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YONG WANG

Building on a kind of elliptic genus for almost complex manifolds intro-
duced by Ping Li and its various properties established by him, we define a
generalized elliptic genus where an extra complex bundle is involved. This
generalized elliptic genus is a generalized Jacobi form. By this generalized
Jacobi form, we can get some SL(2, Z) modular forms. By these SL(2, Z)
modular forms, we get some interesting anomaly cancellation formulas for
an almost complex manifold. As corollaries, we get some divisibility results
of the holomorphic Euler characteristic number.

1. Introduction

For an arbitrary compact spin manifold one can define its elliptic genus. It is a
modular form in one variable with respect to a congruence subgroup of level 2.
For a compact complex manifold one can define its elliptic genus as a function
in two complex variables. In the last case, the elliptic genus is the holomorphic
Euler characteristic of a formal power series with vector bundle coefficients. If the
first Chern class of the complex manifold is equal to zero, then the elliptic genus is
a weak Jacobi form. In [9], Li extended the elliptic genus of an almost complex
manifold to a twisted version where an extra complex vector bundle is involved.
Under some conditions, Li proved this elliptic genus is a weak Jacobi form. We
extend Li’s elliptic genus and prove this generalized elliptic genus is not a weak
Jacobi form and we call it the generalized Jacobi form. By this generalized Jacobi
form, we can get some SL(2, Z) modular forms as in [9].

In 1983, the physicists Alvarez-Gaumé and Witten [1] discovered the “miraculous
cancellation” formula for gravitational anomaly which reveals a beautiful relation be-
tween the top components of the Hirzebruch L-form and A-form of a 12-dimensional
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smooth Riemannian manifold. Kefeng Liu [10] established higher-dimensional
“miraculous cancellation” formulas for (8k+4)-dimensional Riemannian manifolds
by developing modular invariance properties of characteristic forms. These formulas
could be used to deduce some divisibility results. In [3; 5; 6], some more general
cancellation formulas that involve a complex line bundle and their applications were
established. In [7], Han, Liu and Zhang showed that both of the Green—Schwarz
anomaly factorization formula for the gauge group Eg x Eg and the Horava—Witten
anomaly factorization formula for the gauge group Eg could be derived through
modular forms of weight 14. This answered a question of J. H. Schwarz. In [8],
Han, Huang, Liu and Zhang introduced a modular form of weight 14 over SL(2, Z)
and a modular form of weight 10 over SL(2, Z) and they got some interesting
anomaly cancellation formulas on 12-dimensional manifolds. In [12], by some
SL(2, Z) modular forms introduced in [4] and [11], we get some interesting anomaly
cancellation formulas. As corollaries, we get some divisibility results of index of
twisted Dirac operators. Our motivation is to prove more anomaly cancellation
formulas for almost complex manifolds by modular forms over SL(2, 7) induced by
the above generalized Jacobi form.

This paper is organized as follows. In Section 2, we introduce the generalized
elliptic genus and prove it is a generalized Jacobi form. In Section 3, by this
generalized Jacobi form, we can get some SL(2, Z) modular forms as in [9]. By these
SL(2, Z) modular forms, we get some interesting anomaly cancellation formulas
for an almost complex manifold. As corollaries, we get some divisibility results of
the holomorphic Euler characteristic number.

2. Generalized elliptic genus for almost complex manifolds

Let (M, J) be a 2d-dimensional almost complex manifold, let T be the holomorphic
tangent bundle in the sense of J and let 7 be the dual of 7. Let W denote a complex
[-dimensional vector bundle on M. Denote the first Chern classes of 7 and W
by c1(M) and c; (W), respectively. We denote by 2na/—1x; (1 <i <d) and
2/~ 1w j (I < j <), respectively, the formal Chern roots of T and W. Then the
Todd form of (M, J) is defined by

T e T 2Ty~
( ) T 1_! 1 _e—2n\/?1x,' ’
1=

Let (7, z) € H x C where H is the upper half plane and C is the complex plane.
Let ag > 1 be a positive integer. Let y, = %" V=lmz for 1 < < ap and a positive
integer m,. Let ¢ = ¢*™V~1% and ¢ := [T, - q”).

