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We study the Kiihler-Einstein metrics and Calabi extremal metrics on some
unbounded domains defined by

Q:=((¢, 2, w) € C xC" x C" : ™V 2|2+ 1Z)1% < 1},

which are type-III cohomogeneity-one manifolds. We introduce a Kéhler
metric g associated with the Kihler form

w:=+—1(30 F(X) +add|lw|>+ bddlog |||

on 2. Using the method of cohomogeneity, we find many new Kihler—
Einstein metrics and prove that any Calabi extremal metric with the scalar
curvature as a linear function of the potential function of the circle action on
the first vector ¢ must be a metric with a constant scalar curvature. At last,
we give one application of our main results. That is, in the case s =m =1,
we prove that the Kéihler-Einstein metric is equivalent, but not equal, to the
Bergman metric.

1. Introduction

Kihler-Einstein metrics are an interesting subject of complex geometry; see [17; 22]
for examples. Both in the compact cases and the domain cases, people have used
ordinary differential equations to find concrete or pseudoconcrete solutions. By
this, we mean that the solutions could be expressed in an explicit way, as in
[5; 3; 11; 13; 14; 15; 16], even though the functions themselves might be implicit,
but not as in [9; 18; 19; 20; 21; 22]. One of the purposes of this paper is trying to
connect domain cases as in [11; 13] to compact cases as in [5; 6; 7; 8; 16].

We believe that most of the published works in the domain cases are actually in
the so-called type-III cases, such as those in [5; 6; 7; 8]. Therefore, by working
out some new unbounded domains with Kdhler—Einstein metrics or metrics with
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constant scalar curvature, we both explain our philosophy and provide an exposition
of [5; 6;7; 8].

Although the examples in [5; 6; 7; 8; 16] might not necessarily be cohomogeneity
one, the cohomogeneity-one cases guarantee that one can reduce the Kéhler—Einstein
equation into an ordinary differential equation. However, just being cohomogeneity
one does not give us an explicit solution at all. See [9], for example. What we need is
a type-1II cohomogeneity-one structure. A complex manifold is cohomogeneity one
if there is a Lie group in its automorphism group such that it has a real hypersurface
orbit. It is of type III if there is a holomorphic vector field E which commutes with
this Lie group.

Motivated by the above reasons, we consider a class of unbounded nonhyperbolic
Reinhardt domains defined by

(1-1) Q:={(. 7, w)eC xC" xC": |2+ 2% < 1},

which are called twisted Fock—-Bargmann—Hartogs domains (see Kim and Ya-
mamori’s article [12]). In general, there is a u € R™ in front of lw]? in (1-1).
Because of the biholomorphic invariance of the Bergman metric, and the biholo-
morphic invariance of some Kihler metrics, we omit it. The domains in (1-1) are
type-1I1 cohomogeneity-one manifolds (see Lemma 2.4 below).

Let (€2, g) be a Kihler manifold endowed with its Kidhler metric g, in which g
is a Kdhler metric associated with the Kihler form

(1-2) w:=~—1(3dF(X) +add|w|*+bddlog |¢|*)
on 2, where a, b € R, F(X) is a smooth function of X on (0, 1), and

eIz )2 .
(1-3) X=——"— (¢,,w)eN.
1— ]2

We notice that when s =1, b is not needed. In particular, we also need the conditions

(1-4) f>0, f4+a>0, f' >0, 0<X<l
and if s > 1
(1-5) f+b>0, 0<X<l, Xlin(l)+(f+b):0,

where f := X F’. In fact, the function f or U := f —n — 2 will be just a potential
function of E with respect to the metric (see Lemma 3.3). After transforming the
free variable into U, one gets a simple equation and can solve it explicitly.

Another new ingredient is that when we calculate the volume, instead of using
the cohomogeneity-one property as we did earlier in [9], we calculate the volume
directly.
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The precise statements of our main results are as follows.

Theorem 1.1. Let (2, g) be a Kdihler manifold endowed with its Kihler metric g,
where g is a Kdhler metric associated with the Kdhler form (1-2). Then g is a
Kdahler—Einstein metric if and only ifa = —n — 1, s = 1, that is, the dimension of
the fiber of 2 is one, and F (X) is the solution of the differential equation

Q@) f=f"(f —n—1"*H!

with the initial condition f|x—o = n + 2, in which Q := (f —n — )" f"* and
p:=Xf.

