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LONG-TIME BEHAVIOR OF AWESOME
HOMOGENEOUS RICCI FLOWS

ROBERTO ARAUJO

We show that the set of awesome homogeneous metrics on noncompact
manifolds is Ricci flow invariant and that if the universal cover of an awesome
homogeneous space is not contractible, the Ricci flow has finite extinction
time, confirming the dynamical Alekseevskii conjecture in this case. We also
analyze the long-time limits of awesome homogeneous Ricci flows.

1. Introduction

The Ricci flow is the geometric evolution equation given by

A~ e, 80 =0
where ric(g) is the Ricci (2, 0)-tensor of the Riemannian manifold (M, g).

Hamilton [1982] introduced the Ricci flow and proved short-time existence and
uniqueness when M is compact. Then Chen and Zhu [2006] proved the unique-
ness of the flow within the class of complete and bounded curvature Riemannian
manifolds.

A maximal Ricci flow solution g(t), t € [0, T), is called immortal if T = +o0,
otherwise we say that the flow has finite extinction time.

A Riemannian manifold (M, g) is called homogeneous if its isometry group
acts transitively on it. From the uniqueness of a Ricci flow solution it follows
immediately that the isometries are preserved along the flow; thus a solution g(¢)
from a homogeneous initial metric gop would remain homogeneous for the same iso-
metric action. Hence, the Ricci flow equation given above becomes an autonomous
nonlinear ordinary differential equation.

In the homogeneous case, the scalar curvature is increasing along the flow (see
[Lafuente 2015]). Furthermore, if the scalar curvature is positive at some point along
the flow, then it must blow up in finite time, and hence, the solution is not immortal.
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188 ROBERTO ARAUJO

Lafuente [2015] has shown that actually a homogeneous Ricci flow solution has
finite extinction time if and only if the scalar curvature blows up in finite time, or
equivalently, if and only if the scalar curvature ever becomes positive along the
flow. Bérard-Bergery [1978] has shown that a manifold admits a homogeneous
Riemannian metric of positive scalar curvature if and only if its universal cover is
not diffeomorphic to Euclidean space.

Bohm and Lafuente [2018] then proposed the problem of showing whether
the converse is also true, namely they asked whether the universal cover of an
immortal homogeneous Ricci flow solution is always diffeomorphic to R”. This
got established later as the dynamical Alekseevskii conjecture [Naber et al. 2022].

Bohm [2015, Theorem 3.2] showed that the conjecture is true for the case of
compact homogeneous manifolds. However, in the noncompact case not much is
known in the direction of the dynamical Alekseevskii conjecture other than in low-
dimensions. Isenberg and Jackson [1992] thoroughly studied the 3-dimensional ho-
mogeneous Ricci flow, and in [Isenberg et al. 2006] the authors studied a large set of
metrics on dimension 4. Indeed, up to dimension 4 the conjecture is true (see [Araujo
2024]). In that article, it was shown that the conjecture is true if the isometry group
of the homogeneous Riemannian manifold is, up to a covering, a Lie group product
with a compact semisimple factor; which generalizes [Bo6hm 2015, Theorem 3.2].

We study the long-time behavior of the homogeneous Ricci flow solutions on
semisimple homogeneous spaces on a special family of Ricci flow invariant metrics,
called awesome metrics.

Let G be a semisimple Lie group and G/ H a homogeneous Riemannian manifold.
Let g be the Lie algebra of G and b the Lie algebra of H. Let g=£®p be a Cartan de-
composition of g, K the integral subgroup corresponding to €, and m = [@p a reduc-
tive complement to . Then a G-invariant metric g on G/ H is awesome if g ([, p) =0.

The set of awesome homogeneous metrics was introduced by Nikonorov [2000],
where he proved that it contains no Einstein metric. Semisimple homogeneous
spaces with inequivalent irreducible summands in its isotropy representation supply
the simplest examples of homogeneous spaces G/H such that every G-invariant
metric is awesome.

Our first main result is a generalization of [Nikonorov 2000, Theorem 1] to the
dynamical setting, giving a partial positive answer to the conjecture.

Theorem A. Let (G/H, go) be a homogeneous Riemannian manifold such that
the universal cover is not diffeomorphic to R" and G is semisimple. If go is an
awesome G-invariant metric, then the Ricci flow solution starting at gy has finite
extinction time.

Dotti and Leite [1982] have shown that SL(n, R) for n > 3 admit left-invariant
Ricci negative metrics. Later, Dotti, Leite and Miatello [Dotti et al. 1984] were
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able to extend this result by showing that all but a finite collection of noncompact
simple Lie groups admit a Ricci negative left-invariant metric. All those metrics
are awesome. This shows that for these spaces such that the universal cover M is
not contractible the confirmation of the dynamical Alekseevskii conjecture implies
a change of regime of the Ricci flow: from one in which the manifold expands in
all directions to one such that for some direction it shrinks in finite time. Bohm’s
proof [2015, Theorem 3.2] of the finite extinction time of the Ricci flow on nontoral
compact homogeneous manifolds works by showing an explicit preferred direction
in which the curvature is Ricci positive (the same approach is followed in [Araujo
2024]), but Dotti, Leite and Miatello’s results indicate that we cannot directly do
the same here.

Indeed, in order to prove Theorem A we need to first prove some scale-invariant
pinching estimates (Proposition 4.4) that will eventually lead to the existence of a
Ricci positive direction given by the nontoral compact fibers as in [Bohm 2015]. The
estimates obtained can be exploited further to prove the following two convergence
results.

Theorem B. Let M = G/H be a homogeneous manifold, such that the universal
cover is not diffeomorphic to R" and G is semisimple. Let (M, g(t)),t €0, T), be
an awesome Ricci flow adapted to the Cartan decomposition g = €@ p. Let R(g) be
the scalar curvature of the metric g. For any sequence (t;)qeN, tu — T, there exists
a subsequence such that (M, R(g(t;)) - g(t;)) converges in pointed C*°-topology to
the Riemannian product

Es X 4,

where E~ is a compact homogeneous Einstein manifold with positive scalar curva-
ture and £ is the d-dimensional (flat) Euclidean space with d > dim p.

The geometry of Eo just depends on the subsequence of Riemannian submani-
folds (K /H, R(g(13)) - §(ta)).
Theorem C. Let M = G /H be a homogeneous manifold diffeomorphic to R" with
G semisimple. Let (M, g®)), t € [1,00), be an awesome Ricci flow adapted to
the Cartan decomposition g = € @ p. Then the parabolic rescaling (M, t~1g(1))
converges in pointed C*°-topology to the Riemannian product

Z X [Edim[
o ’

where oo = (G/K, Blyxyp) is the noncompact Einstein symmetric space defined by
the pair (g, €) and EY™ is the dim -dimensional (flat) Euclidean space.

Theorem B shows that in order to understand the blow-up limits of the Ricci
flow on the awesome metrics we can reduce the investigation to the corresponding
blow-up of the compact homogeneous fibers given by the Cartan decomposition.
Such analysis was done, for example, in [Béhm 2015].
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Also since every left-invariant metric on SL(2, R) is awesome, Theorem C is a
generalization of the result by Lott [2007] which states that the parabolic blow-down
of any left-invariant metric in SL(2, R) converges to the Riemannian product H? x R.

The structure of this article is the following: In Section 2, we give a quick
overview of the homogeneous Ricci flow and show that the space of awesome
metrics is Ricci flow invariant. In Section 3, we mainly establish a priori algebraic
bounds that exploit the compatibility of the Cartan decomposition and the metric
in the awesome case. In Section 4, we use these algebraic bounds to get control
quantities to our dynamics which allows us to prove Theorem A. Finally, in Section 5
we conclude with the analysis of the long-time limits. In particular, under the
hypothesis of Theorem A, we show in Theorem B a rigidity result for the possible
limit geometries as the solution approaches the singularity. We finish by showing
in Theorem C which is the limit geometry at infinity for the case when g(t) is
an immortal awesome Ricci flow. This generalizes the work on the Ricci flow of
left-invariant metrics on SL(2, R) done in [Lott 2007] to R“-bundles over Hermitian
symmetric spaces.

2. Homogeneous Ricci flow of awesome metrics

A Riemannian manifold (M", g) is said to be homogeneous if its isometry group
I (M, g) acts transitively on M. If M is connected (which we will assume from
here onward unless otherwise stated), then each transitive closed Lie subgroup
G < I(M, g) gives rise to a presentation of (M, g) as a homogeneous space with a
G-invariant metric (G/H, g), where H is the isotropy subgroup of G fixing some
point p € M.

Let us denote the Lie algebra of G by g. The G-action induces a Lie algebra
homomorphism g — X (M) assigning to each X € g a Killing field on (M, g), also
denoted by X, and given by

, qEM.
t=0

d
X(q) = (E exp(rX) '6])

If b is the Lie algebra of the isotropy subgroup H < G fixing p € M, then it
can be characterized as those X € g such that X (p) = 0. Given that, we can take a
complementary Ad(H)-module m to f in g and identify m = T), M via the above
infinitesimal correspondence.

A homogeneous space G/H is called reductive if there exists such a comple-
mentary vector space m such that for the respective Lie algebras of G and H

g=hodm, Ad(H)(m)Cm.

This is always possible in the case of homogeneous Riemannian manifolds. This
is due to a classic result on Riemannian geometry [do Carmo 1992, Chapter VIII,
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Lemma 4.2], which states that an isometry is uniquely determined by the image of the
point p and its derivative at p; hence the isotropy subgroup H is a closed subgroup
of SO(T, M), and in particular it is compact. Indeed, if Ad(H) is compact, then one
can average over an arbitrary inner product over g to make it Ad(H )-invariant and
hence take m := h. Given that, one can identify m = T,y G/ H once and for all and
with this identification there is a one-to-one correspondence between homogeneous
metrics in M := G/H, p = eH, and Ad(H )-invariant inner products in m.

In full generality, the Ricci flow is a nonlinear partial differential equation. As
mentioned in the introduction, in the case where M is compact, Hamilton [1982]
proved short-time existence and uniqueness for the Ricci flow. Then Chen and
Zhu [2006] proved the uniqueness of the flow within the class of complete and
bounded curvature Riemannian manifolds, which includes the class of homogeneous
manifolds. From its uniqueness it follows immediately that the Ricci flow preserves
isometries. Thus a solution g(¢) from a G-invariant initial metric gy would remain
G-invariant, and hence it is quite natural to consider a homogeneous Ricci flow. We
then get an autonomous nonlinear ordinary differential equation,

dg(n) _

2-1) 7 = —2ric(g(®)), g(0) = go,

where the Ricci tensor can being seen as the smooth map

Ad(H)

ric : (Sym?(m)){4") — (Sym?(m)) A4,

Here (Sym2 (m))A4UH) i the nontrivial vector space of Ad(H)-invariant symmetric
bilinear forms in m and (Sym? (m))ﬁd(H) the open set of positive definite ones.
By classical ODE theory, given an initial G-invariant metric go corresponding to
an initial Ad(H)-invariant inner product, there is a unique Ad(H )-invariant inner
product solution corresponding to a unique family of G-invariant metrics g(¢) in M.

The general formula for the Ricci curvature of a homogeneous Riemannian

manifold (G/H, g) [Besse 1987, Corollary 7.38] is given by

. 1 1 2, 1 2
(22) ricg(X, X) = =3B, X) = 5 3 X, Xilmllg + 7 D 8(Xis Xjlm, X)
i LJ
— 8([Hg, X, X),

where B is the Killing form, {X;}7_, is a g-orthonormal basis of m and Hj is the
mean curvature vector defined by g(H,, X) := Tr(ady). Immediately it follows
that H, = 0 if and only if g is unimodular.

Let us now consider g to be a noncompact semisimple Lie algebra. By classical
structure theory on semisimple Lie algebras [Hilgert and Neeb 2012, Chapter 13],
g can be described in terms of its Cartan decomposition

g=tdyp,
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where £ is a compactly embedded Lie subalgebra of g and p is a €-submodule such
that [p, p] C £
The Killing form B of g is such that

B(t,p) =0, Blexe <0, Blpxp >0,

and — Blexe + B|pxp is an inner product on g such that ad(f) are skew-symmetric
maps and ad(p) are symmetric maps [Hilgert and Neeb 2012, Lemma 13.1.3].
Since the flow only depends on the Lie algebra g, we can take without loss of
generality any G connected with such Lie algebra. So fora M = G/H, with G a
semisimple noncompact Lie group, we can fix a background Cartan decomposition

g=tdp

such that the integral subgroup K of € is a maximal connected compact subgroup of
G with H C K [Hilgert and Neeb 2012, Theorem 14.1.3]. We call a homogeneous
manifold G/ H, with G semisimple and Ad(H ) compact, a semisimple homogeneous
space.

Consider the orthogonal complement [ := h* of b in £ with respect to the Killing
form B. And let us do the identification

(2-3) T,uG/H =m=1dp.

We will call then this reductive complement m = [ @ p adapted to the Cartan
decomposition g = £ D p.

Definition 2.1 (awesome metric). Let G/H be a homogeneous space with G
semisimple and Ad(H) compact. An Ad(H)-invariant inner product g on the
reductive complement m is called awesome if for some Cartan decomposition
g =t @ p for which m = [@ p is adapted, we have that g(l, p) = 0. In this case, we
say that the awesome metric g is adapted to the Cartan decomposition g =€ @ p,
withé=hHPL

As it was mentioned in the introduction, this nonempty set of metrics was
introduced by Nikonorov [2000], where he proved that the set contains no Einstein
metric. We will see that this set is actually Ricci flow invariant, proving to be a
good test ground concerning the dynamical Alekseevskii conjecture. Semisimple
homogeneous spaces G/H such that the isotropy representation of H on m have
inequivalent irreducible summands only admit awesome G-invariant metrics, and
as such this set of metrics has an obvious spotlight in the literature.

On the other hand, for example, in the case of a Lie group with dimension
larger than 3, the set of awesome metrics is a meager subset of the left-invariant
metrics, and its dynamical properties under the phase space of the Ricci flow are
largely unknown. Nikonorov [2000, Theorem 2] also gave a necessary and sufficient
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algebraic condition for a semisimple homogeneous space G/H to be such that
every G-invariant metric is awesome.

Via (2-3), we have a one-to-one correspondence between the set of awesome G-
invariant metrics on G/H and the open subset of positive definite Ad(H )-invariant
symmetric bilinear forms in m such that [ L p, which in turn is a linear subspace of
(Sym?(m))A4D).

Manipulating the Ricci tensor formula (2-2) on the awesome case we can directly
prove the following lemma.

Lemma 2.2. Let G/H be a semisimple homogeneous space. Then the set of G-
invariant awesome metrics in G/ H is Ricci flow invariant.

Proof. Let G/H be a semisimple homogeneous space. We need to show that the
Ricci operator ric : (Symz(m))ﬁd(H) — (Symz(m))Ad(H ) takes an element g such
that g([, p) = 0 to a symmetric bilinear form ric, such that ricy(l, p) = 0. By
polarizing the formula for the Ricci tensor (2-2) on a homogeneous manifold G/ H
with G unimodular, we get

2ricg(X,Y) =
— B V)= g(UX, Xilm, [¥. Xilw) + 5 D 81X, X I X)g(Xi X1, Y).
i i,j
In our case

(X1, X = (X1, X0 XD X,

m

where {X l[ }'_, and {Xf};":1 are g-orthonormal bases for [ and p, respectively. We
then get that for X' € [and X? € p

2ricg (X', XP) =— B(X', X") = Y g(IX", XiJm. [X?, Xi]m)
+ 13 80X Xl X8 (X, X I, XP)
iJ
== (X", X{ln, [XP, X{1w) = D 81X, X T, [XP, X[ Tw0)

1
1
+ 5 280 X I, XDg (X7, X 1, XP)
i’.j
1
= 5 280X Xl XDg(IXi. X jIm. XP).
iJ
We used that B(l, p) = 0 in the second equality and in the third equality we used
both the Cartan decomposition relations [p, p] C &, [£, p] C p, [£, €] C £ and that
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g(I, p) = 0. Moreover, by the same reason, we have that

Y g([Xi. X jlme XD(UXi, X 1w X°) =Y g([X}, X} I, XDg(X}, X4 ], XP)
-
+ Z (X}, X¥1m, X8 (IXF, X%, XP)

+22g<[X[ X Im. XHg(IX}, XP], XP)
iJ
=0.

This means that the set of awesome metrics {g € (Symz(m)) +d(H) | g(I,p) =0}
is an invariant subset for the Ricci flow equation (2-1). O

Remark 2.3. Nikonorov [2000, Example 1] had already argued that ric, (I, p) =0
for g awesome, in the particular case of the homogeneous space SO(n, 2)/ SO(n),
n > 2. The isotropy representation of SO(n, 2)/ SO(n), n > 2, has three summands
[} C¥E p1 Cp, and pr C p, and moreover [; is not isomorphic to p; or p;; thus any
SO(n, 2)-invariant metric is awesome. He works this example out in more detail
in order to show that SO(n, 2)/ SO(n) admits SO(n, 2)-invariant Ricci negative
metrics but no Einstein metric.

3. Algebraic bounds for the Ricci curvature

We want to understand the long-time behavior of an awesome metric under the
homogeneous Ricci flow. In order to do that we want to compare an arbitrary
awesome metric g to a highly symmetric background metric.

Let us fix Q := —B|ix1 + Blpxp as a background metric. For a given Ad(H )-
invariant inner product g on m, by Schur’s lemma, we can decompose it on Q-
orthogonal irreducible h-modules m = EBlN: | m; such that

g§=X1- lelxml Lo Lxn- leNme,

for some positive numbers x1, ..., xy € R. Note that this decomposition is not
necessarily unique, except in the case where all irreducible modules are pairwise
inequivalent. Also by Schur’s lemma, in each irreducible summand m; the Ricci
tensor is given by TiCg|m; xm; = i * &lm;xm;» fOr r1, ..., ry € R. Observe that, in
general, the mixed terms ric, (m;, m;) for i # j are not zero when m; is equivalent
to m; as h-modules.

Now let g be an awesome metric. Then there is a Cartan decomposition such
that g(I, p) = 0; hence we can adapt the above decomposition so that

3-1) g=1I- Q|[1><[1 Lo Ly Ql[uxlv Lpr- Q|p1><p1 Lo Lpp- lemxpm,
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where (Iy, ..., [, p1, ..., pm) = (M, ..., My4y,) With
n m
(=L and p=EPw:.
i=1 i=1
and (I1, ..., 0L, p1y o os Pm) = (X1, ooy Xppm)-
Let us estabhsh the notation Iy :={l,...,n}and I, :=={n+1,...,n+m}, and
let d; denote the dimension of m; for all i € {1, ..., n 4+ m}. To simplify notation

we are going to write i=n+i. Finally, let us define

(3-2) rhoglixy =ticglyxy, fori=1,...,n
and
(3-3) 1P glpixpr = TiCelpixp; fori=1,...,m,
where (r{, e, r,[l, rf, =0, ..., Frdm)-
Let us take the following Q-orthonormal basis on g, {Eg} forl <a<nonb,
and {E(’;[} for ] <o <d;oneachm;,i=1,...,n+m. Then we can define the

brackets coefficients
[ijk:= Y QUEL, E}1, E})*.
a. B,y

By the Cartan decomposition we get that ad () are skew-symmetric and ad(p) are
symmetric [Hilgert and Neeb 2012, Lemma 13.1.3]; therefore the coefficient [ijk]
is invariant under permutations of the symbols i, j, k.

By Schur’s lemma we have that the Casimir operator of the b action on the
irreducible module m;, Cpy,  := =), ad(Eg) o ad(Eg)lm,., is given by

(3-4) ci - Idm, ==Y ad(EJ) 0 ad(ED) |,
o

with ¢; > 0.
By [Wang and Ziller 1986, Lemma 1.5] (also [Nikonorov 2000, Lemma 1]), we
have that, fori =1, ..., n+m,

(3-5) 0<) lijkl=di(1-2¢) <d;.
J.k

Indeed, a direct computation yields

Y lijkl= Y. QUEL. Ej). EX)?
J.k

ap.y
1<j,k<n+m
= Y QUELE}LE) -2) QUE, EQLE})
a.B.y o.p.y

0<j,k<n+m
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= Y QUEL.EJLIEL.EJ) -2 QUE]. EL).[E}. EL])

a,B a,B

0<j<n+m

= Y |0(E} 1E. IE,. E; \+2ZQ LEp. [E}. E, 1)
a.p.y

0<j<n+m

=Y |B(ElL, E})| = 2Tr Coyyy = d; — 2¢id; < d;
o

Using the above orthonormal basis, we have, for the Ricci curvature r; on m;,
i=1,...,n+m, of an awesome metric on m (see [Nikonorov 2000, Lemma 2]),
the formula

b; 1 . X; Xk Xj
3-6 = — 4+ — k — — ,
(3-6) 4 2x; + 4d; Z[U ](xkxj XiXj o XpX;

where b; =1ifi € I, and b; =—1ifi € I,. Letus order {x1, ..., x,} ={l1,...,[,} as
O<ly=---<Iy,

and {x,+1, ..., Xp+m} ={P1,-.., Pm} aS
O<pr<-=<pm

In [Nikonorov 2000] there are the following estimates for rf and r},. First, since
2 _Pi<0forl<j<m,

pi P
(3-7) rP——L+iZ[Uk]( R xf)
! 2p; 4dijk XkXj  p1Xj  Xkpi
1 1 p1 pi\l Iy 1
=t [1Jk]<< =)= <—— <0,
2pi 2diZ ri pi)l pip 2p
JEly
kGI[
and since 22 — 2L > 0 for 1 < j <m,
Pj Pm
1 1 i\ 1 [
38  rh=—s—t— > i k]((”’” ﬂ)—— k)
2pm  2d 4 Pj  Pm/)lk PjPm
J€lp
kEI[
1 l 1 l
> > ik 2 e =
2pm 2dﬁ1 o PjPm 2pm  4p1Pm
;ceIT

where in the second inequality we used (3-5).
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We now observe that for an awesome metric g the Ricci tensor restricted to
the tangent space T, K /H, which can be identified with [ via (2-3), splits nicely
in terms of [ and p. Namely, for any X € [, the Ricci tensor formula (2-2) for an
awesome metric gives us

(3-9) ricg(X, X) =ricg/u(X, X) — %Tr(ad(X) oad(X)[p)
1 pr o2 1 Py 2
-3 Z 10X XP Il + 5 Zg([xi X, X)2,
i LJ
where {X f} is a g-orthonormal basis for p and rick g is the Ricci tensoron K /H =

K - p. In particular, we have the following lemma.

Lemma 3.1. Let (G/H, g) be a semisimple homogeneous space with an awesome
G-invariant metric g. Then the Ricci curvature r,[Z in the largest l-eigendirection of
g with respect to the background metric Q satisfies

an 2 In Pj Pk 1 .
kIl — — k].
E [nj ](ln+ )+4an E [njk]

= Pk LDk il 4
J.kely PjP np Pjtn n Jj.kel

1
3-10) r' >
G-10) ry = 7

n
n

Proof. Observe that as computed in [Nikonorov 2000, Theorem 1] and in [B6hm
2015, Theorem 3.1] fori > j € I
G=2Lil+17 = ;1) < Ua— 1)U — 1) = Loli — Ll — Ll + 15
<=Ll =1l + 1, =12 =11

Hence /2 — ljz- —I? +1;1; > 0 and the formula for r! with the Cartan decomposition
relations then yields

1 1 l X X
[ . n J J
=4 E k _ _
T 21,  4d, m nj ](xkxj lnx; xkln>

dy 1 ap In Di Pj
— [an]( _ P
2l,dy, 4d, ¢Z PkPj lnpj pkln

J.kely
| ko
| P, S
g 2l ]<zk1,- I )

kel

1 ) Iy Pk pj )
>y [n;k]<—+ -
4d, 2 In PkDj lnpj Piln
J.kely

1 N2 R A

A | L S

" 4, 2 v ]<z TG TG I
J.kel .
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1 an 2 ln Pk Pj
E [njk] (— + — —
4d, < In  pkpj lapj  Prln
J.kely

N =1 =+ 1l
4d,1

> [njk](l + W,

n kel

1 anf 2 Iy Pk Pj ) 1 .
> E [n]k](——i— - - + E [njk],
4dn S ln PkPj lnpj pkln 4dnln Tk
j.kel, J.kely
where in the first inequality we used (3-5). (]

Remark 3.2. Observe that in general ) kel [njk] may be equal to zero. But in
the case when K/H is not a torus, [[, [];, # 0 and we can consider the largest
eigenvalue /,» such that [[,;, [], # 0, for which Zj’kell [njk] > 0.

We have also the following alternative for the values of r! and r},.

Lemma 3.3. Let (G/H, g) be a semisimple homogeneous space with an awesome
G-invariant metric g. We have the following dichotomy for the Ricci curvature of g
in the largest p-eigendirection (respectively |-eigendirection) of g with respect to Q:

(1) If pm — p1 = 1, then

1 1 1
G s and sl _<2_@_ﬂ>,
4pm 4p1 4ln pl pm
() If pm — p1 <y, then
1 [
(3-12) rh>—— and rl=>0.
2pm  4piPm
Proof. In the first case, i.e., if p,, — p1 > [,, we have
r’!;l Z _L — ln
2pm  4p1Pm
> 1 P1— Pm
2pm 4p1pm
1 1
4pm  4p1

where in the first inequality we used (3-8). Moreover, by Lemma 3.1 we have that

1 an 2 [ Pk Pj 1 .
[ § : n J § : /
ro> — [n]k](— =+ — — ) + [”J ]
" 4dn an ln PkPj ln Pj pkln 4dnln jokel

and we get (3-11).
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In the second case, as in [Nikonorov 2000], observe that

Pm—P1<Iln <= |pj—pel <, Vj, k€l

<= (p]—2pjpc+pi) <1,

PN <pj 2 LD )5 I,
pkln In pjln PjPk
2 Iy pj Dk

= < -
ln PjPk pkln pjln

and therefore, substituting this in the estimate for r} in (3-10) we get that r} > 0.
Together with the estimate (3-8) for r,fl, we get (3-12). O

We can combine the estimates above to get a first scale-invariant estimate that
will be essential for us in the dynamical analysis to come in Section 4.

Lemma 3.4. Let (G/H, g) be a semisimple homogeneous space with an awesome
G-invariant metric g. Let us consider the eigenvalues of g with respect to Q as
established in (3-1), (3-2), and (3-3). Then
Pm +ln

P1

(3-13) 2(pmrl, +lur) > —

Proof. We know that if p,, — p; > [,,, then

2 purt, 4l = —2 - Pm 1 <2 p—m—ﬂ)

2 2p Pl Pm
_l_ﬂ_ p1 :_p Pm — P1
2 P1 2pm D1 2pm
> _pm > _pm +ln’
p1 P1

where in the first inequality we used (3-11). And if p,, — p1 </, then
l > _ 2p1+2ln>_pm+ln

iy ’

2(p r +1,r )> —1-
" 2p1 ~ 2p pi

where in the first inequality we used (3-12). U

We can observe in the above computations that the advantage of working with
awesome metrics is that the Ricci curvature in the eigenvectors of the metric tangent
to K/H C G/H splits nicely, since the algebraic and the metric decompositions are
compatible. Lemmas 3.3 and 3.4 give us our first estimates on the Ricci curvature
which we will be able to exploit in the next section in order to examine the long-time
behavior of the Ricci flow on awesome metrics.
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4. The dynamical Alekseevskii conjecture for awesome metrics

We will prove Theorem A. In order to do that, we must use the algebraic estimates
we got in the last section in order to get dynamical estimates for the eigenvalues of
the Ricci flow solution g(¢) (which from here onward we will also denote by g;)
with respect to our background metric Q := —B|ix1 + Blpxp.

The next lemma is equivalent to the one in [Chow et al. 2006, Lemma B.40], but
here we use for better convenience upper left-hand Dini derivatives.

Lemma 4.1 [Chow et al. 2006, Lemma B.40]. Let C be a compact metric space, 1
an interval of R, and g : I x C — R a function such that g and g—[’; are continuous.
Define ¢ : I — R by

¢ (1) :=supg(t, x)

xeC

and its upper left-hand Dini derivative by

60 =g —h)
:=limsup ——————.
dt N h

Let C;:={x € C | ¢(t) = g(t, x)}. We have that ¢ is continuous and that for any
tel

d¢@) . 98
= min — (¢, x).
dt xeC, 0t

At first, we will apply Lemma 4.1 to

—pi1(t) =max{—g(X, X) | X €p, | Xllo=1}
pm(t) =max{g; (X, X) | X €p, [ X]lo =1},
(1) = max{g, (X, X) [ X € [, [ X[ o =1},

and

log(pm +1,) (1)
= logmax{(g/(X, X)+ g, Y)) [ X ep, Y el, [Xllg=1, [IY]o=1}

= max{log(g:;(X, X) + &, V) [ X ep, Y el [[X[o=1, [Vl =1}

Lemma 4.1 will be fundamental to us when combined with the following ele-
mentary real analysis result.

Lemma 4.2. Let [a,_b] be a closed interval of R and f :[a, b] — R a continuous
function such that ‘2L < 0 and f(a) = 0. Then f(t) <0.

With Lemmas 4.1 and 4.2 at hand, we can obtain our first main estimate for
analyzing the long-time behavior of the Ricci flow on an awesome metric. Indeed,
using the algebraic estimates in the previous section we get that:
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Lemma 4.3. Let (G/H, g(t)),t € [0, T), be an awesome Ricci flow adapted to the
Cartan decomposition g = € @ p. Then we have, for the growth of p,(t) and 1,,(t),
the upper bounds

(pm +1,)(0)
p1(0)

Proof. Let us get first the estimate for p;(f). Using Lemma 4.1 and the estimate
(3-7) we get that

(4-1 1+ p10) =pi(®) and (pu+1)1) = (1 + pi1(0))

d—(— A
@-2) TEP) ey ET B =2 pr < -1,

where in the second inequality we used (3-7). Hence by Lemma 4.2
(4-3) 1+ p1(0) = pi(0)
Using Lemma 3.3 we get the estimate

d- 1 o+
d_loglpm+ 1) _ d—log(ng’" E™) + g,(E", E"))

dt
g,(E’" E™) +g/(E", E") —2rmpm—2r,iln
g (E™ EMy 4 g, (E", EM) Pm+ 1y
1 1

<—<—,
p1~ t+pi(0)

where in the first, second, and third inequalities we used Lemma 4.1, (3-13), and

(4-3), respectively. Hence (p,,, +1,)(t) < (t + p1(0)) (p”}:(lgi(())' O

We see then that the maximum eigenvalue of g(¢) with respect to Q can grow at
most as O(t). In particular, p,,(¢) < (1 4 co)(t + p1(0)) for some given positive
constant ¢y > 0 that only depends on the initial metric go.

Therefore, using (4-3) we get a pinching estimate along the flow for the metric

g()|pxp, namely

DPm (1)
1
G

We can then reuse this estimate to get the following proposition (for the sake of
simplicity, from now on we will mostly omit that we are using the Lemmas 4.1 and
4.2 above).

(4-4)

Proposition 4.4. Let (G/H, g(t)),t € [0, T), be an awesome Ricci flow adapted to
the Cartan decomposition g = €@ p. Let us consider the eigenvalues p1(t), pn (1),
and 1,,(t) of g, with respect to Q. Then for all t > ty in the maximal interval of the
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Ricci flow, there is an explicit constant ¢y > 0, which only depends on the initial
conditions at ty, such that

4-5)  pu(@) <t +(p1(to) — 1) +cov/'t + (p1(to) — t0) < p1(t) +coy/ p1(2)

and

(4-6) [n (1) = cov/ (t =10+ p1(t0)).

Proof. By rescaling the initial metric g(#p) we may assume without loss of generality
that p;(#p) = 1. Let t > 9. We will show by induction that, for all N € N,

N—-1

o (log(t —tog + 1)*
(1) < (1+2—N)(t—to+1)+co % o
and
N—-1 k
€0 (log(t — 1o+ 1))
L(0) < Syt =0+ D +co % T ,

where ¢ := p,, (o) + 1, (tg) — 1.
By Lemma 4.3, we have already seen that p,, (t) < (14co)(t —to+1). Moreover,
by the discussion following Lemma 3.3 we get

M _ oL < 1(pm(t) L@ _2) - 1(pm(t) 3 1) ey
dt 2\ pi(®)  pm(0) 2\ pi(0) 2

where in the last inequality we used (4-4). Hence, for ¢ > 1y,

co Co Co
4-7) In(t) < 3(t —to+1)— > + 1 (to) < E(t —to+1)+co.
Moreover,
d” pm(t) (1)
—_— <2 I3 <1
7= I (1) pm (1) < 1+ )

r— 1 1
< <1+C—2>( otD o <1+c—2>+c—0,
2 p1(0) 2p1(1) 2 20t —1+1)
where in the second and third inequalities we used (3-8) and (4-7), respectively.
Hence, for t > 1y,

¢ ¢
pm(t) < (1 + 2—2)0 —to+1)+ 50 log(t — 10+ 1) + co.
This establishes the basis of induction. Suppose that, for N > 2 and ¢ > 1y,

N—-1 k
co (log(t —t9+ 1))
Pm(f)§(1+2—N)(l‘—fo+1)+Co§ T
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and

N—-1 k
co (log(t =10+ 1))
() = Syt =0+ D +co > o

k=0

Then we can reuse this to get better estimates for /,,(¢) and p,,(t). We have that

d71,(t) _1( pm(®) 1{ pn(®) \ (log(t—tg+1)*
dt Si(pl(t)_1>55((t—z0+1)_1) 2N+1+OZ(1‘ fo+1)26+1k1

hence

(log(t — 19+ 1))*

In(1) < 2N+1( l0+1)+CoZ

2! ’
and
d” pm(t) [n(2) (log(t — to + 1))*
L1 1+ .
T 2N+1 + OZ (f — 1o+ 1)2k+1k!
Therefore,
N
co (log(t — 10+ 1)
pm(t) < (1+2N+1>(f—lo+1)+602 Sl :
k=0

Now this is valid for arbitrary ¢ > fy in the maximal interval of the dynamics.
Hence, taking the limit at N — oo for the right-hand side, we get

pm(t) < (t—to+ 1) +coy/(t =19+ 1) < p1(t) +coy/ p1(2)
[n(t) < coy/(t — 1o+ p1(10)). O

The next corollary follows immediately from the estimate (4-5) obtained in
Proposition 4.4 above.

and

Corollary 4.5. Let (G/H, g(t)), t € [ty, 00), be an immortal awesome Ricci flow
adapted to the Cartan decomposition g = € @ p. Then

i Pm @ _
=00 pi(t)
Remark 4.6. Observe that the background metric Q given by — B|gx¢+ B|pxp corre-
sponds to a minimum for the moment map of the SL(g, R)-action of determinant-one
matrices in the space of Lie brackets on g [Lauret 2003, Proposition 8.1]. Thus,
Corollary 4.5 reinforces the relation between geometric invariant theory and the
geometry of G/H by telling us that in the noncompact part p the awesome metric
under the Ricci flow approximates — By, up to scaling and G-equivariant isometry.
In Section 5 we will prove a convergence result in this direction (see Theorem 5.2).
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The next corollary of Proposition 4.4, about the asymptotic behavior of the metric
g(t) restricted to the tangent space of K /H, will also be important for the long-time
analysis of immortal awesome homogeneous Ricci flows in Section 5.

Corollary 4.7. Let (G/H, g(1)), t € [tg, 00), be an immortal awesome Ricci flow
adapted to the Cartan decomposition g = € @ p. Then the rescaled metric g; :=
t~ g (1) is such that

Jim g i< = 0.

Proof. This follows immediately from the estimate (4-6) for [, (¢), which shows that
it may grow at most sublinearly. Hence, lim,_ @ =0. O

We can now prove our first main result.

Theorem 4.8. Let (MY = G/H, go) be a semisimple homogeneous space such that
the universal cover is not diffeomorphic to Re. If go is an awesome metric, then the
Ricci flow solution starting at gy has finite extinction time.

Proof. Let g and h be the Lie algebras of G and H, respectively. Let us consider
the Cartan decomposition g = €@ p with h C £ and let us fix as a background metric
Q :=—B|ix1+ Blyxp, where B is the Killing form in g. We have then the canonical
reductive identification T,y G/H = m=1[®p, with [:= hLe N¢. First, observe that
by hypothesis the universal cover of M is not diffeomorphic to R, which implies
that K/H is not a torus; hence [, €] ¢ h. Moreover, since [£, €] Lo 3(£), where
3(8) is the center of £, the condition [, €] C § is equivalent to [ C 3(£), which in
turn is equivalent to [[, [] C § and [h, [] = 0.

So in terms of the irreducible representations decomposition (3-1), [¢, €] Z b is
equivalent to say that for at least one i € [ either [[, [] & § and

> lijkl > 0;
Jj.kely
or [, [] # 0 and, using (3-5) in the equality,
Y lijkl=di(1 —2c:) < di,
.k
since then the Casimir operator Cy, j given in (3-4) is not zero.

Therefore, there is a constant A > 0 such that for any of the irreducible h-modules
[; with [l;, €] & b, either

S lijk1=2.>0 or Y [ijkl <d; — ) <d.
Jj.kely jk

Now let g;, t € [0, T), be the Ricci flow (2-1) solution starting at gg. By
Lemma 2.2 we know that g; is an awesome homogeneous Ricci flow adapted to
the Cartan decomposition g =@ p, witht=hH P [.
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Let us consider the diagonalization of g, with regard to Q as in (3-1),

& =L@ Olyxy L L) Oli,xi, L p1@®) - Clpyxp, L+ L pm(@) - Olp,xpon-

Let us define the Ricci curvatures, as in (3-2) and (3-3),

[ . .
ri-gM)|yxy =riCe(nlyxy, fori=1,...,n
and

P () lpixp: = TiCe( lpixp; for i=1,...,m.

Define the h-submodules V ={X e W¢ |[[, X]eh}and W ={X e[| [h, X]=0},
and let

L(t) :=max{g,(X, X) | X e Ve UW™2, | X|o=1}.

Note that L(z) is the largest eigenvalue [,/ (¢) of g, such that the corresponding
irreducible h-module [, satisfies either [I,,, [] & b or [, [,] # O, which we already
know is a nonempty condition. Consider p;(t) :=min{g;(X, X) [ X €p, | X[ o =1}
and p,,(t) := max{g;(X, X) | X € p, || X||g = 1}. Then using all the estimates we
got so far and the fact that for any j € [, if Zkeh[n’jk] # 0, then [, > [;, we get,

for r,i,, the lower bound
[ 1 / k ln/ _ x.] _ 'xj
xexj o lpxp xply

r,, =

LT + 4d,y
J.k

dy 1 an Ly j ~
_ v [n/jk]<n _pl_p,)
2ln’dn’ 4dn’ an PkPj ln’pj pkln’
J.kely
1 . Ly Ik ¥
> [n’Jk](— -
ddy L Wl ol; iy
Z dn’ + 1 17 <_ pl _ pj )
2 dy 4d,y A ln’pj pkln’
J.kely,
(lj—lf—l,f)
T 2a, = Il
d "A Pm
= 2ydy 2d Ly Ad,y 1,y
i, kelp kel

where in the first equality we used (3-6). Therefore,

d= Ly (1) g 2
= =20l (z><_( 3 Z[”Jk” Z[ ’k]p1<t))'

JkEI[ ] kEIp
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Let us assume by contradiction that g, is immortal. Then by Corollary 4.5, given
€ > 0 we can assume that ¢ is big enough such that

t
Pn(®) <l+e.
pi(®)
Therefore we get that
d=lLy(t) 1 | . L o
v 53;(—¢w+§.E:D1M1+?Z:[njﬂ+fA2:[nJH
J.kely jkel, Jkel,
1 . 1 :
- d—((l +) Y Ikl —dy = (3+€) I [nvk]),
" ik jokely

and since either [h, [,;] # 0 or [[,,, [] & b, there exists a constant independent of
t, A > 0, such that either Zj’k[n/jk] =dy— A <dy or Zj’keh[n/jk] > 21> 0.
Therefore, if d = dim M, then either

d Ly (1) 1 .
dt :d_w((l-i-E)jZk[n]k]—dn/_(%_i_e)

> [n’jk])

J.kely

1 A
= d_n/((l +e)dy —A) —dy) < _E+E

S g (0o X () R )

J.kel

or

= () —dy) =2 =2+
— €)dy)—dy)——-<—=+e.
~dy "dT d
Finally, choosing € small enough we get that — 2‘—1 +€ < 0, and then for big enough
t we get that

Ly(t) < (—2 —I—e)t + 1, (0),

which means that [,/ (¢) converges to zero in finite time and the Ricci flow is not
immortal. U

5. Convergence results for awesome metrics

We will further our long-time behavior analysis of awesome Ricci flows by exam-
ining the long-time limit solitons we obtain by appropriately rescaling the Ricci
flow solution g(z). We first investigate the case where the universal cover of G/ H
is not contractible, i.e., it is not diffeomorphic to R” so that by Theorem 4.8 the
extinction time is finite and later in Section 5.2, the contractible case, when G/ H
is diffeomorphic to R", where the flow is immortal.
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5.1. The noncontractible case. Let us consider the following formula for the
scalar curvature R(g) of an awesome metric g which easily follows from the Ricci
curvature formula (3-6):

d: .
(5-1) R(g) = Z 27—2[%]#.
- J i

We immediately see from the equation above that

dim [
20

which in turn means that if the scalar curvature blows-up, then the smallest eigen-
value in the [-direction goes to zero.

Bohm [2015, Theorem 2.1] showed that every homogeneous Ricci flow with finite
extinction time develops a type-I singularity, namely, that there is a constant C(gg)
that only depends on the initial metric go such that we have for the norm of the
Riemann tensor Rm(g) along the Ricci flow the upper bound

(5-2) R(g) <

(go)
T —

for t € [0, T'), where T is the maximal time for the flow. Even more, if we assume
R(go) is positive, he showed that along a finite extinction time homogeneous
Ricci flow the Riemann tensor is controlled by the scalar curvature [Bohm 2015,
Remark 2.2] and that there are constants c(gp) and C(go) only depending on the
initial metric go such that

IRm(g(t)lgr) <

c(go) C(go)
T t<R( g(®)) < T

fort [0, T).

This gives us a natural scaling parameter for a blow-up analysis of the Ricci
flow solution g(¢). By [Enders et al. 2011], we can extract a nonflat limit shrinking
soliton from such a blow-up. In the following theorem, which is our second main
result, we show that these limits only depend on the induced geometry on the
compact fiber K/H.

Theorem 5.1. Let M = G/ H be a semisimple homogeneous space such that the
universal cover is not contractible. Let (M, g(s)), s € [0, T), be an awesome Ricci
Sflow adapted to the Cartan decomposition g =€®p. Let R(g) be the scalar curvature
of the metric g. For any sequence (Sq)aeN, Sq¢ — T, there exists a subsequence such
that (M, R(g(s3)) - g(sz)) converges in pointed C*-topology to the Riemannian
product

Eo X [Ed,
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where E is a compact homogeneous Einstein manifold with positive scalar curva-
ture and £ is the d-dimensional (flat) Euclidean space with d > dim p.

The geometry of Eo just depends on the subsequence of Riemannian submani-
folds (K/H, R(g(sa)) - 8(sa)).

Proof. By Theorem 4.8 we know that such a solution g(s) has finite extinction time;
hence by [Bohm 2015, Theorem 2.1] we know that it is a type-I flow. By [Lafuente
2015, Theorem 1.1] we can assume without loss of generality that R(g(0)) > 0, so let
us define the parabolic rescaled metric g; := R(g(s)) - g(s). By the work of Enders,
Miiller, and Topping on type-I singularities of the Ricci flow [Enders et al. 2011,
Theorem 1.1], it follows via Hamilton’s compactness theorem [1982] that along
any sequence of times converging to the singularity time 7', these scalar curvature
normalized parabolic rescalings will subconverge to a nonflat homogeneous gradient
shrinking soliton.

Moreover, by work of Petersen and Wylie [2009], we have that a homogeneous
gradient shrinking soliton is rigid, in the sense that it is a Riemannian product of an
Euclidean factor and a positive scalar curvature homogeneous Einstein manifold.

We have already seen in (3-7) that in the direction of the smallest eigenvalue of
glpxp the Ricci curvature is negative, i.e., rf < 0. Since any limit gradient shrinking
soliton is Ricci nonnegative, this implies that

lim (; : r*’(s)) =0
s—=T\ R(g(s)) ! -

In particular, for any f €lpandk € I,

An ; 1
lim <[1jk]s<l71(s) _pJ(S)) ):0
s=T pj(s)  pi(s) /) R(g(s)k(s)
This in turn implies that, for the second largest eigenvalue in the p-direction p,,

lim rg (s) < 0 as t approaches the singular time 7. Hence, once again we can
conclude that, for any j € I, and k € I,

lim ([ifk]s(m(s) - pj(s)) ! ) =0
s—T pi(s)  pa(s) ) R(g(s)k(s)

Arguing recursively, we can then conclude that, for any i, j €lyandk € I,

(5-3) lim <[2jk]s(p"(s) - pj(s)) ! ) —0
s—>T pj(s)  pi(s) ) R(g(s)lk(s)

Therefore, in the limit geometry we find at least as many linear independent direc-
tions as dim p such that the Ricci curvature is 0. This can only be the case if the
Euclidean factor in the limit has dimension at least as large as dim p. Furthermore,
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by [Bohm 2015, Theorem 5.2] we know that this dimension does not depend on
the subsequence taken.
Observe that this in particular implies

(5-4) > (&.(EX.IEY . ELD) — Q(EY, [EY . EX])) — 0,
a,B,y
where
Ea]: = tively ¥ = ————
JRGO) 1,6 (respec Ve By ¢R(g—<s>>-1,»<s>>

and {E '} (respectively {E }) is a g(s)-diagonalizing basis of p (respectively of )
with respect to the Ad(K)-invariant background metric Q := —B|ix1 + Blpxp.

Let X € [ and x; := | X ||2 . The rescaled Ricci curvature on the compact
Riemannian submanifold Ny = (K /H, &) in the direction X; = X //x;, as remarked
in (3-9), is given by

ricg, (X, X) = riey, (X, X) — 5 Tr(ad(X,) o ad(ffmp)

——ZH[XS,EP']H + > & (EN, EY1 X))

zelp i JEI,,
o.p
This means that

Iricg, (X, X;) —ricy, (X, X))
1 ~p; o~
5‘ > Q(ENEY. XD — Y g(EN.[E}. X,])?

l,jéﬁlp l»JEﬂIp
o, o,
1 = i EP F & \2
+3 Z g:(LEy , EP']. X,)%.
J.kely,
a.fp

For the first term on the right-hand side we have that

2
gs(EX E’“f )—(ng(XS,E‘k)gs (E¥, E’“’ 3‘]))
kE[[
14

and by what we observed in (5-4) this can be approximated by

2 2
(ng(xs,E‘pgs(Egu[EE-CE&])) = (ng(xs,E‘;)Q(ng,[EZ-’)E&])) +e(s),
kel kel
14 14

where €(s) > 0ass — T.
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As for the second term on the right-hand side, observe that, by Lemma 4.3, /,,(s)
grows at most linearly and p;(s) grows at least linearly, which implies that, for any
i,j€lyand k € I,

, ( 1 I (s) )
lim . =
i—~T\ R(g(s)) pi(s)p;(s)
Hence, by Cauchy—Schwarz we get that
g (EY. E}]. X,)?
1 _ Ik (s)
R(g(s)) pi(s)pj(s)

< IEE, EJNZ =) QUEY, E}1 Ef)*-
kEI[
¥
Therefore |ricg (X,, X;) —ric N, (X;, X5)| = 0 and we conclude that the Ricci
(1, 1)-tensor restricted to [ approximates the Ricci tensor given by the induced
metric on (K /H, g,) as s approaches the singularity time 7.
Let us now consider the rescaled Ricci flow solution

- t

8s(1) == R(g(s)) g(s + R(g(s))>

restricted to the submanifold K/H. The argument above could be carried out
by taking g(¢) instead of g;(0). So we have shown that the family of Ricci
flow solutions (K /H, gs(t)) is equivalent, as s approaches the singularity time 7,
to the Ricci flow solution (K/H, g,(t)), where g,(¢) is the Ricci flow on K/H
with initial metric g;(0)|x,/z. In particular, that means that the limit Einstein
factor E only depends on a convergent subsequence of the submanifold geometry
of (K/H, &s(0)|x/H)- O

5.2. The contractible case. For the sake of completeness, we want now to under-
stand the limit geometry in the case when the universal cover of our semisimple
homogeneous space is contractible.

