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NONCOMMUTATIVE TENSOR TRIANGULAR GEOMETRY:
CLASSIFICATION VIA NOETHERIAN SPECTRA

JAMES ROWE

Given a monoidal triangulated category T with Noetherian spectrum, we
show that there is an order-preserving bijection between the collection of all
Thomason subsets of the noncommutative spectrum of T and the collection
of all thick two-sided semiprime ideals of T and that it is universal among all
such spaces classifying the ideals in question.

1. Introduction

One application of tensor triangular geometry (tt-geometry) is the classification
of various types of subcategories via topological spaces. Following specific clas-
sification results in fields such as algebraic geometry (for example, [Thomason
1997]) and topology [Hopkins and Smith 1998], Balmer [2005] proved generic
classification theorems within the framework of tt-geometry. Since then, the theory
of classification within tt-geometry has expanded to include techniques such as the
use of residue functors [Balmer and Favi 2011] and categorical actions [Stevenson
2013], further increasing the range of subcategories for which classification is
possible.

This article is concerned with the theory of monoidal triangulated categories, or
mt-categories. Within these categories, the tensor product functor & is no longer
required to be symmetric. The general theory of these categories has been of
significant interest in recent times, with foundational results established by Nakano,
Vashaw, and Yakimov [Nakano et al. 2022a]. These general results include a
classification theorem applicable to a wide collection of weak support data [Nakano
et al. 2022a, 6.2.1], as well as characterisations of those categories in which the
tensor product functor interacts well with support data [Nakano et al. 2022b, 3.1.1].

The classification theorems in both the symmetric and monoidal settings use
the connections between a mt-category T and its collection of prime ideals Spc(T)
considered as a topological space. Many of the classifications of subcategories
rely on controlling the properties of this space or the prime ideals from which it is
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formed. For example, in the recent work of Mallick and Ray [2023], radical thick
tensor ideals of mt-categories are classified using a point-free approach, under the
assumption that every prime ideal is completely prime: given a prime ideal P, if
there are objects a, b such thata @ b € P, thena € P or b € P.

At the level of topological spaces, classification theorems often assume that
the spaces used to classify subcategories are Noetherian topological spaces. Such
spaces are commonly encountered in algebraic geometry: given a commutative
Noetherian ring R, the spectrum Spec(R) is a Noetherian topological space. This
is the case in results from both the monoidal setting [Nakano et al. 2022a, 6.2.1],
and the symmetric setting (via classifying support data [Balmer 2005, 5.2]), as well
as in the formulation of visible points [Balmer and Favi 2011, 7.14].

We follow the original work of Balmer [2005] in the symmetric case and prove
analogous statements in the monoidal setting for those mt-categories with Noetherian
spectrum, Within this framework we obtain the following classification:

Theorem (Theorem 4.6). Let T be a monoidal triangulated category such that
the Balmer spectrum Spc(T) is a Noetherian topological space. Then there is an
order-preserving bijection between the collection of all Thomason subsets of the
spectrum Spc(T) and the collection of all thick two-sided semiprime ideals of T.

We also show that if we are given a classification via some other well-behaved
support datum (X, o) then the universal map becomes a homeomorphism.

Theorem (Theorem 5.7). Suppose (X, o) is a support datum which classifies all
thick two-sided semiprime tensor ideals of T and the space X is Noetherian and Ty.
Then the universal map f, : X — Spc(T) is a homeomorphism.

In proving these results, we also show that under the Noetherian assumption, the
noncommutative spectrum Spc(T) is a spectral space (Theorem 3.7). These results
are all obtained in the small setting; we only use thick subcategories and do not
require the use of larger structure such as localising subcategories.

2. Preliminaries on mt-categories

Let T be a triangulated category. Many examples in the literature, such as derived
categories of commutative rings and the stable homotopy category of spectra, can
be equipped with a tensor product functor that interacts well with the triangulated
structure of the category. In the case where the tensor product functor is symmetric,
these categories are referred to as fensor triangulated categories (or tt-categories),
while in the general setting where the tensor product need not be symmetric such
categories are referred to as monoidal triangulated categories (or mt-categories).
We will review several of the key definitions and main results from [Nakano et al.
2022a] that will be used throughout this paper.
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Definition 2.1. An essentially small monoidal triangulated category is a triple of
the form (T, ®, 1), where T is an essentially small triangulated category and (®, 1)
is a monoidal structure on T such that ® is an exact functor in each variable.

