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ON MULTIPLICITY-FREE WEIGHT MODULES
OVER QUANTUM AFFINE ALGEBRAS

XINGPENG LIU

Our goal is to construct and study the multiplicity-free weight modules of
quantum affine algebras. For this, we introduce the notion of shiftability
condition with respect to a symmetrizable generalized Cartan matrix, and
investigate its applications on the study of quantum affine algebra struc-
tures and the realizations of the infinite-dimensional multiplicity-free weight
modules. We also compute the highest £-weights of the infinite-dimensional
multiplicity-free weight modules as highest £-weight modules.

1. Introduction

Let Uy (g) be the quantum affine algebra (without derivation) associated to an affine
Lie algebra g over C in which g is not a root of unity. In this note, we are concerned
with infinite-dimensional multiplicity-free weight representations, i.e., those with
all of their weight subspaces one-dimensional, over U, (g). As we shall see, these
representations are the basic representations toward the infinite-dimensional modules
of quantum affine algebras.

In the classical cases, the multiplicity-free weight representations over finite-
dimensional simple Lie algebras, or more generally, the bounded weight repre-
sentations have been extensively studied in [Benkart et al. 1997; Britten et al.
1994; Grantcharov and Serganova 2006; 2010]. These representations play a
crucial role in the classification of simple weight modules of finite-dimensional
simple Lie algebras (see [Mathieu 2000]). For the quantum groups of finite type,
Futorny, Hartwig, and Wilson [Futorny et al. 2015] gave a classification of all
infinite-dimensional irreducible multiplicity-free weight representations of type A;.
Recently, the infinite-dimensional multiplicity-free weight representations of the
quantum groups of types A,, B, and C, were constructed in [Chen et al. 2024].

As an important class of multiplicity-free weight modules, the g-oscillator repre-
sentations over Uy (g) of types A,(,l), C,El), Agzn), and D,(lz_gl have been obtained in
the works of T. Hayashi [1990] and A. Kuniba and M. Okado [2018; 2013; 2015].
Our goal is to construct infinite-dimensional multiplicity-free weight representations
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of Uy(g) in a general way. For this, associated to each symmetrizable generalized
Cartan matrix, we introduce a system of equations in a Laurent polynomial ring A
(essentially, the Cartan part of U,(g)) by the shift operators. We say that the
corresponding generalized Cartan matrix satisfies the shiftability condition if the
system of equations has solutions (see Section 4A). One result of this note is
that an affine Cartan matrix satisfies the shiftability condition if and only if the
relevant Dynkin diagram is one of the types mentioned above (see Theorem 4.2).
The solutions allow us to define U, (g)-module structures on A, and to relate the
quantum affine algebra structures with the n-fold quantized oscillator algebra. Our
method for the construction is parallel with the earlier work concerning U %-free
modules [Chen et al. 2024]. Namely, we can get the multiplicity-free weight
modules of U, (g) by applying the “weighting” procedure to the above modules
on A. In particular, the g-oscillator representations can also be reconstructed.

For the study of weight representations of quantum affine algebras, the concepts
of £-weights and £-weight vectors have proven especially useful, allowing one to
refine the spectral data properly in weight representations. For example, we have the
classification of irreducible finite-dimensional representations (see [Chari and Press-
ley 1991; 1998]) and infinite-dimensional weight representations of quantum affine
algebras [Hernandez 2005; Mukhin and Young 2014] by highest £-weights (their
highest £-weights are determined by Drinfeld polynomials and rational functions,
respectively). In this note, we shall compute explicitly the highest £-weight of the
g-oscillator representations. For the type A,(,l) , the highest £-weights of g-oscillator
representations also were discussed in [Boos et al. 2016; 2017; Kwon and Lee 2023].

The paper is organized as follows. In Section 2, we give some necessary notation,
and review two presentations of quantum affine algebras. In Section 3, we recall
the definition of highest £-weight representations. Then we obtain the classification
of highest £-modules with finite weight multiplicities in general. In Section 4,
we introduce the notion of shiftability condition, and present the solutions to
the corresponding system of equations, which allow us to study the compatible
structures of quantum affine algebras with the n-fold quantized oscillator algebra. In
Section 5, the infinite-dimensional multiplicity-free weight modules are constructed.
In Section 6, we compute the highest £-weight of the g-oscillator representations.

Conventions. Let Z, R, and C be the sets of integers, real numbers and complex
numbers respectively. Denote C \ {0} by C* and the set of nonnegative integers
by Z>¢. Finally, §;; is the Kronecker symbol.

2. Preliminaries and notation

First, let us recall some necessary notation and two presentations of quantum affine
algebras based on [Beck and Nakajima 2004; Drinfeld 1987; Kac 1990].
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2A. Affine Kac—Moody algebras. Let g = g(X ](J)) be an affine Kac—-Moody al-
gebra with respect to the generalized Cartan matrix A = (a;;); jes of type X 1(\;),
where I = {0, 1,...,n} is an indexed set and X 1(\,) is a Dynkin diagram from [Kac
1990, Table Aff r], except in the case of X ") = A(z) (n > 1), where we reverse
the numbering of the simple roots.

Let {a;}ier C b* (resp. {ocl.v},-el C h) denote the set of simple roots (resp.
simple coroots) such that (o, ) = a;;. Let Q = @, ¢; Za; be the root lattice
of g. Set QO = P, Z>o00;. Assume that § = ) a;e; and ¢ = ) a . are the
smallest positive imaginary root and a central element of g, where ¢; and a;” are
the numerical labels of the Dynkin diagrams of X I(V and its dual, respectlvely Let
{w; }ies denote the fundamental weights of g, i.e., {(w;,« a; Yy=46;jfori,jel.

Let W be the affine Weyl group of g (which is a subgroup of the general linear
group of h*) generated by the simple reflections s;(A) = A — (A, ) )ev;, )LOG h*,
i € I. Note that w(§) = § for all w € W. Set Iy = I \ {0}. Denote by W the
subgroup of W generated by the simple reflections s; fori € Ip. It is a finite group.

Take the nondegenerate symmetric bilinear form (-,-) on h* invariant under the
action of W, which is normalized uniquely by (A, 8) = (A, ¢) for A € h*. Define D
as the diagonal matrix diag(dp, ..., d,) withd; = a_l V . Then (o, ;) =d;a;; for
alli, j € I. Let A be the root system of g, AT = A N (j:Q+) and let A™ = A\Z6
be the set of real roots. For each a € A™ we set d = max(1, 1 (e, @)). In particular,
write d; simply for d . Then

gl ifr=lor x =40,
d; otherwise.

Denote by A= (aij)i,jer, the Cartan matrix of finite type, and let g be the
ass001ated 51mple finite-dimensional Lie algebra. Then {cx, }iel, 1s a set of simple
roots for §. Let Q Dic 1o Lot be the root lattice for g, and let P be the weight
lattice of the euclidean space R ®7 Q C b* defined as P = @le 1o Z&i, where
(@i, o) = 6 jd Then Qo can be naturally embedded into P, which provides
a W-invariant action on h* by x(1) = A—(x, A)S for x € P.Ae h*

Define the extended Weyl group by W =W x P. We also have W = W T,
where = {w € W | w(AT) c AT}, which is a subgroup of the group of the
Dynkin diagram automorphisms. An expression for w € W is called reduced if
w = TS, -+ Si;, where € .7 and [ is minimal. We call the minimal integer / the
length of w, and denote it by /(w).

2B. Quantum affine algebras. The quantum affine algebra Uy (g) in the Drinfeld—
Jimbo realization [Drinfeld 1985; Jimbo 1985] is the unital associative algebra
over C generated by X; + , X;, K il, i € I, with the following relations:

(2-1) KiK;'=K'K; =1, K;K;=K;K;,
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+ - taij v+
(2-2) KiXFK ' =q; " X",
+y— Ki— K
(2-3) X; X —X X 8,1—_1,
qi —4;
1—a;;
—a iy
ey ) - 1>’{ U] XFFEXFXH! 0, =0 for i # j,
k=0 qi
where ¢ € C* is not a root of unity and ¢; = qdl’ . We have used the standard notation:
!
q"—q" ! m [mly
ol = Tl = bl =)ot 7] =
T g—q! 7 ! LR I N

In particular, we denote [m],, by [m]; for simplicity.