For any complex number ¢, let

AME)=Cly+tE+t>AN*(E)+---, S(E)=C|y+1E+t*S*(E)+---
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denote, respectively, the total exterior and symmetric powers of E, which live
in K(M)[[t]. The following relations between these operations hold:

A(E— F) = A (E)

S =By T NF)

If {w;}, {a);.} are formal Chern roots for Hermitian vector bundles E, F, respectively,

ch(A,(E))=H(1+e‘“ft), ch(S,(E)) = Ma—emn’

Definition 2.1. The generalized elliptic genus of (M>?, J) with respect to W, which
we denote by Ell(M, W, 1, 7), is defined by

apc1 (W) —c1(M)
2

(2d)
Ell(M, W, 1,z2):= {exp( )Td(M) ch(E(M, W, t, Z))} ,

where

E(M, W, 1, 7) := ¢?d-la0)y . _1/2®(®/\ g1 (W) A _yrign (W))

® (® Sy (T ® Sqn(T))
n=1

When ap =1 and m| = 1, we get Li’s elliptic genus. We know that our elliptic
genus is not a special case of Li’s elliptic genus since

ANy (W) @ Apy(W) # Ay, (W) and Ay (W) @ Ay (W) # Ay, (W).
Using the same calculations as in Lemma 3.4 in [9], we obtain:

Lemma 2.2. We have

I ao (2d)
2w/ —
EI(M, W, , z)=(n(r>3<d 1“‘”1_[ Z( = l—[l_[ (t, wj—mrz)) :
T, X;) i=lr=i

where

0(t.2) = 2¢"sin(rz) [ (1 — /) (1 = 2™V Togl) (1 — 727V 1egdy),
j=1

o0
n@) :=q"* c=q"*[]0-¢")
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Theorem 2.3. If c; (W) = 0 and the first Pontrjagin class pi(M) equals agp1(W),
then the generalized elliptic genus EN(M, W, 1, 7) satisfies

at+b z )

cT +d0 cT+dy

= (cT +dg)™' eXp(ﬂx/—_ll< HZO m%)

r=1

2-1) Eu(M e

2
cz ) EI(M, W, 1, 2),
do

(2-2) EI(M, W, T, 2+ AT + 1)

a ag

= (—1)"1(Zroz1 my)+3lay exp(—nv — 11( > mf) rz + Azt))
r=1

-EI(M, W, 1,2),

where (‘Z 50) € SL(2,7) and A, u € Z. We know that the generalized elliptic genus
Ell(M, W, t, 2) is not a Jacobi form and we call it the generalized Jacobi form.

Proof. By the transformation laws

”3<‘%)=<f_—1)3/2n3<r>, P+ =),

0(t,z+1)=-0(r,2), 0(t,z+1)=—q "Zexp(—2nv~12)0(z, 2).
O(t+1,2) ="V (1, 2),

9(—%, z) = —x/—_l<\/%_1)]/2 exp(mv/—112%)0(, 12),

we get Ell(M, W, t, 7) satisfies the transformation laws

EI(M, W, 7 +1,2) =EI(M, W, t, 2),
EI(M, W, 7, 24+ 1) = (=)' (ZLm) Bm, w, 7, 2).

aon
EI(M, W, 7,24 1) = (-1 eXP(_” Y _”< 2 m3>(f +2Z)> Ell(M, W, 1,2),

r=1

2
En(M w, -1 E) — ¢d—lao exp(ﬂ«/ z(z )Z?) EI(M, W, 7, 7).

r=1
By the above transformation laws, we can conclude (2-1) and (2-2). O

In the following, we introduce some generalized elliptic genus with extra com-
plex bundle W and real vector bundle V. Let V be a 2bo-dimensional real Eu-
clidean vector bundle with the Euclidean connection V" and the curvature RV.
Let {:|:271\/_ur} (1 <r < bg) be the formal Chern roots for V ® C. Let
VC = VC —dimV.