After we deal with the Kidhler—Einstein equation, we also deal with the Calabi
extremal metric with the scalar curvature as a linear function of the potential
function f. We call this the special extremal metric. By the completeness property,
we prove that on these domains, the special extremal metrics must be metrics with
constant scalar curvatures.

Theorem 1.2. Let (2, g) be a Kdihler manifold endowed with its Kihler metric g,
where g is a Kdihler metric associated with the Kihler form (1-2). Then g is a
special extremal metric if and only if the scalar curvature of g is constant.

The paper is organized as follows. In Section 2, we present some well-known
results, such as the definition of the Calabi extremal metric and the holomor-
phic automorphism groups of the twisted Fock—Bargmann—Hartogs domains €2
defined in (1-1). We also prove that these domains are type-III cohomogeneity-one
manifolds. Sections 3 and 4 are devoted to the proofs of Theorems 1.1 and 1.2,
respectively. At last, in Section 5, we give one application of our main results. That
is, in the case s = m = 1, we prove that the Kéhler—Einstein metric is equivalent to
the Bergman metric.

2. Preliminaries

We first give the definition of the Calabi extremal metric. E. Calabi [1; 2] introduced
extremal metrics on compact Kihler manifolds to solve a variational problem
involving the integral of the scalar curvature. Given an n-dimensional Kéhler
manifold (M, g) with its Kdhler form

/1 B
w:TZgidei/\de’

i,j

the Calabi extremal metric is the critical metric for the Calabi functional

_ 1 2 n
Ca(w)_W/MS (w)",
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where V(M) = f y@", and S(w) is the scalar curvature of w. We refer the readers
to Tian [20] for more information on this topic. Calabi proved the following result:

Proposition 2.1 [1; 2]. On a compact Kdihler manifold, a Kdihler metric g is
extremal if and only if the lifting of d S is a holomorphic vector field.

Without the compactness condition, we still define:

Definition 2.2 (see [1; 2]). On a K&hler manifold, we call a Kihler metric g an
extremal metric if the lifting of dS is a holomorphic vector field.

Next we also need the holomorphic automorphism group of €2 described by Kim
and Yamamori [12].

Lemma 2.3 [12]. The automorphism group of 2 is generated by the mappings
Qu,0,.05 ¢ (€ 8 w) > (Ui, U, Usw);
@yt (6, 8 w) > (7 E O ha(D), w+v),
where Uy € U(s), Uy e U(n),Us e U(m), v e C", a cB",
(1—Jla]®)?
1-(¢.a)

and h,( -) is an automorphisms of B" taking a to 0.

F,(¢) =

By Lemma 2.3, it is easy to check that €2 is a cohomogeneity-one manifold with
noncompact automorphism group. In fact, on the one hand, for any (Zo, Zo, wo) € 2,
by choosing a unitary matrix U, of order s such that U;¢ = (]|¢ ]|, O, . .., 0), consider
the automorphism @y, and @, ,, of 2 defined as

Oy, (¢, w) = (Uig. &, w);
~ 1 2 ~ ~

Dp e (8 w) = (eI B (), by (2), w — w).

Thus,
3llwoll?

—_—
(L= 1l%l*)?
which implies that €2 has a real hypersurface orbit under a Lie group action. On the
other hand, since

Sy, 0z, (G0, Zo, wo) 1= ( %ll,0,...,0,0, 0),

XTI s e
= —“‘7 9 9 w 9
L—lig)2
it is obvious that 0 < X < 1, since, similar to the argument of Kim, Yamamori,
and Zhang [13], we could prove that X is preserved by the automorphism group

of Q. Therefore, for fixed constant ¢, the noncompactness of the leaf X = ¢, in
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conjunction with the invariance of each leaf under holomorphic automorphisms,
yields the fact that Aut(2) is noncompact.

Lemma 2.4. The twisted Fock—Bargmann—Hartogs domains 2 in (1-1) are type-111
cohomogeneity-one manifolds.

Proof. According to the above discussion, we only need to prove that there is a
holomorphic vector field which commutes with Aut(€2). By Lemma 2.3, U; is a
unitary matrix of order s and the center of U is

Cent(U,) = {diag(e’?, ..., e"%):0 e R).
Let ®¢ 4,1, := Doy, 1, 1,- We claim that

Dy 1,1, 0 Pav=DPuoPy .1,

In fact,

.1, 1, 0 Pau (¢, T, w) = P 4, 1, (™I E(@)e oD, w+ )
= (7" E ()0, ha(D), w +v)
= D40 Po.1,.1, (L. T, ).
Therefore, @y ;. 1, € Cent(Aut(£2)). That is, the holomorphic vector field of ®g ;, ;

m

is a holomorphic vector field which commutes with this Lie group. The proof is
complete. (]

We only consider metrics with a Kéhler form
w:=v—13F(X)+add|w|*+bddlog ||

defined in (1-2). The reason is that the Bergman metric, if it exists, is invariant
under the automorphism group. Therefore, it should have a Kihler form in this
format. That is, in this case, there are Kdhler metrics in this format.