Let U° be the commutative subalgebra of U := Uy (g) generated by K;, K;~ 1
i € I. Itis clear that each element in U? is a linear combination of the monomials
Kg = KgOKf' Kb for B =Y icrbia; € Q. In particular, Ks is a central
element in U. Let U™ (resp. U ™) denote the span of monomials in X i+ (resp. X;7).
Recall that U has a canonical triangular decomposition U = U~ ® U° ® U ™. For
later use, we note that U™ is graded by Q4 in the usual way: U* = Pgeg., U;'.

Let us recall the Hopf algebra structure of U with the coproduct A, the antipode S,
and the counit € defined as follows:

AK)=K ®Ki, AXDH=X'®1+K X,
_ — -1 —
S =—K' X S(X) =-X7Ki, S(K) =K,
X =0=e(X]), e(K)=1.

There exists another presentation of U due to Drinfeld [1987]. Just like the
realizations of the affine Kac—-Moody algebras g as (twisted) loop algebras, this
presentation of U is generated by the Drinfeld’s “loop-like” generators.

Consider the root datum (X, o) with o a diagram automorphism of Xy of
order r. Let A = (@ij)1<i,j<n be the Cartan matrix of the type Xy, and let  be a
fixed prlmltlve r- th root of unity. Note that if r =1 (i.e., o is an identity) we have
N=nand A= A if r > 1, then X is one of the simply laced types: Ay (N > 2),
Dy+1 (n>2),0or Eg. We use i € I to stand for one representative of the o-orbit
of i on {1,2,..., N} such that i < o*(i) for any s. Take the set of simple roots
{a; }1<i<n and the normalized bilinear form ( , ) (by abuse of notation) such that
(@, ;) =d;aij if r =1 and otherwise (;,a;) =a;; for1 <i,j < N.

The quantum affine algebra U (add the central elements K +1/2y jg isomorphic
to the algebrageneratedbyx y (I1<i<N,keZ), hiy (1<i=<N,kez\{0}),
kil (1<i<N),and the central elements C £1/2 , subject to the following relations:
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+ _ k.+ + kgt
Xa(i) e =@ Xk ho(i),k_w his ka(l)

ik =k =1, kk:kh kihjg = h; ki,

feE!

kx k—ql 47 x3 kk,,

1 k(ot-,oc s ) Ck_C—k
2-5) MMJ%ﬂ=&H—(21_J_££Llwm)____r
1

k\ = d; a4 —4;~
1 C-Tk(@, Tgs( )
[hi,k»)?fz] _ iE(Z[ i d—.a () ]kas)c¢|k|/2xlj’:k+l
s=1 ! l
k=1)/2..+ —(k=1)/2.,—
b x] = (Xr:‘gw(z‘);’w”)c( Y = €Y
S V= Gi 4" |

where the ¥ iik are the elements determined by the following identity of the formal
power series in z:

o o0
(2-6) §:wiﬂzik=k?1wp(i@;—%‘5§:huﬂzﬂ),
k=0 =1

together with the quantum Serre—Drinfeld relations, whose explicit forms will not
be used in this paper. One can refer to [Drinfeld 1987] for more details and to

[Beck 1994; Jing 1998] and [Damiani 2000; 2012; 2015]! for a proof.
Under the 1som0rphlsm we have X + = xlio, Klil kl.il for i € Iy, and
= C. Note that wl’_ K= wl’ =0 for any positive integers k, and wi“’—LO = kiil

from the identity (2-6).

From the relations in the Drinfeld presentation, U is essentially generated by
X;, d ¢ ( €lokeZ), higr (i €lo,keZ\{0}), kjEl (i € Ip), and the central
elements C*1/2 (see [Damiani 2012, Proposition 4. 25]) Moreover, the quantum

affine algebra U has a triangular decomposition [Chari and Pressley 1994; 1998]:
2-7) Uz=UR)UO0)U(>),

where U(=) (resp. U(<)) is the subalgebra generated by x;" ik (resp. xl A )
i € Iy, k €Z, and U(0) is the subalgebra generated by C +1/2 and ki hi k.1 €Iy,
k € 7\ {0}.

3. Highest {-weight representations with finite weight multiplicities

In this section, we recall basic notation of representations over quantum affine
algebras: weight modules, £-weights, and highest £-weight modules. Most of the

IThe author used the notation H , H; ;, which is related with the notation 1// h; 1 by H
C2IT ik and Hy = €120y .
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definitions and results in this section are well-known; one can refer to [Chari and
Pressley 1991; Mukhin and Young 2014].

3A. Highest £-weight modules. We begin with the notion of highest £-weight
modules. Thanks to the Hopf algebra structure of U (inherited from U), the set of
all algebra characters of U, i.e., all algebra homomorphisms from U° to C, has
an abelian group structure. The addition and the inverse are given by

A+ =@A@u oAl), (=A))=2~r0S(u)

for any algebra characters A, i1, and u € U°. Denote this group simply by (2, +).
Any B € b* induces a character in 2" by assigning K; to ¢(8-%1) for i € I, which
is unique up to a constant multiple of §, so we still denote it by € 2 .

For a U-module V and A € 27, define

Vi={veV|uv=A@u)v forall ueU°.

By the defining relations (2-2) we have X l.i.V,\ C Vg, - If V) is nonzero, then
we say A is a weight of V', and V) is a weight space of weight A. A nonzero vector
v € V) is called a weight vector of weight A. If the weight space V) is finite-
dimensional, then dim V) is called the multiplicity of the weight A. Call V' a weight
module if V =, V). Moreover, a weight module V' is said to be multiplicity-free
ifdimV, <1forallAe 2.

Throughout this note, we assume that the central element C acts trivially on a
U-module. So any weight A of a U-module is level-zero, that is, A(Kg) = 1.

Note that the actions of the wl.jfk on a U-module commute with each other by
(2-5) and (2-6). For a weight A of V' with finite multiplicity, we may refine the

weight space V), as
= @D W

ywi(y)=A
Vy={v eV |VI<i<Nk=03meZso. (Vo —vine)" v =0}

where y = (Vi:,ti k) 1<i<N.kez-, is any N-tuple of sequences of complex numbers
satisfying that ViJ,FOViTo =1 and ygt(l-)’ik = wikylitik forall1 <i < N, and we
associate y with a level-zero weight wt(y) € 2 by setting wt(y)(K;) = yl-fo for all
i € Ip. Call such a sequence y an £-weight and V), the £-weight space of y if V) is
not zero.

Given an £-weight y, the defining relations in the Drinfeld presentation imply that
y is completely determined by the tuple of complex numbers ()/,-jfiji kielykez=o-
Note that the yl-jfk for cz 1k are zero. Hence we may write y = ()/l-jfi Jl»k)ie Io,kez;)
directly without any ambiguity. -

Now we can define the highest £-weight modules.
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Definition 3.1. We say V is a highest £-weight modules of highest £-weight y if
V' = U.v for some nonzero vector v € V' such that xl-fk.v =0forl <i<N,keZ,
and Y5 v =y vfor 1 <i <N, k € Zso. By (2-7), dimV,, = 1, s0 v is
unique up to a scalar; we call it the highest £-weight vector of V.

3B. The classification theorem: rationality. In this subsection we give the classi-
fication of simple highest £-weight modules with finite weight multiplicity, which
appeared in [Mukhin and Young 2014] for untwisted cases.

We say an £-weight f = (][iflj:[iik)ielo,kez>o is rational if there is a tuple of
complex-valued rational functions ( f;(z));er, in a formal variable z such that for
eachi € Iy, fi(z) is regular at 0 and oo, f;(0) f;(c0) =1, and

oo o0

T -k
) fi,a}kz =fi) =), Jiai®
k=0 k=0

in the sense that the left- and right-hand sides are the Laurent expansions of f;(z)
at 0 and oo, respectively.

Let R be the set of all rational £-weights. Then R forms an abelian group with the
group operation (f, g) — fg being given by componentwise multiplication of the
corresponding tuples of rational functions. We will not always distinguish between
a rational £-weight f* and the corresponding tuple ( f; (z));e1, of rational functions.

Recall from [Chari and Pressley 1991; 1998] that simple finite-dimensional
modules of U are highest £-weight modules, and their highest £-weights f are
parametrized by the tuples of the Drinfeld polynomials. More precisely, there exists
a tuple of polynomials (P;(z));er, with all P;(z) having constant coefficient 1

such that f satisfies that for i € I,

P, — . .
oy = 0 (a2 Pa @) ) = (A5 ),
’ g (P;(q22)/ Pi(2))  otherwise.

Therefore, the highest £-weight of any simple finite-dimensional module is rational.
In general, we have the following theorem.