In other words, it is a tensor triangulated category, but the tensor product operation
need not be symmetric.

Investigations into both tt-categories and mt-categories often include some speci-
fication of the size of the categories to be studied. We may consider a category to
be essentially small, and focus only on types of thick subcategories, as in [Balmer
2005]. Alternatively, we may consider categories that have a greater level of
structure, namely those categories that are rigidly-compactly generated in which
the collection of compact objects are also carry the structure of a tt-category or
mt-category. This approach via big tt-categories is used in work such as [Balmer
and Favi 2011] and [Stevenson 2013], and can be used to investigate a variety of
different types of subcategory. This is also the approach used in the classification
of [Nakano et al. 2022a] in the monoidal setting. We have chosen to use only the
essentially small approach, obtaining our results without appealing to this greater
level of structure. Although we only obtain a full classification for those cases in
which the spectrum is Noetherian, this aligns with the original result of Balmer
[2005] that thick subcategories should be controlled by the smaller data of the
original category without any higher structure.

With our notion of an mt-category in place, we can now fix the types of subcate-
gory we would like to classify. Aligning with the monoidal classification of [Nakano
et al. 2022a] previously discussed, we are aiming to classify certain semiprime
ideals via the collection of prime ideals. Just as when moving from the study of
commutative rings to noncommutative rings, the definition of a prime ideal must
change as we move from tt-geometry to mt-geometry. We make this precise below:

Definition 2.2 [Nakano et al. 2022a, 1.2]. Let T be an essentially small mt-category.

(1) A thick two-sided ideal of T is a thick subcategory closed under left and right
tensoring with arbitrary objects of T.

(2) A prime ideal of T is a proper thick ideal P such that Z ® J C P implies
T C P or J C P for all thick two-sided ideals Z and 7 or T.

(3) A semiprime ideal of T is an intersection of prime ideals of T.

(4) A completely prime ideal of T is a proper thick ideal P such that A® B € P
implies A € P or B € P for all objects A, Be T.

In other words, when we talk about prime and semiprime ideals in this setting
of mt-geometry, the notion aligns with the usual definitions from noncommutative
algebra. While Balmer [2005] classified radical thick tensor ideals (necessarily
two-sided) in the symmetric case, we will classify all two-sided thick semiprime
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ideals. In both cases, the classification is with respect to the collection of prime
ideals, considered as a topological space.

Definition 2.3 [Nakano et al. 2022a]. The noncommutative Balmer spectrum of
an essentially small mt-category T is the set of prime ideals of T. We denote
the noncommutative spectrum by Spc(T). The spectrum can be equipped with a
topology generated by the collection of closed subsets

V(S)={PeSpc(T) | PNS =g}
for all subsets S of T.

In the symmetric case the Balmer spectrum is indeed a spectral space (see
Definition 3.1) in the sense of Hochster [1969] (see for instance [Balmer 2005] for
a direct proof and [Buan et al. 2007, 6.7] for a proof via lattices). The connection
to algebraic geometry can be concretely realised via classifications such as the
celebrated result of Thomason [1997], which in the framework of tt-geometry
results in a homeomorphism

X = Spc(DP*f (X)),

where X is a topologically Noetherian scheme and DP¢f(X) is the derived category
of perfect complexes over X, equipped with the usual tensor product ® = ®(L9X
[Balmer 2005, 5.4, 5.6].

The other key element of the classifications in both the symmetric and monoidal
settings is the notion of a support datum. There is a natural support datum associated
to the noncommutative Balmer spectrum:

Definition 2.4 [Nakano et al. 2022a]. For an essentially small mt-category T, the
small noncommutative support of an object ¢ is given by

supp(t) = {P € Spc(T) | t € P}.
Note that this is just the restriction to objects of the map V of Definition 2.3.

This noncommutative support carries many desirable properties, interacting with
distinguished triangles and sums in the same way as the commutative version of the
support. The key distinguishing difference from the symmetric case occurs when
taking the intersection of supports, which is investigated further in [Nakano et al.
2022b]. We formally set out the properties below:

Lemma 2.5 [Nakano et al. 2022a, 4.1.2]. The small noncommutative support
satisfies the following properties:

(1) supp(0) = @ and supp(1) = Spc(T).
(2) supp(t @ s) = supp(t) Usupp(s) forallt,s € T.
(3) supp(X1) = supp(?).



