HEIGHTS OF ONE- AND TWO-SIDED
CONGRUENCE LATTICES OF SEMIGROUPS

MATTHEW BROOKES, JAMES EAST, CRAIG MILLER,
JAMES D. MITCHELL AND NIK RUSKUC

Volume 333 No. 1 November 2024






PACIFIC JOURNAL OF MATHEMATICS
Vol. 333, No. 1, 2024

https://doi.org/10.2140/pjm.2024.333.17

HEIGHTS OF ONE- AND TWO-SIDED
CONGRUENCE LATTICES OF SEMIGROUPS

MATTHEW BROOKES, JAMES EAST, CRAIG MILLER,
JAMES D. MITCHELL AND NIK RUSKUC

The height of a poset P is the supremum of the cardinalities of chains in P.
The exact formula for the height of the subgroup lattice of the symmetric
group S, is known, as is an accurate asymptotic formula for the height of
the subsemigroup lattice of the full transformation monoid 7,,. Motivated
by the related question of determining the heights of the lattices of left and
right congruences of 7,, and deploying the framework of unary algebras
and semigroup actions, we develop a general method for computing the
heights of lattices of both one- and two-sided congruences for semigroups.
We apply this theory to obtain exact height formulae for several monoids of
transformations, matrices and partitions, including the full transformation
monoid 7,, the partial transformation monoid P7,,, the symmetric inverse
monoid Z,, the monoid of order-preserving transformations O,,, the full
matrix monoid M(n, q), the partition monoid P,, the Brauer monoid 5,
and the Temperley-Lieb monoid 7°L,,.
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1. Introduction

The height of a poset P, denoted Ht(P), is the supremum of the cardinalities of
chains in P. In [7] the height of the subgroup lattice Sub(S,) of the symmetric
group S, is computed:

Theorem 1.1 (Cameron, Solomon and Turull [7, Theorem 1]). Forn > 1, we have
Ht(Sub(S,)) = [3n/2] — b(n),

where b(n) is the number of 1s in the binary expansion of n.

The formula given in [7] in fact has an additional term —1. This discrepancy
is caused by the (slightly) different definition of height (which they call length):
while in [7] it is taken to mean the number of covering relationships in a longest
chain (at least in the finite case), for us it is the number of elements.

The following result concerning the subsemigroup lattice of the full transforma-
tion monoid 7, was obtained in [8]:

Theorem 1.2 (Cameron, Gadoleau, Mitchell and Peresse [8, Theorem 4.1]). For
n > 1, we have

Ht(Sub(7,)) = e 2n" —2e2(1 — e~ Hn" 13 —o(n"~1/3).

Theorem 1.1 can be viewed from a different angle, by recalling that the subgroups
of a group G are in one-one correspondence with transitive permutation representa-
tions of G, or, equivalently, with left (or right) congruences of G. The notion of
left congruences of a semigroup S will be introduced explicitly in Section 5, but
for now let us just recall that they form a lattice, which we denote by LCong(S).

So, motivated by the two results above, one may ask what Ht(LCong(7,)) is.
Towards the end of this paper we will prove the following:

Theorem 1.3. Forn > 1, we have

n

HE(LCong(T:)) = (':) Ht(Sub(S,)).

r=1

Whereas the left and right congruence lattices of a group are always isomorphic,
the same is in general not true for semigroups. For example, LCong(73) and
RCong(73) have size 120 and 287, respectively. Thus, one can equally ask about
the height of the lattice RCong(7,,), where we obtain the following:

Theorem 1.4. For n > 2, we have

Ht(RCong(7,)) = 14 Y _ S(n, r) Ht(Sub(S,)),

r=1

where S(n, r) is the Stirling number of the second kind.
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Comparing Theorems 1.1-1.4 we observe that:

» The height of the subgroup lattice (and hence of the left and right congruence
lattices) of the symmetric group S, grows linearly with #, i.e., its degree.

 The height of the subsemigroup lattice of the full transformation monoid 7,, grows
linearly with n", i.e., its order.

» The height of LCong(7,) grows linearly with n2"; this follows from the combina-
torial identity Y_,_, r (") =n2""".

» The height of RCong(7,,) grows linearly with Zle rS(n,r)=Bn+1)— Bn)~
B(n+1), where B(n) is the n-th Bell number; see the OEIS sequence A005493 [29].

We remark in passing that, for a finite or countably infinite semigroup S, the
heights of Cong(S), LCong(S) and RCong(S) can be as large as | S| or 2™, respec-
tively. This can be seen, for instance, by considering null semigroups, for which all
equivalence relations are congruences.

The current paper is devoted to building a theoretical framework within which we
will be able to prove results like Theorems 1.3 and 1.4. Here is a brief summary. We
begin our development in Sections 2 and 3 by introducing some elements of general
(universal) algebra concerning quotients, principal factors and Rees subalgebras.
We also recall the notion of a modular element in a lattice, which is the key property
that enables inductive proofs of our main formulae; see Proposition 3.2. Then we
specialise to unary algebras in Section 4, where we prove a formula expressing
the height of the congruence lattice of a unary algebra A in terms of heights of
quotients corresponding to strongly connected components of A (Theorem 4.4).
All the subsequent results in the paper have this result as their foundation. We
then move on to consider our main topic in Sections 5-10, the heights of the one-
and two-sided congruence lattices of a semigroup. The fact that left congruences
are intimately related with left S-acts (transformation representations), and that
the latter are a special case of unary algebras, provides the necessary link with
the preceding development, and enables us to express the height of LCong(S) in
terms of heights of left S-acts corresponding to the .#-classes of S (Theorems 6.1
and 6.3). We then analyse such acts, and bring the associated Schiitzenberger
groups into play, in Propositions 7.2 and 7.4. Putting these components together,
we obtain a general formula for the height of LCong(S), under certain additional
assumptions, in Theorem 7.11 and Corollary 7.12, of which Theorem 1.3 is a special
instance. We then note that all the foregoing considerations hold for the lattice of
right congruences of S, via an obvious left-right duality, and state the main results in
Section 8. The lattice of two-sided congruences is treated in Section 9 by considering
S as an (S, §)-biact, yet another special case of unary algebras. With the theoretical
development now complete, the paper then culminates in Section 10, where we
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give explicit formulae for the heights of the lattices of left, right and two-sided
congruences for many of the most important and well-studied families of monoids
in the literature. In addition to the full transformation monoid 7,, these include the
partial transformation monoid P7,,, the symmetric inverse monoid Z,,, the monoid of
order-preserving transformations Oy, the full linear monoid M (n, ¢), the partition
monoid P,, the Brauer monoid B, and the Temperley—Lieb monoid 7£,. The
formulae are given in Table 1, and some calculated values in Table 2.

2. Algebras: congruences, ¥-classes and principal factors

We now introduce the basic concepts and notation for universal algebras; for a more
systematic introduction see [6].

A signature (or type) of algebras is an indexed family F = (f;);e; of symbols,
and associated integers ar( f;) > O called arities. An algebra of type F is a pair

= (A, F4), where A is a set, and FA = ( f )ier 1s an indexed collection of

operatlons fl.A : A" — A where r; = ar(f;); these are called the basic operations
of A. When there is no danger of confusion we omit superscripts .4, thus identifying
operation symbols with the operations they represent, and we also treat F and F*
as sets. We often identify the algebra A with its underlying set A. Note that in
principle we allow an algebra to be empty, but this cannot be the case for an algebra
whose signature contains constant (nullary) operations.

A subalgebra of an algebra A is any algebra B = (B, F?) where B C A and
fi B — = f; Al forall i € I. We write B < A to indicate that B is a subalgebra of A.
The collection of all subalgebras of .A forms a lattice under inclusion. This lattice
is denoted by Sub(A4).

A congruence of an algebra (A, F) is an equivalence relation o on A that is
compatible with each operation f from F, in the sense that

(a1, b1),...,(an,by) €0 = (f(ai,...,ay), f(by,...,by)) € 0.

The set Cong(A) of all congruences of A is a lattice under inclusion, called the
congruence lattice of A. The bottom and top elements of Cong(A) are the trivial
(a.k.a. diagonal) and universal relations

Ap={(a,a):ae A} and V4=AXA,

respectively. The quotient A/o of A by o is the set {[a] : a € A} of o-classes with

the induced operations f4/7 ([a1], ..., [a,]) :==[fA (a1, ..., an)].
Consider an algebra A. Fora € A, we write (a) for the subalgebra of A generated
by a; it consists of all elements of the form f(a, ..., a), where f is a term operation,

that is, an operation obtained by composing the basic operations. In particular, (a)
contains all constants of A, i.e., the images of all nullary operations. We define a
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preorder <y = <. on A, which then yields an equivalence relation ¢4 = %4 on A
and a partial order < on the set A/¥4 = {G, : a € A} of ¥-classes, as follows:

a<gb & (a) < (D),
2.1 a¥%b & (a)=(b),
G,<Gp & a<gb fora,beA.

The well-known Green’s relations %, ., ¢ and the associated preorders on a
semigroup will later be seen as special instances of these relations, which explains
the choice of notation here.

Lemma 2.2. If A is an algebra, and if B < A is a subalgebra, then
EgB = SggA rB and gB ng rB'

Proof. This follows from the fact that the subalgebra of B generated by b € B is
the same as the subalgebra of A generated by b. (]

Consider an algebra A and an arbitrary subset X € A. Let 0 be a symbol not
belonging to A, and let

X =X U{0}.
We can turn X into an algebra of the same signature as A by setting, for any n-ary
basic operation symbol f and for any xi, ..., x, € X,
- G X)) i, g (e x) € X,
S, xp) = .
0 otherwise.

We call X the principal factor associated to X. We note that X need not be an algebra
of the same ‘kind’ as A; e.g., if A is a group and X # @, then X is never a group.

Lemma 2.3. Suppose o € Cong(G), where G is a 4-class of an algebra A with no
constants. If a o 0 for some a € G, then o = V.

Proof. Tt suffices to show that b o 0 for all b € G, so fix some such b. Since a ¢ b,

we have b € (a), and so b = f(a, ..., a) for some term function f of A of arity
> 0 because A has no constants. Using a, b € G, we have
b=f(,...,a)= f(a,...,a) o f(0,...,0)=0. a

Lemma 2.3 need not be true if A has constant/nullary operations. For example,
consider the case in which A = {a, b}, with a and b both constants, and no other
operations. Since A = (a) = (b), it follows that A is itself a ¥-class. But the
equivalence o on A = A U {0} with o-classes {a, 0} and {b} is a nonuniversal
congruence, yet a o 0.

In the following statement, for a poset P, we denote by P = P U{T} the poset
obtained by adjoining a new top element T to P.
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Lemma 2.4. If a 9-class G of an algebra A with no constants is also a subalgebra
of A, then

Cong(G) = Cong(G)" and Ht(Cong(G)) = Ht(Cong(G)) + 1.

Proof. 1t suffices to prove the first claim. For o € Cong(G) define o := o U{(0, 0)}.
We prove the result by showing that

Cong(G) = {7 : 0 € Cong(G)}U{Vg).

