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ON RELATIVE COMMUTANTS OF SUBALGEBRAS
IN GROUP AND TRACIAL CROSSED PRODUCT
VON NEUMANN ALGEBRAS

TATTWAMASI AMRUTAM AND JACOPO BASSI

Let I be a discrete group acting on a compact Hausdorff space X. Given
x € X and . € Prob(X), we introduce the notion of contraction of u to-
wards x with respect to unitary elements of a group von Neumann algebra
not necessarily coming from group elements. Using this notion, we study
relative commutants of subalgebras in tracial crossed product von Neumann
algebras. The results are applied to negatively curved groups and SL(d, Z)
for d > 2.

1. Introduction

Operator algebras associated with discrete groups, or more generally discrete
group actions, reveal essential properties of the underlying group. Probably the
first evidence of this connection is that amenability has neat characterizations at
the operator-algebraic level: injectivity of the group von Neumann algebra and
nuclearity of the reduced group C*-algebra. Nowadays, it is known that many
other group properties have analog descriptions in terms of group C*-algebras,
for example, a-T-menability and property T [20]. Also, free groups’ full and
reduced C*-algebras can detect their order. It is a significant open problem raised
by A. Connes whether nonisomorphic ICC property T groups have nonisomorphic
von Neumann algebras (see [24] for examples of ICC property (T) groups with
nonisomorphic von Neumann algebras).

Dynamical systems represent a powerful tool for the study of rigidity properties
of groups. As an example, rigidity results for certain discrete subgroups of SL(2, R)
can be obtained by looking at the C*-crossed products associated with certain
actions (see [9; 10; 29]). Among the possible dynamical systems, an important
role is played by boundary actions; for example, the topological amenability of the
left action of a discrete group I on its Stone-Cech boundary dgI’ is equivalent to
exactness and topological amenability of the left-right action on the same space

MSC2020: 22D25, 37AS55, 46L10, 46L55, 47C15.
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(which is usually referred to as biexactness or property S) implies the Akemann—
Ostrand (AO) property [4], (i.e., temperedness of the representation of I x I" on
the Calkin algebra of /2(I")), which ensures solidity (hence primeness) of the group
von Neumann algebra. A significant open problem in the theory is deciding whether
these three properties coincide (see [11]).

The solidity of the group von Neumann algebra is a very rigid property, which, for
example, captures to some extent the dimension of the ambient group in the case of a
lattice in a simple Lie group: it is automatic for discrete subgroups of simple rank-1
Lie groups, and it is automatically denied by the existence of infinite subgroups with
nonamenable centralizers. Weakenings of the AO property have been considered in
the literature and lead to the definition of properly proximal groups [18], for which
some weaker rigidity properties hold as well. More recently, the notion of biexact
von Neumann algebra was introduced in [26], where examples of von Neumann
algebras that are solid but not biexact were given. However, it is still not known
if there are nonbiexact groups that give rise to solid von Neumann algebras.

One of the most significant breakthroughs of recent years is the recognition of the
central role of proximality arguments in the study of rigidity properties of discrete
groups through the lens of dynamical systems, which lead, for example, to the
identification of the Furstenberg boundary of a discrete group with the equivariant
Hamana-injective envelope of the complex numbers (see, for example, [12; 33; 38]).

Given a probability measure, u € Prob(X), proximality of u is nothing but the
contraction of this measure with a specific sequence of group elements. In addition,
if these group elements leave every finite subset of the group I', then it can be shown
that the corresponding unitary elements converge to zero weakly. We generalize
this notion to the context of general unitary elements inside the group von Neumann
algebra, which does not necessarily come from group elements.

Definition 2.3. Let I' be a discrete countable group acting on a compact Hausdorff
space X endowed with a probability measure |1. Let (u,,) be a sequence of unitaries
in LT'. We say that u, is t-contracting (towards a point x € X) if for every € > 0,
every F C T finite and for every f € C(X) there is N such that for every n > N we
have ||up|all2 > 1 —€, where A={y €T : |y " 'nu(f) — f(x)| <€ forall n € F).

If u,,’s come from the group elements, then the notion of p-contraction agrees
with that of the I'-contraction. Motivated by the notion of solid von Neumann
algebra, we employ proximality arguments to study the position of relative commu-
tants of subalgebras in group (and more generally crossed product) von Neumann
algebras.

Theorem 1.1. Let T" be a discrete countable group acting on a compact Hausdorff
space X. Let {u,} C L(I") be a u-contracting sequence for the action on X for some
probability measure u on X. Let (N, T) be a tracial von Neumann algebra, and
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' ~ (N, T) be a trace-preserving action. Then {u, :n e Ny N(N xT) CN x Ty,
where x is determined by the fact that (u,) is p-contracting towards x, and that
y={sel :sx=x}.

Organization of the paper. We prove some preliminary technicalities in Section 2.
In Section 3, using a suitable notion of convergence of a measure to a point under
a sequence of unitaries, inspired by [18], we show that the commutant of certain
subalgebras of tracial crossed product algebras is contained in the von Neumann
algebra associated to the stabilizer of the limiting point. In Section 4, we consider
the case of “negatively curved groups” and show that in this case, the position of the
relative commutants of subgroup algebras is reminiscent of an averaging property,
in the spirit of the Powers’ averaging property (see, for example, [3; 30; 39]). In
Section 5, we consider the case of infinite subgroups of SL(d, Z), in which case we
prove that the position of the relative commutant of a subgroup algebra depends on
the dynamics of the subgroup in a particular partial flag. Per the results appearing
in [14], we also see that a weak form of solidity holds for SL(3, Z).

The authors believe that the techniques developed in this manuscript should have
a deep connection with the approach appearing in [15] and [13]. This connection
will be investigated in a future work.

2. Preliminaries and technicalities

Let I" be a discrete group. By a I'-space X, (also denoted as I' ~ X sometimes) on a
compact Hausdorff space X, we mean a group homomorphism 7 : I' = Homeo(X).
We often abuse the notation by ignoring 7 and write sx instead of w(s) x fors € "
and x € X.

Definition 2.1. Let I" be a discrete countable group acting on a second countable
compact Hausdorff space X endowed with a probability measure . A sequence
(vn) C I is said to be a u-pointwise contracting sequence if there is x € X such that
vny — x for p-almost every y € X. In this case we say that (y,) is pu-pointwise-
contracting towards x.

If i is pointwise contracted by the sequence {y,}, then it is also pointwise
contracted by {y,y} for any group element y € I'. Moreover, the point where it
converges is also unchanged. In other words, the contracting sequence is invariant
with respect to the right multiplication by the group elements. We make this precise
below.

Lemma 2.2. Let I" be a discrete countable group acting on a second countable
compact space X and | a I'-quasiinvariant probability measure on X. Suppose
that there is a p-pointwise-contracting sequence (y,) C I towards a point x € X.
Then for every y € I we have that lim,, y,y i = 8y exists and is independent of y .
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Proof. There is x € X such that for p-almost every y € X we have lim,, y,,y — x. Let
E C X be the subset of p-measure 0 such that lim, y,, y = x for every y ¢ E. Since
u is quasiinvariant we have that for every y € I' there is a subset E’ of measure
zero, namely y ~'E, such that lim, ¥,y = x for every y ¢ E’. Hence, for every
f € C(X) and every y € I' we have f(y,yy) — f(x) u-almost everywhere. It
follows from Lebesgue dominated convergence Theorem that lim,, y,,y u = lim,, y,,
in the weak*-topology. O

Group von Neumann algebra. We briefly recall the construction of the group von
Neumann algebra. Let £2(I") be the space of square summable C-valued functions
on I'. There is a natural action I' ~ ¢2(I") by left translation:

AgE(h) :=E(g " 'h), &e i), g herl.

The group von Neumann algebra L(I") is generated (as a von Neumann algebra
inside B(¢2(I")), by the left regular representation A of I'. The group von Neumann
algebra L(I") comes equipped with a canonical trace 7o : L(I") — C defined by

0 if g#e,

Tolte) = {1 ifg=e

It is worth noting that a natural embedding of L(I") into £?(I") exists via the map
X > x8,. So, any element x € L(I") can be expressed as x = der xg A(g), where
A(g) € L(T") correspond to the canonical unitaries of L(I") and x, = 79(xA(g)*) are
the Fourier coefficients of x. The above sum converges in £2-norm (| - ||2) and not
with respect to the strong operator or weak operator topology, as mentioned in [5,
Remark 1.3.7]. This expansion is commonly referred to as the Fourier expansion
of x.

We will make use of the following notion, which generalizes Definition 2.1 to
sequences of unitaries in a group von Neumann algebra, which do not come from
group elements.

Definition 2.3. Let I" be a discrete countable group acting on a compact Hausdorff
space X endowed with a probability measure w. Let (u,,) be a sequence of unitaries
in LT". We say that u, is u-contracting (towards a point x € X) if for every € > 0,
every F C I finite and for every f € C(X) there is N such that for every n > N we
have [[un|all2 > 1—€, where A={y e : |y Inu(f) — f(x)| <€ forall ne F}.

Lemma 2.4. Let I" be a discrete countable group acting on a second countable
compact space X and | a I'-quasiinvariant probability measure on X. Let A C T
be a subgroup with the property that there is a point x € X such that every diverging
sequence Ay, in A is (-pointwise-contracting towards x. Then every sequence of
unitaries in LA which goes to zero weakly is j1-contracting towards x.
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Proof. Let € > 0. Since every diverging sequence in A is p-contracting towards x,
it follows from Lemma 2.2 that for every finite set G C I and every f € C(X)
there is a finite set F' C A satisfying Ay u(f) — f(x)| < € for every A € A\F,
y € G. Now, since u, — 0 weakly, there is N € N such that ||u,|r|2 < € for every
n > N. The result follows. (]

A group I is called a convergence group if it admits an action I' ~ X such that
for every distinct sequence of elements {g,} C I', we can find two elements a, b € X
and a subsequence g,, such that g,, |x\(»} — @ uniformly on every compact subset
of X \ {b} (see [40]). In this case, a is called the attracting point, and b is the
repelling point. An element s in a convergence group I' is called parabolic if s has
exactly one fixed point on X. Moreover, an element s in a convergence group I is
called loxodromic if it has exactly two fixed points on X, denoted by x;" and x .
Moreover, x; is the attractive point for s, and x;°, the repelling point (see [40,
Lemma 2D]).

Example 2.5. Let I" be a convergence group, and s € I' a parabolic element. Let
us call it x;t. Let A = (s). Using [40, Lemma 2F], we see that {s"},cz is a
convergence sequence with the attractive and repelling point of {s"},c7 the same as
that of {xs'1r }. Let us assume that I is nonelementary, i.e., the set of limit points L X
(the collection of all attracting points on X) has more than two points. Using [40,
Theorem 2S], we see that L X is an infinite perfect set. Let u be a I'-quasiinvariant
probability measure on X such that w(x;") # 0. It follows from Definition 2.1
that every diverging sequence A, in A is p-pointwise-contracting towards x;". Let
M < L(A) be a diffuse von Neumann subalgebra. Let u,, € M be a sequence
of unitaries in M which converges to O weakly. It follows from Lemma 2.4 that
un is p-contracting towards x;. Similarly, if s € I’ is loxodromic, then there
is a quasiinvariant probability measure x on X and points x;, x;~ such that the

sequence (s") is pu-pointwise-contracting towards x;~ and (s™") is u-pointwise-

contracting towards x;!.

Now, suppose that X is a I'-space, and p € Prob(X), the Poisson transformation
P,:C(X)— B(¢2(I")) is defined by P,.(f)($;) = ,u(t_lf) 6 fort € I'. It is well
known that P, is a I"-equivariant unital positive map. Whenever p can be contracted
using the unitaries, P, satisfies a kind of singularity phenomenon.

Lemma 2.6. Let I" be a discrete countable group acting on a compact Hausdorff
space X. Let u € Prob(X). Let {u,}, be a sequence of unitaries in L(I") be such
that u, — 0 weakly and is j1-contracting towards x. Then, u, P, (f) u}, Sor, f(x)

forevery f € C(X). ’

Proof. Let {u,}, € L(I") be a sequence of unitaries satisfying the above assumptions.
Let us write u, = ), . un(t) A(t), where u,(t) = 1o(u, A(¢)*) for each t € I".
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Moreover, the convergence of the above series is in the || - ||o-norm induced by the
canonical trace 7y. Moreover,

wp =Y un (A"

tel

Let f e C(X)and & €I*(T") be given. Choose € > 0. Let M =max{sup,.r|&(?)[, 1}.
Choose €’ such that 2¢’M]|| f |l < §. Let F be a finite subset of I" such that

Y IEOP < ()

té¢F
Choose also €” > 0 such that

(€"2] flloo+ € MIF| < 3.

Let A={s el :s 'tu(f)— f(x) <e forall t € F}. Since u, is Q-contracting
towards x € X, we can find a ng € N such that for all n > ng, we have

lunlallz >1—€".

We now see that

D U Pu(f) ufs — f())E@) S,

tel

2

D W Pu(f)ups — F0))EW) S,

teF

®
< +

2

D aPu(f)ups — F))EW) S,

t¢F

(i)
<2l flloo Y IEDI.
2 t¢F

2

Let us observe that

D nPu(f)uss — f(0))E1) 6,

t¢F

On the other hand,

D W Pu(f)uy — D ED S,

teF 2
< Wwn Pu(f) u = F))E@) 8112
teF
=D PN uy = FEup) €@ 8ill2
teF
< Z( D un(Pu(f) = FENATHED 8
teF Msga 2

+ [ D ua & (Pu(f) = FONATHED) &

SEA

)
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D unPu(f) = F ) E@) 8,1,

:Z(

2

teF s¢A -
+ Zu,,(s)(P,L(f)—f(x))é(t)és—lz )
SEA 2
= Z( ZLT(s)(s‘lm(f) — () §(@) 8514
teF SEA . 2
+ Zun(S)(S_lt,u(f)—f(x))é(t)Ss—lz )
2

seEA

< (2||f||oo\/ S JunGu HPIEWP
teF

e + \/ 3 fun (D Pl (f) — f(x))lzlé(t)lz)-
tu=leA

Since forall t € F, |(uu(f)— f(x))| < € for every u with ngAlun(sﬂ2 < €” and
tu~" € A, the inequality (iii) becomes less than or equal to

Z<2||f||ooMe”+e\/ > |un<rul>|2|s<t>|2>

teF tu—leA

= Z(2||f||ooM6”+M6\/

teF

—_— (iv)
3 |un<zu—1)|2) < |FIMQ|fllo€” +€").

tu—leA

Hence for every n > ng, combining the inequalities (i), (ii) and (iv), we obtain that

Nt Pu(f)uy & — () Ell2 <20 flloo /Zlé(t)ler |FIMQ2| flloo€” +€") <e.
t¢F

The claim follows. O

3. Crossed product of tracial von Neumann algebras

We apply the results of Section 2 in order to study the position of the relative
commutants of certain subalgebras of crossed-product von Neumann algebras.

Theorem 3.1. Let I" be a discrete countable group acting on a compact Hausdorff
space X. Let u be a probability measure on X and let (u,) be a p-contracting
sequence of unitaries in LT. Let (N, T) be a tracial von Neumann algebra, and
'~ (N, T) be a trace-preserving action. Then {u,} N (N xT) CN x 'y, where
x is determined by the fact that (u,) is u-contracting towards x.

We shall view N x T' € B(L2(\, T)®£°T"). Moreover, Let X be a I'-space. Let
P, :C(X)— £°°(I") be the Poisson transformation. This gives us a unital completely
positive (ucp) I'-equivariant map from C(X) to £°°(I"). We can view £°°(I") as mul-
tiplication operators on B(¢2(I")). For f € £°°(T"), the map M (f) : £>(T") — ¢*(I")
defined by M (f)(8;) = f(¢) §; is linear and bounded. Therefore, we obtain a ucp
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map Mo P,:C(X)—>1® B(¢£2(I"). We see that every element of M o P, (C(X))
commutes with /. We will ignore M for the most part and write P, (f) for the ease
of notation. We denote by 7, the canonical trace T oE. Note that here E: N xT" — A
is the canonical conditional expectation. Moreover, we consider the || - ||2-norm
induced by . We also denote by E,, the canonical conditional expectation from
N xT toN xTy.

A crucial ingredient in these arguments is that the state obtained in the limiting
stage satisfies some tracial property. While this is automatic in the case of amenable
tracial von Neumann algebras, we cannot expect it to hold for us. Nonetheless,
before we head on to the proof, we show the existence of an “almost-hypertrace”,
the last technical bit.

Proposition 3.2. Suppose I" is a discrete countable group acting on a compact
Hausdorff space X. Let u be a probability measure on X and (u,) C LT a
w-contracting sequence for the action on X. Let (N, T) be a tracial von Neu-
mann algebra, and T' ~ (N, T) be a trace-preserving action. Then, there exists
a state Y € S(B(L*WN, T)®T)) such that ¥|xxr = T, ¥lp,cx) = 8x, and
Y (aP,(f)b) =¥ (P,(f)ab) forall a € {u,) and for all b € B(L*(N, T)®¢°T).
In particular, P, (C (X)) falls in the multiplicative domain of .

Proof. Let T denote the canonical trace T o E. Let P, : C(X) — B(/°T") be the

Poisson map, which is ucp I'-equivariant. Let u, € L(I") be a u-contracting

sequence towards x. We identify an operator 7 on B(¢*(I")) with id ® T, which

is an operator on B(H®£>(I")). In this way, we view B(£*(I")) as a I'-invariant

subalgebra of B(H ®¢%(I")). Moreover, if T, € B(£2T) is a uniformly bounded
SOT SOT

sequence such that 7, W T,then,id® T, W id ® T. Therefore, using

Lemma 2.6, we see that for every f € C(X),

(P () 225 £ () 1.

In particular, since (u, (P, (f)) u}) is uniformly bounded, this implies that
n (P () (Pu () uy 225 fO0) f () - 1.

Consider now the (separable) C*-algebra A generated by P,(C(X)). Note that
the state 7 is of the form 1y ® 8., and hence, is defined on B(L?>(\, T)®[?T).
Consider, after passing to a subnet if necessary, a weak™* limit

¥ () ==limt oad(u,)(-) =lim((-) Iy ® fin, Ix @ i) € S(B(LXW, DRIT)).
We see that P, (f) is in the multiplicative domain of v for every f € C(X).

Claim. We have ¥ ((a P, (f)— Pu(f) @)(aPu(f)—P.(f)a)*) =0 forall a which
commute with {u, : n € N}.
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Let us observe that

1//((61P,L(f) - P/L(f) a)(apu(f) - Pu(f) a)*)
=Y (@Pu(f)Pu(f)*a™) =Y (Pu(f)aP.(f)*a")
—Y(@aPu(f)a*Pu(f)*) + ¥ (Pu(f)aa™ Py (f)).

Now, since ¢ is normal and a commutes with {u, : n € N}, we have
Y(aPu(f)Pu(f)*a*) = lim & (uy aPy(f)Pu(f)*a*uy,)
= 1im ¢ (auy Py (f) Pu(f) u a*) = | f (1) ¢ (aa”).

On the other hand, since P, (f) and P, (f)* are in the multiplicative domain, we
have ¥ (P, (f) aa*P,(f)*) = f(x) f(x)¥(aa®). As a commutes with {u, :n € N},
we see that ¥ (aa*) = lim, ¢ (u, aa*u) = ¢ (aa™). Therefore,

Y (Pu(f)aa*Py(f)*) = f(x) f(x) ¥ (aa*) = | f(x)]* p(aa*).
Arguing similarly, we see that
Y (Pu(f)aPu(f)*a*) = f(x) Y @Pu(f)*a*)
= f)lim ¢ (uy a P, (f)*a"uy)
= f () lim ¢ (auy P (f)* uya*)
= f(x) f(x) $p(aa®) = | f(x)]* ¢ (aa®).

It also follows similarly that

Y (@P,(f)a*Pu(f)*) =1 f(x)*p(aa®).

Consequently, we see that ¥ ((a Py (f) — Pu(f) a)(@Pu(f) — Pu(f) a)*) =0 for
every a € {u,})'. Also, for every b € B(L>(N, T)®I°T") and a € LA’, we see that

W (Pu(f)ab—aPu(f)b)]?
<Y ((Pu(f)a—aPu(f)(Pu(f)a—aP,(f))*)y©b*b) =0.
Therefore, it follows that ¥ (P, (f)ab) = ¥ (aP,(f)b) for all a € {u,} and for
beB(L*W, T)RI’T). O
Our idea of the proof is motivated by [17, Theorem 1.4].

Proof of Theorem 3.1. From Proposition 3.2, a state ¥ € S([B(LZ(N, f)@ﬁzf‘))
exists such that ¥ |y« = 7, w|PM(C(X)) =6y, and Y (aPu(f)b) =y (P.(f)ab)
for all a € {u,} and for all b € B(L*(\V, 7)®£°T"). Let M denote the von Neumann
algebra {u,} N (N x T'). Let u € M be a unitary element. We shall show that
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IEx ()]l = 1 from whence it will follow that u € A x I',. Let € > 0. Let
uo =y ;_a;r(s;) € N xT be such that

(D [ —uoll2< e.
Let us write F = {5y, 52, ..., S,}. Then, we can rewrite
uy = Z agA(s) + Z as A(s).
sEFNT, seFNIe¢

In particular, we see that sx # x for all s € FNI'S. Therefore, we can find f € C(X)
with 0 < f <1 such that f(x) =1and f(sx) =0forall s € FNI{. Below, we
write f instead of P, (f) for ease of notation. Let us now observe that

1 (f (uuo — 1) < v/ ¥ ((ureo — 1) (uug — 1) /¥ (F£*)
= uuo — 12 (Y lawr =7)
< |lu* —upll2 < €.

Therefore,

[V (ufuo)|l =¥ (fuuo)l = | (f (uuo — 1)) + ¥ (f)l
> Y () = W (fuwog—D)|[ = 1 —e.

To reiterate,

) W (ufug)| = 1 —e.
On the other hand,
¥ (ufuo)| < w(uf( > asx<s>))‘+‘w(uf( > asm))'
seFNIy seFNI¢
< W fE@o)l+ Y [Wufash(s)).
seFNIrg

Since f € C(X), a, € N and every element of C(X) commutes with A (see the
paragraph below Theorem 3.1), we see that

Y Wfagis))l= Y W ua fi(s))]

seFNI¢ seFNIr¢
= Y Wuah(s)s™ = Y ¥ uagh(s)) f(sx)|=0.
seFNI¢ seFNI¢

It follows therefore that | ((ufug)| < | (ufE,(up))|. Combining this along
with (1), (2) and the Cauchy—Schwarz inequality, we see that

l—e <Y @fuo)| < 1Y ufEc(uo))| < v uff*u)Ec(uo)ll2 < IEx@)ll2 + €.

As aresult, it follows that ||E,(u#)|l2 > 1 — 2¢. Since € > 0 is arbitrary, it follows
that u e N x Ty, O
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We obtain the following as an immediate result.

Corollary 3.3. Let T" be a discrete countable group acting on a compact Hausdorff
space X. Let (u,) be a u-contracting sequence for the action on X for some
probability measure j on X. Then {u,} N LT C L(Ty), where x is determined by
the fact that u,, is |-contracting towards x.

Example 3.4. Let I" be a convergence group. Then, in view of Example 2.5, given
a parabolic element s € I', for every tracial crossed product N x I" and every diffuse
subalgebra M of L({s)), the relative commutant of M in A" x T is injective. If
s € T is loxodromic, then L({s))" N (N x I') is injective.

4. Relative commutants of subgroups of negatively curved groups

In this section, we examine the relative commutants of subgroups inside groups that
satisfy “north pole south pole”-dynamics. We begin with the following singularity
phenomenon, which has been exploited in the past to prove rigidity results (see, for
example, [1; 7; 32; 33; 34]).

Lemma 4.1. Let X be a continuous I'-space. Let T € S(C(X) %, I') such that
Tlcxy =ady+(1—a)éy for some x #y € X. Then, T(A(s)) =0 forall s € T" with
s{x, y}N{x, y} = 2.

Proof. Let s € I" be such that s{x, y} N {x, y} = @. Using Uryhson’s lemma, we
can find a nonnegative continuous function f € C(X) with 0 < f < 1 such that
Sflie,yy =1 and f|x sy) = 0. Using the Cauchy—Schwarz inequality, we obtain

TP = 1t VAP <t(H (™Y fAE) =T(f) T ).
Since t|c(x) = ady + (1 —a) §,, we obtain that
s H=as fO+A—a)s™ f(y) =af(sx)+ (1 —a) f(sy) =0.

This shows that t(fA(s)) = 0. On the other hand, applying the Cauchy—Schwarz
inequality again, we have

(1= AN = [t (/1= f/ 1= fr(s)?
<t(1=Ht(6HUA=HAE)) == s~ (1= f)).
Let us now see that
t(l—f)=a(l— fx)+ 1 —a)1 - f(3) =a(0)+ (1 —a)©0) =0.

Therefore, we obtain that 7((1 — f) A(s)) = 0. Now, combining the above two
identities, we see that

T(A() =T(fA(s)) + (1= f)As)) =0. O
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An action I' ~ X is said to have “north pole south pole”-dynamics, if for every
infinite order element g € I', there are unique fixed point x; and x, on the I"'-space X
such that g"x =2 xg forall x # x;. We denote by E(g) = Stabr({x;", x,;}),
the set wise stabilizer of {x;, Xy }. We denote by Eg () the canonical conditional
expectation from C}(I') onto C}(E(g)). This also extends to a normal trace-
preserving conditional expectation from L(I") onto L(E(g)).

Proposition 4.2. Let I be a discrete group admitting a minimal action I’ ~ X with
the north pole south pole dynamics. Let s € I' be an infinite order element with the
property that t{x}, x )N {x], x7} = @ forall t & E(s). Then, given a € C(T")
and € > 0, we can find {sy, s2, ..., Sm} C (s) such that

1 m
H m Z)»(Sj)(a —Eg)(@) A(s)” H <e.
j=1

Before we head on to the proof, let us briefly ponder our strategy, similar to that
of [30]. Let A = (s). We shall first show that for every bounded linear functional ¢ on
S(C(I')), we can find a bounded linear functional ¥ € {s.w:s € A}V guch that
Y =Y olE,. Here, Ep : CF(I') = C((s)) is the canonical conditional expectation.
The claim would then follow by a usual Hahn—Banach separation argument.

Proof. Let I" be a discrete group admitting a minimal action I' ~ X with the
north pole south pole dynamics. Since I' ~ X is minimal, we can view C(X)
as multiplication operators on B(¢2(I")). Given a bounded linear functional ¢
on C}(I'), extend it to a bounded linear functional n on C(X) %, I'. We can write
N =clwy —crwr +icyws —icqgwy, Where w; € S(C(X) %, I') and ¢; € C for
eachi =1,2,3,4. Let v; = w;|cx) foreachi =1, 2, 3, 4. Since s is an infinite
order element, there are unique fixed points x;" and x;” on the '-space X such

that s"x “—>>> x" for all x # x. Using the dominated convergence theorem, it

follows that s"v; %5 4. 8.+ + (1 —a;)8,-, where a; = vi(X \ x;). By passing
to a subnet (four times) if required, we can assume that 5" w; — o) € S(C(X) %, T")
for each i = 1,2, 3,4. Observe that a)l/.|c(x) =a;8,+ + (1 —a;)8,-. Now let
N =c10| —crw)+iczwy—ics ). Let Yy =n'|cxr). We claim that ¥ = ¢ oEg(y).
Note that #{x;", x7}N{x;", x[} =@ forall r & E (s). It now follows from Lemma 4.1
that w;(A(t)) = O for all + ¢ E(s) and for all i = 1,2, 3,4. From this we see
that w}|cxr) = w; o Eg() for each i = 1,2, 3,4. Consequently, it follows that
Yr =Y olE (). The claim now follows by a usual Hahn—Banach separation argument
(see, for example, [21, Theorem 3.4]). O

It was shown in [2] that the averaging scheme at the level of the group C*-algebra
lifts to the same averaging scheme at the level of the crossed product. We merely
reiterate the steps to prove that the averaging established in Proposition 4.2 lifts to
the crossed product of tracial von Neumann algebras. Given a tracial von Neumann
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algebra (N, T) and a trace preserving action I' ~ (N, T), we let T = 7 o E which
is a faithful normal trace on A" x I'. We do all the approximations in the || - ||»-
norm induced by 7. We denote by E, the canonical conditional expectation from
N x T onto N. Moreover, we shall use [EE(S) to denote the canonical conditional
expectation from A x " onto N x E(s).

Theorem 4.3. Let I be a discrete group admitting a minimal action I' ~ X with
the north pole south pole dynamics. Let s € I" be an infinite order element with the
property that t{x;, x_}N{x, x[} =@ forallt € E(s). Let (N, T) be a tracial von

Neumann algebra and I' ~ (N, T) be a trace-preserving action. Let M =N x T.
Then, given x € M and € > 0, we can find {sy, 52, ..., s} C (s) such that

l « .

< €.
2

Proof. Let x € M and € > 0 be given. We can find a finite set F' C I and finitely
many elements {a, : t € F} C N such that

X — Zall(z‘)

teF

€
< —.
, 3
Since [Fo Eg(y) = E, it follows that

€
< —.

Eeew@) — > ah() 3
2

teE(s)NF

Let M = sup,f ||la;||. Using Proposition 4.2 for a = Z,eE(‘Y)CmF A(1), we can find
{51,582, ..., Su} C (s) such that

1 m
H;Zmp( > x(r))us,,-)*
j=1

teE(s)*NF

<

3|FIM’
It follows from [30, Lemma 4.1] that

=
2

<

1 & i
HZ ;k(sj)k(t) AGs))

1 & i
—~ ;Msj) A1) A(s))

€
3|FIM

for all t € E(s)° N F. Therefore, using [2, Lemma 2.1], we obtain that

Hnliz)\(sj)< Z atx(z)))\(sj)* < Z lla ||
Jj=1

teE(s)‘NF teE(s)‘NF

€ €

< a <-.

< E | t”3|F|M 3
1€E(s)°NF

1 & .
— ;usﬂx(r)usﬂ
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Putting all these together, along with an application of triangle inequality, we see
that

2

1 m -
H —~ Zk(sj)(x —Eg) (%) Alsj)"
j=1

1 m
< " Zk(sj)(x — Za,)»(t)) A(sj)* .
j=1 teF
+ 1 ix(s-) D ah(t) = Eg(0)) Asp)*
m 4 J t E(s) J )
j=1 teFNE(s)
1 m
+Hn—12x(sj)( Z a,k(t)) A(s)* 2
j=1 teE(s)NF
<|x=>ar®| +| Y. art)—Erek)
teF 2 teFNE(s) 2
1 m
+ ‘ZZM@-)( > a,m)) A(s))*
- ¢ . p N p j=1 teE(s)°NF
=3T37T37¢
The claim follows. O

Consequently, we can determine the position of the relative commutants of
specific subgroups of a nonelementary acylindrically hyperbolic group with at least
one infinite order element. We briefly recall the definitions and refer the readers
to [37] for more details.

Acylindrically hyperbolic groups. An action I' ~ (X, d) on a metrizable space is
considered acylindrical if for every € > 0, there exist §, N > 0 such that for any
x,y € X with d(x, y) > 8, the number of elements g € I' satisfying d(x, gx) <€
and d(y, gy) <€ is at most N. A group I is called acylindrically hyperbolic if it
admits a nonelementary acylindrical action on a hyperbolic space.

Every nonelementary hyperbolic group is acylindrically hyperbolic. Further
examples of acylindrically hyperbolic groups include non(virtually) cyclic groups
hyperbolic relative to proper subgroups, Out(F,) for n > 1, many mapping class
groups, and non(virtually cyclic) groups acting properly on proper CAT(0)-spaces
and containing rank one elements, among others (for more details, refer to [37,
Section 8]).

For a group I" acting on a hyperbolic space S, recall that an infinite order element
g € I' is called loxodromic if it has precisely two fixed points x;, x, on the

8
Gromov boundary 9§ and g"x — x; for every x € 95 except x, . It turns out
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that a group being acylindrically hyperbolic is equivalent to the notion of “weak
proper discontinuity” introduced by Bestvina and Fujiwara [16]. Let I" be a group
acting on a hyperbolic space S. An element g € I" is said to have the weak proper
discontinuity property (in this case, we say that g is a WPD element) if for every
€ > 0 and every x € S, there exist M € N such that the number of elements 7 € I"
satisfying d (x, hx) < € and d(g™x, hgMx) < € is finite.

Osin [37, Theorem 1.2] later established that a group I being acylindrically
hyperbolic is equivalent to the existence of a loxodromic element g € I" that satisfies
the weak proper discontinuity condition. Moreover, there is a unique maximal vir-
tually cyclic subgroup E(g) <T containing g. Explicitly, E(g) = Stabr({x;, L)
is the set wise stabilizer of {x;, Xy } (see, for example, [25, Lemma 6.5]).

Corollary 4.4. Let I be a group admitting an action I' ~ X with north pole south
pole dynamics. Let A < T be a subgroup with one infinite order element s € A.
Assume that {tx], tx7} N {x}, x7} = & forall t ¢ Stab({x;", x"}). Let (N, T) be
a tracial von Neumann algebra and T ~ (N, T) be a trace-preserving action. Let
M =N xT. Then, L(AY "M CN x E(s).

Proof. Since s is an infinite order WPD loxodromic element, it satisfies the north
pole south pole dynamics on the Gromov boundary. Let x € L(A) N M. Lets € A
be an infinite order loxodromic element. Let € > 0. Using Theorem 4.3, it follows
that we can find sy, 5o, ..., s, C {(s) such that

1 + -
(€) “ m ;’\(Sj)(x —Eei () Msj)*‘

< €.
2

Note that here E E@s) N xT — N x E(s) is the canonical conditional expectation.
Let us write Eg () (x) = ZteE(s) a; M(t), where the convergence is in the || - [|2-norm.
For any s; € (s), writing it as s for some m; € Z, we see that

AP B @) M) = ) o (@) Asitsy D =) ag an) As™ies ™).
teE(s) 1€E(s)
Since t € E(s) = {x;}, x]}, we see that s™its ™™ {x}, x7} = {x, x7}. As such,
we can now see that A(s;) Eg(s)(x) A(s))* € N x E(s) foreach j =1,2,...,m.
Writing m
D 08 Epn () M) = Y-
j=1

since x € L(A) N M, it follows from (3) that

lx — ye@wll2< €.

Since € > 0 is arbitrary, it is evident that x € A" x E(s). Therefore, we see that
L(A) NMCN xE(s). O
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In addition, if we assume that A/ is amenable, then it can be concluded that the
relative commutant L(A)’ N M is amenable.

We now give examples that fit into the above setup. Before doing so, we briefly
recall the notion of hyperbolic elements and refer the reader to [27] for more details.
Let I" be a group acting by isometries on a hyperbolic space X. An element s € I'
is called hyperbolic if it fixes exactly two points on the boundary of X, denoted
by aT'.

Example 4.5. Let I" be a torsion-free hyperbolic group and A < I" be an infinite
subgroup. Then, A contains an element of infinite order and is loxodromic. Let’s
call it s. Denote by x;” and x_, the corresponding fixed points on the Gromov
boundary aT". It is well-known that E (s) = Stabr ({x;", x;°}) (see, for example, [25,
Lemma 6.5]). Since s € Fix(x;r ) is a hyperbolic element, and x; is the unique
fixed point of x in 9T\ xF, it follows from the proof of [27, Theorem 8.30] that
Fix(x;") = Fix(x;"). We claim that {rx;, rx;7} N {x, x7} = @ for all r ¢ E(s).
Let r ¢ E(s). Since Fix(x;") = Fix(x;"), it follows that tx;” # x; and 7x; # x, .
If tx}t = x, then t~'stx;” = x}. Therefore, t~'st € Fix(x;). Therefore, we
see that #~!'szx;” = x;. This further implies that s(fx;) = (fx;). Since s is a
loxodromic element, either tx; = x; or tx; =x;. If rx; = x, it would follow
that 7x;f = x; = tx; from whence we would obtain that x;* = x; which would
contradict the fact that s is an infinite loxodromic element. Therefore, rx; = x;".
This shows that t € E(s) which contradicts our earlier choice of ¢ & E(s). If
tx; =x;, the argument follows analogously by replacing #~'s¢ with £st~!. As such,
we can now apply Corollary 4.4 to conclude the relative commutant L(A) NN x T
is contained inside A x E (s) for any trace-preserving action I’ ~ (N, 7). Under the
further assumption of amenability of A/, it follows that L(A) NN x I is amenable
since E(s) is an amenable subgroup of I'.

There are many acylindrically hyperbolic groups for which we can find an element
t € E(s) such that 7{x;", x 7} N {x, x[} # @. Nevertheless, we can still determine
the position of the relative commutant of any diffuse von Neumann subalgebra
of L((s}) in these situations. Recall that for an action I' ~ X with north pole south
pole dynamics, an element s € I' is called parabolic if there exists a unique fixed
point x;" € X such that both {s"x},en and {s " x},en converge to x;F as n — oo
for every x € X.

Corollary 4.6. Let I be a discrete group admitting an action I' ~ X with the north
pole south pole dynamics. Let s € I" be an infinite order parabolic element. Suppose
there exists a quasiinvariant probability measure w € Prob(X) such that pu(x;") # 0.
Let (N, T) be a tracial von Neumann algebra and T" ~ (N, T) be a trace-preserving
action. Let M =N x T'. Then, M\ "M < N x T+ for any diffuse subalgebra
My < L({s)).
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Proof. Let s € I' be an infinite order parabolic element. By assumption, there
exists one fixed point x;~ on X. Moreover, s"y ——> x} for all y € X. Let
P,:C(X)— B(¢2(I")) be the associated Poisson-transformation. It follows from
the Definition 2.1 that (s") is u contracting towards x;". In particular, every diverging
sequence (A,) C A = (s) is p contracting towards x". Let M; < L({s)) be a diffuse
subalgebra. Let (u,) C U(M;) be a sequence of unitaries which converge to 0
weakly. We can now appeal to Lemma 2.4 to conclude that u, is p-contracting
towards x;". The claim now follows from Theorem 3.1. g

Recall that a CAT(0)-cube complex is a simply connected cell complex whose
cells are Euclidean cubes [0, 1]¢ of various dimensions. We refer the readers to
[22], [19], and [23] for more details on these. One can assign many compact Haus-
dorff boundaries to a CAT (0)-cube complex (see, for example, [36, Section 1.3]).
For our purposes, given a CAT(0) metric space, we consider the action on the
visual boundary 90X (see [19, Chapter 8]) equipped with the cone-topology. If X is
Gromov hyperbolic, then 9 X is the classical Gromov boundary of X.

Let I be a countable discrete group acting on a proper CAT(0) cube complex X
(not necessarily hyperbolic) by isometries. We say that the action is elementary if
the limit set L X (the set of accumulation points in d X of an orbit of the action)
consists of at most two points or if I" fixes a point on 9.X.

Example 4.7 (CAT(0)-cube complexes). Let I be a countable discrete group acting
on a proper CAT(0) cube complex X (not necessarily hyperbolic) by isometries
in a nonelementary way. Let s € I" be rank-one isometry. It is well known that
any rank-one isometry g € Isom(X) has the north pole south pole dynamics (see,
for example, [31, Lemma 4.4]). Using [31, Theorem 1.1], we see that the limit set
LX C 0X is perfect. It follows from [18, Lemma 2.1] that there is a nonatomic
measure u € Prob(dX). Since s is a rank-one isometry, there are two fixed points x;"
and x;~ on the visual boundary 3 X. Moreover, s"y ——> x for all y # x;” € 9X.
Since u is nonatomic, we see that u(x;”) = 0. Now, let (N, T) be a tracial von
Neumann algebra, and I" ~ (V, T), a trace-preserving action. Setting M =N x T,
it follows from Theorem 3.1 that L({s))' "M < N x T +. If we further assume
that V' is amenable, then in this case, since I, + is amenable (see the argument in
the last paragraph of [35, Lemma 5.6]), we conclude that L({s))’ N M is amenable.

It is not difficult to find actions I' ~ X on CAT(0)-cube complexes X which are
nonelementary. For example, if |0 X| > 2 and I’ ~ X cocompactly by isometries,
then the action is necessarily nonelementary (see, for example, [8]).

5. The case of SL(d, Z)

This section applies our results to the von Neumann algebras associated with
infinite subgroups of SL(d, Z), d > 2. We show that for each such subgroup A,
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the relative commutant of LA is always contained in the von Neumann algebra of
the intersection of some parabolic subgroup with SL(d, Z). In the case d = 3 or
if the subgroup is Zariski dense in SL(d, R), such parabolic subgroups are always
Borel groups.

Proposition 5.1. Letd e N and I" be an infinite subgroup of SL(d, Z). Then there is
a parabolic subgroup P of SL(d, R) such that LT'NL SL(d, Z) C L(SL(d, Z)NP).

Proof. Let G = SL(d, R). We want to show that given a diverging sequence (y,) in
SL(d, Z) there are a parabolic subgroup P of G, an SL(d, Z)-quasiinvariant proba-
bility measure on G/P and a point y € G/P such that, up to taking a subsequence,
for p-almost every point x in G/P we have lim,, y,, x = y.

Let then (y,) be such a sequence and write y, = k, a, k,, (KAK decomposition
in SL(d, R)), in such a Way that the diagonal entries (k( ") ) of a, are taken in
decreasing order: X;(n) > k for every n, forevery i =1,...,d. Up to taking

a subsequence we can suppose that )\(")/)L(")l converges to a point in (0, oo] for
everyi=1,...,d—1,and k, — k, k,, — k' in K. We consider the partition of
{1,...,d} into I 1, ..., I; subsets (for some [ € N) defined by the condition that i
and i + Jj belong to the same set [, if and only if A(n)/kl +; converges to a finite
number. Then we consider the parabolic subgroup P associated with this partition,
i.e., the one given by matrices in SL(d, R) of the form

GL|1]|(R) * * ... *
0  GLj,(R) =

0 0 ... 0 GLjjR)

Letnow A ={g € SL(d, R) | det(g;) #0 forall i =1, ...,d — 1}, where g; is the
i-th principal minor of g. A is a dense open subset of G. It follows from Gaussian
elimination that every element of A can be written as a product of an element of
the group T of strictly lower triangular matrices (i.e., the ones having only 1’s
on the diagonal) and an element from the Borel subgroup B of upper triangular
matrices (see the proof of [41, Lemma 5.1.4]). The map T'— A /P is continuous
and surjective; it restricts to a continuous surjective map 7\{T'N P} — A/P\{eP}.
Let then x € T\{T N P} and write it as x = (X, j)l = 1, where X; ; is a matrix of
size |1;| x |I;]; in the same way we write a, = (A;, j)l =1 Define the sequence
in P given by h, = (H; ])” 1» Where H; j = 8; j(A; ;i Xii)~ ' Then a, xh, — e
andsoa, xP — eP. Letnow yP € A/P and C C A/P be a compact neighborhood
of yP. Let U be an open subset around e P with an empty intersection with C.
For every x P € C there is n, p such that a, px P € U. Hence the open sets a, ! U
cover C. It follows that the sequence k= 'k, a, k/, (k') ~'x P converges to e P. Hence
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the result follows by choosing any SL(d, Z)-quasiinvariant probability measure
on G/P which gives zero mass to G/P\A/P. U

Proposition 5.2. Letn>2 andlet " =SL(n, Z). Let also 1 be the K-invariant prob-
ability measure on the complete n-dimensional flag variety. Then, every subgroup
of T, which is Zariski dense in SL(n, R), contains a j-contracting sequence.

Proof. If A is a Zariski dense subgroup of I', then we can apply the procedure in [28,
Theorem 3.6] (since the action of SL(n, Z) on the complete flag variety is transitive)
to deduce that A has the contraction property (as defined in [28, Definition 3.1].
The result follows from [28, Lemma 3.9] and the proof of Proposition 5.1. (]

Corollary 5.3. Let A C SL(d, Z) be a Zariski-dense subgroup of SL(d, R). Then
LA'NLSL(d,Z) C LT, for some x € SL(d, R)/By (which is injective), where B,
is the Borel subgroup of upper-triangular matrices in SL(d, R). In particular, this
applies to infinite commensurated subgroups of SL(d, 7).

Proof. The proof follows from Theorem 3.1 and [6, Lemma 7.5]. O
A stronger result holds if we assume d = 3 in the above proposition.

Proposition 5.4. Let " be an infinite subgroup of SL(3, Z). Then we find that
LT N LSL(@3,7Z) c LBNSL(3, Z) for some Borel subgroup B C SL(3,R). In
particular, the relative commutant of every infinite subgroup of SL(3, Z) is injective.

Proof. It follows from the discussion in [38, Example 7] that every infinite subgroup
of SL(3, Z) contains an element whose singular values are pairwise distinct. The
result follows arguing as in the proof of Proposition 5.1. ([

Example 5.5 [18, Corollary 6.4]. Let A be an infinite subgroup of P, where P is
the parabolic subgroup associated to the partition {{1, 2}, {3}}, such that for every
element g € A, 1 is a singular value of g. Then the relative commutant of every
diffuse subalgebra of LA inside L SL(3, Z) is injective. Indeed, by the proof of
Proposition 5.1, every divergent sequence in A is p-contracting towards eP. It
follows from Lemma 2.4 and Theorem 3.1 that the relative commutant of every
diffuse von Neumann subalgebra of L A is contained in L P, and hence it coincides
with its relative commutant inside L P. But L P is solid, and the result follows.
Note that if A is contained in Z? (after identifying P with SL(2, Z) x Z?), the result
follows from another application of Theorem 3.1.

We can give a more general example in the case when d > 2.

Example 5.6. If d > 2 and A is an infinite subgroup of SL(d, Z) with the property
that for every g € A, g has only two singular values which are not 1, then the relative
commutant of every diffuse subalgebra of LA is contained in the von Neumann
algebra of the parabolic subgroup associated to the partition {{1,...,d — 1}, {d}}.
This is for example the case for certain embeddings of SL(2, Z) inside SL(d, Z)
ford > 2.
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DIFFERENTIAL CALCULUS FOR GENERALIZED
GEOMETRY AND GEOMETRIC LAX FLOWS

SHENGDA HuU

It is of interest to extend classical geometric notions to generalized geometry.
Various approaches have been proposed in the recent literature. Employing
a class of generalized connections, we describe certain differential complices
(?Z-’[} M), EW) constructed from A* TM and study some of their basic proper-
ties, where TM = TM & T*M is the generalized tangent bundle on M. To
illustrate how various constructions fit together from this point of view, we
describe within the proposed framework the analogues to the Levi-Civita
connection when T M is endowed with a generalized metric and a structure
of exact Courant algebroid, the Chern—Weil homomorphism, a Weitzenbiock
identity, the Ricci flow as a Lax flow and Ricci soliton, the Hermitian—Einstein
equation and the degree of a holomorphic vector bundle.

1. Introduction

In generalized geometry a la Hitchin [24], over a smooth manifold M of real
dimension n, the bundle TM :=TM & T*M is considered the analogue of the
classical tangent bundle 7M. It fits into the natural exact sequence

0>T"M—>TMS>TM—0
and is endowed with the natural pairing

(x, ) = (X +& Y +n) = 30xn+1yf),

where x, ye C*®°(TM)and X, Y € C®(TM), &, n e C>*(T*M) are their respective
components. The dual of TM can be identified with itself under the pairing 2( , ).
Well-known geometric structures on TM such as generalized complex, Riemannian,
Hermitian, and Kihler structures and generalized connections are natural extensions
of the corresponding classical notions on 7M. There are by now many references
in the literature, including the pioneering works by Gualtieri [19; 20; 21; 22] on the
subjects. We show that the analogy can be pushed further, with TM consistently
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taking the role of the tangent bundle, leading to coherent extensions of well-known
geometric notions.

One of the motivations of this work is to understand an analogue of the Hermitian—
Einstein equation proposed by Hitchin [25, Remark in §3.3] to describe a stability
condition on generalized holomorphic bundles. One of the obstacles is that some
of the most natural choices for a curvature operator, such as the naive curvature
operator (2-10), are in general not tensorial, and hence are not directly suitable for
such an analogue or defining the corresponding notions of degree, or slope stability.

In the literature, there have been various attempts at extending the notion of
curvature tensor and related constructions to generalized geometry. In Streets [35],
the generalized Ricci flow (7-13) is put in Lax form, where a generalized Ricci tensor
is constructed from the Ricci tensor of V=%, the metric connection with totally skew
torsion —¢p € 3 (M). Severa and Valach [37; 38] extended similar constructions to
general Courant algebroids. In Garcia-Fernandez [10] and Garcia-Fernandez and
Streets [12], many notions related to those discussed in this article were discussed
in somewhat different contexts. For instance, the notion of metric compatible
generalized connection and their eigendecomposition with respect to the generalized
metric G can be found in [10] (see also Definition 2.4). Based on the generalized
torsion in [20] and the notion of divergence, Garcia-Fernandez and Streets [10; 12]
discussed a notion of generalized Levi-Civita connections associated to a generalized
metric G on a Courant algebroid E. Different from the constructions proposed here
(Theorem 2.8), the generalized Levi-Civita connections described in [10; 12] are
not uniquely determined by G and the structure of exact Courant algebroid on TM,
but form an affine space modeled on a certain space of 3-tensors defined from
the eigenbundles of G (see the discussion surrounding Proposition 3.15 in [12]).
Moreover, Garcia-Fernandez and Streets [10; 12] constructed generalized curvature
operators for the Courant algebroid E involving only mixed eigensubbundles of G,
and an algebraic Bianchi identity was shown involving these components. The
resulting generalized Ricci tensors thus only have components that involve different
eigensubbundles of G, which provide a description of the generalized Ricci flow in
Lax form, with the Ricci curvature as the Lax operator, as in [10, (5.3)] and [12,
Remark 4.8]. Using spinors in generalized geometry, Goto [14; 15] and Wang [39]
considered the notion of scalar curvature for generalized Kéhler manifolds and
related constructions. Besides in [12], the discussion of Ricci soliton in generalized
geometry has appeared for example in Apostolov, Streets, and Ustinovskiy [3] and
Lee [31]. In Garcia-Fernandez, Jordan, and Streets [13] and Garcia-Fernandez and
Molina [11], the Hermitian—Einstein equations are considered respectively in the
context of pluriclosed flow and the Hull-Strominger system.

