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A NEW CONVERGENCE THEOREM
FOR MEAN CURVATURE FLOW OF HYPERSURFACES
IN QUATERNIONIC PROJECTIVE SPACES

SHIYANG L1, HONGWEI XU AND ENTAO ZHAO

We investigate the smooth convergence of the mean curvature flow of hy-
persurfaces in the quaternionic projective spaces. We prove that if the
initial hypersurface satisfies a new nonlinear curvature pinching condition,
then the mean curvature flow converges smoothly to a round point in finite
time. Our result improves a smooth convergence theorem due to Pipoli
and Sinestrari (2017).

1. Introduction

There are many famous geometric evolution equations, such as the Ricci flow,
the mean curvature flow and others. Huisken [9] studied the mean curvature flow
from the perspective of partial differential equations, and he proved that convex
hypersurface in the Euclidean space converges to a round point along the flow.
Afterwards, Huisken [10; 11] obtained convergence results for mean curvature flow
of convex hypersurfaces in Riemannian manifolds and pinched hypersurfaces in
spheres. Following the argument of Huisken [9], Andrews and Baker [1] proved a
convergence theorem for the mean curvature flow of closed submanifolds satisfying
a suitable pinching condition in the Euclidean space. Later, Baker [2], Liu et al. [20]
proved sharp convergence theorems for the mean curvature flow in the spheres
and the hyperbolic spaces, respectively. Liu, Xu and Zhao [19] studied the mean
curvature flow of arbitrary codimensional submanifolds in the Riemannian manifold
and proved a smooth convergence theorem. Lei and Xu [15] verified an optimal con-
vergence theorem for the mean curvature flow of submanifolds in hyperbolic spaces,
which implies the first optimal differentiable sphere theorem for submanifolds with
positive Ricci curvature. It should be remarked that an optimal topological sphere
theorem for complete submanifolds with positive Ricci curvature in a space form
with nonnegative curvature has been proved previously by Shiohama and Xu [26].
Lei and Xu [15] also proved sharp convergence theorems for the mean curvature
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flow of submanifolds in the sphere [13; 14], which also improve the convergence
theorems due to Huisken [10] and Baker [2]. See [16; 18; 21] for recent progress in
the smooth convergence theory for mean curvature flow of arbitrary codimensions.
As consequences of these smooth convergence theorems, the submanifolds satisfying
the initial curvature conditions are diffeomorphic to the standard sphere. We remark
that some of these differentiable sphere theorems are also proved by using the Ricci
flow, which has proven to be a very useful tool in understanding the topology of
Riemannian manifolds, see [3; 4; 6; 7; 8; 22; 23; 24; 27; 28].

Pipoli and Sinestrari [25] obtained a convergence theorem for mean curvature
flow of small codimension in the complex projective spaces. Later, Lei and Xu [17]
investigated the smooth convergence of mean curvature flow of arbitrary codi-
mensional submanifolds in the complex projective spaces, which improved and
extended the convergence theorem due to Pipoli and Sinestrari [25]. In this paper,
we investigate the mean curvature flow in the quaternionic projective spaces. We
mainly consider the codimension-one case.

Let M be an n-dimensional closed manifold, and let F : M" x [0, T) — N"*!
be a one-parameter family of smooth hypersurfaces immersed in a Riemannian
manifold (N, k). We say that M; = F;(M) is a solution to the mean curvature flow
if F; satisfies

3
—F = —HV,
(1_1) { Jt
F(,O):FO(),
where F;(-)= F(-,t), H and v are the mean curvature of M and the unit outward
normal vector of M respectively, such that H = —Hv is the mean curvature vector
of M.

Pipoli and Sinestrari [25] obtained a convergence theorem for the mean curvature
flow of hypersurfaces in the quaternionic projective spaces, and the proof is the
same as their convergence theorem for mean curvature flow of hypersurfaces in the
complex projective spaces.

Theorem 1.1 [25]. Let M" (n > 11) be a closed real hypersurface in quaternionic
projective space QP"/ 4(4), and M, be the mean curvature flow starting from M.
Assume that M satisfies the following pinching condition:

Ih|* <

1 2

H"+2.
n—1
Then the flow has a smooth solution on the maximal time interval [0, T') with T < oo.
Moreover, the pinching condition is preserved and M; collapses to a round point as
t—T.

We note that here and in the remaining part of the paper, n = 4m — 1 for m > 2.
The aim of the present paper is to prove the following refinement of Theorem 1.1.
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Theorem 1.2. Let M" be an n(=7)-dimensional closed real hypersurface in quater-
nionic projective space QP"V/4(4) and M, be the mean curvature flow starting
from M. Assume that M satisfies the following pinching condition:

|h|* < p(H?).

Then the flow has a smooth solution on the maximal time interval [0, T') with T < oo.
Moreover, the pinching condition is preserved and M, collapses to a round point as
t—>T.

