given by AT = (A1* ... AP*)y, p- We shall also
use the notation ¢* for the tuple (¢1°, ..., ¢"*) of size p, and ¢%* for 1 <s < r for

the tuple of size p — p,, obtained by dropping the tuple ¢** from ¢°. For notational
convenience, we set 20” ="

Let us first assume K = 1. We need to show that the complement of W, |,
in Ri;nelo has codimension 1 for some « large enough. To achieve this, we shall
find a polynomial P in the jet variables jY(x) so that P being nonzero at some
o€ R(t);ng|l7 implies that the matrix A = A(¢) has full (row) rank. Let us briefly
discuss the proof strategy.
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Step 1: For each column-block of A, we shall prescribe some subframe of T, RN,
consisting of some suitable vectors as obtained by Lemma 2.5 (and thus using the
fact that D is bracket-generating). This step (Algorithm 1) is recursive, and it will
determine the value of g(m, 1). Extending each subframe arbitrarily to a full frame
and then relabeling the column-blocks, we get a new matrix, say, Aj. Since these
operations are invertible, A has full rank if and only if A; has full rank.

Step 2: We shall consider the submatrix B of Aj, with columns labeled by the
prescribed subframes as above and all the rows of A;. B will be a square matrix
and P = det B will be our candidate polynomial in the higher jet variables j**!(x).
Since it is a minor of Ay, det B # 0 at some higher jet & € Ry, |, implies that
A(6) has full rank, i.e, 6 € W, |,. We shall keep using the notation A and 8;’ R, to
denote the respective blocks in B obtained after the column transformations and
curtailing of A. Performing some more (invertible) row and column operations
on B, we shall produce a new matrix Bj, so that det B = det B;. Next, we shall
extract a square submatrix C of B; and observe that det B =det By = +detC.

Step 3: It follows from (18) that if j/(x) is solved, then the solution space
for 9, s given as the affine space V, +ker A =V, + D, (), where the N x 1
vector V, = V,( j&(x)) is obtained using some fixed choice of right inverse A~
In particular, we can write 8tq+lu =X,t114+V, (jl(x)) for 1 < g < a, where X, is
some indeterminate and 79 is a vector suitably set in Algorithm 1 to either 0 € D,
or to one of the vectors %/ € Dy, chosen earlier. Inductively, we then have

20 thHu =X, 77+ termsin X1, ..., X4_1, ...t Vand o =jul(x)
for 1 < g < «. Arbitrary values of Xy, ..., X, will produce j,f‘“(x) € R‘t’gnglg

from (21). We will replace the values of 9, 1y in the matrix C. Treating det C as
a polynomial in the indeterminates X, we shall show that det C is nonvanishing
for suitably large values of X,. Thus, P = det B is nonvanishing when restricted
t0 Riynglo- This will conclude the proof for K = 1.

The crux of the proof lies in suitably choosing the subframes for each of the
column-blocks of A as done in Step 1. We produce a schematic diagram to explain
the process (Figure 2). As discussed earlier, the rank can only drop in the first
row-block consisting of 3 R,, which are represented by the red boxes in Figure 2,
whereas the blue boxes represent the A blocks. Suppose we have dealt with the
rows corresponding to dA"!,...dx%"/" of the first row-block in a manner that,
ignoring the rest of the rows from the first row-blcok, the matrix A up to, say, the
g-th column-block has full rank. We could keep choosing ¢* for the subsequent
column-blocks, which will transform all the A blocks appearing in those column-
blocks into Id,, and thus make sure that the matrix A, after ignoring the rest of the
rows from the first row-block, is indeed full rank.
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(ES 1,e ns,j) (é‘s‘ 2- Y lj) (C 77
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this looks .
like equation (22) |
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like (1d, 0) =

Figure 2. How Algorithm 1 chooses the labeling subframes.

Now, suppose the next row in the first row-block corresponds to dA*/. We label
the (g + 1)-th column-block by the frame (*~"*, */). It follows from (20) that
the last column of the a,q R, block transforms into

d)\s’j(atqﬂu, n*/)+ a p x 1 vector in JI(x).