As will be described in more detail below, the framework proposed in this article
leads to curvature tensors for a generalized connection on any vector bundle V,
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as a section of /\2 TM ® End(V). Such a curvature tensor provides a natural
generalization of the Hermitian—Einstein equation (Definition 6.8) to generalized
geometry. It also produces a generalized Ricci tensor as a section of the bundle
®2 TM, which, analogously to the classical case, is symmetric (Section 4B). Using
the generalized Ricci curvature as the Lax operator, the Lax equation recovers
again the generalized Ricci flow (7-13). It is interesting to note that the equation
in Lax form naturally picks out the mixed components of the generalized Ricci
tensor (see Theorem 7.14). Indeed, one of the main advantages of the framework
we propose is that the extension to generalized geometry of many classical notions
follows closely the classical constructions. Hence, for the benefit of brevity, we
often omit computations that are in parallel to the classical situations, such as
those in the standard textbooks, e.g., do Carmo [6], Griffiths and Harris [18],
Lee [30] and Petersen [33]. A large portion of the article consists of examples
illustrating the various extensions. Since this is the first of a series of articles
exploring the consequences of the proposed framework, we leave discussion of
further consequences to future works.

For simplicity, we will restrict our considerations to compact connected oriented
smooth manifolds without boundary, while, aside from cohomology computations,
most descriptions are of a local nature. The construction starts with a generalized
connection ! ([20] or (2-1)) on TM. Suppose that T preserves the pairing ( , )
and is T M-torsion-free (Definition 2.1). It then induces a differential complex,
constructed with TM in place of T M, as a quotient of Q}(M) :=C °°(/\* ™ )

Theorem 1.1 (Section 2A). Consider the derivation d' : Q3(M) — Qi (M)
defined by

(d’0)(xo, x1, -, ) 1= (=D L0 (o, X1, Ry X0,

where 0 € QI{T(M) and xj € C°(TM). Then d" o d" is tensorial if and only if 7
is T M-torsion-free, in which case, the quotient ﬁﬁ‘r (M) of Q1 (M) by the image of
d" od' is a differential complex with the induced derivation d’, whose cohomology
is denoted by ﬁ{f (M).

The differential calculus thus established on T M leads to a natural definition (3-2)
of the tensorial "-curvature F'( ) e Q%(End(V)) for any generalized connec-
tion on any vector bundle V. A side effect of this is that the resulting curvature
tensor ' now depends on the T M-torsion-free generalized connection ' on TM.
Nonetheless, the differential Bianchi identity holds in the quotient §§(End(V))
(Lemma 3.2). Passing to a further quotient S_Z}kr (End(V)) (3-11), the Chern—Weil
homomorphism naturally extends. The results in Section 3A can be summarized as
the following theorem.
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V_curvature F'( ) defines a class

Theorem 1.2. Any invariant polynomial of the
in H T(M), the reduced V-de Rham cohomology, which coincides with the image

under T* of the corresponding classical characteristic class in H*(M).

When TM is endowed with a generalized Riemannian structure G ([19; 21]
or (2-24)), and a structure of exact Courant algebroid defined by a closed 3-form
y € Q3(M), there exists an analogue to the classical Levi-Civita connection. On the
exact Courant algebroid (TM, ( , ), 7, %, ), where *,, is the Dorfman bracket (2-36),
for lack of better terminology and risking conflicts with [10; 12], the (generalized)
Levi-Civita connection ¢ for G is the unique G-adapted connection on TM that is
metric compatible with *,, (Theorem 2.8)

Theorem 1.3 (Theorem 2.8, Section 2C). Let G be a generalized metric on TM.
The (generalized) Levi-Civita connection ¢ is the unique T M-torsion-free G-
metric connection on T M that is metric compatible with the Dorfman bracket x,,.
The natural map 7* : H*(M) — I-NI(;"G(M) is injective. Moreover, I-NI(Z?G(M) =R

The notion ¢-curvature refers to the generalized curvature defined with
for a generalized connection on a vector bundle V. The analogue to the Rie-
mannian curvature in this context is the ¢-curvature for ¢ itself, denoted by R?
(Definition 4.1). The ¢-Ricci curvature Ric? (Definition 4.6) and the corresponding
scalar curvature (Section 4D) are defined via the usual contractions of R?. In par-
ticular, in close analogy with the classical case, Ric? is an endomorphism of TM,
and the corresponding Ricci tensor is symmetric (Section 4B). To illustrate the
natural parallel with the classical situation, we show an analogue to the Weitzenbock
identity (Theorem 4.7), i.e., the Bochner and Hodge Laplacians differ by the ¢-Ricci
curvature of G.

We next turn to generalized complex geometry. On a generalized complex mani-
fold (M, y; J) [19; 21], J is integrable with respect to *,. When a generalized con-
nection T is J-compatible with *,, (Definition 5.1), d? decomposes (Lemma 5.2)
according to the types with respect to J. Together with a generalized metric G
commuting with J, the resulting generalized Hermitian manifold (M, y; G, J)
corresponds classically to an almost bi-Hermitian structure (M, y; g, I+; b), where
b e Q*(M) and g is Hermitian with respect to both almost complex structures /..
Letting ¢ = y +db, the J-compatibility of ¢ with %, (Definition 5.1) is equivalent
to a generalized Kéhler condition given in [20].

Theorem 1.4 (Theorem 5.7). On a generalized Hermitian manifold (M, y; G, J),
let =y +db. Then (M, y; G, J) is a generalized Kihler manifold if and only
if ?is J-compatible with *y.

In terms of I, the J-compatibility is equivalent to VX? 1. = 0. On a generalized
Kihler manifold, I are integrable. Working with ¢, we recover a well-known
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result obtained via holomorphic reduction in [22], namely, the /. -(anti)holomorphic
tangent bundles on a generalized Kihler manifold carry natural /--holomorphic
structures (Proposition 5.11).

For a J-holomorphic Hermitian vector bundle (V, g, k) [19; 21], the notion of
Chern connection extends naturally (6-5). Over a generalized Hermitian manifold
(M, y; G, D), there is a natural contraction Aj_ on Q%(M ) (Definition 6.7), which
leads to the notion of degree (Definition 6.10) for a J-holomorphic Hermitian vector
bundle. The degree is independent of the choice of Hermitian metric on V if the
generalized Hermitian manifold is V_J-Gauduchon (Definition 6.13). For such
manifolds, the notions of slope and slope stability naturally extend (Definition 6.14).
Given a y-J-connection ! (Definition 5.1) on TM, in analogy with the classical
case (Liibke and Teleman [32]), we propose the T_J-Hermitian—Einstein equation
(Definition 6.8) for the Hermitian metric 2 on V. Similarly to the classical situation,
one should expect a version of Kobayashi—Hitchin correspondence to hold in this
case (see Hu, Moraru, and Seyyedali [28]). On a generalized Kéhler manifold, we
show (Proposition 6.9) that these notions relate to their classical counterparts, in
particular, the J-Hermitian—Einstein equation is equivalent to an equation proposed
by Hitchin [25, Remark in §3.3].

Theorem 1.5 (Section 6C). Let (M, v; G, J) be a J-Gauduchon generalized Kdhler
manifold and wy. € Q*(M) be the Kiihler forms for I+ respectively. Let (V, dy)
be a J-holomorphic vector bundle. Then the J-Hermitian—Einstein equation is
equivalent to

LUFEW) A 4 (=1 FE(V) A ") = e(m — 1)! 1dy dvol,,

where Fic are the classical Chern curvatures with respect to 11, € =0 if I+ induce
the same orientation on T M, and € = 1 otherwise.

Geometric flows such as the mean curvature flow (Brakke [5]) and the Ricci
flow (Hamilton [23]) are very important in understanding smooth manifolds and
structures associated to them. In generalized geometry, it is natural to consider
flows involving structures on TM such as the generalized metrics or generalized
complex structures, e.g., in [10; 12; 36]. In this context, we generally assume
that the flow preserves the structure of Courant algebroid on TM defined by the
Dorfman bracket *,,.

We describe a general construction of Lax flows of generalized metrics or gener-
alized complex structures in the proposed framework. A Lax flow can be defined
from any 6 € Q%(M) (Lemma 7.6) via the induced map 6 : TM — TM. In
particular, the Lax flow defined by the ¢-curvature of a Hermitian line bundle
generates the action of generalized symmetries on TM (Theorem 7.10). Even
though the Bianchi identities do not hold for R? in general (Lemma 4.3), it turns
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out that the ¢-Ricci tensor Rc? is symmetric (Section 4B). The corresponding Lax
flow is the Ricci Lax flow (7-11), which exactly recovers the generalized Ricci
flow in the mathematics and physics literature; see, for instance, [12]. Conformal
deformations of the Riemannian metric g can be represented as a Lax flow, where
the Lax operators are G,-conformal T M-forms (Definition 7.7). The Ricci soliton
equation (Streets [34]) can be obtained as a combination of the geometric Lax
flows described so far (Definition 7.16), involving the generalized Ricci curvature,
generalized curvature of line bundles and conformal T M -forms. We also see that
the classical Kédhler—Ricci flow can be recast as a geometric Lax flow (Section 7D).

We expect that many classical constructions should admit natural extensions
to TM via the differential calculus developed here. Spinors, which are behind
the notion of J_-contraction in Definition 6.7, relate the geometry on TM back
to Q*(M), and, in particular, lead to the canonical line of a generalized (almost)
complex structure [19; 21] as well as the notion of scalar curvature in generalized
Kihler geometry [14; 15; 39]. Functionals involving curvatures, such as the Yang—
Mills functional, can be extended (Section 3C) and lead to natural questions on
extremal/critical (generalized) connections/metrics with respect to them. Explicit
examples such as compact Lie groups ([15]; Hu [26]) could provide further insights
into understanding these extensions. It should be worth exploring the interaction of
the Riemannian, the complex and the Poisson geometric methods in generalized Her-
mitian geometry. Equations in Lax form admit geometric interpretations (Griffiths
[17]), and it would be interesting to understand if this provides new perspective for
the related geometric flows. We plan to come back to these topics in future works.

We briefly summarize the structure of the paper. In Section 2, we set up the
differential calculus on TM and compute in Section 2E the group ITI;"G(G) for a
compact Lie group G, with the bi-invariant metric and the Cartan 3-form y. The
generalized curvature tensors are introduced in Section 3. The rest of the article
applies the constructions in various contexts. The analogue to the Riemann curvature
is discussed in Section 4, together with the associated Ricci and scalar curvatures,
as well as the generalized Bismut connections [20]. In Section 5, we apply the
differential calculus to generalized complex and Hermitian manifolds. The degree,
stability and Hermitian—FEinstein equation for a generalized holomorphic bundle
over a generalized Hermitian manifold are discussed in Section 6. In Section 7, we
discuss the notion of geometric Lax flows.

2. Differential calculus on TM

Let V — M be a vector bundle. Recall that a generalized connection on V is a
derivation:

(2-1) C®(V) = C®(TM®V) such that (fvyy=dfev+ f v,
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where TM =TM®T*M, feC>®(M)andve C®(V). Itis the lift of a classical
connection Vy on V if
(2'2) xV = VO,JT(x)v

for all x € C*°(TM) and v € C*°(V). The generalized connections naturally extend
to tensor bundles in the standard fashion.

2A. TM-forms. Under the pairing 2( , ), sections of /N*TM can be seen as TM-
forms and the space of such forms will be suggestively denoted by

QM) :=C>®(N\"TM).

Let ' be a generalized connection on TM preserving ( , ). The skew-symmetriza-
tion of the covariant derivative by ! induces the '-derivation d”. Namely, for
0 € Qk(M),

2-3) @'0)(xo, x1, ..o x0) 1= ) (=D 100, X1, Fiv LX),

where x; € C*(TM). For f € C*(M), d" coincides with the usual differential:
(2-4) d'f:=df e QL (M).

Moreover, d7 is a graded derivation on Q7 (M), that is, for 6, € QF (M) and 6, €
Q*(M),

(2-5) d" (@1 A0 = (@"0) A+ (—1)*0; A ([d6,).
Let the "-diamond bracket o1 be the skew-symmetrization of ':
(2-6) XoTy = Ey— ;Tx.

Recall that the notion of generalized torsion for T is introduced in [20], in the

context of generalized Kéhler conditions (see also Remark 5.8). Here, a different
notion of 7'M -torsion is more convenient.

Definition 2.1. Let ! be a generalized connection on TM. Its T M-torsion is
2-7) tr(x, y) i=mwxory) — [w(x), ()],
where x, y € C®°(TM). Then " is T M-torsion-free if its T M-torsion vanishes.
Standard computations yield
2-8) (d"od"®)(x0, X1, ..., Xkt1)
= Z(—l)i”[‘cr(xi,xj)]@(xo, ey iy X Xk)

i<j

i+ 40 ~ A A
- Z (_1)l+j+ 0([.xi<>‘[|’xjo—|]r.x£],x0’...,xi’...,xj,...,x[,...,xk+1),

i<j<t
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where [x o1 y ¢oT z] is the Jacobiator of the diamond bracket o (2-6):
(2-9) [xoTyorz]l:=(xoTYy)oTZz+CD.
Let R' be the naive curvature operator for ', which may not be tensorial:
T ,._ T T TT T T
(2-10) Rx,yz = 5 yZ — 0y x< IyZ + ;sz’
where x, y, z € C*°(TM). Then a straightforward rearrangement gives

(2-11) [xoryorzl=—R] z—c.p.

It follows that dT o d” is tensorial when T is 7 M-torsion-free, since in this case
RT is tensorial by (3-4). Furthermore, ! being T M-torsion-free also implies the
Jacobiator for ¢ has values in 7*M:

(2-12) mlxoryorzl=[lr(x), 7(»], 7(2)] +c.p.=0.

Any torsion-free affine connection V7 on T M lifts to a T M-torsion-free gener-
alized connection on TM:

L =Viy =YY+ Vi

for x,y € C®°(TM) with x = X 4+ & and y = Y + n. The affine space 2(TM) of
generalized connections on T M is modeled on the space of bundle homomorphisms

2(IM)={A: TMTM — TM},

in which the subspace 2, (T M) of T M -torsion-free ones is modeled on the subspace
of the right-hand side consisting of the ones whose skew-symmetric part lies
in Q3(T*M):

(2-13) 2(TM) 2 2.(TM) = Sym3(TM) ® Q*(T*M),
where Sym% (T M) is the space of symmetric 2-tensors
Sym3(TM):={A: TMOTM — TM}.

The contraction by x € C*°(TM) is a graded derivation on Q7 (M) defined by
(2-14) ey =2(x, ),
where y € Q%T(M). The Lie derivative along x € C*°(TM) is given by
(2-15) £6:=d"0+d",0,
where 6 € Q3 (M). In particular, for f € C*°(M) and X =7 (x) € C*(TM),

clr=xy.
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Suppose ! is T M-torsion-free. Then the familiar relations among the operators
d’, ¢, and £! almost hold, up to possible terms involving the Jacobiator, similarly
to (2-8).

Proposition 2.2. Letx,y,z, we C*(TM), 0 € Q%(M), ae Q' (M) and X =7 (x).
Suppose that ' is T M-torsion-free. Then:

(1) de=0 = d'a=0.

(2) [xoT yorz] € CO(T*M).

(3) X(y,2) = {xory,2) +(y, Ly2).

@) L3160 —1,L10 = Loy, 0.

(5) (Lyy—xory,2)={ yx,2)+( lx,y)

(6) ([LY, L]z, w) = (L], 2, W) + Uxoryorw]Z-

xXoTYy

(7) Forxy, ..., xiy1 € C®(TM),

(d”, £h1e) xr, - xkg1)

i ) .
= Z(—l)’J”Jr 9([x OT X; oTrxj],xl,...,xi,...,xj,...,ka).

i<j

Proof. The verification follows from standard computations and is left for the
reader. 0

If U is T M-torsion-free, by item (1) of Proposition 2.2, the cohomology of
(QT(M), d") is well defined for degrees k < 2. Furthermore, the Jacobiator (2-9)
defines a degree 2 map ¢ T on Q7 (M), which commutes with df,

2-16) (70 (x0, ..., X1
=" 0d"0)(xo, ..., xk41)

= Y (=D (xorxj ot el X0y Ra

i<j<t xj,...,xg,...,xk+1),

where 6 € Q%(M ) and x; € C*°(TM). It follows that d"” induces a differential d”
on the quotient space of the '-reduced TM-forms:

(2-17) 0 img 77 — QEM) L5 $E(M) — 0,
where 2! denotes the quotient map. In particular,
(2-18) QM) = k(M) for k< 2.

Definition 2.3. Let ! be a T M-torsion-free generalized connection on TM. The
complex (Q¥(M),d") is the "-de Rham complex and its k-th cohomology is



32 SHENGDA HU

the k-th  "-de Rham cohomology of M:
ker(d7: Q8 (M) — Q4 (M)
img(aT : S~2]{r_l(M) — ﬁ%(M))'

(2-19) HE(M) =

Because ¢! is of degree 2, when k < 2, H{T‘(M ) computes the corresponding
cohomology groups of Q3 (M). By (2-4), it is evident that ﬁ%(M) =R=H'M),
which consists of the constant functions. Item (1) in Proposition 2.2 then gives a
natural inclusion

(2-20) H'(M) € H:(M),

in which the equality may not hold in general (see Proposition 2.12).
In general, the map 7 induces a natural injection 7* : QK(M) — Q]{T(M ) for
all k:

(2-21) (Tra)(xyy .oy xp) = a(mw (X)), - oy T(XE)),s

where o € Q%(M) and x j € C*°(TM). Alternatively, 7* is induced from the
inclusion T*M <> TM. When T is T M-torsion-free, 7* commutes with the
derivations

(2-22) m*(da) =d" (7*a).

Thus 77* defines a morphism of cochain complices after passing to the quotient
7 Qb (M) — QE (M),

which induces the corresponding maps on the cohomology groups:

(2-23) 7% HY (M) — HE(M).

2B. G-adapted connections. Torestrict ' further, consider a generalized metric G
[19; 20]. In the standard splitting of T M, which is defined by the inclusion of 7 M as
the first factor of TM =TM & T*M, G corresponds to a pair (g, b) of Riemannian
metric g on M and 2-form b € Q*(M):

(2-24) G, y) == Lg(X, ¥) +g ' (6 —ixb, n—yb).
Let the G-splitting of TM be

(2-25) so:TM —TM givenby X X +xb,
under which G can be written as

Gx,y)=3[g(X.Y)+g ' (x —s50(X), y — so(¥))].
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Definition 2.4. A generalized connection ' on TM is a G-metric connection
[10; 12] if it preserves both G and ( , ), i.e.,
(220) X(y.2)={ [y.2)+ (. {2 XG».)=6( [y.0)+G. [,
where x, y,z € C*°(TM) and X = 7 (x).

A G-metric connection ' preserves the £1-eigenbundles C.. of G:
(2-27) Ci={s:(X):=(0£X)=X+b+tgX:XeTM}.

Hence, T admitsa G-eigendecomposition [10; 12; 20] into four metric connections
V;onTM:

(2-28) VixY i =m( §xsd)),

where » and e respectively stand for + or —. Furthermore, the corresponding d”
admits the induced G-eigendecomposition.

Lemma 2.5. Let ' be a G-metric connection. Then the operator d' decomposes
into components as follows:

(2-29) d' =dl +d’: Q2 M) - QLT M)y @l (M),
where
(2-30) QEIM) :=CP(N'CL @ N C_) = QP (M) ® QI(M).

Proof. Consider 6 E_Qg’O(M ). Fork > 1,since ! preserves Cu, itis straightforward
to verify that for xi =s5+(X;), where X; € C*(T M),

(dTQ)(x(l, xt xk_],xi, e, xi) =0.

Thus d”@ cannot contain any components in Qg_kJrl’k(M ) for k > 1. The general
situation follows from the analogue for 6" € Q?qu(M ) and noticing that d is a
derivation (2-5). O

In its G-eigendecomposition, a G-metric connection ' is 7 M-torsion-free
if and only if VI = V_ = V is the Levi-Civita connection for g and for all
X, Y e C®(TM),

VixY=VI,X—[X,Y]=0.
It follows that a 3-form ¢ € Q3(M), which may not be closed, can be defined by
(2-31) (X, Y, Z):=2g(VI =V)xY,Z) =2¢((Vy = Vv X, Z).
The mixed components in the G-eigendecomposition can be expressed in terms
of ¢, e.g.,
(2-32) VI Y =Vl = VyY + L7 yixg,
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which is a metric connection on 7'M with totally skew torsion ¢. The computations
are summarized in the following theorem/definition.

Theorem 2.6 (G-adapted connections). The T M -torsion-free G-metric connections
on TM are classified by 3-forms ¢ € Q3(M), which are denoted by *-®, and are
referred to as the G-adapted connections. The notation % is often abbreviated
as ? if G is understood. The G-eigendecomposition of ¢ is

(2-33) (VI VE VI, VD) =(V, VT, V2 V).
In the G-splitting (2-25) of TM, the G-adapted connection takes the form
234) Ly =so[VxY + 38 (t1ytx® — tytg-1:9)]
+ Vx4 3 (tyixd — te-1ylg-19),
where x = so(X)+ & and y = so(Y) +1n € C®°(TM).

Proof. Under the pairing 2( , ), the space Z(TM) of generalized connections
on TM is modeled on

2(OMTM)Z{A:TM > TMQTM]}.
The subspace Zg (T M) of G-metric connections is then modeled on
(2-35)  Ze(TM)={A:TM — (NCy) @ (N'C-) ZEnd(T M, g)®?}.

From (2-13) and (2-35), it follows that space of T M-torsion-free GG-metric
connections on TM is modeled on the intersection. The identity (2-31) can be seen
also as

¢(X, Y’ Z) = 2<A)C7y+’ Z+> = _2<Ay+x—a Z—)v

which shows that the intersection is isomorphic to £23(M). The rest follows from
straightforward computations. ([

Let y € Q*(M) be a closed 3-form and let *, be the corresponding Dorfman
bracket on C*°(TM), where for X,Y € C*°(TM) and &, n € C°(T*M),

(2-36) X+&)*x, Y +n) =[X,Y]+Lxn—diy§ +iyixy.

Definition 2.7. A G-metric connection !

diamond bracket ¢ coincides with *, on mixed G-eigensections, i.e.,

is metric compatible with x,, if the

(2-37) X4 OT Yo = Xy ky Vo,

where x; € C*°(C4) and y_ € C*°(C-).
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Using the explicit description (2-34), it is straightforward to verify that
x0py=s50([X, Y1)+ Vxn — Vy& + S(yixd — ty-1,le-1:9).

Hence, ¢ is metric compatible with *4_g;. The space of G-metric connections
that are metric compatible with x*, but not necessarily 7 M-torsion-free is modeled
on the following subspace of (2-35):

6, (TM)={A:C. - NC )@ |A:C. > NC_} = Q' (End(TM, g))*%.

Theorem 2.8. For a closed y € Q3(M), let ¢ =y +db. Then ¢ (Theorem 2.6) is
the unique T M -torsion-free G-metric connection on TM that is metric compatible
with *,,. It is called the (generalized) Levi-Civita connection for G on the Courant
algebroid (TM, ( , ), 7, *,). O

Remark 2.9. In Theorem 2.8, the exact Courant algebroid (TM, ( , ), 7, *,) can
be seen as defining two levels of differential structures — represented by the Lie
bracket ( , ) on C°°(T M) and the Dorfman bracket *, on C°°(TM). The notion of
T M -torsion-free specifies the compatibility with the differential structure on 7'M,
while metric compatibility with %, concerns the differential structure on TM.
The uniqueness stemming from these two compatibility conditions is in complete
analogue with the classical case, and hence the choice of the notion generalized
Levi-Civita connection. Moreover, the classical Levi-Civita connection are two of
the components in its G-eigendecomposition, as in Theorem 2.6. In [10; 12], the
notion generalized Levi-Civita connection has been used to describe generalized
metric connections satisfying another set of natural conditions, which are not
uniquely determined, and come in an affine family modeled on a certain subspace
of C¥(N'TM).

2C. %-de Rham cohomology. The G-eigendecomposition of TM induces two
left inverses of the natural injection 7r* in (2-21). There are two obvious projections
pe s QM) — C®(NCL) for each k. Let 6 € QL(M), X; € C®(TM) and
xi =s+(X;) forall j=1,...,k. Then

(PO (xL, .. xb)=0(l, ... xh).
The projection 7 induces the natural isomorphisms 7, : C*°(A\*C+) = Q*(M):
(T02) (X1, ooy Xp) 1= 0a(xl, ..., x5),
where 64 € COO(/\*Ci). Then nf =740 py: Q]fT(M) — QK(M) is given by

@E0)(X1, ..., Xp) =01, ... xh).



36 SHENGDA HU

It is now straightforward to see that

nron*=1d: Q" (M) —> Q*(M).

*

Let d? denote the ?-derivation (2-3) induced by ¢. The decomposition (2-29)
can be explicitly described by the classical de Rham differential and covariant
derivatives. For instance, for o € QX (M), let o4 € QE’O(M ) such that & = 7. ().
Then dﬁour is essentially the de Rham differential, that is,

2-38) (dPay)(x,x}, ) =) (=D Ga) (xR x)
i

=Y (=D (Vxo) xp. . B xh)
i

0 1 k
- (da)+(x+v x+7 ey x+)9

while the component d® ., € Qé’l(M ) is essentially given by V*% that is,
(2-39) a2k, x]) = (Vila)p(l, . xD),

where xi =s5+(X;) for X; € C®(TM).
Lemma 2.10. The Jacobiator for o is given by

(2-40) [rs 0p 4 0p 23] = £2g(RY 2),

where x4+ = s+(X) for X € C®(T M) and so on, and R*? are respectively the
classical curvature for V¥?. All other components in the G-eigendecomposition
vanish.

Proof. This follows by lengthy but standard computations from the definitions. [J
Proposition 2.11. The natural map 7* : H*(M) — I-NI;’G(M) in (2-23) is injective.
Proof. For o, B € Q*(M), suppose that 7 *« = w*(df). Then the injectivity of = *
implies that o = df. The statement then follows from img _#% N img 7* = {0}. In
fact, suppose 7?0 = wr*a € img _#¢ N imgx*. Then

a=n(T*e) =71 (790)=0.
The last equality is due to [x4 ¢¢ y4 ©¢z+] =0, which follows from Lemma 2.10. []

Since 'SVZ’{T(M )= Q-’E(M ) for k < 2 and the derivations coincide for k < 2, the
groups H ;f (M) for k < 2 can be determined. When k = 0, it is easy to see that
Hq? (M) = R consists of the constant functions.

Proposition 2.12. Let P(; (M) be the space of V-parallel 1-forms on M which also
annihilates ¢, i.e.,

E€Py(M) << VE=0 and 1,156 =0.
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Then

(2-41) Hy o(M)= H' (M) & Pj(M).

Proof. Let 0 € Q%T(M). For X, Y € C*®°(T M), let x4 = s+ (X) and so on, and define

(2-42) a(X):=0(x4) and B(X):=0(x-).

This then gives the identification

(243)  Q:QuM=Q' M) ®Q (M) givenby 6> L(a+B,a—p).
Suppose that d?4 = 0. Then (2-38) implies that

da=dp =0.
Hence
0=(d’0)(x 1, y_) = —[V;?(a — B)I(X),

ie, V% —B)=0. Set £ =a — B. Then d¢ = 0 implies that
0= (VO = (Vy*O)(X) = —p (X, ¥, g7'8)
for all X,Y € C*(T M), from which & € Pdﬁ (M) follows. Thus, on Q%T(M),
Q(kerd?) =kerd & P, (M).
Then (2-41) follows from Q(df) = (df, 0) for f € C*(M). O
Corollary 2.13. ﬁ;’G(M) = H'(M) if one of the following holds:
(1) ¢ is nondegenerate, i.e., the following map is injective:
L.g: C(TM) > Q*(M) givenby X > ix¢.
(2) M admits no nontrivial V-parallel vector fields. ([

Example 2.14. Let M = R"/Z", with the induced flat metric. Suppose that ¢ =0,
and thus the V-parallel forms on M are the constant forms. Then

Hy o(M) = H' (M) ® ToM =R™",

where ToM is the tangent space at 0 € M. On the other hand, for n = 3, let
¢ = volg, the volume form of the flat metric on M. Then it is nondegenerate. By
Corollary 2.13,

Hyy, o(M)=H' (M) =R’.

Let n = dimg M. The group H%” (M) is always well defined for a T M-torsion-

free T:
Q¥ (M)
img(dT: Q"1 (M) — Q2'(M))

H2'"(M) :=
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When T = #© and d¢ = 0, the groups ﬁ;{’G(M) and Hd%flG(M) can be
determined.
Proposition 2.15. Let ¢ € Q3(M) and d¢ = 0. Then ﬁ;jiG(M) = ijG(M) >R
Proof. The derivation d? on Q%”_l (M) splits in the decomposition (2-30) as
d?=d? @d? : QM) @ QLT (M) — QU (M) = Q¥/(M).

For instance, dﬁ : Q%ﬁl’”(M) — Q" (M) is given by the lifting of d : Q"1 (M) —
Q"(M) as in (2-38). Since img /‘7’ N Q2" (M) = {0} by Proposition 4.5, it follows
that Q2" (M) = Q¥'(M), which implies the statement. O

Let M and M’ be two smooth manifolds. It is straightforward to see that if
a generalized diffeomorphism A = (A, B) : (M, ¢, G) — (M’, ¢’, G’) relates the
corresponding data on both manifolds, i.e.,

G=2'G' and ¢=1"¢'=r"¢ +dB,

it induces isomorphisms throughout the constructions. In particular, it induces the
natural isomorphism of cohomology groups A* : H ;;',G’(M " = H;;’G(M ).

2D. Laplacians. Analogously to the classical case, a generalized connection
on V defines the corresponding Bochner Laplacian on C*° (V). Let {X;} be a local
orthonormal frame on 7'M for the Riemannian metric g. Then

{el == s+(X7))
is a local G-orthonormal frame on TM.

Definition 2.16. Let be a generalized connection on V. The Bochner Laplacian
(for with respectto  ?) is defined by

(2-44) A v:=—Z[( é o7 Gt = 4]
l

for v e C*(V).

The operator defined by (2-44) is independent of the choice of {X;}. Because
the f;i ¢'_ involve only the Levi-Civita connection for g, it is evident that

A v=(Ar+ A ),

where Ay are the classical Bochner Laplacians on V for Vi respectively. Thus A
is a second-order elliptic operator, which in general depends on G, but not on ¢.
When is a lift of a classical connection, A reduces to (a constant multiple of)
the corresponding classical Bochner Laplacian.
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The operator d? can alternatively be written as

(2-45) 4% = Z(ei A ‘fie )}

where 0 € Q%(M). Thus the principal symbol of d? is
o (@) =2v/=1en: NTM - N TM,
where £ € T*M. It follows that whenever d? squares to O it defines an elliptic

complex. Analogously to the classical case, for 6 € Q3 (M), define

(2-46) d*6 == - Z(u o+ 56,

e_

where the % is due to the convention (2—14). The principal symbol of d?* is then
o (0) = v~ Tig1pype1e : NTM — N TM,

where & € T*M. The operators d? and d?* are formal adjoints with respect to the
pairing ( , )g on /\*TM induced by G, for which local orthonormal bases are given
by {Aicre’, ANjesel i 1,J S{1,2,...,n}}. Indeed, direct computation shows
that for 6, u € QT(M),

(@6, 16 = 0.4 106 = 5 31X 6.ty 106 — . twy, x )]

which is the divergence (with respe(it to g) of the vector field W defined by
gW,2) =0, 5,16
forall Z € C*(TM).
Definition 2.17. The ?-Hodge Laplacian is the operator on Q7 (M) given by
(2-47) A? = d?d?* 4 d?*d?.
Proposition 2.18. The ?-Hodge Laplacian A? is a second-order elliptic operator:
Proof. It is clear from the discussion above that the principal symbol of A? is
o (A% =20 15 : NTM - N'TM,

where & € T*M, from which the statement follows. [l
Theorem 2.19. Let M be a closed manifold. Then the following holds:
(2-48) Hj (M) = ker A1y N ker @11 ) S ker A g1 (4.
Proof. Let 0 € QL(M) and consider a, B € Q'(M) as in (2-42). Then it can be

shown that
d?*0 = d*(a + B).
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Combining the identity above with the proof of Proposition 2.12, the first isomor-
phism follows from the classical Hodge theory. The last inclusion is obvious. [l

Even though (Q2}(M), d?) is generally not a chain complex, Theorem 2.19
nonetheless hints at the analogue of its “cohomology groups”.

Definition 2.20. Let G be a generalized metric on M and ¢ € Q3(M). The ¢-
pseudocohomology groups H;;’G(M ) of M consist of the common kernels of d?
and d?*:

Hf o (M) :=ker d®|gx (3, N ker 0| e 3y,

The ?-Laplacian kernels 12} £7G(M ) are the subspaces
Hj (M) :=ker A? | gt (-

Corollary 2.21. For a closed manifold M, both I’{\;’G(M) and ﬁ;’"G(M) are finite-
dimensional.

Proof. This follows from H (;G(M ) C 124 (;G(M ) and the ellipticity of A?. O

Remark 2.22. The inclusions H £’G(M yC H é’G(M ) may not be equalities. For
k =1, direct computation using the G-eigendecomposition shows that

0 =H, (M)
if and only if

1
A+ B)+ Avole = B)=5 D (@B)(X;. Xiux,x,¢ =0,
ok
1
Al +B) = Agla = B)t5 D (da)(X;. Xo)ixtx,¢ =0,
Jok
where o, B are as in (2-42) and {X;} is a local g-orthonormal frame of 7M. In the

case that da = df =0, it can be shown that the right-hand side is exactly equivalent
to 0 € H, ¢ (M). Namely, under the identification (2-43),

Hj o(M) = H} o(M) N (kerd ®ker d).

2E. Compact Lie groups. Manifolds admitting flat metric connections with non-
trivial completely skew torsions are known by Cartan and Schouten [8; 7], which
are essentially compact Lie groups and S” (see also Agricola and Friedrich [1]).

Suppose that G is a real semisimple Lie group, endowed with the bi-invariant
Killing metric g and the corresponding bi-invariant Cartan 3-form y € Q3(G).
Suppose that G is simply connected. In this case, as will become clear below, the
computations are very much parallel to those for the classical de Rham cohomology
of the doubled group G x G.
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The metric connections V7, with torsions £y respectively, are flat. Let G be
given by g and b = 0 and denote the corresponding Levi-Civita connection as 7.
By Lemma 2.10, for all x, y, z € C*(TG),

[x oy yoy 2] =0,

which implies that #7 = d” od” = 0. Hence (}(G), d”) is~the Y-de Rham
complex, whose cohomology is the -de Rham cohomology H; ,(G).

Let X! denote the left-invariant vector field on G such that X! () =u € g:=T.G.
The corresponding right-invariant vector fields are denoted by X;,. The Lie algebra
structure on g is identified with the Lie algebra of left-invariant vector fields:

(X0, X! =X{, -
For u, v € g, set 0 := g(X’) and 6! := g(X'). Then

xF=X' 46, eC>®(Cy) and x; =X, -6 eC™(C.).
It is straightforward to see that

[ 1.+ 14

_ 1 N y
x;rxv = 23X xu’xv = 3w, and

wxy = xS =0
Letu= (u,u’),v=(v,v") € gdg and
xu=—x+x_,x=—x +x,€CTG).
Then direct computation leads to

1
(2'49) %uxV = §X[u’v] :> Xu <>)/ Xy = Xy *)/ Xy = X[u’v],

where the Lie bracket on g @ g is the direct sum of those on each factor. The last
equality in (2-49) can be seen also from the Courant trivialization of Alekseev,
Bursztyn, and Meinrenken [2]. The y -curvature can then be computed as

R¥vavxw = _%[[Xu’ xV]’ xW] = _%x[[uqv],w]’
which gives the y-Ricci tensor
Re” (xu, xy) = %G(xw xy).

In particular, (G, y; G) may be seen as an example of a y -Einstein manifold, where
the y-Ricci curvature is proportional to the generalized metric.
To compute H;’ ¢(G), recall TG is the dual of itself via 2( , ), which leads to

(d” xy) (xy, xw) = _xu(x[v,w])-

Let 0 € Q7(G) be decomposable as the product of k sections of the form xy. Then

(dye)(xU()v ) xUk) = Z(_l)i—”e(x[u,-,uj]v xU()’ L) )EU,W L) xAUja RN xuk)~

i<j
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Let f, € g* & g* be defined by
Ju(V) := xu(xv).

It induces an inclusion of the Chevalley—Eilenberg complex of g @ g for the trivial
module:

(N (g* ®g").8) — (Q7(G),d") givenby fu > xy.
Similarly to the classical case, this induces an isomorphism on the cohomology:
H: ,(G)ZH*(g®g) = H"(G x G).
The isomorphism above in fact is an isomorphism of rings, where on ﬁ; ¢(G) the

product is induced by the wedge product in Q7 (M).

3. Curvature tensors

Consider a generalized connection on V. Let ! be any generalized connection
on TM. The T-derivation d” (2-3) extends to Q4 (V) := C°°(/\k TMQV):

(3-1) d"Oov):=d'HQu+(—D*OA v,
where v € C*®(V). The '-curvature operator FU( )of isthen given by
(3-2) Fl(y=d"o ,

which generally is not tensorial in v if ' is not 7 M-torsion-free. When  is
understood, it is often dropped from the notation F'( ).
In terms of covariant derivatives, the -curvature operator F' is given by

(3-3) Fiy(wi=Cx y= 3 x— xopy)¥

where x, y € C*°(TM) and v € C*°(V). It is tensorial if and only if Tis TM-
torsion-free, in which case, for any f € C*(M),

(3-4) FL(fv) = fF v =), ()] =7 (x o1 Y)(fHv =0,

The resulting tensor Fle 522 (End(V)) is the T-curvature of . Similar to (3-1),
let d be the extension of d1r to Q* T(V) = = Q T(M)® C*>(V). By (2-18), FT can
be seen as an element in Q% (End(V)) and (3- 2) can also be rewritten as

(3-5) Fl=d"o

Example 3.1. Let (V, k) be a Hermitian vector bundle on M. A generalized
connection on V preserves h, or is (h-)unitary if for v; € C*°(V) and x € TM
with X = 7 (x),

Xh(vi,v2) =h( yvi,v2)+h(v, x.02).
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Suppose now that V is a Hermitian line bundle and s is a local section of V such
that (s, s) = 1. Since  is unitary, it is determined by a local section u € C*° (T M),
such that for x € TM,

V-1 8 =2(x, u)s.

In analogy with the classical computation, the "-curvature for the line bundle V
is then

(3-6) V-IFL =20y, Ju) = (x, Ju) =@ w)(x, y).

3A. Chern—Weil homomorphism. Let T be a T M-torsion-free generalized con-
nection on TM. Since d' generally does not square to 0 (2-8), the Bianchi identity
generally does not hold for F'. In terms of covariant derivatives, d' F' can be
expanded into

G @ Fye= «Fy—F oy ~F = Fy. xtepinx,y.z
=— RI,;—CP in x, y, z,

where x, y,z € C*°(TM). By (2-11) and (2-12), this gives

(3-8) @ Fxye= [xorvora = Yixoryorals

which leads to the Bianchi identity over ’SVZ}‘}(M ).

Lemma 3.2. Let F' € Q%(M ) ® End(V) be the -curvature of a generalized
connection onV. Then

(3-9) d' FT =o.
Proof. It follows from (3-8) that
d' F¥ eimg_#T@End(V).
Thus d" FT = 27" ') =0. O

The space (V) of generalized connections on V is an affine space modeled on
Q1 (End(V)), which coincides with 1} (End(V)). For A € Q1(End(V)), a standard
computation gives

F'( +A)—F'()=d"A+A4AAA.
It follows that

(3-10) try (F'( 4+ A) —try(F'( ) =try(@'A) =d"try (A).
As in the classical case, (3-9) implies that

HT try .F-ﬂ— =try EJT f-ﬂ— =0.
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The gauge group Aut(V) acts on Z(V) by pushforward. Namely, for A € Aut(V),
x€TMandveC®V),

O xv =271 LGl

It induces the action on the curvature by conjugation
FIooy=a71FT(OHa

Let 77 C Q7 (M) be the ideal generated by img ¢ I
sV =img g' AQE(M),

and define S_ZTT(M ) as the quotient

(3-11) 0 o7 = @) 2 @x (M) — 0.

Then d' induces a differential on Q% (M),
d": Qj (M) - Q3 (M),

whose cohomology is the reduced "-de Rham cohomology. The exact sequence

T

0— LS 2 QEM) - 0

img 77
induces the map on the cohomologies
2! HE (M) — HE(M).
The_ Chern—Weil homomorphism extends to define characteristic classes for V
in H}(M).
Definition 3.3. For a Hermitian vector bundle (V, k) over M, its k-th "-Chern
class is

(3-12) el (V) :=[try W—=1F"( ) e H* (M),

where is a generalized connection on V. For real vector bundles, their -Euler
and '-Pontrjagin classes can similarly be defined, as elements of H T(M) of
appropriate degrees.

By (3-10), the '-Chern classes do not depend on the choice of on V. Let
be the lift of a classical connection V( on V, and let Fy be the classical curvature
of Vy. Then

.
Fry = Fono),n(»)

for x, y € C*°(TM). This relates clT(V) to the classical Chern classes ¢, (V).
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Proposition 3.4. Let (V, h) be a Hermitian vector bundle. Then
(V) =T*ep(V) i= 2 (T er (V)

for all k. In particular, CE(V) = 0 for all k such that 2k > n. Similarly, the
V_Euler and Pontrjagin classes are the images of the respective classical classes
under T*. O

3B. ¢-curvatures. A generalized Riemannian metric G induces an eigendecompo-
sition of a generalized connection on V. For X € C*(T M) and v € C*°(V),

(3-13) Vixvi= Lx)v.

The connections V4 depend on b, while their difference does not (see [20]):
(3-14) Ux = 3(Vex = Vo) =30 00— < 0) = g0

The average of Vi gives the G-neutral connection of

(3-15) Vo,x = sx)>

which leads to
(3-16) Vi=Vyxy.

When i =0, the generalized connection is the lift of a classical connection Vj
on V, in which case Vi = V) are independent of b as well. The dependence on b
of the G-eigendecomposition of  can be described in terms of .

Proposition 3.5. Let G and G’ be two generalized metrics corresponding to (g, b)
and (g, b') respectively. Let a =b' — b € Q*(M), and define j, by

jor=g 'a:TM —TM givenby X > g '(ixa).
Let Vi and V!, be the respective G-eigendecomposition of and ' on V. Then
V/i =Vi+ I//ja . U

Definition 3.6. Let be a generalized connection on a vector bundle V over M.
Letp € Q3(M) and G a generalized metric on TM. The (G-adapted) ¢-curvature
FP( )of isits ?-curvature (3-2), and is denoted by F? if  is understood.

Given the pair of classical connections (V4, V_), besides the curvature Fy of
each of them, there is also a mixed curvature F, _ [12; 39]:

G-17) Fymixyvi= (Vo xVoy = V_ gop)v = (Voy Vi x =V o))V,

where X, Y € C*°(T M) and v € C*°(V). It can also be expressed using the tensor v:

(3-18) Froixy = Fixy =24 x¥)y — (14 )(X, Y).
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Let Fy be the classical curvature for Vg (3-15). It gives another decomposition for
the mixed curvature (3-17):

(3-19) Fy —.xy=Foxy+(g-140) (X, Y)=[¥x, ¥y]=[(Vox¥)y+(Voy¥)xl.

Theorem 3.7. The ¢-curvature F®( ) admits G-eigendecomposition in terms of
the (mixed) curvatures of the pair (V, V_) of classical connections as follows:

(3-20) Fo ov= Fixyv and F o v= Fy_.xyv,

xj:7yj: x+’}'_
where for X, Y e TM, x4 = s+ (X), etc.
Proof. Straightforward from the definition, via the (G-eigendecomposition. (]

Example 3.8. Continue with Example 3.1 for T = ¢. In this case, the local

section u € C°°(T M) decomposes into

1 1 1

u=1(g vy +bg v+ — (g v +bg v —v0)),

where «/—1vs € Q!(M) are the local 1-forms defining the connections V. respec-

tively. It follows that
vV —lFi = dvi,
and the mixed component in F? is given by
V=IF xy = [V v 1) = V50,0000,

Note that Fy _ is neither symmetric nor skew-symmetric in X and Y, and decom-
poses into symmetric and skew-symmetric parts as

A/ —1F+’_ = —Eg—lwg =+ (V —1F() — Lg—lw(b),
where Fj is the curvature of the G-neutral connection Vy and ¢ = %(UJr —v_),in
the decomposition (3-16) of
Corollary 3.9. In the G-splitting of TM, the ¢-curvature is
(3-21) ]'"f,y = Fox,y + Vo.x¥)g-1, — Voy¥) g1 + [Vg-16, Yo-1,]
+ 5[ (g X, V) = g1y ) (278, 27 ")),
where x = so(X)+ & and y = so(Y) + 1. |

Remark 3.10. In (3-3), only the term .,y depends on F?on¢and G. Let
be the G'-adapted ¢'-connection. Then

X0gy T XOyy = wg’l(x%y—x%/y)-

In the classical expansions, the dependence of 7 on ¢ is completely contained in
the last term of (3-18), or the second line in (3-21); while the dependence on g is
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contained in the last term of the second line in (3-21). The dependence of 7 on b is
more complicated. Nonetheless, it can be derived from (3-21) by relatively lengthy
computations, noting that V as well as & and 7 in the expression all depend on b.

3C. Yang—Mills functional. As one further example, it is straightforward to extend
the Yang—Mills functional to this context. The generalized metric G induces natural
inner product on /\N*TM. For a Hermitian bundle (V, h), it induces a natural norm
on \"TM ® End(V), denoted by || « ||,. The V_Yang—Mills functional on 2(V)
is given by

(3-22) IMi( )= / 1FTC 2 dvol,.
M

It is evidently invariant under the gauge action on Z (V). When restricted to the

subspace of the lifts of classical connections on V, YMt( ) reduces to (a constant

multiple of) the classical Yang—Mills functional. It can also be regarded as a

functional of the pair ( , ) of generalized connections on V and TM respectively.
When ! = ¢, it can be represented as

(3-23) YMy( ) =YM(Vy) + YM(V_) 42 / IFy_|I? dvoly,
M

where YM( ¢) denotes the classical Yang—Mills functional. The 2-form b affects
only the G-eigendecomposition of . The right-hand side can be seen as a functional
for a pair of classical connections (Vy, V_), where the last term encodes the
dependence on ¢ € Q3 (M) (Remark 3.10), as well as the interaction within the pair.

4. Curvatures on TM

For a G-metric connection ! on TM, its ¢-curvature is denoted by R"¢ and the
associated curvature tensor is given by

(4-1) RV (x, y, 2z, w) :=GRI?z, w),

X,y

where x, y, z, w € C®°(TM). Similar to the classical situation, it is skew in the first
two and the last two entries respectively:

RT’(p(x’ y’ Z, w) = _RT7¢(ya X, Z, w) = RT’d)()’, X, W, Z)

Definition 4.1. The ¢-Riemannian curvature R? for (M, g) is the ¢-curvature
for %, and the corresponding curvature tensor is the ¢-Riemann tensor, which is
also denoted by R?.

4A. Bianchi identities. Since ¢ preserves Cy, R?(x, ¥, Z, w) vanishes when
the last two entries are sections of different G-eigenbundles. The nonvanishing
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components in the G-eigendecomposition of R? are given by the classical Riemann
tensor R of g as well as the curvature tensors R*¢ for V*9,

Proposition 4.2, Let X, Y, Z, W € TM and x1+ = s+ (X) € Cy, etc. Then:
(1) R?(xx, y+, 24, we) = R(X, Y, Z, W).
() R (g, o 2, wa) = REO(X,Y, Z, W) F 3(ViP9)(Y, Z, W),
(3) R?(xx, Y. 24, wa) = R (X, Y, Z, W).
All other components of R? vanish.
Proof. Standard computations from the definitions, which is left for the reader. [J

By (1) above, the algebraic Bianchi identity for R® holds when all entries
involved are from the same G-eigenbundle (see also [12] Proposition 3.24). The
analogues to the algebraic and differential Bianchi identities follow from previous
discussion.

Lemma 4.3. In their respective -eigendecompositions:

(1) For Rf’yz +c.p.,

+
(4-2) RS,z +RY _xx +RE yr=+2(RY% 2).
(2) Ford® 79,
.G
(4_3) (d¢ f¢)x¥v}’¥vzi = :F2 g(R)i(,(pYZ) = qzsz)i(_d;Z'

All other components vanish.

Proof. The identity (4-2) follows from (2-11) and (2-40). If d¢ =0, (4-2) can also
be obtained from the explicit expressions in Proposition 4.2 and the identity below
(see [4]):

4-4)  R™X, Y, ZW)=R%Z,W,X.Y)+3(dp)(X.Y,Z, W).

Then (4-3) follows from (3-8) and (4-2). O

In particular, the differential Bianchi identity holds for the ¢-curvature when
Y =0,1i.e., is the lifting of a classical connection on V. Another special case is
when V*? are flat [1; 8; 7], i.e., R*™® = 0, and thus both Bianchi identities hold.
In this second special case, R? enjoys all the symmetries of a classical Riemann
curvature.

Theorem 4.4. Suppose that the connections V? are flat on T M. Then:
(1) R(x,y,z,w) = —-R%(y, x,z,w) =Ry, x, w, 2).

@ R, z+REx+RE,y=0.

3) d’R? =0.

4 R(x,y,z,w) =R%(z, w, x, y).



DIFFERENTIAL CALCULUS FOR GENERALIZED GEOMETRY 49

In this case, R? defines a symmetric pairing on /\2 ™,
RO NTM R N>TM — R givenby RP(x Ay, wAz):=R(x,y, 2z, w),
which defines the corresponding operator on /\ZTM via G.

Proof. Ttems (1)—(3) follow from previous discussion and the flatness assumption,
while (4) follows from (1)—(3) as in the classical situation. The last statement is a
consequence of (1) and (4). U

The following consequence of Lemma 4.3 was used in the proof of Proposition
2.15.

Proposition 4.5. If d¢ =0, then d? is a differential ar Q3" (M).

Proof. Let {X;} be a local g-orthonormal frame of 7M and {ei} the induced G-
orthonormal frame of TM. Let 6 € Q%”_z (M). Then, by (2-11), (2-16) and (4-2),

d0d®0)(el, ... et el ... e")
==Y (DGR Xp), 8,8l e

i<j,k it i i R
DG +f+’<9(g(R;ijkxi),...,e+,...,ei,...,e’i,...)
ij<k
=Y (D[R (X, X, X, Xi)
Bk FRY(XG, Xi, X, XD]0C . 8,8k )
=0.
Since d¢ = 0, the last step above follows from (4-4). ]

4B. Riccicurvature. The trace of the ¢-curvature on T M defines the corresponding
¢-Ricci curvature.

Definition 4.6. For a G-metric connection ', the ¢-Ricci curvature Ric'? :
TM — TM for (M, G) is the trace of the ¢-curvature RT-%. For x, y€eC®(TM),
in the local orthonormal frame {¢’,, ¢’ } of TM induced from a local g-orthonormal
frame {X;},

. T,¢ e T.¢ i T.9 i
(4-5) Ric"?(x) := Z[Rx’ei+6++72x’e,-_e_].