In Theorem 1.2, p(H?) is given by

1
(1'2) go(H2):2+an+(bn+nT1>H2_\/b;%H4+zanan27

where

an = /81 —5)(n— 1) by, bn:min{ n=> n =3 }

8n—1) n+2)(n—1)
Remark 1.3. By a computation, we have ¢(x) > nle +2 for x > 0. So, Theorem 1.2

is an improvement of Theorem 1.1. Furthermore, we have ¢(x) > 44/n — 1 — 6 for
7<n<17,and ¢(x) > 2—|—¥«/n—5 forn > 18.

It is well known that QP! is just the round sphere. By [11; 14], the similar
smooth convergence theorem holds for mean curvature flow of closed hypersurfaces
in QP'.

By Theorem 1.2, we have:

Corollary 1.4. Let M" be an n(> 7)-dimensional closed real hypersurface in
quaternionic projective space QP V44 If |n|? < p(H?), then M is diffeomor-
phic to the standard sphere.

The rest of the paper is organized as follows. In Section 2, we introduce some
notations, formulas and basic equations in submanifold theory, and prove a gradient
inequality involving the second fundamental form and the mean curvature for
hypersurfaces in the quaternionic projective spaces. We also recall some evolution
equations along the mean curvature flow in this section. In Section 3, we show that
the pinching condition ||?> < @(H?) is preserved along the mean curvature flow.
We also derive an evolution inequality of

|A?
(p—H*m)'~o"
A pinching estimate for the traceless second fundamental form is obtained in
Section 4. We give an estimate of the gradient of the mean curvature in Section 5,
which is used to compare the mean curvature at different points. In Section 6, we
show that the hypersurface shrinks to a single round point in finite time.

f(r:
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2. Notations and formulas

Let @QP™ be the m-dimensional quaternionic projective space with the Fubini-Study
metric ggs. Let Ji,, ko = 1, 2, 3 be complex structures on QP". We denote by v
the Levi—Civita connection of (QP", ggs). Since the Fubini-Study metric is a
Kahler metric, we have Vlko =0 for kg = 1, 2, 3. The curvature tensor R of QP™
can be written as

R(X,Y,Z, W)
= (X, Z){(Y, W) — (X, W)Y, Z)

3
+ 2 (X, T Z)Y, Ty W) — (X, Jig WY, T Z) + 2(X, Tk YIZ, T, W)
ko=1

and Jy,, ko =1, 2, 3 satisfies

szz—Id, Nhh==hhi=/h hh=-hli==hh, hh=—Ihi=J.

0

Let (M", g) be an n-dimensional Riemannian submanifold in (QP", ggs). Let g
be its codimension, i.e., n +¢g = 4m. At a point p € M, let T, M and N, M be the
tangent space and normal space, respectively. For a vector in T, M & N, M, we
denote by (-)7 and ()" its projections onto T, M and N, M, respectively. We
use the symbols V and V+ to represent the connections of tangent bundle TM
and normal bundle NM. Denote by I'(E) the space of smooth sections of a vector
bundle E. For X, Y e I'(TM), & € T'(NM), the connections V and V+ are given
by VxY = (VxY)T and Vf"g‘ = (Vy £)N. The second fundamental form of M is
defined as h(X,Y) = (VxY)V.

We mainly consider the codimension-one case. Throughout this paper, we shall
make the following convention on indices:

1<A5B9C,<n+17 lgl’.]vkagn

We choose a local orthonormal frame {e; } for the tangent bundle and let v =¢,, 11
be the unit normal vector field. Denote by {'} the dual frame of {e;}. Let 4 and H
denote the second fundamental form and the mean curvature given by

h:Zhija)i®a)j and H:Zhii-
i,j i
Leth=h— %H g be the traceless second fundamental form. We have the relations
P =1k = LH2 VR = VAP - L v HP,
n n

J¢ (ko)

Setting = (ea, J,ep) for ko =1, 2, 3, we have

(ko) (ko) o o) _ ytho) W2 _ O
‘]AB9 __‘]BAO ’ Z‘] 3 . _JACO" ZJAB ‘]AC'
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Similarly, we have
1 ;03 @) 2 703 0]
%:JAB Jpc = —J4c %:J 8 J5c = Jac

Also, Jf(‘kA") =0 for any A and k.

Let h;jx and H; denote the components of Vi and VH, the covariant differenti-
ations of & and H, respectively. We have the following sharp gradient inequality
(see Remark 2.2).

Lemma 2.1. For a hypersurface in QP"TY/4 we have

\Vh|? > H%WHF +6(n—3).

Proof. Set S = ZSijk o' @ w! @ wk, where Sijk = %(hijk +hjki + hiij). Then S; i
is totally symmetric for i, j, k. Using the same technique as in Lemma 2.2 in [9],

we have Z (Zskkl> |

N

n+2
By the Codazzi equation, we have

> Siki = 5 2 (hikk + hiki + i)
k k
= 13" (hiki + 2hir)
k

= LS (ki + 2hiwi — 2Rs1kit) = Hi — 2 X" Ros ki
% k

As 3
= k k k k k k
Ruvitic= S0 I8 = 100, 0 42080, 959
0
one has
3
= k k k k k k
X R =35 3 O A A0 I+ 208, )
o=
3
2 (ko) (ko) (ko) (k )
-3 %: kZI( Jn+01k J ‘ 2Jn-£1k )
o—
3
(k ) gk )
=23 X n—flk i ‘
ko=1 k
Then we get

