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CONTINUOUS SOBOLEYV FUNCTIONS WITH SINGULARITY
ON ARBITRARY REAL-ANALYTIC SETS

YIFEI PAN AND YUAN ZHANG

Near every point of a real-analytic set in R”, we make use of Hironaka’s
resolution of singularities theorem to construct a family of continuous func-

tions in Wl})’cl such that their weak derivatives have (removable) singularities

precisely on that set.

1. Introduction

Given a domain U in R", n > 1, denote by W{;’Cp (U) the Sobolev space consisting
of functions on U whose k-th order weak derivatives exist and belong to Lf;C(U ),
k € Z*, p > 1. We investigate a Sobolev property for the reciprocals of logarithms
of the modulus of real-analytic functions near their zero sets. Namely, given a
real-analytic nonconstant function f on U, consider

1
(1-1) vi= /] on U.
As we are solely interested in the Sobolev behavior of v near f = 0, and additional
singularities would be introduced near | f| = 1, we further assume, say, | f| < %
on U. Consequently v is continuous on U. Letting f~'(0) be the zero set of f
in U, we have v[s-1, = 0, and v is differentiable on U \ f ~1(0). Note that
codimg f “10)>11in general.

According to a classical result of Stein [1993, pp.71], In|f| € BMO for any
polynomial f. On the other hand, Shi and Zhang [2022] showed that for a real-
analytic f on U, if codimg £~'(0) > 2, then In|f| € W\ (U). It is important
to note that this codimension assumption is essential and cannot be dropped. In
comparison to this result, although v in (1-1) exhibits slightly greater regularity
than In | f|, our first main theorem shows that v belongs to WIL’C] (U) regardless of
the codimension of f~1(0).
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Theorem 1.1. Let U be a domainin R", n > 1. Let f be a real-analytic nonconstant
function on U and | f| < % on U. Then:

(0 ln}fl loc (U)

(2) If codimg £~1(0) = 1, then —— ¢ W,"P(U) for any p > 1.

loc

1

In|f]

The main idea of the proof is to use the coarea formula to transform the integrals
under consideration into new ones along level sets of the function f. The L'-
integrability and the L?-nonintegrability for p > 1 that we seek are thus conse-
quences of certain quantitative properties of the level sets of f, which can be
conveniently established by utilizing the powerful Hironaka’s resolution of singular-
ities theorem and the Lojasiewicz gradient inequality A novelty of Theorem 1.1 is

to provide ample Wl ! functions. For instance € Wl ! for any polynomial P

near its zeros. It is also interesting to point (illll‘tpt(ﬁ)alt Theorem 1.1 indicates that
Sobolev spaces in general do not satisfy an openness property, in the sense that
there exists a class of functions in Wl’;’f (U) for some p > 1 but not in Wllf)’cq(U ) for
any g > p.

Unfortunately our method cannot be applied directly in the smooth category, due
to the absence of a Hironaka-type resolution property for smooth functions. It is
natural to wonder if there is an easy way to verify the optimal Sobolev property
of v, say, for any finitely vanishing smooth function f. For instance, consider

1/x _]/"2, which is smooth near 0 C R? and

the function f(x, y) := y*> —sin(e'/*x)e

vanishes to second order at 0. It turns out, with a straightforward computation, that
1 1,1

w7 € W near 0.

As a consequence of Theorem 1.1, the weak derivative Vv exists on U. Specif-

ically, this implies that the singularity set f~!(0) of Vv in the classical sense is
actually a removable singularity in the weak sense. In other words, Theorem 1.1
allows us to construct, for any given real-analytic set, a continuous function in Wlf)’cl
such that its weak derivative has a removable singularity precisely on that set.

Corollary 1.2. Let A be a real-analytic set in R"*. For every p e A, there exists an
open neighborhood V of p and a continuous function u € W1 (V) such that the
set of removable singularities of Vu is ANYV.

Finally, we study the Sobolev property of v in the special case when f is a
holomorphic function on U C C". Note that in this case codimg f ~1(0) = 2 unless
f#0onU.