Since 9/ uisa jet that did not appear earlier in the matrix (Figure 1), we can
prescribe its value arbitrarily to make sure that (at least) the row corresponding
to dA*/ in 8/ R, must be linearly independent. Indeed, it follows from Lemma 3.6,
that given j,! (x), we may choose 9 1y from an affine space, which is parallel to the
distribution D = ker A, and so, given a particular solution of 3,/ + u, we can always
add a vector proportional to t¢ = %/ € D*. This is done in Step 3, by adding Xyt
for large value of X,. It follows from Lemma 3.6 that this will introduce an X,
variable (with coefficient 1) at the dA*/ row, which does not appear anywhere
below this row. Note that the rows appearing above might have some instances
of X, but these rows will be taken care of by some X, variable appearing earlier.
In other words, each row gets assigned a unique X,.

But choosing this subframe (Z“"_l*j , n*/) also introduces a column vector of
unknown scalars in the corresponding A-block at the A5~ Le_rows (see (22)), and in
turn (possibly) reduces the rank for the corresponding row-block. To compensate
for this, we choose a sufficiently high jet of u that we have not used (recall that we
have utilized the jet 9, M so far). Indeed, we may consider ;' u for some q >q,
and look at the block to the right of this A block where this jet appears for the
first time in this row-block. This is represented by a red dashed arrow in Figure 2,
the arrowhead pointing to the block (the green box in the figure) which is used to
compensate for the drop of rank in the A block. It follows from (12) that this block
must look like c&,q -l R, +a p x N matrix in j,j] -l (x), for some positive integer c.
We now perform the same process as above: we choose another subframe, say,
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Input: g.,s, j, d
Qutput: ¢
1: function ChooseSubFrame(q, s, j, d)
2 if d = 0 then > We are in row-block 0
3 79 <« %)
4: else > We are in row-block d
5: 9 <0
6 794 g5
7 Pick subframe (£*~"*, n*/) for column-block ¢
8 qo <4
> If s = 1, then p;_; = 0 and we do not enter the following loop

9: for1 <a<p,_do
10: for 1 <b<gy+1do
11: Pick subframe ¢* for column-block g + b
12: 19« 0e€D,
13: q < ChooseSubFrame(q +¢go+2,s—1,a,q0+1)

return g

Algorithm 1. Algorithm for choosing subframes and t4’s.

(£5=24' y=1J") for the corresponding column-block, choose a value of 97 ~'u,

suitably add some vector proportional to t*~ !/, and thus make sure that at least
one of the rows of this row-block is now independent. But now we need to keep
doing this recursively, as this will again drop the rank of some A block down the
line. The recursion ends when we choose the frame (¢*, n'*/), since this frame will
transform the corresponding A-block into (Id,, 0,1), which already has full rank.

We give a recursive algorithm (Algorithm 1) to choose the appropriate subframes
for some 1 <s <r and some 1 < j < p, starting from some column-block ¢,
while at the same time suitably fixing the vectors ¢ € D, for ¢’ > ¢ that needs
to be used later in Step 3. The inputs of the algorithm correspond to the situation
described above: we have dealt with all the rows appearing before the dA*/-row
in the first row-block, using up till the (¢ — 1)-th column-block. The integer d
corresponds to the depth of the recursion; we begin at d = 0, and then d increases
as we compensate for subsequent the A blocks, as discussed above.

Algorithm 1 outputs the last column-block g for which the subframe and the
vector 77 have been chosen. Note that for s > 2, the algorithm is recursive. Whereas
for s = 1, we choose the frame (¢%*, n/) = (¢*, n"/) and do not enter the for-loop
since p;_1 =0 for s = 1. We can now find all the subframes, starting from some
column-block g by Algorithm 2.

As before, Algorithm 2 outputs the last column-block g for which the subframe
and the vector t¢ have been chosen. We are now in a position to get a suitable value
of g(m, K) for K = 1. First, we choose the frame ¢* for each of the column-block
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Input: ¢

QOutput: ¢

1: function ChooseAllSubFrames(q)

2: for1 <s <rdo

3: for 1 < j < psdo

4: q < ChooseSubFrame(q, s, j,0)+1
return g — 1

Algorithm 2. Algorithm for choosing all subframes.

