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Let X be a complex manifold and (E, #) be a Higgs bundle over X. We
study the deformation of the triple (X, E, 6). We introduce the differential
graded Lie algebra (DGLA) which governs the deformation. We construct
the Kuranishi family of it and prove it contains all the information of small
deformations of (X, E, 0).

1. Introduction

Let X be a complex manifold and (FE, 9E) be a holomorphic vector bundle on
it. Let 5End(E) be the natural holomorphic structure on End(E) induced by E.
Let A0(End(E)) be the smooth sections of End(E) ® ', A Higgs field # on
(E, dg) is an additional structure on E such that 6 € AVO(End(E)), 5End(5)9 =0
and the integrability condition 6 A8 =0 is satisfied. The Higgs field was introduced
in [Hitchin 1987] for the Riemann surfaces case and generalized to the higher
dimensional case in [Simpson 1988]. We call a triple (X, E, 6) a holomorphic-
Higgs triple.

We study the deformation of holomorphic-Higgs triples. Our goal is to derive
the differential graded Lie algebra (DGLA) which governs the deformation of a
given holomorphic-Higgs triple and construct the Kuranishi family of it. For that
sake, we apply the Kodaira—Spencer theory [1958a; 1958b; 1960]. The advantage
of studying the deformation in the style of Kodaira—Spencer theory is that we can
construct the DGLA differential geometrically. Hence we can use the theory of
Kuranishi [1965] to construct the Kuranishi space.

There is a lot of interesting work in studying the deformation of pairs of a
complex manifold and a holomorphic bundle over it. Such pairs were studied
algebraically in [Huybrechts and Thomas 2010; Li 2008; Martinengo 2009; Sernesi
2006], analytically in [Huang 1995; Siu and Trautmann 1981], and in the style of
Kodaira—Spencer theory [Chan and Suen 2016].
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The deformation of holomorphic-Higgs triples was studied algebraically in
[Martinengo 2012]. In her work, the DGLA was also obtained. The difference
between her work and our work is that she obtained the DGLA purely algebraically
while we obtained it differential geometrically.

We first prove the tuple (L, dr, [, ].) is a DGLA. We show that this is the
DGLA which governs the deformation afterwards. We prepare some notation.
Let (X, E, 8) be a holomorphic-Higgs triple. Let K be a hermitian metric on
E and 0k be a (1,0)-part of the Chern connection associated to dr and K, and
for ¢ € A% (TX), we define {3k, ¢} := dg(po) + (—1) ¢pdg. Let a")
A°(End(E)) — A'C(End(E)) be the differential operator induced by dg. Let
[-,-1be the standard Lie bracket on A*(End(E)) = €D, AY(End(E)) and [ -, - JsN
be the standard Schouten—Nijenhuys bracket on A%*(TX) = @, A% (TX).

Theorem 1.1 (Theorem 3.1). Let L' =@, ,_; AP4(End(E)) ® A (TX) and
L:=@;L" Let (A, $) € L' and (B, ) € L/. We set

[(A, ), (B, )L =
(=D " P ¢ ) B — (=) DI (97 P) y JA —[A, B, [¢, ¥Isn)

We define By € A% (Hom(T X, End(E)) and C-linear map Cg : A%P(TX) —»
ALP(End(E)) such that they act on v € A»P(TX) as

Bk (v) := (—=1)PviFg, Cx():= {32, v)6.

We define d;, : L — L as,

L dEnd(E) Bk 0 Cg
dL = ( 0 5TX + 0 0 .

Then (L,dy,[-,-1.) is a DGLA.

This DGLA is the DGLA which governs the deformation of the holomorphic-
Higgs triple. Actually, we have the following.

Theorem 1.2 (see Theorem 3.6 for precise statement). Let (A, ¢) € L'. Then (A, ¢)
defines a holomorphic-Higgs triple if and only if (A, @) satisfies the Maurer—Cartan
equation

dL(A, ¢) — 3[(A, ¢), (A, $)]L =0.

Since the governing DGLA is constructed differential geometrically, We can
apply the technique of [Kodaira and Spencer 1958a; 1958b; 1960; Kuranishi 1965]
to construct the universal family (= Kuranishi family) for a triple (X, E, 0).

Let Ay be the Laplacian induced by d; . Since A is an elliptic operator, H' :=
ker(Ay : L' — L) is finite dimensional. Let {51, ..., n,} be a basis of H'. Let dy
be the formal adjoint of d; w.r.t. the L? metric, H : L' — H' be the projection and
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G be the Green’s operator associated to Ay . The next result is based on [Kuranishi
1965].

Proposition 1.1 (Propositions 4.1 and 4.2). Lett = (t1,...,t,) € C" and €(t) :=
Y i tini. Forall |t| < 1 we have a €(t) such that €(t) satisfies the equation

e(t) =e€1(t) + 3d; Gle(®), (D]

Moreover, €(t) is holomorphic respect to the variable t and € (t) satisfies the Maurer—
Cartan equation

dre(t) — 3le(r), ()] =0
ifand only if Hle(t), e(t)]L = 0.

Let A C C" be a ball small enough so that €(¢) is holomorphic on A. We define
SCAas
S:={teA| Hle(t), e()]L =0}

S might not be smooth, however, it is a complex analytic space. Let X¢(1), Ec(),
e () be the complex manifold, the holomorphic bundle, and the Higgs field which
€(t) defines, respectively. By combining the above results we have a family of
holomorphic-Higgs triple {(Xc (), Ec(r), Oc(r)) }res. We call this family the Kuranishi
family of (X, E, 8) and S the Kuranishi space.

We recall some properties of the Kuranishi family and space for a compact
complex manifold X. Kuranishi [1965] constructed the Kuranishi family and space
for arbitrary compact complex manifold and proved the semiuniversality: any other
deformation of X is obtained by the pullback of the Kuranishi family. Hence the
Kuranishi family contains all the information of small deformations of X. We prove
the abbreviated version of the semiuniversality of Kuranishi space. We show that
{(Xer)> Ec@r)s Oer))}res has all the information of small deformations of (X, E, 6).

Let | - |; be the k-th Sobolev norm on L!. We assume k > 1.

Theorem 1.3 (Theorem 4.2). Let (X, E, 0) be a holomorphic-Higgs triple. Let S
be a Kuranishi family for (X, E, ). Let n € L' be a Maurer—Cartan element. If
[l is small enough, then there is at € S such that (X,,, Ey, 0,) is isomorphic to
(Xewr)> Ecry, Oe(r)) (see Section 4 for the meaning of isomorphic).

Some applications of Theorem 1.3. Higgs bundles play a core role in the nonabelian
Hodge correspondence. Let X be a compact Kidhler manifold. The nonabelian
Hodge correspondence states there is a one-to-one correspondence in the following
objects on X: semisimple representations of the fundamental group of X, flat
bundles with a harmonic metric (a.k.a. harmonic bundle), and polystable Higgs
bundles with vanishing Chern classes. Here, a harmonic metric is a metric of a flat
bundle such that it induces a harmonic map from X to a certain homogenous space.
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This correspondence for Riemann surfaces was proved by Hitchin [1987], and the
higher dimensional case by Simpson [1988; 1992].

In [Ono 2023], we study the structure of the Kuranishi space for a holomorphic-
Higgs triple (X, E, 0) such that X is a compact Kihler manifold and (E, 0) is a
polystable Higgs bundle with vanishing Chern classes. We show that the Kuranishi
space of such a holomorphic-Higgs triple is isomorphic to the product of the
Kuranishi space of X and the Kuranishi space of the Higgs bundle. This predicts
that once we construct the moduli space which parametrizes a pair of a Kihler
manifold and a polystable Higgs bundle with 0 Chern classes, it locally splits into
the moduli space of the Kihler manifold and the moduli space of the Higgs bundle.
This phenomenon is interesting since we cannot expect such decomposition globally.

Plan of the paper. In Section 2, we define and study the deformation of holomorphic-
Higgs triples. We prove the Newlander—Nirenberg-type theorem in this context
(Proposition 2.6). In Section 3, we construct the DGLA which governs the deforma-
tion of the holomorphic-Higgs triple. In Section 4, we apply the work of Kuranishi
and construct the Kuranishi space for a given holomorphic-Higgs triple and prove
its local completeness.

2. Deformation of holomorphic-Higgs triple

For a smooth manifold X, we define A”(X) to be a space of smooth p-forms on X,
and for a smooth vector bundle E — X, we define A”(E) to be a space of smooth
p-forms which take values in E.

Definition 2.1. Let X be a compact complex manifold. Let 5End( E) be the complex
structure on End(FE) induced by E. A Higgs bundle (E, 6) over X is a pair such that

o E is a holomorphic bundle over X,
« 0 is a Higgs field such that & € A“*(End(E)), dgna()0 =0, and 6 A0 = 0.