The ¢-Ricci tensor Re'? € C°(TM @ TM) is
(4-6) R ?(x, y) i = G(Ric"? (x), y).

For the connection ?, these are denoted by Ric? and Rc? respectively.
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Specialized to the G-adapted connection ?, the G-eigendecomposition of Rc?
can be determined from that of R? as follows:

@7  Re®(xs,ys) =Re(X,Y) and  Re?(xx, y3) =RcTP(X, V),
where Rc is the Ricci tensor for V, Rc*? are the Ricci tensors for V¢ respectively:
(4-8) Rc*® =Re F1d* ¢ — 1¢°,

where
P*(X, ¥) =) (X, Xi, X))p(¥, X, X ).
i,j

It follows that Rc? is symmetric; in other words,
4-9)  (Ric?(x),Gy) = (GRic?(x), y) = (GRic?(y), x) = (Gx, Ric?(y)).

Constructions of generalized Ricci curvature or tensor in the literature, such as
in [10; 12; 37; 38], contain only the mixed components, and are generally in the
context of generalized Ricci flows. Indeed, as will become clear in Section 7, only
the mixed components contribute to the generalized Ricci flow.

Similar to the classical case, the ¢-Ricci curvature described here appears in
a Weitzenbock identity relating two natural Laplacians on A" TM described in
Section 2D.

Theorem 4.7. On QTIF(M ), the following Weitzenbdck identity holds:

(4-10) A?=A s +GRIic?G,

where A? is the ?-Hodge Laplacian (2-47) while A s is the Bochner Laplacian
(2-44).

Proof. It can be shown following standard computations that for 6 € Q3 (M),

eq,ep

1
A¢9=A ¢9—§2/5;G(€a)/\[eﬂ(’]z¢ 0),
o

where eq, eg run through {, , e’ ). Set & = G(x) for x € TM. Then

Y (Blea) Aty (RS, G()), y) =2 (G(RY, %), e5)Glew, )
o,pB o,fp
= 22R¢(y, eg, X, eg)
3
= 2Rc?(y, x) = —2(GRic?(x), y),
from which (4-10) follows. O
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The symmetry of Rc? implies that d?* is a differential at Q%T(M ). For x; €
C®(TM),i=1,...,k,sety; =G(x;). Then a straightforward computation gives

@10 (@ od™)yr A= Apd
=Y DR (i) = Re® (i IV A Ay A AFj A== A i

i<j

— Z (—1)i+j+£G(Rfi’xjxe'i‘C-P-))’l/\’ AP A ‘/\)A’j/\' CAYEA AV

i<j<t

Due to the symmetry of Rc?, the terms in the second line vanish. Furthermore,
when k = 2, the terms in the last line vanish as well.

Proposition 4.8. The operator d%* is a differential at Q%T(M ), i.e.,
(4-12) 6eQi(M) = (d*od’)9=0.

If the connections V¥ are flat on T M, then (QT (M), d?) and (QT (M), d?®*) are
both chain complices.

Proof. For the last statement, that (7} (M), d?) is a chain complex follows from
(2-8), (2-11) and the algebraic Bianchi identity, which is item (2) in Theorem 4.4.
The statement for (Q3(M), d?*) follows from (4-11) and the algebraic Bianchi
identity. ([

4C. Bismut connection. The generalized Bismut connection #% introduced by
Gualtieri [20] is a G-metric connection and is the lift of a classical connection V-8
on TM:

(4-13) VOPsi(Y) =5£(V?Y).

Note %8 is compatible with the (almost) Dorfman bracket *4_4, (Definition 2.7).
Since B is a lift of a classical connection, by (4-3), the ¢-Bismut curvature
R?B of 98B satisfies the differential Bianchi identity:

d” R*B =0.

More explicitly, R?Z is determined by the classical curvature of V%, which in
turn is given by R*¢:

(4-14) R?B(x,y,5:(Z), se(W)) = R**(X, Y, Z, W).

The G-eigendecomposition of the corresponding ¢-Bismut Ricci tensor Rc? " is
thus

(4-15) Re?B(x, s, (Y))=Rc™(X,Y) and Rc?B(x,s_(Y))=Rc (X, Y).
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4D. Scalar curvatures. The traces of the ¢-Ricci curvatures (4-5) give the corre-
sponding ¢-scalar curvatures, which depend on the G-metric connection . For
instance, the ¢-Riemann scalar curvature S® is the trace of Ric?:

(4-16) 8% =Y [Re? (). el) + Re? (¢!, ) )] =25,
J

where S is the classical scalar curvature of g. On the other hand, the ¢-Bismut
scalar curvature S*B is the trace of Ric?5:

§H8 = S ARHB(el, el) + RePE(e, el )] =25 3917,
J
where || @]l is the norm of ¢ with respect to g,

eIz = D ¢(Xi X;. X)™

i<j<k
5. Generalized complex manifolds

Let J be a generalized almost complex structure on M [19; 21; 24]. It induces a
polarization of TcM :=TM Qg C as the direct sum of its =4/ —1-eigenbundles:

(5-1) TeM =T;"MaT)' M.

Here Tj]’OM denotes the +/—I-eigenbundle of J, and T(j’lM its complex conjugate.
They are maximally isotropic and are dual to each other under the pairing 2( , )
on TcM. For instance, the space of (0, 1)-forms with respect to J is identified with
the sections of Tj]’OM :

Q' (M) = (T 'M).
Similar to the classical case, the (0, k)-forms with respect to J are sections of
/\kTTj]’OM:
QH (M) = CO(NTM).

In general, the type decomposition of Q7 (M) with respect to J is given by

52 =P M =P cNTY MR N T M).
p-.4q pP.q

For notational convenience, sometimes TJI]’OM is denoted by L, while T(j}’l M is

denoted by L.

Definition 5.1. Let (M, J) be a generalized almost complex manifold and let
y € Q3(M) be a closed 3-form. Then a generalized connection TonTM is
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J-compatible with %, if ¢y coincides with %, on the sections from the same
eigenbundle of J, i.e.,

(5-3) xory=x%*,y and Xory=X%,y,

where x, y € C OO(TTJ]]’OM ). Such generalized connection T
it furthermore is 7'M -torsion-free.

is a y-J-connection if

It is straightforward to see that (5-3) is equivalent to the following, where
x,y e C®(TM):

@x)ory+xor (Jy) = (Ux) *, y +x %, (Jy).

Thus, if nonempty, the space %, , (TM) of generalized connections that are J-
compatible with *,, is modeled on

23,y (TM)={A: TM®TM — TM such that Ay, y—A,(Jx)=Agpx—A,Jy)}.

It’s then evident by (2-13) that the subspace 2, ,, (T M) of the y-J-connections, if
nonempty, is modeled on

(5-4) Dy (TM) = Sym?(TM) @ Qp ' (T* M),
where Q%I(T*M ) consists of 7*M-valued forms that are compatible with J, i.e.,
0eQr' (T*"M) = 0(Jx,Jy)=0(x,y).

Let y € Q3(M) be a closed 3-form. Recall that J is integrable (with respect to y)
if TJI]’OM is involutive under the Dorfman bracket x,, i.e.,

X, yeC®M'M) = xx,yeC®T;"'M).

In this case, (M, y; J) is a generalized complex manifold [19; 21; 24].

Lemma 5.2. Let (M, y;J) be a generalized complex manifold with a general-
ized connection ' on TM that is J-compatible with *,,. Then the operator d?
decomposes into components as follows:

(5-5) d' =] +3] - bIM) - b @ (M),

Proof. The proof is similar to that of Lemma 2.5, employing (5-3) and the integra-
bility of J. The details are left for the reader. ([

The integrability of J implies that both of its eigenbundles are complex Lie
algebroids, with their Lie brackets given by the restriction of *,,. The corresponding
Lie algebroid de Rham differential for L = T(j’lM will be denoted by dj:

(5-6) dr - Q5% My - Q% (m).
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If 7 is J-compatible with *,,, then dj coincides with the restriction of d’ on
Q(j’*(M ). More precisely, for 6 € Q(j]’q(M ), direct computation shows that

51 dp)Go, %1, -, B =D (=D Lo, .., 5,0 ),
J

where x; € C oo(TJI]’OM ) for all j, which gives
(5-8) 8]0 =d;0 e Q) (M)
The other component 8}9 € Qj]’q(M ) is given by

(5-9) () (x0, %1, .., B =( [ OE1 s F)+ Y OF 1oy 1 X0 Ky,
J

where x; € C OO(TT\}]’OM ). Via complex conjugation, the analogous versions of the
identities (5-7), (5-8) and (5-9) are valid for 6 € Qﬁ’O(M ) with L = Tj]’OM in place
of L.

Example 5.3. Suppose that " is J-compatible with x,, and consider f € C*°(M).
It follows from Proposition 2.2 and Lemma 5.2 that

T

(5-10) 3J8) f=0,8]0] f=0 and 8]3]f+d]a]f=0.

The first two identities in the above can also be seen as the consequences of (5-8)
and the corresponding version for dy .

5A. Generalized (almost) Hermitian manifolds. Let (M; G, J) be a generalized
almost Hermitian manifold [19; 22], i.e., J and J_ := GJ are commuting generalized
almost complex structures. The eigenbundles of J (and J_) decompose into the
common eigenbundles of G and J. Let

(5-11) ty:=Ty"MN(CLRC).
Then, for instance,
TyV'M=¢t, @t and T)'M=t,@0_.
The restriction of J to C+ induces two almost complex structures /1 on T M:
(5-12) s+ (1 X) 1= Jy[s+(X)].

It follows that (M; G, J) is equivalent to a pair of almost Hermitian structures
(g, I+) together with b € Q2(M) [19; 22].

Lemma 5.4. For a generalized almost Hermitian manifold (M ; G, J), the space
of G-metric y-J-connections, if nonempty, is modeled on the following subspace
of Q3(M):

lp e RWM):¢(I_X, Y, 2)+¢(X, 1,Y, Z) =0 forall X,Y,Z e C®(TM))}.



DIFFERENTIAL CALCULUS FOR GENERALIZED GEOMETRY 55

Proof. This follows from (5-4) and Theorem 2.6. O

Let ¢ =y +db. Then by Theorem 2.8, ¢ is metric compatible with *,,. Hence,
the J-compatibility of ¢ with *) 18 equivalent to ¢4 and *, coincide on sections
of the same common eigenbundle of J and G, e.g., for x4, y1 € C*(£y),

(5-13) Xt ky Y+ = X4 Op V.

Lemma 5.5. On a generalized almost Hermitian manifold (M; G, J), let y €
Q3 (M) be a closed 3-form and ¢ =y + db. Then ? is J-compatible with *y, If
and only if V¥, =0.

Proof. Forany X, Y, Z € C®°(TM), let x; = s (X) € C*°(C4) and so on. Then
(Xt %) Y+ — Xt O Y+, 2) = ig(V?X, Y).
Thus (5-13) is equivalent to
2(V; X4, Y1) =0

forall Z € C®°(TM) and X4, Y1+ € C*(T+.1,0M) respectively. Hence V* pre-
serves T4.1 oM respectively, from which the statement follows. O

Remark 5.6. The condition V*? [, = 0 can be rewritten as

(5-14) (VxI)Y =+ (Ieg iyixd — g yixd)

for X, Y € C°(T M). Hence, I+ are of class W; @ W5 @ W, in the classification
of almost Hermitian structures by Gray and Hervella [16]. The Nijenhuis tensors
of I:t,

N (X, Y) =X, Y]+ L[+ X, Y]+ L[ X, I+ Y] = [+ X, 11 Y],
can be expressed in terms of ¢:

g(N1.(X,Y), Z)
=¢UsX, 1+Y, )+ ¢ X, Y, I 2) + ¢(X, I1+Y, I.Z) — $(X, Y, Z).

This implies that the integrability of /. is equivalent to ¢ being of type (1, 2)+(2, 1)
with respect to I respectively. Furthermore, by Friedrich and Ivanov [9], if almost
Hermitian connections for (g, /1) that admit completely skew torsions exist, they
must be unique.

In (M; G, J), when J is integrable with respect to y € Q3(M), the struc-
ture (M, y; G, ) defines a generalized Hermitian manifold. In this case, the
J-compatibility of ¢ with *, 1s equivalent to the integrability of J_, i.e., it provides
a generalized Kdhler condition.
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Theorem 5.7. On a generalized Hermitian manifold (M, y; G, ), let p=y +db.
Then (M, y; G,J) is a generalized Kiihler manifold if and only if ¢ is J-compatible
with *,,.

Proof. Starting with the J-compatibility, then (5-13) and the integrability of J
imply that £1 and ¢4 are involutive with respect to *,,, which further implies
that /1 are integrable. Let x; = s (X4) € C®{4) and y_ =s_(Y_) € C®(L_)
for X, Y_ € C®(TcM). Then, by (2-33) and Lemma 5.5,

xiwy o =[V'Y _+ (- o)V 'V 1- [V’ X + b+ o)V’ X et ol .
Thus J_ is integrable. The opposite direction is left to the reader. U

Remark 5.8. The generalized Kéhler condition in Theorem 5.7 relates to the
condition given in [20] as follows. The condition V*?I. = 0 on a generalized
almost Hermitian manifold is equivalent to 50 =0, which implies the equivalence
of the integrability of I to the type condition for the generalized torsion as defined
in [20] — the integrability of J then follows. In Theorem 5.7, the integrability of /4
follows from the integrability of J and (5-13), obtaining the type of ¢ with respect
to I+ as a consequence.

Corollary 5.9 [20, Theorem 6.1]. On a generalized Hermitian manifold (M, y;
G, ), let p =y +db. Then (M, y; G, ) is a generalized Kdihler manifold if and
onlyif *BJ=0.

Proof. As stated in Remark 5.8, 50 =0 is equivalent to V¥? I, = 0, which by
Lemma 5.5 is equivalent to  ® being J-compatible. U

Let T be any G-metric connection on a generalized Hermitian manifold (M, y;
G, J). Its J-Ricci form p] := py( T) € Q3(M) is defined as

pl e y) =Y IRV (x,y, del,, €) + R (x, y, Jel_, ).

The J-scalar curvature for T is
8] =Y (e, e)+pf e’ e )].
i

5B. Generalized Kahler manifolds. Recall that the structure (M, y; G, J) defines
a generalized Kdihler manifold if both J and J_ = GJ are integrable generalized
almost complex structures with respect to y [22]. Let ¢ = y + db, Theorem 5.7
indicates that ¢ is J-compatible with *, . In particular, for 6 € Qf ’O(M ), (5-8) gives

(5-15) 370 =dr6 and 370 =d;6.
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Example 5.10 (see Example 5.3). Set T'= ¢ in (5-10). Then the components in
the third identity can further be rewritten in terms of the G-eigendecomposition.
For instance,

(5-16) 0787 ) (xs, ) = (0404 f) (X, Y1),

where 94 and 3. are the operators associated to the classical complex structures /.,
while X4, Y4 € C*°(T4.1,0M) are sections of the /1-holomorphic tangent bundles
respectively, and x4+ = s+ (X 1) and so on.

Since d% = (), as a consequence of (5-15), the algebraic Bianchi identity (4-2)
for R? implies that V*? (resp. V%) induces a natural I_-holomorphic (resp.
1 -holomorphic) structure on the eigenbundles of I (resp. of I_), providing an
alternative proof of this well-known result in [20].

Proposition 5.11. Let (M, y; G, ) be a generalized Kdihler manifold. Let ¢ =
y+db,letx,y,z,w € COO(TJ]’OM), and x, etc. are their complex conjugates. Then

(5-17) (ng’yz, w)+cp inx,y,z=0 and (Rf’yz, w)+cp. inx,y,z=0,
which give rise to

% 5 _ o p—d
R’y Z-=0.RS

_ +o 5 _ +¢ _
w_ —0, R)?i,fiz_k—o, and RX,,Y,W+_0’
as well as their complex conjugates, where X+, Y+, Z+, Wy € C®°(Tx.1.0M).

Proof. To see the first identity in (5-17), note that w € Q(j’l (M). Then
5?05?11} =d%w =0.
By (2-11) and (2-16), for x, y, z € C®(T} M),
0= (3 08 w)(x.3.2) = (@ o dw)(*. 7. 2)
=w([xogyopzl) = —2(R3;Z, w)—c.p.inx, y, z.

The second identity then follows by taking complex conjugation.

To see the classical curvature identities, restrict x, y, z, w in (5-17) further to the
(z-eigenbundles (5-11). For instance, consider x, y € C*°(£4) and z, w € C*(£_).
Set X+ =nm(x), Z_ =m(z) and so on. Applying (4-2) to the first identity in (5-17)
gives

—(2g(R;(fY+Z_), w_) = g(R;’y+ W_,Z_)=0.

Since (g, I_) is Hermitian and V¢ preserves I_, it gives the identities involv-
ing R~%. The rest of the identities are obtained similarly. (]
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For the generalized Bismut connection #8, with ¢ = y +db, (4-14) implies
that ,of’B is computed by the sum of the respective classical Bismut—Ricci forms p4
for (g, 11):

B
Py P y) = pr(X.Y) +p_(X. ).

The corresponding J-scalar curvature also decomposes:
SPE =317 e, ) + p P el )] = S +28,- + 5,
i
where Sy are the respective classical Bismut scalar curvatures for (g, /1) and Sy
is the mixed Bismut scalar curvature:
Sp—i= ) RYU_Xi Xi L.X;. X)) =) R™PULX: Xi. X}, X))
i,j i,j
6. J-holomorphic vector bundles

Let (V, h) be a Hermitian vector bundle on a generalized complex manifold
(M, y; J). Recall that a J-holomorphic structure on V is given by a flat T(j’lM -
connection [19; 25]:

35:C®(V) = Q' (V):=C®(T°M®V) suchthat 3;(fv)=d; f@u+ fdv
for f € C*°(M) and v € C*°(V) and such that

(6-1) 95005 =0,

where the extension to Qg’k(V) is given by

(6-2) 3y: Q0% (V) — Q51 (V)  suchthat 330 @v) =d;0@v+(—1)*O Adyv

for 6 € Q" (M) and v € C=(V).

If (M, y; G, J) is generalized Kéhler, via the restriction to C., the J-holomorphic
structure 93 induces on V an /-holomorphic structure, which will be denoted by d4
respectively:

(6-3) 0y %,V =05, (X,)V»
where X4 € T1.; oM and v € C*°(V).
6A. A connection on Tj’OM. On a generalized Kihler manifold (M, y; G, J),

natural L-connections can be defined on Tj]’OM using the diamond bracket o
associated to any G-metric connection ':

64 3 :cxTy' My ceT'M) — c(T°M), 3liy:=[Forylio,
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where x,y € C°°(TJ1]’OM) and [e]; ¢ denotes taking the (1, 0)-component with
respect to J.

It follows from Proposition 5.11 that 53 defined by ¢ via (6-4) induces an
I+-holomorphic structure on Tj]’OM via its restriction to £y = T+.0.1M. Moreover,
by (2-11) and (5-13),

(39 000)z5,52 = [X 04 (704 2) = J 04 (X 09 2) = (£ 09 ) 0 21,0
¢ ¢ < ¢ =
= [Rf’yz + ’R}-,yzx + RZ,)—C}/]]’Q.
Thus, from (4-2), 5? defines a J-holomorphic structure on TJ]’OM if and only if

[s(Re’ , YO lo=[g(R}’ , X)lio=0

forall X4, Yy, Zy € C*(Ty.1,0M). Since VEe preserves I, together with (4-4),
the above is equivalent to

ROY_ Wi X1, Z)=R*°X., W_,Y_,Z_)=0

forall X4, Yy, Zy, Wy € C°°(T4.1,0M). The computations can be summarized as
the following result.

Theorem 6.1. Let (M, v; G, J) be a generalized Kiihler manifold, and ¢ =y + db.
Let BZ’ be the L-connection on Tj]’OM defined by

éf,;y =[x 0 ¥]1,0
forx,y e C® (TJI]’OM). It is a J-holomorphic structure on Tj]’OM if and only if

o 5 _
Ry 5. Z:=0

forall X+, Yy, Zy € C®(Tx.1.0M). In particular, if vEe are flat on TM, E_)f isa
J-holomorphic structure on TTJI]’OM . [l

6B. Chern curvature. Analogously to the classical situation, on a J-holomorphic
Hermitian bundle (V, &), there exists a unique generalized Chern connection:

(6-5) hC.= 354y,

where 35 : C®(V) — Q}°(V) := C®(T)'M ® V) is defined by
drh(vy, v2) = h(dyv1, v2) + h(v1, dgv2)

forall v; € C*°(V).

Definition 6.2. On a generalized complex manifold (M, y; J), let TbeaTM-
torsion-free generalized connection on TM. For a J-holomorphic Hermitian bundle
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(V,h, E_h]), its "-Chern curvature F'-€ is the T-curvature of its generalized
Chern connection (6-5).

When U is J-compatible with *,, (5-8) implies that the extension (3-1) of T
to Q7 (V) by h.C s compatible with the extension (6-2) of a; to Qg’*(V).

Proposition 6.3. Let T be a y-J-connection on a generalized complex manifold
(M, y;J). The corresponding '-Chern curvature F'-C is of type (1, 1) with
respect to U, i.e.,

(6-6) FICe @y (Bnd(V)) := C®(T;'M AT)' M @ End(V)).

In particular, over a generalized Kdhler manifold (M, y; G, J), the ¢-Chern cur-
vature F-C defined with ' = ¢ for ¢ =y +db is of type (1, 1) with respect
to J. ([l

Example 6.4 (see Example 3.1). Consider a J-holomorphic Hermitian line bundle
(V,h,9;) andset = "€ the generalized Chern connection. Choose a unitary
local section s € C°° (V). There is a local section u(j’] € Q(j’] (M) such that

5. 01
dps=ujy ®s.

Let ' bea y-J-connection. Then F-C( )= +/—1d"u, where u € Q%(M) and

N — lu = I/lO ! — I/lg 1.
By (5-8), the flatness of 9, implies that
0] udl =druf! =o0.

This then gives
FHeoy=afu® —ajudT e @' (M).

Over a generalized Kdhler manifold, the ¢-Chern connection and curvature are
related to the classical Chern connections and curvatures via the G-eigendecompo-
sition.

Lemma 6.5. Let (M, v; G, ) be a generalized Kihler manifold and V. — M
be a J-holomorphic vector bundle. Let V:}L’C be the -eigendecomposition (3-13)
of "€ (6-5). Then Vi are the Chern connections for the induced 1-holomorphic
structures (6-3) on V respectively. Furthermore, the classical Chern curvatures are
components of the G-eigendecomposition of the ¢p-Chern curvature.

Proof. The statement about the connections follows from a straightforward verifica-
tion, while the statement about the curvature follows from Theorem 3.7. O
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Example 6.6. Continue from Example 6.4 and let (M, y; G, J) be generalized
Kihler. The I.-holomorphic structures induced by 9 are given locally by . €
Q%' (m):
ul' =g (o) +bg 7 (o) o] — [g7 (@) + bg (@) — ],
which satisfies
drox =0 and (Vz%a )(Y_)— (Vi) (X1) =0,
. _
where X4 € C®(T4.1,0M) and so on. The generalized Chern connection is then

h,C 0,1

o1
s= 0l i) ®s.

while the classical Chern connections VjcE are defined locally by vy = oy — ot
respectively. Then Example 3.8 gives the G-eigendecomposition of the ¢-Chern
curvature.

6C. J-Hermitian—Einstein equation. Let (M, y; G, J) be a generalized Hermitian
manifold. The analogue to the contraction by the Kéhler form is the J_-contraction.

Definition 6.7. The J_-contraction Ay /\ZTCM — R is given by
(6-7) Ay (xAy):i=(J_x,y)=GUx,y),
where x, y € C®°(TcM).
In terms of the G-eigendecomposition, it corresponds to
6-8) Ay (sx(X)As:(Y)) =w+(X,Y) and Ay (s:(X) As¢(Y)) =0

for X,Y € TM, where w1 = gl.
A version of the Hermitian—FEinstein equation can thus be formulated in this
context.

Definition 6.8. Let (M, y; G, J) be a generalized Hermitian manifold and Thea
y-J-connection on TM. A Hermitian metric 2 on a J-holomorphic vector bundle
V — M is '-J-Hermitian—Einstein if the corresponding '-Chern curvature
satisfies the following '-J-Hermitian—Einstein equation:

(6-9) V=1Ay (FVC(V)) =2c1dy

for some ¢ € R. If (M, y; G, J) is generalized Kihler and T—= ¢ equation (6-9)
will be simply called the J-Hermitian—Einstein equation, a solution of which is
called a J-Hermitian—Einstein metric.
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When (M, y; G, J) is generalized Kihler and " = ¢, by (3-20) and (6-8) the
(-eigendecomposition of the left-hand side of (6-9) is given by

(6-10) Ay (FPEWV) = AL(FE(V) + A_(FE(V)),

where FS are the curvatures of the classical Chern connections V% on V, and A4
are the contractions by w.. It follows that (6-9) is equivalent to an equation first
proposed by Hitchin in [25].

Proposition 6.9. Over a generalized Kiihler manifold (M, y; G, ), equation (6-9)
is equivalent to

6-11) SLFEWV) A + (=1 FE(V) A" 1) = c(m — 1)! 1dy dvoly,

where ¢ =0 if I induce the same orientation on T M and & = 1 otherwise.

1

m!

Proof. Suppose that dvol, = —"!. Then
mFEE(WV) AT = AL (FE(V)@T =m! Ay (FE(V)) dvoly.
Note that ! = (=1)*w™, it follows from (6-10) that (6-11) is equivalent to (6-9). [J

The J_-contraction naturally provides the definition of a degree.

Definition 6.10. On a generalized Hermitian manifold (M, y; G, J) with a y-J-
connection ', let (V, h, 3;) be a J-holomorphic Hermitian vector bundle. The
T_G-degree of V is given by

(6-12) degl (V. h) := % / trv[Ay_ (FTC (V)] dvol,.
M

When (M, y; G, J) is generalized Kéhler and T—= ¢for ¢ =y +db, the ¢.G-
degree is simply called the G-degree and denoted by degg (V, h).

Recall that the classical degrees of (V, k) with the induced /t-holomorphic
structure are

(6-13) deg, (V, h):= —'Z;lf trh[Ai(Fg(V))]dvolg.
M
Theorem 6.11. Let (M, y; G, ) be a generalized Kdihler manifold and (V, h, E_h])
be a J-holomorphic vector bundle on M. Then
(6-14) degg(V, h) = 5ldeg, (V, h) +deg_(V, h)],
where degg and deg . are as given in (6-12) and (6-13) respectively.

Proof. This follows from (6-10). ([l
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Example 6.12. Continue from Example 6.4 and work now on a generalized Her-
mitian manifold (M, y; G, J), with a y-J-connection T, For f e C®(M), let
h1 = €2/ h be another Hermitian metric on the line bundle V. An h1-unitary local
section is then given by s; = e~/s € C*°(V), which leads to

dus1 = (M(j’] —dp ) ®s1.

Let | be the corresponding generalized Chern connection, whose '-Chern cur-
vature is given by

Freo n=d"W=Tlu+dpf—d;f)=F"C( )-28]d; f.

where the last step is due to (5-10). Hence

N
(6-15) degL(V, hy) —degL(V, h) = o ) Ay (3] dy f)dvol,.

It follows that degg is independent of the Hermitian metric on V if and only if the
right-hand side of (6-15) vanishes for all f € C*(M).

The integrand in (6-15) gives rise to the second-order operator for f € C*°(M):
Py(f) i=—v=1As_ (@ d; f).

Similar to the classical case (e.g., [32]), Py is elliptic since its principal symbol is
given by

o(Py) =4v=1As &) nE)0) =4GED &0 = 115112,

where ’;‘3’1 is the projection of £ € T*M to TJI]’OM and & j’o is the complex conjugate.

Definition 6.13. For a generalized Hermitian manifold (M, y; G, J), the metric G
is '-J-Gauduchon if the right-hand side of (6-15) vanishes for all f € C*°(M).
When the structure is generalized Kihler, a ?-J-Gauduchon metric G is simply
said to be J-Gauduchon.

As in the classical situation, if (M, y; G, J) is T_J-Gauduchon and (V, h)
solves (6-9), then the constant c is given by

27 degi (V)
Cc = .
rank (V) Vol, (M)

It is then natural to extend the notions of slope and slope stability to J-holomorphic
vector bundles overa '-J-Gauduchon generalized Hermitian manifold. The notion
of coherent subsheaf in this context can be adopted from Definition 3.4 of [28].
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Definition 6.14. Let G be a '-J-Gauduchon metric. The '-G-slope of a J-
holomorphic vector bundle (V, dy) over M is

T . degg(V)
(6-16) nl(v)y = k()

The bundle V is  '-G-semistable if for any coherent J-holomorphic subsheaf W
of V:

(6-17) ue(W) < g (V).

V is said tobe '-G-stable if strict inequality holds in (6-17). Over a J-Gauduchon
generalized Kéhler manifold, the corresponding notions are simply referred to as
the G-slope, G-semistable and G-semistable respectively.

Recall that over a Hermitian manifold (M, g, I), the degree of any holomorphic
vector bundle V is independent of a Hermitian metric on V if and only if g is
Gauduchon, i.e.,

(6-18) 99" H =0,

where m is the complex dimension of M. On a generalized Kidhler manifold, the
J-Gauduchon condition can be expressed in a similar fashion.

Proposition 6.15. A generalized Kdihler manifold (M, y; G, J) is J-Gauduchon if
and only if

(6-19) Iy 04 (@) + (=D0_9_(" ) =0,
where ¢ =0 if I induce the same orientation on T M and € = 1 otherwise.

Proof. The degree of a Hermitian vector bundle coincides with that of its determinant
line bundle, so it’s sufficient to consider line bundles. By (5-16) and (6-8),

/M Ay_(0%d; f)dvol, = /M [AL (3404 f) + A_(3_0_ f)]dvol,.

The statement then follows from integration by parts. (]
Remark 6.16. Evidently, (6-19) holds for m < 3, since the 3-form below is closed:
p=y+db=Fdlow:.

For m > 3, (6-19) is equivalent to
P Ad(@] ™ — (=D ) =0.

In particular, (M, y; G, J) is J-Gauduchon if the difference wT‘z —(=Dfw™ % s
closed. When m = 3, (6-19) can also be rewritten as

¢SV ALY + (=D A gl =0,
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where, for instance, qbf ‘D denote the (2, 1)-component of ¢ with respect to I
respectively. It is clear that the generalized Kéhler manifold is J-Gauduchon if g is
Gauduchon with respect to both 7.

7. Geometric Lax flows

A Lax pair [29] consists of two families of operators {(L;, P;) : t € I C R} such that

d
(7‘1) EPIZ[LHPI]’

where {L,} is the Lax operator and it is assumed that 0 € I. Equation (7-1) is also
said to be in the Lax form. Suppose that {\W,} is generated by {L,}, i.e., it solves
the equation

Then {P,} can be obtained from pushing forward an initial operator Py by {\W¥,}:
=W, Py, .

In particular, { P,} is an isospectral family.
Let {A,} be a smooth family of operators on the same space; then the ¢-differential
of {W,” ! A;W,} describes the extent to which {(L,, A,)} fails to be a Lax pair as well.

Definition 7.1. Suppose that {(L;, P;)} is a Lax pair and {A,} be a smooth family
of operators on the same space. The L,-differential of A; (along the Lax flow) is

d
dt

It is straightforward to verify that commutativity with P; is preserved by § .

(7-3) SLA; = Ay —[L;, Al

Lemma 7.2. If A; and P, commute for all t, then §; A, also commutes with P; for
all t.

Proof. Notice that
d  q- -
ST A = U (LAY,

from which the statement follows. O

When a pair of geometric quantities forms a Lax pair, the corresponding equa-
tion (7-1) is said to generate a geometric Lax flow. Two main classes of examples will
be described, where the operators { P,} are either generalized metrics or generalized
almost complex structures. Such Lax pairs impose certain necessary conditions on
the Lax operator.



66 SHENGDA HU

Definition 7.3. Let G be a generalized metric and J a generalized (almost) complex
structure. An operator L on C*°(TM) is Lax compatible with G if

(7-4) (L, yo) + (e, Ly) =0

forall xy € C*°(C4) and y_ € C*°(C_). The operator L is Lax compatible with J if
(7-5) (Lx, y) + (x, Ly) = (Lx, y) + {x,Ly) =0

for all x, y € C®(T;'M).

Lemma 7.4. Suppose that {(L,, P;)} is a Lax pair of operators on C*(TM). If P;
is a smooth family of generalized metrics or almost complex structures, then I, is
Lax compatible with P, for all t.

Proof. 1t follow from the orthogonality of P, with respect to the pairing ( , ) and
that P? are constant operators. U

The following simplified criteria are useful in practice.
Corollary 7.5. Let L € C*°(End(TM)) and x, y € TM. Then:
(1) (7-4) holds for L if the bilinear form G(Lx, y) is symmetric, i.e.,
G(Lx, y) = G(Ly, x).
(2) (7-4) and (7-5) hold for L if the bilinear form (lL.x, y) is skew-symmetric, i.e.,
(Lx, y)+ (Ly, x) =0.
Proof. Left for the reader. ]

7A. 0 € Sl%(M) as the Lax operator. Let {P, € C®(T*M®?)} be a smooth family
of 2-tensors on M, whose symmetric and skew-symmetric parts are respectively
P} and P/

P,=P’+P' with P’(X,Y)=P'(Y,X), P/(X,Y)=—P'(Y, X)

for X,Y € C*®°(TM). Then {P,} defines an initial value problem for a family of
generalized metrics G, as follows:

d s

Egt = _P[ s
(7-6) d

Ebt = Pta.

The system (7-6) can be reformulated into a Lax flow for G;. For such a family G,
let C', be the eigenbundles and s, : TM — C’_ be the corresponding isomorphisms.
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Lemma 7.6. Let {P; € C®(T*M®?)} and {6, € Q3(M)} be a smooth family of
TM-forms such that

(7-7) 0:(x", y\) = P(X.,Y),

where x!, = s\ (X) for X € C*(T M) and so on. Let 6; : TM — TM be given by

2(60:(x), y) =061 (x, y).
Then (7-6) is equivalent to the 2-tensor Lax flow

(7-8) diGt — [0, G,].

Proof. Note that 6, satisfies Corollary 7.5 (2). Since G? = 1, the differential of a
smooth family of generalized metrics is skew with respect to the generalized metric
at each time. Obviously the left-hand side of (7-8) is skew with respect to G;. Thus
only the mixed G;-eigencomponents of the left-hand side are nontrivial, one of
which goes as follows:

d
dt (Gtx )

< Gix’, > <Gt (b — g0 X, yﬂr>+<G,xt,%(b, +gt)Y>

d
< Gix’, > dt( r — &)X, Y).
The right-hand side is given by

([6:, G 1xL, )’.t|.> = ((6:G; — G,0,)x", )’.t|.> = —2(0,(x"), yi) =-P(X,Y).

Thus (7-8) gives rise to
d
7; (b = 80X, ¥) = (X, Y),

from which (7-6) follows. The other direction is left for the reader. ([l

A smooth conformal family of metrics {g;} can be seen as a solution to (7-6), by
setting P = P} = f;g0, where { f; € C*°(M)} is a smooth family of functions. In
this case, b; = by is constant throughout the flow. The corresponding T M-forms
as given in Lemma 7.6 can be chosen to be dependent only on the generalized
metric G.

Definition 7.7. Let G be a generalized metric defined by (g, b), where g is a
Riemannian metric. A TM-form 6 € Q% (M) is G-conformal if there are rg, 1), €
C°°(M) such that

Ox_,y4)=rgg(X,Y)+rb(X,Y) and 6(xg,y+)=0,
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where x4+ = s4(X) € C*°(Cy), etc. The functions r,, r, are called the conformal
weights.

Remark 7.8. When the conformal weights coincide, i.e., r, = rp, a family of
(3-conformal forms generates conformal deformations of the generalized metric G.
Otherwise, the metric g and b are deformed by different factors. In particular, when
the conformal weight r;, = 0, it corresponds to classical conformal deformation of
the metric g.

7B. ¢-curvature Lax flow. A special case of (7-8) is when 6, are d? -exact, i.e.,
6; = d%u, for a smooth family of sections {u, € Q}(M)} and 3-forms {¢; € Q3 (M)},
with respect to the metric G, at time ¢. Suppose that u; = Z;+¢;, and set x/, =5’ (X)
for X € C*°(T M) and so on. Then

@Pu)(xt, y0) = Xu (v)) — Yu (x0) — ur (x99, 6, ¥')
= (Lz,8)(X,Y)+[d(& —tz,b) —17,4:1(X, Y).

It follows that in this case, the Lax flow (7-8) is equivalent to

% 8 =—Lz8
d
dr
When y = ¢, — db; is a fixed closed 3-form, (7-9) describes the pushforward of
an initial generalized metric by the family of generalized diffeomorphism of TM
generated by u;.

Proposition 7.9. Let y € Q3(M) be a closed 3-form and u; = Z; + ¢; € C®(TM)
be a smooth family of sections. Let (A;, By) be the family of generalized diffeomor-
phisms generated by {u;} under *,, (recalled below). Set ¢; = y +db;. Then (7-9)
coincides with the infinitesimal action by (A, B;) on a generalized metric G via
pushforward.

(7-9)
b = —Ez,bz +dg — Lz, (¢ —dby).

Proof. It’s more straightforward to work with the pullback action on generalized
metrics. Recall, e.g., from Hu and Uribe [27], that in (X;, B;), A, is the 1-parameter
family of diffeomorphisms generated by Z;, and

t
b= [ ride—izy)ds
0
The pushforward of x = X +& € TM by (A, B;) is given by

iy B)ex = Aw(x +1xB1) = Ae X + (A7) E +1xB1)

with the corresponding infinitesimal action x — —u; *, x.
The pullback of G by (A, B;) gives the family of generalized metrics

Gi(x, y) = G(()\h Br)sx, (A, ﬂz)*y),
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where x, y € C*(TM) are independent of 7. Analogously to the computations in
the classical case, differentiating the above with respect to ¢ gives, by the left-hand
side,

(4:6:) () = 3518 (X. V) + 7€ — txby, n—1yb)]

;
—%[ ) (%&)(g g g7

d _
— (Sb) g e — (S0 g,
where &/ = & —1xb, and n, = n — tyb,, and, by the right-hand side,

(£6,) (. 1) = 26, (6, 3) + Gyt 3, 3) + 6, (x, =ty 3y )
= M(Lz8)(X,Y) — (Lz,8)(g €], &7 ' n))]

+ (=L b+de —1z,)(Y, g7 'E])
+(=Lzb+d —iz,7)(X, g7 "))

Comparing these two ways of computing (%Gt)(x, y), the pullback action on G
gives

d
dtgt EZ;gts
d

Ebz Ez,bt —(dg — lZ,)/)-

The pushforward action reverses the signs on the right-hand side, giving (7-9). U

A d?-exact TM-form in Q%(M ) can be seen as the ¢-curvature of a unitary
generalized connection on the trivial Hermitian line bundle. In general, let (V, i) be
a Hermitian line bundle with a family of unitary generalized connections { ;}. By
Example 3.8, the Lax flow (7-8) defined by {6, = V—=1F%( ,)} where ¢, =y +db,
is equivalent to the system

d
Egl‘ = _ngl'(/ftgt9

—b[ NV Ft L *11// ¢la

which reduces to (7-9) when V is trivial, and admits similar interpretation in terms
of (not necessarily exact) generalized diffeomorphisms.

(7-10)

Theorem 7.10. Given a family of unitary generalized connections { ;} on a
line bundle V with Hermitian metrics {h;}, the Lax flow (7-8) defined by {6, =
V=1F%( )}, where ¢, = y + db;, corresponds to the pushforward of an initial
generalized metric G by a family of generalized diffeomorphisms, which may not be
exact, i.e., is not generated by global sections of TM.
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Proof. In the notation of Example 3.8, the local section defining ; is given by
~—lu; =~ —1(Z,+¢), where Z, is a global vector field and ¢, is a locally defined
1-form, with

Z; = gt_ll//t = %g,_l(vm— - Vt,—) and ¢ = LZ,bt + %(vt,—i- + v ).
Then V(’) is defined by the local section %(v,gr + v ), which implies that
v —IF(; = d(;z — LZ,bI) = _‘Cztbt +d§t + thdbt.

Locally, the second equation in (7-10) is thus

d
Ebt = _EZ,bt +dg — Lz, v,

noting that ¢, = v + db,. By Proposition 7.9, (7-10) corresponds to pushing
forward by the local exact generalized diffeomorphisms generated by {(Z;, &)}
Globally, (7-10) corresponds to pushing forward by possibly nonexact generalized
diffeomorphisms. U

Remark 7.11. The diffeomorphism components of the generalized diffeomor-
phisms in Theorem 7.10 arise from the vector components of , on V, which
vanish if they are liftings of classical connections on V.

Example 7.12. Let (M, y; J) be a generalized complex manifold and {6, € Q%(M )}
be a smooth family of TM-forms. The Lax flow with initial value Jy = J,

d
%‘ﬂt = [Qt» \Dt]’

consists of generalized almost complex structures. The flow above preserves J if
and only if [6;, J] = O for all ¢, which is equivalent to 6; € Qj]’l (M). Thus, starting
with a generalized Hermitian manifold (M, y; G, J), the Lax flow (7-8) defined
by {6; € Qj]’] (M)} produces a family of generalized Hermitian structures with the
same J.

Suppose furthermore that (M, y; G, J) admits a y-J-connection . Fix a J-
holomorphic line bundle V and let {6,} be the T_Chern curvatures for a smooth
family of Hermitian metrics {#,} on V. By Proposition 6.3, {6,} consists of (1, 1)-
forms with respect to J. By Theorem 7.10, the corresponding Lax flow (7-8)
corresponds to the pushforward of G by a family of generalized diffeomorphisms
{(A¢, Bs)}. Alternatively, it can be seen as a family of generalized Hermitian struc-
tures (M, y; G, (A, B)*J) with G fixed.

7C. Ricci Lax flow. When the Ricci curvature of a generalized connection T

satisfies (7-4), it can serve as the Lax operator in a Lax pair involving the generalized
metric.
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Definition 7.13. A smooth family of pairs {(G,, ")} of generalized metrics G,
and G,-metric connections is a solution to the '-Ricci Lax flow if {Ri ¢t} satisfies
(7-4) and the pair {(Ri c', G;)} form a Lax pair, i.e.,

d .
(7-11) %@, =[Ric", G,).

When " is prescribed to only depend on G;, (7-11) becomes an equation for G,
only, in which case the family of generalized metrics G; is said to be a solution
to (7-11). If T = ¢ then the flow (7-11) is simply called the Ricci Lax flow.

Since Rc? is symmetric, it satisfies the condition in Corollary 7.5. Theorem 7.14
below shows that the Ricci Lax flow is equivalent to

d :
(7-12) 7@ Fb) = 2R = —2Re, +3¢7 £d*¢,.

Lety € Q3(M) such that dy =0 and set ¢; = y + db;. Then (7-12) coincides
with the generalized Ricci flow [12; 36] as a system for Riemannian metrics g;
and b; € Q*(M):

d

778 =—2Rei +5(y +db))?,
(7-13) J
Ebt = —d*(y +dby).
Theorem 7.14. Under the further constraints that ' = % and are G,-metric

compatible with the Dorfman bracket x, (2-37), i.e., ¢; —db; = y € Q3(M) for
all t, the Ricci Lax flow (7-11) is equivalent to the generalized Ricci flow (7-13).

Proof. 1t’s obvious that (7-13) follows from (7-12), by matching the symmetric and
skew-symmetric terms on both sides. To obtain (7-12) from (7-11), ix X, Y € TM
and consider

xl=s"(X) and y| =s\(Y).
The left-hand side of (7-12) is computed in Lemma 7.6, while the right-hand side
becomes
([Ric%, Gilxl, y4) = ((Ric” G, — G, Ric®™)xL, yY)
=—2Rc?(x", y)=—2Rc™ (X, 7).
This gives half of (7-12). The other half is equivalent. (]

Example 7.15. Consider two 3-dimensional Lie groups: T = (U ( 1))3 and G =
SU(2), with their invariant metrics g and invariant volume forms ¢. For both, set
b =0 and consider the corresponding ¢-Ricci curvature Ric?.
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For T, the invariant metric is flat, thus Ric = 0 while Ric*?¢ # 0 by (4-8). In
the G-eigendecomposition, Rc? is of the form

0 R
Rcd):(RT O)y

where R = 13, the 3 x 3 identity matrix.
For G, the invariant metric is the standard round metric on S which is not flat,
while the connections with torsion +¢ are flat, hence Ric*?® = 0. In this case, Rc¢?

is of the form
R O
¢ —
Re (0 R)’

where R here is the classical Ricci tensor for the round metric (see Section 2E).

Definition 7.7 and Theorem 7.14 lead to the natural generalization of Ricci
solitons.

Definition 7.16. Let y € (M) be a closed 3-form. A smooth family of generalized
metrics {G,} is a Ricci Lax soliton if there exists a smooth family of sections
{u; € C*°(TM)} and G;-conformal forms {6, € Q%(M )} with constant conformal
weights r; and s;, and

(7-14) [Ric? —d”u; —6;, G:] =0,

where ¢, = y +db,. The family is a gradient Ricci Lax soliton if furthermore there
is f € C%°(M) such that {u, = —1G,(df)}.

Notice that G;(df) = grad' f + tgpag pbr, where grad' f is the gradient of f with
respect to g;. When s, =0, the gradient Ricci Lax soliton equation is then equivalent
to the system

RC; - %¢l‘2 +HeSStf = I’,g,,
d*¢l + Lgrad’f(pt =0,

where Hess' f is the Hessian of f with respect to the Levi-Civita connection of g;.
When r; = r is a constant function independent of 7, the system (7-15) is exactly

(7-15)

the generalized Ricci soliton equation ([3] and references therein).

7D. Bismut-Ricci Lax flow. Even though Ric?:B is neither symmetric nor skew-
symmetric, it satisfies (7-4), and thus can be used to define a Lax flow for generalized
metrics. In (7-11), taking Ric?*? as the Lax operator leads to the Bismut—Ricci
Lax flow:

(7-16) %G, = [Ric?", G,).
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Since Rc? B has the same mixed components as Rc?C, e,
[Ric?®, G) = [Ric??, G]

by Theorem 7.14, (7-16) is equivalent to (7-12), so they generate the same flow for
the generalized metric [35]. The Ri c?B_differential of %5 takes a particularly
simple form.

Proposition 7.17. Fix X, Y, Z € C®°(TM) and x € C*°(TM), with w(x) = X. Let
Y, ZeC®(TM)andy, =s'.(Y), 7!, =s'.(Z). Then

d ;
(7-17) Gi((Bricos #02) = —gi (V. £ V5" Z).

Proof. Only the case for C, is shown here, and the case for C' is similar:
d
G/ (—( By L)
d
216, #8016, #E[L b+ g7 24)

—6,( 2B L +)2)

~dr

= gt(%v;"’f Y, Z) +[XRe; (Y, Z) —Re; (Y, Vi Z) —Re, * (VY 7)),

where the final equality follows from (7-12) together with the fact that ¢5
preserves G;. Next, (4-15) implies that

Gi([Ric{"P, Byl )
., B ‘s . B
=G, (Ric; = yho— ¢BRlC¢ ¥, 2)
_R B ¢, B —XR 0B R Bt ¢, Bt
=Rey" ( PFyL L) "L D) F RO, TPl
= —XR¢; (Y, Z)+Re,” (v, Vi? Z) + R, (Vi 7).

Combining the results above and applying (7-12) again lead to

Gy (Bpicrs £0)¥h.24)
“w(mi#7)~[x () )~ () 527
()i

d o+
—g,(Y, VY z),

where the last equality follows from the fact that V% preserves g, forall . [

Consider a smooth family of generalized almost Hermitian structures (M, y;
Gy, J"), where G; is a solution to the Bismut-Ricci Lax flow (7-16). By Lemma 7.2,
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the Ric? B-differential 8r;c0-8J" preserves the G,-eigenbundles. Following compu-
tations similar to those in Proposition 7.17 leads to

(7-18) G (Bpice s ye 2) = =i (¥, (411) ).

Set J' :=G,J’. Then
8 it = (8p; 05G)I + Gy (8 080") = Gy (8 0.80").

This implies that J* solves the following Lax flow (7-19), in which case so does J’ ,
if and only if I are constant almost complex structures:

) d ot _p 6B g
(7-19) T = [Ric" 1],

In terms of the 2-forms w4, (7-19) is equivalent to the following simultaneous
almost Hermitian Ricci flows:

(7-20) (%w;)(x, Y)=2Re(X, ILY) — Lg2(X, IY),

where X, Y € C°°(T M). It has the classical Kidhler—Ricci flow as a special case.

Example 7.18. Take a family of classical Kdhler structures (g;, I, w;), and set

I 0 0 —w !
r__ r __ t
J = [O —I*:| and J. = |:wt 0 ] .

The generalized Bismut connections, as well as the G-adapted connections, are
simply the lift of the Levi-Civita connections for g;. Let X, Y € TM. Since ¢ =0,
(7-20) becomes

(L)X, V) = 2Rey(X, 1Y) = =2p,(X, V),
where p;(X, Y) =Rc,(I X, Y) is the Ricci form. Thus (7-19) recovers exactly the
equation for the classical Kdhler—Ricci flow.
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A NORMAL UNIFORM ALGEBRA THAT FAILS TO BE
STRONGLY REGULAR AT A PEAK POINT

ALEXANDER J. 1zZ0

Dedicated to Joel Feinstein

We show that there exists a normal uniform algebra, on a compact metriz-
able space, that fails to be strongly regular at a peak point. This answers a
32-year-old question of Joel Feinstein. Our example is R(K) for a certain
compact planar set K. Furthermore, our example has a totally ordered one-
parameter family of closed primary ideals whose hull is a peak point. We
establish general results regarding lifting ideals under Cole root extensions.
These results are applied to obtain a normal uniform algebra, on a compact
metrizable space, with every point a peak point but again having a totally
ordered one-parameter family of closed primary ideals.

1. Introduction

This paper is devoted to answering questions in the literature regarding strong
regularity of uniform algebras and to establishing general results regarding lifting
ideals under Cole root extensions. Our main goal is to answer the following question
raised by Joel Feinstein [1992, p. 298]. (For definitions of terminology and notation
used in this introduction see Section 2.)

Question 1.1. Does there exist a normal uniform algebra A, on a compact metrizable
space, such that A fails to be strongly regular at some peak point for A?

There are later variations on this question in the literature. With general uniform
algebras replaced by the special class of uniform algebras of the form R(K) for K
a compact planar set, the question appears in the recent book of Garth Dales and Ali
Ulger [2024, Section 3.6]. Here, as usual, for K a compact set in the complex plane,
R(K) denotes the uniform closure on K of the holomorphic rational functions with
poles off K. With uniform algebras replaced by the more general class of Banach
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function algebras, the question appears in Feinstein’s paper [1995]. An affirmative
answer to that variation was given by David Blecher and Charles Read [2016].