> Suws = Hi+ zkzl PICANAN DY
0

This implies

(;Skki) = (H)*+4 Z ZH (J,f’i)fkj<ko>)+4[ Z Z(Jn(lffkf(k())] .

ko=1 k ko=1 k
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Since
S ko) (ko) > ko) k)]
43 [ZHi Jik i }“‘42[ > 2w ]
ko1 ik T Lz %
3 3 2
k k (ko) (ko)
=4 3 [ XH I, 0|+ 4x X st ]
=17 A i Lio=1 A
3 3 2
=43 [ZHi5n+1i] +4Z[ Z5n+1i] =0,
ko=1- 7 i Lio=1
one has
@1 ISP > —_|VHP.
n+2

On the other hand, by the Codazzi equation, we have
I1S1? = Y(Siji)* = § X Chikk + hui + hiir)
= % S (hijp)* + % > hijk hi;
=13 hij)* + 33 hiji(hiji + Rusrije)
=S (hij)* + % S Ruiijki Rutiiji
= |Vh|* + % > Ryt jki Rutiiji-
Since

3
= ko) +(k ko) +(k ko) (k
Ragcp =68ac 88D —8ap e+ ) (J,L(;CO)JI(gB) — J,S,%)Jé(‘%) +2J,§§)J&%)),
ko=1
one has
3

- - k k k k k k

2R jui Rurije = 2 [kzl(‘]rf—fl)k TR = T w20 0 0))]
L], 0=

3
(o) (o) (o) lo) o) 7o)
X [lzl(‘]n-ﬁlj T = T I 20,50 T )]-
-

For each kg, according to the special property of matrix (Jf‘kg)), by direct com-

putation we have
ko) \2 k k k k
§(‘]n(4?;k) = ;Jrfﬁk Jk(n0+)1 == ;JrfffA sz\noil =08m+n+n =1,

and

(ko) 7o) _ (ko) o) _ (k) o) _ 4 i)
Xk:‘]n-i?lk JBE - %:Jn-i?lk JkB? - %JI’H?]A JA% - :t‘]n-i?lB’

where =+ depends on jjy, ko, [p. By some computations, we obtain

> Rut1jki Rus1ijk = —9(n —3).

Hence
ISI* = VA +3(=9(1 = 3)) = |VA]* = 6(n - 3).



MEAN CURVATURE FLOW IN QUATERNIONIC PROJECTIVE SPACES 225

Combining this with (2-1) implies
3 2
Vhi>> ——|VH —3). O
[Vh| n+2| |”+6(n —3)

Remark 2.2. For hypersurface M*"~! in QP", one has
3
dm+1
In particular, one has |VA|*> > 24(m — 1), which has been proved previously by
Dong [5]. Dong also proved that a real hypersurface satisfying |VA|*> =24(m —1) is
one of the generalized equators M ng. See, e.g., [5; 12] for the detailed construction

of generalized equators. From this we see that our gradient inequality is sharp.

|Vh|? > IVH|? +24(m — 1).

Let F : M x [0, T) — QP"*D/% be a mean curvature flow of hypersurface in the
quaternionic projective space QPU+D/4 Set M, = F,(M), where F;(-)=F(-,1).
Following [1; 25], we have the evolution equations.

Lemma 2.3. For mean curvature flow F : M x [0, T) — @P(n+1)/4, we have

%W = Alh|> =2|Vh|> =2n|h|> +2|h|* + 18|h|> + 4H? + 128,

%szAH2—2|VH|2+2H2(|h|2+n+9),

where 3

Si= Y X (hijhu Jf T30 —hichj 150 15,
ko=11i,j,k,l

To do computations involving (Jffg)) for kg =1, 2, 3, the following well-known

property of skew-symmetric matrix will be important.

Proposition 2.4. Let A be a real skew-symmetric matrix. Then there exists an
orthogonal matrix C, such that C~'AC takes the following form:
( 0 X
—A1 0
0 X3
—A3 0
(2-2) 0 s
—As O

We use a notation
- i+1, 1 isodd,
i = ]
i—1, 1 1iseven.

If a matrix (a;;) takes the form as (2-2), then a;; =0, for all j # i.
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3. Preservation of curvature pinching

For each fixed kg € {1, 2, 3}, we choose a local orthonormal frame {e;} such that
the matrix (J( 0)) takes the form of (2-2). In fact, let {¢y, ..., €,, €,41} be a local
orthonormal frame on QP +D/% guch that €1,...,€, are tangent to M and €, is
normal to M. Let J(k") = (e4, J* 0 ep). Since (f,-j)nxn is antisymmetric and 7 is
odd, there is an orthonormal matrix C = (¢;;j)nxn, Where ¢;;’s are local functions,

such that 0 i

- —A1 0
_ k 1
(Cijl J;kO) CkDnxn =

0
-1 -1 -1
Here (¢;; Jnxn = (Cij)pxn- Sete; = Z/ 1Cij €j» ent1 = €nt1. Then
J(kO) <e J(ko) )

- — ki k
— (% Cik €, J ko) <; lel €[>> ZC ( 0) . /l — chk ( 0) clj.

