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PARALLEL VECTOR FIELDS AND GLOBAL INJECTIVITY
IN TWO DIMENSIONS

FRANCISCO BRAUN AND JAUME LLIBRE

Let U be simply connected open subset of R2, and let f : U → R2 be a local
diffeomorphism. We study the global injectivity of f using the planar vector
fields of type annular, radial or strip. Our main result enables the unification
of proofs for classical results on global injectivity, such as the Hadamard
global invertibility theorem and the condition related to the connectedness
of the levels sets of one of the coordinates of f .

1. Introduction and statement of the main results

We provide a relationship between parallel vector fields and global injectivity of
local diffeomorphisms in dimension two.

Let U ⊂ R2. We say that a vector field X : U → R2 is parallel when it is
topologically equivalent to one of the vector fields:

(a) (−y, x) in R2
\ {(0, 0)}.

(r) (x, y) in R2
\ {(0, 0)}.

(s) (1, 0) in R2.

A parallel vector field is called annular, radial or strip when it is topologically
equivalent to the vector field (a), (r) or (s), respectively.

If a vector field X : U → R2 is such that X |U\{z} for some z ∈ U , is annular
or radial, we simply say that X is annular or radial surrounding z, respectively.
This clearly imposes that U is simply connected.

On the other hand, let f = ( f1, f2) :U →R2 be a Ck , k ≥1, local diffeomorphism,
i.e., its Jacobian determinant

J f (z)= det D f (z)= f1x(z) f2 y(z)− f1 y(z) f2x(z), z ∈ U

is nowhere zero. By the inverse function theorem, f is a local diffeomorphism but
may fail to be a global one, as for instance, f (x, y)= (ex cos y, ex sin y) defined
in R2 which is neither injective nor onto. It is an old problem to find additional
conditions in order to “globalize” the inverse function theorem, i.e., in order to

MSC2020: 14R15, 34C25.
Keywords: annular vector fields, radial vector field, strip vector field, global injectivity.
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guarantee that f is a global diffeomorphism, or at least globally injective (and so a
global diffeomorphism onto its image), see [20; 24].

In the polynomial case the claim that f : R2
→ R2 with constant nonzero J f

is injective is known as the Jacobian conjecture in R2. This is part of the famous
Jacobian conjecture, claiming that a polynomial map f : kn

→ kn , where k is a
field of characteristic zero, such that its Jacobian determinant is an element of k∗

is an automorphism, i.e., invertible with polynomial inverse. Both conjectures
are completely open, see [13]. If k is algebraically closed (respectively k = R),
it is known that a polynomial injective map f : kn

→ kn is automatically an
automorphism [10] (respectively onto [2]). In particular, the injectivity of the map
is the essential question in the Jacobian conjecture (at least when k is algebraically
closed) and in the Jacobian conjecture in R2. Back to the case when J f is nowhere
zero but not necessarily constant, the injectivity of f may fail even in the polynomial
case in R2 [21]. Even further assuming J f (x)≥ 1 for all x ∈ R2 is not enough to
get the global injectivity in the polynomial case [3].

Sabatini [23] proved that a polynomial local diffeomorphism f : R2
→ R2,

f (0)= 0, is globally injective if and only if a certain vector field in R2 (constructed
from f ) is annular surrounding 0, see Theorem 1 below. The same result follows
independently when J f is constant, from the reasons of Gavrilov [14] in the
complex context. It turns out that in this result, the map f provides the topological
equivalence of this special vector field with the one of definition (a). Our main
results generalize the results of Gavrilov [14] and Sabatini [23] to the three types
of parallel vector fields.

We begin by recalling the known result and then introducing the new ones in
order to compare them.

From now on, if we do not say the converse, we always assume that the open set U
will be simply connected. Let H : U → R be a Cr function. The Cr−1 Hamiltonian
vector field associated to H is the vector field ∇H⊥

: U → R2 defined by

∇H⊥(z)= (−∂2 H(z), ∂1 H(z)), z ∈ U.

We recall that a vector field X : U → R2 is called a global center when there exists
z ∈ U such that X is annular surrounding z.

Theorem 1 [14; 23]. Let f = ( f1, f2) : R2
→ R2 be a polynomial map with

nonvanishing J f and such that f (0) = 0. Then the following properties are
equivalent:

(i) The origin is a global center for ∇H⊥, where H =
1
2( f 2

1 + f 2
2 ).