Part of the interest in Question 1.1, in its original form, comes from its connection
with the 67-year-old question of I. M. Gelfand [1957] whether every natural uniform
algebra on the closed unit interval [0, 1] is trivial. As observed by Feinstein, Donald
Wilken’s proof [1969] that every strongly regular uniform algebra on [0, 1] is trivial
actually shows that every natural uniform algebra on [0, 1] that is strongly regular at
a dense set of peak points is trivial. Consequently, a negative answer to Question 1.1
would imply that every normal uniform algebra on [0, 1] is trivial.

Another reason for interest in Question 1.1 is that Feinstein [1992, Theorem 5.2]
showed that it is equivalent to this question: Does there exist a normal uniform
algebra A, on a compact metrizable space X, such that every point of X is a peak
point for A but A fails to be strongly regular? Another closely related question
which seems not to be explicitly stated in the literature concerns primary ideals
(defined in this context to be those ideals contained in a unique maximal ideal):
Does there exist a uniform algebra A, normal or not, such that every point of the
maximal ideal space of A is a peak point for A, but A has a closed primary ideal that
is not maximal? By a result of Feinstein [2001, Corollary 8], there exist nonnormal
uniform algebras such that every point of the maximal ideal space is a peak point.

We answer Question 1.1, and all of the variations on it discussed above, affirma-
tively by establishing the following theorem.

Theorem 1.2. There exists a normal uniform algebra A, on a compact metrizable
space, such that A fails to be strongly regular at some peak point for A. In fact, A
can be taken to be R(K) for a certain compact set K in the complex plane.

As already mentioned, Feinstein [1992, Theorem 5.2] showed that the assertion
of the first sentence of this theorem is equivalent to the following assertion.

Corollary 1.3. There exists a normal uniform algebra A, on a compact metrizable
space X, such that every point of X is a peak point for A but A is not strongly
regular.

The inspiration for our proof of Theorem 1.2, which will give considerably
more information than is stated above, comes from the Beurling—Rudin theorem
on the closed ideals in the disc algebra [Rudin 1957] (see also [Hoffman 1962,
pp. 82-89]). Given a compact planar set K contained in the closed unit disc D,
a point A in K N dD, and a real number p > 0, we will denote by [ 3 the closed
ideal in R(K) generated by the function (z — A) exp(p ?_L—i) When A =1 we will
write I, in place of ;}. When K is the closed unit disc, and hence R(K) is the
disc algebra, the ideals I7, p > 0, are precisely the closed primary ideals contained
in the maximal ideal M, of functions that vanish at the point A. Furthermore, for
0 < p1 < po there is the strict inclusion [ 21 o1 2‘2. Our proof of Theorem 1.2

=



A NORMAL UNIFORM ALGEBRA NOT STRONGLY REGULAR AT A PEAK POINT 79

essentially amounts to showing that, taking A = 1 for instance, Robert McKissick’s
construction of the first nontrivial normal uniform algebra [1963] (see also [Stout
1971, Section 27]) can be refined so as to preserve this strict inclusion of ideals.
Using results in [Izzo 2022] we will show that, in addition, the uniform algebra can
be chosen in such a way that the point 1 is the only point where strong regularity
fails. We will thus obtain the following theorem that contains Theorem 1.2. Here,
and throughout the paper, we denote the open unit disc in the complex plane by D,
and given a disc A, we denote the radius of A by r(A).

Theorem 1.4. For each r > 0, there exists a sequence of open discs { Dy }2 | such
that Y 7=, r(Dy) < r, the point 1 is in the set K = D \ | ;= D, and the following
conditions hold:

(1) R(K) is normal.
(i) R(K) is strongly regular at every point of K \ {1}.
(iii) R(K) is not strongly regular at the point 1.

Furthermore, the discs { Di};2 | can be chosen in such a way that 1, 2 1, for every
0=<p1 <p

A modification of the proof of Theorem 1.4 will yield the next result, which
shows, in particular, that a normal uniform algebra can fail to be strongly regular at
an uncountable set of peak points.

Theorem 1.5. For each r > 0, there exists a sequence of open discs { Dy )2 such
that Y 32 r(Dy) < r and setting K = D \ | J32.; Dy the following conditions hold:

(1) R(K) is normal.
(i) R(K) is strongly regular at every point of K \ o D.

(iii) Thereis a set A C 0 D whose complement in 0 D has one-dimensional Lebesgue
measure less than r such that A is contained in K and at each point of A, the
uniform algebra R(K) fails to be strongly regular.

Furthermore, the discs { Dy };2 | can be chosen in such a way that 1 ;}1 21 32 for every
A€ A andevery 0 < p; < pa.

Note that the uniform algebras in Theorems 1.4 and 1.5, in spite of failing to
be strongly regular, are strongly regular at every nonpeak point. Feinstein and
Matthew Heath [2007, Question 5.8] raised the question of whether there exists
a compact planar set K such that R(K) is regular and has no nonzero bounded
point derivations, but is not strongly regular. Each of Theorems 1.4 and 1.5 answers
this question affirmatively since for the set K in each of those theorems there are
no nonzero bounded point derivations at the points of K \ 9D because R(K) is
strongly regular at those points, and there are no nonzero point derivations at the
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points of K N dD since those points are peak points for R(K). In [I1zzo 2022] the
author effectively raised the same question but without the regularity hypothesis,
and he promised to give an example answering the question in a future paper. Thus
Theorems 1.4 and 1.5 fulfill that promise.

The next two results show that, as one might expect, Corollary 1.3 can be strength-
ened in ways analogous to how Theorems 1.4 and 1.5 strengthen Theorem 1.2.

Theorem 1.6. There exists a normal uniform algebra B, on a compact metrizable
space X, such that every point of X is a peak point for B but there is a point xg € X
such that there is a one-parameter family {H, : 0 < p < oo} of distinct closed
primary ideals contained in the maximal ideal My, satisfying H, 2 H,, for all

0 < p1 < po. Furthermore, B can be taken to have bounded relative units at, and
hence be strongly regular at, every point of X \ {xo}.

Theorem 1.7. There exists a normal uniform algebra B, on a compact metrizable
space X, such that every point of X is a peak point for B but there is an uncountable
subset L of X such that for every x € L there is a one-parameter family {H :
0 < p < oo} of distinct closed primary ideals contained in the maximal ideal M,
satisfying H, 2 Hj, for all 0 < py < py. Furthermore, B can be taken to have
bounded relative units at, and hence be strongly regular at, every point of X \ L.

Feinstein’s proof that Corollary 1.3 is equivalent to the assertion of the first
sentence in Theorem 1.2 used Brian Cole’s method of root extensions. Theorems 1.6
and 1.7 will be derived from Theorems 1.4 and 1.5 also using Cole’s method of
root extensions. However, to do so we will need to prove new results about lifting
ideals under root extensions. There are several examples in the literature in which a
certain object lifts under a root extension as a result of adjoining square roots to only
a restricted collection of functions. For instance in [Feinstein 1992; 1995; 2004;
Feinstein and Heath 2007; 1zzo 2022; 1zzo and Papathanasiou 2021] square roots
are adjoined only to functions that vanish on a given closed set (or a neighborhood
of the closed set), and consequently a copy of the given closed set is preserved in the
extension. In [Ghosh and 1zzo 2023] square roots are adjoined only to functions on
which a given bounded point derivation vanishes, with the result that the bounded
point derivation lifts to the extended uniform algebra. In all these instances, the
functions for which square roots are adjoined come from some (proper) closed
ideal I of the uniform algebra A. We will prove general results regarding such root
extensions. Very roughly, the results say that in this situation, the quotient Banach
algebra A/I is preserved by the extension, and consequently, all the ideals in A
that contain / lift under the extension.

In the next section we define some terminology and notation already used above.
In Section 3 we present some known results that we will need. In Section 4 we
prove that for a normal uniform algebra, strong regularity at a point is a local
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property. Although not strictly necessary for the proofs of Theorems 1.4 and 1.5,
which are presented in Section 5, this result greatly simplifies establishing the
strong regularity assertion in those theorems. In Section 6 we present the theorems
discussed in the previous paragraph regarding lifting ideals under root extensions.
Theorems 1.6 and 1.7 are proved in Section 7.

2. Terminology and notation

Those readers well versed in uniform algebra concepts may wish to skip or skim
this section and refer back to it as needed.

It is to be understood that all sequences, unions, and sums involving an index
extend from 1 to oo; thus for instance {D;} means {Dy}72 ,, and | Dx means
U,fil Dy. If f is a function whose domain contains a subset L, we denote the
restriction of f to L by f|L, and if A is a collection of such functions, we denote
the collection of restrictions of functions in A to L by A|L. The set of positive
integers will be denoted by 7.

Throughout the paper all spaces will tacitly be required to be Hausdorff. Let X be
a compact space. We denote by C(X) the algebra of all continuous complex-valued
functions on X equipped with the supremum norm || f|x = sup{|f(x)|: x € X}. A
uniform algebra on X is a closed subalgebra of C(X) that contains the constants
and separates the points of X. A uniform algebra A on X is said to be

(a) natural if the maximal ideal space of A is X (under the usual identification of
a point of X with the corresponding multiplicative linear functional),

(b) regular on X if for each closed set K¢ of X and each point x of X \ Ko, there
exists a function f in A such that f(x) =1 and f =0 on Ky,

(c) normal on X if for each pair of disjoint closed sets Ky and K| of X, there
exists a function f in A such that f =1 on K and f =0 on Kj.

The uniform algebra A on X is regular or normal if A is natural and is regular
on X or normal on X, respectively. In fact, every regular uniform algebra is normal
[Stout 1971, Theorem 27.2]. Also, if a uniform algebra A is normal on X, then A
is necessarily natural [Stout 1971, Theorem 27.3].

Let A be auniform algebra on X, and let x € X. We define the ideals M, and J, by

M.={feA: f(x)=0},
Jy={feA: f_1 (0) contains a neighborhood of x in X}.
More generally, if E is a closed subset of X, we define the ideals Mg and Jg by
Mg={feA: fIE=0},
Je={feA: f_l(O) contains a neighborhood of E in X}.
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When it is necessary to indicate with respect to which algebra the ideals are taken,
we will denote the ideals J; and M, in the uniform algebra A by J,(A) and M, (A).

The uniform algebra A is strongly regular at x if J, = M,, and A is strongly
regular if A is strongly regular at every point of X. It was shown by Wilken [1969,
Corollary 1] that every strongly regular uniform algebra is normal.

Let A be a natural uniform algebra and let / be an ideal in A. The hull of I is
the common zero set of the functions in / and is denoted by hull(/). The ideal /
is said to be local if 1 O J(hull(/)). The following result is standard [Dales 2000,
Proposition 4.1.20(iv)].

Theorem 2.1. Every ideal in a normal uniform algebra is local.

Consequently, a normal uniform algebra is strongly regular at a point x if and
only if there is no closed primary ideal properly contained in the maximal ideal M, .

The uniform algebra A has bounded relative units at x with bound C > 1 if
for each compact subset K of X \ {x}, there exists f € J, such that f|K =1 and
Il fllx <C.If A has bounded relative units at every point of X, then A has bounded
relative units.

The point x is said to be a peak point for A if there is a function f in A such
that f(x) =1 and | f(y)| < 1 for every y € X \ {x}. The point x is said to be a
generalized peak point if for every neighborhood U of x there exists a function f
in A such that f(x) = ||f]l=1and |f(y)| < 1 for every y € X \ U. When the
space X is metrizable the notions of peak point and generalized peak point coincide.

For ¢ a point in the maximal ideal space of the uniform algebra A, a bounded
point derivation on A at ¢ is a bounded linear functional d on A satisfying the
identity

d(fg)=d(f)¢(g) +¢(f)d(g)

for all f and g in A. It is standard [Browder 1969, p. 64] that a bounded linear
functional d on A is a bounded point derivation at ¢ if and only if d annihilates Mdz)
and the constant functions, and hence there exists a bounded point derivation at ¢
if and only if Mj # M.

3. Preliminaries

In this section we collect various known results that we will need. The reader may
prefer to skip this section and merely refer back to it when the results are used.

As with McKissick’s construction [1963] of the first known nontrivial normal
uniform algebra, our proofs of Theorems 1.4 and 1.5 rely on the following lemma.
(Recall that given a disc A, we denote the radius of A by r(A).)

Lemma 3.1. Let A be an open disc in the complex plane with center a and radius
r >0, and let ¢ > 0 be given. Then there exist a sequence of open discs { A},
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and a sequence of rational functions { f; ;7":1 such that:
(@) Y po r(Ap) <e.
(b) The poles of the f; lie in | Ji=; Ax-
(¢) The sequence {f;} converges uniformly on C\ |Ji—, Ak to a function that is
identically zero outside A and zero free in A\ | U=, A

(d) Upe Ak Clzir—e<|z—al<r).
Condition (d) is not part of the lemma as stated by McKissick but is established
in the paper of Thomas Korner [1986], where a proof of the lemma simpler than
the original one is given.

For the proofs of Theorems 1.4 and 1.5 we will need two recent results [1zzo 2022,
Theorem 1.2 and Lemma 4.2] on strong regularity in R(K), which we state here.

Theorem 3.2. For each r > 0, there exists a sequence of open discs { Di}2. such
that Y72 r(Dy) < r and such that setting K = D \ | g, D, the uniform algebra
R(K) is nontrivial and strongly regular.
Lemma 3.3. Given compact sets L C K C C and given a point x € L, if J¢(R(K)) D
M, (R(K)), then J,(R(L)) D My(R(L)).

The following three lemmas will be used to prove condition (v) in Theorem 6.9.
The first of these is due to Feinstein and Heath [2007, Lemma 4.3].

Lemma 3.4. Let A be a uniform algebra on X and x € X. Suppose that, for each
compact subset E of X \ {x}, there exists a neighborhood U of x and a function
f € A such that

@ fIU =1,
(i) fIE =0,
(iii) for each k € Z there is a function g € A with g2k = f.
Then A has bounded relative units at x.
The next lemma is part of a result of Feinstein [1992, Proposition 1.5].

Lemma 3.5. Let A be a uniform algebra on a compact space X, and let x € X. If A
has bounded relative units at x, then x is a generalized peak point for A, and A is
strongly regular at x.

The next lemma, whose elementary proof we omit, is a modification of a lemma
of Feinstein [1992, Lemma 3.5].

Lemma 3.6. Let A be a normal uniform algebra on a compact metrizable space X,
and let F be a closed subset of X. Then there exists a countable subset . of A
consisting of functions each vanishing identically on a neighborhood of F such that
for each point x € X \ F, and for each compact subset E of X \ {x}, there exists a
neighborhood U of x, and a function f € & such that f|\U =1 and f|E =0.
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4. Localness of strong regularity

In this section we prove the localness of strong regularity for normal uniform
algebras. The result will be used in the next section to obtain condition (ii) in
Theorems 1.4 and 1.5.

Theorem 4.1. Let A be a normal uniform algebra on a compact space X, and let x

be a point of X. If there exists a closed neighborhood N of xq in X such that A|N
is strongly regular at xq, then A is strongly regular at xy.

Proof. Suppose that there exists a closed neighborhood N of x( in X such that A|N
is strongly regular at xo. Fix f € A satisfying f(xo) =0, and fix ¢ > 0. We are
to show that there exists a function g € A such that || f —g|lx <e¢and g=0on a
neighborhood of x.

Let L be a closed neighborhood of xy contained in the interior N° of N. By the
normality of A, there is a function ¢ € A suchthat 9 =1 on L and ¢ =0on X \ N°.

By the strong regularity of A|N, there is a function & € A|N such that || f—hln<
e/|l¢lln and A =0 on some closed neighborhood M of xg. There is a sequence (4;,)
in A such that h,|N — h uniformly on N.

For eachn € 7, set g, = oh, + (1 — ¢) f. Then each g, is in A. Define a
function g on X by

_{goh+(1—go)f on N,
=\ r on X\ N.

On X \ N we have g, = f = g. Moreover, g, — g uniformly on X. Thus g is in A.
Furthermore,

If=glx =Ilf—glly =lle(f =Mliny < lleln IIf —hlly <e.
Finally, g = 0 on the neighborhood L N M of x. ]

5. Proofs of Theorems 1.4 and 1.5

Recall that given a disc A, we denote the radius of A by r(A). We will denote
the distance from A to the point 1 by s(A). Explicitly, s(A) =inf{|z — 1] : z € A}
We will denote the open disc with center a, and radius r,, by D(a,, r,) and the
corresponding closed disc by D(ay, r,).

The following lemma is the key to the proofs of Theorems 1.4 and 1.5.

Lemma 5.1. Fix real numbers 0 < py < py. Let {Dy}72 | be a sequence of discs such
that Y 3>, ¥ (D) exp(2p2/s(Dg)) < 0o. Set K = D\ U2 Di. Then I, 2 1,,.

=

Proof. 1t is easily shown that the function (z — 1) exp(,oz %) isin I,,, and hence
1,, D 1,,. To prove that the inclusion is strict, we will exhibit a measure on K that

annihilates /,, but does not annihilate the function (z — 1) exp(,ol ;Jj—})
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ForneZ,, let K, =D\ Ui~ Dk. The boundary of K, consists of the union
of a finite collection of circular arcs (and possibly some isolated points which can
be ignored), and we can define a measure u, on dK, by requiring that for every
function f € C(K,) we have

[ = / F@exp(-p ) e

Let M:Z}:‘;] r(Dy) exp(2p2/s(Dy)) <oo. Then ||, || <27 (M+1). Consequently,
{mr}pe, has a weak*-accumulation point p. Since K = (1) K,,, the measure p is
supported on K. If g is a rational function with no poles on K, then for large values
of n, the function g has no poles on K,,, and by Cauchy’s theorem

/g(z)(z -1 exp<pz %) dpn = /az<ng(Z)(Z —Ddz=0
Thus
fg(z)(z - 1)exp(p2§j—}) dp=0

for every rational function g with no poles on K. It follows that w annihilates /,,.

To calculate the integral f z—1 exp(m )du first note that the function
(z—1 exp((p1 02) ZH) has a single 1solated singularity at z = 1, and the residue
there is 2(p; — p2)? exp(p; — p2) since

1
(c— 1)exp((m ~ ) i)
z—1

2
=@z-1 CXp<(p1 - ,02)(1 + —))
z—1
2 _
— - 1) exp((pl — )+ (%))

2
=(Z—1)(CXP(01—,02))(1+2(m—1'02)+2(M) +)
— z—1

For eachm,n e 7, set K = K, U 5(1, %) To each n there corresponds an
N(n) € Z+ such that for all m > N (n), the discs Dy, ..., D, are disjoint from the
disc D( ) Consequently, letting y;,, denote the part of 8D contained in D(l ),
and letting o,,, denote the part of 8D(1, %) outside D, we have for all m > N (n) that

0K, = (0K, \ Ym) Uon.
The integrals

(z—1 exp((,Ol ) ;_i}) dz and / (z— 1)exp<(,01 — ) ?—T}) dz

Ym
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each go to zero as m — oo because the lengths of y,, and o, go to zero as m — oo
and the integrands are bounded in modulus by % Therefore, applying the residue
theorem gives

/(z -1 exp(,ol i—i) dp, = /Mn(z — 1)exp<(p1 — ) %) dz

= tim [ @=Dexp((o—p ) az

m—00 Jygm z—1
=4mi(p1 — p2)* exp (p1 — p2).

Thus

1 .
/ (== Dexp(pr jf—l) du = 4mi(p1 — p2)*exp(py — p2) £ 0. 0

Proof of Theorem 1.4. By the preceding lemma, it suffices to show that discs { Dy}
can be chosen such that Y r(Dy) < r, such that Y r(Dy) exp(v/s(Dy)) < oo for
every v > 0, and such that conditions (i) and (ii) hold. We begin by choosing discs
such that these conditions are satisfied with the (possible) exception of condition (ii),
and then we choose additional discs to achieve condition (ii) in addition.

Choose a sequence { D(a,, ra)}oo, of closed discs such that:

(a) Each of the discs D(1, 1/j) for j =1,2,... isin {D(ap, ry)}.
(b) The discs D(1, 1/j) for j = 1,2, ... are the only discs in {D(ay, rn)} that
contain the point 1.

(c) For every & > 0, every point of D lies in an open disc D(a,, r,) with r, < ¢.
Then for each n € Z4, the annulus {z : r,/2 < |z — a,| < r,} is at some positive
distance §,, from the point 1. Set ¢, = min{2~ ¢+ Dy 27"¢="/%} For eachn € 7,
choose discs {A}}72, in the annulus {z : r,/2 < |z —a,| < r,} as in Lemma 3.1
with A = D(ay, r,) and & = &,. Then > °° | 322, r(A¥) <r/2. Now let v > 0 be
arbitrary. For each n € Z we have

(o.¢]

Z r(A}) exp(v/s(Ay)) < e, exp(v/8,).
k=1
Thus, in particular, Z,fil r(A}) exp(v/s(Ay)) < oco. Furthermore, for all n > v,

we have
o0

> r(AD) exp(v/s(AD) < e exp(n/s,) <277
k=1

Consequently, >>° | >, r(A}) exp(v/s(A})) < oo.

Set o =
kK, =D\|JJar

n=1k=1
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Then R(K) is regular, and hence normal, for given a closed set L C K and a point
x € K1\ L, there is some D(a,, r,) that contains x and is disjoint from L, and
hence, by the choice of the discs {A}}, there is a function in R(K) that vanishes
on L but not at x.

To achieve the strong regularity at points different from 1 we will use Theorem 3.2
together with Theorem 4.1 on the localness of strong regularity. Choose a countable
collection of open discs {B,} that covers K; \ {1} such that none of the closed
discs B,, contains the point 1. Let ¢, denote the distance from B, to the point 1.
Set &, = min{2~ "Dy 27"¢="/%} Since in Theorem 3.2 the open unit disc can,
of course, be replaced by any open disc, there exists a sequence of open discs {ZZ}
such that Y 2, r(ZZ) <&, and such that setting

o0
Kf =B n\ U Zn’
k=1
the uniform algebra R(K?) is strongly regular. Note that Y ;- > 22, r(ZZ) <r/2
and Y 07, >, r(ZZ) exp(v/s(ZZ) < oo for every v > 0 by a computation that
is identical to an earlier one.

Now let { Dy} be an enumeration of the collection of discs { AZ},ff’nzl U {ZZ},?O”: 1
and set K = D\ |J Dy. Of course Y. r(Dy) < r, and 3" r(Dy) exp(v/s(Dy)) < o0
for every v > 0. The uniform algebra R(K) is normal because K is contained
in K; and R(K) is normal. Consider an arbitrary point xg € K \ {1}, and choose a
disc By, from the collection {B,}, that contains xo. Then R(K N Eno) is strongly
regular by Lemma 3.3 because K N En[ is contained in K5° and R(K>") is strongly
regular. Furthermore, R(K)|(K N E,,O) =R(KN Eno). Thus Theorem 4.1 shows
that R(K) is strongly regular at xg. U

Proof of Theorem 1.5. Since the proof is similar to the proof of Theorem 1.4, we
merely indicate the modifications needed. For the discs { D(ay, ry)}, we discard
conditions (a) and (b) and instead require that each disc D(ay, r,) is either centered at
a point of @ D or else is contained in D, and we retain condition (c). Let I denote the
set of n such that a,, is in d D. For each n € I', choose a number y,, > 0 in such a way
that the intersection with 0 D of the union of the annuli {z: 7, —y;,, <|z—a,| <rp+V,}
has one-dimensional Lebesgue measure less than r. Let A be the complement
of that union in dD. Choose, for each n € Z., a positive number r, such that
fn — Yn <1, < rp. Then the annulus {z : r, < |z —a,| < r,} is at a positive
distance §, from A. To establish everything except condition (ii), we choose discs
{A%} in the annulus {z : r;, < |z —a,| <r,} as in Lemma 3.1 arguing as in the proof
of Theorem 1.4, but with distance s(A}) to 1 replaced by distance to A.

To get condition (ii), we argue essentially as in the proof of Theorem 1.4 except
that for the collection { B, } we take the collection {D(O, 1— %) n=273,... }, and
we again replace distance to 1 by distance to A. (]
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6. Root extensions and ideals

In this section we prove results about systems of root extensions and ideals which
we will use in the next section to prove Theorems 1.6 and 1.7. We present the results
in greater generality than we will need because we believe they are of interest in
their own right and are likely to have further applications.

Cole’s method of root extensions [1968] (see also [Stout 1971, Section 19])
involves an iterative process. We begin by discussing a single step of the iteration.

Let A be a uniform algebra on a compact space X, and let .# be a (nonempty)
subset of A. Endow C” with the product topology. Let p; : X x C7 — X
and pr: X x C”7 — C denote the projections given by p;(x, (zg)gez) = x and
pr(x, (zg)ges) = zs. Define X7 C X x C7 by

Xs={yeXxC7:(pr()?* = f(p1(y)) forall fe 7},

and let Az be the uniform algebra on Xz generated by the set of functions
{fop1: feAlU{ps: feZF}.OnXz wehavep?:fopl for every f € Z.
Set m = p1|X #, and note that 7 is surjective. There is an isometric embedding
m*:A— Ag givenby n*(f) = fom.

We call the uniform algebra A & or the pair (A, X &), the F-extension of A,
and we call 7 the associated surjection. Note that if X is metrizable and .Z is
countable, then X & is metrizable also. Given x € X, if .% is contained in M, then
the set 7 ~!(x) consists of a single point.

There is an operator S : Az — 7*(A) given by integrating over the fibers of &
using the measure on each fiber that is invariant under the obvious action of (Z/ 2)7
on each fiber. See [Cole 1968] or [Stout 1971, pp. 194-195] for details. Rather
than working with S, we will use the operator 7 : Az — A obtained from § by
identifying 7*(A) with A. The following properties of T are almost obvious.

Lemma 6.1.
O ITI=1
(ii) T o™ is the identity.

(iii) Given distinct functions fi, ..., fr € % and a function f € A,

T(@*(fps - pr)=0.

One can iterate the above extension process. This leads to the notion of a system
of root extensions, which we next define.

Henceforth, t will be a fixed infinite ordinal. A system of root extensions is a
triple of indexed sets ({Aq}, {Xo}, {7a,p}) (0 < a < B < 7) (denoted for brevity
by {As}o<e<r) Where each X, is a compact space, each A, is a uniform algebra
on X,, and each my g is a continuous surjective map 7y g : Xg — X, such that
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the following conditions hold:
(i) The equation 7, s f) = f omy g defines a homomorphism of A, into Ag.
(ii)) Fora < B <y, mygomp,y = Mq,y, and my o is the identity on X,.

(iii) For @ < t, there is a subset %, of A, such that A, is the .%,-extension
of A, and 1, 441 is the associated surjection.

(iv) For y a limit ordinal, the space X, is the inverse limit of the inverse system
{X«, o, gla<p<y, the maps m,, : X, — X, are those associated with the

inverse limit, and A,, is the closure in C(X,) of U n;’y(Aa).
a<y

The existence of systems of root extensions is of course proved by transfinite

induction. A choice of the subsets .#, uniquely determines a system of root
extensions.

Remark 6.2. It follows trivially from conditions (i) and (ii) that for ¢ < 8 <y,
Mg, 0Ny p =Ty, and 7y, is the identity on A,.

Given a uniform algebra A on X, a uniform algebra Aon X, anda surjective
continuous map 7 : X — X, we will say that A and 7 are obtained from A by a system
of root extensions if there exists a system of root extensions ({Ay}, {Xo}, {77a,8})
O<a<B<t)withAg=A, A, =A,and 7y, =T7.

The following is [Feinstein 1992, Corollary 2.9].

Lemma 6.3. Given a system of root extensions {Aq}o<a<t, If Ao is normal, then
Ag is normal for all a.

For a system of root extensions {A4}o<¢<r, Cole introduced certain surjective
linear operators Tg : Ag — Ap. It will be helpful for us to introduce, more generally,
operators Ty g : Ag — A, for every a < B.

Lemma 6.4. Given a system of root extensions {Aqy}o<a<r there exists a system
of surjective linear operators {Ty g : Ag — Aq}o<a<p<r such that the following
conditions hold forall 0 <a < <y <T1:

(a) Ty« is the identity operator on Ag.

®) 1Tl =1.

(©) TypoTpy =Ty,y.

(d) Ty go ﬂ;’ﬂ is the identity on A,.

e) T,y on;’y =Ty .

() Tg, onj’y = n;’ﬁ.
Proof. First note that condition (d) is an immediate consequence of conditions
(a) and (e), note that condition (f) is an immediate consequence of condition (d)



90 ALEXANDER J. 1ZZO

and Remark 6.2, and note that the surjectivity of the operators {7, g} follows from
condition (d). Thus it suffices to show that the operators {7 g} can be chosen to
satisfy conditions (a), (b), (c), and (e). We will apply transfinite induction on g
with « fixed to obtain operators {7, g} satisfying conditions (a), (b), and (e), and
then observe that these operators satisfy condition (c) also.

The operator Ty,  is specified. Consider & < B < 7, and assume as the induction
hypothesis that operators 7, s have been defined for all « <§ < B in such a way
that conditions (a), (b), and (e) hold. If B = § + 1 for some &, then Ag is the
Zs-extension of As. Let T : Ag — A; be the operator discussed in the paragraph
immediately preceding Lemma 6.1, set Ty, g = Ty 5 o T, and verify that conditions
(a), (b), and (e) continue to hold. If 8 is a limit ordinal, define an operator fa, g on
the dense subspace | J,s_g 75 5(As) of Ag by

Tup(nigf) =Tasf for feAs.

Condition (e) ensures that Ta, g is well defined, i.e., if f; € A5, and f> € A;, satisty
n(g"]yﬁfl = ﬁ(;‘z’ﬂfg, then Ty 5, f1 = Ty.s, f>. Furthermore, ||Ta’ﬁ|| =1, so0 Ta,ﬁ has a
unique continuous extension to an operator on Ag, which we declare to be T, g.
Conditions (a), (b), and (e) continue to hold. Thus the existence of operators
{Ta,plo<a<p<r satisfying conditions (a), (b), and (e) is established.

To verify that the operators we have defined satisfy condition (c), fix « and S,
and apply transfinite induction on y. ([

Lemma 6.5. Ifjra_’é (x) consists of a single point, then (T, g f)(x) = f(n;}s (x))
for each function f € Ag.

Proof. For fixed «, apply transfinite induction on 8. U

We will need the following functional analysis lemma, whose elementary proof
we omit.

Lemma 6.6. Let X be a Banach space, let Y be a closed subspace of X, let I be a
closed subspace of Y, and let S : X — X be a norm 1 projection of X onto Y. Then
the map S : X/S~'(I) — X/I induced by S is an isometry.

The next lemma is the key to the proofs of our results on root extensions and
ideals. Its proof is similar to the proof of [Ghosh and 1zzo 2023, Lemma 4.1], which
is essentially the special case in which the closed ideal I arises from a bounded
point derivation. In the lemma, T : Az — A is the operator in Lemma 6.1.

Lemma 6.7. Let A be a uniform algebra on a compact space X, let I be a closed
ideal in A, and let ¢ : A — A/l denote the quotient map. Let F be a subset
of 1. Then in the % -extension Az of A the set [z = T~ is a closed ideal, and
the map ¢poT : Az — A/l is a Banach algebra homomorphism that induces an
isometric Banach algebra isomorphism of Az /14 onto A/l.



A NORMAL UNIFORM ALGEBRA NOT STRONGLY REGULAR AT A PEAK POINT 91

Proof. For notational convenience set ® = ¢ o T. Then ® is a linear map with
kernel Iz. Therefore, if ® is multiplicative, i.e., if it satisfies

ey P(fg) =2(f)P(g)

forall f, g € Az, then ® is a Banach algebra homomorphism, /4 is an ideal in A #,
and identifying A with the subspace 7*(A) of A# and applying Lemma 6.6 shows
that the induced Banach algebra isomorphism of Az /I# onto A/ is isometric.
Thus it suffices to show that & satisfies (1) for all f, g € Az. Moreover, it is
enough to verify (1) for f and g belonging to the dense subalgebra H of A & that
is algebraically generated by 7*(A) U{p;: f € #}. Functions f and g in H can
be expressed in the form

N t
f=a"(f)+)_ 7" (f)F. and g=m*(g0)+ ) _ 7*(g,)Gn,

u=1 v=1

where fo, f1,..., fs» 80, &1, ..., & € A and each F,, and each G, is a nonempty
product of distinct functions of the form ps for f € 7.
By Lemma 6.1, Tf = fy and Tg = go, so

O(f)=(poT)(f)=¢(fo) and P(g)=(PoT)(g)=d(go)

Since ¢ (fogo) = ¢ (fo)9(go), the proof will be complete once we show that
®(fg) = (fogo)

View fg as a sum of four terms:

fg = N*(ngO) + (Zn*(fugO)Fu) + (ZN*(ngv)Gv)
u=1 v=1

N

+ (ZZW*(fugv)Fqu>~

u=1 v=1

By Lemma 6.1,

(@) T (™ (fog0)) = fogo

3) T(Zﬂ*(fugo)Fu> =0,
u=1

“) T(Zn*(fogu)Gv) =0.

v=1

Now for fixed u and v, consider T'(w*(f, &) F,Gy). We have F,, = py, --- py, and
Gy = pg, -+ - Pg, Where f1, ..., f, are distinct elements of .7 and g, ..., g are
also distinct elements of .%. Note that each of the sets { f1, ..., f;} and {g1, ..., g}
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is necessarily nonempty. If {f1, ..., fa}={g1,..., g}, then F,G, = p% .- -p%a =

7*(f1--- fa), and hence, by Lemma 6.1(ii),

(o) (" (fug) FuGy) = (@ o TN (fugu fi - fa)) = d(fugu f1 -+ fa);

the last quantity above is zero because fi, ..., f, belong to the ideal /. If instead
{fi,..., fay#{g1. ..., gp}, then F,,G, can be expressed as the product of a possibly
empty set of elements of 7*(A) and a nonempty set of functions py,, ..., px.
with hy, ..., he € {f1,..., fa, &1, ..., &b}; consequently, T (7*(f,g,)FuGy) =0
by Lemma 6.1(iii). We conclude that

(5) (¢o T)(ZZn*(fungqu) =0.

u=1 v=1

Collectively, (2)—(5) yield that

P(fg) =(poT)(fg) =¢(fog0).

as desired. O
Finally we come to the theorems of this section.

Theorem 6.8. Let ({Ay}, {Xo), {map)) (0 < a < B < ) be a system of root
extensions. Let Iy be a closed ideal in Ag, and set So =hull(ly). Forevery0<a <7,
set I, = Tojo} (Iy) and S, = n&;(So). Suppose that 1, D %, for every 0 < a < 7.
Then, for every 0 < a < 1:

(1) mo o takes So homeomorphically onto Sp.
(i) 7y, induces in the obvious way an isometric isomorphism of Ag|So onto Ay|Sq.

(ii1) I, is a closed ideal in A, such that hull(l,) = S, such that 1, N n{{a(Ao) =
716" «(10), and such that Ay /1, is isometrically isomorphic as a Banach algebra
to Ag/lo. Consequently, there is an order-preserving bijective correspondence
between the closed ideals of A, containing 1, and the closed ideals of Ay
containing Iy.

Proof. By a simple transfinite induction, one shows simultaneously that the hy-
potheses imply that every function in /,, and hence every function in .%#,, is zero
on Sy, and that 7 o takes S, one-to-one onto Sy. Since 7y  is continuous and S,
is compact, condition (i) follows.

Given f € Ay, the restriction of ng"a(f) = fomyqg to n(;olt(So) = S, depends
only on the restriction of f to Sp, so n(’)“’ o induces a map of Ag|Sp into A|S, that
is obviously isometric. Given g € Ay, Lemma 6.5 shows that 7'[8(’ o (T10,68)18Se = &,
so the map is onto. Thus condition (ii) holds.
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We have already noted that every function in [, is zero on S,. Since for every
point x of X, \ S, there is a function f € Iy such that n{{ »(f), afunction in /I, is
nonzero at x, this gives that hull(l,) = S,

The equality 1, N JT(T’O[ (Ag) = 716"’0[ (1p) follows immediately from Lemma 6.4(d).

It remains to show, for each «, that 1, is an ideal in A, and that A, /I, and Ao/l
are isometrically isomorphic as Banach algebras. Let ¢ : A9 — Ao/ Iy denote the
quotient map. Assume for the moment that the map ¢ o Ty : Ay — Ao/l is
a Banach algebra homomorphism for every «. Then since I, = ker(¢ o Tp o), it
follows that I, is an ideal in A,, and that the induced map Ay /I, — Ao/lp is a
Banach algebra isomorphism. Identifying Ao with the subspace 7y , (A¢) of Ay and
applying Lemma 6.6 shows that this isomorphism is an isometry. Thus to complete
the proof it suffices to show that the map ¢ o Ty o : Ay — Ap/ Iy is indeed a Banach
algebra homomorphism for every «.

We apply transfinite induction. Consider 0 < 8 < t, and assume as the induction
hypothesis that ¢ o Ty o is a Banach algebra homomorphism for every o < 8. When
B = 0, nothing needs to be proved. If § is a limit ordinal, then it is immediate
from the induction hypothesis that the restriction of ¢ o Ty g to the dense subset
Ua<ﬂ n&“’ﬂ (Ag) of Ag is an algebra homomorphism, and hence, ¢oTj g is a Banach
algebra homomorphism by continuity. Now suppose instead that 8 = y + 1 for
some y. The map ¢ o Tj,,, is a Banach algebra homomorphism by the induction
hypothesis. Consequently, I, is a closed ideal in A,,. Let ¢, : A, — A, /I, denote
the quotient map, and let ¢, : A, /I, — Ag/Ip denote the Banach algebra isomor-
phism induced by ¢ o Ty ,,. By Lemma 6.7, the map ¢, o T}, ,, 41 : A1 — A, /1y
is a Banach algebra homomorphism. Now consider the following commutative
diagram:

To,y+1

y+1

| \ l%\ l‘b

Ayst/Iypt —— Ay /L, =" Ao/l

Observe that the map ¢ o Ty, 41 : Ay 11 — Ao/ Iy coincides with the composition
of the Banach algebra homomorphisms ¢, o T, ,,+1 and ¢, and hence is itself a
Banach algebra homomorphism, as desired. ([

By suitable choice of system of root extensions we will obtain the following as a
corollary.

Theorem 6.9. Let A be a uniform algebra on a compact space X, let I be an ideal
in A, and set S = hull(1). Then there exists a uniform algebra A on a compact
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space X and a surjective continuous map T : X — X, obtained from A by a system
of root extensions, and there exists an ideal T in A such that setting S=x"1 )
conditions (1)—(iii) of Theorem 6.8 hold with A, X s T, R S ,and T in place of Ay, Xq,
1y, So, and oy o, respectively, and such that furthermore:

(iv) Every function in T has a square root in I

V) IfAis normal then A is normal and has bounded relative units at every pomt
of X \ S, and hence every point of X \ Sisa generalized peak point for A.

If X is metrizable, then, in addition, we can take X to be metrizable provided we
replace condition (iv) by:

(iv') There is a dense subset F of T such that every function in .% has a square root
in Z.

Proof. Using Theorem 6.8 and transfinite induction, it is easily shown that there is a
system of root extensions satisfying the conditions of Theorem 6.8 with T = Q2 (the
first uncountable ordinal) and .%, = I, for every 0 < o < 2. Set A= Ag, X=X Q,
7= Iq, etc. Then conditions (i)—(iii) hold with Av X , 7 ... in place of Ay, Xq,
1y, ..., respectively, by Theorem 6.8.

Given f € T = I, there is some o < §2 and some g € A, such that f = ﬂ&kﬂg.
By construction and Lemma 6.1(iii), n;" ws18 = h? for some h € Agq+1 such that

6) Tywsih =0.
Now
(”§+1,Qh)2 = T[;-i-l,th =Tgi1.0%aar18 = Ta08 = J-
Furthermore, by Lemma 6.4 and (6),
To.o(my 1.0 = (To.at10 Tur1.2) (Tyy1.0M) = Toar1h = To.q © Toatr1h =0,

SO 7Ty g h isin 1. Thus every function in T has a square root in I

Now suppose that A is normal. Then, by Lemma 6.3, A is normal. Consequently,
given a point X € X \ Sanda compact subset E of X \ {x}, Theorem 2.1 ensures
that there is a function in I that is one on a neighborhood of X and zero on E.
Therefore, A has bounded relative units at by Lemma 3.4. The final assertion of
condition (v) follows by Lemma 3.5.

All that remains is to prove the last sentence of the theorem. From now on suppose
that X is metrizable. Using Theorem 6.8 and induction, it is easily shown that
there is a system of root extensions satisfying the conditions of Theorem 6.8 with
7 = o (the first infinite ordinal) and with the property that, for every 0 < o < w, the
collection .%, is a countable dense subset of I, such that for every function f € %,
the function 71; at1J 18 the square of a function in .#y ;. Furthermore, if A is
normal, then Lemma 3.6 and Theorem 2.1 show that we can, and therefore we shall,
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choose %, such that, setting S, = 7, oll(S) we have that for each point x € X, \ S,
and for each compact subset E of X, \ {x}, there exists a nelghborhood U of x, and
a function f € o such that f|U =1and f|E =0. Set A = Ay, X = Xw, T _Iw,
etc. Then X is metrizable. Furthermore, conditions (i)—(iii) hold with A X I

in place of Ay, X4, Iy, - - ., respectively, by Theorem 6.8.

We will establish condition (iv') with 7 =, _,, 75 w(Ja) First we show that
every function in .# has a square root in .%. Given f € .#, there is some @ <
and some g € %, such that f = % »8- By construction, 7 . 1¢ = h? for some
h € Zyy1. Then ) h is in .%#, and by Remark 6.2

* 2 % 2 %k * % _
(na+1,wh) - na+1,wh - na—i—l,wna,a—i-lg - T[a,a)g - f’

so f has a square root in .Z.
Next we show that .# is contained in /. Let f, «, and g be as in the previous
paragraph. Then, by Lemma 6.4,

Towf = TO,wT[;,wg =710« Ta,wn;,wg =T10.48,

and Ty g is in [ because g isin %, C I, = 0.t (I) Thus f isin I as desired.

To prove the density of .% in I first note that (%) is dense in JTa o), s0 it
suffices to show that ( J, _,, 75 ., (1) is dense in T. Fix feTande>0 arbitrary. We
will show that ||7ra wTwwf)— [l <& forsome a < w. Since Ty o (To,0 f) = To,0 f
is in /, the function Ty ,, f is in Iy, so this will establish the desired density.

By the definition of A= A, there exists « < w and a € A, such that

@) If =7y all <e/2.
Then
”(77:;@ o a,w)(f) - (n;,w o a,w)(ﬂ;’wa)” <¢g/2.

Since Ty, 0 7, , is the identity, this gives

®) 170 0 Ta.w) (f) —7q yall < &/2.

From (7) and (8) we get

1700 T, (f) = fIl <e.

This concludes the proof of condition (iv’).

If A is normal, then a simple argument shows that our choice of the .%#, ensures
that for every point X € X \ S and every compact subset E of X \ {x}, there exists
a neighborhood U of x and a function f € .# such that f|U =1 and f|E = 0.
Consequently, condition (v) can be proven in the same manner as was done earlier
when we took %, = I,. O
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7. Normal peak point algebras that are not strongly regular

In this section we prove Theorems 1.6 and 1.7.

Proof of Theorem 1.6. Set A = R(K) with K as in Theorem 1.4, and set I = Ji.
Then let B be the uniform algebra A obtained by applying Theorem 6.9 taking X
to be metrizable. Let xo be the unique point of 7 ~!(1). The uniform algebra B is
normal. Also B has bounded relative units at every point of X \ {x0}, and hence,
by Lemma 3.5, B is strongly regular at every point of X \ {xo} and every point
of X \ {xo0} is a peak point for B. The point x is a peak point for B as well because
the function ((1 4 z)/2) o 7 peaks at xo.

There is an order-preserving bijection between the closed ideals of B containing T
and the closed ideals of R(K) containing /. So the family of ideals {/,:0 < p < o0}
in R(K) yields the family of ideals {H, : 0 < p < oo} in B. O

Proof of Theorem 1.7. The proof is essentially the same as the previous proof except
that now we set A = R(K) with K as in Theorem 1.5, let A be as in Theorem 1.5,
and set [ = J,. O
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ULTRAPRODUCT METHODS
FOR MIXED ¢-GAUSSIAN ALGEBRAS

MARIUS JUNGE AND QIANG ZENG

We provide a unified ultraproduct approach for constructing Wick words
in mixed g-Gaussian algebras which are generated by s; = a; + a}‘.‘ for
j=1,..., N, where aia;‘f - q,-ja}‘fai = §;;. Here we also allow equality
in —1 < ¢;; = q;; < 1. Using the ultraproduct method, we construct an
approximate comultiplication of the mixed g-Gaussian algebras. Based on
this we prove that these algebras are weakly amenable and strongly solid
in the sense of Ozawa and Popa. We also encode Speicher’s central limit
theorem in the unified ultraproduct method, and show that the Ornstein—
Uhlenbeck semigroup is hypercontractive, the Riesz transform associated to
the number operator is bounded, and the number operator satisfies the L,
Poincaré inequalities with constants C ./p.

1. Introduction

Group measure space constructions go back to the original work of Murray and von
Neumann [1936]. In the last decades Popa and his collaborators have solved many
open problems about fundamental groups and uniqueness of Cartan subalgebras;
see, e.g., [Ozawa and Popa 2010a; 2010b; Popa and Vaes 2010; 2014; Houdayer
and Shlyakhtenko 2011]. In parallel, von Neumann algebras generated by ¢-
commutation relations (motivated by physics and number theory) were introduced
by Bozejko and Speicher [1991], and further investigated by Bozejko, Kiimmerer,
and Speicher [Bozejko et al. 1997], Shlyakhtenko [2004], Nou [2004], gniady
[2004], Ricard [2005], Kennedy and Nica [2011], and Avsec [2011], among others.
More recently, Dabrowski [2014] and Guionnet and Shlyakhtenko [2014] have
shown that for small ¢, the g-Gaussian algebras are isomorphic to free group factors.
All these results on factoriality, embeddability in R, and approximation properties
face a similar problem: how to derive properties of von Neumann algebras from
combinatorial structures given by the original g-commutation relations.

MSC2010: primary 46L.36, 46L.53; secondary 46N50, 81S05.
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In this paper we study generalized g-commutation relations: Given a symmetric
matrix Q = (g; J-)ﬁ/ j=10 4ij € [—1, 1], Speicher [1993] considered variables satisfying

(1-1) aia’;—qija;‘a,- Z(Sij.

The mixed g-Gaussian algebra I'p is generated by the self-adjoint variables s; =
ajf + a; and admits a normal faithful tracial state (see Section 3 for more details).
Bozejko and Speicher [1994] systematically constructed the Fock space representa-
tion of the so-called braid relations, which is more general than (1-1). Then various
properties were studied in, e.g., [Nou 2004; Krolak 2000; 2005]. As for (1-1),
Lust-Piquard [1999] showed the L, boundedness of the Riesz transforms associated
to the number operator of the system when ¢;; < 1. Other generalized Gaussian
systems related to our investigation have also been studied; see, e.g., [Gutd and
Maassen 2002; Guta 2003].

It is very tempting to believe that mixed g-Gaussian algebras behave in any
respect the same way as the g-Gaussian algebras with constant ¢g. Indeed, the L,
space of such an algebra admits a decomposition

o
Ly(Tp) = P Hp

k=0
into finite-dimensional subspaces H g of dimension N¥, which are eigenspaces of
the number operator. For fixed g;; = ¢ the number operator can be defined in a
functorial way following Voiculescu’s lead [ Voiculescu et al. 1992] for ¢ =0. Indeed,
for every real Hilbert H one finds the g-Gaussian von Neumann algebra I';, (H) and
a group homomorphism « : O (H) — Aut(I';(H)) such that foro€ O(H) and h € H

a(0)(s?(h)) = s9(o(h)).

Here, s9(ej) = s; and (e;) is an orthonormal basis for the N-dimensional Hilbert
space H. Then
I, = Ea(o/)m,

where 7 : I, (H) — I, (H @ H) is the natural embedding with conditional expec-

tation E, and
o — e tid —1—e"20id
TA\V1=eid e'id ‘

For nonconstant Q = (g;;) we can no longer refer to functoriality directly. One
of the first results in this paper is to provide a unified approach to the Ornstein—
Uhlenbeck semigroup for |g;;| < 1 including the classical cases g = 1 for bosons
and ¢ = —1 for fermions. The fact that the dimension of the eigenspace H g is not
more than N* uniformly for all Q is based on thorough analysis of different forms
of Wick words and probabilistic estimates (see Section 3).
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Another new feature of these generalized relations comes from studying the
operators

D(x) =E(SNt1XSN+1),

where x is generated by sy, ..., sy. For constant ¢;; = ¢ we find ®(x) = ¢/®x
can be easily computed in terms of the length function I(x) =k if x € H g The
formula for general Q is vastly more complicated. However, such expressions are
crucial building blocks in proving strong solidity.

Let us recall some notions in operator algebras. We always assume the von
Neumann algebras to be finite in this paper. Recall that a von Neumann algebra M
has the weak* completely bounded approximation property (w*CBAP) if there
exists a net of normal, completely bounded, finite-rank maps ¢, : M — M such
that ||¢yllcb < C for all «, and ¢, — id in the point weak* topology. Here,
I - llcb denotes the completely bounded norm. The infimum of such constants C is
called the Cowling—Haagerup constant and is denoted by A.,(M). Cowling and
Haagerup [1989] showed that a discrete group G is weakly amenable if and only if
its group von Neumann algebra LG has w*CBAP. Thus, a von Neumann algebra
with w*CBAP is also said to be weakly amenable. If A, (M) =1, M is said to
have the weak™* completely contractive approximation property (w*CCAP). See,
e.g., [Brown and Ozawa 2008] for more details of the approximation properties.
Following Ozawa and Popa [2010a], a von Neumann algebra M is called strongly
solid if the normalizer Ny (P) := {u e U(M) : u Pu* = P} of any diffuse amenable
subalgebra P C M generates an amenable von Neumann algebra. Here, U/ (M) is
the set of unitary operators in M.

Theorem 1.1. T'g has w*CCAP and is strongly solid provided max;<; j<n |q;j| < 1.

These properties extend similar results due to Avsec [2011] for g-Gaussian von
Neumann algebras. The w*CCAP for I'g is proved using a transference method
based on Avsec’s w*CCAP result for the g-Gaussian algebras. Then we show a weak
containment result of certain bimodules. These results, together with a modification
of Popa’s s-malleable deformation estimate, leads to strong solidity using a, by
now, standard argument. The method used here follows that of [Houdayer and
Shlyakhtenko 2011; Avsec 2011]. However, the techniques are more difficult than
the case of g-Gaussian algebras. We have to use some nontrivial tricks to achieve
certain results similar to those in [Avsec 2011].

