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SOBOLEV NORMS OF "LZ-SOLUTIONS
TO THE NONLINEAR SCHRODINGER EQUATION

ROMAN V. BESSONOV AND SERGEY A. DENISOV

We apply inverse spectral theory to study Sobolev norms of solutions to the
nonlinear Schrodinger equation. For initial datum ¢, € L*(R) and s € [-1, 0],
we prove that there exists a conserved quantity which is equivalent to H* (R)-
norm of the solution.

1. Introduction

In the last two decades, the theory of orthogonal polynomials on the unit circle
(OPUC) has been used to obtain some of the strongest results in the spectral theory
(see, e.g., [9; 17; 18]). Bessonov and Denisov [3] have applied OPUC techniques to
characterize existence and completeness of wave operators for the Dirac evolution on
the half-line. One area where scattering theory for Dirac systems finds applications
is the so-called inverse scattering approach to the nonlinear Schrédinger equation
(NLSE). Below, we develop a general framework that enables one to use the theory
of Krein systems (a continuous analog of OPUC [13]) in the context of NLSE.
To illustrate our approach, we study the Sobolev norms of solutions to NLSE adding
to the area which attracted much attention in recent years [5; 6; 7; 15; 19; 20; 21; 23].
Our Theorem 1.2 stated below is not new and can be deduced from the results
of Koch and Tataru [21] or by using an alternative method of Killip, Visan and
Zhang [19]. However, we have developed a new and promising approach to that
problem which adapts the technique from [3] to the setting of NLSE and shows,
in particular, that the sharp regularity class used to characterize scattering in the
Dirac system can be studied in the context of Sobolev spaces. Then, we employ our
analysis to obtain Theorem 1.2 which represents the first step in applying methods
of [3] to NLSE. In the current paper, we also develop a convenient language which
we hope can be used by the spectral theory community to further study NLSE
dynamics.
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Turning to the actual content of the paper, consider the classical defocusing
nonlinear Schrodinger equation [14; 26; 30] on the real line,
a0 2
(1_1) lg)t - 352 +2|Q| q’

EeR, reR.
qli=0 = qo,

It is known that for sufficiently regular initial datum g the unique classical solution
g =q (&, 1) exists globally in time. For example, if gg lies in the Schwartz class S(R),
then g(-,t) € S(R) for all r € R. The long-time asymptotics of g is known
[10; 11; 29]. For less regular initial datum gg, one can define the solution by an
approximation argument (see, e.g., [28]):

Theorem 1.1. Let gy € L*(R) and let qo.n € S(R) converge to qo in L*(R). Denote
by qn (&, t) the solution of (1-1) corresponding to qo . We have
im fg,(-.0) =g (. Oll2w =0, r€R

n——+

for some function q(£,t) : R> — R that does not depend on the choice of the
sequence qo p.

The function g in Theorem 1.1 is called the L2-solution of (1-1) corresponding
to the initial datum ¢q € L?*(R). Tt is clear that such a solution is unique. The total
energy of the solution is its LZ(R)-norm and it is conserved in time:

lg(C-. Dl = llgoll 2wy,  €R.

By Plancherel’s formula, it is equal to ||(Fq)(-, )| ;2(r) Where F stands for the
Fourier transform. In this paper, we work with Sobolev spaces H*(R), s € R. The
H?*(R)-norm of a function f € S(R) is defined by

1/2
(1-2) £l sy = (/Ra + Inlz)sl(}'f)(n)lzdn) :

The space H*(R) is the completion of S(R) with respect to this norm. Equivalently,
one can define it by

H'®R) ={feS R : (1+n*)"*FfeL*R),

where S’'(R) is the space of tempered distribution.

In contrast to the linear Schrodinger equation for which all Sobolev norms are
conserved, the solutions of NLSE can exhibit inflation of Sobolev norm H*(R)
for s < —% (see, e.g., [8; 20] for details). Specifically, given an arbitrarily small
positive € and s < —%, there exists a solution ¢ to (1-1) that satisfies

(1-3) g0 SR, lgolwm <& g, e)lmm =e ",
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see [8] for that construction. This result is related to the “high-to-low frequency
cascade”. It occurs when for initial datum gy € S(R), a part of L*>(R)-norm of ¢,
when written on the Fourier side, moves from high to low frequencies as time
increases. The Sobolev norms with negative index s can be used to capture this
phenomenon. Indeed, since [|g (-, 1) |l 2(r) is time-invariant and the weight (1 +n?)*
in (1-2) vanishes at infinity when s < 0, the transfer of LZ2-norm from high to low
values of frequency n makes the H®(R)-norm grow.

For NLSE, the inflation of H*(R)-norm cannot happen for s > —%. Koch and
Tataru [21] discovered the set of conserved quantities which agree with H* (R)-norm
up to a quadratic term for a small value of ||qo|| z#sw) and s > —%. As a corollary,
they obtained the bounds on ||g( -, 1)|| gs(r) that are uniform in time:

R4+RIFS, 5>0,
(1-4) Mg, Dllasmw < C(s) ds

R := SR
R4 R, se(—%,()), llgoll &5 w)

Killip, Visan, and Zhang [19] proved a similar estimate using a different method. The
estimates on the growth of H®(R)-norms are related to questions of well-posedness
and ill-posedness of NLSE in Sobolev classes which have been extensively studied
previously, see, e.g., [5; 6; 7; 15; 19; 20; 21; 23].

We use some recent results in the inverse spectral theory [1; 2; 3] to show that
there are conserved quantities of NLSE which agree with H*(R)-norm provided
that s € [—1, 0] and the value of [|gol|.2) is under control. We apply our analysis
to prove the following theorem.

Theorem 1.2. Let gy € L>(R) and let ¢ = q(&, t) be the solution of (1-1) corre-
sponding to qo. Then,

(1-5) Ci(1+ llgoll 2@ ™ Igoll s @) < g (o Ol sy
< Co(1+l1goll L2y) > 1goll s my»

wheret € R, s € [—1, 0], and Cy and C, are two positive absolute constants.

This result shows, in particular, that for a given function go : [|go|l L2(r) = 1 wWhose
L%(R)-norm is concentrated on high frequencies, we will never see a significant
part of L?(R)-norm of the solution ¢ moving to the low frequencies. That limits
the “high-to-low frequency cascade” we discussed above. The close inspection
of construction used in [8] shows that the function ¢gg in (1-3) has H*(R)-norm
smaller than ¢ but its L?(R)-norm is large when ¢ is small. Hence, the bounds in
Theorem 1.2 do not contradict the estimates in (1-3) when s € [— 1, —%] We do not
know whether Theorem 1.2 holds for s < —1.

The main idea of the proof of Theorem 1.2 is based on the analysis of the
conserved quantity a(z), Im z > 0, which is a coefficient in the transition matrix for
the Dirac equation with potential g = ¢g( -, t). We take z =i and show that log|a(i)|
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is related to a certain quantity IEQ (see Lemma 3.4 below) that characterizes both
size and oscillation of g. Use of I~CQ in the context of NLSE is the main novelty of
our work. We study I%Q and show that it is equivalent to H~'(R) norm of ¢ with
constants that depend on its L2(R)-norm. That gives the estimate (1-5) for s = —1
and the intermediate range of s € (—1, 0) is handled by interpolation. Our analysis
relies heavily on the recent results [1; 2; 3] that characterize Krein—de Branges
canonical systems and the Dirac operators whose spectral measures belong to the
Szegd class on the real line. We also establish the framework that allows working
with NLSE in the context of well-studied Krein systems.

Notation.

e The symbol I stands for 2 x 2 identity matrix / = ((1) (1)) and symbol J stands for
J = (O _(1)). Constant matrices 03, o+, o are defined in (2-2).

o For a measurable set S C R, we say that f € LIIOC(S) is f € L'(K) for every
compact K C S.

e The Fourier transform of a function f is defined by

1 .
= g,
(FH(m) mAf(X)e x

» The symbol C, unless we specify explicitly, denotes the positive absolute constant
which can change its value in different formulas. If we write, e.g., C(«), this defines
a positive function of parameter «.

« For two nonnegative functions f; and f, we write f; < f; if there is an absolute
constant C such that f; < Cf; for all values of the arguments of f; and f,. We
define 2> similarly and say that f; ~ f, if fi < f> and f> < f) simultaneously. If
|31 < fa, we will write f3 = O(fa).

» Symbols {e;} are reserved for the standard basis in C% e = ((1)), e = ((1))

o For matrix A, the symbol ||A|gs denotes its Hilbert—Schmidt norm such that
IAlus = (tr(A*A))'/2.

2. Preliminaries

Our proof of Theorem 1.1 uses complete integrability of (1-1). In that framework,
(1-1) can be solved by using the method of inverse scattering which we discuss
following [14].

2.1. The inverse scattering approach to NLSE. Given a complex-valued function
q € S(R), define the differential operator

d
(2-1) L, Zi03£+i(q0'——éf7+),
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where we borrow notation for constant matrices o3, o4+ from [14]:

1 O 01 00 01
(2-2) 03—(0 _1>, U+—<0 0>, O'_—(l 0), 0—0_+0+—<1 O)'

The expression L, is one of the forms in which the Dirac operator can be written.
In Section 3, we will introduce another form and will show how the two are related.

Let us also define N
EE ) —ebtor— (¢7° 0
(Ev ) =e - 0 e_%g )

as in [14]. In the free case when g = 0, the matrix-function E solves LoE = %E ,
E(0, 1) =1. Since g € S(R), it decays at infinity fast and therefore one can find
two solutions 74 = T (&€, A) such that

(2-3) L,Ts= %Ti, Ty = EE, 1) +o(l), £&— oo

for every A € R. These solutions are called the Jost solutions for L,. Since both T
and 7_ solve the same ODE, they must satisfy

(2-4) T_(§, 1) =Ty NT(R), §eR, 1eR,

where the matrix 7 = 7' (1) does not depend on £ € R. One can show that it has
the form

a(™) b(h)

o re=(56) i

) , detT =lal*—|b*=1.
The matrix T is called the reduced transition matrix for L, and the ratio r, = b/a
is called the reflection coefficient for L,. One can obtain T in a different way: let
Z, =274, 1), £ eR, & € C be the fundamental matrix for L, that is,

A

10
(2-6) LyZy=52q Z4(0.0) = <0 1) :

Then, we have Z,(§, 1) =T+(§, ) Ty ! (0, A) and the pointwise limits

(2-7) Te'(0.2) = lim E7(E2) Zy(6.2)

exist for every A € R. Moreover, we have T' (1) = TJ:I(O, A T_(0,A) on R.