NONCOMMUTATIVE TENSOR TRIANGULAR GEOMETRY 359

@) If t > s - r — Xt is a distinguished triangle, then supp(t) < supp(s) U
supp(r).

(5) U, 1 supp(t ® r @ s) = supp(r) Nsupp(s) forallt,s € T.

(6) Forallt €T the subset supp(t) is closed.

When working with examples, it is not always the case that one can immediately
compute a classification directly via the Balmer spectrum. One of the key features
of the results in both the symmetric setting [Balmer 2005, 5.2] and the monoidal
setting [Nakano et al. 2022a, 6.2.1] is that if a classification can be obtained with a
Noetherian topological space equipped with a function that behaves like the Balmer
support (with potentially some additional hypotheses), then this space must have
been homeomorphic to the Balmer spectrum all along. To that end, the general
notion of a support datum is introduced:

Definition 2.6 [Nakano et al. 2022a, 4.1.1]. A support datum on a mt-category T is
a pair (X, o), where X is a topological space and o is an assignment o : T — X,
where X is the collection of all closed subsets of X, such that o satisfies the
following additional properties:

(1) o()=g@ando(1) = X.
) c(a®b)=0c(a)Uac(b) foralla,beT.
(3) o(Xa)=o0(a) foralla eT.
4) If a - b — ¢ — Xa is a distinguished triangle in T, then o (a) C o (b) Uo (c).
(5) Upero(@®c®b)=0(a)No(b).
Note that in [Nakano et al. 2022a] it is not required that support data take values
in closed subsets.

The property on the intersection of pairs of supports can be extended to finite
intersections via a simple inductive argument:

Lemma 2.7. Given a support datum (X, o) and a finite collection of objects
ri,72, ..., Iy, we have

n

o= | o0®a®n®ae @ 10rm.

i=1 C1,C2y.eesCp—1€T

Proof. We proceed by induction, where the base case o (r;) N o (r;) is satisfied by
Definition 2.6. Suppose the result holds for the n — 1 case. Then

n n—1

REOE ( N 0(n)> No(ra)

i=1 i=1
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=< U O'(I"1®C1®---®Cn_2®rn_1)>ﬂO'(rn)

Cl,Cz,...,CnfzeT

= U (U(r]®c1®"‘®Cn—2®rn—l)ma(rn)>

€1,C25..0sCp—2€T

— U U or®c1®N®cr® - Qcy—1 @ry)

€1,€2,..sCn—2€T Cy1 €T

= U o(rI®cI®NAr®---Qcp_1 ®ry). O

€1,C2yeeesCy—1€T

The homeomorphism alluded to between the spectrum and other spaces that
classify ideals is realised by the fact that amongst all support data, the natural
support associated to the Balmer spectrum is universal.

Theorem 2.8 [Nakano et al. 2022a, 4.2.2]. Let (X, o) be a support datum on T
such that o (t) is closed for every object t € T. Then there is a unique continuous
map f : X — Spc(T) satisfying o (t) = fa_l(supp(t))for allt € T. In other words,
(Spc(T), supp) is the final support datum among all such support data. The map f,
is given by

fo(x)={teT|x ga(n}

The definitions and results presented so far contain a mixture of properties defined
idealwise (such as prime ideals) and properties that are defined objectwise (such as
the properties of support data). Just as in the case of noncommutative rings, prime
and semiprime ideals can also be characterised objectwise, allowing convenient
translation between the two concepts.

Theorem 2.9 [Nakano et al. 2022a, 1.2.1]. Let T be an essentially small mt-category.
Then the following hold:

(1) A proper thick ideal P of T is prime if and only if, given objects A, B € T, we
have AQC ® B € P forall C €T implies A€ P or BeP.

(2) A proper thick ideal P of T is semiprime if and only if , given A € T, we have
AQRQCQR®AePforall C €T implies A €P.

(3) The noncommutative Balmer spectrum Spc(T) is always nonempty.