Remark 2.5 (see [4]). Although F(X) might be singular at X = 0, the metric is
smooth; consider, for example, the Bergman metric. Therefore, our metric is well
defined on €2, not just on 2 — {X = 0}. This is consistent with earlier publications.
In fact, Q2 is a B* bundle over C" x B" by

7z, 20), w) = (W, 2(2))

with {X = 0} being the zero section. One might ask why we do not do the same for
Q — {X = 0}. The problem is that by the rigidity of the Kidhler metric, we might
not be able to get a complete Kdhler—Einstein metric. See page 86 of [4] for an
example. From (see [4])

i (2U 4 m)n+l

QU +m)" '=QU+m)'—- ———— 4,
n+1
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we get that if U — —oo, then 2U + m will be negative somewhere. So U must be
finite when » — 07; we denote this value by Uj. We have ¢(Uy) =0 = C. If the
right-hand side only have single zero the integral of ¢~!/? is finite near 0. Therefore,
a Kéhler—FEinstein metric cannot be complete after deleting the zero section.

For convenience of the exposition, define ¢ 1= z() = (21, ..., 25) € C°, E =
2 = (Zs4+15 -+ -» Zs4n) € C", and w := 23) = (Zs4nt1s - Zstntm) € c".
3. Kihler-Einstein metric
Lemma 3.1. The Ricci form of 2 associated with the Kdhler metric g is
(3-6) Ric=+/—1(-3dlog((f +b) ' f"(f +a)"X"*'¢p)
+09log oy [IZ2"2 + (n + 133z 11%),

where [ := XF' and ¢ := Xf'. In particular, the Ricci form (3-6) has a similar
expression as the Kdhler form (1-2), that is,

Ric = v/=1(30 Fric + aricdd 123 |I* + bricdd log llz1) 1),
where Fgic := —log((f+b)* ™' f*(f+a)" X"*'¢), aric :==n+1 and bgic :=s+n+1.

Proof. By (1-2), we only need to calculate the determinant of the matrix corre-
sponding to the Kéhler form w. Firstly, we have

IF(X)=0(F'9X)=03(F'XdlogX)=Xf"(dlogX AdlogX)+ f9dlogX.
Moreover, we have
log X =log e“m)”z—Hog lzay 1P —log(1—[lz2) %)
=z I*+log llz > —log(1=llz II*);

dlog X T odlog X S 5log X
dlogX = Z g dz;+ Z 8g dzi+ Z ag b4
o 0% k=st1  O%k I=stnt1 %
s+n s+n+m
—Z Z‘+Z dzi+ Z z21dzy;
2 T2
IIZ(1)|I ! IIZ(z)II Pt
s+n s+n+m
dlog X = Z 3Gt Y szt Y zd
”Z(l)” k=s+1 _”Z(z)” I=s+n+1
_ o:
(3-7) 93 log X = Z Md JAdTE
i~ Izl
sP=
s+n s+n+m
Skg(1=llz) 1)) +2x24 _ _
+ Z a (1_”() BE Ldz,ndZi+ Z Sidz ANd7.
k,qg=s+1 <@ l,t=s+n+1
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Combining the above results, we obtain

N
DIF(X) = X' Z ZiZp LDy N dT + f Z Siplzayll? ijpd oy A dT

||Z<1)||4 Pyt llzayll*
s+n ZkZ
A —
+ X ————dzx N dZ
! 2 lz®2" 7
k) =s+1
s+n 2 —
(Srq(l - ”Z(Z)” )+Zrzq —
. gﬂ (1= llzl1*)?
s+n+m s+n+m
+XfY mmdundmi+f Y SudzAdz,
I,pu=s+n+1 p,t=s+n+1
N s+n —
+x/3 Y Cith dzi A d7;
l
i=1 r=s+1 ”Z(l)Hz(l - ”2(2)”2)
K s+n+m Z_Z
ilp _
FXIY X
i=1 u=s+n+1 @
s+n K