The coefficients a, b, and r, were defined for A € R and they satisfy |a 1>=1+b%,
I —1ry |> = |a|~? for these A. However, one can show that a(}) is the boundary
value of the outer function defined in C; = {z € C: Im z > 0} by the formula (see
(6.22) in [14])

1 1
a(z)=exp(;/ . Zlog|a(k)|dk), zeCy,
RA—
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which, in view of identity 1 — |r, | = |a|~% on R, can be written as

1 1
(2-8) a(z) = exp(—E/Rk — log(1 — Irq(k)|2) dk).

That shows, in particular, that b defines both a and r,, and r, defines a and b.

The map g > r, is called the direct scattering transform and its inverse is called
the inverse scattering transform. These maps are well studied when g € S(R). In
particular, we have the following result (see [14] for the proof).

Theorem 2.1. The map q > r, is a bijection from S(R) onto the set of complex-
valued functions {r € S(R), ||r | p~®) < 1}.

The scattering transform has some symmetries:
Lemma 2.2. If g € S(R) and A € R, then
(dilation) Fage)y(M) =Tge)(@'h),  a>0,
(conjugation) rz)(A) =Fye)(—=A),
(translation)  ry—g)(A) =1y (A) e 1 eR,
(modulation) — Fe-ipeqe) (M) = rqie)(A+ B), BeR.
(rotation) Fuge)(A) = urge (L), neC, jul=1.
Proof. Indeed, the direct substitution into (2-3) shows that if 71 (&, A) are Jost
solutions for g (&), then:
(@) T+(a&, a™ 1) are the Jost solutions for ag(a&).
(b) T (&, —2) are the Jost solutions for q(_é)
(c) To(§ — ¢, 1) E(L, A) are the Jost solutions for g (§ — £).
(d) E(—&, B)T+(&, A+ B) are the Jost solutions for e~ "F5 ¢ (&).
(e) ((1) 2) T4 (&, )L)((l) 2) are the Jost solutions for ug(§€), |u| = 1.

Now, it is left to use the formula (2-4) which defines 7. A computation using (2-5)
shows how a and b change under symmetries (a)—(e). For example, the translation
does not change a and it multiplies » by e **/. The modulation e~"#¢ 4 (&), however,
gives a,-ipe g (z)(A) = aq(e) (A + B). Then, the claim follows from the definition of
the reflection coefficient r, = b/a. ([

The next result (see formula (7.5) in [14]), along with the previous theorem,
shows how the inverse scattering transform can be used to solve (1-1).

Theorem 2.3. Let gy € S(R) and let ryy = ry (1) be the reflection coefficient of L.
Define the family

(2-9) rO.=e""r, (), reR teR.
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Foreacht € R, let g = q (&, t) be the potential in the previous theorem generated
by r(A,t). Then, g = q(&, t) is the unique classical solution of (1-1) with the initial
datum qo. Moreover, for everyt € R, the function & — q (&, t) lies in S(R).

The solutions to the NLSE

g 0%q

[ — =——
ot 0E2

behave in an explicit way under some transformations. Specifically, we have:

(2-10) +2lq1%q

(a) Dilation: if g(&, t) solves (2-10), then aq(a&, a’t) solves (2-10) for every
o #0.

(b) Time reversal: if g (&, t) solves (2-10), then g (&, —t) solves (2-10). In particu-
lar, if g is real-valued, then g (&, t) = g (&, —1).

(c) Translation: if g (&, t) solves (2-10), then g (& — £, t) solves (2-10) for every
L eR.

(d) Modulation or Galilean symmetry: if g (&, t) solves equation (2-10), then
eivé_ivzlq(é —2uvt, t) solves (2-10) for every v € R.

(e) Rotation: if g (&, t) solves (2-10), then ug (&, t) solves (2-10) for every u € C,
lul = 1.

These properties can be checked by direct calculation (see, e.g., formula (1.19)
in [15] for (d)) and a simple inspection shows that the bound (1-5) is consistent
with all these transformations. The statements of Theorem 2.3 and Lemma 2.2 are
consistent with these symmetries as well.

Now, we can explain the idea behind the proof of Theorem 1.2.

The idea of the proof for Theorem 1.2. One can proceed as follows. First, we
assume that gy € S(R) and notice that conservation of |r(X, ¢)|, A € R, guaranteed
by (2-9), yields that log|a(i, t)| is conserved, where a(z, t) is defined for z € C
by (2-8). Separately, for every Dirac operator L, with g € L%(R), we show that
logla(i)| is equivalent to some explicit quantity IACQ that involves g. That quantity
was introduced and studied in [1; 2; 3]: it resembles the matrix Muckenhoupt A;(R)
condition and it is equivalent to H~'(R) norm of ¢ provided that ||g/|| L2(R) 1s under
control, e.g., [|gllz2@®) < C with some fixed C. Putting things together, we see that
Sobolev H~!(R) norm of ¢( -, t) does not change much in time provided that the
bound ||g (-, )l 2@ < C holds. Since [|g(-, )l L2r) = 90l L2(r) 1s time-invariant,
we arrive at the statement of Theorem 1.2 for gy € S(R) and s = —1. For s =0, the
claim of Theorem 1.2 is trivial. The intermediate range of s € (—1, 0) is handled by
interpolation using Galilean invariance of NLSE. The general case when go € L*(R)
follows by a density argument if one uses the stability of L2-solutions guaranteed
by Theorem 1.1.
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There are other methods that use conserved quantities that agree with negative
Sobolev norms. The paper [19] uses a representation of log|a(i)| through a pertur-
bation determinant. Then, the analysis of the perturbation series allows the authors
of [19] to obtain estimates similar to (1-4). It is conceivable that this approach can
provide results along the same lines as Theorem 1.2.

To focus on the Dirac operator with ¢ € L?(R), we first consider this operator
on half-line R in connection to Krein systems that were introduced in [22].

2.2. Operator L, and Krein system. Let A: R — C be a function on the positive
half-line R, = [0, +00) such that

/0 |A(§)]d§ < o0

for every r > 0. Recall that we denote the set of such functions by LIIOC(R+). The
Krein system (see (4.52) in [13]) with coefficient A has the form
@-11) {P’@,x)=ixP<s,x)—fT5)P*<s,x>, PO,2) =1,

where the derivative is taken with respect to £ € R4 and A € C. Let also

2-12) {fi”@’“=ikﬁ(§,k)+fTS)ﬁ*@,x), PO =1,
P{(E, 1) =AE)PE, M), P(0,0) =1,

denote the so-called dual Krein system (see Corollary 5.7 in [13]). Set

P2, 1) iﬁ(zg,,\)>

] Y R
(2-13) Y(E. 1) =e (p*(zg,x) —i P28, 2)

The matrix-function Z,, which was defined in (2-6) for g € S(R), makes sense if

we assume that g € LIIOC(R). In the next lemma, we relate Y to Z,,.

Lemma 2.4. Letq € Llloc([R), AQ28) = —%q(_g) on Ry, and Y be the corresponding

matrix-valued function defined by (2-13). Then, Z,(§,21) =oY (§, 1) Y=10, Mo
for& >0and ) € C.

Proof. The proof is a computation. We have

Fa¥ €. d (PQE,N)  iPQE M)

_ . —irg & , l s . .

= Ao3¥ (€, 1) iose (P*(ZS,)») _iﬁ*@g,x))*’(""— GO Y (§, 1),

_ pigyeitt (ixms, 3)— AQE)P.(26,2) —hP (28, 2) +iACE) P, 2%, x))
—AQ25)P (2§, M) —iA25)P (26, 2)

+i(go- —qoy —iro3)Y(&, L).
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The second summand equals

ie—iAg(‘“\ —q)(P(zs,M ilf(zs,x))
qg IA)\ P25, 1) —iP.(25, 1)
zie_mg<—iAP<2s,A>—qP*<zs,A> kﬁ§2$,k)+iq1f*(2g,x))
GP(25,3) +ihP(25,3) 1qP(Q26.0) + 4P (25,0))

Using relation 2A(2£) 4+ g(£) = 0, we obtain

iAP(2E,)) —APQ2E, 1)

L;Y(E, 1) = —Mf(. .
AP, (25, 1)  AP.(28,})

) — _AY(,M).

Since 0030 = —03 and 001+ 0 = 0, one has 0 Lo = —L,,. Therefore,
Ly(cY(E,M)o)=A(0Y(§,1)0).

It follows that matrix-valued functions Z,(§,2A) and oY (§, 1) Y ~1(0, 1) o solve
the same Cauchy problem. Thus Z,(§,21) =o0Y (§, A) Y10, 1) o, as required. O

Lemma 2.5. Let g € LIOC(R), let A(2¢) = %q(—g‘) on Ry, and let Y be the
corresponding matrix-valued function defined by (2-13). Then, we have that
Z,(=§,20) =Y, MY 10, 1) for€ >0and ) e C.

Proof. Recall that matrices o3, 0+, o are deﬁned in forrnula (2-2). Using relations
0030 =—03 and 0040 =05, we see that L; Zq = Zq, where g(§) = —q( &) and
Z ¢E N =0Zy(— S A)o. Then, Lemma 2.5 apphes toq, Z;(§,21) = Z ¢, 21)
and AQ2E) = 2q(é) 2q( £). It gives Z ¢, 20) =0Y(§, A)Y 10, 1)o. Now
returning to Z,, we get Z,(—=§,20) =Y (§,1) Y~ L0, 1). O

Given g € L?(R), we define the continuous analogs of Wall polynomials (see [16]
and Section 7 in [13]) by

=lPE+ P, Aaf=Lr*+ Pi)

2-14) + _ 1,pt p=+ + +
BE=L(pE— BF), BF=1pT- P,

where P+, PjE PjE PjE are the solutions of systems (2-11), (2-12) for the coefficient
AT (&) = ——q(g/ 2) from Lemma 2.4 and the coefficient A= (§) = 2q( &/2) from
Lemma 2.5, correspondingly. Functions P*, P, P, PjE are continuous analogs
of polynomials orthogonal on the unit circle, they depend on two parameters: & € R
and A € C and they satisfy identities (see (4.32) in [13]):

(2-15) PEE VD) = PEE D), PEE L) = PEE )

for real A.
We will use the following result (see Lemma 2 in [12]) which contains a stronger
statement.
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Theorem 2.6. Let A € LZ([R?+) and let P, Py be the solutions of system (2-11) for
the coefficient A. Then, the limit

(2-16) M) = lim P(E, A)
&§—+o00

exists for every . € Cy. That function Tl is outer in C,. If A € R, the conver-
gence in (2-16) holds in the Lebesgue measure on R where T1(A) now denotes the
nontangential boundary value of T1.