We call a triple (X, E, 6) a holomorphic-Higgs triple.
We fix a metric K on E and assume X to be compact throughout this paper.

Definition 2.2. Let (X, E, 6) be a holomorphic-Higgs triple. A family of deforma-
tions of holomorphic-Higgs triples (X, £, ®) over a small ball A centered at the ori-
gin of C? consists of a complex manifold X', a proper submersive holomorphic map

T:X—=> A
and a Higgs bundle (£, ®) over X such that 7 ~1(0) = X, Elz-100)=E, Olz-109)=0.

By Ehresmann’s theorem and as in [Kodaira 1986, Chapter 7, Lemma 7.1], if
we choose A small enough, we have maps F: X x A > Xand P: ExX A = &
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such that the diagram below commutes, F is a diffeomorphism and P is a smooth
bundle isomorphism:

ExA T y¢

L

XIA7X

We can induce a complex structure on X x {¢t} and a Higgs bundle structure on
E x {t}using Flxxy : X x {t} = & = 7~ 1(t) and Plexqy : E X {t} = Elz-1(p-
We denote this family of holomorphic-Higgs triple {(X;, E;, 6;)};ea.

Since {X,};ea is a deformation of the complex manifold X, we have a family of
Maurer—Cartan element {¢; };ca such that each ¢, determines the complex structure
of X;.

Let AMO(X,) :={a € AN(X) | @ is a (1,0)-form of X,}, 73" : AL (X) — A0(X),
and 712’1 : Al(X) — A%1(X) be the natural projection.

Lemma 2.1. o € AY0(X,) if and only if w3 (@) = ¢ a7 ° ().

Proof. It is enough to prove it locally. Let x € X and U, be an open neighborhood

of x. Let (&1,...,&,), (z1,...,2,) be local coordinates on U, and (&1, ..., &,) be

a complex coordinate for X; and (zy, ..., z,) be a complex coordinate for X.
Leta =) ; fid&. We have

& - 9§
Ty (@) =) figz-dzj and myl@) =) fi—dz.
ij J ij

0z

Recall that ¢ = Y, ; ¢! 2= @dz;, (9] ) = (55) ' (52). See [Kodaira 1986]
for more details.
Hence

;9 0¢;
om0 (a) = (Zd}fj”‘ij ®dzk)J(Zfi%dzj)
: oy

0§
_Zf, Sq&tdek

i,j.k

0; |
—Zfz : dze =7y (o).

To prove the converse, we only have to prove that if @ € A%1(X,) and ng’l(w) =
o, _IJT}(’O(O)) stands thenw =0. Letw =) ; h;d&; and assume ng’ ! (w) = ¢,_ur)1(’0(a)).
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We have ng’l(w) = Z - h; af‘ dz; and ¢,Jn)1(’0(a)) =) J khl o ¢t xdZx. Since
0.1

79 (@) = ¢t (@), v we have
_ 0.1 1.0, \ & &; _
0=my (@) — ¢y’ (@) =D 1> b a_zk_z =7 ) 143k
k i j

Hence

<a_§i_zasl¢tk>(h1,..., n)T =o0.
j

0Zk

Since ¢, defines a near complex structure with respect to the original one
9; 0; )
det —_— = 0.
(8Zk Z 0z; 7
Hence (1, ..., h,) = 0. This implies w = 0. [l

Lemma 2.2. Let € AY°(X,). « is a holomorphic 1-form on X, if and only if
(0 + 1y y" (@) = 0. Here Ly, = 3 () — Y 10.

Proof. As in Lemma 2.1, we only have to prove it locally. We use the notation in
the proof of Lemma 2.1.
Let a=), fid& and let al0= 71)1(’0(01). We first calculate (9 —Hwt)(ozl'o). Since
=2 fige 2 ;,dzj> we have

_ , d&; af; 9& % | ..
Bal’oza( _ldz>= {T—‘f‘ i——— dzZ /\dZ',
Zflazj J ”Zk flazkaZj k J

0Zk 3Zj

_ & afi 0§ 4 9% 4
= 3<¢zJ Z ﬁgjd21> —¢t—l{ Z <3zk 72, + fi aZkaZj)de/\dzj}

—_ ; 3 J oz ) _ afi 0&;
= 8< E fi oz, ¢t,kdzk> (]5,_:{ lé (3Zk 9z, )dzk/\dzj}
and

(Zﬁ e ¢, dek) = a(Zf, % de>

i,j.k
3fz3$z
—dzind i d AdZ
E o2 0% i Zk-I-E f8 a ZjindZk

Z 0 065 e i dz] y U o 0%, 0§ dzimdzy
i,j l

8zk Bz] E)zk 0z
a0z, b o
= dzind — ——dz;Nd
Z 32 3z, ¢fl undzj— Za 2 07 LUNAZk-

ikl
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Hence
(D (5+l¢[)(a1,0):§:§i%dzk/\dzj+Zf, dek/\dZJ
32 dez’mz”zﬁa cz, i A
—,.Z s sy + 3 SR
Zg—Z%dzz dzj—.Z gfk 35’ ¢F1dz A dz;
_Z;ag, (g—g—zﬁ@,)dzmdzj.

If we assume o to be a holomorphic 1-form on X;, this implies that {f;}; are
holomorphic functions on X,. Hence we have

af; af;
o Zik‘bf,z:()-
k

azz

Hence by (1), when « is a holomorphic 1-form on X,, (3 +1,,)(a'?) = 0.
Conversely, if we assume @+ ld,,)(a]’o) =0, by (1) we have

9&; (ofi dfi
5o (77~ L utin) =0

Since ¢, defines a near complex structure to X, we have det( as,) # 0. Hence
o - i ¢[ ; = 0. This shows that { f;} are holomorphic function on X ;and o

321 azx
is a holomorphic 1-form on X;,. O

By Lemma 2.1, 6; can be decomposed as 6; = w; + ¢, 1w;, where @, = 77,')1(’0(@).
We define an operator D, : A°(E) — A!(E) as

D,(s) = Et(skek) = (0 +l¢1)sk Qer+w NS, s€E AO(E).

Here, {e;} is a local holomorphic frame of E; and we used the Einstein summation
rule.

Proposition 2.1. D, is a well defined operator, that is, D, is independent of the
holomorphic frame of E;. Also D, satisfies the Leibniz rule:

Di(aAs)=(d+Ilp)a®s+ (=) an D(s)

for every o € AP(X) and s € A°(E).
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Proof. To prove well-definedness, we need to show that D; is independent of the
choice of a local holomorphic frame {e;} of E;. Take another local holomorphic
frame {f;} of E;. Let hk be a holomorphic functlon of X; such that f; = h ej.
Then for local section s € A(E) s = sff = s¥ey, we have s]h = sy, thus we have

D,(E’fj) = (@ +14)5/ ® fi+w A (Sffj)
=0+ l¢l)§j ® h’;ek +wiAS
= (0 +1p) ' H) @ e+ A (s*er)
= (0+15) (") @ e+ (s°er)
=D, (skek).
Hence D, is well deﬁned._
The Leibniz rule for D, folloyvs from the fact that o € A”(X), B € A1(X),
aAB=(—=1)P1BAa stands and d + [y, satisfies the Leibniz rule:
(0 +1g) (@A B) = (0 +1g) @ AB+ (=DPa A D +14)(B). U
Proposition 2.2. D? = 0.

Proof. We calculate D? locally and show D? = 0. Since D, satisfies the Leibniz
rule, we only have to prove @+ l¢,)2 =0 and Ef(s) =0 for s € A%(E).
First we prove (d + l¢,)2 = 0. According to [Martinengo 2012], we have

_ 2
2) 0+ l¢7r) - l@rx@-%[ﬂ%@]'

Since ¢; is a Maurer—Cartan element, we have d7x¢; — %[qbt, ¢:] = 0. Hence
(0+1g)* = B
Next we prove th(s) =0 fors e A°(E). Let {ek} be a holomorphic frame for E;.
Assume that s and w, has a triVialization as s = ske; and w, = gidzi, gi = (al )
respect to the frame {e;}. Here s* .a;, € A%(X) and gi € A°(End(E)). Since w; =
7'L’X (91) and 6; is a Higgs field we have w; A w; = 0. Applying Lemma 2.2 and the
fact that D, satisfies the Leibniz rule, we have
D;(s) = D} (s"®er)
= D,((d+1g,)s" @er+wns)
= (3 —|—l¢,)2sk Qex+w A (D —I—l¢,)sk Rer+(d +l¢,)(af’kskdz,~) Qesw AW NS
= o A@+1g)s  ®ex+ (3 +1y,) (@) dzi)ns* Dey
—a)tA(é_f’l(j;t)sk@ek‘i_w[/\wt/\S
=0.