(ii) f is a global diffeomorphism of the plane onto itself.

This theorem is also true for more general local diffeomorphisms, see [4].
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The main result of this paper is Theorem 2 right below. In order to state it, for a
given local diffeomorphism f : U ⊂ R2

→ R2 and a vector field X : V ⊂ R2
→ R2,

with f (U )⊂ V , we define in U the pullback of X by f , denoted by YX , by

(1) YX (z)= D f (z)−1X ( f (z)), z ∈ U.

Theorem 2. Let U be a simply connected open subset of R2. Let f : U → R2 be a
C2 local diffeomorphism and X : f (U )→ R2 be a C1 vector field which is annular,
radial or strip, surrounding a singular point in the first and second cases. Then the
following two conditions are equivalent:

(i) The vector field YX is topologically equivalent to the vector field X .

(ii) The map f is a global diffeomorphism onto f (U ).

Remark 3. For a given local diffeomorphism f : U → R2, let G : V → R, with
f (U )⊂ V , be a given C2 function. If H : U → R is defined by H = G ◦ f , then

∇H⊥(z)=

(
f2 y(z) − f1 y(z)

− f2x(z) f1x(z)

)
∇G⊥( f (z))

= J f (z) D f (z)−1
∇G⊥( f (z))= J f (z)Y∇G⊥(z),

That is, Y∇G⊥ is a multiple (by a nowhere zero function) of ∇H⊥, and hence these
two vectors fields are topologically equivalent.

As a consequence of this remark and Theorem 2, we get:

Corollary 4. Let U be a simply connected open subset of R2. Let f : U → R2 be
a C2 local diffeomorphism and G : f (U )→ R be a C2 function. Assume that the
Hamiltonian vector field ∇G⊥ is annular or strip, surrounding a singular point in
the first case, and let H = G ◦ f . Then the following two conditions are equivalent:

(i) The Hamiltonian vector fields ∇H⊥ and ∇G⊥ are topologically equivalent.

(ii) f is a global diffeomorphism onto f (U ).

We do not have the radial case here as it is clear that if it surrounds a singular
point it cannot be a Hamiltonian vector field.

If we want to prove that some local diffeomorphism is globally injective, the
following two results are easier to apply, because they do not depend on the
knowledge of the set f (U ) a priori.

Theorem 5. Let U be a simply connected open subset of R2. Let f : U → R2 be
a local diffeomorphism and X : R2

→ R2 be a C1 annular, radial or strip vector
field, surrounding a singular point f (z) in the first and second cases. If YX is
topologically equivalent to X , then f is globally injective.
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Remark 6. The reciprocal result may be false in general, see Example 17 below, but
it is clearly true if one assumes f (U )= R2 (by Theorem 2). So in the polynomial
case f : R2

→ R2, the reciprocal is also true, because an injective polynomial map
Rn

→ Rn is automatically onto, according to [2].
In the specific case of X being the linear center (−y, x), the reciprocal is also

true under the additional assumption that f (U ) is a disc centered at the origin,
according to [4].

Next corollary is Theorem 5 for Hamiltonian parallel vector fields.

Corollary 7. Let U be a simply connected open subset of R2. Let f : U → R2 be a
C2 local diffeomorphism and G : R2

→ R be a C2. Assume that the Hamiltonian
vector field ∇G⊥ is annular or strip, surrounding a singular point f (z) in the first
case, and let H = G ◦ f . If ∇H⊥ is topologically equivalent to ∇G⊥, then f is a
global diffeomorphism.

Corollary 7 in the case G(x, y)=
1
2(x

2
+ y2) and f : R2

→ R2 is a polynomial
local diffeomorphism with f (0)= 0 recovers Gavrilov and Sabatini’s Theorem 1
(for the reciprocal, use Remark 6).

Corollary 7 in case G(x, y)= x recovers the widely known tool used in order to
guarantee the global injectivity of a local diffeomorphism

f = ( f1, f2) : U ⊂ R2
→ R2,

that is, f is injective if the level sets of f1 are connected. This is so because
∇G⊥

= (0,−1) is strip, and the Hamiltonian vector field ∇H⊥
= ∇ f ⊥

1 defined
in the simply connected set U is strip if and only if the level sets of H = f1 are
connected, see Lemma 11 below.