Theorem 3.2. Let V be an irreducible highest £-weight module. Then all weight
spaces of V are finite-dimensional if and only if its highest £-weight f belongs to R.

Proof. For the nontwisted cases, one can refer to [Mukhin and Young 2014, Theorem
3.7]. The proof of the twisted cases is essentially parallel to that of the untwisted
cases thanks to the triangular decomposition (2-7) of the Drinfeld realization. [

4. Shiftability conditions and algebra homomorphisms

In this section, the notion of the shiftability condition with respect to a generalized
Cartan matrix will be introduced, and the compatible structures of the quantum
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affine algebras with the n-fold g-oscillator algebras are given from the g-shiftability
condition.

4A. Shiftability conditions. Let A = (a;;); je; be any symmetrizable generalized
Cartan matrix. Let 4 be the Laurent polynomial ring over C in the variables x;,
iel,ie, A= C[xl-il,i e I]. For each i € I, consider the algebra automorphism
¢+ A— Agiven by §i(x;) = qi_5i./xj for j € I. For any distinct i, j € I, we say
a pair of Laurent polynomials ( f, g) in A is (i, j)-shiftable if f, g satisfy

fe=5"1NE" ().

Set {x};:=(x—x"1)/(q;i — ql._l) for any unit x in .4, and for simplicity, write

{x}=(x—x"1)/(g—q™"). Define the elements y;, y;' ! € A by
+a;;
it =115
jel

Consider the following system of equations with respect to the variables ¢;, i € I,
in A:
@1 Si(¢i) — diil: {yiiil,
bidj = ()G (d)),
In general, this system of equations does not always have a solution. It depends on
the choice of the generalized Cartan matrix A. Therefore, we can say A admits the
q-shiftability condition when the corresponding system (4-1) has a solution.

By a quick computation, we obtain a family of solutions to (4-1) for A of types
Ap and Agl) .

Example 4.1. (i) For the type A,, a pair of Laurent polynomials (¢1, ¢) where
o1 = {qul}{bxl_lxz} and ¢, = {qul_lxz}{bxz_l} for each scalar b € C*
is a solution.

i, jeli#]

(i1) For the type A(ll), consider the Laurent polynomials ¢g = {quOxl—l }{bxalxl !
and ¢; = {qualm}{bxoxl_l} for any scalar b € C*. It is easy to check that
(¢po, ¢1) is a solution.

In what follows, the g-shiftability condition for the generalized Cartan matrices
of affine types will be investigated. Now assume that A is an affine Cartan matrix
as in Section 2. Then we have the first main result in this section.

Theorem 4.2. There exists an (n+1)-tuple of Laurent polynomials in A satisfying
the system (4-1) if and only if A is of the type A,(ll) (n>1), C,El) n>2), Agzn) (n>1)

or D,(lz_gl (n>2).

The proof of Theorem 4.2 will be given in the Appendix. Here we list all tuples
of Laurent polynomials (¢;); <y satisfying (4-1) for each affine Cartan matrix A in
the theorem above.
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For the type A,(il) (n>1):
({gbazo}{baz1}. {gbaz1}{baza}, ..., {qbazn}{bazo}).
For the type C,Sl) (n>2):

({gobcz1 Yotbezito. {q1beziti{bezatt, - .\ {qn—1bCZn—1}n—1{bC Zn}n—1.

o {dnbeznintbezy in).
For the type A5 (n > 1):

3 1 1 1 1 1
({lq 2z1¥011q 2z1}0, {192 z15101q 22231, -, {192 Zn—1}n—1419" 2 Znn—1,

— L gEzah).
) 4n _quI
For the type D, (n > 2):
1 _ _ _
(—_l{zq Y21}, {1gzih1l1q ' 22}, oo (1gzn—1in—1{1g " Zn}n1.
4o — 4y
1
m{lqzn}n)-
n—n

Here, 1 = ~/—1. The elements z; € A involved in the above solutions and the
relations in our notation are given as follows for each type:

1
For A,(1),
RS (N _ -1 -1 _ -1 X
Zi = X; 1 Xi, zo=1(z1--2n)" ", Yi =ZiZjy1, Yn=2ZnZgy » A,‘,')E .
1
For C,g ),
—1 -2 -1 2 —1/4 —1/4
Zi = X; 1 Xi, YO=Z1 s Yi=ZiZiy1» Yn=Zps bc;ll)=q /4 or 1q /4,
)
For A5,

(Sl

zj =xl-__11xi, Zn =x,7_11x,21, Yo =Z1_2, Vi =ZiZi_+1h Yn=12n, bA(22n> =1q
For D,(lz_gl,
Z1 =x52x1, Zi =xl-__11x,~, Zn =xn__11x,3, Vi =Z,~Zl~_+11, Yn=12Zn, Yo ZZI_I,

bp® =1q"".
By our convention, the Dynkin diagrams of the above four types and the corre-
sponding g; = qdi are the following:

[~
BN
=
LN}
(N
LS
(S
L)
(Sl
K
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g qa g2 q 4 P g

o S o

0 1 n—1 n 0 1 -1 n
(A2) (DI

Remark 4.3. One can also consider the shiftability condition for a generalized
Cartan matrix A in the classical sense. More precisely, consider the polynomial
ring AT = C[x;,i € I], and the algebra automorphisms ¢; : AT — AT defined by
Ci(xj)=x;—4;; forall j € I. Write y; = Zjel aijxj. Then a similar system of
equations in A™ (replace {y;}; in (4-1) by y;) can be obtained.
4B. Quantized oscillator algebra and algebra homomorphisms. One interesting
application of the g-shiftability condition is to study the compatible structures of
quantum affine algebras of types X 1(\7) with the n-fold quantized oscillator algebra.
Fix v € C*. The (symmetric) quantized oscillator algebra %, is the unital
associative algebra over C generated by four elements a ™, a, k! subject to the
relations:

[a.a®]y, =k, [a.at),-1=k7', kk'=k"'k=1,

kak™! = v_la, katk ' =vat,

where [x, y], :=xy—v~1yx. Thenata={k}, aa* ={vk}and {k}at =a*{vk},
alk} = {vkla in #,. Here we define {x} = {x}, = (x —x~1)/(v —v7!) for
x =k orvk.

One can easily check the following results.

Lemma 4.4. (i) There exists a unique C-algebra automorphism (an involution)
O : By, — By such that ¥(at) = —a, ¥(a) =a™ and (k) = vk~

(ii) For any b € C* and m € Z, there exists a family of C-algebra automorphisms
Op.m = By — By such that Oy p,(a) = bk™a, Op m(at) = b~ latk™ and
Oy m (k1) = K+,

Consider the algebra %" of the n- fold tensor product of %,. Denote the
generators of its i- th component by a , a; and kil, which satisfy the above
relations. Let Uy (X N ) be the quantum affine algebra U of the type X 1(\,)
Theorem 4.2. For convenience, if X is of the type A then we shall deal with
Aﬁ,l_)l(n > 2) instead of Afll)(n > 1) from now on.

Fix a solution (¢;);es in Section 4A. We define the algebra homomorphism
Ty Uq (X](V)) — B2 as follows: regard ¢; and ; (¢;) as the images of X;” X"
and X X respectlvely under X by setting k; =q~ b Alz_l for the type A,gl)l,
and k; =1v —1/2, z; 1 otherwise (here we consider the solutlon with b =19~1/4 for
the type C,E 1), where v is defined as in the following proposition for each type. Then
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the relations (2-3) for i = j hold under Tx () since ¢; satisfies §; (¢;) — i = {yi}i.
In this sense, Ag := (IZ[kj:1 kil] is a subalgebra of A, and Tx (o (K;) = yi
for i € I. On the other hand, we choose nX<r>(X *) e BB sat1sfy1ng

Ty (X f = 55 (P (X7

for any f € Ag. The above choice yields that the relations (2-1)—(2-4) hold. Then
we get the following algebra homomorphisms, which were obtained in [Hayashi
1990; Kuniba et al. 2015].

