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The nonvanishing of the first Fourier—Jacobi coefficient of a Siegel eigen-
form F gives us that the vanishing of its m-th Fourier-Jacobi coefficient F | p,,
implies the vanishing of its m-th eigenvalue Ap(m). Conversely, we prove
that for any odd, squarefree m if A () is zero then F | p,, vanishes. While
investigating this converse question and its important consequences, we
generalize certain existing results of Kohnen and Skoruppa (1989) for index 1
Jacobi cusp forms to any arbitrary index, which are also of independent
interest.

1. Introduction

In [6], Kohnen and Skoruppa introduced a novel Dirichlet series attached to any
two Siegel cusp forms of degree 2 involving their Fourier—Jacobi coefficients. More
importantly they could connect the Dirichlet series attached to a Siegel eigenform
and any Siegel cusp form in the Maass space to the spinor zeta function of the Siegel
eigenform. In particular, this connection gives us that the image of the m-th Fourier—
Jacobi coefficient under certain adjoint operator is same as the m-th eigenvalue
times the first Fourier—Jacobi coefficient of the Siegel eigenform (see (1)). Formally
this could be viewed as an analogue of the relation between Fourier coefficients and
eigenvalues of the Hecke eigenforms in the degree 1 case. Therefore it is natural to
explore the relation between Fourier—Jacobi coefficients and eigenvalues further. In
this paper, we take up this problem and investigate it in detail.

To state our results precisely, let us first introduce some notation. Throughout this
article, k stands for an even integer and k > 4. Let S (I"2) be the space of Siegel cusp
forms of weight & for the symplectic group I'; := Sp,(Z). Let J,fjl;p denote the space
of Jacobi cusp forms of weight k and index m for the group SL,(Z) x (Z x Z). For
any /> 1, let Vy, J,f}]nip — chujg be the linear operator defined by [3, page 41, (2)]
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and let Ty, : J;," — J;,¥ be the I-th Hecke operator on Jacobi forms defined by
[3, page 41, (3)]. For m = 1, Kohnen and Skoruppa [6, page 549, Proposition (i)]
calculated the Fourier coefficients of the adjoint operator V", of the operator V ;.
For any [ > 1, let T ; denote the /-th Hecke operator on Si(I"2) and let p; denote
the /-th projection of any element in S (I";) to its /-th Fourier—Jacobi coefficient
in J,f’u;p. By using a result of Kohnen and Skoruppa [6, page 541, Theorem 2], one
gets the following interesting identity [7, Lemma 2.1]. For any F € S;(I';) and
[ > 1, we have

ey F|Tylp1 = Flpel Vi)

Note that the above identity gives the first Fourier—Jacobi coefficient of the image of
the /-th Hecke operator 7§ ;. Manickam [7] used this identity crucially to establish
the nonvanishing of the first Fourier—Jacobi coefficient of any Siegel eigenform
in S;(I"2). By using this nonvanishing result, the identity (1) gives us the following
result. For any Siegel eigenform F € Sy (I';) and any / > 1, we have

@ Flpp=0 = Ar()=0,

where F'|T; ; = Ap(l) F. In this article, we investigate the converse of (2) and its
interesting consequences through certain important generalizations.

We first calculate the Fourier coefficients of the adjoint operator V,, ;, which
generalizes the above mentioned result of Kohnen and Skoruppa [6, page 549,
Proposition (i)] to any index m > 1. Our approach is quite different from the one
taken in the literature.

Proposition 1.1. Ler ¢ € J,fun?; be a Jacobi cusp form with the Fourier series
expansion

p(r,2)= Y cpn,r)q"E, q=eTT, &=

n,reZ

r2 <4lmn

Then we have

SV (T = D covz,(n,r)q"E",

n,reZ

2 <4mn

where
d—1 2
_ (ms“+rs+n)l (r+2ms)l
cpve ,(n,r) = E d*? E c¢< 7 , 7 .
d ll dl(m.;rzzif]r.s+n)

Let ch u,;p "% denote the space of Jacobi cusp newforms of weight k and in-

dex m, considered and studied extensively in [11, page 138]. As a consequence of

Proposition 1.1 we derive the following identity of the operators on J, kc 1;@11), " which

generalizes the result of Kohnen and Skoruppa [6, page 549, Proposition (ii)] in the
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index 1 case to any arbitrary index m > 1. We follow the steps of the proof sketched
in the index 1 case with appropriate modifications. For the sake of completion and
for the benefit of the readers we provide the proof in Section 3 highlighting the
main steps.

qusp, new
k,m

Proposition 1.2. Ler ¢ € and [ be any positive integer coprime to m. Then

ANV Vo = ¢‘ E d* 2y (d) Ty, aja)-
d|l
where Y (d) =d ], (1 + %).