We remark that in the annular and radial cases, the assumption that they surround
a singular point in the domain of f cannot be dropped, see, for instance, Example 16.

We now state the known global invertibility Hadamard Theorem 8. Recall that a
map f : Rn

→ Rn is said to be proper if f −1(K ) is compact for all K compact.

Theorem 8. Let f : Rn
→ Rn be such that J f is nowhere zero. Then f is a global

diffeomorphism if and only if f is proper.

In Section 3 we provide a proof of Theorem 8 in R2 by using Theorem 2. We
observe that Sabatini [23] used Theorem 8 in order to prove Theorem 1. In [4], an
extension of Theorem 1 was proved without the use of Theorem 8. In the present
paper, besides not using this theorem in our arguments, it turns out that it is a
consequence of them.

Sabatini [22] proved an extension of Theorem 8 by exploring the dynamics
of ∇ f ⊥

1 , so his proof is related to the strip case of Theorem 2 when X = (0,−1),
as commented above. This is different from our proof, which uses the annular case
of Theorem 2.
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As a final comment in this section, we mention Cima, Gasull and Mañosas’
paper [8], that uses index theory to get conditions ensuring the global injectivity
of local polynomial self-diffeomorphisms of Rn . Our approach is quite different
from theirs as we rely on qualitative theory of planar differential systems. Anyway,
in Example 15, we trivially conclude the injectivity of a suitable locally invertible
polynomial map, which cannot be directly obtained from the results of [8].

The paper is organized as follows: in Section 2 we gather some preliminary
results. In Section 3 we deliver the proof of our results. In Section 4 we provide
examples of applications of our results as well as some counterexamples.

2. Preliminaries

In this section we recall some notions that we shall use in our proofs.
We say that two vector fields Z : U → R2 and W : V → R2 are topologically

equivalent when there exists a homeomorphism h : U → V carrying orbits of Z
onto orbits of W preserving (reversing) the orientation of all the orbits. Let φ(t, x)
and ψ(t, x) be the flows of Z and W , respectively. We say that Z and W are Cr

conjugated, r ≥ 0, when there exists a Cr homeomorphism h : U → V such that

h(φ(t, z))= ψ(t, h(z))

for all (t, z) in the domain of φ. That is, a conjugation not only carries orbits
to orbits but also preserves the time. Two vector fields Z and W are Cr , r ≥ 1,
conjugated if and only if there exists a Cr diffeomorphism h : U → V such that

(2) Dh(z)Z(z)= W(h(z))

for every z ∈ U , see [11, Lemma 1.11], that is, Z = YW is the pullback of W by h.
For a vector field Z defined in an open set U of R2 a separatrix is a special orbit

according to the definitions in the works of Markus [17] and Neumann [19], with
a correction provided by Espín Buendía and Jiménez López [12]. The set of all
separatrices is closed and each open connected component of its complement in U
is called a canonical region. Moreover the vector field restricted to a canonical
region is parallel. For more details, see [12; 17; 19] .

In the special case when the vector field Z has no singular points, it defines
a foliation in U whose leaves are the orbits of Z. Two leaves L1 and L2 of X
are called inseparable if for any cross sections C1 and C2 through L1 and L2,
respectively, there exists a leave L3 crossing C1 and C2. For a foliation the set of
separatrices is precisely the closure of the set of inseparable leaves.

Lemma 9. Let U ⊂R2 be an open set. Let f :U →R2 be a C2 local diffeomorphism
and X be a C1 vector field defined in an open set V ⊂ R2 such that f (U ) ⊂ V .
Let YX be the pullback of X defined in (1).
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(i) A point z ∈ U is a singular point of YX if and only if f (z) is a singular point
of X .

(ii) If γ is an orbit of YX then ( f ◦ γ )′(t)= X ( f ◦ γ (t)) for all t in the maximal
interval of the definition of the solution γ , in particular f ◦ γ is contained in
an orbit of X .

(iii) For each transversal section S of YX through a point p ∈ U , there exists
a neighborhood Up of p such that f (S ∩ Up) is a transversal section of X
at f (p).

(iv) If G : V → R is a first integral of X , then H = G ◦ f is a first integral of YX .
A point z ∈ U is a critical point of H if and only if f (z) is a critical point of G.