The above theorem allows us to define

(2-17) at(M) = lim AFE, L), bEO) = lim BEE, L)
E—+4o00 £—+o00

for every A € C and for almost every A € R. Also, Corollary 12.2 of [13] gives
(2-18) o= Q)P =1+ b1
for a.e. A € R. For every A € C, we define
a()y=a (M) a" W) —bT) b~ ().
Proposition 2.7. The function a is outer in C,.

Proof. We can write

a=ata (1-sts7), sT:=b%ak.
It is known that a* are outer (see (12.9) and (12.29) in [13]) and that s* satisfy
|s¥| < 1in C,. The function 1 —sTs~ has a positive real part in C, and so is an

outer function. That shows that a is a product of three outer functions and hence it
is outer itself. O

Proposition 2.8. Ler g € L%(R) and let Z, be defined by (2-6). Then, the limits
in (2-7) exist in the Lebesgue measure on R. The matrix T (A) = TJ:1 0,2)T_(0, 1)
has the form (2-5) where

(2-19) a=ata”—bTb", b=a"bT—b af,

and o, b* are defined Lebesgue almost everywhere on R by the convergence
in (2-17) in measure.

Proof. If ¢ € L*(R), the fundamental matrix Z, and the continuous Wall polynomi-
als (2-14) are related by

+ +
o <§+(2s, P BE, A))’ £50,
FQEx) ATCE R

oMk (Ql;_(—Zs, A) %E(—Zé, A))’ £<0.
BT(=28,4) A (=25, 0)

(2-20) Z,(E,20) =
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Indeed, it is enough to use Lemmas 2.4 and 2.5 and the fact that Y 10,0 = %( I )

Our next step is to prove that the limit

(2-21) T.'0,20) = . 1ir+n E7N(E,20) Z,(8,20)

exists in Lebesgue measure when A € R. From (2-15), we obtain

-1 (1 0 ATQ2E, 1) BT (Q2E, 1)
£ 2630~ (g o ) (s0o ) vt

B (Ql*(Zé,A) %ﬂzg,x))
T \BTQE, ) AT 2E, M)

for every £ > 0 and A € R. Similarly,

] e ) (U (2%, 3) B; 25,1
1 _ * *
cemzsm= (" )(%—am) a- ot )

(27 (2, A %—(25,»)
B-(25, 1) AT QE N )
Hence, the limits

(2-22) T:-10,20) =§lirer1 ENE,20) Z,(8,2)0)

exist in Lebesgue measure on R by Theorem 2.6. Moreover,

T(20) = T;'(0,20) T_(0, 21)
B (am) b+(x>> (a—m b—(x))‘1
S \bt() atW) /) \b~ (L) a” (L)
<zis><a+(x) b*(M)( a”(}) —bm) _ (am W))
— O\t atW) )\ am )/ \ b)) a)

and the proposition follows.

O

We end this section with a few remarks on reflection coefficients of potentials
in L2(R). We have |a|?> — |b|> = 1 almost everywhere on R due to the fact that
det 7+ (0, A) = 1 almost everywhere on R. That can also be established directly
using (2-18). Proposition 2.8 then allows to define the reflection coefficient r, =b/a
for every ¢ € L*>(R). Lemma 2.2 holds for r, in that case as well. However, not all
results about the scattering transform can be generalized from the case g € S(R)
to ¢ € L>(R). For example, the scattering transform is injective on S(R) by
Theorem 2.1, but it is no longer so when extended to L*(R) (see Example A.8).
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3. Another form of Dirac operator, ¢ € L>(R), and the entropy function

Suppose g € L>(R). The alternative form of writing the Dirac operator L, on the
line is given by

(3-1) Dp: X JX +0X, Q:= (_Im" _Req>,

—Reg Img

where Dy is densely defined self-adjoint operator on the Hilbert space L?(R, C?) of
functions X : R — C? such that ”X”%}(IR,CZ) = fﬂ-‘QHX(S)qu:2 dé§ is finite. Operators
Dy and L, defined in (2-1) are related by

11 1
_ -1 N -1 1
Do=XL,%"", Z'_ﬁ(—i i)’ )y _ﬁ(l —i>'

One way to study Dy is to focus on Dirac operators on half-line R first. Given
g € L*(Ry), we define D on L*(Ry, C?) by

(3-2) DY X+ JX'+0X, Q:= (_EEZ ﬁﬁg)

on the dense subset of absolutely continuous functions X € L2(R+, C?) such that
DJQFX € L*(R4,C%), X(0) = (5). We will call DE the Dirac operator defined
on the positive half-line with boundary conditions X (0) = () or simply the half-
line Dirac operator. Set A(§) = —3¢(£/2) for &€ € Ry, and let P(&, 1), Py(§, 1)
be the solutions of Krein system (2-11) generated by A. The Krein system with
coefficient A and Dirac equation (3-2) are related (see the proof of Lemma A.9
in Appendix) as follows: if Ng solves the Cauchy problem

01
e 1\ (AF 28, ) BEQE, M\ (1 —i
No(.4) == <i —i)(%ﬂzs,x) 9(+(2g,x)><1 i)’

where the continuous Wall polynomials AT, B7, 2, B were defined in (2-14).
The Weyl function of the operator DJQr coincides (see Lemma A.9) with

ING(E, 1)+ Q€) No(€, 1) = ANg(§, 1),  No(0, m:(l 0),

then

Y ()
(3-3) mo(z) = SBTOOI P o)

Z€C+.

It is known (see Theorem 7.3 in [13]) that the limit above exists for every z € C; and
defines an analytic function of Herglotz—Nevanlinna class in C. The latter means
that m(C4) C C,. In Theorem 3.1 below, Imm o (A) denotes the nontangential
boundary value on R which exists Lebesgue almost everywhere. It is understood as
a nonnegative function g = Imm on R and it satisfies g/(1 + A?) € L'(R).
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Theorem 3.1. Let g € L2(R+) and let Q, DE, mg be defined by (3-2) and (3-3).
Denote by Ng the solution of the Cauchy problem JN/Q(§) + Q) Ng() =0,
Np(0) = ((1)(1)), and set Ho = NjyNg. Define also

(3-4) KF = log Imm (i)—lflo Imm (,\)d—A
o TiogHmmotl) = o | OBIMMOtA) T
N +oo k+2
(3-5) K :Z<det A ’HQ(é)dé—4).
k=0

Then, we have

~ +
(3-6) 1Ky <K§ <cpe’o
for some positive absolute constants cy, ;.

Proof. Lemma A.9 shows that m ¢ coincides with the Weyl function for the canonical
system with Hamiltonian # . Then, the bounds in (3-6) follow from Theorem 1.2
in [2] (see also Corollary 1.4 in [2]). O

The quantity ICE will be called the entropy of the Dirac operator on Ry. We
now turn to (3-1) to define the entropy for the Dirac operator on the whole line.
Take ¢ € L*(R) and let A*(§) = —1¢(€/2) and A~ (§) = 1q(—£/2), & e Ry be
the coefficients of Krein systems associated to restrictions of ¢ to the half-lines R
and R_. As in (3-3), the half-line Weyl functions m 4 are introduced by

p+
(3-7) my(z) = lim iP* ¢, 2)

——, zeC..
§—+o0 PE(E, 7) "

These Weyl functions m 4 can be used to construct the spectral representation for
the Dirac operator. Let

.8) mo) = | (—2m+<z>m_<z> m(3) = m_<z>)’ ceC,

my(2) +m_(z) \m+(z) —m—_(2) 2

Using Imm 4 (z) > 0, one can show that Imm(z) is a positive definite matrix for
z € C4. In other words, m is the matrix-valued Herglotz function. Therefore,
there exists a unique matrix-valued measure p taking Borel subsets of R into 2 x 2

nonnegative matrices such that
1 A
N

1
m(Z)—O(+ﬂZ+;/ _Z—m

R

where «, 8 are constant 2 x 2 real matrices, 8 > 0. The importance of p becomes
clear when we recall the spectral decomposition for Dg. Specifically, let Ng (&, )
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be the solution of the Cauchy problem

5 1
B9 JaeNe® 9+ 0(E) No, 1) =2No(§, ), NQ(O’Z):(() (1))

where z € C, £ € R. Then, the mapping
1
(3-10) Fp :XH—/N*(&,A)X(&)dS, reR,

initially defined on the set of compactly supported smooth functions X : R — C2,
extends (see Appendix) to the unitary operator between the Hilbert spaces L (R, C?)
and L?(p) where

L%*(p) = {Y ‘R— C?: ||Y||§2(p) = /RY*()\) dp(M) Y (1) < oo}.

Moreover, Dy is unitarily equivalent to the operator of multiplication by the inde-
pendent variable in L?(p) and the unitary equivalence is given by the operator Fpy-
In fact, these properties of p will not be used in the paper, we mention them only
to motivate the following definition. Let us define the entropy function Kg(z) by

Imz

1
(3-11) Ko(z) = ——/10g(det,0ac(l))—2d)», zeCy,
T Jr A —z|

where p,. denotes the absolutely continuous part of the spectral measure p and it
satisfies puc(A) = limg_,0 -0 Imm(A +i¢) for a.e. A € R. The quantity Ko will
play a crucial role in our considerations. We first relate it to the coefficient a of the
reduced transition matrix 7" which was introduced in Proposition 2.8.

Lemma 3.2. We have det pg.(A) = |a(V)| 2 for almost all . € R. In particular,
Ko(z) =2logla(z)| forall z € Cy.