Theorem 1.3. Let U be a domain in C". Let f be a holomorphic nonconstant
Sfunctionon U and | f| < % on U. Then:



SOBOLEV FUNCTIONS WITH SINGULARITY ON REAL-ANALYTIC SETS 263

(1) i€ wh2().

loc

_ L,
() If f~10) # @, then ﬁ ¢ WL (U) for any p > 2.
Corollary 1.4. Let A be a complex analytic set in C". For every p € A, there exists
an open neighborhood V of p and a continuous function u € Wll)’cz(V), such that

the set of removable singularities of Vu is ANV.

In view of Theorems 1.1 and 1.3, it seems to have suggested a correlation between
the codimension of the level sets and the Sobolev integrability index. Thus, one may
ask whether v € WIL’Cd(U ) if codimp f ~1(0) =d for some 0 <d <n. Unfortunately
we do not have an answer to this question in general.

2. Proof of Theorem 1.1

Recall that the coarea formula states that, given ¢ € L'(U) and a real-valued
Lipschitz function f on U,

(2-1) /¢(X)|Vf(X)IdV 2/ / ¢ (x)dSydt.
U —oo J f71(1)

Here given t € R, S, is the (n—1)-dimensional Hausdorff measure of the level
set f~1(t) of f defined by

i) ={xeU: f(x)=1}.

Towards the proof of the main theorems, we shall fix the real-analytic (or holo-
morphic) function f and use the following notation: two quantities A and B are
said to satisfy A < B if A < CB for some constant C > 0 which depends only on
the f under consideration. We say A 2 B if and only if B < A, and A ~ B if and
only if A < B and B < A at the same time.

Given a set A C R", denote by m(A) the Hausdorff measure of A at its Hausdorff
dimension. We first utilize Hironaka’s resolution of singularities theorem to show the
Hausdorff measure of level sets of real-analytic functions is bounded (from above).
This will be essential in proving a Harvey—Polking type removable singularity
lemma for the weak derivatives of v.

Theorem 2.1 [Atiyah 1970]. Let f be a real-analytic nonconstant function defined
near a neighborhood of 0 € R". Then there exists an open set U C R" near 0, a
real-analytic manifold U of dimension n and a proper real-analytic map ¢ : U—>U
such that:

(1) The function ¢ : U \ ]"_\1(6) — U\ f~1(0) is an isomorphism, where }"_\1(6) =
{peU:p(p)e f71O)
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(2) Foreach p e U, there exist local real-analytic coordinates (yy, . .., y,) centered

at p, such that near p one has

fop=u ][

i=1
where u is real-analytic and u # 0, k; € Z+ U {0}.
Lemma 2.2. Let f be a real-analytic nonconstant function on U. Then
m(f~Y ) <1 forall |t| < 1.

Proof. Without loss of generality, assume 0 € U and f(0) = 0. Under the setup of
Hironaka’s resolution Theorem 2.1, for every p € f~1(0), let (‘7, Yr) be a coordinate
chart near p in U such that, for ye€ w(\7) Cc R,

fod():=fopoy™ (M =ul []y"

i=1

By properness of ¢, V := ¢(\7) is an open subset of U near ¢ (p). Since ¢ is
smooth on U, by shrinking U if necessary, & : ¥ (V) = V is smooth up to the
boundary of ¥ ( V). By change of coordinates formula,

(s wnv)= [ s,
{f()=t}Ne (V)

d*dS, 5/ ds,.

/{fo<1>(y)=t}010(‘7) {fo®(y)=t}Ny (V)

Thus, in view of this and the fact that u 7 0 on U, the proof boils down to showing
that the (n—1)-dimensional Hausdorff measure satisfies

(2-2) m(A" (1)) <1 forall 0 <7< 1,
where
n
(2-3) A”(z):{yeR":]_[yj‘fzt,0<y,-<1,i=1,...,n}.
i=1
Here the constant multiple for “<” in (2-2) is only dependenton k;,i =1, ..., n.