This implies
0 A

—A1 O
(J,'(jk()))nxn =

Thus we have

ki k k k PP ki k P ki
Zk l(hlj hkl ]( 0)]( 0) hlk hk] J( O)ng())) — Zk(_hzlz hk; Jl(; O)J(~O) _ (h;k Jl(; 0))2)
i,J I,
P ki ki
_%Zk(h;k Jl(; 0) +hlk Jk(k()))Z
i
<0.
Therefore,
3
o o k k o o k k
$1 = kzl[‘ X Gy {50~ i V7] <o
0=171,],K,

So we get from Lemma 2.3 that
(3-1) L1 < AV =20V + 20— 0 +9).

For a real number ¢ € (0, 1), by the definition of ¢, we define ¢; : [0, +00) — R by

(3-2) 0e(x) = d. + cox — v/b2x2 + 2abx +e,

where a = 8 =5 — Db, b = min{g"=;, A2, ¢ = b+

de =2—2c+a, e =./e. We define ¢ = ¢.

n— 1+£’
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Lemma 3.1. The function ¢ has the following property.

() 7 +2<9l) <2 +n,

n

() p(x)>4v/n—1—-6ifn="7,11,15 and ¢(x) >2+8‘Tf2«/n—5ifn:4m—l,
m>=5.

Proof. By direct computations, we get

() bxta "(x) @

X)=cp— ———, x) = )

v T Seraans T b2 +2ax /by

Since ((p(x) — nle)N =)’ >0 and lim,_, o, ¢'(x) = ﬁ, we have ¢'(x) < ﬁ

Hence we get

X—>00

2 = lim ((p(x)—L> <(p(x)—L<<p(0)=2+a<n.
n—1 n—1

We figure out that

. aco a aco a /5 3
=¢p| ——— | =dy— —+ V5 —b".
I}p/lgw(x) w(b EE b) 0=tV
Ifn=7,11, 15, we have min,>g ¢(x) =4/n—1—-6. If n =4m — 1, m > 5, then
we have

82(2:2)(«/511—8—«/114—2)>2—|—85£«/n—5. O

ming(x) =2+
x=0

Let ¢ = ¢, — %x. We will prove the following lemma.

Lemma 3.2. For sufficiently small e, the function ¢, satisfies

N o/ o/ 2(n—1)
(1) Pe +2x¢8 < nn+2)°

(i) @e(X)(@e(x) —n+9) —x@,(X) (@ (x) +n+9) < 6(n —3),
(iil) @e(x) —x@L(x) > 1.

Proof. By direct computations, we have

., 1 b*x +ab
(pg =Ce— — — )
n Jb2x2+2abx +e
o (b%x +ab)? — b2 (b*x* + 2abx +e€)
e (b2x2 +2abx + )3/ ’
o/ 3b3(d2 —e)(bx +a)
b = (b%2x2 + 2abx +€)5/?°
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Then we have
(,Z/ + zxé// — . — l _ b3x2(bx +3a) +eb(3bx +a)
) ’ T on (b%2x2 4 2abx + e)3/2
1 1 2mn—1)

<b+—————--< ,
n—14+e n nn+2)

as b = min{ g 8;51), @ +22n)?n571) }, so we get the inequality (i).
Setting
flx)= ¢s(‘ps —n+9) _XQZ;((/)E +n+9).
Then

f(x)=d:(d: —n+9)+e.+2+ab+c.(d. —2n)) x
— (b*x* 4+ 2abx +e)1/?
x [b((de —2n) b+ac) x>+ (3(d. —n+3) ab+ec) x +e(2d, —n+9)|.

Then for & small enough we get

. azcg Ce
Iim f(x)= +de(de —n+9)+a(n—2d. —9)+e I_E

x—+00 b

2e(n*— (18 -3 33 — 15¢ + 2¢2
(3 8= 3e)nt £r260) (1
n—1+¢ b
=6(n_3)+28(n2—(18—38)n+33—158—1—282)_ Ve
n—1+e¢ n—1+¢)b
<6(n—3),
and
1)
=2+ab+c.(d, —2n)
1 3 3 2 2
_ G2 T 2abx L O [b ((de =2n)b+ac,) x” +3ab”((d; —2n) b+ac) x

+ [3a%b*(d, —n+3) — 3eb*(n + 3) + 3abc, ] x
+eab(d, —2n) + e’c).
Then we have

lim f'(x) =2+ab+c.(d; —2n) — (ac; + b(d, —2n)) =0

xX— 400

and

P = 3b%(a* —e)
(b%x% 4 2abx + e)>/?

x [b(b(de +6) — ace) x* + (ab(ds —n +3) — ec;) x —e(n +3)].

n—>5 2n—5
8(n—1)’ (n+2)(n—1)

b(d; +6)—ac, <0 and ab(d;—n—+3)—ec. <O.

For b = min{ }, we obtain
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So f”(x) < 0. Then we have f’(x) > 0. From this we deduce that
f) < lim f(x) <6(n—3).
X—>—+00

Thus, inequality (ii) is proved.