Proposition 4.5 [Hayashi 1990; Kunlba et al. 2015]. For a parameter z, there exist
algebra homomorphisms from Uy, (X N ) to BE" [z, z7Y] defined as follows.
For the type A;(1—)1 andv = q:
1 _
Ty o Uq(A( ) D) — B8z, 27,
Xl.+ — z‘sﬂoal—a;’:’_l, X~ z_‘gfvoal-‘"a,-_H, K; — kl-_lk,-.H.
For this type, we always read the index i as i modulo n.
For the type C,Sl) andv = q%:
nCé”,z : Uq(C,gl)) — %ng [Z, Z_l],

X§ e z@hH?/2ls, Xg = z7'a?/2ly, Ko —vk3,

Xl.+ r—>a,~a;:_1, X; |—>al-+ai+1, K; |—>ki_1k,-+1,
X;'_)a%/[z]v, Xn_|—>(a;:_)2/[2]v, KnH_V_lk;Z-

For the type Agzn) andv =q
Ty, Uq(Agzn)) — BE"z,z71,
Xy > z@)?/20y, Xg +>z7'al/R2ly. Kor> VA7,
Xi+|—>al-a;r+1, Xi_»—>al.+a,~+1, K; »—>ki_1k,-+1,
X+|—>zr,,an, Xn_»—>a:[, Kn»—>zv_%k;1,
For the type D +1 and v = q*:
ﬂDfﬁl,z : Uq(D,(lz_gl) — %f’”[z,z—l],

_ _ 1

XJI—)Z(IT, Xo P itz lay, Ko —1v2ky,
- - — + -1

Xi — a; al_H, Xi r—>al. a1, Kﬂ—)ki ki+1,
+ — + —17-1

X, »ina,, X, —a,, Ky—u1v 2k, .

Here,t, = (v+1)/(v—1). O
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5. Multiplicity-free weight modules

In this section, we construct the multiplicity-free weight representations over U from
the solutions and the algebra homomorphisms in the previous section. Throughout,
we assume that U is the quantum affine algebra of type X ](Vr) in Proposition 4.5.

S5A. Module structures on Ay. In order to construct the multiplicity-free weight
representations we first consider the auxiliary U-module structures on Ay =
(13[2lLl il, - ]

Let us fix some notatlon here. Note that g and o, are long roots in the type C (1),
while both of them are short roots in Dr(;2421 In addition, by our assumption, og
is long and «, is short in Agzn). We define a pair k := (k1, k2) of signs such that
K1, k2 are equal to 0 or 1, depending on the length of the roots g and «, for each
type, that is,

(k1,62) = (1,1) for C{V,
(kc1.12) = (1,0) for A,
(k1,k2) = (0,0) for D,(IZJZI.

Fix a solution (¢;);es of (4-1), and recall the units z; for each type, and the shift
operators {; defined in Section 4A. Put b = bx (. Then we have:

Theorem 5.1. Let z be a parameter valued in C*. For an n-tuple f = (fi)1<i<n
such that f; is equal either to 1 or to bz; — b_lzl._1 for 1 <i <n, there exists a
U -module structure on the algebra Ay for each type defined in the following:

For the type Afll_)l,
A bz; _ —s: o1 1bzi
it =0 g (L g, =g (20 g,
fi fi
and Kiil.u = yiilu,for any u € Ay.
For other types,
X(;{-u — _§0(¢0)§0(u) ’ XO_M — Z_lfl é‘l (fl)lcl Zal(u)’

M) Lo (f)
u—ﬁzl({bz’“}’)au Xiu=t ({bz’}’)ﬁm (W),

Ji Ji

+ ., _ -1 K2 u = ¢n§n1(u)
Xt = Jnlnma n)Zen ). Xy = e N — e

and Kiil.u = yl-ilu,for any u € Ay.

Proof. Taking u = 1 in the above construction we have the precise expressions of
the actions X l-i.l. In addition, for any u € Ag we have X l-i.u = Zl-il ()X l-i.l. We
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can check each defining relation directly. For the relations (2-2), we have
(Ki X3 K= yi (X3 (v )
_ _ +a;;
=i O WX =y O DX =g X
For the relations (2-3), we consider three cases:
(1) If i = j, then we have
XX =X XDHu=u(lG X, DX 1= NX T DX71) = uCi (i) — i)
Here, ¢; := {l._l(Xl.Jr.l)Xl._.l, i € I, is just a solution to the system (4-1), by
construction, which implies (2-3) for i = j, as desired.
(2) If |i — j| > 1, then we have {; (fx) = fr and & ({bzi}x) = {bzy }i for k =
J,j+1. Similarly, £; ( fx) = fi and §; ({bzx i) = {bz }x for k =i,i +1. Therefore
XX =6 G (X DX =687 (X DX = XX

(3) If |i — j| = 1, we need to do more detailed calculations for each type. First
assume a;;a;; = 1. Then we have to show

b brisih
a0 ({ jz}’)zl(ml)ﬁz,({ 2“} )

(BTN i
=§,1(%)ﬁ+1c,-1(ﬁ)ac ( Boeth )

If j =i+ 1 then §i(fj+1) = fi+1, {7 (fi) = fi, and & (f;) = &1 (7). while

fori = j +1, we have £;71 (fi+1) —fH—L §i(fj) = fj.and §; (fi) —é“ '(fi). Both
cases imply the above equahty holds. When X 5 () %+ AW q dlrect computation

n—1°
yields the following equalities:

{bz1}181¢0 = dolg Hbzi}1, [ cgﬂzﬂ(fl) = AL ),
bzntn—1¢n =& (bZnin—1)Gne1 (dn), f,fzz,, EV () = ST ().

Then similar arguments for the case that a;ja;; = 2 are true. Any tuple (¢;);
satisfying (4-1) and the choice of ( f;); also guarantee that these actions hold under
the quantum Serre relations (2-4). O

Denote by S, (f) the U-module on Ay related to z and f given by Theorem 5.1.
Recall @ X (K;) = y; in the construction in Section 4B. Then

(5'1) ﬂX/(\;)(KS):l_[yl 1_[1_[ a/lal — l_[xji:ielajiai —=1.
iel iel jel jeI

In particular, K acts trivially on S, (f). Therefore, S, (f) is finitely U °-generated
instead of U°-diagonalizable when restricted as a U°-module.



264 XINGPENG LIU

Now let us explain the “weighting” procedure mentioned in the introduction.
That is, to a U-module S, (f), we associate a weight module W(S,(f)) in the
following way. Consider the algebra homomorphism from U to A that assigns K;
to y; for i € Iy, which induces a natural group homomorphism from the group of
characters of Ap to 2. For any character ¢ of Ag, denote by my, (:= ker ¢) the
corresponding maximal ideal of Ag. Extending «; € 2" to a character of Ag by
setting o (y;) = qj.’f i (still denoting it by «;), we have

KimpS:(f) CmpSz(f), in-mwsz(f) CMytq, Sz(f).

Define
W(Sz(f)) = EP S-(f)/my S (f).
[

where ¢ is taken over all characters of Ayp.

Corollary 5.2. For any U-module S;(f), we have that W(S;(f)) is a weight
module, and all its simple subquotients are multiplicity-free.

Proof. It is clear that S;(f)/myS,(f) is 1-dimensional and K; acts diagonally.
In particular, Kg acts by 1. The first assertion follows from the previous statements,
and the A-weight space W(Sz(f))x = @¢=A S:(f)/meSz(f), where ¢ means
the image of ¢ in 2Z". Since we have

XE.S:(f)/meSz(f) C Sz2(f)/Mpaa,; Sz(f),

the second assertion follows. O

Remark 5.3. In fact, the U-module W(S;(f)) is a g-analog of the coherent family
in the sense of [Nilsson 2016]. This “weighting” procedure was first suggested by
0. Mathieu [2000].

Now let us study the possible highest weights of W(S;(f)) when restricted as
aU, (§)-module. Assume that the weight vector 1 + my Sz (f) of W(S2(f)) is
a highest weight vector for some ¢. Then we have Xl.+.(1 +myS;(f)) =0 for
i € Ip, which implies that

(5-2) (¢ +ai)(Ci(¢i)) =0 forie€lp.

The weight A = ¢ is level-zero and is determined uniquely by the values A(Kj;),
i € Ip. Therefore, all level-zero weights can be seen automatically as weights
over Uy (). As a result, we can obtain the following result.

Corollary 54. Let A € 2" be a weight of W(S;(f)) for some f. If A is a highest
Uy (8)-weight, then up to twistings by the automorphisms of Uy (8), we have

(1) for the type A,(ll_)l, the weight A is of the form wg + aws — (a + 1)ws41 for
some a € C and s € I up to a constant multiple of §;
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(2) for the type C,gl), the weight A has the form %a)g +wp—1— %wn or %(wo —wy),
up to a constant multiple of §;

(3) for the type Agz) (resp. D@ ), the weight A = (A(Ky), ..., A(Kp)) is defined

n n+1
as

(—q,1,...,1, zq_l/z) (resp. (—1q,1,...,1,147Y)).