Clearly, one only needs to prove the case when all k; > 0. Let k :==) \_, k;.

We shall employ the mathematical induction on the dimension n to prove (2-2)
for all level sets in the form of (2-3). The n = 1 case is trivial. Assume the n =1
case holds. Namely, for every level set Al(#) in R! defined by (2-3), m(AL(t)) <1
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for 0 <t <« 1. When the dimension n equals [ + 1, one first has

I+1

I+1 I+1

Ao c Ao,
j=1

where, foreach j =1,...,[+1,

Alj“(t) = {ye[F%{ZJrl th <y <1,0<y; <lifi#j, and 1_[ v :ty;kj}.
1<i<i+1
i#]
Since AljJrl (¢) is a finite union of smooth hypersurfaces in R'*! away from a set of
dimension / — 1, by Fubini’s theorem, the /-dimensional Hausdorff measure satisfies

1
I+1
m(AJ ([)):/ / . " dSyjdyj,
r1/k n1§i§1+1.i7&jyil:tyj ! 0<yi<li#j

and thus
1+1

1
(2-4) m(Al“(t))fZ/ f R ds;, dyj.
=1 I cicapning ¥ =1y, T 0<yi<l,i#j

Further denote f/j = (Vs ee s Yjols Yjdls oo o5 Yi41) € R,

1k
=1y,

and
Alj(t’)::{j)je[R{l:0<y,-<1,i7£j, and ]_[ yffzz’}.

I<i<i+1!
i#]

Noting that ¢’ < t1=%i/% when yj > t1/k we obtain from (2-4)

I+1
mAT @) <A=1"HY" sup m(AL()).
j=1 0<t/<t'Kilk

On the other hand, since k; < k, one has t!17*i/k « 1 when t < 1. By the induction
assumption and the fact that Alj (') is in R,

sup m(AL() S1 forall 0<r<1.

0<t/ <t 7kilk

This finally gives
m(A7 1) <1 forall 0<r < 1.

The lemma is proved. (]
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Lemma 2.3. Given a real-analytic nonconstant function f on U with | f| < % onU,
let v be defined in (1-1), and

(2-5) S/
& n )2

Then g € L\ (U). One has

loc

Vv=g onU

in the sense of distributions.

1
loc

Proof. First, we show that g € L
if necessary, one can assume f to be (globally) Lipschitz on U. Making use of the

(U). Since f is real-analytic on U, shrinking U

coarea formula (2-1), one gets

V£ ()]
dV, = dv,
/U'g 0l /U|f<x>| (n £ ()D?

3 3 —1
5/ ! dedt=/ mO) .
) An ] f (x)D? 1 |t (In]z])?

Lemma 2.2 further allows us to infer

A 00 |
dv, < di=| —=d .
/Ulg(x)l Nfo (n1)? /mz 245 <

Next, we show that, given any testing function n € C°(U),

(2-6) —/ vVn=/ng-
U U

Since v is differentiable away from f~!(0), a direct computation gives

(2-7) Vv=g on U\ f~0).

In particular, (2-6) is trivially true if K := f~'(0) Nsuppn = @.
If K # &, given € > 0 let

K. ={x e U :dist(x, K) <¢€},

where dist(x, K) is the distance function from x to the set K. Let p. € C*°(U) be
such that p. =0in K¢, pc =1 in U \ K3 and [V p,| < % on U. See, for instance,
[Hormander 2003, Theorem 1.2.1-2]. Then pen € C°(U \ F~H0)). Using (2-7)

we immediately have
—/ vV(mn)z/peng,
U U
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or equivalently,

(2-3) _/ UTIV;Oe—/U/OEVHZ/,Oeng-
U U U

We shall prove
(2-9) lim | vnVp =0.
e—0 Jy

If so, then passing € — 0 in (2-8), we obtain the desired equality (2-6) as a
consequence of Lebesgue’s dominated convergence theorem.
To prove (2-9), first by the assumption on p,