0,...,qo, where go > 0 satisfies ngg > p —n and set 70=...=1% =0(. Then, let
g(m, 1) = ChooseAllSubFrames(qo + 1). Let us denote the transformed matrix
by A; = Al(j,f(m’l)H(x)). This concludes Step 1.

Next, choose the submatrix B of A; which are labeled by the prescribed columns
chosen as in Step 1. Firstly, note that whenever we are choosing the subframe ¢*
for column-block ¢, the A-block in that column-block of B becomes 1d,,, since A*
is dual to ¢*. On the other hand, choosing the frame (Z*~1*, »*J) for some (s, j)
with s > 1 makes the A block of the form

Idl’1+~-+l’s72 0 0
(22) 0 0 pixi :
0 Wp+otp 0 px(p—ps—1+1)
where * represents the column vector (A%*(n*/)). Lastly, choosing (¢*, n'*/) trans-
forms the A block into (Id, 0,x1)px(p+1)- It follows that B is a square matrix of
size p(g(m, 1) +2) x p(g(m, 1) +2).

Let us now perform some invertible row and column operations on B, keeping
its rank fixed. Starting from the bottom right corner of B and then going towards
the top left corner, we consider each Id block in the off-diagonal A block. Next
using these Id blocks in order, we make everything zero first along the columns and
then along the rows. Denote the new matrix by B; and observe that det B = det Bj.
In any nonzero block of B above the A diagonal, the highest-order derivative of u,
say 8211w, is still contributed by the 3¢ R,, factor of this block. In fact, any of these
blocks look like

(Opxpr—1y €dr* @ u, ")) + terms in ji(0)) .,
for some integer 1 <c¢ <g(m,1)andsome p'e{p+1, p—p;+1, 1 <s <r}.
Note that this integer c is the integer coefficient of the respective d;/ R, factor as
in (12). Let C be the square submatrix of By obtained by removing the rows and
columns corresponding to the Id blocks so that we have det B = det By = £ detC,
concluding Step 2.
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The columns of C are precisely those columns corresponding to some 1*/ chosen
earlier via Algorithm 2, whereas the rows of C correspond to each row from the
first row-block of By, and all the rows starting with some A%/ ’(ns /) from the other
row-blocks. Let us now show that det C # 0. We replace 9, = Xyt9+...inC
by using (21). By (i) the construction of C, (ii) the choice of 79’s in Algorithm 1,
and (iii) from Lemma 2.5, it follows that in each row of C there exists a unique
column so that the element in this position satisfies the following:

o The element looks like, cX, +terms in X1, ..., X,_1, for some g and some
integer 1 <c¢ <g(m, 1).

e X, does not appear anywhere in C to the left of this column.

* X, does not appear anywhere in this column below this row (but may appear

above this row).

Note that, not every variable X, appears in C, since we have set many 77 = 0.
In fact, there are precisely ¢ many variables appearing, where C has the size g x q.
Hence, for notational convenience, let us rename the appearing X,’s to {Y1, ..., Y3}
in the increasing order. By expanding det C, we then have the recursive formula:

detC =Y, f;_1(0.Y1,.... Y5 1)+85-1(0. Y1,....Y;_1)

fa-1(0. Y1, .. Y1) =Y 1 f2(0,Y1,...,Y50)+g52(0,Y1,....,Y52)

(23) :

f2(0.Y1,Y2) =Ys fi(o, Y1)+gi(0, Y1)
f1(0, Y1) = YidetC+go(0)

Above, f;, gi are polynomial functions, where gg depends only on the choice of
the first jet o = j!(x). The matrix C has the following property: for each row
of C, there exists a unique column, so that the element in that position is an integer
(corresponding to the coefficient of some X,) and everything below this integer in
this column is 0. Indeed, this column corresponds to the unique column of C with
the first occurrence of X, as discussed above. Then, some column permutation puts

the matrix C in an upper triangular form, with nonzero integers in the diagonal. In
particular, det C # 0. Hence, choosing Y1, Y2, ..., ¥; successively and sufficiently
large, we can see from (23) that det C # 0. In other words, we have shown that the
polynomial det B is nonvanishing when restricted to R?a(nng’l) |o» which concludes
Step 3.

