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OBSTRUCTION COMPLEXES IN GRID HOMOLOGY

YAN TAO

Recently, Manolescu—Sarkar constructed a stable homotopy-type for link
Floer homology, which uses grid homology and accounts for all domains
that do not pass through a specific square. In doing so, they produced an
obstruction chain complex of the grid diagram with that square removed.
We define the obstruction chain complex of the full grid, without the square
removed, and compute its homology. Though this homology is too compli-
cated to immediately extend the Manolescu—Sarkar construction, we give
results about the existence of sign assignments in grid homology.

1. Introduction

Link Floer homology, developed by Ozsvath and Szab6 [2004a; 2008], and Ras-
mussen [2003] is an invariant of oriented links in three-manifolds which comes from
Heegaard Floer homology, from [Ozsvath and Szabé 2004c; 2004b]. Manolescu
et al. [2007; 2009a] and Ozsvéth et al. [2015] gave a combinatorial description of
the link Floer chain complex for a link in S° using grid diagrams, known as grid
homology. A toroidal grid diagram is a n x n grid of squares, with the left and right
edges identified and the top and bottom edges identified, together with markings X
and O, such that each row and column contains exactly one X and one O. Given a
grid diagram G, drawing vertical segments from the X to the O in each column and
horizontal segments — going under the vertical segments whenever they cross —
from the O to the X in each row gives the diagram of an oriented link L; we say
that G is a grid diagram for L. Figure 1 shows a 5 x 5 grid diagram for the trefoil.
The grid chain complex is generated by unordered n-tuples of intersection points
between the horizontal and vertical circles — Figure 1 shows an example of such a
generator.

Grid diagrams have been useful in a variety of applications in Heegaard Floer
homology. Manolescu et al. [2009b] and Manolescu and Ozsvéth [2010] obtain
the Heegaard Floer invariants of 3- and 4-manifolds using grid diagrams, which
give algorithmically computable descriptions. Sarkar [2011] uses grid homol-
ogy to give another proof of Milnor’s conjecture on the slice genus of torus
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Figure 1. A 5x5 grid diagram for the trefoil, along with the gener-
ator [51243] drawn with e. Note that the generator is independent
of the X and O markings.

knots. Ozsvith et al. [2008], Ng et al. [2008], Chongchitmate and Ng [2013],
and Khandhawit and Ng [2010] use a version of grid homology to prove results
about Legendrian knots.

Manolescu and Sarkar [2021] constructed a stable homotopy refinement of knot
Floer homology from the grid chain complex, using framed flow categories in
the sense of [Cohen et al. 1995]. The Manolescu—Sarkar construction uses only
those domains that do not pass through a particular square on the grid, and uses
obstruction theory. Their obstruction chain complexes CD, and CDP,,, which we
will henceforth denote CD,, and CDP,,, respectively, have simple enough homology
to construct a stable homotopy-type. We will extend them to complexes CD.,
and CDP,, which contain all domains in the grid, first with Z/2 coefficients, which
can be extended to Z coefficients using obstruction theory. We take the first step
towards extending the Manolescu—Sarkar construction, by computing the homology
of CD, and partially computing the homology of CDP,.

To state our main results, we fix the following convention throughout the paper.
For aring R, R* will denote the chain complex given by R® in grading k with
no differentials, and R[U] the chain complex given by R in every nonnegative even
grading and 0O in every odd grading (which by definition has no differentials). We
begin by showing that:

Proposition 1.1. H,(CD,; Z/2) is isomorphic to 7 /2[U].

In order to frame the moduli spaces in the Manolescu—Sarkar construction, we
will need a sign assignment for the grid diagram. A sign assignment is a particular
way of orienting the index 1 domains in Heegaard Floer homology; equivalently,
it is a particular assignment of O or 1 to each rectangle in the grid. The existence
and uniqueness (up to gauge equivalence) of sign assignments for toroidal grid
diagrams was constructed in [Manolescu et al. 2007]; see also [Gallais 2008] for
an explicit construction. In the course of our later computations, we will provide a
different proof of this fact via obstruction theory:
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Theorem 1.2. Sign assignments for CD, exist and are unique up to gauge equiva-
lence (equivalently, up to 1-coboundaries of CD, with Z/2 coefficients).

Given a sign assignment for CD,,, we obtain a definition of CD, in Z coefficients.
Perhaps unsurprisingly, we then obtain the following analogue of Proposition 1.1.

Proposition 1.3. H,(CD,; Z) is isomorphic to Z[U].

In the end, our eventual goal is to extend the Manolescu—Sarkar construction over
the full grid. Since the moduli spaces presented in [Manolescu and Sarkar 2021]
exhibit some bubbling, we will compute the first few homology groups of CDP,.
Unfortunately, CDP, has too much homology to immediately construct a stable
homotopy-type. So instead, we will work towards constructing a framed 1-flow
category, which is a formulation by Lobb et al. [2020] that still contains all the
information needed to define invariants such as the second Steenrod square. This
requires only a sign assignment and a frame assignment, whose obstructions lie in
the following lower homologies.

Theorem 1.4. We have that:
(0) Hy(CDPy; Z/2) is isomorphic to Z/2.
(1) H{(CDPy; Z/2) is isomorphic to (Z/2)".
(2) H>(CDPy; Z/2) is isomorphic to (Z/2) @+,
(3) H3(CDP,; Z/2) is isomorphic to (Z)2)G)*",
In this paper, we’ll show existence and uniqueness of sign assignments for CDP,.

Theorem 1.5. A sign assignment s on CDP,, exists, and is unique up to gauge
transformations and the values of

sj=s(ceu, €, (1)).

(The elements (c,u, € j» (1)) € CDP, will be defined later in Section 4.)

Just like for CD,,, we can use Theorem 1.5 to define CDP,, with Z coefficients.
We have the following analogue of Theorem 1.4.

It remains to find a frame assignment for CDP,, using the above homology
computation, and to complete the construction of the 1-flow category for the full
grid, which we will carry out in a future paper. This present paper may be treated
as a prelude thereof.

2. The obstruction complex

Definitions related to grid diagrams are summarized below. For details, see
[Manolescu et al. 2007; 2009a; Ozsvath et al. 2015].
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» Anindex n grid diagram G is a torus together with n «-circles (drawn horizontally)
and n B-circles (drawn vertically). The complements of the « (respectively, 8)
circles are called the horizontal (respectively, vertical) annuli— the complements
of the o and B circles are called the square regions.

e Each vertical and horizontal annulus contains exactly one X and O marking,
which are arbitrarily labeled X1, ..., X,, and Oy, ..., O,.

 The horizontal (respectively, vertical) annuli can be labeled by which O-marking
they pass through — write H; (respectively, V;) for the horizontal (respectively,
vertical) annulus passing through O;.

 Given a fixed planar drawing of the grid, we can also label the « circles oy, . . ., o,
from bottom to top, and the g circles fi, ..., B, from left to right. The annuli
can also be labeled by which sets of « or f circles they lie between — write H;)
(respectively, V(;)) for the horizontal annulus between «; and «;41 (respectively,
vertical annulus between B; and B;,1). Note that H,, and V|, lie between «,, and
o1, and B, and B, respectively.

A generator is an unordered n-tuple of points such that each « and 8 circle contains
exactly one. Generators can equivalently be viewed a Z-linear combination of n
points, or alternatively as permutations — for a permutation o € S, the generator x
is the unique generator with a point at each oy N B;. In this paper we will use
the convention that [aja> . . . a,] denotes the permutation o € S, where o (j) =a;
for each j. For instance, Figure 1 shows the generator x1°!243 which we will
interchangeably denote as [51243].

e A domain is a Z-linear combination of square regions with the property that
d(dD Na) = y — x for some generators x, y. We say that D is a domain from x
to y, and write D € 2(x, y). D is said to be positive if none of its coefficients are
negative, in which case we would write D € 2 (x, y).

e Given D € 9(x, y), E € Z2(y, z), we get adomain D *x E € 9(x, z) by adding D
and E as 2-chains.

e The constant domain from a generator x to itself is the domain ¢, € 2(x, x)
whose coefficients are zero in every square region.