A homogeneous Riemannian manifold M diffeomorphic to R" must be a Rie-
mannian product of a noncompact symmetric space and an R?-bundle over a
Hermitian symmetric space (see [Bohm and Lafuente 2022, Proposition 3.1]).
Hermitian symmetric spaces are a special class of noncompact symmetric spaces
which are also Hermitian manifolds. Irreducible ones correspond to irreducible
symmetric pairs (g, €£) with dim () = 1. In particular, if we write £ = £, @ 3(£)
and consider the integral subgroup K, C G with Lie algebra €, then the homoge-
neous space G/ K, is a homogeneous line bundle over the irreducible Hermitian
symmetric space G/K (for more on Hermitian symmetric spaces, see [Helgason
1978, Chapter VIII, Theorem 6.1] and [Besse 1987, 7.104]).
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An example is the product m with left-invariant metrics, which is an
R*-bundle over the product of hyperbolic planes (H?)*. It is worth mentioning
that semisimple homogeneous R-bundles over irreducible Hermitian symmetric
spaces only admit awesome homogeneous metrics (see [Bohm and Lafuente 2022,
Remark 3.2]), which is the case, for example, of SL(2, R).

Let g be semisimple of noncompact type with Cartan decomposition g =€ ® p
and b a compactly embedded subalgebra of £. Let G, K and H be Lie groups for
the Lie algebras g, £, and b, respectively, such that G/H is simply connected. We
know that G/H = K /H x RY™P is diffeomorphic to R”" if and only if [£, €] C b.
Given the reductive decomposition m = [ p, where g = h @ m, this is equivalent to

[h,]=0 and [L, 1] CH.

This implies that, for any G-invariant metric g on G/H, (K /H, g|k /) is isomet-
ric to a flat Euclidean space. If g is awesome, then by Remark 3.2 this implies that

1 a2 l; Pj Pk
| it J
ri_4d,~ Z [le](li—I- )

pire  lipe  lip;

We already know, by Corollary 4.5, that on an immortal awesome Ricci flow,
g(1)|pxp approximates ¢ - B|pxp and, by Corollary 4.7, that the blow-down of g(r)
in the [-direction goes to 0. These estimates are enough to have the following
convergence result, which is our third main result.

Theorem 5.2. Let M = G/ H be a contractible semisimple homogeneous space. Let
(M , 8(8)), s €1, 00), be an immortal awesome Ricci flow adapted to the Cartan
decomposition g =t @p, with ¢ = b @ . Then the parabolic rescaling (M, s~ g(s))
converges in pointed C*°-topology to the Riemannian product

Zoo X [Ed1m[’

where L is the noncompact Einstein symmetric space (G /K, Blyxy) and Edim g
the dim I-dimensional (flat) Euclidean space.

Proof. Let us fix the background metric Q := —B|ix1 + Blyxp and let g(s) =
Q(P(s)-,-). Let us define g, :== s~ 'g(s). Since [£, €] C h without loss of gen-
erality we can assume [ C 3(£) (just take [ L ). By [Hilgert and Neeb 2012,
Theorem 13.1.7] we have the diffeomorphism

¢:pxK/H = G/H, (x,kH)— exp(x)- -kH.

Moreover, since K /H = RY™! is an abelian group, K/H =exp(l)H.
Let us then define the 1-parameter family of diffeomorphisms

¢s:px1=>G/H, x,u)—>alx)- Bsm)H,
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with o (x) = exp(x) and B, (u) = exp(\/s(P[(s))—]u), where P'(s) is the positive
definite matrix defined by g(s)|(x1 = Q(PYs)-,-).
Let

a¢‘( )= 4 (x)- Bs(u+tENH|
8E[x u tozx s (U i =0

and notice that since K /H is abelian, we get that

0 d
(L(a(x) Bs ()~ e JE! ()C u) = (Lﬂx(—u))*(La(—x))*(Loz(x))* E,Bv (u+ IE,'[)H|t:O

1

d
= (Lpcw)e g Bslu+ tEDH|=o

d
= B UEDH|imo.
This implies
3¢>s

99
or3 (E,,E><”>—gs( P, u))
b5 (x,u)

_(d
= &8s (d_,gs (tEl‘[)|t=0» d_ﬁs(tEi[)ltzo)
t t $,(0,0)

“'O(PY(s) - V/s(PUs) T Ef, Vs(PY(s)) "1 EY)

= Q(E}. E}).
Let
RIoN d
ad)p (x,u)= —a(x+tEp) B () li=0 and A{(x, u) := (Larp,w))- 1)*a¢” (x, ).

Observe that since K belongs to the normalizer of H in G, it acts on the right
on G/H. Hence, using that a”! exp(x)a = exp(Ad(a)x) [Hilgert and Neeb 2012,
Proposition 9.2.10], we get that

Al (x, u) = (Lg,(—u))s(La(—x))x (R,Bs(u))* Ol(x-HEp)lt =0
= <L,ss(_u>)*(R,sj,@,))*(La(_x))*Za(x +tEN)]=o

(x +1E")| 10

dexp
= Ad(B;(u)) (Lexp(—x))* d

and that .A’S (x,0) = A’(x) does not depend on s.
Now observe that by [Hilgert and Neeb 2012, Theorem 13.1.5] Ad(K) is compact.

Hence, there is a constant C, such that

IAd(Bs (u)llg < C,
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in the operator norm with respect to Q. By Corollary 4.7, we have that

b5 Iy
(8 5 (X )aE‘( ))%(x,u)

= |&s <~Alg(x’ u), Eﬁs(tE;)llzo)

|¢:k§x(Elpa E;‘)(x,u)l =

$5(0,0)
=57 Q(AL(x, u), P'(s) - vs(P' ()~ E})|
= Vs |Q (A, 1), VPIS) EY)|

IP'(s)llg
S

<C AT @)l ESllg — 0,

uniformly on compact sets of p x [.
Finally, we have that

0o I
d) gs(El’E ) ) = <82~P( u, 82'3( )>¢(x u)

= & (AL (x, u), A (x, u)) g, 0.0
= &l (A (o 1), AL (oL 10)) + &elpp (A (1), AL (x, 10)).
Again by the fact that Ad(K) is compact and by Corollary 4.7, we have that

[( o

Bl (A Cr ), Al e, )| < V2202 i o147 )1 — 0,

uniformly on compact subsets of p x [. Moreover, by Corollary 4.5 we know that
8slpxp —> Blpxp and since B is Ad(K)-invariant, we get that

G lpp (AL, 1), AL (x, ) = Ol (A (x), A7 (x)),

uniformly on compact subsets of p x . Indeed, assume the contrary, then there
exists € > 0 and sequences s, — oo and (x,, #,) = (Xco, Uso) SUch that

(5-5) & lpxp (AL Gt ttn), AL (X ttn)) — Olpsep (A (x0), A/ (x0))] > €.

By the compactness of Ad(K/H), we can extract a convergent subsequence,
Ad(Bs, (un)) — Ad(exp(uy,)), uy, € t. Therefore, taking the limit on (5-5) as
n — 0o, we get that
| Qlpp(Ad(exp(u,)) - A’ (xo0). Ad(exp(uly,)) - A’ (xo0))

— Qlpxp (A (o0), A (xe0))|[ = 0,

since Q is Ad(K)-invariant.
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Observe that lexp(.Ai (x), A’ (x)) is the pullback by the diffeomorphism
exp:p—> G/K

of the Ricci negative Einstein symmetric metric of X := (G/K, Blyxyp).
Hence, we have proven that ¢} g, converges in the C*°-topology to the Riemann-
ian product Yo, x E4im, O

Remark 5.3. Since every immortal homogeneous Ricci flow is of type III [B6hm
2015, Theorem 4.1], the proof above actually shows that the parabolic rescaled flow
gs(t):= s g(st), t € (0, 00), converges in Cheeger—Gromov sense to the expanding
Ricci soliton given by the Riemannian product of the Ricci negative Einstein metric
in X+, and the flat Euclidean factor E™". This generalizes the 3-dimensional case
SL(2, R) — H? x R (see [Lott 2007, Case 3.3.5]) to every semisimple homogeneous
R-bundle over irreducible Hermitian symmetric spaces G/H, since for those every
G-invariant metric is awesome [Bohm and Lafuente 2022, Remark 3.2].
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SOBOLEV NORMS OF ._LZ-SOLUTIONS
TO THE NONLINEAR SCHRODINGER EQUATION

ROMAN V. BESSONOV AND SERGEY A. DENISOV

We apply inverse spectral theory to study Sobolev norms of solutions to the
nonlinear Schrodinger equation. For initial datum gy € L?(R) and s € [—1, 0],
we prove that there exists a conserved quantity which is equivalent to H* (R)-
norm of the solution.

1. Introduction

In the last two decades, the theory of orthogonal polynomials on the unit circle
(OPUC) has been used to obtain some of the strongest results in the spectral theory
(see, e.g., [9; 17; 18]). Bessonov and Denisov [3] have applied OPUC techniques to
characterize existence and completeness of wave operators for the Dirac evolution on
the half-line. One area where scattering theory for Dirac systems finds applications
is the so-called inverse scattering approach to the nonlinear Schrodinger equation
(NLSE). Below, we develop a general framework that enables one to use the theory
of Krein systems (a continuous analog of OPUC [13]) in the context of NLSE.
To illustrate our approach, we study the Sobolev norms of solutions to NLSE adding
to the area which attracted much attention in recent years [5; 6; 7; 15; 19; 20; 21; 23].
Our Theorem 1.2 stated below is not new and can be deduced from the results
of Koch and Tataru [21] or by using an alternative method of Killip, Visan and
Zhang [19]. However, we have developed a new and promising approach to that
problem which adapts the technique from [3] to the setting of NLSE and shows,
in particular, that the sharp regularity class used to characterize scattering in the
Dirac system can be studied in the context of Sobolev spaces. Then, we employ our
analysis to obtain Theorem 1.2 which represents the first step in applying methods
of [3] to NLSE. In the current paper, we also develop a convenient language which
we hope can be used by the spectral theory community to further study NLSE
dynamics.
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Turning to the actual content of the paper, consider the classical defocusing
nonlinear Schrédinger equation [14; 26; 30] on the real line,

.9 92
l;)_(tl = _i)é_g'i_zlcﬂzq?
qli=0 = qo,

(1-1) EeR, reR.

It is known that for sufficiently regular initial datum gq the unique classical solution
g =q (&, 1) exists globally in time. For example, if gg lies in the Schwartz class S(R),
then ¢g(-,¢) € S(R) for all + € R. The long-time asymptotics of g is known
[10; 11; 29]. For less regular initial datum gg, one can define the solution by an
approximation argument (see, e.g., [28]):

Theorem 1.1. Let go € L*(R) and let qo.n € S(R) converge to qo in L?*(R). Denote
by qn (&, t) the solution of (1-1) corresponding to qo . We have

lim flg.(-,0) —q(-, Oll2wy =0, teR
n—+00
for some function q(&,1t) : R* — R that does not depend on the choice of the
sequence qo p.

The function g in Theorem 1.1 is called the L?-solution of (1-1) corresponding
to the initial datum ¢g € L2(R). It is clear that such a solution is unique. The total
energy of the solution is its L(R)-norm and it is conserved in time:

lgC Dl = llgoll 2wy, ¢ €R.

By Plancherel’s formula, it is equal to ||(Fg)(-, )|l z2(r) Where F stands for the
Fourier transform. In this paper, we work with Sobolev spaces H*(R), s € R. The
H?*(R)-norm of a function f € S(R) is defined by

1/2
1-2) I1f sy = (/R(l + Inlz)SI(ff)(n)lzdn) :

The space H*(R) is the completion of S(R) with respect to this norm. Equivalently,
one can define it by

H' R ={feS R :(1+n*"*FfeL*R),

where S’(R) is the space of tempered distribution.

In contrast to the linear Schrédinger equation for which all Sobolev norms are
conserved, the solutions of NLSE can exhibit inflation of Sobolev norm H*(R)
for s < —% (see, e.g., [8; 20] for details). Specifically, given an arbitrarily small
positive € and s < —%, there exists a solution g to (1-1) that satisfies

(1-3) 90 €SMR), lgollwm <& Ng(,e)llasm =&,
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see [8] for that construction. This result is related to the “high-to-low frequency
cascade”. It occurs when for initial datum gg € S(R), a part of L?*(R)-norm of ¢,
when written on the Fourier side, moves from high to low frequencies as time
increases. The Sobolev norms with negative index s can be used to capture this
phenomenon. Indeed, since [|g (-, 1) || ;2(r) is time-invariant and the weight (1 +1?)*
in (1-2) vanishes at infinity when s < 0, the transfer of L?-norm from high to low
values of frequency n makes the H*(R)-norm grow.

For NLSE, the inflation of H*(R)-norm cannot happen for s > —%. Koch and
Tataru [21] discovered the set of conserved quantities which agree with H* (R)-norm
up to a quadratic term for a small value of ||qo|| g5 @) and s > —%. As a corollary,
they obtained the bounds on ||g (-, 1)| s that are uniform in time:

R4ARUE s>0,

s R = 5 (Y.
R+ R, se(-1.0), lgoll &5 w)

(14)  llgC. Dl < Cs) {
Killip, Visan, and Zhang [19] proved a similar estimate using a different method. The
estimates on the growth of H®(R)-norms are related to questions of well-posedness
and ill-posedness of NLSE in Sobolev classes which have been extensively studied
previously, see, e.g., [5; 6; 7; 15; 19; 20; 21; 23].

We use some recent results in the inverse spectral theory [1; 2; 3] to show that
there are conserved quantities of NLSE which agree with H*(R)-norm provided
that s € [—1, 0] and the value of |go|l 2y 1s under control. We apply our analysis
to prove the following theorem.

Theorem 1.2. Let gy € L*(R) and let ¢ = q(&, t) be the solution of (1-1) corre-
sponding to qo. Then,

(1-5) C1(1+ llgoll 2> llgoll vy < llg (. Ol sy
< Ca(1+ llgoll 2y~ llgoll ey

wheret € R, s € [—1, 0], and C| and C, are two positive absolute constants.

This result shows, in particular, that for a given function go : [|goll .2y = 1 whose
L?(R)-norm is concentrated on high frequencies, we will never see a significant
part of L?(R)-norm of the solution ¢ moving to the low frequencies. That limits
the “high-to-low frequency cascade” we discussed above. The close inspection
of construction used in [8] shows that the function ¢gg in (1-3) has H®(R)-norm
smaller than ¢ but its L(R)-norm is large when ¢ is small. Hence, the bounds in
Theorem 1.2 do not contradict the estimates in (1-3) when s € [— 1, —%] We do not
know whether Theorem 1.2 holds for s < —1.

The main idea of the proof of Theorem 1.2 is based on the analysis of the
conserved quantity a(z), Im z > 0, which is a coefficient in the transition matrix for
the Dirac equation with potential g =¢g( -, t). We take z =i and show that log|a(i)|



220 ROMAN V. BESSONOV aND SERGEY A. DENISOV

is related to a certain quantity IEQ (see Lemma 3.4 below) that characterizes both
size and oscillation of g. Use of IACQ in the context of NLSE is the main novelty of
our work. We study IZQ and show that it is equivalent to H~'(R) norm of ¢ with
constants that depend on its L>(R)-norm. That gives the estimate (1-5) for s = —1
and the intermediate range of s € (—1, 0) is handled by interpolation. Our analysis
relies heavily on the recent results [1; 2; 3] that characterize Krein—de Branges
canonical systems and the Dirac operators whose spectral measures belong to the
Szegd class on the real line. We also establish the framework that allows working
with NLSE in the context of well-studied Krein systems.

Notation.

e The symbol [ stands for 2 x 2 identity matrix / = ((1) (1)) and symbol J stands for
J= ((1) 7(1)). Constant matrices 03, o+, o are defined in (2-2).

o For a measurable set S C R, we say that f € LIIOC(S) is f € L'(K) for every
compact K C S.

e The Fourier transform of a function f is defined by

1 ,
F =— T
(FHH(m) M/Rf(x)e X

» The symbol C, unless we specify explicitly, denotes the positive absolute constant
which can change its value in different formulas. If we write, e.g., C(«), this defines
a positive function of parameter «.

« For two nonnegative functions f and f>, we write f; < f5 if there is an absolute
constant C such that f; < Cf; for all values of the arguments of f; and f,. We
define 2 similarly and say that f; ~ f> if fi < f> and f> < f) simultaneously. If
|31 < fa, we will write f3 = O(fa).

« Symbols {e;} are reserved for the standard basis in C*: ) = ((1)) e = (?)

e For matrix A, the symbol || A|lgs denotes its Hilbert—-Schmidt norm such that
[Allus = (tr(A*A))!/2,

2. Preliminaries

Our proof of Theorem 1.1 uses complete integrability of (1-1). In that framework,
(1-1) can be solved by using the method of inverse scattering which we discuss
following [14].

2.1. The inverse scattering approach to NLSE. Given a complex-valued function
q € S(R), define the differential operator

d
@1 Ly =ios g +ilgo- — o),
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where we borrow notation for constant matrices o3, o4+ from [14]:

1 0 01 00 01
2-2) a3=(0 _1), a+=<0 O)’ cr_=<1 O)’ a=c7_+a+=(1 O)'

The expression L, is one of the forms in which the Dirac operator can be written.
In Section 3, we will introduce another form and will show how the two are related.

Let us also define "
— LhEos _ ex 0
E(sa)\')_ez _<0 e_%s )

as in [14]. In the free case when g = 0, the matrix-function E solves LoE = %E ,
E(0, 1) = 1. Since g € S(R), it decays at infinity fast and therefore one can find
two solutions T = T+ (&, A) such that

(2-3) L,Ts= %Ti, Te = EE N 40(l), &— 400

for every A € R. These solutions are called the Jost solutions for L. Since both T
and 7_ solve the same ODE, they must satisfy

(2-4) T_(E,A)=T,¢&,MNTH), £eR, AeR,

where the matrix 7 = T (1) does not depend on £ € R. One can show that it has
the form

_(a() b SRR R N
(2-5) T()L)_(b()») m), detT = |a| |b|” = 1.

The matrix T is called the reduced transition matrix for L, and the ratio r, = b/a
is called the reflection coefficient for L,. One can obtain T in a different way: let
Z,=2724&, 1), § €R, A € C be the fundamental matrix for L, that is,

py 10
(2-6) LyZy=524 ZgO0.0) = (0 1) .

Then, we have Z,(§, 1) =T+(§, M) T ! (0, A) and the pointwise limits
(2-7) 770, 2) = lim E7HE A) Zg (5, )
E—+o0
exist for every A € R. Moreover, we have T'(1) = T+_1(0, A)T_(0, 1) on R.
The coefficients a, b, and r, were defined for A € R and they satisfy |a |2=1+41b?,
1 —|ry, |> = |a|~? for these . However, one can show that a(}) is the boundary

value of the outer function defined in C; = {z € C : Im z > 0} by the formula (see
(6.22) in [14])

1 1
a(z):exp(E/K Zlogla(k)|d)»), zeCy,
RA—
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which, in view of identity 1 — |r, |> = |a|~? on R, can be written as

1 1
(2-8) a(z) = exp(—EAA — log(1 —Ir, o) dk).

That shows, in particular, that b defines both a and r,, and r, defines a and b.

The map g > r, is called the direct scattering transform and its inverse is called
the inverse scattering transform. These maps are well studied when g € S(R). In
particular, we have the following result (see [14] for the proof).

Theorem 2.1. The map q > r, is a bijection from S(R) onto the set of complex-
valued functions {r € S(R), |r|lL~m < 1}.

The scattering transform has some symmetries:

Lemma 2.2. If g € S(R) and A € R, then
(dilation) Fage) (V) =rge) (@ 'h),  a>0,
(conjugation) rze) () =ryi)(—=2),
(translation) — ry—g)(A) =rye)(A) e M reR,
(modulation)  1,-ipege) (M) =196 (A +B), BeR.
(rotation) Fuge)(A) = urge) (M), nweC, |ul=1.
Proof. Indeed, the direct substitution into (2-3) shows that if T(£, A) are Jost
solutions for g (&), then:
(@) Ti(a&, a~'1) are the Jost solutions for aq(&).
(b) T (&, —2) are the Jost solutions for q(_é)
(c) TL(§ — ¢, 1) E(£, A) are the Jost solutions for g(§ — ¢).
(d) E(—&, B)T+(&, »+ B) are the Jost solutions for e =% g ().
(e) ((1) 2) Ty (&, k)((l) g) are the Jost solutions for ug (&), |u| = 1.
Now, it is left to use the formula (2-4) which defines 7. A computation using (2-5)
shows how a and b change under symmetries (a)—(e). For example, the translation
does not change a and it multiplies b by e~**. The modulation e~#¢ g (£), however,

gives a,-ips 45y (L) = ag(e)(A + B). Then, the claim follows from the definition of
the reflection coefficient r, = b/a. (I

The next result (see formula (7.5) in [14]), along with the previous theorem,
shows how the inverse scattering transform can be used to solve (1-1).

Theorem 2.3. Let gy € S(R) and let ryy = ry (1) be the reflection coefficient of L.
Define the family

(2-9) ru =, 0), LeR, 1R
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Foreacht e R, let g = q(&, t) be the potential in the previous theorem generated
byr(r,t). Then, g = q(&, t) is the unique classical solution of (1-1) with the initial
datum qo. Moreover, for everyt € R, the function & — q (&, t) lies in S(R).

The solutions to the NLSE

g d%q

—=——
ot 0&2

behave in an explicit way under some transformations. Specifically, we have:

(2-10) +2lql%q

(a) Dilation: if g (&, t) solves (2-10), then ag(c&, o?t) solves (2-10) for every
o #0.

(b) Time reversal: if g (&, t) solves (2-10), then g (&, —t) solves (2-10). In particu-
lar, if g is real-valued, then g (&, t) = q (&, —t).

(c) Translation: if g (&, t) solves (2-10), then g (§ — £, ) solves (2-10) for every
L eR.

(d) Modulation or Galilean symmetry: if g (&, t) solves equation (2-10), then
eivé_iUQ’q(é — 2vt, t) solves (2-10) for every v € R.
(e) Rotation: if g (&, t) solves (2-10), then ug (&, t) solves (2-10) for every u € C,
lul=1.
These properties can be checked by direct calculation (see, e.g., formula (1.19)
in [15] for (d)) and a simple inspection shows that the bound (1-5) is consistent
with all these transformations. The statements of Theorem 2.3 and Lemma 2.2 are

consistent with these symmetries as well.
Now, we can explain the idea behind the proof of Theorem 1.2.

The idea of the proof for Theorem 1.2. One can proceed as follows. First, we
assume that gg € S(R) and notice that conservation of |r(X, t)|, A € R, guaranteed
by (2-9), yields that log|a(i, ¢)| is conserved, where a(z, t) is defined for z € C
by (2-8). Separately, for every Dirac operator L, with g € L*(R), we show that
log|a(i)| is equivalent to some explicit quantity IEQ that involves ¢g. That quantity
was introduced and studied in [1; 2; 3]: it resembles the matrix Muckenhoupt A;(R)
condition and it is equivalent to H ~I(R) norm of ¢ provided that ||q || 2, is under
control, e.g., |lg |l L2y < C with some fixed C. Putting things together, we see that
Sobolev H~!(R) norm of q(-,t) does not change much in time provided that the
bound ||g (-, D)2 < C holds. Since [|g (-, ) .2r) = 90l .2 () 1s time-invariant,
we arrive at the statement of Theorem 1.2 for gg € S(R) and s = —1. For s =0, the
claim of Theorem 1.2 is trivial. The intermediate range of s € (—1, 0) is handled by
interpolation using Galilean invariance of NLSE. The general case when go € L*(R)
follows by a density argument if one uses the stability of L2-solutions guaranteed
by Theorem 1.1.
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There are other methods that use conserved quantities that agree with negative
Sobolev norms. The paper [19] uses a representation of log|a(i)| through a pertur-
bation determinant. Then, the analysis of the perturbation series allows the authors
of [19] to obtain estimates similar to (1-4). It is conceivable that this approach can
provide results along the same lines as Theorem 1.2.

To focus on the Dirac operator with g € L2(R), we first consider this operator
on half-line R in connection to Krein systems that were introduced in [22].

2.2. Operator L, and Krein system. Let A : R, — C be a function on the positive
half-line R, = [0, +00) such that

[0|A<s>|ds <00

for every r > 0. Recall that we denote the set of such functions by Llloc([RJr). The
Krein system (see (4.52) in [13]) with coefficient A has the form

{P’(s,x)=ixP(§,x)—/Ts)P*<s,A>, PO, 1) =1,

2-11)
P&, 1) =—AE)P(E, 1), P.(0, %) =1,

where the derivative is taken with respect to £ € R4 and A € C. Let also

{ﬁ’@,x)=ixﬁ<s,x>+@ﬁ*<5,x>, PO, =1,

(2-12) ., A i
P&, ) =A@ P& ), PO, 1) =1,

denote the so-called dual Krein system (see Corollary 5.7 in [13]). Set

P(2E, 1) iﬁ(ZS,A))

] _ —ixg R
(2-13) Y. M =e (p*(zg,x) —i P (28, 1)

The matrix-function Z,, which was defined in (2-6) for g € S(R), makes sense if
we assume that g € L}OC([R{). In the next lemma, we relate Y to Z,,.

Lemma 2.4. Letq € LIIOC(R), AQRE) = —%q(_é) on Ry, and Y be the corresponding

matrix-valued function defined by (2-13). Then, Z,(§,21) = oY (&, ) Y10, Mo
for& >0and A € C.

Proof. The proof is a computation. We have

LY &1 d (PQE N iPQE M)

— e i L ’ LS, (GO —

=Mlo3Y(E,A) +ioze dE (P*(Zé,k) —iP*(2.§,k)) +i(go_ —qop) Y (&, M),

=2ia3e_mg<ilP(2-§,k)—A(2§)P*(2§,k) —MS(Z%',A)+i/§(2§)ﬁ*(2§,k)>
—AQ8§)P(2&, 1) —iAQE)P (28, 1)

+i(qo- —qoy —iko3)Y(§, 1).
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The second summand equals

l-e—im(—ik —q)(ms,x) ié(zs,x)>
g ix)\P.(2E, 1) —iP.(2&, 1)
‘o u\&(‘l)\P(zf 1) = q P28, 2) AP (Q2E,3) +iqPu(28, ,\))

qPQ2&, X)) +iLP.(28, 1) zqP(ZS A) +AP(28,0)
Using relation 2A(2£) + g(§) = 0, we obtain

LV (6,0 = ie-i ((FP@ED) —RPQEMN e
IAP(25, ) AP.(26,2) .
Since 0030 = —o03 and 000 = 0, one has 0 L;o = —L,. Therefore,

Ly(cY(E,M)o)=Ar(0Y(,N)0).

It follows that matrix-valued functions Z,(§,2A) and oY (&, 1) Y10, 1) o solve
the same Cauchy problem. Thus Z,(§,21) =0 Y (§, A) Y10, M) o, as required. [

Lemma 2.5. Let g € L]OC([R{), let A(2¢) = %q(—é) on Ry, and let Y be the
corresponding matrix-valued function defined by (2-13). Then, we have that
Z,(—E,20) =Y (E, MY (0, 1) for € > 0and 1 € C.

Proof. Recall that matrices 03, 04, o are defined in formula (2-2). Using relations
0030 =—03 and 0oy 0 =0+, we see that L; Zq = Zq, where g (&) = —q( &) and
Z & M) =02, ( é A)o Then, Lemma 2.5 apphes tog, Z;(&,2)) = Z ¢, 21)
and AQRE) = q(f) = 2q( £). It gives Z ¢, 20) =0Y(§, A)Y 10, M)o. Now
returning to zq, we get Z,(—£,21) =Y (£, 1) Y~1(0, A). O

Given g € L*(R), we define the continuous analogs of Wall polynomials (see [16]
and Section 7 in [13]) by

F=(PEH P, A =P+ P,

(2-14) .
B* = 1(PF - P)), %i L(PE - PH),

where P*, PjE PjE PjE are the solutions of systems (2-11), (2-12) for the coefficient
At (€)= q(é /2) from Lemma 2.4 and the coefficient A~ (§) = 2q( &/2) from
Lemma 2.5, correspondlngly Functions P, P, P=, PjE are continuous analogs
of polynomials orthogonal on the unit circle, they depend on two parameters: & € R4
and A € C and they satisfy identities (see (4.32) in [13]):

(2-15) PE@E, M) = PEE, L),  PEE, L) = PEE, L)

for real A.
We will use the following result (see Lemma 2 in [12]) which contains a stronger
statement.
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Theorem 2.6. Let A € L>(R.,) and let P, P, be the solutions of system (2-11) for
the coefficient A. Then, the limit

(2-16) ) = lim P.(§,X)
§—~>+o0

exists for every ) € Cy. That function Il is outer in C;. If A € R, the conver-
gence in (2-16) holds in the Lebesgue measure on R where T1(A) now denotes the
nontangential boundary value of T1.

The above theorem allows us to define

(2-17) at() = lim AFE, L), bTO) = lim BEE, A
E—>+4o00 &—>+o00

for every A € C, and for almost every A € R. Also, Corollary 12.2 of [13] gives
(2-18) = ()P =1+ 6= (W)
for a.e. A € R. For every A € C,, we define
a)=a" (M) a" () —bTA) b~ ().
Proposition 2.7. The function a is outer in C.

Proof. We can write
a=ata " (1-sts7), sT:=b%a.

It is known that a* are outer (see (12.9) and (12.29) in [13]) and that s* satisfy
|s¥| < 1in C,. The function 1 —s*s~ has a positive real part in C, and so is an
outer function. That shows that a is a product of three outer functions and hence it
is outer itself. O

Proposition 2.8. Let g € L*(R) and let Z, be defined by (2-6). Then, the limits
in (2-7) exist in the Lebesgue measure on R. The matrix T (A) = TJ:1 (0, M) T_(0, 1)
has the form (2-5) where

(2-19) a=ata"—=bt6", b=a bt —bat,

and o, bt are defined Lebesgue almost everywhere on R by the convergence

in (2-17) in measure.

Proof. If ¢ € L*(R), the fundamental matrix Z, and the continuous Wall polynomi-
als (2-14) are related by

PR (;‘1(25, A) %:(257 )»))’ £>0,
L (26,0) RAT(28,2)

emg(%(—%,/\) 28;(—25,@) ‘-0
B(—2£, 1) A (=2£,1))° :

(2-20) Z,(,2)0) =
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Indeed, it is enough to use Lemmas 2.4 and 2.5 and the fact that Y ~1(0, 1) = %( _} f)
Our next step is to prove that the limit

(2-21) 710,220 = . 1ir+n E~NE, 20) Z,4(8,20)

exists in Lebesgue measure when A € R. From (2-15), we obtain

1 (1 0 At(2g,0) BHQE, A
bR e = (0 em) <‘Bi<2s,x> ths,x))

B (Qﬁ(zs,,\) %+(2g,x)>
T \BHQE, L) ATQ2E, M)

for every £ > 0 and A € R. Similarly,

_ e 0 A28, 1) B (25, 2)
1 _ * *

=<m—(s 93—(25,»)
B8, 1) A&, 1))
Hence, the limits

(2-22) 7.0, 20) :snrf E~N(E,20) Z,(8,20)

exist in Lebesgue measure on R by Theorem 2.6. Moreover,

T(2)) = T'(0,20) T-(0, 21)
B (a+(/\) b+(x>) (a—m b—m)‘l
—\bt() at(W)/\b~ (L) a~ (L)
@(a*(x) b*(M)( a” (1) —b—(m) _ (a(x) iTx))
bt ot W) \-bm ) e/ b)) a)

and the proposition follows. ([l

We end this section with a few remarks on reflection coefficients of potentials
in L2(R). We have |a|?> — |b|> = 1 almost everywhere on R due to the fact that
det 7L (0, A) = 1 almost everywhere on R. That can also be established directly
using (2-18). Proposition 2.8 then allows to define the reflection coefficient r, =b/a
for every g € L?(R). Lemma 2.2 holds for r, in that case as well. However, not all
results about the scattering transform can be generalized from the case g € S(R)
to ¢ € L>(R). For example, the scattering transform is injective on S(R) by
Theorem 2.1, but it is no longer so when extended to L?(R) (see Example A.8).
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3. Another form of Dirac operator, ¢ € L*(R), and the entropy function

Suppose g € L>(R). The alternative form of writing the Dirac operator L, on the
line is given by

—Img —Reg
-1 Do: X X' X =
(3-1) 0: X JX'+0X, 0 (_Req Imq),
where Dy is densely defined self-adjoint operator on the Hilbert space L*(R, C?) of
functions X : R — C? such that ”X“iZ(R 02 = f|R||X(§)||é2 dé& is finite. Operators

Dy and L, defined in (2-1) are related by

11 1 i
_ -1 L -1_ 1
Do=XL,¥, EFﬁ(—i i)’ z _ﬁ(l —i)'
One way to study Dy is to focus on Dirac operators on half-line R first. Given
q € L*(Ry), we define D, on L*(Ry, C?) by

—Img —Regq
; +. / —
(3-2) Dyp:X—=JX +0X, Q: <—Req Imq)

on the dense subset of absolutely continuous functions X € LZ(R+, C?) such that
DJQFX e L’(Ry, C?), X(0) = (z) We will call DE the Dirac operator defined
on the positive half-line with boundary conditions X (0) = (3) or simply the half-
line Dirac operator. Set A(§) = —1¢(€/2) for £ € Ry, and let P(&, 1), Py(&, )
be the solutions of Krein system (2-11) generated by A. The Krein system with
coefficient A and Dirac equation (3-2) are related (see the proof of Lemma A.9

in Appendix) as follows: if Ny solves the Cauchy problem
01
e 1\ (AF (28, 0) BFQE, N\ (1 —i
Noe =" (1 T)(2:25» B, 51 ).
2 \i —iJ\'BTQRE 1) ATQRE AN S\

where the continuous Wall polynomials 2T, B+, A}, B were defined in (2-14).
The Weyl function of the operator DJQr coincides (see Lemma A.9) with

1
ING(E )+ Q&) No(§, A) =ANg(&, L), NQ(OJ)=< 0>,

then

P
(3-3) mg(z) = sETool Pt eC,.

It is known (see Theorem 7.3 in [13]) that the limit above exists for every z € C, and
defines an analytic function of Herglotz—Nevanlinna class in C,. The latter means
that mo(C;) C CL. In Theorem 3.1 below, Imm o(A) denotes the nontangential
boundary value on R which exists Lebesgue almost everywhere. It is understood as
a nonnegative function g = Imm on R and it satisfies g/(1 + A?) € L'(R).
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Theorem 3.1. Let g € L*(R;) and let Q, D}y, mg be defined by (3-2) and (3-3).
Denote by Ng the solution of the Cauchy problem JN’Q(é) + Q@) Ng() =0,
Np(0) = ((1)(1)), and set Hg = NENQ. Define also

(3-4) K5 =logImm (i) ! / logImm (1) .
- = mo()— — m -,
o TiogImMot) = o | OB MOt
- +0o k+2
(3-5) K =Z<det \ %Q(s)ds—4>.
k=0

Then, we have

~ +
(3-6) c1lKh <Kh < cpe’o
for some positive absolute constants cy, c;.

Proof. Lemma A.9 shows that m o coincides with the Weyl function for the canonical
system with Hamiltonian # . Then, the bounds in (3-6) follow from Theorem 1.2
in [2] (see also Corollary 1.4 in [2]). O

The quantity ICE will be called the entropy of the Dirac operator on R;. We
now turn to (3-1) to define the entropy for the Dirac operator on the whole line.
Take ¢ € L*(R) and let A*(§) = —1¢(€/2) and A~ (§) = 1q(—£/2), & e R be
the coefficients of Krein systems associated to restrictions of g to the half-lines R
and R_. As in (3-3), the half-line Weyl functions m . are introduced by
PEE )

(3-7) my(z) = lim i

, zeC..
§—+o0 PE(E, 7) "

These Weyl functions m 4 can be used to construct the spectral representation for
the Dirac operator. Let

(3-8) m(2) = — ! (—2m+(z)m—(z) m+(z)—m—(z))’ ceCy.

my(z) +m_(z) \m4+(z) —m_(2) 2

Using Imm 4 (z) > 0, one can show that Imm(z) is a positive definite matrix for
z € C4. In other words, m is the matrix-valued Herglotz function. Therefore,
there exists a unique matrix-valued measure p taking Borel subsets of R into 2 x 2

nonnegative matrices such that
1 A
— do()), eC,,
(A—z x2+1) PO, zely

m(z)=a+ﬁz+l/
T

R

where «, B are constant 2 x 2 real matrices, 8 > 0. The importance of p becomes
clear when we recall the spectral decomposition for Dg. Specifically, let No (&, z)
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be the solution of the Cauchy problem
0 10
where z € C, & € R. Then, the mapping

1 *
(3-10) Fpy i X > ﬁ/RNQ(s,A)X(S)dS, reR,

initially defined on the set of compactly supported smooth functions X : R — C2,
extends (see Appendix) to the unitary operator between the Hilbert spaces L (R, C?)
and L?(p) where

L*(p) = {Y ‘R— C?: ||Y||§2(p) = fRY*(A) do(M) Y (V) < oo}.

Moreover, Dy is unitarily equivalent to the operator of multiplication by the inde-
pendent variable in L?(p) and the unitary equivalence is given by the operator Fpy-
In fact, these properties of p will not be used in the paper, we mention them only
to motivate the following definition. Let us define the entropy function Ko (z) by

1 Imz
(3-11) Ko(z) = ——/log(detpac(k))—zdk, z€Cy,
T JRr A —z|

where p,. denotes the absolutely continuous part of the spectral measure p and it
satisfies pgc(A) = limg_, 0 ¢~0 Imm (A +ie) for a.e. A € R. The quantity Ko will
play a crucial role in our considerations. We first relate it to the coefficient a of the
reduced transition matrix 7° which was introduced in Proposition 2.8.

Lemma 3.2. We have det p,.(A) = |a(X)|™2 for almost all . € R. In particular,
Ko(z) =2logla(z)| forall z € C,.

Proof. From the definition (or see page 59 in [24]), one has

Imm,y (z) Imm_(z)
Im4(2) +m_(2)|*’

(3-12) detImm(z) =4 zeC,.

Substituting expressions for

mi(z) = hm i i(s D _ @) ) zeC
* T PEE D) @R *

into (3-12), we obtain
det pc(A) = lim detImm(X +i¢)
e—>—+0

— lim (ot +ie)? = bt (A +ie)H(a" (A +ie)|> — b~ (A +ie)|?)
T 140 lat(A+ie)a~ (A +ie) — bt (A +is) b- (A +ig)|?
1

" e
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for almost every A € R and the first claim of the lemma follows. The second claim
is immediate because a is an outer function as we showed in Proposition 2.7. [

Consider again the half-line entropy functions

KE(z) =1 L[ mz_, C
0 Z)— OgImmi(Z)—; Oglmmi(k)m )\,, zely.

We see that IC+ (i) coincides with the entropy (3-4) for the restriction of Q to [RE+ (that

explains why we use the same notation for the two objects), and K Q(z) (z)

for the potential

—Img(—§) Reg(—§)
Reg(—§) Imgq(-§)

Our plan now is to relate ICE (i) with Ko (i) and then use the fact that the full-line
entropy Ko (i) is conserved, see Lemma 3.2. That will eventually lead to the proof
of Theorem 1.2.

Lemma 3.3. Let g € L*(R) and let qe(&)=q(&E—1), where £ e R and & € R. Denote
by Qg the matrix-function in (3-1) corresponding to qs. Then, ICJQFK (z) = Ko(2),
Ky,(@) = 0as t — +oo forevery z € Cy.

Q_<s>=( ) £cR,.

Proof. Take z € C. Expression K, (z) + K, (z) equals

1 Imz
log(Im my, +(2) Immg,_(z)) - log(Im me (M) Immg,_()\))md)\
R _
for the corresponding Weyl functions m, +. We also have
’ 1 Imz
log|myg 1 (z) +me _(2)|° = - log Ime +(A) +me— (M) FRE: dx

by the mean value theorem for harmonic functions. From (3-12), it follows that
Immy, 1 (z) Immy,_(2)
Ime,+(2) +me,— (2|

Notice that Ko, (z) does not depend on £ € R because the coefficient a in Lemma 3.2
for the potential Q, does not depend on £. So, we only need to show that

K, (@) + Ky, (z) =log (4 ) +Ko,(2).

I I _
IC@(Z) — 0 and log(4 mme,+(z) Imme, (Z)) — 0,

Ime4(2) +my—(2)?

when £ — 400 and z € C;. The second relation follows from my 4 (z) — i,
my,_(z) — i, which hold because g, tends to zero weakly in L*(R) as £ — 400
and [|q¢llz2w) = llgllL2w) (see Lemma A.10). Moreover, relation my,_(z) — i
implies that K, (z) — 0 if and only if

di — 0.

(3-13) —/loglmmg _(A)M Z|2



232 ROMAN V. BESSONOV aND SERGEY A. DENISOV

In the rest of the proof, we will show that (3-13) holds. Let a,, b, be the limits
of continuous Wall polynomials corresponding to Q,. Consider s, := b, /a, .
Formula (12.57) in [13] gives

o I+ime _(2) ag (2) —b, (@)
s, (2) = —ime ) my,—(z) = —ae O+b @)

It implies that Imm, _ (1) = |a, (A) + bg_()»)l_2 when A € R and that s, (z) — 0
when ¢ — +o00 and z € C,.. Now, we can write

/1 I )—==_an 1/1 ( ! )Imz dx
— | logImm, _ = — | log - -
|)» | T JR la; (&) + b, (W)I2) [h—z]?
1

2o @ +b; @

g — + log — .
la, (2)]? 11+s, (2)?

Therefore, it remains to show that |a, (z)|*> = 1 as £ — +oo. That holds because
lge,~ 22w,y — 0 as £ — +o00 and

1
”q@ —||L2(R+) /loglaz ()\,)| di

Im Imz
> 10g la; (W)
T

| | dr =1Imz-logla; (2)I%,

where the first equality follows from ||qg, ,||L2(R ) = 2| Ay, ,||L2(R ) and (12.2)
in [13]. Since log|a, @)> >0, equation (3-13) holds and we are done. Ol

As an immediate corollary of Theorem 3.1 and Lemma 3.3, we get the following
estimate.

Lemma 3.4. Let g € L>(R). Denote by Ny the solution of the Cauchy problem
INGE)+ Q) No(§) =0, No(0) = (), and set Ho = N{Ng. Consider

k+2
(3-14) Ko:=Kg(), Kg:= Z(det Ho(E)ds — 4).
keZ k
Then, we have
(3-15) 1Ko <Kg <erKge?re

for some positive absolute constants cy, c;.

Proof. By Lemma 3.3, we have Ko = limy_, ;o ICJé[. It remains to substitute Q,
into the estimate (3-6) and take the limit as £ — +o0 for £ € Z. ([l
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4. Proof of Theorem 1.2
The following result will play a crucial role in what follows. We postpone its proof
to the next section.

Theorem 4.1. Suppose g € L*>(R) and let Ng satisfy JN +0ONg=0, No(0) =
where Q := (qu Req) Then,

Reg Img
—CIR CaR [, 112
@-1) RG-S Ko S €K gl gy
where R := ||q| 2w and Cy, C; are two positive absolute constants.
Proof of Theorem 1.2 in the case s = —1. First, assume that gp € S(R) and let

q (&, t) be the solution of (1-1) with the initial datum gg. We want to prove that

4-2) Ci(1+ ||6]0||L2(R))_2||610||H—1([R) <l D1
< 1+ llgoll 2@ * 90l -1 ) -

We have ||q(-, )|l r2w) = llqollL2w) for all 7, see (4.33) in [14]. Let a(z, 1) denote
the coefficient in the matrix (2-5) given by g (&, t). For each r € R, define Q by (3-2).
Let INCQ(I) be as in Lemma 3.4 and K¢ (z, t) be defined by (3-11). Formulas (2-8)
and (2-9) show that a(z, t) is constant in # and Lemma 3.2 says that K (z, t) is
constant in ¢ as well. The bound (3-15) yields

4-3) ClKQ(i, 0) < /%Q(t) ) ICQ(i, 0) e©? KQ(i,O).

Assume first that R := |lqoll 2@ < 1. Taklng t =0 in (4-3) and applying (4-1)
to qo, we get ICQ(z 0) < 1since [Igoll g1y < R < 1. Hence, in that case (4-3) can
be written as ICQ(t) ~Ko(,0). By Theorem 4. 1 llg (- t)||2 HA®) IEQ(t), and
0 19Dl 1 5y ~ g O 1 g

If R :=|lqoll 2@ > 1, we use dilation. Consider g4 (§, 1) = aq(aé, o 2t) which
solves the same equation and notice that ||qy || .2 = @ 12R.

Let o = o, = R~% < | making ||gq, | L2(r) = 1. Then, for the Sobolev norm:

12

1
@4 el Dl g =a'? </le(ifq)(n, azt)lzdn)

Since
4-5) ! < ! < !
L+n? " 1+a2n? = a2(1+1%)]
one has
a1 e Ol g1 <lge. o Ol 1@< g (-, a2 Ol g-1w)-

In particular, at = 0 we get

allgC 0 a1 @ < g O lg-1@ < o2 lg (-, 0l g1
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Since [|ga, (-, 0)l[2@r) = 1, one can apply the previous bounds to obtain
ga. (s Ol a-1®) ~ 1Ge (-5 Ol g-1 () -
Then,
a!lg (-, o2 Dllg-1@ S e Ol 1@y S P la (- Ol g1y
a; PlgC el Dllg-1@ 2 190, Ol g-1m) 2 @2 1g (- 0l g1y

Recalling that o, = R —2_ we obtain

R2gC 0l 1@ S gL Ol S REIgCL O -1y

for all + € R. Finally, having proved (4-2) for gp € S(R), it is enough to use
Theorem 1.1 to extend (4-2) to go € L*(R). O

Our next goal is to prove the estimate

(4-6) Ci(1+ lgoll 2@)* Igoll s @) < g (-, Ol sy
Co(1+ lIgoll 2qy) ™ llgoll 75 w)

where t € R, s € (—1, 0], and C; and C, are positive absolute constants. For s =0,

NN

this bound is trivial. To cover s € (—1, 0), we will need some auxiliary results first.
One of the basic properties of NLSE which we discussed in the introduction has to
do with modulation: if ¢ (&, t) solves (2-10), then §, (&, 1) = ¢!~V g (& — 2vt, 1)
solves (2-10) for every v € R.

Lemma 4.2. Let gy € L%(R), t € R. Then,

(Fa)(n. 1)
gl+m+ov? "

Proof. 1t is clear that ||e_i“2’f||H_|(R) = || fllg-1(w) for every f € H~'(R) and
t € R, because e~V i

is a unimodular constant. We have
FeEqE —2vt, ) () = (FgE, 1) —v) e 20 peR
Since |e~2V(1=¥)| = 1, it only remains to change the variable of integration in

- _ [I(FqE ) —v)?
Gull -1y = . 42

to get the statement of the lemma. [l

1G5 DIy =

dn

The next result is a standard property of convolutions.