To finish the proof for K =1, let @ > g(m, 1). First perform ChooseAl11Sub-
Frames(go+ 1) as above. Next, for g(m, 1) + 1 < g < «, choose the subframe ¢*
for the column-block ¢ and set t7 = 0. We can then continue with the rest of the
argument as above without any change. In particular, for any o > g (m, 1), we have

the codimension of the complement of W, |, is at least 1 in Rf;mgh,.
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Let us now induct over K. Suppose for some K > 1, we have obtained a suitable
g(m, K) and some polynomials Py, ..., P in the jets j,! (m’K)(x) so that

Wamx))° C{P1=---=Pg =0}, codim{Pj=---=Pg=0}=K in R |,.
We set g(m, K + 1) = ChooseAllSubFrames(g(m, K) + 1). This will produce a
new polynomial Pk involving jets that were not involved in any of the Py, ..., Pk.
But then codim{P; =---= Pk, =0}>K+1in tha(n“;’KH) |o. Also by construction,
Wy, k+1))¢ C{P1 =---= Pg41 =0}. Proceeding similarly as in the K =1 case,
we can finish the inductive step.

This concludes the proof of Theorem 3.7. ([

A toy case. Let us consider a toy case to illustrate the major steps in the proof
of Theorem 3.7. We consider a bracket-generating distribution D, of rank n = 10
and corank p = 4, on a manifold M with dim M = 14. Suppose D*> = TM and
k(D% D) = 2 = rk(D?/D?). Thus, D has the type

m=(0=m0<m1=10<m2=12<m3=14),

and we have p; = 2 = p;. For some x € M, using Lemma 2.5, we choose the
necessary vectors ) € Dy, n¥l e D*, ;'“’j € D‘;H forl<j<psjand1<s<2
and the 1-forms A%/, Clearly, for gy = 0 we have ngg > p —n = —6. Let us now
determine g(m, 1) and see how Algorithm 2 produces the subframes for different
column-blocks of the matrix A:

pick ¢* for column-block 0, pick (¢°, n'1) for column-block 1,
pick (¢°, n'?) for column-block 2, pick (g:l", n>1) for column-block 3,
pick ¢* for column-blocks 4 to 7, pick (¢°, n"1) for column-block 8,
pick ¢* for column-blocks 9 to 12, pick (¢°, n'?) for column-block 13,
pick (21", n>?) for column-block 14, pick ¢* for column-blocks 15 to 29,
pick (¢°, n'1) for column-block 30, pick ¢* for column-blocks 31 to 45,
pick (¢*, n"?) for column-block 46.

Thus, we may take g(m, 1) = 46. The submatrix B is a square matrix of size
4 x (46 +2) = 192. We also choose the vectors 79 as

‘Elz‘[l’l, ‘EZI‘EI’Z, t3:772’19 ‘E4=‘L'1’1,

= l2 W22 5oLl 31 112
and set all other 77 =0 for 0 < g < 46.
Removing all the rows and columns corresponding to some Id block in the
off-diagonal, we get the matrix C of size 8 x 8 from B. Let us also replace



THE h-PRINCIPLE FOR TRANSVERSE MAPS 227

a‘ﬁ‘l —

; u=X,t9+... in C. Then C looks like
nl,l nl,2 772,I nl,l n1,2 n2,1 nl,l nl.2
X1+* ?XQ—F* OXQ—{-* r))(4—|->|< r’Xg—i—* ?X14+>l< ?X15+* ?X31+>I<
OX1+>I< X2+>k 9X3+>k r))(4—|->|< r’Xg—i—* ?X14+>l< ?X15+* ?X31+>I<
OX1+>I< OX2+>I< X3—|—>|< r7)(4—|—>|< r’Xg—i—* ?X14+>l< ?X15+* ?X31+>I<
C=|0X;+* 0Xo+* O0X3z+x* 2Xs+x* ?2Xo+* Xpu+x*x 2Xi5+* 72Xz +x*
0 0 )\‘2,1(772,]) X4+>l< r)Xg—i-* OX14+* ?X15+* ?X31+>I<
0 0 22221 0Xs+% Xo+x O0Xpa+% ?2Xis+% 2X3 4+
0 0 0 0 0 A2 Xis+x 2Xa 4%
0 0 0 0 0 AR2(>Y) 0Xys+* X3 +x .