Proof. The result can be deduced directly from (5-2). For example, in the type
AWM

n—1> the equations (5-2) become
momy -+ +Mp—1 =1,

5-3
o) {gbm;}{bm;i11} =0, 1<i=<n-1,

where we denote ¢(z;) by m; fori € I. Let A = @. Then A(K;) = m,-ml.jll.
To solve the equations (5-3), we consider two cases: if {gbm} is not zero, then
{bm;} = 0 for i > 2; if {gbm1} is zero, then we assume that s is the maximal
index such that {gbmy} is zero, and then {gbm;} = 0 for i < s and {bm;} = 0 for
j > s+2. In the first case, the possible solutions are m; = £b" " and m; = +b~!
for i # 1. Then, up to twistings by sign automorphisms of Uy, (9), the weight A is
given by

MKo)=b"", MKy =b", AK)=1 fori=>2,

which is of the form (a + 1)wg — (@ + 1)w; for some a € C. In the second case,
mi ==4+g b7 for0<i <s, mgy1 =+g*+T1b" 1, and mj = +b7 1 otherwise.
Then, up to signs, the weight A is the following:

MKg)=q 527", MKsy1) =q*T1o", AMKi)=1 fori#s,s+1,
which is exactly of the form in (1). So assertion (1) follows. O

All simple subquotients obtained in Corollary 5.4 can be realized as g-oscillator
representations by using the Fock space representations of %8, and the algebra
homomorphisms in Proposition 4.5 (see, e.g., [Kuniba 2018]). In the following
subsection, we shall recall the g-oscillator representations.

5B. Realization of multiplicity-free weight modules. Let F = @melz , Clm) be
the Fock space representation of %, on which the generators a™ and a act as
the creation and annihilation operators, respectively, and the element a*a = {k},
corresponds to the number operator; more precisely, for any m € Zx,

atm)=|m+1), alm)=mlm—1), kTl |m)=vE"|m).

In particular, a.|0) = 0.
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Denote this representation by p : %, — End¢(F). For any b € C* and ¢ € {0, 1},
we denote by p, ; the composition p o ¥ 0 6 o (see Lemma 4.4). Then F has a
new %,-module structure via pg p.

Definition 5.5. Let z be a parameter valued in C*. We define the representation
FZ, of U on the space F ®” via the composition of the algebra homomorphisms

Ty =T defined in Proposition 4.5 and

X(’)

@®n[z Z_l] Pey.b) B ®Psy . bp
v ’

where € = (g;); €{0,1}", and b = (b;); € (C*)".

For any n-tuple (m;); € (Z>0)", we use |m) := |m1) ®--- ® |my) for the basis
vector of 7 ;. Let e; be the j-th standard vector in Z" with 1 at the j-th term
and 0 otherwise for 1 < j < n. Moreover, set 0 for (0,...,0) € Z".

For n > 2, note that U -module actions of Xl.il, K; for 1<i<n-—1on ]-'GZ’I,,
by Definition 5.5, can be written down uniformly as follows:

Endc (F®"),

(5-4) X" .|m)
= (=D byl [mi /m{ ]y [ T lm — (1) e; + (—1)¥i+1e; 1),
(5-5) X;.|m)

= (—DF+1b; by [ o lmy 1 /mi T lm + (=D e; — (=D)fi+1e;41),

(5-6) K;.\m) = p— D7 (mi+8i)+(—1)8i+l(mi+l+€i+1)|m>,

for m € (Z>¢)", where v is defined in Proposition 4.5 for each type, and |m) for
m ¢ (Z>0) can be read as 0. Here we remark that the Uy, (A( )1) module actions
of X o » Ko on |m) also have the above forms, where we understand the indices
i,i +1asn,1 (modn), respectively.

Regard Uy (An—1) as the subalgebra of U, (g) (n > 2) via forgetting the actions
of the Drinfeld-Jimbo generators indexed by 0 and n. One can check that 77
as a Ug(Ap—1)-module is a multiplicity-free weight module. In fact, 77 ; has the
following direct sum decomposition:

e @ Fo FP = P cim).
|=—00 |m|e=l
For each m € 7", write |m|e = ) ;(—1)®m;. Each J-"Z D) is an irreducible,
multiplicity-free weight U, (A4, —1)-module by formulae (5 4) (5-6) as ¢ (or v)
is not a root of unity.
Fix 1 <i <n. Define the algebra homomorphism &; : Ag — C by k; — voij for
1 < j <n. Itinduces an algebra character g € 2 by

5 u® Moy 4, S e
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Then we have:
Proposition 5.6. For e € {0, 1}" and b € (C*)", we have:
() FZ p is a weight module with dim(F; ) < 1 forany A € 2.

(ii) If dim(F; )5 = 1, then there exists m € (Zxo)" such that (FZ p); = C|m)
with

n
(5-7) A=Y (=D (m; +£)5;.
i=1
Proof. Clearly, F; 5 is a Welght module By (5-6) and the actions of Ko and K,
which are defined for X 75 A, )
(5-8) Ko.lm) = _ll—Klv(—l)gl(K1+1)(m1+1/2)|m),
(5-9) Kp.|m) = ll+/c2v—(—1)‘°‘” ("2+1)(m"+1/2)|m),

where k1 and k5 are defined in Section 5A, the relative weight of |m) is given by
the right-hand side of the equality (5-7). By the above statement, dim(F; )3 <1
forany A € 2. U

Consider the following decomposition of 7 p:
+ + —
ch=Fen ®F . Foy= @ cm. Fy= D Cm).
|m|e=0 (mod 2) |m|e=1 (mod 2)
For 0 <s <n,lete~; € {0, 1}" satisfy
g1 =--=¢6=0, g41=--=¢p=1

For example, €~9 = (1,...,1) and e, = (0,...,0).
Then we have:

Proposition 5.7. For any € € {0, 1}" and b € (C*)", we have:

(i) Asa Uy (A;l_)l)-module, fj’gl) is irreducible for any admissible | € 7 (defined
in (5-10)); it is a highest £-weight module with a highest {-weight vector v g if
and only if € = e~ for some 0 < s < n, where

lles) if Il >0and 0 <s <n,

5-10 =
(5-10) Vhs |—lesi1) if 1 <0 and 0<s <n.

(ii) As Uy (C,gl))-modules, ]-f”bJr and Fgy are irreducible; they are highest (-
weight modules with highest {-weight vector vT = |0) and v~ = |e,,) respec-
tively whenever € = €~p,.

(iii) As a Uy (Agzn)) or Uy (D,(lz_')_l)—module, Fep is irreducible; it is a highest (-
weight module with a highest £-weight vector v = |0) whenever € = &~,.
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Proof. Note Ky acts trivially on F7 5 by (5-1). The defining relations (2-5) imply
that the actions of h; g, 1 <i <N, k € Z\ {0} on F ; commute pairwise. Hence
Feb 1s an £-weight U-module. It is clear that F, SZ )i closed under the action of
Uy (An 1) The irreducibility of 77" (l) can be checked by the actions (5-4)—(5-6).
Note that for ¢ = €~ (resp. € = e>n) ]-'e lgl) is finite-dimensional for [ < 0
(resp. [ > 0). As a Uy(A,—1)-module (1gn0re the actions of X, Ko), Fg z (l )isa
highest weight module if and only if ¢ <--- < &, and the correspondlng hlghest
weight vector can be chosen as (5-10), which is also a highest £-weight vector by
weight consideration.
For Xz(vr) # AW the actions of X and X, are given by

n—1°

—Kk1—1 K1

b,
XJ-|m>=z[ e 1‘[[( 1= ) olm + (1) (k1 + Dea),

and X, .|m) = x|m — (=1)®" (k2 + 1)e,), where a € C* is defined by
1—k K2

- 1 . .
x = (=1 pat ot 1], e [ [10nn = )/ (mn = )]0,
2 v j=0

and 7y, = (v —k2 +1)/(v + k2 — 1). Similarly, we can obtain the actions of X
and X, . Assertions (ii) and (iii) can be deduced directly from the above actions. [

6. Highest {-weights

In this section, we focus on the irreducible highest £-weight representations con-
structed in the previous section, and compute their highest £-weights explicitly.