Since s € A(E) is an arbitrary smooth section, this proves the claim. U
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Proposition 2.3. We define A, := D, — 9 — {0k, ¢} — 0. Then A, € A'(End(E)).
Here 0k is a (1,0)-part of the Chern connection which is uniquely determined by
og and the hermitian metric K. {0k, ¢} is the operator such that {0k, ¢; 1} =
Ok (¢ 1) — ¢ 10k
Proof. Let f € A°(X) and s € A°(E). Using the Leibniz rule and the fact that the
contraction is only taken in the (1,0)-part, we have
Ai(fs) = @+ly) f®s+fDi(s)—3f ®s— fIEs+ 10k (f)—OA(fs)
= (0—¢29) f®s+ [ Di(s)—0 f @5~ fOps+¢s(3f ®s+ foxs)— fONs
= f(D;—0g—{0k, ¢} —0)s
= fA:(s).
This shows that A, € A'(End(E)). O

We summarize the results so far.

Proposition 2.4. Let (X, E, 0) be a holomorphic-Higgs triple. Let (X, £, ®) be a
deformation family of (X, E, 0) over A and {(X;, E;, 0;)};ca be the family obtained
from (X, &£, ®). Combining ¢, and 0;, we can construct a well-defined differential
operator D, such that (D;)*> = 0. Let A, := D, — o — {0k, p:0} — 6. Then
A; € AY(End(E)).

We want the converse of the above proposition. Suppose we have a given smooth
family A; € A>!(EndE), B, € A"*(EndE) and ¢, € A%!(TX) parametrized by
reA.

We define the operator D, : A°%(E) - AY(E) as

Dy :=0g +{0k. p1o} + A +6 + B
We extend D, to A”(E) in an obvious way so that it satisfies the Leibniz rule:
Di(@®s) = (d+1p)a ®s+ (—1)Pa A D(s).

We want to show that if 5,2 =0, (A;, B, ¢;) defines a holomorphic-Higgs triple
(X;, E;, 0,). First of all, we have:

Proposition 2.5. If 5,2 =0, ¢, defines a holomorphic structure on X. We denote
this complex manifold by X,.

Proof. Let f € A°(X) and s € A°(E). Since 5% = (0, it satisfies the Leibniz rule:
0=D;(f®s)=(0+14)"f ®s.

Since f and s are arbitrary function and section, we have (3 + l¢,)2 = 0. By (2),
we have

3 2
0=@0+ l¢r) = léquﬁ/—%[(Pnd)z]'
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Hence 5TX¢, — %[d)t, ¢;] = 0. Hence ¢, defines a integrable complex structure
on X. O

Next, we show that £ admits a holomorphic structure over X, and we can induce
a Higgs field on it. Letus define D} : A°(E) — A%!(E) as D, := g+ {9k, ¢/ 2} + A,
We remark that D, = 5; + 6 + B,. The next claim was proved in [Moroianu 2007].

Lemma 2.3. ker(D)) generates A°(E) locally.
Proof. See the proof of [Chan and Suen 2016, Lemma 3.11.]. O

The above lemma tells us that for every x € X we have an open neighborhood U
of x and a frame {e;} on U such that {e¢;} C ker(lj;). Let {ex} be a local frame of
E such that {e;} C ker(ﬁg). Let 9, be the Dolbeault operator of X;. We can then
define g, by

55, (skek) = 5,51‘ R ey.

Let {f;} C ker(D ) be an another local frame of E, then there exist (hk) such that
fi= hk er. Applying D we have

D} (fj) = Dj(hke;) = (3 — ¢ u0)h" @ ey

Since ¢y is a local frame, we have (3 — qb,_na)h =0, which is equivalent to a,hk =0.
We can now check BE is well defined. Let s € AY(E) and assume s has local
trivialization as s = §; f; = sxex. Applying BE, we have

O, (s"er) = 05" @ e = 0,3;1%) @ e = 0,5} @ her = 0,5} ® fj = 0, (5, )
This proves the well-definedness. By definition, 3z satisfies the Leibniz rule:
5E1(a®s) =da®s+ (—DPan E_)E s

and 8% = 0 since ¢, defines an integral almost complex structure on X. Hence,
by the linearized version of the Newlander—Nirenberg theorem, E; = (E, 85,) isa
holomorphic bundle over X;.

We want to show next that 6, = 6 4+ B, + ¢, (6 + B;) is a Higgs field for E;
under the above assertion. By Lemma 2.1, 6; is a (1,0)-form of X; which takes
value in End(E).

Let e, C ker(5;) be a local frame of E and assume 6 + B, is written as 8 + B, =
> i 8idzi (gi € A%(End(E))) respect to this frame. By Lemma 2.2, to show 6, is a
Higgs field on E;, it is enough to show (E_)—I—l,z,[)gidzi =0and 6+ B;,)A(O@+B;)=0.

Since D, satisfies the Leibniz rule

0 = D?(ex) = D;(Dy(ex)) = D;((0 + By)(er)) = D (gidzi(ex))
= (0 +1y,)(gidzi)ex — gidzi A Dy (ex)
= (3 +1g)(gidzi)ex — (O + B) A (0 + By (er).



DEFORMATION OF A PAIR OF COMPLEX MANIFOLDS AND HIGGS BUNDLES 293

Hence 6, is a Higgs field for E, and (X, E;, 6;) is a holomorphic-Higgs triple. In
summary, we have proved the following,

Proposition 2.6. Suppose we have a given smooth family A; € A% (End(E)),
B, € AYO(End(E)), ¢, € A»(TX) parametrized by t. If the induced differential
operator D, : AP(E) — APTI(E) satisfies 5? = 0 and the Leibniz rule

Di(aAs) = (0 +1p)a®s+ (—1)Pa A Di(s),

then E admits a holomorphic structure over the complex manifold X,, which we de-
note by E;, and a Higgs field 6, such that (X,, E,, 6;) is a holomorphic-Higgs triple.

3. DGLA and the Maurer—Cartan equation

Let us recall the definition of DGLA.

Definition 3.1. A differential graded Lie algebra (DGLA) (V,[-, -], d) is the date
of Z-graded vector space L = &, _, L' with a bilinear bracket [-,-]: V xV — V
and a linear map d such that:

1. [a,b]+ (—=1)Y[b,a]l=0forae Vi ,be V.

2. The graded Jacobi identity holds:

la, b, cll =[la, bl. ]+ (=17 [b, [a,c]l, aeV' beV/ ceVh
3. d(V))c Vit dod=0andd[a, b]=[da, b]+(—1)[a, db] forac V' be V.
The map d is called the differential of V.

We recall the definition of the Maurer—Cartan equation of a DGLA.

Definition 3.2. The Maurer—Cartan equation of a DGLA V is

da—%[a,a]zo, aecVh

The solutions of the Maurer—Cartan equation are called the Maurer—Cartan elements
of the DGLA L.

We derive the Maurer—Cartan equation and DGLA which governs the deformation
of the holomorphic-Higgs triple. The next proposition is important to construct the
DGLA. Before we state it, we introduce some notation. Let 8IF;nd(E) : AY(End(E)) —
A'O(End(E)) be the differential operator induced by dk. Let Fy, be the curvature
of the Chern connection. Let the bracket [ -, - ] be the canonical Lie bracket defined
on A*(End(E)) and [ -, - ]sp be the standard Schouten—Nijenhuys bracket defined
on AY*(TX).

Proposition 3.1. Suppose we have a A € A% (End(E)), B € A"Y(End(E)) and
¢ € A%N(TX). Let D be the differential operator defined as

D=0+ {3k, p_} +0+ A+ B.
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D? =0 holds if and only if the following two equations hold:
Ognd(E) (A + B) — ¢ Fy, +10, A+ B]
+ (0P, 900 + {0 ¢} (A+B)+ LA+ B, A+ B =0,
Irxd — 31, ¢1=0.
From now on we denote [ -, - Jsyg as [ -, -] if there is no confusion. The proof of
the above proposition will be given at the end of the section.
Let us define some notation. Let L be L’ := @p+q:i AP4(End(E))DA% (TX)).

Let for ¢ € A% (TX), (9", ¢} := 0P (p) + (1) g ™"®). Define the
bracket [-, -]y : L' x L — Lt/ by

[(A, ), (B, V)L =
(=D 9Py jA — (=) VI (3R [ )} B — (4, B, [¢, V1)

We define Bx € A%!(Hom(T X, End(E)) and the C-linear map Cg : AYP(TX) —
AP (End(E)) such that they acton v € A%P(TX) as

Bk (v) := (—)PviFy,, Cx():= {0 v_16.

We define the linear operator dy : L — L as

_ (9enae) Bk 0 Ck
dL'_( 0 ) \0 0

Theorem 3.1. (L=, L;,[-,-1.,dL) is a DGLA.

We separate the proof of the theorem into the two propositions below. Before
going to the proof, we introduce some formulas which are useful for the proof.