Above, x in some ?X; + * denotes terms involving X1, ..., X;_;. Also, to keep the
calculation simple, we have set the (nonzero) integer coefficients to 1 for the highest-
order X, uniquely associated with each row. We can find a recursive formula for
det C as in (23). In particular, the matrix C is given by

1

(@}

cleoleoBoNeoReR el

9

S OO O OO -

9

SO OO O = 0

2

S OO = 0 D D

O O = D Y D Y

2

SO OO = 9D

2

O =D D D D D e

9

8x8

which obviously satisfies det C # 0.

4. The h-principle for transverse maps

Given a distribution D, a map u : ¥ — M is said to be transverse to D if the
compositionmap T X s wTM 2> u*TM /D is surjective, where A : TM — TM /D
is the quotient map. We have the following theorem.

Theorem 4.1. Let D be an equiregular bracket-generating distribution on a mani-
fold M. Then, maps transverse to D satisfy the C°-dense parametric h-principle.

Once we have the microflexibility (Theorem 3.4) and the local A-principle
(Corollary 3.8) for W-regular horizontal maps R — M, the proof essentially follows
from the steps outlined as in [Gromov 1986, p. 84]. The details were worked out in
[Eliashberg and Mishachev 2002, Theorem 14.2.1] when the distribution is contact,
and in [Del Pino and Presas 2019, Theorem 4] for the case of Engel distributions.
We include the sketch of the proof for the general case.

Proof of Theorem 4.1. Let Ryan = {ju1 (x) | Aoduy is surjective} C JU(Z, M)
be the relation of D-transverse maps ¥ — M. Since Ryan iS open, we have
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Sol Ryan 1s microflexible and furthermore, j 1 S0l Riran — I'Rigan is a local weak
homotopy equivalence. To prove the h-principle, we need to find some suitable
(local) microextensions (in the sense of [Bhowmick and Datta 2023, Definition 5.10])
to maps Y — M, where £ =% x R.

Let us consider the following class of maps:

GW-ran _ {u Sy ‘ u is transverse to D, and for each o € T }

|y xR s @ W-regular, D-horizontal, immersed curve |

We prove the microflexibility and local A-principle for @YV-tran

D =(/_, kerA*, let us consider the differential operator
D:C®(E, M) - hom(TR, R?) = C® (S, M),
u—> A rr) = (™2 (9))).

. Assuming that

Clearly, u : $ — M is a solution of ® =0 precisely when u|, «r is D-horizontal for
each o € ¥. The linearization of ® at some  is then given by a formula identical
to (3). Since ¢ is a global coordinate on T =% x R, we have a splitting of the jet
spaces. Denote by j[fH’L(x) the higher derivatives purely along the ¢ direction.
We then see that the matrix A = A(j,/ ) asin (12), in fact depends only on ]‘Hl +
Let Rtmn cJ! (2 M) be the relation of D-transverse maps ¥ — M and define
Wtrdn Jq+l(2’ M) by

wiran = {54 () | i1 (x) € Rian, dru(x) #0, A4+ (x)) has full rank].

By similar arguments as in Section 3, the operator Dis infinitesimally invertible on
yptran. regular maps.
Let RY ={j7 x) | J@( )(x) = 0} for @ > 0 and then for @ > 2¢q define

tang

W;ran:( o+ ) I(Wtrdn)mR C]aJrl(E,M).

tang

It is then immediate that the smooth solutions of WY are all same and in fact
@W-ran — §o] WA Just as in Theorem 3.4, we have the microflexibility for &V-ran,
and jot!: W- tan — MW is a local weak homotopy equivalence for o large
enough. Since V"™ is invariant under the pseudogroup of fiber-preserving local
diffeomorphisms of ¥, we have the flexibility of the restricted sheaf &V |5
[Gromov 1986, p. 78].