Proof. Statement (i) follows straightforwardly from the definition of YX . Further,
for an orbit γ of YX , it follows that, for each t in the maximal interval of the
definition of the solution γ ,

( f ◦ γ )′(t)= D f (γ (t)) γ ′(t)= D f (γ (t))YX (γ (t))= X
(

f (γ (t))
)
,

proving statement (ii). Statement (iii) follows because f is a local diffeomorphism.
Finally, the function H of statement (iv) is not constant in any open set because

f is open. It is constant along orbits of YX from statement (ii). Then the chain rule
finishes the proof of statement (iv). □

It is clear that if f is a diffeomorphism onto V , then f ◦ γ is an orbit of X ,
because X and YX are conjugated. This may be not the case if f is only a local
diffeomorphism, as illustrated in the following example.

Example 10. Let f = ( f1, f2) : R2
→ R2 be a nonglobally injective local diffeo-

morphism, and consider the strip vector field X = (0, 1) defined in R2: its orbits
are the vertical lines. The orbits of YX are the connected components of the level
sets of f1.

Since f is not injective, there must exist nonconnected level sets of f1, by
using the mentioned tool in order to guarantee global injectivity recalled at the
introduction section. So there will exist at least two inseparable leaves γ1 and γ2

of YX , see [18, Theorem 1] or [6, Proposition A]. Since they are in the same level
set of f1, it follows that f (γ1) and f (γ2) are contained in the same vertical line.

Now, the function f2 is monotone along each orbit of YX , because J f is nowhere
zero. So, from the inseparability of γ1 and γ2, it follows that f2(γ1)∩ f2(γ2) must
be empty. In particular, neither f (γ1) nor f (γ2) can be an entire vertical line.

Observe that this happens independently whether f is onto R2 or not.

We recall that any parallel vector field X of class Ck , k = 1, . . . ,∞, has a
first integral of class Ck , see [16], having no critical points. Precisely, since the
vector fields given in (a), (r) and (s) have the first integrals x2

+ y2, arctan y/x
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and y, defined in R2
\ {0}, R2

\ {0} and R2, respectively, we can define a canonical
first integral G by composing the previous functions with T −1, where T is the Ck

diffeomorphism, according to [16], transforming (a), (r) and (s) onto X , respectively.

Lemma 11. Let X : U → R2 be a C1 vector field and F : U → R be a C2 first
integral of X having no critical points. If X is strip (respectively annular), then the
level sets of F are connected. Reciprocally, assuming that X has no singular points
and U is simply connected, if the level sets of F are connected then X is strip.

Proof. Let Ta : R2
\ {(0, 0)} → U \ {z} and Ts : R2

→ U be the C1 [16] topological
equivalences between X and the vector fields defined in (a) and (s), respectively.
The connected components of (F ◦ Ta)

−1(c) and (F ◦ Ts)
−1(c) with c ∈ F(U ) are

circles centered at (0, 0) and straight horizontal lines, respectively. Since F ◦ Ta

and F ◦ Ts have no critical points, the first one is monotone along any radius, while
the second one is so for any vertical segment. In particular, the sets (F ◦ Ta)

−1(c)
and (F ◦ Ta)

−1(c), c ∈ F(U ), are connected. Then the levels sets of F in each case
must be connected.

On the other hand, assume that X has no singular points and F has no critical
points. It is clear that X and ∇F⊥ are topologically equivalent. Assume that the
level sets of F are connected. If X is not strip, and so ∇F⊥ is not strip, then a
pair of inseparable leaves of the foliation of U given by F must exist, see [18,
Theorem 1] or [6, Proposition A]. But clearly two inseparable leaves are in the
same level set of F , a contradiction. □

Even if U is homeomorphic to R2
\{0}, the assumption that the level sets of F are

connected is not enough to conclude that X is annular. For instance, take X = ∇F⊥

with F(x, y) = x2
+ y2 defined in U = R2

\ {(t, 0) | t = 0 or t ≥ 1}, which is
diffeomorphic to R2

\ {0} from the Riemann open mapping theorem [9].

3. Proof of the main theorem

The proof that (ii) implies (i) in Theorem 2 is immediate.

Proof that (i) implies (ii) in Theorem 2, proof of Theorem 5. Given γ1 and γ2 two
distinct nonsingular orbits of YX , we claim that the curves f ◦ γ1 and f ◦ γ2 are
contained in different orbits of X . In particular, taking into account (i) of Lemma 9
for the annular and radial cases, it will be enough to prove the injectivity of f over
each nonsingular orbit of YX .