Definition 2.4. The generalized elliptic genus of (M??, J) with respect to W and V,
which we denote by Ell(M, W, V, 1, 2), Ell(M W,V,t, z),El(M, W, V,1,7),are
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defined by
EN(M,W,V,t,z2)

- (exp(aocl (W)z_ c1(M) ) Td(M)ch(E(W, g, 7)) det'/? cosh(%Ro

(2d)
(®/\qm(VC)®®/\ r— 1/2(Vc)®®/\ g |/2(VC)>) )

m=1

B(M, W, V,7,72) = (exp(“ocl(w)_cl( )\ Ta (M) ch(E(W, g, 7))

)
) @)
)
)

. <det1/2 cosh( RV

00 (2d)
+Ch(®/\_qs—l/2(‘7é)>)> )
s=1

Td(M)ch(E(W,q, 1))

+Ch(®/\ r— 1/2(

( <a001(W) c1(M)
exp

. 2d)
sin RY g —_
-detl/2<%> ch(®/\_qm(Vc))) .

472 m=1

E(M, W, V,7,2):=

Lemma 2.5. We have

EIN(M,W,V,1,7) = (n(r)3(d lao) ]_[ 2/ =T 1 ]_[]_[e(r wj —m,z)

0(t, x;) il
ﬁ(@l (ur, T) O2(ur, ) O3 (1, ‘L’)) e
0.0 0,00 6:0.0) :

Eﬁ(M, W, V, T, Z) — (n(r)?)(d lap) 1_[ ZJTN/_XZ l_[ l_[e(l' w] rZ)

0(t, x;) j=lr=1
bo @d)
_H(Gl(ur,t)+92(ur,r)+93(ur,f)>
610, 60,7 650, 0) ’

EN(M, W, V,7,2) = (n(r)3<d o H S l_[l_le(r wj —m;z)

0(t, x;) irieli

bo e(u ‘L') 2d)
‘rljll(el (0, ©)62(0, )65 (0, T)u, )) ’
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One has the following transformation laws of theta functions (see [2]):

| 1/2
O1(v,T+1)= e”ﬁ/“el(v, 1), 6 (v, —;) = ( ‘ > e”ﬁwzez(fl}, T);

=1
1 T 172 2
62(v. T +1) = 65(v, 7). 92<v, —;) = (M) eV (xv, 7);
1 T 172 2
03(v, T+ 1) =6(v, 7), es(v, —;) = (M) VI 0y (1w, 7).

By the above transformation laws, similar to Theorem 2.3, we have:

Theorem 2.6. If c; (W) = 0 and the first Pontrjagin classes pi(M) and pi(E)
equal agp1(W) and p\(E) = 0, respectively, then the generalized elliptic genus
Ell(M, W, V,t,z2), El(M, W, V,1,2), ElM, W, V, t, 2) satisfies (2-1) and (2-2).

3. Anomaly cancellation formulas for almost complex manifolds

We recall the definition of the Eisenstein series G (7):
By
Gou(r) ==+ z; ox-1(n) - q",
n=

where oy (1) :== 3, 0 i m* and By are the Bernoulli numbers. It is well known
that the whole grading ring of modular forms over SL(2, Z) are generated by G4(7)
and Gg(t). We recall Proposition 3.5 in [9].

Proposition 3.1 [9]. Suppose a function ¢(z, z) : H x C — C satisfies

at+b z k 27 /—1mez? a b
; = d _ , 2); SL(2, 7).
§0<cr—|-c170 C‘L’—I—do) (cT+do) exp( cT+dy ¢(©.2) ¢ d €5L2,2)

We define

D (7, 2) = exp(—8m mGo(T)2)@(T, 2) i= Y _ an(T) - 2".

n>0
Then these a, (1) are modular forms of weight k + n over SL(2, 7).