Now, we generalize the identity (1) to get the m-th Fourier—Jacobi coefficient of
the image of Siegel cusp forms under the Hecke operator 7§ s, where p is a prime
and § is a positive integer.

Theorem 1.3. Let F € Si(I'2) and p be any prime. Then for any two positive
integers 8§ and m with p { m, we have

3) FlTs,p5|pm:F|pmp5|V,:’pé-

Also, we have the following two identities:

4) FITplpp=Flp|Vy ,+ P 2 Floi|Vi,
and
(5) FIT 2 lpp=FloplVy o+ P 2 F0p 1 Trp+ p**Flpp.

Note that the algebra of the Hecke operators acting on the space Sy(I"2) is
generated by T , and T >, where p varies over primes. Using the fact that the

operator Vi, : ch ulSp — ch u;p is injective together with the identity (4), we have:

Corollary 1.4. Let p be any prime. For any Siegel eigenform F € S;(I'y) at least
one of the Fourier-Jacobi coefficients F | p, and F'|p > is nonzero.

For any Siegel eigenform F € $;(I'2), we have F|p:| Vl*l72 = Ar(p?) F|pi
from (1). On the other hand, by applying V* pon both sides of the identity (4) and
then by using (1) together with Proposition 1.2, we get:

Corollary 1.5. Let F € 5;(I';) and p be any prime such that F|T; , = Ar(p) F.
Then we have F|p,2 |V Vi, = (5(p) = p* 2 = p* D) Flp1 = p* 2 Flp1 Ty,

Our next result shows that any nonzero Fourier—Jacobi coefficient of odd, square-
free index of a Siegel cusp form cannot be a newform. In particular, we prove the
following theorem.

Theorem 1.6. Let F € S¢(I';) and m > 3 be any odd, squarefree integer. If
Flonm € J,f’”;p’"ew then F | p, = 0.
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Our next result shows that the converse of (2) is also true for / odd, squarefree.
More precisely, we prove:

Theorem 1.7. Let F € Sy (I',) be a Siegel eigenform with n-th eigenvalue Ap(n).
Then for any odd, squarefree positive integer m, we have

Ap(m) =0 < F|py=0.

Remark 1.8. The reverse direction <= of Theorem 1.7 follows from [7] (see (2))
and that only direction = is proved here. To establish = part for a given odd,
squarefree positive integer m we require the Siegel cusp form to be eigenvector
only for the Hecke operators T ; with /|m. Also, we only need Proposition 1.1,
the identity (3) of Theorem 1.3 and Theorem 1.6, not any other result stated above.

By using the multiplicative property of the eigenvalues of a Siegel eigenform
together with Theorem 1.7, we get:

Corollary 1.9. Let F € S;(I'2) be a Siegel eigenform. Then for any odd prime p,
we have

Flpp=0 = Flpm=0
for any odd, squarefree positive integers m with p|m.

If m is any positive integer such that Ay (m) % 0 then (2) implies the existence
of infinitely many symmetric, half-integral, positive definite matrices 7 such that
the quadratic form T represents m and ar(T) # 0. Conversely, we establish the
following two corollaries of Theorem 1.7 assuring the nonvanishing of certain
eigenvalues.

Corollary 1.10. Let F € Sy (I'2) be a Siegel eigenform with n-th eigenvalue ) g (n)
and T be a symmetric, half-integral, positive definite matrix such that the T -th
Fourier coefficient ap(T) # 0. If m is any odd, squarefree, positive integer repre-
sented by the quadratic form T then Lp(m) # 0.

Corollary 1.11. Let F € S;(I'2) be a Siegel eigenform with n-th eigenvalue A (n).
Then there exists a positive integer 1 <n < % — 2 such that for any odd, squarefree,
positive integer m of the form x* + ny* we have Ap(m) # 0.