 For every domain D, there is an associated integer p (D) called its Maslov index,
which satisfies:
- w(D* E)=u(D)+ u(E).

— For a positive domain D, u(D) > 0, with equality if and only if D is some
constant domain.

— For D € 2" (x,y), (D) =1if and only if D is a rectangle: that is, its bottom
left and top right corners are coordinates of x, its bottom right and top left
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corners are coordinates of y, and the other n — 2 coordinates of x and y agree
and do not lie in D.

— (D) =k if and only if D can be decomposed (not necessarily uniquely) into
k rectangles D = Ry % - - - % Ry.

It will be particularly helpful to classify positive index 2 domains, which are
exactly those that can be decomposed as two rectangles. Thus every positive index 2
domain D € 2 (x, y) is a horizontal or vertical annulus

* or I

or two rectangles (overlapping or disjoint)

] -

or a hexagon of the following shape

"N

(Here the generator x is shown with e while y is shown with o.) Note that while a
horizontal or vertical annulus admits exactly one decomposition into rectangles, all
the other positive index 2 domains admit exactly two.

Given a grid diagram G, we define the complex of positive domains, on which
our desired sign assignment can be constructed as a cochain.

Definition 2.1. The complex of positive domains CD,. = CD.(G; Z/2) is freely
generated over Z/2 by the positive domains, with the homological grading being
the Maslov index

CDy =7/2({(x,y, D) | D € 2" (x,y), (D) =k}).
Sometimes the generators x, y will be omitted. The differential 0 : CDy — CDy_;
of D € 2% (x, y) is given by
aD)= > E+ Y E,

RxE=D ExR=D

where R is a rectangle, and E is a positive domain.
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Note that CD, is independent of the placement of the X’s and O’s.
Lemma 2.2. (CD,, 0) is a chain complex, that is, 92 =0.

Proof. Let R and S denote rectangles, then

¥MD)y= Y E+ Y E+ Y E+ Y E.
RxSxE=D R+ExS=D SxExR=D ExS«R=D
The second and third terms cancel (modulo 2). If R % S is a hexagon or two
rectangles, then it has exactly one other decomposition RS =R’ *S’,s0 R* S* E
and R’ % S" x E cancel in the first term. Similarly, E * R % S and E % R" % S’ cancel
in the last term. Finally, if R * S is not a hexagon or two rectangles, it must be a
horizontal or vertical annulus, and then the terms £ « R * S and R % S % E in the
first and last term cancel, and so 3%(D) = 0. O

We now compute the homology CD, by constructing filtrations, for which we
need the following fact. Given two generators x and y, we say that x < y if there
exists a positive domain from y to x that does not intersect the topmost row H,) or
rightmost column V,) of the grid. It is clear that the set of generators with < is
a partially ordered set (which actually coincides with the opposite of the Bruhat
ordering on the symmetric group S,,, see [Manolescu and Sarkar 2021, Section 3.2]).

Proof of Proposition 1.1. The proof is nearly identical to the proof of [Manolescu and
Sarkar 2021, Proposition 3.4], so we present the most relevant parts. To D € CD,
associate A(D) € N" by its coefficients in the rightmost vertical annulus. Note that
here, unlike in [Manolescu and Sarkar 2021], A(D) is an n-tuple, since there is no
assumption that domains do not pass through the top right corner. By definition,
the differential only preserves or lowers A(D), so it is a filtration on CD,. Now let
CD¢ be the associated graded complex in filtration grading A(D) = a.

Let M (D) = min{coordinates of A(D)}— by definition, a positive domain D
contains exactly M (D) copies of the rightmost vertical annulus V), so write
D = D'+« M(D)V(,. A(D’) contains a 0, so without loss of generality (since the
differential of CD{ does not change A(D) and thus does not change where the 0
is located) D’ does not contain the top right corner. Now let B(D) € N"~! be the
coordinates of D’ in the top row (except the top right corner). Similarly, B(D) is
a filtration on the associated graded complex CD?, so let CD%* be the associated
graded complex in grading A(D) =a, B(D) =b.

Now fix (a, b) and consider the differential 0 on CDZ’b . Consider the following
new filtration. For any domain D € 27 (x, y) with A(D) = a, B(D) = b, let the
generator y be its filtration grading. With respect to the aforementioned partial
ordering of the generators, d preserves or decreases y since we only consider
removing domains that do not pass through the topmost row and rightmost column.
Therefore y is a filtration grading, so let CDi’b’y be the associated graded complex
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with respect to this filtration. Unlessa=(/,/,...,[), b=0,and y = X1 the proof in
[Manolescu and Sarkar 2021] shows that CDZ’b’y is acyclic. Whena = (,1,...,1),
b=0,and y = X1, the complex CDi’b’y has one generator (since x4 is maximal),
which is represented by the domain / V), lying in grading 2/.

Finally, because the associated graded complex has homology only in even
gradings, CD, must have the same homology. ([

In order to later remove obstructions in grading 2, we now explicitly find the
generator U of H>(CD,). We define the following index 2 domains (see Figure 2):

e Ay,...,A,_1 where A; is the vertical annulus in the (n — i)-th column from the
left from the generator [n23...(n —i)l(n —i+1)...(n— 1)] to itself, and Ag is
the rightmost vertical annulus from the identity generator x'¢ to itself.

e By,..., B,_i where B; is the horizontal annulus in the (n — i)-th row from the
bottom from the generator [(n —i +1)23...(n—i)(n—i+2)...nl1] to itself, and
By is the topmost horizontal annulus from the identity generator x'¢ to itself.

e Cq,...,C,_p where C; is a hexagon from the generator
23...n—)1n—i+1)...(n—1)]

to the generator [12...(n —i —1)n(n —1i)...(n — 1)].

By Cy

| LT
1311
ET 1]
C3 o Ds Es
11

m|
|
E G109t G2.2

Gi3

ks

Figure 2. The domains A;, B;, C;, D;, E;, F; j, and G; ; in the
special case of a 6 x 6 grid, where each domain is drawn from a
generator x (drawn with e) to a generator y (drawn with o).
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e Dy, ..., D,_» where D; is a hexagon from the generator
[(m—i+1D23...n—i)(n—i+2)...nl]
to the generator [12... (n—i —1)(n—i+1)...n(n —1i)].

e E,..., E,_» where E; is a hexagon from the generator
2...n—i—Dnmn—i+1)...n—1)(n—1i)]

to the generator [12... (n—i —2)n(n—i)...n— D —i—1)].

o Fi1,...,Fjp_ijoforeachi =1,...n—3, where F;; is a hexagon from the

generator

[12...n—i—j—-2m—i—j)n—(n—i—j+1)

m=i—-1Dm—i+1)...n(n—i—j—1)]
to the generator

[12...n—i—j—-2)(n—i+1)n—i—j)(n—i—j+1)
L=y n—i+2)..n(n—i—j—1)].

* Gi1,...,Gin_ijoforeachi =1,...n— 3, where G; ; is a hexagon from the

generator

[12...n—i—j—-2)nn—i—j—Dn—i—j+1)
Ln=i—-1Dm—i—j)n—1)...(n—1)]

to the generator

[12...(n—i—j—2)ynn—i—j)..n—i)n—i—j—Dm—i+1D...(n—1D].