All of the results reviewed so far hold for all mt-categories, irrespective of
the properties of their noncommutative Balmer spectrum. Our objective for the
remainder of the paper is to demonstrate that for those mt-categories T with Noe-
therian spectrum Spc(T), the noncommutative Balmer spectrum is a spectral space
classifying all two-sided thick semiprime ideals, and that any Noetherian and Ty
space classifying these ideals via support data is homeomorphic to the Balmer
spectrum.
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3. Noetherian noncommutative spectra are spectral

Given a commutative ring R, the topological properties of the spectrum Spec(R)
have been the subject of considerable study, particularly in the work of Hochster
[1967; 1969], in which the topological spaces that share various properties with ring
spectra are classified. To this end, the definition of a spectral space is introduced:

Definition 3.1 [Hochster 1969]. Let X be a topological space and let K (X) denote
the set of all quasicompact open subsets of X. The topological space X is spectral
if it satisfies all of the following conditions:

(1) X is quasicompact and Ty. By Ty we mean that given any two points x, y € X
there is an open subset of X containing one of these points, but not the other.

(2) K(X) is a basis of open subsets for X.
(3) K(X) is closed under finite intersections.

(4) X is a sober space. That is, every irreducible closed subset of X has a neces-
sarily unique generic point.

Given a commutative ring R, the usual spectrum Spec(R) is spectral. Moreover,
Hochster [1967] proved in his original thesis that given any spectral space X,
there exists a commutative ring R such that X is homeomorphic to Spec(R). The
topological properties possessed by spectral spaces are essential to various elements
of foundational classification results [Balmer 2005, 5.1, 5.2; Nakano et al. 2022a,
6.2.1].

Although when using general classifying support data we still need to assume the
presence of a Noetherian spectral space, in the specific case of the noncommutative
Balmer spectrum, we will show that the Noetherian assumption is sufficient. Specif-
ically, we will show that if an mt-category T has Noetherian spectrum Spc(T), then
the spectrum Spc(T) is a spectral space.

We begin by translating some of the topological properties of the Balmer spectrum
investigated in [Balmer 2005] into the monoidal setting.

Let T be an essentially small monoidal triangulated category with spectrum
Spc(T). We aim to show that Spc(T) is a spectral topological space. As seen in
Definition 2.3, a basis of closed sets is given by {V(S) | S C T}, where

V(S)={P eSpc(T) | PNS =o}.
The corresponding basis of open sets is {U(S) | S € T}, where
US)={PeSpc(T) | PNS #a}.

Given an object s € T, we will simplify the above notation and write V (s) for the
basic closed set V ({s}) and write U (s) for the basic open set U ({s}).
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Immediately we have V(S) = (,cs V(s) and U(S) = (U, U(s). Therefore
the sets of the form V (s) = supp(s) form a basis of closed sets for the topology by
Lemma 2.5, while the sets of the form U (s) form a basis of open sets for the topology.

For a collection of objects £ define supp(€) = |, supp(s).

Lemma 3.2. Let Y C Spc(T). Then the closure of Y is given by
Y = ﬂ supp(t).
Y Ssupp(t)

Proof. This follows immediately from the fact that the sets of the form supp(s) are
a basis of closed sets for the topology on Spc(T). ([

Proposition 3.3. For any point P € Spc(T), the closure of P is given by
{Py={QeSpc(M|QCcP).
In particular, if {P} = (P>} then Py = P,. That is, the space Spc(T) is Tp.

Proof. The proof is identical to [Balmer 2005, 2.9]. Fix a prime ideal P. Consider
the set Sy = T \ P and the associated basic closed subset V (Sp) ={Q | QN Sy = T}.
Clearly P € V(Sp). If there is a subset S € T such that P € V(S), then S C Sy and
s0 V(Sp) C V(S). Therefore V (Sp) is the smallest closed subset containing P and
is the closure of . We have

{P)=V(S5) ={QeSpc(T)| Q< P}.
The fact that Spc(T) is Ty follows immediately. O

We will make use of the following theorem from [Nakano et al. 2022a], which
is the nonsymmetric version of [Balmer 2005, 2.2].

Theorem 3.4 [Nakano et al. 2022a, 3.2.3]. Suppose that M is a multiplicative
subset of T and suppose I is a proper thick two-sided tensor ideal of T such that
INM=. The set

X (M, I) ={T a thick two-sided tensor ideal of T | Z C J and J N M = &}

has a maximal element, and moreover this maximal element is prime.

Proposition 3.5. Nonempty irreducible subsets of Spc(T) have unique generic
points. That is, the noncommutative Balmer spectrum is always a sober space.
Indeed for a nonempty closed subset Z C Spc(T) the following are equivalent:

(1) Z is irreducible.
) Forallt,seT,if UtDs)NZ=S,then Ut)NZ=DorU(s)NZ =L.
(3) The collection P ={t € T |U(t) N Z # @} is a thick prime ®-ideal.