For the strip (respectively annular) case, we let G be a canonical first integral of X
(respectively of X restricted to f (U )\{ f (z)} in the proof of Theorem 2 or R2

\{ f (z)}
for the proof of Theorem 5) and define H = G ◦ f in U (respectively in U \ {z}).
From (iv) of Lemma 9 it follows that H is a first integral of YX (respectively of YX
restricted to U \ {z}) without critical points. Then if f (γ1) and f (γ2) are contained
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in the same orbit of X , it follows in particular that G ◦ f (γ1)= G ◦ f (γ2). But then
γ1 and γ2 will be in the same level set of H , which is connected from Lemma 11,
so γ1 = γ2.

For the radial case we let Uz be a neighborhood of z such that f |Uz : Uz → f (Uz)

is a diffeomorphism. Since all the orbits in a radial vector surrounding a singular
point z has in their boundary the point z, it follows that f (γ1 ∩Uz) and f (γ2 ∩Uz)

are in distinct orbits of X . Then the claim follows from (ii) of Lemma 9.
Now we prove the injectivity of f over each nonsingular orbit of YX . Since the

nonsingular orbits of a strip or radial vector field are homeomorphic to R, it follows
from (ii) of Lemma 9 that f is injective over each orbit of YX for the strip and
radial cases.

In the annular case the proof is not so direct. This is so because if γ is an
orbit of YX , it may happen that f ◦ γ rounds more than once over the closed
curve f (γ ). As we shall see right below, this is not possible because, by continuity,
we can prove that this would necessarily happen so close to the singular point z
as we want, a contradiction with the fact that in a neighborhood Uz of z the map
f |Uz : Uz → f (Uz) is a diffeomorphism.

Indeed, we first parametrize the nonsingular orbits of the annular vector field
YX |U\{z} by the levels of a canonical first integral H defined in U \ {z} such that
for each h ∈ H(U ), h > 0, the level set H−1(h) is a periodic orbit of YX , denoted
by γh , according to Lemma 11 and the discussion right before it. Moreover, we
have that 0< h1 < h2 if and only if the curve γh1 is contained in the bounded region
limited by γh2 . This comes from the monotonicity of the function x2

+ y2 along
rays.

We consider the set

T = {h ∈ H(U ), h > 0 | f is not injective in γh}.

It is enough to prove that T is empty.
Suppose on the contrary that T is not empty an let hα be the infimum of T . Since

f is locally injective in z, it follows that hα > 0.
We claim that hα /∈ T . Indeed, if on the contrary there exist p, q ∈ γhα with

p ̸= q and f (p) = f (q), we consider neighborhoods Up, Uq and V of p, q
and f (p), respectively, with Up ∩ Uq = ∅, such that the maps f |Up : Up → V and
f |Uq : Uq → V are diffeomorphisms. Let C be the intersection of a transversal
section to the flow of X connecting f (z) to f (p) with the open set V , and we define
the curves C p = f |

−1
Up
(C) and Cq = f |

−1
Uq
(C). The curves C p and Cq are contained

in the compact region bounded by the curve γhα . In particular, for h < hα close
enough to hα , the orbit γh will cut C p and Cq . But then f (C p ∩ γh)= f (Cq ∩ γh),
and hence f is not injective in γh . So h ∈ T , a contradiction with the fact that
hα = inf T . This proves the claim.
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Now from the definition of hα , there exist sequences {hn}, hn > hα and hn → hα ,
{pn} and {qn} in γhn , such that pn ̸= qn , f (pn) = f (qn) and pn → p, qn → q,
p, q ∈ γhα . Clearly f (p)= f (q), following from the above claim that p = q . But
as f is locally injective in p, we obtain a contradiction with pn ̸=qn , f (pn)= f (qn),
and pn → p and qn → q. This contradiction proves that T is empty finishing the
proof. □

Proof of Hadamard’s result in R2. We assume that f : R2
→ R2 is proper. Since f

is a local diffeomorphism it follows that its image is an open set, that must be the
whole R2 because f is proper, otherwise we can take a convergent sequence f (xn)

to a boundary point of f (U ), and this will give a contradiction. In particular, there
exists a point z0 ∈ R2 such that f (z0)= 0.