We have
g 5 =d abx +e - d abx € 5 o, A
— X = — — —_—_— = — — .
‘ T UbIt2abx e | b2 AJe
This implies inequality (iii). U

Suppose that My is an n(=> 7)-dimensional closed hypersurface in Qpr+h/4
satisfying |h|> < @(H?). Let

F:M"x[0,T)— Qpr+b/4

be a mean curvature flow with initial value My. We will show that the pinching
condition is preserved along the flow. For convenience, we denote ¢, (H?), ¢.(H 2,
@/ (H?) by ¢e, ¢L., ¢l respectively.
Theorem 3.3. If the initial value My satisfies |h|> < ¢(H?), then there exists a small
positive number ¢, such that for all t € [0, T'), we have |h|? < (p(Hz) —eH?—¢.
Proof. Since M is closed, there exists a small positive number ¢, such that M
satisfies |]? < @, .

From Lemma 3.2(i), we have

8 ° o/ 2 o 2 2 o/
(-3) (g, D) e =2, +2H" - )IVHI" +2H - ¢ (@, +149)
4n—1) .
> ——n(n+2)|VH|2+2H2-go;l(gaﬂ +n+9).

Let U = |h|> — ¢,,. We get

1 i_ U
2\ 9t

. 2(n—1
<_|Vh|z+M
n(n+?2)

By Lemma 2.1, we have

IVH? + 1A (h* = n+9) — H*- ¢, (|h]> +n +9).

o 2(n—1)

—|Vh|? 4+ —=

IVAI"+ n(n+2)
At the point where U = 0, we get

IVH> < —6(n — 3).

a o o
%<§_ >U<_6(”_3)+‘p81((p81 _n+9)_H2’(p;1((/751+n+9) <0.
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Applying the maximum principle, we obtain U < O for all ¢ € [0, T"). Choose a

suitable small positive number ¢, we complete the proof of Theorem 3.3. ([
Let o
|h|?
Jo ==

where o € (0, €2) is a positive constant. The following lemma is very useful for
deriving the pinching estimate for |/|2.

Lemma 3.4. If My satisfies |h|> < @(H?), then there exists a small positive num-
ber &, such that the following inequality holds along the mean curvature flow:

2¢efy
n|h|?

0 2 . o n ’ &
Pyl <Afa+5|Vfo|IV§0|— VA" +201h1"fo = — o

Proof. By a straightforward computation, we have

3 Tl Noeo l-ofd .
(o)== ) =5 (5= 2) ¢

Vf,, V§ Vo|?
y o YO ¢>—a(1—a)fo—||¢72|.

+2(1—0

Using (3-1) and (3-3), we have

(3-4) (E_A)f <2 [_|Vﬁ|2+2(n—1> |VH|2]
ot o Xx#4Jo |}°l|2 nn+?2) ¢

HZ_ o/
+zﬂDhF+9—n—41—o) ¢¢uhﬁ+n+9ﬁ

2 o
+$|Vfa| Vgl

From Lemma 3.2 and Theorem 3.3, we have

| Vi |2 ZM—IHVHP<:|VEP VA2 —6(n—3)

A2 nm+2) ¢ |2 ¢
2= . 6(n—3
BZ9 g - =)
|h|>@
HP*+1 . 6(n—73
S LI 7T )
|h|*¢ @
< qwip - 2022
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From (ii) and (iii) of Lemma 3.2, we have

2 o

H
P +9—n—(1—-0)—L (h>+n+9)

l—0o ) 5 . 5
=% [(¢—H* N> —H*-¢'(n+9]—n+9+0olhl

l-o 2 2 2 o/ 2
< [(p—H-@')(p— —&)—H - ¢'n+9)]—n+9+0olh|
1_
—[(p—H* - H* G n+9]—n+9+0|h
(1-o0)e . .
— (@~ H- ¢ (H*+1)
6(n—3 1—
<(1—0)|:n—9+ (no )]—n+9+0|h|2—¢(H2+1)
6(n—3
<G|h|2+y—i.
2n
Inserting these two estimates into (3-4) will complete the proof. ([

4. An estimate for traceless second fundamental form

Suppose that the initial value M, satisfies the condition in Theorem 1.2. For
convenience, we put W = ¢. By the conclusion of the previous section, there exists
a sufficiently small positive number &, such that for all ¢ € [0, T), the following
pinching condition holds:

(4-1) |f°z|2< W —¢eH?.
From this inequality and the definition of W, we have W < n(nH—_zl) +n.
We consider the auxiliary function
|h®
fo =31

In this section, we will show that f,; decays exponentially.

Lemma 4.1. There exist positive numbers ¢ and C| depending only on My, such that

d 2C, o o
(4-2) —fo < Afo+—IV 6] |IVh] = f —2|Vh|*+ 20 |h|? fa__fo

ot |h] n|h|?
Proof. According to Lemma 3.4, we have the following inequality with some
suitable small ¢ > 0:

9 2
—Jo SAfo+ IV el IVW] = f”IVhI +20 | fo__fa
ot w nlh|
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By the definition of W, there exists a constant By, such that [VW| < B;|V H?|
and |H| < Bj~/W. Let C; be a constant such that 2312|VH| < C1|Vh|. From
Lemma 2.1, we have

IVW| _2B||H||VH| _2B}VH| _C|Vh|
< < < .