Moreover, when these conditions hold, Z = {P}.
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Proof. The proof is very similar to [Balmer 2005, 2.18], although some extra care
is needed when proving certain ideals are prime. We have already seen that Spc(T)
is Ty and so uniqueness of generic points is immediate.

(1) = (2): Z irreducible means that for any open subsets U, U, € Spc(T), if
ZNU NUy =@ then ZNU| =& or ZNU,; = &. This gives (2), since U(t B s) =
U@)NnuU(s).

(2) = (3): This will be slightly more involved than the proof in [Balmer 2005].
Condition (2) gives ¢, s € P implies t @ s € P. Using this, we see thatif t, s € P
and t — s — r — Xt is a distinguished triangle, then r € thick® (¢ @ s), hence
U(itds)CUr)andsince Ut @s)NZ AT, wegetU(r)NZ #J,andsor € P.

The fact that P is closed under summands is immediate as U(t ® s) N Z # &
implies (U(t) N U (s)) N Z # & and therefore U(t) N Z # & and U(s) N Z # O.
Therefore, both ¢ and s are objects in P.

It remains to show that P is a two-sided ideal, and that it is prime. Fix € P and
x € T. We have

@£ ZNU()
CZNWU@UU(x))

=Zﬂ<er0®s®x0 (by Lemma 2.5)
seT

CZNU(®x).

Therefore, t ® x € P. An almost identical argument shows that x ® ¢ € P and so
P is indeed a two-sided ideal. Now we deal with primeness. Let Z, 7 be thick
®-ideals such that Z ® J C P. In particular, for all i € 7 and j € J we have
Ui®j)NZ # 2. Now,

U suppt ® j) = supp(@) 0 ) supp(i);
iel,jeJ i€l jeTJ
see for example [Nakano et al. 2022a, 4.4.2]. Therefore,
N vieh=UvOU[UG).
ieZ,jeJ ieT jeJ

As we assumed Z® J € P we must have P € U(i ® j) for all i and j. Therefore
PeU()foralli or P € U(j) for all j, which is equivalent to asking that Z C P
or J € P, and so we conclude that P is indeed prime.

(3) = (1): We prove that Z = {P}, which proves (1) and the final statement of the
proposition. Let Q € Z. For a € Q, we have Q € U(a) N Z # @, and hence a € P.
We have proved Q C P, that is, Q € {P} by Proposition 3.3 for any Q € Z, and
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s0 Z C {P}. Conversely, it suffices to prove P € Z. To see this, let s € T be an object
such that Z C supp(s). Such objects exist by Lemma 3.2. Then U(s) N Z = &,
which means s ¢ P or, equivalently, P € supp(s). Therefore, by Lemma 3.2,

P e m supp(s) =Z = Z. O
ZCsupp(s)
So far, all of the topological properties proved hold for the spectrum Spc(T) of

any mt-category T. We will now introduce the Noetherian condition.

Definition 3.6. A topological space X is Noetherian if any of the following equiva-
lent conditions hold:

(1) X satisfies the descending chain condition for closed subsets. That is, for any
sequence
2,2

of closed subsets Y; of X, there exists an integer m such that for all integers
n>m we have Y,, =7,,.
(2) Every subspace of X is quasicompact.
(3) Every open subset of X is quasicompact.
By assuming that Spc(T) is Noetherian, it immediately follows that Spc(T) is

quasicompact, as are all of the basic open subsets U (S), including those of the
form U (¢) for all objects t € T.

Theorem 3.7. If Spc(T) is a Noetherian topological space, then it is a spectral
space.

Proof. We verify the conditions required to be spectral.
(1) As Spc(T) is Noetherian, it is quasicompact. The space is T by Proposition 3.3.

(2) Under the Noetherian assumption, every open subset is quasicompact and so it
is immediate that the collection K (Spc(T)) of all quasicompact open subsets is a
basis for Spc(T).