Lemma 3.1 [Martinengo 2012, Lemma 3.1]. Let iz (w) =& _w for all w € A*(X).
For every £, 11 € A%*(TX),

(3) Z[SJI] = [l%'v [a’ ir}]]a [lg, lTI] = 0'
We slightly modify Lemma 3.1 so that we can use it in our proof.

Lemma 3.2. Let X be a complex manifold and E be a holomorphic bundle over X.
Let K be a hermitian metric on E and 0x be a (1,0)-part of the Chern connection.
By considering the degree of the differential form of (3), for any w € A*(E) and any
¢ € A%I(TX) and € A%%(TX), we have

(¢, V] = 3k (Y w)
— (=D (Y (o) — (= 1) Y L3k (Pow)— (= 1)y L dgw.

We obtain the corollaries below by applying Lemma 3.2.
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Corollary 3.2. Let A € A/(End(E)), ¢ € A%/ (TX) and € A>X(TX). Then we
have

(0" 1. 1A
= (0" ) (0™ YA = DI v )AL

Proof. We denote Bgnd(E) as dk in this proof.
Applying Lemma 3.2 to the left-hand side of the equation we have

{9k, [, ¥1o}A
=k ([p, V1A + (= 1)/ [, Y10k A

= O [P0k (WLA) — (=1 ok (Y a(paA))
— (=) L0k (paA) — (1) LpLog A}
+ (=) {padk (i A) — (=1 ok (Y a(¢dk A))
— (=17 Y Lok (pu0k A))
= 0k (0K (Y2A)) — (= 1)/ 0k (Y20 ($oA)) — (1) o (Y a0k A)
+ (=17 Pk (Yodx A) — (=17 Rk (Y a(pudk A))
— (=1)/*y Lok (pu0k A)}
= 0k ($pdk (Y2A)) — (= 1)/ 0k (Y0 ($oA)) — (1) o (Y agp ok A)
+ (=17 pudk (Yo A) — (=D ax (Y a(pudk A))
— (=) Lok (puok A)}.
We apply (3) for the computation of the right-hand side of the equation.

{9k, oMok, ¥ JA— (=) {dx, ¥ Hdk, ¢} A
= {9k, 2} Qx Y oA+ (=D Y03 A— (= 1) {dx, ¥ } @k pA+(=1) pLdx A)

= Ok (20 (Y 2A))+ (= 1) 0k (¢ vy 20k A)+(— 1) pLdk (Y 10k A)
— (= 1)Mok (Y 20k ($aA)) +(—1) I (Y 29205 A)+(— 1)/ Ty Lok (pL0k A))
= Ok (Po0k (WoA)) — (= 1) 0k (Y a0k A) +(—1)/HpLok (Y a0k A)
— (= 1) 0k (Y20 ($oA) — (= 1)/ ok (Y upud A)
— (=D Y Lok (pudk A).

Hence we have equality holds. U
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Corollary 3.3. Let Fy, be the curvature of the Chern connection. Let ¢ € A%(TX)
and € A%I(TX). Then we have

(¢, Y1uFa, = (=1 {0 E ¢ 3y aFye — (=1 EE) y he Fy, .

Proof. We denote Bgnd(E) as dk in this proof.

Recall that Fy, is a (1, 1)-form which takes values in End(E).

Applying Lemma 3.2 to the left-hand side of the equation and by the Bianchi
identity we have

(¢, Y laFay = @0k (Y aFay) 3
— (=D 3 (Y a(pFa)) — (= 1) Y ($Fay )
— (=14 i 1k Fay
= ¢0x (W 2Fay) — (=17 Y20k ($Fa).-
By direct computation for the right-hand side of the equation, we have
(=D'{dk, ¢} sFa — (=17 {3k Y )poFuy
= (— )8k (W sF ) + 3k W 3 Fuy
— (=D o (Y s Fa) — (=D 3k poFa,
= kY Fy — (=) Y0k ¢ Fy,.
Hence we have the desired equality. ([
By direct computation, we obtain some corollaries.
Corollary 3.4. Let A € A/(End(E)), B € A/(End(E)) and ¢ € A>*(TX). Then

@ {92MP, ¢ )A, BI=[{0""P), ¢}A, B+ (—D)*[A, (95"P), ¢} B].
Proof. We denote BIF}nd(E) as dk in this proof.

By using local trivialization we have

{0k, ¢ }[A, B]

= Ok ($_[A, B +(—1)"¢p_0k[A, B]

= 3(¢po[A, B)+[K 10K, ¢ [A, Bl+(— 1D ¢ (0[A, B)+[K 19K, [A, B]]

=[3(¢_A), Bl+(— 1)t ¢ A, 0BI+(—1) T [0 A, ¢ B1+(— 1) [A, d(¢_B)]

+(=DF[pudA, BI+(—D* A, ¢ LB+ (— D [¢pLA, 8B]
+(=DFMA, 90 Bl+-(— D [¢K 1K, [A, B]]

= [0(¢2A), BI+(—1)'[A, 0(¢_B)]+(— D [¢_0A, Bl+(— 1" [A, ¢_0B]
+(=D*[[¢ K 19K, A], Bl+(—DXTH[A, [ K 19K, B]]

= [{3k, p}A, BI+(—=1)'*[A, {9k, ¢} B].

Hence we have the desired equality. U
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Corollary 3.5. Let A € A'(End(E)) and ¢ € A%/ (TX). Then
5End(E){3§nd(E), PI}A
= (D78, ¢ YBpnacey A — (05", Brxp o)A — [poFy,, Al

Proof. We denote 8?‘1@) as dk in this proof.
We prove the above equality by using local trivialization:

OEnd(E) (0K, P} A
= Ond(e) {3k (P) + (= 1)/ pLdg A}

= Opnd(e) {0(924) + (=) [¢poK 10K, A1+ (—1)/ ¢_0 A}
= —3(0rx$oA) + (= 1)/ 0(_0kna(e)A) + (1) [0pnar (92K 1K), A]
+[pK "OK, dgnacey Al + (—1) drx 10 A — ¢ 1dgnace)d A
= (—=1)/{0k, ¢ }OBna(x) A — [pFay, Al — 0(3rx)pA
+ (=1)/[(Irxp) 2K 'IK, A1+ (—1)/ drxp_0 A
= (=)’ {9k, #}3enace) A — {9k, Irxpo}A — [P Fyy, Al
Hence we have the desired equality. O
Proposition 3.2. The bracket |-, -] : L x L — L satisfies the following:
1. Forevery (A,¢) e L', (B, y) e LI (i, j € 7),

[(A, @), (B, ¥)]L + (=DP[(B, ¥), (A, $)]L =0.

2. The graded Jacobi identity holds: for every (A, ¢) € L', (B, ¥) e L/, (C, 1) €
LK andi, j, k,
[(A? ¢)7 [(B7 w)a (C’ T)]L]L
=[[(A, $), (B, ¥)]11, (C. D). + (=D [(B, ¥), [(A, ), (C, D11
Proof. We denote Bgnd(E) as dk in this proof.

1. is obvious from the definition. We prove 2.
We first calculate each component. First we have

(5) [(A’ ¢)’ [(B’ W)’ (Cs T)]L]L
=[(A, 8), (1) {3k, ¥ }C = (=Y Pok, T }B—[B, C], [y, TD)],

_ o
= <[¢, v, r]])
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where
a = (=D{ag, p_H(=D {3k, ¥2)C — (=D TDox 7 }B —[B, C1}
— (=DUFDUOGE [y, 7]} A
—[A, (=) {3k, ¥ }C — (=)D 5 T} B —[B, C1]

Next we have

©) [[(A. ¢). (B, ¥)]1. (C. )], = ([[ o t])

where
B = (D", [¢, y]1u}C
— (=D T H(=D {3k, ¢ 3B — (=D {ag,  JA —[A, B}
—[(=D)"{3k, ¢} B — (=D (g, ¥ }A —[A, B], C].

We also have

o (—DY[(B, ¥),[(A, ¢), (C, D], = ([w E:ﬁ T]>

where
y = (D7 (=D {dg, Y H(=D {3k, ¢2}C — (=D ok, ¢ A — [A, C1}
— (=DHUTDEDG ¢, 1]} B
—[B, (=1)'{0x, ¥ 2} (=)' {dg. p}C — (=)D, gL} A — [A, C]1.
Hence by (5), (6), and (7) we only have to prove the equations
{0k. [¢, ¥1}A = {0k, p M0k . ¥ }A — (—=D)/* {0k, ¥ o HOk. ¢} A,
{0k, ¢o}[A, Bl = [{0k, ¢}A, Bl + (—1)'[A, {9k, ¢} B],
[A,[B, Cll=[[A, B], C]+ (—=)"[B, [A, C]],
(¢, (¥, Tl =[[¢, V1, T+ (=D [y, [¢, T]].