(2) For o € Cong(G), clearly & is an equivalence on G. To check compatibility,

suppose f : A" — A is an operation of A, and suppose (ay, by), ..., (a,, by) €.
From the definition of ¢ we have ¢; =0< b; =0(@( =1,...,n). If a; =0 for
some i then

(f(ai,...,an), f(b1,...,b,))=(0,0) 5.

Otherwise, a;, b; # 0 for all i, in which case

(f@@i,...,an), fbr,....by) = (f(ai,...,an), f(b1,....,by)) €0 C0.

(C) By Lemma 2.3, for Vg # t € Cong(G) we have T = 7[5 U{(0,0)}. But G <G
(as G < A by assumption), and so 7[5 € Cong(G), which proves the inclusion, and
hence the lemma. O

3. Rees subalgebras, ideals and quotients

Here we develop a general framework within which we can express the height of
the congruence lattice of an algebra as a sum involving a special kind of subalgebra
and an associated quotient; see Proposition 3.7.

We denote the down-set (a.k.a. principal ideal) and up-set (a.k.a. principal filter)
of an element x of a lattice L by

x¢={aeL:a§x} and xT={aeL:a2x},

respectively. For any chains C; C x¥ and C, € x1, their union C; U C, is a chain
in L, with |C; N C3| < 1. It quickly follows that

3.D Ht(L) > Ht(x*) + Ht(x") —1 forall x € L.

The next result establishes a sufficient condition for this to become an equality.
Following Stanley [34], we say that an element x in a lattice L is modular if it
forms a modular pair (see [18, Section V.2.5]) with every other element of L, i.e., if

aVvVxAb)y=(avVvx)Ab forall a,be L witha <b.

In practice, to show that x is modular, one only needs to check that a v (x A b) >
(a VvV x)A b, as the reverse inequality always holds (when a < b).
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Proposition 3.2. If x is a modular element in a lattice L, then every chain in L
embeds into the direct product x*¥ x x1, and consequently

Ht(L) = Ht(x*) + Ht(x ") — 1.
Proof. Let C be a chain in L, and define a mapping
f:C—>x¢ xxT, ¢ (cAx,cVX).

We need to show thata <b < f(a) < f(b) forall a, b € C. The direct implication is
clear. For the converse, suppose a, b € C satisty f(a) < f(b), thatis,a A x <b A x
and a Vx < bV x. Since C is a chain, we have a < b or b < a. In the former case
we are done. If b < a, then using modularity of x, we have

a=(@av)na<bVvx)ha=bVv (xra)<bV (xAb)=0>b,

as required.
Having established the first claim, it follows that

Ht(L) < Ht(x' x xT) = Ht(x¥) + Ht(x ™) — 1.
Combined with (3.1), this completes the proof. U

Proposition 3.2 provides a first tool for calculating the height of a congruence
lattice Cong(A); one hopes to identify a congruence ¢ of A that is modular in the
congruence lattice, and then Ht(Cong(A)) can be expressed in terms of the heights
of ot =[As,0]lando® =0, V4]. In many classical varieties of algebras, such as
groups and rings, every congruence is modular in the congruence lattice; see, for
example, [6, Exercises 1.3.5 and 1.3.6]. This is not true for algebras in general, or
for unary algebras or semigroups in particular. We now identify a particular type of
subalgebra associated with a special kind of congruence; the congruences arising
turn out to always be modular, and will prove very useful in what follows.

Specifically, if B < A is such that the relation pp := Vg U A4 is a congruence
on A, we say that B is a Rees subalgebra, and pp a Rees congruence; the Rees
quotient associated with B is A/B := A/pp. These concepts were introduced
in [37]. The definition there was couched in different (but equivalent) terms, and
our defining property was established as [37, Proposition 1.2].

There is a link between Rees quotients and principal factors from the previous
section, in the special case of ideals. Specifically, B < A is an ideal if for each
n-ary operation f and all ay, ..., a, € A, at least one of which belongs to B, we
have f(aj,...,a,) € B. We remark in passing that this definition generalises the
notion of ideals in semigroups, but not in rings. Immediate from the definition is
the following:
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Lemma 3.3. Every ideal B < A is a Rees subalgebra, and

A/B = {A_ yB=2,
A\B ifB #o. ]
The converse of Lemma 3.3 is not true. For example, any one-element subalgebra
is a Rees subalgebra (whose associated Rees congruence is the trivial relation), but
need not be an ideal. Concretely, {1} is a Rees subalgebra of a group, but is only an
ideal if the group is trivial.

Proposition 3.4. If A is an algebra, and if B < A is a Rees subalgebra, then the
Rees congruence pp is modular in the lattice Cong(A), and hence

Ht(Cong(A)) = Ht([A4, pg]) + Ht(Cong(A/B)) — 1.

Proof. The second assertion follows from the first and Proposition 3.2, upon noticing
that [pg, V4] = Cong(A/B) by the correspondence theorem (see [6, Theorem 6.20],
for instance).

To prove the first assertion, suppose oy, oo € Cong(A) satisfy o1 C 07. As noted
just before Proposition 3.2, we just need to show that

(o1V pp)Nozy SorV(ppNoy).

To do so, suppose (a, b) € (o1 V pg) N 0. Then (a, b) € 07, and there exist k > 1
and ¢y, d,, ..., ck, dr € A such that

aoycyppd oy ¢y ppdyoy---01 ¢k ppdiorb.

Assume that k(> 1) is as small as possible with respect to the existence of such a
sequence. We claim that k = 1. To prove this, suppose instead that k > 2. Minimality
of k implies that ¢; #d; foralli =1, ..., k. Hence, by the definition of pp, we
must have ¢;, d; € B for all i. But then a o) ¢ pp dy 01 b, which is a sequence of
the same form and of length 1. This contradiction confirms that k = 1. So now

(3.5) aoi]cCi PB d] (oa] b.

But since o7 C 09, it follows that ¢| 0, a 0, b 05 di, and hence (c1, dy) € pg N os.
The sequence (3.5) now implies (a, b) € o1 V (pp N 03), completing the proof. [

In what follows we establish a condition under which the term Ht([A 4, pg])
in Proposition 3.4 can be replaced by Ht(Cong(B)). The next result shows that
Ht([A 4, pB]) < Ht(Cong(B)) always holds.

Lemma 3.6. For a Rees subalgebra B < A, the mapping
[Aa, pp] = Cong(B), o+ 0lp,

is an embedding of lattices.
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Proof. Forany o € [A 4, pp]l wehave 0 =0 [gUA 4\ . Hence, for oy, 0 € [A 4, p3],
we have 01 € 0p & 01[5 C 02[p, and the lemma follows. O

As usual, we say a subalgebra B < A has the congruence extension property, or
that B is a CEP subalgebra, if for every o € Cong(B) there exists ¢’ € Cong(A)
extending it, i.e., 0 = 0’| 5. We say that B has the diagonal congruence extension
property, or that B is a A-CEP subalgebra, if for every o € Cong(B) we have
o UA4 € Cong(A). It is easy to show that B is a A-CEP subalgebra if and only if
it is both a CEP and Rees subalgebra.

Proposition 3.7. Let A be an algebra.
(i) If B is a A-CEP subalgebra of A, then Cong(B) = [A 4, pgl, and hence

Ht(Cong(A)) = Ht(Cong(B)) + Ht(Cong(A/B)) — 1.

(1) If By < B; <--- < By = A is an ascending chain of A-CEP subalgebras of A,

then
k

Ht(Cong(A)) = Ht(Cong(By)) + Y _ Ht(Cong(B,/B,_1)) — k.
r=1
Proof. (1) Given Proposition 3.4 and Lemma 3.6, it suffices to show that the
mapping given in the latter is surjective. This in turn follows from the fact that
(0 UA4)[p =0 forall o € Cong(B).

(i1) This follows by induction on k. The case k = 0 is vacuous. The inductive step
relies on part (i) and the observation that By < --- < Bj_; is a chain of A-CEP
subalgebras of By_;. O

Analogous statements to Proposition 3.7(i) hold for subgroup lattices of groups
and for subsemigroup lattices of semigroups:

e Ht(Sub(G)) = Ht(Sub(N)) + Ht(Sub(G/N)) — 1 for any normal subgroup N
of a group G [7, Lemma 2.1].
o Ht(Sub(S)) =Ht(Sub(1))+Ht(Sub(S/I))—1 for any ideal / of a semigroup S
[8, Proposition 3.1].
We mention in passing that using our terminology, the above statements can be
proved by showing that N is modular in Sub(G), and I is modular in Sub(S).
The former is well known and easy to prove. The latter is equally easy to see.

Indeed, if I is an ideal of a semigroup S and if U < V < § are subsemigroups, then
U v I =UUI (the join is in Sub(S)), so that

ovnnNnv=0ounnv=Unwvyudnv)y=uoudnv)y=Uvdnyv),

where the last equality holds because UU (I NV) < S.
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4. Unary algebras: a height formula

We now put the developments from the previous two sections into the context of
unary algebras, that is, algebras in which all basic operations have arity 1. Our main
objective here is to obtain a formula that expresses the height of such an algebra in
terms of the heights of the principal factors corresponding to its ¢4-classes, in the case
that there are finitely many such classes. This will be achieved in Theorem 4.4, which
will form the basis for several subsequent results on semigroups in Sections 6-9.
We begin by showing that Proposition 3.7 always applies in unary algebras.

Lemma 4.1. Any subalgebra of a unary algebra A is both an ideal and a A-CEP
subalgebra (and hence a Rees subalgebra).

Proof. For the first assertion, observe that the definition of a subalgebra and an
ideal coincide in the unary case.

For the second assertion, let B < A and o € Cong(B). It is clear that c# :=
o U Ay, is an equivalence relation. To show compatibility, let (a, b) € o4, and
let f be a basic (unary) operation. If (a,b) € o then (f(a), f(b)) € 0 C o4,
because o is a congruence on B. Otherwise, a = b, hence f(a) = f(b), and so
(f(a), f(b)) € Ay S o™ 0

We now bring in the ¢-relations of a unary algebra A. In this case, fora, b € A
we have a <g b if and only if a = f(b) for some term operation f of A. The
@-classes of A are then the strongly connected components of the directed graph
associated with A, where a — b if and only if f(a) = b for some basic operation f.
The proof of our main result for this section will be by induction on the number of
%-classes. To make it work, we need some more information concerning maximal
“-classes in the < order from (2.1).

Lemma 4.2. Let G be a maximal 4-class of a unary algebra A, and let B = A\G.

(1) B is a subalgebra of A.

(i) If B # @, then A/B = G.
Proof. (i) Leta € B, and let f be an operation of A. We must show that f(a) € B,
i.e., that f(a) € G. To do so, suppose to the contrary that f(a) € G. Then

G=Gyu <G, (as f(a) € (a)), so it follows from maximality of G that G = G,,.
But this implies a € G, contradicting a € B = A\G.