Remark (concluding remark). One may ask more generally about the nonvanishing
of the m-th eigenvalue A (m) of a Siegel eigenform F if its m-th Fourier—Jacobi
coefficient F | p,, is nonzero. In this paper, we answer it affirmatively for any odd,
squarefree m but could not address this question for arbitrary m. However, the
intermediate results obtained by us while addressing the question highlight the
importance of the theory of Jacobi forms and provide better understanding of certain
Hecke-type operators on Jacobi forms.

The question of nonvanishing of Fourier—Jacobi coefficients of Siegel cusp
forms of arbitrary degree and eigenvalues of Siegel eigenforms of degree 2 is also
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considered in [2]. However, the results obtained there are of different nature and
do not address the question asked here in this paper.

2. Prerequisites

We refer to [1], [3] and [10] for definitions and basic properties of Jacobi and Siegel
modular forms. In this section we fix notation and recall certain results.

Jacobi forms. Let G’ be the group of triplets [M, X, &], M € SLr(R), X € R2,
& € C with || = 1, via the multiplication

M. X, E10M', X', &' = (MM, XM+ X g6 e (V).
The group G acts on the set of functions {¢ : H x C — C} as

ab
¢|k,m[<c d)v ()\'7 M)v %‘:|<T’ Z)
— £ (et _|_d)—kezmm(—7“(”c'§1;”’2 +A2f+2kz+kﬂ) ¢<af +b z+AT+ M)

ct+d’ ct+d

We consider the action of the discrete subgroup SL»(Z) x (Z x Z) of G’ on the
set of functions on H x C by fixing & = 1. Let Ji ,, (resp. J,f’unsqp) denote the space
of Jacobi forms (resp. Jacobi cusp forms) of weight k£ and index m for the group
SLo(Z) x (Z x Z). For any | > 1, let U;, V; and T; be the operators acting on Ji ,, de-
fined and studied systematically in [3, Section 4]. We are denoting them respectively
by U1, Vin,1 and T throughout the paper to avoid certain potential confusions.
The operator Ty : Jx.m — Jr.m is called the [-th Hecke operator on Jacobi forms.
Any ¢(7,2) € chfl;p with Fourier series expansion

ot )= Y cpn,r)q"E, q=eMT E =

n,reZ, r:<4mn

admits the following theta decomposition [3, pages 58-59]:

2m—1
(6) d(t,2)= Y hy(T) Onu(t, 2),
u=0
where
N 2 2
h/l(T) = Z C¢( 4—+_/’L , >qN/4m’ Qm,u(T’ Z) — Z qr /4m§r.
N>1 m rez
N=—p2(mod4m) r=q(mod2m)

By using the transformation law of the Jacobi form ¢ and the Jacobi theta func-

tions 6, , with respect to the inversion (7, z) — (—%, %), we get
-1 'L'k 2m—1 i m

7 h (—) = — h .

™ K\ ¢ 2mt/i vgoe v(®)
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Let J,f}l;p’ " be the space of Jacobi cusp newforms considered in [11, page 138]
giving the direct sum decomposition

1
cusp __ ycusp, new cusp, new
®) Jk,m - Jk,m < Jk’(m/ldz)lUm/ldz,d Vm/l,l>-
I>1,d>1

1d2\m, 1d2>1

Note that the first direct sum in the above decomposition is orthogonal. If m is
squarefree, then for any divisor / > 1 of m there is only one copy of the newforms
space of index m /[ given by J,f,u(zs’/?)ew | Vim,1),1 in the oldforms direct sum decom-
position. By using the Shimura correspondence and the Atkin—Lehner theory for
modular forms on the congruence subgroups ['g(N), we get that for squarefree
index m all the direct sums in the above decomposition (8) are orthogonal with
respect to the Petersson inner product. For a detailed proof of this fact we refer to [S5,
Lemma 4]. In [8, Section 5.1], the space of Jacobi cusp newforms has been defined
differently but in [7, page 406] it is observed that this newforms space is same as the
one considered earlier in [11]. To prove Theorem 1.6, we use an important property
of newforms [8, Corollary 5.3] saying that the (n, r)-th Fourier coefficient cy(n, r)
of a Jacobi cusp form ¢ € J]:u;p, new
and not on r(mod 2m).