Lemma 4.3. Lety € (—%, 1] and set ay = fork € Z. We have

1
(k%)

I C— 1 LeR
2 by 2™y’ :
1+ (n—k) T+
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Proof. After comparing the sum to an integral, it is enough to show that
/‘ du ~C 1
R (L+u2)? 1+ 0 —w?) A+
The function on the left-hand side is even and continuous in 1 and y, so we can
assume that n > 1. Then,

/ du N 1
—ul<05; L+ u2)y A+ m—uw)?)  A+n>)7’

2\ Y 1 25
|r7—u|>0.517(1 MZ))/(I (77 ”) )

and

where

du /2 dy du
1) := 5 S T oy
u<—n/2,u>3n/2(1+u )V(1+(77—M) ) —o0 U v 3n/2 U 4
< C}/n_]_zyv

T ::/ > du 5 Sn‘zf —duz <o
ul<ns2 (I +u2)Y (1 +(n —u)”) lul<ns2 (1 +u=)?
Combining these bounds proves the lemma. U
Proof of Theorem 1.2 in the case s € (—1,0). We can again assume that gg € S(R).
Recall the estimate (1-5) for s = —1:

4-7) C1(L+ lIgoll z2) 2 llgoll -1y < g (-, Ol -1 gy

Co(1 + llgoll L2 * 190l 111 -

NN

According to Lemma 4.2, we have

[(Fq(-,)mI?
1+ (v+n)?

(4-8) 1G5 Oy = A

for g,(&,1) = eivs_ivth(é — 2vt,t). Let ar, k € Z, be the coefficients from
Lemma 4.3 with y = —s. Then, (4-8) and Lemma 4.3 imply

(4-9) Y arllgeC Dl g ~ CsllgC Dl -
kez
In particular, taking t = 0 gives
(4-10) Dkl 03 ~ Csllgoll s -
keZ
We now apply (4-7) to g and use (4-9) and (4-10) to get
g (-, Dllas @

< Ca(s) (A + llgoll L2y
llgoll &5 ®)

@11 Ci)+ llgoll2w) > <
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If R:=llqollL2®) < 1, we have the statement of our theorem. If R := |lqoll.2) > 1,
we use dilation transformation like in the previous proof for s = —1. Con-
sider g4 (§,1) := aq(a§, «?t) which solves the same equation and notice that
Igall 2@ = '/*R. Let @ = o = R~ < 1 making ||¢a, || ;2@ = 1. Then, for the
Sobolev norm, we have

1 1/2
Iga (- )l s ) =al/z(/ﬁ&m|(fq)<n,a2z)|2dn) :

From (4-5), we have
1 - 1 < 1
(1+n2)|s| = (1+0Q2-772)|S| = ag'sl(l _i_nz)ls\'

Then, one has

1/2 1/2)— |S|||q(

g (s Ol @ <qa, (- Ol s @ <al a2 Ol )

In particular, taking t = 0 gives us

a2l Ol @) < 4o, (. Ol <l Mg (- 0l w)-
Now [|ga (-, 0)|lL2@) = 1 and we can apply the previous bounds to get

Nga. s Ol s @) ~ N1ga, (- Ol a3 @w)-

Then,

a2l (o Dl @ S e, L Ol @ S @l gL 0w,

P Mg (L Dlmw 2 e, L Olla@ 2 e ? g (-, Ol @

Recalling that o, = R~ 2= ||q0|| L2y e obtain

-2
lgol, 20 g (. O)llsey S g (- Dl sy S ol gy g (- O)ll sy

for all € R. |

Our approach also provides the bounds for some positive Sobolev norms. The
following proposition slightly improves (1-4) when s € [0, %), lgoll 1+ w) 1s large,
and [|qoll 12 () 1s much smaller than ||qo || g+ (w)-

Proposition 4.4. Let gy € S(R) and let g = q(§, t) be the solution of (1-1) corre-
sponding to qo. Then, for each s € [0, %) we get

(4-12) lgC-, Ollas® ~ Csllgoll s w)
i llqoll 2w < 1 and
(4-13) lg (-, Dl < Colliqoll ¥, + Igoll )

i llgoll 2@y > 1.
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Proof. In the case when |[|g || 2 < 1, the proof of proposition repeats the arguments
given above to get (4-11) except that the constants in the inequalities depend on s
and can blow up when s — 5 Suppose g1l z2ry = 1. Then, for the Sobolev norm,
we have

1/2
Iga (- Ol sy = a‘/z( fR (1+a*nH)*|(Fq)(n, azr)Fdn) :

Take o = a, and write the following estimate for the integral above:

2\S
f(l + R4) |(Fq)(n, aZ )dn

R2

~ [ iFnmaorans k[ ary ooty
[nl>R

<R 4R f L+ |(Fq)(n, a2 1) Pd.
R
Weuse [|ga, (-, 1)llp2@) =1and (4-11) to get [|ga, (-, )l 5s @ ~ Csl1ga, (- O) | s -

The previous estimate for # =0 yields [|gq, (-, O) | zs @) S 1+ R~ 1=25)1g(-, 0) | s () -
Hence, [|¢q. (-, Dllas®) < Cs(1 +R‘1_25||q(- , Ol zs(r)). We write a lower bound

||qaf(-,r>||%,.s(R>=R‘/<l+ 2)S|<fq)<n,a H*dn
ZRH f |>R2(1 + 02 [(Fg) (. o )P dn,
so we have '7
fﬂ|>R(1+n P UFq) (. af D dn < Co(RT™ + g (-, 0|7 my)-

Write the integral in the left-hand side as a sum of two:

/ (1+n2)sl(fq)(n,a3t)|2dn+/ (L+ 0D [(Fq)(n, a2 1)|*dn.
[n|>R? In|<R?

Estimating each of them, we get a bound which holds for all ¢:
/(1 + 0 1(F) (. e D dn < Cs(R* + g (-, Ol @)
R
which is the required upper bound (4-13). ([

5. Oscillation and Sobolev space H~1(R)

In this part of the paper, our goal is to prove Theorem 4.1. Let us recall its statement.
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Theorem 4.1. Suppose g € L*>(R) and let N satisfy JN’Q +0ONp=0, No(0) =
where Q := (:Imq 7Req). Then,

Reg Img
—C\R CaR [, 112
(5-1) Rl S Ko < R gl .
where R :=||q|| 2w and Cy, C; are two positive absolute constants.

Theorem 4.1 is of independent interest in the spectral theory of Dirac operators.
For example, Lemma 3.4 shows that ||g || .2(g) and [|q || -1 control the size of KCg.

The strategy of the proof is the following. In the next subsection, we show that
H~'(R)-norm of any function can be characterized through BMO-like condition for
its “antiderivative”. In Section 5.2, we consider the solution to the Cauchy problem
JN'+ QN = 0, N(0) = I on the interval [0, 1] with zero-trace symmetric Q
and Etudy the quantity det fol N*N dx, which represents a single term in the sum
for Ko. The results in Section 5.3 show that small value of Ko guarantees that the
“local” H~! norm of Q is also small. This rough estimate is used in the proof of
Theorem 4.1 which is contained in the proof of Theorem 4.1.

5.1. One property of Sobolev space H1(R). Observe that a function f € L*(R)
belongs to the Sobolev space H~!(R) if and only if
(5-2) dx < oo.

2
/f(J’)XR+ (x —y)e " dy
RIJR

Moreover, the last integral is equal to || f Ik

H®R)" Indeed, recall that F f stands for

the Fourier transform of f:

1 .
ENn=—= [ fwemax.
/ V2 [Rf
Then, from Plancherel’s identity and formula

1 : 1 1

e Yo M dx = —

V27 IR, V2l

we obtain

. ((FHP

X

”f”H Ry — znll(ff)f(XRJr )”LZ(R) RTdn

by properties of convolutions. We will need the following proposition.
Proposition 5.1. Suppose that f € LlOC([R) N H-Y(R). Let g be an absolutely

continuous function on R such that g’ = f almost everywhere on R. Then,
(5-3) I < Z/lg o Pdx <l 1 1
kez

where Iy := [k, k+2], (g); := |}—‘f1g(x) dx, and the positive constants ¢ and c;
are universal.
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Proof. Take a function f € LIOC([RR) N H~'(R) and let g be an absolutely continuous
function on R such that ¢’ = f almost everywhere on R. Assume first that f has a
compact support. The integral under the sum does not change if we add a constant
to g, so we can suppose without loss of generality that

X
gx) = / f(s)ds, xeR.

—o0o

Upper bound. Given f, define o by
X
of(x) = e"‘/ fe'dy
—00

and recall (see (5-2)) that

(5-4) Il a1y = logllL2my-
Moreover,
(5-5) oy +or=f.

For each interval I;, we use (5-5) for the corresponding term in the sum (5-3):

X k+2 X1
[ [ran-3f ( f(X2)dX2>dX1
I 1Jk k k
X k+2 X1
:/ /o(xl)dxl—i-o(x)—%/ (o(xl)—i-/ 0(xz)dxz) dxi
I 1Jk k k

after the Cauchy—Schwarz inequality is applied. Summing these estimates in k € Z
and using (5-4), we get the upper bound in (5-3) for compactly supported f.

2
dx

2
dx < lo|?dx
I

Lower bound. Integration by parts gives

[swetva= [ roa-[ ([ roas)eea

=g(x)—/ g(y) e W dy

- / (8(x) — gy e O dy.

Therefore,

k42 B 2 ey
dx<Z |g<x) g e " dy)dx

keZ

Jj+2
<ZZe - ”/ / 19(x) — g3 Pdx dy.

keZ j<k

/ fe " dy
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Using the inequality (x + y + 2)> < 3(x? + y? + z?), we continue the estimate:

Y Y e /)</|g &) P dx +1(g) 1, — (&)1, +/|g |dx)

keZ j<k
Since
Sy et “(/|g ol dx+/|g |dx> 3 [ls—tanPar
keZ j<k keZ

we are left with estimating

DD e ), — (g

kez j<k

Applying the Cauchy—Schwarz inequality for the telescoping sum

(&), Z( )1, )

s=j+1
we get
&), — (&P < k=) D HKeh, — (&)l
J<s<k—1
Then,
YD D Uk—j) D e — (&)l
kezZ j<k j<s<k—1 g
=Y W — (&> D k= e * 7.
seZ k,j:j<s<k—1
We have
Z k—j) e~ k=) — Z Z(S +m—j) e~ (tm=J)
k,jij<s<k—1 Jj<s m>1
=22 m=pe =30y mt e,
j<0 m>1 j=0 m>1

The last sum is finite and does not depend on index s. Now, the estimate

) — (&)1, P = f ()1, — g +8 — (g)r.., Pdx
ImlH—l

/|g o)1, Pdx +2f g — (gh1.,, Pdx
Is41

SY e tehyg < f|g ¢ Pdx.
se/

keZ j<k

proves that

Hence, the lower bound in (5-3) holds for compactly supported f.
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Now, take any f € L} (R) N H~!(R). The definition (1-2) of H~!(R) implies
that F f can be written as (1+i7)(Fo) for some function 0 € L?(R). Moreover, this
map f > o is a bijection between H~'(R) and L*(R) and I a1 = lloll 2@)-
Taking the inverse Fourier transform of identity Ff = (1 4+in)(Fo), one gets a
formula f =040’ where 0’ is understood as a derivative in S’(R). Since f € LIOC(R)
and 0 € L%(R), we have o’ € LIOC(IR) and, therefore, o is absolutely continuous on R
with the derivative equal to f — 0. Now, take 0, (x) = o(x)u, (x), where w,(x) is
even and

1, 0<x <n,
0, x>n+1.

Define the corresponding f, = 0, +0,,. Then, {0,} — 0 in L*>(R) and so {f,} = f
in H~!'(R) because the mapping f — o is unitary from H~!(R) onto L?(R). Also,
each f, is compactly supported and { f,,} converges to f uniformly on every finite
interval. Define g, = [; fu ds, g = [, f ds, and write (5-3) for f;. The estimate on
the right gives

> e (g Pdx < ol fullyyr
|k|<N

for each N € N. Sending n — oo, the bound
Z & ldx <allfliy- g
kI<N

appears. Taking N — o0, one has the right estimate in (5-3). In particular, it shows
that the sum in (5-3) converges. By construction,

Z/Ign @nldx= > [lg— (&)l dx+e,
kez —n<k<n—2" Tk

where €, is a sum of integrals over I_,_», I_,_1, I,_1, I,,. Since 0 € L*(R),

n—oo

lim |gn—(gn)1k|2dx=0, ke{-n—-2,—n—1,n—1,n}.
I

Hence, lim,_, o €, = 0 and, taking n — oo in inequality

Afl 1 < Z/|gn (&)1 Pdlx,

keZ

one gets the left bound in (5-3). Since all antiderivatives are different by at most
a constant and the integral in (5-3) does not change if we add a constant to g, the
proof is finished. (]
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5.2. Auxiliary perturbative results for a single interval. Notice that for any real
symmetric 2 x 2 matrix Q with zero trace, we have that V = JQ is also real,
symmetric and has zero trace. The converse statement is true as well. Hence, the
equation JN;, + QNg = 0 in Theorem 4.1, which is equivalent to Nj, = JONo,
can be written as N /Q = VN with V having the same properties as Q. Let U, (x, y)
denote the solution to

d

LU =Vm Uy, Ur(y,y) =1

and U_(x, y) denote the solution to

d
Ir U_(x,y)==Vx)U_(x,y), U_(y,y)=1I.
X

Lemma 5.2. Suppose N' = VN, N(0) = I, where V is real-valued, V € L'0, 1],
V=V* and tr V = 0. Then, for H := N*N, we have

1 1 pl1
(5-6) det [ 1@y =4 [ [ wwiee ) Uiy dxdy
1 pl
1 [ [ s lisday.
0J0

1 1 p1
57 det fo HE)ds —1=] fo /0 IU4(x. y) = U_(x, y)) er|Pdx dy.

Proof. Notice that N, U, U_ € SL(2,R) and that every matrix A € SL(2, R)
satisfies

(5-8) JA*=A"1), AT =JAH7
Also, for any real 2 x 2 matrix B, we have

det B = (JBe;, Bey) = —(JBey, Bey).
Hence,

1 1 pl
1:= det/O H(é)dSZ/O/O(JN*(X)N(X)el,N*(y)N(y)€2>dxdy

1l
= [ [N nm e N N a)dxdy,
0 Jo
For the second integrand, we have

(JN*(x) N(x) er, N*(y) N(y) e2) = (N*(y) N(») IN*(x) N (x) ey, e2).
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Then, identities (5-8) imply

N*(y) N(») IN*(x) N(x) = N*(y) J(N* ()" 'N*(x) N (x)
=J(NG)) '(N* () 'N*(x) N(x)

and, since Je; = ey and J* = —J,
(JN*(x) N(x) er, N* () N(y) e2) = (N()) T (N* () ' N*(x) N(x) en, en).
Similarly,
(JN*(x) N(x) e2, N* () N(y) e1) = = (N()) T (N* (1) ' N*(x) N(x) e2, €2).

Hence,

I=3 ff Z(N(y)) HNF ) TIN* () N(x) e, ej) dx dy

Z%/Ofotf((N(y))“(N*(y))“N*(x)N(x))dxdy

1 pl
=%/O/Otr((N*(y))‘lN*(x)N(x)(N(y))—l)dxdy.

Now, using the formula N (x)(N (y))~! = U, (x, y) we rewrite the last expression as

1 pl
:%fﬂ/(;tr(Uj';(x,y) Uy (x,y))dxdy.

Finally, (5-7) follows from U4 (x, y) € SL(2, R) by direct inspection after one
uses the identities JU 4 (x, y)J = —U_(x, y) and tr(A*A) =2 = |[(A+ JAJ) ¢, 12,
which holds for every A € SL(2, R). U

Remark. The integrand in (5-6) is symmetric in x, y because U4 (x, y) = UJ:I (y, x)
and U, (x, y) € SL(2, R). Notice also that

(U5 (x, ) Up(x, ) =243 4+ A5 =2,

where A,y is an eigenvalue of U} (x, y) U (x, y) which explains why the left-hand
side in (5-7) is nonnegative.

Lemma 5.3. Suppose real-valued matrix-function V. = (5; _zf) is defined on [0, 1]

and satisfies ||V || 10,1 < 00. Consider H := N*N, where N : N =VN,N@0)=1.
Then,

1
(5-9) det /O Hdx — 1SV, xp(CIV L 1g0.1)-
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Proof. The integral equation for N is
X
(5-10) N = I+f VNds.
0

By Gronwall’s inequality,

(5-11) NI < eXP(/O IV (sl dS> <exp(IVIlLio,1p)-

Iteration of (5-10) gives

N=1 +fodX1 +/XV(X1)(/XIV(X2) N(x2) dXQ) dxq.
0 0 0

1 1 X
/N*Ndx:]+2/ </V(x1)dx1)dx+R,
0 0 0

RIS IVIZ 0.1, €xp(C IV 110, 1)-

Since tr V =0, the identity det(/ + A) = 1+tr A+det A, which holds for all 2 x 2
matrices A, gives

Then,

1
det [ Hdx =1 S0V I g0, x0(CIV 1), 0

Lemma 5.4. Suppose real-valued symmetric matrix-functions V and O are defined
on [0, 1] and satisfy

(5-12) V= (”1 ”2> =0+0, 0=0*= <01 02>,

vy —Uj 02 —O01
(5-13) 8 := 10l z210,17 < 00,
(5-14) d = 110"l 20,17 < o©.

Consider H := N*N where N' = VN, N(0) = I. Then, we have
1 2 1

(5-15) det/%dx— I =4Z/ 19— (&) Pdx+r, Il < 8% exp(C(d+8)).

0 : 0

j=1
where
(5-16) gj :=/v‘,~ dx
0

and C is an absolute positive constant. An analogous result holds if O and 'V are
related by V.= 0 — O'.
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Proof. We will use the formula (5-7) for our analysis. Fix y € [0, 1] and take
Uy (x,y) and U_(x, y) which solve %U#x, V=VxX)Us+(x,y), Ur(y,y) =1
and j—xU_(x, y)=—-V&x)U_(x,y), U_(y,y) = I. Iterating the corresponding
integral equations, one gets

x x X1 X X1 X2
U+(x,y)=l+/de1+/ / dezdx1+fV/ f Vdxsdx,dx,
y

/ / / f Vdxsdxsdxy dx
x2
+/ / / / Vfidxqdxsdxadxy,
y Jy Jy Iy

Fix) = f V() Ur s, y) ds.
y

X x X1 x X1 X2
U_(x,y)=1 /del +/ / Vdxydx, — /V V de3 dx, dx;
¥

X2
—l—/V/ V/ V/ Vdxsdxszdx, dxy
y y y y
X2 k
—/V/ \% V/ Vf_dX4dX3dXQdX1,
y y y y

J-(xa) = f V() U_(s, y)ds.
y

Taking U, (x, y) — U_(x, y) as in (5-7) leaves us with

(5_17) U—i—(x’)’);U—(xv)’) _/x

Vdx1+ 1) + 1,

(5-18) =/ / / Vdxsdxydx,
y
X2 X3
(5—19) Iz=/V/ V/ V/ V(f++f_)dX4dX3d)C2dxl.
y y y y

Recall that V = O + O’ where O satisfies (5-13) and (5-14). These assumptions
are to be used in the following proposition. On R2 , we define the partial order

<L)

by requiring that x; < y; and x; < y».
Proposition 5.5. Suppose a matrix-function O is defined on [0, 1] and denote

(5-20) §=10l20.1),  d=10"llz20.1)-
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Let an operator Gy be given by F +— (G F)(x) = fyx(O + O’) Fds where
y € [0, 1] and a matrix-function F, defined on [0, 1], satisfies || F || Lj0,1] < 00 and
||F/||L2[O,l] < OQ. Then,

(5-21) [ ”G(V)F”/L“’[OJ] ] CM|:||F||Loc[0 1]i| M= (3+«/ﬁ 8>’
1(G e Y iz 1F 20,0 s+d 0

where C is an absolute positive constant, the norms and derivatives are computed
with respect to x.

Pl"OQf. Let b = ”F”LOO[O,I], CcC = ||F/||L2[0,1]~ Write
X
(5-22) O*(x)0(x)— O0*(y)O(y) = / ((0"'0+0*0") ds.
y
Then,

0@ = max (0° ) 0w e &) S 1omiE+2 [ 10761
_ &< 1001 +2[ 1061106 ds.

€l o<
Applying Cauchy—Schwarz inequality to the integral, integrating in y from 0O to 1
and maximizing in x gives
(5-23) 101z, S 8+ (d8)'/2,
Then,

X X
(GyF)(x) = / OFds+ OXx)F(x)—O0(y)F(y) —/ OF'ds
y y
and the estimate for the first coordinate in (5-21) follows from Cauchy—Schwarz
inequality and (5-23). Since (G()F)' = (0O + O') F, we get

1G5 F) 210,11 < (1O 1200.17 + 10" 20, 1 P I F | Loo,11

and the bound for the second coordinate in (5-21) is obtained. [l

Continuation of the proof of Lemma 5.4. We apply the proposition to Z; three
times with the initial choice of F: F = I. That gives rise to taking the third power
of matrix M: M?3, applying it to (1, 0)’, and looking at the first coordinate. As the
result, one has ||Z; || 0,17 S 83/2(8 4+ d)*/?. Therefore,

(5-24) IZ1e1ll oo go.1p2) < 87/% exp(8 + ).

Similarly, we consider Z, and use the previous proposition four times making the
first choice of F as F = f + f_. Applying the bound (5-1 1) to Ut and U_, we

get | f+ + f-llL=o, S 6 +d)exp(6+d), I f1+ fLllr201 S (8 +d) exp(8 +d).
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This time, we compute the fourth power of matrix M : M*, apply it to vector
(8 +d)exp(8+d)(1, 1)", and look at the first coordinate. In the end, one has
(5-25) 172 €1l 0,11 S 8% exp(C(d +8)).

The first term in (5-17) can be written as

/Vds:/Ods+0(x)—O(y)
¥ y
and

< 8.

~

L2([0,11%)

(5-26)

/des +0x)—0(y)
¥

For any three vectors vy, v; and v3 in R2, we have an estimate
[llvr 4+ v2 4+ v3ll = llorll] < vz 4+ v3ll < [zl + [[osll,
which follows from the triangle inequality. Multiplying with

v +v2 + sl + vl < 2fonll + fzll + [fvs
we get
o1+ v+ w317 = lvs 17| < 20wl vall + lvs 1) + Aol + lvs 1)
Applying it to (5-17) gives
2

. y) — U_(x. ) er]® - H (/ Vds) e
y

S H (fyxvcls> el

Taking the L' ([0, 11?) norm in the variables x and y of both sides and using (5-24),
(5-25), (5-26) and the Cauchy—Schwarz inequality gives

(/ Vds) e

with || < 8% exp(C(d + 8)). Recalling the definition (5-16), we get
X
H (/ Vds) el
y

1 pl 2 1
H s —veoneiParay =43 [ ) Pax
j=1

“(IZreill + 1 Z2erl) + 1 Zierll* + 1 Z2 e ||

2

f/ IV . 3) = UGy el dy = | dxdy+r,

2

2
=Y (g;(x) = g;(»)’
j=1

SO

where |r| < 823 exp(C(d + 8)). Lemma 5.4 is proved. (]
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Remark. All statements in this subsection can be easily adjusted to any interval
but the constants in the inequalities will depend on the size of that interval.

5.3. Rough bound when IEQ is small.

Lemma 5.6. Suppose an absolutely continuous function f is defined on [0, 1] and
satisfies

(5-27) fel?0,11, f'=L+0hL, [ eL'0,1], [ eL?0,1].

Then,

£ llzg0.17 < V82 +2(8T + €(t +€ +6)),

where § .= || fll 121017 € := 1l o170 T := 21l L2[0.1-

Proof. There is & € [0, 1] such that | f(§)| < 6 and

<1+e

X
F0) - FEI< ’f f'ds
§
Thus, || f|lz=[0,1] < T + € + 6. Then, writing
X
A=A =2 f ff'ds,
y
integrating in y and maximizing in x, we get

1f 1 oepo.1) < 8% +2(8T + (7 + € +6)). O

Suppose Q is real-valued, symmetric matrix-function on R with zero trace and
101l L2®) < oo Define Hp =N*N,where N: N'=JQN, N(0)=1. Notice that we
have det [ 2S*H oS dx = detfnJr H o dx for every constant matrix S € SL(2, R).
So, we can apply Lemma 5.3 to each interval [n, n +2] by choosing S = N~ (n)
and get an estimate which explains how || Q|| 12, controls IA@Q:

Ko = Z(det Hodx — 4) S 101 2y a0 EXP(CI Q1)

neZ
S Q172w exp(ClIQI2).
The next lemma shows that K o controls the convolution of Q with the exponential.

Lemma 5.7. Let Q be real-valued, symmetric 2 x 2 matrix-function on R with zero
trace and entries in L*(R). Define Ho = N*N where N:N' = JON,N(0) =1
and assume that Ko < oo. If O := exfx e *Qds, then

101l@ < exp(C I Qll 2@ +Ko) Ky,

where C is a positive absolute constant.
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Proof. Let R = || Q|2 and E = IEQ. We split the proof into several steps.

Step 1 (bound for a single interval [0, 1]). The definitions (3-5) and (3-14) imply
that ICjQL < E. From Theorems 1.2 and 3.2 in [2], we know that H o admits the
following factorization on R, : Ho = G*WG where G and W satisfy conditions:

(5-28) G'=Jwi+vG, |vlpe)SE lvlee,),SEY
(5-29) detG=1, vi+v= v+,
and

W>0, detW=1, |[uW-=2|pgr,)SE.

Since [[tr W — 2] ,110.1) S E, we have [|A + Al — 2|l L1101 S E, where A is the
largest eigenvalue of W. If one denotes p =tr W —2 = A+ A~! —2, then

24 p+Ap+p? | 24 p—\JAp+p?
B 2 ' B 2 '

(5-30) A A
In particular, that yields
1
(5-31) / [Wldx S1+E.
0

The given conditions on Q and (5-11) yield
INGI, INT ')l Sexp(CR),  x €0, 1],

where the second estimate follows from the first since det N = 1. The Hamiltonian
Ho = N*N is absolutely continuous on R4 and

(5-32) 0 <exp(—CR)I SHo(x) Sexp(CR)I

on [0, 1]. We claim that |G (0)|| <exp(C(R+E)) and I1G~1)| <exp(C(R+E)).
Indeed, if X satisfies X' = J (v; +v3) X and X (0) = I, then G = X G(0). Moreover,
given conditions on v; and v, and det X = 1, we have

(5-33) IX()|| Sexp(CE), [IX~'(x)Il < exp(CE)
uniformly on [0, 1]. Identity Hop = G*(0) X*WXG(0) yields
(G*(0) "M (G(0) ' = X*WX.

Taking an arbitrary £ € C? with |||z = 1, we get

5-32

(5-32) 1
IGTH ) £)* < exp(CR) i (HoG'(0)&, G(0) &) dx

(5-31)+(5-33)

1
:exp(CR)/(WXE,Xé)a’x < exp(C(R+E)),
0
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which implies IG~1 )| <exp(C(R+E)). We also have |G (0)|| Sexp(C(R+E))
since det G = 1 and the claim is proved. Finally, we have

IG@)| Sexp(C(R+E)), G (x)| Sexp(C(R+E))

for x € [0, 1] since G = XG(0).
Next, let us study W and W’'. Since W = (G*) ' N* NG !, one has the inequality
W] <exp(C(R+ E)) onx € [0, 1]. Recall that W >0 and det W =1, so

exp(—C(R+E)I S W Sexp(C(R+E)I, xe€l0,]1].

Since A is the largest eigenvalue of W and A < exp(C (R + E)), then (5-30) yields
1A =1l 12101 S EM?exp(C(R+ E)) and [A~" = 1]l 120.17 S E'/? exp(C(R+ E)).

Introduce Y = W — . The matrix Y is unitarily equivalent to ()‘61 1 (f_l)) and
that gives
(5-34) I lz20,11 S E'2 exp(C(R + E)).

We need to study Y’, which is equal to W’. To do so, notice that
(5-35) 2N*JQN = H’Q =G*"J(v +v) WG +G*WJ(v1 + 1) G+ G*W'G.

Hence,
T/=W,=F1+F2,

where

Fi=—Ji+uv)W—-WJ+v), F=2G" 'N*JONG™ .
The previously obtained estimates give us
(5-36) I Fillpon S Eexp(C(R+E)),  IIF2llp20.1) S exp(C(R+ E)).

Now, we use (5-34) and (5-36) to apply the previous lemma to each component
of T to obtain

(5-37) 1T lzp0,17 S E'* exp(C(R + E)).
The formula (5-35) also gives an expression for Q:

0=-J(H + H),
where

H; =0.5(N*) "N G*J (v; + 1)) WG + G*WJ (v; +v2) G) N},
H, =0.5(N*)""(G*Y'G) N~

Since | HillLij0.17 S E'?exp(C(R + E)), we have

1
ex/ e “Hyds
X

< EY2exp(C(R +E)).
L>[0,1]
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For smooth matrix-functions u1, uy, u3, we have
1 1 1
/ uyuyuzds = u1u2u3|; — / uyupusds — / uyup usds.
X X X
Then,

1
26"/ e *Hyds
X

=" (e ') GH T GH((N (1))
—e " (N* () T'GF ()T (x) Gx)(N(x) ™)

1 1
—& | (e*(N*(s))"'G*YYGN'ds —ex/ e S(N*(s))"'G*Y(GN~"Y ds.
X X
Since ||(N*1)’||Lz[0’1] Sexp(C(R+E)) and |G'|| 110,17 Sexp(C(R+E)), we have

1
e)‘/ e “Hyds
X

Summing up, we get

(5-37)
Sl =p0.11eXp(C(R + E)) S EV*exp(C(R + E)).

L°°[0,1]

1
e *Qds

X

(5-38) < EY*exp(C(R + E)).

L°[0,1]

Step 2 (handling all intervals [n, n+ 1] for n € Z). Take any n € Z. Our immediate
goal is to show the bound

n+1
ex/. e *0ds
X

analogous to (5-38) but written for interval [n, n + 1]. To this end, take the Hamil-
tonian H(”)(x) = Ho(x + n) defined on R,. For the correspondlng IC(n), we
get IC( ) S E as follows from its definition. Since the K-characteristics of the
Hamiltonians H and S*H.S are equal for every constant matrix S € SL(2, R), we
can instead consider " = N*N where N’ = JQ(x +n)N, N(0) = I. Using the
arguments in Step 1 for 7™, we get (5-39).

(5-39) < EY4exp(C(R+E))

L>®[n,n+1]

Step 3 (summing up). Denote 0, (x) = ¢*[ ¢ Q - xy<s<n+1 ds. Notice that
0= Znel O,,. Since O,(x) =0forx >n+1and |0, (x)|| < e " OnllL>[m.n+1]
for x < n, we then get

1O <D 10,0 S EV*exp(C(R+E) Y e ~ E'*exp(C(R + E))

nez n=0

as follows from (5-39). That finishes the proof of Lemma 5.7. (]
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Proof of Theorem 4.1. Denote E = I’EQ and O =¢* fxooe_"st, and recall that
1002wy ~ 1Ml -1 ) < 1@l L2(w)-

Step 1 (lower bound). Define §, = [|O| 2, +1)- By Lemma 5.7, we know
that sup,, 8, < E'/*exp(C(R + E)). Next, we apply Lemma 5.4 to each interval
[n, n + 2]. The remainder r, in that lemma allows the estimate

a S Bn+8n11)* exp(C(8y + 8041+ R)), neZ.

For each R > 0 and n > 0, we find a positive Eo(R, n) such that E € (0, Eo(R, 1))
implies that the remainder r,, is smaller than (52 + 85 +1) uniformly in all n. For
example, one can take

(5-40) Eo(R,n) ~ e F,

where C, is a sufficiently large positive number that depends on 7. Therefore, for
such E and some positive constant ¢ independent of n, we have

n+2
Y e—ms < (detf %de—4>52<c+n)6,%,

nez neZ nez

where the Proposition 5.1 has been applied to the terms fn"+2|g i —{g)) |>dx in the
right-hand side of (5-15), adjusted to the interval [n, n 4 2], to show that they are
comparable to §2 + 82 .. Taking n = 5, we see that

n+1-°
n+2 )
E=Z(det/ ’;'-[de—4) ~Y 5~ 10172
neZ n neZ
for E < Eo(R, §). If E > Eo(R, §), one uses inequality || O|| ;2w S R to get
_ Eo(R, 5
(5-41) I [ PR %uoniz(ms E,

which holds for some positive absolute constant C due to (5-40). That provides the
required lower bound.

Step 2 (upper bound). Let 8, = ||O|l;2[, ,4+1)- For a given value of R, apply
Lemma 5.4 and Proposition 5.1 to each interval [n, n 4 2]. That gives

E 5 ZSZeC(R—HSn)’
neZ

with an absolute constant C. Since ), 7 8,% ~ ||q||§1,l(R), gl g1 &) S R, one has

2 C(R+ - 2 CoR
E S11g 13- gy ¢ 116 < g3, g €. 0
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Appendix

Here we collect some auxiliary results used in the main text.

A.1. We start with an example that shows that the scattering transform is not
injective when defined on g € L*(R). This is an analog of Lemma 17 in [27].

Example A.8. There exist potentials ¢, g» € L?(R) such that g; # ¢ in L>(R)
but we have r,, =r,, a.e. on R for their reflection coefficients. In other words, the
scattering transform ¢ — r, is not injective on L*(R).

Proof. Let us consider

af =1, b/ =0, a;=a, b =b

and
af =a, bf=b, a;=1, b;=0,

where a =1+i/x and b =i/x. Note that
/log(l —Isf ) dx > —oc0, sifi=b%alf, k=12
R

Theorem 12.11 in [13] says that for every contractive analytic function s on C
whose boundary values on R satisfy log(1 — Is|?) € L'(R) there exists a unique
coefficient A € L2(IR+) such that s = limg_>+oo%, A € C, for the continuous
Wall polynomials generated by A. Moreover, we have

(A-1) 27 A2, = Mog1 = 1sP) 1. -

Applying this result, we see that there exist functions A%, AZi € L*(R,) such that
afz, bf2 are the limits of their continuous Wall polynomials. Now define potentials
g1.2 € L>(R) by relations

AT, ==3012/2),  ALLE) =3012(-€/2),  E€R,.

From Proposition 2.8, we conclude that the coefficients aj 2, b1 » for these potentials
satisfy
ag=a=a;, b=—-b=b=b;

on R\{0}. Hence, r,, =r,, on R\{0}. On the other hand, we have Af =0and A, =0
by construction. It follows that supp g; C (—o0, 0] and supp g2 C [0, +-00). Since

g1 and g, are nonzero (they have a nonzero L?(R)-norm as follows from (A-1)),
that yields g1 # g» in L>(R). O
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A.2. Next, we outline how to prove that the spectral representation for the Dirac
operator Dy, defined by relation (3-1), is given by the Weyl-Titchmarsh trans-
form (3-10). To this end, we will use the corresponding result for canonical
Hamiltonian systems proved in [24].

At first, we note that if o = N, Ny is the Hamiltonian from Theorem 3.1.
Then, det Hp = 1 on R and the operator ViX—> N, X is unitary from L2(R, C2)
onto the Hilbert space

L*(Hg) = {Y R— C 1Y 20, 1) = /RWQ@Y(&), Y (§))c2 dE < oo}.

Moreover, VDo V! coincides with the operator Dy, 0 Y > H~'JY’ of the canon-
ical Hamiltonian system generated by the Hamiltonian H . Thus, the operator Dy
on L?(R, C?) is unitarily equivalent to the operator Dy, on L*(H ). Let M be the
solution of Cauchy problem

(A-2) IM'(,2)=2Ho®)ME 2, MO,2) = ((1) (1))

where z € C, & € R, and the differentiation is taken with respect to £ € R. The
Weyl-Titchmarsh transform for Dy, is defined by

1 ~
Fouyt ¥ = == [ 60 Ho© Y ©) ds

on a dense subset of LZ(HQ) of smooth compactly supported functions. This
operator is unitary from LZ(HQ) onto the space L?(p) defined in the same way as
at the beginning of Section 3. Specifically, we let m 4 be the half-line Weyl functions
of H¢ and define p as the representing measure for the matrix-valued Herglotz
function m in (3-8). It was proved in Theorem 3.21 in [24] that ]-"DHQDH oD 71{ 0
coincides with the operator of multiplication by the independent variable in L?(p).

We also have
Fpu,(VX)=TFpX, XeL*R,CY.

Thus, we only need to check that the Weyl functions m 1 used in Section 3 coincide
with the half-line Weyl functions of the Hamiltonian # . For the R -Weyl functions
this follows from Lemma A.9 below. Comparing the formulas for AT, A~ in the
beginning of Section 3, we see that the Weyl function m_ for D¢ corresponds to
the Weyl function m_ for D@ where é(é ) =030 (—§&)0o3. Similarly, in the setting
of canonical Hamiltonian systems, the Weyl function m_ for Dy, coincides with
the Weyl function m, of DH such that HQ(»‘E) = 03H(—&)o03. Therefore, the
statement for A~ follows from Lemma A.9 and from the relation

f;’-‘[Q = 0'37'[QO'3 = (O'3N50'3)(O'3NQO’3) = HQ‘
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Lemma A.9. Let g € L*>(R,). Define

—Img(§) —Req(§)
—Regq(§) Imgq(§)

Let Ng be defined by

Q(€)=( ) A©) =—-1q9E2), EeRy,

INGE. 1)+ Q) No(E. 1) =ANg(E. 1), Ng(0.2) = ((1) (1))

. o ~ My M
Consider the Hamiltonian H g := NZ (6,00 Np(4,0) on Ry and let M = (A??;]l /172)
be defined by

~ ~ ~ 1
IM'(§,2) =zHo@E)M(E,2), M(0,2) = (O (1))

Let, finally, P, P,, P, P, be the solutions to Krein systems (2-11) and (2-12) for
the coefficient A on Ry. Then,

A3 lim M2GD o, WonGd o PG
E>too Mo (§,z7) &>+ (Ng)a(§,2)  E—>+o0 Py(€,2)

eCy.

In other words, the function my in (3-7) is the half-line Weyl function for the
operators DHQ, Do.
Proof. The formula
Mx(§, 2) . (Ng)n(§,2)
im ~———= lim —————
§>+00 My (§,2)  §>+e(Ng)ai(§, 2)
for Dy and Dy, is well known and can be d::rived from the analysis of Weyl
circles by using identity No (&, A) = Ng(§,0) M (&, 1) and the invariance of Weyl
circles under transforms generated by J-unitary matrices (in our setting, the J-
unitary matrix is Ng (&, 0): we have NE (6,0)JNg(&,0) = J on R). See, e.g., [4]
or Section 8 in [25] for more details on Weyl circles for canonical Hamiltonian
systems. Thus, we focus on the second identity in (A-3) and define

" P(2£.2)+P,(2t2) PRED—P.(26.2)

— pisz 2 R 2

X(E.2)=e (P*(ZS,Z)—P(ZE,Z) P(2§,z)+P*(2§,z))’ §eR, zeC.
i 2

2i

Differentiating, one obtains J X' + QX = zX, X(0,z) = ( (1) (1)) It follows that
X(§,z) = Ng(&, 2). In particular, we have

e PQE D)+ PLQE, 2)
5 :

P.(28,2) — P(2¢,2)
2i '

(No)n=e

(Ng)a = e %%
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Since P(&,7) — 0, Py (&,2) = Tl(z) #0 as & — 400 (see Theorem 12.1 in [13]),
and analogous relations hold for P and P,, we have

No)m(E.2) _ . P&, 2)

im = i , eCy. (]
§>+00(Np)21(§,2)  §—>+00 Pu(§,2)

A.3. Lemma A.9 and some known results for canonical systems can be used to
show that weak convergence of potentials of the Dirac operator implies convergence
of the corresponding Weyl functions.

Lemma A.10. Suppose {q;}e~0 is a bounded sequence in L?(R,.) which converges
to zero weakly. Let Q, be the associated matrix-functions defined as in Lemma A.9.
Then, the sequence of corresponding Weyl functions {m, 1} converges to i locally
uniformly in C,. when £ — 4-00.

Proof. For £ > 0, denote by H o, the Hamiltonian generated by Q, as in Lemma A.9.
Then, my 4 is the Weyl function for the half-line operators Dy, and Dy, . Since
supy-ollgell 22, ) < 00 and g, converge to zero weakly in L?*(R,) as £ — +oo, the
Hamiltonians H ¢, tend to the identity matrix Ho = ((1) (1)) uniformly on compact
subsets on R, . Then, their Weyl functions m ; tend to the Weyl function m =i
of the Hamiltonian #g locally uniformly in C4 by Theorem 5.7(b) in [24]. ]
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EXTRINSIC POLYHARMONIC MAPS INTO THE SPHERE

ALI FARDOUN, STEFANO MONTALDO, CEZAR ONICIUC AND ANDREA RATTO

In the first part we shall prove that the inverse of the stereographic projection
a1 :R" - S" (n > 2) is extrinsically k-harmonic if and only if n = 2k.
In the second part we shall study minimizing properties and stability of its
restriction to the closed ball B” (R). In this context we shall prove that there
exists a small enough positive upper bound R} such that x~l':B*"(R) > S"
is a minimizer provided that 0 < R < R;. By contrast, we shall show that
n~!: B"(R) = S" is not energy minimizing when R > 1. Finally, in some
cases we shall obtain stability with respect to rotationally symmetric varia-
tions (equivariant stability) for values of R which are greater than 1.

1. Introduction and statement of the results

In order to set our work in an appropriate setting, let us first briefly recall some
basic facts about some well-known intrinsic energy functionals.

The classical energy functional, whose critical points are called harmonic maps,
is defined by

(1-1) Eu) = %/Mldulzdvg,

where u : M — N is a smooth map between two Riemannian manifolds (M, g)
and (N, h) of dimension m and n respectively (we refer to [6; 7] for background
on harmonic maps). In analytic terms, the condition of harmonicity is equivalent to
the fact that the map u is a solution of the Euler—Lagrange equation associated to
the energy functional (1-1), i.e.,

(1-2) T(u) = —d* du = trace Vdu = 0.

The left member t(u) of (1-2) is a vector field along the map u or, equivalently, a
section of the pull-back bundle » ' (TN): it is called tension field.
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Leti:S" < R"*! denote the canonical inclusion. In the special case that N = S”
the harmonicity equation (1-2) takes the following form, where, with a slight abuse
of notation, we write u for i ou:

(1-3) Au+iu=0,
with
(1-4) A= —(u, Au) = |Vu|?

and the sign convention for the Laplacian A is such that, for a function f : M — R,
1 9 ij of
—=a-\Viglg' |

Vgl 9x; dx;
A related topic of growing interest deals with the study of the so-called biharmonic

maps. These maps, which provide a natural generalization of harmonic maps, are
the critical points of the bienergy functional (as suggested in [6; 8]):

1-5) Af =

(1-6) Er(u) = %/M|z(u)|2dvg.

There have been extensive studies on biharmonic maps (see [5; 15; 21; 22] for an
introduction to this topic). For future comparison we point out that, when the target
manifold N is the Euclidean sphere S", the bienergy functional (1-6) takes the form

(1-7) Ex(u) = %f (AT |Pdv, = %/ (1Aul* —|Vul*) dvg,
M M

where, again, we have written u foriou, i : S" — R+ and ()7 denotes the
tangential component to S”.
The inclusion i : §" < R"*! enables us to consider the Sobolev space

W22 (M", S") = {ue WM™, R u(x) = (' (x), ..., u"T'(x)) € S" ae.}

and so we say that u is a weak critical point if it verifies the Euler—Lagrange equation
in the sense of distributions.

Since any harmonic map is trivially biharmonic we say that a (weakly) biharmonic
map is proper if it is not (weakly) harmonic.

In general, it is very difficult to apply variational methods and, particularly, direct
minimization, to deduce the existence of proper biharmonic maps. The main reason
for this is the fact that harmonic maps provide absolute minima for the bienergy.
To overcome this difficulty, an interesting variant of (1-7), called extrinsic bienergy
or Hessian energy, has been introduced to study maps into S”. This new functional
(see, for instance, [1; 4; 11; 13; 14; 16; 23]) is defined by

(1-8) ESM(u) = / |Aul*dv,
M
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and its Euler—Lagrange equation is
(1-9) A%u+ru=0,

where ) )
Ar = A(Vul?) + |Au|”+2VAu.Vu.

Here and below,
(1-10) Vu=(u',...,Vvu"™) and Au=(Au',..., Au"),

where V is the gradient on (M™, g) (note that each entry of Vu is an m-dimensional
vector field tangent to M) and we denote by . a scalar product in the sense that

n+1
(1-11) Vu.VAu = Z(Vuj, VAu'),,
j=1

where (, ), is the scalar product associated to the Riemannian metric g.

Next, let us introduce in detail a conformal map which will play a central role
in this paper. The inverse of the stereographic projection, denoted by 7!, can be
described as

(1-12) 7R S"CR" xR xr—>< 2 xl—_r2>

’ 147277 1472)
where r = |x|. In some instances, we shall also denote by 77 ! the restriction of 77!
to the n-dimensional ball B"(R) of radius R.

We point out that, in general, # harmonic does not imply that u is extrinsically
biharmonic. For instance, the map 77 ~!
but not extrinsically biharmonic.

When n = 4, 7! is not harmonic, but it is a critical point for both (1-7)
and (1-8), that is, it is both intrinsically and extrinsically biharmonic. Therefore,
it is reasonable to think that, when n =6, ! could be a critical point of a suitable
third-order energy functional.

There are two natural energy functionals of order 3. The first is the intrinsic
3-energy:

is conformal and when n = 2 is harmonic,

(1-13) E3(u)=§/|dr|2dug.
M

Critical points of (1-13) are called triharmonic maps. These maps have received
plenty of attention in the literature: their study was proposed in [6; 8] and important
progresses were made in a series of papers by Maeta (see [17; 18; 19; 20]) who
obtained the Euler-Lagrange equations and several general results. Particularly,
the study of triharmonic immersions into S” provided significant examples. By
contrast, as a part of a more general result, we recently proved in [3] that there exists
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no proper triharmonic rotationally symmetric conformal diffeomorphism from R”"
to S"\Pole (n > 2). In particular, the map (1-12) is not triharmonic for all n > 3.

This fact, together with the hope to use more effectively variational methods,
suggested to us to turn our attention to a suitable class of extrinsic k-energy func-
tionals, a context in which we expect that conformal maps may play a significant
role when n = 2k.

More specifically, let (M™, g) denote a compact Riemannian manifold. Again,
we consider the canonical embedding of the unit Euclidean sphere i : S” < R"*!
and, if u is a map from M into S", we shall write u = ', ..., u"™" foriou.
Assuming that k is a positive integer, we shall work in the Sobolev spaces

wh2m™, S" = {u e WEAM™ , R™) tu(x) = (' ), ..., u"T (x)) € S" ae.}.

The extrinsic k-energy functional E{*(u) is defined on WE2(M™, S™) as
(1-14) EZ(u) = / |Asu|2dvg, when k = 2s,

M
(1-15) EX(u) = / |VA*u|*dv,, when k=2s+1.

M

Of course, if kK = 1, the extrinsic 1-energy coincides (up to the constant %) with the
classical energy. Therefore, our interest is mainly on the case k > 2.
We say that u € WkZ(M™, S") is an extrinsic (weakly) k-harmonic map if

d ext _
EEk l/tt) =0 = O

for all variations
_utitg

U= -—"7»
lu+1t¢]
where ¢ € C°(M™, R™).
A very important class of critical points are the so-called minimizers. Specifically,
a minimizer, or minimizing extrinsic k-harmonic map, is a map u € W52(M™, S™)
such that . .
EZ(u) < EZM(v)
for all v € W*2(M™, S") such that u — v € Wy >(M", R™*1).
If u is an extrinsic k-harmonic map, we say that u is stable if
2
dr?
We point out that if  is an unstable critical point, then it cannot be a minimizer.

The following proposition provides the explicit expression of the Euler—Lagrange
equation associated to the extrinsic energy functionals Eg*(u).