Let
n—2 n—3 n—i—2

U _Z(A +B)+Z(C +D)+2E +> > (Fj+Gij)
i=0 i=1 i=i j=1

Proposition 2.3. U is the generator of Hy(CD,)
Proposition 2.3 will follow from the following computational lemmas.
Lemma 2.4. U is a cycle in CD; (that is, 90U = 0).

Proof. We consider the possible rectangles that appear in dU, starting with the
following rectangles that will be useful to name for the purposes of giving signs
later.

* Ria,..., Ry ,—1 where Ry ; is the 1 x i rectangle from
P23..n—i+D1n—i+2)...n—1)]

to[n23...(n—i)I(n—i+1)...(n—1)], and Ry is the 1 x 1 rectangle from x4
to [n23...(n— 1]
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* Ryo,...,Ry,—1 where Ry ; is the 1 x i rectangle from

[12...n—i)n(n—i+1)...(n—1)]
to[12...(n—i—1)n(n—i)...(n—1)], and Ry is the 1 x 1 rectangle from x'
to[l12...(n—2)n(n—1)]

* R32,..., R3,-1 where R3; is the i x 1 rectangle from
[(m—i+1D23...n—i)(n—i+2)...nl]
to[(n—i)23...(n—i—1)(n—i+1)...nl],and R3 1 = Ry ;.
* Rio,..., Ry,—1 where Ry ; is the i x 1 rectangle from
[12...n—i)(n—i+2)...n(n—i+1)]
o[l2...n—i—1)m—i+1)...n(n—1i)],and Ry = Ry 1.
* Rsy,..., Rs,_2, where Rs; is the 1 x i rectangle from
[12...n—i—=2)m—i)n(n—i+1)...n—1)(n—i—1)]
to[l12...n—i—2)n(n—i)...n—1)mn—i—1)].
* Re1,..., Ren—2, Wwhere Rg; is the i x 1 rectangle from
[12...n—i—2)nn—i—1)n—i+1)...(n—1)(n—1i)]
o[l12...(n—i—2)n(n—1i)...m—1(n—i—1)].
We cancel each of these rectangles in the boundary as follows (see Figure 3):

* R;j occurs in dU twice, from 0 Ag and 90 By, so it cancels in 0U. R;; occurs in
dA;_1 and 0C;_; fori =2,...n — 1, so they also cancel in dU.

# k ::x: I

Ry Ry 1 Rs 1 Re,1

Rip149H R R3] Ryp 9811 Rs2 Re,2

m
Il
——EZ T B Dt
H 5 H | o
HH9H Ris FHH R2s ﬁ R33 ~# Ry3 Rs 3
ED. uam - ] u

Figure 3. The rectangles Ry ;, R2i, R3.i, Ra.i, R5.;, Rei, where
each rectangle is drawn from a generator x (drawn with e) to a
generator y (drawn with o).

X

Re¢,3

¥




362 YAN TAO

* Ry occurs in dU twice, from dC; and d Dy, so it cancels in U, Rj,_1 occurs
indA,_;and 0E,_»,and fori =2,...n —2, R ; occurs in dC; and 9 E;, so they
also cancel in dU.

e Fori=2,...n—1, R3; occurs in dB;_1 and dD;_;.

e Fori=2,...n—2, R4; occurs in 0D; and 0E;_;.

e RsjoccursindEjand 0 Fy 1;fori=2,...n—2, Rs;occursin 0E; and 0 Fy ;_1.

* Rgjoccursin dEy and G q;fori =2,...n—2, Rg; occursin dE; and G ;_i.
Next, we consider the following rectangles:

o Py...P,_i_1foreachi =2...n—2, where P; ; is the 1 x j rectangle from

[12..m—i—j—1)mn—-—i—j+)n—-i+)n—-i—j+2)

.= m—i+2)...n(n—1i—j)]
to[12...(n—i—j—Dn—i+1)(n—i—j+1)...n—i)(n—i+2)...n(n—i—j)],
and P| j = Rs j foreach j=1,...n—2.

* 0i1...Qin—i—1foreachi =2...n—2, where Q; ; is the j x I rectangle from

[12...n—i—j—Dnn—i—j)n—i—j+2)
coon=in—i—j+Dn—i+1)...n—1)]

to[12...n—i—j—Dnmn—i—j+1)...n—i)n—i—j)n—i+1)...(n—1)],

and Q1 j = Rg j foreach j=1,...n—2.

We cancel each of these rectangles in the boundary as follows (see Figure 4):

e P,_pqoccursin dF, 31 and 0B, ». Fori=2,...n—3, P; ; occursin 0 F;_1 ;

and either 0F; ;_1if j >2o0rdF;;if j =1.

* Oy 2 0ccursindG,_31and A, . Fori=2,...n—3, Q; ;joccursindG;_1 ;

and either dG; ;1 if j >20or dG; if j =1.

021 03,1 04,1

1
I
1]
1

H#%HH P ﬁ P3,1” Py HH

i Pz,z# P3) H14H 922 032
I Py3 023

Figure 4. The rectangles P; ; and Q; ; in the special case of a
6 x 6 grid, where each domain is drawn from a generator x (drawn
with e) to a generator y (drawn with o).

X
:

I
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Finally, the remaining rectangles have the following form:

. R’L1 ... R’Lnfl, where Ri’i is the (n — i) x 1 rectangle from
23...(n—i)1n—i+1)...(n—1)]
o[l2...(n—i)n(n—i+1)...(n—1)].

* Ry,...R;, |, where R} ; is the 1 x (n — i) rectangle from
[(m—i+1D23...n—i)(n—i+2)...nl]

o[l2...(n—i)(n—i+2)...n(n—i+1)].
. Pl.’,z...Pi”niii1 fori = 1...n — 3, where Pi’J. is the j x 1 rectangle from
(2. (n—i— =) (—i)—i—j+1) ... (n—i—D)(n—i+1)...n(n—i— )] to
[12...(n—i—j—1Dn—i+D)n—i—j+1)...(n—i)(n—i+2)...n(n—i—j)],
and Pl.il =P;.

. Q;’Z...Qg’n_i_] fori =1...n— 3, where Q;,j is the 1 x j rectangle from
[12...n—i—j—Dnn—i—j+D..(n—i—1)n—i—j)n—i)...(n—1)] to
[12...(n—i—j—Dnm—i—j+1)...c0—)n—i—Hn—i+1)...(n— D],
and Q; | = Qi1

We cancel each of these rectangles in the boundary as follows (see Figure 5):

e Mﬁﬁ T
R/ R/ [~ 1 P/ /
1,1 2,1 1,2 1,2
1
T T M |
1,2 2,2 1.3 1.3
joms T M |
. T A /
1,3 i 2.3 14 14
o 1T |
R/ R/ 11 P/ I Q/
1,4, 24000 22 g 22
] I uNRASN
o [ |
1,5 2SELTEH 23 <23
g ma Cr T
mm
T , ,
Py o9 930
ot ii::

Figure 5. The rectangles R{,i, Ré’i, Pl.” I Q;ﬁ j in the special case
of a 6 x 6 grid, where each domain is drawn from a generator x

(drawn with e) to a generator y (drawn with o).
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. Ri’l occurs in 9By and 9Cy, Ri’n_l occurs in 9A,_; and 0C,_,. Ri’i occurs in
d0Ci_1and 0C; fori =2,...,n—2.

. Ré}l occurs in dAg and Dy, Ré’nil occurs in 0B,_1 and dD,,_». Ré’i occurs in
oD;_jand 0D; fori =2,...,n—2.

e P/, , ,occursin dF;,_j_oand dB;. For2 < j <n—i—2, Plfj occurs in

8Fi,j_1 and aF,-,j.

, . . . , .
. Qi‘n_l._l occurs in dG; ,—;j—p and 0A;. For2 < j <n—i -2, Qi’j occurs in
8Gi,j,1 and aG,’,j.