(i) By part (i) and Lemma 4.1, B is an ideal of A. The claim now follows from
Lemma 3.3. U
Corollary 4.3. If G is a maximal 4-class of a unary algebra A, and B = A\G, then

Ht(Cong(G)) ifG # A,

Ht(Cong(A/B)) = {Ht(Cong((_;)) -1 ifG=A.
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Proof. This follows immediately from Lemmas 4.2(ii) and 2.4 (and A/@ = A). U
We are now ready for the main result of this section.

Theorem 4.4. If A is a unary algebra with finitely many 4-classes, Gy, ..., Gy,

then )
Ht(Cong(A)) = 3" Ht(Cong(G,)) —k.
r=1
Proof. Without loss of generality, assume that for every r € {1, . .., k}, the class G, is
minimal in {G,, ..., G}. This means that for every x € G,, and every operation f

of A, we have f(x) e G| U---UG,. It follows (keeping Lemma 2.2 in mind)
that for every r € {1, ..., k} the set B, := G, U---U G, is a subalgebra of A
with a maximal ¢-class G,. We therefore have a chain of (A-CEP) subalgebras
& =By< B <--- < B = A (see Lemma 4.1). Combining Proposition 3.7(ii) and
Corollary 4.3 we obtain

k
Ht(Cong(A)) = Ht(Cong(Bo)) + >_ Ht(Cong(B,/B,—1)) —k

r=1

k
=1+ Ht(Cong(Gy)) — 1 + Y Ht(Cong(G,)) —k
r=2

k —
= Y Ht(Cong(G,)) —k.
r=1
(Note here that the unique congruence on the empty algebra By = & is the empty
relation, so that Cong(Bpy) = {@} has height 1.) U

5. Preliminaries on semigroups

Here we rapidly review the concepts and basic facts from the theory of semigroups
that will be used in the remainder of the paper. For more background see [9; 20].

5.1. Basics: left, right and two-sided congruences. A semigroup is an algebra with
a single associative binary operation, usually denoted by juxtaposition. A monoid
is a semigroup with identity. As usual, we write S' for the monoid completion of a
semigroup S; so S' = S if § is a monoid, and otherwise S! = S U {1} where 1 is a
symbol not belonging to §, acting as an adjoined identity.

An equivalence relation o on a semigroup S is said to be a left congruence if it
is compatible with left multiplication:

(x,y)€eo = (ax,ay)eo forall a,x,yeS.

Right congruences are defined dually. It is an easy fact that o is a congruence (as
defined in Section 2) if and only if it is both a left and a right congruence. The sets

LCong(S), RCong(S) and Cong(S)
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of all left, right and two-sided congruences are all lattices under inclusion. Each is
a sublattice of the lattice Eq(S) of all equivalence relations on S.

The left congruences of a group G are precisely the equivalence relations whose
equivalence classes are the left cosets of a subgroup, i.e., relations of the form

An={x,y)€eGxG:x"'yeH} for H<G.

Analogous statements hold for the right congruences, using right cosets. The two-
sided congruences of G are precisely the relations Ay for any normal subgroup
N < G. The next result quickly follows, with Sub(G) and NSub(G) denoting the
lattices of subgroups and normal subgroups of G, respectively.

Lemma 5.1. If G is a group, then
LCong(G) = RCong(G) =Sub(G) and Cong(G) = NSub(G). O

5.2. Green’s relations. Green’s preorders and equivalences [19] on a semigroup S
are defined as follows. For x, y € §, we have

x<gy & Slngly & xeSly,
x<zy & xS'cyst & xeys!,
x<yy & SxS'tcs'ys' & xeslysh.
These preorders induce the equivalences
L==4N2g, A==54N>2z and JF==<,N>,.
The remaining two Green’s equivalences are
H=LNE and 9=LVXZ,

where the latter denotes the join in the lattice Eq(S). It is well known that ¥ =
Lo =X oL (where o denotes the usual composition of binary relations), and
that 2 = _# if § is finite. We denote the .Z-class of an element x € S by L., and
similarly for #-, #-, /- and 2-classes. If %" is any of £, #Z or 7, then the set
S/ # ={K, :x € S} of all #-classes of S has an induced partial order <, given by

K, <K, & x<yy forall x,yeS.

One of the most important basic results concerning Green’s relations is the
following; for a proof, see, for example, [20, Lemma 2.2.1].

Lemma 5.2 (Green’s lemma). Let x and y be %-related elements of a semigroup S,
so that y = xs and x = yt for some s, t € S'. Then the maps

Ly— Ly, ut>us, and Ly— Ly, v ut,
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are mutually inverse bijections. These maps restrict to mutually inverse bijections
H,— H,, uw> us, and H,— H., vt O

There is a left-right dual of the previous result, whose statement we omit, but
throughout the article we will frequently refer to both formulations as Green’s
lemma. We note that Green’s lemma, and many of the other coming results and
arguments concerning Green'’s relations, can be conveniently visualised through the
use of so-called egg-box diagrams, as explained, for example, in [20, Chapter 2].

A _#-class J of a semigroup S is stable if

x fsx = xZsx and x 7 xs = xZxs forall x € J ands € S'.

A stable ¢ -class is in fact a Z-class [22, Proposition 2.3.9]. A semigroup S is stable
if every _#-class is stable. All finite semigroups are stable [27, Theorem A.2.4].
There is an obvious left-right dual of the next result, but again we will not state it.

Lemma 5.3. Let S be a semigroup, let x,y € S and s € S', and suppose x % y.
) sx Zx sy Ly.
(i1) Ifthe ¢ -class containing x,y is stable, then

sSX Fxsx LxssyLyssy 7y.

Proof. (i) By symmetry it suffices to establish the forwards implication. Since
x Z 'y, we have y = xt for some ¢t € S'. Since . is a right congruence, sx .£ x
implies sxt . xt, that is, sy £ y.

(i1) This follows immediately from (i) and stability. ([

5.3. Acts. Let S and T be semigroups. A left S-act is a unary algebra A with
basic operations {A; : s € S} satisfying the law A Ay = Agy for all s,s" € S. We
typically write s - a = Ag(a) for s € S and a € A. In this way, the defining law
says that s - (s’ -a) = (ss’) -a for all s, s’ € S and a € A. Dually, a right T-act is
a unary algebra A with basic operations p, : A — A,a+> a-t (t € T), satisfying
(@a-t)-t'=a-(¢tt') forall t,t' € T and all a € A. We say that A is an (S, T)-biact
if it is simultaneously a left S-act and a right 7'-act, and each A; commutes with
each p;,i.e.,if (s-a)-t=s-(a-t)forallse S,teT,acA.

Since acts are (unary) algebras, we can talk about their subacts and congruences,
as well as their ¢-relations and associated principal factors.

Next we outline a link between actions and congruences that is vital for the
viewpoint of this paper. Let S be a semigroup. Then S can be considered as
a left S-act, right S-act and (S, S)-biact, where A; and p; are the left and right
multiplications by s. We denote these three acts by 55, S5 and 555, respectively,
and record the following immediate observation.
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Lemma 5.4. For any semigroup S:
(i) LCong(S) = Cong(5S), RCong(S) = Cong(S®) and Cong(S) = Cong(°S®).

(ii) The ¥-equivalences of S, S° and 5SS are respectively Green’s relations £, #
and ¢ of S. O

Remark 5.5. Unary algebras, including semigroup acts, can naturally be viewed
as certain types of directed graphs, such as those introduced in [32; 33; 35; 36; 38],
and more recently in [1]. From this viewpoint, congruences of unary algebras
could be replaced by congruences of the corresponding digraphs, and the results of
Sections 6-8 can all be reformulated in this way.

5.4. Schiitzenberger groups. 1t is well known that the J#-classes of idempotents
in a semigroup § are precisely the maximal subgroups of §. In fact, there is a way
to generalise this and associate a group to every .7#-class. These groups are known
as Schiitzenberger groups, and we review them briefly here; for more information,
see, for example, [9, Section 2.4] or [2, pp. 166—-167].

Fix an s#-class H of a semigroup S. Define the set

Tr=Tr(H)={teS':HiCH}={teS':Hr=H)={teS':HiNH + o).

The equality of the three sets above follows from Green’s lemma. For t € Tk, we
define the map p; : H — H by xp; = xt for all x € H, and we set

Ir =Tr(H)={p;:1 € Tr}.

(It is worth noting that the map ¢ — p; is not necessarily injective: different elements
of Tk may well act on H in the same way.) Then I'g is a group under composition,
known as the (right) Schiitzenberger group of H. It is a simply transitive subgroup
of the symmetric group Sy, meaning that for all i, i’ € H there exists a unique
a € I'g such that ha = h'; it follows that |Tg| = |H|. The Schiitzenberger groups
associated to any two .7#’-classes within the same Z-class of S are isomorphic. If H
happens to be a group 7 -class, then I'r(H) = H; indeed, 'y is the (right) Cayley
representation of H in Sy in this case.

Note that 'y was defined in terms of right translations. There is also a left
Schiitzenberger group 'y = I'f (H), defined dually in terms of left translations,
which are written to the left of their arguments. In fact, the groups ' and '} are
isomorphic, with an explicit isomorphism given as follows. Fix some /¢ € H. For
a € I'g, let &’ be the unique element of 'y for which hga = «’hg. Then T'g — T,
a — o, is an isomorphism. Note that the actions of I'g and I'y, on H commute, in
the sense that (Bh)a = B(ha) forall h € H, « € I'g and B € I'.. Because of the
isomorphism, we will often denote either of I'r(H) or I'y (H) simply by I'(H),
and call this the Schiitzenberger group of H.
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We can also define a group structure on H itself, again with respect to some
fixed hg € H. For hy, hy, € H, let 1, ap be the unique elements of I'g such that
hi = hoay and hy = hoap, and define Ay x hy = hoo . Note that

(56) hl*hzzhlazz(xihz,

where g — 'z, a +—> o/, is the isomorphism above. Then (H, %) is a group with
identity hg, and is independent (up to isomorphism) of the choice of hg. Moreover,
we have (H,x) =T'gr =T';. If H happens to be a group .#-class, then, taking A
to be the idempotent in H, we have iy xh, = hhy for all hy, hy € H.

We will need the following basic result later. In the statement and proof, we
keep the above notation, including the » operation on H, defined with respect to
the fixed element hy € H.

Lemma 5.7. Let H be an -class of a semigroup S. For s € S' and h € H the
equality us = uh (or su = hxu) holds for some u € H if and only if it holds for
allu e H.