E;Xt(u,) > 0.
t=0
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Proposition 1.1 (see [10]). Let (M™, g) denote a compact Riemannian manifold.
Assume that k > 2 and let u € W*2(M™,S"). Then u is an extrinsic (weakly)
k-harmonic map if and only if

(1-16) Au+ru=0

in the sense of distributions. Moreover, if (1-16) holds, then

k=2 k=2
(1-17) 2= AN (VU + Y AT (A 0, Au)) +2 T AT (Vu VAR )
j=0 Jj=0

(note that A°u = u and () is the scalar product in R"+1).

Remark 1.2. As we shall detail below, it will be important for us to consider the
case that u is defined on a Riemannian manifold M which is not compact (for
instance, we shall study the inverse of the stereographic projection 7! : R" — S").
Of course, in this context we shall say that u is extrinsically k-harmonic on M if
it is such on each bounded domain 2 C M and Proposition 1.1 still applies.

Our first theorem confirms that extrinsic energies are suitable to study analytic
and geometric features of 77 ~!. Indeed, we shall prove:

Theorem 1.3. Assume n > 2 and k > 1. Then the inverse of the stereographic
projection 1" : R" — S" is an extrinsic k-harmonic map if and only if n = 2k.

This result makes it natural to ask whether 7! : B*(R) — S?! is energy
minimizing for the k-energy. It was proved in [9] that, when k = 2, the answer is
affirmative if and only if 0 < R < 1.

In this context we obtain:

Theorem 1.4. Let 0 < R < R3, where the constant R5 ~ 0.82 is defined in (3-14).
Then w=' : BS(R) — SS is energy minimizing for the extrinsic 3-energy.

As for higher-order energies, we do not have such an explicit upper estimate
for R, but we can prove:

Theorem 1.5. Assume n = 2k with k > 4. Then there exists 0 < R,’f <1 such that
7' B"(R) — S" is energy minimizing for the extrinsic k-energy provided that
0<R=<R}.

Proposition 1.6. Assume n =2k and R > 1. Then 7' : B"(R) — S" is not energy
minimizing for the extrinsic k-energy.

As a consequence of these results, a very natural topic for further investigation
is to study when 7! : B*(R) — S% is a stable critical point for the extrinsic
k-energy. The study of this problem is not present in the literature, not even in the
case of the bienergy. In general, it seems to be a difficult task to obtain a complete
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answer depending on R and k. A starting point is to restrict attention to rotationally
symmetric variations, i.e., to the so-called equivariant variations. In this context,
our main result is:

Theorem 1.7. (i) The extrinsically biharmonic map w~' : B*(R) — S* is stable
with respect to equivariant variations provided that 0 < R < R;tab ~ 1.81.

(ii) The extrinsically triharmonic map w~" : B(R) — S9 is stable with respect to
equivariant variations provided that 0 < R < Rgtab A 1.43.

In our opinion, an interesting feature of Theorem 1.7 is the stability for values
of R > 1. In these cases, the image of the map is not contained in the closed upper
hemisphere.

Our paper is organized as follows. The proof of Theorem 1.3 requires to overcome
several technical difficulties and will be carried out in Section 2. In Section 3 we
prove Theorems 1.4, 1.5 and Proposition 1.6. The study of the second variation
will be carried out in Section 4, where we shall prove Theorem 1.7.

2. Proof of Theorem 1.3

We carry out some preliminary work. Let r = |x| and u : R"\{0} — S" C R"*! be
a map of the form

(2-D X=x1,....,x) > (p(r)x,q(r) =(pr)x1, ..., p(r)x,, q(r)),

where p(r) and g (r) are smooth functions for » > 0. We shall need to compute terms
involving Afu and VA*u. To this purpose, it is convenient to define recursively the
following functions:

Po(r) = p(r),
Pe(ry= P (r)+ (nt1) Pl_(r), k=>1,
22)
00(r) =4 (1),
(n—1)

Ox(r) = Q)_;(r) +

Op_1(r), k=1

r

We observe that the above functions depend on n. However, since this dependence
will always be clear from the context, we have simplified the notation avoiding to
write Py ,(r) etc. Next, we have:

Lemma 2.1. Let u : R"\{0} — S" C R be a map as in (2-1). Then, in the
notation of (2-2) for alli, k > 0 we have:

(i) Afu = (P(r)x, Qr(r)).

(i) (Alu, AFu) =r?Pi(r)Pe(r) + Qi(r) Qi(r).
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X1 Pk X1 0
P/ x| x 0 Plxy | x P
Gii) VAku = |20 [ 2 | T 2 R e
r . : r
Xn 0 Xn 0
X1 0 X1
Pl x, | x 0 0, | x
kn 2 k 2
LA ] . + . 7_ .
r : : r
Xn Pr Xn

(iv) VA'u.VA*u =r>P/ P +nP;Pc +rP/ Py +rP; P, + Q. 0.
(note that A°u = u and the scalar product . was defined in (1-11)).

Proof. The proof is a straightforward computation which can be carried out using

Ve =p' 0, Ape) =p"e)+ D p,
A(fg) = fAg+8Af +2(VF. Vg). O

Proof of Theorem 1.3. Observe that the smooth map 7 ! is of the type (2-1) with

1—r2

(2-3) p(r) = m

T2 and q(r) =

We need to compute the explicit expression of the functions introduced in (2-2).
To this purpose, it is convenient to define the following sets of constants:

(2-4) By = (—D*2M k1t k>1)
and
k—1 j—1
) k .
(2-5) arlj,nl= ( .)l_[(n+2£+2)l_[(n+2€—2k) n>2,k>1,0<j<k).
i) -
=j =0

Note that we make use of the convention
q/
HCg =1, whenever ¢’ <gq.
l=q

The following lemma is technically difficult, but crucial for our proof.

Lemma 2.2. Assume that n > 2. In the case of 1~' : R* — S", the explicit
expression of the functions Py (r), Qy(r) introduced in (2-2) is
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k

B .
(2:6) P = e 2 i nlr® (2 0),
Jj=0

k
__ B 1,2
07 QH”_(HJ%%“Z%%MH 217 (k= 1),

Qo(r) =q(r) (=—1+Py(r)).

In order to preserve the flow of the exposition, the rather tedious proof of the
previous lemma will be given at the end of the proof of the theorem.

Now, using Lemma 2.1(i), we easily see that the Euler—Lagrange equation (1-16)
is equivalent to the system

2-8) {Pk(")-i-)»k p(r)=0,

Qk(r) + Ak q(r) =0.

Next, let us assume that 7~ : R” — S" is extrinsically k-harmonic. Then, taking
into account that g(r) = —1 + p(r), equation (2-8) implies

(2-9) (=1+pr) Pe(r) — p(r) Qk(r) = 0.
Using Lemma 2.2, we see immediately that (2-9) has the form

k+1

1 )
clj,nlr¥ =0
=0

(1 + r2)2k+2 :
J

(2-10)

for some real coefficients ci[j, n]. Next, we observe that

cx[0, n] = By (ax[0, n] — 2ax[0, n —2])
k—1 k—1

- Bk(l_[(n+2ﬁ+2) —21_[(11 +2£))
=0 =0

k—1 k—1
=B, ((n +2k) l_[(n +20)—2n l_[(n + 2@))
=1 =1

k—1

= B, ((2k —m) [[+ 2@)).
(=1

Of course, if ¢¢[0, n] # 0, then (2-10) can hold only at isolated points. Therefore, a
necessary condition for the validity of (2-10) is ¢,[0, n] =0, i.e., n = 2k. By way of
summary, we have proved that n = 2k is necessary for the extrinsic k-harmonicity
of 771 : R — S
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Conversely, let us now assume that n = 2k. If we use this assumption in the

definition of ax[j, n] it is easy to check that

k—1
aglj,2kl=0 (G =1), a0, 2k]=l_[(2k+2€+2).
£=0
From this, it follows easily that
P A
2-11) _ B _ ko
p(r) ()%
where
k—1
(2-12) Ax=—1By 1_[(2k+2£+2) = (=D)FF1 2%k 2%,
£=0
In a similar fashion we find
k—1
arlj,2k=21=0 (j =2), a0, Zk—2]=1_[(2k+2€),
£=0

k—1 0 k—1
ar[1,2k —2] = (T) H(Zk +20) H(zz —2)=— 1_[(2k +20).
=1 =0 =0

From this, using again Lemma 2.2, it is easy to conclude that

_ Q) _ —Bklﬁ(Zk—i—ZE)—
4(r) R (T+ )%
k—1
1 A
— 1 Tlek+20+2 = k|
2 kg)( T2 )(1+r2)2k (1 +r2)2

The conclusion is that, if n = 2k, then 7~! : R* — S" is extrinsically k-harmonic

because it verifies the Euler—Lagrange equation (1-16) with

Ay

2-1 ="
( 3) k (1+r2)2k’

where A; was defined in (2-12). So, it only remains to prove Lemma 2.2.

Proof of Lemma 2.2. First, we prove (2-6). We observe that n > 2 is a fixed integer
and so we proceed by induction on k. It is immediate to check that, independently
of n, Py(r) = p(r). Thus, our proof amounts to check that the functions Py (r)

defined in (2-6) verify the recursive law

n+1)
r

(2-14) Peii(r) = P (r) + Py(r).
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A straightforward direct computation, taking into account the expression (2-6)
for Py (r), shows that the right-hand side of (2-14) is given by

Ty (r)
@1 EY=SE=s
where
k—1
(2-16) Ti(r)= 2Bk{2(j + D +2j+2) aklj+1,n]r%
j=0 k
— Qk+ 1) +2) Y alj,nlr¥
k j=0
+ ) 2j(—4k +n+2j —2) alj, n]r¥
Jj=1 k+1
+Qk+ D)@k —n+2)> axlj—1,n]r?
k+1 j=1
-I-Z(j —D(=8k+n+2j—-6)a[j—1,n] rzj}
j=1
k+1
= ZBk Zdj }"2'1
j=0
for some real coefficients d;, j =0,...,k+1.

For later use we note that, applying directly the definition of ai[j, n] given
in (2-5), we have the following relations which hold for 1 < j <k:

(2-17) ak[j—l,n]:( k ) ]_[ (n+2+2€)1_[(n 2k+20)
] {=j—1
k j—1

- k 2j
SC I A
J

_ (n+2/)
(k—j+1) (n—2k+2j—2)

ailj,nl,

and, in a similar way, for 1 < j <k —1:

. (k—=j)(n+2j—-2k) .
(2-18) aglj+1,n]= G+ it2j12) ailj, nl.

Moreover, we shall also need to use

o k+D(n—2k—2)2k+n+2) . :
2-19)  arulj,nl= kD 12) —2k—2) aclj.nl (0 =<j=<k).
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This last formula can be proved using again the definition (2-5) and the methods
which we employed in (2-17). Indeed,

ar+1lJj, nl
k+ 1\ & i1
:( , )]_[(n+2z+2)]_[(n+2z—2k—2)
J s £=0
(N7 /k k-l (n—2k—2)y I
:[_(];) ](j)(n+2k+2)<g(n+2+2ﬂ)) =15 -3 E)(n—zmzz)

_ (k+1D)(n—2k—2)(k +n+2)
T (—jHk+D+2j —2k—2)

axlj, n].

Next, since By+1 = —2(k 4 1) By and taking into account the expression (2-6)
for Pyy1(r), the proof of (2-14) will be completed if we show that the coefficients d;
introduced in (2-16) verify

(2-20) di=—(k+1Dagq[j,n] forall 0<j<k+1.
Now, from (2-16), we find

do = (n+2)[ak[1, n] — (1 + 2k) a[0, n]]
k—1
=(n+2) |:k(n —2k) [ J(n +2€42) — (1 4 2k) [0, n]:|
(=1
ar[0, n]
(n+2)
=—(k+1) (n+2k+2) a[0, n]

= —(k+ 1) ai1[0, n]

=mn+2) |:k(n —2k) — (1 4+ 2k) a¢[0, n]]

and so (2-20) is proved when j = 0.
Next, computing and using (2-17)—(2-19), we obtain

dy = 2+ k)4 +2k —n)aglk — 1, n] — (2 + 8k +4k> + n) ay[k, n]

2 3
= et DD ) =~k D

dey1 =[Qk+1)(4k —n+2) +k(=8k +n+2k — 4] arlk, n]
=—(k+1)(n—2—-2k)arlk,n] = —(k+ 1) ary1lk + 1, n].

Thus, we have verified that (2-20) is true also when j =k and j =k + 1.
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As for the other coefficients, again, from (2-16) we find

(2-21) dj=[Ck+1D)(@k—n+2)+( —D(8k+n+2j—6)]alj—1,n]
+R2j(—dk+n+2j—2)— QRk+1D(n+2)]arlj, n]
+(G+Dn+2j+2)ar[j+1,n].

forl <j<k-—1.

Next, substituting (2-17) and (2-18) into (2-21), after a routine simplification
and using again (2-19), we obtain

k+12(n—2k—=2)Qk+n+2)
(—j+k+Dm+2j—2k—2)

Therefore, the verification of (2-20) is completed and so the proof of (2-6) is ended.

As for (2-7), we observe that the recursive definition (2-2) of Qy(r) is as that
of P(r), with the only difference that n is replaced by n — 2. Moreover, the
difference between ¢ (r) and p(r) = Py(r) is just the additive constant —1, which
is irrelevant for k > 1. Therefore, the explicit expression of Q(r) can be obtained
replacing n by n — 2 in the expression of P (r) and so the conclusion of the lemma
follows immediately. O

(2-22) dj=— aglj,nl=—k+1)ar1lj, nl.

In conclusion, the proof of Theorem 1.3 is now ended. ([

Remark 2.3. Let n = 2k. The extrinsic k-energy of 7~! : R" — S" is finite. For

instance, explicit integration provides the exact value of the extrinsic 3-energy of
'R — S

~+00
E (= Vol(SS)f [r*P{*>+ 6P} +2r P[Py + Q71 r dr
0

3f+°° 512 (7r* 4 24r + 12)
=TT
0

(r241)°
_ 256(7r8 +26r° +30r* + 1572 +3) |7 683
(,,2 + 1)5 0

Note that E (7 ~!) = 47 and Eg’“(rr_l) = 6472,

3. Proofs of Theorems 1.4, 1.5 and Proposition 1.6

Proof of Theorem 1.4. Step 1. Lemma 3.1 below is a version of Lemma 2.3 of [10]
in this context. The proof is similar, but we include it for the sake of completeness

@ 9

(to shorten the notation, when the meaning is clear, we shall use “.” instead of (, )).

Lemma 3.1. (i) Letn =2k and k =2s. If

(3-1) / A1 — (A7~ ) p*1dx >0
B""(R)
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forall ¢ € W(])"z(B"(R), R™*1), then w=" is energy minimizing for the extrinsic

k-energy.
(i) Letn =2k andk =2s + 1. If

(3-2) / [(VASG)? + (AT = Y g 1dx = 0
B"(R)

forall ¢ Wg’z(B”(R), R™1), then w~" is energy minimizing for the extrinsic
k-energy.

Proof. (i) We must show that
(3-3) EX(r) < EM(v)

for all v € WE2(B"(R), S") such that 7' — v € Wy 2(B"(R), R"H).
On the ball B"(R) the map 7~ ! satisfies

(3-4) ABr =¥ e !

strongly. Thus we can multiply both sides of (3-4) by ¢ € W(])C ’Z(B”(R), R"*+1) and
we obtain

/ Asn_l.Asqﬁdx:/ A7 ' a Yzl gpdx.
B"(R) B"(R)
Choosing ¢ = 7~ — v we deduce that

/ A‘Vn_l.A‘Yn_ldx—f Al ASvdx
B"(R) B"(R)

=/ (Az“'n_l.n_l)dx—/ A*7 ' a Yzl vdx,
B"(R) B"(R)

which for convenience we rewrite as
(3-5) —2/ |A“'n_1|2dx+2/ A ASvdx
B"(R) B"(R)

=-2 (Azsn_l.n_l)dx+2f (A7 ' a Yz vdx.
B"(R) B"(R)

Next, we apply the hypothesis (3-1) with ¢ = ~! —v. Since 7!, v have values

in $" we have ) | ) |
|| =|r" " —v|"=2—-27"".v

and so we easily find

(3—6)[ |A“'v|2dx+/ |Asn_1|2dx—2/ A ASvdx
B"(R) B"(R) B"(R)

—2/ (Az"'n_l.n_l)dx—i-Z/ A*7 ' a Yz vdx >0.
B"(R) B"(R)
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Finally, inserting (3-5) into the second line of (3-6), we obtain

/ |ASv)? dx —/ A7~ 2dx >0,
B"(R) B"(R)

which is precisely (3-3). The proof of part (ii) is analogous and so we omit the
details. O

Step 2. Case n = 2k, k = 2s. Taking into account (2-12) and (2-13) it is easy to
deduce that the inequality (3-1) is equivalent to

4s (4
(3-7) /B » [wm2 - (f ( j))l 9l ]dx >0,
Similarly, when n = 2k and k = 2s 4 1, equation (3-2) can be written as
4s+2 '
(3-8) fB ® [|VA"‘¢|2 %m ]dx > 0.
We also point out that in (3-1), (3-2), (3-7) and (3-8) the test function ¢ is a

vector function ¢ = (¢!, ..., ¢"*!). But, since

n+1 n+l n+1

IAGP =D |AGP [VATGP =) VAT and g7 =) |4
i=1 i=1 i=1
we easily deduce that it suffices to prove that these inequalities hold for all scalar
test functions ¢ € Wg’Z(B”(R), R).

By way of summary, the validity of (3-7) (case k = 2s) or (3-8) (case k =2s+ 1)
for all ¢ W(])"Z(B”(R), R) is sufficient to insure that 7! : B#*(R) - S* is a
minimizer for the extrinsic k-energy.

As a special case, the proof of Theorem 1.4 will be complete if we show that the
inequality (3-8), with s = 1, holds provided that 0 < R < Rj.

To this purpose, we recall that in [12, Theorem 3, p. 2159] the authors proved
a general third-order Hardy inequality for bounded domains Q2 C R", n > 6. It
is convenient for us to state their result in the special case n = 6 and Q = BO(R).
We set

(3-9) 1 =5TAQ2), c2=6A2)>+4A4)>, c3=AQ2)A4)>,

where

L.y 2 .n—1
A(n):inf{f()l'v P dr :UGX},
folv(r)l2 rm=ldr

with
X ={veC'(0,1):v(0) =v(1) =0, v £0}.
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In other words, A(n) is the first positive eigenvalue associate to the Dirichlet
problem for A on B", i.e.,

[l Vo2
Jon#?

A(n) =M :inf{ ¢ € W, (B"), qb;éo}.

It is also known (see [12]) that

[ (B)*
Jp®®

The value of A1, which depends on n, is related to the first positive zero for a class
of Bessel functions.

More precisely (see [2]), let v = % — 1. Then A = jvz, where j, denotes the first
positive zero of the Bessel function J, (r). In particular,

A(n)zzinf{ ¢ € WH2NW, (B, ¢ ;éo} =1

(3-10) AQR)=ji~ (24?7 A@)=ji~(3.8)°.

Then we have:

Theorem 3.2 [12]. Let ¢ € W21 Wy >(BO(R)) with Ad = 0 on dB(R), i.e.,
A¢ € Wy >(BO(R)). Then

¢* &) ®? 3

(-11) IVAG dx > L dx+

> — — ¢*dx,
BS(R) R? Jgo(g)lx|* R* Jgo(r) x|

R6 B6(R)
where the constants c;, i =1, 2, 3, are defined in (3-9).

Now, we are in the position to conclude the proof of Theorem 1.4.
Indeed, since in our context ¢ € WS’Z(B6(R)), we can apply (3-11) and we
deduce (r = |x|):

1 2 C3 2
3-12 VA$|*dx > ——+ — | ¢*d
( ) /I;G(R)l ¢| x_/Bﬁ(R)|:R2r4+R4}’2+R6j|¢ o

= Yr(r) ¢ dx,

BS(R)

where we have set

Yr(r) =

C1 2 C3
A TR TR

Now, taking into account (3-8), we deduce that (3-12) implies that (3-2) with s =1
holds provided that

0<r<R.

(3-13) (r)— 46080 >0 (0, R]
- Yr(r m > on (U, R].
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v (r)

Yo.6(r)

Yo.82(r)

. Yor(r)

0.6 07 0.8 09 1 r

Figure 1. Analysis of condition (3-13). Here ¢ (r) = (ffror%())é.

Therefore, it is natural to define
(3-14) R} = Max{R > 0:(3-13) holds}.

Now, using (3-9) and (3-10), a routine analysis shows that RS is well defined
and (3-13) holds for all 0 < R < Rj. Finally, a straightforward analysis carried
out with Mathematica shows that Ry ~ 0.82 and so the proof of Theorem 1.4 is
completed. We have inserted the output of this study in Figure 1. ]

Proof of Theorem 1.5. We follow the method of proof of Theorem 1.4. Then,
when k = 25 > 4, it suffices to prove the existence of 0 < R}’ < 1 such that the
inequality (3-7) holds for 0 < R < R}. This can be achieved using another result
of [12]. Indeed, let us fix k = 2s. Then Corollary 2 of [12] enables us to say that
there exist positive constants cy, ..., ¢; such that

|ASp|?dx > /
/B"(R) ZRZK n(R)|x|2k 26

for all ¢ € Wé( ’Z(B"(R), R). From this we easily deduce that

k 2
(3-15) / |A'g|7dx > (ZZT ) / T
B"(R) R* Br(R) (1 +[x[#)*
Therefore, setting p
RE—2" (Zezl Cﬂ)
k 2s)!

itis easy to conclude that (3-7) holds for all 0 < R < R;. Moreover, as a consequence
of Proposition 1.6, we observe that necessarily R} < 1 and so the proof of the case
k = 2s is ended.
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Similarly, using again Corollary 2 of [12], we obtain the existence of 0 < R} <1
such that, when k =25 4+ 1 > 5, (3-8) holds and so the proof is completed. |

Remark 3.3. In order to obtain a numerical value for R}, k > 4, it would be
useful to know the exact optimal values of the positive constants cy, ..., ¢k, but
this datum is not available (see [12]). Therefore, in this case, we have preferred to
limit technicalities and we do not have introduced a function which could play the
role of Yg(r) in the proof of Theorem 1.4. Moreover, we point out that a better
estimate for R;’ could be achieved if Conjecture 1 of [12, p. 2164] were true.

Proof of Proposition 1.6. Following an idea of [9], we compare 7 ':B"(R) > S"
with the map 771 B"(R) — S" defined as follows: 7~ !(x) = 711;1 (x/R?), where
Ty lis the map obtained from 7 ~! by changing the sign of the last component.
In order to clarify the geometric construction, we point out that = represents
the stereographic projection from the south pole, while my is the stereographic
projection from the north pole. More explicitly, we have

2R? R* — r2)

-1 71 B"(R "CR"xR —
(3-16) s (R)—> S" C x R, x|—><R4+r2x, R

where, as usual, 7 = |x|. It is easy to check that 7 ~! and 7! coincide on d B"(R).
Next, we first observe that

1
(A7) = F(An,ﬁ)(i)

and so
s~—1 1 s_—INf *

Now, when n = 2k, k = 2s, we have:
s_—Iv[ X
(ch'[N )<—R2>

/ (A0 Pdx = 1/
B"(R) RSS B"(R)

/ (AR dy
B"(1/R)

2
dx

(using y = 7 =

(using 8s =2n) = f I(ASJTIGI)()’)FCZ)’-
B1(1/R)

Therefore, we can write

f |Asﬁ_1|2dx=/ |AS Ty P dx
B"(R) B"(1/R)

:/ |A57r_1|2dx</ |AS7 P dx,
B"(1/R) B"(R)

which proves Proposition 1.6 in the case k =2s. The case k =2s+1 is analogous. [
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Remark 3.4. We point out that the map 77 ~! defined in (3-16), although it coincides
with 77 ~! on the boundary d B"(R), belongs to a different homotopy class.

4. Second variation and equivariant stability
For convenience we rewrite 7! : B"(R) — S" as
4-1) 7B (R) > S"CR'xR, x> (sina(r)f, cosa(r)),
r

where r = |x| and a(r) = 2tan"'r. We consider equivariant variations, i.e.,
rotationally symmetric variations as

(4-2) ui(0) = (sinla(r) +1 9 (1%, cosla(r) +1¢(1)]),

where ¢ = ¢ () is any smooth real valued function on [0, R] such that u, is smooth
and preserves the boundary data. In particular, we now have ¢>/)(0) =0, j > 0,
¢ (R)=0, j>0.

Therefore, we shall say that 7! : B**(R) — S* is stable with respect to
equivariant variations (shortly, equivariantly stable) if

(4-3) (ECXt(”t))|t=0 >0

for all u, as in (4-2).
Next, we define a map ”a_/;) o - B"(R) — S" which represents the unit vector
field 3/da along '

@4 T BB > S"CR' xR, x> (cosa(n)E, —sina(r),
r

where again » = |x| and a(r) =2 tan~! . Then a simple computation shows

du,(x) d?u;(x)
dt 3/3“(X)¢ and dr?  li=o

Now, we prove a general, preliminary lemma.

(4-5) =—7""(x) ¢

Lemma 4.1. (i) Let n =2k, k =2s. Then =" : B"(R) — S" is equivariantly
stable for the extrinsic k-energy if and only if

(4-6) Ay by DI — (AP 7~ 27 ¢°1dx =0 forall ¢ as in (4-2).
B"(R)

(i) Letn =2k, k =2s + 1. Then t=' : B*(R) — S" is equivariantly stable for

the extrinsic k-energy if and only if

4-7) [|VA° (T3 s DIF = (APl x ) ¢*1dx = 0 for all ¢ as in (4-2).
B"(R
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Proof. (1) We consider variations of the type (4-2) and we use (4-5). Then on B"(R)

we have
( t) S (( t)
=0 dt Jli=o dt /=0
_ S(dzzt) = 5((;2’)
=0 1= Jli=o t

(4-10) & (EXu))| =2 d (A (ur))
S a7 fB"(R)d2 "

@8 Liasu)
i dr o

) A* (na/aa ®)

and

d2
(4-9) W(A ur)

) = A p?).
t=0

Now,

-(Asut)lt:O dx
=0

d
v2f
B"(R)

E(As(ut))h:o

2
dx.

Substituting (4-8) and (4-9) into (4-10) we get

d (Eext(

=_2/ AS(n—lqsz).AS(n—l)derz/ |AS (ﬂd/aa¢)|2dx.
=0 B"(R) B"(R)

Then, using the second Green identity, we deduce that the stability condition (4-3)
is equivalent to

/,, [|Ab(na/aa¢>| — (A7 a7 ¢’ ldx =0

for any arbitrary smooth function ¢ as in (4-2), as required.
The proof of the inequality (4-7) of part (ii) is analogous and so we omit it. [

The stability inequalities provided by Lemma 4.1 are rather general, but difficult
to deal with because of the terms As(na/aa ¢) and VAS(na/aa Q).

Therefore, a natural first step is to investigate these inequalities under the as-
sumptions that k is small. In this order of ideas, a straightforward computation
using Lemma 2.1 and some integration by parts leads us to the following:

Proposition 4.2. (i) The map n~' : B¥(R) — S* is equivariantly stable for the
extrinsic bienergy if and only if

38473

R ! /. 9
@-11) f0|:r3¢2(r)+9r¢2(r)+<r T

) ¢2<r)] dr >0

forall = ¢(r) as in (4-2).
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(ii) The map == : B®(R) — S® is equivariantly stable for the extrinsic trienergy if

and only if
R 5
(4-12) / [r5¢”’2(r)+3or3¢”2(r)+225r¢’2(r)+ (ﬁ — M) ¢2(r)i| dr
0 r (14r2)0
>0

forall = ¢(r) as in (4-2).

Remark 4.3. (i) As an alternative to (4-2), we could use
u;(x) = n_l(x) + t¢n3_/},a(x).

Then we would have again (4-5) and so we would reobtain the conclusion of
Lemma 4.1.

(i1) In the case that ¢ = ¢ (r) is radial, the inequality (3-8) (s = 1) on B®(R) turns
out to be equivalent to

46080r°

R
5 12 3 12 2 _
fo [r @ (r) +15r° ¢ " (r) +45r¢™(r) (128

¢2(r)] dr > 0.

We observe that this condition is stronger than (4-12).
Now we can proceed to the proof of our main result in this context.

Proof of Theorem 1.7. (i) According to Proposition 4.2 it suffices to show that
(4-11) holds provided that 0 < R < Ry ~ 1.81.
First, a simple computation using integration by parts leads us to

R
4-13) f 0" (r) + 9r¢” (] dr
' = |Ap|>dx + 6 'V‘de
_VOI(SS) B*(R) o V01(§3) B4(R) 1"2 -

Next, Theorem 4 of [12] gives

A((—=A)?, 4
(4-14) [ sopar=2EEE [ g
B4(R) R B4(R)
where, keeping the notation of [12], we have
A((=A)?,4) > j?j5 ~ 387.23.

Using (8) of [12], we also have

2
(4-15) f VO x> iz [l + A(z)] ¢*dx.
B B4(R)

qr) 1 rr R
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Inserting (4-14) and (4-15) into (4-13) we deduce

R A2
|:(A( A),4)+ 6 +6A(2)]¢2dr.

R
(4-16) /0 [ 9" (r)+9r¢* ()] dr = / R4 R TR

0

Next, we set

(A(=A)%, 4)+6A(2) 6 9
Yro(r)= R4 +R2r2+;7’ 0<r<R.

Then it is immediate to conclude that (4-11) holds provided that

4-17) Yra(r)— >0 on (0, R].

(I+r5)* ™~
Now, an analysis similar to the study of (3-13) (see the proof of Theorem 1.4) shows
that (4-17) holds provided that 0 < R < R;tab ~ 1.81, so ending (i).

(i1) According to Proposition 4.2 it suffices to show that (4-12) holds provided that
0 <R < R™ ~ 1.43.

We shall use the following Hardy-type inequalities which again can be deduced
from Theorem 4 and inequality (8) of [12], respectively:

6A(2) ¢?
(4-18) / A dx>9/ —4d X+ —dx
B6(R) G(R)}" R BG(R)’”
(A(=A),4) ’
+—F ¢ dx,
R4 Bﬁ(R)
A2
(4-19) f IV a’x>4/ —2d +¥ *dx.
BS(R) BS(R)T R Jps(w)

Next, a computation similar to (4-13) enables us to write
R R
/ IVAG|? rdr = f [ ¢ (r) + 15r3 "% (r) + 45r¢"* (r)] dr,
0
(4-20) / AGI2 P dr = / [ ¢72(r) + 53¢ ()] dr,
/ Vo[> rdr = f ¢ (r)ridr.
0 0
Now, using (4-20), we deduce
R
4-21) [ [r>¢""% 4+ 30r3¢"> +225r¢*] dr
0

R A 2 \V/ 2
/ [|VA¢| +15| d +105| d ]rsdr.
0

72 ré
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Next, using (3-11), (4-18), (4-19) and (4-21) into (4-12), we obtain that (4-12) holds
provided that
(4-22) Yra(r) — %.ﬂ >0 on (0, R]
' (1+r2)6 — ’
where we have defined

cl e c3 15/9 6AQ) (A=A 4)
Ve = At pe TR T R (74 72T R
10574 AQ) 225
\2 TR )T
Now, an analysis similar to the study of (3-13) shows that (4-22) holds provided
that 0 < R < Rgtab ~ 1.43, so ending the proof of Theorem 1.7. (]
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BALANCED HOMOGENEOUS
HARMONIC MAPS BETWEEN CONES

BRIAN FREIDIN

We study the degrees of homogeneous harmonic maps between simplicial
cones. Such maps have been used to model the local behavior of harmonic
maps between singular spaces, where the degrees of homogeneous approxi-
mations describe the regularity of harmonic maps. In particular the degrees
of homogeneous harmonic maps are related to eigenvalues of discrete and
edge-based graph Laplacians.

1. Introduction

The study of harmonic maps into singular spaces goes back to the seminal work
of Gromov and Schoen [1992], who considered maps into Riemannian simplicial
complexes. Of particular interest to our work is their local approximation of such
maps by homogeneous maps between tangent cones. The study of harmonic maps
was extended by Chen [1995] to include simplicial domains, and the theory for
simplicial domains was further studied in [Eells and Fuglede 2001; Mese 2004;
Daskalopoulos and Mese 2006; 2008], among others. The Holder continuity
of harmonic maps from Riemannian simplicial complexes to metric spaces of
nonpositive curvature was established in [Eells and Fuglede 2001]. Further regularity
away from the (n—2)-skeleton of an n-dimensional simplicial domain was studied
in [Mese 2004; Daskalopoulos and Mese 2006; 2008].

The blow-up analysis of [Gromov and Schoen 1992] was emulated by Daskalopou-
los and Mese [2006; 2008] to construct tangent maps as homogeneous approxima-
tions of harmonic maps with singular domains and targets. The general idea is to
fix a point p in the domain of a harmonic map u, and its image u(p). For A, u > 0
one constructs the map

Uy, (x) =M_1u(kx).

A small neighborhood of p in the domain, scaled by the factor A=, serves as
the domain of u, ,. The map first rescales the neighborhood to its original size.

Then after mapping by the original map u, the image is scaled by a factor of =",
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If A and p are small this has the effect of magnifying small neighborhoods of p
and u(p). As A, u — 0, technical estimates on the relationship between A and u
ensure the existence of a limit

Uy = lim u; .
A, u—0

The limit map u, has as domain the tangent cone to the domain of u at the point p,
and has as target the tangent cone at u(p) to the target of . The tangent cone to a
smooth Riemannian manifold is just its Euclidean tangent space, while the tangent
cone to a simplicial complex is a geometric cone over a small sphere around a
point, or its link. The map u is homogeneous in the sense that for each x in the
domain cone, ¢ — u,(tx) is an (unparametrized) geodesic, and there is some o > 0
so that |u,(tx)| = t*|u.(x)|. Here | - | denotes the distance from the vertex of the
target cone. For more details on the blow-up procedure and homogeneous harmonic
maps, see the references cited above, especially [Gromov and Schoen 1992] and
[Daskalopoulos and Mese 2006]. A typical application of this blow-up procedure
is to say that if at each point p in the domain, the corresponding blow-up map u.
has degree « > 1, then the original map u is locally Lipschitz continuous.

In related work, the author together with Victoria Gras Andreu [2020; 2021]
consider a class of harmonic maps between 2-dimensional simplicial complexes. The
maps respect the simplicial structure of the domain and target in the sense that ver-
tices (resp. edges, faces) of the domain are mapped to vertices (resp. edges, faces) of
the target. In [Freidin and Gras Andreu 2020] the simplicial complexes are endowed
with metrics identifying each face with the ideal hyperbolic triangle. This has the
result of putting the vertices of the complexes at infinite distance, effectively punc-
turing the spaces. In [Freidin and Gras Andreu 2021] the complexes are endowed
with simplexwise flat metrics, as well as metrics conformal to flat or ideal hyperbolic
metrics. The blow-up procedure described above is repeated in [Freidin and Gras An-
dreu 2021] to construct tangent maps at edge points and at (nonpunctured) vertices.

In [Daskalopoulos and Mese 2008] the tangent maps of harmonic maps from
2-dimensional simplicial complexes into Riemannian manifolds are related to eigen-
functions of a discrete Laplace operator on the link Lk(p) of a point p. The link of
a point p in a 2-complex X is a graph whose vertices correspond to edges of X con-
taining p, and whose edges correspond to faces of X containing p. The strategy of
relating continuous and discrete harmonic maps is explored in detail in [Daskalopou-
los and Mese 2008]. The discrete Laplace operator considered in [Daskalopoulos
and Mese 2008] assumes the geometry in the link Lk(p) is very regular, in particular
that all faces of the 2-complex are equilateral triangles so that every edge of Lk(p)
has the same length. Our main goals are to extend that analysis to include more of
the richness of the geometry that Lk(p) can have, as well as to the setting of tangent
maps between simplicial cones constructed in [Freidin and Gras Andreu 2021].
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Before beginning with the main content, we discuss some history of discrete
Laplace operators that will become useful later on. For a more detailed discussion,
including proofs of quoted results, see, e.g., [Chung 1997] or [Banerjee and Jost
2008]. Future work may be done to generalize the results of this paper to higher
dimensional cones, at which point the work of Horak and Jost [2013] on the spectra
of simplicial complexes will likely play the role of the discussion below.

Let I be a graph with vertices V = V(I') and edges E = E(I"). One can enu-
merate the vertices of I' and thus identify functions f : V — R with vectors in R*V .
Then the unweighted graph Laplacian is represented by the matrix A with entries

degv; ifi=],
A,‘j= —1 ifviwvj,
0 else.

Here v; ~ v; means that the vertices v; and v; are adjacent in I". This matrix
A = D — A is the difference between the diagonal degree matrix D and the
adjacency matrix A with entries

des v ifi= i
Dij={ egv; ifi=j and

0 ifi

A normalized Laplace operator, denoted £, is defined by

o 1 ifviij,
Yo if v £

L=1d— D YV?AD™ 2= p~12AD~/2,

Both the matrices A and £ are symmetric and positive semidefinite. Indeed, they
determine quadratic forms

2
Ap— B 2 d 0 Lo— p)  p) ) '
p-Ap u%(p(v) p)? and p-Lp m;( s Jaan

An immediate consequence is that the vector w = 1 with w; =1 for all i is in the
kernel of A and in fact spans the kernel if T" is connected. Since £= D~'/2AD~1/2,
the vector D'/21 spans the kernel of £. The operator £ is called normalized because
its largest eigenvalue is < 2. The eigenvalue A = 2 of £ is achieved if and only if I"
is bipartite, and the first positive eigenvalue of £ is at most 1 unless I is a complete
graph K, in which case the first eigenvalue is .

If weights are assigned to I" by a function w : VU E — R, then one can modify
the adjacency matrix so that A;; = w(v;v;) when v; ~ v;, and the degree matrix so
that D;; = w(v;). In case only edge weights are provided, the vertex weights are

determined by w(v;) = Zv,—~u,- w(v;v;). In each of these cases one can still define

A=D—-—A and L=Id— D '2AD™'2=p-12AD~1/2,
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In case w(e) =1 forall e € E and w(v) =degv for v € V the unweighted operators
are recovered. The matrices are still positive semidefinite but their kernels are
affected by the weight function.

In both [Chung and Langlands 1996] and [Banerjee and Jost 2008] the asymmetric
matrix L = D~ A is studied. This matrix also comes up in our work. Fortunately
it is similar to the normalized Laplacian via the similarity

L=D"'2cD'/?,

As a result the spectrum of L is identical to the spectrum of L.

In [Friedman and Tillich 2004] the functions f : V(I') — R are interpreted as
continuous, edgewise linear functions f :I" — R, and the combinatorial Laplacian A
is interpreted to compute the sum of derivatives of f along the edges meeting at
a vertex. That paper studies the problem of finding functions f : I’ — R that
are eigenfunctions of the second derivative operator on each edge and satisfy a
boundary condition at each vertex relating the derivatives of f in the incident edges.
The problem studied there is equivalent to our problem in the case of maps from a
2-dimensional cone into R, but our approaches differ slightly.

The structure of this paper is as follows. We begin in Section 2 by introducing
the spaces and maps to be studied. The spaces include k-pods and simplicial cones,
together with the metrics they can carry. The maps of interest are homogeneous
maps between cones. In Section 2 we also introduce the notion of harmonic maps
as well as the balancing conditions that are essential to the current study.

In Section 3 we define and study balanced homogeneous harmonic maps from
simplicial cones into Euclidean spaces. In Section 4 we do the same for maps
from Euclidean spaces into k-pods. Section 4 also allows for a domain with a
single singular point, as well as p-harmonic maps. In Section 5 we define and
study balanced homogeneous harmonic maps between simplicial cones. Finally in
Section 6 we generalize Sections 3 and 5 by studying the limits as the angles of
each face of the cone tend to 0 and the vertices become punctures.

2. Preliminaries

2.1. Spaces and metrics. Our main objects of study will be homogeneous maps
between cones. The spaces and maps we consider will have a lot more structure,
but the basic definitions are quite general.

Definition 2.1 (cone). For any topological space X, the cone C(X) is the quotient
C(X) = (X xR>0)/ ~,

where (x, 0) ~ (y,0) for all x, y € X.
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If X is a space of dimension #n, then the cone C(X) has dimension n 4+ 1. Thus
1-dimensional cones can be constructed as the cone over a finite set of points. The
common point (x, 0) € C(X) is called the vertex of the cone.

Definition 2.2 (homogeneous map). A map f : C(X) — C(Y) is homogeneous of
degree o > 0 if there are functions y : X — Y and s : X — Rx¢ so that

f, ) =), sx)r®).

Necessarily the image of the vertex of C(X) under a homogeneous map is the
vertex of C(Y).

The remainder of this section is devoted to describing which cones will appear
as domains and targets of the maps we consider.

Definition 2.3 (k-pod). For k € N, consider the space {x, ..., x;} of k discrete
points. The k-pod is the cone C (k) =C({x1, ..., x,}). Therays C(x;) ={x;} xR>o
are called the edges of the k-pod.

Each edge of the k-pod C (k) is homeomorphic to the half-line R>¢. Pulling back
the standard Euclidean metric from R defines a metric on each edge of C (k). We
will also always use these homeomorphisms (now isometries) to give coordinates
on each edge.

For a 2-dimensional cone, we must take the cone over a 1-dimensional space.
The 1-dimensional spaces we will consider are graphs I', with vertices V (I") and
edges E(I).

Definition 2.4 (2-dimensional cone). For a connected finite simplicial graph T,
consider the cone C(I"). The rays C(v) = v x Rx¢ for vertices v € V(I') are edges
of the cone, and the sectors C(e) for edges e € E(I") are faces of the cone.

Each face of the cone C(I") is homeomorphic to a sector of the plane R?. In order
to determine the geometry of the cone one needs only specify the angle formed by
each face at the vertex of the cone.

Definition 2.5 (metrics). Given a cone C(I") over a graph I', a function 6 : E(I") —
(0, ) determines a metric. For e € E(y) the face C (e) is isometric to the sector Sg)
of the Euclidean plane given in polar coordinates by

Soe) =1(r,0)|r=0,0<6 <06(e)}.

Let C(I", ) denote the space C(I") endowed with the metric determined by 6.

Remark 2.6. One could also define metrics on C (I') for functions 0 : E(I') — R.y.
For 0 < 6(e) <27 one can still model C(e) by the sector Sg (). For 8 > 2 one could
use a sector on a cone with cone angle > 27. Though most results are unchanged
when considering this more general class of metrics, we will not consider them
here for two main reasons. First, the simplicial cones considered here are meant to
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model tangent cones to Euclidean simplicial complexes, all of whose angles are at
most . And second, the analysis for 8 > 7 is more subtle and distracts from the
main flow of many arguments.

Given a graph I' and an edge e = (p, g) € E(I"), one can subdivide e by adding a
vertex x in the interior. This produces a graph I'’ with vertex set V(I'") = V(") U{x}
and edge set E(I'") = (E(") \ {e}) U {px, xq}.

Given a function 6 : E(I') — (0, ) and an edge e € E(I"), when one subdivides
the edge e to produce I' as above one can define a function 6’ : E(I'") — (0, 7).
For ¢’ # e set0'(e') = 0(¢’), and set ' (px) = « and 6’(xq) = B in any way so that
o+ B =6(e). Any pair (I'*, 6*) obtained from (I", #) by a finite sequence of edge
subdivisions as in these two paragraphs is called a subdivision of (', ), and the
cones C(I'*, 6*) and C(I", 0) are isometric.

In general two cones C(I'y, 61) and C(I",, 6>) are isometric if and only if the
graphs have a common subdivision (I'*, 8*).

In C(I', 0) identify an edge e € E(I') with the interval [0, 1]. Taking polar
coordinates (o, ¢) in Sp(e), a concrete isometry ¥, : C(e) = C([0, 1]) — Sp(e) is
given by

Vel(x, 1) =(p,9) with p=1, ¢ =x6(e).

We will also use these isometries to give coordinates on each face of C(I", ). But
note that the map V. (x, t) = (¢, (1 —x)0(e)) also defines an isometry C(e) — Sp(c).
Our choice of isometry will be determined by which endpoint of e is most relevant
at the moment.

Definition 2.7. In a cone C (T, 6), fix a face C(e) for some e € E(I'). If v e V(")
is one endpoint of e, then the coordinates on C(E) adapted to v are the coordinates
determined by the isometry ¥, : C(e) — Sg(c) that sends the point (v, 1) € C(e) to
(1, 0) € Sg(e).

One can also view the Euclidean plane R? as a 2-dimensional cone. Namely,
for the cycle graph C,, consisting of n vertices and n edges, R> = C(C,, #) for any
0:E(Cy) — (0, ) with )", E(C,) 0(e) = 2m. More generally, we will sometimes
consider cones over the cycle graph with different metrics.

Definition 2.8. A smooth cone is a geometric cone over the cycle graph. In other
words, it is a space C(Cy, 6) for some 0 : E(C,) — (0, 7).

The curvature at the vertex of a smooth cone is determined by . E(C,) O(e). If
the sum is less than 2 the vertex has positive curvature, if the sum is equal to 27
the vertex is flat, and if the sum is greater than 27 the vertex has negative curvature.

2.2. Harmonic functions on sectors. When it comes time to consider harmonic
maps between cones, we will need to understand the structure of those harmonic
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maps. Our domains will always be 2-dimensional cones C (I, 6), all of whose faces
are isometric to plane sectors Sg. To begin this section we first aim to understand
harmonic functions f : Sg, — R.

Lemma 2.9. A homogeneous function u : S = Sg, — R is harmonic if and only if
there are constants cy, ¢y so that

u(r,0) =r%(cy cos(x) + ¢ sin(ah)).

Proof. In polar coordinates, a homogeneous function u(r, 8) of degree o has the
form

u(r,0) =r%u(l,0) =r%p ().

And in polar coordinates the Laplacian of u reads

92 19 192
Au=t 28 0 e2(62p(0) + " (6)).

T rar Trreer
To be harmonic, # must satisfy Au = 0, and this equation must hold for all

(r, ). Hence p must satisfy p”(6) + a?p(0) = 0. The solutions to this ordinary
differential equation are precisely

0(0) = c cos(ab) + ¢ sin(xb). O

In order to turn our study into a discrete problem later, we introduce the following
result that says homogeneous harmonic functions are described by discrete data.

Lemma 2.10. A homogeneous harmonic function u(r,0) =r*p(@) : S = Sg, —> R
is uniquely determined by the two numbers p(0) and p(6y) unless a6y € 2.

Proof. Given the form of p(f) from Lemma 2.9, one easily solves the boundary
value problem on § = Sg;:
p(0) = cq cos(0) + ¢y sin(0)
=1,
0 (6p) = c1 cos(aby) + c2 sin(abp)
= p(0) cos(abp) + c2 sin(abp).
So as long as afy € mZ, we have sin(aby) 7 0 so we can write

2(6) = p(0) cos(ag) + PO = PW cos@lo) Lo,
sin(afp)

In case a6y = nm, ¢y can be any real number but we must have

p(00) = p(0) cos(nm) = (—=1)"p(0).
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In this case p has the form
p(0) = p(0) cos(ab) + ¢ sin(xb). U

When we consider maps into k-pods, we recall that each edge of a k-pod is
isometric to the half-line, R>o. Thus we must understand which homogeneous
harmonic functions have image contained in the half-line.

Proposition 2.11. A nontrivial homogeneous harmonic map u(r,0) = r*p(6) :
S = S, = Rxo exists if and only if 0 < a8y < 7. When 0 < aby < 7, any pair of
numbers p(0), p(6p) > 0, not both 0, uniquely determine such a function.

Proof. According to Lemma 2.9, a homogeneous harmonic function u : Sg, — R
has the form u(r, 8) = r*p(0) with

p(r) =cjcos(ab) + ¢y sin(xb).

If w6y > 7, then both & = 0 and & = & are in the domain of p. If ¢; # 0 then

either p(1,0) or p(1, ) is negative. And if c; = 0 but ¢; # 0 then p changes signs

around 6 = 7. In this case no homogeneous harmonic map u : Sy, — Rxp exists.
If @6y = m then p(r) = —p(0), so to be nonnegative p(0) = p(r) = 0. Now

p(0) = ¢ sin(ad).