Proposition 3.2. Let ¢c1(W) = ¢ (M) = 0 and the first Pontrjagin class pi(M)
equal agp1(W). Then the series a,(M, W, t) determined by

exp<—4n21(zmr)G2(T)Z2) BIM, W, 7,2) =Y a,(M, W, 7) - 2"

r=1 n>0
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are modular forms of weight d — lag + n over SL(2, Z). The first five series of
a,(M, W, 1) are of the form

(3-1) ap(M, W, 1)

= (Td(M) ch(r_1 (W) + q(Td(M) ch(A_ (W) ch(Ag)) *”
+q2(Td(M) ch(A_ (W) ch(AD)*” + 0(g?),
where
Ao=T +T*—2(d —lag) — Wo— W, Wo=aoW,
and

Al =S*T+T* QT + S*T* + N2 W + A2 Wo + Wi @ W
+Q2(d —lag) = 1Y (Wo+ W5 =T = T") = (Wo+ Wg) @ (T +T%)

+ (d —lap)(2d — 2lay — 3),
1

al(M,W,f):<2nJ—_1Td(M)ch< Z (—1)Z(:O=|Pr(2mrpr—%zmr)
=0 r=1 r=1

Pls--es Pagy

(2d)
APTWE® - @ AP W)) +q(Td(M)ch(A3)*) + 0(¢?),
where
A3 =21~ —1(=2(d—lag)+T+T*—ag(W+W¥))

ap
D o me (A (W) @(= W H2A2W - (= DA W)

r=1

+<1+A_1(W*>)“°(—2nd—_1 Y m(WAWH—lnv/=1)  m,(~2(d~lay)
r=1 r=1

+T+T*—ao(W+W*))>,

! ap

ap 2
Clz(M, W, 'L'): <—27T2Td(M) Ch( Z (_1)Zr0:l Pr(zmrpr—ézmr>
r=1

r=1

(2d)
AR ... Q APw W*))

l

I aop ) 5 a R . 2d)
+8<Zm,)n (Td(M)ch( Y (CDZE AW @APOW ))

r=1 Pl Pag=
+ 0(g),
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az(M, W, 1)

! X -
ag l
_ <%n3(\/—_1)%Td(M)Ch< Z _O(_I)Zm]l’r(;mrpr_i ;mr)

Plyeees Pao—

(2d)
APIW*R- - - QAP W*))

ap l ap ap
+@(Zm3)n3(m<m ch( > =O<—1)Zr‘ilpf(g;m,pr—é;mr)

r=1 Plse-s Pag
(2d)
APTW*R- - - QAP W*))
+0(q),

as(M,W,t)= (%n4Td(M)

(2d)

a0 ao 4
@ [
(‘”Z’O"”(Zmrpr—gzmr) AP W*®---®A”“OW*>>
r=1 r=1
12 ao 2 l a ao l ap 2
—§<Zm§> n4<Td(M)ch< > (—1)2"1”(Zmrl?r—52mr>
= a9 =0 r=1 r=1
(2d)
AP W*®...®/\pa0 W*))

P2 2 . (2d)
-I—ﬁ(me) n4<Td(M)ch< > (—l)zroll"/\”lW*®---®/\1’“0W*>>

r=I1 Pls-s PaO:O
+0(q),

Proof. We know that Ell(M, W, t,0) =ao(M, W, t) and

Ell(M, W, 7,0) = (Td(M) ch(E(M, W, 7, 0)))**,

where

oo
E(M. W, 7,0) = 240 Ay (W) Q) A—gr (W3) A—gr (Wo)

n=1
® (® Sgn(T*) ® Sy (T))

n=1

= AL (WS +g Aot (WH®Ag+q> Aot (WH)® A+ 0(g).
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So we get (3-1). If we set