Proof. By symmetry, we only consider the equation us = u x h, for which only
the forwards implication needs proof. So, suppose us = u  h for some s € S! and
u,h € H, and let v € H be arbitrary. By (5.6) we have u x h = ua, where « is the
unique element of I'p with & = hoa. Since us € H, it follows that s € Tk, and
hence p; € I'r. Now, ua = uxh = us = ups. Since I'g acts simply transitively
on H it follows that « = ps. Using (5.6) once more we have

VS =vpy = v = Vv h,

as required. ([

6. Left congruences, actions and .Z-classes

We now apply the theory developed in Sections 3 and 4 to the left congruences of a
semigroup S. Recall from Lemma 5.4 that these are precisely the congruences of
the left S-act 5S. Theorem 4.4 decomposes the height of LCong(S) = Cong(5S) as
the sum of the heights of the principal factors of ¢-classes (when there are finitely
many of these), which are now the .#-classes of § (see Lemma 5.4). Recall that
the principal factor associated to an .#-class L of S is the left S-act

L=LU{0)}, withaction s-x = {” if x, sx € L,

0  otherwise.
Let us denote this S-act by SL. Acts of this type are well known in semigroup
theory; for example, they appear as partial acts in [22, Section 2.5].
Combining Theorem 4.4 with both parts of Lemma 5.4 we obtain:
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Theorem 6.1. If S is a semigroup with finitely many £-classes, L1, ..., Ly, then
k
Ht(LCong(S)) = > _ Ht(Cong(°L,)) — k. O
r=1

This reduces the computation of Ht(LCong(S)) to computing heights of principal
factors of .Z-classes of S. A further reduction is given by noticing that the .#-
classes from the same Z-class all make equal contributions, as a consequence of
the following lemma. The result can be regarded as folklore; see, for instance, [22,
Proposition 2.5.2], which deals with partial actions on %-classes. We include a
proof for completeness, and for later reference.

Lemma 6.2. If ¥-classes L and L, of a semigroup S belong to the same 9-class,
then SL; = SL,.
Proof. By the assumption and Green’s lemma there exists an a € S! such that
L, — Ly, x — xa, is an #-class-preserving bijection. We extend this to a bijection
f:SLy — SL, by setting O f := 0, and we claim that f is an S-act morphism, and
hence an isomorphism. To prove this, let x € L and s € S be arbitrary. If x =0
then (s-x)f =0f =0=s-0=s-(xf). Otherwise x € Ly, in which case we have
sx € Li(=Ly)ifandonly if sxa € Lo(= L,,), by Lemma 5.3(i) with y =xa. Now:
e Ifsxe L and sxa € Ly, thens-(xf)=s-(xa)=sxa=(s-x)f.
o Ifsx ¢ Liandsxa & Ly, thens-(xf)=s-(xa)=0=0f=(s-x)f.
Thus f is indeed a morphism, and the proof is complete. ([
Theorem 6.3. Let S be a semigroup with finitely many £-classes, let L1, ..., L,

be representative £-classes for the Z-classes of S, and let m, be the number of
Z-classes in the 9-class of L,. Then

Ht(LCong(S)) = » _m,(Ht(Cong(°L,)) — 1).

r=1
Proof. For each 1 <r <n, let the Z-classes in the Z-class of L, be L,1, ..., Lyy,.
Then

Ht(LCong(S)) = Z Z Ht(Cong(°L,})) — Z m,

r=1 j=I1 r=1

n n
=) my Hi(CongCLy)) = ) m,
r=1 r=1

=Y m,(Ht(Cong(°L,)) — 1),

r=1

where the first equality is by Theorem 6.1, and the second is by Lemma 6.2. [
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7. Left congruences and Schiitzenberger groups

We now build on the previous section by focussing on the left S-act SL associated
to an arbitrary .Z-class L of S. The #-classes of S contained in L and their
Schiitzenberger groups will play an important role. Thus, we will consider the
following relation on L=LU{0}:

= U{(0, 0)}.
Lemma 7.1. If L is an .Z-class of a semigroup S, then 7} € Cong(SL).

Proof. It is clear that J#; is an equivalence relation, so it remains to establish
(left) compatibility. To this end let (u,v) € 77 and s € S. If u = v = 0 then
(s-u,s-v) =(0,0) € H#}, so now suppose u,v € L. Lemma 5.3(1) gives
sueL & svelL. If su,sv¢Lthen (s-u,s-v)=(0,0) € 5. Otherwise, when
su, sv € L, Green’s lemma implies that the mapping x — sx is a bijection from R,
to Ry, that preserves JZ’-classes. In particular, (s -u, s -v) = (su, sv) € 5[, C A7,
completing the proof. U

We now bring the Schiitzenberger groups of the .s#-classes into play. For an
F-class H, we will work with the representation (H, ) of I'(H), as introduced
in Section 5.4. Recall that this representation depends on an arbitrary, but fixed,
ho € H, which will always be assumed as given.

Proposition 7.2. Let S be a semigroup, L an Z-class of S, and H an J-class
contained in L. The mapping

¢ [Af, #7] — LCong(H,*), o> 0ly,

is a lattice isomorphism. Consequently, the interval [Af, 7] is isomorphic to the
subgroup lattice Sub(I"(H)) of the Schiitzenberger group of H.

Proof. To prove that ¢ is well defined, let o € [Af, 5#;]. Certainly o[y is an

equivalence on H. For (left) compatibility, suppose (h1, hy) € o[y and a € H. Let

t € S be such that th; = a xh;. By Lemma 5.7 we also have thy = a % h,. But

then (axhy,axhy) = (t-hy,t-h;y) € o, which shows that o [ is left compatible.
We now show that

0Co & olyCo'ly foral o,0" €[Af, #5],

which implies that ¢ is an order-preserving injection. With the forwards implication
being clear, suppose o [z C o' [y. Let (x, y) € o; we must show that (x, y) € o’.
This is clear if x = y =0, so suppose instead that x, y € L. Since o C .}, we have
x, y € H' for some #-class H' C L. By Green’s lemma we can fix s, ¢ € S such that

H— H', uw~ su, and H — H, v tv,
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are mutually inverse bijections. Then (tx,ty) = (t-x,t-y) €0y C o'[y, and so

(x,y) = (stx,sty)=(s-tx,s-ty) €o’,
as required.

We complete the proof by showing that ¢ is onto. Let T € LCong(H, %), and
consider 7%, the congruence of L generated by 7. Certainly 7% C J/Zj = j‘fz To
demonstrate that T*| ; = T, it suffices to establish the forwards inclusion, so suppose
(x, y) € T*[ . Using the standard description of the left congruence given by a set of
generating pairs (see [21, Lemma 1.4.37]), there is a sequence x = xg, X1, ..., Xy =Y
of elements of L such that, for each 0 <i < k,

(xi, xix1) = (s; - u;, s; -v;) for some s; € s! and (u;,v;) €t.

Since each (x;, xj11) € T¢ C 7, and since xo =x € H, it follows that x; € H for all i.
Note that (s;-u;, s;-v;) = (s;u;, s;v;). As s;u; =x; € H and (H, %) is a group, there ex-
ists h; € H such that s;u; = h; xu;. Lemma 5.7 tells us that s;v; = h; xv;. Combining
this with the fact that 7 is a left congruence on (H, ) and (u;, v;) € 7, it follows that

(xi, Xig1) = (siug, $iv;) = (hj xu;, hi *v;) € 7.
Hence x =xgt x; 7 --- T X =y, as required. ([

The next result follows by combining (3.1) with Propositions 3.2 and 7.2 (and
the correspondence theorem).

Corollary 7.3. Let L be an Z-class of a semigroup S, let H be an 77-class
contained in L, and let I" be the Schiitzenberger group of H. Then

Ht(Cong(°L)) > Ht(Sub(T")) + Ht(Cong(°L /7)) — 1.
If 7¢; is a modular element in Cong(SL) then
Ht(Cong(°L)) = Ht(Sub(T")) + Ht(Cong (°L/.5#7)) — 1. O
When |L /5| = m is finite, the act SI:/jfZ has size m + 1, so it follows that
2 < Ht(Cong(°L/ A7) <m + 1.

Each of these bounds can be attained. For example, consider the case in which §
is a left zero semigroup of size m. Then L = § is itself a single Z-class, and
since L is 7 -trivial we have 5L/ Hy = SL. Moreover, every equivalence on 5L is a
congruence, so the height of Cong(SI:), and hence of Cong(si/jf[), is m + 1. The
attainment of the lower bound 2 is the subject of the discussion for the remainder
of this section.

We will say that an algebra A is congruence-free if its only congruences are A4
and V4. This property is more commonly known as simplicity, but we will avoid
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this term, as it has a different meaning in semigroup theory. A congruence o on A
is said to be maximal if o # V4 and there is no congruence T € Cong(A) such that
o C © C V4. By the correspondence theorem, this is equivalent to the quotient A /o
being nontrivial and congruence-free, and also to Cong(A /o) having height 2.

Proposition 7.4. For an £-class L of a semigroup S, the following are equivalent:
(i) The left S-act SL) J; Is congruence-free.
(i1) 7 is the unique maximal congruence of SL.

(iii) Forall x,y € L with (x, y) & S there exists s € S such that precisely one of
sx or sy belongs to L.

When these conditions hold we have Cong(SL) = [Af, A71U{VL) = Sub(I) T,
and hence
Ht(Cong(°L)) = Ht(Sub(I")) + 1,

where I is the Schiitzenberger group of any 7 -class in L.
Proof. (ii)) = (i) This is clear.
(i) = (iii) Suppose 7 is maximal, and let x, y € L with (x, y) ¢ . By maxi-

mality, V is generated (as an S-act congruence) by 77 U {(x, y)}. So there exists
a sequence x = xg, X1, ..., Xx = 0 of elements of L such that, for each 0 <i <k,

(xi, Xi1) = (5i -ui, 5;-v;)  for some s; € S and (u;, v;) € 5 U{(x, y), (v, x)}.
Since xg # 0 and x; = 0, there exists 0 <i < k for which x; # 0 and x;; = 0. So
(xi, 0) = (xi, Xi 1) = (8i - ui, ;- 0;).

We cannot have (u;, v;) € ¢ (as 7 is an S-act congruence and (x;, 0) & 7), so
up to symmetry (u;, v;) = (x, y). Since s; - x = x; € L and s5; - y = 0, it follows
from the definition of the action that s;x € L and s;y & L.

(iii) = (i1) It suffices to show that for any x, y € L with (x,y) ¢ S, the congru-
ence (x, y)* generated by (x, y) is equal to V;. This follows immediately from
Lemma 2.3 if one of x, y is 0, so now suppose x, y € L. By assumption, and
renaming x, y if necessary, there exists s € § such that sx € L and sy ¢ L. But
then (sx,0) = (s -x, s - y) € (x, y)¥, and we again apply Lemma 2.3. (]

Definition 7.5. We say an .#-class is s7-separable if it satisfies one, and hence all,
of the conditions (i)—(iii) from Proposition 7.4.

We remark that if L and L, are two .Z-classes belonging to the same Z-class,
then L is .##-separable if and only if L, is .7#-separable. This follows from the fact
that the isomorphism SL| — 5L, constructed in the proof of Lemma 6.2 preserves
H-classes by Green’s lemma.
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It turns out that J#-separability of an .#-class L is equivalent to a natural
combinatorial condition when the Z-class containing L is stable and regular, as
will be the case in all of our applications. To describe this condition, consider a
9-class D of a semigroup S. Suppose the %- and .Z-classes contained in D are R;
(iel)and L; (j € J), respectively. The 7#-classes in D are then H;; = R; N L;
(i €1, j e J). Define the I xJ matrix

1 if H;; contains an idempotent,

M(D) = (mij), where m;; = {0 otherwise

Although this matrix depends on the chosen indexing of the #- and .Z-classes, we
are interested in certain properties that are not dependent on the indexing.

