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The proof of Lemma 2.5 of the author’s article “A Hecke algebra isomor-
phism over close local fields” (Pacific J. Math. 319:2 (2022), 307-332) is
incorrect. We use a slight variant of the original approach to correct the
proof. This leads to some modifications to some parts of Section 3 of the
original article, and these are given in Section 2 of this note. With these
modifications, Theorem 4.1 of the original article holds.

We retain the notation in [Ganapathy 2022, Section 2]. Let T be a torus over F.
Then T is determined by the I'z-module X, (T). Let 7™ be the Néron—Raynaud
model of 7" and .7 its identity component. Let m > 1 be such that 7" splits over an
at most m-ramified Galois extension of F. Then the action of ' on X, (T') factors
through I'p /I For any field F” that is at least m-close to F, we obtain a torus 7’
over F’ via the action of 'y — Cp /1Y, % I'p/I¢ on X, (T). This torus splits
over an at most m-ramified extension of F’. Let .7’ be the Néron—-Raynaud model
of T" and .7 its identity component.

Theorem 0.1 [Chai and Yu 2001, Section 9 |. Let m > 1 and let h be as in [Chai and
Yu 2001, Section 8)]. Assume e > m~+3h. Then for any nonarchimedean local field F’
that is e-close to F, the group schemes T" x o, Op /% and T"™ x5, Op: /p’t, are
isomorphic. In particular,

TNOr/pF) = T (Or /0
as groups. This isomorphism continues to hold when we replace 7™ by 7.

In [Ganapathy 2022, Section 2C], we had constructed a group-theoretic section
of the Kottwitz homomorphism «7 r : T(F) — X *(T)‘I’F and had used Theorem 0.1
for the neutral component .7 to give a proof of Lemma 2.5 in the same article. If T
splits over an unramified extension of F or is an induced torus over F, the results in
[Ganapathy 2022, Section 2] go through. However, the Kottwitz homomorphism for
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a general torus need not admit a group-theoretic section, as the following example
illustrates.

Example 0.2. Let F be the completion of the maximal unramified subextension
of @,. Let L = F(/=1). Then L is a wildly ramified quadratic extension of F.
LetT = Nm VG denote the norm-1 torus. Let y be the nontrivial element of
Gal(L/ F). Then Xy (T) 1r =Z/2Z. Note that k7 has a group-theoretic section if
and only if —1 € T(F) does not lie in T(F)1 Note that

T(F);={yeL*|xy(x) "=y for some x € L*}.

Since —1 = (Fl)y(ﬁl)_l, —1 indeed lies in T (F);. We conclude that Kr f
does not admit a group-theoretic section.

The error in [Ganapathy 2022, Section 2] is that Lemma 2.3 is false in general
(the n; defined in the line above Lemma 2.3 may not be well-defined). Consequently,
Lemma 2.4 cannot be salvaged to yield a well-defined set of representatives for the
torsion elements of X, (T');, that forms a group and is o-stable.

1. Proof of [Ganapathy 2022, Lemma 2.5]

Let T be a torus over F and let F be the splitting extension of T in the completion
of F,. Fix a uniformizer & of F. Consider the Kottwitz homomorphlsm Kr f
T(F)— X*(T)y,. Let X.(T);, /tor denote the quotient of X, (T);, by its torsion
subgroup. Note that X, (T),, /tor is 1s0m0rphlc to Homz (X*(T)'#, Z). This leads
to the valuation homomorphlsm wr § T(F ) — Homyz(X*(T)'r, Z). Note that
Ker(a)T P = T(F Y = 7O #) 1s the maximal bounded subgroup of T(F ) and
it contains T (F),. We will construct a group-theoretic section of the valuation
homomorphism. We will then use Theorem 0.1 for .7™ to prove [Ganapathy 2022,
Lemma 2.5] over F. We will show that this isomorphism over Fiso- equivariant
to obtain the required isomorphism over F (see Lemmas 1.2 and 1.3).