Proof. From the definition (or see page 59 in [24]), one has

Immy(z) Imm_(z)

-12 detl =4
©-12) ) = S m_ P

z€Cy.

Substituting expressions for
mx(z) = lim B0 et~
T T b PEE D) aE(@ +bE()

into (3-12), we obtain

€C+

det pgc(A) = lim detImm(X +ie)
e——+0

~ lim (Jat(A+ie)> = [bT (L +ie)|>)(Ja~ (A +ie)[> — [b-(h+ie)?)
T 10 lat(A+ig)a~(A+ig) —bT(A+ie)b=(A+ig)|?
1

" a2
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for almost every A € R and the first claim of the lemma follows. The second claim
is immediate because a is an outer function as we showed in Proposition 2.7. [

Consider again the half-line entropy functions

KE(z) =logl e fmz
0(@) =loglmmy(z) — — [ logImmy (1) 5
T JR |)»—Z|

d)\., Z€C+.

We see that ICE (i) coincides with the entropy (3-4) for the restriction of Q to R (that
explains why we use the same notation for the two objects), and Ko@) = ICE_ ()
for the potential
—Img(—§) Reg(=§)
)= (
C-O= Req(-&) mg(-)

Our plan now is to relate ICE (i) with Ko (i) and then use the fact that the full-line
entropy Ko (i) is conserved, see Lemma 3.2. That will eventually lead to the proof
of Theorem 1.2.

Lemma 3.3. Let g € L*(R) and let q;(§) = q (&€ —{), where £ € R and & € R. Denote
by Qg the matrix-function in (3-1) corresponding to qe. Then, ICJ(S@ (2) = Ko(2),
Ko,(@) — 0as £ — +oo forevery z € Cy.

), £ eRy.

Proof. Take z € C. Expression ICJQFZ (2) + Ky, () equals

1 Imz
log(Immy 4 () Immy _(2)) — — log(Immy 4 (A) Immg, (1)) TRE dx
R _
for the corresponding Weyl functions m, 1. We also have
1 Imz
log|m4(z) +me—(2)|” = P 10g e+ (W) +me ()] P di

by the mean value theorem for harmonic functions. From (3-12), it follows that

Immyg (z) Immg ()
: , . |
|m€,+(Z) +mg’_(z)|2 ) +Ro, (2)

Notice that K, (z) does not depend on ¢ € R because the coefficient @ in Lemma 3.2
for the potential Q, does not depend on £. So, we only need to show that

ICJéz (2)+ Ky, (2) = 10g(4

I I -
Ky, () =0 and 10g(4 mmy 1 (z) Immy, (Z)) Lo,

lme 4 (2) +me —(2)?

when £ — 400 and z € C;. The second relation follows from my 4 (z) — i,
my._(z) — i, which hold because g, tends to zero weakly in L*(R) as £ — 400
and lgellz2ry = lgllz2@w) (see Lemma A.10). Moreover, relation my —(z) — i
implies that K, (z) — 0 if and only if

(3-13) —/logImmg ,(k)l | d) — 0.
-z
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In the rest of the proof, we will show that (3-13) holds. Let a,, b, be the limits
of continuous Wall polynomials corresponding to Q,. Consider s, :=b,/a,.
Formula (12.57) in [13] gives

. I+ime_(2) .0, (@) —b, ()
K e M A S E

It implies that Immg (1) = |a, (A) + bZ()»)rz when A € R and that s, (z) — 0
when £ — 400 and z € C;. Now, we can write

Imz 1 1 Imz
— logImmg_(A) 5 dr=— | log| — — 2dk
A —z] wJr “\la, W) +b, V2 A —z]

g—— -
|a5 (Z)+bg (Z)|2
1
- +log ————.
la, (2)[? 145, (@)

= log

Therefore, it remains to show that |a, (z) |> — 1 as £ — +o0. That holds because
lge,~llz2@,) — 0 as £ — +o00 and

1
lge—122q,, = fmg%QNdx

_ 2 Imz - 2
2— log|clZ 9] P dr=Imz-logla, ()|,

where the first equality follows from ||gy, _||L2(R ) = 2||A,, _||L2(R ) and (12.2)

in [13]. Since log|a, (z)|*> > 0, equation (3-13) holds and we are done. O

As an immediate corollary of Theorem 3.1 and Lemma 3.3, we get the following
estimate.

Lemma 3.4. Let g € L*(R). Denote by Ng the solution of the Cauchy problem
JN/Q(";‘) + QE)Np() =0, Np(0) = ((1) (1)), and set Ho = NZNQ' Consider

k+2
(3-14) Ko:=Kg(i), Kg:= Z(det Ho(E)ds — 4).
keZ
Then, we have
(3-15) 1Ko <Ko <crKgeke

for some positive absolute constants cy, ;.

Proof. By Lemma 3.3, we have Kp =limy_, ;o IC’QF[. It remains to substitute Q,
into the estimate (3-6) and take the limit as £ — +o0 for £ € Z. U
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4. Proof of Theorem 1.2
The following result will play a crucial role in what follows. We postpone its proof
to the next section.

Theorem 4.1. Suppose q € L*(R) and let Ny satisfy JN/ +0ONp=0, No(0)=1,
where Q = (_ Img _Req) Then,

Req Img
(4-1) e Rlgly 1@ S Ko S eFlgly i m)
where R :=||q |2, and Cy, C; are two positive absolute constants.
Proof of Theorem 1.2 in the case s = —1. First, assume that gp € S(R) and let

q (&, t) be the solution of (1-1) with the initial datum go. We want to prove that

4-2) Cr(1+ llgoll 2w) llgoll g-1y < g (-, Ol 1wy

< a1+ llgoll 2y g0l -1y -
We have [|q(-, D)l L2w) = llqollL2w) for all z, see (4.33) in [14]. Let a(z, 1) denote
the coefficient in the matrix (2-5) given by g (&, t). For each r € R, define Q by (3-2).
Let Ko(t) be as in Lemma 3.4 and K¢ (z, t) be defined by (3-11). Formulas (2-8)

and (2-9) show that a(z, 7) is constant in # and Lemma 3.2 says that Kp(z, 1) is
constant in ¢ as well. The bound (3-15) yields

(4—3) CIICQ(Z 0) ]CQ(Z‘) c ’CQ(i, 0) e©? ICQ(i,O).

Assume first that R := [|qol| 2@y < 1. Taking = 0 in (4-3) and applying (4-1)
to go, we get ICQ(z 0) < 1 since ||qoll g- 1wy < R < 1. Hence, in that case (4-3) can
be written as ICQ(t) ~ Kgo(i, 0). By Theorem 4.1, |lq(- t)||2 H-L(R) ICQ(t), and
0 119 D131y ~ g O g

If R :=|lqollz2@®) > 1, we use dilation. Consider g4 (§, 1) = ag(a§, o 2t) which
solves the same equation and notice that ||y || 12y = a'/?R.

Leta =a. =R %<1 making ||ge, |22y = 1. Then, for the Sobolev norm:

1 1/2
@4 g Dllp@ =a”2( fR T PO a2r>|2dn) :

Since
4-5) L N
L+n? " I4egn® = aZ(+n)
one has
1/2

g o2 Ol a1 @ <lde, (- Ol g1 @ <es g, a2 Ollg-1 @)

In particular, at t = 0 we get

aZ gL 01w < e G O a1 <o lg (-, 0l g-1w)-
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Since [|qa, (-, 0|2 = 1, one can apply the previous bounds to obtain
e, (-, Ol =15 ~ e, (-, Ol -1 gy
Then,
al gLz Ollg-1@ S 1ge GO lg-1@ S o 2lg (-, 0l 1@y
a7 PlgC a2 Ollg-1w 2 19 Ol g-1@ 2 @1, 0l -1 @)-

Recalling that o, = R~2, we obtain

g0l g1 S lgC Ol a1 S RGO -1 )

for all + € R. Finally, having proved (4-2) for gqo € S(R), it is enough to use
Theorem 1.1 to extend (4-2) to go € L*(R). O

Our next goal is to prove the estimate

(4-6) Cr(1+ lgoll 2@ * Igoll sy < g (-, Dl sy
< Co(1+ l1goll 2y) > 1ol s my»

where t € R, s € (—1, 0], and C; and C, are positive absolute constants. For s =0,
this bound is trivial. To cover s € (—1, 0), we will need some auxiliary results first.
One of the basic properties of NLSE which we discussed in the introduction has to
do with modulation: if (&, t) solves (2-10), then §, (&, 1) = ¢!~V g (& — 2ut, 1)
solves (2-10) for every v € R.

Lemma 4.2. Let gy € L>(R), t € R. Then,
[(Fq)(n, r>|2
t
||Clv( )”H 1(R) /1+(77+U)2

Proof. It is clear that ||e™ tf||H71(R) = | fllg-1(w) for every f € H~'(R) and
t € R, because e v’ is a unimodular constant. We have

F(e"q( =20, 0)(0) = (Fq&, D) —v) e VT eR.
Since |e~2V(~Y)| = 1, it only remains to change the variable of integration in
|(Fq (&, l))(ﬂ — U)l2
1+n?

to get the statement of the lemma. O

Gl 1wy =

The next result is a standard property of convolutions.

Lemmad4.3. Lety € (—% 1] and set ay = fork € Z. We have

1
(1+k2)Y

) . c,— 1 eR
— 2/\/ y > s r] .
—1+m—k (1+n>)7
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Proof. After comparing the sum to an integral, it is enough to show that
/ du ~C 1
R (L+u?) L+ —w?) (A +n?)r
The function on the left-hand side is even and continuous in 1 and y, so we can
assume that n > 1. Then,

/ du N 1
—ul<0.5n (1 +u2)? L+ M —u)?) (1427’

/ 2 <ZT + 7
2\~ 1 25
[n—u|>0.5n (1 u )y(l (77 M) )

and

where

du /2 du du
Iy = 2 TS iy, T 242
u<—n/2,u>3n2 (L+u?)? (14 (n —u)?) oo UTTE 3 puttEY

—1-2
< Cy’? )/,

n=[ e S - s
ul<ns2 (1 +u)Y (1 +(n —u)*) lul<ns2 (1 +u=)¥

Combining these bounds proves the lemma. ([
Proof of Theorem 1.2 in the case s € (—1,0). We can again assume that gg € S(R).
Recall the estimate (1-5) for s = —1:

(4-7) Ci(1+ llgoll 2@) "> llgoll -1y < llgC» D1y

Co(1+ llgoll 2@ * 90l -1 ) -

ININ

According to Lemma 4.2, we have

[(Fq(-, 1))
1+ (w+n)?