The values of sin(a8) remain positive for 0 < 6 < 6y, so for the image of u to lie
in R>o ¢, must be nonnegative.
Finally if 0 < @6y < 7, Lemma 2.10 tells us that
p(6) — p(0) cos(aby)

p (@) = p(0) cos(xb) + - sin(af).
sin(afp)

Clearly both p(0) and p(6p) must be nonnegative to ensure u > 0. Now p(6) only
vanishes when

0= p(0) cos(ag) + 2O PO cos@lo) ooy,
sin(a6y)
p(0) cos(ath) — p(6o)
sin(afg)

= p(0) cot(abth) — p(6o) csc(abyp).

p(0) cot(ah) =

If p(0) =0 then p(6y) = 0 also, in which case u is a trivial map. And if p(0) > 0
then p(0) cannot vanish until cot(a8) < cot(abp). But cot is a decreasing function,
so this cannot happen for 0 < 6 < 6.

Thus in this last case where 0 < a6y < 7, any pair of nonnegative numbers
p(0) and p(6p), not both 0, uniquely determine a homogeneous harmonic function
u: Sp, — Rxo of degree o. O
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Finally, when we discuss harmonic maps between 2-dimensional cones, we will
need to understand harmonic maps between sectors. We will only consider those
maps that send the boundary of the domain sector to the boundary of the target.

Proposition 2.12. Fix 0 < 6y, g9 < . Then a nontrivial homogeneous harmonic
map u : Sg, —> Sy, exists if and only if 0 < aby < m. When 0 < afy < m, any pair
of numbers |u(1, 0)|, |u(1, 6p)| > 0, not both 0, uniquely determine such a map.

Proof. Use polar coordinates (7, #) in the domain sector Sy, and rectangular coordi-
nates (x, y) in the target sector S,,. Then a homogeneous map u : Sy, can be written

u(r,0) = (x(,0), y(r,0)).

As Sy, C R? is flat, the map u is harmonic if and only if the functions x and y are.
So Lemma 2.9 says x(r, 0) = r*x(0) and y(r, 8) = r*n(0) with

x(0) =cicos(af) +cysin(af) and (@) = c3 cos(ab) + ¢4 sin(ab).

First if a6y > m, then just as in Proposition 2.11, n(6) cannot remain positive
for 0 < 6 < 6. But every point (x, y) € Sy, has y > 0, so in this case no map
u: Sg, — Sy, exists.

Now suppose 0 < a6y < 7 and let pg = |u(1, 0)| and p; = |u(1, 6p)|. In order
to map the boundary of S, to the boundary of S, the maps x and n must satisfy
the conditions

x(0) = po, x(6b) = pi1cos(po),

n0) =0, n(®) = p1sin(gop).
In other words,

c1 = po, c1cos(abthp) + csin(aby) = p1 cos(o),
c3=0, c3cos(afy) + c4 sin(aby) = p; sin(gg).

In all cases ¢; = pg and ¢3 = 0 are determined.
If a6y = 7, then

—po = p1cos(gp) and 0= p;sin(go).
Since 0 < ¢y < m, this means that pg = p; = 0. Now
x (@) =cysin(wf) and n(0) = c4sin(xb).

As long as (¢, c4) € Sy, the image of the corresponding map u lies in S, .
Finally if 0 < a6y < 7t one can explicitly solve for the constants ¢, and c4 to find
p1 €os(go) — po cos(abp)

x(0) = po cos(ad)) + - sin(a),
sin(a6p)

_sin(go) .
n@) = Sin(aeo)m sin(af).
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To verify that the corresponding map u has image in Sy, one needs only check that
n(0)>0and x (0) >n(0) cot(gg) for 0 <O <Hy. The first of these is immediate since

sin(¢o)
sin(afy) ™' =

and sin(wf) >0 for 0 <6 <¥6,.

The second condition is also straightforward:

x(60) —n(0) cot(go)
— pocos(ab) + 2 cos(go) = pocos(@th) . gy CO3(P0)
sin(afp) sin(a6y)

p1 sin(a6)

= pp(cos(aB) — cot(abp) sin(ab))

This expression only vanishes when cot(«6) = cot(a6yp), which only happens when
6 = 6y since cot(ad) is decreasing on the interval 0 < 6 < 6. U

2.3. Balancing conditions. We will mainly be interested in homogeneous maps in
three situations:

(1) f:CT,0) — R" from simplicial cones into Euclidean spaces,
) f:C(Cy, 0) — C(k) from smooth cones into k-pods, and

3) f:C(,0)— C(I, ¢) between 2-dimensional cones with the same simplicial
structure.

In addition to studying maps that are harmonic on the faces of the domain cone, we
introduce balancing conditions along the edges of the domain, akin to those in, e.g.,
[Daskalopoulos and Mese 2006; 2008], that have to do with harmonicity along the
edges.

In all cases homogeneous maps send the vertex of one cone to the vertex of
the other. In the third situation we will also demand that edges and faces of the
cone are sent to themselves. We will then add extra conditions to ensure that our
homogeneous maps are as smooth as the singularities of the domain and target
allow. In particular, for open sets U, V in top-dimensional faces of the domain and
target, respectively, if f(U) C V then f can be represented in coordinates as a
smooth map between open subsets of Euclidean spaces. Along edges we introduce
the so-called balancing conditions.

2.3.1. Euclidean targets. A map f : C(I",0) — R" can be written in coordinates
as f = (f1,..., fu) for n functions f; : C(y,0) — R. So we need only consider
thecasen =1, 1.e., f:C([,0) > R.

In this case the balancing conditions relate the normal derivatives in each face
along a common edge of the domain.

Definition 2.13. Let f : C(I', #) — R be a homogeneous function. Fix a vertex
v e V(I') and let {e;} enumerate the edges of I' incident to v. In the corresponding
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faces take coordinates v; : C(e;) — Sg(ej) adapted to v in order to represent f in
these faces by homogeneous functions

uj :fOWJIZSQ(ej)—) R.

The function f is balanced along C(v) if

> 20 =0
—(r,0)=0.
—~ 90

j
The function f is balanced if it is balanced along each edge of C(T", 6).

For maps f : C(I', ) — R", simply impose the balancing condition for each
component of f. We can see the regularity of f along an edge C (v) for a vertex of
degree 2 by unfolding the incident faces C(e;) and C(ey) to form a larger sector of
the plane.

Lemma 2.14. Let f : (I',0) — R be a balanced homogeneous function and let
v € V(I) be a vertex of degree 2. Then f is C' over the edge C(v) C C(T, 6).

Proof. Let e1,e; € E(I') be the two edges incident to v. In the corresponding

faces take coordinates ¥; : C(e;) — S@(ej) adapted to v and represent f in these
coordinates by homogeneous functions

Uj = fowj_1 : SQ(ej) — R.
Now define a function u : S = {(r,0) e R? | r >0, —0(e2) <6 <0(e;)} — Ras
, 0 if 6 >0,
e N
uy(r,—0) if 6 <O0.

The maps u; and u, agree on the x-axis {(r, 0) | r > 0}. Thus u is continuous, and
duy — duw
moreover 1 (r, 0) = -

given by

(r,0) so g—”r‘ is continuous. The % derivatives of u are

3
My ife=o0,
30

814( 0)
—(r —
’ 9
96 _ 0 —6) ife<o.
96
du

At 6 = 0 the balancing condition says that these partial derivatives coincide, so 57

is continuous too. O
2.3.2. [-dimensional targets. In order for a homogeneous map f = (y(x), s(x)t%):
C(Cy, 08) — C(k) into a k-pod to be continuous, the map y must be locally constant
where s # 0. We will also assume that if s(v) = 0 at some vertex v with incident
edges e and e, then y(e;) # y(e2).

Let f =(y(x), s(x)t%): C(C,, 0) — C(k) be a homogeneous map from a smooth
cone to a k-pod. If s(x) = 0 for some point x in the interior of an edge e € E(I'),
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subdivide I by introducing a vertex at x. After performing all such subdivisions,
we’ll abuse notation and call the resulting space C(C,, 6) too. Now s(x) vanishes
only at the vertices of I', and f maps each face C(e) to a single edge of C (k).
Now for a homogeneous map f : C(C,, ) — C(k) we can define the balancing
condition in terms of normal derivatives along each edge of the domain.

Definition 2.15. Let f : C(C,, 8) — C(k) be a homogeneous map. Fix a vertex
veV(C,)andletey, e; € E(C),) be the two edges incident to v. In the corresponding
faces take coordinates v/ : C(e;) — So(e;) adapted to v, in order to represent f in
these faces by homogeneous maps

Uj = folﬁj_1 . Sg(ej) d REO-

If f(v, 1) is the vertex of C(k) then f is balanced along C (v) if

8u1( 0) = 8u2( 0)

a0 T e

If f(v, 1) lies in the interior of some edge of C (k) then f is balanced along C (v) if
81/!1

8142
— 0+ —(r,0)=0.
89(r )+ aQ(r )

The map f is balanced if it is balanced along each edge of C(C,, ).

In this case we can again see the regularity of f along each edge C (v) C C(Cy, 9).
In addition to unfolding the two faces incident to C(v) into a larger sector, we may
have to unfold their image edges in C (k) to form a whole line if f(v) is the vertex
of C(k).

Lemma 2.16. Let f = (y(x), s(x)t%): (C,, 0) = C9k) be a balanced homogeneous
map and v € V(I'). Then f is C' over the edge C(v) C C(Cp, ).

Proof. Let e1, eo € E(I") be the two edges incident to v. In the corresponding faces
take coordinates v/ : C(e;) — Sp(e;) adapted to v.

Consider first the case where s(v) # 0, so f (v, 1) is in the interior of an edge
of C(k). The map f is represented in coordinates in the faces C(e;) and C(e;) by
homogeneous maps into the same half-line R>g C R. Thus Lemma 2.14 already
establishes the C! regularity of f over the edge C(v).

Now consider s(v) =0, so f (v, 1) is the vertex of C (k). Again we can represent
the map f in the face C(e;) by homogeneous maps

-1
U= folﬁj . Sg(ej) — Rzo.

Since y(e1) # y(ez), the target half-lines should be thought of as different spaces,
and can thus be glued together to form the entire real line. Specifically, define
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u:S=1{r0)eR|r>0, —0(e) <0 <0(e;)} > Ras

ui(r,0) if6 >0,

’““0):{—uﬂn—9)ifego.

Both u#; and uy map (r, 0) to 0, so u and g—br‘ are continuous over the x-axis. The
a . . .
3¢ derivatives are given by

3141
a6

9
& —0) ife <o0.
36

Ju (r,0) if 6 >0,
_(rv 0) =
a0

Again the balancing condition says that these derivatives coincide at (7, 0), so g—z is

continuous. O
2.3.3. 2-dimensional targets. Let f = (y(x), s(x)t*) : C(I'y, 6,) — C ("2, 6;) be
a homogeneous map. If s(x) € V(I'2) for some point x in the interior of an edge
e € E(I'1), subdivide I'y by introducing a vertex at x. Likewise subdivide I"; at any
point s(v) for v € V(I'y). After performing all such subdivisions, the original map
factors as a composition C(I'y, 6;) — C(I'1, ¢) — C(I"2, 6>) where the first map
sends each edge and face of C(I'y) to itself and the second map sends each face of
C(T'1, @) isometrically to a face of C(I';, 0;).

As the harmonicity of a map is unaffected by postcomposition with isometries,
we may consider only maps f(x, ) = (y(x), s(x)t*) : C(I', ) — C(T, ¢) such
that y(v) =v forall v € V(I') and y|, maps e to e for each e € E(I"). That is, f
maps each edge and face of C(I") to itself.

Now for a homogeneous map f: C(I", 8) — C(I', ¢) we can define the balancing
condition in terms of normal derivatives along each edge of the domain. But under
the additional assumptions made on our maps, only some components of the normal
derivatives are relevant.

Definition 2.17. Let f : C(I', 8) — C(I', ) be a homogeneous map. Fix a vertex
v € V(I'y) and let {e;} enumerate the edges of I" incident to v. In each face C(e;)
of C(T', ) take coordinates adapted to v, and likewise in the faces of C(I", ¢). In
this way, represent f in each face by a homogeneous map

I/tj . Sj = Sg(ej) —> S(p(ej) = S;-.

Taking rectangular coordinates on the target S}, write u; = (x;, y;). Then the
map f is balanced along C (v) if

8)6]'
;%(l’, 0) =0.

The map f is balanced if it is balanced along each edge of C(I', 9).
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From the maps x; in this definition one can define a map x as follows. Suppose
there are N edges e; incident to v, and fix some index 1 < jo < N. Define

Xj,(r, 0) if 6 >0,
— 2
x(r,0) = _xjo(r,_9)+ﬁzxj(r,—9) if6 <0.
j

ax

The fact that all the functions x; agree along 6 = 0 means that x and 3

are
continuous, and the balancing condition now means that g—g is continuous.

Remark 2.18. In the case that v has degree 2, the function x constructed just above
is the direct analogue of the function u from Lemma 2.14. Unfortunately there is
not an analogous smoothness result for a similarly constructed y function. The
restriction that f sends C(v) to itself for all v € V (I") means that we cannot expect
such a smoothness result.

3. Balanced harmonic functions into Euclidean spaces

A function f : C(I", ) — R is harmonic if its restriction to each face of C(T", 9)
is a harmonic function on a plane sector. We investigate the balanced (as in
Definition 2.13) homogeneous harmonic functions f : C(I', ) — R. The analysis
will be different if ®6(e) € wZ for some edge e € E(I"); we will refer to such « as
singular degrees.

We will focus first on the case of nonsingular «. In each case we begin by con-
structing homogeneous harmonic functions f : C(I", #) — R, and then investigating
which of those functions are balanced.

3.1. Nonsingular degrees.

Lemma 3.1. If « is a nonsingular degree then a homogeneous harmonic function
f:C(,0) — Rofdegree a > 0 is uniquely determined by a function p: V(I') — R.

Proof. For a fixed edge e € E(I') consider the face C(e) C C(I', 8), which is
isometric to Sp) C R%. According to Lemma 2.10 a homogeneous harmonic
function u : Sg() — R is uniquely determined by the values u(1, 0) and u(1, 6p)
(using polar coordinates (7, 8) in Sp)).

Fix a function p : V(I") — R. For each edge e = (vgv;) € E(I"), fix coordinates in
the face C(e) adapted to vy, so that C(e) is identified with Sg(.) and the edge C(v)
is identified with the positive x-axis. Define f in C(e) to be represented in these
coordinates by the unique homogeneous harmonic function u : Sg) — R with
u(1,0) = p(vo) and u(l1, 0(e)) = p(v1).

Along each edge C(v), f (v, t) = p(v)t* is defined independently of the choice
of incident face. Hence f is continuous over the edges of C(I', #) and harmonic in
each face. O



BALANCED HOMOGENEOUS HARMONIC MAPS BETWEEN CONES 297

For ease of notation, we will enumerate the vertices of I by {v;}. Then a function
p : V(I') — R can be encoded by the vector (po; = p(v;)). If v;v; € E(') is an
edge, we will also define by 6;; = 0(v;v;).

Theorem 3.2. The homogeneous harmonic function f : C(I', 0) — R of nonsingular
degree a > 0 determined by p : V(I') — R is balanced if and only if, for each
vertex v;,

Z pj —cos(at;;)pi 0
o sin(a6;;)

Here v ~ w means that vertices v and w are adjacent, so there is an edge
vw e E().

Proof. In each face C(v;v;) choose coordinates adapted to v;, so that the face is
identified with Sy, and C(v;) is identified with the positive x-axis. According to
Lemma 2.10, in these coordinates f|cv;) is represented by

j— COS((XQ[/'),O,'

uj(r,0)=r" (,o,- cos(af) + P sin(a@)).

Sil’l(O(@,'j)

And the balancing formula of Definition 2.13 says that f is balanced along C (v;) if

S % 0)=0
R

Vi~V

Combining these two formulas, we see that f is balanced along C (v;) if

ar* 3 Pj —'008(0591'1'),01' _o.
vt sin(a6;;))

In order to be balanced, f must be balanced along each edge of C(T", 6), so every

sum of this form must vanish. (]

Another way to interpret this result is to say a vector (p;) determines a balanced
homogeneous harmonic function f : C(I', ) — R of nonsingular degree o > 0 if
it is in the kernel of the matrix A, with entries

— Y cot(aby) ifi=j.
Ve~V
(Aaé)ij - CSC(O[@I']') if v ~vj,
0 else.

For only certain values of a will Ayg have a nontrivial kernel. That is, only certain
degrees o admit a balanced homogeneous harmonic function.
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Remark 3.3. In general one can find a balanced homogeneous harmonic map
f:CT,0) — R for any d (f may be the 0 map). Both the harmonicity and the
balancing condition for f split into the corresponding conditions for the components
fiof f=(f1,..., fa). By setting the components {f;} to be a basis of the d-
dimensional kernel of A,y one finds the most geometrically interesting such maps.
If one tries to map into a larger-dimensional space, or more generally lets the
components of f be dependent, then the image of f lies in a subspace, not taking
advantage of the full dimension of the target.

In special cases the collection of degrees « that admit balanced homogeneous
harmonic functions is related to other discrete Laplace operators studied extensively
in the literature. The following result is a direct generalization of Proposition 13
from [Daskalopoulos and Mese 2008], and also occurs as part of Theorem 3.5 of
[Friedman and Tillich 2004].

Proposition 3.4. Suppose 0(e) =0y forall e € E(T"). If a6y & 7w Z then there exist
balanced harmonic functions of degree o if and only if 1—cos(abp) is an eigenvalue
of the normalized graph Laplacian L on T.

Remark 3.5. Proposition 3.4 ignores the eigenvalue A = 0O that £ necessarily has,
and the eigenvalue A = 2 that £ may have. These cases correspond to w6y = 2nw
and afy = (2n + 1), respectively, and will be discussed in Section 3.2.

Proof. Suppose 6 (e) = 6y for all e and that (p;) is in the kernel of A,g. For a fixed
vertex v; € V(I') with deg v; neighbors,

0= Z (csc(atp) pj — cot(atp) p;)

Vj~V;
= csc(abp) Z (pj — pi) +deg(v;)(csc(abhp) — cot(abh)) i,
Uj’VU[
(1 cos(@)pi = —— 3 (oi — )
—cos(abp))pi = —— Pi — Pj).
degv; et /

Thus 1 — cos(abp) is an eigenvalue of the vertex-weighted Laplace matrix L
with entries

1 ifi =],
1
Lii={— ifv; ~v;,
/ deg v; ' /
0 ifvi%vj.

Although this matrix L is not symmetric, it is similar to the symmetric normalized
Laplace matrix £ (see [Chung and Langlands 1996] or [Banerjee and Jost 2008])
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with entries

1 ifi = j,
c ! if
=1 it v; ~vj,
Y Jdeg(v;) deg(v;) b
0 if Vi 7("()]'.

Since these matrices are similar they have the same eigenvalues. Their spectra
have been studied extensively in the literature, for instance in [Chung 1997] and
[Banerjee and Jost 2008]. O

For metrics given by general functions 6 : E(I") — (0, &), the question of which
degrees o admit balanced homogeneous harmonic functions is more subtle. We
will study the structure of A via the quadratic form it determines on R*V () This
quadratic form will give information about the changing eigenvalues of A,g. In par-
ticular, when an eigenvalue crosses O the operator A, will have a nontrivial kernel.

Lemma 3.6. For each fixed p = (p;) # 0 the quadratic form p - Ayg p is strictly
increasing in o.

Proof. First compute the quadratic form as follows:

_ pj — cos(ab;;)p;
P'AaQ:O—ZPi( > in(ali)
i

Vi~
pj — pi cos(ab;;) pi — pj cos(ab;;)

= 2 |~ in@o) P sinte,)

viv;€ET) s 1 ij

B Z 2Pi/?j—COS(069ij)(P,-2+P]2-)

vl B(D) sin(a; ;)

= Y (Qosc@d;)pipj — cot(@t) (o} + p7)).

vivjeE(F)

Now the derivative with respect to « is easy to compute:

0 2 2, 2
Q(P'Aaep) = Z (6ij csc™(ab;j) (p; + p;) — 2pipjbij csc(ab;j) cot(ab;;))

vivjeE(F)

= Y Oijosc(@bi)(p] + p} —2pip;j cos(@b;;))
vivjeE(F)

> Y Ojesci (@) (pi—pj)* = 0.

v,-vjeE(l")

Moreover suppose %(p - Aggp) = 0 at some fixed p = (p;) and some fixed «.
Then p; p; cos(ab;;) = p;p; for each v;v; € E(I'), and also

> i esc @b (pi — pj)* =0.
v,-vjeE(F)
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The expression on the left is clearly nonnegative, so for equality to hold p must
be constant. And since « is nonsingular, cos(a6;;) # 1 so that p;p; = 0 for all
viv; € E(I'). Since p is constant, we have p = 0. That is, the only way that
L(p- Aapp) =0 atany a is if p =0. O

Theorem 3.7. In an interval of nonsingular o, the eigenvalues of Ayg are strictly
increasing functions of «.

Proof. The entries of the matrix A, are analytic in « except where they are
not defined, i.e., at singular «. Since we avoid such values, A,y is analytic in «.
Moreover, Agg is symmetric for each real «. A result in the perturbation theory of
eigenvalue problems (see [Rellich 1969, Section 1.1] or [Kato 1966, Theorem 6.1])
says that the eigenvalues and eigenvectors of A,y are also analytic in «. Namely,
there are A () € R and w; (a) € R*V T depending analytically on & so that

Agow;j(a) =Aj()w;(a).

Without loss of generality, w;(«) is a unit vector for each j and each «. The
eigenvalues can be recovered from the eigenvectors via the formula

Aj(a) =wj(a) - Agpwj(@).
Differentiating this identity with respect to « yields

A 40
oo

V() = 2w (@) - Aggw; () +wj(a) - wj(a).

As each w; (@) is a unit vector, it lies in the unit sphere of R*¥ ™. Hence w' () is
perpendicular to w;(a). But Agpw () = Aj(a)w;(e) is parallel to w;(a), so the
first term in A/ (&) vanishes. The second term is strictly positive by Lemma 3.6. Thus

)\'j (o) > 0. O

An immediate consequence of Theorem 3.7 is that one can count the number of
degrees « in an interval that admit balanced homogeneous harmonic functions in
terms of the behavior of p - Ay p at the endpoints of the interval.

Corollary 3.8. Suppose [ao, o] is an interval of nonsingular degrees. If Ay
has no nonpositive eigenvalues and Ay 9 has n| negative eigenvalues then there
are ny — ny degrees a € [ag, o1], counted with multiplicity, for which Ay has a
nontrivial kernel.

Remark 3.9. If Ay has a nontrivial kernel, the multiplicity of « is the dimension
of that kernel. This is the number of independent balanced homogeneous harmonic
functions f : C(I', ) — R of degree «, or equivalently the maximum dimension
of the image of a balanced homogeneous harmonic map f : C(I', §) — R¥.
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Proof. Let the eigenvalues of Ayg be {A ()} as in the proof of Theorem 3.7. The
operator Ayy can only have a nontrivial kernel if some A j(a) = 0.

By Theorem 3.7 each A () is strictly increasing in o. Let A1 (o), . . ., An,(cp)
be the nonpositive eigenvalues of A, 9. For each of these eigenvalues there is at
most one a € [ag, ay] for which A ;(a) = 0; before this degree A; < 0 and after
it A; > 0. The remaining eigenvalues, {A;(a) | j > no}, all remain positive for
0o = o =aj.

So if there are n| negative eigenvalues of A, then no — n; of the original ng
nonpositive eigenvalues of A, were 0 for some « € [, o1]. O

One can extend this result to open intervals whose endpoints are singular degrees.
If ag0;; = nm for some edge v;v; € E(I') and some n € Z, the term in the quadratic
form p - Agy410p corresponding to v;v; reads

2pipj —cos((@o +1)6;) (p} + p7) _ 2pipj = (=D + o0 (o} + p7)
sin((ao +1)6;) B (—1)6;;1 + 0(13)
(pi — (=1)"pj)* + O(1?)
Oijt + O (13)

If p; — (=1)"pj # 0 then this term approaches oo as t — 0 from the left, and
approaches —oo as ¢ — 0 from the right. But if p; — (—1)"p; = 0 then this term
approaches 0 as t — O.

Suppose agf(e) € mZ for more than one edge e € E(I'). For p - Ayggp to
remain bounded near o, each edge v;v; with ag6;; = n;;m imposes a relation
pi — (=1D)"i p; = 0. These relations cut out a subspace B(a) C R*VT on which
0 - Ay p remains bounded for o near «g. But, for any p & B(wp), p - Agep satisfies

lim p-Aggp = Foo.
O[—)O(g:

Now suppose oy < o are singular, but each o € («g, ;) is nonsingular. Let
B; = B(a;) be the subspaces described above, and let Q ;(p) = lima_)aj J RWANY
be a quadratic form defined for p € B;. Then the number of nonpositive eigenvalues
of Agg for o = ag + €, € sufficiently small, is given by the number of negative
eigenvalues of Qg plus dim BOL. Likewise the number of positive eigenvalues of
Ayp for o = a1 — € is given by the number of positive eigenvalues of Q; plus
dim Bll. The number of degrees o € («, ;) admitting a balanced homogeneous
harmonic function, counted with multiplicity, is the difference between these two
numbers.

The behavior of Ayg as @ — 0 is of particular interest.

Proposition 3.10. As o — O from the right, the limit of the operators o A9 converge

to an edge weighted Laplace operator on I" with edge weights w(e) = 9(]—6). In
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particular B(0) is the span of the constant vector 1, with 1; = 1 for all i, and
Qo =0 on By.

Proof. The limit of the quadratic forms determined by o Ag is given by

2pipj —cos(@b;;)(p; + p3)

lim p-(axA = lim
lim p(@Ag)p= lim

w1 CB(D) sin(ab;;) /o
_ ¥ 2pipj = P} = p;
viv €E(T) Oij

_ Z (pi — pj)*

U,’UjEE(F) 9”

where the operator A has entries

Zgi ifi = j,

vev; ik
Ai=11
/ —_— if vi ~ vy,
0 else.

This is precisely the edge-weighted Laplace operator described in the statement of
the proposition.
Now if p; = ¢ for all i then
lim p-Agp =0.
a—0t
But for any other p,

. (,01 - /Oj)2
Iim p-(xA =— <0,
Jim o (ot Aag) o > s
U[l)jEE(F)
S0 p - Aggp — —o0 as o — 0 from the right. O

We are now in a position to give a lower bound on the smallest degree o > 0 of
any balanced homogeneous harmonic function f : C(I', §) — R, in terms of the
first eigenvalue of the normalized Laplace operator £ with entries

1 ifi =,
1 :
,Cl'jz - 1fv,-~vj,

Vdeg(v;) deg(v;)

0 ifv,-74vj.
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Theorem 3.11. Let 1| be the first positive eigenvalue of L, and let

Omax = max 6(e).
ecE(T)

If T is not a complete graph and there is a balanced homogeneous harmonic
function [ : C(T', 0) — R of degree «, then

1
o > —— arccos(l — Aqp).
max

If T = K, is the complete graph on n vertices then
2

o> arctan

max n—

Proof. The operator L is positive semidefinite, which can be seen by the formula

2

Wi wj
Lw = 2: _ .
ke (\/degv,- \/degvj>

v,-vjeE(I‘)

Moreover, £ has a kernel spanned by the vector w = D'/21 with w; = \/degv;. If
I" is not complete then A; < 1, and if I' = K, then 1| = n”Tl (see [Chung 1997,
Lemma 1.7]).

We will proceed by contradiction. In the case where I is not complete and A <1,
we first assume that o < arccos(1 — A1) /Omax. The bound A; < 1 also implies
T
>
Since the first singular o happens when a6y, = 7, we are within the interval of
nonsingular degrees with 0 as an endpoint.

Using the bound a6p.x < /2, bound the quadratic form p - Ayg p in terms of L:

Omax <

2pip; — cos(ab;j)(pf + p?)
P ADepp = Z !

wureB(D) sin(a0;;)
1 — cos(ab;)) (pi — p))*
= 2 sin(a6~)u CRYAEEDY siln(ozG-J-)
viv;eE() K v,vjeE(l") K
1 — cos(aBmax) 2
< ———— N “deg(vi)pf — (pi — pj)
Sin (@) Z B n<a0mdx) ;m T
Vi J
1— 0 1
sin(afmax) sin(aBmax)
0
=—" (10— 0 D—A
o) ((1 = cos(aBmax)) )o
D'2p

=— (1 —cos(abma) — L)D?p.
Sln(aemax)



304 BRIAN FREIDIN

Combining Theorem 3.7 with Proposition 3.10 implies Ayg has at least one
positive eigenvalue for each 0 < o < 7 /6pax. By assumption 1 — cos(abmax) < A1,
so the quadratic form above has exactly one positive eigenvalue. The remaining
eigenvalues are all strictly negative, and their corresponding eigenvectors span a
hyperplane W.

If Ay had a second nonnegative eigenvalue then there would be a 2-dimensional
space on which p - Aygp is nonnegative. But such a plane necessarily intersects W,
on which an upper bound for p-Ayg p is negative, a contradiction! Hence A,y cannot
develop a kernel or a second positive eigenvalue for 0 < « < arccos(l — A1) /Omax-

The proof in the case where I' = K, and 1| = ﬁ is similar. Now we assume
aOmax < 2 arctan n"Tl We are still in the interval before the first singular degree.
We can still bound as before

1 —cos(@;j) _ 1 —cos(@fmax)

sin(oz@,-j) T sin(fmax)

for each edge v;v;, but now we can only bound W > 1. Thus our bound on
1
the quadratic form now reads
1 — cos(@Bmax)

P Dogp < —————p-Dp—p-Ap
Sln(aemax)

6
:tan(‘x ;nax)p.Dp—p.A,O

)
=D'?p. (tan(a ;ax) —E)DI/Z,O.

Just as in the previous case, p - Ayp o has at least one positive eigenvalue, and our
assumed bound on « implies the quadratic form on the right-hand side has exactly
one positive eigenvalue. Thus p - Ayg o cannot have developed a kernel or second

positive for 0 < o < -2 arctan - O
Omax n—1

3.2. Singular degrees. Let us begin with the extension of Proposition 3.4, where
6(e) =6 forall e € E(I'). When a6y ¢ 7 Z, that proposition equated 1 — cos(a6p)
with the eigenvalues of £. This leaves out the possible eigenvalues of 0 and 2.

The normalized Laplacian £ always has an eigenvalue A = 0, as D'/?1 is in the
kernel of L. This corresponds to w6y = 2nm for n € Z; see Theorem 3.13.

The operator £ may also have an eigenvalue A = 2, depending on the structure
of I'. In fact, 2 is an eigenvalue of £ precisely when I" has no odd cycles. The case
A =2 corresponds with a8y = (2n 4 1)7; see Theorem 3.14.

Before approaching the balancing conditions in Theorems 3.13 and 3.14 we will
first parametrize the space of homogeneous harmonic functions f : C(I', 6) — R
in the case afy € 7.
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Lemma 3.12. Suppose 0(e) =6 forall e € E(T") and a6y =nx forn e Z,n > 0. If
n is even, or if n is odd and I" contains no odd cycles, then a homogeneous harmonic
function f : C([', 0) — R of degree « is uniquely determined by a number py and a
function cy: E(I') — R. Ifnis odd and I" contains an odd cycle then a homogeneous
harmonic function f : C(I', 0) — R of degree « is uniquely determined by just a
function co : E(I') - R.

Proof. Begin by arbitrarily orienting all the edges of I'. On each face C(e) C C(T", 0)
choose coordinates adapted to the tail of e, identifying C(e) with Sy, so that
the tail corresponds to the positive x-axis and the head corresponds to the line
x = ycotfy. In these coordinates Lemma 2.9 says a homogeneous harmonic
function is represented by a function

u.(r,0) =r%(ci(e) cos(ad) + cz(e) sin(ah)).

In the spirit of Lemma 3.1, we can let p : V(I") — R be given by p(v) = f (v, 1).
If edge e has tail v; and head v;, then Lemma 2.10 says that ¢; = p(v;) and
c1 = p(vy) cos(abp). If n is even this means that p(v;) = p(v;) for each edge
viv; € E(I'). As T is connected, we must have p = py for some constant pg. If n
is odd we must have p; = —p; for each edge v;v; € E(I'). If " contains no odd
cycles then it is bipartite, so we may set p = pg on one part of I and p = —pg on
the other part. But an odd cycle in I" would force p = 0.

The paragraph above explains the parameter pg in the cases when # is even or I
contains no odd cycle, and its absence in the case when n is odd and I" contains an
odd cycle. Once the constants ¢ (e) are so specified, the coefficients c;(e) in front
of sin(«f) can be anything and the function f is well-defined and continuous. [

If f is determined by any constant py (with pg =0 in case n is odd and I" contains
an odd cycle) and the function ¢, =0, then f is already balanced because

ou, ou,

0) =—(,60)=0.
ag (1 0) = =2, 60)

Considering a more general function ¢; : E(I') — R, two linear maps become
relevant. In case n is even, we define dcy, and in case n is odd we define dcs.
Separating out a single edge e;, we will define both d and d on the function

1 ife=ey,
0 ifes#ey.

If e; has tail v; and head v,, then define

c2(e) = {

1 if v =y,
dca(v) =4 -1 ifv=uy, and dcry(v) = {
0 else,

1 ifv:v1 or vy,
0 else.

Define the maps 0 and d for arbitrary ¢, : E(I') — R by linearity.
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The next two theorems expand on a result of Theorem 3.5 in [Friedman and
Tillich 2004].

Theorem 3.13. Suppose 0(e) = 6y for all e € E(I') and a6y = 2nm for some
ne€Z,n>0. Then the space of balanced homogeneous harmonic functions
f:C(@T,0) > Rofdegree a has dimension #E(I') —#V (I") 4 2.

Proof. According to Lemma 3.12 a homogeneous harmonic function is deter-
mined by pgp € R and ¢; : E(I') — R. The function f is balanced according to
Definition 2.13 if and only if dc, = 0. It thus remains to compute the dimension of
the kernel of 9, or equivalently #E (I") — dimim 0.

The map 9 turns out to be the boundary operator from homology, whose structure
is well understood. For the sake of completeness we provide a description of its
image here as the space of functions g : V(I') — R with ZUEV(F) g() =0. From
the structure of 9 it is clear that the image is contained in this space.

Fix a vertex vy, and a collection of paths p; from v; to v; for each other vertex v;.
Without loss of generality assume that the orientation along each path points from
v towards v;. Let §;(e) = 1 for each edge e € p; and &§;(e) = 0 otherwise, so that

1 if v =y,
0§j(v)y=1-1 ifv=vy,
0 else.

For any function g : V(I') — R with Zj g(j)=0,let& = ijzg(vj)éj, so that

g(;) if j >2,
BOD=1 -3 e ifj=1.
i>2

Since g satisfies Zj g(v;) =0, we necessarily have 9§ (vy) = g(vy) also.

The image of d thus has dimension #V (I') — 1, so its kernel has dimension
#E (') — #V(I') + 1. Combining with the choice of pg, the space of balanced
homogeneous harmonic functions of degree « is #E(I") —#V (I") 4 2. O

Theorem 3.14. Suppose 6(e) = 6y for all e € E(I") and a8y = 2n + )7 for
somen € Z,n > 0. Then the space of balanced homogeneous harmonic functions
f:CT,0) — Rofdegree a has dimension #E(I') —#V (I') 4+ 2 if T contains no
odd cycles, and dimension #E (I') — #V (') if T does contain an odd cycle.

Proof. According to Lemma 3.12 a homogeneous harmonic function is determined
by po € Rand ¢ : E(I') = R. In case I" contains an odd cycle, though, we must
have pg = 0. The function f is balanced according to Definition 2.13 if and only if
dcy =0. It thus remains to compute the dimension of the kernel of d, or equivalently
#E(') —dimimd.
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In case I" contains an odd cycle we claim the image of the linear map d consists
of all functions g : V(I') — R. With the presence of a single odd cycle, one can find
a cycle of odd length starting and ending at any particular vertex. For a vertex v;,
choose such a path and let §;(e) = %1 on the edges of the path in an alternating
fashion, so that

2 ifv=v;
d&;(v) = 7
51 () {0 else.
Defining & = %Zl g(vj)&;, we see that dé = g. In this case we had no choice
of pg, so the dimension of balanced homogeneous harmonic functions is just

dimkerd =#E(I') —dimimd =#E ") —#V ().

If I' does not contain an odd cycle then the graph is bipartite. Say the parts of I"
are A,BCV({),with AUB=V(I'), AN B = &, and every edge of " has one
endpoint in A and one endpoint in B. Then we claim the image of d consists of
those functions g : V(I') — R with

P IOEDIFION
vEA veEB

Assuming G is connected, one can find odd-length paths p from any vertex in A to
any vertex in B. If the path p joins v; € A and v, € B, then defining &,(e) = £1
along p in an alternating fashion gives

1 ifv=nvy,
dé,(v) =11 ifv=uy,
0 else.

Start with & = 0 and build up as follows. Enumerate the vertices in A by v; and
the vertices in B by w;, and without loss of generality #A = a > b = #B. First
select odd-length paths py, ..., ps—p from vp4q, ..., v, to wy and add g(vj)é‘pj
to & for b < j < a. Then choose paths from w; to vy, v; to wy, wy to vy, ...,
wp, to vp. Adding appropriate multiples of the corresponding functions &, to &
will ensure that d&€(v) = g(v) for all v except perhaps v,. But the condition that
Y ven &) =", 5 g(v) will ensure that d&(v,) = g(v,) as well.

Thus in this case the image of d has dimension #V (I") — 1, so its kernel has dimen-
sion #E(I") —#V (I') 4+ 1. Combining with the choice of pg, the space of balanced
homogeneous harmonic functions of degree « has dimension #£ (I") —#V (I")+2. U

Remark 3.15. Theorem 3.13 can be seen as a corollary of Theorem 3.14 after
subdividing edges. In fact, all that is really needed is the statement when a6y = 7.
If a8y = kmr simply subdivide each edge into k pieces to reduce to the case afy = 7.
Lemma 2.14 then implies a balanced function on the subdivided complex is smooth
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at the introduced vertices and is thus the restriction of a function on the unsubdivided
complex.

We now turn to the more complicated situation when 6 : E(I") — (0, ) is not
constant but « is still a singular degree. Let ¥ C I" be the subgraph consisting of
all those edges e € E(I") with af(e) € wZ, along with their incident vertices. One
can see, as in Lemma 3.12, that a homogeneous harmonic function is determined
by a function p : V(I") — R that lies in the space B(«) described in the previous
subsection, along with a function ¢; : E(X) — R. Then one could describe which p
and ¢ describe a balanced function. But it is simpler to use the strategy described
in Remark 3.15.

For each edge e € E(X), if «6(e) = kxr then subdivide e into k edges, each with
o6 = . This turns the original complex C(I', #) into an isometric complex (by
abuse of notation also denoted C(I", 8)) where each edge e € E(I") satisfies either
af(e) =m or af(e) ¢ mZ. Now we can describe homogeneous harmonic functions.

Lemma 3.16. A homogeneous harmonic function f : C(I', 0) — R of singular
degree a is uniquely determined by a function c; : E(X) — R together with a
Sunction p : V(I') = R such that p(v;) = —p(v;) for all v;iv; € E(X).

Proof. Just as in Lemma 3.1, the function f is uniquely determined on those
edges e € E(I') \ E(X) by the values p(v) on the incident vertices. And just as in
Lemma 3.12, the condition p; = —p; together with a choice of ¢;; = c2(v;v;) on
v;v; € E(X) uniquely determines f in the corresponding face via the representation

u(r, 0) =r(p; cos(ab) + c;j sin(a)). O

Now the balancing condition is slightly more subtle. On vertices v; € V(I')\V (%)
one must still have

Z pj —cos(ab;;)p; —0.
vt sin(a6;;)
just as in Theorem 3.2. Unfortunately these conditions alone seem unlikely to be
satisfied for p # 0, given the restrictions on p coming from X. Certainly a necessary
condition is that the quadratic form Q(p) = limy 4 p - Aygp on the space B(x)
from the previous subsection should have a nontrivial kernel. Since the eigenvalues
of Ay are strictly increasing with &’ the possibility that one passes through 0
precisely at ' = « seems unlikely.

On those vertices v; € V (X) a combination of the formula from Theorem 3.2 and
the linear map d from above is necessary, which we’ll define as o : R¥£(¥) — R#V (),
The balancing condition says

p; —cos(ab;;)p;
dey(vi) + Z / Sin( 9.; Y
viv;€eE(M\E(E) oGij
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Proposition 3.17. If ¥ has a connected component that is not a tree but contains
no odd cycles, then there are nontrivial balanced homogeneous harmonic functions
of degree «.

Proof. To produce a nontrivial balanced homogeneous harmonic function of a
singular degree « it is enough, according to Lemma 3.16, to specify p and c; :
E(X) - R. We will choose p =0, and if ¥y C X is a connected component that
is not a tree but contains no odd cycles we set c; =0 on E(X) \ E(Zp).

We will construct a balanced function by specifying c; % 0 on E(XZg) in the
kernel of d. To prove that such a ¢, exists, it suffices to show that the image of d
when restricted to functions ¢, : E(Xp) — R has dimension at most #E (%) — 1.
But this is precisely the content of Theorem 3.14; in the absence of odd cycles
the image of d acting on R*£(*0) has dimension #V (Xo) — 1. As X is not a
tree, #E(Xg) > #V (Zo), so d has a kernel and a balanced homogeneous harmonic
function exists. ([

3.3. Eigenvalue problems on graphs. The balanced homogeneous harmonic func-
tions of this section can be reinterpreted in terms of an eigenvalue problem on the
graph I'. Returning to the notation of Definition 2.2, write f : C(I',0) — R as

flx, 1) = p(x)e”.

Here x is a point on I" and ¢t € R>g. On each edge e determine coordinates by a
map ¥, : e — [0, 6(e)] C R, and define p, : [0, 6(e)] — R by

pe(s) = poi, (s).

Now the original function f : C(T", #) — R is harmonic if and only if each p, is
an eigenfunction of the second derivative operator, namely p/ = —a?p,. And the
original function f is balanced if and only if, for each v € V(I),

D (=10, (v) =0.
vee
Thus a balanced homogeneous harmonic function f corresponds to a solution of
the eigenvalue problem p! = —a?p, for all e € E(I") with the boundary conditions
stated above at each v € V (y).
This eigenvalue problem was studied extensively in [Friedman and Tillich 2004],
and existence of solutions was studied variationally by way of the Rayleigh quotient,

0
Seerm Jo O loL(s) ds

R[p]= i
D oecEM) foe(e) |pe ()% ds

In particular, they show:
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Theorem 3.18 [Friedman and Tillich 2004, Theorem 3.2]. There exist solutions p;
of degree «; to the eigenvalue problem on I'. The degrees «; are increasing and
tend to 0o, and the p; form a complete orthonormal basis for L*(T").

Friedman and Tillich [2004, Theorem 3.3] proved a Weyl law. In our notation, if
N, counts the number of degrees # < o, with their multiplicities, that occur as degrees
of balanced homogeneous harmonic functions, then there is a constant C so that
oa®

Ny — —
T

<C.

Here ® =) ) 0(e) is the total length of the graph.

It is interesting to compare this Weyl law with our bounds on the eigenvalues,
e.g., in Corollary 3.8. In case 6(e) = 90 for all e € E(I'), there are precisely
1+ |_“9°J singular degrees of the form L between 0 and «. From Theorems 3.13
and 3.14 we know that one eigenvalue of Ayp approaches 0 as t — ]% and the rest
approach 400, unless k is odd and I' is not bipartite in which case all eigenvalues
of A,y approach £oo. Including the balanced homogeneous functions of singular
degrees counted in Theorems 3.13 and 3.14, one can say in this case that

a®
‘Na —— | <#ED).
T

In case 0(e) is not constant over E(I"), the analysis is more subtle. In the most
generic case, when 6 (e) # 0(e’) whenever e # ¢/, A9 becomes singular whenever
t0;; = kmr for some edge v;v; € E(I') and k € Z. Near such a singular degree, A p
remains bounded if and only if p; = (— Dkp ;. That is, Aye remains bounded on a
space of codimension 1. It is hard to predict when any particular eigenvalue of Agyg
passes through 0O, but since the eigenvalues that remain bounded are continuous
across the singular degrees, each time an eigenvalue approaches oo, it must have
passed through O at some point. The only exception is the first eigenvalue that
approaches oo might be the one that was an eigenvalue of Agg.

For fixed o > 0, there are a total of Zv ~; I_'w” J singular degrees between 0
and «, each one contributing at least one balanced eigenfunction. Between the last
singular degree and « there is some number b < #V (I') of additional balanced
eigenfunctions.

If Sy is the number of balanced eigenfunctions of singular degrees that don’t
arise as limits of unbalanced eigenfunctions from nearby degrees, then we have

0i; G
Ne=3" L“—JJ +Syt+b > —#E() + S,
b4 bid
Vi~V
From the Weyl bound, N, < “O + C for some constant C, and hence

Sy <#E(I")+C.
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In other words, there are only finitely many balanced eigenfunctions that occur
spontaneously at singular degrees.

4. Balanced harmonic maps into k-pods

After subdividing the domain if necessary a homogeneous map f : C(I", 8) — C (k)
maps each face C(e) C C(I', 0) to a single edge C(vy) C C(k). The map f is
harmonic if its restriction to each face, when viewed in coordinates, is a harmonic
function u : Sg) — R>¢. According to Proposition 2.11 such a map exists if and
only if 0 < af(e) < m for each edge e € E(I").

The balancing condition of Definition 2.15 imposes further restrictions on which
degrees o can occur for harmonic maps from smooth cones into k-pods. In fact the
degree o and the geometry of the cone are closely related.

Theorem 4.1. A balanced homogeneous harmonic map f : C(Cy,0") — C(k) of
degree o exists if and only if the cone is a subdivision of C(C,, 8) where 6(e) = 6y
for each edge e € E(Cp), and

059() =Tr.

Remark 4.2. When k = 2, Theorem 4.1 can be seen to say that the nodal domains
of a homogeneous harmonic function f : R> — R are equiangular sectors.

Proof. First suppose that there is a balanced homogeneous harmonic map f :
C(Cy,0")— C(k) and f (vg, 1) =0is the vertex of C (k) for some fixed vg € V(Cy).
Enumerate the vertices of C, in order as {vo, v2, ..., Uy—1}, SO U; ™~ V(i+1) (mod n)
for each i. In each face C(v;v;11) C C(C,, 0’) take coordinates adapted to v; and
represent f in those coordinates by a harmonic function u; : Sp(,v,.,) — Rx>o.

Since f(vg, 1) =0 is the vertex of the k-pod C (k) we must have p(vg) = 0. The
map ug that represents f in C(vov;) thus has the form

ug(r, 0) = c1r® sin(ah).

If a8 (vgv1) = then ug(r, 6 (vov1)) = 0 as well. Otherwise ug(r, 8 (vov1)) # 0 and
according to Lemma 2.16 the map #; must have the form

uy(r,0) = c1r® sin(a + b (vgvy)).

Continuing inductively in this fashion, as long as u; _ (r, 6 (vi_1v;)) #0 Lemma 2.16
says the map u; representing f in C(v;v;4+1) must have the form

u;(r, 0) = c1r® sin(af + ad(vgvy) + - - - + b (v;_1v;)).

Since f can only map an edge of C(C,, 8") to the vertex of C(k), some u,, must
vanish at (r, 0 (v, ;+1)). In this case we have

.
oy 0(vivip) =m.
i=1
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We can “unsubdivide” the first r edges of ¢,/ to form an edge of a new graph with
«of = m on that edge. Repeating the same argument starting at v, 1, and at each
successive vertex of C,/ that f maps to the vertex of C(k), one sees that C(C,, 6")
is a subdivision of some C(C,, 6) with af(e) = 7 for each e € E(C,,).