Since these are the only rectangles produced by 0A;, dB;, dC;, 0D;, 0E;, dF; ;,
0G,, j, we conclude that indeed 0U = 0. O

Lemma 2.5. U is not homologous to zero in CD,.

Proof. Let r be the 2-cochain which is 1 on the rightmost vertical annulus from
any generator to itself, and zero on all other domains; we will first show that r is
a cocycle, at which point it suffices to show that r(U) # 0. Let E be an index 3
domain. If E does not contain the rightmost vertical annulus, then clearly 67 (E) =0.
If E does contain the rightmost vertical annulus, then E can be written exactly two
ways as the product of the rightmost vertical annulus V|, with an index 1 domain:
E =D x* V)= V) *D. So §r(E) =0 and therefore r is a cocycle, and r(U) = 1
since U contains exactly one copy of the rightmost vertical annulus. O

Proof of Proposition 2.3. This immediately follows from Lemmas 2.4 and 2.5
and Proposition 1.1. U

3. Sign assignments

In order to extend CD,, over Z coefficients (and to frame some of the 0-dimensional
moduli spaces in the Manolescu—Sarkar construction), we need a sign assignment
for CD,, which is a particular Z/2-valued 1-cochain on CD,. The following
conditions for a sign assignment ensures that 1-dimensional moduli spaces are
frameable, since their boundaries must have opposite signs; see [Manolescu and
Sarkar 2021] for more details, and note also that this agrees with the sign assignments
defined in [Manolescu et al. 2007; Gallais 2008], though we are giving a new proof
of their existence.

Definition 3.1. A sign assignment for G is a Z/2-valued 1-cochain s on CD,
such that:

(1) (squarerule) If Dy, D>, D3, D4 are distinct rectangles and DDy = D3xDy=E
which is not an annulus, then s(Dy) + s(D2) = s(D3) +s(D4) + 1.



OBSTRUCTION COMPLEXES IN GRID HOMOLOGY 365

(2) (annuli) If Dy, D, are rectangles and D; * D, is a vertical annulus, then
s(Dy) =s(Dy)+ 1. If Dy, D, are rectangles such that D * D, is a horizontal
annulus, then s(D;) = s(D3).

In order to prove that such a sign assignment exists, we will show that the
2-cocycle that we hypothesize to be §s is indeed a 2-coboundary.

Lemma 3.2. Let T be the 2-cochain with the following values:

(1) (square rule) For any index 2 domain D that is not an annulus, T (D) = 1.

(2) (annuli) T (V) =1 for all vertical annuli V, and T (H) = O for all horizontal
annuli H.

Then T is a 2-coboundary.

Proof. First, we show that T is a cocycle. Let E be any index 3 domain; we must
show that (T, 0 E) = 0. For every decomposition E = D % A, where A is a vertical
or horizontal annulus, there is a corresponding decomposition £ = A % D, so that
A occurs an even number of times in d E. It now suffices to show that d E contains
an even number of every other type of index 2 domain.

To every index 3 domain E from a generator x to a generator y, consider a graph
with vertices x at level 3, y at level 0, and edges down 1 level corresponding to
each way to break off an index 1 domain (see Figure 6 for an example of such a
graph). Then each level 2 vertex has an index 2 domain to y, which decomposes
into rectangles exactly two ways, so each level 2 vertex has downward degree 2,
and each level 1 vertex has an index 2 domain from x, which decomposes into
rectangles exactly two ways, so each level 1 vertex has upward degree 2. Therefore
there are the same number of level 2 and level 1 vertices, so since each index 2
domain that shows up in 0 E corresponds to a level 2 or 1 vertex, there are an
even number of index 2 domains. Since an even number of these are annuli, we
must therefore have an even number of hexagons. This shows that (T, 0E) = 0, as
desired.

By Propositions 1.1 and 2.3 it now suffices to show that 7(U) = 0 where U is
the generator of H,(CD,). By definition, U consists of n annuli A;, n annuli B;,
n — 2 hexagons C;, n — 2 hexagons D;, n — 2 hexagons E;, ("52) hexagons F; ;,
and (";7) hexagons G ;, so for any T satisfying the conditions of Lemma 3.2,

T(U)=n+3(n—-2)+2("%) =0 (mod 2)

so that T is indeed a coboundary. U

Lemma 3.3. Let T be the 2-coboundary from Lemma 3.2. Then T = és if and only
if s is a sign assignment.

Proof. This is clear from the definitions. ([l
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Figure 6. An example of a positive index 3 domain from a gener-
ator x (drawn with e) to a generator y (drawn with o), along with
the graph defined in the proof of Proposition 1.3. The generators z;
are given by o on the i-th rectangle from the left and e on the other
two, while the generators w; are given by e on the i-th rectangle
from the left and o on the other two.

Proof of Theorem 1.2. Existence immediately follows from Lemmas 3.2 and 3.3.
For uniqueness, suppose 7 = 38s = Js’. Then §(s —s’) =0, so s — s’ is a 1-cocycle,
which is cohomologous to zero by Proposition 1.1, so there is a 0-cochain g such
that s = 5"+ Jg. O

Given a sign assignment s, we can use it to redefine CD, in Z coefficients:

Definition 3.4. CD..(G; Z) is freely generated over G by the positive domains, with
the homological grading being the Maslov index. The differential d : CD; — CDy_
of D € 2% (x,y) is given by

iD= ¥ DPE+ D Y —1)ME,
R+«E=D Ex*R=D
where R is a domain of index 1 from x to some generator z and E is a positive
domain from z to y.

We now have analogues of Lemma 2.2 and Proposition 1.1 in Z coefficients, in
the following lemma and Proposition 1.3, respectively.

Lemma 3.5. (CD,, 0) is a chain complex.

Proof. The proof is similar to the proof of Lemma 2.2, except we must keep track
of signs. U

Proof of Proposition 1.3. The proof is similar to the proof of Proposition 1.1.
Specifically, our proof of Proposition 1.1 over Z/2 adapts the proof of [Manolescu
and Sarkar 2021, Proposition 3.4]. This proof is over Z, and a similar adaptation
will prove Proposition 1.3. (]
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4. The obstruction complex with partitions

The moduli spaces in the construction of the 1-flow category require more than
just positive domains. Since periodic domains (annuli) can bubble, Manolescu and
Sarkar [2021] introduces a new complex to keep track of the bubbles — since there
are n different types of bubbles (corresponding to bubbling of the j-th horizontal
or vertical annulus) which can be at the same or different heights, these correspond
to n-tuples of ordered partitions.

It is convenient to use both of the following equivalent definitions of an ordered
partition of a positive integer N (and when N =0, a partition of N is the empty set).

e An ordered partition A is a tuple of nonnegative integers A = (A1, ..., A;;) such
that N =) A; (m is called the length of the partition, and is denoted /(1.)).

* An ordered partition A is a tuple e (A) = (€1 (1), ..., exn—1(1)) € {0, 1}V=1, where
an ¢; equaling 1 indicates a split at that point. For instance, the ordered partitions
(1,1, 1), (1, 2), (2, 1), and (3) of 3 are written (1, 1), (1, 0), (0, 1), and (0, 0).

Besides annuli bubbling off (the second type of terms that will be in the differen-
tial —the first being terms in the differential of CD,), there are two other boundary
degenerations that occur with existing bubbles. Bubbles of the same type may come
to the same height (the third type of term), and bubbles may go to height oo (the
fourth and final type of term). The corresponding changes to the partitions are
described below.

Definition 4.1. The following changes to an ordered partition will describe the
differential terms (see [Manolescu and Sarkar 2021, Definitions 4.1, 4.2, 4.3] for
more details):

» A unit enlargement (at position k) increases N by 1 and adds a 1 to the tuple A
(at position k). The set of unit enlargements of A is denoted UE(L).