(4-8) 1Go o O3 gy = A

for g,(&,1) = e“’é_“’z’q(é — 2vt,t). Let ai, k € Z, be the coefficients from
Lemma 4.3 with y = —s. Then, (4-8) and Lemma 4.3 imply

4-9) Dkl Ol g ~ CsllgC Ol -
keZ
In particular, taking t = 0 gives
(4-10) >kl 031y ~ Csllgoll s -
keZ
We now apply (4-7) to gx and use (4-9) and (4-10) to get
g (-, Ol asw)

< Ca(s)(1+ llgoll 2w
lgoll &5 )

@11 i)+ llgoll 2wy > <
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If R:=lqoll 2w < 1, we have the statement of our theorem. If R :=||qoll 12 > 1,
we use dilation transformation like in the previous proof for s = —1. Con-
sider gq(£,1) 1= aq(a&, a’t) which solves the same equation and notice that
9l 2@y = a!'/?R. Let @ = o, = R~ < 1 making g |l L2y = 1. Then, for the
Sobolev norm, we have

| 12
e (- Ol s @ = al/Z(f (1+a—2;72)lsll(]:q)(n’ 062t)|2d77) .
R

From (4-5), we have
1 o 1 . 1
(T n)BT = (A aZiP)PT 201 2yl

Then, one has
a2 g (-, a2 Dl @<lgu. (- Dllmw<ad g (-, o Dl -

In particular, taking t = 0 gives us

a2l Ol @ < e, (- Dl < a2 Mg (-, 0l w)-
Now [|gq, (-, 0)|l2qr) = 1 and we can apply the previous bounds to get

lge. C- s Ol s @) ~ 1ga (-, O) || s (w)-

Then,

a2llg( e Dllm® S e, (- Ol S a2 Mg, 0)llm®),

a2 g (a2 Ollms @ 2 19a. (- Ol as@ = @l lg (-, )l as ).

Recalling that ¢, = R™2 = ||q0||L2(R), we obtain
-2 ;
g0l 2y g (- O lars@ S g (- D lls @ S 1ol gyl (- O lars @y
for all € R. U

Our approach also provides the bounds for some positive Sobolev norms. The
following proposition slightly improves (1-4) when s € [ ) llgoll s ) is large,
and [|qoll 2 () 1s much smaller than ||qo || g+ (w)-

Proposition 4.4. Let gy € S(R) and let g = q(&, t) be the solution of (1-1) corre-
sponding to qo. Then, for each s € [0, %), we get

(4-12) lgC, Dllas® ~ Csllgoll s w)
if llgoll 2wy < 1 and
(4-13) lg (-, Dl S CsUlgoll 3, + lgoll s )

if llqoll 2@y > 1.
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Proof. In the case when ||q | 2(g) < 1, the proof of proposition repeats the arguments

given above to get (4-11) except that the constants in the inequalities depend on s

and can blow up when s — % Suppose || |l.2w) = 1. Then, for the Sobolev norm,

we have
1/2
lga (-, Ollgs®) = al/z( / (1 + a7 |(Fq)(, azt)mm) .
R

Take o = «, and write the following estimate for the integral above:

2N\98
/R<1 +%> (Fg)(n, a2 1)2dn

R?
~ f JF)(n, e D)*dn+ R f (1+0")"|(Fg) (n, e ) dn
—-R In

|>R2

<RI4R f (102 |(Fq) (. o2 1) 2dln.
R

We use [|qa, (-, )| L2ry=1and (4-11) to get [|go, (-, Dl s @) ~ Cs 1 Ga (- s O) | 55 (w)-
The previous estimate for t =0 yields [|q, (-, O) || 5@ < T+R™25 g (-, 0) || g+ (w).-
Hence, [|ga, (-, 1) [l 55 @) < Cs(1 + R g (-, 0) |l 75 w)). We write a lower bound

2\
I, (-2 Ol @ = R / (1 + %) [(Fq)(n, a2 1)|>dn
R

2 R_2_4S/ (1+ 0D |(Fg)(n, a2 > dn,
In|>R?

so we have

1+ |(Fg)(m, ol )7 dn < Co(R*T + g (-, 0) 135 @)-
In|>R?

Write the integral in the left-hand side as a sum of two:

/H R(l+n2)sl(fq)(n,aft)l2dn+/ll R(l+n2)s|(fq)(n,aft)|2dn-
n|>R? n|<R2?

Estimating each of them, we get a bound which holds for all ¢:
/(1 + 0 1(Fg) (el D dn < Cs(R* + g (-, Ol @)
R
which is the required upper bound (4-13). (|

5. Oscillation and Sobolev space H 1(®)

In this part of the paper, our goal is to prove Theorem 4.1. Let us recall its statement.
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Theorem 4.1. Suppose q € L*(R) and let Ny satisfy JN’Q +0ONp=0, No(0)=1,

—Img —R
where Q = (7&23 I;IZ). Then,

(5-1) e C1R <Ko SeRql?,

||f1||H I(R) ’I(R)’

where R :=||q |12y and Cy, Ca are two positive absolute constants.

Theorem 4.1 is of independent interest in the spectral theory of Dirac operators.
For example, Lemma 3.4 shows that ||q | 2(g) and || || -1, control the size of K.

The strategy of the proof is the following. In the next subsection, we show that
H~!(R)-norm of any function can be characterized through BMO-like condition for
its “antiderivative”. In Section 5.2, we consider the solution to the Cauchy problem
JN'+ QN = 0, N(0) = I on the interval [0, 1] with zero-trace symmetric Q
and study the quantity det fo N*N dx, which represents a smgle term in the sum
for ICQ The results in Section 5.3 show that small value of ICQ guarantees that the
“local” H~! norm of Q is also small. This rough estimate is used in the proof of
Theorem 4.1 which is contained in the proof of Theorem 4.1.

5.1. One property of Sobolev space H='(R). Observe that a function f € L*(R)
belongs to the Sobolev space H~!'(R) if and only if

dx < oo.

2
(5-2) f ‘ f FO) . (x — y) e D dy
RIJR

Moreover, the last integral is equal to || f IIz,
the Fourier transform of f:

1 .
= —inv g,
FH0) == /R f@) e dx

R)" Indeed, recall that F f stands for

Then, from Plancherel’s identity and formula

L S B
V2 IR, 2m L+in
we obtain
_ [(F ()
111y = 27 NCFD F Oy M iawy = | =77 4

by properties of convolutions. We will need the following proposition.

Proposition 5.1. Suppose that [ € LIOC(R) N H Y (R). Let g be an absolutely
continuous function on R such that g’ = f almost everywhere on R. Then,

(5'3) C1 ”f”H LRy Z/Ig Ik| dx C2||f||H I(R)’
keZ

where I, := [k, k+2], (g); := mflg(x) dx, and the positive constants ¢ and c)
are universal.
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Proof. Take a function f € L1 (R)N H~!(R) and let g be an absolutely continuous

loc
function on R such that g’ = f almost everywhere on R. Assume first that f has a

compact support. The integral under the sum does not change if we add a constant
to g, so we can suppose without loss of generality that

X
gx) = / f(s)ds, xeR.
—0o0
Upper bound. Given f, define o by

o= [ fmedy
—00
and recall (see (5-2)) that

(5-4) I a1y = logllL2my-
Moreover,
(5-5) oy +osr=f.

For each interval I, we use (5-5) for the corresponding term in the sum (5-3):

X k+2 X1
[\ [ran-3f ( f(xz)dm)dxl
I 1Jk k k
x k+2 X1
=/ /o(xl)dxl—i—o(x)—%/ <o(x1)+/ o(xg)dx2> dx
I 1Jk k k

after the Cauchy—Schwarz inequality is applied. Summing these estimates in k € Z
and using (5-4), we get the upper bound in (5-3) for compactly supported f.

2
dx

2
dx < | |o|*dx
Iy

Lower bound. Integration by parts gives

[ roeea=[ soas-[ ([ roa)eea

=g(x)—/ g e " Vdy

—00

= [ @@= goneay.

2 k+2 x
dx <) / ( f g(x) —g<y>|2e<”>dy> dx
k —00

keZ

o [ pit? )
3PN ‘”/k fj g(0) — g()Pdx dy.

kez j<k

Therefore,

J

f etV ay
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Using the inequality (x + y 4 z)> < 3(x% 4 y? +z?), we continue the estimate:

<ZZe(k’)<f|g g Pdx+1(g), — (g 1k|+/|g zldx)

kez j<k
Since
3 Y e f>(f|g ol dx+/|g 1|dx> S [1e= @ Pas,
keZ j<k keZ

we are left with estimating

3 S e Dy, — ()

kez j<k

Applying the Cauchy—Schwarz inequality for the telescoping sum

(&), Z( ), ),

s=j+1
we get
&), — ()P <k—=) D Heh, — (&)1l
J<s<k—1
Then,
YD e D=y D e — (&)l
kez j<k j<s<k—1 s
=S —(@nal? Y ket
seZ k,j:j<s<k—1
We have
Y koDt DT Tk e
k,jij<s<k—1 j<s m>1
=3 X0 et =T S e
j<0 m>1 j=0 m>1

The last sum is finite and does not depend on index s. Now, the estimate

), — (&)1, PP = / e)r — g + 8 — (8)1.,, Pdx
IsNisq

/|g |dx+2/ g — (gh1.,, Pdx
1s+l

Y ek Dig), — 1k|<2/|g o) Pdx.

keZ j<k seZ

proves that

Hence, the lower bound in (5-3) holds for compactly supported f.
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Now, take any f € L} .(R)N H~!(R). The definition (1-2) of H~!(R) implies
that F f can be written as (1+in)(Fo) for some function o € L?(R). Moreover, this
map f — o is a bijection between H~'(R) and L>(R) and Il @ = lloll L2@)-
Taking the inverse Fourier transform of identity Ff = (1 4+in)(Fo), one gets a
formula f = 0+o0’ where o’ is understood as a derivative in S’(R). Since f € LIOC(IR)
and 0 € L?(R), we have o’ € LIIOC(IR) and, therefore, o is absolutely continuous on R
with the derivative equal to f — o. Now, take 0, (x) = o(x)u, (x), where w,(x) is
even and

1, 0<x<n,
n(x) ={n+1—-x, xeln,n+1),
0, x>n+1.