The ultraproduct method plays an essential role in many aspects of this paper.
It is well known that CCAP is a stepping stone for proving strong solidity. The
transference method mentioned above relies entirely on an embedding of I'p into an
ultraproduct of von Neumann algebras which preserves the Wick words. This allows
us to transfer the CCAP result of the constant g case of Avsec to the current mixed ¢
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case. The argument can be illustrated using the following commutative diagram:

Ty mny =
Fo —— [Lnu Tu(t3) ®T5ga,

l% l‘ﬂm (A)®id

Ty —
Fo —— [ T4(€3) ®T5ga,

The notation will be explained in the proof of Theorem 5.5. The map 77, can be
understood as an approximate comultiplication. Without the help of the ultraproduct
method above, we will have to extend directly the argument for the constant g case
to the mixed g case, which may be very hard due to the involved combinatorial
structure.

We also prove some analytic properties for I'g following the unified ultraproduct
approach. The cornerstone is a Wick word decomposition result, whose proof in-
volves some complicated combinatorial and probabilistic arguments. In this context,
the ultraproduct construction provides a natural framework to encode Speicher’s
central limit theorem; see [Speicher 1992; 1993; Junge 2006]. Furthermore, the
Wick words are identified as some special sequences in the ultraproduct of spin
matrix models. Once we have the Wick word decomposition, it follows immediately
that the Ornstein—Uhlenbeck semigroup (7;),> associated to I'g is hypercontractive:
For1 < p,r < oo,

2t<p_1

IT L, -z, =1 ifandonlyif e~ < T
r_

Here, L, =L ,(I'g, Tp) is the noncommutative L , space associated to the canonical
tracial state g on I'g. This result is a vast generalization of the work of Biane
[1997] and Junge et al. [2015]. Indeed, we obtain hypercontractivity results for
free products of g-Gaussian algebras and, in particular, free products of Clifford
algebras. More exotic choices may be obtained for general g;;. We also recover and
extend the result of Lust-Piquard [1999] on the boundedness of Riesz transforms.
Let A be the number operator of I'g, which is also the generator of 7;. Define the
gradient form (Meyer’s “carré du champ”) associated to A as

T(f.8) =5(A(fMg+ f*Ag — A(f*8))
for f, g in the domain of A. We show that
(a) for p > 2,
A2 1L, < max{ITCE ) 21 ITCGE £ 210 < K 1A £

with ¢, = O(p?) and K, = O(p*/?);
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() forl < p <2,

KA = | inf {IEG ) 2l +IEGR) 21, < Cpl A2 71,
8€GS.heG’,

with K,y = O(1/(p—1)¥?) and C, = O(1/(p — 1)?), where § is a derivation
related to the Riesz transforms and G, and G', are two Gaussian spaces (all
will be defined below).

Moreover, we obtain the L, Poincaré inequalities:

If —to(HOll, < Cy/pmax{IT(f, /)1, D HY2,} for p>2.

This is an extension of similar results for the Walsh and Fermionic system in [Efraim
and Lust-Piquard 2008]. It is known that the constant C,/p in such inequalities is
crucial for proving concentration and transportation inequalities; see, e.g., [Zeng
2014].

The paper is organized as follows. Some preliminaries and notation are pre-
sented in Section 2. We construct the mixed g-Gaussian algebras and the Ornstein—
Uhlenbeck semigroup in Section 3, where the Wick word decomposition result
is also proved with a lengthy argument. The analytic properties are proved in
Section 4, and the strong solidity is proved in Section 5.

2. Preliminaries and notation

2A. Notation. We write [N]={1,2,..., N} for N € N. The set of nonnegative
integers is denoted by Z.. For n € N, we denote by M), the algebra of n x n matrices.
We will use some notation to analyze combinatorial structures following [Speicher
1992; Junge et al. 2015]. Denote by P (d) the set of all partitions of [d] = {1, ..., d}.
For o, 7w € P(d), we write 0 <1 or m > o if o is a refinement of 7. We denote
the integer valued vectors by i, j, etc. Given i = (i1, ..., ig) € [N]%, we associate
a partition o (i) to i by requiriné k, | € [d] belonging to the same block of o (i) if
and only if iy =1i;.

We denote by |S| or #S the cardinality of a (finite) set S. If d is an even
integer, we define P»(d) to be the set of pair partitions of [d], i.e., P»(d) consists
of m ={Vi, ..., Vgs2} such that | Vi| = 2 for every block V. Write V; = {ex, zx}
with e; < zx and e] < ey <--- <eyp2. Given w € P,(d), the set of crossings of 7
is denoted by

2-1) 1(n)={{k,l}|1§k,l§d/2 and ek<eg<zk<zl}.

For d € N, we denote by P;(d) the one element set of singleton partition of [d], i.e.,
P1(d) = {oo} and op = {{1}, {2}, .. ., {d}}. Let P; 2(d) denote the set of partitions
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consisting of only singletons and pair blocks, and P.(d) = P(d) \ P 2(d). Let
o € P »(d) be given by
o= {V17 AR VS+M}’

where the V;’s are singletons (V; = {e; = z;}) or pair blocks (V; = {e;, z,}).
Assume there are s singleton blocks and u pair blocks in 0. Let o, be a subpartition
consisting of the u pair blocks of o € Py >(d). Denote by 1,(0) := I(0),) the set of
pair crossings of o given in (2-1) and define

Ip@)={irt} e <er=z <z

to be the set of crossings between pairs and singletons.

Given a discrete group G, the left regular representation is A : G — £,(G),
AMg)dp = 8, for g, h € G, and (§,)gec 18 a canonical basis of £,(G). The group
von Neumann algebra of G is denoted by LG and the canonical trace by 75. The
Kronecker delta function is denoted by 6; ;. The use of two §’s will not appear in
the same place. It should be clear from the context which one we are using. We
let 1,, denote the n x n matrix with all entries equal to 1.

2B. Spin matrix model. We consider a general spin matrix model, following [Lust-
Piquard 1998; Junge et al. 2015]. Fix a finite integer N. Let Jy , =[N] x [m] and
Jy =[N] x N. We usually do not specify the dependence on N and simply write
Jm=Jn.m and J = Jy if there is no ambiguity. We equip J,,, with the lexicographical
order. Lete: J xJ — {—1, 1} be amap satisfying e(x, y) =&(y, x) and e(x, x) =—1
for all x, y € J. Consider the complex unital algebra A,, = A,,(N, ) generated by
(x; (k) (i, k)eJ,,» Where the x; (k)’s satisfy x; (k)* = x; (k) and

xi(k)x; (1) —e((, k), (J, D)x;(Dx; (k) = 28(.x),j.0)

for (i, k), (j, 1) € J,,. It is well known that the x; (k)’s can be represented as tensor
products of Pauli matrices. Thus A,, can be represented as a matrix subalgebra
of M,vnm. A generic element of 4, can be written as a linear combination of words
of the form

XB = xil(kl) o 'xid(kd)’

where B ={(i1, k1), ..., (ig, ka)} C Jm. We say xp is areduced word if the x;, (k,)’s
in xp are pairwise different for r =1, ..., d. Using the commutation relation, every
word £ can be written in the reduced form, denoted by E There is a canonical
normalized trace t,, on A, such that 7,,(xp) = §p & for a reduced word xp.

2C. Pisier’s method for multi-index summations. Let o € P(d) be a partition. In
the following we need to estimate the L, norm of

Y xitk) e xalka),

ke[m]?:0(k)>o
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where x; (k;) € () p<oo L,(t), and L,(7) is a noncommutative L , space associated
to a trace 7. To this end, we follow Pisier’s method [2000]. As illustrated in the
proof of [Pisier 2000, Sublemma 3.3], one can find & (ky), ..., &;(kg) € LG such
that 7 (&1 (k1) - - - §a(kq)) = 1 if and only if o (k) > o and 7 (&1 (k1) - - - §4(ka)) =0
otherwise. Here, G is a suitable product of free groups, LG is the von Neumann
algebra of G, and 74 is the canonical trace on LG.

Let us explain this in more detail using an example. We denote by [, the free
group with free generators (g;);c[m]. Suppose d =6 and o = {{1, 3, 5}, {2, 6}, {4}}.
In this case, G =F,, x F,, x [F,,, and for i € [m],

) =2g)"®1®1, () =10Arg) ®1,
) =rg)R1®A(g)", &H=1®1&1,
E()=101QA(g), (i) =1®A1(g) Q1.

Then ‘L’G(El (k]) s §6(k6)) =1 if and only if k] = k3 = k5 and kz = k6.
Returning to the general setting, consider the algebraic tensor product LG®L , (7).
Since 7s ® id extends to contractions on L, using Holder’s inequality, we have

Yo xlk)xaka)

ke[m]?:0(k)>o

Y €k Eaka))xi(kr) -+ xa(ka)

ke[m]4

> &) @x1 (k) -+ -Ea(ka) ® xa(ka)

ke[m]?

-]

i=1

P p

=<

p

Y &) @ xi (ki)

ki=1

pd

If i belongs to a singleton block of o, then &; (k;) = 1 and

Zxxk,»)'
ki=1

If i does not belong to any singleton of o, then it is well known that

pd pd

D& (ki) @ xi (ki)
ki=1

D& (ki) ®xi (ki) > g ®xi (ki)
k,‘:l kl':l

pd pd

By [Pisier 2000, Lemma 3.4], we have, for any even integer p > 2,

p

> g ®xi (ki)
kizl |

2
(Zx,- (ki)x; (k»*)
ki

’

3
< — max
7 max| p

i

%
(in(k»*x,- (k»)
ki



106 MARIUS JUNGE AND QIANG ZENG

We record this result as follows. Denote by oiine and oy, the union of singletons and
the union of nonsingleton blocks of o respectively. Thus we have #oying +#0,s =d.

Proposition 2.1. Let o € P(d) be a partition and x;(k;) € L,(t) for k € [m]?
and i € [d]. Then, for any even integer p > 2,

Z xy(ky) - - xq(ka)

ko (k)=0 P
37 H#opg m m %
< (T) [T x| ]I max{ ‘(Z x; (ki) x; (k,->> :
i€5ing | ki=1 Pd ey ki=1 pd

m 1
‘(Z % <kl~>xz-<k,->*)2 }
ki=1 pd

This result will be used in a slightly more general setting. We may have other
fixed operators, y;’s, inside the product xi (k) - - - x4(kg). In this case, we may
simply attach the y;’s to their adjacent x; (k;)’s and then invoke Proposition 2.1.

3. Construction and Wick word decomposition

The algebra we study here can be constructed using purely operator algebraic tech-
niques if max;<; j<n |gij| < 1 as shown in [Bozejko and Speicher 1994]. However,
we use the probabilistic approach due to Speicher [1992; 1993]. This is convenient
for studying the analytic properties following Biane’s original idea [1997]. The
main result of this section is Theorem 3.8. Although the proof is unexpectedly
lengthy, the analytic properties are easy consequences of this result. As a byproduct,
we also provide an alternative construction of the Fock space representation.

3A. Speicher’s CLT and von Neumann algebra ultraproducts. Let Q = (g;;) lN =1
be a symmetric matrix where ¢;; = ¢(i, j) € [—1,1]. Note that we do not
specify the values on the diagonal. Following the notation of Section 2B, we
consider a probability space (€2, P) and a family of independent random variables
e((i, k), (j,1): 22— {—1, 1} for (i, k) < (j, ) with distribution

P(e(, k), (. D) = —1) = 3(1 —q(, ),

P(e(i, k), (j. D) =1) = 3(1+4(, ),
so that E[e((i, k), (j,1))] = q(i, j). Here, (i, k), (j,I) € [N] x N. Given w € £,
the commutation/anticommutation relation is fixed. We understand all generators
x;i (k)(w) to depend on w. Restricting k € [m] we get random A,,. Because the

dependence on w should be clear from the context, we will not write @ in the
following to simplify notation. Let X; (m) = \/Lﬁ Yo xi(k).

(3-1)
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The following central limit theorem result was due to Speicher [1993] and is a
generalization of [Speicher 1992]. We streamline Speicher’s proof in the appendix
for the reader’s convenience. The same strategy will be used repeatedly when we
prove Theorem 3.8.

Theorem 3.1. Leti € [N]*. Then

lim g, (%, (m) T m) =82z Y ] alite.ite) as.

oePy(s) {r,t}el (o)
o=<o(i)

Here and in what follows, we understand H{i,j}era q(i, j) to be equal to 1.

By Theorem 3.1, we can find a full probability set €29 C €2 such that the con-
vergence holds for all w € ©¢. Fix a free ultrafilter &/ on N. By the well-known
ultraproduct construction of von Neumann algebras (see, e.g., [Brown and Ozawa
2008, Appendix A]), we have a finite von Neumann algebra Ay := [, 1 Am
with normal faithful tracial state 7, = lim,, ¢/ 7,,. Put A7} = N p<oo L ,(Ay). For
each w € Qo,

(Xi(m)(w))* € Afy .

Here and in what follows, we write (X; (m)(w))* for the element represented by
(X; (m)(w))men in the ultraproduct. We have the moment formula

(3-2) w (@ m) @) - G m)(@)) =8ez Y, ] alen,ite).

o€Py(s) {r,t}el (o)
o=<0o(i)

It follows that
7 (| (X (m) ())*|”) < Cp?.

By the uniqueness argument in [Junge 2006, Section 6], the von Neumann algebras
generated by the spectral projections of the (X;(m)(w))*, wherei =1, ..., N, for
different w € ¢ are isomorphic. We denote by I'g any von Neumann algebra in the
isomorphic class with generators (X; (m)(w))®, where i = 1, ..., N. This algebra
was introduced by Speicher [1993] and studied in [Bozejko and Speicher 1994; Lust-
Piquard 1999]. Note that (X;(m)(w))* may be an unbounded operator, therefore
may not be in I'p. But, by our construction, it belongs to Fg’ = p<oo Lp(To, T00).
In the following, whenever we say that the (X;(m)(w))*, where i =1, ..., N, are
generators of I'p, we always mean (X; (m)(w))* € Fgo and I'g is generated by the
spectral projections of the (X; (m)(w))*’s. We call 'y the mixed g-Gaussian algebra,
and Q the structure matrix of I'g. Sometimes we also write Tp = 7[r,.

There is another way of constructing I'g. All the x; (k)’s are in fact in L~ (£2; A,,)
and thus X; (m) € Lo (2; A,,). Here, the trace on Lo (2; A,,) is given by E®Q 7,,,. By
the same CLT argument as for Theorem 3.1, we find the moment formula (A-4) in the
limit, which is the same as (3-2). Therefore, as before, the (X;(m))* fori=1,..., N
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generate a von Neumann algebra, denoted by Fé. We call it the average model.
Using the uniqueness results in [Junge 2006, Section 6], we have that Fé is
isomorphic to I'p. When we write (X;(m))*, it can mean either an element in
MNp<oo L (I T Loo(82: Ap)) or simply (X; (m)(w))* for some w € . It should
be clear from the context which one we are using. In fact, we may simply write
X1, ..., xy for the generators of I'g if we are not concerned with the construction.

By considering different structure matrix Q, we can construct various examples
as special cases of I'p. The same philosophy was used before by Lust-Piquard
[1999].

Example 3.2. T, (H), where g € [—1, 1] is fixed. If q(i, j)=q all 1 <i, j <N,
then we recover the classical g-Gaussian algebra I'; (H), where H is a real Hilbert
space with dim H = N.

Example 3.3. x7_, I, (H;), where q; € [—1, 1] is fixed fori =1, ..., n. Here, the
H;’s are real Hilbert spaces with dim H; =d;. Let N =d; + - - - +d,. Define Q as
follows. For k =0,...,n—1land 1 <a, 8 <di41, put

k k
Q(Zdj +«, Zdj +,3> = qk+1,
Jj=1 j=1

and ¢g(«, B) = 0 otherwise. Then by the moment formula (3-2), we recover
x!_, I;;(H;). The case ¢; = —1 foralli =1,...,n was considered in [Junge
et al. 2015].

Example 3.4. @;’ZI(F%(H,-) * '), (K;)), where q;, p; € [—1, 1] are fixed. Here,
the H;’s and K;’s are real Hilbert spaces with dim H; = d; and dim K; = d;. Let
N=3Y7  di+d.Fork=0,...,n—1,define

i i gi if 1<a,B=di,
a( > (dj+d))+e, Z(dj+d‘;)+ﬁ) =1p ifdip+1<a, B<dy+d,,,

= j=1 0 if l<a<diy1<B=dit1+dj,

and ¢ («, B) = 1 otherwise. Let Q = (Gq,p)1<a,p<n- By the moment formula (3-2),
this model gives mixed products of g-Gaussian algebras. For example, consider the
von Neumann algebra of the integer lattice L(Z"). We may identify L(Z") with
_?:1FQ(R) via A(gk) > Xk, where the g;’s are the generators of Z" and the x;’s
are generators of @;’ZIFO(R). Alternatively, by extending A(gy) > Xok—1X2k, We
may embed L(Z") into @"_,T_1(R) * T_; (R).

3B. Wick word decomposition. For our later development, we need an analogue of
Wick word decomposition, i.e., rewriting (X;, (m))* - - - (X, (m))* as a linear combina-
tion of Wick words (to be defined) so that we can analyze the Ornstein—Uhlenbeck
semigroup easily. This procedure is conceptually clear with the help of Fock
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space representation because (Xj, (m))* - - - (x;,(m))* belongs to L>(I'g) and L, (Tp)
should coincide with the Fock space, which is spanned by Wick products; see
[Bozejko et al. 1997; Bozejko and Speicher 1994]. However, we do not know
the explicit formula for the decomposition of (X, (m))* - - - (X;,(m))* in terms of
matrix models. Moreover, the known Fock space construction usually requires
maxi,j|ql-j| < 1.

Our approach is again probabilistic. We refer the readers to Section 2A for the
notation used in the following. By definition

~ ~ 1 :
(X, (m))* - - - (Xi, (m))* = (W Z xiy (k) - - - xi (kd)) .
ke[m]?
Note that

> i k) - xiy (kg)

ke[m]4
= > D xk)xka+ Y Y xi k) xi(ka).

0€Py(d) o(k)=0 oeP (d) o(k)=0
We first record a simple algorithm which we will refer to later on.

Proposition 3.5. Leti € [N]Y, k € [m]?, o (k) <o (i) and o (k) € P, »(d). Then
there is a specific algorithm to interchange x;,(ky)’s in x;, (k1) - - - x;,(kg) such that

(1) xj (k) - - xiy(kg) = e, K)xj (1} - - xj (Ly) - - - xj,(I)), where (i, k) is a ran-
dom sign resulting from interchanging x;, (ky)’s which is given by

e, k=[] elite). kel lier). k(e)])
{rst}EIsp(G(lj))
<[] elite. k(e Titen). k(e)D:

{rvt}€117(0(]£))

(2) (11, ....1}) are pairwise different and maintain their relative positions in k,
ie, (I1,...,1}) is obtained from k by removing the ky’s which correspond to
pair blocks;

3) l;+1 :l;+2’ SRR l:i—1 = léz-

Proof. Since o (k) € Py 2(d), for each k,, in k, there is at most one kg in k equal to k.
We can find the first k, corresponding to a singleton in o (k), and move x;, (kq)
to the beginning of the word by interchanging it with the x;, (kg)’s which are to
the left of x;,(ky). Rename this x;, (ky) to be xj, (li). This process produces a
product of random signs of the form &((iy, ks), (ig, kg)), where k, corresponds
to a singleton and kg corresponds to a pair block in o (k). Then we repeat this
procedure for the second k, corresponding to a singleton in o (k), and rename
it xj, (lé). We continue until all the x;,(ky) corresponding to singletons in o (k)
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are in front of the remaining Xig (kg)’s corresponding to pair blocks in o (k). In
this way, we get x;, (1) - - - x, (I;) and a product of random signs. Afterwards, we
rename the variable x;, (k) right-adjacent to x; (/) tobe x; ,, (I ; +1)- Then move the
other term with the same k, to the right of x; (I, ), and call it x;_, (/). This
produces a product of £((i, ko), (ig, kg)), where kg and k, correspond to different
pair blocks. Repeat this procedure for the next pair of k,’s. After finitely many
steps, the algorithm will stop and we obtain e (i, k)x;, (1)) - - - x;, (I}) - - - x, (1)) with

the desired three properties. ([l
We write

(3-3) s ) = keqys - - s kn(a))s

where 7 is a permutation determined by the algorithm. Similarly, (ji, ..., ji) =

(xctys -+ ix@)). Let

G4 L=, ..., L=l L=l =L, ... L=l =1

Here, s and u are the number of singletons and pair blocks of o (k), respectively.

Lemma 3.6. Let o € P 2(d). Then, for all 2 < p < oo and fixed w € 2,

) 1
lim HW Yo x k) xi k)

m— 0o
kelml?:o (k)=0

=0.

1
o an Z En,olxiy (k1) -+ - xi, (ka)]
m Ly(Am.tm)

ke[m)?:0 (k)=0

Here, N (k) denotes the von Neumann algebra generated by all the x;,(ky)’s, where
the ky’s correspond to singleton blocks in o (k).

Proof. Let s and u denote the number of singletons and pair blocks of o, respectively.
Clearly, s 4+ 2u = d and there are

Mgy :=mm—1)---(m—s—u+1)
vectors k € [m]¢ with o (k) = o. Let [ be given in (3-4). [ is a vector of length s 4 u.
Let 4y, ..., 8, be i.i.d. random selectors uniformly distributed on {1, 2, ..., s + u}
which are independent from L, (€2; A,,). If all the /,’s are pairwise different, then

by independence,

Es (L, =111, =21 -+ 1sy, .y =su) = (s +u) 777,

where E; is the expectation with respect to the §;,’s. Define random sets B, for
g=1,...,s+uby
B, ={l; € [m]: 81q =gq}.
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Then, for each instance of the s, the B,’s are pairwise disjoint and their union
is [m]. By (3-3), there is a 1-to-1 correspondence between k and /. We may rewrite

Do xik) - xig(ka)

ke[m]?:o(k)=0c

= > xiy (k1) -+ - xi, (ka)

le[m]PH:o(De P (s+u)

=@+w™ " Bl —ulisy,=21 - Lisy,,, =s-tanXi (k1) - - X, (ka)]
Lio(l)ePi(s+u)

:(S+u)s+u[E3( Z inl(kl)"')ﬁd(kd))y

lA’+u eBJ+u ZIEBI

where o (/) € Pi(s + u) amounts to saying that all the /,’s are pairwise different.
Forg=s,s+1,...,s +u,let N, (k) be the von Neumann algebra generated by

{xj,(I}) a <s4+2(q — )}

Recall that [, = kn(d—l) = kﬂ(a’). Let

wiUop) = Y o > xi (k) xi,(ka).

l.v+u71€Bx+ufl IIEBI

Here we only fix /;4, and sum over all the other indices. It is straightforward to
check that

{wlvl (ls‘Hl) - Ev/\/S+I.l*1 (]S) (wlal (lY‘Hl)) }lx+u EBXJru

is a sequence of martingale differences. Using the noncommutative Burkholder—
Gundy inequality [Pisier and Xu 1997], we have

S (i) - xiy (ka) = En ol (R0 - - X0, (ka)])

J+u€Ba+u lleBl

= “ Z (wl’l (ls+”) - ENH—M—I (k) (wl,l (lS-Hl)))

p

15+14€BA'+M I
2
scp( Y i) = Exp o wii Gs )|
ls+u€BA'+u

%12 \2
+ | (Wi g Us) = Engp iy Wi 1 Us )| )
p

I
€
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By the triangle inequality, we have

v < Cp\/ |Bs+u| sup ”w[,[(ls—m) - EM-Jru,l(lg)(wg,[(ls—l—u))”p

lv+u 63r+u

<2C,V/IBstul sup  lw; i Usr)llp-

A‘HAEBA‘HA

Recall that ko = [;-1(y if & is a singleton of 0. In this case, Ig € Bg if and only if
ko € B;-1(4), Where (8) = . Replacing p by a larger even integer if necessary,
arguing as for Proposition 2.1, or simply adding zeros to apply Proposition 2.1, we

find
el < () TT ] 2 o) [1n"

QET5ing kaEBn—l(a) pd QED s

Here, o is obtained from o by erasing one pair block containing 7 (d) so that
#0,s = 2(u — 1). We mention one subtlety here in applying Proposition 2.1.
Since s, is fixed, the term x;, (/;4,) is regarded to “attach” to its adjacent term.
For instance, x; ,(k )X, (Ls+u)Xi; (kj) is regarded as a product of two terms, i.e.,
[x; /(k X, (lv+u)]xlj (k;) or x; /(k DIESS (lg+u)xlj (k;)]. Using the noncommutative
Khmtchme inequality [Lust- P1quard 1986; Lust-Piquard and Pisier 1991] or the
Burkholder—Gundy inequality [Pisier and Xu 1997], we have, for o € O’smg,

> i, (ka)

kaEanl(a) pd
1/2 172
<Cpa max{ > i, (ko) xi, (k) > i, (ka)xi, (ka)* }
T pd/2 pd/2
< deml/z.

It follows that [[w; ;(ls+u) ||y < Cp.om*/? =1 and thus ¥ < Cp, ,m*/>T4=1/2. We
have shown that

(5 — /2 Yoo k) - xiy (kg
ls+u€Bstu  LIEB) Cp o
— Ex ol (k1) -+ xiy (k)] | < 2
p m
Repeating the argument u — 1 times by replacing u withu —1,u—2, ..., 1, we find
1
— | 2 2o (Bl () -y (k)] = gy (k) -+ i (ka)))
quBq 11631 P
< Cp,o
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forg=s+u—1,...,s+1. In this iteration argument, we use the same “attaching”
procedure as described above in order to apply Proposition 2.1. By the triangle
inequality, we have

C
md/2 Z Z xll(kl) xid(kd)_EM(lj)[xil(kl) : "xid(kd)]) =< mll)’/z
ls+u€Bsyy L1 €B p
Hence, by Jensen’s inequality,
H 3 iy (k) iy k)= D Ensawlie (k) - (ko)
k: UQC) o k o(k)=0 Lp(Am,tm)
(s+u)s+u
=B D o D (k)i (k)= Exg b (k) -y (ko))
Z.H—u EBs+u ll EBl p
< Cro i
= ml2
In the last inequality, the upper bound holds for every instance of § and thus holds
for the average. The proof is complete by sending m — oo. ]
Lemma 3.7. Let 0 € P.(d). Then, for all p < oo and fixed w € L,
1
mlzmoo\ a2 o) ko) =0.
k:o(k)=0 Lp(Ap,tm)

Proof. We follow the same argument as for Lemma 3.6 and only indicate the
differences. For o € P,(d), there is at lease one block with more than two elements.
Without loss of generality, assume there is only one block in o with more than two
elements. Suppose this block has, say, three elements. We list the running indices k
in the sum as {/y, ..., L, ls+1, .-, Lsu, Ls+u+1}, Where there are s singletons, u
pairs and one block with three elements in o. Using the random selectors, it suffices

to show that
1
WH Do D xi k) e xi, kg

Is+ut+1€Bstut1 lieB;

p

as m — oo, where By, ..., Bs4,4 are disjoint random sets with union [m]. Denote
by N4 (k) the von Neumann algebra generated by x;,, (I,) for all & < s +2u,
where [' is a permutation of k so that [y =1}, ..., [y =1, i1 =1 | =1, etc.
Then using the noncommutative Burkholder—Gundy inequality, we can show that

1
Py H Do (i k) e xiy k)= E o Dxi (k) - i, (ka)])

Istu+1€Bsut1  11€B) p

Cp76m5/2+u+1/2

= Tt —0
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as m — oo. It remains to show

1
—7 ( Yooy Em(k)[xixkl)---xid(kd>]) — 0.
ls+u+l€Bs+u+l IIEBI p
Note that
1
2 ( Z Z EM-+L,(k)[xi1(kl)'"xid(ka')])
Istus1€Bsyur1  11€B) 14

Do xi k) - xiyy(ka)

Y+MEBY+IA IIEBI

1
< —
<~ Y

IS+M+1 EB.Y+M+1

P
Now apply Proposition 2.1 with the same “attaching” procedure as above, yielding

Do Y k) e xiy (ka)
p

ls+u€Bsty LeB

< prams/Z-i-u ,

which gives a decay factor and completes the proof.

Theorem 3.8. Let (X;(m))* € (), .00 Lp(ITnos Loo(S2 An)) for j =1,...,d.
Then
E m)* - G, ) = > wol),

UEPl_z(d)
o=<o(i)

where the equality holds for all w € Q and
. 1 ’
(3-6) we (i) = (W Z En, o lxi (k1) - - 'xid(kd)]> .
ke[m]?:0 (k)=0
Proof. By Lemmas 3.6 and 3.7, we have
~ . ~ 3 1 :
@& m)* - G (m) = > (W Y Enwlxi k) -xid(kd)]) :
oePa(d) ke[ml?:o (k)=0
By Proposition 3.5, we write
Gtsevvs ) = Gn)ys oo s in@)  and (1}, ..., 1) = (ke(r)s - - s k@))-

It follows that
E N, Lxi, (k1) - - - xiy (ka)) = G, k) (1) - - x5, (D8 iy joa = Sjara

Note that En;, ) [x;, (k1) - - - xi,(kq)] is nonzero only if ji11 = js42, ..., ja—1 = Jja-
Since o (k) = o, we have o < o (i). U

If o <0o(i), we call the w, (i) defined in (3-6) the arbitrary Wick words. By
Theorem 3.8,

L(Tg) C Ly-span{w, (i) :i € [N]?, 0 € Py »(d).d € N}.
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Here and in what follows, L ,- span W means the L ,(7y) closure of linear combi-
nations of elements in W. We want to identify L,(I"p) with the span of fewer Wick
words. Let i € [N]® for s € N. We define the special Wick words

| .
3-7) w(i) = (m Yoo k) ex, (ks)) :

kelm):o(k)ePi(s)

Leti’ € [N ¥, In order to understand the inner product of w(i) and w(i’), we
first introduce some notions. Let {2-1,2-2,...,2-s} be a multiset, each element
with multiplicity 2. One can regard it as a set of cardinality 2s given by [25] =
{1,2,...,s, T, 5, ...,5). Leto’ be a partition of the set [2s]. We call it a bipartite
pair partition of [2s] if

ab={{ek,zk}:ek=1,2,...,s,zk=T,§,...,?}.

Let Pb(2s) denote the set of all bipartite pair partitions. Let i, i’ € [m]®, where i’ is
understood as a map i’ {1 2,. ., 5} — [m]. Define the concatenation operation by

(3-8)

le~.

Ul_=(11,...,is,i%,...,i§).

We denote by o (i Ui’) the partition induced by i and i’ on the multiset [2s]. For
example, {k, [, k} are in the same block of o (i LIi") if iy =i; = i,E‘ Giveno’ € P2b(2s),
define the set of bipartite crossings by

P ={{k.l}: 1<k, l1<s e <e, 2>z}
Recall that (w (@), w(i)) = qlw (@) w(@)].

Proposition 3.9. Let w(i) and w(i’) be special Wick words. Then there exists a full
probability set Qo C Q2 such that for all w € Q,

Yo 1 aGeite) it ... ih=tif. ...

(w(i), w(i’)): obePb(2s) (rt}elb(0?)
B - ob <o (iui’)
0 otherwise,
where {iy, ..., is} = {i],..., i} means that i and i’ are equal as multisets, i.e.,

both the elements and their multiplicities are the same.

Proof. We follow the same argument as for Theorem 3.1. By definition,

. ./ 1 / /
(WD) wi) =lim —m T walr (k) - (i (k) -, (k)]

k,k':0(k)ePi(s)
o(k')eP(s)

Since all the ks are pairwise different, 7, [x, (k) - L X! ((kDxi (k) - xi (k)] =
unless s = s’. Moreover, every x;, (ky) has to be the same as exactly one xit (k’ )
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to contribute to the sum. This implies i and i’ are equal as multisets. We rewrite

Do Tl (k) xR, (R - x ()]
kKo (k)ePi(s)
a(K)ePi(s")

= > Tl k) xy RDxi (k) - xi, (k)]
o (k).0 (K)e Py (s)
= > > talxg k) xR, (K - x (k)]
obePl(2s) o (kuk)=o"
ol <o (iui’)
If {r, t} € I”(c?), then we have to switch x;(,)(k(e,)) and x;(,(k(e;)) to cancel
the corresponding x;(;,y(k(z,)) and x;(,)(k(z;)) terms. It follows that

T 6 (k) - - - xip (k) xi, (k) - - - xi, (k)] = 1_[ e(li(er), kep)], [ier), ke)]).

{r.t}elb(a?)
Since k € P;(s), by independence, we have

1
— Z i [xiy (k) - - g (kDxiy (k) - - - i ()]

o (kuk')=o" =m(m_1)(m—s+1) 1—[ g(ie,), i(e)).

ms
(r,t}elb(ob)

Hence, if i =i’ as multisets, then

Ew@), wi)= > ] aln, i)
abePb(2s) (rt}el(a?)
ol <o (iui’)

To show almost sure convergence, let
1

Xm=—o 3 2 b (k) oy (KD, (k) o (k)
o’ e Pl (25) o (kuk))=c?
ob<o(iui’)

Since P(w : |X,n — EX,n| > n) < Var(X,,)/n?, by the Borel-Cantelli lemma, it
suffices to show that Z;’le Var(X,,) < oo. But

Var(Xm)zﬁ > > Vi

ob,wbe Pl (2s) o (kuk))=0"
o(Que)=m’
where

Vieo = E(lxig (k) - - - xi (KD xiy (k) - - Xz, (ks )]
X Ty [Xi7 (€5) - - - xir (€)X, (€1) - - - xi, (€5)])
— E(mmlxiy (kg) - - - xip (kDxiy (k) -+ - xi, ()]
X BTl (€9) - - - xi () xi, (1) - - - x4, (€5)])
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= [E[ [[ eiten). k(en]. li(er). kel
{r,t}elb(o?)
<[] edien). tle)l. liter), E(em)]

{(r',t'}elb(m?)

- ] ate)ien ] atien, iten).

{rt}elb(o?) {r',t'}elb(zb)

By independence, Vj ¢ is nonzero only if there are two pairs {r,t} € | b(o?) and
{r', '} € I’(w?) such that {k(e,), k(e;)} = {£(e,), £(e)}. In this case,

#k K 6 € okuk)=0"and oL E) = 7"} <m*m’ 2 =m> 2,

Since Vi ¢ is uniformly bounded and C(s) := [#sz (25))? is independent from m,

oo oo C(S)
E Var(X,,) < E e < 00. U
m=1 m=1

Recall the notation /,,(0) and Ip(o) from Section 2A. For i € [N 1“ and o €
P12(d) with o <o (i), put

(3-9) foiy=J] atie)ie) T[] atite. i),

{rtiel, (o) {rit}elsp(o)
with the convention that the product over an empty index set is 1.

Proposition 3.10. Let o € Py 2(d) and o’ € Py »(d’) be partitions. Let w, (i) and
Wy (i") be arbitrary Wick words as defined in (3-6). Then, for almost all € 2,

(3-10)  (wq (1), wor (i)
_ {(fa(i)w(l.np)v fa’(!)w(!np» if o <o(i) and o' < U(L/),
0 otherwise.

Here, iy is the vector obtained by removing coordinates in i which correspond to
the pair blocks of o.

Example 3.11. Suppose thati = (2,4,7,4,7) and o = {{1}, {2}, {4}, {3, 5}}. Then
inp=(2,4,4).

Proof of Proposition 3.10. By definition,

. ) ) 1
(wo (), wo/ (1)) =lim — s D Tl (k) - xig () (k) -+ xiy (k)]
kk:o(k)=0
o (K)y=o'
Note that w, (i) is nonzero only if o < o (i). Then ky = kg implies i, =ig. By (A-2),
we may assume that, in x;, k) -- - X! (kD xi, (ky) - - - xi, (kq), if ko = kg for a # B,
then k; # ko for all y € [d']. In other words, k, # k;, forall « € [d] and y € [d'] if



118 MARIUS JUNGE AND QIANG ZENG

both of them belong to pair blocks. Applying Proposition 3.5 to x;, (k1) - - - x;, (kq)
and x;/ (k7) - - Xt (k,), we find

Tlxir, (k) -+ - xig (ki (k) - - xiy (k)]
=e(i, ke, K)tmlxy, (€g) -+ xj (€)x, (€1) - x (€],

where £ € Pi(s), £’ € Pi(s), j = inp, j' = i'np, and (i, k)e(@’, k') is given in
Proposition 3.5. By independence, we have

Ermlxir, (kip) - xig (R, (k) - - i, (k)]
= ] atie)ie) [] qlen.ie) [ gl i)

{r1}el, (o) {r1)elyp(o) {r',t"Yel (o)
< 1 atter.iten)Ennley, (€h) - xj (€)xj, (€1 - x, (€]
{r' 1"}l (o”)
As shown in Proposition 3.9, 7,[x;, (15;,) C X ()xj,(Ly) - - - xj,(£y)] is zero if
£ and ¢’ are not equal as multisets, and there is nothing more to prove. Assume
£ and ¢ are equal. Let u and u’ be the number of pair blocks in o and o’. By
Proposition 3.9, we find
m---(m—s+1) (m—s)---(m—s—u—u+1)
ms ' mutu’
X fo (D) for () Erm[x 7, (€g) -+ xj (€)X, (€1) -+ xj (s)]
= fo @) for (DEw (inp), w(i'np))-
The almost sure convergence follows from the same argument as for Proposition 3.9
using the Borel-Cantelli lemma and independence. ([

E{we (i), wo' (i) = };rz{{l

In the two proofs above, the Borel-Cantelli lemma may be avoided if we use the
average model I'Y); see Section 3A. Note that for i € [m]*, w, (i) = w(i) for any
o€ P (S)

Corollary 3.12. Let o0 <o (i). We have ws (i) = f5 () w(inp) for almost all w € Q2.
Proof. Since 14 is faithful on I'g, it suffices to show
T ((wo () = for (Dw(inp))* (Wo (i) = fo (DHw(inp))) =0,
But, by Proposition 3.10, we have
(W(inp), Wo (1)) = fo (D) (W (inp), W(inp))-
From here the claim follows by linearity. U
This result yields the identification
Ly-span{w, (i) :i € [N1, 0 € P12(d),d € Z4} = Ly-span{w (i) :i € [NT*, s € Z,.},

with the inner product relation given by (3-10).



ULTRAPRODUCT METHODS FOR MIXED ¢q-GAUSSIAN ALGEBRAS 119

Proposition 3.13. Ly(Tg) = Ly-span{w(i) :i € [N]*,s € Z}.

Proof. Write H,, := Ly-span{w(i) : i € [N]’,s € Z1}. By Theorem 3.8 and
Corollary 3.12, Lo(I'g) C Hy,. It remains to show that H,, C L»(I'g). We proceed
by induction on the length s of special Wick words w(i). First observe that if
o (i) € Pi(s), then the only partition o < o (i) is o (i) itself. In this case, by
Theorem 3.8, we have

(3-11) (Xi, (m))" - -+ (Xi, (m))* = we (i (D) = w(i) € L2(Tp),

since every (X;, (m))* isin () L,(Tp). Ifs=1,

p <00
1 m .
w(i) = (ﬁ kZ] xh(kl)) € Ly(Tp)
=
by definition. If s =2 and iy # i, then w(i) € L,(I'p) by (3-11). If i; =i», using
Theorem 3.8, we find

(i, (m))* (Xiy (m))” = wor i) (D) + We, (V) = 1+ we, (D),

where o € P;(2). It follows that w(i) = wg, (i) € L2(I'p). Suppose w(i) € L2(I'p)
for all i with |i| < s. Consider i € [N]*. We know w(i) € L,(I'g) if o (i) € P;(s).
If 0(i) & Pi(s), by Theorem 3.8, we have

(3-12) (X, (m))* - -+ (x5, (m))* = we,y (0) + Z we (1),
oePyo(s)
o=<o(i),0¢Pi(s)
where o € Py (s). By Corollary 3.12, we have w, (i) = fo ({)w(inp), and ipp is a
vector of dimension at most s — 2. By the induction hypothesis, w, (i) € L2(I'p)
for o & P1(s). We deduce from (3-12) that w(i) = wg, (i) € L2(T'g). O

3C. Fock spaces and mixed q-commutation relations. From the work in the
previous section, we can describe the Fock space and creation/annihilation operators
associated to I'p. Given a vector i, we denote by |i| the number of nonzero
coordinates ini. Let H AQ =span{w (i) : |i| =s}. We define the mixed Fock space by

oo
(3-13) Fo =P H).
s=0

Clearly, 7o = Ly-span{w(i) : i € [N]*, s € Z.}, which can be further identified
with L>(I'g) by Proposition 3.13.
Proposition 3.14. Ler x; = (ﬁ Y xi(k) e Iy for j=1,..., N be genera-
tors of T'g and w(i) € Hé Then

s -1
xjw() =w(ui)+ Y 8wl —i) [ [qGr.ip.

=1 r=1
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Here, jui = (j, i1, ...,is) € [N]**! is the concatenation operation defined in (3-8),
i—ip =1,y 01,0141, ...,05) With |i —i;| = s — 1, and we understand the
product over empty index set to be 1. Therefore,

o0 o0
Xj= Z Psi1xj Py + Z Ps_1x; Py,
s=0 s=1

where Ps : Fgo — H é is the orthogonal projection.
Proof. By definition,

1 < 1 ’
”w@=(7ﬁ§:”@“Eﬁ' > m%o~wah0

ko=1 ke[m]*:o(k)ePi(s)

| .
_ <W Z xj(ko)xi, (k1) - -« xi, (ks))

kouke[m1+!: o (koLk)e Py (s+1)

S 1 *
+ Z(W Z xj(ko)xi (k1) - -~ x;, (ks)) .
=1

kouke[m* ! ko=k;
a(k)ePi(s)

The first term in the above equation is clearly the special Wick word w(j Li). To
understand the second one, we define o; € Py 2(s + 1) by 07 = o (ko L k) for ko = k;
and k € Py (s), i.e.,

o ={{LI+1}, 2% .... (1L {{+2}, ..., {s+1}}.
Using (the proof of) Lemma 3.6, we deduce that the arbitrary Wick word satisfies
mG+D/2

kouke[m] ' ko=k;
o (k)ePi(s)

| .
(— Z Xj(ko)xil (k) - - * Xig (ks)> = Wq; (Jui).

Note that wg, (j Ui) is nonzero only if o; < o (j L) or equivalently j =i;. Using
(3-9) and Corollary 3.12, we find
-1
e, (j L) =874, [ [ G inw( — i) O
r=1

Define operators c; and a; acting on Fg by
s -1
(3-14) cjwd)=w(jui), aw@) =Y 8 ;wi—i]]adi.
=1 r=1

Clearly x; = ¢j +aj, ¢; = Y oo Psr1x; Py and aj = Y oo Ps_jx;P;. Since
xj=x7%, we have cjf =a;. We call ¢; and a; the creation and annihilation operators
respectively for j =1, ..., N. The following result is simply a recapitulation; see,

e.g., [Brown and Ozawa 2008] for more about QWEP C*-algebras.
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Corollary 3.15. Let FQ be the von Neumann algebra generated by (the spectral
projections of ) cj +aj for j =1,...,N. Then I'g = T'g. In particular, T'g is
QOWEP.

Proposition 3.16. For j,k=1,..., N, c¢; and c’; satisfy the mixed q-commutation
relation
(3-15) crci—q(j, k)cjeg =38 l.

Proof. Let w(i) € Hé. Then
s -1
ciejw(@) =ciw(ui) =w@+ Y 8;,w(iui —ing(in [ [ qGr i)
=1 r=1

But
-1

N
ciciw(@) =Y 8;,w(iu—in) [[at in.
=1 r=1
Hence c;fcjw(g') —q(J, j)cjc;fw(g') =w(). If j #k, then
K -1
crejw(@) = ciw(jui) =Y Seiw(Gul —iNg (. i) [ [aGr. ip.
=1 r=1

and
-1

S
cicqw@ =Y S uw(iuG—in) [ [qGr. i
=1 r=1
Hence c;c;w(i) —q(j, k)cjciw(@) = 0. O

Remark 3.17. The Fock space representation was studied in more general setting
by Bozejko and Speicher [1994]. Let (e;) be an orthonormal basis (0.n.b.) of a
Hilbert space H. One can construct the Fock space Fo(H) following [Bozejko
and Speicher 1994; Lust-Piquard 1999]. Let €2 be the vacuum state and W be the
Wick product, i.e.,

W(eil ®“'®eis)Q=ei1 ®"'®eis-

The Wick product was studied in detail in [Krolak 2000]. Suppose i € [N]* and
j € [NT¥. We have

(w@), w())=(e; @ - Qei,e;, Q- ®ej,),

where the left side is given by Proposition 3.9 and the right side is understood as
the inner product in Fo(H); see [Bozejko and Speicher 1994; Lust-Piquard 1999].
Our argument shows that one can alternatively implement (3-15) and construct the
Fock space using the probabilistic approach (Speicher’s CLT) and the von Neumann
algebra ultraproduct. If sup;; g;j <1andi € [N]*, we can identify our special Wick
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words w(i) with W(e;, ® - - - ® e;,). Thus we can also identify H é with H®S. This
identification will play an important role when we study the operator algebraic
properties of I'p in later parts of this paper.

3D. The Ornstein-Uhlenbeck semigroup on I'g. Let T;" denote the Ornstein—
Uhlenbeck semigroup acting on A,,; see [Biane 1997, Section 2.1]. T;" is given by

T x;, (ky) - - - xiy (ka) = e 7"x; (ky) - - - xi, (ka)
if o (k) € Pi(d). Let us first recall an elementary fact.

Lemma 3.18. Let (N, t) be noncommutative W* probability space, where N is a
von Neumann algebra and t is a normal faithful tracial state. Let T : N' — N be a
x-preserving linear normal map with pre-adjoint map Ty : Ny — Ni. Suppose T is
self-adjoint on Lo(N', ). Then T = T |-

Proof. Let x, y € N. Denote the dual pairing between x, € NV, and x by (x4, x),
which can be implemented by (x,, x) = T(x.x). Since N C N, = L1(\N, 1),

(Tx,y)=t((Tx)y) =(Tx,y" ), =1(x(Ty)) = (x, Ty) = (Tyx, y). O

Let (T;")« : L1(Ay) — L1(A,,) be the pre-adjoint map of 7;. By Lemma 3.18, it
coincides with 7; on A,,. Let ]_[m’u L1(A,,) be the ultraproduct of Banach spaces
Li(A,,). Recall that 4, = ]_[m’u Ay, 1s the von Neumann algebra ultraproduct in
Section 3A. Note we have the canonical inclusion Lj (A, 1) C l_[m,u Li(Ap, th)-
Let ((T/").)* be the usual ultraproduct of (7;"). If (x,,)* € Ay, then

(T (em)* = (T"xm)* € Ay

because sup,, ||7;"x, || < sup,, llxn|l < co. Hence, ((7;").)* leaves Ay invariant.
We have checked the commutative diagram

Ay —— Li(Ay, ) — [ L1(Ams )

l((T,’”)*)'IAM J{((T/m)*)”LI(AM‘tM) J((T,’")*)'

Au(_> Ll(Alzh TZ/{) — Hm’z/{L](AWM Tm)

We define T, = (((T")+)"|1, (4w n0)) - Then, by construction, T; : Ay — Ay is a
normal unital completely positive map which is self-adjoint on L, (A, 7). By
Lemma 3.18 again, 7; coincides with ((7;"),)* on Ay and thus on Ly (Ay, ).
Since I'p C Ay is a von Neumann subalgebra, Lo(I'g) C La(Ay) C Li(Au).
Therefore, for i € [N]* and w(i) € L2(I'p),

T,w(i) = (# S e k) o, (h)) = ¢ w(i) € Lao(Tp).

k:o (k)€ P1(s)
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Since Ly(T'g) N Ay =T'g, T; leaves I'g invariant. Also, we see that (7;),>0 is a
strongly continuous semigroup in L>(I'p). Note that in general (7;),>0 may not be
a point o-weakly continuous semigroup in ¢, hence may not extend to a strongly
continuous semigroup on L;(A;.). By Theorem 3.8,

T(®m) - Fum)?) = D el i)=Y el (Dwin).
UEPl.z(d) G€P1.2(d)
o=<o(i) o=<o(i)
where |oging| is the number of singletons in o, and |i,p| is the dimension of ipp.
fo (i) and iy are defined in (3-9) and Proposition 3.10. The generator of 7; is the
number operator, denoted by A.

4. Analytic properties

Our goal of this section is to prove some analytic properties for I'g. This will be
done via a limit procedure, as was used in [Biane 1997; Junge et al. 2015] for
proving hypercontractivity.

4A. Hypercontractivity. Biane [1997, Theorem 5] proved the Ornstein—Uhlenbeck
semigroup acting on A, = A,, (N, €) is hypercontractive.

Theorem 4.1. Let 1 < p,r < o0o. Then, for every w € R,

p—1

IT/ I, ~, =1 ifandonlyif e > < —

With the hard work done in the previous section, it is very easy to prove the
following result.

Theorem 4.2. Let T; be the Ornstein-Uhlenbeck semigroup on I'g for an arbitrary
N x N symmetric matrix Q with entries in [—1, 1]. Then, for 1 < p,r < 00,
. . —2t p— 1
1Tl oz, =1 ifandonlyif ™ < Z—.
r —

Proof. The “only if” part follows verbatim Biane’s argument [1997, p. 461]. For
the converse, since the special Wick words span L ,(I'p), it suffices to prove that if
e 2 <(p—1)/(r—1) then

T, < Do w@) <

i

r

> (i)

)
P

where ), ;w(i) is a finite linear combination of special Wick words.
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But, by Theorem 4.1,

o
" (Z md(é)/z Z Xiy (k1) - - Xigg, (kd(i)))

i ke[m]1D o (k)e P1(d ()

r

o
=< “ Z mTi)ﬂ Z Xiy (kl) * X (kd(j))
i

ke[m]4®:0 (k)€ Py (d(i)) P

Since there is a canonical inclusion L ,(I'p) C Hm,Z/I L,(A, t,), we have

H > ew(i)

Similarly,

E(Zaiw@)
= H Zaie*f\ilw(i)

—tli

o;e
Z md©/2 Z Xiy (k1) -+ Xigg, (Ka@iy)

i kelm41D:0 (k)€ Py (d ()

]
s < > —on > xiy (k1) -+ iy <kd<l~>>>

i ke[m]41D:0 (k)€ Py (d ()

p

ai
> TAYE) > xiy (k1) -+ - Xy, (kaiy)

= lim
m,U
r i ke[m)4®:0 (kye P1(d (i)

r

= lim

r

= lim
m,U

r

The assertion follows immediately. ([

This result in particular implies the hypercontractivity results for I'; (H) due to
Biane [1997] and for the free product of I'_; (R") obtained in [Junge et al. 2015].
See also [Krélak 2005] for another generalization with the braid relation. Using the
standard argument [Biane 1997], the log-Sobolev inequality follows from optimal
hypercontractivity bounds. Recall that A is the number operator associated to I'p.