6A. Multiplicity-free highest {-weight modules. Fix 0 <s <n. Let Wy := F®"
be the U, (A( )1) module defined as follows (see also [Kwon and Lee 2023]):

Xg lm) =|m +e1 +en). Xo jm) = —[m][m]lm — ey —e),
X |m) = —[mg][mgy1]lm —es —est1),  X;.lm)=|m+e5+esy1).
X" m) = [m;]|m —e; + e 41), i [Am)=[mit1]lm +e; —eit1).
X m) = [mji]lm+ej—eji1), X |m)=[m;llm—e; +eji1),
and

Ko.lm) = " ™ m).,  Ko.lm) = g~ m),

K;.|m) = ¢+ |m),  K;.|m)=q" """ |m),

where 1 <i <s<j <n-—1and m € (Z>0)". From the actions (5-4)—(5-6), Ws
is just the twisting of the module F, b, where ¢ = e~gand b = (1,...,1), by the
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automorphism of Uy (A,gl_)l) sending X ]ét to —X ,;t for s < k < n along with other
Drinfeld-Jimbo generators fixed. Let W) denote the /-th irreducible component
of WS» i.e., W§l) = @|m|€=l C|m>

Let (X ) v) be one of the types in Proposition 4.5 except (Af,l_)l,q). Let

W = F® be the U,4(X?)-module defined as (see [Kuniba and Okado 2015]):

X m)=——— Dey),

K1

1—kq
Xgm) = (=D o, T]lm1— jlolm — ey + Dey).

[k1 + 1]y =0
Ko.lm) = (—1)|K|ll_K1U(K1+1)(m1+1/2)|m),
XF.|m) =[m;lv|m —e; +e;41) (1<i<n-1),
X m) =[miq1]v|lm +e; —eit1) (1<i<n-1),
K;.|m) = p™mitmit1 |y (I1<i<n-1),
n ll+K2 lK_2[
Xy im) = ———Tvo | | [mn—jlolm — (k24 Den),
[’Q‘i‘l]v =0
X, .| m)=———\m+ (ky + 1)ey),

K. |m) = 1172y~ G2t D0mat1/2) )

where m € (Z>0)", |k| = k1 + k2, and 1y, = (v —k; +1)/(v +«; — 1). Here
the «; are defined in Section 5A. This module can be obtained from ]-";’b with
e =¢e>pand b =(1,...,1) by the automorphism of Uq(XI(\;)) defined by

Xo = (=DIFIXT Ko (=) Ky,

X (DX, Ky (—D)2K,,

with other generators fixed. For the type C,gl), denote the irreducible components
F, el lit of the Uy (Crg 1))—module W by Wi, for convenience.

Lemma 6.1. Let L(f) be an irreducible highest {-weight U-module with f =
(fi(2))iery € R. If dim L(f )wi(f)—qa; = 1 for some i € Iy then fi(z) satisfies

()= prl=(a=b)z
(6-1) fie) =t

’

where a, b € C satisfy fl_;gl = afl.%i and fltz = bfi—’(').

Proof. Suppose that v € L(f) is a nonzero {-weight vector of f. Note that
{xj x-v, k € Z} spans the weight space L(f )wi(f)—a;- If dim(L(f)wi(f)—e;) = 1,
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then there exist j € Z such that x; id; Y is nonzero, and a € C such that
(6-2) xi,c?,-(j+1)'v = axl._,gij.v.
Consider the actions of xl.+ dik k € Z, on (6-2). The defining relations (2-5) imply
* - — T — -
Sidwrivn ~fidwr iy = Vidern = idir )
+
for any k € Z. Because f;; = fit, =0 fork >I? we have f (k1) _a]ri,i,k
for any k > 0. Taking the series fi(z) =Y zeqZ f FATAL have

fi(z)(1 —az) = X_: Zkfi,JEl',;k 4 X_:Zkﬂfltl )

kot ot
[=3pi] = +Zz(fdk fzd,(k 1)

—fJ”r(fJr —af;p)z.
Hence f;(z) has the rational form (6-1). O

6B. Highest £-weights. Let us first study some properties of the Weyl group and
the description of the root vectors of quantum affine algebras, which will enable us
to compute the highest £-weight explicitly.

Lemma 6.2. Leti,j €l,andi # j.
(1) If ajjaj; =1, then sjsia; = a;.
(2) If ajjaj; =2, then s;sjsia; = ;.
Proof. Both (1) and (2) are easy to deduce from s;s;0; = (a;;a;; —1)oj —a;jo; and
sispsia; = (ajja;; — aj + (2 —ajjaji)aijo;,
respectively. O
Recall the braid group operators associated to W introduced by Lusztig [1990].

For each simple reflection s;, there is an algebra automorphism 7; = Ty, of U
defined by

+ _ — - _ —1y+ —

X" =-X;Ki, TiX;=-K;7 X", TiKg=Kgp,
—ai;

Tin+ — Z(_])k—ajj qi—k(Xi+)(—aij—k)X;r(Xi+)(k) (i # ).
k=0
i,

TiX; = Y (=g XD ® X7 (X)) 0(i # j,
k=0

where 8 € 0 and (XF)® = (XF)*/[k]}. Then ®T; = T;"!®, where @ is the
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C-linear anti-automorphism of U sending X; * to X; * K to K; ! fori € I. For
any v € 7, define Ty by Tx(X;%) = X ;) and T, (K ) = K1 ()-

For later use, we list some well-known properties of braid group operators (see
[Lusztig 1993; Beck 1994]). Choose one element w € w. If TSiySiy ***Sip, 1S @
reduced expression of w, then the automorphism 7y, = 17 7;, T, - -- T, of U 1is
independent on the choice of the reduced expression of w. In particular, one reduced
expression can be transformed to another by a finite sequence of braid relations.
If w(ej) =« then Ty, (Xl.+) = X;L. Moreover, if w = s;,8;, - -+ 5j,, 15 a reduced
expression and /(ws;) = [(w) + 1, then we have Ty, Xl.Jr eUT.

Remark 6.3. Fori < j, putsg ;) =siSi+1°"*S;

(i) In the type AW

n—_1- a reduced expression of w; for 1 <i <n—1 can be chosen as

~ _ _i.,—1 -1 -1
Wi =1 s(l,n—i)s(z,n—i+1) s(l n—1)’

where 7 is the diagram automorphism of A( )1 sending j to j + 1 (mod n) for
j €I (see [Jang et al. 2023, Section 3.3]).

(i) In the type Agzn), the reduced expression of @, can be chosen (see [Damiani

2000, Corollary 4.2.4]) as
@n = (50851~ 85p)".

(iii) In the type C,gl) (resp. Dflzzl), the reduced expressions of @,—1 and @, can
be chosen as

~ _ n—1 ~
Wp—1 = (S(O,n)sn—l) and o, = TSnS(n—1,n)S(n—2,n) """ S(1,n)>

respectively, where 7 is the diagram automorphism of C,fl) (resp. Dn Jrl) sending i
ton—iforiel.

Now, let us define the root vectors in U. We refer the reader to [Beck and
Nakajima 2004] for the construction of root vectors X ;, B € A (i.e., the Eg defined
therein). In particular, the real root vectors X -~ are described explicitly by

kd;§+a;
+ _ + - _ 7k =1yt
Xkd~i8+ai = Tw, X" (k>0), Xkc7i8—0ti =TT X, (k > 0).
Then led S U ™. The imaginary root vectors are defined by
o
) Tyt 2ty
(6-3) Vi kd; Xkd~8—a,-X 9 "X Xkd S—a; (k> 0),
and define the elements X i kdss by the following formal series in z:

(6-4) exp((ql q; )Z X ikd.s z ) =1+ Z(Qi _ql-_l){pi,kJiZk

k>1
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Under the isomorphism of two presentations of Uy (g), the generators WiJ,rk 4. and
the imaginary root vectors ¥; x4, are related (see [Beck 1994; Damiani 2012]);
more precisely, for k > 0 and i € Iy, we have

(6-5) Viha =0 i —a7HC* ki 47
where o : [g — {£1} is a map such that 0(i) = —o(j) whenever
(i) a;j <0 implies that o(i)o(j) = —
(i) in the twisted cases different from Agzn), ifa;;j =—2theno(i) =1.
Note that o(n) = 1 in the type Dr(szl as ap n—1 = —2. Thus, we can deduce that
the map o : Io — {%1} is uniquely determined in the type D,gz_gl
In Lemma 6.1, the scalars @ and b can be described by the root vectors according
to the above relations, which will become more computable in our case. Let

v € L(f) be a nonzero £-weight vector of f. Since C'/2 acts trivially on L(f)
and k; commutes with ¥; ; 7., this implies that

b
- + — + = -z
(6-6) del o V= o(l)aXdlS_ v and w V= o(z)q _qi_lv.