1A. A group-theoretic section of the valuation homomorphism and its conse-
quences. Let il, R in € X.(T). be such that their images )VJ, .. )J form
a basis of X, (T),/tor. Fix X, ..., Ay € X.(T) such that pr(k) = i, where
pr: X (T) — X,(T)y, is the natural surjection. Define n;, = k (wF) Define
nye=n;, _NmF/F nj.. For Aoe X, (T),/tor, write A= > c,)J and define
ny, =[1; n . Note that np = 1 by construction.

Lemma 1.1. The set .7 := {n;, | Ae X (T) . /tor} is a subgroup ofT(I:"). The
map Vp g Xo(T)p, /tor > 7, A ni., is a group isomorphism.

Proof. 1tis clear that .7 is a subgroup of T’ (F). Itis also clear that Vr s asurjective
group homomorphism. We just need to see that it is injective. Suppose nj, = 1.
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We need to show that A’ = 0. Write A’ = Y, ¢;A!. The natural pairing between
X, (T) and X*(T) induces a perfect pairing (-, -) : X.(T);, /tor x X*(T)'F — 7.
Let ¥1,.... % € X*(T)IF be such that (A;, %) = 8,4 | < j,k < n. Now
ny = ]_[ NmF/Fn = 1. This implies that 1 = Xj(nk,) = NmF/F )(j(nA )6 =
(Nmp JF wc ). This forces ¢; ;7 =0. Since j was arbitrary, this shows that AM=0.0

Lemma 1.2. Let T be a torus over F. Let 7™ be as above and for m > 1, let
T, = Ker(ﬁﬂ(DI:-) — ﬂﬁ(Dﬁ/p’g)). Lete > m+4h. If F and F' are e-close, we
have an isomorphism

I : T(F)) Ty — T'(F')/T)..

Proof. Since 7 ft(o P = T(I:“ )5, we have by Theorem 0.1 (which also holds over F ;
see [Chai and Yu 2001]) an isomorphism

(1-1) T(F)y/Tw — T'(F')p/T,,.

Since T splits over an at most m-ramified extension of F, the action of ['r on
X, (T) factors through I'r/I}’. Since the action of I'r /I on X, (T) is Del,-
equivariant, we have X, (T);, = X,(T);,, and X, (T, /tor = X, (T);,, /tor via
Del,,. We identify these groups via these isomorphisms. Let o be a uniformizer
of F’ such that oE modpF > o modp’m where r = [F : F]. For 1 <i <n,
define ”;. = (wp), nv, NmF//F/ n.. Form the subgroup .’ C T(F ) as before.
Since VT’ I VT, 7 are group isomorphisms, we get

T(F)/ Ty = Xo(T)1, Jtor x T(F)p/ T,

and similarly over F’. These observations, combined with (1-1), finish the proof of
the lemma. U

Lemma 1.3. The isomorphism Ty T(F)/fm — T’(ﬁ’)/fn; of Lemma 1.2 is
o -equivariant. It induces a group isomorphism F,, : T(F)/T,, — T'(F)/T,,.

Proof. We know that the isomorphism in (1-1) is o-equivariant. We need to see
that for A’ € .7, o (n3) mod Tpt> o (n ) mod T’ It suffices to see this for )J,
1 <i <n.Fixi and let X! —)J Write

(1-2) o)=Y cjil.
Jj
Let o be any lift of o to I'r /I and we denote its action on X, (7) as 6. We know
o (ng,) =Nmg, 2 G (n3) =Nmg, 2 5 (2)(G (@)
and

Cij Ind .
Ny :HNmF/Fnijj :HNmF/F Aj(mg).
J J
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Equation (1-2) implies that 5 (1) — Y ¢jA; € X.(T)(Ir), so
) =Y cjhj =Y di(vi (i) — fi),
j k
for suitable y; € Ir/I}" and iy € X.(T). Now,
MG @p) =] [16E@PY) - [ [0 — m) G @p™)
Define ] k
us 5 =[G @pwzY) [ | m (v G @p)@E (@ H%)
j k

and define us o = NmF/F us 5 . Then we have a(nx,) =uj, - a(xf)