Definition 7.6. We say a Z-class D is row-faithful (resp. column-faithful) if no two
rows (resp. columns) of M (D) are equal.

Clearly, this notion is of interest only for Z-classes that contain idempotents,
i.e., the regular Z-classes. For those we have the following, in which we must also
assume stability:

Proposition 7.7. A stable, regular 9-class D is row-faithful if and only if some
(and hence every) £-class in D is 5-separable.

Proof. (=) Suppose D is row-faithful, and fix an .Z-class L € D. To establish
H-separability of L, we will verify that condition (iii) from Proposition 7.4 holds.
Let x, y € L with (x, y) ¢ . From (x, y) € .Z it follows that R, # R,. Since D
is row-faithful, there exists an .#-class L’ € D such that (by symmetry) R, N L’
contains an idempotent, e say, but R, N L does not contain an idempotent. Now,
ex =x € L, as e #Z x. Thus, the proof will be complete if we can show that ey & L.
This is certainly true if ey ¢ D, so suppose instead that ey € D. Then ey ¢ e, and
it follows from stability that ey % e, whence ey € R,. Since L, N R, = L' N R,
contains no idempotent, it follows from [20, Proposition 2.3.7] that ey ¢ R, N L.
But we showed above that ey € R,, so we must in fact have ey ¢ L, = L.

(<) Aiming to prove the contrapositive, suppose D is not row-faithful. This means
that there exist distinct %Z-classes R, R» € D such that
(7.8) RINLNEWS)=9 & RyNLNE(S)=9 forall LeD/Z.

Since D is regular, and since (7.8) holds, there exists an .Z-class L € D such that
both Ry N L and R, N L contain idempotents, say e € RyN L and f € R, N L. To
complete the proof of this direction we will show that L is not .s#-separable, by
showing that

(7.9) seecL & sfelL forevery seS.
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By symmetry, it suffices to prove only one direction of (7.9). So suppose se € L.
Since D is regular, R, must contain an idempotent, g say. By [20, Theorem 2.3.4],
the ##-class Ry N Ly, = R, N L contains an inverse ¢ of se such that tse = e and
set = g. Since

tsf(;tfe:tsef(/ts,

it follows that rs _# t, and then stability gives ts # ¢, that is, ts € R;. Since e is a
left identity for its #-class, we have

ts =ets = (tse)ts =ts(ets) = (ts)z,

so that ts is an idempotent. By (7.8), the s#-class R, N L;; also contains an
idempotent, & say. Green’s lemma now implies the existence of some u € Ry N L,
such that us = h. The idempotent 4 is a left identity for its #-class, so that
f =hf =usf. The last conclusion says that f . sf,i.e., thatsf € Ly =1L, as
required to complete the proof of (7.9), and of the proposition. (]

While .7#-separability will prove invaluable in our concrete applications, its use in
the special instance of a minimal .Z-class L is limited by the following observation.
In that case, L = L \ {0} is itself also an S-act, which we will denote by “L. It
follows that V; U{(0, 0)} is a proper congruence on L that contains ;. Hence J}
is maximal if and only if L contains only one #-class. When a minimal .#-class L
is not an .#-class, we will need to compute Ht(Cong(°L)) by other means, for
example, as in Corollary 7.12 below. In preparation we note that Lemma 2.4 applies
here, yielding:

Proposition 7.10. If L is a minimal Z-class of a semigroup S, then Cong(SL) =
Cong(SL) T, and hence

Ht(Cong(SL)) = Ht(Cong(°L)) + 1. O

Combining Theorem 6.3 with Propositions 7.4 and 7.10 yields the following:

Theorem 7.11. Let S be a semigroup with finitely many £-classes, and let
Ly, ..., L, be representative £-classes for the Z-classes of S, with L| a minimal
ZL-class. Foreachr =1, ..., n, let m, be the number of £-classes in the 2-class
of L,, and let T, be the Schiitzenberger group of any 5 -class of L. If L, ..., L,
are all 77 -separable then

n
Ht(LCong(S)) = m Ht(Cong(SL])) + > m, Ht(Sub(T,)). O
r=2
In all our applications, the value of Ht(Cong(5L;)) will be ascertained by noting
that either L is actually an s#-class (i.e., that SL, is also separable) or that J¢7,, is
the unique maximal congruence on L. We therefore record the resulting formulae
in these two cases:
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Corollary 7.12. Suppose that all the assumptions of Theorem 7.11 are satisfied.
() If Ly is an 52-class then

Ht(LCong(S)) = Zm, Ht(Sub(I';)).

r=1

(1) If s€1, is the unique maximal congruence on L\ then

Ht(LCong(S)) =m + Zmr Ht(Sub(I*,)). (]

r=1
8. Right congruences

All the results of Sections 6 and 7 have left-right duals, concerning the right congru-
ences of a semigroup. For future reference we collect here the main conclusions,
giving formulae for the height of the lattice of right congruences.
For an Z-class R in a semigroup S, its principal factor R® is the right S-act
_ if x,xs € R,
R=RU{0}, withaction x-s5= {xs e xs.
0  otherwise.

If R is a minimal Z-class, then R itself is a right S-act, denoted by RS, and this is
a subact of RS.

Theorem 8.1 (cf. Theorem 6.3). Let S be a semigroup with finitely many %-classes,
let Ry, ..., R, be representative %Z-classes for the 9-classes of S, and let m, be the
number of #-classes in the 9-class of R,. Then

n
Ht(RCong(8)) = Y m, - (Ht(Cong(RY)) — 1). 0
r=1
The property of s#-separability for an Z-class R is to satisfy one, and hence all,
of the conditions dual to (i)—(iii) from Proposition 7.4. Dually to Proposition 7.7,
when the Z-class D containing R is stable and regular, R is s#-separable if and
only if D is column-faithful.

Theorem 8.2 (cf. Theorem 7.11). Let S be a semigroup with finitely many %-
classes, and let Ry, . .., R, be representative Z-classes for the 2-classes of S, with
R a minimal %-class. For eachr =1, ..., n, let m, be the number of %#-classes in
the 9-class of R, and let I, be the Schiitzenberger group of any 5-class of R,. If
Ry, ..., R, are all 57-separable then

Ht(RCong(S)) = m Ht(Cong(Rf)) + Z m, Ht(Sub(T’,)). O
r=2
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Corollary 8.3 (cf. Corollary 7.12). Suppose that all the assumptions of Theorem 8.2
are satisfied.

(1) If Ry is an s -class then

Ht(RCong(S)) = Y _ m, Ht(Sub(T,)).

r=1

(1) If 543, is the unique maximal congruence on RIS then

Ht(RCong(S)) =my+ Y m, Ht(Sub(T',)). O

r=1
9. Two-sided congruences

We now prove analogous results concerning two-sided congruences. These are not
immediate corollaries of the results of Sections 6-8, although we can use some of
those results in the proofs here. The development will be broadly along the same
lines as in Sections 6 and 7. Proofs are only given if they are substantially different
from the one-sided case.
Fora _#-class J in a semigroup S, its principal factor 5J5 is the (S, S)-biact
sx ifx,sxelJ {xs ifx,xselJ

J =JU{0}, with actions s-x={ X-5s=

0  otherwise, 0  otherwise.

Theorem 9.1 (cf. Theorem 6.1). If S is a semigroup with finitely many 7 -classes,
Ji, ..., J,, then

n
Ht(Cong(8)) = > _ Ht(Cong(*J})) — n. O
r=1
Now consider an arbitrary .-class L contained in J. Notice that 575 contains

the underlying set L U {0} of the left S-act SL. However, this set may or may not be
a subact of SJ (the latter is the left S-act obtained by ‘forgetting’ the right action
on 5J5). Similar comments apply to the right S-act RS.

Proposition 9.2. A ¢ -class J of a semigroup S is stable if and only if the following
two dual conditions are satisfied:

() SL is a subact of 3T for every £-class L C J.
(ii) RS is a subact of JS for every Z-class R C J.
Proof. (=) To show (i), letx € L and s € S. If sx € L then s - x = sx in both 5L

and 3J. Otherwise, if sx ¢ L, then sx ¢ J by stability, and hence s - x = 0 in both
acts. Condition (ii) is verified analogously.
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(<) Letx € J and s € S. We will show that sx € J implies sx € L, where L is
the .Z-class of x. Suppose sx € J. So s -x =sx in 5J. But then s - x = sx in 5L,
i.e., sx € L. The other half of the definition of stability is checked analogously. [

Thus, in the presence of stability, given s € S and x € J we can unambiguously
write s-x for the result of the action of s on x in 575 and in 5L, and similarly for x -s.

In what follows we collect some results concerning the individual acts 5J5. For
this we will need to additionally assume that J is stable. Throughout .77 will stand
for the relation 27| ; U {(0, 0)}.

Lemma 9.3 (cf. Lemma 7.1). If J is a stable 7 -class of a semigroup S, then
A5 € Cong(5T9).

Proof. The relation 7 is clearly an equivalence. It equals the union of all .77, with
L an .Z-class contained in J. By Lemma 7.1 each /77 is left-compatible, and hence,
using Proposition 9.2, 77 is left-compatible. The proof of right-compatibility is
dual. O

Proposition 9.4 (cf. Proposition 7.2). Let S be a semigroup, J a stable ¢ -class
of S, and H an 5-class contained in J. The mapping

¢ :[Az, 5] — Cong(H, %), o> o0ly,

is a lattice isomorphism. Thus the interval [A 5, 7#7] is isomorphic to the normal
subgroup lattice NSub(I" (H)) of the Schiitzenberger group of H.

Proof. To prove that ¢ is well defined, let o € [A 7, #75]. By Proposition 9.2,
the relation o [ is a congruence on SL, where L is the Z~class containing H.
Proposition 7.2 then implies that o [ is a left congruence on (H, x). Dually, o [y
is a right congruence on (H, *), hence it is a congruence.

Continuing to follow the proof of Proposition 7.2, we show that 0 C ¢’ &
oly Co'lyforall o, 0’ € [A5, 75]. With only the reverse implication requiring a
proof, suppose o [;; € o’ [ . Since both o, ¢’ are contained in 77 it is sufficient to
show o [ € o'[ where H' is an arbitrary #-class in _¢. Let L be the .£-class
containing H, and let R be the #-class containing H'. Since J is stable, it is in
fact a 9-class, and hence H” := L N R is an #-class. By Proposition 7.2, we
have o [; € o', and hence in particular o [ y» € o[ ;». Now we use the dual of
Proposition 7.2 (with respect to H” C R), to deduce that o [z € o'[ 5, and hence
oy S o'y, as required.