C
vV pe vnVpe| S — [v]
U K3 \Ke € JK3\Ke

for some constant C dependent only on 7. Since f is Lipschitz on U, for any
x0 € £71O0), 1f ()] = 1f(x) = f(x0)| S Ix — xo|. In particular,

|f Q)] S dist(x, £71(0)).
Thus for all x € K3 \ K. (equivalently, € < dist(x, f~'(0)) < 3¢), one has

- 1 1
lIn|f()I| ~ [Indist(x, f~1(0)| [|Ine|

(2-10)

lv(x)| =

for all € small enough. Hence by (2-10)

/ vV pe
U

On the other hand, according to a nontrivial result of Loeser [1986, Theorem 1.1]

Cm(Ks3e)
€|llne|

<

~

@2-11)

and its consequent remarks,

: -1
m(K3€) S ECOdlm[Rgf 0) 5 €.

Here the last inequality has used the fact that codimg f~'(0) > 1 due to the real-
analyticity of f. The equality (2-9) follows by combining the above with (2-11). [J

Proof of Theorem 1.1. Since | f| < %, we have |ln |f|| > In2 and so |v| < ﬁ €
L®(U). Part (1) follows from this and Lemma 2.3. For part (2), we only need to
show that the function g defined in (2-5) does not belong to L{;C
any neighborhood of f~1(0).

First, according to the Lojasiewicz inequality, by shrinking U if necessary, there

for any p > 1 near

exists some constant 8 € (0, 1) such that

(2-12) IVFOIZIf I, xeU.
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As a consequence of this,

/IVv(x)|”dV :f VSl —dv,
Y UV f)=P=D] £ )P [In| £ (o)™

[V f(x)l
2/ —(p—1)B 7 4V
ulfx)p-tr \lnlf(X)l\

Utilizing the coarea formula, we have, for some ¢y > 0,
€0 1

J
—eo 710 | f(x)|[P~P=DE|In | f (x)]|
B / m(f~ (1)

—e0 [t]P=(P=DB [In |¢| ‘2”

/IVU(X)I”deZ Sy dt
U

Since codimg f~!(0) = 1, there is some x € f*l (0)NU, such that |V f(xg)| #0.
Let V be a neighborhood of x¢ in U such that |V f| 2 1 on V. Then for all # small
enough, m(f~'(t)NV) > 1. Consequently, m(f~'(t)) > 1 for 0 < t <« 1. Thus

€0 1
P >
/U|VU(X)| dVy N/o tP=(P=DB|In¢t|2p a

Note that p — (p — 1) 8 > 1 necessarily when p > 1 and 8 < 1. Hence the last term

is unbounded. The proof is complete. U

Proof of Corollary 1.2. Since A is real-analytic, there exists an open neighborhood
V CR" of p and a real-analytic function f on V suchthat ANV ={x eV : f(x)=0}.
Then u = ﬁ is the desired function satisfying the assumptions. U

For functions (such as In | f|) with singularities, its composition with another
logarithm typically exhibits reduced singularities. The following theorem shows
that composing extra logarithms does not improve Sobolev regularity in general.

Theorem 2.4. Let U be a domainin R", n> 1. Let f be a real-analytic nonconstant
SJunctionon U and | f| < 11—0 on U. Then:

1,1
(1) Tlm € W, (U).
(2) If codimg f~'(0) = 1, then m ¢ Wl’p(U)for any p > 1.

loc

Proof. Applying a similar approach as in the proof of Lemma 2.3, we first have

V( 1 ): \2 on U
nfinlfI[/ " foanifl- (n|n|fl])>
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in the sense of distributions. Making use of the coarea formula and Lemma 2.2,

[ Gmm)l=/ . 1
ol \Infn | f1] /17 ) WHf@NHMf@NHmHMf@ND

5/ dt
0 t|1nt|(ln|lnt|)2

> 1 Rl |
o [ L
10 ([Inz]) Inln10?