(4'3) X ° X > X °
w vV Wih| |h] Al

We need the following estimate for the Laplacian of A2
Lemma 4.2. A|h|* > 2(h, V2 H) +2|h|*(e|h|* — 2n*) — 18|A| | H|.
Proof. We have
AlhP =2|VA] +2h- Ak =2|VhP +2 3 hij - Ahy;
and b

Sohij - Ahij = (h, VP H) + Y Hhip hpj hij — |h|*
i,] Lp,J

3 o o o}
+3HY Y I T hiy— (0 4+ 9) |1+ 2010 - 68

in+1 ¥ jn+1
i,j ko=1
> (h, V2H) + 3 Hhiphpihij — |h|* + (2 = 9) |h]> = 91h| | H].
l’p?.]

It follows from the proof of the Lemma 4.2 in [17], we choose a local orthonormal
frame such that

H=|H|eps and h=diag{i, ..., x,}.
So we have
S Hhiphpjhij —|h|*
i.p.J °3 12°2 24
:HZ)\I.JF;H 1h)* — |k
i
n—2 o 1 o o
> —|H|—— i + —H?|h)> = |h)*
| Imll . |7|” — |k

o 1 o n—2 o
= |h|2<;H2 — > - Jﬁ'h' |H|)

o[l (_HD z)_ _(H_2 )
> |h| [nH (n(n—1)+n eH (n—2) n(n—1)+n
=h)*(eH? —n(n—1))

> [h|*(elh|* — n?),

where we have used |72 < W —eH2 and W < n(nH_zl) +n. O
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From (4-3) and Lemma 4.2, we have

L2 2
Afaszf(ALh' _(1_0)ﬂ>_2(1_0)m+ (1-0) f, ]

)2 w w w2
Alh? AW 2C1|Vf||Vh|
> forro—(1=0) fo—, :
7] ||
2(h,V2H AW 2C1|IV £, |IVh| 18f,|H
2 >+2fg(8|h|2_2n2)_(1_0)f0 2CUV folIVAI 1855 HI
Wi 4 i A

Multiplying both sides of the above inequality by £ _1, we get

fEaw 25 Y h, V2 H)

w - Wl—a

20, PNV £ | VA 18£,|H
. 1.f |Ifllfall |+4n2f§+ J|”;|| I.

(4-4) 2efP|hf* < fP'Afy +(1—0)

Then integrate both sides of (4-4) over M,. By the divergence theorem, we get

(4-5) / FPVASy dps = —(p 1) / £V fo P,
M, M,

From (4-4), we have

(4-6) f—GAWdut /< < ) VW>dut
m W
p

:/( f;/ Vfa,vw>+f—"|VW|>duz

pfl! 2fo
f( IV 1V |Vh|)
We also have

p—1 2y
(4-7) —/ AU Jo WV g,
M;

wWl-o
p—1
M;
-2 P p 1
(p-1f7" (I-0)
:A[%hijvifg—Tfh,JV W+W Vh,] V Hdu,

—1) P P 1 P 1
</ [%lvfol-i- |h||VW|+ n|Vh|] \VH|dp,
M;



234 SHIYANG LI, HONGWEI XU AND ENTAO ZHAO

-1 C Y o o
\/ [—(p o v+ ;Vf |Vh|+ nthnwmm
M;

B
n(p—1 fg (c n+n2) LA
</ [#IVfUIIVhIJrl—fI Vil | du..
wl HE

Putting (4-4)—(4-7) together, we get

o PIH
|h|2f§dut<czf [”f |Vfa||Vh|+f AR+ 4 7] l]dm,
W, wl 17 HE B

where C, is a positive constant depending only on M.
Combining Lemma 4.2 and (4-2), we get

(4-8) fpdﬂt

3[
ff” o dus - /fé’szuz
f M[

p f(f—2|:_(p—1)|Vfa|2+(2C1+20’C2p)f_:7|vfal|V;l|
M, 2
2n |h |

6(n—3)e 20C,|H]| |H|2)
— P ——20C,+ . — - + duy.
p/M,f" (n 2 ol /i p )

Now we will show that the L?-form of f, decays exponentially.

Lemma 4.3. There exist positive constants Cs, pg, oo depending only on My, such
that for all p > po and o < 0¢/,/p, we have

1/p
(/ ffdut) < Cye .
M,

Proof. The expression in the square bracket of the right side of (4-8) is a quadratic
polynomial. With pg large enough and oy small enough, its discriminant satisfies

(2C, +20C p)? —4(p — 1)(% —20C2) <0 and % > po?C3.
We have
126 po’C3
7R (R

g
>——20C) > —.
n 2n

6(n—73 20C,|H H|?
_aec, 4 e 20CIH HE e o)
2n|h|? |h| P

™

[LR
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Here we have used the inequality 5. — 20 C; > 0, which is implied by the choices
of po and oy. Then we get

/f" Mt\—— f"duz

So we get [, f5 du, < e P> [ f5 d o, which completes the proof. O

Let g5 = f,e®"/?. By the Sobolev inequality on submanifolds and a Stampacchia
iteration procedure, we obtain that g, is uniformly bounded for all 7 (see [9] or [14]
for the details). Then we obtain the following theorem.