» An elementary coarsening (at position k) replaces both terms A; and A;1| with
one term A; + Ar+1. The set of elementary coarsenings of A is denoted EC()).

 An initial reduction removes A; (and decreases N by A1), and a final reduction
removes A, (and decreases N by A,,). The set of initial reductions (respectively,
final reductions) of A is denoted IR()) (respectively, FR())), where we consider
both sets empty if N =0.

We are now ready to define the complex of domains with partitions, CDP,.

Definition 4.2. The complex of positive domams with CDP, = CDP,(G; Z/2) is
freely generated by triples of the form D, N )\ where:

e D€ P (x,y) is a positive domain.

« N eN"isan n-tuple of nonnegative integers, N = (N1, ..., Np).
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A= (A1, ..., Apn) is an n-tuple of ordered partitions for A; = (A; 1, ..., Ajm;),
an ordered partition of N;.

We denote |N| = Z NJ, and define |l(k)| = Z;’ 1 1(%;) be the total length
of A. The grading of (D, N A) is given by the Maslov index of D plus |/ (A)l The

differential is given by the sum of the following four terms.

o Type I terms, given by taking out a rectangle from D, just like in the differential
of CD,.

o Type II terms, given by taking out a vertical or horizontal annulus passing
through O; from D and performing a unit enlargement to A ;.

o Type III terms, given by an elementary coarsening of one of the partitions A ;.

o Type IV terms, given by taking the initial or final reduction of one of the
partitions A ;.

Precisely, we can write 0 = 0 + 0 + 03 + d4 where

(D, N, )= Y (E,N,)+ Y (E,N,%),
R+xE=D ExR=D
- - n e -
(D, N, %) = ) > (E,N+¢é;,1),
j=1 D=ExHj or ExV; )‘;EUE()‘J')

»((D,N,)y=> Y (D,N,X),
j=1x GEC()»)
- - n - N - n - N -
34(D,N, %) = Z > (D.N—=kjiej, M)+ Y (D,N—%jméj1).

Jj=1 eIR(A ) j=1 }L_’/GFR(Aj)

As in Definition 2.1, R is a rectangle, and the annuli H;, V; are the ones passing
through the j-th O marking. We also use A’ := (A1, ..., Aj—1, A Ajit, oo, A,
and Ej :=(0,...,0,1,0,...,0) with the 1 in the j-th position.

It will help us to classify the lower grading generators, that is, generators of CDP,,
CDP;, CDP,, CDP;3 (see [Manolescu and Sarkar 2021, Section 4.2] for details).

(0) CDPy is generated by the constant domains with no partitions (cy, 0, 0) for
some generator x.

(1) CDP; is generated by rectangles with no partitions (R, 0, 0) as well as triples
of the form (¢, Né j» (N)) for a constraint domain c.

(2) CDP; is generated by Maslov index 2 domains with no partition (D, 0, 0) (for
a classification of the kinds of domains D, see above or [Ozsvath et al. 2015]),
triples of the form (R, Ne i, (N)) for a rectangle R, or a constant domain
with partitions of total length 2. Specifically, we can have triples of the form
(cx, Né; 4+ Mé, (N), (M))) (where j #k), or (cy, (N +M)é;, (N, M)).
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(3) Finally, CDP;3 is generated by Maslov index 3 domains with no partition,
Maslov index 2 domains with a partition of the form (D, Ne j» (N)), rectangles
with a partition of total length 2, and constant domains with partitions of total
length 3, which has the following cases:

* (cx, Njéj+ Niéx+ Niey, (Nj), (Ng), (N)) for j, k, I distinct.
L4 (Cx, (N] +M]) E] +Nk 2/{’ ((NJ’ M])s (Nk)) for j’ k distinct.
o (Cx. (Nj+M;+P))éj. (Nj, Mj, P)).

Lemma 4.3. (CDP,, 0) is a chain complex.

Proof. The proof follows a similar case analysis to [Manolescu and Sarkar 2021,
Lemma 4.4]. Write 9 = d; + d» + 03 + 94, where 0 is the type k term in the
differential. Since 9; is just the differential from CD,, we have by Lemma 2.2
that 812 = 0. Now for 822, the terms will correspond to removing two annuli (and
doing two unit enlargements). If the annuli pass through two different O; and O},
then the corresponding term shows up twice, once in each order. If the annuli pass
through the same O}, then the corresponding term also shows up twice —once for
each order in doing the unit enlargements. So, 822 = (. We can similarly show that

03=0, 010y4+00 =0, 0103+0301 =0, 003+030,=0, 0104+040,=0

by doing the respective operations in two different orders.

Now consider 94 + 9402, the terms of which correspond to a unit enlargement
and an initial or final reduction, in either order. If one is done to A; and another
to A; where i # j, then the two commute and cancel just like before. If both are
done to A;, then all terms follow one of these cases:

A unit enlargement not at the beginning, followed by an initial reduction. This can-
cels with the initial reduction followed by doing the enlargement one place earlier.

» A unit enlargement not at the end, followed by a final reduction. This cancels
with the final reduction followed by the same enlargement.

» A unit enlargement at the beginning, followed by an initial reduction; or a unit
enlargement at the end, followed by a final reduction. These cancel with each other.

Finally, consider the last terms of 92, 8‘% ~+ 0304 4 0403. Again there are some
special types of terms:

o The elementary coarsening of A; by combining the first two parts, followed by a
initial reduction of A;, cancels with two initial reductions of A;.

e The elementary coarsening of A; by combining the last two parts, followed by a
final reduction of A;, cancels with two final reductions of A;.

where all the other terms cancel by doing the operations in two different orders. [
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We would like to compute the homology of CDP,. using successive filtrations,
as in the proof of Proposition 1.1.

Proposition 4.4. There is a filtration on CDP, such that the associated graded has
homology (Z/Z)Z’l X (Z/2)[U].

Proof. We again follow the proof of [Manolescu and Sarkar 2021, Proposition 4.6].
We can filter the complex CDP,, in several steps. First we filter CDP,, by the quantity
A(D) € N" which are the coefficients of D in the rightmost column. As in the proof
of Proposition 1.1, we can assume without loss of generality that the minimum
of A(D) occurs in the top right corner, and then filter the associated graded CDP{ by
B(D) € N"~! which are the coefficients of D in the topmost row. In the associated
graded CDPZ’I’ , there are no type II terms in the differential, since such terms must
decrease either A or B. Since |1\7 | is kept constant by type I and type III terms and
decreased by type IV terms, it is a filtration on CDPi’h , so filtering by |1\7 | and (as
in the proof of Proposition 1.1) the end generator y gives a direct sum of complexes
cppy N,

When a # (I,1,...,1) or b # 0 or y # x', filtering by the total length of
removes all type III terms and keeps all type I terms, so CDPi’b’y’N
of complexes CD%”* which were all shown to be acyclic in the proof of [Manolescu

and Sarkar 2021, Proposition 3.4]. Additionally, when a = (/,1,...,1), b =0,
y = x4, and at least one N ; > 1, every generator of CDPi’b’y Vs represented by
some (D, N , X) where D = kV,,, so we only have type III terms. The partitions
of N; are given by (€1, ..., €y,-1), where the elementary coarsenings just change

a 1 to a 0. This gives a hypercube complex, which is acyclic. Therefore, we are

is a direct sum

only left with the associated graded complexes CDP*?Y*N where a = (1,1, ..., 1),
b=0, y=x" and every N;is O or I. O

Corollary. H,(CDP,; Z/2) has rank at most

k2l g
2 (k 21)'
=0 -

In the proof of Proposition 2.3, we found a cocycle that detects the generator
of H>(CD,). We will use a similar procedure to compute Hy(CDP,) through
H3(CDP,).