depends only on the discriminant r*> — 4mn

Siegel modular forms. The real symplectic unimodular group of degree 2 is de-
fined by
Sps(R) = {M € GL4(R) : MJ 'M = J},

where J = (_?j (Z)’ ’M denotes the transpose matrix of the matrix M, 0, is the
2 x 2 zero matrix and I is the 2 x 2 identity matrix. Let I'y := Sp,(Z) be the

subgroup of Sp,(R) consisting of matrices with integer entries. Let
Hy:={ZeM(C):Z="Z, Im(Z) > 0}

be the Siegel upper half-space of degree 2. We denote the space of Siegel mod-
ular forms (resp. cusp forms) on H;, of weight k for the group 'y by M (1)
(resp. Sx(I'2)). There is an algebra of Hecke operators acting on the space My (I"'2)
which preserves Si(I'2). For any / > 1, let T ; denote the /-th Hecke operator
on S;(I';). An element in Sg(I";) is called a Siegel eigenform if it is a common
eigenvector of all the Hecke operators 7T ;, [ > 1. Note that the space Si(I'2) is a
Hilbert space under the Petersson inner product.
Any F e S;(I'2) has the Fourier series expansion of the form

F(Z) — ZaF(T) e27‘[i trace(TZ)’
T

where the sum varies over the set of symmetric, half-integral, positive definite

2 x 2 matrices. Writing Z = ( %) € Ha, where 7, t’ are in the complex upper
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half-plane H and z € C, we get the following Fourier—Jacobi decomposition [3,
Theorem 6.1]:

F(Z)=F(t,2,T) =) ¢n(r,2) "7,

m=>1

onr.2i= 2 ar( ), 1) e

n,reZ
r2 <4nm

where

belongs to the space J,fjl;p and is called the m-th Fourier—Jacobi coefficient of F.

3. Proof of Propositions 1.1 and 1.2

Proof of Proposition 1.1. Let [, m be any two positive integers. Let I' := SL,(Z).

On the space J,fu,;p, the index changing Hecke operator V,, ; is defined by

S Vi (r,2) =11 Y (cr+d>—keml<;i§)¢(

(‘C’ Z)EF\MZ(Z)
ad—bc=l

L DY

(6§ 5)emy@
ad=l,b (mod d)

at +b Iz
ct+d’ ct+d

G2 e
k,ml

where ¢ (7, 2) := ¢(x, Viz). To prove our claim, first we calculate the image of
Jacobi Poincaré series Py y:n.r, 1, ¥ € Z With r? —4mn <0, under the operator V,, ;.
By using the definition of Jacobi Poincaré series, we have

Pk,m;n,r | Vm,l
= Z l(k/Z)—1< Z e(nt +rz) |:<? Z), (Aa, AD), 1:|>
(§5)em@ (¢ 5)ersc\r k,m Vilk,ml

ad=l,B(mods) reZ 1 o ﬁ
565

Using the definition of ¢ (7, 2) =¢(x, /1z) and then adjusting the stroke operators
in the inner sum, we obtain

Pminr | Ving = Z (kD=1 Z e(nt +rv1z)

(§5)em@ ( ﬁ; €loo\T, 1eZ

0) (G 5 L6 5)- 001

k,ml
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In the Jacobi group SL,(R) x (R% x S, where S' :={z € C: |z] = 1}, we have

) (5 )G oo
LD I oo ]
i

for some (”(‘)/ ’g,) € M»(Z) with '8’ =1 and (Z, Z;) e I' with the following crucial
property. These matrices vary over a complete set of representatives of the indexing
sets in the above summation as the matrices (g ’g ) and (i Z) vary over the same,

respectively. Using this and interchanging the order of the summations, we get

Pri.ming | Vi = Z (kD=1 Z e(nt—l—r\ﬁz)

! 'y
(f./ Z/>eroo\r (g ’;,)eMZ(Z)
rez o/8'=1,p’ (mod §)

1 (o B\ (re A ad b
e D) () 5o

For any A € Z, we write . = A’8’ +s with s (mod §)". Then A’ varies over Z and s
varies over a complete residue system mod &’. Therefore, we have

k,ml

Prominr | Vn, = Z (] Z e(nt+r+/lz)

(a[’ Zi)el“oc\l“ 8|1, 8" (mod 8)/
C

k,ml
s (mod &)’
Mez

1 (18" B\ (s (+A8) J BN
[ﬁ(o 5/)’(§’f>,1][(c, d/),(ka,kb),l],

I oma 1= Z e(nr+r\/Zz)

Let us first simplify the inner sum. We set
$|1,p(mod 8)