In the case when p > 1, there exists some 0 < § < 1 by (2-12), and some small
€o > 0 such that

1
L i)
U 1n’1n|f||
€0 1
Zf dt
o tP~P=DB|In¢|(In [Int])2

Since p — (p — 1)B > 1, the last term is divergent. This completes the proof of the

p>/ V£ ()
T Ju £ 0ol e=BIn| £)I|” (in fin | £ 00 l])*

theorem. U

3. Proof of Theorem 1.3

To prove Theorem 1.3 for holomorphic functions, we shall need the following
well-known complex version Hironaka’s resolution of singularities theorem. See,
for instance, [Smith 2016].

Theorem 3.1. Let f be a holomorphic function defined near a neighborhood of
0 € C". Then there exists an open set U C C" near 0, a complex manifold U of
dimension n and a proper holomorphic map ¢ : U — U such that:

(1) The function ¢ : ﬁ\}"_\l(a) — U\ f~X0) is a biholomorphism, where ]"_\1(6) =
{peU:p(p)e f71O)

(2) Foreach p € l7, there exist local holomorphic coordinates (wy, ..., wy,) cen-
tered at p, such that near p one has

fopw)=uw)-[Jwf,

i=1
where u is holomorphic and u # 0, k; € Z+ U {0}.
Proof of Theorem 1.3. (1) Since 3 f =0, and according to Lemma 2.3,

af

=37l <)
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in the sense of distributions, we only need to show that

af
f-(n]fh?
On the other hand, making use of Hironaka’s resolution of singularities Theorem 3.1
for holomorphic functions, for every p € j’f*l\(()’) let (V, ) be a coordinate chart
near p in U such that, for w € 1//(\7) C {w eC":|wj| < %},

e Ly (U).

fw):=fopoy ™ (w)=uw)-[[uwf,
i=1
where u # 0 on ¥ (V) and k; € ZV U{0}. Let V := ¢(V), ® := p oy~ !, and
Jace be the complex Jacobian of the holomorphic map ®. Note that the inverse
matrix (Jace)~! is smooth on w(f; \ f‘l(O)), and

|Jace) ™! (w) - det(Jace)w)] <1 forall w e w(V\ £~1(0)).

By change of variables formula,

2
/ 9. f (2)] av.
vIf@PFn|f@D*

. 9. f ()12 >
= @ v,
L“(V\f“(O)) (lf(z)lz(lrﬂf(z)l)4

|9 f (w)[?|Jace) ™! (w)|?

< o _ — det(Jace (w)) dew
Amwm R fays e
</ |8 f (w)I*
Sy @ [ f ) Pn | fw))*
Thus, the proof boils down to showing that, for j =1, ..., n,
1 2
(3-1) / _ O, )] dVy < 1.
y@) | f(w)>(n | f(w)])*

For simplicity, let j =1 in (3-1). If k; =0, then

B, f(w) = By, u(w) - [T w.

i=1

Since <1 and u # 0, when w is near 0,

N S
(n|f)h* ~

D) S C IO |
|F@)2n] f)D*  lu(w)2(n|fw)* ™~
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So (3-1) holds. If k1 > 0, then

n

n
Bun f(w) = dpyuw) - [T wl +kyu(w) - wh =" T Twh.

i=1 i=2
Hence
B S (Buu(w)? ki
- - < - + -
| F )Pl f@)D* ™ Ju@)Pdn] f@)h*  JwilP(n ] f(w))*
<1

+ = .
lwi[2(n | f(w)D*

Note that when w is close to O,

n
In |u(w)| + Zki In |w; |
i=1

(3-2) IIn|f(w)|| =

2 —In |wy|.

~

This leads to

3 2
/ Y 0] Vw§1+f 1w
vy @) | fw)?(n | f(w)])* (@) |wi2]In [w ]|

1

2 1
<1 ds <1.
~ +/0 s(lns)* e

Equation (3-1) and thus part (1) are proved.