Theorem 4.4. There exist positive constants €, o and Cy depending only on My,
such that for all t € [0, T), we have

I < Co(H> + 1) ~7e™*!/2,

5. A gradient estimate
We derive an estimate for |V H | along the mean curvature flow. Firstly, the same
as Proposition 4.3 in [25], we have:

Lemma 5.1. There exists a positive constants C4 > 1 depending only on n, such that
a
E|VH|2 < A|VH> +C4(H*+ 1) |Vh|%.

Secondly, we need the following estimates.

Lemma 5.2. Along the mean curvature flow, we have

@) %H‘* > AH* — 12nH?|Vh|* + 2 HS,

(i) #1A1* < AlhP = §IVAI® + CslhI*(H? + 1),
(i) § (H?A1%) < AHP|RP) — §H? VA + Co(H? + D2 |h > + C1| VI,
where Cs, Cg, C7 are sufficiently large constants.
Proof. (i) From Lemma 2.3, we derive that

%H4 = AH*— 12H*|VHP? +4H*(|h> +n +9).

From Lemma 2.1, we have 12H?|VH|* < 12n H?|Vh|?. Obviously, inequality (i)
holds.

(i) We have
3 . . . . .
EW = Alh|> =2|VA]> 4+ 2|h1?|h)? + 18]h)> = 2n|h|> + 128.

From Lemma 2.1, we get |Vi°z|2 > é|Vh|2. Choose a large constant Cs, we obtain
inequality (ii).
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(iii) It follows the evolution equation that

0 o o o o o

5<H2|h|2> = A(H*|h1?) = 2(VH?, VI|h*) + 4h* H? k> = 2|h|* I VH|?
—2H*|Vi|> +36H*h> + 128, H>.

From Lemma 2.1, we get —2H2|Vi|? < —%H2|Vh 2. From the preserved pinching
condition |fz|2 < W, we have

4h1PH?|h|? + 36 H?|h)* < Co(H* 4 1)%|h|%.
Using Theorem 4.4, we have
—2(VH?, Vi) <8|H|IVH| k| |Vh| < 8ny/Co|HI(H* + 1) =72V,
By Young’s inequality, there exists a positive constant C7, such that
—2VH?, VIh*) < (C7+ LH?) VA O
Now we prove a gradient estimate for mean curvature.

Theorem 5.3. For any n € (0, \/¢/4mn), there exists a number V(n) depending
only on n and My, such that

IVH? < [(gH)* + W2 ()] e/,
Proof. Define a scalar function
f=(VHP+Bilh? + ByH? b)) * — (),

where B, B, are two positive constants.
From Lemmas 5.1 and 5.2, we obtain

0 A7
ot
& ° °
= Z(|VH|2 + B |h|> + B H?|h|?) 574
d o o d
+ et/ (5 -~ A)(IVHIZ + Bi|h|> + ByH?|h*) — n* (5 — A) H*
< S(VHP + Bilh 2 + ByH2 AP e/

+ e (Ca(H? + 1) |VR) + By (— VA2 + Cs(H + 1) | ?)
+ Bo(— LAV + G|V + Co(H? + D))

4
—n4(—12nH2|Vh|2+ —H6)
n

B B
= H?|Vh|? [e”/“ <C4— é) +24nn4] 4 [|Vh|2 (04— ?1+C7Bz) +Z|VH|2]

o 8 4 4
+e£t/4|h|2[B1C5(H2+1)+B2C6(H2+1)2+Z(Bl+B2H2):| _%|H|6
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Choose constants By and B», such that C4 — % <—land C4— % +C7B, < —1.
Then applying Theorem 4.4, we get

d 4n*

(5-1) (E — A) F<eeth [B3(H2 FDXH2 1) - im].
n

Consider the expression in the bracket of (5-1). Since the coefficient of H® is

negative, it has a upper bound W, (7). Then we have (% —A) f<e ). It

follows from the maximum principle that f is bounded. This completes the proof

of Theorem 5.3. O

6. Convergence

In order to estimate the diameter of M;, we need the well-known Myers’s theorem:

Theorem 6.1 (Myers’s theorem). Let I' be a geodesic of length at least w /K
on M. If the Ricci curvature satisfies Ric(X) = (n — 1) K for each unit vector
X € T, M, at any point x € ', then I has conjugate points.

Now we show that under the assumption of Theorem 1.2, the mean curvature
flow converges to a round point.

Theorem 6.2. If M satisfies h|? < @, then T < 0o and M, converges to a round
pointast — T.

Proof. Assume T = 0o. Let |H |in(f) = mingy, |H|, |H |max(t) = maxy, |H|.