+xf Y% oz dz A dZ5

2(1 — 2
S oA =zl
s+n  s+n+m

D DD D S TR Y

2
k=s+1 p= s+n+1 |Z(2)”
s+n+m s

+ X/ Z S 2 gy ndz

2
oozl
s+n+m s+n

+xfY Y U A dE

— 2
I=s+n+1i= s+1 Iz

Meanwhile, it is easy to calculate that

s+n+m
Dlzl>= Y  Sudundz;
l,u=s+n+1
oY \ Sivllzoyl®> — ziZe
3 i 1<(1 —ZiZy _
8810g||z(1)||2:Z LA 4' dzy A d7;.
5o Iz

Hence the quadratic matrix associated with Kéahler form w is

anls+buzm’ za) anzn’ze) aizm’ ze)
(39 H:= anzatzay anly+b1n723) 2 a3z’ z23) ,
a3123)" 2q1) a0Z3) 2 a3lntbuie) 2
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where
_ f+b b Xf'=f=b _ Xf'
MR FRNEX RN FANTE o PA=lz )
XS , Xf' o f
B 2 I o lPU=lzo® T 1ol
bpyoe XL XS e X
(1—llz I1*)? 1=z lI? lzayll?
Xf! ,
asp = m, asz = f—+a, bz = Xf".
)

Next we compute the determinant of H. Let 0; be the vector of 0’s of length j. We
choose unitary matrices U;, U, and Uz such that U z1y = (llzyll, 05—1), Uzz2) =
(lzyll, 04—1) and Uzz3) = (llz3) I, 0,,—1), that is, one can assume that z; =0 except
i=1,5s+1,n+s+1. After multiplying H by U = diag(U,, U,, U3) to UHU”,
we obtain

M, M, M;
(3-10) det H=det(UHUT) :=det| My Ms M; |,
M; Mg Mo

where M is diagonal for j =1, 5,9 and only has one nonzero element in the upper
left corner for other i’s, and

X_f‘/ ..
[ENE 0 0 0
M = |
0 o ... I 9
izl o
0 0 o0 L
Izl A=llze) %) 0
0---0
M22M4: ’
0 0.0
Xf
WHZG)” 0---0
0 00
M3:M7: . |
0 0.0
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f Xf) Iz I .
-zl " (A=lz@1?)? 0 0 0
B I-llzg* = 0 0
M5 = : . : 5
0 0 1—llz)l1?
0 0 0 1-llz) I?
rlzaylllize) L
Xf T-llzol?> 0 0
0 0..-0
Me = Mg = ;
0 0..-0
f+a+Xf,”Z(3)||2 0 o --- 0 0
0 f+a O --- O 0
0 0 f+a --- 0 0
My = ) ) ) )
0 0 O -+ f+a O
0 0 0O --- 0 f+a
From the simple form (3-10), it is easy to derive that
b s—1 n—1
detH:(f+ 2) ( / 2) (f +a"!
lzayl 1=zl
Xf Xzl
Tz 2 T 1(—lz 1) Bzl
Xflzoll f X Nzl f/ Iz llz@) I
||Z(1>L|£(1 lzol®) 1— ||Z<2)H2” (1— 0 ||Z<2H>||2)2 T-llzpl?
Z Z
lzayll ||Z(3)” Xf/ 1(2)HZ(2)(ﬁ)2 f+a+Xf ”ZG)HZ
+ b S— n— a
() () v
lzayl 1=zl
Xf' Xf' Nzl
lznl? Tz 1A=z 17 HZ(l)II Iz
- det — L
¢ 0 1—llz@)|1? 0
0 f+a

) (oo
= -
(IIZmII2 1—lz)l1? (F+a) (1= llza D)zl

_ (f+0 " (f+a)" XS
lzay 1% (1 = Nz 1)+

_ (f+b)s—lfn(f+a)mxn+2f/

”Z(l) ||2s+2n+le(n+l)”Z(3)||2

’

67
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where, for the last line, we apply (1-3), thatis, 1—||z(2) 1> = elzol? lz(1y 12X, In or-
der to ensure det H > 0, when 0 < X < 1, we add the extra conditions (1-4) and (1-5).
The corresponding Ricci curvature is

Ric = —3d log det H

= -3 log((f +b)* " f*(f +a)" X" T2 f')
+ 33 log |z I 2" T2 + (n + 133|123 I

The proof is finished. O

Remark 3.2. The above result implies that the Ricci curvature cannot be zero.
Also,

Fric := —log((f + )"~ f"(f +a)" X" ),
Jrie = XFpje = ————= = — = ——— — @+ 1) —¢y.