By construction of ﬂm, we have n o () mod T —n Y mod T’ Further u; 56 €
T(F)1 Recall that r = [F F] With w and w as above the map X, (T) — T(F)
A M@ #), is a group-theoretic section of the Kottwitz homomorphlsm over F,

and using the Chai—Yu isomorphism T(F )/ T,m =71 (F )1/T/,, we obtain that
Grm : T(F) Ty = T(F)/T),,

as groups. Since under the isomorphism O/ pF = = 9Oz /pl, we have

F
&(w;)w;l mod p¥' > 6/(w/~)w mod p,
¥e |6 (@) (G (@p) ' modp' >y, (6 (@) (6 (@5) " mod pY
we have that u PG mod T,,, > u G mod f}/m via Typ. By the functoriality of the

Chai-Yu isomorphism [2001, Section 9.2], we have the commutative diagram

T(F)1)Trm —2 T(F), /T,

=| IE

T/(F'), /T, 2 T/(F'), /T,

It follows that us io mod T — uA mod T/ We have proved that o (n5,) mod T >
o (nA ) mod T’ for all A = )J 1 < i < n. Hence this same claim holds for all
Ae X (T) 1 /tor. This 1mp11es that .7}, is o- equivariant. The claim that T
restricts to an isomorphism .7, : T(F)/T,, — T'(F")/ T,, follows from the fact that
H'(o, T,,) = 1 (see [Serre 1979, Chapter XII, §3, Lemma 3]). O

1B. Some remarks. Assume e > m+4h. We have o -equivariant isomorphisms .7,
and 7,1, constructed above (we also have Tom and Trom+h)). Lett € T (F),, with
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iy p(t) = 1. Write t = Nmp 7, with 7 € T (F). By functoriality of the Chai—Yu
isomorphism (for 73 < R = Resj I T%), we have the commutative diagram

T(E)p)Toin —— T(F)p/Trimrn

jn+lzl/ lj‘(m#»h)

T/(F/)b/f —> T' (F )b/T/(r,H_h)
As explained in [Aubert and Varma 2024, Theorem 2.5.3], it follows from the
arguments in [Chai and Yu 2001, Section 8] that T(F )b N Tr<m+h) - T Let
7 € T(F") be such that Ty m-+m(f mod Tr(m+h)) =7 mod T’ Y4 Using the Galois
equlvarlance of %<m+h) and the commutatwlty of the above diagram, we have

m+h(l mod T(F)b N Tr(m+h)) =t modT’ (F )N T/ r(m-+h) where ' = NmF//F, t.
Hence 9 (t modT ) = m+h(t modT ) = ¢t/ mod T’ By Diagram (7.3.1) in
[Kottwitz 1997], Ko for @)=

Now, lett € T(F) Write t = tlnM for suitable #; € T(F)b and ! € X, (T)IF/tor.
Then iy (1) = Kr, p(t1) +fi. Also t mod T, > (t; mod T/)(n ., mod T/) for a
suitable #; € T’ (F')p. Then i () = kg (8] )+ fL. By the preceding
paragraph, we see that k7 (1) = K7/ g (t}). Hence ., is compatible with the
Kottwitz homomorphism k. . Also .7, is compatible with k7, .

2. Modifications to [Ganapathy 2022, Section 3]

2A. Modifications to [Ganapathy 2022, Section 3A]. The correction given in
Section 1 leads to some corrections in [Ganapathy 2022, Section 3]. One important
modification is that we need to replace the set of representatives {n; | reX «(1) 1.}
and {n;\ad | reXx «(Tad) 1.} used in the proofs in [Ganapathy 2022, Section 3A] with
the set of representatives given in Lemma 2.1. Let M, M*, A, S, T, B and o be as
in [Ganapathy 2022, Section 3]. So M* is an inner form of a quasisplit connected,
reductive group M with M,q = Res,;r PGL, for a finite separable extension L/ F.
Let F O LF be the sphttmg extension of Tj;. Lete=[L: LN F]and f= [LNF:F).
Fix a uniformizer wy of F.