Define the corresponding f,, = 0, +0),. Then, {0,} — 0 in L*(R) and so {f,} = f
in H~!'(R) because the mapping f > o is unitary from H~!(R) onto L?(R). Also,
each f, is compactly supported and { f,,} converges to f uniformly on every finite
interval. Define g, = [; fu ds, g = [, f ds, and write (5-3) for f;. The estimate on
the right gives

> o = @) wlPdx <ol full o gy
|[k|<N

for each N € N. Sending n — oo, the bound
Z Ik| dx c2“f”H I(R)
lk|<N
appears. Taking N — 00, one has the right estimate in (5-3). In particular, it shows
that the sum in (5-3) converges. By construction,
Do [len—tgnPdx=">"  [lg—(g)lPdx+e,

kez V1 —n<k<n—2 Ik

where €, is a sum of integrals over I_,,_», [_,_1, I,_1, I,,. Since o € L*(R),

lim [ |g,—(gn)|°dx =0, ke{-n—-2,—n—1,n—1,n}.
Iy

n—oo

Hence, lim,_, €, = 0 and, taking n — oo in inequality
2
cl”fn”H—l(R) /|gn_ 8n Ik| dX
keZ

one gets the left bound in (5-3). Since all antiderivatives are different by at most
a constant and the integral in (5-3) does not change if we add a constant to g, the
proof is finished. U
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5.2. Auxiliary perturbative results for a single interval. Notice that for any real
symmetric 2 x 2 matrix Q with zero trace, we have that V = JQ is also real,
symmetric and has zero trace. The converse statement is true as well. Hence, the
equation JN;, + QNg = 0 in Theorem 4.1, which is equivalent to Nj, = JONo,
can be written as N b = VN with V having the same properties as Q. Let U, (x, y)
denote the solution to

d
LU=V Usxy), Uy, y) =1

and U_(x, y) denote the solution to

d
LN ="V U-(x,y), U-(yy)=1I
X

Lemma 5.2. Suppose N' = VN, N(0) = I, where V is real-valued, V € Lo, 1],
V=V* and trV = 0. Then, for H .= N*N, we have

1 1 pl
(5-6) det [ weyde =4 [ [ wwiee ) vy dxdy

1 1
_ %/ / VU (s )| dx dy.
0 J0

1 1 pl
(5-7)  det /O H(E) dE—1=1 fo fo |, y) = U—(x. y)) e1|2dx dy.

Proof. Notice that N, Uy, U_ € SL(2, R) and that every matrix A € SL(2, R)
satisfies

(5-8) JA*=A"1J, AT =JAHL
Also, for any real 2 x 2 matrix B, we have

det B = (JBej, Bes) = —(JBey, Bey).
Hence,

1 1ol
7:= det/o H(S)dé:/;fo(JN*(x) N(x)er, N*(y) N(y) ez) dx dy

1,1
= —/ / (JN*(x) N(x) ez, N*(y) N(y)er) dx dy.
0 Jo
For the second integrand, we have

(JN*(x) N(x)er, N (y) N(y)e2) = (N"(y) N(y) IN*(x) N(x) ey, e2).
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Then, identities (5-8) imply

N*(y) N(») IN*(x) N(x) = N*() J(N*(»)) "' N*(x) N (x)
=J(N)) '(N*(y)T'N*(x) N(x)

and, since Je; = e and J* = —J,
(JN*(x) N(x) er, N*(») N(») e2) = (N(»)) " (N*(y)) "' N*(x) N(x) ey, e1).
Similarly,
(JN*(x) N(x) e2, N*(y) N(y) e1) = —((N(») " (N*(y)) "' N*(x) N(x) e2. €2).

Hence,

2

1 pl
Izéf()/oZ((N()’))_l(N*(y))_lN*(x)N(x)ej,ej)dxdy
J

—1

1 pl
=%/O/Otf((N(y))1(N*(y))1N*(x)N(x))dxdy

1 pl
Z%/O fo w((N* ()T N* () NN (y) ") dx dy.

Now, using the formula N (x)(N ()~ '=Uy(x, y) we rewrite the last expression as

1 pl
Iz%f f a(U? (x, ) Us(x, ) dx dy.
0JO

Finally, (5-7) follows from Uy (x, y) € SL(2, R) by direct inspection after one
uses the identities JU(x, y)J = —U_(x, y) and tr(A*A) —2 = |[(A+ JAJ) e 12,
which holds for every A € SL(2, R). O

Remark. The integrand in (5-6) is symmetric in x, y because U4 (x, y) = U;l (v, x)
and Uy (x, y) € SL(2, R). Notice also that

(UL, V) Us(x, ) =25, +45 > 2,

where A, y is an eigenvalue of U7 (x, y) U4 (x, y) which explains why the left-hand
side in (5-7) is nonnegative.

Lemma 5.3. Suppose real-valued matrix-function V = (:j; _:f) is defined on [0, 1]

and satisfies ||V || L119.1) < 0o. Consider H := N*N, where N: N'=VN, N(0)=1I.
Then,

1
(5-9) det fo Hax =1 V12101, expCIV ILo,1)-
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Proof. The integral equation for N is
X
(5-10) N = I+/ VNds.
0
By Gronwall’s inequality,
X
(5-11) [N < eXP(f V)l dS) <exp(IVIlLio,1p)-
0

Iteration of (5-10) gives

N=1 +/dex1 -f-/xV(xl)(/XIV(XQ) N (x7) d)Q) dxy.
0 0 0

1 1 X
fN*Ndx:I—i—Z/ (/V(xl)dxl)dx—i—R,
0 0o \Jo

IR S IVI210.4, €xp(C NV [l 0,17)-

Since tr V =0, the identity det(/ + A) = 1+4tr A +det A, which holds for all 2 x 2
matrices A, gives

Then,

1
det/0 Hdx — 1S V121011 €xPCIV L ig0,1)- O

Lemma 5.4. Suppose real-valued symmetric matrix-functions V and O are defined
on [0, 1] and satisfy

(-1 V= (”‘ "2> —0+0, 0=0"= (01 02)’

vy —Uj 02 —0]
(5-13) 8 :=11Oll2p0,11 < 0,
(5-14) d:= ”0/||L2[0,1] < .

Consider H := N*N where N' = VN, N(0) = I. Then, we have
1 2 1
(5-15) detfde—l:4Zf lg; —(gj)Pdx+r, |r] S8 exp(C(d+36)),
0 — Jo
j=1
where
X
(5-16) &:/Wm
0

and C is an absolute positive constant. An analogous result holds if O and V are
related by V = 0 — O'.
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Proof. We will use the formula (5-7) for our analysis. Fix y € [0, 1] and take
Uy (x,y) and U_(x, y) which solve %UJF()C, V=VxX)U+(x,y), Ur(y,y) =1
and %U_(x, y)=—-V(x)U_(x,y), U_(y,y) = I. Iterating the corresponding
integral equations, one gets

X X X1 X X1 X2
U+(x,y)=1+/ Va’x1+/ / Vdxydx; +/ V/ / Vdxzdx) dx
y

x
/ / / / Vdxsdxsdxy dx
x2
_|_/ / / / Vfrdxsdxsdxydx,
y Jy Jy Jy

x4
fi(x) = / V(s) Uy (s, y) ds,
y
x X X1 X X1 X2
U_(x,y):I—dex1+/Vf dezdxl—/V/ V/ Vdxsdxydx;
¥ y Jy y Jy Jy
X X1 X2 X3
+/V/ V/ V/ VdX4dX3d)C2dX1
y Jy Uy y

X X1 2 X3
—/V V/ V/ Vf_dxsdxsdx,dx,
o y Jy Jy o Jy
J—(x4) =f V(s)U_(s,y)ds.
y

Taking U, (x, y) — U_(x, y) as in (5-7) leaves us with

(5-17) Urx, ) 2U *x, ) /dexM—I]—I-Iz,
(5-18) / / /degdxzdxl,
y
(5-19) fv/ vf /V(f++f)dx4dx3dx2dx1
y

Recall that V = O + O’ where O satisfies (5-13) and (5-14). These assumptions
are to be used in the following proposition. On R%, we define the partial order

|: 1:| |: 1]
X2 2
by I'CqUiI'il’lg that X1 < V1 and X2 < y2.

Proposition 5.5. Suppose a matrix-function O is defined on [0, 1] and denote

(5-20) §=10l20.11,  d=110"llz200,17-
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Let an operator Gy be given by F +— (G F)(x) = f;C(O + O')Fds where
y € [0, 1] and a matrix-function F, defined on [0, 1], satisfies || F || 10,17 < 00 and
||F/||L2[0,1] < OQ. Then,

1G ) F ll oo, 11 | £l Loog0,11 S§++/8d 8
(5-21) [ Hl<em A M= ,
1G5y F)'ll 210,11 I1F"1l 210,11 §+d 0

where C is an absolute positive constant, the norms and derivatives are computed
with respect to x.

Proof. Let b = || F| 10,11, ¢ = [|F" || 12[0,1;- Write

(5-22) 0*(x)0(x) — O0*(y) O(y) =/ ((0"'0+ 0*0") ds.
y
Then,
2 (5-22) 2 : /
1Ol 2”51?2;7;1(0*(36)0()6)5,5) < oWl +2f0 O -110(s)] ds.

Applying Cauchy—Schwarz inequality to the integral, integrating in y from O to 1
and maximizing in x gives

(5-23) 10 0.1 < 84 (d8)'V2.
Then,

(G(},)F)(x)z/.OFds+0(x)F(x)—O(y)F(y)—/OF/ds
y y

and the estimate for the first coordinate in (5-21) follows from Cauchy—Schwarz
inequality and (5-23). Since (G(,)F)' = (0 + O') F, we get
(G F) Nl 221011 < 1Ol 210,17+ 101l 201 I F ll oepo, 1)

and the bound for the second coordinate in (5-21) is obtained. O

Continuation of the proof of Lemma 5.4. We apply the proposition to Z; three
times with the initial choice of F: F = I. That gives rise to taking the third power
of matrix M: M?3, applying it to (1, 0)’, and looking at the first coordinate. As the
result, one has || Z; || 0,17 S 83/2(8 4+ d)3/?. Therefore,

(5-24) IZ1e1ll o1y < 87% exp(8 +d).