The proof is completed by showing that ¢ is onto, for which it suffices to show
that t%]; C 7 for every T € Cong(H, *), where 77 is the congruence of J generated
by t. For any (x, y) € 7t [y we have a sequence x = xg, X, ..., xx =y of elements
of J such that for each 0 <i <k,

Xiys Xig1) = (S; - U;j ~4;,8;-V; - I; or some s;, I; € and (4;,v;) €T.
+ t ) f t; € S and
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Since each (x;, xj41) € t¥ C 7, and since xo = x € H, we have x; € H for all i.
Note that (s; - u; - t;, s; - v; - t;) = (s;u;t;, s;v;t;). From u;, s;u; € J and stability
it follows that s;u; £ u;. Similarly, from s;u;, s;u;t; € J we have s;u; % s;u;t;.
But u;, s;u;t; € H, and hence we have s;u; € H as well. As in the proof of
Proposition 7.2, we now see that there exists h; € H such that s;u; = h; xu; and
s;v; = h; »v;. Since s;u;, s;v; € H, a dual argument shows that there exists h; eH
such that s;u;t; = (s;u;) * h and s;v;t; = (s;v;) *» h.. Combining, we obtain

(Xiy Xip1) = (siuiti, s;vit;) = (hi xu; *h}, hi xv; *h}) € T,
from which x =x9 7 x; T --- T xx =y, as required. O
Corollary 9.5 (cf. Corollary 7.3). Let J be a stable ¢ -class of a semigroup S, let
H be an s¢-class in J, and let T" be the Schiitzenberger group of H. Then
Ht(Cong($J%)) > Ht(NSub(I")) + Ht(Cong (55 /.55)) — 1.
If 75 is a modular element in Cong(3J%) then
Ht(Cong(®J®)) = Ht(NSub(T")) + Ht(Cong (°J* /.25)) — 1. O
Again, J7-separability is one way to achieve modularity of .77, and this time
we have the following:
Proposition 9.6 (cf. Proposition 7.4). For a stable ¢ -class J of a semigroup S,
the following are equivalent:
() The (S, S)-biact ST /5 is congruence-free.
(ii) A7 is the unique maximal congruence of 5T,

(iii) Forall x,y € J with (x, y) &  there exist s, t € S' such that precisely one
of sxt or syt belongs to J.

(iv) All Z-classes and all #-classes contained in J are -separable.

When these conditions hold we have Cong(SJ_S) =[Ay, H5]U{V;} = NSub(I") T,
and hence
Ht(Cong(57%)) = Ht(NSub(T")) + 1,

where I is the Schiitzenberger group of any 5 -class in J.

Proof. The equivalence of (i), (i1) and (iii) is analogous to the proof of Proposition 7.4.

(iii) = (iv) It is sufficient to show that an arbitrary .#-class L C J is .7#-separable,
the proof for Z-classes being dual. Let x,y € L with (x,y) € 2. By (iii),
and renaming if necessary, there exist s, € S' such that sxt € J and syt ¢ J.
From x, sxt € J it follows that sx, xt € J(= J), and then stability implies sx € L
and xt #Z x. By the dual of Lemma 5.3 we have yt # y. Since Z is a left congruence,
it follows that syt & sy, implying sy ¢ J, and hence sy ¢ L, as required.
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(iv) = (iii) Let x, y € J with (x, y) € 2. Without loss of generality assume that
(x,y) € #. Being stable, J is a Z-class, so there exists z € J with x £ z Z y.
By assumption, the .#-class L := L, = L, is s#-separable. As (x, z) ¢ 57 there
exists s € S such that precisely one of sx, sz is in L; it then follows from stability
that precisely one of sx, sz is in J. Since z Z v, it follows from Lemma 5.3(ii)
that sz € J if and only if sy € J, completing the proof of this part and of the
proposition. U

Definition 9.7. We say a stable ¢ -class is J-separable if it satisfies one, and
hence all, of the conditions (i)—(iv) of Proposition 9.6.

When the stable _# -class is also regular, we again obtain a combinatorial charac-
terisation of J#-stability, as follows by combining condition (iv) of Proposition 9.6
with Proposition 7.7 and its dual:

Proposition 9.8. A stable, regular 7 -class J is 7-separable if and only if the
matrix M (J) is both row- and column-faithful. [l

Let us now consider a minimal _#-class J in a semigroup S, and assume that
it is stable. Notice that, unlike its one-sided counterparts, J is necessarily unique,
and is then the (unique) minimal ideal of S. As with minimal .#- and Z#-classes,
J is separable if and only if it is a group, which does not cover all our intended
applications. Also analogous to the one-sided case, J = J\ {0} is an (S, S)-biact,
denoted by 575, and we have the following:

Proposition 9.9 (cf. Proposition 7.10). If J is a stable minimal ¢ -class of a
semigroup S then Cong(SJ5) = Cong(SJ%) T, and hence

Ht(Cong(J%)) = Ht(Cong(5J %)) + 1. O

Theorem 9.10 (cf. Theorem 7.11). Let S be a stable semigroup with finitely many
J-classes, Ji, ..., J,, with Ji minimal. For eachr =1,...,n, let I', be the
Schiitzenberger group of any s¢-class of J,.. If Ja, ..., J, are all 5¢-separable then

n
Ht(Cong($)) = Ht(Cong(SJ)) + Z Ht(NSub(T,)). O
r=2

As we said in the preamble to Corollary 7.12, in all our applications it will be the
case that either #7 = V or /7 is the unique maximal congruence of SL, where L
is a minimal .#-class of S. Analogous comments hold for a minimal %-class. We
combine these two conditions to obtain the following result concerning 575
J is a stable minimal _#-class. In the statement we use the notation 7 = [,

Ly =Ly and Z; = Z|;, which are congruences on 518 by [14, Lemma 3.12].

where

Lemma 9.11. Let J be a stable minimal ¢ -class in a semigroup S. Suppose that for
some (equivalently, every) £-class L C J one of the following two conditions hold:
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o is the unique maximal congruence of SL; or

o 1 =V].
Also suppose that, dually, for some (equivalently, every) %-class R C J one of the
following two conditions hold:

o % is the unique maximal congruence of RS; or

o 3 = Vg
Then

Cong(*J°) = [Ay, H51U (L, %1, V).

Proof. It suffices to prove that for any x, y € J with (x, y) & % we have (x, y)* €

(L, Z5,Vy}, where (x, y):1 denotes the congruence of 5y8 generated by (x, y).
We distinguish three cases depending on whether or not x, y are .- or #-related.

Case 1: (x,y) & % and (x,y) € Z. We claim that (x, y)* = %, with the direct
inclusion clear. Let R = R, = R,. By assumption, the congruence on RS generated
by (x, y) is Vg. The act RS is a subact of J° by Proposition 9.2 and stability, and
hence Vi C (x, y)n. Translating this by left multiplication yields Vg C (x, y)jj for
every Z-class R’ C J, and so #Z; C (x, y)u, completing the proof of the claim.

Case 2: (x,y) € £ and (x,y) ¢ %. This is dual to Case 1, and here we have
(x, ) =2

Case 3: (x,y) &€ £ and (x,y) € %. By minimality of J we have xy € J, and
then stability implies x Z xy . y. Similarly, x . x2. Hence, the pair (x2, xy) =
(x - x,x - y) belongs to (x, y)* and to #, but not to .. Case 1 implies Z; =
(x2, xy)* C (x, y)t. Dually, Z; C (x, y)?, and hence V; = .Z) v Z; C (x, y)*,
completing the proof. ([

Figure 1 shows the congruence lattice of 575 in the case that J satisfies the
conditions of Lemma 9.11, but we note that the congruences ¢, £y, Zj, V; are

7

<z X

H——

=~ NSub(I")

Ay

Figure 1. The lattice Cong(5J5) in the situation described in Lemma 9.11.
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not always distinct. When precisely one of 57 = V| or 5%z = Vg holds, the lattice
degenerates to Cong(5J5) = NSub(I") T. Thus, we obtain:

Corollary 9.12 (cf. Corollary 7.12). Suppose that the assumptions of Theorem 9.10
are satisfied. Also suppose that the minimal 7 -class Jy satisfies the assumptions of
Lemma 9.11, and fix an £-class L C J and an %Z-class R C J. Then

0 ifffL:VLand%”szR,
if #1, =V and Hr # Vg,
1 ifsty # Vi and R = Vg,
2 szfL;éVLand%R;éVR. U

(9.13) Ht(Cong(S)) = Z Ht(NSub(I',))+

r=1

10. Applications

As the culmination of the paper, we now apply the theoretical results above to
give explicit formulae for the heights of the lattices of left, right and two-sided
congruences of several ‘classical’ semigroups of transformations, matrices and
partitions. These formulae are recorded in Table 1, and some computed values are
given in Table 2. Following the formulae given in Corollaries 7.12, 8.3 and 9.12,
in order to compute Ht(LCong(S)), Ht(RCong(S)) and Ht(Cong(S)) for a given
semigroup S we need to do the following:

 List the Z-classes D1, ..., D, of S, and identify the minimal 2-class D;.

e For each Z-class D,, find the number |D, /.Z| of its .#-classes and the number
|D, /%) of its Z-classes.

» Foreach Z7-class D,, identify the Schiitzenberger group I', of any of its .7#’-classes,
and determine the heights of the lattices of subgroups and normal subgroups of [',.

 For each nonminimal D, confirm that it is .7-separable. In all our examples this
can be done by checking that the matrix M (D,) is row- and column-faithful.

e For the minimal 2-class Dy, fix an .Z-class L C D; and an #-class R C D;.
Check if L is .#-separable (which is the case precisely when |D/%|=1) or if 7#
is the unique maximal congruence of SL;. This last step, when needed, requires
ad hoc arguments, which, fortunately, are very easy in our examples or can be
deduced from known results in the literature. Perform the dual check for R.

Here is the list of semigroups featuring in Table 1 (more details will be given below):

o the full transformation monoid 7,, which consists of all mappings [n] — [n],
where [n]:={1,...,n};

« the partial transformation monoid P7,, which consists of all partial mappings
[n] — [n];

o the symmetric inverse monoid Z,,, which consists of all partial bijections [n] — [n];
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Ry Ht(LCong(S))
" n
Tn 2:; (r) Ht(Sub(S,))
n n
PT, 2:(:) (r) Ht(Sub(S,))
" n
7, 2:; (r> Ht(Sub(S,))
o, P
Mn, q) ["] Ht(Sub(GL(r, 9)))
r=0 Flg
P, B(n) + S(n, k)( >Ht(Sub(8r))
r=0 k=r
n/2)
B, |25+ 1)+ Z( )(Zk— D! Ht(Sub(S,—21))
=0
7, Cre +( )
n [51 2]
T* > S(n,r) Ht(Sub(S,))
r=1

Table 1. (continued on the next page). The formulae for the
heights of the left, right and two-sided congruence lattices for
some semigroups of transformations and partitions. Throughout
we take n > 4, but some formulae remain valid for smaller . The
actual values for small » are given in Table 2.