Here we use the fact that

4G _dGdf _ . .
ax ~drax -9’ fX

In particular, we have fric(0) = —(n+1) —1 = —n —2 < 0. Therefore, we also
cannot have Ric being positive.

Let E be the holomorphic vector field of ®¢ ;, ;, in Lemma 2.4.

Lemma 3.3. The function f := XF' or U := f —n — 2 is just a potential function
of E with respect to the metric g.

Proof. The holomorphic vector field corresponding to ®g ;, 1, is

m

9 u 0 0
E= = — +yi— ).
Z(Zl +z; 82;) ;(xl 9x; + yi 3 )

Vi
On the other hand, let pg := (X'/2,0,...,0,0,0). We have
df 1y, = (Xf'(@1log X +31log X))l p,
K— — s+n  — s+n+m
7idzi+¢;dz; deZk‘|‘deZk
= Xf/ll?o(Z #‘F > W Y @dz+zdz)
i=1 M k=s+1 @ I=s+n+1
= f'lp@dzi+21dZ20) | py = 2f | py (x1dx1 +y1dy1).
Then

0 0
df1py(Elpy) =211 py(x1dx +y1dy1)<X1E +Y1ﬁ) =2g1py(Elpys Elpy)-
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— 5 . TP
Leta =3 o;dz; be a (0, 1) form. We define tor:=3}; ; g/'e; 5. Recall that

My My M3
H|p0: My Ms Mg
M7; Mg Mgy) 'Po

with Ma|,y = M4|p, = M3 py = M7|p, = Msl p, = Mg|p, = 0. We also have

0 0 0
0o L 0
M1|p0= : : :
0 0 L
0 0 0o Lt

Then

- d
19 flpy =221~ =2E |,
But all these are invariant under the automorphism group. Therefore, we have

1o f =2E.
The proof is complete. O

Theorem 3.4. Let (2, g) be a Kdihler manifold endowed with its Kihler metric g,
where g is a Kihler metric associated with the Kihler form (1-2). Then g is a
Kdhler—Einstein metric if and only if a = —n — 1, s = 1, that is, the dimension of
the fiber of 2 is one, and F (X) is the solution of the differential equation

(Q@)p = f"(f —n—1"!
with the initial condition f|x—o = n + 2, in which Q == (f —n — D)™ f" and
v :=Xf"
Proof. Let Ric = —w. Then we obtain
—3dF (X)—add|w|*~bddlog £ ||* = —dlog((f+b)* ' " (f+a)" X"+ ")
+(s+n+1)3dlog |z >+ (n+1)3d 12317,

which implies that

(3-11) {“=—("+1),b=—(s+n+1) its #1;

a=—(n+1) ifs=1.
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The second case is due to the fact that, when s =1, 89 log |z; |> =0. Moreover, we get
90 log((f —s —n— ' f'(f —n— 1" X" f)) = 35 F (X)

— eF(X) = (f—s_n_ 1)“'_1fn(f_n_1)an+2f/

= FX) =log((f—s—n—=1""f*"(f —n—D"X"f)

= [=XF'=X(log((f —s —n =17 f"(f —n = D"X"2 1))’

Under (3-11), define ¢ := Xf' and Q = (f —s —n— 1)’"'(f —n — 1) f". For
a function G(X), let Gy := ﬁ Then

(Q(an—H)/
(3-12) f=XF'=X(og(QpX"*") = X o
(Q9)' X"+ (n+1)QpX" (Qp)' X
= =n+1+
QpX" Qo
X d(Qo)df _
=n+1+— n+1 —l——(Q(p)
Qp df dxX 0 =
Now we look for the imtlal condition of the differential equation (3-12), that is,
the value of f|x—o. Since 4 df (x;/) —1+Xf, , we have
f=n+1 —I—% +of
Xf" Xf'(f—s—n—1""Yf—n—1"fry
oy XX IS Y

s —n= ) (f—n =D
which implies that f|x—o=n+2. But,ifs #1, thens > 1, f >n+1+4s >n+2 forall
0 < X <1, acontradiction. Thus we derive that s =1, and then Q = (f —n—1)" f".
Without confusion, we also use the same notation Q. Again from (3-12), we obtain
the differential equation

O(f —n—1)=(Qp); <= Q@)= [f"(f—n—1"*".