The above equations follow from Corollaries 3.2 and 3.4 and the fact that the
Schouten—Nijenhuis bracket satisfies the Jacobi identity. Hence we proved that
[-, -] satisfies the Jacobi identity. O

Proposition 3.3. d; is a differential with respect to the bracket | - , - 11, that is,
1. dp (L") C L',
2. dpodp =0,
3. forevery (A,¢) e L', (B, V) e L/ andi, j,

dLl(A, ¢), (B, ¥)]L =[dL(A, ¢), (B, ¥)]L + (=1)'[(A, $), dL(B, ¥)]L
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Proof. We denote BIF}“d(E) as dk in this proof.

1. is obvious from the definition of dj .
We prove 2. for dy ody : L' — L3. Let (A, ¢) € L'. We calculate d; od; (A, ¢):

4y (A §) = <3End(E%1:(;)¢JFdK> N <[0, A]-|-{03K, ¢J}9>

d ((éEnd(E_)A—(bJFdK) + <[9a Al+{ok, ¢J}9>)
t Irx) 9 0

@) _ <5End(E) Bg ) <5End(E_)A—¢JFdK>
0 aT(X) 8T(X)¢

0 Ck\ (Ornae)yA—¢Fu, dendey Bx\ (10, Al+{9k, ¢ 30
® +<0 0)( Irx¢ >+< 0 5TX>< 0 )

0 Cg\ ([0, Al+{0k, ¢ 2}0
() (),

Let us show (8) = (9) = (10) = 0:
®) = <5End(E) §K> (éEnd(E)_A—(l)JFdK)
0 drx Irx ¢

_ <5End(E)OéEnd(E)A-i-f_jEnd(E_) (¢JFdK)+BK(5T(X)¢)>
drxodrx P

_ <5TX¢JFdK +¢ 20gnd(e) Fa, —5TX¢JFdK>
o 0

_ <¢—‘5End(E)de) —0
= 0 =0.

The last equation comes from the Bianchi identity. Next, we show (9) = O:

©) = (9 CK> <5End(E)_A—¢JFdK) N (5End(E> pK) <[0, A]+{aK,¢u}9>

0 0 arx ¢ 0 arx 0
_ <[9, Oena(e)Al—10, ¢ 1F 4, 1+{0k . 5TX¢U}9)
o 0

+ <5End(E)[9, Al+0gnace) {9k » ¢J}9))
0 )

Since 6 is a Higgs field, E_)End(E)[Q, Al=—[6, E_)End(E)A]. Hence we have

(11) ©) = <—[9, G F 4 1+{0k , 0rx P 2}0+0Ende) {9k , ¢J}9)) |

0
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By direct computation using the local realization we have

{0k, drx )0 = dk (drx0) + drxd 1(dk 0)
= 3(drx¢p0) +[K 10K, drxp0]+ drxp(36 + [K 10K, 0]).
and
nd(e) {0k . @ 10) = Opna(r){0(p-0) + [K 19K, p_01— p(30 + [K 'K, 0])}
=—030(¢_0) + [Fu, $01 — [K 9K, dpnac) ($60)]
— Orx¢(30 +[K 19K, 01) — p_[Fyy, 0]
= —0(drxp0) — [¢pFuy. 01— [K'IK, Irx¢p 0]
— drx (30 + [K1AK, 6]).

Hence by (11) and the above two displays, we obtain that (9) = 0.
Next, we show (10) = 0:

0 CK) ([9, Al+{dxk, ¢J}9) _ ([9, {0k, ¢J}9]) .

(12) (10) = (0 0 0 0

By direct computation using the local realization we have

[0, {0k, $}01]
= OA {0k, p}0—{0k, P_}ONO
= OA{0(p_0)+[K 'OK, p_01—p 00— [K 'K, 6]}
—{0(p_0)+[K 0K, ¢ 10— 00— [K 10K, 01}N0O
= OA{0(p0)— P00 —[p_K 10K, 0]} —{d(dp_0)— P00 —[p_K 19K, O]}AO
= OAD(_0)—ONPIDO —D(P_0)AO+(PLO)AB.
Since 6 A6 = 0, we have
0=0(p(ON0)) — P3O NO))
=3P AO — (PO A IO+ IO AP0 —OA d(PpO)
— (PLB0) A O — 3O A (p0) + (p0) A DO 46 A (9130)
=3P AO —ONI(P) — (PudO) A D+ ApLd.

Hence by (12) and the above two displays, we obtain that (10) = 0. This completes
the proof of 2.
Next we prove 3.
Let (A, ¢) € L and (B, ¥) € L/. We first calculate each component of 3.
First we have

dil(A,¢), (B, ¥)]L = <5rx[(;l> W])
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where

@ = (enace) +0) (=D {0k, ¢} B — (=D {0k, ¥ }JA — [A, B]})
+ (=D [, Y1Fyy + {0k, [¢, ¥12}6.

Next we have

(B
[dL(A’ ¢)a (Bv w)]L - ([aTX¢, w])) s

where
B =(—1)""dk, drxp_}B
— (=D Ik Y Y Opnae) A + (— D) paF g, + 16, A1+ {9k, $2}6)
— [OEnd(e)A + (= 1) ¢ 1Fy, + 16, A1+ {9k, ¢1)0, B].

We also have

1y _ e
(=D'[(A, ), dL(B, ¥)]L ((—1)’[¢,87x1/f])’

where
¥ =19k, ¢} Benace) B + (= 1) 4Fy + 10, Bl + {3k, ¢1}0)
— (=) EFDUTDF G Sy I} A
— (=1)'[A, Bgnace) B+ (=1) ¥ 5 Fy + 16, Bl + {3k, ¥ 1)01.

Hence by the above equations, we have to prove

ena(e) {0k . YA = (= 1)/ {0k, ¢}Opna(e) A — {0k, drx P} A — [PpFy,, Al
{9k, ¢)0, Al = [{3k. $)0, A1+ (=D'[0, {0k, ¢} Al
(¢, Y1aFae = (=13, p )W Fae — (=D {0k, Y }p Fyy,
[0, [A, Bl =0, Al, B1+ (=1)'[A, [, B]l,
OEnd(£)[A, Bl = [gnaceyA, Bl + (—1)'[A, dnacr) B,
Irxle. ¥1=1[0rx¢. v1+ (=D'[¢, orx 1.

These equations follow from Corollaries 3.2-3.5 and the fact that éEnd( g) and drx
satisfy the Leibniz rule and the canonical bracket satisfies the Jacobi identity. [

Propositions 3.2 and 3.3 show us that (L,[-,-].,dr) is a DGLA. Hence we
proved Theorem 3.1. Combining Propositions 2.6 and 3.1 with Theorem 3.1, we
have:

Theorem 3.6. Given a holomorphic-Higgs triple (X, E, 0) and a smooth family
of elements {A;, B;, ¢;}ren C AV(End(E)) @ A" (End(E)) ® A% (TX). Then,
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(A, By, ¢;) defines a holomorphic-Higgs triple if and only if (A,, B, ¢;) satisfies
the Maurer—Cartan equation

(13) dL(A;i+ By, ¢) — 5[(As+ Bi, ¢1), (Ar + Br, ¢1)] =0.

We now give the proof of Proposition 3.1.

Proof of Proposition 3.1. We calculate D?. Using Corollaries 3.2 and 3.5, we have

D? = (3g + {9k, o) + A+ 60+ B)?
= 0p0E + 0e{0k. p_} + {0k, p}0E + {0k, p_HOk. P}
+ {0k, 92} (A+60 + B)+ (A+06 + B){dk, ¢}
+3p(A+0+B)+(A+0+B)dg+1[0, A+ Bl + 3[A+ B, A+ B]
= —{0k, Irxp_) — p_Fa, + 5{0k. [d, $11} + Okna(e) (0 + A+ B)
+{0 ) ¢} O+ A+ B)+10. A+ Bl+ 5[A+ B, A+ B]
= —{0k. (Orx¢ — 39, #1)1}
+ Bendeey (A + B) — ¢ uFy + 100" ¢ 10 + 16, A+ B]
+{0®, ¢ }(A+B)+i[A+ B, A+ B].

Hence by the above calculation, D? = 0 is equivalent to

OEnd(e)(A+ B) — ¢ Fy +[0, A+ B]
M, 9060 + (0P 9} (A+ B)+ LA+ B, A+ B =0,
Irxd — 3l¢, $1=0.

Hence we have the proof. ([

4. Kuranishi family

4A. Construction of Kuranishi family. Kuranishi [1965] constructed a universal
family for any complex manifold X over a possible singular analytic space. We
want to construct a family of holomorphic-Higgs triples over a certain singular
space which becomes a universal family in this context.