« the monoid O, of all order-preserving mappings [n] — [n];

« the general linear monoid M (n, q), which consists of all n xn matrices over the
finite field [, ;

o the partition monoid P,, which consists of all set partitions on the set [n] U [n]’,
where [n] :={1,...,n'} (see, for example, [12]);

o the Brauer monoid 5,,, which consists of all partitions from P, with all blocks
of size 2;

« the Temperley-Lieb monoid 7L,, which consists of all planar Brauer partitions;
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S Ht(RCong(S)) Ht(Cong(S))
Tn 1+ S(n,r) Ht(Sub(Sy)) 3n—1
r=1
PTn > S(n+ 1,7+ 1) Ht(Sub(S,)) 3n—1
r=0
" n
Tn ;) <r> Ht(Sub(Sy)) 3n—1
On =14 n+1
Mn, q) > ["] Ht(Sub(GL(r, ¢))) > Ht(NSub(GL(r. 9)))
r=0 "4 r=0
Pa Bm)+Y ) S(n.k) (’:) Ht(Sub(S;)) 3n+1
r=0k=r
1 n/2l "
By Q5]+ 1)+ kg) <2k> (2k — D! Ht(Sub(S,_21)) 3L§J +3
n n
TLy C"%"+<L%J) {§J+3
n
T > S(n.r) Ht(Sub(S;)) 3n—2
r=1

Table 1. (continued).

o the dual symmetric inverse monoid Z, which consists of all block bijections
[n] — [n], i.e., partitions from P, in which every block is a transversal, i.e., contains
points from both [r] and [n]'.

The same methodology can be followed to obtain analogous formulae for essentially
all natural finite semigroups of transformations or partitions that are commonly
studied in the literature.

Before we look in detail at our selected examples, we make a remark about termi-
nology. All the semigroups in the above list are known to be regular, which, among
other things, means that every .#-class and every #-class contain an idempotent. As
mentioned in Section 5.4, the s#-class H of an idempotent is a maximal subgroup,
and is isomorphic to the Schiitzenberger group of H. Thus, in what follows we could
talk about maximal subgroups instead of Schiitzenberger groups, which would be
more in line with the literature on these specific semigroups. However, we have opted
to retain Schiitzenberger groups for the sake of internal consistency of this article.

10.1. The full transformation monoid T,. The full transformation monoid 7,
consists of all mappings [n] — [n] under the composition of mappings. The
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semigroup | lattice |0 1({2(3 | 4 | 5 6 7 8 9 10

LCong |1|1]4|12] 33| 86| 214| 512| 1189 2706 6080
Tn RCong|1|1(4|11| 39|163| 756| 3776| 20056| 112769| 670321
Cong |1|1]4| 7| 11| 14| 17 20 23 26 29

LCong [1|2|5|13| 34| 87| 215| 513| 1190 2707 6081
PTn RCong|1|2]6|23|101 |488(2549|14213| 83780 | 518741 | 3362175
Cong |1|2]4| 7| 11| 14| 17 20 23 26 29

LCong [1|2|5|13| 34| 87| 215| 513| 1190 2707 6081
Tn RCong|1|2[5|13| 34| 87| 215| 513 1190 2707 6081

Cong |1|2]4| 7| 11| 14| 17 20 23 26 29
LCong |[1|1|3]| 7| 15| 31| 63 127 255 511 1023
On RCong|1|1(3| 5 17| 33 65 129 257 513
Cong |1|1|3]| 4| 5| 6 7 8 9 10 11
LCong [1|2]9]35|164|881|5260 34215239263 | 1782109 | 14043708
Pn RCong|1{2]9|35|164 |881|5260|34215 (239263 |1782109 | 14043708
Cong [1]|2]6| 9| 13| 16| 19 22 25 28 31
LCong [1|1|3] 9| 23| 66| 202| 659| 2307 8238 32008
Bn RCong|1|1(3| 9| 23| 66| 202| 659 2307 8238 32008
Cong [1]|1]3| 6/ 9| 9| 12 12 15 15 18
LCong |[1|1|2] 5| 8| 15| 25 49 84 168 294
TLy RCong|1|1(2| 5| 8| 15| 25 49 84 168 294
Cong |1|1|2]| 4| 5| 5 6 6 7 7 8

LCong [1|1|3|10| 38|162| 755| 3775| 20055| 112768 | 670320
Iy RCong |11 10| 38|162| 755| 3775| 20055| 112768 | 670320
Cong 10| 13| 16 19 22 25 28

—_
—_
W W
[e)}

Table 2. Heights of lattices of left, right and two-sided congruence
lattices for the monoids of transformations and partitions from Table 1.

mappings in 7, are written to the right of their arguments, and the composition is
from left to right, that is, x (¢f) = (xa)B. The order of 7, is n". In the following
discussion we assume that n > 2. Green’s relations Z(= _¢), £ and Z are governed
by ranks, images and kernels of mappings:

o 2 B < rank(a) =rank(p),
o B & im(a) =im(f),
aZ B < ker() =ker(p).
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See, for example, [9, Section 2.2]. In particular, 7, has n Z-classes, denoted by
Dy, ..., D,, where D, = {ax € 7, : rank(«) = r}. The minimal 2-class is D;. The
#-classes in D, are in one-one correspondence with possible images of size r,
and hence |D,/.Z| = (’;) Similarly, the #-classes in D, correspond to possible
kernels with r blocks, and so |D,/Z%| = S(n, r), the Stirling number of the second
kind. The Schiitzenberger groups of .7-classes in D, are all isomorphic to the
symmetric group S,. Each nonminimal Z-class D, (2 <r < n) is .#-separable.
This can be verified by checking that the matrix M (D,) is row- and column-faithful;
alternatively see [13]. The minimal Z-class D is also an %-class, and contains n
singleton .Z-classes.

It now follows that each .#-class in D is separable, and we obtain a formula for
the height of LCong(7,) by applying Corollary 7.12(i):

Ht(LCong(T,)) = 2 (") Ht(Sub(S,)).
r=1

However, R = Dy, the unique #-class in D is not an .7-class (for n > 2). Hence
we would like to apply Corollary 8.3(ii), for which we need to check that .7#% is the
unique maximal congruence on R7". To this end, let &, B € R be any two distinct
constant mappings, say with im(«) = {x} and im(8) = {y}, where x # y. Further, let
¥, 8 € R be any constant mappings, say with the images u# and v, respectively. Let
¢ €T, be any mapping satisfying x¢ =u, y¢ =v. Then (y, 8) = (a-¢, B-¢) € (a, B)*.
In other words, (a, B)* = Vg, proving the claim. So, applying Corollary 8.3(ii),

n
Ht(RCong(7,)) = 1+ >_ S(n, r) Ht(Sub(S,)).
r=1
Finally, for the height of Cong(7,), we apply Corollary 9.12. From the discussion
above, we have /#7 = V| for any .#-class L C Dy, and % is the unique maximal
congruence on R7 (where R = D;). Consequently, the extra additive contribution
in (9.13) is 1 (for n > 2) and we have Ht(Cong(7,)) = 1 + Y_'_, Ht(NSub(S,)).
Now, it is known that

(10.1) (Ht(NSub(S,)))r>] =(1,2,3,4,3,3,3,...),
and it follows that
Ht(Cong(7,)) =3n—1 for n > 4.

The same result can, of course, be obtained by recalling Malcev’s description of
congruences on 7, [24]: they in fact form a chain of length 3n — 1 (for n > 4).
By contrast, the lattices of one-sided congruences of 7, are far from being under-
stood, and have very complicated structure even for small n; see Figure 2 for the
lattice LCong(73), produced using the Semigroups package for GAP [26].
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Figure 2. The lattice LCong(73) of left congruences of the full
transformation monoid 73.

10.2. The partition monoid P,. We now follow the same trajectory for the partition
monoid P,, but somewhat more rapidly, again assuming that n > 2. For the
definition of the product in P,, see, for example, [12], which also includes the
following information regarding Green’s relations. The Z-classes D, of P, again
consist of partitions of a fixed rank, but this time the available ranks are r =
0,1,...,n,with Dg minimal. The .#- and #-classes in D, correspond to partitions
of [n] with r marked blocks, where markings are used to indicate which blocks
participate in transversals. Consequently, the number of %- and .#-classes in D,
is Y i, S(n, k) (’r‘) The Schiitzenberger groups are again S,. That each D, is
#-separable for r =1, ..., n was shown in [14, Lemma 5.13].

Now consider the minimal 2-class Dy. Note that it is a B(n) x B(n) rectangular
band, where B(n) is the n-th Bell number. Fix an .#-class L C Dy and an Z#-class
R C Dy. Neither L nor R is an #-class (for n > 2), so we want to show that 77,
and #% are the unique maximal congruences on "L and R”" respectively. We
will show the latter statement, and the former can be deduced by duality. So, let
a, B, ¥, 8 € R be arbitrary, with o # 8. We want to show that (y, 8) € («, B)*. We
do this by showing that (y, 8), (8, 0) € (a, B)*, where 6 € R is the unique partition
with singleton lower blocks, and using transitivity. Only the first of these needs
to be proved, as the second will be analogous. If y = 0 there is nothing to prove.
Otherwise, 6 has at most n — 1 lower blocks. In the proof of [14, Proposition 5.8]
it was shown that, swapping « and B if necessary, there exists ¢ € P, such that
y =yal and y’ := yB¢ has one more lower block than y. Since «, B, y are all %-
related in the present consideration, and since all are idempotents, we have yo = «
and yB =B, and so (y,y") = (- ¢, B-¢) € (o, B)*. Repeating this argument, and
using transitivity, we arrive at (y, 0) € («, B), as required.
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We can now deploy Corollaries 7.12(i) and 8.3(i) to obtain

n n
Ht(LCong(P,)) = Ht(RCong(P,)) = B(n) + Y. 3 S(n, k)(’;) Ht(Sub(S,)).
r=0k=r
For the two-sided congruences, we follow the same argument as for 7,,, with two
small differences: first, we have an extra Z-class, namely Dy; and secondly, the
extra additive contribution in (9.13) is 2, instead of 1. Therefore we obtain

Ht(Cong(P,)) =3n+1 for n>4.
Again, this could be obtained using the description of the lattice Cong(P,,) from [14].

10.3. Remarks concerning further semigroups. The calculations for the remaining
semigroups from our list are all entirely analogous to what we have just seen for 7,
and P,, and we will not go through them in any kind of detail. Instead, we present
the required input data, alongside references to where it can be found in the literature,
in Table 3, and then we present the actual formulae for the heights of the lattices
in Table 1. To aid the reader in both inspecting the tables, and performing the
calculations for additional semigroups not given in the tables, we give below some
relevant commentary. Towards the end of the section we will discuss two further
monoids not included in the tables.

Combinatorial notation. Various standard combinatorial sequences and arrays ap-
pear in the two tables. Here is a quick reference: S(n, r), Stirling numbers of the
second kind; B(n), Bell numbers; C,,, Catalan numbers; n!!, double factorials; [;’ ]q,
Gaussian binomial coefficients.