We want to integrate both sides with respect to f. Before that we let U := f —n —2
and we get

[ ar= [ —n-1yias

= /(U—|—n+2)"(U—|— D" au

/(U+ mt! ZC"(U +Dfm+ D" *au
k=0

— Z(n + 1) kck /(U + 1"t ay.

k=0
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Thus

n+1)n kck 2
(3-13) Z L (U4 MR 4
ot m+k+2

According to the initial conditions U|x—9 = 0 and ¢|x-0 =0,

_ Z (I’l 4 l)n kck
B m4k+2
Define

n—k —k
Pi(U) = Z DT S gy, Q) = 0.

— m+k+2
Then
U
o )dU:go_ldU— dU_—dX dlog X.
Py (U) XU’

From this equation we could derive an implicit expression of the Kidhler—Einstein
metric on €2 for the case when s = 1.

Next we check the completeness. Since X = |z; |2, df =dU, Ulx—y =0 and
limy_, 1+ U = +o0, first we have

1

l(p ! 1 1 1 1
/—d|21|—/ ¢2d10g|Z1|=—/ @2 dlog X
o |zl 2 Jo

+o0 -1

1 1 df
== 2 dU

2/0 ¢ (a’logX)

2 Jo 2 Jo P(U)

= +00,

where, for the last line, we apply the fact that the degree of polynomial P;(U) is
n+m 42, while the degree of polynomial Q(U) is n 4+ m. Therefore, the metric is
complete if one can prove that limy_,; U = 4+o0c. This is the same as proving that
limy s 00 X (U) = 1. We could write Q/ Py := (1/U?)(Q/P}), where P, = P, /U?
is a rational function of U with the same degree as that of Q. Then

/—dU /dlogX == / —dU =logX+C
with a constant C. Then

li 'l 0 du Iim (log X + C)
1m — = = —00 = l1m o .
U—0Jq U Pl X—0 £
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This is because P;/Q has an order-one zero at 0, and

. Y1 0
lim — =dU =C.
U—+oc0 Jq U? P
By the left-hand side being finite, the constant C is uniquely determined. Therefore,
we have U(0) =0 and U(1) = +o00. Hence

lim U = +o0.
X—1
Here, we notice that U’ = f’ > 0. Thus the proof is finished. O
p

Example 3.5. Letn =m =s = 1. By (3-12), we have
f(Qw)fdfsz(f—Dzdf
= Qo=1f'—3 422+ Co=5(f =B =Tf2+3f+9),

where Cy = —%. Furthermore, the equation 3 f* —7 f2 43 f 49 = 0 has a real root

 —V/5944/3 41034 — V1034 — 5941/3+7
— 9 ~

Hence 3f3 —7f2+3f4+9=(f —x0)(3f>4+ (Bxo—7)f —9/x0) and we have the
decomposition

—0.82867.

X0 -

12(f>=2f) 1 N B Cf+D
(f=DCF=Tf2+3f+9 =3 f—x0 3f24af+b

where B, C and D are constants which could be computed explicitly, a = 3xo — 7,
and b = —%. Letting f tend to infinity, we get 3B + C = —3. Therefore, we have

12(f*=2f)
(f =G =Tf2+3f+9)

= 1og(f—3)+Blog(f—x0)+%1og(3f2+af+13)

df:/dlogX

+ 2(D _ %‘7) arctan( 6/ +a ) +do=log X
—— —— 0= ,
Vv 12b —a? Vv 12b —a?

where

could be computed by the boundary condition f|x—; = +o00 and 3B + C = —3.



EXTREMAL METRIC ON TWISTED FOCK-BARGMANN-HARTOGS DOMAINS 73
Example 3.6. Let n =0, m =5 = 1. We have
(F=0xf' = [(F=12df =47~ P -
=3P =3 43f =) =3(f =D = f+D
— / Sl df = /dl X
og
%f3 f2 +f— £
= —3 log(f f+1)+4+/3 arctan(3 32f 1)) +log(f —2)+d; =log X,

where

- % V3
could also be computed by the boundary condition f|x—; = +o00.

Remark 3.7. The above two examples have been considered by Jing [11] (locally)
and Kim, Yamamori, and Zhang [13] by different methods from ours.

4. Extremal metric

Theorem 4.1. Let (2, g) be a Kdihler manifold endowed with its Kihler metric g,
where g is a Kdihler metric associated with the Kihler form (1-2). Then g is a
special extremal metric if and only if the scalar curvature of g is constant.