(2) Let U; be an open subset of U such that f “10)NnU; is regular. Then there
exists a holomorphic coordinate change on U; such that under the new coordinates

(wy, ..., wy,), one has w, = f(z). As a consequence of this,
0 b 0 P
/ _ %S 5| av. z[ _ %S AL
vl f-nlf]) vyl f-An ] f1])

1 € 1
Uy [wp|P|In [wy || o sP7|Ins|

for some €y > 0. Since p > 2, the last term is unbounded. This proves part (2). [

Proof of Corollary 1.4. The proof is similar to that of Corollary 1.2, with Theorem 1.1
substituted by Theorem 1.3, and is omitted. ([

An application of Theorem 1.3 is to provide ample data to the 3 problem in

complex analysis, in particular, within the framework of Hormander’s classical L?

2
loc

is straightforward. In the following, we construct data with singularity on complex

theory for d-closed forms with L2 _coefficients. Normally, generating smooth data

analytic varieties, where Hormander’s theory can still be applied.
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Example 1. Let Q be a pseudoconvex domain in C*. Let f be a nonconstant
holomorphic function on € such that f~!(0) # @. Choose a monotone increasing
function x € C°°([0 oo)) such that x(r) =t if 0 <t <1, and x(r) =1 1ft > 1.
Then g = lnx(lfl) € W1 (Q) by Theorem 1.3. Furthermore, u := dg is a 8 closed

(0, 1) form with L? . coefficients with singularities precisely on f~ 1(0).

loc

References

[Atiyah 1970] M. F. Atiyah, “Resolution of singularities and division of distributions”, Comm. Pure
Appl. Math. 23 (1970), 145-150. MR Zbl

[Hormander 2003] L. Hérmander, The analysis of linear partial differential operators, I: Distribution
theory and Fourier analysis, Springer, 2003. MR Zbl

[Loeser 1986] F. Loeser, “Volume de tubes autour de singularités”, Duke Math. J. 53:2 (1986),
443-455. MR Zbl

[Shi and Zhang 2022] Z. Shi and R. Zhang, “Sobolev differentiability properties of logarithmic
modulus of real analytic functions”, preprint, 2022. arXiv 2205.02159

[Smith 2016] K. Smith, “Jyviskyld Summer school: resolution of singularities”, lecture notes,
University of Michigan, 2016, available at https://sites.lsa.umich.edu/kesmith/wp-content/uploads/
sites/1309/2024/06/Jyvaskylalntro.pdf.

[Stein 1993] E. M. Stein, Harmonic analysis: real-variable methods, orthogonality, and oscillatory
integrals, Princeton Mathematical Series 43, Princeton University Press, 1993. MR Zbl

Received June 6, 2024. Revised October 18, 2024.

YIFEI PAN

DEPARTMENT OF MATHEMATICAL SCIENCES
PURDUE UNIVERSITY FORT WAYNE

FORT WAYNE, IN

UNITED STATES

pan@pfw.edu

YUAN ZHANG

DEPARTMENT OF MATHEMATICAL SCIENCES
PURDUE UNIVERSITY FORT WAYNE

FORT WAYNE, IN

UNITED STATES

zhangyu@pfw.edu


https://doi.org/10.1002/cpa.3160230202
http://msp.org/idx/mr/256156
http://msp.org/idx/zbl/0188.19405
https://doi.org/10.1007/978-3-642-61497-2
https://doi.org/10.1007/978-3-642-61497-2
http://msp.org/idx/mr/1996773
http://msp.org/idx/zbl/1098.93020
https://doi.org/10.1215/S0012-7094-86-05327-5
http://msp.org/idx/mr/850545
http://msp.org/idx/zbl/0653.32006
http://msp.org/idx/arx/2205.02159
https://sites.lsa.umich.edu/kesmith/wp-content/uploads/sites/1309/2024/06/JyvaskylaIntro.pdf
http://msp.org/idx/mr/1232192
http://msp.org/idx/zbl/0821.42001
mailto:pan@pfw.edu
mailto:zhangyu@pfw.edu