Define the relation

Riang-tran = { Jo () € Rigan | 0 # du(x) € Dy} € J'(E, M).

We have the jet projection map JU(E, M) — JU(E, M) which restricts to a
map Wi — ﬁtang_tran. Since transversality is a first-order regularity condition,
we deduce analogous to Corollary 3.8 that the map QW-tran _, Fﬁtang_tmn induced
by the differential, is a local weak homotopy equivalence. Now, we have a map
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ev: Fﬁtang_mn — I"Riran induced by the restriction u — u|x xo. By choosing some
arbitrary nonvanishing local sections of D, we can easily get local (parametric)
formal extensions along this ev map on contractible open sets of . Thus, ﬁmng_tran
is a microextension of R,y. We can now finish the proof of the A-principle as in
[Bhowmick and Datta 2023, Theorem 2.18]. O

We would like to note that Martinez-Aguinaga and Del Pino [2022] recently
have proved the above h-principle (among many other strong results) under similar
constant growth assumption on the distribution, albeit using a completely different
rather geometric technique. We believe that the technique utilized in the present
article can be adapted to a broader class of problems, including the existence of
horizontal immersions of submanifolds. Indeed, this method seems promising to
address the following conjecture by Gromov.

Conjecture [Gromov 1996, p. 259]. Given a distribution D on M, Q-regular (i.e.,
(dA*)-regular) D-horizontal immersions ¥ — M satisfy the complete A-principle,
provided dim M > (dim £ + 1) codim D.

Immersions transverse to a distribution. Whenever dim X < dim M, an immersion
u: X — M is said to be transverse to D if u is an immersion and the composition
map TX — u*(TM /D) is of full rank. The following A-principle is well known.

Theorem 4.2 [Gromov 1986, p. 87; Eliashberg and Mishachev 2002, p. 71]. Let D
be an arbitrary distribution on M. If dim X < cork D, then immersions ¥ — M
transverse to D satisfy all forms of h-principles.

The critical dimension dim ¥ = cork D is not covered by the above theorem.
Although, for the special case of D being either a contact [Eliashberg and Mishachev
2002, Theorem 14.2.2] or an Engel distribution [Del Pino and Presas 2019], the
h-principle holds for all transverse immersions. The A-principle for smooth immer-
sions transverse to real analytic bracket-generating distributions was proved in [Del
Pino and Shin 2020]. We have the following.

Theorem 4.3. Let D be an equiregular bracket-generating distribution. Then,
CO-dense, parametric h-principle holds for immersions ¥ — M transverse to D,
provided dim ¥ < dim M.

Proof. The proof is identical to that of Theorem 4.1. Denote by Rimm C J Wz, M)
the relation of immersions ¥ — M, and similarly 7~€imm cJ l(i, M) where we
have & = ¥ x R. Then, Rimm-tran = Riran N Rimm 18 the relation of immersions
3. — M which are transverse to D. The microextension is provided by the relation

Rimm—tang—tran = Rtang—tran N Rimm,
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where Riang-tran 18 as in Theorem 4.1. We have the map
ev: 1—”Rfimm—tang—tran — I"Rimm-tran

induced by u > u|x«o. Since we have that dim ¥ < dim M, we can always find
nonvanishing (local) extensions along the ev map. The A-principle then follows. [J

In particular, we have the h-principle for D-transverse maps X — M for dim X =
cork D, provided D is bracket-generating. Also, taking D = TM, Theorem 4.3
reduces to Hirsch’s A-principle for immersions ¥ — M [Hirsch 1959].

Remark 4.4. When dim X > cork D, one can also treat immersions ¥ — (M, D)
transverse to D as partially horizontal immersions [Gromov 1996, p. 256]. It turns
out that all such maps are €2,-regular in the sense of Gromov. One can then get a
stronger version of Theorem 4.3, where the distribution can be taken to be arbitrary,
and thus extending Theorem 4.2.
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