Now we consider the annular vector field X (x, y) = (−y, x) defined in R2,
surrounding the singular point 0.

In order to finish the proof, we will show that YX is also annular surrounding
the singular point z0, according to Lemma 9, because then X and YX will be
topologically equivalent and the result will follow from Theorem 2.

The singular points of YX are the preimages of 0 by f , by Lemma 9. Since f
is a local diffeomorphism, it follows that they are all centers. On the other hand,
each orbit of YX , which is not a singular point, is contained in the preimage of a
circle x2

+ y2
= r , which is a compact set, by the properness of f . Then by the

Poincaré–Bendixson theorem, it follows that such an orbit must be periodic. That is,
all the orbits different from singular points are periodic and the singular points are
centers.

We claim that YX has a unique center. Indeed, if there are more than one center,
there must be a separatrix γ , which is forced to be a periodic orbit, in the boundary
of the period annulus of one center. But this is a contradiction, because by using
continuous dependence on the initial conditions, γ will be inside the period annulus
of the center. □

4. Examples

Let f = ( f1, f2) : U → R2 be a C2 map such that J f is nowhere zero and such
that there is z ∈ R2 such that f (z)= 0. Below we provide the explicit expressions
of YX for the canonical annular, radial and strip vector fields, surrounding the 0 in
the first and second cases.

Let the canonical annular vector field X (x, y)= (−y, x), which surrounds the 0.
From the definition of YX we get

(3) J f YX = (− f1 f1 y − f2 f2 y, f1 f1x + f2 f2x)= ∇H⊥,

where H(x, y)=
1
2

(
f1(x, y)2 + f2(x, y)2

)
.
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Let the canonical radial vector field X (x, y) = (x, y), which surrounds the 0.
From the definition of YX we get

(4) J f YX = ( f1 f2 y − f2 f1 y,− f1 f2x + f2 f1x).

Let the canonical strip vector field X (x, y)= (1, 0). From the definition of YX
we get

(5) J f YX = ( f2 y,− f2x)= −∇ f ⊥

2 (x, y).

In what follows we will freely use the Poincaré compactification with the usual
notations, as for instance, [11, Chapter 5].

Example 12. Let f : R2
→ R2 be defined by

f = ( f1, f2)= (x + p1 x3
+ p2 x2 y − p3 xy2, y + p1 x2 y + p2 xy2

− p3 y3).

Observe that f (0)= 0. We have

J f (x, y)= (1 + 3p1 x2
+ 3p2 xy − 3p3 y2)(1 + p1 x2

+ p2 xy − p3 y2),

which does not vanish if and only if either p3<0 and p2
2+4p1 p3<0, or p2 = p3 =0

and p1 ≥ 0. So under each of these conditions, f is a local diffeomorphism.
We now compare the use of the three parallel canonical systems for proving that

f is a global diffeomorphism.
We begin by the canonical radial vector field X (x, y)= (x, y), that surrounds

the 0. From (4) we get

J f (x, y)YX (x, y)= (1 + p1 x2
+ p2 xy − p3 y2)2(x, y),

which is radial surrounding the 0 because 1 + p1 x2
+ p2 xy − p3 y2 > 0. Thus, it

follows by Theorem 5 that f is a global diffeomorphism (it is globally injective
and then, since it is polynomial, it is onto).

Now by considering X the canonical annular system surrounding the 0, we have
from (3) that J f (x, y)YX (x, y)= ∇H⊥(x, y), where

H(x, y)=
1
2(x

2
+ y2)(1 + p1 x2

+ p2 xy − p3 y2)2.

Although we know that this is an annular system surrounding the 0 (by using the
global injectivity of f ), it is not trivial to conclude this by the expression of YX
or H : In case p3 < 0 and p2

2 + 4p1 p3 < 0, it follows that the higher homogeneous
part of H(x, y), namely (x2

+ y2)(p1 x2
+ p2 xy − p3 y2) annihilates only at (0, 0),

so that ∇H⊥ has no infinite singular points. Since ∇H⊥ has a center at (0, 0) it
follows (by the Poincaré–Bendixson theorem, see, for instance, [11, Chapter 1])
that this center is global. Now in case p2 = p3 = 0 and p1 > 0, we get that for
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all c > 0 the equation H(x, y)= c is y2(1 + p1 x2)2 = c − x2(1 + p1 x2), which is
clearly a closed curve, and so we get a global center.