Similarly, we consider Z, and use the previous proposition four times making the
first choice of F as F = f, + f_. Applying the bound (5-11) to Uy and U_, we
get || f+ + f-lle=o,n S S +d)exp(S+d), I f2+ fLllr2pon S (8 +d) exp(8 +d).
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This time, we compute the fourth power of matrix M : M*, apply it to vector
(8 +d)exp(§ +d)(1, 1)", and look at the first coordinate. In the end, one has
(5-25) I1Z2 e1ll oo, 112) S 8 exp(C(d + ).
The first term in (5-17) can be written as

X X
/ Vds = f 0ds+0(x)— 0(y)
y y

and

(5-26) <.

L2([0,11%)

fdes +0x)—0(y)
y

For any three vectors vy, vp and v3 in R2, we have an estimate
oy + vz 4 vsll = [oall| < llva +vsll < [lvall + [[vs]l,
which follows from the triangle inequality. Multiplying with

lvr +v2 o3l + ol < 20l + oz ll + [lvsll,
we get
vr w2+ vsll? = oa 1] < 20l Aloall + Tvs 1) + Aozl + o3 1)
Applying it to (5-17) gives
2

%||(U+(X, y)—U_(x,y)erl* - H (/ Vds) el
y

| (fre)e

Taking the L'([0, 11?) norm in the variables x and y of both sides and using (5-24),
(5-25), (5-26) and the Cauchy—Schwarz inequality gives

1 pl 1 p1 X
i// ||(U+(x,y>—U_(x,y))e1||2dxdy=// (/ Vds) el
0Jo 0Jo y

with |r| < 6% exp(C(d + §8)). Recalling the definition (5-16), we get
X
H </ Vds) el
y

1 p1 2 1
%/0/0||<U+<x,y>—U<x,y>>e1||2dxdy=42/o|gj—<gj>|2dx+r,
j=1

(el + 1 erl) + 1 Zieill* + 1 2 e |1

2
dxdy+r,

2

2
=Y (gi(x)— ()’
j=1

SO

where |r| < 8% exp(C(d + 8)). Lemma 5.4 is proved. [l
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Remark. All statements in this subsection can be easily adjusted to any interval
but the constants in the inequalities will depend on the size of that interval.

5.3. Rough bound when IEQ is small.

Lemma 5.6. Suppose an absolutely continuous function f is defined on [0, 1] and

satisfies
(5-27) felL?0,11, f'=lL+0bL, 1L eLl0,1], ©LeL?0,1].
Then,
1l op0.11 < V8% +2(8T 4+ €(T + € +6)),
where 8 := | fllz210,17> € := l1llLip0,13 T = ll2llz210,15-

Proof. There is & € [0, 1] such that | f(§)| < § and

<1t+e.

X
00— £(E)] < '/ fds
H
Thus, || fllz<[0,1] < T + € 4 5. Then, writing
X
7 - Py =2 g1
y
integrating in y and maximizing in x, we get

||f||Loo[()1] 52+2(5T+6(T+6+5)) O

Suppose Q is real-valued, symmetric matrix-function on R with zero trace and
1Ol L2 (w) <oo Define Hp = N*N WhereN N'=JQN, N(0)=1. Notice that we
have detfn S*?-{,QS dx = detf ”HQ dx for every constant matrix S € SL(2, R).
So, we can apply Lemma 5.3 to each interval [n, n 4 2] by choosing § = N~!(n)
and get an estimate which explains how || Q|| 2, controls IEQ:

~

Ro= <det / Hodx — )s,ZnQuiz[nM exp(C[1Q]l2)

nez nez
2
10122, exp(CIQll2)-
The next lemma shows that K controls the convolution of Q with the exponential.

Lemma 5.7. Let Q be real-valued, symmetric 2 x 2 matrix-function on R with zero
trace and entries in L*(R). Define Hg = N*N where N : N' = JQN,N(©0) =1
and assume that Ky < oo. If O := exfxooe_s Qds, then

101l @ < exp(C (I Qll 2@ +Ko) Ky,

where C is a positive absolute constant.
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Proof. Let R = || Q|12 and E = I%Q. We split the proof into several steps.

Step 1 (bound for a single interval [0, 1]). The definitions (3-5) and (3-14) imply
that ) < E. From Theorems 1.2 and 3.2 in [2], we know that H¢ admits the
following factorization on Ry: Ho = G*WG where G and W satisfy conditions:

(5-28) G'=Jw+v)G, |vllpgySE. lvllee)S E'?,
(5-29) detG=1, vi+v2=+v)"
and

W>0, detW=1, [uW=2]p@,JE.

Since [[tr W — 2| 10,17 S E, we have ||A +17 = 2l 10,1y S E, where A is the
largest eigenvalue of W. If one denotes p =tr W —2 = A +A~! —2, then

(5-30) )L_2+p+\/4p+p2 k_1_2+p—,/4p+p2
B 2 ’ B 2 '

In particular, that yields

1
(5-31) f||W||dx§1+E.
0

The given conditions on Q and (5-11) yield
INGIL N~ ()] Sexp(CR),  x€[0, 1],

where the second estimate follows from the first since det N = 1. The Hamiltonian
Ho = N*N is absolutely continuous on R, and

(5-32) 0 <exp(—=CR)I SHo(x) Sexp(CR)I

on [0, 1]. We claim that ||G(0)|| < exp(C(R+E)) and |G~ (0)|| <exp(C(R+E)).
Indeed, if X satisfies X' = J (v +v3) X and X (0) = I, then G = XG(0). Moreover,
given conditions on v; and v, and det X = 1, we have

(5-33) IX()|| Sexp(CE), [IX~'(x)|| < exp(CE)
uniformly on [0, 1]. Identity Ho = G*(0) X*WXG(0) yields
(G*(0) "M p(G(0) ™' = X*WX.

Taking an arbitrary & € C? with ||& lc2 =1, we get

5-32

(5-32) 1
IG1(0) &> < exp(CR) i (HoG™1(0)E,G1(0)&) dx

(5-31)+(5-33)

1
= exp(CR) / (WXE, XE)dx < exp(C(R+ E)),
0

~
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which implies [|G~'(0) || <exp(C(R+E)). We also have ||G(0)|| <exp(C(R+E))
since det G = 1 and the claim is proved. Finally, we have

IG@) Sexp(C(R+E)), G (x)|| Sexp(C(R+E))

for x € [0, 1] since G = XG(0).
Next, let us study W and W'. Since W = (G*) ! N*N G ™!, one has the inequality
W] <exp(C(R+ E)) on x € [0, 1]. Recall that W >0 and det W =1, so

exp(—C(R+E))I <W <exp(C(R+E))I, =xel0,1].

Since A is the largest eigenvalue of W and A < exp(C(R + E)), then (5-30) yields
1A= 120,17 S EY?exp(C(R+E)) and 27" — 1| 210,1) S E'/? exp(C(R + E)).
Introduce Y = W — 1. The matrix Y is unitarily equivalent to (*;' /(f_l)) and
that gives

(5-34) I 20,1 S E'2 exp(C(R + E)).
We need to study Y’, which is equal to W’. To do so, notice that
(5-35) 2N*JON = ’H’Q =G*J(v +v) WG +G*WJ(v; + 1) G+ G*W'G.

Hence,
Y =W =F+F,,

where

Fi=—J(i+v)W—-WJ+v), F=2G""'N*JONG".
The previously obtained estimates give us
(5-36)  [IFillpion S EV?exp(C(R+E)),  [IF2llz20,1) S exp(C(R + E)).

Now, we use (5-34) and (5-36) to apply the previous lemma to each component
of T to obtain

(5-37) I 0.1 S E'* exp(C(R + E)).
The formula (5-35) also gives an expression for Q:

0=—-J(H + H),
where
H; =0.5(N*)"Y(G*J (v + 1) WG + G*WJ (v; +v2) G) N~ L,
H, =0.5(N*)"Y(G*Y'G)N .

Since || Hill 211017 S E'/? exp(C(R + E)), we have

1
exf e H ds < EY2exp(C(R + E)).
X

L*°[0,1]
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For smooth matrix-functions u1, us, u3, we have

1 1 1
/ulu’2u3ds=u1u2u3|)1c—/u'1uzu3ds—/u1ugugds.
pe X X

Then,

1
Zex/ e *Hyds
X

=e (e ' (NF () T'GF YD) GV () T!
— e (N* () 7'G* ()T (x) G)(N(x) ™)

1 1
—e" @—%N*@»—%ﬁYTGN*%m-wﬁfeﬂ%N*@»—%ﬁY(GN—Uu&

Since ||(N_1)’||Lz[0’1] Sexp(C(R+E)) and |G| L1j0.1; S exp(C(R+E)), we have

1
ex/ e *Hyds
X

Summing up, we get

1
exf e *0ds

Step 2 (handling all intervals [n, n+ 1] for n € Z). Take any n € Z. Our immediate
goal is to show the bound

n+1
ex/ e *0ds
X

analogous to (5-38) but written for interval [n, n + 1]. To this end, take the Hamil-
tonian H"™ (x) := Ho(x + n) defined on Ry. For the correspondlng IC(n), we
get IC( ) < E as follows from its definition. Since the K-characteristics of the
Hamiltonians H and S*H.S are equal for every constant matrix S € SL(2, R), we
can instead consider ™ = N*N where N’ = JQ(x +n)N, N(0) = I. Using the
arguments in Step 1 for HO we get (5-39).