(3) Given quasicompact basic open sets of the form U (¢) and U (s) we have that
U(G)NU(@) =U(s @dt). For a quasicompact basic open set of the form U (S) =
U,es U (s), by quasicompactness there exists a finite subset S’ € S such that U (S) =
U(S") = U, cs U (s). Given another such quasicompact basic open set U (7)), with
finite refinement 7~, we obtain

vonu=JvonJvo=J Juonvm=J Jucen.
ses’ teT’ seS’ teT’ seS teT’

As &' is a finite set, and 7 is a finite refinement, both unions are finite. As U(S)
and U (7)) are quasicompact, it follows that the intersection is quasicompact.
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(4) By Proposition 3.5, the spectrum Spc(T) is always a sober space, irrespective

of Noetherianity and therefore every nonempty irreducible subset of Spc(T) has a

unique generic point.

Since all of the conditions are satisfied, the spectrum Spc(T) is a spectral space. [J
There are other conditions on the mt-category T which can lead to Spc(T) being

spectral. For example, [Buan et al. 2007, 6.7] proves that the spectrum is spectral

under the assumption that the tensor product is symmetric, or that the mt-category T
has a generator.

4. Classifying thick two-sided ideals

The objective of this section is to classify all semiprime thick tensor ideals of a
mt-category T in terms of Thomason subsets of the spectrum Spc(T), under the
assumption that the Balmer spectrum is a Noetherian topological space. If the mt-
category T is rigid, then the classification actually covers all thick two-sided tensor
ideals, providing a monoidal Noetherian analogue to Balmer’s original classification
[2005, 4.10] in the symmetric case.

As with the previous section, we will first obtain results on tensor ideals in
general mt-categories, without assuming that the Balmer spectrum is Noetherian.

Lemma 4.1. Given a collection of objects £ C T there is an equality
supp(€) ={P € Spc(T) | € £ P}.

Proof. The proof is identical to [Balmer 2005, 4.6]. We have P € supp(€) if and
only if there exists an object a € £ such that P € supp(a) which means a ¢ P, by
definition of the support. (]

Definition 4.2. Let 7 be a thick tensor ideal of T. We denote by T the semiprime

ideal
Vi= (] P

JEPeSpe(T)

Definition 4.3. Let Y C Spc(T) be a subset. Define the full subcategory Ty by
Ty ={t € T|supp(t) C Y}

Lemma 4.4. (1) The subcategory Ty is a thick two-sided tensor ideal.
(2) There is an equality
Ty = ﬂ P where P € Spc(T).
P&Y

Proof. (1) The statement is similar to [Nakano et al. 2022a, 6.1.1]. The fact that Ty
is a thick subcategory follows immediately from the usual properties of support.
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Now lets € Ty and t € T. Then

supp(s ) =supp(s ®1 Q1)< U supp(s ® c @ t) = supp(s) Nsupp(r)Z Y.

ceT

Therefore, supp(s ®t) C Y and s ® ¢t € Ty. That is, Ty is a right ideal. A similar
argument shows that Ty is a left ideal.

(2) The proof is identical to [Balmer 2005, 4.8]. For an object t € T, we have
t € Ty if and only if supp(#) C Y. Therefore, for all P € Spc(T)\ Y, t € Ty if and
only if P ¢ supp(¢) and ¢ ¢ P. Hence, t € ﬂPﬂ P and the conclusion holds. [

Note that if (X, o) is a support datum on T then the above lemma can be adjusted
to show that the full subcategory {r € T | o (¢) C Y} is a thick two-sided ideal.

Proposition 4.5. Let J be a thick tensor ideal of T. Then
Tsupp(7) = V.

Proof. The proof is identical to [Balmer 2005, 4.9]. By Lemma 4.4, we have

Tappn = ) P

P supp(J)
Applying Lemma 4.1, gives supp(J) = {Q € Spc(T) | J £ Q} and so
Tsupp() = N P.

P#{QeSpe(TIT LR}
The result then immediately follows from the definition of /7. O

We denote by 7 the collection of all Thomason subsets of Spc(T). Recall that a
subset ¥ C Spc(T) is Thomason if ¥ = | ¥; such that each ¥; is closed and the
open complement Spc(T) \ ¥; is quasicompact. We denote by S the collection of
all semiprime ideals of T.

With the general results in position, we now consider the case in which the
Balmer spectrum is Noetherian and obtain the classification result.

Theorem 4.6. Let T be a monoidal triangulated category such that the Balmer
spectrum Spc(T) is a Noetherian topological space. Let T denote the collection of
all Thomason subsets of Spc(T) and let S denote the collection of all semiprime
ideals of T. Then there is an order-preserving bijection T — S given by

Y — Ty
whose inverse is

J — supp(J).
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Proof. The first map is well defined because Ty is semiprime by Lemma 4.4. The
second map is well defined as the complement of an object’s support is quasicompact
under the Noetherian assumption. Both maps are clearly inclusion preserving. It
remains to show the maps are mutually inverse.