Lemma 2.1. Let wr p - T([:’) — X, (T)y, /tor and Or =K Tad(F) —
X« (Tad) 1, be the valuation homomorphisms on T and Tyq, respectively. There exist
group- -theoretic sections VT i Xu(T)y, /tor — T(F) and VT N  Xuw(Tad) 1, —

Toa(F) of oy  and wy i, respectively, such that V. i and VT _p agree on the
subset X (Tse) 1.

Proof. Let us begin by noting that X, (7T,q) has a Z-basis permuted by I'r and
X«(Taa) 1, 1s torsion-free and admits a Z-basis permuted by o. Note that M4 z =
[Ti<icen<j<s M, ¢ ]2 where each M @ J ) = pGL, /F. Following the notation of
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[Bourbaki 2002], for 1 <i <e, 1 <j < f, let

al

o . 1 . . o
Faina =6 =@ p e ),

and, for1 <k <n-2,
2,7 _ _G.)) @, J)
Madk =€ €ty -
The set

{Xgici;/k)ufkfn—l,1§i§e,1§j§f}

yields a Z-basis of X, (Taq). Let pr: X «(Taq) > Xu(Tad) 1, be the natural projection.
Forl<k<n—1land1<j<f,let )L;é?k = pr(kﬁl’j{)). Then the set

G <k<sn—1,1<j<f)

yields a Z-basis of X, (Taq);,- Let

~(1,j ~(1,j
niiﬂ,}kszﬁ/F kgd’i)(w}?), l1<k<n-2, and n;\iﬂ?nq:Nmf/F A;d’ill(wf).

The elements n 500 5 1<k<n—1,1<j<f,areused to obtain a set of representatives
ad,k

{5 | haa € Xo(Taa) 1, }

that form a group; see Lemma 1.1. Let vTad i Xe(Tad) 1, — Tad(f), Xad = ns
denote this group-theoretic section of w;. .

Next note that X, (Tsc) s, C X«(T)y, /tor. Hence the elements X;ﬂ?k, 1<k<n-2,
1<j<f,liein X, (T)y, /tor. Also, j(X«(T);,/tor) is of finite index in X, (Tad) 1,
so there exists a nonnegative integer r, which we may choose as small as possible,
such that foreach 1 < j < f, r '5‘;{1?%1 = j(ifle) for a 5‘5;]31 € X, (T)y, /tor.

For the same r, there exists )1(1_’{) € X.(T) such that j ():fll_’]i)) =r- ):glii)_ , and

n

pr" Dy =iV For1 <k <n -2,

fadh € Xa(T), prOug) =gy and g =g
Set
nig = ng/ﬁ X;é’i)(wl?), 1<k<n-2, and niG) = Nmﬁ/ﬁ ifll_’j].)(w,?).
ad,k ’ n—1

Now, the set (A}, |1 <k<n-21<j<flUAY, |1<j<flisZ
linearly independent. Further, it may be extended to a basis of X, (T);, /tor. For
the remaining basis elements of X.(T)j,/tor, we choose representatives as in
Section 1A. This then yields a set of representatives {n; | rLeX «(T) . /tor} that
forms a group. Let V. g : X (T) . /tor — T(F),»—n 5 denote this group-theoretic
section of or §- By construction, we have VT’ 7 and VTad, 7 agree on X, (T) .
This finishes the proof of the lemma. (]
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Lemmas 3.1 and 3.2 in [Ganapathy 2022] are not affected.

Let 2, and Q2 M.ad be as in [Ganapathy 2022, Section 3A]. We fix a o-stable
alcove ain 27 (S, F ) and identify €2, with Q; and €2 Mo with €; 9. Let Vag = 15,2
be asin [Ganapathy 2022, Section 3A] With notation as in Lemma 2.1, 1, = )»ad) nel-
Letz=zM —s(l) . (]) . Let nym € Tdd(F) be asin Lemma 2.1. We fix a system
of pinnings {xa | ae d>(M S} that is o-stable as in [Ganapathy 2022, Section 3A].
Let nxn =n (1) n, (1) . Leto* = Ad(nv d) oo where Ny, = I’lk(l) . Nz, and let
M* M" Let Q= Q" and Qi+ = Q" Similarly define €2, aq and Qs+ ad- By
[Ganapathy 2022, Lemma 3.2] we have QM = Qu+ and Qpy.ad = Quprad = Z/n2.
The group j () C Qa4 1s cyclic. Assume [Qp7.4 : j(R23)] = 7 and that
J(Qu) £ 0. Let §p € Qu C Q% be such that j(7y) is a generator of j(2y).
Then j(f0) = V40 ($aa)" -+ - 0¥ 1 (Vag)". Write %o = #; Jo. where ko € X,(T)],
and ¥ € W(M, S). Note that o = ZD) ocZD) ..o/ =1 (D). We may and do
assume that )V\O € (X« (T), /tor)?. Let ns, € T(I:”) be as in Lemma 2.1. Note that
n3, may not be fixed by o. Let ny, :=nZ, 0 (nl) - o/ (%))