PACIFIC JOURNAL OF MATHEMATICS

Founded in 1951 by E. F. Beckenbach (1906-1982) and F. Wolf (1904-1989)

msp.org/pjm

EDITORS

Don Blasius (Managing Editor)
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
blasius @math.ucla.edu

Matthias Aschenbrenner Vyjayanthi Chari Atsushi Ichino
Fakultit fiir Mathematik Department of Mathematics Department of Mathematics
Universitit Wien University of California Kyoto University
Vienna, Austria Riverside, CA 92521-0135 Kyoto 606-8502, Japan
matthias.aschenbrenner @univie.ac.at chari @math.ucr.edu atsushi.ichino@gmail.com
Robert Lipshitz Kefeng Liu Dimitri Shlyakhtenko
Department of Mathematics Department of Mathematics Department of Mathematics
University of Oregon University of California University of California
Eugene, OR 97403 Los Angeles, CA 90095-1555 Los Angeles, CA 90095-1555
lipshitz@uoregon.edu liu@math.ucla.edu shlyakht@ipam.ucla.edu
Ruixiang Zhang

Department of Mathematics
University of California
Berkeley, CA 94720-3840
ruixiang @berkeley.edu

PRODUCTION
Silvio Levy, Scientific Editor, production@msp.org

See inside back cover or msp.org/pjm for submission instructions.

The subscription price for 2024 is US $645/year for the electronic version, and $875/year for print and electronic.

Subscriptions, requests for back issues and changes of subscriber address should be sent to Pacific Journal of Mathematics, P.O. Box
4163, Berkeley, CA 94704-0163, U.S.A. The Pacific Journal of Mathematics is indexed by Mathematical Reviews, Zentralblatt MATH,
PASCAL CNRS Index, Referativnyi Zhurnal, Current Mathematical Publications and Web of Knowledge (Science Citation Index).

The Pacific Journal of Mathematics (ISSN 1945-5844 electronic, 0030-8730 printed) at the University of California, c/o Department
of Mathematics, 798 Evans Hall #3840, Berkeley, CA 94720-3840, is published twelve times a year. Periodical rate postage paid at
Berkeley, CA 94704, and additional mailing offices. POSTMASTER: send address changes to Pacific Journal of Mathematics, P.O.
Box 4163, Berkeley, CA 94704-0163.

PJM peer review and production are managed by EditFLOW® from Mathematical Sciences Publishers.

PUBLISHED BY
:I mathematical sciences publishers
nonprofit scientific publishing
http://msp.org/
© 2024 Mathematical Sciences Publishers


http://msp.org/pjm/
mailto:blasius@math.ucla.edu
mailto:matthias.aschenbrenner@univie.ac.at
mailto:chari@math.ucr.edu
mailto:atsushi.ichino@gmail.com
mailto:lipshitz@uoregon.edu
mailto:liu@math.ucla.edu
mailto:shlyakht@ipam.ucla.edu
mailto:ruixiang@berkeley.edu
mailto:production@msp.org
http://msp.org/pjm/
http://www.ams.org/mathscinet
http://www.emis.de/ZMATH/
http://www.viniti.ru/math_new.html
http://www.ams.org/bookstore-getitem/item=cmp
http://apps.isiknowledge.com
http://msp.org/
http://msp.org/

Continuous Sobolev functions with singularity on arbitrary 261
real-analytic sets
YIFEI PAN and YUAN ZHANG

Grading of affinized Weyl semigroups of Kac—Moody type 273
PAUL PHILIPPE

CM points on Shimura curves via QM-equivariant isogeny volcanoes 321
FREDERICK SAIA

Stratification of the moduli space of vector bundles 385
MONTSERRAT TEIXIDOR I BIGAS
Correction to the article Local Maa8 forms and Eichler—Selberg 395

relations for negative-weight vector-valued mock modular forms
JOSHUA MALES and ANDREAS MONO



	1. Introduction
	2. Proof of Theorem 1.1
	3. Proof of Theorem 1.3
	References
	
	