Given a semiprime ideal J the composite Tgypp(7) is equal to +/J by Proposition
4.5. By assumption, 7 is semiprime and so .7 = /.7, and so the composite

J —> supp(J) = Teupp(r)

is the identity. Now let ¥ be a Thomason subset of Spc(T). It remains to show that
the composition
Y - Ty — supp(Ty)

is the identity. For an object r € T we have by definition ¢ € Ty if and only if
supp(t) € Y. Therefore,

supp(Ty) = U supp(t) C Y.
teTy

Now we need to show that Y C supp(Ty). That is, for each prime ideal P € Y we
must find a compact object x such that P € supp(x) and supp(x) €Y. AsY isa
Thomason subset of Spc(T), there exist closed subsets ¥; such that ¥ = J ¥; and
the complement of each Y; is a quasicompact open subset U;. Fix a prime P € Y.
Then there exists an index i such that

PeY; =Spc(T)\U;.

By assumption, Spc(T) is Noetherian, so there exists a finite collection of objects
{r1, ..., r,) such that U; = U’}Zl U(r;). Therefore

Y; = Spe(T) \ U= Spe(T) \ (U U(r,-)) =()Spe(M\ U ()= (") supp(r)).

j=1 j=1 j=1
By Lemma 2.7, there exists compact objects cy, ..., ¢,—1 such that for
X=r®c®: Q-1 7,

we have P € supp(x). Moreover,

n
supp(x) < [ supp(r)) =¥; ¥
j=1
and so x € Ty, thus completing the proof. ([
Proposition 4.7 [Nakano et al. 2022b, 4.1.1]. Suppose T is rigid, so that every

object is either left or right dualisable. Then every thick two-sided tensor ideal is
semiprime.
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Corollary 4.8. Let T be a rigid mt-category with Noetherian spectrum Spc(T).
Then the order-preserving bijection of Theorem 4.6 classifies all thick two-sided
tensor ideals of T.

5. Classifying support data and the universal map

We can now investigate the universality of the spectrum with respect to classifying
support data. This section provides the monoidal analogue of [Balmer 2005, 5.2],
and recovers the general classification result of [Nakano et al. 2022a, 6.2.1]. Note
that although the statements of the results are for mt-categories, the majority of
the proofs are identical to the arguments in the symmetric setting of Balmer, with
only the proofs of Proposition 5.6 and Theorem 5.7 requiring alterations for the
monoidal setting.

Definition 5.1. A subset Y C X of a topological space X is specialisation closed
if it is the union of closed sets, or equivalently if y € ¥ implies {y} C Y. Given a
topological space X we denote by Ay, the collection of all specialisation closed
subsets of X.

Recall that we denote the collection of all thick semiprime ideals of T by S.

Definition 5.2. Let (X, o) be a support datum on T. We say that (X, o) is a
classifying support datum if the following two conditions hold:

(1) The space X is Noetherian and spectral.
(2) We have a bijection © : X, — S defined by

OX)={reT|o@) Y}

with inverse
o= =Jo()
jeJ
Lemma 5.3. Suppose (X, o) is a classifying support datum on T. Then every
closed subset Z C X is of the form Z = o (t) for some objectt € T.

Proof. This is the first claim of [Balmer 2005, 5.2]. The proof is identical and
included for completeness. Because X is Noetherian, every closed subset has
a finite number of irreducible components. Since o () Uo () U---Uo(t,) =
o(t1 ®trd---Dty,) for any finite collection of objects in T, it therefore suffices to
prove the lemma for closed sets of the form Z = {x} for some x € X.

As (X, o) is classifying, we have

f=z=0"e@)= J oo.
te®(2)
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Therefore there exists ¢ € T such that x € o (¢) € Z. Hence
ycom cz={x},
proving the lemma. (]

Corollary 5.4. Suppose Spc(T) is a Noetherian topological space. Then every open
subset of Spc(T) is of the form U (t) for some objectt € T.