[1 <l/8 6) (:V (S—{—)Jé)ﬁ) 1i|
k,ml \/Z 0 s) 8’ l ’
s(mod §)

= [k/? Z (S_ke(<;—2(ms2 +rs+n) T) + (é(” +2sm) Z))
8|l
Z e(g(ms2 +rs —i—n))

s(mod §)
B(mod &)

= [k/? Z 6_k+1e<(;—2(ms2 +rs+n) T) + (é(” + 2sm) Z))

§|1,s(mod &)
8| (ms>+rs+n)
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Therefore, we have

Pk,m;n,r | Vm,l

Y3 X X
S|l s(mod §) (‘L‘ Z)EFOO\F
8| (ms2+rs+n) ez

e(((gl—Z(ms2 +rs+n) t) + (é(r +2sm) Z))

/ k—1
= E S E Pk,ml; (mxz-ggr-%—n)l’ (r+26sm)l .

S| s(mod §)
8] (msz+rs+n)

ab
k,ml |:<C d)’ ()La’ Ab)’ 1:|

Next, we have

C¢| V’:J(I’L, I”)
Q2 (dmn — r?))k=3/2

= zk_S/zl—-(k _ 3/2) mk_2 <¢| Vr;:’[» Pk,m;n,r)

Qr (4mn — r2))k=3/2 AN
= Zk_s/zl"(k — 3/2) mk_2 ¢9 Z g Z Pk,ml; (msz-ggs+n)17 (r+28.vm)1

S s(mod §)
8| (ms2+rs+n)
:de—z Z s (ms2+rs—|—n)l’(r+2sm)l . 0
d? d

d|l s(mod d)
d|(ms*>+rs+n)
Proof of Proposition 1.2. For all the facts used in this proof about the operators
T}.1» Vi1 and the space J;»0""", we refer to [3; 11]. Since / and m are coprime,

the right-hand side operator

Tyo=Y d" 9@ T qa
d|l

is multiplicative. Moreover, the operator V,, ; is multiplicative and the Hecke
operator 7T, commutes with the operator V,,, ; if gcd(n, Im) = 1. Therefore it is
enough to establish the identity for prime powers, that is, [ = p%, where p is
a prime and « is any positive integer. Since the space chu,flp """ has a basis of
simultaneous eigenfunctions of all the Hecke operators T, with ged(n, m) = 1,
it is enough to check the identity for such eigenforms. Let ¢ € ],:’u;p’ " be any
such eigenform. The Hecke operators 7, with gcd(n, m) =1 are hermitian and
commute with 7y and V,, , for gcd(nl’, m) =1 and ged(n, mt) = 1. Therefore the
Jacobi forms ¢ |V, ; V. N and ¢ | T; are again simultaneous eigenfunctions of all the

Hecke operators T, for gcd(n, Im) = 1 with eigenvalues same as of ¢. By using



252 M. MANICKAM, K. D. SHANKHADHAR AND V. SRIVATSA

multiplicity one result, we get that the Jacobi forms ¢ |V, ; V., ; and ¢|T; both are
constant multiples of ¢. To show that both are same we compare their (n, r)-th
Fourier coefficients with the condition that 7> — 4mn is a fundamental discriminant
and prove that they are equal. We have

d—1
_ 1 > 1
O vy, =0 1(23 2 1)(7)
t|l d|t $=0
d\ms2+rs+n

The cardinality of the set
{s (mod d) : ms*>+rs+n =0 (mod d)}

is same as the cardinality of the set {x (mod 2d) : x> = (r> — 4mn) (mod 4d)}. Let
us denote this cardinality by N, (r> — 4mn). By using [3, page 50, (16)], we have

2 1 k=2
¢y (”72’ r;) = 3%)#(8) XD () 82 i1, 450y (. 1),

where D = r? — 4mn and xp denotes the Dirichlet character (2) By using the
above observations in (9), we see that it is sufficient to prove the following formal
identity of the operators:

Ny (D
(10) Y 3 M S ) 0@ 5 T = YO T,

11l dlt 813/t 11l

Since D is a fundamental discriminant, by using [3, page 21, (6)] we get that
Np(D)=(1+xp(p)) and Np«(D)=N,(D)

for any prime p, positive integer a. By using these facts we get that the coefficients
of Ty pa, 1 < a < «a, in both sides of (10) are equal. U