Lemma 2.2. Let Ty be as in the preceding paragraph. There exists v € T(F), such
that nz, = vnj ny, € M*(F) and K+, r(nz,) = 7.

Proof. Recall that we have fixed representatives {n; | * e X.(T) 1 /tor} that forms a
group. Note that o (ho) = Ao and o (Jo) = Yo. Let us compute o*(n 5,M150)- Using the
definition of ny,, we have o (ny)) = ny,. Using [Ganapathy 2022, Lemma 3.1(b)],
we have

k %k

o*(ns ny) =0%n; )n: .
(15,150 = O 0550 500, "5

Now,

U=o0o (nAO)n ET(I:")I

*(Ro)
since its image under Ky f is 0. Since H!(o*, T(I:")l) =1, there exists v € T(I:”)l
such that o*(v)v™' = u~'. Now o**(vnk )=vu" o*(n/\ ) = Vngss,)- Then
0T (UL M) = VN Gy, =53, )"0 = Va3, =iy, )"0 = Vi
The second equality follows from Lemma 2.1 and that )»;d)’nil — Yo ()Lg(lj)’nil) €
X(Tse) 1, C X«(T) g /tor. To get the third equality, note that from the proof of
[Ganapathy 2022, Lemma 3.2], a*(io) o (o) = A — (AdE D) F)) (K1)
but o (Ag) = Ao and Ad(z'")(30) = ¥o. This finishes the proof of the lemma. [

Now, given T = tyw € Qy with t; € X.(T);, and w € W(M, S), we have
j () =sj (Tp) for a unique nonnegative integer s with 0 <s <n/r. Let i =T —s7.
Write i = t;, - wo € Qp. Then j(T) = sj (7o) implies that w = y;, so wg = 1
and the element /i is just given by the translation ¢, € X, (T);.. We identify fi
and [io. Since o fixes T and Ty, we have o (1) = 1. We claim that c*(t) = f&. To
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see this, note that since j (/1) = 0, we have that j (Ad(z") (1) — 1) = 0, but since
AdGED)(ft) — [t € X4(Tse) 1, and since j acts as identity on X, (Tic);,, it follows
that Ad(Z(V)(ft) — it = 0. This then implies that o*(j1) = AdZ") (1) = f&. So
fi € X (T)7, . Set ny =nyni with ny € T*(F) satisfies k7« p(n) = i
Proposition 2.3. Let T € Qi+ = Q. Then o*(ny) =nz. In particular, ny € M*(F)
and p : Qp+ — M*(F), T > ny, is a (set-theoretic) section of ky+, p

Proof. 1t suffices to prove that o*(nz,) = nz,, but this is Lemma 2.2. O

2B. Modifications to [Ganapathy 2022, Section 3B]. Via Del,,, we have isomor-
phisms X (T) = Xy (T and X, (Thg) = X (T d) that are I/ I} -equivariant, and
Qu=Qu and Qp =Qp . We identrfy these groups via these isomorphisms.
We construct VT, P X (T)IF/tor—> T’ (F ), x> n , and VT/ g  Xe(Tad) 1 —
d(F ), k> ns 5, exactly as in Lemma 2.1, but with wF replaced with @ where