Proof. For Spc(T) Noetherian, Theorem 4.6 tells us (Spc(T), supp) is a classifying
support datum on T. Thus, given an open subset U C Spc(T), Lemma 5.3 tells us
that Spc(T) \ U = supp(#) for some object t € T. Then U = Spc(T) \supp(¢) = U (¢).
Under the Noetherian assumption, U (¢) is quasicompact. ([

Proposition 5.5. If (X, o) is a classifying support datum on T, then the universal
map f, : X — Spc(T) is injective.

Proof. This is the same as the proof of injectivity in [Balmer 2005, 5.2] and is
included for completeness. For x € X define Y(x) ={ye X | x ¢ (v} Clearly
Y (x) is specialisation closed. Fix an object t € T. We will show that o (t) C Y (x)
if and only if x € o (¢). Since x ¢ Y (x), if o (¢) C Y (x) then x & o (¢). Conversely,
as o (t) is specialisation closed, if x & o (¢) we have x & {;} for all y € o(¢) and so
by definition o () C Y (x). Therefore

OXx)={reTlo@ YW} ={teT|xga®)}= fo(x).

As (X, o) is classifying, if f5(x;) = f5(x2) then Y (x1) = Y (x») and {;} = {x_z}.
The space X must be Ty as (X, o) is classifying, so {x1} = {x2} implies x; = xp
and the map f, is injective. U
Proposition 5.6. If (X, o) is a classifying support datum on T, then the universal
map fy : X — Spc(T) is surjective.

Proof. Fix aprime P € Spc(T). As (X, o) is classifying, there exists a specialisation
closed subset ¥ C X such that P =©®(Y). As P is proper, the set X \ Y is nonempty.
Let x, y € X\ Y. By Lemma 5.3, there exist objects s, € T such that {x} = o (s)

and {y} = o (¢). Let Z and 7 denote the thick two-sided ideals generated by s and t,
respectively. By [Nakano et al. 2022a, 4.3.2],

X}=0@®)=0@ and {y}=0@)=0(),

and so neither Z nor J are contained in P. As P is prime, Z® J € P and so
0(Z®J) LY. Therefore, there exists a point z € X \ Y such that
z€0(Z®J)={x}n{y}
and hence
{z} S {x}n{y}.
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As in [Balmer 2005, 5.2], as the space X is Noetherian, the nonempty family of sets
(I} lxe X\ 1}

admits a minimal element which must be the lower bound for inclusion. That is,
there exists x € X \ Y such that, for all y € X \ Y, we have x € {y}. Hence,

X\YC{yeX|xeyh
The reverse inclusion holds because x ¢ Y, and Y is specialisation closed. Thus,

X\Y={yeX|xe{y}
and so
Y={yeX|xg{y)}=Yx.
Hence,
P=0(J)=0(x)) = fs(x),

where the final equality is demonstrated in the proof of Proposition 5.5. We conclude
that f, is surjective. U

Theorem 5.7. Let (X, o) be a classifying support datum on T. Then the universal
map fs : X — Spc(T) is a homeomorphism.

Proof. By Proposition 5.5 the universal continuous map f, is injective, and by
Proposition 5.6 the map is surjective. Therefore, f, is bijective. By Theorem 2.8
we have o () = fg_1 (supp(?)) for all € T. Consequently, f;(o(¢)) = supp(z) and
S0 f, is a closed map as by Lemma 5.3 every closed subset of X is of the form o (¢)

for some ¢ € T. We conclude that f; is a homeomorphism. U

The requirement that the topological space component of a classifying support
datum be Noetherian is satisfied by many examples of interest in both symmetric
and monoidal cases. These include the cases of the derived category of perfect
complexes over a topologically Noetherian scheme [Thomason 1997] and the stable
module category of a finite group scheme [Friedlander and Pevtsova 2007] in the
symmetric case and the stable module categories of various quantum groups and
Hopf algebras in the monoidal case [Nakano et al. 2022a]. It should be noted that
proving that the Noetherian condition is satisfied is often an extensive process (as
is the case in all of the stable module category examples mentioned). Moreover,
not every mt-category possesses a Noetherian spectrum, including examples in the
symmetric case of tt-categories. For example, while the stable homotopy category
of finite spectra admits a classification theorem, it has a non-Noetherian spectrum
(see [Hopkins and Smith 1998] for the original classification and [Balmer 2010,
Section 9] for the tt-geometric context).

However, if the Noetherian condition on the given topological space is satisfied,
Theorem 5.7 will guarantee that the space is homeomorphic to the Balmer spectrum.
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