It remains to see that a balanced homogeneous harmonic map of degree o does
exist from C(C,, 6) when af(e) = 7 for each e € E(C,). Let 8y = m/a be the
common angle measure in each face of C(C,, ). In each face of C(C,, 0) let f
be represented in coordinates by the function

u(r,0) =cr®sin(af).

Then f will map each edge of C(C,, 0) into the vertex of C (k). And the balancing
condition is satisfied precisely because the constant ¢ in each face is the same. [J

Remark 4.3. The process of “unsubdividing” described in this proof may result
in a cone C(C,, 0) with 6(e) > 7. This is not consistent with Definition 2.5 but it
causes only notational difficulty. In particular, if 8 (e) = 6y > 7 one can identify the
face C(e) with the upper half-plane endowed with a different metric. Indeed, let

92r2

S={(x.y) eR*|y>0} with metric ds*=dr’>+-"-do>.
T

This S has an angle of 6 at the origin, and the harmonic functions of degree o
defined on S have the form

u(r,0) =r%(cy cos(0) + ¢, sin(9)).

In order that u stays positive one must have ¢; =0 and ¢, > 0, which is consistent
with the functions described in the above proof.

Remark 4.4. According to our assumption from Section 2.3.2, if v € V(C,) has
incident edges e; and ey, and f (v, 1) is the vertex of C(k), then the images of
flce, and flc(e,) should be distinct edges of C (k). This is a common assumption
in applications, and is consistent with the maximum principle for harmonic maps
that would prohibit a local minimum value of 0 along an edge, thus ruling out the
possibility £k = 1. With this additional restriction, the number n from the above
proof must be at least 3, unless the image of f lies in only two edges of the k-pod
(in particular if k = 2).

The application we list here was established in [Gromov and Schoen 1992].

Corollary 4.5. Any homogeneous harmonic map f : R> — C(k) into a k-pod
either has degree 1 or degree o > % If C(C,, 0) is a smooth cone whose vertex is
positively curved, then any homogeneous harmonic map f : C(C,, 0) — C(k) has
degree o > 1, and if the total angle of C(Cy, 0) is at most 3w then any map that
visits at least three edges of C (k) has degree a > 1.
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Proof. We begin by remarking that R? is isometric to C(C,, 8’) whenever
> 0le)=2m.
e€E(Cy)

According to Theorem 4.1, the degree o of a homogeneous harmonic map f :
C(C,, 0) — C(k) must satisty

o Z 0'(e) =nm,
ecE(C,)

where 7 is the number of edges of C (k) visited by f counted with multiplicity. By
Remark 4.4 we must have n > 2, or n > 3 if f visits at least three edges of C (k).
If the vertex of C(C,/, 0') is flat, this means @ = n/2. When n = 2 we have
o = 1, and when n > 3 we have o > %
If the vertex of C(C,, 6') is positively curved then ), 6'(e) < 27 so

nw n
> —.
ZeeE(C,,/) 0'(e) 2
Again by Remark 4.4 n > 2 so that o > 1.

o =

And in fact if
Z 0'(e) <37 and n >3,
EEE(CH/)
then ot
= >1. ]
TS0 "

4.1. p-harmonic maps. Just as in the previous subsection, we consider p-harmonic
maps f:C(Cp, 8) — C (k). The basic object of study is analogous to the nonnegative
harmonic functions described in Proposition 2.11. The existence of homogeneous
p-harmonic functions with Dirichlet boundary conditions in a plane sector were
studied in [Tolksdorf 1983] and later in [Porretta and Véron 2009]. Akman, Lewis,
and Vogel describe in [Akman et al. 2019] the relationship between the sector Sg,
and the degree o of homogeneity of p-harmonic functions described in [Tolksdorf
1983] and [Porretta and Véron 2009].

Translating the description of [Akman et al. 2019] into the present notation, for
each p > 1 and each angle 0 < 6y < 27 there is a unique degree o > 0 and a unique
(up to scaling) homogeneous p-harmonic function ¢, : Sp, = Rx0 of degree o with
@ (1, 0) = Py (1, 8p) = 0. (There is also a unique degree o < 0 with an associated
p-harmonic function, but we will not consider that here.) The angle 8y and the
degree « are related by the equation

1 90_ oa—1
JT_ 2 2—p )
o +ﬁa
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Lemma 4.6. The relationship between 0y and « is monotone. That is, if 6y < 6,
support homogeneous p-harmonic functions of degrees oo and oy, respectively,
then oy > aj.

Proof. Simply differentiate the equation relating 8y and «. This yields
1 pa+2—p do

T 2(p- a2+ 2a)? db

Now, in order that the square root in the equation relating 6 and « is real, we
must have o > Z—j. This rearranges to say that pa +2 — p > «, so the derivative
computation above rearranges to
2—p \3/2
do 2(p— 1)(0524‘%05)

- P <0. O

oy ~ an

Theorem 4.7. Any homogeneous p-harmonic map f : R> — C(k) into a k-pod
either has degree 1 or degree o > %. If C(C,, 0) is a smooth cone whose vertex is
positively curved, then any homogeneous p-harmonic map f : C(Cp, 0) — C(k)
has degree o > 1, and if the total angle of C(C,,, 0) is at most 37 then any map that
visits at least three edges of C (k) has degree a > 1.

Proof. Just as in Theorem 4.1 we can construct homogeneous p-harmonic maps
f:C(Cp,0) — C(k) essentially (i.e., up to subdivision) only when 6 (e) = 6y for
all e € E(C,). In each face C(e), f is represented in coordinates by c(e)¢,, where
« is the degree related to the angle 6y in the above equation. Then the balancing
condition of Definition 2.15 says that f is balanced if and only if the constants c(e)
do not depend on e € E(I"), that is, c(e) = c for all e.

If the domain is isometric to R?, i.e., if the vertex of C(C,, 0) is flat, that means

> 6(e) =nby=2n.

ecE(Cy)

When n = 2 and 8y = 7 the corresponding degree of a p-harmonic function
u:Sy = Rspisa=1.If n > 3 then 6y < 2m/3. According to Lemma 4.6 smaller
angles 6y correspond to larger degrees o, so the smallest degree happens when
6o = 2m /3. Solving the relationship between 8y and « in the case 6y = 27 /3 gives

17p — 164/ p?>+32p —32
°T 16(p — 1) '
This is a decreasing function of p so it is bounded below by its limit as p — o0,
namely o > %.
And if the vertex of C(C,, 0) is positively curved then ,0(e) =nby <2m. In
this case we have 6y < 7, so by Lemma 4.6 we have o > 1.
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In factif ), 6(e) = nby < 37 and the map f visits at least three edges of C (k)
then we must have n > 3 so that 6y < 7, and again this means o > 1. |

5. Balanced harmonic maps between cones

Consider a homogeneous map f : C(I', 8) — C(T', ¢), and assume f maps each
edge and face of C(I") to itself. The map f is harmonic if its restriction to each
face of C(I'", 8) is a harmonic map between sectors of the plane. We investigate
the balanced (as in Definition 2.17) homogeneous harmonic maps f : C(IT", 6) —
C(I', ¢). According to Proposition 2.12 such a map can only existif 0 < «f(e) <
for each e € E(I'). The analysis will be different if a6 (e) = m for some edge e
(necessarily 6(e) = Onax); we will call this the singular degree.

We will focus first on the case of nonsingular «. We begin by constructing
homogeneous harmonic maps f : C(I", ) — C(T", ¢), and later investigating which
of those maps are balanced.

Lemma 5.1. A homogeneous harmonic map f : C(I',0) — C(I', ¢) of degree
0 < @ < 7/0Omax is uniquely determined by a function p : V(I') — Rxo.

Proof. For a fixed edge e € E(I') consider the faces C(e) C C(I', 8) and C(e) C
C(T', ), which are isometric to Sp() and S, ), respectively. Proposition 2.12 says
a homogeneous harmonic map u : Sg) — Sy(e) 1s uniquely determined by the
values |u(1, 0)| and |u(1, 6p)| (using polar coordinates (r, &) in Sp()).

Fix a function p : V(I') = Rx>o. For each edge e = (vov;) € E(I'), fix co-
ordinates in the face C(e) adapted to vy for each metric, so that C(e) is iden-
tified with Sp) or Sy and the edge C(v) is identified with the positive x-
axis. Define f in C(e) to be represented in these coordinates by the unique
homogeneous harmonic map u : Sp) — Sy With u(1,0) = (p(vp),0) and
u(l,0(e)) = (p(vy) cosgp(e), p(vy) sinp(e)).

Along each edge C(v) of C(I') the map f is defined independently of the choice
of incident edge. Hence f is continuous over the edges of C(I", 8) and harmonic
in each face. ([

For ease of notation, we will enumerate the vertices of I" by {v;}. Then a function
p: V(I') > Rx¢ can be encoded by the vector (p; = p(v;)). If v;v; € E(T") is an
edge, we will also define 6;; = 0(v;v;) and ¢;; = ¢(v;v;).

Theorem 5.2. The homogeneous harmonic map f : C(I', 0) — C(I', ¢) of degree
0 < a < 7 /Omax determined by p : V(I') — Rx is balanced if and only if, for each
vertex v;,

=0.

Z cos(;j)pj — cos(ab;;)p;

byt sin(a6;;)
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Here v ~ w means that vertices v and w are adjacent, so there is an edge
vw € E().

Proof. In each face C(v;v;) choose coordinates adapted to v; for each metric, so
that the face is identified with Sy, or Sy, and C(v;) is identified with the positive
x-axis. By Proposition 2.12, in these coordinates f|c(,v;) i represented by

pj cos(gij)—p; cos(ab;;) sin(a6) sin(g;;)

i(r,0) =r"( p; 0 ; ) =
uj(r,6) =r ('0 cos(@b)+ sin(a6;;) sin(a6;;)

Pj sin(a@)).
And the balancing formula of Definition 2.17 says that f is balanced along C (v;) if

BXJ'
2L,00=0,
> 2 0

vV~

where r¢ x (0) is the x-coordinate of u(r, 6).
Combining these two formulas, we see that f is balanced along C (v;) if

=0.

o 2{: COS(wu)pj——COS(aGU)pi
ot sin(a6;;))

In order to be balanced, f must be balanced along each edge of C(T", 6), so every

sum of this form must vanish. U

Another way to interpret this result is to say a vector (p;) determines a balanced
homogeneous harmonic function f : C(I", ) — C(I, ¢) of degree 0 < @ < 77 /6Omax
if it is in the kernel of the matrix Aﬁe with entries

=) cot(aty) ifi=j,
V™~V

cos(g;j) csc(ab;j) if v; ~vj,
0 if v 7(’ vj.

(AYp)ij =

For only certain values of o will A?, have a nontrivial kernel. That is, only certain
degrees o admit balanced homogeneous harmonic maps.

The situation for harmonic maps between cones is much more rigid than that of
harmonic functions. In special cases the degrees « and the corresponding balanced
homogeneous harmonic maps are easy to describe.

Proposition 5.3. Suppose 6(e) = 0y and ¢(e) = ¢g for all e € E(I'). Then there
exist balanced harmonic maps f : C(I', 0) — C(T, ¢) of degree 0 < o < 1w /6y
if and only if a8y = @o. If aby = o = /2 then every function p : V(I') = Rxo
determines such an f, but if €8y = g # 7w /2 then only the constant vectors p = c1
with p; = c for all i do.
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Proof. First suppose ¢g = 7 /2. Then cos(¢g) = 0 so the matrix Aze is diagonal
with diagonal entries deg(v;) cot(afp). A diagonal operator only has a kernel if
some of its diagonal entries are 0. In this case the only possibility is if cot(afy) =0,
i.e., afy = /2. In this case Azeo =0, so all vectors (p;) are in its kernel.

Now suppose ¢g # 7 /2. The matrix Aze can be rewritten

AY, = csc(abp)(cos(go) A — cos(aby) D).
A vector p is in the kernel of this matrix if and only if

cos(go) Ap = cos(ath) Dp,

cos(a6
D 'Ap = Mp,
cos(¢o)
cos — cos(af,
DV2(1— D' 2AD-12pir2, = (%0) (abp) ’
cos(¢o)
£DY2p = cos(po) — cos(abp) D2,
cos(¢o)
Thus D!/2 p is an eigenvector of £ with eigenvalue A =1 — %.

If w6y # g then A #~ 0. But the eigenvectors of £ with nonzero eigenvalue are per-
pendicular to the null-vector w = D'/?1 with w; = ,/deg v; for each i. Equivalently,

0=D"?p-w= Zdeg(vi)pi-

1

But in order to determine a balanced homogeneous harmonic map, all coordinates
of p must be nonnegative! For p # 0 the above equation precludes this possibility,
so the only case left to consider is a6y = ¢y.

If a6y = @o then a vector p in the kernel of AY, must satisfy D'/?p = cw =
cD'?1,s0 p=cl. O

1/2

For metrics given by more general functions 6, ¢ : E(I') — (0, 7), the question
of which degrees o admit balanced homogeneous harmonic functions is more subtle.
But we can achieve a lower bound on such « more easily than we did for functions
into R.

Theorem 5.4. If there is a balanced homogeneous harmonic map f : C(T', 0) —

CT, ) then
| el
,mln{% eeE(F)})

o> min<
91’118.)(

Proof. We proceed by the contrapositive. If o« < 7 /26, and a8 (e) < ¢(e) for each
e € E(I'), we will show that no balanced homogeneous harmonic map of degree o
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can exist. Under these assumptions on « we have, for each edge v;v;,
cos(ab;j) > cos(g;;) and cos(ab;;) > 0.

Now bound the quadratic form associated to A? oo s follows:

p A% p= Z ZPiijOS(wij)—(p,+p])008(a9,])

o TE) sin(a6;;)
<- Z cot(@b;;)(pi — pj)* < 0.
l),'UjEE(F)

This quadratic form is negative definite; if p is not the zero vector then p - Aze p<0.
Thus no nontrivial balanced homogeneous harmonic maps of degree « can exist. [

We can further study the quadratic form determined by A¥ oo Just as we did in the
case of functions to R.

Lemma 5.5. For each fixed p = (p;) # 0 the quadratic form p - Azgp is strictly
increasing in o.

Proof. We computed the quadratic form in the previous result:
prAbgp="Y_ (2pipjcos(ij)csc(at) — (o] + p7) cot(@b;)).
viv;€E(y)
Its derivative can now be bounded as follows:

d
S AP = D 61 e @0 (0] + P} = 2pip; cos(gij) cos(@by))
UinEE(F)

Y e @b (pi — p)* = 0.
viv;€E()

Moreover suppose - (,o AY «0P) =0 at some fixed p = (p;) and some fixed c.
Then p; pj cos(g;;) cos(ab;;) = p;p; for each v;v; € E(I'), and also

D Gjesc?(@bip)(pi — p)* =

U,‘UjEE(F)

The expression on the left is clearly nonnegative, so for equality to hold p must
be constant. And it follows from 0 < ¢;;, a6;; < m, cos(g;;) cos(ab;;) # 1 that
pip; =0 for all v;v; € E(I'). Since p is constant, we have p = 0. That is, the only
way that 35 (0 Aggp) =0 atany o isif p =0. [l

Theorem 5.6. In the interval 0 < o < 1 /0max the eigenvalues of Aze are strictly
increasing functions of «.
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Proof. The entries of the matrix AZQ are analytic in « in the interval 0 < o < 77 /Oax.-
Moreover, Age is symmetric for each real «. A result in the perturbation theory of
eigenvalue problems (see [Rellich 1969, Section 1.1] or [Kato 1966, Theorem 6.1])
says that the eigenvalues and eigenvectors of A,y are also analytic in «. Namely,
there are A () € R and w; («) € R* ™) depending analytically on & so that

Afpwi(a) =Aj(@)w;(a).

Without loss of generality, w;(«) is a unit vector for each j and each «. The
eigenvalues can be recovered from the eigenvectors via the formula

L) =w;(@) - A% w;(@).

Differentiating this identity with respect to « yields

/ / (7] aAzé
Aj(a) :2wj(oz) AL pwi(a) +wj(a) - ™ w;(a).

As each w; («) is a unit vector, it lies in the unit sphere of R*V T Hence w' () is
perpendicular to w; (o). But Aggw;(a) = Aj(a)w; () is parallel to w;(«), so the
first term in A’ () vanishes. The second term is strictly positive by Lemma 5.5. Thus

)L'j (o) > 0. (]

An immediate consequence of Theorem 5.6 is that one can count the number of
degrees o admitting balanced homogeneous harmonic functions just as in the case
of functions to R. If «6;; = = —e for some edge v;v; € E(I") then the corresponding
term in o - Age,o is

2pipj cos(@ij) — (07 +p7) cos(@b;;)  2pipj cos(@ij)+p; +p;+ O (€)
sin(a6;;) B e+0(e)

. — )2
- Mm—cos«pu))

2pipj
€

4+ O (e).

The only way this term does not approach +oo is if p; = p; =0.

AS & = 77 /Omax, the quadratic form p - AY, p stays bounded only if p; = p; =0
for each edge v;v; with 6;; = Opmax. In other words, p; must be 0 at any vertex v;
incident to an edge e with 8(e) = Onax. This defines a subspace W on which the
quadratic form remains bounded. For all p ¢ W,

lim p-AY p=+o0.

o —> 77 /Omax

We can thus define a quadratic form Q on W via

Q(p)= lim p-AYp.

o—> 77 /Omax



320 BRIAN FREIDIN

Corollary 5.7. The total number of degrees 0 < o < 7w /Oyax that admit balanced
homogeneous harmonic maps f : C(I',0) — C(I, ¢), counted with multiplicity,
is the sum of the dimension dim W and the number of positive eigenvalues of the
quadratic form Q defined on W.

Remark 5.8. If Aze has a nontrivial kernel, the multiplicity of « is the dimension
of that kernel.

Proof. Following Theorem 5.6, the only time that A?, can have a nontrivial kernel
is when one of the eigenvalues A () crosses 0. According to Theorem 5.4 the
matrices Aze have only negative eigenvalues for o small, so we need only count
the number of positive eigenvalues as « approaches 7 /0n,x. Any eigenvalue of
AZ@ that approaches 400 as o — /0 is certainly positive, and the remaining
eigenvalues of Aze approach the eigenvalues of the quadratic form Q on W as
described above. (]

5.1. The singular degree o0 = 1 [Oyax. In stark contrast to Section 3.2, balanced
homogeneous harmonic maps f : C(I', ) — C(I", ¢) of the singular degree o =
7T /6max are quite rare. First we must describe homogeneous harmonic maps in
this case. Let ¥ C I be the subgraph consisting of all those edges e € E(I") with
af(e) = , along with their incident vertices.

Lemma 5.9. A homogeneous harmonic map f : C(I',0) — C(, ¢) of degree
o = 7 /Omax is uniquely determined by a function p : V(I') \ V(2) — Rxo, along
with a function

v:{v,e) e V()X E(X)|vee}—> R

subject to the constraints
v(v, e) > cos(p(e))v(w, e) and v(w,e) > cos(p(e))v(v,e) forall e=vw e E(I).

Proof. If f:C(I',0) — C(I', ) has degree o = 7 /6max, let p : V(I') = R be
defined by f(v, 1) = (v, p(v)). Any vertex v € V(X) is incident to an edge e with
af(e) = m, so according to Proposition 2.12 p(v) = 0. Thus we may replace p
with its restriction to V(I') \ V(). Using Proposition 2.12, such a p uniquely
determines the behavior of f on each face C(e) corresponding to e € E(I") \ E(X).

Now we turn to those edges e € E(X). According to Proposition 2.12, the
harmonic map f : C(I",0) — C(I", ¢) can be represented in coordinates in the
face C(e) by the map

u(r,0) = (x, y) = (c1r% sin(ab), cor® sin(ad)).

This is a map Sge) — Sy(e), and we are using polar coordinates in the domain and
rectangular coordinates in the target.
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If the positive x-axis corresponds to a vertex v € V (I") and the other edge of Sy ()
(or Sy(ey)) corresponds to vo € V(y), consider vy =v(vy, e) and v = v(v2, e) to be
the normal derivatives used in the balancing condition of Definition 2.17. That is,

8x(1 0)

V) = — s =

1 90 1o
and

a

~38 r=1,9=€(e)(x cosp(e)+ ysing(e)) = a(cy cos@(e) +casinp(e)).

V) =

One can easily solve for c¢; and c;:

V1 vy — v cos ¢(e)
ci=— and ¢p=—-——79—Z—¥—
o asing(e)

Thus the map v uniquely determines the map f in each face C(e) corresponding
to e € E(X). The only restriction on v is that the image of u must lie in S,. The
conditions are very similar to those found in Proposition 2.12, namely ¢; > 0 and
c1 > ¢y cot¢g. Using the above equations to express c¢; and ¢, in terms of v; and
v, yields precisely

vy >vicosgy and v > vy Cos ¢p. O

Now we discuss the balancing condition. On vertices v; € V(I") \ V(X) one
must still have

Z cos(g;j)pj — cos(ab;;)p;

. == 01
sin(a0;;)

v~

just as in Theorem 3.2. And on those vertices v; € V(X) one has p; = 0 and the
balancing condition reads

cos(gij)
Z v(v;, vivj) + Z Mﬁj—o-

viv;eE(T) viv;eE(M\E(D)

It seems unlikely to find a map balanced at just the vertices in V(I") \ V(%)
without taking p = 0. Since the eigenvalue of A, are strictly increasing with o
the chance that one passes through O precisely at a particular value of o seems low.
Despite a similar concern in Section 3.2, we described an abundance of balanced
harmonic maps in Proposition 3.17 by choosing p = 0. Unfortunately such a result
does not hold in the current situation.

Theorem 5.10. The only balanced homogeneous harmonic map f : C(I', 0) —
C(T, ¢) of degree o = 1 /Oax, determined by p = 0 and some function v as in
Lemma 5.9, is the trivial map.
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Proof. The map f : C(I', ) — C(I', ¢) determined by the functions p =0 and v
must satisfy the conditions listed in Lemma 5.9. For an edge e =vw € E (%) this says

v(v,e) >v(w,e)cos(p(e)) and v(w,e) > v(v,e)cos(ple)).
Adding these together gives
v(v,e) +v(w,e) > (v(v, e) +v(w, e)) cos(e(e)).
Since cos(¢(e)) cannot equal 1, we must have
v(v,e)+v(w,e) > 0.

Summing over all edges of ¥ we have

0< ) D vwe= > D v.e)=0.

ecE(I') vee veV(T) esv

The vanishing of the reordered sum follows from the balancing condition at the
vertices of X. Thus each inequality from Lemma 5.9 must in fact be an equality.
So on the edge e = vw € E(I),

v(v, €) = v(w, €) cos(p(e)) = v(v, €) cos’(¢(e)).
Since cos(¢(e)) never equals 1, v(v, e) = 0 for each pair (v, e). O

As an immediate consequence we can extend the result of Proposition 5.3, which
discussed the case when 6 (e) = 6y and @ (e) = ¢ for all e € E(I"). That proposition
insisted the only balanced harmonic maps had degree o = ¢y /6y, but did not discuss
the possible singular degree o = /6.

Corollary 5.11. Let 6(e) = 6y and ¢(e) = ¢q for all e € E(I"). Then there is no
nontrivial balanced homogeneous harmonic map f : C(I', 8) — C(I', @) of degree
oa=T7 / 0().

Proof. 1f0(e) =6y forall e € E(I") and o = 11 /6 then the subgraph X is all of T" itself.
According to Lemma 5.9 a homogeneous harmonic map f : C(I', 8) — C(T', ¢) is
determined by just a function v. But now Theorem 5.10 says that in order for f to
be balanced v must vanish. In other words, f must be the trivial map that sends all
of C (T, 0) to the vertex of C(T", ¢). O

If one could balance the vertices in V (I') \ V(X), then balancing the vertices in
V (X¥) amounts to choosing a function v from a 2#FE (X)-dimensional space subject
to #V (X) balancing conditions. Such a v certainly exists since 2#E(X) > #V (%)
(in fact the inequality is strict if X is not a disjoint collection of edges) and the
#V (X) balancing conditions are independent (no two of them use the same value
of v). But as was the case in Theorem 5.10 the extra inequalities restricting v are
unlikely to be satisfied.
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6. Collapsing cones

We deal with the limits of the cones C(I", t6) as t — 0. These spaces can also be
seen as tangent cones to the ideal hyperbolic simplicial complexes of [Freidin and
Gras Andreu 2020] at punctured vertices.

The naive approach is to simply let 7 tend to O in C(T", #60). Each face of C(I")
will collapse to a half-line, its bounding edges merging. If I" is a connected graph
then all the faces and edges of C(I") will collapse down to a single half-line, R>¢.

The results from Section 3 would turn into a search for a homogeneous harmonic
map f : R>o — R, which must be simply a degree-1 map f(x) = ax. Such a map
also generalizes the results of Section 4, mapping the collapsed domain to a single
edge of the k-pod target. If the domain collapses in Section 5 in this way then
a similar map can be constructed into a single edge or face of the target. And if
only the target collapses then one searches for a balanced homogeneous harmonic
function f : C(I', 8) = Rx>o. Unfortunately no such map exists, as the following
result will show.

Proposition 6.1. If f : C(T", ) — R is a balanced homogeneous harmonic map of
degree a > 0 then the average of f on any ball centered at the vertex of C(I', 0) is 0.

An immediate consequence is that a balanced homogeneous harmonic function
f:C[,0) = Rso must be identically 0.

Proof. Just as in Section 3.3, the map f : C(I', 8) — R can be written as f(x, t) =
p(x)t* for some p : I' — R. After choosing coordinate functions v, : e — [0, 6(e)]
for each e € E(T") and defining p, = p o ¥, !, p is a solution to the problem

p;/ = —(xzpe for all e € E(y),

D =)V () = for all v e V(I).
vee
The average of f over a ball centered at the vertex of C(I", 8) can be computed
as follows:
0(e)
/ fdA= // fdA= Y /f e (X)1%t dx dt
B-(0) EE(F) +(0)NC(e) ecE()
—_ro Z /‘ 0(e) et Z
= o, (x)dx = (p,(0(e))—p,(0))
2 2 e e
a(a+2) ecEI) Y0 (@+2) ecE()
S ( 3 2 D)

veV () esv
=0. O
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Remark 6.2. This result can also be seen as the L?-orthogonality between the
eigenfunction p with eigenvalue o and the eigenfunction py with pg(x) = 1, whose
eigenvalue is 0. Similar integrations by parts imply that all eigenfunctions with
distinct eigenvalues are orthogonal in L?.

Evidently there is not much happening when we allow the metrics on our cones
to collapse, so more care must be taken. As we scale the angle measures by ¢t — 0,
we will dilate the cones so that the curves originally at distance 1 from the vertex
maintain a constant length. In a face S, this can be achieved with the following
four step procedure:

(1) In polar coordinates map (r, 0) — (r’, 0). This does not change Sy, as a set,
but is useful for defining coefficients later on.

(2) In polar coordinates map (r, 8) — (r, t0). This maps Sy, to Ssg,.

(3) In rectangular coordinates map (x, y) — (x — 1, y). This has the effect of
moving the curve originally at distance 1 from the vertex so it now passes
through the origin.

(4) Dilate the region S;4, by a factor of 1/¢. This moves the vertex to the point
(—1/¢,0) in rectangular coordinates, and rescales the curve now passing
through the origin to have length 6 as it did at the start.

This transformation can be accomplished much more concisely in complex coordi-
nates by the map
7 =1

T

Ylland

In the limit as + — O this transformation converges to z > log z, and the image of
Sg, under this transformation is a strip, described in rectangular coordinates by

Rgy = {(x,y) €R*| 0 < y < 6o}
Thus we define the space
C*"T,0)=T xR

with a product metric. The factor R is endowed with its usual Euclidean metric, and
I is endowed with a path metric where each edge e € E(I') has length 6(e). Note
that in the definition of C*(T", 6) there is absolutely no difficulty if the function 6
takes values larger than 7.

6.1. Balanced harmonic functions into R. A homogeneous map u : Sy, — R can
be described in polar coordinates as u(r, 8) = r*p(6) for some o > 0. The complex
exponential transforms the rectangular coordinates (x, y) to the polar coordinates
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(r =e€%,0 = y). So precomposing with the complex exponential gives a map
v=uoexp: Ry, — R given in rectangular coordinates by

v(x,y)=u(e*,y) =e" p(y).

When we move to functions f : C*(T", ) — R this suggests that we should consider
the class of separated functions, a broader class than homogeneous functions.

Definition 6.3. Amap f:C*(I", 8) — R s separated if there are functions p: I" — R
and 7 : R — R so that

fx, 1) =px)T().

Since the transformation z > log z is conformal on the interior of Sy, a homo-
geneous harmonic function u(r, 8) = r%p () is transformed to a harmonic function
v(x, y) =e**p(y). This suggests that the search for balanced harmonic functions
v : Rg, = R will be equivalent to the search in Section 3.

Of course the class of separated harmonic functions is larger than those maps de-
scribed above, so some care must be taken. Using coordinates (x, t) on C*(T", 8) =
I' x R, a separated function has the form

flx, 1) =p)T(r).

By the theory of separation of variables, such a function is harmonic if both p and
T are eigenfunctions of the second derivative operator with opposite eigenvalues.
Choosing isometries ¥, : e — [0, 6(e)] for each e € E(I"), let p, = p o 1//6_1. Then
for each e we must have t” = At and p, = —Ap, for some A € R.

The eigenfunctions u” = cu are given by

Acosh(y/cx) + Bsinh(\/cx)  if ¢ >0,
u(x) =4 A+ Bx if c =0,
Acos(v/=cx) + Bsin(y/—cx) if A <O0.
Since 7 is independent of e € E(y), the eigenvalue —\ for p, must also be inde-
pendent of e.
Using the isometries ¥, : e — [0, 6(e)] and the representations p, = p o, ! the
balancing condition of Definition 2.13 can be generalized to separated functions as
follows.

Definition 6.4. A separated function f(x,t) = p(x)t(¢) from C*(T,6) to R is
balanced along the edge {v} x R C C*(T", ) corresponding to v € V(I') if

D (=10 pl (p, (v) = 0.

esv

The function f is balanced if it is balanced along each edge of C*(T", 6).
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Now we are in a position to fully understand balanced separated harmonic
functions and their relationship to the balanced homogeneous harmonic functions
of Section 3.

Theorem 6.5. Let f : C*(T", ) — R be a separated harmonic function, f(x,t) =
o (x)T(t). The function f is balanced if and only if one of the following occurs:

(1) f(x,t)=A+ Bt,or

(2) there is a number o > 0 so that g(x,t) = p(x)t* : C(I', 0) — R is a balanced
homogeneous harmonic function of degree o.

In the second case t(t) = A cosh(at) + B sinh(at) = Ce®' + De %,

Remark 6.6. At the beginning of this subsection we saw that the functions coming
from balanced homogeneous functions f :C(I', 8) = R corresponded to f = pt
with 7(2) = Ce®’. We also develop the additional solutions f (x, ) = A+ Bt, which
correspond to & = 0. In fact the balanced homogeneous function f(x, ) = 1 of
degree 0 gives rise to the balanced separated function f(x, t) = 1, corresponding
to B=0.

See also that the functions f(x,?) = A and f(x, 1) = p(x)e* are the only ones
with lim,_, _ o f(x, 1) =0.

Proof. Let f: C*(I',0) — R be a balanced separated harmonic function. With
isometries v, : e — [0, 6(e)] and representations p, = f o z//e_1 :10,6(e)] = Rin
coordinates, the discussion above implies that the functions p, satisfy

p) =—xp, forall ee E(T),
D o (=DYOp () =0 for all v e V().

esv
This is precisely the eigenvalue problem stated in Section 3.3. According to [Fried-
man and Tillich 2004], the solutions p to this problem are critical points of the
Rayleigh quotient
DA
T leell?

where ||—|| indicates the L norm on an interval. Moreover the eigenvalue —A of
the solution p is precisely —R[p], so A > 0. Let « > 0 be such that A = o?.

If « =0, then p.(x) = A, + B.x for each e € E(I'), i.e., p is edgewise linear.
Just as in Proposition 3.10, though, p is only balanced if it is constant. In this case

R[p]

o = c for some constant c. Since A = 0 the function 7 (¢) solves 77 =0, so T too is
linear, say 7(¢) = a + bt. In this case

fx,t)=px)t(t) =ac+bct = A+ Bt.
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If & > 0 then according to Section 3.3 the function p : I' — R fits into a balanced
homogeneous harmonic function g : C(I', 8) — R via

g(x,t) = p(x)t”.
In this case 7”7 = a7, so 7(t) = A cosh(at) + B sinh(at) = Ce® + De . O

6.2. Balanced harmonic maps between cones. Just as in Section 5 we will consider
only maps f : C*(T", ) — C*(T', ) between spaces with the same combinatorial
structure, and only those maps that map the edges v x R and faces ¢ x R of C*(I")
to themselves. If ¥, : e — [0, 6(e)] is an isometry for the metric 6, then we define
amap ¥, :e x R— Ry by

We(x, 1) = (1, Yo (x)).

Taking isometries wf ce — [0,0(e)] and ¥ : e — [0, p(e)] for each e € E(I"),
ensure that wf (v)/0(e) =¥ (v)/@(e) for each v € e, that is, wf and ¢ induce the
same orientation on e. Then the map f|.«r can be represented in coordinates by

Ue = \IJ;/J (@) f (@) (\I/g)_l . Rg(e) — R(p(e)-

But only some such maps are limits of homogeneous maps under collapsing metrics.
A homogeneous map u : Sg, — Sy, can be described in polar coordinates as
u(r,0) = F*p@), ¢(0)) for some o > 0. In Section 5 we used rectangular coordi-
nates on the target to describe such maps, but the translation to polar coordinates is
not difficult. The complex exponential transforms the rectangular coordinates (x, y)
to the polar coordinates (r =e*, 8 = y), so conjugating with the complex exponential
gives a map v =logou oexp: Rg, — Ry, given in rectangular coordinates by

v(x, y) =logu(e, y) = log(r* p(y)e'*™) = (ax +log p(y), ¢ ().

Though the presence of the complex logarithm above turns a harmonic u : Sy, —
Sy, into a map v : Rgy — Ry, that is not necessarily harmonic, some (nonharmonic)
choices of homogeneous u still result in harmonic v. As both Ry, and Ry, are
Euclidean, the map v is harmonic if and only if both ax 4+ log p(y) and ¢ (y) are.
Unfortunately this only happens when p(y) = ¢#’*“ and ¢ (y) = yy + b for some
constants 8, y, in which case f is linear.

When we move to functions f: C*(I", 8) — C*(T", ¢) we will consider only maps
that send each line {x} x R C C*(T", 6) to a corresponding line {x'} x R C C*(T’, ¢).
Representing the map f in coordinates in the face e xR by the map u. : Ro(e) = Ry(e),
the maps u, take the form

ue(x,y) = (pe(x,y), ze(y)).
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For f to be harmonic each u, must be harmonic. In particular z =0, so z, is
linear. And in order to map each edge v x R to itself we must in fact have
<p(e)
o(e)”
And the balancing condition of Definition 2.17 can be generalized as follows.

Definition 6.7. The map f : C*(T", 8) — C*(T", ¢) is balanced along the edge v x R
corresponding to v € V(I') if

Ze(y) =

I (—priwse© pe(qﬂ( 1)=0 forall reR.

esv
And the map f is balanced if it is balanced along each edge of C*(T", 6).

Unlike in the case of functions to R, the only harmonic maps f : C*(T", 8) —
C* (T, ¢) that came from maps C(I", 8) — C(I", ¢) were the piecewise linear ones.
And in fact there are very few balanced piecewise linear maps.

Proposition 6.8. If f : C*(I", ) — C*(I", ¢) is a balanced harmonic map whose
restriction to each face e x R is represented by a linear map u. : Roe) = Ry(e),
then each u, has the form

ple)
Ue(x,y) = <ax+b 6 )
for some constants a, b that are independent of e. In particular, p, is independent
of y.
Proof. If each function p, is linear, then write p.(x, y) = dex 4+ bey 4+ c.. If
f(,0) = (v, p(v)) for some function p : V(I') — R, then

e _, _PoWNOE)—po)'O)
ay 0(e) '

The balancing condition at a vertex v € V (I") then reads

_ _ wf(v)/e(e)/)o(l/fee)_l(e(e))_,Oo(l/feg)_l(o)
0=2D 6()

esv

i Z p(w) —p(v)
— 0 (vw)
Thus the balancing condition for f says that p is in the kernel of the edge-weighted
graph Laplacian with edge weights w(e) = ;-=. But the kernel of such an operator
is spanned by the vector p = 1 with ,o(v) = 1 for allv e V(IN).
So if f is balanced then p must be constant, i.e., each b, = 0. Then p.(x, y) =
a.x +c.. If eNe’ = v, then we must also have pe(lllf(v, 1) = ,oe/(\llf,(v, 1)), i.e.,
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aet + ce = agt + co. The connectedness of I' then implies that a, and ¢, are
independent of e, so let a = a, and b = ¢, to find the result claimed. |

Remark 6.9. The above result can then be realized as a companion to case 1 of
Theorem 6.5. In fact, in general, any balanced separated harmonic function g :
C*(T", 8) — R from Theorem 6.5, or any linear combination or convergent series of
such separated solutions, gives a balanced harmonic map f : C*(T", 8) — C*(T’, ¢),
for any ¢, by the formula

fx. )=, gk, 1).

However the facewise linear maps f described in Proposition 6.8 are the only ones
for which |V £]? is bounded on C*(T, 6).
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RANK GROWTH OF ELLIPTIC CURVES IN
S4- AND A4-QUARTIC EXTENSIONS OF THE RATIONALS

DANIEL KELIHER

We investigate the rank growth of elliptic curves from Q to Ss- and A4-
quartic extensions K/Q. In particular, we are interested in the quantity
rk(E/K) —rk(E/Q) for fixed E and varying K. When rk(E /Q) < 1, with
E subject to some other conditions, we prove there are infinitely many S4-
quartic extensions K /Q over which E does not gain rank, i.e., such that
rk(E/K) —rk(E/Q) = 0. To do so, we show how to control the 2-Selmer
rank of E in certain quadratic extensions, which in turn contributes to
controlling the rank in families of S4- and A4-quartic extensions of Q.

1. Introduction

1A. Rank growth. For a number field L and an elliptic curve E defined over L,
let E(L) be the group of L-rational points of E. The Mordell-Weil theorem says
E (L) is a finitely generated abelian group. The rank of E(L), denoted rk(E /L),
has been the subject of much study. Of particular interest here is the behavior of
the rank upon base change, i.e., for an extension of number fields K /L, what is
rtk(E/K) —tk(E/L)? We call this difference the rank growth of E in K /L.

Suppose L = @ and K /Q denotes a quadratic extension. Given an elliptic curve
E/Q, a conjecture of Goldfeld predicts that 50% of quadratic twists, EX, of E have
analytic rank zero and 50% have analytic rank one. See Section 3B for a definition
and discussion of quadratic twists. Recent work of Smith [2017; 2023a; 2023b]
studies the distribution of £°°-Selmer groups and proves a version of Goldfeld’s
conjecture for 2°°-Selmer coranks.

We are interested in studying rank growth in higher degree and nonabelian
extensions. In this setting, ranks of quadratic twists, EX, measure the rank growth
of E from Q to K, which will be essential for rank growth in some larger degree
extensions. Previously, and in higher degrees, David, Fearnley, and Kisilevsky
[David et al. 2007] have given conjectures for how frequently the rank of an elliptic
curve grows in cyclic prime degree extensions. Lemke Oliver and Thorne [2021]
gave asymptotic lower bounds for the number of S;-extensions for which an elliptic
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curve E gains rank. Further, Shnidman and Weiss [2023] study rank growth of
elliptic curves from a number field L up to an extension L( 2\"/3)

1B. Results for S4- and A4-quartic extensions. We investigate the rank growth of
elliptic curves in S4- and A4-quartic extensions of the rationals. In what follows,
unless stated otherwise, we will always assume E is an elliptic curve defined over Q.
Further, K /Q will always be an S4- or A4-quartic extension. That is, one for which
the normal closure of K over Q is an S4- or A4-Galois extension. For an elliptic
curve E/Q with discriminant Ag, we’ll consider rk(E/K) — tk(E/Q) for many
such K. It will often be convenient to use the rank of a Selmer group of an elliptic
curve E/K (here we only need the 2-Selmer group) in place of the rank, rk(E/K).
See Definition 3.1 for the definition of the 2-Selmer group, Sel,(E/K), of an elliptic
curve E/K and Section 3A for a discussion of their utility in our context.

In particular, for an elliptic curve E with Selmer rank zero over the rationals,
subject to some mild constraints, we prove there are infinitely many Ss- or Ay4-
quartic extensions over which E does not gain rank. Further, we give a lower bound
on the number of such extensions with bounded discriminant with some fixed cubic
resolvent field.

Theorem 1.1. Let E be an elliptic curve over Q such that Gal(Q(E[2])/Q) ~ S3,
and Selp(E/Q) = 0. Let K3 be an S3-cubic (resp., C3-cubic) extension of Q such
that K3 and Q(E[2)) are linearly disjoint. Suppose also that there is a place v
of K3, unramified in 153, such that either v is real and Ag < 0, or vo1200, E
has multiplicative reduction at vo and ord,,(Ag) is odd. Then there are infinitely
many Sy4-quartic (resp., Aq-quartic) extensions K over Q with cubic resolvent K3
such that

« if dimg, Sel,(E/K3) =0 (mod 2), then tk(E/K) = 0;

e if dimf, Sel,(E/K3) = 1 (mod2), and also assuming the parity condition
dimg, Sel,(E/K3) =1k(E/K3) (mod2), then tk(E/K) = 1.

To prove the theorem above, we utilize two tools. First, we reduce the problem of
studying rank growth in our quartic extensions, K /(Q, to one of studying rank growth
in certain quadratic subextensions of the Galois closure of K, and thus to studying
the rank of certain quadratic twists. Second, we use and further develop some
Selmer group machinery of Mazur and Rubin. Indeed, in [Mazur and Rubin 2010],
they show that under suitable assumptions, an elliptic curve has infinitely many
twists of a prescribed Selmer rank. In subsequent work, Klasgbrun, Mazur, and
Rubin [Klagsbrun et al. 2014] study the distribution of 2-Selmer ranks of quadratic
twists of an elliptic curve. The quadratic twists we study here, see Definition 1.2
below, are thin in the full family of quadratic twists, so we require a different
approach. Nonetheless, we use similar ideas to show one can reduce the 2-Selmer
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ranks of the appropriate quadratic twists either to one or zero. Translating from the
language of Selmer groups to ranks yields Theorem 1.1.

To emphasize the extra properties imposed on the quadratic twists we consider
here, we make the following definition.

Definition 1.2 (square norm twists). Let E be an elliptic curve defined over a
number field L, and let F/L be a quadratic extension. We call a quadratic twist E*
over L a square norm twist if F = L( /a) where & € L*/(L*)* and Ny g (a) is a
square.

Such twists will be key to keeping track of an associated Ss-quartic extension
when working over a suitable cubic field (see Lemma 2.2).

Likewise, to streamline the discussion and highlight the properties required of
the cubic resolvents of our S4- or A4-quartic extensions, which are S3- or C3-cubic
extensions of the rationals, respectively, always denoted K3, we make the next
definition.

Definition 1.3 (admissible cubic resolvent). Let K3 be a cubic extension of the ra-
tionals and fix an elliptic curve E/Q with discriminant Ag. Suppose E(K3)[2] =0,
K 3 (the Galois closure of K3 over Q) and Q(E[2]) are linearly disjoint, and there is a
place vg of K3, unramified in K 3, such that either v is real and (A g),, <0 or vg12 00,
E has multiplicative reduction at vy and ord,,(Ag) is odd. For such an extension,

o if K3 is an S3-cubic extensions, we call K3 an admissible S3-cubic resolvent
for E;

o if K3 is a Csz-cubic extension, we call K3 an admissible C3-cubic resolvent
for E.

In the event we do not need to specify one of the two Galois group cases above,
we will call a K3 as in one of the two cases above an admissible cubic resolvent for
some E.

The restrictions placed on K3 to make it admissible for some elliptic curve are not
overly burdensome. The conditions on the distinguished place should be compared
to the assumptions of [Mazur and Rubin 2010, Theorem 1.6].

Theorem 1.1 is a consequence of the following result.

Theorem 1.4. Let E be an elliptic curve over Q such that Gal(Q(E[2])/Q) ~ S3,
and Sely (E /Q) = 0, and let K3 be an admissible cubic resolvent for E. Then there
are infinitely many square norm twists, ET /K3, such that

o if dimg, Sely(E/K3) =0 (mod 2), then dimg, Sel,(E /K3) = 0;

o ifdimg, Sely(E/K3) = 1 (mod 2), then dimg, Selo(EF /K3) = 1.
Remark 1.5. In Theorems 1.1 and 1.4, and in what follows, when we say “infinitely
many” we mean the number of such things with the norm of their discriminant
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bounded above by X is > X!/2/log X* for some « > 0. Further, « depends on E
and the two-torsion field K3(E[2]). The sizes of these lower bounds, particularly
the values of o depending on K3 and E, are elucidated in Proposition 4.1.

Remark 1.6. In the case that one obtains infinitely many A4-quartic extensions for
which the Mordell or 2-Selmer rank has some prescribed behavior, the “infinitely
many”’ given by the two theorems above differs from the predicted number of A4-
quartic extensions only by some factors of log X. In particular, Malle’s conjecture
[2004] predicts that the number of A4-quartic extensions of a number field L with
absolute value of the norm of the relative discriminant bounded by X is asymptotic
to ¢ X'/? log X"t for constants b; and ¢; depending on L.

The number of Ss-quartic extensions of L with absolute value of the norm of
the relative discriminant bounded by X is asymptotic to d;, X for a constant d,
depending on L [Bhargava et al. 2015]. In this case the “infinitely many” given by
the two theorems above differs from S4-quartic asymptotic by both a logarithmic
factor and a factor of X!/2.

1C. Layout. In Section 2 we outline the connection between rank growth in Sy
and A4-quartic extensions with rank growth in certain quadratic extensions. In
Section 3, we recall some facts about Selmer groups and record some related results
of Mazur and Rubin [Mazur and Rubin 2010] on quadratic twists. In Sections 4
and 5, we interface the tools of Section 3 with the notion of square norm twists to
show we can decrease the 2-Selmer rank of an elliptic curve with a suitable square
norm twist and can indeed find many such twists. Finally, in Section 6, we prove
the main theorems stated above.

2. Rank growth in Ss-quartics

2A. Preliminaries. For an extension of number fields L/Q, we write L for the
Galois closure of L in some choice of algebraic closure Q.

Consider an Sy- or A4- extension K /Q with Galois closure K. We are principally
concerned with the change (or lack of change) in rank in the group of K -rational
points vs. the group of Q-rational points of E. We will show this rank change is
governed by the rank growth in a quadratic extension of fields between @ and K.
K5 will always denote a cubic resolvent for our quartic extension(s). Of particular
interest will be fixing an admissible cubic resolvent K3 and considering many
quartic S4- or Ag-extensions K with cubic resolvent K3.

2B. S4- and A4-quartic extensions. Before we turn to the question of rank growth,
we record a few facts about S4- and A4-quartic extensions with cubic resolvent
field K.
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Lemma 2.1. Let K3/Q be a cubic extension and F be a quadratic extension of K3.
There is always an embedding Gal(F /Q) — S 83.

Quadratic extensions of S3-cubics generically have Galois group S, .S3 over Q.
We are interested in the case where the Galois group is instead Sy < S;2.53. Likewise
for C3-cubics, we wish to consider the case where quadratic extensions of K3 have
Galois group Ajy.