Corollary 4.3 (log-Sobolev inequality). For any finite linear combination of special
Wick words f =3, ajw(i),

to(f1PIn]f1) = I FI3Inll £1I5 < 2To(fAf™).

4B. Derivations. Given the N x N matrix Q = (g;;), we define a 2N x 2N matrix

Q' by
11\ (00
Q‘Q®(1 1)‘(Q Q)'
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Recall that A4, (N, ¢) is the spin matrix system with Nm generators as in Section 2B
and Jy , = [N] x [m]. We can extend the function ¢ to Joy ,, X Jon,m as follows:

(@, k), (j, D) if (i,k),(j,1) € Inm,
G G D) = e((i—=N,k),(j, 1) if 1<j<N+1=<i<2N,
ERLEL =N e k), G =N, 1) if1<i<N+41<j<2N,

e(i—N,k),(j—N,I) if N+1<i, j<2N.

In other words, &' =& ® (i }) We may write ¢ for ¢’ without causing any ambiguity.
Now we define a linear map

“4-1) 6:A,(N,e)—> A,(2N, 8/),
xi, (k)xiy (ko) - - - x;, (kn)

> ZX"I (k1) -+ - xiy (ko= Xiy+N (ko) Xy, (k1) - - - X3, (k)
a=1

where x;, (k1)x;,(k2) - - - x;, (k) is assumed to be in the reduced form. See also
[Lust-Piquard 1999]. It is easy to see that § is x-preserving.

Lemma 4.4. § is a derivation, i.e., 5(§n) = §(§)n+ E8(n) for two words & and 7.

Proof. The assertion follows from the fact that § is the derivative of certain one
parameter group of automorphisms; see [Lust-Piquard 1998; 1999; Efraim and
Lust-Piquard 2008]. We provide a direct elementary proof here. Note that if & and
are two reduced words with no common generators, the derivation property follows
easily from (4-1). It remains to verify the derivation property when & and n have
common generators. Let & =x;, (k1) - - - x;, (k) € Ay (N, €) be areduced word, and
let a be an arbitrary generator. Assume a = X;(qy) (k(ap)) and write the reduced
form of a& as c?é. Then

C’l\é = 8((i1’ kl)v (ia07 kOl())) e 8(00{0—1, ka0—1)7 (i()l()’ kao))xil (kl)
te )\éio(O (kao) c Xy, (kn),

where X means the generator x is omitted in the expression. We have
§(a&) =e((i1, k1), Gag kag)) -+ € (Gay1 Kag—1): (g Kary))
n

x> xi (k) e Xy Gk D)X o) Xy (Rag) -+ X, (K.

a=1,a#w

Here we understand that if & = g — 1 then iy is actually iy, because iy, (ko) 1s
omitted. Similar remark applies when o = g+ 1 and we will follow this convention
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to ease notation in this proof. On the other hand,

8(a)§ +ad(§) = xiy +n (koo xiy (k1) - - X3, (kn) + axiy (k1) - - Xig 4N (Kay) - - Xi,
ap—1

+ [ 8 k), Gags ka))

j=1

)Y xi Gk ke )X 8 o)Xy (Ran) -+ i, ()

a=1,a#ap
ap—1
= l_[ 8((lj, k]), (iol()v kozo))
j=1
Y xi k)i, ke D)X 8 o)Xy (Ragn) -+ i, (k).
a=1,a#ap

Here we used the commutation relation given by ¢ in both equalities. Hence,

(4-2) 8(a&) = 8(a)k +asd(&).

Now assume 8(775 ) =68(n)& +nd (&), where both & and 5 are reduced words and
the generators of n are all in &, i.e., n is a subword of £. We want to show that
5(57\]/5;‘) = §(an)é +and (&), where a is a generator. Note that afr\fg = aﬁé. By (4-2)
and the induction hypothesis,

5(ang) = 8(a)nk + ad(nE)
= 5(a)nE +ad(nE +and (&) = 8(@n) +and (&).

The derivation property is verified when 7 is a subword of &. For arbitrary reduced
words £ and 5, using the commutation relation we can write n = 17, so that n;
and £ have no common generators and the generators of 7, are in §. Then

S(E) = 8(mmE) = 8(1)mE +m(mE) = (n1)mE + midm)E + b (&)
=8(mn2)& +mn28(&) =8(m& +ns&). O

This lemma implies in particular that §(§) can be defined by (4-1) and is equal
to 8(?) even if £ is not a reduced word. We will simply write §(§) for any word &
in the following. If we denote by A” the number operator associated to the spin
system A, (N, €), the gradient form is defined as

T (f, ) = 5 (A" (g + [*A"(g) — A" (f*2))

for f, g € A,,(N, €). The superscript m is used to distinguish the operators from
their counterparts defined for the limiting algebra I'p. We may simply omit this
superscript if there is no ambiguity.
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Lemma 4.5. Let f, g € A, (N, ¢€). Then
I'(f.8)=E@B(f)*8(g)),

where E : A,,(2N, &) = A,,,(N, €) is the conditional expectation satisfying

E(xB) = 8Bn(N+1,....2N}x[m]),2XB
for a reduced word xp.
Proof. By linearity, it suffices to check I'(f, g) = E(5(f)*8(g)) if f and g are re-
duced words in A, (N, ¢). Let Xp = x;, (k1) - - - x;, (kp,) and X¢c =x;, (I1) - - - x; (L)
be two reduced words, where B, C C [N] x [m] consist of (i, ki) and (jg, lg)
respectively. By the derivation property (4-1),

E(3(X5)*8(Xc))
=Y Y ECx, (k) - Xigyn () - xiy k)xj (D) < Xy Tg) -+ x5, (1)),
a=1 p=1

We claim that the only nonzero terms in the above sum are those with (iy, ko) =
(jg, lp). Indeed, the conditional expectation simply computes the trace of generators
with subscript greater than N in the reduced form of

Xi, (kn) -+ X4 N (k) -+ xiy (kD) xj (L) - xjen Ug) -+ - xj ().
Thus x;,4 (ko) and x JpN (/g) have to be the same to cancel out in order to con-
tribute to the sum. It follows that

(4-3) E(6(Xp)"8(Xc))

= > E (x;, (kn) - Xigon (ko) -+ iy (k1) xj, (1)

k=) o xjenUp) x5, (1))

= > xi k) xi (ke) o xi kg (L) - xy U)o, ).
o, B (ia,ka)=(jp.lp)
Here we used the extended commutation relation on A(2N, ) given by ¢ in the
last equality. Since X g and X ¢ are reduced, given (i,, ko) € B there is at most one
(jg, lg) € C such that they are equal, and vice versa. We see that there are |[B N C]|
terms in the sum of (4-3). Hence, we find
E((Xp)*8(Xc)) =|BNC|XpXc.
On the other hand,
I'(Xp, Xc) = 3(AX3) X+ X3A(Xe) — A(X5X0))
= 3(IB|+1C| = [BAC))
X xi, (kp) « - - Xig, (ko) -+ xiy (k)xjy (L) -+ - xj, (L) -+ - xj ().
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Note that we have the same word here as the summand of (4-3). Since 2|BNC| =
|B|+ |C| — |BAC|, we must have

I'(Xp,Xc)=|BNC|X3Xc=E@B(Xp)"8(Xc)). U

Letw(i) e H SQ be a special Wick word with length s € Z. We define a linear
map & : Hy) — Hp,

1
(4-4) 5(w(i))=<m Z 8m[xi1(kl)"‘xis(ks)]>

k:o (k)€ Py (s)

.
’

where 6™ is the derivation defined in (4-1). Here we used Remark A.1 implicitly.
Note that §” is bounded when acting on words with fixed length s although it is not
uniformly (in m) bounded on A,,. Hence § = (§™)* is well-defined on H é Since
Ly(Tp) = QB?(:’O H é, we can define § on each HSQ by (4-4). By definition, § is
densely defined on Fp = L>(I'g) and Dom(§) = Dom(A) can be identified with
the linear span of special Wick words with finite length, where A is the number
operator on L>(I'p). Since each w(i) is actually in Fg’, S(w(i)) is in Fg,’.

Proposition 4.6. 5 : L>(I'p) — Lo2(T'g) is a closed derivation.

Proof. Let Py : Lr(I'g) — H& and P;: Ly(Tp) — H é/ be the orthogonal projections.
Suppose x,, € Dom($), lim,— o || x,]l2 = 0 and lim,,_, » [|§(x,) — ¥|l2 = 0. Then
Psx, — 0 for each s € Z. It follows that

P[8(xy) =8(Ps(xn)) > 0 as n — oo.

But P/5(x,) — P|y, we find P]y = 0 and thus y = 0. Hence § is closed. The
derivation property follows from the definition (4-4), (4-1) and Remark A.1. [

Denote by A;(N) the von Neumann algebra ultraproduct of A,,(N). Then
E=(E"):Ay(2N)— Ay (N) is the canonical conditional expectation, where E™ :
An(2N) — A, (N) is given in Lemma 4.5. Since I'p C Ay (N) as a von Neumann
subalgebra, there is a trace-preserving conditional expectation E : I'g — I'g which
extends to contractions on L, for 1 < p < oo. Recall that I'(-, -) is the gradient
form associated with the number operator A on I'p.

Proposition 4.7. Let f, g € Dom(8). Then

T'(f.8)=E@(f)*8(g)).

Proof. By linearity, it suffices to check the claim for f = w(i) and g = w(i’).
By the construction of conditional expectation, the proof of Lemma 4.5 and the
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construction of the Ornstein—Uhlenbeck semigroup on L,(I'g) in Section 3D,

E[8(w(@)*8(w(i))]

1 *
:<WEM<8’”( 2. xl"("‘)"'x"f’(k”’))
k:o(k)ePi(d)
* 5m( DR AR ("‘/f’))))
)

K:o(k)ePy(d
= 5[AWEHWE) +w@)*AwE) — Aw@) wi)N] =T w@), wi)),

where A is the number operator on I'p. U

4C. Riesz transforms. Lust-Piquard [1998] showed the boundedness of Riesz
transforms for the general spin system. Let T € A,,(N, &) with 7,,(T) = 0. Recall
that the Riesz transforms satisfy R;(T) = D;(A™)~1/2(T), where D; is the annihi-
lation operator and A™ = Zjvfl Djf D; is the number operator for the spin system
An (N, €). By [Lust-Piquard 1998, Lemma 3.2 and Proposition 1.3], we have

Nm

Z P;jR;(T)
j=1

@35 KT, < <K,IT|, for1<p<oo,

p

where K, = O(p*/(p—1)*/?), 1/p+1/p’ =1, and P; is a certain tensor of Pauli
matrices in the general spin system; see [Lust-Piquard 1998, Definition 2.1]. It
is known that || Zj.V;"I PiR;(T)|l, = 8" (A™)~Y2(T)||, (see [Lust-Piquard 1999,
p. 547]), where 8™ is the derivation defined in (4-1). By considering T = (A™)!/% f,
(4-5) can be rewritten as

(4-6) K NA™MY2F 1, < 18" (D1 < BpIA™ 2 £

Now it is easy to recover the main result in [Lust-Piquard 1999]. Recall that A is
the number operator on I'p.

Theorem 4.8 (Lust-Piquard). Let 1 < p <ocoand 1/p+1/p’ = 1. Let § be defined
by (4-4). Then, for any f € Dom($),

KA Fp < 18CHIp < Kpl AV £,
where K, = 0(p*/(p —1)*?).

Proof. We may assume without loss of generality that f = Zi o;w(i) is a finite
linear combination of special Wick words. Write w(i) = (X (i, m))*. Then

18CHI, = H > esw(i)

p:}ni’rgu IZa,-swx(z,m))

p
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Similarly,
1/2 1 Y (s T my1/2
14T £l = lim H _e/lilXGm) Hp = lim [|(A™) 2/ ]
1
The assertion follows from (4-6) with a limiting procedure. (]

In fact, we can give more precise estimates using the gradient form. Let
G, =L,-spanfw(i):i € [2N]*, s e N, 1 < i < N for all but at most one k}.

Since L,(I'p) C G, C L,(I'g/), we have E : G, — L,(I'p) given by the restriction
of the conditional expectation E : I'o — I'g. If f € Tg/, we define || fllzoe) =
IECF* £)Y2, and || Fller ey = 11 f*llLs (). The conditional L, (Ig') space is

Ly(E)+L(E) if 1=p=2,

ch E —
» (E) {L;(E)mL;;(E) if 2<p<oo.

Define G;, (resp. G;) as the space of G, with the norm inherited from L;(E ) (resp.
L%, (E)). Now we follow [Junge et al. 2014] to derive a Khintchine-type inequality.
First, since E : I'pr — I'p extends to contractions on L, for 1 < p < oo, we have,
for f € L,(T'p) and 2 < p < o0,

(4-7) max{[|ECf* )21, 1EGFH 1} < 1 f I,
This means that L ,(I'g/) C L;,"(E ) contractively for 2 < p < oo.
Lemma4.9. Let E : G, — L,(I'g) be as above. Then, for 2 < p < 00,

Iflle, < Cy/pmax{IEf* ), IECEFHY2,} < CPlfllg,
and for1 < p <2,
. P
I£le, < inf {NE@E"®) "y +IEGRY P} <€ [ f e,
8€G', heG),

Proof. Let 2 < p < oo. The right inequality is a special case of (4-7). For the left
inequality, letn e N and i € [2N]*. For j =1, ..., n, define

¢ [2NF — [2N]™.  ¢;()=0u---0uiL0--- L0,
where i occurs in the j-th position. Put ﬁj (w(@)) = w(ep;(i)), where w(g;(i)) is
the special Wick word associated to ¢;(i). Define

1 n
m:To = Toen, Tuw(®) = —= > w(gj ).
j=1

Here, 1, is the n x n matrix with all entries equal to 1. The map 7, extends to a
trace-preserving *-homomorphism. Alternatively, one may define r,, via the second
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quantization functor as in [Lust-Piquard 1999]. It is crucial to observe that the
7j(w(i)), where j =1, ..., n, are fully independent over I'pg1, (see [Junge and
Zeng 2013]) if w(i) € G, as can be checked from the definition of Er, : I'gr — I'g.
We may assume f is a finite linear combination of special Wick words in G ,. By the
noncommutative Rosenthal inequality [Junge and Xu 2008; Junge and Zeng 2013],

172 ()l p
n 1
Cp ~ 2\’

< —ﬁ(; |In](f)||,,)

n l n l
C ~ ~ 2 ~ ~ 2
+ —ﬁmax{ ‘(Zﬂm(f)*m(f)]) : (ZE[nj(f)ﬂj(f)*]) }

We have extended the conditional expectation E : I'g — I'p to E : T'g'g1, = I'oe1, -
Note that E[77; (f)*7; (£)]=7;[E(f* )land [|7; (), =1 £l - Sending n — oo,
for 2 < p < oo, we have
(4-8) 1fllG, = Cy/pmax{lECS* )21 p, IECFFHY2I,)-
For the case 1 < p < 2, we argue by duality. Define the orthogonal projection
P : Ly (E) — G2 N LY (E). By orthogonality, for g € Ty,

E(g*g) = E(Pg*Pg) + E(P g"P*g) = E(Pg*Pyg).
Similarly, E(gg*) > E(PgPg™). Since
max{||E(Pg*Pg)' I, IE(PgPg*)' Il } < max{ll E(g*9)" Il . 1E (88},
we deduce from (4-8) that P extends to a bounded projection with norm

IP: L (E)— L,(Tg)ll <Cy/p

for2 < p <oo.Forl < p<2and f € Gy, since P* = P, we have by duality

I fllzreey = 1P fllerecey < CV P IlL g

where 1/p 4+ 1/p’ = 1. By density, this inequality extends to f € G . It suffices
to consider the decomposition of f € G, in G; + G;, when we compute || f || Lre(E)-
This gives the right inequality. The left inequality follows from duality and (4-7). U

Remark 4.10. In fact, the above argument also shows that G, is complemented
in L,(y/). Morally speaking, G, is a [o—I'g bimodule corresponding to differen-
tial forms of order one.

Corollary 4.11. (a) Let2 < p < o0o. Then, for every f € Dom(A),
A2 1l < max{ITCL A1 TG £ E < Kpl AV £,
where ¢, = O(pz) and K , = O(p3/2).
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(b) Let 1 < p <2. Then, for every f € Dom(A),

KA SN, < inf {IE@ 1, +IEGRDP1,) < Col AT f,
geG;,heG;

where K,y = O(1/(p —1)*/?) and C, = O(1/(p — 1)?).

Proof. Note that §(f) € G, if f € Dom(A). Since E(5(f)*6(f)) =T'(f, f), using
Lemma 4.9 for 2 < p < oo, we have

18CHIp < C/pmax{IT(f, O, ITCF, £, < CO/PISO .

Now apply Theorem 4.8 to conclude (a). For the constants, K, = O( p3/?) is trivial.
Since K,y = O(p"/(p' — 1)*/?) = O(p*/?), we have ¢, < O(p?). Assertion (b)
follows similarly using Lemma 4.9 and Theorem 4.8. ([

Compared with Theorem 4.8, which was proved in [Lust-Piquard 1999], this
result is closer to Lust-Piquard’s original formulation of the Riesz transforms on
the Walsh system and the fermions given in [Lust-Piquard 1998]. In particular, we
get the exact order of constants as in [Lust-Piquard 1998].

4D. L, Poincaré inequalities. Efraim and Lust-Piquard [2008] proved that the L,
Poincaré inequalities (2 < p < 00),

@9 Nf = (Ol < Cy/pmax{IT™(f, O, T FHY2,)

hold for Walsh systems and CAR algebras. In fact, the same proof also works
for the general spin matrix system .4,, with some technical variants as shown in
[Lust-Piquard 1998]. Indeed, Lemmas 6.2—6.5 in [Efraim and Lust-Piquard 2008]
hold for the general spin systems, from which (4-9) follows. Recall that we denote
by A the number operator on I'g.

Theorem 4.12. Let 2 < p < oco. Then, for every f € Dom(A),

If —to(Hllp < Cy/pmax{IT(f, 21, T* 52,

Proof. Assume without loss of generality that f = ), ;w(i) = (f™)* is a
finite linear combination of special Wick words. Note ‘that E(8( () =
(E™[8™(f™)8™(f™)])°. Then the assertion follows from (4-9) and a limiting proce-
dure as for Theorems 4.2 and 4.8 with the help of Lemma 4.5 and Proposition 4.7. [J

5. Strong solidity

SA. CCAP. Let I, (H) be the g-Gaussian von Neumann algebra associated to a
real Hilbert space H with dim H > 2; see, e.g., [Bozejko et al. 1997] for more
information on I'; (H). Avsec showed that I, (H) for —1 < g < 1 has the weak*
completely contractive approximation property (w*CCAP) in [Avsec 2011]. In
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particular, I'; (H) is weakly amenable. Our goal here is to prove that I'y also has
w*CCAP if maxi<; j<nlg;j| < 1. Our argument is based on Avsec’s result.

Assume that max; ;|g;;| < 1. We may find ¢ such that max; ;|g;;| < g < 1.
Let O = qé, where O = (gij) satisfies max; j|g;;| < 1. For h € H, let c?(h)
and (¢?)*(h) be the creation and annihilation operators, respectively, acting on
the g-Fock space F,(H), where dim H = N. We write the g-Gaussian variables
as s7(h) = c¢?(h) + (c?)*(h). In particular, for an orthonormal basis (0.n.b.) (e;)
of H, we write sq = s9(ej). Similarly, we write s2h) = c2(h) + (c9)*(h) for
the mixed g- Gaussmn variables of I'p; see [Lust-Piquard 1999]. In particular,
sz —sQ(e,) We write x; ; _SQ®1 n( fi ®e,) where (f;) is an o.n.b. of €2, and
(ej) is an o.n.b. of £7. Clearly, the x; ;’s generate I'5g, . We first construct an
“approximate comultiplication” for T'p.

Proposition 5.1. Let my : Tg — [],,., Ty (€5) ® I'5g1, be a x-homomorphism
given by

1 « .
nu(sQ) = (ﬁ ZSZ ®x,‘,k> .
k=1

Then my is trace—preserving Therefore, I'g is isomorphic to the von Neumann
algebra generated by my, (s ).

Proof. Let d be an even integer. By the moment formula (3-2),

Z Ty ® T, (¢, -+ 51L) ® (g ky -+ Xig k)]

ke[m]¢
= > > d"? J] dhen. it

oc€Py(d),0<0(i) o(k)=0 {r,t}el (o)

- Z Z 1_[ q(i(er),i(er)),

ocePy(d),0<0(i) o(k)=0o {r,t}el (o)

where 1 (o) is the set of inversions for the partition o. Counting the number of k&
with o (k) = o, we have

| .
m(m Z(s,?l---szd)@z»(x,-l,kl---xid,kd>) = > ] qte it.

ke[m]d o€Py(d) {r,t}el (o)
o=<o(i)

This coincides with 7 (sl.? - sig) given by (3-2). ([l

Now we want to understand the image of Wick words of I'p under ;. We need
a Wick word decomposition result similar to Theorem 3.8. For i € [N 14, we define

1 .
(5-1) ws(i) = (W Z (SZI e 'SZd) & (Xiy kg - ‘Xid,kd)) .

k:o(k)ePi(d)
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Proposition 5.2. Following the notation of Proposition 5.1, we have

mu(sy s = Y whD.
oePa(d)
osifz@

Here, w; (i) = fo (i)W’ (inp), fo(i) and iy, are the same as those in Proposition 3.10.

Proof. Following verbatim the argument for Theorem 3.8, we have

My s = ) wh@).
UEPl,z(d)
Here we have

wcsf (E) = (# Z ENs(k)[(le to de) ® (xil,kl tee xid,kd)]) s
ke[ml4:o (k)=c
and N; (k) is the von Neumann algebra generated by all the s,‘fa ® xi, k'S, where
the k,’s correspond to singleton blocks in k. To simplify the conditional expectation
in the ultraproduct, we denote by N, vl (k) and ./\/S2 (k) the von Neumann algebras
generated by the s,’fa ® '5g1, s and I (£5) ® x;, x,’s, respectively, where the ky’s
correspond to singleton blocks in k. Clearly, N (k) C N (k) N N2 (k). We claim

(52)  Enoo(1® (i, -+ Xig i)

0 otherwise,
where (I, ..., /) is obtained by deleting pair blocks in k, which also gives the
corresponding (ji, ..., js), and
Lo = ] dGe)ie) [[ Gt i)
{r.t}el, (o) {r.t}elsyp(o)

Unlike in the matrix models, the x;, ;s do not have commutation relations. We
check (5-2) by calculating the inner product of Epq2qy (1 ® xi, k, - - - Xiy,k,) and
monomials generated by the 1 @ x;, x.’s in /\/Sz(l_c). Letl® Xjr kv Xig k€ /\/'Sz(l_c)
be a monomial. Since E2 is trace-preserving, by the moment formula (3-2) for
mixed ¢-Gaussian algebras,

T3@1, Xk, - Xil k Eacz g iy - Xig k)]
15,6501, Xij kg, -+ Xit ki Xy X)) if o =0(k) <o (),
0 otherwise.

Hence (5-2) is verified. Similarly, it can be checked that
Exo (5, -+ 5,) ® 1) = g " T et

Note that f, (i) = g*/r(@)+#»(©) f,5(@). The assertion follows from the fact that
En,w = Ex;0 Ext o En2)- O
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Proposition 5.3. 7y, extends to an isomorphism
Ly(Tp) = Ly-span{w’ (i) :i € [N]9,d € Z.,}.

Proof. Put Hy = Ly-span{w®(i) : i € [N]¢,d € Z.}. By Proposition 5.2, we
know that 3, (L»(I'g)) C Hw. The converse containment follows from the same
induction argument as for Proposition 3.13. (]

Remark 5.4. In fact, one can prove that 77, (w(i)) = w®(i) using the Fock space
representation. Since we do not need this fact, we leave it to the reader.

Now we are ready for the first main result of this section.

Theorem 5.5. I'g has the weak* completely contractive approximation property
forall Q with max|<; j<nlg;j| < 1.

Proof. Let H be areal Hilbert space and —1 < ¢ < 1. In [Avsec 2011], Avsec proved
that there exists a net of finite-rank maps ¢, (A) which converges to the identity map
on I, (H) in the point-weak* topology and such that ||¢,(A)llcp < 1+ & for some
prescribed e. Here, || - ||cb is the completely bounded norm and ¢, (A) only depends
on the number operator A on I';(H). Let Q = ¢ é as above. Consider the diagram

Ty i
Fo —— [LuuTe@5) ®Tgg,

lWa J{‘Pa (A)®id

Ty —
To —— [y Ta(47) ® T,

where we define ¥, = 7, o (0o (A) ®1d) o 1. Here, ¢, (A) ® id is well-defined
on the ultraproduct of von Neumann algebras because it is uniformly bounded in
each [, (¢5) ® I'5g1,,- By an argument similar to that in Section 3D, ¢q(A) ®@1id is
a normal map. Note that v, is well-defined because 7, is injective and ¢, (A) ® id
acts as a multiplier. We claim that v, is the desirable completely contractive
approximation of identity. By construction, the only nontrivial thing to check is
that 1, is of finite rank. To this end, it suffices to show that ¢ (A), ®id restricted to

m(L2(Tg)) = Lo-span{w’ (i) :i € [N]?,d e N}

is of finite rank thanks to Proposition 5.1 and 5.3. Since ¢, (A) is of finite rank,
suppose its range is span{s/ ---s{ : o (k) € ,en P1(n), k € B} for some finite
set B. Then the range of ¢, (A) ® id |7TZ/{(L2(FQ)) is

span{s,f1 --‘s,?n Xy ky ** Xiy ik, 10 (k) € U Pi(n), ke B}.

neN

Therefore ¢y (A) ®id |7, (L,(ry)) 18 a finite-rank map. g
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5B. Strong solidity. We follow closely the argument in [Avsec 2011; Houdayer
and Shlyakhtenko 2011]. The strategy is to first prove a weak containment result
of bimodules and then use it to prove strong solidity of I'g. See, e.g., [Brown and
Ozawa 2008; Avsec 2011] for more details on bimodules and weak containment.
For simplicity, we write Q' = 0®1, = 0 Q ( } }) as in Section 4B. Here we assume
5-3 il <q? L.

(5-3) lgr??;(quj|<q <q<

Recall that Lg(FQ/) denotes the subspace of L,(Ipr) which consists of mean zero
elements. Define the following subspaces of Lg(FQ/):

Fn = Lo-span{w(i) :i € 2N]’,s €N, s >m, iy, ..., imn €e{N+1,...,2N}},
m

En=EP F.
k=0

Clearly, E;- is a ['p—T'p-subbimodule of L(I'p)). We want to show that E;- is
weakly contained in the coarse bimodule L;(I'g) ® Ly(I'p) for m large enough.
By Proposition 3.13, we may identify L;(I'p/) with the Fock space Fy'. For
£,n € LY(Tg), define @ ,, : Lr(Tp) — La(Tp) by

@z (x) = Ery(§x1).

To distinguish the left action and the right action of I'pr on L, (I'g/), we write [(h;)
(resp. r(h;)) as the left (resp. right) creation operator associated to 4; acting on the
Fock space o, i.e.,

l(h,)(l’l,l R--- ®hjn) =h; ®hj1 K- ®h‘/‘n,

rthi)(hyy ® - Qhj)=h; ® --Qhj, ®h;.
Here, the h;’s are elements in C2Y = CVN @ CV. We write [(h;)* (resp. r(h;)*) as
the left (resp. right) annihilation operator acting on the Fock space Fp/. See more

details for these operations in [Bozejko and Speicher 1994; Lust-Piquard 1999].
One can also define them following Section 3C after choosing an o.n.b. Write

H"” =span{w(i) € L2(Ty):i €[2N]’} and H’=span{w(i)€L,(I'p):i €[N]'}.

Lemma 5.6. Assume (5-3). Let (ei)l.zjzv1 be an o.n.b. of C*N. Suppose i € [2N1"" and
J€ [2N]". If {N+1, ..., 2N} contains exactly n elements of {i,y1, ..., in,}, then

|Er,[Iei) - - Lei) e, )* -+ L(ei, )r(es) - r(ej)re ) - r(e, ) (],

(a—(np—s)—(nj—r—n))n |

=< Cq,nl,nzq |)C||2

forall x € H®.
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Proof. Note that among all possible configurations, the assertion is nontrivial only if

ilv"'vir’js-i-]?"'ajl’lzSN-

By [Bozejko and Speicher 1994, Theorem 3.1],

1

: <
o el = Nk
We may assume without loss of generality that r = 0 and s = n, and estimate the
norm of /(e; )* - - -l(e,-nl)*r(ejl) -+ -r(ej,,). The idea is that all the ¢;,’s with i, > N
have to pair with the ¢;’s to cancel out, and moving across the element x will
yield a power of g. Let us assume i,,, > N to illustrate the argument. Note that by
Remark 3.17, H® can be identified with (CV & 0)®* via

(5-4) I (e;)"Il <

VI=¢q

wi)— W, ® - Qe )—e, Q- -Qe,.

First assume x = ¢, @ - - Q@ ex,,. Using (3-14) (or the formula on p. 109 of [Bozejko
and Speicher 1994]), we find

I(ei, )"r(ej) - 'r(ejnz)x

- Z 81n1 Jm 1_[qlnl ks 1_[ qlnl .]rx ®e]n ® e ®é.]m ® e ®ejl
r=m+1

= Z lVl] ./m l_[qln] 1_[ qln] ]rr(ejl) r(ejm) e r(ejnz)x’

r=m+1

where ¢;, and 7 (e, ) mean that e; and r(e;,) are omitted in the expression. The
difficulty is that the coefficient in front of x depends on x. In order to extend the
above equation to arbitrary x € H%, we will find a linear operator for any fixed m
\ia deformation and enlargement of the algebra. Define g;; = g;;/q for 1 <i, j <N,
Q = (gij), and N
p_ (Q®12 Q®12>
01 0®1,)"

Note that (5-3) implies that max;;|p;;| < g. We can construct new von Neumann
algebras I'p and I'pg1, . Clearly, we have the relation

FQ —> FQ/ —> Fp —> Fp®1n2+1.

We continue to denote by Er, : I'pg1
in, =1ip, +2N, and let

.1 — o the conditional expectation. Let

Jr=

s~ |jrt2N if j, >N,
Jr otherwise.
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For fixed m, let
In, =fn|+4mN=inl+2N+4mN, .}T?tzjm +4mN,

and let JN, = fr for r #m. In L>(T'pg1,,,,), observing the repetition pattern in the
matrix P, we have

r(e;l)...r(eN (e, )* r(e]n)] r(e5,,) ey )x
— Z ing Ju 1_[qln1 1_[ pln ]v (e -I"(efm_l)...f(e;l) r(e )x
v=u+1
o ny
:Hanl 1_[ pl"l Ju (e ( ]m) (e )xv
s=1 v=m+1
where Pl gy = dinydo if jy€{N+1,...,2N}and p; : =gj,j, otherwise. Note

that the term 4mN is used to guarantee that I(e7, )* olnly annihilates e . Let

Im)={j,:ve{m+1,....,n}, j, <N}
Then

(5-5) Er,lite;, ) r(ej) - V(ejnz)x

=q Z 81n1 Jm qunl ks 1_[ qlnl Jr EFQ [r(e.]l) o ;(ejm) e r(e.jnz)x]

r=m+1
_ § : . #I(m)
q ln] /m

x]'[q,nl & H pi,, s Erolr(e) - F(ez,) - r(e5, )]

v=m+1
naz
— (YE . H#(m)
=dq 8lnls]mq

m=1
X Erg[r(ez) - r(ey, Dy )rez)r(e;

Jm+1

) --r(eﬁz)x].

Here, the conditional expectation is used in the second equality so that the change
in i and j will not affect the resultant value in L>(I'g). Note that the summand
in (5-5) does not depend on x for each fixed m. By linearity, (5-5) holds for any
x € H*. We deduce from (5-4) and the triangle inequality that

| Erylltei, )r(ej) -+ -r(e;, )x1|, < Cqngq®lxll2

forall x € H*. Since / (e,-nI Yir(ej)---r(e Jny )x is a linear combination of words with
fixed length, the above argument can be easily extended to handle more than one
annihilator. To get a norm estimate on Er,[/(e;,)* - - - l(ein, Yr(ej):---r (ejn2 )(x)], it
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suffices to consider the configuration yielding the minimal power of ¢. This occurs if
i1y oo oslny Jagmntls oo oy g E{N+1,...,2N}.

In this situation, /(e;,)*, ..., [(e;,)* need to cross at least « — (n; — n) terms to
cancel with the e;’s. This gives gle—tn=mln Using (5-4) to estimate the norm of
l(ej, )" -l(e,»nI )* gives a constant C, ,,,. Proceeding like so finishes the proof. []

We will use the normal form theorem of Wick products [Bozejko et al. 1997;
Krolak 2000] to estimate the norm of ®¢ ;. We achieve this via the following result.

Lemma 5.7. Assume (5-3). Let £ € H™" N F, and n € H™ N F,. Then, for
o >2(ny+ny) and x € H*, we have

no/2

g0 (2 = Cgeng™" " llxll2.

-2
Moreover, @, (x) € @1 2, HY

Proof. First we assume § = w(i), n = w( l ) and identify x as a vector in (CN @ 0)~.
By the normal form theorem of Wick products [Bozejko et al. 1997] and [Krolak
2000, Theorem 1], we have

w(i)=Wie, ® --®e;,)

=Y > K(Q.0)M(eai) Leai)en, )" - Lea, )

r=06€Sy, /(S X Sny—r)

where o (i;) = i,-1(, and K(Q, o) is a product of certain entries of Q and only
depending on Q and o. The precise value of K (Q, o) is irrelevant here. We only
need the fact that |K (Q, 0)| < C , for some constant C, ,, depending on ¢ and n;.
We have a similar formula for w( J). It follows that

ny np

(5:6) Pen(0)=D % 3. K(Q,0)K(Q,1)Er[l(es) I(eniy)
r=05=00€Sy /(S XSy —r)
JTES,,Z/(Sx X Snz—x)

Ao iy ) 1o i) T (€r () -+ T (€r ()T (€n (o )T (€r(ju)) (0]

By Lemma 5.6,

|Ery[llea) - - - Lea i) (eo, )" - Lo (i,)) T (en(in) - T(ex(jy)

r(en(jerl))* - "’(en(jnZ))*(x)] “2

(@=(n2—s)—(n1—r—n)n

=< Cq,nl,nzq ”x”Z

Sinceax —n;—ny+s+r+n> %oz, it follows from the triangle inequality that

na/2

”(I)é,n(-x)”Z =< Cq,nl,nzq ||X||2
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Now suppose &, n are linear combinations of special Wick words. Using the
triangle inequality again, we have proved the first assertion. As for the range
of ®;,, a moment of thought shows that the summand in (5-6) is of length
a—ny—ny+2s+2randthat 0 <r <n; —n,n <s < np because we must
have o (i1), ..., 0(), T(js+1)s - - - » T(Ju,) < N so that the right-hand side of (5-6)
is nonzero. This gives the “moreover” part of the lemma. ([

Lemma 5.8. Let K =@,-, K, and T : K — K be an operator such that
(@) dim(K,) <d";

(i) [Tk, |l = Ca" for n = no;

(iii) o?d < 1.

Then T is Hilbert—Schmidt.

Proof. Let P, : K — K,, be the orthogonal projection. Then

w(T*T) =Y (TP TP) <Y IITP " <CY a™d".
n n n

Since the series is absolutely convergent the assertion follows immediately. U

Lemma5.9. Leté,ne€ F,andn > —InN/Inq. Then ®¢ ,, : Lr(T'g) — L2(I'g) is
Hilbert—Schmidt.
Proof. Write Ly(T'g) = @Sio H*. Then dim(H%) < N* and ¢"N < 1. By
Lemma 5.7, we have

||q>§,n|H‘* H = Cq»é‘,n(qn/z)a-

The assertion follows from Lemma 5.8. O

Proposition 5.10. Let n > —InN/Ing. Then En{1 is weakly contained in the
coarse bimodule L>(I'g) ® L, (I'p).

Proof. The proof is given in [Avsec 2011, Proposition 4.1] using Lemma 5.9. [
Let R, : RN @ RY — RN @ R" be the orthogonal transform

R e'id  —V1—e2id
TA\V1I=eid e 'id ’

where id : RY — R" is the identity operator and we understand the canonical o.n.b.
in 0@ RY to be {en+1, ..., exn}. Recall from [Lust-Piquard 1999, Lemma 3.1]
that there is a second quantization functor I'p which sends the category of Hilbert
spaces to the category of mixed g-Gaussian algebras. Let a; =I'g(R;). Then «; is a
trace-preserving *x-automorphism on I'p: and extends to an isometry on L,(I'g/). It
is easy to check that 7; = Er, oo, coincides with the Ornstein—Uhlenbeck semigroup
on I'p defined in Section 3D. The following is a modification of Popa’s s-malleable
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deformation estimate [Popa 2008, Lemma 2.1]. The proof modifies slightly that
of [Avsec 2011, Proposition 5.1]. We provide the difference here for the reader’s
convenience. Recall that Lg(FQ/) =P, H™.

Proposition 5.11. Let Py : Lg(FQ/) — E kL be the orthogonal projection. Then, for
k> 1, we have
| (et —id) (X) [l2 < Cll Pe—10t: (x) |2

forx e @re H" C Ly(Tp) and t < 27F.

Proof. Note o;x —id and Py_ o, preserve the length of n-tensors for n > k and ¢ > 0.
It suffices to prove the assertion for x € H" with n > k. Identify H" with (CV @0)®".
Letx =¢;, ®---Qe¢;,and y=¢; @---Qej,. Then

n

(Peorey (x), Poron(9)) = Y (Pr,e(x), Pr,ai(y)),

m=k
where the inner product is given by Proposition 3.9, and Pg, : Lg(FQ/) — F,, is the
orthogonal projection. By the second quantization [Lust-Piquard 1999, Lemma 3.1],

ar(en ® - ®e,) = (e "er, +V1—eYensi)® @ (e e, +/1—e ey,
It follows that
Pr, o (x) = D A=) e ) @ ® ey
BC{l,....n},| Bl=m
where g (ix) = N + i for k € B and 7 (ix) = iy otherwise. Similarly, we get
Ppoay(y)= Y (Il—=e )" Mo (1)@ @ ey,

Ccc{l,...,n},|Cl=m
where

wc(jx) =N+ ji for keC and e (jx) = jr otherwise.

By Proposition 3.9, (Pf, a;(x), Pr,a;(y)) is nonzero only if {mp(i1), ..., wp(ix)}
and {rc(j1),...,mc(jn)} are equal as multisets. Hence, the indices in B have
to be paired with the indices in C when we compute (ex,i) ® -+ ® exy(i,)s
erc(jy) ® -+ @ ex(j,)) using Proposition 3.9. For every fixed B, pairing all the
possible C with B and the corresponding C¢ with B¢ gives all the bipartite partitions
of i U j. Using Proposition 3.9 again, we see that

(Pr,0u (), Pr,u () = (1= 2yme 20mm 37 (),
Bc{l,...,n},|Bl=m

By linearity, this identity holds for arbitrary x, y € H". Hence,

(Pictoy (), P () = Y (1= e 2)ne 0= (1) (),
m=k
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Since the Ornstein—Uhlenbeck semigroup 7; is self-adjoint on L>(I'p) and «; is
trace-preserving, we have, for x, y € (CN ®0)®",

(@ —id) (), (@ —id) () = 2((x, y) — (x, Tu())) =2(1 — e )(x, y).

The rest of the proof is just numerical estimate, which is provided in the proof of
[Avsec 2011, Proposition 5.1]. U

The following is the main result of this section.

Theorem 5.12. Let Q be a real symmetric N X N matrix with maxi<; j<n|q;j| <1
and N < oo. Then I'g is strongly solid.

Proof. The proof is the same as that of [Avsec 2011, Theorem B], with the help
of Theorem 5.5 and Propositions 5.10 and 5.11. The argument in [Avsec 2011]
follows literally the same strategy as that of [Houdayer and Shlyakhtenko 2011,
Theorem 3.5], which in turn is a suitable modification of [Ozawa and Popa 2010a;
2010b]. O

Appendix: Speicher’s central limit theorem

Proof of Theorem 3.1. The proof is rephrased from [Speicher 1993] and also follows
[Junge et al. 2015]. We first show that the convergence holds on average, and then
prove almost sure convergence using the Borel-Cantelli lemma. We write

~ ~ 1
AD g om) Ty om) = — Y Ty (k1) -, (k)
ke[m]*

1
= Do > i Gk (k)
oeP(s) ke[m]®
o(k)=o
1

=: ) Z Ag.

ogeP(s)

By the commutation/anticommutation relation, A, = 0 if o contains a singleton.
Note |7, (x;, (k1) - - - x;, (ks))| <1. If o has r blocks, then A, <m(m—1)--- (m—r+1).
Hence,

1
(A-2) lim

lim WAJ =0

for r < s /2 and thus for o € P (s)\ P> (s) since the singleton case is automatically true.
Our argument so far is independent of w € €2, so that (A-2) holds for all w € 2. The
theorem follows immediately from (A-2) if s is odd. Thus, we only need to consider
o € Py(s) in (A-1). To this end, we write o = {{ey, 21}, ..., {es2, Z5/2}}. Since
o (k) = o is a pair partition, if k; = k;, then i; = i; in order for Xi; (kj) and x;, (k;)
to cancel out. Hence we may assume o < o (i). In this case, if {r,t} € I(0),
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then we have to switch x;,)(k(e,;)) and x;(,)(k(e;)) to cancel the corresponding
Xi(z,)(k(z;)) and x;(,,)(k(z,)) terms, which yields

(A-3) T (X, (k) - - - x4, (kg)) = 1_[ e(li(er), k(e [i(er), k(e)]).

{r,t}el (o)

By independence and counting the elements in {k € [m]* | o (k) = o}, we find

EA) = Y J] ale) i)
kelm]® {r.t}el (o)
o(k)=o

=mm—1)---(m—s/2+1) [] aqlite) i(e).
{r.t}el (o)
Combining these, we have

A4 dim E(ou @ 0m) T )= Y [ gtiten).ien).

o€Py(s) {r,t}el (o)
o=<o(i)

It remains to prove the almost sure convergence. Put X, = 7, (Xj, (m) - - - X;, (m)) and

E,(a)={w:|X;,—EX,;,| > o}. Then we only need to show P(limsup,, E, () =0.
By the Borel-Cantelli lemma and Chebyshev’s inequality, it suffices to show that

o0 o0
1
Z P(En(@)) < — ZVar(Xm) <o0o forany a >0,
o
m=1 m=1
where Var(X,,) is the variance of X,,. Decompose X,, as X,, =Y, +Z,,, where Y},
corresponds to sum over all pair partitions in (A-1) and Z,,, = X,;, — Y},,. Since (A-2)
holds for o € P(s) \ Px(s), we have lim;, - X,, — Y, = 0 for all w € Q. But Z,,
is uniformly bounded, so lim,,_, o, Var(Z,,) = 0. Therefore, we only need to show
that )", Var(¥,,) < co. Write

Var(Ym)=% YooY Ve

o,mEPy(s) k:o (k)=0
Lo()=m

where
(A-5) Vi =E[7 (xiy (ky) - - - xi (kg ) T (i (Ly) - - - x5, ()]
— E[tm (xiy (k) - - - xi, (k) JE[ T (i, (11) - - - X, (L)) ]

=[E< l_[ e([i(er), k(er)], [i(er), k(er)])
{r,t}el (o)
X 1_[ 8([i(er’)7l(er’)]’[i(et’)al(et’)]))

{r',t'}el ()

— I aGenien ] aten.ien.

{r,t}el (o) {r',t'}el ()
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Let us analyze the product in the third and fourth lines of (A-5). If {k(e,), k(e;)} #
{l(e;), l(ey)} for all {r,t} € I(o) and {r', t'} € I (), then Vi ; = 0. In order to
contribute for Var(Y,,), there exists at least one pair {r, ¢} € I(0) and one pair
{r',t'} € I (;r) such that {k(e,), k(e;)} = {l(e,), L(e;)}. In this case, we have
#kl:o(k)=0,0()=m}<mPm**=m' 2

Note that |Vi ;| < 1 and C(s) := [#P>(s)]* does not depend on m. It follows that

00 00 C(s)
E V. E .

ar(Y,,) < " < 00 O
m=1 m=1

Remark A.1. In the above argument, we assumed that the ¢((i, k), (j,[))’s are
independent for different indices. However, the independence assumption can be
weakened if the structure matrix is of the form Q ® 1,,, where Q is an N x N symmet-
ric matrix with entries in [—1, 1]. In this case we require that the £((i, k), (j,1))’s
be independent (up to symmetric assumption) with (3-1) for (i, k), (j, 1) € [N] x N
and then

(A-6) e((i+aN,k), (j+BN,D) =e(( k), (j, D)

fora, B=1,...,n—1. In other words, ¢ = ¢|i<; j<y ® 1,. To verify the claim,
we only need to show the dependence introduced in (A-6) will not destroy the proof
of Theorem 3.1. Indeed, by (A-2) it suffices to consider pair partitions. Suppose
ig =iy + N. Then @ and B are not in the same pair block of o (i). It follows that
ko # kg since o (k) <o (i). (If kg, = kg, then iy =iy in order for x;, (ky) and x;, (kg)
to cancel.) Hence, the random signs in (A-3) are pairwise different. Note that unlike
the case in the proof of Theorem 3.1, now we may have

8((ia’k0l)a (i}/7k}/)) and 8((lﬂvkﬂ)’ (i)/vk]/)) =8((iavkﬂ)’ (i)/»k]/))

in (A-3), but the two random signs are not equal because k, # kg. In other words, the
second coordinates (kq, k) ) in €((ig, ko), (i), ky)) are never the same for random
signs in (A-3) even under the weaker condition (A-6) so that (iy, i,,) may be the
same for different random signs. The point is that the independence structure in
the proof of Theorem 3.1 is given via the second coordinates’ k,’s. The rest of the
argument is the same as for Theorem 3.1. We invite the interested reader to consider
the simplest case Q =¢1y. In this case we can take ((i, k), (j, 1)) =¢&((, k), (i, 1))
and require €((i, k), (i, [)) to be independent for different k and [ up to symmetry.

By this remark, the moment formula (3-2) remains valid with the weaker con-
dition (A-6). The same discussion applies in other parts of the paper when the CLT
argument is invoked with (A-6). This subtlety is crucial for our limiting argument
in Section 4.



ULTRAPRODUCT METHODS FOR MIXED ¢q-GAUSSIAN ALGEBRAS 145

Acknowledgements

Junge was partially supported by NSF grants DMS-1201886 and DMS-1501103. A
large part of this work was done when Zeng was a graduate student at the University
of Illinois. He is thankful for financial support from the graduate college dissertation
fellowship. He also thanks the Center of Mathematical Sciences and Applications
at Harvard University for financial support.