Proof of Theorem 1.4. (k =0). This case is clear.
(k =1). The n generators of H|(AssGr(CDP,)) are the triples
g] = (Cxld, gj’ (1))7

which are still cycles in CDP; (because their initial and final reductions cancel). It
will suffice to show that there exist n 1-cocycles r; such that r;(gx) = 1 if and only
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if j =k. Let f; be the 1-cochain in CD, such that §f; (D) =1 if and only if D is the
vertical annulus V; or the horizontal annulus H; where f; exists by Proposition 2.3
because the 2-cocycle which is 1 on V; and H; and zero on every other index 2
domain is a coboundary, since it is zero on the generator U of H,(CD,). We can
extend f; to CDP, by setting it equal to zero on all triples (cy, Néj, (N)). Let N;
be the 1-cocycle that is the value of N; in the triple (D, N , X), and

rj:=N-—|-fj.

To show that r; is a cocycle, we consider all possible triples (D, N, A) in gradmg 2.
If N;j =0 and D is not the annulus V or H;, then by definition r; (D, N A)
If Nj=0and D =V; orH,,thenN 0 and

§rj(D,0,0) = Nj(cx, €j, (1)) + (fj(R1) + fj(R2)) =141 =0 (mod 2),

where D = Ry * R, is the decomposition into rectangles. Finally, if N; = M > 0,
there are three cases:

e D is arectangle. In this case N = MEJ- and A; = (M), so the initial and final
reduction of A; cancel, and the only other differential terms are removing D. If D
is a rectangle from x to y, then

§ri(D, Mej, (M)) = Nj(cx, Méj, (M))+ Nj(cy, Me;, (M))
=M+ M =0 (mod 2).

» Some Ny > 0, where k # j. Then D must be a constant domain, and both A ;
and A are length 1 partitions, so their initial and final reductions all cancel.
D is a constant domain and A ; = (M1, M>) is a length 2 partition. In this case
we have all of the type III and type IV differentials, which gives
8ri(ce, (M+N)éj, (M, N))

= Nj(cx, Méj, (M))+ Nj(cx, Néj, (N))+ Nj(ce, (M+N)ej, (M+N))

=M+N+(M+N)=0 (mod2).

Therefore r; is a cocycle for each j, and by definition r;(g;) = 1 if and only if
J =k, so the g; are in fact the generators of H(CDP,).

(k=2). Now consider 2-cocycles. (Z/2) () of the generators of H,(AssGr(CDP,))

are the triples L
gjk = (cya, € + &, ((1), (1)),

which are similarly still cycles in CDP,. The final generator will be given by a
slight modification U’ of (U, 0, 0), where U is the generator of H,(CD,). The
boundary of U in CDP, contains only pairs of triples of the form

(ij’ Ej’ (l)) and (Cyj7 E[v (1))
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corresponding to type II differentials on the annuli A; and B;. Here we have that
x/ and y/ are, respectively, the generators [n23...(n — j) 1(n —i+1)...(n—1)]
and [(n —j+1)23...(n — j)(n — j +2)...nl], as depicted in Figure 2. For
each j, the generators x/ and y/ each have a planar domain (that is, a domain that
does not intersect the topmost row or rightmost column of the grid), D; | and D »
respectively, from the identity generator x'¢. From Figure 2, we see that D 2 is the
reflection of D; 1 about the diagonal from the bottom left to the top right of the grid,
so that (—Dj 1) * D; > is an even index planar domain from x/ to y/. This domain
decomposes into an even number of planar rectangles =R, (where each R is
positive), so that adding each (R, é j» (1)) to (U, 0, 0) will cancel the rest of its
boundary, making a cycle U’.

In the proof of Proposition 2.3, we used the 2-cocycle r which is 1 on the
rightmost vertical annulus and zero on every other 2-chain. Extending r to CDP,
by setting it equal to zero on every 2-chain with |N | > O still gives a cocycle, since
CDP, has no new ways to create an annulus in the boundary, and we still have
that r(U’) = 1, while all of the r(g;x) = 0. Now it suffices to find r; ; such that
rix(U’)=0forall j, k, and rj(g;,m) =1 if and only if {/, m} = {j, k}. Let f; be
the 1-cocycles defined in the proof of (1), and let

SERN, D) = Ni f5(R),

where R is a rectangle and 2 has total length 1 (and f ¥ = 0 on all other 2-chains).
Now let N; Nk be the 2-cocycle that is the product of the values of N; and N; for a
triple (D, N A) and let ‘

rik:=N;N+ fjk + fk]

To show that r; 4 is a cocycle, we consider all possible triples (D, N , X) in grading 3.
If N; = 0 (respectively, Ny = 0) and D does not contain the annulus V; or H;
(respectively, Vi or Hy), then by definition 67 x (D, 1(7, X) =0.If N;=0, Ny >0
(or vice versa), and D contains V; or Hj, then D=V, or H; and all N; =0 for [ #k,
so that dr; x (D, N A) 0 similarly to the proof of (1). Finally, if N; = M; >0
and N, = M, > 0, there are three cases:

e D is arectangle. In this case N= Mjej+Myer, Aj=(M;),and Ay = (My), so

the initial and final reductions of A; and A cancel, and the only other differential
terms are removing D. If D is a rectangle from x to y, then

8r;x(D,N,5)
=N;Ni(cx, Mj&j+Miér, (M), (M))+N;N;j(cy, M;é;+Miér, (M;), (M)
:MiMj—I-MiMj:O (mod 2).

» Some N; > 0, where [ # j, k. Then D must be a constant domain, and all of A,
Ak, and A; are length 1 partitions, so their initial and final reductions all cancel.
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* D is a constant domain and A; = (M| 1, M ») is a length 2 partition (or symmet-
rically, Ay = (Mg,1, My 2)). In this case the initial and final reductions of A cancel,
but we have all of the type III and type IV differentials of A ;, which give

Srjk(cx, (Mj+ M) é;+ My éx, (Mj1, Mj2), (M)
= N;Ni(cx, Mj1€; + My, (M}1), (My)))
+ NjNi(cx, Mj2€; + My éx, (M 2), (My)))
+ NjNi(cx, (Mj1+M;2) € + My éx, (M1 + M), (M)
=M M 1+M;>+ M1+ M,;3)) =0 (mod 2).
Therefore r; x is a cocycle for all j, k, and by definition r; x(U) = 0. U’ only
adds an even number of planar rectangles with partitions that can contribute to f k
or fk , no two of which can ever form an annulus, so r;, «(U") = 0. Finally, by

definition 7} x(g7,,) = 1 if and only if {/, m} = {j, k}, so these (along with U’) are
in fact the generators of H,(CDP,).