oF mod pF' = @y mod p’F" as in Lemma 1.2. Let ro be as in Lemma 2.2. Let
nC g *(,\ ) eT’ (F ) be such that under ﬂm, ni, mod T — nk mod T and simi-
larly forn’ Then, since .7, is o* -equivariant, we have u mod T, — 1/ mod T/ ,

o*(ho)’
where u —O‘/*(I’l )n ,*(A . By the proof of the fact that H!(c*, T(F)l) =1 [Serre
1979, Chapter XII §3, Lemma 3], it follows that we may choose v’ € T(ﬁ)l
such that o*(v")v'~! = u'~! and such that v mod 7,, — v’ mod 7). Let n’io =
nzmo/(nz(,))r ol 1(n m)" . Set n = nA nm Given 7 € Q), we may write
T = 1+ sTp for a unique O <s<n/r as in the paragraph preceding Proposition 2.3.
Set n’, = nﬁn% where nl1 € T™(F') with 7 (n; modT) — n’, mod7,". Note
that KT/*’F/(I/L;:L) = ji by Section 1B. By Proposition 2.3, n, € M"™*(F’).

Proposition 2.4 [Ganapathy 2022, Proposition 3.4]. Let m > 1 and let e > m + 4h.
If the fields F and F' are e-close, then we have an isomorphism M*(F)/M;;, =
M"™(F")/M,.
Proof. The proof given in [Ganapathy 2022, Proposition 3.4] works with straight-
forward modifications.

Consider the set theoretic section p : Qj+ — M*(F) in Proposition 2.3 and let
p be its composition with the natural projection M*(F) — M*(F)/M,,. Similarly,
we get p' 1 Qu+ > M™*(F’) and p'.

It suffices to prove that the sections p and p’ satisfy (a) and (b) of [Ganapathy
2022, Proposition 3.4].

To see (a), it suffices to prove that

M*(F)1 /M3 —=— M"™(F')/ M/

llnn(n;) llnn(n’g

M*(F)\ /M, —— M'*(F');/M*
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is commutative for T € Qy+. Let P be the Iwahori subgroup of M (I:" Y(=M *(F )
attached to the o-stable alcove 4 and let P’ be the corresponding Iwahori subgroup
of M’(F’). Then by [Ganapathy 2019, Theorem 4.5], we have that P/P,, = P'/ P! .
Since Vyg € 2;.a4, the alcove a is also o*-stable. By Propositions 4.10 and 6.2
in [Ganapathy 2019] the isomorphism P / P, = P / P/ is o- and o *-equivariant.
This implies that PN M*(F) M*(F)1, By N M*(F) = M, and similarly that
P'OAM™(F'y= M™(F')1, P, N M"*(F') = M}¥. Since T € Qu+ = Q¢ C Q;, we
see that ny normalizes P and 15,,, To finish the proof of (a), it suffices to observe
that the following diagram is commutative:

B/B, —= P'/P,

l/lnn(n;) l/lnn(n’f)
P/B, —— P'/P,,

This follows by arguing as in the proof of [Ganapathy 2019, Proposition 6.2].

Let us prove (b). The element nv/ equals a¥(—1) € M*(F); for a suitable
aedM,S).

Let 71, To € Qp+. As in the proof of Proposition 2.3, write T; = [i; + s; 79, and
T + T, = [t + s7p. Note that s mod (n/r) = s1 + 52 mod (n/r).

Recall that ”;u np,, ", € T*(F)andny mod T, — n', mod 7, and fori =1, 2,
”u mod 7, — nl1 mod 7. Write nu = tsnv where t; € T(F) Slmllarly write
n =1 n’yfo Then it is stralghtforward to see that t, mod T, > t; mod T/ via .
The same claim holds for #,, ,z = 1 2. Also, &¥(—1) mod T, — Zz/v( 1) mod 7.
Finally, we note that n,1+,2n n : Le m* (F) ﬂT(F ) and by [Ganapathy 2019, Proof
of Proposition 6.2 and Corollary 6 3], we see that on the subgroup M*(F); N T(F)
the isomorphism of [Ganapathy 2019, Corollary 6.3] restricts to .7,7. Hence the
sections p, p’ satisfy (b). O
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