Indexing of P-classes. As we have already seen in the case of P,, the Z-classes in
some of our monoids are naturally indexed by some sets of integers that are not
necessarily of the form {1, ..., n}, as in our theoretical results. The starkest example
of this is perhaps the Brauer monoid B,, and the Temperley—Lieb monoid 7L, whose
Z-classes are indexed by all integers from [n] of the same parity as n. To aid the
translation, we have included a column in Table 3 to explicitly state the indexing.
We have also added a column to specify the minimal Z-class: this is always the
2-class with the smallest index, i.e., Dy or D;.

Schiitzenberger group contributions. In all our examples, with the exception of
the general linear monoid M (n, g), the Schiitzenberger group I', of any .s#-class
in D, is either S, or trivial. For the symmetric group, its subgroup height is given
in Theorem 1.1, and its normal subgroup height in (10.1). In some semigroups
we will also encounter the symmetric group Sp, which is trivial and has (normal)
subgroup height 1.

The case where all Schiitzenberger groups are trivial, as for example for O,
and 7L,, leads to significant simplifications, as follows:



HEIGHTS OF ONE- AND TWO-SIDED CONGRUENCE LATTICES OF SEMIGROUPS 51

all 2-classes D,

semigroup
r range D,/ 2] D, /%] r,
T I<r<n (") S(n, r) s
,
PTn 0O<r<n (") Sn+lr4+1) | S
r
e ) () s
r r
n n—1
0, | 1=r=n ( ) ( ) |
r r—1
n n
M(n,q) | O0=<r=n [ ] [ } GL(r, q)
rlq rdq

Pa 0O<r=<n |> S, k)<l:> > S, k)(l:) S,

k=r k=r
0<r<n
B, ( )(n—r—l)” ( )(n—r—l)” S,

r=n (mod2)

T, O0<r<n (n—i—l) <n—i—1) |
r =n (mod2) n+1 = n+1\ 45"

Zr 1<r<n S(n,r) S(n,r) S,

Table 3. (continued on the next page). The data concerning
Green’s structure for some semigroups of transformations and
partitions needed to compute the heights of their lattices of left,
right and two-sided congruences.

Remark 10.2. Suppose S is an J#-trivial semigroup, so that all its Schiitzenberger
groups are trivial. Then the expression ) _, m, Ht(Sub(T';)) in Corollary 7.12
simplifies to just ) "_, m, = |S/.Z|, the number of .#-classes of S. Similarly, the
corresponding sum in Corollary 8.3 becomes |S/#|, the number of %-classes in S,
while the sum Zle Ht(NSub(I",)) in Corollary 9.12 becomes just n = |S /2|, the
number of Z-classes.

The Schiitzenberger groups in the Z-class D, of the general linear monoid
M(n, q) are isomorphic to the general linear group GL(r, g). To the best of our
knowledge, the heights of their subgroup lattices have not been determined, although
[28; 30; 31] discuss in detail the heights of closely related groups of Lie type. The



52 M. BROOKES, J. EAST, C. MILLER, J. D. MITCHELL AND N. RUSKUC

. minimal Z-class D,
semigroup reference
r |Dy/Z| | | Dy /2|
Tn r=1 n 1 [16, Section 4.6]
P, r=0 1 1 [16, Section 4.6]
T r=0 1 1 [16, Section 4.6]
O, r=1 n 1 [17, Section 2]
M(n, q) r=0 1 1 [10, Section 3]
Pn r=0 B(n) B(n) [12, Section 7]
— — 1N — 1N
B, r=0 J(=DUE=DN 5 gection 8]
r=1 n!! n!!
TL, r=0orl C(ﬂ C(,ﬂ [12, Section 9]
* r=1 1 [15, Section 2]

Table 3. (continued).

normal subgroups of GL(r, g) are known: with a small number of exceptions, they
are precisely the subgroups of the group of scalar matrices, and the subgroups
containing the special linear group; see [3, Theorem 4.9]. It is not clear whether
this description is sufficient to give a closed formula for the height of the lattice of
normal subgroups of GL(r, q); see [13, Figure 11.1]. In our formulae, therefore,
we keep the terms Ht(Sub(GL(r, ¢))) and Ht(NSub(GL(r, ¢))).

Separability. In all our examples, all nonminimal 2-classes D, are .7-separable.
This can be easily verified by the reader by considering the matrices M (D,) and
checking they are row- and column-faithful. Alternatively, this has been proved
in [13] in the more general context of certain related categories.

There is one general, theoretical situation where .7-separability is guaranteed
from the outset, namely for inverse semigroups with finitely many idempotents,
where each matrix M (D) is always equivalent to the identity matrix up to permuta-
tion of rows and columns. The reason for this is that in an inverse semigroup every
#- and every Z-class contains precisely one idempotent. In particular, we have
|D/Z| =|D/%| = |E(D)|, the number of idempotents in D. The above is true for
all ?-classes, including the minimal one, which is always necessarily a group.

Corollary 10.3. Let S be an inverse semigroup with finitely many 2-classes
Di,...,Dy,andlet 'y, ..., T, bethe Schiitzenberger groups (i.e., maximal sub-
groups) associated with their 7€ -classes, respectively.



HEIGHTS OF ONE- AND TWO-SIDED CONGRUENCE LATTICES OF SEMIGROUPS 53

(1) If each D, has only finitely many idempotents then

Ht(LCong(8)) = Ht(RCong(8)) = Y _ |E(D,)| Ht(Sub(T')).

r=1
This is equal to |E(S)| if S is s -trivial.
(i) If S is stable then

Ht(Cong(S)) = > _ Ht(NSub(T',)).

r=1
This is equal ton = |S/ 2| if S is A -trivial. U
As a consequence, if S is a finite semilattice then

Ht(LCong(S)) = Ht(RCong(S)) = Ht(Cong(S)) = |S|.

Relationship to classification results. Just as was the case with 7, and P, above,
all the two-sided congruences have been described for all the semigroups listed in
Table 1. The oldest and most well-known such results are due to Malcev for the full
transformation monoid [24] and the general linear monoid [25], and Liber for the
symmetric inverse monoid [23]. These results have been gathered under a common
methodological framework in [13], where the reader can also find references to
the historical individual proofs. From these descriptions, it is possible to infer the
formulae for the height of the congruence lattice by straightforward inspection, with
the possible exception of the general linear monoid, where perhaps the structure
of the congruence lattice is not entirely obvious from the description, but see [13,
Section 11.4] for a discussion of this point.

The reason we have opted to present these values in the way we did is two-fold: 1)
The height is computed without the prior of knowledge of what all the congruences
are, so the present method can be regarded as being conceptually simpler than going
via classification theorems. 2) The computation follows the same lines as that for
one-sided congruences, emphasising the methodological proximity of the two.

In contrast with two-sided congruences, very little is known, by way of classifi-
cation, for one-sided congruences of the semigroups discussed here. One exception
is the symmetric inverse monoid Z,,, where useful detailed information about its
left and right congruences can be obtained by utilising Brookes’ inverse kernel
approach; see [5] for the general theory and [4] for applications to Z,,. Combining
this with [7, Theorem 7.4] may offer an alternative route towards calculating
Ht(LCong(Z,)) = Ht(RCong(Z,)).

Miscellaneous notes on the table entries. The formulae for the heights of the lattices
of one-sided congruences for O, and 7L, given in Table 1 are not identical to the
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sums obtained using the information from Table 3. The reason is that the latter sums
simplify, and proving the equality of the two expressions is an elementary exercise.
Alternatively, we can recall that O,, and 7L, are 7 -trivial, and use Remark 10.2.
To do this we need the total numbers of .- and Z-classes in the monoids: for O,
these are 2" — 1 and 2"~! respectively, and for 7LZ,, they are (Lnl;Z J) and (Lnl;z J)'

The formulae for the height of the congruence lattices of semigroups whose
maximal subgroups are the symmetric groups are valid for n > 4. For smaller values
of n the heights deviate slightly from those formulae, due to the initial irregularity of
the sequence (Ht(NSub(S,))), . ; see (10.1). These values can be found in Table 2,
which gives computed values for n < 10. The Semigroups package for GAP [26] is
capable of computing all the congruences for some small values of n, which provides
a verification of the given numbers. As the family M(n, g) of linear monoids
depends on two parameters, we have not included any numerical data for it in Table 2.

In the formulae for the heights of the one-sided congruence lattices of B, and
TL, we have made a couple of indexing simplifications in the transition between
Table 3 and Table 1. We have changed the summation parameter from r to k, where
r = n — 2k. We have also used the fact that 2|_"T_1J + 1 equals n — 1 when #n is
even and n when n is odd.

Partial Brauer monoid. Another diagram monoid, not listed in Tables 3 and 1,
is the partial Brauer monoid PB,; it consists of all partitions in P, with block-
sizes at most 2. One of the consequences of [14, Theorems 5.4 and 6.1] is that
the lattices Cong(P,) and Cong(PB,) are isomorphic, and hence have the same
height. The analogue is not true for one-sided congruence lattices (apart from trivial
exceptions for small ). Indeed, PB, again has Z-classes Dy, Dy, ..., Dy, given
by ranks, and Corollary 7.12 applies; see [14, Section 6] for the relevant separation
properties. This gives a formula for Ht(LCong(PB,)) in terms of the parameters
|D,/#| = (")a(n — r), where a(k) stands for the number of involutions on [];
see [11, Proposition 4.6]. Since these are strictly smaller than the corresponding
parameters for P, itself, we have Ht(LCong(PB,)) < Ht(LCong(P,)) for n > 2.
The same is true for the right congruence lattices.

Monoids of uniform block bijections. For all the monoids discussed so far, the posets
of 7 (= 2)-classes happen to be chains. This is not a requirement for our formulas
to apply. We conclude by briefly discussing a monoid with a more complicated
7 -structure, namely the monoid F;; of all uniform block bijections from 77, i.e.,
those for which each block contains the same number of upper and lower points.
The Z-classes of F,; are of the form D,,, where p - n is an integer partition of n,
ie.,atuple u = (my, ..., my) for some k > 1, where m| > - - - > my > 1 are integers,
and my + - - - +my = n. Given such a u = n, the Z-class D, contains all block
bijections of rank k, whose blocks contain my, ..., m; upper (and lower) points.
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As explained in [15, Section 3], the parameters associated to such a Z-class are
as follows. First, for 1 <i <n, we write u; for the number of entries of u equal
toi—son =y :_;ip;. The number of .#- and %-classes in D, is equal to the
number of set partitions of [n] whose blocks have sizes my, ..., my, which is well
known to be equal to n!/ []7_; w;!(i)*i. The Schiitzenberger group of any .7#-class
in D, is isomorphic to the Young subgroup S;, :== S, x --- x S, of S¢. Applying
Corollary 10.3 yields

o o n! Ht(Sub(S,))
Ht(LCong(F)) = Ht(RCong(F)) = ;; l"[:m—'(l';‘

Ht(Cong(F;)) = Y  Ht(NSub(S,,)).
ukn

To the best of the authors’ knowledge neither the one-sided nor two-sided congru-
ences of 7, have been classified.
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