References

[Avsec 2011] S. Avsec, “Strong solidity of the g-Gaussian algebras for all —1 < g < 17, 2011.
arXiv 1110.4918

[Biane 1997] P. Biane, “Free hypercontractivity”, Comm. Math. Phys. 184:2 (1997), 457-474. MR
Zbl

[Bozejko and Speicher 1991] M. Bozejko and R. Speicher, “An example of a generalized Brownian
motion”, Comm. Math. Phys. 137:3 (1991), 519-531. Zbl

[Bozejko and Speicher 1994] M. Bozejko and R. Speicher, “Completely positive maps on Coxeter
groups, deformed commutation relations, and operator spaces”, Math. Ann. 300:1 (1994), 97-120.
MR Zbl

[Bozejko et al. 1997] M. Bozejko, B. Kiimmerer, and R. Speicher, “g-Gaussian processes: non-
commutative and classical aspects”, Comm. Math. Phys. 185:1 (1997), 129-154. MR Zbl

[Brown and Ozawa 2008] N. P. Brown and N. Ozawa, C*-algebras and finite-dimensional approxi-
mations, Grad. Stud. Math. 88, Amer. Math. Soc., Providence, RI, 2008. MR Zbl

[Cowling and Haagerup 1989] M. Cowling and U. Haagerup, “Completely bounded multipliers of
the Fourier algebra of a simple Lie group of real rank one”, Invent. Math. 96:3 (1989), 507-549.
MR Zbl

[Dabrowski 2014] Y. Dabrowski, “A free stochastic partial differential equation”, Ann. Inst. Henri
Poincaré Probab. Stat. 50:4 (2014), 1404-1455. MR Zbl

[Efraim and Lust-Piquard 2008] L. B. Efraim and F. Lust-Piquard, “Poincaré type inequalities on the
discrete cube and in the CAR algebra”, Probab. Theory Related Fields 141:3-4 (2008), 569—602.
MR Zbl

[Guionnet and Shlyakhtenko 2014] A. Guionnet and D. Shlyakhtenko, “Free monotone transport”,
Invent. Math. 197:3 (2014), 613-661. MR Zbl

[Gutda 2003] M. Guta, “The g-product of generalised Brownian motions”, pp. 121-134 in Quantum
probability and infinite dimensional analysis (Burg, 2001), Quantum Probab. White Noise Anal. 15,
World Sci. Publ., River Edge, NJ, 2003. MR Zbl

[Guta and Maassen 2002] M. Gutd and H. Maassen, “Generalised Brownian motion and second
quantisation”, J. Funct. Anal. 191:2 (2002), 241-275. MR Zbl

[Houdayer and Shlyakhtenko 2011] C. Houdayer and D. Shlyakhtenko, “Strongly solid II; factors
with an exotic MASA”, Int. Math. Res. Not. 2011:6 (2011), 1352-1380. MR Zbl

[Junge 2006] M. Junge, “Operator spaces and Araki—Woods factors: a quantum probabilistic ap-
proach”, Int. Math. Res. Pap. (2006), art. id. 76978. MR Zbl

[Junge and Xu 2008] M. Junge and Q. Xu, “Noncommutative Burkholder/Rosenthal inequalities, I1:
Applications”, Israel J. Math. 167 (2008), 227-282. MR Zbl


http://msp.org/idx/arx/1110.4918
https://doi.org/10.1007/s002200050068
http://msp.org/idx/mr/1462754
http://msp.org/idx/zbl/0874.46049
https://doi.org/10.1007/BF02100275
https://doi.org/10.1007/BF02100275
http://msp.org/idx/zbl/0722.60033
https://doi.org/10.1007/BF01450478
https://doi.org/10.1007/BF01450478
http://msp.org/idx/mr/1289833
http://msp.org/idx/zbl/0819.20043
https://doi.org/10.1007/s002200050084
https://doi.org/10.1007/s002200050084
http://msp.org/idx/mr/1463036
http://msp.org/idx/zbl/0873.60087
https://doi.org/10.1090/gsm/088
https://doi.org/10.1090/gsm/088
http://msp.org/idx/mr/2391387
http://msp.org/idx/zbl/1160.46001
https://doi.org/10.1007/BF01393695
https://doi.org/10.1007/BF01393695
http://msp.org/idx/mr/996553
http://msp.org/idx/zbl/0681.43012
https://doi.org/10.1214/13-AIHP548
http://msp.org/idx/mr/3270000
http://msp.org/idx/zbl/1315.46074
https://doi.org/10.1007/s00440-007-0094-x
https://doi.org/10.1007/s00440-007-0094-x
http://msp.org/idx/mr/2391165
http://msp.org/idx/zbl/1141.60005
https://doi.org/10.1007/s00222-013-0493-9
http://msp.org/idx/mr/3251831
http://msp.org/idx/zbl/1312.46059
https://doi.org/10.1142/9789812704290_0009
http://msp.org/idx/mr/2010602
http://msp.org/idx/zbl/1044.81074
https://doi.org/10.1006/jfan.2001.3855
https://doi.org/10.1006/jfan.2001.3855
http://msp.org/idx/mr/1911186
http://msp.org/idx/zbl/1002.60076
https://doi.org/10.1093/imrn/rnq117
https://doi.org/10.1093/imrn/rnq117
http://msp.org/idx/mr/2806507
http://msp.org/idx/zbl/1220.46039
https://doi.org/10.1155/IMRP/2006/76978
https://doi.org/10.1155/IMRP/2006/76978
http://msp.org/idx/mr/2268491
http://msp.org/idx/zbl/1218.46039
https://doi.org/10.1007/s11856-008-1048-4
https://doi.org/10.1007/s11856-008-1048-4
http://msp.org/idx/mr/2448025
http://msp.org/idx/zbl/1217.46043

146 MARIUS JUNGE AND QIANG ZENG

[Junge and Zeng 2013] M. Junge and Q. Zeng, “Noncommutative Bennett and Rosenthal inequalities”,
Ann. Probab. 41:6 (2013), 4287-4316. MR Zbl

[Junge et al. 2014] M. Junge, T. Mei, and J. Parcet, “Noncommutative Riesz transforms: dimension
free bounds and Fourier multipliers”, 2014. arXiv 1407.2475

[Junge et al. 2015] M. Junge, C. Palazuelos, J. Parcet, M. Perrin, and E. Ricard, “Hypercontractivity
for free products”, Ann. Sci. Ec. Norm. Supér. (4) 48:4 (2015), 861-889. MR Zbl

[Kennedy and Nica 2011] M. Kennedy and A. Nica, “Exactness of the Fock space representation of
the g-commutation relations”, Comm. Math. Phys. 308:1 (2011), 115-132. MR Zbl

[Krolak 2000] I. Krolak, “Wick product for commutation relations connected with Yang—Baxter
operators and new constructions of factors”, Comm. Math. Phys. 210:3 (2000), 685-701. MR Zbl

[Krélak 2005] I. Krélak, “Contractivity properties of Ornstein—Uhlenbeck semigroup for general
commutation relations”, Math. Z. 250:4 (2005), 915-937. MR Zbl

[Lust-Piquard 1986] F. Lust-Piquard, “Inégalités de Khintchine dans Cj, (1 < p < 00)”, C. R. Acad.
Sci. Paris Sér. I Math. 303:7 (1986), 289-292. MR Zbl

[Lust-Piquard 1998] F. Lust-Piquard, “Riesz transforms associated with the number operator on the
Walsh system and the fermions”, J. Funct. Anal. 155:1 (1998), 263-285. MR Zbl

[Lust-Piquard 1999] F. Lust-Piquard, “Riesz transforms on deformed Fock spaces”, Comm. Math.
Phys. 205:3 (1999), 519-549. MR Zbl

[Lust-Piquard and Pisier 1991] F. Lust-Piquard and G. Pisier, “Noncommutative Khintchine and
Paley inequalities”, Ark. Mat. 29:2 (1991), 241-260. MR Zbl

[Murray and Von Neumann 1936] F.J. Murray and J. Von Neumann, “On rings of operators”, Ann. of
Math. (2) 37:1 (1936), 116-229. MR Zbl

[Nou 2004] A. Nou, “Non injectivity of the g-deformed von Neumann algebra”, Math. Ann. 330:1
(2004), 17-38. MR Zbl

[Ozawa and Popa 2010a] N. Ozawa and S. Popa, “On a class of II; factors with at most one Cartan
subalgebra”, Ann. of Math. (2) 172:1 (2010), 713-749. MR Zbl

[Ozawa and Popa 2010b] N. Ozawa and S. Popa, “On a class of 1I; factors with at most one Cartan
subalgebra, II”, Amer. J. Math. 132:3 (2010), 841-866. MR Zbl

[Pisier 2000] G. Pisier, “An inequality for p-orthogonal sums in non-commutative L ", Illinois J.
Math. 44:4 (2000), 901-923. MR Zbl

[Pisier and Xu 1997] G. Pisier and Q. Xu, “Non-commutative martingale inequalities”, Comm. Math.
Phys. 189:3 (1997), 667-698. MR Zbl

[Popa 2008] S. Popa, “On the superrigidity of malleable actions with spectral gap”, J. Amer. Math.
Soc. 21:4 (2008), 981-1000. MR Zbl

[Popa and Vaes 2010] S. Popa and S. Vaes, “Group measure space decomposition of I factors and
W*-superrigidity”, Invent. Math. 182:2 (2010), 371-417. MR Zbl

[Popa and Vaes 2014] S. Popa and S. Vaes, “Unique Cartan decomposition for II; factors arising
from arbitrary actions of free groups”, Acta Math. 212:1 (2014), 141-198. MR Zbl

[Ricard 2005] E. Ricard, “Factoriality of g-Gaussian von Neumann algebras”, Comm. Math. Phys.
257:3 (2005), 659-665. MR Zbl

[Shlyakhtenko 2004] D. Shlyakhtenko, “Some estimates for non-microstates free entropy dimension
with applications to g-semicircular families”, Int. Math. Res. Not. 2004:51 (2004), 2757-2772. MR
Zbl

[Sniady 2004] P. Sniady, “Factoriality of Bozejko—Speicher von Neumann algebras”, Comm. Math.
Phys. 246:3 (2004), 561-567. MR Zbl


https://doi.org/10.1214/12-AOP771
http://msp.org/idx/mr/3161475
http://msp.org/idx/zbl/1290.46056
http://msp.org/idx/arx/1407.2475
https://doi.org/10.24033/asens.2260
https://doi.org/10.24033/asens.2260
http://msp.org/idx/mr/3377067
http://msp.org/idx/zbl/1357.46061
https://doi.org/10.1007/s00220-011-1323-9
https://doi.org/10.1007/s00220-011-1323-9
http://msp.org/idx/mr/2842972
http://msp.org/idx/zbl/1237.46044
https://doi.org/10.1007/s002200050796
https://doi.org/10.1007/s002200050796
http://msp.org/idx/mr/1777345
http://msp.org/idx/zbl/0970.46048
https://doi.org/10.1007/s00209-005-0801-1
https://doi.org/10.1007/s00209-005-0801-1
http://msp.org/idx/mr/2180382
http://msp.org/idx/zbl/1077.81055
http://msp.org/idx/mr/859804
http://msp.org/idx/zbl/0592.47038
https://doi.org/10.1006/jfan.1997.3217
https://doi.org/10.1006/jfan.1997.3217
http://msp.org/idx/mr/1623158
http://msp.org/idx/zbl/0908.47027
https://doi.org/10.1007/s002200050688
http://msp.org/idx/mr/1711277
http://msp.org/idx/zbl/0977.46044
https://doi.org/10.1007/BF02384340
https://doi.org/10.1007/BF02384340
http://msp.org/idx/mr/1150376
http://msp.org/idx/zbl/0755.47029
https://doi.org/10.2307/1968693
http://msp.org/idx/mr/1503275
http://msp.org/idx/zbl/62.0449.03
https://doi.org/10.1007/s00208-004-0523-4
http://msp.org/idx/mr/2091676
http://msp.org/idx/zbl/1060.46051
https://doi.org/10.4007/annals.2010.172.713
https://doi.org/10.4007/annals.2010.172.713
http://msp.org/idx/mr/2680430
http://msp.org/idx/zbl/1201.46054
https://doi.org/10.1353/ajm.0.0121
https://doi.org/10.1353/ajm.0.0121
http://msp.org/idx/mr/2666909
http://msp.org/idx/zbl/1213.46053
http://projecteuclid.org/euclid.ijm/1255984700
http://msp.org/idx/mr/1804311
http://msp.org/idx/zbl/0976.60016
https://doi.org/10.1007/s002200050224
http://msp.org/idx/mr/1482934
http://msp.org/idx/zbl/0898.46056
https://doi.org/10.1090/S0894-0347-07-00578-4
http://msp.org/idx/mr/2425177
http://msp.org/idx/zbl/1222.46048
https://doi.org/10.1007/s00222-010-0268-5
https://doi.org/10.1007/s00222-010-0268-5
http://msp.org/idx/mr/2729271
http://msp.org/idx/zbl/1238.46052
https://doi.org/10.1007/s11511-014-0110-9
https://doi.org/10.1007/s11511-014-0110-9
http://msp.org/idx/mr/3179609
http://msp.org/idx/zbl/1307.46047
https://doi.org/10.1007/s00220-004-1266-5
http://msp.org/idx/mr/2164947
http://msp.org/idx/zbl/1079.81038
https://doi.org/10.1155/S1073792804140476
https://doi.org/10.1155/S1073792804140476
http://msp.org/idx/mr/2130608
http://msp.org/idx/zbl/1075.46055
https://doi.org/10.1007/s00220-003-1031-1
http://msp.org/idx/mr/2053944
http://msp.org/idx/zbl/1064.46047

ULTRAPRODUCT METHODS FOR MIXED ¢q-GAUSSIAN ALGEBRAS 147

[Speicher 1992] R. Speicher, “A noncommutative central limit theorem”, Math. Z. 209:1 (1992),
55-66. MR Zbl

[Speicher 1993] R. Speicher, “Generalized statistics of macroscopic fields”, Lett. Math. Phys. 27:2
(1993),97-104. MR Zbl

[Voiculescu et al. 1992] D. V. Voiculescu, K. J. Dykema, and A. Nica, Free random variables, CRM
Monograph Series 1, Amer. Math. Soc., Providence, RI, 1992. MR Zbl

[Zeng 2014] Q. Zeng, “Poincaré type inequalities for group measure spaces and related transportation
cost inequalities”, J. Funct. Anal. 266:5 (2014), 3236-3264. MR Zbl

Received October 2, 2016.

MARIUS JUNGE

DEPARTMENT OF MATHEMATICS
UNIVERSITY OF ILLINOIS
URBANA, IL

UNITED STATES

mjunge @illinois.edu

QIANG ZENG

MATHEMATICS DEPARTMENT

NORTHWESTERN UNIVERSITY

EVANSTON, IL

UNITED STATES

Current address:

ACADEMY OF MATHEMATICS AND SYSTEMS SCIENCE
CHINESE ACADEMY OF SCIENCES

BEIJING

CHINA

gzeng.math@gmail.com


https://doi.org/10.1007/BF02570820
http://msp.org/idx/mr/1143213
http://msp.org/idx/zbl/0724.60023
https://doi.org/10.1007/BF00750677
http://msp.org/idx/mr/1213608
http://msp.org/idx/zbl/0850.46022
https://doi.org/10.1090/crmm/001
http://msp.org/idx/mr/1217253
http://msp.org/idx/zbl/0928.46045
https://doi.org/10.1016/j.jfa.2013.12.005
https://doi.org/10.1016/j.jfa.2013.12.005
http://msp.org/idx/mr/3158723
http://msp.org/idx/zbl/1308.46069
mailto:mjunge@illinois.edu
mailto:qzeng.math@gmail.com




PACIFIC JOURNAL OF MATHEMATICS
Vol. 331, No. 1, 2024

https://doi.org/10.2140/pjm.2024.331.149

EQUIVARIANT MIN-MAX HYPERSURFACE IN G-MANIFOLDS
WITH POSITIVE RICCI CURVATURE

TONGRUI WANG

We consider a connected orientable closed Riemannian manifold M"+!
with positive Ricci curvature. Suppose G is a compact Lie group acting
by isometries on M with 3 < codim(G - p) <7 for all p € M. Then we
show the equivariant min-max G-hypersurface X corresponding to one-
parameter G-sweepouts (of boundary-type) is a multiplicity one minimal
G-hypersurface with a G-invariant unit normal and G-equivariant index one.
As an application, we are able to establish a genus bound for X, a control on
the singular points of X /G, and an upper bound for the (first) G-width of M
provided n + 1 = 3 and the actions of G are orientation preserving.

1. Introduction

Given a connected orientable closed Riemannian manifold (M"*!, g, ), minimizing
the area within a nontrivial homology class is a natural way to construct mini-
mal hypersurfaces (see [12; 36]). However, if M has positive Ricci curvature,
it follows from the stability inequality that this minimization method cannot be
applied. In the 1960s, Almgren [1; 2] proposed the min-max theory to find minimal
submanifolds in the most general situation. Subsequently, the regularity for min-
max hypersurfaces was improved by Pitts [30] (n < 5) and Schoen and Simon [34]
(n = 6). Indeed, for n > 7, they showed the min-max minimal hypersurface is
smooth embedded except for a singular set of codimension 7.

Due to the generality and abstractness of Almgren—Pitts min-max theory, many
of the geometric properties of min-max hypersurfaces have not been understood
until recently. For instance, in a closed manifold with positive Ricci curvature, a
series of studies were set out to characterize the min-max hypersurfaces generated
from one-parameter families. Specifically, using the Heegaard splitting, Marques
and Neves [20] studied the index and genus of the min-max surface in certain 3-
manifolds. They also obtained sharp estimates for the width and rigidity results. In a
higher-dimensional manifold M"+! with positive Ricci curvature, Zhou determined
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Keywords: min-max theory, equivariant minimal surfaces, positive Ricci curvature, multiplicity one,
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the Morse index and multiplicity of the min-max hypersurface for 3 <n+1 <7
in [43] and for n > 7 in [44]. Subsequently, Ketover, Marques, and Neves [17]
refined Zhou’s results in dimension 3 < n + 1 <7 by showing the orientability of
the min-max hypersurface using the catenoid estimates. In particular, the min-max
hypersurface is an orientable closed minimal hypersurface of Morse index one and
has the least area among all orientable closed minimal hypersurfaces. Furthermore,
without any curvature assumption, the constructions in [20; 43] were also employed
by Mazet and Rosenberg [25] to show the least area minimal hypersurface is either
stable or a min-max hypersurface of Morse index one.

Given a 3-manifold M with a finite group G acting by isometries, Pitts and Rubin-
stein [31; 32] first asserted the existence of a G-invariant minimal surface with esti-
mates on its index and genus. The existence and regularity of minimal G-invariant
surfaces (abbreviated as G-surfaces) were recently confirmed by Ketover [15] (for
finite G of orientation preserving isometries) using the equivariant min-max under
the smooth setting. More generally, suppose M"*! is a closed Riemannian manifold
with a compact Lie group G acting by isometries so that 3 < codim(G - p) <7 for all
p € M. The equivariant min-max theory was also extended to this general scenario
by Liu [19] (for connected G with min ¢y codim(G - p) #0, 2) in the smooth setting
and by Wang [39; 40] in the Almgren—Pitts setting. In particular, Wang [39, Theo-
rem 9] showed an isomorphism between H,,1(M; Z,) and 1 (Z,? (M; 73)), where
ZnG (M; Z,) is the space of G-invariant n-cycles (of boundary-type, see geometric
measure theory). Then it is similar to the constructions of Almgren—Pitts (see [30])
that the fundamental class [M] € H,+1(M; Z;) corresponds to the (first) equivariant
min-max width WY (M) > 0 of M defined with one-parameter G-sweepouts (see
Definition 2.7 and [30, Corollary 4.7]), which can be realized by the area of some
minimal G-invariant hypersurfaces (abbreviated as G-hypersurfaces) with multiplic-
ities. Therefore, it now seems reasonable to investigate the geometric features of the
equivariant min-max hypersurface, such as its area, multiplicity, index, and topology.

In this paper, our main result generalizes the characterization of the min-max
hypersurface into an equivariant version (see Theorem 5.1).

Theorem 1.1. Let (M"*!, g ) be a connected orientable closed Riemannian mani-
fold with positive Ricci curvature, and G be a compact Lie group acting by isome-
tries on M so that 3 <codim(G-p) <7 forall p € M. Then the equivariant min-max
hypersurface ¥ corresponding to the fundamental class [M] € H,+1(M; Z>) is a
multiplicity one minimal G-hypersurface so that:

(1) X has a G-invariant unit normal vector field.
(ii) The equivariant Morse index of ¥ (Definition 4.1) is one.

(ii1)) X has the least area among all closed embedded minimal G-hypersurfaces
with G-invariant unit normal vector fields.
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Remark 1.2. We make some remarks about the above theorem:

(i) If M has connected components {M;}!" ,, then we can take a component M;
and the Lie subgroup G; :={g € G : g- M; = M;}. By applying the above theorem
to M; and G,;, we obtain a minimal G;-invariant hypersurface X; of multiplicity one.
Additionally, one easily verifies that G - ¥; C G - M; is a minimal G-hypersurface
satisfying (i)—(iii) in Theorem 1.1 with G - M; in place of M.

(i1) Without the positive Ricci curvature assumption, we can combine the proof
of Theorem 1.1 and the constructions in [25] to show the existence of a minimal
G-hypersurface of the least area (counted with multiplicity) among all minimal
G-hypersurfaces. The details will be discussed in an upcoming paper.

Equivariant vs nonequivariant. Note that Theorem 1.1 is an equivariant generaliza-
tion of the results in [17; 43] where G = {id}. Nevertheless, due to the equivariant
constraints, the equivariant min-max hypersurface exhibits slightly stronger proper-
ties (e.g., the unit normal not only exists but also it is G-invariant). Additionally, it
should be noted that the equivariant constraints generally have a significant impact
on the min-max outcomes. Indeed, if we denote by W(M) = wlidl (pr) (resp.
WS (M)) and X (resp. X) the first (resp. equivariant) min-max width and the
corresponding first (resp. equivariant) min-max hypersurface, then we generally
have W (M) < W% (M) without the equality. Moreover, even if ¥ is G-invariant and
W(M)= WY (M), X may not necessarily be the equivariant min-max hypersurface
corresponding to WY (M). One can easily observe these phenomena from the
following examples.

Example 1.3 (W (M) < WS (M) without equality). Let M = S3 be the unit sphere
with the standard round metric. Then W (S?) = 4 is realized by the area of the
equator ¥ = S? [29]. Next, take G = Z» acting on S* by the antipodal map so that
n:M=S>— M/G =RP? is a (locally isometric) double cover. Hence, 7(Z¢)
is the first min-max hypersurface in RP? corresponding to W (RP?). Therefore,
although ¥ is G-invariant, it can not be ¥, because 7 (X) = RP? is 1-sided,
while 7 (Zg) C RP3 must be 2-sided [17; 43]. Indeed, it follows from [3] that
W2 (S3) = 2W(RP?) = 272 is realized by the area of the Clifford torus.

Example 1.4 (X # g evenif W = WO). Let M = S* = {x e R* : x| = 1},
and G = Z; act by the reflection (x, x2, x3, x4) — (—x1, X2, x3, X4). Then we
have M/G = Si = {x € S : x; > 0}. Note the Z,-equivariant minimal hy-
persurfaces and Z,-sweepouts in S correspond one-to-one to the free boundary
minimal hypersurfaces and (relative) sweepouts in Si. Thus, X6 /G is the first
min-max free boundary minimal hypersurface in Si corresponding to W(Si).
Therefore, W22(S?) = 2W(§§r) = 41 = W(S?) realized by the area of a great
2-sphere X = S? perpendicular to {x; = 0}. (As an example, take the Z,-sweepout
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(S*N{x, = t}}te1-1,11-) Meanwhile, we notice X = S*N{x; =0} is G-invariant and
is also a min-max hypersurface corresponding to W (S?). However, since X /G = S?
is not the free boundary min-max hypersurface corresponding to W(Si), we have
Y. # Y in this case.

One should also notice that in the above examples, X admits a G-invariant unit
normal, while the unit normal of X is not G-invariant. Intuitively, this is because our
equivariant sweepouts are formed by the boundaries of G-invariant (Caccioppoli)
sets admitting a (measure-theoretic) inward G-invariant unit normal. Hence, if
a G-invariant min-max hypersurface ¥ does not have a G-invariant unit normal,
then X cannot be a boundary of a G-invariant (Caccioppoli) set, and the min-max
sequence |02, | must converge to X with even multiplicities (Theorem 3.8) so that
the constructions in [17; 43] can be generalized to derive Theorem 1.1.

Remark 1.5. To ensure W (M) is well defined for any M and G, we only use the
boundaries of G-invariant (Caccioppoli) sets in the equivariant min-max construc-
tions in this paper. Note, for some specific choices of M, G, one may construct
the equivariant min-max using “G-hypersurfaces without G-invariant unit normal”,
and Theorem 1.1(i) may fail in this case (see, e.g., [16]). Similarly, the results
in [43] may not be applicable for nonboundary-type min-max constructions (without
equivariance).

Further discussions and applications. We will now delve deeper into some inspi-
rations and potential applications of Theorem 1.1.

Firstly, one notices that the existence of a G-invariant unit normal can help to
distinguish the min-max G-hypersurface ¥ and the fixed points set under certain
Z, actions. For instance, consider a positive Ricci curvature 3-ellipsoid M with
its major axis (on x;) sufficiently long and the other principal axes bounded by 2.
Then the classical min-max theory shall provide the equator I' = {x; =0} N M on
the major axis as the min-max hypersurface. Although I' is also invariant under
the Z,-reflections (x1, x") = (—x1, x’), it cannot be the min-max Z,-hypersurface
since its unit normal is not Z,-invariant. An interesting question is what exactly is
the min-max Z,-hypersurface in this case, and how does it relate to the 2-min-max
minimal hypersurfaces?

In addition, we see that the characterizations of the Morse index and multiplicity
for min-max hypersurfaces are crucial in the study of min-max theory. For instance,
a key part in the proof of the Willmore conjecture by Marques and Neves [21] is to
show the minimal surface in S3 constructed by the five-parameter families of min-
max has Morse index 5. Additionally, by specifying generically the multiplicity [45]
and index [22; 24] of min-max hypersurfaces, the multiparameter min-max theory
was used to establish the Morse theory for the area functional. In the equivariant
case, Wang [41] also proved general upper bounds for the G-index (Definition 4.1)
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of equivariant min-max hypersurfaces generated from multiparameter families.
Therefore, in light of Theorem 1.1 and Zhou [45], we conjecture that for a generic
G-invariant Riemannian metric, the minimal G-hypersurface constructed from
k-parameter families of equivariant min-max shall have multiplicity one, G-index k,
and a G-invariant unit normal.

Moreover, it has been discovered in numerous studies that the Morse index of
a minimal surface is related to its topology. For instance, in a closed 3-manifold
with positive Ricci curvature, Choi and Schoen [8] proved the area of a closed
minimal surface can be bounded by its genus. Therefore, by Ejiri and Micallef [11,
Theorem 4.3], the index of a such minimal surface is also bounded by its genus.
Additionally, using the conformal volume, Yau (see [35, Chapter VIII, Section 4])
obtained a genus bound for index one minimal surfaces in positive Ricci curvature
manifolds. More generally, in an orientable 3-manifold with nonnegative Ricci
curvature, it follows from the sharp estimate of Ros [33, Theorem 15] that a closed
orientable minimal surface of index one must have genus < 3. Recently, Song [37]
showed that the total Betti number of a closed minimal hypersurface in M"*!,
3 <n+1 <7, can be bounded by its index and a constant depending only on n, g,,,
and its area, which further indicates a quantified relation [37, Corollary 3] between
the genus and index of a minimal surface in M>. For a complete two-sided minimal
surface in R3, Chodosh and Maximo [6] showed that its genus and the number of
ends give a lower bound on its index. We refer to [7; 26] for more related research.

Hence, as an application, we use the conformal volume initiated by Li and
Yau [18] in the orbit space to show a general genus bound of the equivariant min-
max surface in a 3-manifold with positive Ricci curvature, which further indicates
an upper bound of the G-width and a bound for the singular points of X /G (see
Theorem 5.2).

Theorem 1.6. Let (M?, g,,) be a closed connected oriented Riemannian 3-manifold
with positive Ricci curvature, and G be a finite group acting on M by orientation
preserving isometries. Then the equivariant min-max hypersurface ¥ corresponding
to the fundamental class [M] is a connected minimal G-hypersurface of multiplic-
ity one with

genus() <4K, WO(M) = Area(s) < 37K

Cm

where K :=max ,cy #G - p < #G is the number of points in a principal orbit of M,
and Ricy > cpr > 0. Additionally, the quotient space m(X) = X /G is an orientable
surface with finite cone singular points of order {ni}le so that

k

)3 (1 - i) <4 and genus(n (X)) < 3.

i=1 n;

In particular, if ¥ /G has no singularity, then genus(¥) < 14 2K.
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Remark 1.7. To generalize Li—Yau’s [18] theory to the orbit spaces, G-actions in
Theorem 1.6 are assumed to be orientation preserving isometries so that M/G and
¥ /G induce orientable orbifolds without boundary.

The conformal method has been employed in many studies for the volume
spectrum, i.e., the multiparameter version of width. For the first width W (M) in the
volume spectrum, Glynn-Adey and Liokumovich [13] gave an upper bound using the
min-conformal volume of the ambient manifold. In particular, if M is a closed sur-
face, they showed the first width W (M) can be bounded by the genus and area of M.
Also, the conformal upper bounds for the volume spectrum were proved in [38].

Main ideas and outline. The main idea for Theorem 1.1 is as follows. For the closed
manifold M and the Lie group G in Theorem 1.1, we can take any closed embedded
minimal G-hypersurface ¥ in M and use the variation of its first eigenvector field
to foliate a G-neighborhood of X. Using a half-space version of the equivariant
min-max theory (Theorem 3.11), we argue by contradiction to show this local
G-equivariant foliation can be extended to a continuous G-sweepout of M with
mass no more than Area(X) (if ¥ has a G-invariant unit normal) or 2 Area(X).
Therefore, it follows from the equivariant min-max theory [39, Theorem 8] (see
also [40, Theorem 4.20]) that the equivariant min-max hypersurface is the minimal
G-hypersurface of least area in the sense of (5-1). Additionally, if the equivariant
min-max hypersurface does not admit a G-invariant unit normal, it must have even
multiplicity by the constructions of equivariant min-max (Theorem 3.8). However,
in this case, we can further use the catenoid estimates of Ketover et al. [17] to
add small G-invariant cylinders in the G-sweepouts (Proposition 4.7), which will
strictly decrease the mass and give a contradiction.

The above idea shares the same spirit as in [43]. However, since the equivariant
min-max theory was already established in a continuous version [39, Theorem 8],
we do not need to invoke the smooth setting of min-max (see [10]) as in [43,
Section 2], but give a more self-contained equivariant min-max construction in half
spaces (Theorem 3.11). Meanwhile, instead of using the discretization theorem
as in [43, Theorem 5.8], we can more easily determine that the extension of the
G-equivariant foliation is a G-sweepout.

The article is organized as follows. In Section 2, we collect some notations and
definitions of Lie group actions and geometric measure theory. In particular, we intro-
duce the G-equivariant sweepouts and G-width of M in a continuous version using
the isomorphic map between 7} (Zf (M; Z»)) and H,,+1(M; Z»). Then we introduce
in Section 3 the equivariant min-max theory developed by Wang [39; 40] under the
Almgren—Pitts setting with some modifications. In Section 4, we will generate a
continuous G-sweepout with good properties from a given minimal G-hypersurface.
The proof of the main theorem and its applications are given in Section 5.
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2. Preliminary

Let (Mt g ,) be an orientable connected compact Riemannian (n + 1)-manifold
and G be a compact Lie group acting isometrically on M. Denote by u a biinvariant
Haar measure on G normalized to ;«(G) = 1. For the case that 0 M # @, it follows
from [40, Lemma A.1] that M can be equivariantly and isometrically extended to a
closed Riemannian manifold (N, g, ) with G acting on N by isometries. Therefore,
we can assume M is a compact domain of a closed Riemannian G-manifold N.

Note that although our main results only involve closed minimal G-hypersurfaces
in closed G-manifolds, we also need a half-space version of equivariant min-max to
insert any closed embedded minimal G-hypersurface into a good G-sweepout (see
main ideas and outline). Hence, we also include some terminologies and results
in this paper concerning G-equivariant min-max in compact G-manifolds with
nonempty boundary.

Lie group actions. To begin with, we gather some definitions of Lie group actions,
most of which are referred from [4; 5].

It follows from [28] that there is an orthogonal representation p : G — O(L)
and an isometric embedding i : M < R’ for some L € N so that i is equivariant,
i.e., i o g = p(g) oi. For simplicity, we regard M as a subset of RY and denote
the orthogonal action of g € G on x € R as g - x. We say a subset (hypersurface)
A C M is a G-subset (G-hypersurface) if g- A=A forall g € G.

Forany p e M, let G- p :={g- p : g € G} be the orbit containing p and
G, :={g € G: g-p = p} be the isotropy group of p. Note G - p is a closed
submanifold of M and G, is a Lie subgroup of G. We then say p has (G ) orbit-
type, where (G ) is the conjugacy class of G, in G. By [4, Proposition 2.2.4],
there is a (unique) minimal conjugacy class (P) of isotropy groups so that MP'" =
Mpy :={p € M : (G,) = (P)} is an open dense G-subset of M. We call any
G - p C MP"™ a principal orbit of M and denote by Cohom(G) the codimension of
a principal orbit, which is known as the cohomogeneity of the actions of G.

Let M/G be the quotient space, i.e., the orbit space, and 7 be the projection
m:M— M/G, p+ [p]. Itis well known that M/G is a Hausdorff metric space
with induced metric disty/6 ([p], [¢]) :=disty (G - p, G - q).

Denote by B, (p), B, ([p]), and [B’r‘(p) the geodesic ball in M (orin N if IM # ),
the metric ball in M/G, and the Euclidean ball in R* respectively. Then we use the
following notations:

e X(M), X(U): the space of smooth vector fields compact supported in M or
UcCM.

o X9(M), X6(U): the space of G-vector fields X in M or U, (g X = X for all
g€G).



156 TONGRUI WANG

. B/? (p): the open geodesic tube with radius p around the orbit G - p in M (or
in N if oM # 9).
. AnG(p, s, t): the open tube B,G(p) \ ESG(p).
For any closed G-hypersurface ¥ C M, denote by N X its normal bundle with G
actingonitby g-v:=gsv forall ge G,ve NX. Let expé :NX — M be the
normal exponential map of X. Note expé is a G-equivariant diffeomorphism in a
neighborhood of X.

Geometric measure theory. We refer to [12; 30; 36] for the following definitions:

o I (M; Z,): the space of k-dimensional mod 2 flat chains in RL with support
contained in M.
o Z,(M; Z5): the space of T € I,(M; Z;) with T =0U for U € I,1(M; Z,),
i.e., the boundary-type mod 2 n-cycles.
* Vi (M): the weak topological closure of the space of k-dimensional rectifiable
varifolds in RY with support contained in M.
Let F and M be the flat (semi)norm and the mass norm in I (M; Z;) [12, 4.2.26].
Define the F-metric on Vi (M) as in [30, p. 66]. Then F induces the weak topology
on any mass bounded subset {V € Vi, (M) : ||V ||(M) < C}, where C > 0 and || V||
is the Radon measure on M induced by V.
Forany T € I.(M; Z,), we denote |T'| and || T'|| as the integral varifold and the
Radon measure induced by T'. Then we define the F-metric on I (M; Z,) by

F( S, T)=FS—-T)+F(S|,|T|) forall S,T € I.,(M; Z,).
It follows from [30, p. 68] that for any T, {T;};en C 2, (M; Z5),
(2-1) lim F(T;, T)=0 <« lim F(7;,T)=0 and lim M(T;) = M(T).
=00 1 —>0

1 —> 0

Forve{M, F, F},let It,(M; v; Z,) and Z,(M; v; Z,) be the spaces with topology
induced by v. Additionally, we denote by [I'] the element in I} (M; Z,) induced
by a k-submanifold I' C M.

Wesay T € It.(M; Z,) (or V € Vi (M)) is G-invariant if guT =T (gaV =V)
for all g € G. Then we have the following subspaces of G-invariant elements:

o IE(M;Z5) :={T € It(M; Z5) : g4T =T for all g € G}.

« Z8(M; Zy) :={T € Z,(M; Z) : T = 3U for some U € I?, |

¢ VE(M) :={V e V(M) :gzV =V forall geG).
Remark 2.1. Note Z,?(M; Zy) CAT € 2,(M; Zy) : g4T =T forall g € G} in
general, and intuitively, T € Z9(M; Z») is not only a boundary that is G-invariant

but also “bounds a G-invariant region”. This is essential to derive Theorem 1.1(1)
as explained in Remark 1.5.

(M Z,)}.
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Since G acts by isometries, IkG(M; 75), ZnG (M; Z5), and VkG(M) are closed
subspaces with induced metrics M, F, F. Moreover, we have the following isoperi-
metric lemma (see [39, Lemma 5]), which is also valid when 0 M # @.

Lemma 2.2. There are €py > 0, Cypy > 1 such that for any Ty, T, € InG (M; Z,) with

3T1 = 3T2 = 0, and
F(Ih —T) <epy,

there is a unique Q € InGH(M s Z3), called the isoperimetric choice of Ty, T5,
satisfying
) 900 =T -1,

(i) M(Q) = Cy - F(Th — T).

For any V € V,,(M) and X € X(M), the first variation of V along X is given by

d .
V(X) = m I (F)#V II(M) :/ divs(X)(p)dV(p, S),
rh=0 Gu(M)

where {F;} are the diffeomorphisms generated by X, and G, (M) is the Grassman-
nian bundle of unoriented n-planes over M. Suppose V € V,? (M) is G-invariant
and U C M is an open G-subset, then we say:

o V is stationary in U if §V (X) =0 for all X € X(U).
e V is G-stationary in U if 8V (X) =0 for all X € X9 (U).

Clearly, a stationary G-varifold must be G-stationary. Meanwhile, let
(2-2) Xg = /(g_l)*Xdu(g) for all X € X(U).
G
A direct computation shows X € XC(U)and 8V (X)=8V (X) for any V € Vf (M)
(see [19, Lemma 2.2]). Hence, we have:
(2-3) V € V9(M) is stationary in U if and only if it is G-stationary in U.

G-Sweepouts and G-width. To define the equivariant sweepouts and width, we
need to introduce a technical assumption:

Definition 2.3. For any F-continuous map & : [0, 1] — Zf (M; Z5), define
m%(®, r) := sup{[|® )| (B (p)) : x € [0, 1], p € M},

where BrG (p) is the geodesic r-neighborhood of G- pin M (orin N if M C N has
nonempty boundary). Then we say ® has no concentration of mass on orbits if
lim,_om©(®, r) = 0.

By (2-1) and a continuous argument, we have the following lemma (see [39,
Lemma 8]), which is quite useful in Section 3.
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Lemma 2.4. If ®:[0,1] —> ZnG (M; 75) is F-continuous, then ® has no concen-
tration of mass on orbits and sup, o 11 M (P (x)) < oo.

Closed G-manifolds. Inthis case, d M = @. Then for any F-continuous closed curve
®:[0,1] > Z85(M; Z»), ®(0) = ®(1), we can take a; = j/3F, j=0,1,...,3*
with k € N large enough so that

2-4) F(P(x)—D(y) <ey forall x,yela;,aj1],

where €); > 0 is given by Lemma 2.2. By Lemma 2.2, there is Q; € InGH(M; Z3)
with 0Q; = ®(a;41) — ®(a;) and M(le’) < Cy F(®(ajy1) — ®(aj)), where
j=0,1,....3*— 1. Therefore, Q := Y"3_3' Q; € IC. | (M: Z,) satisfies 8Q =0,
which indicates Q = [[M] or O by the constancy theorem [36, 26.27]. Hence, we
can correspond ® to a homology class:

(2-5) Fp(®) :=[Q] € Hy (M™; 7).

By the constancy theorem, F;(®) does not depend on the choice of k. Moreover,
by [39, Remark 2] and the arguments in [1], we have Fj;(®) = Fy (®’) for any
closed curve @’ that is homotopic to ® in Zf (M; F; Z5), and Fj induces an
isomorphism [39, Theorem 9]:

Fuy i1 (28 (M; 7)) — Huy (M 7).

In the above, we do not need to specify the base point of (Z,? (M; Z5)). This is
because Z¢(M; Z,) is the F-path connected component of I8 (M; Z2) N Z,(M; Z,)
containing 0 (by Lemma 2.2 and the contraction approach in [24, Claim 5.3]).

Definition 2.5 (G-sweepout). A closed F-continuous curve ® : S! — ZnG (M; Z5)
is said to be a G-sweepout of M if Fy(®) =[M] #0O.

Remark 2.6. Since Z¢(M; Z,) is F-path connected, every two G-sweepouts are
homotopic to each other in Z,? (M; F; Z3). Hence, the set of G-sweepouts of M is
exactly the nontrivial homotopy class of closed curves in Zf (M; 7).

Next, we introduce the min-max G-width of M, which can be regarded as a
critical value for the area functional with respect to all variations by (2-3).

Definition 2.7 (G-width). Let P¢ (M) be the set of G-sweepouts of M with no
concentration of mass on orbits. Then we define the G-width of M by

WO (M):= inf supM(P(x)).
PePC(M) yes!
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Compact G-manifolds with boundary. Now we consider the case that IM # &,
and regard M as a compact domain of a closed Riemannian G-manifold N. Let Fi
be given by (2-5), and vy be the unit normal of d M pointing inward M. Then
for n > 0 small enough, define

(2-6) M, == M \ expy ([0, n) - vour) = {p € M : disty (p, IM) > 1},

Let ®; : [0, 1] — ZnG (M; Z3), i = 1,2, be two F-continuous curve so that
®;(0) =[0M] and ®;(1) = 0. As the constructions in (2-4), we can associate ;
to Q; € If+1(M ; Z7) with 0Q; = [[0M]. Then the constancy theorem implies
Q; = [M]. Therefore, the curves product, i.e., joint curve, ®, Lo 1 satisfies
FN(CIDZ’1 - ®1) =0, and thus Cbgl - @ is homotopic to 0 in Zf(N; F; Z5). Since
spt(P;(x)) € M for all x € [0, 1] and i = 1, 2, we can apply the double cover
argument in [24, Theorem 5.1] with Lemma 2.2 in place of [1, Corollary 1.14],
and see the homotopy map between @, L. @, and O can be taken in Z,? (M; F; 7).
Thus, @ and &, are homotopic to each other in ZnG (M; F; Zy).

Next, we introduce the following definition for G-manifold with boundary, which
is generalized from the smooth min-max setting [43, Definitions 2.1, 2.5].

Definition 2.8. Suppose M is a compact Riemannian G-manifold with boundary
oM # &. Then we call a F-continuous curve @ : [0, 1] — ZnG (M; Z5) a G-sweepout
of (M, dM), if:

1 ®0)=[oM], ®(1)=0.

(i1) There exist € > 0 and a smooth G-invariant function w : [0, €] x dM — [0, 00)
with w(0, -) =0 and %w(O, ) > 0, so that ®(x), x € [0, €], is induced by
the smooth G-hypersurface expaLM(w(x, ) Vam).

(iii) For any xq € (0, 1], there exists n > 0 so that spt(®(x)) € M,, for all x € [xo, 1].

Denote by PY(M, IM) the set of G-sweepouts of (M, d M) with no concentration
of mass on orbits. Then we define the G-width of (M, dM) by
WEM,dM):=  inf sup M(P(x)).
DePCE(M,0M) xe[0,1]

Remark 2.9. As we mentioned before, any two G-sweepouts @1, &, of (M, IM)
are homotopic to each other in Zf (M; F; Z). Moreover, by reparametrization,
the foliation parts of ®;, i =1, 2, are homotopic through v, := (1 —t) w; + fwo,
where ¢ € [0, 1] and wq, wy : [0, %] X dM — [0, oo) are given by Definition 2.8(ii).
The nonfoliation parts CID,-L[%, 1] and expaLM (v, (%, ) vy M) are all in M,, for some
n > 0, and thus the homotopy between these parts can be taken in Z¢ (My; F; Z>)
(see the constructions in [24, Theorem 5.1] with Lemma 2.2). Therefore, we can
take a homotopy map H : [0, 1] x [0, 1] — Z,?(M; F; Z5) so that H(O, -) = &,
H(l,.) = ®,, and for every t € [0, 1], H(z, -) is a G-sweepout of (M, dIM).
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3. Equivariant min-max theory

In this section, we introduce the equivariant min-max constructions in [39] (see
[40; 41] for modified versions). Then main purpose is to find an integral G-varifold
V € VS(M) induced by a smooth embedded minimal G-hypersurface so that
IVI[(M) = WO (M) (or WO(M,dM) if IM # @). Since our definitions differ
slightly from those in [40; 41], we shall outline the essential steps for the sake of
completeness.

Throughout this section, let P¢ = PS¢ (M) or P¢ (M, dM), W¢ = WG (M) or
WY (M, dM) depending on whether d M is empty. By reparametrization, we always
assume the domain of ® € PY is I = [0, 1], and if dM # &, then CI>|_[O, %] are
smooth G-hypersurfaces as in Definition 2.8(ii).

For any sequence {®;};en C PC, define the width of {®;};en by

L({®i}ien) :=lim sup supM(D;(x)).

i—oo xel

Then we say {®;};cn is a min-max sequence if
L({®i}ien) = WO,
The image set of {®;};cn is defined by

A({D;}icn) = {V € VHG(M) 1V = lim [®;,(x;;)| for some i; — o0, x;; € I}.
Jj—o0o

Moreover, we define the critical set of {®;};cn by
C{Di}ien) :={V € A({Di}ien) : IVII(M) = L{D;}ien)}-

Discrete min-max settings. To apply the equivariant min-max constructions in
[39; 40], we need the following discrete notations. Since we only consider curves
in ZnG (M; Z,), we will restrict the notations to the 1-parameter case.

Denote by I := [0, 1]. For any j € N, let /(1, j) be the cube complex on / with
1-cells and O-cells (vertices) given by

I(1, ) :={[0,3771,[37/,2-377], ..., [1 =377, 1]},
1(1, j)o:={[01,[37/1, ..., [11}.

The boundary homeomorphism 9 is defined by d[a, b] = [b] — [a]. Then we
denote by 1(2, j) = 1(1, j) ® I(1, j) the cell complex on I>=1x1I. For any
a=01QRua el (2,j)and pe{0,1,2}, wesay « is a p-cell, if dim(a;)+dim(cz) = p.
Then the set of p-cells of (2, j) is denoted by (2, j),, and the set of p-cells in
a € 1(i, j)g is denoted by o).
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Let J := [%, 1]. Then we denote by J (1, j) the cubical subcomplex containing
all the cells of I(1, j) supported in J. Similarly, the set of p-cells of J(1, j) is
denoted by J (1, j), for p € {0, 1, 2}.

Letm € {1, 2} and two vertices x, y € I (m, j)o, defined (x, y):=3/ 37" |x; —yil.
For any map ¢ : I (1, j)o — ZnG(M; Z3), the M -fineness of ¢ is defined by

fmu(@) :=sup{M(¢(x) —¢(y)) :d(x,y) =1, x,y € I(1, j)o}.

Suppose S = {¢;}ien 1S a sequence of maps ¢; : (1, k;)g — ZnG(M; Z») such that
k; — oo and fy(¢;) — 0 as i — oco. Then we use the following notations:

L(S) :=limsup max M (p;(x)),

i—soo X€l(l,ki)o
A(S) := {V eVE(M): V = lim |g;, (x;,)| for some i; — 00, x;, € I(1, k,-)o},
j—o00
C(S):={VeAS):IVI(M)=L(S)}
Forany i, j e N,letn(i, j): I(1,i)o — I(1, j)o be the nearest projection, i.e.,
d(x,n(, j)(x)) =inf{d(x, y) : y € [ (m, j)o}.
Then we define the discrete homotopy:

Definition 3.1. Given ¢; : I (1, k;)o — Z8(M; Z,), i = 1,2, we say ¢, and ¢, are
1-homotopic in Z,? (M; Z,) with M-fineness & if there exists a map

W I (1, k) x I(1,k)g — Z5(M; Z5)

for some k > max{ky, k»} such that fy; () <6 and ¥ ([i — 1], x) = ¢; (n(k, k;)(x))
fori € {1,2} and x € I(1, k).

Definition 3.2. A sequence of mappings S = {¢; }ien, @i : I (1, ki)o — Zf (M; Z,),
is said to be a
(1, M)-homotopy sequence of mappings into Z8(M; Z,)
if ¢; and ¢; 1 are 1-homotopic in ZnG (M; Z,) with M-fineness §; such that
(1) lim;_, & 8; =0,
(i1) sup{M (¢;(x)) : x € I (1, k;)o, i € N} < +o00.

Definition 3.3. Let S/ = {¢ij tiens j =1, 2, be two (1, M)-homotopy sequences of
mappings into Z9(M; Z). Then S' and S? are homotopic in Z8 (M; Z,) if there
exists a sequence {J; };en such that

(1) ¢l.1 is 1-homotopic to ¢l.2 in Z,? (M; Z,) with M -fineness §;,

(1) lim; 0 8; =0.
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By the following discretization theorem from [39, Theorem 2], we can generate
a (1, M)-homotopy sequence of mappings into Z%(M; Z,) from any ® € PC.

Theorem 3.4 (discretization theorem). Let & : [ — ZnG (M; Z5) be a continuous
map in the flat topology so that sup,.; M (P (x)) < oo and ® has no concentration
of mass on orbits. Then there exists a sequence of maps

i 1(1, ji)o = 27 (M; Z5),
with j; < jit+1, and a sequence {§; > 0};cn converging to zero such that:

(1) S={o;}ien is a (1, M)-homotopy sequence of mappings into Zf (M; Z7) with

M -fineness far(¢;) < 6.

(i1) There exists some sequence k; — —+00 such that for all x € I (1, j;)o,

M(¢i(x)) < sup{M(P(y)):a € I(l,k)1,x,y €a}+3,

which implies L(S) < sup, ;M (P (x)).

(iii) sup{F(¢h;i(x) — @ (x)) :x € I(1, ji)o} < ;.

(iv) ®(0) = ¢i([0D) = ¥ (-,[0]) and ®(1) = ¢:i([1]) = ¥ (-, [1]), where V;
is the discrete homotopy map of ¢; and ¢;+1 with ¥;([0], n(-)) = ¢; and
Vi([1], n(-)) = dit1-

Moreover, let K C M be a compact G-invariant domain with smooth boundary.
Then forany j e Nand a € I (1, j)1, if spt(®(x)) C K for all x € a, then we can
Sfurther make spt(¢; (x)) C K forallx eaNI(1, ji)o.

Proof. The statements in (i)—(iii) follow directly from [39, Theorem 2]. Note
that the proof of [39, Theorem 2] is basically the combinatorial approach in [21,
Theorem 13.1] with Lemma 2.2 in place of [1, Corollary 1.14] and dist(G - p, -) in
place of dist(p, - ). Meanwhile, since the maps are defined on the 1-dimensional
cubical complex, statement (iv) follows from [21, Proposition 13.5(ii)] and the
combinatorial constructions of [21, Theorem 13.1(iv)]. Moreover, these cut-and-
paste and combinatorial arguments would also carry over in the case dM # & by
restricting in the compact domain M C N, and thus (i)—(iv) are still valid when M
has boundary. Finally, if K and o € I(1, j) are given as in the last statement. Then
we can apply the above discretization result to ®L« in K and & (1 \ int(«)) in M
respectively. Note the boundary values are unchanged by (iv). Hence, the discrete
maps defined in & and 7 \ int(«) can be connected together, which gives the last
statement. ([

The following interpolation theorem (see [39, Theorem 3]) indicates that a M-
continuous map into Z9(M; Z,) can be generated from a discrete map with small
M -fineness.
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Theorem 3.5 (interpolation theorem). For m = 1, 2, there exists a positive constant
Co=Co(M, G,m) so thatif ¢ : [(m,k)g — ZnG(M; Z) has fy(p) < ey with
€y > 0 given in Lemma 2.2, then there exists a map

oI — 26(M; 7,)
continuous in the M -topology satisfying:
(1) ©(x)=¢(x) forall x € I (m, k)o.

(1) If o is some j-cell in I (m, k), then ® restricted to a depends only on the values
of ¢ assumed on the vertices of a.

(iii) sup{M (D (x) — ®(¥)) : x, y lie in a common cell of I (m, k)} < Co far(P).
(iv) Foranya € I(m,k);,if prag=T € ZnG (M; Z3) is a constant, then Lo =T.
We call the map & in Theorem 3.5 the Almgren G-extension of ¢.

Proof. The statements in (i)—(iii) follow directly from [39, Theorem 3]. If M # &,
then the constructions in [40, Theorem 4.13] would carry over with ZnG (M; Z7)
and Lemma 2.2 in place of Z8(M, dM; Z,) and [40, Lemma 3.10]. If pLap =T €
28 (M; Z,) is a constant for some j-cell &, then for any 1-cell y; = [a, b] € ay,
the isoperimetric choice Q(y;) of ¢ (a) and ¢ (b) (Lemma 2.2) must be 0. Hence,
for any cell B C «, the map hg constructed in [40, Theorem 4.13] is 0 implying
dLa=T [1,4.5]. O

Using the discretization/interpolation Theorems 3.4 and 3.5, we have the follow-
ing corollary (see [39, Corollary 1]):

Corollary 3.6. Let ® : I — Z9(M; Z») be a F-continuous map with no concen-
tration of mass on orbits and sup, .; M(P(x)) < o0o. Suppose S = {¢;}ieN is given
by Theorem 3.4 applied to ®, and ®; is the Almgren G-extension of ¢; given by
Theorem 3.5 for every i sufficiently large. Then:

(i) For each i large enough, a relative homotopy map H; : 1> — ZnG (M; F; Z,)
exists with H;(0,-) = ®, H;(1,-) = &;, H;(-,0) = ®(0) = P,;(0), and
Hi(-,1)=o() = (D).

(i) L({P;}ien) = L(S) < sup,c; M(P(x)).