Lemma 2.2. Fix an S3- or Cs-cubic extension K3/Q, and let F denote a quadratic
extension of the form K3 (ﬁ ) where o € K3 and Ng,/o() is a square.

o If K3/Q is an S3-cubic, then Gal(F/Q) ~ S4. Further, there is a one-to-
one correspondence between such quadratic extensions F /K3 and S4-quartic
extensions of Q) with cubic resolvent K3.

o If K3/Q is a Cs-cubic, then Gal(F /Q) ~ A4. Further, there is a three-to-
one correspondence between such quadratic extensions F /K3 and A4-quartic
extensions of Q with cubic resolvent K.

This correspondence is described in detail in, for example, Section 2 of [Cohen
and Thorne 2016].

Remark 2.3. Fix a cubic field, K3. For each L = K3(/& ) where a € K3 /(K5)?
and Nk, q(@) is a square, there is an S4- or A4-quartic extension K /Q with cubic
resolvent K3. Use Lemma 2.2 and observe that L = K. For our purposes, we will
fix K3 and range over quadratic extensions of K3 as in Lemma 2.2 to range over
S4-quartic extensions of Q) with cubic resolvent K3. We will then consider a fixed
elliptic curve E over these extensions, and consider various differences in rank.

2C. Measuring rank growth in S4- and A4-quartic extensions. Our aim now
is to show that measuring rank growth of an elliptic curve E from Q to S4- or
A4-quartic extensions K /Q with cubic resolvent K3/Q is a matter of measuring
the rank growth of E from K3 to a quadratic extension F /K3, namely the quadratic
extension of Lemma 2.2.

Lemma 2.4. Let E be an elliptic curve defined over Q, K be an S4- or As-quartic
extension of Q) with cubic resolvent K3, and F /K3 be the quadratic extension of
Lemma 2.2. Then

2-1) tk(E/K) —1k(E/Q) = tk(E/F) — tk(E /K3).

The rank relation of Lemma 2.4 is a manifestation of the following more general
fact [Dokchitser and Dokchitser 2010, page 572]. Suppose L/ k is a Galois extension
of number fields with G = Gal(L/k), and E/k is an elliptic curve. For H < G,
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write 1y for the trivial character on H. If there are subextensions K;/k and K ; /k
of L, cut out by subgroups H; and H J’ of G, such that

G ~ G
(2-2) @ Ind§ 15, ~ QP Indf; 1

as complex representations of G, then

(2-3) D tk(E/Kj) =) tk(E/K)).
i j

The see this relation on the ranks, let x; be the character of the representation of
the complex representation of the Mordell-Weil group, £ (L) ® C, and note that

(2-4) tk(E/K;) = (Indf 1p,, X1)-
The same statement can be made for the rank of E over each K ; as well. Using

(2-4) together with (2-2) yields (2-3).

Proof of Lemma 2.4. Consider the following subgroups of G = Gal(K /Q) ~ S4
which fix the subfields K, K3, and F of K. Let Hx ~ S3 be the subgroup fixing K,
Hg, >~ Dg be the subgroup fixing K3, and Hr > V4, the Klein four group, be the
subgroup fixing F. Then one can verify

(2-5) Ind, 1y, ®Indf, 1p,, ~1@Indf 1y,.

The lemma now follows from (2-3). Note that relations like that of (2-5) are an
example of those provided in [Bartel and Dokchitser 2015]. U

3. The 2-Selmer groups and quadratic twists

In the previous section, we established that the rank growth from @ to K is the
same as the rank growth from K3 to a quadratic extension of K3 determined by K.
So we may restrict ourselves to the study of rank growth in quadratic extensions.
This is governed by the theory of quadratic twists.

3A. The 2-Selmer group. We now recall the definition of the 2-Selmer group for
an elliptic curve E over a number field L. The multiplication-by-2 map on E gives
rise to a short exact sequence of Galois modules:

0— E[2] » E(Q) =25 E(Q) — 0.

This in turn yields a long exact sequence of Galois cohomology groups, which,
after quotienting appropriately, gives rise to the diagram

0 — E(L)/2E(L) —> H'(L,E[2]) — H'(L,E)[2] — 0

| | |

0 — [1, E(Ly)/2E(Ly) — [1, H'(Ly, EI2]) — [], H'(Ly, E)I2] — 0
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Now, define subgroups Hf1 (Ly, E[2]) of each local cohomology HY(L,, E[2]) as
H}(Ly, E[2]) :=Image(E(L,)/2E(K,) — H'(L,. E[2])).

Definition 3.1. The 2-Selmer group of E /L, denoted Sel,(E /L), is the [F,-vector
space defined by the exactness of the sequence

0— Sely(E/L) - H'(L, E[2]) > @D H'(L,. E[2])/H}(Ly. E[2)).

v

We may think of the elements of the 2-Selmer group as being the classes in
H'(L, E[2]) which, for every place v of L, land in the image of E(L,)/2E(L,);
that is, elements of H'(L, E[2]) which everywhere locally satisfy the local condi-
tions determined by H fl (Ly, E[2)).

Further, the 2-Selmer group fits into a short exact sequence

0— E(L)/2E(L) — Sely(E/L) — TI(E/L)[2] — O,

where III(E/L)[2] are the elements of the Shafarevich-Tate group of E/L with
order dividing 2. We have

(3-1)  dimg, Sel,(E/L) = (k(E /L) + dimg, E(L)[2]) + dimg, HI(E/L)[2]

and further that tk(E/L) < dimp, Sel,(£/L). It is by this relation that we’ll access
the ranks of the various elliptic curves and twists discussed later in the paper.

3B. Quadratic twists. Suppose our elliptic curve E /L is given in short Weierstrass
form:

E:y2=x3+Ax—|—B
with A, B € L. A quadratic twist, E¥ /L, of E/L is an elliptic curve of the form
(3-2) EF:8y? =x3+ Ax + B,

where § € L*/(L*)* and F = L(«/g) With a change of variables, one can put
(3-2) in short Weierstrass form:

EF:y3=x34a8%*x +bs>.

An elliptic curve E /L and a quadratic twist E¥ /L are not, in general, isomorphic
as elliptic curves over L but are isomorphic as elliptic curves over F. In particular,
quadratic twists will be the main tool for measuring growth in quadratic extensions
as we have

tk(EF /L) =tk(E/F) —tk(E/L).
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3C. The 2-Selmer of quadratic twists. Mazur and Rubin [2010] gave results in
which understanding the behavior of an elliptic curve E/L and its 2-Selmer group,
Sel,(E /L), locally at only a few places of L is sufficient to, under some mild con-
ditions, understand the relation between dimg, Sel,(E/L) and dimg, Sel,(EF /L)
for some quadratic twists, EX, of E.

One defines the 2-Selmer group of a twist E¥' /L following the definition laid
out in Section 3A, just with EF in place of E. It is important to note that E7[2]
and E[2] are isomorphic as Galois modules, so we may view both Selmer groups
inside H'(L, E[2)).

Lemma 2.4 shows that understanding the rank growth in quadratic extensions
will be sufficient for understanding rank growth in the quartic extensions of interest.
In the reminder of this section we will record some results from [Mazur and Rubin
2010] on how local information about E relates the 2-Selmer rank of E to the
2-Selmer rank of quadratic twists of E.

Lemma 3.2 [Mazur and Rubin 2010, Lemma 2.2]. With the notation as above:
o If v{200, then dimg, H}.(Lv, E[2]) = dimg, E(L,)[2].

e Ifv{200 and E has good reduction at v, then
H}(L,, E[2]) Z E[2]/(Frob, — DE[2].

Definition 3.3. Suppose T is a finite set of places of L. Let locr be the sum of the
localization maps for each place of T,

locr : H'(L, E[2]) — @ H'(L,, E[2]).
veT
Also set

Vr =locr (Seb(E/L)) € €D H} (L. E[2)).

veT

We finish the section be recalling two results from [Mazur and Rubin 2010] that
we’ll later use to control the rank of the 2-Selmer groups in the quadratic extension
of Lemma 2.4.

Lemma 3.4 [Mazur and Rubin 2010, Proposition 3.3]. Let E /L be an elliptic curve,
and let F /L be a quadratic extension in which the following places of L split:

o all primes where E has additive reduction;
e all places v where E has multiplicative reduction such that ord, (Ag) is even;
e all primes above 2;

e all real places v with (Ag), > 0.
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Further, suppose that all v where E has multiplicative reduction and ord,(AEg) is
odd are unramified in F/L.

Let T be the set of finite primes p of L such that F/L is ramified at p and
E(Ly)[2] #0. Then,

(3-3) dimg, Sel,(EF /L) = dimg, Sel,(E/L) — dimg, (Vy) + d

for some d such that

0 <d <dimg, ( P H}(Ly, EL2))/ Vr)
pel
and

d = dimg, ( P Hj(L,. E12))/ VT) (mod?2).

peT
An immediate consequence of the above is the following lemma.

Lemma 3.5 [Mazur and Rubin 2010, Corollary 3.4]. For an elliptic curve E /L and
for F/L and T as defined in Lemma 3.4, we have:

(1) If dimg, (Byer Hp(Ly, E[21)/ V1) < 1, then

dimg, Sely(E” /L) = dimg, Sely (E/L) —2dimg, V7 + Y _ dimg, H}(Ly, E[2)).
peT

(2) If T is empty, then dimg, Sel,(EF /L) = dimy, Sel, (E/L).

We will use Lemma 3.5, setting L to be some admissible cubic resolvent,
say K3, to understand the 2-Selmer rank of some square norm twists by controlling
dimg, locr (Sel,(E/K3) and dimg, H}((Kg)p, E[2]) foreachpeT.

4. Twisting by square norm extensions

We will consider elliptic curves E/Q together with some K3 which will always be
assumed to be an admissible cubic resolvent for E as in Definition 1.3. Recall that
among other conditions, we require E(K3)[2] =0 and K3 to Q(E[2]) be linearly
disjoint.

We are concerned with quadratic twists E over K3 where we impose conditions
on F. In Section 1 we introduced Definition 1.2 defining square norm twists to keep
track of conditions on the twists. Recall that for an elliptic curve defined over a
number field L, E /L, these are quadratic twists EX /L of E/L where F = L(J/&),
a e L*/(L*)?, and Np,a(a) is a square.

We will be interested in the application of the definition above where L = K3,
which, as above, will be the cubic resolvent for some quartic Ss-extensions of Q).
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Further, define NrD(E , X) as follows to count quadratic extensions F /K3 with
bounded conductor, f(F/K3), that give square norm twists EX of E with 2-Selmer
group of dimension r:

NZ(E, X) =#{F = K3(V) | @ € K /(K})*, Nk,ja(e) a square,
dimg, Sel,(E” /K3) =r, Ng,of(F/K3) < X}.
With that in mind, we prove the following.

Proposition 4.1. Fix an S3- or Cz-cubic field K3/Q, an elliptic curve E/Q, and a
nonnegative even integer r. Suppose there exists a square norm twist, EX /K3, of
E /K3, with dimg, Sel(EL /K3) = r. Then we have:

o If Gal(K3/Q) ~ S3 and Gal(K3(E[2])/K3) ~ S3, then
NE(E, X) > X2 /10g(X)™8.

o If Gal(K3/Q) ~ S3 and Gal(K3(E[2])/K3) ~ C3, then
NE(E, X) > X2/ 1og(X)*3.

o If Gal(K3/Q) ~ C3 and Gal(K3(E[2])/K3) =~ S3, then
NZ(E, X) > X%/ 1og(X)¥°.

o If Gal(K3/Q) ~ C3 and Gal(K3(E[2])/K3) ~ C3, then
NE(E, X) > X2/ 1og(X)"°.

Remark 4.2. In Section 5, we will prove the existence of the quadratic extension
L /K3 from the hypotheses of Proposition 4.1. With this, we will use the relationship
between the rank growth from @ to K and the rank growth K3 to a quadratic
extensions F /K3 to prove Theorem 1.1.

The rest of this section will be devoted to proving Proposition 4.1. Before
proceeding, we first need to enumerate ideals in K3 that allow us to get quadratic
extensions for square norm twists. We will then show for each such ideal, there is a
square norm twist of E corresponding to that ideal.

Lemma 4.3. Suppose E/Q is an elliptic curve where K3 is an admissible S3-cubic
resolvent for E and Gal(K3(E[2]/K3) is C3 or S3. Let S be the set of the elements
of order 3 in Gal(K3(E[2])/K3), and N be a ray class field of K3. Then the number
of ideals b of K3 such that

e Nob<Xand[b, N/K3]=1, and
o for every prime ideal p dividing b, Np is a square and Frob,(K3(E[2])/K3) C S
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is asymptotic to

Xl/2
log(X) 1=/ (ISI/IK3 (E[2D):K5])

(C+o(1))

as X — 0o, where C is some positive constant, [—, N/K3] is the global Artin
symbol and N is the ideal norm.

Proof. An unramified, noninert rational prime p can split as a product of primes in
two ways in the ring of integers, Ok,, of the cubic field K3. Either pOg, = p1p2p3
where each factor has degree one, or pOg, = p1p2 where one factor has degree one
and one factor has degree two. Primes of degree two only appear as factors in the
latter splitting type.

First we will count rational primes p such that pOk, = pq where the residue
degrees of the prime factors are f(p|p) =1 and f(q|p) =2. For each such p < X
we get one prime ¢ of K3 of square norm such that Nq < X2. Let S(; 2) be the set
of such rational primes, i.e.,

4-1) Sa.2) :={p eNprime | pOk, =pq, f(plp)=1, f(qlp) =2}
Also set

Pay :={p C Ok, prime ideal | (pN2)Ok, =pq, f(plpNZL) =1, f(qlpNZ) =2}
and
(4-2) Q@) :=1{q C Ok, prime ideal | f(q|qNZ) =2}.
Likewise, define
e SunX):={peSaylp<X}
e Pay(X):={pePq) | Np <X}
e Q)(X):={q€ Q) | Nq < X}.
With this notation, the discussion above amounts to
(4-3) #5012 (X) = #P(1)(X) = #Q2) (X?).

A rational prime p belongs to S(1 2 if and only if Frob p(lg 3/Q) acts on the three
cosets of Gal([? 3/Q)/ Gal([g3 /K3) like a transposition. Via the Chebotarev density
theorem, this happens with probability #{transpositions in S3}/#S3 = % That is,
the density of S(1 ) in the set of all rational primes is 3.

We can conclude the Dirichlet density, d4i, of the set of primes p in K3 corre-
sponding to each p € S 2) is also %, 1.€.,

(4-4) 8air({p| f(PIPNZ)=1, (PNZD)Ok, =Ppq, f(qpNZ)=2})=384ir(P1)) = 3.
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Now define some notation. Set M = K3(E[2]) and recall that S is the set of all
elements of order 3 in Gal(M/K3) and note that S is a union of conjugacy classes
when Gal(M/K3) = C3 and is a conjugacy class when Gal(M/K3) = S3. Now, set

e P ={p € Py | p unramified in NM /K3, Frob,(M/K3) C S};

e Q={qe€ Q) | punramified in NM/K3, Frobs(M/K3) C S};

e N = {a | squarefree product of ideals from P};

e N7 = {a| squarefree product of ideals from P, [a, N/K3] = 1};
e R = {b| squarefree product of ideals from Q, [b, N/K3] = 1}.

Our goal is now to access the number of ideals in A (X) via the Dirichlet series
Yoaen, N a~! and a Tauberian theorem of Wintner. Indeed, we’ll see knowing
N71(X) suffices to understand R (X?).

To that end, for an irreducible character x : Gal(N/K3) — C* where we will
write x (a) for x ([a, N/K3]), set

(4-5) fx():=Y x@Na* =[]+ x@Np™).

aeN peP

Note that p € P can’t be above a rational prime p which splits completely in Ks;
if it split completely in K3, then it splits completely in K3, too. Thus, Frob, (K3/K3)
isn’t trivial.

Let 7 be the nontrivial element of Gal(kg /K3) and set

(4-6) S = {1t} x § C Gal(K3M/K3) = Gal(K3/K3) x Gal(M/K3)

and
0 if x nontrivial,
5, 00=131 ISl

————— if x trivial,
2[M : K3]

noting that, in the x trivial case,

B

1 T K
T R = S HGal(RM/K).

We write g1(s) ~ g>(s) for two complex functions gy, g» on the half plane fs > 1
if g1(s) — g2(s) extends to a holomorphic function on the half plane Jis > 1. Now,
starting from the logarithm of (4-5) and using the Chebotarev density theorem,

1
log f () ~ > X(MNp™ ~8(S, x) Y x(PNp~ ~ (S, x)log ——.

, s—1
peP p prime
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Using character orthogonality, observe

1
4-7 e —— [ — Na*
“-7) [N : K3] ZX ) = TR QZGN ¢ ZX x(@)

= 3 Na = (s — 1) IISVIEKs D (g,

where the first two sums range over irreducible characters y of Gal(N/K3), and
where /(s) is a nonzero, holomorphic function for fs > 1.
Applying a Tauberian theorem of Wintner [1942] to (4-7), we obtain

X
log(X)1=(1/2(SI/IM:K3D *

(4-8) #N1(X) = (C +o(1))

Now, if a € N} we have, for some positive integer m, a = ]_[;":1 p;, where p; € P.
For each rational prime p; below p;, we have p;Ok, = p;q; where q; € Q. Set
b=[[L a

First, we’ll show Frobg, (M/K3) C S. If E : y? = f(T), consider the cubic
extension L = K3(T)/(f(T)), where f(T) € Q[x] is some cubic polynomial,
between M and K3. If Gal(M/K3) = C3, then M = L. We can look at how f(T')
factors modulo p; and q;. The only way for f(T') to be irreducible modulo g; (i.e.,
over | 2) is for f(T) to be irreducible modulo p;; this happens precisely when
Frob, (M/K3) C §. If f(T) (modg;) is irreducible, Froby, (M/K3) has order 3.
That is, demanding Froby, (M /K3) C S forces Frob l(M/K3) CS.

Second, since each p;q; is principle, knowing [a, N/K3] = 1 suffices to show
[b, N/K3] =1, too. Thus, b € R;.

Finally, since Nb = (N a)2, we have established a bijection between N7 (X) and
R1(X'/?) by mapping a > b.

This and (4-8) give us

x1/2

#R1(X) ~ (C +0(1))10g(X)1—(1/2)(|S\/[M:K3])

for some positive constant C, as needed. ([l

We now state and prove the analogue of Lemma 4.3 in the case that K3 is an
admissible C3z-cubic resolvent.

Lemma 4.4. Suppose E/Q is an elliptic curve where K3 is an admissible C3-cubic
resolvent for E and Gal(K3(E[2]/K3) is C3 or S3. Let S be the set of the elements
of order 3 in Gal(Q(E[2])/Q), and N be an abelian extension of K3. Then, the
number of ideals b of K3 such that

e Nb < X, Nbis a square, and [b, N/K3] = 1; and

o for every prime ideal p dividing b, Frob,(K3(E[2])/K3) C S



344 DANIEL KELIHER

is asymptotic to
x1/2
log(X)1=(1/2(SI/[K3(E[2]):Q1)

(D +o(1))

for some real, positive constant D, and where [—, N /K3] is the global Artin symbol
and N is the ideal norm.

Proof. Since K3 is an admissible C3-cubic resolvent, we have that K3 and Q(E[2])
are linearly disjoint. Setting M = K3(E[2]), we have Gal(M /Q) = C3 x S3. First,
some notation. Define the following sets:

e Pgp= {p € N prime | Frob, (M /Q) C {1} x S, p unramified in ]\7K3®(E[2])};
e A ={a|a asquarefree product of p € Pg};
o« A = {a e A|l(a), N/JQ] = 1} where [—, N/Q] is the global Artin symbol.

Let N be the normal closure of N over Q. We will use the triviality of the Artin
symbol [—, N/Q] to obtain the triviality of the Artin symbol [—, N/Q] as in the
statement of the lemma. Now, for a character v : Gal(N/Q) — C*, and writing

¥ (a) for ¥ ([(a), N/QI), let
fo(&) =Y Y(@a"

acA
For two functions g; and g; defined on the complex half plane fis > 1, write
g1(s) ~ g2(s) to mean g1 (s) and g»(s) differ by a function which is holomorphic
on fs > 1. Taking log of the fy (s), substituting the Taylor series for log(1 — x)
and truncating the Taylor series after one term, one arrives at

' ) 1
(4-9) log fy(s) = Y _ log+¥(p)p™)~ Y ¥ (p)p™" ~ by log—

P€Pa P€Pa
where, using the Chebotarev density theorem,

0 if ¥ is nontrivial,
Sy = S|
[M:Q]
Now, using character orthogonality and summing over irreducible characters
of Gal(N /Q), we have

4-10 =
(4-10) 5 @]Zﬁm o

if i is trivial.

Lo v@=2

acA acA

But also, using (4-9), we have

4-11)

[N : Q)] Zf‘”( ) = g(s)(s — 1)~1SV/IM:Q1
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where g(s) is holomorphic and nonzero on fs > 1. Thus, via (4-10) and (4-11),
Y amt =g(s)(s — 17IS/MAL

aE.Al

Applying a Tauberian theorem of Wintner [1942] yields

#laec A |la<X}=(C+o(l))

(10g X)1—|S|/[M:Q]

for some positive, real C.

Now, suppose a € A; and a = [[;_, pi, where the p; are distinct primes and
Di € Pg and each p; splits completely in Ok,. Set a = aOk,. Then a decomposes
into prime ideals as a = [];_, p;p;p/ where p;, p;, and p! are the three primes
above p;. For each p; above a prime p;, pick another prime p; of K3 above p;
(there are two choices), and set b = []i_; p;p}. Note Ng,,qb = a*.

In this way, counting a € A; with a < X gives a way of counting ideals b in
K3 such that Nk, b < X 172 such that N, b is a square and, for each prime p
dividing b, Frob,(M/K3) C S and [b, N/K3] = 1. The lemma follows. U

For an elliptic curve E and each of the ideals enumerated in Lemma 4.3, there is
a twist of E in which the 2-Selmer rank remains the same.

Lemma 4.5. Keeping the notation of Lemma 4.3, if b is an ideal of K3 such that
e Nb< X,
e if a prime ideal p divides b, then Ny is a square,
o Frob, (K3(E[2])/K3) C S, and
* [b,N/K3]=1,
then there is a quadratic extension F /K3 of conductor b such that
dim, SelL(EF /K3) = dimf, SelL, (E/K3).

Proof. This is Proposition 4.2 of [Mazur and Rubin 2010], with N = K3(8Agc0),
the ray class field of K3 modulo 8A g and all archimedean places of K3, applied to
the relevant ideals, which are a subset of the ideals discussed in that result. O

For an elliptic curve E and each of the ideals enumerated in Lemma 4.4, there is
a twist of £ in which the 2-Selmer rank remains the same.

Lemma 4.6. Keeping the notation of Lemma 4.4, if b is an ideal of K5 such that
e Nb< X,
e if a prime ideal p divides b, then Np is a square,
o Frob, (K3(E[2])/K3) C S, and
« [b,N/K3]=1,
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then there is a quadratic extension F /K3 of conductor b such that
dimg, Sel,(ET /K3) = dimg, Sel,(E/K3).
Proof. The proof is the same as that of Lemma 4.5. (|

We are now ready to prove the main result of the section. We follow exactly the
strategy of the proof of [Mazur and Rubin 2010, Theorem 1.4] with the additional
step of keeping track of the square norm condition of the involved quadratic twists.
Proof of Proposition 4.1. As in Lemmas 4.3 and 4.4, let S be the set of order-3
elements in Gal(K3(E[2])/K3). Then if Gal(K3(E[2])/K3) =~ S5,

B _1
[K3(E[2]): K31 3
and if Gal(K3(E[2])/K3) ~7/3Z,

S 2

[K3(E[2D): K3] 3

We’ll consider the case that K3 is an admissible S3-cubic resolvent; there are two
subcases to consider:

(1) Suppose dimgf, Sel,(E/K3) =r. By Lemmas 4.3 and 4.5, the number of square
norm twists E¥' /K3 such that dimg, SelL(EF /K3) =7 is

X1/2
> log X '=(1/2)(ISI/IK3(E[2]):K3])

(2) Suppose dimp, Selo(E/K3) # r. We have assumed there is a square norm
twist EL /K35 such that dimg, Sel,(EL/K3) = r. Note that a square norm twist of a
square norm twist results in the square norm twist. That is, a square norm twist
(ELHHF "of EL is itself a square norm twist Ef" of E. Now the result follows from
Case (1) applied to EL.

If instead K3 is an admissible C3-cubic resolvent for E, the proof is the same as
above, but with Lemmas 4.4 and 4.6 in place of Lemmas 4.3 and 4.5, respectively. [

5. Decreasing the 2-Selmer rank

Our strategy will be to use Lemma 3.5(2) to understand the 2-Selmer rank of square
norm twists. We’ll then use Proposition 4.1 to show there are many square norm
twist with prescribed 2-Selmer rank assuming we have already a square norm
twist of that prescribed 2-Selmer rank. We’ll show a square norm twist with that
prescribed 2-Selmer rank must exist by showing we can take square norm twists
that reduce the 2-Selmer rank by two; this is the content of Proposition 5.1.
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Proposition 5.1 below can be viewed as analogous to Proposition 5.1(iii) of
[Mazur and Rubin 2010]. Except, instead of decreasing the 2-Selmer rank by
1 via a quadratic twist obtained by controlling one local condition, we decrease
the 2-Selmer rank by 2 via a square norm twist obtained by controlling two local
conditions. Those two local conditions are obtained from two primes in the cubic
resolvent above the same rational prime.

Proposition 5.1. Let E be an elliptic curve defined over Q and let K3 be an
admissible cubic resolvent for E. Suppose further that

dimg, SelL,(E/Q) =0 and dimg, Sel,(E/K3) > 2.
Then there exists a square norm twist E¥ /K3 such that
dimg, Sel,(E” /K3) = dimg, Sel,(E/K3) — 2.

Proof. Let A g be the discriminant of (a minimal model of) E. For the admissible cu-
bic resolvent, K3, of E, set M = K3(E[2]). Note that M/ K5 is a Galois S3-extension,
since K3 is as in Definition 1.3, and K3 (\/A_E ) /K3 is an intermediate quadratic
extension. Let vy be the distinguished place of K3 guaranteed by Definition 1.3.

Let X be a finite set that contains the following places of K3: all infinite places
of K3, places of bad reduction for E, and all primes above 2. Now set 0 =
]—[Uez\{vo} v. Let K3(80) be the ray class field of K3 with modulus 80 and let K3[80]
be the maximal extension between K3(80) and K3 whose degree is a power of 2.

Let K3 be the Galois closure of K3 over @ and D = [1y}v.0j0 V be the product of
places of K3 above the places of K3 dividing 9. Let L be the maximal extension' of
153 between 163 and the ray class field of 123 with modulus 8%. Note L D K3[80],
[L : K3] is a power of 2, and L is Galois over Q.

By assumption, 133 and Q(E[2]) are linearly disjoint over Q. K3[80] and M
are linearly disjoint as extensions of K3 since vy is ramified in K3 (JA_E ) but not
in K3[80]. By the conditions on vy of Definition 1.3, vy does not ramify from
K; to 123, and hence is unramified in L. So likewise, the same consideration of
K3(v/Ag ) shows M and L are linearly disjoint over K3.

Let o be an element of the absolute Galois group of K3 such that oy is a
transposition in Gal(M/K3) >~ Aut(E[2]) and 0|, = 1. The former condition
implies E[2]/(o — 1) E[2] 2 [F,. The latter condition implies o'|g,(80] = 1.

For the rest of the proof, fix a nonzero map ¢ : Sel,(E/K3) — E[2]/(c —1)E[2].
By [Mazur and Rubin 2010, Lemma 3.5], there is an element y € Gg, for which
y = o when restricted to M K3[80] and c(y) = ¢ (c¢) for all ¢ € Sel,(E/K3).

Let N be a Galois extension of Q containing M and L for which the restriction
of Sel,(E/K3) to N is zero. For instance, take N to be the Galois closure (over Q)

INote that if K3 is C3-cubic, then L = K3[89] since K3 = K3.
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of the compositum of M, L, and the fixed field of the kernel of the restriction to
Hom(Gy, E[2]) of every ¢ € Sel,(E/K3).

Let P, be the set of primes p of K3 for which p ¢ ¥ and Frob,(N/K3) = y|n.
By the Cebotarev density theorem, the natural density of 7P, among the primes of
K3 is positive, i.e.,

) . #{primes p of K3 | Frob,(N/K3) =y|n, p ¢ X, Np < X}

O = Xh—>moo #{primes p of K3 | Np < X} ~

0.

Now, let Py, be the set of primes of K3 with inertia degree one over @, that is,
the primes p for which the rational prime ideal pNZ splits completely in K3. Recall
that Py, has natural density one among the primes of K3. In particular, this means
we can pick a prime p; € P, NPy, If we could not, then P, (which has positive
density) would be contained in the complement of Pg, (which has density zero).
Let p be the rational prime below p;, and let p, and p3 be the other two primes of
K3 above p, in other words, pOg, = p1p2ps3.

Our goal is now to construct a suitable square norm twist from two of py, po, ps3.
We can understand the 2-Selmer group of this twist using Lemma 3.5(1), which
requires us to compute both H}((K3)pi, E[2]) and locy, Selx (E/K3).

First, consider the localization at p;. Since Frob,, =y when restricted to N (and
o = y when restricted to M K3[80]) we have both that

(5-1) H((K3)y,. E[2]) > E[2]/(c — DE[2] > F,
and ¢ (c) = c(y) for all ¢ € Sel,(E/K3). The localization map

locy, : Sel,(E/K3) — H}-((Kg)pl, E[2]) = E[2]/(Frob,, — 1)E[2]

~ E[2]/(c — 1E[2] ~F;
is given by evaluation of cocycles at Froby, , so we can identify
locy, (Sel,(E/K3)) = ¢(Sel,(E/K3))

as subspaces of [,. Since ¢ is nonzero,
(5-2) dimg, locy, (SelL(E/K3)) = 1.

It remains to understand the localizations at p, and p3. Since p splits completely
in K3, there is an equality of local fields

(K3)p, = (K3)p, = (K3)p; = Q)
and so, together with (5-1), we have
(53)  H}(K3)p,, E[2]) = H}((K3)p,, E[2])
— H}(K3)p,, EI2]) = HH@,, E[2]) ~ Fa.
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Beginning from the following commutative diagram, we will consider the local-
ization of Sely(E/K3) at primes of K3 above p and localization at p:

3_1 locy,
HY (K3, E[2]) —22% @3 (k) E12])

cores&/@l EB;L] COTES (K3)p, /@pl
1 locyp} 1
H' (Q, E[2]) > H (Q,, E[2])

where the vertical map on the left side,
coresg, /0 : H' (K3, E[2]) — H'(Q, E[2]),

is determined by corestriction on Galois cohomology induced by the norm map
Nk;/0 : K3 — Q (see [Milne 2020, Example 1.29] or [Serre 1997]). The vertical
map on the right side is the sum of corestriction maps:

3 3
P coresxa, ja, : D H' (K3)p,, EI2]) — H'(@,, E[2)),
i=1 i=1

3
(c1, €2, €3) > Y cores(ky, /@, (Ci)-
i=1
Restricting the left column to the 2-Selmer groups of E over K3 and Q and to
restricted cohomology on the right column, together with (5-3), we have

COICSKAG/@

Sel,(E/K3) s Sel,(E/Q) =0

l@?ﬁ locy, llocp

D1 coresxy)y, /a
Dt HH K3y, ER) ——————— H}(@,, ERD = F>

H{(Q,, ER2D® ~F;

where the diagonal map [F% — [, is coordinatewise addition of vectors in [F% modulo 2.
For ¢ € Sel,(E/K3) we have loc,cores(c) = 0 since Sel, (E/Q) = 0. Hence,

(5-4) locy, (¢) +1ocy, (¢) +1ocy, (c) =0 in Fs.

By (5-2) there is an element ¢ € Sel,(E/K3) for which locy, (¢) = 1 viewed
in [F,. Combining this with (5-4), there is exactly one prime p; € {po, p3} for which
locy, (¢) = 1; suppose, without loss of generality, it is p>. Whence,

(5-5) dimg, locy,Sel,(E/K3) = 1.

Finally, we will twist E/K3 by a quadratic extension F'/ K3 ramified only at p;
and p; to get our desired result.
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Let B3 be a prime of L above p;. Since L/Q is Galois, we have
Froby (L/Q)7 ®1/P) = Froby (L /@) = Froby (L/K3) = 1,

i.e., p splits completely in L, and so p splits completely in K3[80].

Since our choice of Frobenius class for p is trivial when restricted just to K3[80],
Froby, (K3[80]/K3) = Frob,, (K3[80]/K3) = 1, and since [K3(80) : K3[80]] is odd,
there will be an odd integer, say 4, such that (p;p,)" is principal with generator o
such that = 1 (mod 80) and « positive at all real embeddings except possibly vy.

We are now in a position to construct the quadratic extension F'/K3 by which we
will twist E: Define F = K3 (ﬁ ) Only the primes p; and p, of K3 ramify in F.
Set p(x) = x> —« and note p’(1)?> = 4. For any q € X\ {vo}, since ¢ =1 (mod 89),
we also have p(1) =1—a =0 (mod4q). From Hensel’s lemma (see, e.g., [Eisenbud
1995, Theorem 7.3] for an applicable statement), it follows p(x) has a root in (K3),.
So (K3)q®F = (K3)2, that is, g splits in F. Thus all primes in X \ {vo} splitin F.

Also, N(a) = N(p1)N (o) = th, so the quadratic twist EX /K3 of E/K3 is a
square norm twist.

Finally, apply Lemma 3.5(1) with T = {py, p2}, F = K3 (ﬂ) as above, (5-2)
and (5-5), we get

dimg, Sel(EF /K3)
= dimy, Sel,(E/K3)—2dimg, VT+Z dim, H}-((Kg)t, E[2])
teT

= dimg, Sel(E/K3)—2dimg, locy,(Sel (E/K3)) —2 dimg, locy,) (Sel2 (E/K3))

+dimg, H[((K3)y,, E[2])+dimg, H}((K3)p,. E[2])
=dimf, Sel,(E/K3)—2
Noting again the twist by F above is a square norm twist, we have the desired
result. O

6. Proofs of the main theorems

We are now ready to prove Theorem 1.4. We’ll then show how it implies Theorem 1.1.
Again, the “infinitely many” of both theorems is quantified by Proposition 4.1.

Proof of Theorem 1.4. Let E and K3 be as in Theorem 1.4. If dimy, Sel,(E/K3) =
0 (mod 2), repeated application of Proposition 5.1 gives a square norm twist L such
that dimg, Sel,(EL/K3) = 0. Once we have L, Proposition 4.1 provides infinitely
many more square norm twists /' with dimg, Selp (£ F/K3) =0.

Likewise, if dimf, Selo(E/K3) = 1 (mod 2), the argument above provides infin-
itely many more square norm twists F with dimg, Sel,(EF/K3) = 1. ([

Now we can prove Theorem 1.1 as a consequence of Theorem 1.4.
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Proof of Theorem 1.1. Let E and K3 be as in the statement of the theorem.
Theorem 1.1 is essentially an immediate consequence of Theorem 1.4 coupled
with the upper bound the dimension of the 2-Selmer group provides for the rank.

As in Theorem 1.4, there are two cases. In the first case, dimf, Sel,(E/K3) is
even. In this case, Theorem 1.4 provides infinitely many square norm twists E7 /K3
for which dimg, Sel,(E¥ /K3) = 0.

From (3-1), we have rk(E/K3) < dimp, Selo(E/K3). Thus, our infinitely many
square norm twists E¥ of 2-Selmer rank zero give us

0 = dimg, Sel,(EF /K3) > tk(ET /K3) = 1k(E/F) — tk(E/K3).

If K/Q is the S4-quartic corresponding to quadratic extension F'/ K3 corresponding
to each square norm twist, then having no rank growth from K3 to F means we
have no rank growth from Q to K for infinitely many K.

In the second case, dimg, Sel>(E£/K3) is even. Then, in the same way as above,
there are infinitely many square norm twists EX of 2-Selmer rank one. The result
follows if we assume the parity of the rank and 2-Selmer dimension are the same. [
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OBSTRUCTION COMPLEXES IN GRID HOMOLOGY

YAN TAO

Recently, Manolescu—Sarkar constructed a stable homotopy-type for link
Floer homology, which uses grid homology and accounts for all domains
that do not pass through a specific square. In doing so, they produced an
obstruction chain complex of the grid diagram with that square removed.
We define the obstruction chain complex of the full grid, without the square
removed, and compute its homology. Though this homology is too compli-
cated to immediately extend the Manolescu—Sarkar construction, we give
results about the existence of sign assignments in grid homology.

1. Introduction

Link Floer homology, developed by Ozsvath and Szab6 [2004a; 2008], and Ras-
mussen [2003] is an invariant of oriented links in three-manifolds which comes from
Heegaard Floer homology, from [Ozsvath and Szabé 2004c; 2004b]. Manolescu
et al. [2007; 2009a] and Ozsvéth et al. [2015] gave a combinatorial description of
the link Floer chain complex for a link in S° using grid diagrams, known as grid
homology. A toroidal grid diagram is a n x n grid of squares, with the left and right
edges identified and the top and bottom edges identified, together with markings X
and O, such that each row and column contains exactly one X and one O. Given a
grid diagram G, drawing vertical segments from the X to the O in each column and
horizontal segments — going under the vertical segments whenever they cross —
from the O to the X in each row gives the diagram of an oriented link L; we say
that G is a grid diagram for L. Figure 1 shows a 5 x 5 grid diagram for the trefoil.
The grid chain complex is generated by unordered n-tuples of intersection points
between the horizontal and vertical circles — Figure 1 shows an example of such a
generator.

Grid diagrams have been useful in a variety of applications in Heegaard Floer
homology. Manolescu et al. [2009b] and Manolescu and Ozsvéth [2010] obtain
the Heegaard Floer invariants of 3- and 4-manifolds using grid diagrams, which
give algorithmically computable descriptions. Sarkar [2011] uses grid homol-
ogy to give another proof of Milnor’s conjecture on the slice genus of torus
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&

Figure 1. A 5x5 grid diagram for the trefoil, along with the gener-
ator [51243] drawn with e. Note that the generator is independent
of the X and O markings.

knots. Ozsvith et al. [2008], Ng et al. [2008], Chongchitmate and Ng [2013],
and Khandhawit and Ng [2010] use a version of grid homology to prove results
about Legendrian knots.

Manolescu and Sarkar [2021] constructed a stable homotopy refinement of knot
Floer homology from the grid chain complex, using framed flow categories in
the sense of [Cohen et al. 1995]. The Manolescu—Sarkar construction uses only
those domains that do not pass through a particular square on the grid, and uses
obstruction theory. Their obstruction chain complexes CD, and CDP,,, which we
will henceforth denote CD,, and CDP,,, respectively, have simple enough homology
to construct a stable homotopy-type. We will extend them to complexes CD.,
and CDP,, which contain all domains in the grid, first with Z/2 coefficients, which
can be extended to Z coefficients using obstruction theory. We take the first step
towards extending the Manolescu—Sarkar construction, by computing the homology
of CD, and partially computing the homology of CDP,.

To state our main results, we fix the following convention throughout the paper.
For aring R, R* will denote the chain complex given by R® in grading k with
no differentials, and R[U] the chain complex given by R in every nonnegative even
grading and 0O in every odd grading (which by definition has no differentials). We
begin by showing that:

Proposition 1.1. H,(CD,; Z/2) is isomorphic to 7 /2[U].

In order to frame the moduli spaces in the Manolescu—Sarkar construction, we
will need a sign assignment for the grid diagram. A sign assignment is a particular
way of orienting the index 1 domains in Heegaard Floer homology; equivalently,
it is a particular assignment of O or 1 to each rectangle in the grid. The existence
and uniqueness (up to gauge equivalence) of sign assignments for toroidal grid
diagrams was constructed in [Manolescu et al. 2007]; see also [Gallais 2008] for
an explicit construction. In the course of our later computations, we will provide a
different proof of this fact via obstruction theory:
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Theorem 1.2. Sign assignments for CD, exist and are unique up to gauge equiva-
lence (equivalently, up to 1-coboundaries of CD, with Z/2 coefficients).

Given a sign assignment for CD,,, we obtain a definition of CD, in Z coefficients.
Perhaps unsurprisingly, we then obtain the following analogue of Proposition 1.1.

Proposition 1.3. H,(CD,; Z) is isomorphic to Z[U].

In the end, our eventual goal is to extend the Manolescu—Sarkar construction over
the full grid. Since the moduli spaces presented in [Manolescu and Sarkar 2021]
exhibit some bubbling, we will compute the first few homology groups of CDP,.
Unfortunately, CDP, has too much homology to immediately construct a stable
homotopy-type. So instead, we will work towards constructing a framed 1-flow
category, which is a formulation by Lobb et al. [2020] that still contains all the
information needed to define invariants such as the second Steenrod square. This
requires only a sign assignment and a frame assignment, whose obstructions lie in
the following lower homologies.

Theorem 1.4. We have that:
(0) Hy(CDPy; Z/2) is isomorphic to Z/2.
(1) H{(CDPy; Z/2) is isomorphic to (Z/2)".
(2) H>(CDPy; Z/2) is isomorphic to (Z/2) @+,
(3) H3(CDP,; Z/2) is isomorphic to (Z)2)G)*",
In this paper, we’ll show existence and uniqueness of sign assignments for CDP,.

Theorem 1.5. A sign assignment s on CDP,, exists, and is unique up to gauge
transformations and the values of

sj=s(ceu, €, (1)).

(The elements (c,u, € j» (1)) € CDP, will be defined later in Section 4.)

Just like for CD,,, we can use Theorem 1.5 to define CDP,, with Z coefficients.
We have the following analogue of Theorem 1.4.

It remains to find a frame assignment for CDP,, using the above homology
computation, and to complete the construction of the 1-flow category for the full
grid, which we will carry out in a future paper. This present paper may be treated
as a prelude thereof.

2. The obstruction complex

Definitions related to grid diagrams are summarized below. For details, see
[Manolescu et al. 2007; 2009a; Ozsvath et al. 2015].
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» Anindex n grid diagram G is a torus together with n «-circles (drawn horizontally)
and n B-circles (drawn vertically). The complements of the « (respectively, 8)
circles are called the horizontal (respectively, vertical) annuli— the complements
of the o and B circles are called the square regions.

e Each vertical and horizontal annulus contains exactly one X and O marking,
which are arbitrarily labeled X1, ..., X,, and Oy, ..., O,.

 The horizontal (respectively, vertical) annuli can be labeled by which O-marking
they pass through — write H; (respectively, V;) for the horizontal (respectively,
vertical) annulus passing through O;.

 Given a fixed planar drawing of the grid, we can also label the « circles oy, . . ., o,
from bottom to top, and the g circles fi, ..., B, from left to right. The annuli
can also be labeled by which sets of « or f circles they lie between — write H;)
(respectively, V(;)) for the horizontal annulus between «; and «;41 (respectively,
vertical annulus between B; and B;,1). Note that H,, and V|, lie between «,, and
o1, and B, and B, respectively.

A generator is an unordered n-tuple of points such that each « and 8 circle contains
exactly one. Generators can equivalently be viewed a Z-linear combination of n
points, or alternatively as permutations — for a permutation o € S, the generator x
is the unique generator with a point at each oy N B;. In this paper we will use
the convention that [aja> . . . a,] denotes the permutation o € S, where o (j) =a;
for each j. For instance, Figure 1 shows the generator x1°!243 which we will
interchangeably denote as [51243].

e A domain is a Z-linear combination of square regions with the property that
d(dD Na) = y — x for some generators x, y. We say that D is a domain from x
to y, and write D € 2(x, y). D is said to be positive if none of its coefficients are
negative, in which case we would write D € 2 (x, y).

e Given D € 9(x, y), E € Z2(y, z), we get adomain D *x E € 9(x, z) by adding D
and E as 2-chains.

e The constant domain from a generator x to itself is the domain ¢, € 2(x, x)
whose coefficients are zero in every square region.

 For every domain D, there is an associated integer p (D) called its Maslov index,
which satisfies:
- w(D* E)=u(D)+ u(E).

— For a positive domain D, u(D) > 0, with equality if and only if D is some
constant domain.

— For D € 2" (x,y), (D) =1if and only if D is a rectangle: that is, its bottom
left and top right corners are coordinates of x, its bottom right and top left
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corners are coordinates of y, and the other n — 2 coordinates of x and y agree
and do not lie in D.

— (D) =k if and only if D can be decomposed (not necessarily uniquely) into
k rectangles D = Ry % - - - % Ry.

It will be particularly helpful to classify positive index 2 domains, which are
exactly those that can be decomposed as two rectangles. Thus every positive index 2
domain D € 2 (x, y) is a horizontal or vertical annulus

* or I

or two rectangles (overlapping or disjoint)

] -

or a hexagon of the following shape

"N

(Here the generator x is shown with e while y is shown with o.) Note that while a
horizontal or vertical annulus admits exactly one decomposition into rectangles, all
the other positive index 2 domains admit exactly two.

Given a grid diagram G, we define the complex of positive domains, on which
our desired sign assignment can be constructed as a cochain.

Definition 2.1. The complex of positive domains CD,. = CD.(G; Z/2) is freely
generated over Z/2 by the positive domains, with the homological grading being
the Maslov index

CDy =7/2({(x,y, D) | D € 2" (x,y), (D) =k}).
Sometimes the generators x, y will be omitted. The differential 0 : CDy — CDy_;
of D € 2% (x, y) is given by
aD)= > E+ Y E,

RxE=D ExR=D

where R is a rectangle, and E is a positive domain.
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Note that CD, is independent of the placement of the X’s and O’s.
Lemma 2.2. (CD,, 0) is a chain complex, that is, 92 =0.

Proof. Let R and S denote rectangles, then

¥MD)y= Y E+ Y E+ Y E+ Y E.
RxSxE=D R+ExS=D SxExR=D ExS«R=D
The second and third terms cancel (modulo 2). If R % S is a hexagon or two
rectangles, then it has exactly one other decomposition RS =R’ *S’,s0 R* S* E
and R’ % S" x E cancel in the first term. Similarly, E * R % S and E % R" % S’ cancel
in the last term. Finally, if R * S is not a hexagon or two rectangles, it must be a
horizontal or vertical annulus, and then the terms £ « R * S and R % S % E in the
first and last term cancel, and so 3%(D) = 0. O

We now compute the homology CD, by constructing filtrations, for which we
need the following fact. Given two generators x and y, we say that x < y if there
exists a positive domain from y to x that does not intersect the topmost row H,) or
rightmost column V,) of the grid. It is clear that the set of generators with < is
a partially ordered set (which actually coincides with the opposite of the Bruhat
ordering on the symmetric group S,,, see [Manolescu and Sarkar 2021, Section 3.2]).

Proof of Proposition 1.1. The proof is nearly identical to the proof of [Manolescu and
Sarkar 2021, Proposition 3.4], so we present the most relevant parts. To D € CD,
associate A(D) € N" by its coefficients in the rightmost vertical annulus. Note that
here, unlike in [Manolescu and Sarkar 2021], A(D) is an n-tuple, since there is no
assumption that domains do not pass through the top right corner. By definition,
the differential only preserves or lowers A(D), so it is a filtration on CD,. Now let
CD¢ be the associated graded complex in filtration grading A(D) = a.

Let M (D) = min{coordinates of A(D)}— by definition, a positive domain D
contains exactly M (D) copies of the rightmost vertical annulus V), so write
D = D'+« M(D)V(,. A(D’) contains a 0, so without loss of generality (since the
differential of CD{ does not change A(D) and thus does not change where the 0
is located) D’ does not contain the top right corner. Now let B(D) € N"~! be the
coordinates of D’ in the top row (except the top right corner). Similarly, B(D) is
a filtration on the associated graded complex CD?, so let CD%* be the associated
graded complex in grading A(D) =a, B(D) =b.