exp(—4nzl(2m,>G2(r)z2) = Co(Z) + C1(z)g + 0(g?),

r=1

and

El(M, W, 7, 7) := Bo(Z) + B1(2)q + O(¢?),

we can get that

2 2
Co(z)=14+- <Zm >n z +;2<Zm ) T+ 0(2%),

2
cl<z)——4l<2m ) 222 (Zm ) A0S,

Bo(z) = (Td (M) ch(n_ (W) >

1 ao ao
+<2n«/—_le(M)ch( Z (—I)Zfoﬁp’<2mrpr—é2mr)
r=1 r=1

Ply---vpa():o

189

(2d)
APTWF®- - @ AP W*)) z

l

> ==t lf’f<2mrpr——2m>

Plseess Day =0

+ (—2712Td(M) ch(

(2d)
AW .- @ APwo W*)) ZZ

[
ag !
+ (‘3—‘713(«/—1)3Td(M)ch( DGR AT (Z””rl’r—§ 3 m,

Pls--s Pay=0

@d)
AP WER- - @ AP W*)) 2

l

Z“O ap I ap 4
Y, D rlf’f(Zmrpr—EZmr)
r=1 r=1

P1s-s Pay=0

- (%n“Td(M) ch(

2d)
APLWER- - @ AP W*)) 40,
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Bi(y) = (Td(M)ch(A_ (W) ® (—2(d —lag)+T +T* —ag(W+W*))))*"

+ <Td(M) ch(2mv/=1(=2(d —lag)+T +T*—ao(W+W*)))
Y omp (LA (W) @ (=W 2 A2 WH - (= D LA W)

r=1

+(1+A_1(W*))“°>

aop ao
. (_27“/—1 D me(WHW*—la/=1) “m,(=2(d—lag)+T+T*
r=1 r=1

(2d)
—Clo(W-i-W*))) Z
+0(2%).
We know that
(3-2) Y ay(M, W, 7)-2" = Co(2) Bo(2) + (Co(2) Bi (2) + C1(2) Bo(2))g + - - - -
n>0
Then we can get Proposition 3.2 by the penultimate display above and (3-2). [

Since there are no SL(2, Z) modular forms with the odd weight or nonzero
weight <2, we have:

Proposition 3.3. Let ¢ (W) = ¢ (M) = 0 and the first Pontrjagin class pi(M)
equal agp1(W).

(1) If either d —lag is odd or d — lag < 2 but d — lay # 0, then

(Td(M) ch(A_ (W) > = (Td(M) ch(A_1 (W) ch(Ap)* =0,
0 0

(Td(M) ch(A_1 (W) ch(A)* =0,
and for complex manifolds,
XM, A (W) = x (M, A—1 (W) ® (Ap)) = x (M, A1 (W) ® (A1) =0,

where x (M, A_1(W()) denotes the twisted holomorphic Euler characteristic num-
ber.

(2) If either d —lag is even or d —lag < 1 but d — lag # —1, then

ao

) ap
(Td(M)ch( > (—1)Zf01p’(2mrpr—é2mr>
=0 r=1

Pl Pag r=1 (2d)
wsanmow)) o

(Td(M) ch(A3))*) =0,
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and for complex manifolds,

i a
l 0

x(M, Y (=pEh p(ZmP -5 Zmr) AW ®/\p“0W*> =0,
r=1

pl,...,pHO:O r=1
x(M, Az) =0.

(3) Ifeither d —lag is odd or d — lag < 0 but d — lag # —2, then

l ap ap 2
(—2Td(M) ch( 3 (—1)Zf9lpr<zm,p,—ézmr)
r=1 r=I1

Plyeees Pay=0

(2d)
APIW*R- - -@AP«w W*))

| (& ) @d)
+8<;m3><Td(M)ch( Z (—I)Z’Oll”AplW*(X)-~-®/\”"0W*>) =0.

P1s-sPag=0

(4) If either d —lag is even or d —lag < —1 but d — lay = —3, then

(%‘n3(«/—_1)3Td(M)

l 2d)

a ag i ao 3
-ch( > (—1)Zr31"*(zmrpr—izmr) /\p‘W*®~--®/\p"0W*)
r=1

Plyeess Pay= r=1
V-l (& ! " a ;@
+T<Zm§)n3 Td(M)ch( Z (_1)Z'=1pr<zmrpr—izmr>
r=l plﬂ-"vpa():O r=1 r=1

(2d)
AW Q- ® /\p“OW*)) =0.

(5) Ifeither d —lay is odd or d — lag < —2 but d — lag # —4, then
1

a0 aop 4
(%n“Td(M) ch( Z (—I)Zf0=1 p’<Zmrpr - % Zmr>
r=1 r=1

l’la---y[’a():o (zd)
APLWE @ @ AP W))
1

l2 a0 2 w0 ao i aop 2
- §< m§> n (Td(M) ch( Z (=T r < Zmrpr -3 Zm>
r=1 r=1

Plsees Pag=0

(2d)
APTWH® - - @ AP W*))
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l

12 0 2 ) o)
+ﬁ<;m§) n4(Td(M) ch< Z (—1)Zr2i P AP W*®__,®Apaow*))

P1yeees paozo
=0.