We claim that H?2-¢%/% is uniformly bounded on [0, c0). Suppose not, then there is
atime t such that | H |ﬁlax(r) -¢*™/% > W/n?. By Theorem 5.3, for every small positive
number 7, there exists a positive number W, such that [VH| < [(nH)* 4+ W]e*/8,
Then we have |[VH| < 2772|H|12nax on M.

From Lemma 4.1 in [27], the sectional curvature K of M satisfies

1
(6-1) K>%<2+—1H2—|h|2>.
n J—
By Theorem 4.4, we obtain
1
K>3(2+——H>—Co(H*+1)! e /7).
nn—1)

Hence, we can pick t large enough such that K > (1/2n2) H? on M,.

Let x be a point on M; where |H| achieves its maximum. Consider all the
geodesics of length at most (41| H |may) ~! starting from x. As |VH?| < 4n?|H|3,...
we have

H> > |HZ o — 40 H - @l H max) ™ = (=) [H |2

max max
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along such geodesics. Since |[VH| < 2n?|H|? .. and K > (1/2n%) H?> on M., one

has

max
K> s(—n)|H2
2n? frax
along such geodesics provided
1 e
ne (O, min{327m, éhrin})

By Myers’s theorem, these geodesics can reach any point of M. This implies

H>>(1—n)[Hlp, on M.

et/8

Combining this inequality with |H |2, (t) - e*¥® > W/n? and Theorem 5.3, we get

n*
(1—mn)?

From the evolution equation of H 2 we have that fort > 1

IVH* < (nH)* + HI* (1), t>1.

9 2 1 1
6-2 — —A)H?*> -2|VH?+-H*> -H*—
(6-2) (81‘ ) |VH| +- - 2nl |4 (D)

for n > 0 sufficiently small. By the maximum principle, we get H> > |H |r2mn(r)
for ¢t > t. Then (6-2) yields

0 2y |
——A|H —H*, t>rT.
ot Zn

By the maximum principle, H? blows up in finite time. This contradicts the infinity
of T. Therefore, we obtain H> < Ce¢'/3 for t € [0, 0o) for a uniform positive
constant C. By Theorem 4.4, |h|2 Ih1>+ L1H|? < Ce™*/8 for t € [0, 00), which
implies that M, converges to a closed totally geodesic hypersurface My, as t — oo.
However, there is no closed totally geodesic hypersurface in QPUHD/A see, e.g.,
Corollary 7.2 in [25]. Therefore, we get a contradiction, and hence T < oo.

So T is finite, and maxy, ||> blows up as ¢ — T. From the preserved pinch-
ing condition, |H |nmax(¢) also blows up as t — T. By Theorem 5.3, for any
n € (0, \/&/4n7), there exists a positive number ¥ = W(n) > 1, such that

IVH| < (nH)*>+ WV fort € [0, T).

Since | H |max () blows up as t — T, there exists a time 7; depending on 7, such that

2V 8n

|H|2 > max{F, ?} on M,
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where ¢ > 0 is as in (4-1). Then we get |VH| < 2n*|H|?
above, we obtain

hax On My . Similarly as

(6-3) |H |25 = (1—n) |H|%, on M.

min

By (4-1) and (6-1), one has K > J(¢H* —n) for all t € [0, T). Hence for small
n > 0, we have the following estimate at t = t;:

K> teH>+ Le(l—n)|H|% —2n] > e H? + L (e|H |y — 4n) > 6| H|?

max-*

This implies diam(My,) < 47/ (/€| H |max)-
Furthermore, by Theorem 5.3 and (6-3) one has that for t > 71,

IVH> <2(H)* +2W* <2 H)* + 10 |H |30 (11) <20 H)* + 307 [ H [, (11).

Hence for t > 11, we have

d 2 1 1
6-4 — —A|H?>> 2|VH*’+ZH*> ~H*-
(6-4) (8t ) IVH | +n . 2nl NED)
provided that n > O is sufficiently small. By the maximum principle, we get
z |H |I2mn(‘f1) for t > 11. Then (6-4) yields

B 25 r
——A)H —H*, t>r1.
ot 2n

By the maximum principle, | H |§1m () is increasing on [t1, T). So

) Lirri2 v 4n
|H|max(t) |H|m1n(t) |H|m1n(fl) 2 §|H|max(":1) > max F? ?

for all + > 7, and for every n > O sufficiently small. Hence |VH| < 2n%|H |m ax

for all ¢+ > 7;. By a similar argument, we get |H|m1n > (1—n) |H|max for all n

sufficiently small and all ¢ > ;. This implies |H |min/|H |max — 1 ast — T.
Since for t > 11,

K > jeH* + §(s|Hp o — 4n) > el HI
we have A
diam(M,) < —————
VS e Hl )

for all ¢ > ;. So diam(M,) — 0, and by a similar argument as in [10], M, shrinks
to a single point as r — T.

Now we dilate the metric of the ambient space such that the hypersurface main-
tains its volume along the flow. Using the same method as in [19], we can prove
that the sequence of time-slices of rescaled flow corresponding to any sequence
of times that tends to infinity has a subsequence that converges to a round sphere.
This proves that the limit point of the mean curvature flow is round. (]
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