Now fix (a, b) and consider the differential 0 on CDZ’b . Consider the following
new filtration. For any domain D € 27 (x, y) with A(D) = a, B(D) = b, let the
generator y be its filtration grading. With respect to the aforementioned partial
ordering of the generators, d preserves or decreases y since we only consider
removing domains that do not pass through the topmost row and rightmost column.
Therefore y is a filtration grading, so let CDi’b’y be the associated graded complex
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with respect to this filtration. Unlessa=(/,/,...,[), b=0,and y = X1 the proof in
[Manolescu and Sarkar 2021] shows that CDZ’b’y is acyclic. Whena = (,1,...,1),
b=0,and y = X1, the complex CDi’b’y has one generator (since x4 is maximal),
which is represented by the domain / V), lying in grading 2/.

Finally, because the associated graded complex has homology only in even
gradings, CD, must have the same homology. ([

In order to later remove obstructions in grading 2, we now explicitly find the
generator U of H>(CD,). We define the following index 2 domains (see Figure 2):

e Ay,...,A,_1 where A; is the vertical annulus in the (n — i)-th column from the
left from the generator [n23...(n —i)l(n —i+1)...(n— 1)] to itself, and Ag is
the rightmost vertical annulus from the identity generator x'¢ to itself.

e By,..., B,_i where B; is the horizontal annulus in the (n — i)-th row from the
bottom from the generator [(n —i +1)23...(n—i)(n—i+2)...nl1] to itself, and
By is the topmost horizontal annulus from the identity generator x'¢ to itself.

e Cq,...,C,_p where C; is a hexagon from the generator
23...n—)1n—i+1)...(n—1)]

to the generator [12...(n —i —1)n(n —1i)...(n — 1)].

By Cy

| LT
1311
ET 1]
C3 o Ds Es
11

m|
|
E G109t G2.2

Gi3

ks

Figure 2. The domains A;, B;, C;, D;, E;, F; j, and G; ; in the
special case of a 6 x 6 grid, where each domain is drawn from a
generator x (drawn with e) to a generator y (drawn with o).
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e Dy, ..., D,_» where D; is a hexagon from the generator
[(m—i+1D23...n—i)(n—i+2)...nl]
to the generator [12... (n—i —1)(n—i+1)...n(n —1i)].

e E,..., E,_» where E; is a hexagon from the generator
2...n—i—Dnmn—i+1)...n—1)(n—1i)]

to the generator [12... (n—i —2)n(n—i)...n— D —i—1)].

o Fi1,...,Fjp_ijoforeachi =1,...n—3, where F;; is a hexagon from the

generator

[12...n—i—j—-2m—i—j)n—(n—i—j+1)

m=i—-1Dm—i+1)...n(n—i—j—1)]
to the generator

[12...n—i—j—-2)(n—i+1)n—i—j)(n—i—j+1)
L=y n—i+2)..n(n—i—j—1)].

* Gi1,...,Gin_ijoforeachi =1,...n— 3, where G; ; is a hexagon from the

generator

[12...n—i—j—-2)nn—i—j—Dn—i—j+1)
Ln=i—-1Dm—i—j)n—1)...(n—1)]

to the generator

[12...(n—i—j—2)ynn—i—j)..n—i)n—i—j—Dm—i+1D...(n—1D].

Let
n—2 n—3 n—i—2

U _Z(A +B)+Z(C +D)+2E +> > (Fj+Gij)
i=0 i=1 i=i j=1

Proposition 2.3. U is the generator of Hy(CD,)
Proposition 2.3 will follow from the following computational lemmas.
Lemma 2.4. U is a cycle in CD; (that is, 90U = 0).

Proof. We consider the possible rectangles that appear in dU, starting with the
following rectangles that will be useful to name for the purposes of giving signs
later.

* Ria,..., Ry ,—1 where Ry ; is the 1 x i rectangle from
P23..n—i+D1n—i+2)...n—1)]

to[n23...(n—i)I(n—i+1)...(n—1)], and Ry is the 1 x 1 rectangle from x4
to [n23...(n— 1]
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* Ryo,...,Ry,—1 where Ry ; is the 1 x i rectangle from

[12...n—i)n(n—i+1)...(n—1)]
to[12...(n—i—1)n(n—i)...(n—1)], and Ry is the 1 x 1 rectangle from x'
to[l12...(n—2)n(n—1)]

* R32,..., R3,-1 where R3; is the i x 1 rectangle from
[(m—i+1D23...n—i)(n—i+2)...nl]
to[(n—i)23...(n—i—1)(n—i+1)...nl],and R3 1 = Ry ;.
* Rio,..., Ry,—1 where Ry ; is the i x 1 rectangle from
[12...n—i)(n—i+2)...n(n—i+1)]
o[l2...n—i—1)m—i+1)...n(n—1i)],and Ry = Ry 1.
* Rsy,..., Rs,_2, where Rs; is the 1 x i rectangle from
[12...n—i—=2)m—i)n(n—i+1)...n—1)(n—i—1)]
to[l12...n—i—2)n(n—i)...n—1)mn—i—1)].
* Re1,..., Ren—2, Wwhere Rg; is the i x 1 rectangle from
[12...n—i—2)nn—i—1)n—i+1)...(n—1)(n—1i)]
o[l12...(n—i—2)n(n—1i)...m—1(n—i—1)].
We cancel each of these rectangles in the boundary as follows (see Figure 3):

* R;j occurs in dU twice, from 0 Ag and 90 By, so it cancels in 0U. R;; occurs in
dA;_1 and 0C;_; fori =2,...n — 1, so they also cancel in dU.

# k ::x: I

Ry Ry 1 Rs 1 Re,1

Rip149H R R3] Ryp 9811 Rs2 Re,2

m
Il
——EZ T B Dt
H 5 H | o
HH9H Ris FHH R2s ﬁ R33 ~# Ry3 Rs 3
ED. uam - ] u

Figure 3. The rectangles Ry ;, R2i, R3.i, Ra.i, R5.;, Rei, where
each rectangle is drawn from a generator x (drawn with e) to a
generator y (drawn with o).

X

Re¢,3

¥
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* Ry occurs in dU twice, from dC; and d Dy, so it cancels in U, Rj,_1 occurs
indA,_;and 0E,_»,and fori =2,...n —2, R ; occurs in dC; and 9 E;, so they
also cancel in dU.

e Fori=2,...n—1, R3; occurs in dB;_1 and dD;_;.

e Fori=2,...n—2, R4; occurs in 0D; and 0E;_;.

e RsjoccursindEjand 0 Fy 1;fori=2,...n—2, Rs;occursin 0E; and 0 Fy ;_1.

* Rgjoccursin dEy and G q;fori =2,...n—2, Rg; occursin dE; and G ;_i.
Next, we consider the following rectangles:

o Py...P,_i_1foreachi =2...n—2, where P; ; is the 1 x j rectangle from

[12..m—i—j—1)mn—-—i—j+)n—-i+)n—-i—j+2)

.= m—i+2)...n(n—1i—j)]
to[12...(n—i—j—Dn—i+1)(n—i—j+1)...n—i)(n—i+2)...n(n—i—j)],
and P| j = Rs j foreach j=1,...n—2.

* 0i1...Qin—i—1foreachi =2...n—2, where Q; ; is the j x I rectangle from

[12...n—i—j—Dnn—i—j)n—i—j+2)
coon=in—i—j+Dn—i+1)...n—1)]

to[12...n—i—j—Dnmn—i—j+1)...n—i)n—i—j)n—i+1)...(n—1)],

and Q1 j = Rg j foreach j=1,...n—2.

We cancel each of these rectangles in the boundary as follows (see Figure 4):

e P,_pqoccursin dF, 31 and 0B, ». Fori=2,...n—3, P; ; occursin 0 F;_1 ;

and either 0F; ;_1if j >2o0rdF;;if j =1.

* Oy 2 0ccursindG,_31and A, . Fori=2,...n—3, Q; ;joccursindG;_1 ;

and either dG; ;1 if j >20or dG; if j =1.

021 03,1 04,1

1
I
1]
1

H#%HH P ﬁ P3,1” Py HH

i Pz,z# P3) H14H 922 032
I Py3 023

Figure 4. The rectangles P; ; and Q; ; in the special case of a
6 x 6 grid, where each domain is drawn from a generator x (drawn
with e) to a generator y (drawn with o).

X
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Finally, the remaining rectangles have the following form:

. R’L1 ... R’Lnfl, where Ri’i is the (n — i) x 1 rectangle from
23...(n—i)1n—i+1)...(n—1)]
o[l2...(n—i)n(n—i+1)...(n—1)].

* Ry,...R;, |, where R} ; is the 1 x (n — i) rectangle from
[(m—i+1D23...n—i)(n—i+2)...nl]

o[l2...(n—i)(n—i+2)...n(n—i+1)].
. Pl.’,z...Pi”niii1 fori = 1...n — 3, where Pi’J. is the j x 1 rectangle from
(2. (n—i— =) (—i)—i—j+1) ... (n—i—D)(n—i+1)...n(n—i— )] to
[12...(n—i—j—1Dn—i+D)n—i—j+1)...(n—i)(n—i+2)...n(n—i—j)],
and Pl.il =P;.

. Q;’Z...Qg’n_i_] fori =1...n— 3, where Q;,j is the 1 x j rectangle from
[12...n—i—j—Dnn—i—j+D..(n—i—1)n—i—j)n—i)...(n—1)] to
[12...(n—i—j—Dnm—i—j+1)...c0—)n—i—Hn—i+1)...(n— D],
and Q; | = Qi1

We cancel each of these rectangles in the boundary as follows (see Figure 5):

e Mﬁﬁ T
R/ R/ [~ 1 P/ /
1,1 2,1 1,2 1,2
1
T T M |
1,2 2,2 1.3 1.3
joms T M |
. T A /
1,3 i 2.3 14 14
o 1T |
R/ R/ 11 P/ I Q/
1,4, 24000 22 g 22
] I uNRASN
o [ |
1,5 2SELTEH 23 <23
g ma Cr T
mm
T , ,
Py o9 930
ot ii::

Figure 5. The rectangles R{,i, Ré’i, Pl.” I Q;ﬁ j in the special case
of a 6 x 6 grid, where each domain is drawn from a generator x

(drawn with e) to a generator y (drawn with o).
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. Ri’l occurs in 9By and 9Cy, Ri’n_l occurs in 9A,_; and 0C,_,. Ri’i occurs in
d0Ci_1and 0C; fori =2,...,n—2.

. Ré}l occurs in dAg and Dy, Ré’nil occurs in 0B,_1 and dD,,_». Ré’i occurs in
oD;_jand 0D; fori =2,...,n—2.

e P/, , ,occursin dF;,_j_oand dB;. For2 < j <n—i—2, Plfj occurs in

8Fi,j_1 and aF,-,j.

, . . . , .
. Qi‘n_l._l occurs in dG; ,—;j—p and 0A;. For2 < j <n—i -2, Qi’j occurs in
8Gi,j,1 and aG,’,j.

Since these are the only rectangles produced by 0A;, dB;, dC;, 0D;, 0E;, dF; ;,
0G,, j, we conclude that indeed 0U = 0. O

Lemma 2.5. U is not homologous to zero in CD,.

Proof. Let r be the 2-cochain which is 1 on the rightmost vertical annulus from
any generator to itself, and zero on all other domains; we will first show that r is
a cocycle, at which point it suffices to show that r(U) # 0. Let E be an index 3
domain. If E does not contain the rightmost vertical annulus, then clearly 67 (E) =0.
If E does contain the rightmost vertical annulus, then E can be written exactly two
ways as the product of the rightmost vertical annulus V|, with an index 1 domain:
E =D x* V)= V) *D. So §r(E) =0 and therefore r is a cocycle, and r(U) = 1
since U contains exactly one copy of the rightmost vertical annulus. O

Proof of Proposition 2.3. This immediately follows from Lemmas 2.4 and 2.5
and Proposition 1.1. U

3. Sign assignments

In order to extend CD,, over Z coefficients (and to frame some of the 0-dimensional
moduli spaces in the Manolescu—Sarkar construction), we need a sign assignment
for CD,, which is a particular Z/2-valued 1-cochain on CD,. The following
conditions for a sign assignment ensures that 1-dimensional moduli spaces are
frameable, since their boundaries must have opposite signs; see [Manolescu and
Sarkar 2021] for more details, and note also that this agrees with the sign assignments
defined in [Manolescu et al. 2007; Gallais 2008], though we are giving a new proof
of their existence.

Definition 3.1. A sign assignment for G is a Z/2-valued 1-cochain s on CD,
such that:

(1) (squarerule) If Dy, D>, D3, D4 are distinct rectangles and DDy = D3xDy=E
which is not an annulus, then s(Dy) + s(D2) = s(D3) +s(D4) + 1.
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(2) (annuli) If Dy, D, are rectangles and D; * D, is a vertical annulus, then
s(Dy) =s(Dy)+ 1. If Dy, D, are rectangles such that D * D, is a horizontal
annulus, then s(D;) = s(D3).

In order to prove that such a sign assignment exists, we will show that the
2-cocycle that we hypothesize to be §s is indeed a 2-coboundary.

Lemma 3.2. Let T be the 2-cochain with the following values:

(1) (square rule) For any index 2 domain D that is not an annulus, T (D) = 1.

(2) (annuli) T (V) =1 for all vertical annuli V, and T (H) = O for all horizontal
annuli H.

Then T is a 2-coboundary.

Proof. First, we show that T is a cocycle. Let E be any index 3 domain; we must
show that (T, 0 E) = 0. For every decomposition E = D % A, where A is a vertical
or horizontal annulus, there is a corresponding decomposition £ = A % D, so that
A occurs an even number of times in d E. It now suffices to show that d E contains
an even number of every other type of index 2 domain.

To every index 3 domain E from a generator x to a generator y, consider a graph
with vertices x at level 3, y at level 0, and edges down 1 level corresponding to
each way to break off an index 1 domain (see Figure 6 for an example of such a
graph). Then each level 2 vertex has an index 2 domain to y, which decomposes
into rectangles exactly two ways, so each level 2 vertex has downward degree 2,
and each level 1 vertex has an index 2 domain from x, which decomposes into
rectangles exactly two ways, so each level 1 vertex has upward degree 2. Therefore
there are the same number of level 2 and level 1 vertices, so since each index 2
domain that shows up in 0 E corresponds to a level 2 or 1 vertex, there are an
even number of index 2 domains. Since an even number of these are annuli, we
must therefore have an even number of hexagons. This shows that (T, 0E) = 0, as
desired.

By Propositions 1.1 and 2.3 it now suffices to show that 7(U) = 0 where U is
the generator of H,(CD,). By definition, U consists of n annuli A;, n annuli B;,
n — 2 hexagons C;, n — 2 hexagons D;, n — 2 hexagons E;, ("52) hexagons F; ;,
and (";7) hexagons G ;, so for any T satisfying the conditions of Lemma 3.2,

T(U)=n+3(n—-2)+2("%) =0 (mod 2)

so that T is indeed a coboundary. U

Lemma 3.3. Let T be the 2-coboundary from Lemma 3.2. Then T = és if and only
if s is a sign assignment.

Proof. This is clear from the definitions. ([l
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Figure 6. An example of a positive index 3 domain from a gener-
ator x (drawn with e) to a generator y (drawn with o), along with
the graph defined in the proof of Proposition 1.3. The generators z;
are given by o on the i-th rectangle from the left and e on the other
two, while the generators w; are given by e on the i-th rectangle
from the left and o on the other two.

Proof of Theorem 1.2. Existence immediately follows from Lemmas 3.2 and 3.3.
For uniqueness, suppose 7 = 38s = Js’. Then §(s —s’) =0, so s — s’ is a 1-cocycle,
which is cohomologous to zero by Proposition 1.1, so there is a 0-cochain g such
that s = 5"+ Jg. O

Given a sign assignment s, we can use it to redefine CD, in Z coefficients:

Definition 3.4. CD..(G; Z) is freely generated over G by the positive domains, with
the homological grading being the Maslov index. The differential d : CD; — CDy_
of D € 2% (x,y) is given by

iD= ¥ DPE+ D Y —1)ME,
R+«E=D Ex*R=D
where R is a domain of index 1 from x to some generator z and E is a positive
domain from z to y.

We now have analogues of Lemma 2.2 and Proposition 1.1 in Z coefficients, in
the following lemma and Proposition 1.3, respectively.

Lemma 3.5. (CD,, 0) is a chain complex.

Proof. The proof is similar to the proof of Lemma 2.2, except we must keep track
of signs. U

Proof of Proposition 1.3. The proof is similar to the proof of Proposition 1.1.
Specifically, our proof of Proposition 1.1 over Z/2 adapts the proof of [Manolescu
and Sarkar 2021, Proposition 3.4]. This proof is over Z, and a similar adaptation
will prove Proposition 1.3. (]
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4. The obstruction complex with partitions

The moduli spaces in the construction of the 1-flow category require more than
just positive domains. Since periodic domains (annuli) can bubble, Manolescu and
Sarkar [2021] introduces a new complex to keep track of the bubbles — since there
are n different types of bubbles (corresponding to bubbling of the j-th horizontal
or vertical annulus) which can be at the same or different heights, these correspond
to n-tuples of ordered partitions.

It is convenient to use both of the following equivalent definitions of an ordered
partition of a positive integer N (and when N =0, a partition of N is the empty set).

e An ordered partition A is a tuple of nonnegative integers A = (A1, ..., A;;) such
that N =) A; (m is called the length of the partition, and is denoted /(1.)).

* An ordered partition A is a tuple e (A) = (€1 (1), ..., exn—1(1)) € {0, 1}V=1, where
an ¢; equaling 1 indicates a split at that point. For instance, the ordered partitions
(1,1, 1), (1, 2), (2, 1), and (3) of 3 are written (1, 1), (1, 0), (0, 1), and (0, 0).

Besides annuli bubbling off (the second type of terms that will be in the differen-
tial —the first being terms in the differential of CD,), there are two other boundary
degenerations that occur with existing bubbles. Bubbles of the same type may come
to the same height (the third type of term), and bubbles may go to height oo (the
fourth and final type of term). The corresponding changes to the partitions are
described below.

Definition 4.1. The following changes to an ordered partition will describe the
differential terms (see [Manolescu and Sarkar 2021, Definitions 4.1, 4.2, 4.3] for
more details):

» A unit enlargement (at position k) increases N by 1 and adds a 1 to the tuple A
(at position k). The set of unit enlargements of A is denoted UE(L).

» An elementary coarsening (at position k) replaces both terms A; and A;1| with
one term A; + Ar+1. The set of elementary coarsenings of A is denoted EC()).

 An initial reduction removes A; (and decreases N by A1), and a final reduction
removes A, (and decreases N by A,,). The set of initial reductions (respectively,
final reductions) of A is denoted IR()) (respectively, FR())), where we consider
both sets empty if N =0.

We are now ready to define the complex of domains with partitions, CDP,.

Definition 4.2. The complex of positive domams with CDP, = CDP,(G; Z/2) is
freely generated by triples of the form D, N )\ where:

e D€ P (x,y) is a positive domain.

« N eN"isan n-tuple of nonnegative integers, N = (N1, ..., Np).
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A= (A1, ..., Apn) is an n-tuple of ordered partitions for A; = (A; 1, ..., Ajm;),
an ordered partition of N;.

We denote |N| = Z NJ, and define |l(k)| = Z;’ 1 1(%;) be the total length
of A. The grading of (D, N A) is given by the Maslov index of D plus |/ (A)l The

differential is given by the sum of the following four terms.

o Type I terms, given by taking out a rectangle from D, just like in the differential
of CD,.

o Type II terms, given by taking out a vertical or horizontal annulus passing
through O; from D and performing a unit enlargement to A ;.

o Type III terms, given by an elementary coarsening of one of the partitions A ;.

o Type IV terms, given by taking the initial or final reduction of one of the
partitions A ;.

Precisely, we can write 0 = 0 + 0 + 03 + d4 where

(D, N, )= Y (E,N,)+ Y (E,N,%),
R+xE=D ExR=D
- - n e -
(D, N, %) = ) > (E,N+¢é;,1),
j=1 D=ExHj or ExV; )‘;EUE()‘J')

»((D,N,)y=> Y (D,N,X),
j=1x GEC()»)
- - n - N - n - N -
34(D,N, %) = Z > (D.N—=kjiej, M)+ Y (D,N—%jméj1).

Jj=1 eIR(A ) j=1 }L_’/GFR(Aj)

As in Definition 2.1, R is a rectangle, and the annuli H;, V; are the ones passing
through the j-th O marking. We also use A’ := (A1, ..., Aj—1, A Ajit, oo, A,
and Ej :=(0,...,0,1,0,...,0) with the 1 in the j-th position.

It will help us to classify the lower grading generators, that is, generators of CDP,,
CDP;, CDP,, CDP;3 (see [Manolescu and Sarkar 2021, Section 4.2] for details).

(0) CDPy is generated by the constant domains with no partitions (cy, 0, 0) for
some generator x.

(1) CDP; is generated by rectangles with no partitions (R, 0, 0) as well as triples
of the form (¢, Né j» (N)) for a constraint domain c.

(2) CDP; is generated by Maslov index 2 domains with no partition (D, 0, 0) (for
a classification of the kinds of domains D, see above or [Ozsvath et al. 2015]),
triples of the form (R, Ne i, (N)) for a rectangle R, or a constant domain
with partitions of total length 2. Specifically, we can have triples of the form
(cx, Né; 4+ Mé, (N), (M))) (where j #k), or (cy, (N +M)é;, (N, M)).



OBSTRUCTION COMPLEXES IN GRID HOMOLOGY 369

(3) Finally, CDP;3 is generated by Maslov index 3 domains with no partition,
Maslov index 2 domains with a partition of the form (D, Ne j» (N)), rectangles
with a partition of total length 2, and constant domains with partitions of total
length 3, which has the following cases:

* (cx, Njéj+ Niéx+ Niey, (Nj), (Ng), (N)) for j, k, I distinct.
L4 (Cx, (N] +M]) E] +Nk 2/{’ ((NJ’ M])s (Nk)) for j’ k distinct.
o (Cx. (Nj+M;+P))éj. (Nj, Mj, P)).

Lemma 4.3. (CDP,, 0) is a chain complex.

Proof. The proof follows a similar case analysis to [Manolescu and Sarkar 2021,
Lemma 4.4]. Write 9 = d; + d» + 03 + 94, where 0 is the type k term in the
differential. Since 9; is just the differential from CD,, we have by Lemma 2.2
that 812 = 0. Now for 822, the terms will correspond to removing two annuli (and
doing two unit enlargements). If the annuli pass through two different O; and O},
then the corresponding term shows up twice, once in each order. If the annuli pass
through the same O}, then the corresponding term also shows up twice —once for
each order in doing the unit enlargements. So, 822 = (. We can similarly show that

03=0, 010y4+00 =0, 0103+0301 =0, 003+030,=0, 0104+040,=0

by doing the respective operations in two different orders.

Now consider 94 + 9402, the terms of which correspond to a unit enlargement
and an initial or final reduction, in either order. If one is done to A; and another
to A; where i # j, then the two commute and cancel just like before. If both are
done to A;, then all terms follow one of these cases:

A unit enlargement not at the beginning, followed by an initial reduction. This can-
cels with the initial reduction followed by doing the enlargement one place earlier.

» A unit enlargement not at the end, followed by a final reduction. This cancels
with the final reduction followed by the same enlargement.

» A unit enlargement at the beginning, followed by an initial reduction; or a unit
enlargement at the end, followed by a final reduction. These cancel with each other.

Finally, consider the last terms of 92, 8‘% ~+ 0304 4 0403. Again there are some
special types of terms:

o The elementary coarsening of A; by combining the first two parts, followed by a
initial reduction of A;, cancels with two initial reductions of A;.

e The elementary coarsening of A; by combining the last two parts, followed by a
final reduction of A;, cancels with two final reductions of A;.

where all the other terms cancel by doing the operations in two different orders. [
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We would like to compute the homology of CDP,. using successive filtrations,
as in the proof of Proposition 1.1.

Proposition 4.4. There is a filtration on CDP, such that the associated graded has
homology (Z/Z)Z’l X (Z/2)[U].

Proof. We again follow the proof of [Manolescu and Sarkar 2021, Proposition 4.6].
We can filter the complex CDP,, in several steps. First we filter CDP,, by the quantity
A(D) € N" which are the coefficients of D in the rightmost column. As in the proof
of Proposition 1.1, we can assume without loss of generality that the minimum
of A(D) occurs in the top right corner, and then filter the associated graded CDP{ by
B(D) € N"~! which are the coefficients of D in the topmost row. In the associated
graded CDPZ’I’ , there are no type II terms in the differential, since such terms must
decrease either A or B. Since |1\7 | is kept constant by type I and type III terms and
decreased by type IV terms, it is a filtration on CDPi’h , so filtering by |1\7 | and (as
in the proof of Proposition 1.1) the end generator y gives a direct sum of complexes
cppy N,

When a # (I,1,...,1) or b # 0 or y # x', filtering by the total length of
removes all type III terms and keeps all type I terms, so CDPi’b’y’N
of complexes CD%”* which were all shown to be acyclic in the proof of [Manolescu

and Sarkar 2021, Proposition 3.4]. Additionally, when a = (/,1,...,1), b =0,
y = x4, and at least one N ; > 1, every generator of CDPi’b’y Vs represented by
some (D, N , X) where D = kV,,, so we only have type III terms. The partitions
of N; are given by (€1, ..., €y,-1), where the elementary coarsenings just change

a 1 to a 0. This gives a hypercube complex, which is acyclic. Therefore, we are

is a direct sum

only left with the associated graded complexes CDP*?Y*N where a = (1,1, ..., 1),
b=0, y=x" and every N;is O or I. O

Corollary. H,(CDP,; Z/2) has rank at most

k2l g
2 (k 21)'
=0 -

In the proof of Proposition 2.3, we found a cocycle that detects the generator
of H>(CD,). We will use a similar procedure to compute Hy(CDP,) through
H3(CDP,).

Proof of Theorem 1.4. (k =0). This case is clear.
(k =1). The n generators of H|(AssGr(CDP,)) are the triples
g] = (Cxld, gj’ (1))7

which are still cycles in CDP; (because their initial and final reductions cancel). It
will suffice to show that there exist n 1-cocycles r; such that r;(gx) = 1 if and only
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if j =k. Let f; be the 1-cochain in CD, such that §f; (D) =1 if and only if D is the
vertical annulus V; or the horizontal annulus H; where f; exists by Proposition 2.3
because the 2-cocycle which is 1 on V; and H; and zero on every other index 2
domain is a coboundary, since it is zero on the generator U of H,(CD,). We can
extend f; to CDP, by setting it equal to zero on all triples (cy, Néj, (N)). Let N;
be the 1-cocycle that is the value of N; in the triple (D, N , X), and

rj:=N-—|-fj.

To show that r; is a cocycle, we consider all possible triples (D, N, A) in gradmg 2.
If N;j =0 and D is not the annulus V or H;, then by definition r; (D, N A)
If Nj=0and D =V; orH,,thenN 0 and

§rj(D,0,0) = Nj(cx, €j, (1)) + (fj(R1) + fj(R2)) =141 =0 (mod 2),

where D = Ry * R, is the decomposition into rectangles. Finally, if N; = M > 0,
there are three cases:

e D is arectangle. In this case N = MEJ- and A; = (M), so the initial and final
reduction of A; cancel, and the only other differential terms are removing D. If D
is a rectangle from x to y, then

§ri(D, Mej, (M)) = Nj(cx, Méj, (M))+ Nj(cy, Me;, (M))
=M+ M =0 (mod 2).

» Some Ny > 0, where k # j. Then D must be a constant domain, and both A ;
and A are length 1 partitions, so their initial and final reductions all cancel.
D is a constant domain and A ; = (M1, M>) is a length 2 partition. In this case
we have all of the type III and type IV differentials, which gives
8ri(ce, (M+N)éj, (M, N))

= Nj(cx, Méj, (M))+ Nj(cx, Néj, (N))+ Nj(ce, (M+N)ej, (M+N))

=M+N+(M+N)=0 (mod2).

Therefore r; is a cocycle for each j, and by definition r;(g;) = 1 if and only if
J =k, so the g; are in fact the generators of H(CDP,).

(k=2). Now consider 2-cocycles. (Z/2) () of the generators of H,(AssGr(CDP,))

are the triples L
gjk = (cya, € + &, ((1), (1)),

which are similarly still cycles in CDP,. The final generator will be given by a
slight modification U’ of (U, 0, 0), where U is the generator of H,(CD,). The
boundary of U in CDP, contains only pairs of triples of the form

(ij’ Ej’ (l)) and (Cyj7 E[v (1))
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corresponding to type II differentials on the annuli A; and B;. Here we have that
x/ and y/ are, respectively, the generators [n23...(n — j) 1(n —i+1)...(n—1)]
and [(n —j+1)23...(n — j)(n — j +2)...nl], as depicted in Figure 2. For
each j, the generators x/ and y/ each have a planar domain (that is, a domain that
does not intersect the topmost row or rightmost column of the grid), D; | and D »
respectively, from the identity generator x'¢. From Figure 2, we see that D 2 is the
reflection of D; 1 about the diagonal from the bottom left to the top right of the grid,
so that (—Dj 1) * D; > is an even index planar domain from x/ to y/. This domain
decomposes into an even number of planar rectangles =R, (where each R is
positive), so that adding each (R, é j» (1)) to (U, 0, 0) will cancel the rest of its
boundary, making a cycle U’.

In the proof of Proposition 2.3, we used the 2-cocycle r which is 1 on the
rightmost vertical annulus and zero on every other 2-chain. Extending r to CDP,
by setting it equal to zero on every 2-chain with |N | > O still gives a cocycle, since
CDP, has no new ways to create an annulus in the boundary, and we still have
that r(U’) = 1, while all of the r(g;x) = 0. Now it suffices to find r; ; such that
rix(U’)=0forall j, k, and rj(g;,m) =1 if and only if {/, m} = {j, k}. Let f; be
the 1-cocycles defined in the proof of (1), and let

SERN, D) = Ni f5(R),

where R is a rectangle and 2 has total length 1 (and f ¥ = 0 on all other 2-chains).
Now let N; Nk be the 2-cocycle that is the product of the values of N; and N; for a
triple (D, N A) and let ‘

rik:=N;N+ fjk + fk]

To show that r; 4 is a cocycle, we consider all possible triples (D, N , X) in grading 3.
If N; = 0 (respectively, Ny = 0) and D does not contain the annulus V; or H;
(respectively, Vi or Hy), then by definition 67 x (D, 1(7, X) =0.If N;=0, Ny >0
(or vice versa), and D contains V; or Hj, then D=V, or H; and all N; =0 for [ #k,
so that dr; x (D, N A) 0 similarly to the proof of (1). Finally, if N; = M; >0
and N, = M, > 0, there are three cases:

e D is arectangle. In this case N= Mjej+Myer, Aj=(M;),and Ay = (My), so

the initial and final reductions of A; and A cancel, and the only other differential
terms are removing D. If D is a rectangle from x to y, then

8r;x(D,N,5)
=N;Ni(cx, Mj&j+Miér, (M), (M))+N;N;j(cy, M;é;+Miér, (M;), (M)
:MiMj—I-MiMj:O (mod 2).

» Some N; > 0, where [ # j, k. Then D must be a constant domain, and all of A,
Ak, and A; are length 1 partitions, so their initial and final reductions all cancel.
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* D is a constant domain and A; = (M| 1, M ») is a length 2 partition (or symmet-
rically, Ay = (Mg,1, My 2)). In this case the initial and final reductions of A cancel,
but we have all of the type III and type IV differentials of A ;, which give

Srjk(cx, (Mj+ M) é;+ My éx, (Mj1, Mj2), (M)
= N;Ni(cx, Mj1€; + My, (M}1), (My)))
+ NjNi(cx, Mj2€; + My éx, (M 2), (My)))
+ NjNi(cx, (Mj1+M;2) € + My éx, (M1 + M), (M)
=M M 1+M;>+ M1+ M,;3)) =0 (mod 2).
Therefore r; x is a cocycle for all j, k, and by definition r; x(U) = 0. U’ only
adds an even number of planar rectangles with partitions that can contribute to f k
or fk , no two of which can ever form an annulus, so r;, «(U") = 0. Finally, by

definition 7} x(g7,,) = 1 if and only if {/, m} = {j, k}, so these (along with U’) are
in fact the generators of H,(CDP,).

(k =3). (3) of the generators of H3(AssGr(CDP,)) are the triples

gkt = (cou, &; + e +er, (1), (1), (1)),

which are similarly still cycles in CDP3. The other n generators are the triples U ;
obtained from U’ by performing unit enlargements on N; and adding the triples
(R, 2¢ j» (2)) defined previously (for this fixed j). Let V(,) be the rightmost
vertical annulus and define the cochain
0, D does not contain V),
rri(D, N A) = .
ri(D* =V, N.%), D contains Vi,

where r; is the 1-cocycle from the proof of (1). To show that rr; are cocycles, we
consider all §rr; (D, N , X) for triples (D, N , X) € CDPy. If D does not contain V),
then this quantity is zero by definition. If D contains V), then its Maslov index is
at least 2, so that we have the following cases:

e D is an index 4 domain. In this case, N =0, so let E = D % (=Vw)). If E is also
an annulus Vi, then

rrj(D, N, %)

:I”}"j(Al*V(n),O, 0)+I"rj(A2*V(n),0, 0)—i—rrj(E>l<Bl,0,0)—i—rrj(E>x<Bg,0,0)
+r7j(Viny, ek, (1)) +rr;(E, é,, (1)) (where A1 % Ay = E, By By = V()

=rj(A1,0,0)+rj(A2,0,0)+rj(cy, €, (1)
+(rj(B1,0,0)+r;(B2,0,0)+rj(cx, €, (1))  (added if and only if k = n)

=0
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by definition of r; (since this is just ér; (Vi) with possibly 6r;(V(,)) added if k = n).
If E is not an annulus, we similarly have

(Srrj(D,I:’,)i)
=rrj(A] * Vi, 0,0) +rrj(A2>k V(n),(), 0)—|—I’}’j(E*B1, 0,0)
+rrj(E>sz,0, 0)—|—rrj(E, €, (1) (where A1 x Ay = E, B1 % By = V()

=r;j(A1,0,0) +rj(A2,0,0)+rj(cy, &, (1)) =0

* D =R %V, is an index 3 domain, where R is a rectangle from a generator x
to a generator y. In this case, N = Ne; and A = A; = (N). Suppose that in the
domain D, V() = A% B, and R = B (or symmetrically, R = A). In this case,

rrj(D, N, %)
=rrj(R* A, Néx, (N))+rrj(Ax R, Néx, (N))+rrj(R, Néx + ey, (N), (1))
= rj(ce, N&x, (N)) +7j(cy, Nég, (N)) =0

by definition of r;. If R is not A or B, we similarly have

8rrj(D, N, %) =rrj(R A, Néy, (N)) +rrj(R B, Né, (N))
+rrj(Viny, Nég, (N)) (at the generator x)
+rrj(Viny, Neg, (N)) (at y)
+rrj(R, Néx+é,, (N), (1))
=rj(cx, Nex, (N)) +rj(cy, Néx, (N)) =0

e D is an index 2 domain. In this case, we have that D = V), |)i| = 2, and
drrj(D, N, X) = 0rj(cy, N, X) since the type I and type II terms cannot possibly
have an annulus; note that we previously showed this expression to be zero in
showing that r; is a cocycle.

Therefore rr;j is a cocycle, and by construction rr;(U;) =1 if and only if k = j, and
all of the r7;(gk,1,m) = 0. It remains to find cocycles r; x ; such that r;  ;(U,,) =0
forall j,k,I,m, and r;x ;(gm,p,q) = 1 if and only if {m, p, q} = {j, k, [}. Let f;
be the 1-cocycles defined in the proof of (1), and let

fENR. N J) = NeNi fi(R),

where R is a rectangle and 2y, A; are both length 1 partitions (and f; %= 0 on all
other 3-chains). Now let N; Ny N, be the 3-cocycle that is the product of the values
of Nj, Ny, and N; for a triple (D, N A) and let

1 j k
rjki = NjNgN;+ f;c’l + 1+ f

To show that r; ;. ; is a cocycle, we consider all possible triples (D, N , X) in grading 4.
If N; =0 (respectively, Ny =0 or N; =0) and D does not contain the annulus V;
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or H; (respectively, Vi or Hy, or V; or H;), then by definition ér;  ; (D, ]\7, X) =0.
If Nj =0, Ny >0, and N; > 0 (or symmetrically, any other case where exactly
one is zero), and D contains V; or Hj, then D = V; or H; and all N,, = 0 for
m # k, 1, so that 8rj4(D, N, %) = 0 similarly to the proof of (1). Finally, if
Nj=M; >0, Ny = M; >0, and N; = M; > 0, there are three cases:

D is arectangle. In this case N= Mjéj+Myéx+Meé, hj=(M;), rp=(My),
and A; = (M), so the initial and final reductions of A ;, A; and A; cancel, and the
only other differential terms are removing D. If D is a rectangle from x to y, then
8rjxi(D, N, 3) = NjNeNi(co, M €+ My &+ M@, (M), (My), (M))))
+ NjNiNi(cy, Mjé; + My e+ Myér, (M), (My), (M))))
= MijMl + MijMl =0 (mod 2).
e Some N,, > 0, where m # j, k,l. Then D must be a constant domain, and all

of Aj, Ak, A, and A, are length 1 partitions, so their initial and final reductions all
cancel.

* D is a constant domain and A; = (M 1, M;>) is a length 2 partition (or sym-
metrically, Ay = (Mg 1, Mi2) or A; = (M;,1, M;2)). In this case the initial and
final reductions of A; and A; cancel, but we have all of the type III and type IV
differentials of A ;, which give
Srjki(cx, (Mj1+M;2)éj+ My e+ Mér, (Mj1, Mj2), (M), (M))))
= N;NiNi(cx, Mj 18+ My éc+ Mié, (M 1), (My), (M))))

+ NjNiNi(co, Mj2€; 4+ My éx + Mie;, (Mj2), (My), (M))))

+ NjNiNi(cx, (M1 + M) €+ My é+ M, (Mj1+ M; ), (My), (M))))
= Mle(Mj’l + Mj,z + (Mj71 + Mj,z)) =0 (mod 2)

Therefore r; i ; are cocycles, satisfying rj,k,l(F,’,:) =0forall j, k,I, m, and
rj,k,l(cxm, em +Ep +Zq, (D), (1))) =1 if and only if {m, p, q} ={j, k. [}. O

5. Sign assignments for domains with partitions
Similarly to Section 3, we find the criteria that the coboundary of a sign assignment
for CDP, must satisfy:
Definition 5.1. A sign assignment for CDP,, is a 1-cochain s on CDP, such that:
(1) 8s(D, 0,0) =1 for any index 2 domain D that is not an annulus.

(2) 8s(V,0,0) =1 for any vertical annulus V, and §s(H, 0, 0) = O for any hori-
zontal annulus H.

3) 5s(R, (0, NE.,-, (N)) =0 for any rectangle R, any N > 0, and any ;.
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@) és (cx, NE‘,- +Mey, (N), (M))) =0 for any constant domain ¢y, any N, M > 0,
and any j, k.

®)) 8s(cx, (N+M) Ej, ((N, M))) = 0 for any constant domain c,, any N, M > 0,
and any j.

Proof of Theorem 1.5. Let T be the 2-cochain with values given by (1)— (5) of
Definition 5.1. To see that T is a cocycle, we evaluate 7 on all triples (D, N A)
in grading 3. These are given by:

e (D, 0,0) where D is an index 3 domain. The proof of Lemma 3.3 shows that the
contributions to §7 by Type I differential terms all cancel. If D does not contain an
annulus, these are all the differential terms. If D does contain an annulus A = H;
or V;, we can write D = R x A for a rectangle R, so that the type II differential
term gives (R, (0, Ej, (1)), which does not contribute to §7 by (3).

e (D, Né i, (N)) where D is an index 2 domain. Here the initial and final reduc-
tion of the partition both give (D, 0, 0) so their contributions to 6T cancel. The
decompositions of D into rectangles do not contribute to 7 by condition (3), and
again if D is not an annulus, then these are the only other boundary terms. If D
is an annulus, then either D = H;, D = V;, or D is some other annulus Hj or
Vi. In the latter case, the type II differential term gives (cx, Ne i+ ér, (N), (1)))
which does not contribute to 7" by (4). In the former case, the type II differential
gives two terms, (cx, (N +1)¢;), (1, N)) and (cy, (N + 1) €j, (N, 1)), which do
not contribute to 87 by (5).

* (R, N, X) where R € 27 (x, y) is a rectangle and 2 has total length 2. Here the
type I differential removes R two ways, leaving either (cy, Mé;+Neéi, (M), (N)))
(and the corresponding term for ¢y, which do not contribute to §7 by (4)), or
(cx, (M +N)ej), (M, N)) (and the corresponding term for ¢y, which do not con-
tribute by (5)). All type III and type IV terms do not contribute by (3). Since R
cannot possibly contain an annulus, there are no further terms so 67 (R, N , X) =0

o (cy, N , X) where ¢, is a constant domain and 2 has total length 3. None of these
terms contribute to §7 by (4) and (5).

Hence T is a cocycle, so it remains to show T is zero on every generator of
H,(CDP,) listed in the proof of Theorem 1.4. By definition, we have that every
T (cx, €j+ék, (1), (1)) =0. Also, T(U, 0, 0) =0 by Lemma 3.2, so T (U") =0 by
condition (3), since these are the only types of triples added to (U, 0, 0). Therefore
T must be the zero cocycle by Theorem 1.4, so T = s for some s. The values s;
uniquely determine the H'(CDP,) class of s by Theorem 1.4, so at that point s is
unique up to gauge equivalence (like sign assignments for CD,,). (]

There are two types of triples in grading 1 —rectangles with no partitions and
constant domains with a length 1 partition. By uniqueness, the sign of a rectangle
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with no partition in CDP,, agrees with the sign of that rectangle in CD,, so it remains
to compute the signs of constant domains with a length 1 partition.

Proposition 5.2. For any constant domain c, and any N > 0,
s(cx, Néj, (N)) = Nsj (mod 2).

Proof. We first show that the sign is independent of the generator x. Let R€ 27 (x, y)
be a rectangle. By (3) of Definition 5.1, we have

0=2685(R, Néj, (N)) =s(cx, Néj, (N)+5(R,0,0)+s(R, 0,0)+s(c,, Néj, (N))

so that s(cy, Néj, (N)) =s(cy, Néj, (N)), and given any domain from x to y, we
find a decomposition into rectangles and repeatedly apply this equation. Therefore
we can now assume without loss of generality that x = x'9. We will use the
uniqueness of s up to the values s; to proceed by induction on N. The base case is
clear, and by (5) of Definition 5.1 we must have that
0=3s(cy, Nej, (1, N —1))

= S(C)C’ Ej7 (1)) +S(CX7 (N - 1) 2/)7 (N - 1)) +S(CXs NEJ’ (N))

=s5;+(N—1)s; (mod?2)
by the inductive hypothesis, so that s(c,, Né j» (N)) = Ns; (mod 2), which com-
pletes the induction. (|

Remark 5.3. It would suffice by uniqueness to define a sign assignment on CDP,
by defining a sign assignment on CD, and extending it by Proposition 5.2. Doing
so would give another proof of Theorem 1.5.

Again, now that we have a sign assignment s, we can extend CDP, to Z coeffi-
cients. As in CD,, the sign associated to breaking off a rectangle is the sign of the
rectangle s(R) given by the sign assignment. We now describe the sign of the other
differential terms.

Definition 5.4. Let s be a sign assignment for CDP,.
» Given an ordered partition A and the unit enlargement
A=y e ety L Ay ooy dom)s
the sign of the unit enlargement is
s(A,A)y=k+1 (mod 2).

» Given an ordered partition A and the elementary coarsening

A=, Akt Ak Akt Ak, ooy Am),
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the sign of the elementary coarsening is
s(A, ) =k (mod 2).

« Given an ordered partition A = (A1, ..., Ay) and its initial reduction A’, the sign
of the reduction is given by

s(A, A) =21s; (mod 2).
The sign of its final reduction is given by the same expression, with X, replacing A;.

Definition 5.5. The complex of positive domains that have the partitions CDP, =
CDP,(G; Z) is freely generated by triples of the form D, N, A, where:

e De 2% (x,y)is a positive domain.
« NeNisan n-tuple of nonnegative integers, N = (N1, ..., Np).
« A= (A1, ..., An) is an n-tuple of ordered partitions, where A; = (A 1, ..., Ajm;)

is an ordered partition of N;.

The grading of (D, N , X) is given by the Maslov index of D plus the sum of the
lengths of the A; (which is referred to as the total length of 1). The differential is
given by four terms, d = 91 + d» + 93 + 94, where

WD, N, D)= S (—D)P®E N, D+ DD 5 (=1 R(E, N, L),

RxE=D ExR=D
j=1 D=ExH; (horizontal)
> (E,N+¢é;, 1)
A, €UEQ,)
+ (= ED) 3 ()0t T (e
j=1 D=ExV; (vertical)
Z (E7N+g]7)\'/)9
3, €UE(A)
= - n ’ - -
93(D, N, \) = (_1)M(D) Z(_l)l()q)-i—--.—i-l()»jq) Z (—l)s()"f’)‘f)(D, N, k/),
Jj=1 N €EC()
34(D ﬁ X) — (_1)#(0) i(_l)l()\l)‘f““‘i‘l()ﬁ—l)
o =1 —1)* %D, N = rj 185, N
J Z ( ) 4 ( ) ],16]7 )
A/ €IR ()
n
—1HrD) —OD+HIG))
’ ],mj ]’ .
A, €FR(A))

Remark 5.6. In the case that all s; = 0, these signs agree with the signs of
[Manolescu and Sarkar 2021, Definitions 4.1-4.3], with the exception of the type II
differential.
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Lemma 5.7. (CDP,, 0) is a chain complex.

Proof. The proof is similar to that of [Manolescu and Sarkar 2021, Lemma 4.4],
which is the same case analysis of Lemma 4.3, except where we keep track of signs.
In the case of

(84) 4 8394 + 0493 =0,
we still have all but two cases canceling in pairs by reversing the order of the two
operations. These two cases are:

e Two initial reductions and an elementary coarsening at the beginning, followed
by an initial reduction. The former has sign
Alsj —I-)\.zsj' (mod 2)

and the latter has sign
14+ +2) S (mod 2),

which is the opposite sign.

» Two final reductions and an elementary coarsening at the end, followed by a final
reduction. Note that final reductions have an extra sign of /(A ;) compared to initial
reductions, so that including this extra sign, the former has sign

IA)+AR) = 1) +Awsj + Am—1s; (mod2)
and the latter has sign
A —=D+UMX) =1+ Apn_1+Apn)s; (mod?2),

which is the opposite sign.

Finally, although we still have 0,04 + 040> = 0, the change to the sign of the
type II differential gives a new set of cancellations

3% 4 0,04 + 349, = 0.

For this case, suppose D = A x E = E % A is the domain where A = R xS is an
annulus.

o If Ais avertical annulus V;, then s(R)+s(S) =1, so that removing R then § from
the front has sign 1, while the type II differential that produces a unit enlargement at
the front of A ; followed by the initial reduction of A ; has sign 0. Also, removing §
then R from the back has sign O (since the Maslov index of the domain decreases
once), while the type II differential that produces a unit enlargement at the end
of A; followed by the final reduction of A; has sign /(A;) +1+41(A;) =1 (mod 2).

o If A is a horizontal annulus H;, then s(R) + s(S) = 0, so that removing R
then S from the front has sign 0, while the type II differential that produces a
unit enlargement at the front of A; followed by the initial reduction of A; has
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sign 1. Also, removing S then R from the back has sign 1 (since the Maslov
index of the domain decreases once), while the type II differential that produces
a unit enlargement at the end of A ; followed by the final reduction of A ; has sign
[(A;)+1(x;) =0 (mod 2). (]

The analogue of Proposition 4.4 also holds over Z.

Proposition 5.8. There is a filtration on CDP, such that the associated graded has
homology 7* ®Z[U]. In particular, H,(CDP,) has rank at most

k2l g
2 (k 21 )
=0 \K —

Proof. The proof is identical to the proof of Proposition 4.4. ([
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