(k =3). (3) of the generators of H3(AssGr(CDP,)) are the triples

gkt = (cou, &; + e +er, (1), (1), (1)),

which are similarly still cycles in CDP3. The other n generators are the triples U ;
obtained from U’ by performing unit enlargements on N; and adding the triples
(R, 2¢ j» (2)) defined previously (for this fixed j). Let V(,) be the rightmost
vertical annulus and define the cochain
0, D does not contain V),
rri(D, N A) = .
ri(D* =V, N.%), D contains Vi,

where r; is the 1-cocycle from the proof of (1). To show that rr; are cocycles, we
consider all §rr; (D, N , X) for triples (D, N , X) € CDPy. If D does not contain V),
then this quantity is zero by definition. If D contains V), then its Maslov index is
at least 2, so that we have the following cases:

e D is an index 4 domain. In this case, N =0, so let E = D % (=Vw)). If E is also
an annulus Vi, then

rrj(D, N, %)

:I”}"j(Al*V(n),O, 0)+I"rj(A2*V(n),0, 0)—i—rrj(E>l<Bl,0,0)—i—rrj(E>x<Bg,0,0)
+r7j(Viny, ek, (1)) +rr;(E, é,, (1)) (where A1 % Ay = E, By By = V()

=rj(A1,0,0)+rj(A2,0,0)+rj(cy, €, (1)
+(rj(B1,0,0)+r;(B2,0,0)+rj(cx, €, (1))  (added if and only if k = n)

=0
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by definition of r; (since this is just ér; (Vi) with possibly 6r;(V(,)) added if k = n).
If E is not an annulus, we similarly have

(Srrj(D,I:’,)i)
=rrj(A] * Vi, 0,0) +rrj(A2>k V(n),(), 0)—|—I’}’j(E*B1, 0,0)
+rrj(E>sz,0, 0)—|—rrj(E, €, (1) (where A1 x Ay = E, B1 % By = V()

=r;j(A1,0,0) +rj(A2,0,0)+rj(cy, &, (1)) =0

* D =R %V, is an index 3 domain, where R is a rectangle from a generator x
to a generator y. In this case, N = Ne; and A = A; = (N). Suppose that in the
domain D, V() = A% B, and R = B (or symmetrically, R = A). In this case,

rrj(D, N, %)
=rrj(R* A, Néx, (N))+rrj(Ax R, Néx, (N))+rrj(R, Néx + ey, (N), (1))
= rj(ce, N&x, (N)) +7j(cy, Nég, (N)) =0

by definition of r;. If R is not A or B, we similarly have

8rrj(D, N, %) =rrj(R A, Néy, (N)) +rrj(R B, Né, (N))
+rrj(Viny, Nég, (N)) (at the generator x)
+rrj(Viny, Neg, (N)) (at y)
+rrj(R, Néx+é,, (N), (1))
=rj(cx, Nex, (N)) +rj(cy, Néx, (N)) =0

e D is an index 2 domain. In this case, we have that D = V), |)i| = 2, and
drrj(D, N, X) = 0rj(cy, N, X) since the type I and type II terms cannot possibly
have an annulus; note that we previously showed this expression to be zero in
showing that r; is a cocycle.

Therefore rr;j is a cocycle, and by construction rr;(U;) =1 if and only if k = j, and
all of the r7;(gk,1,m) = 0. It remains to find cocycles r; x ; such that r;  ;(U,,) =0
forall j,k,I,m, and r;x ;(gm,p,q) = 1 if and only if {m, p, q} = {j, k, [}. Let f;
be the 1-cocycles defined in the proof of (1), and let

fENR. N J) = NeNi fi(R),

where R is a rectangle and 2y, A; are both length 1 partitions (and f; %= 0 on all
other 3-chains). Now let N; Ny N, be the 3-cocycle that is the product of the values
of Nj, Ny, and N; for a triple (D, N A) and let

1 j k
rjki = NjNgN;+ f;c’l + 1+ f

To show that r; ;. ; is a cocycle, we consider all possible triples (D, N , X) in grading 4.
If N; =0 (respectively, Ny =0 or N; =0) and D does not contain the annulus V;
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or H; (respectively, Vi or Hy, or V; or H;), then by definition ér;  ; (D, ]\7, X) =0.
If Nj =0, Ny >0, and N; > 0 (or symmetrically, any other case where exactly
one is zero), and D contains V; or Hj, then D = V; or H; and all N,, = 0 for
m # k, 1, so that 8rj4(D, N, %) = 0 similarly to the proof of (1). Finally, if
Nj=M; >0, Ny = M; >0, and N; = M; > 0, there are three cases:

D is arectangle. In this case N= Mjéj+Myéx+Meé, hj=(M;), rp=(My),
and A; = (M), so the initial and final reductions of A ;, A; and A; cancel, and the
only other differential terms are removing D. If D is a rectangle from x to y, then
8rjxi(D, N, 3) = NjNeNi(co, M €+ My &+ M@, (M), (My), (M))))
+ NjNiNi(cy, Mjé; + My e+ Myér, (M), (My), (M))))
= MijMl + MijMl =0 (mod 2).
e Some N,, > 0, where m # j, k,l. Then D must be a constant domain, and all

of Aj, Ak, A, and A, are length 1 partitions, so their initial and final reductions all
cancel.

* D is a constant domain and A; = (M 1, M;>) is a length 2 partition (or sym-
metrically, Ay = (Mg 1, Mi2) or A; = (M;,1, M;2)). In this case the initial and
final reductions of A; and A; cancel, but we have all of the type III and type IV
differentials of A ;, which give
Srjki(cx, (Mj1+M;2)éj+ My e+ Mér, (Mj1, Mj2), (M), (M))))
= N;NiNi(cx, Mj 18+ My éc+ Mié, (M 1), (My), (M))))

+ NjNiNi(co, Mj2€; 4+ My éx + Mie;, (Mj2), (My), (M))))

+ NjNiNi(cx, (M1 + M) €+ My é+ M, (Mj1+ M; ), (My), (M))))
= Mle(Mj’l + Mj,z + (Mj71 + Mj,z)) =0 (mod 2)

Therefore r; i ; are cocycles, satisfying rj,k,l(F,’,:) =0forall j, k,I, m, and
rj,k,l(cxm, em +Ep +Zq, (D), (1))) =1 if and only if {m, p, q} ={j, k. [}. O

5. Sign assignments for domains with partitions
Similarly to Section 3, we find the criteria that the coboundary of a sign assignment
for CDP, must satisfy:
Definition 5.1. A sign assignment for CDP,, is a 1-cochain s on CDP, such that:
(1) 8s(D, 0,0) =1 for any index 2 domain D that is not an annulus.

(2) 8s(V,0,0) =1 for any vertical annulus V, and §s(H, 0, 0) = O for any hori-
zontal annulus H.

3) 5s(R, (0, NE.,-, (N)) =0 for any rectangle R, any N > 0, and any ;.
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@) és (cx, NE‘,- +Mey, (N), (M))) =0 for any constant domain ¢y, any N, M > 0,
and any j, k.

®)) 8s(cx, (N+M) Ej, ((N, M))) = 0 for any constant domain c,, any N, M > 0,
and any j.

Proof of Theorem 1.5. Let T be the 2-cochain with values given by (1)— (5) of
Definition 5.1. To see that T is a cocycle, we evaluate 7 on all triples (D, N A)
in grading 3. These are given by:

e (D, 0,0) where D is an index 3 domain. The proof of Lemma 3.3 shows that the
contributions to §7 by Type I differential terms all cancel. If D does not contain an
annulus, these are all the differential terms. If D does contain an annulus A = H;
or V;, we can write D = R x A for a rectangle R, so that the type II differential
term gives (R, (0, Ej, (1)), which does not contribute to §7 by (3).

e (D, Né i, (N)) where D is an index 2 domain. Here the initial and final reduc-
tion of the partition both give (D, 0, 0) so their contributions to 6T cancel. The
decompositions of D into rectangles do not contribute to 7 by condition (3), and
again if D is not an annulus, then these are the only other boundary terms. If D
is an annulus, then either D = H;, D = V;, or D is some other annulus Hj or
Vi. In the latter case, the type II differential term gives (cx, Ne i+ ér, (N), (1)))
which does not contribute to 7" by (4). In the former case, the type II differential
gives two terms, (cx, (N +1)¢;), (1, N)) and (cy, (N + 1) €j, (N, 1)), which do
not contribute to 87 by (5).