Similarly in cases (3)—(5), we have expressions using the twisted holomorphic Euler
characteristic number.

Theorem 3.4. Let ci (W) = c1(M) = 0 and the first Pontrjagin class p1(M) equal
app1(W).
(1) Ifd —lag =4, then

(Td(M) ch(A_1(WE)) ch(Ag)) *” =240(Td(M) ch(r_1 (W)))??,

(2d)

(3-3) d)
(Td (M) ch(A_1 (W) ch(A}))™ =2160(Td(M) ch(A—1 (W) ™,

and for complex manifolds,

X (M, A1 (W) ® Ag) =240 (M, A—1(W}))),
XM, A (W) ® Ap) = 2160 (M, A_i (W),
50 x (M, A_1(W§) ® Ao) is an integer multiple of 240 and x (M, A_1 (W) ® Ay)
is an integer multiple of 2160.
(2) Ifd —lag = 6, then
* (2d) 1) 24)
(Td(M) ch(A_1 (W) ch(Ap)) ™ = —=504(Td(M) ch(A_1 (W) ™,

2d)

(3-4) o0
Td(M) ch(n_1 (W) ch(A) = —16632(Td(M) ch(r_ (W) >,
( 0 ) 6632( )

and for complex manifolds,

X (M, A1 (W) @ Ag) = =504 x (M, A1 (Wy)),
XM, A1 (W) ® Ap) = —16632x (M, A—1 (W),
50 X (M, A—1(W§) ® Ao) is an integer multiple of 504 and x (M, A—1 (W) ® A1)
is an integer multiple of 16632.
) Ifd —lag = 8, then
* (2d) v ) 2d)
(Td(M) ch(A_1(Wg)) ch(Ag)) ™ = 480(Td (M) ch(A_1 (W) ™,

(Td(M) ch(A_ (W) ch(A1)*” = 61920(Td(M) ch(a_ (W),

(3-5)
and for complex manifolds,
X (M, AZL (W) ® Ag) = 480x (M, A_1 (W),

X (M, A (Wg) ® Ap) = 619205 (M, A—1(Wp),
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5o X (M, A_1(W§) ® Ao) is an integer multiple of 480 and x (M, A_1 (W) ® Ay)
is an integer multiple of 61920.

@) Ifd —lag = 10, then
+6) (Td(M) ch(r_ (W) ch(Ag))®? = —264(Td (M) ch(r_1 (W),
* (Zd) (2d)
-1
( (Td(M) ch(A-1(W)) ch(A)) —135432(Td(M) ch(A_1 (WE)))

and for complex manifolds,

XM, A_1(Wg) ® Ag) = —264x (M, A1 (W),

XM, A1 (W5) @ Ay) = —135432x (M, A_1(Wg)),
50 X (M, A_1(W§) ® Ao) is an integer multiple of 264 and x (M, A1 (W) ® A1)
is an integer multiple of 135432.
(5) Ifd —lag = 12, then

(3-7)  (Td(M)ch(A_ (W) ch(A))) > = 196560(Td (M) ch(r_ (Wg))) >

—24(Td(M) ch(A_ (W) ch(Ag)) >,
and for complex manifolds, x (M, A_1(W) ® A1) is an integer multiple of 24.
(6) Ifd —lag = 14, then

(Td(M) ch(r_ (W) ch(Ag))® = —24(Td (M) ch(r_ (W))))?”,

(3-8) iy _
(Td (M) ch(A_1 (W) ch(A))) —196632(Td(M) ch(A_1 (W)

)(Zd)

and for complex manifolds,

XM, A1 (W) ® Ag) = —24x (M, A—1(Wg)),

X (M, A1 (Wg) ® Ay) = —196632x (M, A—1 (W),
so x (M, A1 (W) ® Ao) is an integer multiple of 24 and x (M, A1 (W) ® Ay) is
an integer multiple of 196632.
(7) If d —lag = 16, then