Lemma 6.4. Foranyi € Iy and k € Z~y, the root vectors X;J~8—a- in Uy (XJ(\;))
have the following relations: o

* [3] o Xks-an (X5 —a,, Xald) if (X0 i) = (4P ),

k+1)d;§—a; Xt xt Xt otherwise.
[2] [ kd;8—a; X dis—a;’ ]qiz]

Proof. We may use the following relations [Damiani 2000, Proposition 2.2.4,
Corollary 3.2.4] (see [Beck 1994]): for k € Z~,

x+ + 1 _m v+ : (O 2
[Xis—an Xns) = Bl X et 1)5—a if (Xy'.i)=(43,.n).

[xljdb, e, XiT&8]=[2]iX(}L€ +1)d§—a; Otherwise.

Note that X ids € U is defined by the formal series (6-4). Because, in (6-3),
wl kd, =[X de 5 L X +] 2, by comparing the coefficients of z in (6-4), we can get

(6-7)

(6-8) =V, 7 =X, X7

d§—a; 1 daf
which implies the lemma by (6-7) and (6-8). O

Let « € Q4. We introduce the height hta of o as hta = ) ;. ;m; if o =
Y ;e mia;. Define a subset Q4 () of Q4 as follows:

O+(a) ={p €O+ |hta—htf=1a—p #a}.

+ + +() — + v+
Let U™ () be the subspace of U, defined as U™ () = 25€Q+(a) UB Xa—ﬂ'

ld&
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1)

Lemma 6.5. (1) Fori € Iy, the root vector X;‘_a, in Uy (A,(1
form:

1) has the following

X§ g = a2 (X

S XX XX XS (mod UT(S - ).

@) In Uy(CY),
Xi =X XX X XD XS (mod UT (S — 1),

§—ay

—1\n—1
Xf, = (C[]T) (X D2(XF )2 (X2 XS (mod U (8 —atn)).
n 1

() In Uy(A$2),
X;_an =g "X, X, xHxG X xHXS (mod UT (S —an)).
2
@) InUg(D)).

X+

e, =4 X X XX (mod U (8 —an)).

Proof. Thanks to the reduced expressions of @; in Remark 6.3, the lemma can be
deduced directly by the definition. One can refer to [Jang et al. 2023, Lemma 4.7] for
assertion (1). To see the remaining assertions we define the operators Dfl) and Di(z)
of U for i € Iy by DIV(X) = [X, X;*],, and D (X) = [[X, X;], X;7], for any
X €U, respectively. In the type ), we note that 7, D = D). T; and Tijs) =
DI(S)T]- for|[i —j|>1and s =1,2. Write Ty, ;) = T(;, ) for simplicity. Then

T(O,n)Tn—ID,(iS) = D,(ls) T(O,n) Th—-1,

since $(q,,)Sn—10tn = 0ty and for any 0 <i <n—1, we have (S(o,n)sn_l)i_lozl =q;
and $(; +1,,—1)8 (i,n—2)¥n—2 = @; by using Lemma 6.2, so we get

(T Tn=1) T2 X1 = Tomy T Tio.my Ton-3 X,
= (ToomyTn=1)"""Tom-2T0n-3»Tn-1X, 5
= _(T(O,n) Tn—l)l_1 [T(O,n—Z)X,T_l s X1+]qn,1
1 [ —
= —D,-( )(T(O,n)Tn—l)l "Ton—2 X,
and
Ti+1.mTin-0X = Tit1.0-1TGn—2TnTa—1 X,5

= Ti+10-10)Tin-2Tn 1 X

N
[Z]n—l

1

2
= EDZ( )T(H-l,n—l)Xij_'

(TG r1n-n Xy X1 Xy
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Finally, the definition of the root vectors and Remark 6.3 imply that
X(;_—an—l = (T(09n) Tn_l)n_ZT(Osn)X:_—l
= —(Tto.m)Tn—1)""2T(o.n-2P" X1,
=D Tom Tn-1)" " Ton-2 X,
1 _
= ’D,(gl)D,(,_)z(T(O,n) Tn—l)n 3 T(O,n—Z)X;:_—l

= DD, DT X
_ (DD (1)~ 1) v+
_Dr(l )Dn—z"'pl Dn—l "'Dl,qXO >

where Df’lq)(X) = [X, Xi+]q for X e U, and

X;'_an =TT T-1m) Tom Tan-nXy

1 2
= mTrTn Tin—1,n)- " T(3,n)D§ )T(Z,n—l)X;:r
I @ +
= _Dn_thTn T(n—l,n) Tt T(3,n) T(Z,n—l)Xn

2L

1\ @) @ @) y+
= (E) Dn—lIDn—Z"'Dl XO’

which implies assertion (2). Similarly, we can prove that

1 1 1 1 1 . 2
©9 X, =-D - pPDM D DD (X in Uy(4).

6-10) X5, = "M W (x ) in U (D),
which imply (3) and (4). O
Remark 6.6. In order to simplify computations in the following theorem for the

type Agzn) (n > 2), we actually only need two terms of X ;_ 0y’

6-11) ¢ "X, XF, - xHxxr - xhHxg
_ q_2n+1(X:—_1 v X;l-)ZX(;}—X;-,
which can be deduced directly from formula (6-9).

Now we compute the highest £-weights of the g-oscillator representations defined
in Section 6A.
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Theorem 6.7. (1) Fix0<s<nandl €Z. The Uy(A")-module WS has highest
L-weight [ = (fi(2))iel, given by
Ci,l +u qSi.s—ll_Si.s(l+1) lfl > 0’

(2) =
/i) I +c¢;u

with ¢; ;] =
il {qSi.s(l—l)—5i.s+1l if 1 <0

for1<i <n—1,whereu=o(s)(—qg~1)"z.

(2) The highest £-weight of the Uy (C,gl))-module W (resp. W™) is given by

g +u ¢"?+u ¢ +u
1,...,1, —— resp. | 1,...,1, , ,
14+q~1/2y 14+qY2u’ 14q73/2u

where u = o(n)g "1z

(3) The highest £-weight of the Uy (Agzn))-module (resp. Uy (Dr(lz_zl)—module) W is

given by
(1,...,1,—’q”_1+”),
1+1q; u

1z (resp. u = g7"z).

where u = o(n)ityq "

Proof. The proof of the first assertion can be found in [Kwon and Lee 2023, Theorem
4.10]. For (2), we have verified in Proposition 5.7 that v = |0) and v~ = |e,,) are
highest £-weight vectors of U, (C,gl))-modules WT and W™ respectively. Therefore,
it follows from Lemma 6.1 and formulae (6-6) that we only need to compute the

actions of X - and ¥. ~ on vE.
2d;§—a; wt,d:’

Note that X;r.vi =0forall j € Ip. By using Lemma 6.5 we have

P en), X+ = ﬂBe )
S§—ay” - [2]1 ni» §—ay” - [2]1 ni»
and then
—n—1 —n—1
~ + 9 ~ - q —
= , . 3
Vn,1.0 20, v Vn,1.v 20, [3]1v
Therefore, we have
1 ~
Xit?—a vt = _[X8+—oe U)ot
n [2] n
1 q—n—l N N q—n+1 _
:m( o0 X, V= 20, Wn,1.|28n))
q—n—i-l( -2 —2[4]1[3]1) + +
= +1— X .
2 \? T )
D S
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and
—n+1 ) _
Xz—;_an [2][ §—ay ’wn 1] [ ][2]1 (q_ [3]1X5+—O( v__wn,1.|3en>)
q_nH( -2 B+ -
= q "[Bl1 +[3]1 — X
[ ][2] [2]1 S—ap
=—q " 5/2X8+a,, v,
On the other hand,
X5 v ==q"leam1), Un—110" =g "7,
and then
1 ~
+ - _ + _
X23 —Qpn—1 V= [2]}1 I[X(S_a _ ,K/fn—l,l].v
[2] 1( X _ -v_+&n—1,l-|en—1>)
n—
—— @ DX, T
[2]11 1 -1
_ —n—1/2y+ _
—C] "= Xs_an_l.v .

In other cases, we can check that X +

Thus, we get (2) as desired.

0). We first focus on the type D@ . By Lemma 6.5(4),
n+1

To get (3), let v :=

v—O sowllv—OandX28 —a; v =0.