Here we recall some differential operators and inequalities we need. These are
commonly used in classical Hodge theory. We choose a hermitian metric g on
X and a hermitian metric K on E. Using these two metrics, we can define an
inner product (-, -) on L = p; L'. We remark that L’ and L/ are orthogonal with
respect to this inner product. We first define the formal adjoint of d; with respect
to(-,-)by

(dpe, p) = (o di ).
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Then the Laplacian Ay is defined by
A =dp Odz —I-dz odj.

This is an elliptic self-adjoint operator. Hence by Theorem 4.12 in [Wells 1980,
Chapter 4], it has a finite dimensional kernel H'. We call the elements of H' a
harmonic form. Let L bea completion of L with respect to the inner product
(-,-), and let H : L' — H' be the harmonic projection. The Green’s operator
G : L' — L' is defined by

I=H4+ApoG=H4+GoAp,

where I is the identity for L. H and G can be extended to the bounded operator
H,G:L"— L'. G commutes with d;, and d;}.
Now let {51, ..., n,} C H' be a basis and € (¢) := Z?:l tjin; € H!. Consider

() =€ (t) + 3d; Gle(t), (D]

We define the Holder norm || - ||« as in [Morrow and Kodaira 2006]. We have the
inequalities
ldf€llka < Crll€llis1.as

e, 81llk.e < Coll€llit1,0 18l k+1,0-
Douglis and Nirenberg [1955] proved the a priori estimate
l€llka = C3(IALElk—2,0 + [I€ll0,0)-

Applying these and following the proof of Proposition 2.3 in [Morrow and Kodaira
2006, Chapter 4] one can deduce an estimate for the Green’s operator G:

[Gellke < Call€lli—2.a

where all C;’s are positive constants which depend only on k and «.

Then by applying the proof of Proposition 2.4 in [Morrow and Kodaira 2006,
Chapter 4] or using the implicit function theorem for Banach spaces as in [Kuranishi
1965], we obtain a unique solution € (¢) which satisfies

€(t) = €1(t) + 3d} Gle(t), e (D)1,

which is analytic in the variable in ¢. The solution €(¢) is also a smooth section
for L'. By applying the Laplacian to the above equation, we get

Ape(t) — 3di[e(t), e()]L =0.
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Since €(t) is holomorphic in ¢, we have
2

0
Y ——et)=0.
8t,-8tj

i,j

Hence we have

82
A =
< L+; Btial‘j

Since the operator

)e(r) — 3dile(t), ()], = 0.

32
A _
L ZJ 31; 01

is elliptic, we can say that e€(¢) is smooth by elliptic regularity.
From the discussion so far, we have:

Proposition 4.1. Let {ny, ..., n,} C H' be a basis. Lett = (t1, . ..,t,) € C" and
€1(t) = Zi tin;. For all |t| < 1 we have a €(t) such that €(t) satisfies

(1) =€1(1) + 3d; Gle(t), €(1)],.
Moreover, €(t) is holomorphic with respect to the variable t.
Following Kuranishi [1965] we have:
Proposition 4.2. [f we take |t| small enough, the solution €(t) that satisfies
() = €1 (1) + 3d; Gle(), €]y

solves the Maurer—Cartan equation if and only if H[e(t), €(t)]y = 0. Here H is the
harmonic projection.

Proof. Suppose the Maurer—Cartan equation holds. Then
dpe(t) — 3[e(r), €()]L =0.

Hence we have
Hle(t),e(t)]y =2Hdpe(t) =0.

Conversely, suppose that H[e(t), €(¢)]p = 0. We have to show
8(t) :=dpe(t) — 3[e(®), e()]L = 0.
Since €(¢) is a solution to
e(t) =€1(t) + 5d; Gle(t), e(D]L
and € (¢) is dp-closed, applying d; we get
dpe(t) = 3did} Gle(t), ()]
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Hence
28(t) =dpd; Gle(t), e(t)]L — [e(1), €(D)]y.

By the Hodge decomposition, we can write

[e(®), (D] = H[e(®), e(D)] + ALG[e(t), ()] = ALG[e(@), €(D]L.
Therefore
28(t) =dd[Gle(t), )] — ALGle(r), e(D)]r
=—d;d.Glet),e()]L
=—d;GdLle(t), e()]L
= —2d;Gldre(t),e()]L.
Hence we get
8(t) = —d;GldLe(t), e()]L
= —d; G[8(t) + 3[e(1). e()]L. € ()],
=—d;G[8(1),e(®)]L.

We used the Jacobi identity in the last equality. Using the estimate

&, nlllke < CrallEllkttallliti e,
we get
18 llk.e < Croalld @ llkell€®)llk.a-

If we take |7| small enough such that Cy o ||€(?) ||k« < 1, we obtain §(¢) = 0. This
stands for all |¢| small enough. This finishes the proof. ([

In the case when H[e(t), €(t)] = O for all 7 or H?> = 0, we have:

Corollary 4.1. Let n be the dimension of H'. If H[e(t), €(t)]r = O for all t, we
have a family of deformation of holomorphic-Higgs triples over a small ball A
centered at the origin of C".

Proof. If H[e(t), e(t)]=0forall ¢, () = (A; + By, ¢,) satisfies the Maurer—Cartan
equation and so we obtain family of holomorphic-Higgs triple (X;, E;, 6;). Since ¢,
is holomorphic for variable ¢, applying the Newlander—Nirenberg theorem, we can
define a complex structure on X' := X x A such that X; = X[x ). Let £ := E x A.
By applying the linearized Newlander—Nirenberg theorem as in [Moroianu 2007],
we have a local frame {e(x, t)} of £ on X such that for each ¢, {e(x, 1)} C ker(ﬁﬁ) =
ker(éE,) and is holomorphic respect to variable . Let o : X — £ be a smooth
section and locally trivialized as o (x, 1) =) sK(x, t)ex(x, t) where s¥ are smooth
function on X'. We define 9 : A(E) — Aggl(é’) as

de(o(x, 1))=Y dxs*(x.0) @er(x.1).
k
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Note that 55 is well defined and ég| Ext = 5E,. It is clear that 5§ =0sothat£isa
holomorphic bundle over X'.

Let ® =0+ B;+¢, 1(6+ B;). Since ¢,, B, is holomorphic respect to the variable ¢
and O+ B;+¢, 1(60+ B;) is a Higgs field for (X,, E;), we have OEnde©® =0, OAO =0.
Hence ® is a Higgs field for (X, &).

Letm : X = X x A — A be a natural projection, this is a holomorphic submersion.
Also 77'(0) = X, Elz-1(0) = E and Ol ;-1 = 0 stands. Hence we have a family
of deformation of a holomorphic-Higgs triple over A. U

In general, the condition H? = 0 may not be satisfied. However, we can define a
possible singular analytic space

S:={teA:Hle(t),e()]y =0].

Let X¢(r), Ee(r), Oe(r) be the complex manifold, the holomorphic bundle, and the
Higgs field defined by €(¢). By the above results, we have a family of holomorphic-
Higgs triples {(X¢(r), Ec(r), Oe(r))}res. We call this family the Kuranishi family of
(X, E, 0) and S the Kuranishi space.

4B. Local completeness of Kuranishi family. We give a proof of the local com-
pleteness of the Kuranishi family for the deformation of the triple (X, E, 6). Here
we follow Kuranishi’s method.

Recall that in Section 4A we proved that for a given €;(t) =), tin; € H! =
ker(Ay : L' — L") the existence of solutions () to

€(t) = €1 (t) + 3d; Gle(r), e (D],
and proved that € (¢) satisfies the Maurer—Cartan equation if and only if
Hle(r), ()] = 0.
Hence we obtain a family of holomorphic-Higgs triples over
S:={teA:H[e(), e()] =0}

Before we state the main theorem of this paper, we introduce the Sobolev norm for
L and collect some estimates.

First, let us recall the Sobolev norm on Euclidean space. Let U be an open subset
of R” and f and g be a complex-valued smooth function on U. Here, U is a closure
of U. We set

Foni=Y fUD“f . Digdx,

la| <k

where we use the multi-index notation o = («y, ..., ), @; >0, |a| =), o; and
o (O \* (D)%
D* = (3){1) (ax,,) :
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Then we define k-th Sobolev norm | - | as

(14) \fle=111{ =V (f. i

Let V be a relatively compact open subset of U. By [Morrow and Kodaira 2006,
Chapter 4, Lemma 3.1], we have an estimate such that

(15) Ifgll <clflf -1gld, k=n+2,

where c is a constant.

By using a partition of unity and the metric of £ and X, we can define k-th
Sobolev |n|; for any n € L = D, =i AP (End(E)) © A% (TX). We list some
estimates that we need. Let ¢ be a constant. Then the following estimates hold
(see [Morrow and Kodaira 2006] for more details):

¢, Y1kl < ckl@lis1¥lks1, k>2n+2, dime X =n,
(16) |Ho| < ck|Plk,
|d; GOl < ciklpli—1.