4. Proof of Theorem 1.3

We prove the identities by equating the Fourier coefficients on both sides. First
let us write down the Fourier coefficients of F |7 ,s, where p is a prime and § is a
positive integer [9, Corollaries 2.2, 2.4 and 2.5]. For any positive integer / and any
finite sequence of integers {a;, as, ..., a,}, we use the notation §;(a;, az, ..., a,)
defined to be 1 if /| gcd(ay, az, . . ., a,) and O otherwise. Let

F(Z) — Z AF(n, r, m) ezﬂi trace(TZ)’

_(n r/2
T_<r/2 m >>O



HECKE EIGENVALUES AND FOURIER-JACOBI COEFFICIENTS 253

where T > 0 indicates that T is positive definite. Then we have

(11) Apy1,,(n,r,m)=Ag(pn, pr, pm)

p—1 2
o +ma
+pk—2< Z AF(H%’r_i_Zma,mp)

a=0

p\(n+ra+ma2) m
+8,(m) A np,r,;
n r m
+pH*38,(n, 1, m)AF(— - _)
ppp

Also, we have
(12)  Apr, ,(n,r,m)

= Ap(p*n, p°r, p’m) + p* 38, (n, r,m) Ap(n, r, m)
+ pk=bs (n,r,m)A ron
p p2 n,r, F pz 9 pz ) p2

p—1 2
n+ra+ma
+pk—2< 2 Ap(p(T,r—i-Zma, mp))
a=0

p\(n-f—r(:-%—maz) m
+3,(m) Ap (p (np, r ;))

pP—1 2
_ n+ra+moa
+P2k 4( E AF(T,r—FZma,sz)

a=0
P2 | (n+rot+ma2)

! rpB+m
+ Z AF(np r+2npp, np* + )
=0 p?
P21 (rpp+m)
35 p-! n+ra+ma? r+2ma
+p AF( 3 : ,m)
p p
P \(n+ra+ma2) plr.plm r m
+38p(n,1)8,2(m) Ap(n, E ?) .
If p {m then we have
(13)  Ap1, (0,1, m)
= Ar(p’(n,r,m))
) pP—1
+Zp(k_2)ﬁ( Z AF(ps_ﬁ((n+roc+moz2)p_ﬁ, r+2mao, mpﬂ)))
=1 a=0

p/3 |(n+r0:+m(x2)

First we compare the coefficients of both sides of (3). Let (n, r) be any pair of
integers with 7> < 4mn. By using (13), we have
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(14)  criT, p1pm(ns7)

=Af1, 5 (1, m)

= Ar(p°(n,r,m))

$ pﬂ—l
+z:p(k*2)'3 ( Z Ap((tra+ma®) p®=2F, (r+2ma) p°~F, mpa))-
B=1 a=0

pﬂ |(n+roz+moc2)

By using Proposition 1.1, we get

(A5) crip, pivz (. 7)

= crip, (P, P°r)
§ pﬁ—l
+y p(k_z)ﬂ( > CFIpyys ((nrs+ms®) p*=2F, (r+2mS)p‘s_’3))-
B=1

5=0
pﬂ |(n+rs+m52)

Now by comparing (14) and (15) we get that F'|T; ps | pm = F'| pyps| V) 'z
Next we compare the coefficients of both sides of (4) and then of (5). By
using (11), we have

(16) cFlTs,p‘pp(n’r)
=Apr, ,(n,1, p)
= Ar(pn, pr, p?)

2 p-! n+ra+ pa? )
+p Z AF #,”4‘2}7“,17 +Ap(p,r, 1)

a=0
pln+ra)

n r
+p*38,(n, 1) AF(—, -, 1>.
p p

By using Proposition 1.1, we have

! (ps>+rs+n)p p
B S S (]
dlp d| (p.vxzj—ors-%-n)
By using [3, Theorem 4.2, 7], we have
_ np r
(18) cripvi, ()= Y dcpy, (ﬁ,g).

d|(n,r,p)

Comparing (16), (17) and (18), we get that

F|Tplpp="Flpp|Vy,+p 2 Flpi| Vi,
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By using (12), we have