(2d) (2d)

(3-9) (Td(M)ch(A_1(W])) ch(A}))™ = 146880(Td (M) ch(A_1(W{)))

+216(Td(M) ch(A_; (W) ch(Ag)) >,

and for complex manifolds, x (M, A_1(W) ® A1) is an integer multiple of 216.
Proof. ag(M, W, t) is a modular form of weight d — lag over SL(2, Z).
(1) If d —lag =4, then ap(M, W, T) is proportional to
Ga(7) = 14 240g 4+ 2160¢> + 6720¢° + - - - ,
so (3-3) holds.
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(2) If d —lag = 6, then ag(M, W, T) is proportional to
Ge(t) =1—504q — 16632q2 - 122976q3 +---

so (3-4) holds.
(3) If d —lag =8, then ag(M, W, 1) is proportional to

G4(1)? = 1+480g +61920¢> + - - - |,
so (3-5) holds.
4) If d —lag = 10, then ag(M, W, 1) is proportional to

G4(1)Ge(1) =1 —264g —135432¢°> + - - -,

so (3-6) holds.
(5) If d —lag = 12, then
(3-10) ag(M, W, 1) = 41G4(v)? + 22Ge(1)?,
where A1, A, are degree-2d forms. We have

Ga(v)® =1+4720g + 179280¢% + - - - ,
Ge(1)? =1 —1008g +220752¢% 4 - - .

In (3-10), we compare the coefficients of 1, g, qz, and we get three equations about
A1, A2. Solving the three equations, we get (3-7).

(6) If d —lag = 14, then ag(M, W, 7) is proportional to

G4(1)*Ge(t) = 1 —24q — 196632¢% + - - - |,
so (3-8) holds.
(7) If d — lag = 16, then

(3-11) ap(M, W, ) = 2 G4(1)* + 212G 4(7) G (7)?,

where A1, A, are degree-2d forms. We have

(3-12) G4(1)* = 1+960q +354240¢% + - - -
(3-13) G4(1)Ge(1)? =1 — 768 — 19008¢> + - - - .
By (3-11)~(3-13), we get (3-9). O

Similarly, by a; (M, W, 1), we have:

Theorem 3.5. Let ci (W) = c;(M) = 0 and the first Pontrjagin class p1(M) equal
aop1(W).
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(1) Ifd —lag = 3, then
(Td(M) ch(A_1 (W) ch(A3)) >

= 240 (271\/—_1 Td(M) ch(

[

Z (_I)nglpr(ragol:mrpr - %imr)

pl,.l.,paozo r=1
(2d)
APLW*® -+ - @ AP W*))

and for complex manifolds, x (M, A_1(W}) ® A3) is an integer multiple of 240.
(2) Ifd —lay =5, then

(Td(M) ch(A_1 (W) ch(Az))*”

= —504 (271\/—_1 Td(M) ch(

l

Z (_1)2?0:1 pr(imrpr - éi”ﬁ)
r=1 r=1

Pls-es Pay=0
(2d)
ANWFR .- ® APw W*))

and for complex manifolds, x (M, A_1(W[) ® A3) is an integer multiple of 504.
3) Ifd —lag =1, then

(Td(M) ch(A_1 (W) ch(As)) ™"

— 480 (2m/—_1 Td(M) ch(

! ap

Z (_I)Zf():] pr(zmrpr - é Zmr)
r=1

l’l,--n[’aO:O r=1
@d)
ATWF® - ® AP W*))
and for complex manifolds, x (M, A_1 (W) ® A3) is an integer multiple of 480.
4) Ifd —lag =9, then

(Td(M) ch(A_1 (W) ch(A3)) "
l

ag ap
ag l
- —264<2n«/—1Td(M) ch< > _0(—1)Zr1 Pr ( ;m,p, -3 ;m)
(2d)
ANTW*R ... ® APw W*))
and for complex manifolds, x (M, A_1(W[) ® A3) is an integer multiple of 264.
We remark that the ideas in the proofs of Theorems 3.4 and 3.5 appear in [9].
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