From now on, we choose a k large enough such that the above estimates hold.

Let 7 := (A + B, ¢) € L' be a Maurer—Cartan element and assume |7| is small
enough so that n can define a holomorphic-Higgs triple. Let X,, E;, 6, be the
complex manifold, the holomorphic bundle, and the Higgs field which n defines,
respectively. We denote this holomorphic-Higgs triple (X, E,, 6,). Let n’ € L' be
another Maurer—Cartan element and assume that 1’ also defines a holomorphic-Higgs
triple (X,y, E,, 6,y). We denote as (X, E,, 0,) = (X,y, E;, 6,y) when there is a
biholomorphic map F': X;, — X, a l}glomorphic bl;lzldle isomorph/i\sm ¢ E,—> E,
which is compatible with F and 6, = ®~'o F*(6;)o® holds. Here ®: E,, — F*(Ey)
is the holomorphic bundle isomorphism induced by ®. F*(E,) is the pull back of
the bundle E,/ by F.

Now we state the main theorem of this paper.

Theorem 4.2. Let1:=(A+B, ¢) € L' be a Maurer—Cartan element. If || is small
enough, then there exists some t € S such that (X, E,, 0,) = (Xc), Ect)s Ocr))-

Proposition 4.3. Let €,(t) € H', r € S. Assume that € solves the equation
e=¢(t)+ %d{G[e, €lL.
If |€| is small enough, then the solution is unique.
Proof. Suppose € is another solution. Let § = ¢ — €(¢). Then
8= 3d; G([e. €] —[e(1), €(D)]L)
= 3d; G (18, €] +[€(®), 811 +15, 81
= 1d;G(2[8, e()]L + 18, 811).
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Estimating |§|; gives
181k < Dy (181kle®)1x +1817)
< Dil8li(le®lk + 181k).

If |e(t)|x is small enough, the above estimate holds if and only if |§|x = 0. This
proves the proposition. ([

Proposition 4.4. Suppose n € L' satisfies the Maurer—Cartan equation (13). If
din =0 and |n|y is small enough, then n = €(t) for some t € S.

Proof. Since n satisfies the Maurer—Cartan equation, we have

dpn— 0.l =0.
Since djn =0, we have

ALT] = dzdLn +dez77

= Ydi[n, nl..
Hence
n—Hn=GArn=1Gd;[n,nlL.

Let Y := Hn. Then n = ¢ + %Gd}i[n, n]r. By the assumption such that || is
small, |y |¢ is small by (16). Hence {» = €;(¢) for |¢| small enough. Hence by
Proposition 4.3, n = €(¢) for some ¢t € S. O

In general djn # 0 so we must try something else. We follow the idea of
[Kuranishi 1965]. Let us recall how we solved this problem in the complex manifold
setting. The idea is that for a given Maurer—Cartan element ¢ € A%!(TX), we
deform ¢ along a diffeomorphism f : X — X.

Let X4 be a complex manifold such that the complex structure comes from ¢.
Let f : X — X be a diffeomorphism. We can induce a complex structure on X
by f. We denote the corresponding Maurer—Cartan element as ¢ o f. Note that
f: Xpor — Xy is a biholomorphic map.

Kuranishi showed that for every Maurer—Cartan elements ¢ with |¢|; small,
there is a diffeomorphism f such that drx (¢ o f) =0. We recall how we obtain
such f.

Li:t g= (gij) be a fixed hermitian metric on X. Let £ =) . § (z)a%_ e AYTX)
and & be the conjugate. Let zg € X. Let c(t) =c(¢, 20, &) = (c1(?), . . ., cu(t)) be the
geodesic curve starting from zg with initial velocity & +&. Let fe(zo) :=c(1, 20, §).
Since X is compact, f is a diffeomorphism. By using Taylor expansion for fz, we
obtain

a7 ¢o fi =d+0rxE+R($, &)
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where R(t¢,t&) =1>Ri(¢, &, t) if t is a real number and both R, R; are smooth
map on X. In [Kuranishi 1965], it was shown that there is a £ € AY%(TX) such that
drx (¢ o f) =0 for any ¢ with |¢[; small by the implicit function theorem between
Banach spaces.

Let n = (A + B, ¢) € L' be a Maurer—Cartan elements and assume |7 is
small enough so that n can define a holomorphic-Higgs triple (X, E,, 6,). By
Kuranishi’s work we have a £ € A°(TX) such that 7y (9o fe)=0.

Let P: : E — E be the parallel transport of the Chern connection along f:. Let
v € A°(End(E)) and exp(v) = ZZOZO Z—T e A°(End(E)). exp(v) : E — E is an
automorphism and the inverse is given as exp(—v). Note that (v, &) € L°.

Let @ := P oexp(v). Since Ps is an isomorphism and compatible with f¢, ® also
is. Hence there is a smooth bundle isomorphism D E— f;‘ E, which is induced
by ®. Hence we can induce a holomorphic-Higgs triple structure on (X, E, 0) via
® and f;. This holomorphic-Higgs triple is isomorphic to (X,, E,, 6,). We denote
the corresponding Maurer—Cartan element as 1, := ((A+ B) *®, ¢ o f¢). We show
the existence of y := (v, §) € L? such that din, =0.

We first prove the next proposition.

Proposition 4.5. Letn, = (A+B)x®,¢o fe),n=(A+B,¢)and y = (v, §)
be as above. Then we have

(18)  ((A+B)*®,¢0 f:)=(A+B,¢)+dr(v,§) + R((A, B, ), (v, §)).
The error term R is of order t* in the sense that

R(1(A, B, $),1(v,£) =1*Ri((A, B, ), (v, £),1).
where t is a real number and R is a smooth map.

Proof. Before going to the proof, we prepare some terminologies. Let A €
A% (End(E)), B € A"Y(End(E)), v e A(End(E)), ¢ € A (TX) and £ € AX(TX).
The map R((A, B, ¢), (v, &)) is a smooth map on X such that R depends on
A, B,v, ¢ and £ and R is of order ¢? in the sense that

R(t(A, B, $),1(v,£) =1*Ri((A, B, $), (v, ), 1),

where ¢ is a real number and Ry ((A, B, ¢), (v, §), t) is a smooth map defined on X.

We assume that the same property holds for R((A, ¢), (v, §)), R((B, ¢), (v, §)).
The map R'((A, B, ¢), (v, &)) is a smooth map defined on some open set of X

such that R’ depends on A, B, v, ¢, and £ and R’ is of order #> in the sense that

R'(t(A, B,9),1(v,§)) =*R|((A, B, $), (v, £), 1),
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where 7 is a real number and R|((A, B, ¢), (v, £), t) is a smooth map defined on
some open set of X. We assume that the same property holds for R'((A, ¢), (v, £)),

R'((B, $), (v,§)), R'(v,§) and R'(¢, §).
By (17), we only have to prove

(19) (A+B)*»®

= A+ B+0pna(eyv+E 1F g, +16, v]+{05 "5 ELJ0+R((A, B, ¢), (v, £)).
First we prove
(20) A*CD=A+5End(E)U+$—’FdK+R((A’ ¢)7(U’ 5))

Let U’ and U be open sets of X such that U’ C U and f;(U’) C U. We calculate
(Ax® — A)(z) for z € U'. Let {ex} be a holomorphic frame on U for E, . Since
E,;’s complex structure is induced by &, ® : E;; — E, is a holomorphic bundle
isomorphism. Hence ® (e ) is a holomorphic section for E;. Hence we have

(21) dpex + {9k, (o fr)lex + (Ax P)ex =0,

(22) & o (g + {3k, ) + A) o P(er) =0.

By (17), (21) is equivalent to

(23)  Opex + {0k, pter + {3k, IrxEstex + (A« Dlex + R'(¢, §)(ex) = 0.

Let P; be the first order of P;. Since ® = P; oexp(v), we have an expansion for
@ (er) such that

®(ex) = Ps oexp(v)(ex) = ex + Pi(ex) +v(ex) + R'(v, §)(ex).

Hence (22) is equivalent to
dger + {9k, poler + Aex + g (Piex) — Pidrex

+0pver — vog(er) + R'((A, 9), (v, §))(er) =0.
Since 5E(Uek) —viger = (éEnd(E)U)ek, we have
(24) Oper + {0k, pler + Aex + 0p(Pier) — Piore

+ (Omna) v)ex + R'((A, 9), (v, £))(er) =0.

Hence by (23), (24),
(25) (A ®)ex — Aer + {9k Irx€ Jex — O (Plex) + P{dpe

— BEnaeyV)ex + R'((A, ¢), (U, €))(ex) = 0.