Proof. In the sense of automorphism of €2, any point (z(1, 2(2), 23)) € §2 could be

viewed as pg := (X 172°0,...,0,0, 0). Therefore, we only need to consider the
scalar curvature S of © at pg. By (3-9), we have
A 0 0
(4-14) Hlp,=| 0 fI, 0 ,
0 0 (f+a)l,
where Ay =diag(f’, £ f+b) is a diagonal matrix of order s. Let ¢ = £ (0).
Then the associated Kihler form is
s+n
wlpy = fldz1 A dZT L IP Zdzl NG+ f Y dzAdZ
k=s+1
s+n+m
+(f+a) Y dundz.
[=s+n+1

On the other hand, we denote the Ricci curvature of w at py by Ric|,,. By
Lemma 3.1, the Ricci form (3-6) has a similar expression as the Kdhler form (1-2).
Hence, in the corresponding expression as in the format (4-14), we replace a, b, f
in (4-14) by

aric :=n+1, bric:=s+n+1
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and

Q)¢
0

respectively (see Remark 3.2), where Q := (f 4+ b)* L f7(f +a)™. Therefore, the
corresponding matrix of Ric|,, could be obtained by

B;y 0 0
(4-15) Rlpy=| 0 7L, 0 ,

0 0 (f4+n+DI,

f = fric = =X (log(QpX" ™)) = —n — 1 —

where Bj| = diag(f’, f“%“, R W) is a diagonal matrix of order s.
Furthermore,

o (Q<p)f>’ ((Q(P)f) _ <(Q(P)ff B (Qcp)fo) :

/ < 0 0 /= 0 Q? 7

Combining (4-14) and (4-15), we obtain the scalar curvature S of Q at pg, that is,
(4-16)  Slp, = tr(H], Rlpo)
_f N —D(f+s+n+1) nf+m(f+n+1)

_7 f+b 7 f+a
_ Qo)sr | Qo) Oy s—1 s(s—1)
=TT o T o TG no@rt I+
gy, — Mt D (09)
fQ YTy <f+ yo =

Qo) s6=D n(at1)
0 " f+b fo

where, for the last line, we apply

iy L

1
0r = gl

=D+ 2f"(f +a)" +n(f +b) N f +a)
+m(f+b) " f(f+a)" )

s n n n m
(f+b)Q  fO (f+a)Q
By our assumption, g is special extremal metric. Then
Qo) sG=1) nit)
0 f+b f

for some ¢y, ¢c2 € R. Therefore,

=ci1f+c

1 —1
(09) 1 = —(c1f +¢2)0 — ”(”Jf Yo+ s§f+b) 0:= Pr(f).
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where P,(f) is a polynomial of f with degree n +m + s. Thus

[worpar= [par

By the initial condition f|x—o = c, we can derive the expression of (Q¢) y. Repeat-
ing the same procedure, if c; # 0, we get that the expression of Q¢ is a polynomial
of f with degree n +m + s + 2, again since Q is a polynomial of f with degree
n+m+s — 1. According to the completeness for the extremal metric, we have

/JFOO 1 oo 2
o raf~ [ ar =t
¢ ¢ NG

Then we derive that g is extremal if and only if ¢; = 0, that is, its scalar curvature
is constant. O

5. Some applications

As an application of Theorem 1.1, we give the comparison between the Bergman
metric and the K&hler—FEinstein metric in the case s = m = 1. In this case we
denote €2 in (1-1) by €2,,42. That is,

Quiz={(¢. L. w) eCxC" xC: e |2+ 2> < 1.

Let g® be the Bergman metric of 2,45, and g be the Kihler—Einstein metric
considered in Theorem 1.1. Then we obtain the following result.

Theorem 5.1. The Bergman metric g8 and the Kiihler—Einstein metric g on Q4
are equivalent.

Proof. We divide the proof into three steps.
Step 1. We first give the Bergman metric g® on ;5.
In Huo [10], the Bergman kernel of €2,,1; is given by

D P A= Z12 + (4 DeP i)
5-18 K(z,2) = - .
e G T T (e g Py

Let X = e’ |212/(1 = |Z]1?), (¢, £, w) € Qno. Simple calculations show that

5182 O+ D! X2~ 0P (1 4 (n + D X)
- T gnt2 (1 — X)" 3| |20 +2)

Leta=—n—11in (1-2), and

X"P2(1+m+ DX)

Fp(X) :=log x5
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Then the Kihler form in (1-2) associated with 2,4, reduces to
wp =+ —103Fp(X) — (n+ 1)dd|w|?).