(5-37)
SN llz<j0.11€Xp(C(R + E)) < EV*exp(C(R + E)).
L>°[0,1]

< EY*exp(C(R + E)).
L>°[0,1]

(5-38)

< EY*exp(C(R +E))
L®[n,n+1]

(5-39)

Step 3 (summing up). Denote O,(x) = * fxooe*SQ - Xn<s<n+1ds. Notice that
0=>,.70,. Since O,(x) =0forx >n+1and [|0,(xX)|| S e "|OnllLomnt1]
for x < n, we then get

1O < D N0.x)| S EV*exp(C(R+E) Y e ~ E'*exp(C(R + E))

neZ n=>0

as follows from (5-39). That finishes the proof of Lemma 5.7. U
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Proof of Theorem 4.1. Denote E = I~CQ and O =¢* fxooe_sts, and recall that
1012w ~ 12la-1w) < 121l L2(w)-

Step 1 (lower bound). Define §, = [|O| 2, ,+1)- By Lemma 5.7, we know
that sup, 8, S E 1/4 exp(C (R + E)). Next, we apply Lemma 5.4 to each interval
[7, n + 2]. The remainder r, in that lemma allows the estimate

I'n ,S (6n + Sn-‘rl)z5 eXP(C(5n +8,41+R)), nel.

For each R > 0 and n > 0, we find a positive Eo(R, n) such that E € (0, Eo(R, 1))
implies that the remainder r, is smaller than r;(cS2 + 82 net) uniformly in all n. For
example, one can take

(5-40) Eo(R, ) ~ e Ok,

where C, is a sufficiently large positive number that depends on 7. Therefore, for
such E and some positive constant ¢ independent of , we have

n+2
de-ma S <det/ 7—[de—4) S e+,
neZ nez n nez

where the Proposition 5.1 has been applied to the terms fn"+2|g i — (&) |>dx in the
right-hand side of (5-15), adjusted to the interval [n, n + 2], to show that they are

comparable to 82 + 82 |- Taking n = 5, we see that
2 2
E = Z(det/ HQdX - ) ~ Zan ~ ||0||L2(R)’
neZ neZ

for E < Ey ( ) If E > Eo(R, 5), one uses inequality | O||;2®) S R to get
_ Eo(R,
(5-41) e CRIIOIIEZ(R)S %R)IIOIILZ(R)N E,

which holds for some positive absolute constant C due to (5-40). That provides the
required lower bound.

Step 2 (upper bound). Let 8, = ||Oll 2, ,+1)- For a given value of R, apply
Lemma 5.4 and Proposition 5.1 to each interval [n, n 4 2]. That gives

E S ZsieC(R-Fan)’

nez

with an absolute constant C. Since Znel b ||q||2 AR gl g-1®) S R, one has

2 C(R+Igll,; 2
E S g1y 10 < g Iy 0
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Appendix

Here we collect some auxiliary results used in the main text.

A.1. We start with an example that shows that the scattering transform is not
injective when defined on ¢ € L?(R). This is an analog of Lemma 17 in [27].

Example A.8. There exist potentials ¢, g € L*>(R) such that g; # g, in L>(R)
but we have r,, =r,, a.e. on R for their reflection coefficients. In other words, the
scattering transform ¢ > r, is not injective on L*(R).

Proof. Let us consider

af =1, b/=0, a =a, b =b

and
af =a, bj=b, a, =1, b;=0,

where a =14i/x and b =i/x. Note that
/log(l — s dx > —o00, s :=bYaf, k=1,2.
R

Theorem 12.11 in [13] says that for every contractive analytic function s on C
whose boundary values on R satisfy log(1 — Is|?) € L'(R) there exists a unique
coefficient A € L*>(R..) such that s = limg_ﬂrw%, A € C; for the continuous
Wall polynomials generated by A. Moreover, we have

(A-1) 27| Al G2 g, , = Nog(1 = s 11w, -

Applying this result, we see that there exist functions AT, A:2t e L*(R,) such that
“;_L,z’ bfz are the limits of their continuous Wall polynomials. Now define potentials
1.2 € L*(R) by relations

AT () =—3q12€/2),  AT,(6) =3q12(=€/2),  E€R,.

From Proposition 2.8, we conclude that the coefficients aj », b; > for these potentials
satisfy
a=a=dj, b1=—b=b=b2

on R\{0}. Hence, r;, =r,, on R\{0}. On the other hand, we have Af =0and A, =0
by construction. It follows that supp g; C (—o0, 0] and supp g2 C [0, +-00). Since
g1 and g, are nonzero (they have a nonzero L*(R)-norm as follows from (A-1)),
that yields ¢ # g2 in L*(R). O
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A.2. Next, we outline how to prove that the spectral representation for the Dirac
operator Dy, defined by relation (3-1), is given by the Weyl-Titchmarsh trans-
form (3-10). To this end, we will use the corresponding result for canonical
Hamiltonian systems proved in [24].

At first, we note that if o = N;,Ng is the Hamlltonlan from Theorem 3.1.
Then, detHp =1 on R and the operator V:X— N, X is unitary from L?(R, C?)
onto the Hilbert space

L*(Ho) = {Y (R— C 1Y 20, ) = /RWQ(S)Y@), Y (§))c2 d§ < oo}.

Moreover, VDV ~! coincides with the operator Dy, : ¥ — H~'JY’ of the canon-
ical Hamiltonian system generated by the Hamiltonian # . Thus, the operator Dy
on LA(R, C?) is unitarily equivalent to the operator Dy, on LZ(HQ). Let M be the
solution of Cauchy problem

(A-2) IM'(€,2) =zHoE)M(,2), M(©0,2) = <é (1)>

where z € C, £ € R, and the differentiation is taken with respect to £ € R. The
Weyl-Titchmarsh transform for Dy, is defined by

1 ~
Fouy ¥ = == [ 60 Ho® Y ©) ds

on a dense subset of Lz(’HQ) of smooth compactly supported functions. This
operator is unitary from L2(’HQ) onto the space L*(p) defined in the same way as
at the beginning of Section 3. Specifically, we let m be the half-line Weyl functions
of H¢ and define p as the representing measure for the matrix-valued Herglotz
function m in (3-8). It was proved in Theorem 3.21 in [24] that ]:DH Dy, ]-"D o

coincides with the operator of multiplication by the independent Varlable in Lz(,o).

We also have
Fou, (VX) =Fp X, XeL*R,C.

Thus, we only need to check that the Weyl functions m used in Section 3 coincide
with the half-line Weyl functions of the Hamiltonian # o. For the R -Weyl functions
this follows from Lemma A.9 below. Comparing the formulas for A*, A~ in the
beginning of Section 3, we see that the Weyl function m_ for Dy corresponds to
the Weyl function m for D 0 where é(é) = 030 (—§&)03. Similarly, in the setting
of canonical Hamiltonian systems, the Weyl function m_ for Dy, coincides with
the Weyl function m, of DH such that HQ(S ) = o3H(—&)o3. Therefore, the
statement for A~ follows from Lemma A.9 and from the relation

7T[Q = 0'37{QO'3 = (O’3NZO’3)(O’3NQO’3) = Hé
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Lemma A.9. Let g € L*(R,). Define

—Img(§) —Req(§)
—Req(§) Img(§)

Let Ng be defined by

Q@) = ( ) AE)=-39E/2), EeR..

ING(E 1)+ Q@E) No(E, 1) =ANg(E, 1), No(0,1) = ((1) (1))

. o ~ My M
Consider the Hamiltonian H g := NZ (6,0) Np(&,0) on Ry and let M = (1\71; 1‘712)
be defined by

I, 2) = 2Ho &) FE. 2. B0, 2) = ((1) (1))

Let, finally, P, Py, ﬁ, ﬁ* be the solutions to Krein systems (2-11) and (2-12) for
the coefficient A on Ry. Then,

My&.2) . (NomE.2) _ iﬁ*(s,z)

(A3)  lim == o . ,
E->+oo My (§,7) E—+0(Ng)i(§,2) &s—+00 Py(§,2)

Z€C+.

In other words, the function my in (3-7) is the half-line Weyl function for the
operators Dy, Dg.
Proof. The formula
Mx»(§,2) . (Ng)n(§,2)
im ~———= lim —————
§>+0 M (§,2) >+ (Ng)ai(, 2)
for Dy and Dy, is well known and can be d~erived from the analysis of Weyl
circles by using identity No(§, A) = Ng(&,0) M (£, 1) and the invariance of Weyl
circles under transforms generated by J-unitary matrices (in our setting, the J-
unitary matrix is Ng (&, 0): we have Na (6,0)JNp(§,0) = J on R). See, e.g., [4]
or Section 8 in [25] for more details on Weyl circles for canonical Hamiltonian
systems. Thus, we focus on the second identity in (A-3) and define

PQ&,2)+P(25,2) P(2&,2)—P.(2§,2)

X(s,z)=e"&( ) £cR zcC.

2 R %
P,(2£,2)—P(25,2) P(25,29)+P.(28,2)
2i 2

Differentiating, one obtains JX' + QX = zX, X(0,2) = (). It follows that
X(&,7) = Ng(&, z). In particular, we have

. P, P, (28,
(Ng)ap = e i%7 (28 Z)Z (2% Z),

—itz P*(QE, Z) - P(zgv Z)
e .
2i

(Ng)21 =
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Since P(&,7) = 0, P.(&,z) = T1(2) #0 as & — 400 (see Theorem 12.1 in [13]),
and analogous relations hold for P and P,, we have

(No)(€.2) . Pu.2)

= lim i———, eCy. (]
tE>+00(Ng)2i(§,2)  &—+00 Py(§,2)

A.3. Lemma A.9 and some known results for canonical systems can be used to
show that weak convergence of potentials of the Dirac operator implies convergence
of the corresponding Weyl functions.

Lemma A.10. Suppose {q;}¢~0 is a bounded sequence in L*(R,.) which converges
to zero weakly. Let Q be the associated matrix-functions defined as in Lemma A.9.
Then, the sequence of corresponding Weyl functions {m, 1} converges to i locally
uniformly in C;. when £ — +o0.

Proof. For £ > 0, denote by H o, the Hamiltonian generated by Q, as in Lemma A.9.
Then, m, 4 is the Weyl function for the half-line operators Dy, and Dy,. Since
supy-ollgell 22w, ) < 00 and g, converge to zero weakly in L*(Ry) as £ — +oo, the
Hamiltonians H o, tend to the identity matrix Ho = ((1) (1)) uniformly on compact
subsets on R, . Then, their Weyl functions m ; tend to the Weyl function m =i

of the Hamiltonian H locally uniformly in C by Theorem 5.7(b) in [24]. ]
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