(19)  criz 10, (1, 7)
= AFlTS,pz (n7 r, p)
= Ap(p’n, p’r, p)+ p*8,(n, 1) Ap(n, 1, p)
p—1
+p"_2( > Ap(n+ra+ po, (r +2pa)p, p*)+ Ar(np®, rp, p))

a=0

pln+ra)
ol n+ra+ pa?
+P2k4( Z AF(TP,V—FzPO‘, P3>
a=0
pz\(n+r0(+pot2) ]7—1
rB+1
+ D Ar (npz, r+2npp, np’ + ﬁT))
p\(ﬂr;?rl)
3—5 i n+ra+pa’ r+2pa
+ p Z AF 2 P P .
oy p p
P2l (+ratpa?), plr
By using Proposition 1.1, we have
2 *
@0 eripav; , (1) a-! (ps?+rs+n)p? P’
k—2
ZZd Z CF|pp3< d2 ’(r+2ps)7>
dip? s
d|(ps“+rs+n)
By using [3, page 56, (24)], we have
21 crip,iT, (1, 1)
crip,(p*n, pr) if ptr,
CFlp,(P*n, pr) = p*2cpy,, (0. 7) if plr, pin,

crloy (P pr) + P2 p = Deppp, (1)
n+rot+pa” r+ pa)
p

2k=3 yp—1 ;
+p Za:O, p2|(n+rtx+pa2)CF‘pp( p? > it plr, pin.

Suppose p 1 r. Then there exists unique 8 € {0, 1, ... p — 1} such that p|rg + 1.
Suppose that r8 4+ 1 = Ip for some [ € Z. Then we have

22) (—p r)( n r/2> <—p —5) _ ( np? (r +2npP)/2 )
B 1)\ri2 m roo 1 (r+2npB)/2 np>+ap+1/p)°
By comparing the three equations (19), (20), (21) and also using (22), we get that

FIT, 2 lop=FlpplVy o+ 0" 2 Flpp|Typ+ p* *Flp,.
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5. Proof of Theorem 1.6

Suppose F|py = ¢ € J,:’u;p’ " By using the Eichler—Zagier isomorphism Z,,
given in [8, Theorem 5.4], we get that ¢,, | Z,, is in the space

SR @m) = {f € S,210) @m) 1ag(n) =0 unless (=1)*"'n =0 (mod 4m)},

where S,j_’?zv@m) is the subspace of newforms inside the Kohnen’s plus space

S,i | /2(4m) studied in [4]. Moreover, we have

2
rc—D
a(pmlzm(|D|) = C(pm (W’ r)

forany 0 > D, r € Z with D = r? (mod 4m). Let p be an odd prime dividing m
and let U > be the level dividing operator ) |, a(n) ¢" = >_ a(p®n) q". Since

Om|Zm € S,j_?;;v (4m), by using [4, Theorem 1] we get that

| Zn| (U2 + p*?w)) =0,

where w), is the involution operator wg’ k—1/2 defined in [4, Section 2, page 39].
From [8, Lemma 5.9] we know that w, acts as the identity operator on S,j_”l"/z (4m).
Therefore we have @m | Zn|(Up2 + p¥%) = 0. Hence for any 0 > D, r € Z,
D =r? (mod 4m), we have

2 2
r<—D _ r<—D

For any n > 1, r € Z with r> < 4mn, by taking D = r> — 4mn we have

23) Con (pzn, pr)+ pk_ch,m (n,r)=0.

Suppose F|Ts , = G € Si(I';). By using (11), we write down (np, r, %)—th
coefficients of F|T , to get

_ rv+vi(m
pk 2 Z Ap<n+#,r+2v%,m)+Ap(p2n,pr, m)

2m
v (mod p).pl (rv+25) :Ac(np,r, ﬂ)
p
Suppose p tr. Then there are exactly two choices for v (mod p) in the left-hand
side sum namely v = 0 and v = —r(m/p), where m/p denotes the inverse of m/p

modulo p. Assume that (m/p)(m/p) = 1 + Ip for some [ € Z. Then we have
pk_2 (c(pm (n,r)+cy, (n +rzl(m_/p), —r — Zrlp)) +cg, (pzn, pr)= CG | pmyp, (MD5T).

Since (r +2rlp)* —4m(n+r*l(m/p)) = r> —4mn and @, is in the space
by using [8, Corollary 5.3] we get that ¢y, (n + r2l(m/p), —r —2rlp) = Cyp (1, 7).

cusp, new
Jk s
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Hence we have

(24) 2p" 2 ey, (0, 1) + ¢y, (P71, pr) = cqp,,,, (D, 7).