It is easy to conclude that wp = +/ —199 log K (z, z). That is, the Kéhler metric
associated with wp is just the Bergman metric g®. According to our previous
notation in (4-14), we have

(5-19) 881y, = diag(fp, f5,---» fB, f5—n—1),
\—f_./
n
where
1 n+3 n+1 n+3
= XFlh = — . fh= )
Jb A TS G Tb (I+@m+DX)2 " (1-X)2
We also set
n+1HX n+3)X
(5-20) ¢p:=Xfp=

S (+m+DX)? T (1-X)?2
Step 2. We analyze the Kéhler-Einstein metric g on €2,,45.

By Theorem 1.1, the Kdhler metric g associated with the Kihler form (1-2) is a
Kihler-Einstein metric on €2,,4; if and only if a = —n — 1, and F (X)) is the solution
of the differential equation

(5-21) Q@)= f"(f —n—1)

with the initial condition f|x—o=n+2, in which Q :=(f —n—1) f" and ¢ := X f".
Then

Q¢=/}%f—n—n%ﬁ

=/f%ﬂ—2m+nf+m+n%df

B fn+3 _ (I’l +2)n+3 B 2(1’1 4 1)(fn+2 _ (I’l +2)n+2)
N n+3 n+2
+m+ D =+ 2" = P(U).

Moreover, by (4-14), the Kéhler—Einstein metric g at pg associated with the Kéahler
form (1-2) has the formula

(5-22) glpy =diag(f’, fo.... f, f—n—1).
\q/—d

n
LetU:=f—n—2. ThenU’ = f’, U|x—o =0. By (3-13) and ¢|x—o =0, we have

,_PW) _ AW

(5-23) = = :
o) W)
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where ﬁ(U ) is a positive polynomial of U on {U > 0} with degree n + 2, and
oW)=U+1HU +n+2)"

is a polynomial of U with degree n + 1. We could derive that

oW _ i1, PW)
UP(U) U PU)

The reason is that if we multiply the equation by U and let U tend to 0, the middle

item is 1 and the second term on the right-hand side tends to 0. Here we notice that

the degree of P(U) is less than n + 1. Thus

W)

5-24 )
624 UP(U)

dU =dlogX — X=UT (),
where T (U) is the exponential of the integral of a rational function of U on {U > 0},
with a positive polynomial P;(U) as the denominator.

Step 3. We compare the Bergman metric g® and the Kihler-Einstein metric g
on 2,42.
From (5-19) and (5-22), we only need to consider the fractions

B
gtilpe _ I3 gitlpe . /8 2o . 8unthtnlr _ fp—n—1
gitlpy Siilpg U gn+m+ylpy  f—n—1
Since fg (or fg)and f (or f’) are continuous functions for X € (0, 1), we consider

only the limits limy_, ¢+ and limy_, |-.
From the above statement, we first have

lim 18— [BO _
im — = =1,
X—0t f f(0)

and

/ X / / !
im 22 = tim B — fim 22— fim 2B — fim 9B
x—0+t f7 x=0t Xf'  x=0t ¢ @ x-0t ¢  x-0t Upy

< 40

exists but is not zero. For the last line, we applied (5-20), (5-23) and (5-24), and
the fact that .
P1(0)

—— U ->T10!
o0 U TO

o = 2n+4, ¢y —
when X — 0.
On the other hand, we have
/B /s 2]

3 — 2
fim 28 = fim B = jim 8= tim —"° (43 lim (2 .
X>1- f x>1- f/ x>1- ¢ x->1- (1—X)2%p x—>1-\1-—X

=
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Next, we prove that

Since

li Yue
1m = — l1im = — R
X->1-1—-X 2 X—>1- @2 2 U—+oc0 )

By (5-21) and (5-23), we have

Que+ Qpu = U +n+2)"(U +1)? )
v QU+D—-Que QW+1D—-Q0uP
0 Qp? OvVhQ

Note that deg(Q) =n+ 1, deg(P;) = n + 3, the coefficient before the highest-order

term of Q is 1, and the coefficient before the highest-order term of P is # Hence,

2 1 . ¢ 1 . %u
| = lim —.
2 U—»+o0 @2

[N

1
L im v _1 lim QZ(U+1)_QUP1—1_%— _1
2 U—+o0 (p% 2 U—+o0 0 /PIQ %4_3 n+3.
Therefore, we proved that
—n—1 /
fim 2T g By TB O

X—>1- f—n—1  x>1- f x—>1- f'
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