Proof. Using Theorem 3.5 and the arguments in [1], we see that [1, Theorem 8.2] is
valid in our G-invariant settings (even if 9 M may be nonempty). Hence, the proof
of [23, Corollary 3.9] would carry over with Theorems 3.4 and 3.5 in place of [23,
Theorem 3.6]. Thus, ®; is homotopic to ® in Zf (M; F; Zy) for i-large, and (ii) is
valid. Also, by (iv) in Theorems 3.4 and 3.5, we have ®(0) = ¢; ([0]) = ®,(0) and
O (1) =¢; ([1]) = D; (1) for all i-large. So, combining (iv) in Theorems 3.4 and 3.5
with the homotopy constructions in [23, Propositions 3.3, 3.8], one easily verifies
that the homotopy map H; of ® and ®; is relative to the boundary values. (]



164 TONGRUI WANG

Let {®;};en C PY be any min-max sequence. If M = @, then we can apply
Corollary 3.6 to each ®; and obtain a sequence of M-continuous curves {dD }jeN
relative homotopic to ®; in Z (M; F; Z) and L({d>’ JjeN) < sup,¢; M(dD (x))
Choose j (i) sufficiently large so that sup, ., M (P j(l)(x)) <sup,c; M(P;(x)) ~|— -
Hence, we have {® J(z)}teN C PY(M) is a min-max sequence continuous in the
M -topology and so in the F-topology.

For the case 0 M # &, we can apply the above arguments to each &;.J, where
J = [ 1] in a G-submanifold M,, given by Definition 2.8(iii) with xo = 3, and

get CDJ(l) J— 20 (M,;; M; 75) satlsfymg

. cI>’j(l.) is relative homotopic to ®;J in Z9(M,,; F; Z»),
* sUpyes M(®f) () < sup,cy M(®;(x) + 7.

Since the homotopy map of CIJ;(I.) and ®;.J is relative to the boundary values, we
can define <I>’j(l.)|_[0, %] = <I>,-|_[O, %], and see that {q)lj(i)}iEN Cc PS(M,dM) is an
F -continuous min-max sequence.

Therefore, the above arguments give the following corollary, which implies we
only need to consider the F-continuous G-sweepouts.

Corollary 3.7. The G-width defined in Definitions 2.7 and 2.8 satisfies

WO = inf{sup M(d(x)): ®ePCis F-continuous}.
xel

Min-max theorems. We now use the min-max method to construct a minimal

G-hypersurface (with multiplicity) so that the width WY is realized by its area.

Closed G-manifolds. For the case that M is closed, it follows from Remark 2.6
and Corollary 3.7 that IT := {® € PY (M) is F-continuous} is a continuous G-
homotopy class in the sense of [39, Definition 5], and W% (M) = L(II) in the
sense of [39, Definition 6]. Hence, we have the following min-max theorem by [39,
Theorem 8]. (Note that the assumptions on M \ MP" in [39, Theorem 8] can be
removed by the modifications in [40], and the dimension assumption is modified in
[41, Theorem 5.1].)

Theorem 3.8. Suppose M is closed, i.e., 0M = &, and 3 < codim(G - p) <7 for
all p € M. Then there exists an integral G-varifold V € Vf (M) so that

m
IVIM) =WE M) and V=) nl%i,
i=1
where m, n; € N, {Z;}L | are disjoint G-connected (Definition 4.4) smooth embed-

ded closed minimal G-hypersurfaces. Moreover, if ¥; does not admit a G-invariant
unit normal vector field, then n; is an even number.
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Proof. We only need to show the last statement since the existence and regularity
of V are given by [39, Theorem 8] (see also [41, Theorem 5.1]). Note that the
min-max varifold V is (G, Z;)-almost minimizing in annuli of boundary-type in the
sense of [39, Definitions 10, 11]. Hence, for each X;, we can take a small G-tube
B (p) with center G- p C %; and r € (0, 1inj(G - p)) so that:

e Vis (G, Z,)-almost minimizing of boundary-type in BZGr (p).
. BtG (p) has mean convex boundary for all ¢ € (0, 2r).

« BY(p)Nspt(| V) C X, and dBC (p) is transversal to %;.

Then by the constructions [39, Proposition 2, 3] and the consistency [41, Proposition
4.19] of G-replacements, there exists a sequence {7} jen C Z,ZG (M; Z5) so that:

(1) T; =dQj is locally mass minimizing in BrG (p) with Q; € I¢

G (M; Z).

(2) |T;j| — V in the sense of varifolds.

By compactness, let T; — T = 00 in the flat topology with Q € IHGH(M; 7).
Thus, we have spt(T) C spt(||V[[) = U, ;, which implies T = Y7 | n/[ ;] for
some 7, € Z, by the Constancy Theorem. By regarding Q € InGH(M; Z3) as a
G-invariant Caccioppoli set whose boundary is induced by smooth G-hypersurfaces
{(%;:1<i<m, n; = 1}, we see dQ admits an inward unit normal that is also
G-invariant. Hence, n; = 0 provided that X; does not admit a G-invariant unit
normal. Now we can use the slicing theory [36, 28.5] to take s € (%, r) so that
M (B(TJLBSG ( p))) are uniformly bounded, and thus le_BSG (p) converges up to a
subsequence. Finally, by (1) we know [42, Theorem 1.1] indicates that n; = n]
mod 2, and thus the multiplicity n; must be even for ¥; without a G-invariant unit
normal. ([

Compact G-manifolds with boundary. Now we consider the case that oM # . In
this case, we make the assumption that

(3-1) Hyy >0 and WY(M, M) > Area(dM),

where Hjyy is the mean curvature of d M with respect to the inward unit normal vy ;.
By Corollary 3.7, we can take a min-max sequence {®7};en C PY (M, dM) that
are continuous in the F-topology. The strategy is to use the following proposition
to deform {®}};cy into a new F-continuous min-max sequence so that every
V e C({®]}ien) is supported in a G-invariant subdomain M, € M. With this
benefit, the min-max constructions can be restricted in the interior of M to build a
closed minimal G-hypersurface realizing the width W (M, dM). This deformation
approach is based on the idea of [20, Lemma 2.2] and we list the details here for
the sake of completeness.
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Proposition 3.9. Let 0M # & satisfy (3-1). Then there exist a constant a > 0 and
a min-max sequence {7 }ien C PY(M, dM) continuous in the F-topology so that

spt(®F(x)) € M, :={p e M :disty(p,dM) >a} forany x €l,
with M(®}(x)) = WO (M, M) — 8§ and § = L(WC (M, dM) — Area(d M)).

Proof. Let a > 0 be small enough so that d :=disty (dM, - ) is a G-invariant smooth
function in a 4a-neighborhood of M. By (3-1), we can set a > 0 even smaller
so that for any r € [0, 3a], oM, = d~'(r) has positive mean curvature H, with
respect to the inner unit normal Vd. Denote by A, the second fundamental form
of dM,, and ¢ = sup,¢(9 34), peam, |Ar|(p). Then we take the function ¢ > 0 as in
[20, Lemma 2.2] so that

¢ +cop <0, ¢(r) >0 for r <2a, ¢(r)=0 for r > 2a.

For any p € int(M) \ M3, and n-subspace S C T, M, let {e;}!_, be an orthonormal
basis of S, and P : T,M — T,9My(,) be the projection. Since we have that
dim(SNT,0Myp)) =n—1, we can assume {e; };’;11 U{e*} gives an orthonormal basis
of T,dMy(p), where e* satisfies (e*, P(e,)) = |P(e,)|. Noting Vd L T,0M(p)
and Vy,;Vd =0, we have

(3-2)  divs(@Vd) =¢'d(p)) - (en, V) +¢d(P)) - Y (Ve Vd, €)
n i=1
=¢'(en, VA) — ¢ > Augp)(P(ei), P(e))
i=l1
= (@' +PAup (e, €)){en, Vd)* — pHy(p)
< (¢ +cp)len, Vd): — dHu(p)
<0.

We can take any F-continuous min-max sequence {®;};cn C PC(M, dM) by
Corollary 3.7. Then for each ®;, there exist ¢; > 0 and n; € (0, §) so that:

(1) @;[0, 4¢;] are smooth G-hypersurfaces with M (P;(x)) < Area(dM) + §
for all x € [0, 4¢;].

(2) spt(P;(x)) € M, for all x € [¢;, 1].

Let «; be a cut-off function so that x; (#r) =0 for r < n; and «; (r) = 1 for r > 2n;.

Then the G-vector field X; := «;(d) ¢ (d)Vd generates G-equivariant diffeomor-
phisms {Fti}. By (2) and (3-2), for any x € [¢;, 1] and fy > 0, we have

d :
—| M(F)y®i(x) =

dt =1, I(F)#(Ff )4 @i (x) | (M)

|
dt lt=0
_ / divs(X;) d Vi, = / divs($Vd) dVi, . <0,
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where V;,  := |(F;l;))# ®o;(x)| € VnG (M»y,). Therefore,
(3-3) M((F})y @;(x)) < M(®;(x)) forall x €[e;, 1], 1>0.

Since My, \ My, C spt(X;) C M,, \ int(M>,), we see lim;_, Fti(p) € IMy,
for any p € M»,, \ M>,, and thus F;l, (M>y,) C M, for some T; > 0. Choose a
smooth function #; : [0, 1] — [0, T;] with A;_[0, €;] =0, h;_[2¢;, 1] = T;. Then
D (x) := (F) ) Pi(x) satisfies:

(@) @7 (x) = ;(x) for x € [0, €] (since h; =0).

(b) M(®}(x)) < M(®;(x)) for all x € [¢;, 1] (by (3-3)).

(c) spt(®7(x)) € M, for all x € [2¢;, 1] (by (2) and the definitions of T;, h;).
Clearly, {®]};en C PY (M, dM) is also an F-continuous min-max sequence. Ad-

ditionally, if M (P} (x)) > WG (M, dM) — 8 > Area(9M) + 8, then x € (4¢;, 1] by
(1), (a) and (b), and thus spt(®}(x)) € M, by (c). O

Next, we use the pull-tight argument to make every V € C({®}};cn) stationary
in M. By Proposition 3.9, the pull-tight procedure can be restricted in int(M,).

Proposition 3.10. Suppose that 0 M # & satisfies the inequalities (3-1) and that
§ 1= J(WO(M, IM) — Area(dM)). Suppose a > 0 and {®}}iey C PE(M, IM)
are given by Proposition 3.9. Then there is an F-continuous min-max sequence
{®@;}ien CPC(M, IM) with:

(i) C({Pi}ien) C CUPien) NVE (M)

(1) Every G-varifold V € C({®;}ieN) is stationary in M.
(i) If M(®;(x)) > WO (M, dM) — 8, then spt(D; (x)) € My».
Proof. Let C := sup, .y sup, ;M (P} (x)) < oo and Ma/z = int(M,») be a G-
invariant open set of M. Define then A :={V € Vf(M) V(M) < C} and

Ag:={V € A:V is stationary in Ma/z}.

Since G acts by isometries, A and A are compact subset of V¢ (M). Additionally,
for any V € A, it follows from (2-2) that V € Ay if and only if 6V (X) = 0 for all
X € X6 (M, ). Hence, we can follow [21, p. 765] (or [30, p. 153]) with X% (M,2)
in place of X(M) to define a continuous map X : A — x¢ (1\04“ ,2) and a continuous
function 1 : A — [0, 1] satisfying:

e X(V)=0and n(V)=0if V € Ay.

e V(X(V))<Oand n(V)>0if V € A\ Ay.

I VI < I )sVII(M) forall Ve Aand 0 < s <1 <n(V),
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where { ftX(V)} are the equivariant diffeomorphisms generated by X (V). Define

H:Ix{TeZ8M;F;Zy)): M(T)<C}— {T € Z2°(M; F;7,): M(T) < C},

H(t, T) = (fyrp)s T

One easily verifies H(0, T) =T forall T € ZnG (M; Z,) with M(T) < C, and that:

o If |T| is stationary in Ma/z, then H(t, T)=T forall t € [0, 1].
o If |T| is not stationary in A;Ia/z, then M(H(1,T)) < M(T).

Let ®; := H(1, ®¥). Note X (V) is supported in M, 5 and £V (M \ M, 2) =id.
Hence, ®; is also a G-sweepout of (M, dM). Additionally, by the above con-
structions, one easily verifies that {®;};en C PC(M; dM) is a min-max sequence
continuous in the F-topology, and C({®;};en) C C({®]}ien) N Ag. Moreover,
it follows from Proposition 3.9 that C({®;};cn) C Vf (M) N Ay, which implies
every V € C({®;};cn) is stationary in M. Finally, since the deformations f,X(V)
are restricted in M, /2, the last bullet follows directly from Proposition 3.9 and the

above constructions. |

Finally, we can now show the equivariant min-max theorem for compact G-
manifold M with boundary d M satisfying (3-1). The proof is generally the approach
in [22, Theorem 3.8], and we list some necessary modifications.

Theorem 3.11. Suppose 0 M # & satisfies inequality (3-1), and 3 <codim(G-p) <7
for all p € M. Then there exists an integral G-varifold V € VS (M) so that
IVII(M) = WEM,dM) and V = YoiLni|Zil, where m,n; € N, {Zi}jL, are
disjoint smooth embedded closed minimal G-hypersurfaces in the interior of M.

Proof. Leta > 0 and {®;};en C PC(M, M) be given by Proposition 3.10 so that
every V € C({®,};en) is stationary in M and compactly supported in int(M,,) for
ap = % Let 6 = }‘(WG(M, M) — Area(dM)) > 0. Then by reparametrization, we
assume (Dil_[o, %] foliates a neighborhood of d M so that

(3-4)  M(®;(x)) <Area(@M)+5=W9(M,dM)—38 forall x €0, 1]
Recall that J = [, 1]. Denote by
d); = (I)l'l_.].

By Definition 2.8, there exists 7; € (0, ag) satisfying spt(®’(x)) € M,, for all
x € J. Additionally, since the map x — M (®;(x)) is continuous (by (2-1)), we
can take k; € N large enough so that |[M (P (x)) — M (P} (y))| < % forall x, yina
common 1-cell of J(1, k;). Denote by U; the union of 1-cells @ € J(1, k;); with
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M(Cbg(x)) <WSM,dM) — % for all x € o, and V; := J \ U;. Therefore, by
Proposition 3.10(iii), we have

M(®j(x)) = WO(M, M) =6 and  spt(®[(x)) C My,  forall x € V;.

By Lemma 2.4, we can apply Theorem 3.4 to each ®; in the G-submanifold M,,
and obtain a sequence of maps qb’ J(1, k’ )o —> ZG(Mm Z,) with k < kj+1,
Jj € N. The last statement in Theorem 34 1ndlcates {¢ }jen can be chosen to satisfy
spt(d)’ x))C My forallx e ViNJ(1, k )o Moreover we claim that:

Claim 1. For j large enough, spt(qﬁ; (x)) C M, ifM(¢§. X)) > WeM,oM) — %

Proof of Claim 1. By the continuity of x> M (<I>§ (x)) and Theorem 3.4(i1), if
M(¢'(x)) = WG (M, M) — 5, then we have M (®;(x)) > WO (M, dM) — 3} for
j large enough. Thus, such Vertex x must be in V;, so spt(¢)’ (x)) C Myg,. O

Additionally, we also have the following equality due to the lower semicontinuity

of mass, the continuity of x > M (®!(x)) and Theorem 3.4(ii)-(iii):

(3-5) .lim sup{F(qj;l(x), ®;(x)) :x € J(1, ko) =

Let CD’ :J - 29 (M,,;; M; Z>) be the Almgren G-extension of ¢’ given by
Theorem 3.5 for j-large. By Corollary 3.6, CD’ and @] are relative homotop1c
1nZ (M,;; F; Z2). Therefore,

N q)l ) S 09 l )
P/ (x) :={ .(x) el 3]1
CD{(x), xelJ= [3, 1]
is a well-defined F-continuous G-sweepout of (M, dM) for each i € N and j-large,
and thus
(3-6) WOM,dM) < LU®"}jen) = LUP'}jen)
= L({$}}jen)
<sup{M(®;(x)):xel}— WM, M)
by (3-4) and Corollary 3.6.

Now, we take a subsequence j(i) — oo and define o, = Cbz.(i), S = {pi}ien,
;= d)J(l) so that fyr(¢;) — 0 and that:

(1) Ci fmu(¢;) — 0as i — oo, where C; = Co(M,,, G, 1) is given by Theorem 3.5.
(2) If M(g;(x)) > WO (M, dM) — 5 then spt(¢; (x)) C Mg, (by Claim 1).

(3) WE(M, 3M) = L{g;}ien) (by (3-6)).

(@) Tim; o0 sup{F (; (x), ®;(x)) : x € J(1, k', ;))o} = 0 (by (3-5)).

(5) lim;_ oo sup{ F(®; (x), ®;(¥)) : x,y € a,x € I(1, ki ))} = 0 (by the F-
continuity).

Ja
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Combining (3), (4), and (5) with (3-4), we have C(S) = C({®;}ien) C VnG (M24,)
and every V € C(S) is stationary in M.

Claim 2. There exists V € C(S) that is (G, Z,)-almost minimizing in annuli (of
boundary-type) in the sense of [39, Definition 11].

Proof of Claim 2. Suppose none of V € C(S) is (G, Z)-almost minimizing in annuli
in the sense of [39, Definition 11]. Then there is a new sequence S* = {¢;};cn of
mappings ¢ : J (1, ;)0 — Z,?(M,,[; Z,) for some [; > k;(i) — 00 as i — 00, such
that:

() L(S*) < L(S)=WS%M, aM).

(ii) ¢; and ¢ are 1-homotopic in ZnG (M,,;; Z») with M-fineness tending to zero,
(Specifically, there is a map ¥; : I(1,l;)o x J(1,[;)0 — ZnG(M,],.; Z5) so that
SuWi) = 0asi — oo, ¥i([0],-) = ¢i on, and ¥;([1], -) = ¢}, where n; =
n(liv k}([)))-

(iii) spt(y;(t, x) —@ion;(x)) @ M, forany t € I(1,l;)o and x € J(1, [;)o.

(iv) Forany x € J(1,1;)o, if M(¢; on;(x)) < WO (M, dM) — %, then we have that
¥ (-, x) = @; on;(x) is a constant discrete homotopy at x.

Indeed, since each V e C(S) is supported in M,,, we can take G-annuli
(A (p(V), ri —si.ri + )L,

in My, as in [30, Theorem 4.10, Part 1], which implies all the deformations will be
restricted in M,,. Using [40, Theorem 3.14] and disty (G - p, - ), we can make the
constructions in [30, Theorem 4.10, Parts 2-9] with G-invariant objects. Then the
rest parts in [30, Theorem 4.10] are purely combinatorial, which would carry over
with M, in place of M. This gives (i)—(iii). Moreover, by taking the constant €,
in [30, Theorem 4.10, Part 3] smaller than %, we have ; (-, x) = ¢; on; (x) provided
M (p;on;(x)) <W%(M, 8M)—% (see Parts 10(c), 14 and 18 in [30, Theorem 4.10]).

Next, we can extend ¢ (for i-large) to an F-continuous map &D;" e PS(M, M)
so that ®¥[0, 1]=®;[0, 1]=®;.[0, 1] Take any l-cell & = [xo, x11€ J (1, 1)1,

we will construct the extension @« separately in two cases.
Case 1:  max{M(g; on;(xo)), M(g; on;(x1))} < WO (M, M) — 3.
By (ii)—(iv), we can define &Dj‘l_a = d~>,- o fu as the extension of ¢’Lag, where

fo i =[x0, x1] = [n;(x0), n;(x1)] is an affine transformation. Hence, in this case,
we have

(3-7) d~>;-“|_a C ZnG(Mm; Z,) and Ci>:‘(x) = ®;(n; (x)) for all x € ag = {xo, x1}.

In particular, ®¥(1) = ®;(1) = 0 provided fu(¥;) < WO (M, dM) — %, which
holds for i-large. Additionally, it follows from (1), Theorem 3.5(i)—(iii), and the
choice of « that
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(3-8)  sup{M(®;(x)):x € a} =sup{M(P;(x)): x € fo(e)}
<sup{M(g;(x)) : x € dfa ()} + Ci fu(g:)
< WO(M, M) —§ +Ci fu(p)
<WoM,oM) -1

for i-large, where C; = Co(M,,, G, 1) is given by Theorem 3.5.

Case 2:  max{M(g; on;(x0)), M(¢; on;(x1)} = WO (M, dM) — 3.

Let A, CJ = [%, 1] be union of all 1-cells of this case in J (1, /;);. Take i suffi-
ciently large so that fas (1) < § (by (ii)). Then M (g;on; (x)) = W (M, M)~ for
all x € J(1,[;)oN A;. By (2) and (iii), we have that ¢ (x) = ¥ ([1], x) is supported
in M,, for all x € J(1,[;)o N A;. Applying Theorem 3.5 to ¢ L[J(1,[;)o N A;]

in My, (for i-large) will give an M-continuous extension &Df tA—> Zf (Mg,; Z2)
so that

(3-9) sup{M (¥} (x)):x € A;} <sup{M (¢ (x)):x € J(1,)oNAi}+Co fur (Vi)

where Co = Co(M,,, G, 1) > 1 is a uniform constant. Note for any x € 0A;, we
must have M (¢; on;(x)) < WO (M, M) — %. Hence, by (iv) and Theorem 3.5(i),

(3-10) ¥ (x) = ¢f (x) = gy on;(x) = D;(n; (x)) forall x € IA;.

It now follows from (3-7)—(3-10) that &Jj‘ 1 — Zf (M; Z5) is a well defined
F-continuous map so that CIDE"L[O, %] = CiJ,w_[O, %] = &;.[0, %] ®*(1) =0, and
®*LJ C 29(M,,; Z), which implies ®* € P¢ (M, dM). Therefore, by equations
(3-4), (3-8), (3-9), and statements (i)-(ii),

WO M, 0M) < L({®}}ien) <max{WC(M,aM)—%, L({g}}ien) } < WE(M,IM),
which is a contradiction. O

Thus, there must exist V € C(S) that is (G, Z,)-almost minimizing in annuli
(of boundary-type) in the sense of [39, Definition 11]. Since C(S) C V,? (M24,),
the interior regularity result [39, Theorem 7] (modified in [41, Theorem 4.18])
indicates that V is an integral G-varifold induced by closed smooth embedded
minimal G-hypersurfaces. ([l

4. G-sweepouts in positive Ricci curvature G-manifolds

Throughout this section we assume that (M ntl g,,) is a closed connected orientable
Riemannian manifold with positive Ricci curvature Ricy, > 0, and G is a compact
Lie group acting on M isometrically so that 3 < codim(G - p) <7 forall p € M.
Our goal is to associate an F-continuous G-sweepout to each closed minimal
G-hypersurface in M.
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To begin with, we collect some notations and classical results for minimal
hypersurfaces. Let ¥ C M be a closed smooth embedded minimal hypersurface.
Recall the second variation of ¥ for the area functional is given by

d2
4-1) T(X) = -5 | Area(Fi(2)) = — f (Lz(XT), X*),

dzt t=0 )
where Ly, : ¥1(Z) — X1 () is the Jacobi operator of X, and {F;} are diffeomor-
phisms generated by X € X(M). Then we denote:

o Index(X): the Morse index of %, i.e., the number of the negative eigenvalues
(counted with multiplicities) of Ly.

e 11(X): the first eigenvalue of Ly.

If Index(X) = 0 or equivalently 1 (X) > 0, then we say X is stable.

For ¥ C M as a G-invariant minimal hypersurface, we have Ly (X) € X9 (%)
for all X € X9(X), where X9 (X) is the space of normal G-vector fields on X.
By restricting Ly to X9(X), we make the following definition.

Definition 4.1. Let ¥ C M be a closed smooth embedded minimal G-hypersurface.
The equivariant Morse index (or G-index for simplicity) Index (¥) is defined by the
number of the negative eigenvalues (counted with multiplicities) of Ly X0 (D).
Additionally, we denote /LIG(E) as the first eigenvalue of Ly XH9(3).

Suppose X is a closed minimal G-hypersurface with a G-invariant unit normal v,
and u; is the first eigenfunction of Ly. Then for any g € G, the G-invariance of X
and v indicates u| o g is also the first eigenfunction of Ly. It is well-known that
©1(2) has multiplicity one and the first eigenfunction u#; does not change sign.
Hence, u; o g = u; for all g € G, which implies that u v € X+9(X) and that:

Lemma 4.2 [39, Lemma 7]. If X is a closed minimal G-hypersurface with a G-
invariant unit normal v, then the first eigenfunction u; > 0 of Ly is G-invariant
and pi(2) = 1§ ().

Since we mainly consider the ambient manifolds with positive Ricci curvature,
we collect the following useful results, which are well known to experts (see [44,
Section 2]).

Lemma 4.3. Suppose (M"*', g,,) is a closed connected orientable Riemannian
manifold. Let ¥, X1, ¥p C M be closed embedded hypersurfaces. Then we have:

(1) If X is connected, then X is orientable if and only if it is 2-sided (i.e., ¥ has a
unit normal vector field).

(ii) If X is connected and separates M, i.e., M \ X has two connected components,
then X is orientable.

Moreover, suppose M has positive Ricci curvature, then we have:
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(iii) If X is connected and orientable, then X separates M.
(iv) If X is minimal and 2-sided, then it cannot be stable, i.e., 11 () < 0.
) If X1, 2o are minimal hypersurfaces, then X1 N Xy # &.

After involving the actions of G, a connected component of some G-hypersurface
¥ may not be G-invariant. Hence, we introduce the following notions of equivariant
connectivity.

Definition 4.4. Let U C M be a G-invariant subset with connected components
{U;}{",. Then we say U is G-connected if for any i, j € {1, --- , m}, there exists
gij € G so that g;; - U; = U;. Additionally, we say U' C U is a G-connected
component (or G-component for simplicity) of U, if U’ has the form of Ulj:l Ui(jy
and is G-connected.

Note that any G-subset U of M can be separated into some G-components.
Additionally, by the above lemma, it is easy to show the following result.

Lemma 4.5. Suppose (M"+!, 8y 1s a closed connected orientable Riemannian
manifold with positive Ricci curvature, and G is a compact Lie group acting on M
isometrically. Let ¥ C M be a closed embedded minimal G-hypersurface. Then ¥
is connected, and:

e If ¥ has a G-invariant unit normal, then ¥ separates M into two G-components.

o If ¥ does not admit a G-invariant unit normal, then M \ X is G-connected.

Proof. 1t follows from Lemma 4.3(v) that ¥ is connected. If ¥ has a G-invariant
unit normal v, then by Lemma 4.3(i)—(iii), M \ ¥ has two connected components
M1, M5, with v pointing inward M;. Since v and M; U M, are G-invariant, we
have g,v=vand g-M; = M, for all g € G and i € {1, 2}, which indicates each M;
is G-connected. If the unit normal v exists but is not G-invariant, then there exists
g € G so that g,v = —v pointing inward M, which implies g - M| = M>, and thus
MU M, is G-connected. If ¥ does not admit a unit normal, then M \ ¥ has only
one component, which is also G-connected. U

Recall that, Zhou [43] constructed sweepouts of M by separating orientable
and nonorientable minimal hypersurfaces. It follows from Lemma 4.3 that the
orientability of a connected closed hypersurface is equivalent to the nonconnectivity
of its unit normal bundle. Hence, after involving the actions of G, we shall separate
the constructions by the G-connectivity (Definition 4.4) of the unit normal bundle
for minimal G-hypersurfaces.

Therefore, we denote

(4-2) SO (M) := {En c M ¥ is a closed smooth embedded }

minimal G-hypersurface in (M, g,,)
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By Theorem 3.8, S¢ (M) # @ provided 3 < codim(G - p) <7 for all p € M. Define
Sf M) :={X e 8¢ (M) : ¥ has a G-invariant unit normal}
and S¢ (M) := S9(M) \Sf (M). 1t follows directly from Lemma 4.5 that
»eSS(M) <& ST isG-connected < M \ X is G-connected,

where S¥ = {v € NX : |v| = 1} is the unit normal bundle of X.

Moreover, for any ¥ € S (M), we can cut M along X to obtain a new manifold M
so that M is locally isometric to M, G acts on M by isometries, and M € Sf (M)
is a G-invariant double cover of X. Specifically, let > 0 be small enough so that
the normal exponential map expé :NX — M is a G-equivariant diffeomorphism
on By, (X) :={p e M : disty; (2, p) < 2r}. Hence, we have

(4-3) E:SX x (=2r,2r) —» By (%), E(v,t):= expé(r -v)
which is a double cover of B,,(X). Define the action of G on SX x (—2r, 2r)

by g (v,1) := (gsv, t) for any v € SX and t € (—2r, 2r), which indicates E is
G-equivariant and

(4-4) T =5% x {0}
is a G-equivariant double cover of X. Let E, := EL(SX x (r, 2r)) be a G-equivariant

diffeomorphism on B;,(X) \ Clos(B,(X)). Then by gluing M \ Clos(B,(X)) and
S¥ x [0, 2r) on By, (%) \ Clos(B, (X)) with E,, we can define

(4-5) M := (M \ Clos(B,(%))) Ug, (ST x [0, 2r))
as a compact manifold with boundary 9M = 3. Then we have

id in M\ Clos(B,(%)),

(4-6) F:M— M, F:= ,
E in S x[0,2r)

isa G- equivariant smooth map so that F L(M\X) gives a diffeomorphism to M\ X,
and FLS glves a double cover of X. Using F, we can pull back the metric 8u
from M to M so that F is a local 1sometry and G acts on M by isometries. Thus, 3
is a minimal G-hypersurface in M with an inward pointing G-invariant unit normal.
In particular, ¥ € SY(M) implies S and M \ ¥ are both G-connected, and thus
M is G-connected.

G-sweepouts correspond to X € S¢(M).

Proposition 4.6. Given any ¥ € Sf (M), there exists an F -continuous G-sweepout
®:[—1,1] = Z8(M; Zy) of M so that:

1) ®0) =[%], &(-1)=()=0.
(1)) M(D(x)) < Area(X) with equality only if x = 0.
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Proof. By Lemma 4.5, M \ ¥ has two G-components M and M, so that the unit
normal v of ¥ pointing inward M. Additionally, it follows from Lemmas 4.2
and 4.3 that the first eigenfunction #; > 0 of Ly is a G-invariant function satisfying
Lyuj=—pui(X)u >0.

Denote by d. the signed distance function to X so that dy = disty/ (X, -) in M,
and dy = —disty (X, -) in M. Suppose X € X%(M) is a G-vector field with
X = (u; ony) - Vdy in a neighborhood of X, where ny is the nearest projection
(in M) to . Then we consider the G-equivariant variation {X; := F;(2)}se[—r.r]
of X, where {F;} are the G-equivariant diffeomorphisms generated by X. By the
second variation formula (4-1), we have

2

d d -
522(X):d—2 Area(E,):—/u1L2u1<0, —| (Hs,, Vdi)=Lzu; >0,
14 11=0 5 dt =0

where flg, is the mean curvature vector field of ¥,. Thus, for » > 0 small enough,
Area(X;) < Area(X), (I?Ig[, Vdisty(2,-)) >0 forall r € [—r,0) U (O, r].

Define ®(x) := [Z,]] = (F«[[XZ] € Zf(M; Z5) for x € [—r, r], which is F-
continuous.

Since u; > 0, {X;}te[—r ] is @ smooth foliation of a G-neighborhood of X, and
¥ C M, fort >0 and ¥, C M, for t < 0. We now consider the compact manifolds
M| = M\ {Z;}iep0,r and M), := M5 \ {Z;}ie(~r,01, whose boundary dM; = X,
(i e{l,2}, r1 =r, rn =—r),is a G-hypersurface with positive mean curvature
pointing inward M.

Suppose WG(Mi’, dM) > Area(X,,) fori € {1, 2}. Then by Theorem 3.11, there
exists a closed minimal G-hypersurface X’ in the interior of M. Noting XNX' =&,
we get a contradiction from Lemma 4.3(v). Therefore, WG(MI./ , OM) < Area(X,,).
By Definition 2.8 and Corollary 3.7, there exist € > 0 small enough and an F-
continuous G-sweepout ®; : [0, 1] — Zf (M;; Z) sothat @; (0) =[X%, 1, ®;(1)=0,
and

sup{M (®;(x)): x €[0, 1]} < WG(MZ.’, IM]) + € < Area(X,,) + € < Area(XL).
Now, by reparametrization, we have a well-defined map & : [—1, 1] — Z,? (M; Z,),

@r(-Jr-1). xe[-L
O() = (Fy0#[Z1, xe[-11],
o(3r-2).  ve[h1]
continuous in the F-topology satisfying (i) and (ii). Additionally, the arguments

before Definitions 2.5 and 2.8 indicate Fy; (®) = [Mr]1+ [ M1 = [M], where Fy,
is given by (2-5). Hence, we have ® € PO(M). O
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Proposition 4.7. Given any ¥ € S¢ (M), there exists an F-continuous G-sweepout
®:[0,1] —> ZnG (M; Z3) of M with no concentration of mass on orbits so that:

1) ©0)=d(1)=0.

(i1) sup{M (P (x)) : x € [0, 1]} < 2 Area(X).
Proof. Let £ = ST x {0} and M be given by (4-4) and (4-5). Then M is G-
connected, Area(E) =2 Area(E) and £ has a G-invariant unit normal ? pointing
inward M. Let 7 : £ — ¥ be the isometric involution, i.e., (v, 0) = (—v, 0) for
veSx.

Using the constructions in Proposition 4.6 with M in place of M), we get an
F-continuous G-sweepout ®:[0,1]— ZE(M; Z,) so that (0) =[], ®(1) =0,
and M (&)(x)) <2 Area(E) for all x €[0, 1] with equality only at x =0. Additionally,
fort e [0 ] CD(t) = Et = [[exp (tuv)]], where u = 3tru; and iy : Y — Rt is
the G-invariant first eigenfunction of L, with eigenvalue (E) = U] (Z) < 0.

Now, by the second variation forrnula (4-1), there are §y € (O, ), Co > 0 so that

4-7) M(Cb(t))—’H”(E,)—’H"(E)——/ SUV, UV Y+ 0@ <H'(E)—Cor?

for all t € (0, §). For any § € (0, 8p) (will be specified later), the F-continuity of )
and Proposition 4.6(ii) imply the existence of € > 0 with

(4-8) M(®@1) <H'(Z)—e€ forall rels,1].

Now, we will open up it, t € [0, 8], at some orbit to decrease the area.
Specifically, let G - p C £PU" be any principal orbit of . Then by the G-
invariance of ¥ and [4, Corollary 2.2.2], G - p C MP™ is also a principal orbit
in M. Note either G- p =G -7(p)or G- pN G - 1(p) = &. Thus, we can define
P:=G-pUG -1(p) as a G-invariant submanifold in 3 with dimension n — I. By
assumptions, 3 < codim(G-p)=1+1<7.
Casel: 3</[<6.
For any r > 0, t € [0, §], define the following G-invariant sets:
B,(P):={G € X :distg(§, P) <r} C %,
B, (P) :={expL ((td0)(§)) : § € B.(P)} C %,
Cri(P) = {expg (579)(9) : G € 9B (P). s €[0,1]).
For R, § > 0 small enough, it follows from the integral formula in [40, (C.4)] that
(4-9) ctr’=V <1 (C,.,(P)) < Ctr'™' and  cr! < H"(B,,(P)) < Cr!
for all » € [0, R], t € [0, 8], where ¢, C > 0 are constants depending on >, M, P.
Define
%= (E\ By (P)HUC, (PYUBL(P), rel0,R] te[0,3].
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By (4-7)—(4-9), ||,/ |(M\ £) < H"(£) — Co 1> —cr! + Ctr'~,
Note, in this case, that

2 .
We can take R > 0 small enough so that ZCTORI_Z < 5. Hence,

~ ~ o~ ~ C
IS0\ $) < 7"(£) = S - grl

for all t € [0, 8], r € [0, R], and thus

(B el
Sor(i-tyss 1€[5.9]

tisfi < .
satisfies () — %Rl, [ e [0’ %]’

SN\ S S

Set ¢’ := min{e, %, COZ‘SZ} and define ®'(7) := [[f)t/]] for ¢ € [0, 8] in this case.

Case2: [ =2.
For R > r > 0 small enough, let 1, g : PIES [0, 1] be the G-invariant logarithmic
cut-off function defined by

1, G ¢ Br(P),
~ log r—log(dist (§, P - = ~
Mr(§) = | EEC D) g€ Br(P)\ Bo(P),
0, q € B.(P),

which is also t-invariant. Consider
S R 1= EXPE (11 R D).

By [17, Proposition 2.5] and [40, (C.4)], we can take R, § > 0 small enough so that
~ ~ = - = t? - e -
15 R I(M\E) < H'(S\Br(P)+ 5 / IV (R @) * — Ric(D, ) +| A1*) (0, g 1)
5
+Cz3/~1+|V(nr,R in)|?

b

s%"(i\érw))—clz%czﬂ[ |Vnr,R|2+z2/~ iy R ViV %

> Br(P)
+Ct3/:1+2niR|Vﬁ|2+2ﬁ2|vnr,R|2
>
. C C
< H'(E)—er?—C1i 4 — P+ Cy R} P+ Cs1P 4 — 1
log(+) log ()

forall r € (0, R), t €[0, 8], where ¢, C, C; > 0 are uniform constants depending on
>, M, P. Set R, 8 > 0 even smaller so that C4R? < %, Cs56 < %, and C¢é < C3.
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Then choose r > 0 small enough with bgz(% < %. Thus,

ISR\ S) < 1 (D) — e T logz(%tz <H(E) e’ - L
for all r € [0, 6], and
i/ — {E:DI’,R,ZN re [Oa g]»
! Yor(1-1)2R(1-1).8» T € [5.4].

satisfies B ) [ 5]
~ ~ ~ Hn(z)_cr ) te 07_ ’
||2;||<M\E)s{ ST .
HY(Z)— G2 re[5.6]
In this case, set €’ := min{e, cr?, CIT‘SZ} and define ®'(r) := [[f];]] for t € [0, 8].
In both cases, we define &)/\_[8, 1]1= &)L[(S, 1] and see

(4-10) sup{[|®" () [(M\ ) : 1 € [0, 1]} < H"(Z) — €.

Additionally, by (2-1), ' is still an F-continuous map with ® = [£], ®'(1) = 0.

Finally, we define ®(x) := Fy ®'(x) for all x € [0, 1], where F : M- M
is the equivariant local isometry given by (4-6). Because F : M \X > M\ =
is an equivariant isometry, the arguments before Definitions 2.5 and 2.8 indicate
Fy(®d)= F#([[M]]) = M, where F); is given by (2-5). Additionally, note F : IRy
is a double cover and f]; N ¥ is t-invariant in both cases. Hence, by Z»-coefficients
and (4-10), we have ®(0) = F¢ [£] =0 and

M(®(x)) = |®'(1)|(M\ Z) <H"(Z) — € =2 Area(T) — €.

At last, noting that [|®(x)[[(BE (p)) < |®'()II(F~ (B (p))) < 2m% (@', r) for
all x € [0, 1] and p € M by the definition of m® (Definition 2.3), we see that
m%(®d,r) < 2mG(d~>’ ,r) and ® has no concentration of mass on orbits. O

5. Proof of the main theorems

Let SU(M) be given in (4-2). Then we define

Area(L) if ©eSYM),

5-1 AS (M) :=
5-1) () zeé%w){zArea(z) if ©eS%M).

Theorem 5.1. Let (M"+!, g,) be a closed connected orientable Riemannian man-
ifold with positive Ricci curvature, and G be a compact Lie group acting on M
isometrically so that 3 < codim(G - p) <7 for all p € M. Then the equivariant
min-max hypersurface ¥ corresponding to the fundamental class [M] is a connected
minimal G-hypersurface of multiplicity one with a G-invariant unit normal vector
field so that

Indexg(Z)=1 and Area(X)= WS¢ M) =A%M).
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Proof. By Theorem 3.8, which is a min-max theorem, there exists an integral G-
varifold V € V¥ (M) induced by a smooth embedded closed minimal G-hypersurface
¥ € S9(M) so that |V|(M) = WC(M). Since M has positive Ricci curva-
ture, Lemma 4.3(v) indicates that ¥ is connected, and thus V = m|XZ| for some
m e {1,2,...}. Suppose ¥ € S¢(M), then it follows from the last statement
in Theorem 3.8 that m must be even, so m > 2. However, we have a contradic-
tion WO (M) < 2 Area(X) < |V ||[(M) = WY (M) by Proposition 4.7. Therefore,
T € S$(M). By Proposition 4.6, we see W (M) < Area(Z) < ||V (M) =W (M),
and thus m = 1. Additionally, by the definition of .A% (M) and Propositions 4.6, 4.7,

A% (M) < Area(Z) = ||V|[(M) = WE (M) < A% (M).

Now, it is sufficient to show Index; (X) = 1. Suppose Indexs (X) > 2, and uy, un
are the first two L2-orthonormal G-invariant eigenfunctions of Ly ¥ (%) with
negative eigenvalues. Let uyv be a G-invariant normal vector field on X, which ex-
tends to a smooth vector field X € X(M). Then X, := fG (gD Xdu(g) € X6 (M)
gives an equivariant extension of u,v. Consider the equivariant diffeomorphisms
{Ff} generated by X, and define @(¢) := (FSQ)# ®(¢) for t € [—1, 1], where
® € PG (M) is the F-continuous sweepout given by Proposition 4.6. Recall that in
the proof of Proposition 4.6, ® (1) = [Z] = [F} ()] for t € [—1, %], where {F}'}
are the equivariant diffeomorphism generated by X; € X% (M) with XX = 3ru v
for some r > 0. Hence, for the smooth family {Fsz(Zt)}se[_g,o],,e[_l/&1/3], the area
function A(s, t) := Area(Fsz(E,)) = M (D, (1)) satisfies that:

e VA(0,0) =0 since X is minimal.

o« LA0,0)=—9r%[gurLyu; <0and 25A(0,0) = — [yusLyus <O0.

o I A(0,0) = =3r [y usLsuy =3rpi(2) [y ujuz =0.

Therefore, we can set o, § > 0 sufficiently small so that
M (D (1)) = Area(Fsz(Et)) < Area(X) forall r € [-6,6], s € (0,0].

Moreover, there exists € > 0 so that by Proposition 4.6(ii), M (®(¢)) < Area(X) —e
for all t € [—1, —8] U [§, 1]. Hence, by setting 0 > 0 even smaller, we have
M (D, (1)) = M((F(f)# ®(t)) < Area(X) for all t € [—1, 1]. Note &, is an F-
continuous curve homotopic to ® in Zf (M; 7). Thus,

WG(M) <sup{M (D, () :t €[—1, 1]} < Area(X) = WG(M),
which is a contradiction. O

As an application, we use the conformal volume to show a genus bound for
the equivariant min-max minimal G-hypersurface ¥ in Theorem 5.1 provided that
dim(M) = 3 and the actions of G are orientation preserving.
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Theorem 5.2. Let (M3, g,) be a closed connected oriented Riemannian 3-manifold
with positive Ricci curvature, and G be a finite group acting on M by orientation
preserving isometries. Then the equivariant min-max hypersurface ¥ corresponding
to the fundamental class [M] is a connected closed minimal G-surface of multiplicity
one satisfying

8 K

genus(X) <4K and WY (M) = Area(T) < - - ,
1nf‘v|:] RICM(U, U)

where K := max ey #G - p < #G is the number of points in a principal orbit of M.
Additionally, m(X) = X /G is an orientable surface with finite cone singular points
of order {n; }f'{:l (i.e., locally modeled by B? (0) quotient a cyclic rotation group Z,,),
so that X

> <1 — nl> <4 and genus(w(X)) <3.

i=1 i

In particular, if ¥ C MPT e k=0, then genus(X) <14 2K.

Proof. By Theorem 5.1, ¥ is a closed embedded connected minimal G-surface
with a G-invariant unit normal v so that Area(X) = WY (M) and Indexg(X) = 1.
By Lemma 4.3, ¥ has an induced orientation. Additionally, since the unit normal v
is G-invariant, the actions of G on X are also orientation preserving. Therefore, the
orbifold ¥ induced by (X, G) is an orientable closed 2-orbifold whose underlying
space is the quotient distance space (7 (%), distsG).

Let P"" be the union of principal orbits for the G-action on X, and X" be the
orbifold induced by (XP", G). Denote by N pz G- p and N, G - p the normal vector
spaces of G - p at p in X and M respectively. Note an orbit G - p is principal in X
(resp. M) if and only if the slice representation of G, on N pz G-p (resp. N, G- p)is
trivial (see [4, Corollary 2.2.2]). Additionally, we also notice that G, acts trivially
on span(v(p)) for any p € ¥ by the G-invariance of v. Hence, combining these
with the fact that NG - p @ span(v(p)) = N, G - p, we see »prin — pgprin - and
thus K =#G - p =#G - g for all p € ZP™ and g € MP"", Next, it follows from [5,
Chapter IV, Theorem 3.3] that there is an induced Riemannian metric g, on XPi"
so that 77 : ¥Pin — FPin jg ap Riemannian submersion. Moreover, since G acts
on ¥ by orientation preserving isometries, the singular points £ \ P are a finite
number of cone points {[ pi]}f.‘: , of orders ny, ..., ng. By the orbifold version of
Gauss—Bonnet theorem (see [9, Proposition 2.17]), we have

k
(5-2) Kz dA, =2m(x(%)=2r (2 —2genus(r(X)) — 3 (1 — l))
) T CF i=1 ni
where Ky, is the Gauss curvature of (xprin, gy), and the integral is taken over Yprin,
For any r > 0 small enough, let &, :=% \Uf“:l BrG (pi), and n, be the G-invariant
logarithmic cut-off function on ¥ given by
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0’ d(p) e [07 r]7
ne(p)i= 42— 2ELD - d(p) e (r, V7],
1, d(p) € (VF, 00),

where ) '
d(p) :=distg(p, X\ ZP") =dists (p, U;_, G - p)).

Define then X, := X\ Uf.‘ler([p,-]). Note (%,, g5) is a smooth Riemannian
manifold (with boundary). We can take any conformal immersion ¢ : X, — S,
m > 2, and define P : Conf(S™) — [EBerl (0) by

P(h) =

= ([ mantogom..... [ opuinsiopom)
L

where h = (hy, - -+ , hyyy1) € Conf(S™) is any conformal diffeomorphism of S
(under the standard metric), and u; : ¥ — Ry is the first (G-invariant) eigenfunction
of Ly. Since u; > 0 and Zm+1h2 = 1, one easily verifies that P is well defined.
Meanwhile, for each x € Bm“ define &, € Conf(S™) as in [27, (1.1)] by

y+ (uix, y) +21)x , - _
hy(y) = ,owith A= (1= )72 = (o= DIx| 2
Al{x, y)+1)

Then we have a continuous map f : B’{’H 0) — B'{’H (0) given by f(x) = P(hy),
which can be continuously extended to B[E’B’f“rl (0) = S™ by the identity map. Note
Clos(B}""'(0)) is homotopic to f(Clos(B}'"'(0))), and Clos(B]"""(0)) \ {x} is
homotopic to S™ for any x € [B%'I”H(O). Hence, f must be surjective. In particular,
there exists h = (hy, ..., hyp+1) € Conf(§™) so that P(h) = 0. Thus, we have that
{h;: ji=hjo¢o 77}"“rl are G-invariant smooth functions on X, so that

m+1
ZhZ_l and /u1 h;)=0  forall j=1,....m+1.

Since Indexg (X) =1, we see SZE(n,ﬁjv) >0forall j=1,...,m+1, and
[ Ricu(.v)+1AP / (Ricy (v, v) + [AP)n]
NG

= [ Ricy (v, v) +]A] )Z(nrh )?

j=1
m+l

< /. P> V(i)

m—H - ~
) [(1 + o) Vi, [P + (1 n 1) |vnr|2h§]
j=1

m—+1

<(+0K- [ Y |Vh;o9) +(1+ )/EW”"Z

r] 1
—2(1+)K -Area(Z,; (hod)*g,,,,)+ (1 + l)/ Vi, 2,
€ X
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where € > 0 is any constant, Area(X,; (ho¢)* 8ns1) 18 the area of X, under the
conformal metric (ho@)*g,, ., and the coarea formula is used in the last inequality.
Let A.(m, X,) be the m-conformal area of X, defined as in [18]:

Ac(m, X,):=inf sup Area(Z,; (hod)*gen).

¢ heConf(S™)
where the infimum is taken over all nondegenerated conformal map ¢ of X, into S™.
Since ¢ : ¥, — §™ is arbitrary conformal immersion in the above computation, we
have
. 1
/ Ricy (v, v) + AP <2(1+€) K - Ac(m, Bp) + (1 + —)fwmz.
Dy €/Jz

By [14, Chapter IV, Remark 5.5.1], every closed orientable surface can be con-
formally branched over S? with degree L%J, where |a] is the integer part of
a € Ry. It then follows from [18, Facts 1, 5] that A.(m, E,) < dr | ERCODE |
and thus

/ Ricy (v, ) + AP < dx(1 4+ K - Z{ge‘“‘s(”(z)) + 3J + (1 + 1>/|Vnr|2.
Eﬁ 2 € 5

Since f): |V, |> — 0asr — 0, we first take » — 0 and then let € — 0, which gives

genus( (X)) + 3J

/RicM(v, V) + A2 5471[(-2\\ 5
)

Denote by {e,-}izz1 a local orthonormal basis on X. Since Ricy; > 0, we have
2
Ricy (v, v) +|A]> =) " Ricy(e;, i) —2Ks > —2Kx
i=1
on XP" where Ky is the Gauss curvature of X. Therefore, by the coarea formula,

genus( (X)) + 3J
5 )

—21{sz:— /Kg </RicM(v, u)+|A|2§4nK-2L
= = >

Then, it follows from the above strict inequality and the Gauss—Bonnet formula (5-2)
that genus(7 (X)) + Zle(l — ni) < 5 and

k
1
genus(X) =14+ K |:genus(7r(2)) —1+ Z(l — —)} <1+4K.
i=1 i
Moreover, one notices that 2 LWJ = genus(7 (X)) + 3 if genus( (X)) > 1
is odd, and 2L%2(E))+3J = genus(w (X)) +2 if genus(;r (X)) > 0 is even. Hence,
the above computation actually shows
e genus(mw (X)) + Zle (1 — ni) < 5 if genus( (X)) > 1 is odd, and

e genus(w (X)) + Zle(l — ni) < 4 if genus(r (X)) > 0 is even,
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which further implies that genus(r (X)) <3 and Zf: (1= %) < 4. In particular, if
¥ C MP", then Zle(l —1)=0and
genus(X) =1+ K (genus(w (X)) — 1) <14 2K.
Finally, we see that

2
2eu WO (M) < / > Ricy(ei, e)
X

i=1

2))+3
54nK.2Lgenus(”( ks J+2K/Kg
2 = -
k
1 2)+3
=47TK.<2—2genus(n(2))—2(l——)+2\‘genus(n( N+ J)
iz N 2
<167 K,
where Ricy > ¢y > 0. O
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