* (R, N, X) where R € 27 (x, y) is a rectangle and 2 has total length 2. Here the
type I differential removes R two ways, leaving either (cy, Mé;+Neéi, (M), (N)))
(and the corresponding term for ¢y, which do not contribute to §7 by (4)), or
(cx, (M +N)ej), (M, N)) (and the corresponding term for ¢y, which do not con-
tribute by (5)). All type III and type IV terms do not contribute by (3). Since R
cannot possibly contain an annulus, there are no further terms so 67 (R, N , X) =0

o (cy, N , X) where ¢, is a constant domain and 2 has total length 3. None of these
terms contribute to §7 by (4) and (5).

Hence T is a cocycle, so it remains to show T is zero on every generator of
H,(CDP,) listed in the proof of Theorem 1.4. By definition, we have that every
T (cx, €j+ék, (1), (1)) =0. Also, T(U, 0, 0) =0 by Lemma 3.2, so T (U") =0 by
condition (3), since these are the only types of triples added to (U, 0, 0). Therefore
T must be the zero cocycle by Theorem 1.4, so T = s for some s. The values s;
uniquely determine the H'(CDP,) class of s by Theorem 1.4, so at that point s is
unique up to gauge equivalence (like sign assignments for CD,,). (]

There are two types of triples in grading 1 —rectangles with no partitions and
constant domains with a length 1 partition. By uniqueness, the sign of a rectangle
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with no partition in CDP,, agrees with the sign of that rectangle in CD,, so it remains
to compute the signs of constant domains with a length 1 partition.

Proposition 5.2. For any constant domain c, and any N > 0,
s(cx, Néj, (N)) = Nsj (mod 2).

Proof. We first show that the sign is independent of the generator x. Let R€ 27 (x, y)
be a rectangle. By (3) of Definition 5.1, we have

0=2685(R, Néj, (N)) =s(cx, Néj, (N)+5(R,0,0)+s(R, 0,0)+s(c,, Néj, (N))

so that s(cy, Néj, (N)) =s(cy, Néj, (N)), and given any domain from x to y, we
find a decomposition into rectangles and repeatedly apply this equation. Therefore
we can now assume without loss of generality that x = x'9. We will use the
uniqueness of s up to the values s; to proceed by induction on N. The base case is
clear, and by (5) of Definition 5.1 we must have that
0=3s(cy, Nej, (1, N —1))

= S(C)C’ Ej7 (1)) +S(CX7 (N - 1) 2/)7 (N - 1)) +S(CXs NEJ’ (N))

=s5;+(N—1)s; (mod?2)
by the inductive hypothesis, so that s(c,, Né j» (N)) = Ns; (mod 2), which com-
pletes the induction. (|

Remark 5.3. It would suffice by uniqueness to define a sign assignment on CDP,
by defining a sign assignment on CD, and extending it by Proposition 5.2. Doing
so would give another proof of Theorem 1.5.

Again, now that we have a sign assignment s, we can extend CDP, to Z coeffi-
cients. As in CD,, the sign associated to breaking off a rectangle is the sign of the
rectangle s(R) given by the sign assignment. We now describe the sign of the other
differential terms.

Definition 5.4. Let s be a sign assignment for CDP,.
» Given an ordered partition A and the unit enlargement
A=y e ety L Ay ooy dom)s
the sign of the unit enlargement is
s(A,A)y=k+1 (mod 2).

» Given an ordered partition A and the elementary coarsening

A=, Akt Ak Akt Ak, ooy Am),
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the sign of the elementary coarsening is
s(A, ) =k (mod 2).

« Given an ordered partition A = (A1, ..., Ay) and its initial reduction A’, the sign
of the reduction is given by

s(A, A) =21s; (mod 2).
The sign of its final reduction is given by the same expression, with X, replacing A;.

Definition 5.5. The complex of positive domains that have the partitions CDP, =
CDP,(G; Z) is freely generated by triples of the form D, N, A, where:

e De 2% (x,y)is a positive domain.
« NeNisan n-tuple of nonnegative integers, N = (N1, ..., Np).
« A= (A1, ..., An) is an n-tuple of ordered partitions, where A; = (A 1, ..., Ajm;)

is an ordered partition of N;.

The grading of (D, N , X) is given by the Maslov index of D plus the sum of the
lengths of the A; (which is referred to as the total length of 1). The differential is
given by four terms, d = 91 + d» + 93 + 94, where

WD, N, D)= S (—D)P®E N, D+ DD 5 (=1 R(E, N, L),

RxE=D ExR=D
j=1 D=ExH; (horizontal)
> (E,N+¢é;, 1)
A, €UEQ,)
+ (= ED) 3 ()0t T (e
j=1 D=ExV; (vertical)
Z (E7N+g]7)\'/)9
3, €UE(A)
= - n ’ - -
93(D, N, \) = (_1)M(D) Z(_l)l()q)-i—--.—i-l()»jq) Z (—l)s()"f’)‘f)(D, N, k/),
Jj=1 N €EC()
34(D ﬁ X) — (_1)#(0) i(_l)l()\l)‘f““‘i‘l()ﬁ—l)
o =1 —1)* %D, N = rj 185, N
J Z ( ) 4 ( ) ],16]7 )
A/ €IR ()
n
—1HrD) —OD+HIG))
’ ],mj ]’ .
A, €FR(A))

Remark 5.6. In the case that all s; = 0, these signs agree with the signs of
[Manolescu and Sarkar 2021, Definitions 4.1-4.3], with the exception of the type II
differential.
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Lemma 5.7. (CDP,, 0) is a chain complex.

Proof. The proof is similar to that of [Manolescu and Sarkar 2021, Lemma 4.4],
which is the same case analysis of Lemma 4.3, except where we keep track of signs.
In the case of

(84) 4 8394 + 0493 =0,
we still have all but two cases canceling in pairs by reversing the order of the two
operations. These two cases are:

e Two initial reductions and an elementary coarsening at the beginning, followed
by an initial reduction. The former has sign
Alsj —I-)\.zsj' (mod 2)

and the latter has sign
14+ +2) S (mod 2),

which is the opposite sign.

» Two final reductions and an elementary coarsening at the end, followed by a final
reduction. Note that final reductions have an extra sign of /(A ;) compared to initial
reductions, so that including this extra sign, the former has sign

IA)+AR) = 1) +Awsj + Am—1s; (mod2)
and the latter has sign
A —=D+UMX) =1+ Apn_1+Apn)s; (mod?2),

which is the opposite sign.

Finally, although we still have 0,04 + 040> = 0, the change to the sign of the
type II differential gives a new set of cancellations

3% 4 0,04 + 349, = 0.

For this case, suppose D = A x E = E % A is the domain where A = R xS is an
annulus.

o If Ais avertical annulus V;, then s(R)+s(S) =1, so that removing R then § from
the front has sign 1, while the type II differential that produces a unit enlargement at
the front of A ; followed by the initial reduction of A ; has sign 0. Also, removing §
then R from the back has sign O (since the Maslov index of the domain decreases
once), while the type II differential that produces a unit enlargement at the end
of A; followed by the final reduction of A; has sign /(A;) +1+41(A;) =1 (mod 2).

o If A is a horizontal annulus H;, then s(R) + s(S) = 0, so that removing R
then S from the front has sign 0, while the type II differential that produces a
unit enlargement at the front of A; followed by the initial reduction of A; has
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sign 1. Also, removing S then R from the back has sign 1 (since the Maslov
index of the domain decreases once), while the type II differential that produces
a unit enlargement at the end of A ; followed by the final reduction of A ; has sign
[(A;)+1(x;) =0 (mod 2). (]

The analogue of Proposition 4.4 also holds over Z.

Proposition 5.8. There is a filtration on CDP, such that the associated graded has
homology 7* ®Z[U]. In particular, H,(CDP,) has rank at most

k2l g
2 (k 21 )
=0 \K —

Proof. The proof is identical to the proof of Proposition 4.4. ([
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