From (23) and (24), we get that ¢, (n,r) = CG | Py (np,r)foranyn>1, re”Z
with p{r, r? < 4mn. But by using [3, Theorem 4.2, (7)] we get that

CG|Pm/p(nl7,V) = CGlpm/p‘Vm/p.p(n’ r)'

But ¢, € J,f,u;p’ " therefore by using [11, Lemma 3.1] we get that ¢,, = F'| p,, =0.

6. Proof of Theorem 1.7 and its corollaries

Proof of Theorem 1.7. We prove the theorem by induction on the number of prime
factors of m.

Let p be any odd prime such that Ag(p) = 0. By using the decomposition given
by (8), we have the following orthogonal decomposition F'|p, = ¢1| Vi , + ¢,
where ¢ € J,f’uls[)’ " and p € chf;fp’ "™ Note that J,f’ulSp’ e = J,f’ufp. By using the
identity (1) and the fact that A z(p) = 0 we get that F'| p, | ij = 0. Then we have

<¢1|V1,pa ¢1|V1,p> = (F|/0p, ¢1|V1,p> = (F|/0p|fop, ¢l> =0.

Therefore we have F|p, = ¢, € chf;fp’ " By applying Theorem 1.6, we get that
Flp,=0.

Let m be any odd, squarefree, positive integer which is a multiple of at least 2
primes. Then again by using the decomposition (8), we have

F | Pm € Jl:,ur:lp = @ ‘I]iulsp’ e | Vl,(m/l) ) J]:’u;lp’ new‘
I|lm,l#m
Note that all the direct sums in the above decomposition are orthogonal. We write

Fl,Om= Z ‘Pl|Vl,(m/1)+<Pm,
I\m,l#m

where ¢; € and ¢, € J,f’u;;p’ "™ Suppose Ar(m) = 0. First, by using the
identity (1) we deduce that ¢; | V] ,, = 0. Next, by using the multiplicative property
of Ap(m) we get that Ag(p) = 0 for some odd prime p|m. For any [|m, [ # m
with p {1, by using the fact that V; ou/1y = Vi, (n/1p) Vim/p), p We have

cusp, new
‘]k,l

@IV, 00l Vi,amyn) = (F L oms @01 Vi, my1))
= (F|pm| Vzik(m/l), 1) = (F|pm| V(Tn/p),pvzik(m/zp)a @1).

By using the identity (3) for § =1, we have F | p,, | V(Tn/p)’p =Ar(P)F|pmjp=0.0On
the other hand, for any /|m, [ # m with p|l, let p’ be any odd prime dividing m /1.
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Again, by using the fact that Vi /1y = Vi, u/1p) Vimyp), p and the identity (3), we
have *
(il Vi,ansnys el Vi, anyn) = (ELom | V] g1y 1)
=(F|pm] V(;/p/),p’ Vlik(m/lp/)’ 1)
= ,r (P | ogpr |V 1y 1)

Since Ap(m/p’) = Ap(p) Ap(m/pp’) =0 and m/p’ has fewer prime factors than m,
by using the induction hypothesis we get that F|p,/, = 0. Hence we get that

cusp, new

Flom =¢m € Jim . Now, by using Theorem 1.6 we get that F'|p,, =0. O

Proof of Corollary 1.10. Let T = ( b/ bé 2) and m = ax§ + bxoyo + cys for some
X0, Yo € Z. Since m is squarefree, we have gcd(xg, yo)=1. Let A= (’;: ’y‘g) eSL,(Z)
and S ='ATA, where ‘A denotes the transpose of A. Then the lower right entry
of S would be m. We have ar(S) =ap('lATA) = ar(T) # 0 and hence F | p,, # 0.

Using Theorem 1.7, we get the corollary. U

Proof of Corollary 1.11. Since F is a Siegel eigenform, we have the nonvanishing of
the first Fourier—Jacobi coefficient of F [7], that is, F'|p; # 0. Since F |p; € ch,ufp ,
by using (6) we have the following theta decomposition F'|p; = ho 61,0+ 11611
Since F'|p; # 0, by using (7) we get that iy # 0. Since ho € S;_1,2(4) and
dim S;_1,2(4) = k/2 — 2 for k even, there exists an ng with 1 <no <k/2—2 such
that the no-th Fourier coefficient ap,(ng) of h¢ is nonzero. Then we have

no 0
apy(no) = aF<0 1) # 0.
Now by using Corollary 1.10, we conclude the proof. U
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