We have to prove {dg, drx&_} — dF o Pé + Pg’ 0dp = —&,F,,. We prove this for
a holomorphic frame {e, } for E on U. Since P is the parallel transport along f:
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respect to the Chern connection, we have Pg (e;) = —£,K 19K (e}). (See [Spivak
1999] for more details). Hence we have

{0k Irx& J)e}, — 0p o Plej + Plodge;
= —drx&dke, + Op(ELK 10K e))
= —drx€ 0k e + OrxE 1K~ 9K e}, — & 1(Opnace) (K~ 0K))e;
= (—E1Fy)e;.

Hence by (25), we have

(Ax D)y = Aey + (Fpnd(ryV)ex + & 1 Fay (ex) + R'((A, ¢), (v, €))(ex).

Since {ex} is an arbitrary holomorphic frame on E,y and R'((A, ¢), (v, §))(ex) is a
local expression of Ax® — A — E_)End( gyv —&.F,, we proved (20).
Next, we prove that

(26) B+ ®=B+[0,v]+ {0, £.)6 + R(B, $), (v, £)).

\i’e recall that 5’\: E,;,— fg*(E ») 18 a holomorphic bundle isomorphism and 6,y =
oo fé* (0y) 0o ®. Let 9,;,’0 is the (1, 0)-part of 6, respect to the original complex
structure, then we have B x ® = 9;,’0 — 6. We calculate B x ® locally.

Let (U, z) be a local coordinate and U’ C U. We assume f:(U’) C U and
E=¢& (z)(a%). By the definition of fz, for z € U’, we have

i@ =(z1+&E @ +O0(EP). ..., 20 + &) + O(E]D)).

Let {ex} be a holomorphic frame on U for E. Let g;, B; € AY(End(E)). Assume
that 0 is locally expressed as ) . gi(z)dz; and B as ), B;(z)dz; respect to this
frame.

Let the bracket [ -, - ] be the canonical Lie bracket defined on A*(End(E)). Since
0yp=0+B+¢(0+B)=(g +B)dz; + (g + Bi)¢>§d2j and @ is induced by @,
we have

O (ex) = Do £ (6,)0D (er)
= & o{(gi+B)) (f (2))dfz i ()+(gi+B) (fe ()¢} (fe (2))d fe.j}oP(ex)
= ((gi+B) (fe ()dfe i (2)+(gi+B) (fe () (fe ())d fe. ) (ex)
H(gi+B) (fs (D) fe.i () +(gi+B) (f () (fe (D) fr. j. PL(ex)

HL(8i+B) (fr () fe.i (R)+(8i+B) (fe ()¢ (fe (2))d fe.j. v](ex)
+R'((B, $), (v, §))(ex).
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Hence

0&;
(27) 9,:/’0(6%) = ((8i+Bi)(f$ (Z))d2i+(8i+Bi)(f§(Z))_gdzj)(ek)
|:((gz+B )(fe(2))dzi+(gi+Bi )(fs(Z)) % de Pg:|(€k)

+|:((gi+Bi)(f§ (@))dzi+(gi+Bi) (fe <z>>£dz . u](em
J
+R (B, $), (v, £))(ex)
0&;
= ((g,-+Bi>(fg @)dzi+gi (fe (z))%dz j)(ek)
J

+[gi (fe @)dzi, Pi](en)+[gi (fe (2)dzi, v](er)
+R'((B, ¢), (v, §))(ex).

Since f¢(z) =c(z, &, 1), we have the Taylor expansion at ¢ = 0 for g;(f:(z)) and
Bi(f¢(2)):

0gi
8i(fe(2)) = gi(2) ‘Jl‘%-j(Z)%(Z) + 0(E),
j
0B;
Bi(fe(2)) = Bi(2) +§; (25— () + O(51").
J
Hence by (27), 91,’0(ek) becomes

lO(ek) = <gl (2)dz; +§] (z)dzl + Bi(2)dz; + g&i (z) % dz,)(ek)
+[gi(z)dz, Pg](ek)+[g,(z)dz, vl(er) + R'((B, ¢), (v, £))(ex)
=0+ B)(ex) + (SJ—(z)dz, +gz(z) 95 dz,)(ek)

+ 16, P{1(ex) + 16, vi(er) + R'((B, ¢), (v, §))(ex).
Hence

28)  BxD(er) =0, (ex) — 60(ex)
_ 08 v )25 g
= B(ex) + (s, g7, (D2 T a5 dzj) (ex)
+10, P{1(ex) + 16, vi(er) + R' (B, §), (v, ) (ex).

Hence the only thing we have to prove is

(sl “(2)dzi + 8i(2) Sdz,><ek>+[e P{1(ex) = (9" £210) (en).
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Since {e;} is a local holomorphic frame for E, we have

(SJ - (2)dzi+8i(2) 5 % )(ek)+[9, P{](ex)
Zj

8i
0z
<'—(Z)dzz+gl(Z)—$dZJ>(ek)+9( E.KT'OK) (er)+E 1K IK (B(er))

(z)dzl+gl<z> Sdz,><ek>+[sm 9K, 0](cy)

(0. £.)6
— Ok (E0) +E 05 (0)
s
— 05 (2)g) + [K 19K, £6]+6;(2) af s,(z) dz,+€ K~'9K. 6]
J
= ) gz 50 S, s<> d 15K 9K, 6]
_8Z] szgzZ Zj ]Zaz iZ <j é‘-J ,

0gi 0&; B
= (Sj—g (2)dz; +gi(z)idz,~> +[£.K7'9K, ).
8Zj 8Zj
Hence we have the desired equality. Hence by (28) we have

Bx®(ex) = B(ex) + [0, vl(er) + ({05 "Y), £210) (ex) + R'((B, $), (v, ) (ex).

Since {e;} is an arbitrary local holomorphic frame on E and R'((B, ¢), (v, &))(ex)
is a local expression of Bx® — B — [0, v] — ({81E(nd(E), £.}0), we proved (26).
Hence by (20) and (26) we proved (19). This completes the proof. U
Recall that H? = ker(A;) € L°. Let FO be the orthogonal complement of H°
w.r.t. the inner product (-, - ). Note that ker(H) = F 0. H is the harmonic projection.
Then, for y € FO,
n=GArLy +Hy=GALy.

Since dj is zero on LO, d; (y) =0. Hence

AL)/ = dZdL)/
This yields,
(29) y =Gdjdry.

From now on, we think of L!, F° as normed by the k-th Sobolev norm and by
the (k—1)-th Sobolev norm. Let Lk 1> L}(, Fk0 be the completion of L', FO with
respect to the corresponding norms.
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Proposition 4.6. Let n(y) :=n+dpy + R(n, y). There are neighborhoods of the
origin U and V in L' and F° such that for any n € U there isa y € V such that

(30) di(n(y)) =0.
Proof Let y := (v, &) € FV. By the definition of n(y), (30) is equivalent to

0=d;(n(y)) =din+d;dLy +d;R(n, y).

By (29),
y =Gdjdry =—Gd;n—Gd;R(n, y).

Thus (30) is equivalent to
y +Gdin+Gd;R(n,y) =0.

Let U; and V) are neighborhoods of the origin of L,l and F, 1?. By the local property of
R(n, y) which we observed in Proposition 4.5, we can define C! map 7 : Uy x V| —
1
Ly_, by
h(n,y) =y +Gdin+Gd;R(n, v).

By the order condition on the error term R, the identity map is the derivative of &
concerning y at (0, 0). Hence by the implicit function theorem for Banach spaces,
there exists an open neighborhood Uy of 0 € L ,]( and a continuous map g : Uy — V|
such that g(0) = 0 and such that 4(n, y) = 0 if and only if y = g(n) for all n € Uj
(see [Lang 1993] for details).

Let U:=UyNL® and V := g(Up) N F°. Let n € U and y := g(1). By the previous
section, we have h(n, y) = 0. If we take Uy small enough, A; +d; R(n, -)+dfn
is a quasilinear elliptic operator. By elliptic regularity, y is smooth. Hence y € V.
Hence this completes the proof. (|

We can now give the proof of Theorem 4.2.

Proof of Theorem 4.2. Let n € L' be a Maurer—Cartan element and |n]; < 1.
By Proposition 4.4, we only have to prove the theorem for d;(E)n # 0. By
Proposition 4.6, we have a y = (v, &) € L? such that

din+djdry +d;R(n, y)=0.

Let ® := P; oexp(v). We can induce a structure of holomorphic-Higgs triple
on (X, E, 0) that is isomorphic to (X,, E,, 6,) by ® and f:. We denote the
corresponding Maurer—Cartan element as 7,,. By Proposition 4.5, we have

ny=n+dry +R(n,y).

We can easily see that d; n,, = 0. Hence by Proposition 4.4, we have some t € S
such that (X¢(), Ecqry, Oer)) = (X, Ey, 0). This completes the proof. U
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