X; o’ =q 2" 22e,), Yniv =—q_2Xn+X5+_an.v = —11,q %",
and then
X;z_?—oz [][ S—ap vwn 1Jv= ﬁ( ITvq an;_a U= q_2n+2&n,1~|en>)7
q—2n+2
= 2] (—zrvq_z—lrv+ltv[2],,q_2)X5+_an v
— lq—2n IX;-O[”

Fori #n, Wehaveng

v =0, andthenx/fld v—OandXd S—a; .v =0. This

proves assertion (3) for the type D;(1 421 For the type A2n , Lemma 6. 5(3) yields

X =q_2nzrq|en),

San

Note that all terms in the expression of X + —

1 2 —2n—1
Univ=—q" X+X5+a V=1 " .

vanish on the vector |e,) except for

the two terms in (6-11). We can compute the following action by using (6-11):

X(;r_a”.|en) = 17,9 2" |2ep).
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Therefore,
X;(_S'_an‘v [3]| [ C( 71//11 1]

1 _ Y~
[3], (12 2n= IX;_an.v—lqu 20 1. en)).
q 2n

=L G - X,

(313,
:q—2n 3/2 X(;_ o, .

Then a = o(n)r q72"73/2 and b = o(n)tyq 2" (/2 + ¢q3/?). Assertion (3)
for the type A follows from Lemma 6.1 and Corollary 5.4(3). O

Appendix: Proof of Theorem 4.2

Proof of Theorem 4.2. For generalized Cartan matrices of finite types, the corre-
sponding system of equations (4-1) has been solved in [Chen et al. 2024]. The
method followed in this appendix is parallel with the one there.

Given an affine Cartan matrix A. Fix one i € I and denote by Ay; the subalgebra
of A generated by all xil for j # i. Then there is a natural isomorphism A =
Ay, [x [ 11. Suppose that (¢,),€ 7 is any solution to the system (4-1).

We have the following two crucial lemmas.

Lemma A.1. Any ¢ € A satisfying (i (¢p) — ¢ = {yi}i has the form

¢ =B yi+do+ By,
where ¢o € Ax;, B = —qi(qi —q; ") 7> and B = —¢; " (qi —q; ) >
Proof. Let ¢ =) . ¢kx,- with ¢k € Ay,;. Then ;i (¢) — d) = {y;}; implies that

L

> @7F = Dgexf = A ——=x
k =0 R
Hence ¢y, is zero unless k = 0, £2 and
aji _ —a
p2=B [ o2=87 [ 5"
J# J#
So the lemma is proved. O

Therefore, we may always assume that ¢; in the system (4-1) satisfies ¢; =
B yi + ¢i0 + B; yi ', where ¢ € Ay,

Note that any pair (¢;, ¢;) is (i, j)-shiftable. This condition can further restrict
the choices of ¢; o and ¢; o when the nodes i and j are not connected in the Dynkin
diagram of A, namely, a;; = 0. More precisely, we have:
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Lemma A.2. Ifa;; =0, then both ¢; o and ¢ o lie in Ax; N .ij.

Proof. Since ajj = 0, we have a;; =0, and y; € Ay, and y; € Ay;. If ¢j 0 =0,
there is nothing to do. Assume that ¢; o is not zero. We rewrite ¢; ¢ uniquely as
the Laurent polynomial in xj, i.e., a unique form in Ay, [xjil]. Take the nonzero
term in this form of ¢; o such that x; has the highest (resp. lowest) power, denoted
by @i max (resp. @i min). Then the shiftability of (¢;, ¢;) implies that

qjmlgj—'i_(pi,max)ﬁ = ﬁ}i_(lsi,maxyp qjl',Bj_(lSi,minyj_l = /gj_ﬁbi,minyj'_l’
where m = deng ®imax and [ = deng ®i.max- Hence m = 0 = [. Then we can
conclude that ¢; o € Ax; N Ay; as desired. Similarly, we have ¢j o € Ay; NAy;. U

Let us first focus on the rank-two cases. Fix i # j in [ and J = {i, j}. Due to
Lemma A.2 we may assume that the nodes i and j are connected. Without loss of
generality, we set A = a;j, u = a;; and |A| > |u|. Then

2
AJ:(M ;) where 1 <Au <4.

Ax2 in this case. Assume that @; and ¢; have the

2 1
2 X3

Then y; = x; X; and y; = x

forms as in Lemma A.1, i.e.,

o1 =B yi+ o+ Byt
where ¢; o € Ayx,,l € J, and let ¢; and ¢; satisfy the equality

eigj =& @) () (%)
Record the (x;, x;)-degrees of a monomial u in A by a degree vector
deg, u
deg, u /)’

Then a Laurent polynomial f corresponds to a matrix with each column vector
representing for the (x;, x;)-degrees of certain term of f. Moreover, if ¢; o is not
zero (resp. @j,o is not zero), then we use one vector with a parameter s (resp. 1),

(&) (= )

to stand for the possible (x;, x;)-degrees of ¢; o (resp. ¢; ). For example, by
Lemma A.2, if a;; = 0, then s and ¢ always equal 0. Therefore, we obtain the
following matrix with possible (x;, x;)-degrees of terms of ¢; ¢;:

alqt datqt 1 qted 4lq g7red 1 qlg " q7Me "
244 24t 2—=X4 At —A A-2 t-2 —a-2 |.
w+2 w o pu=2 s4+2 s s§—=2 2—u —u  —2—pu
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where the first row contains the corresponding shifted coefficients in §; Y g/ )Cj_l (¢i).
The terms with shifted coefficient 1 can be canceled on the left- and right-hand
sides of the equality (*), so we may omit such terms. Therefore, we have the matrix

2 — - -2
" 44t aled 4 atred dlayt a7t
244 24t A t —A t—2 —A-21. (M1)

w+2 o s+2 s s—2 - —2—pu

One useful statement is that if a shifted coefficient is not 1, then the corresponding
degree vector has to be equal to another one in the matrix (M1) by the equality ().
Therefore, we can determine all possible (x;, x;)-degrees of ¢; o and ¢; ¢ as follows:

types (A, 1) possible values of s and 7
As (-1,-1) s,te{l,—1}
By (=Cz) (=2,-1) ¢io=0,t=F+2o0rs==%1,1=0
G2 (=3,-1) none
AP (—2,-2) s=0=t
AP (—4,—1) 0io=0,1=0

Note that there is no (x;, x;)-degree vector for the type G, satisfying the above
statement, so neither for the types Gél) and D‘(ﬁ). We have obtained all solutions
for the type Agl) in Example 4.1. For type AP we substitute the reduced forms of
@i,0 and @0, 1.€., 9j 0 =0, @jo0 € C*, into (4-1), and then get

gi = ;_l{lq%xile,-_l}i, gj = {lq_%xizxj_l}j{lq%xi_zx/'}j-
qi — 4;
By our assumption in Section 2, we have i =1, j =0 and ¢9 = ¢;, ¢1 = ¢; for
the type Agz).

Let us turn to the higher-rank cases. The next result tells us how to “glue” the

rank-two cases together.

Lemma A.3. Let j € I be a node which connects to the other two distinct nodes i
and | in the Dynkin diagram. Assume that ¢; o # 0 and the pair of integers (m,t) is
the (x;, x;)-degree of any nonzero (monomial) term of ¢; 0. Then we have mt < 0.

Proof. Otherwise, assume that m¢ > 0 and the corresponding nonzero term of ¢; o
is ¢§13 Without loss of generality, we may let m > 0 and 7 > 0. Consider the term
By 1¢§-}3 of ¢;¢; which has the factor xlm_zxf“/ ixj 7% So we have that the
shifted coefficient ¢;"q; %/ = ¢[" %/ in é'j_lqbi o ¢, is not 1. However, there is
no other term in ¢; ¢; whose (x;, x;, x;)-degree vector equals (m—2, —aj;,t —ay;).
This is a contradiction. Hence mt < 0. O
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Lemma A.3 implies that there is no solution to the system (4-1) for A whose
Dynkin diagram contains D4 or Fy4 as a subdiagram.

Up to this point, we have ruled out all affine Cartan matrices except those of types
Ag,l) (n>1)), C,gl) (n>2), Agn) (n>1)or D,(lz_gl (n > 2). Now we can substitute
the reduced forms of the ¢; o into the system (4-1) to determine the coefficients
of the possible terms. Then we obtain all solutions as listed below Theorem 4.2.
Therefore, Theorem 4.2 is proved, as desired.
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