Finally, let X (x, y) = (1, 0) be the canonical strip vector field. From (5) we
get YX (x, y) = −∇ f ⊥

2 (x, y). Again, this vector field is strip, but it is not trivial
to conclude this by using the expression of YX . Indeed, we have to prove that the
level sets of f2 are connected. In case p3 < 0 and p2

2 + 4p1 p3 < 0, the higher
homogeneous part of f2 is y(p1 x2

+ p2 xy − p3 y2). So the only infinite singular
point of ∇ f ⊥

2 is in the direction y = 0. Since the factor y appears with exponent 1 in
the higher homogeneous part of f2, it follows that ∇ f ⊥

2 has no infinite nondegenerate
hyperbolic sectors, according to [7, Theorem 2]. Then ∇ f ⊥

2 has no inseparable
leaves (according to [15, Section 2], for instance) and then all the level sets of f2

are connected (as in Example 10). In case p2 = p3 = 0 and p1 > 0, it trivially
follows that f2 has connected level sets.

Example 13. Let f : R2
→ R2 be a local polynomial diffeomorphism and z ∈ R2

such that f (z)= 0.
By considering the canonical annular vector field X = (−y, x) it is possible

to find dynamical conditions on the infinite singular points of J f YX in order to
guarantee that it is topologically equivalent to X and so f is a global diffeomorphism.
This was done in [5], for instance, by using the results of Gavrilov and Sabatini,
now generalized in the present paper. The condition is the following: the vector
field J f YX will have a global center at z, and so it will be topological equivalent
to X , if and only if each infinite singular point is formed by two degenerate
hyperbolic sectors, that is, the separatrices of the hyperbolic sectors are the same
and contained in the infinite line. The case when J f YX has no infinite singular
points is of course included here. In [5] the higher homogeneous parts of suitable
polynomials in f1, f2, f1x , f1 y , f2x and f2 y were considered to deliver a sufficient
condition for this.

A similar reason can be done by using the canonical radial vector field surrounding
the 0, X = (x, y). We claim that: if each infinite singular point of J f YX is formed by
two degenerate hyperbolic sectors then J f YX must be radial, and so topologically
equivalent to X . Indeed, in this case none of the orbits noncontained at infinity can
have α or ω limit being a point at infinity. Moreover, any pointw such that f (w)= 0
is a node or a focus of YX , and has index 1, because f is a local diffeomorphism.
In particular, the only such point is z, because the sum of the indices in the Poincaré
sphere must be 2. Then, from the Poincaré–Bendixson theorem, it follows that
the α and ω limit sets of a given finite orbit different from z is z or the infinite
(which is a graphic). Hence J f YX is radial.

But now this is not a necessary condition for J f YX to be radial: for instance,
when f is the identity we have J f YX =X , whose infinite singular points are nodes.
See also Examples 12 and 14.
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Moreover, here we cannot impose that J f YX has no infinite singular points,
because it always has. Indeed, the infinite singular points are given by the linear
factors of the homogeneous polynomial

y( f1 f2 y − f2 f1 y)k − x(− f1 f2x + f2 f1x)k,

where k = max{deg( f1 f2 y − f2 f1 y), deg(− f1 f2x + f2 f1x)} and, for a polynomial
h : R2

→ R, we are denoting by hk its homogeneous part of degree k. But from the
Euler theorem for homogeneous polynomial the above expression is (m−n) f1n f2m ,
where n = deg f1 and m = deg f2 (so if m ̸= n, then k = m+n−1). Since the vector
field ∇ f ⊥

1 has no finite singular points, it will necessarily have infinite ones by the
Poincaré–Hopf theorem. These points are the linear factors of f1n . In particular, if
m ̸= n, (m −n) f1n f2m has linear factors, and so the vector field J f YX always has
infinite singular points. If m = n, then all the points at infinity are singular points.

Example 14. Let f = ( f1, f2)= (x + x3
+ y3, y).

Here the global injectivity of f follows trivially by using the strip canonical
vector field X . The vector field YX is strip because the level sets of y are connected.

By using the radial vector field X = (x, y), we get from (4) that

J f YX = (x + x3
− 2y3, y + 3x2 y).

It is simple to conclude the following: the unique finite singular point of YX is the
origin, which is a hyperbolic unstable node. Also, the singular points at infinite are,
in the local chart U1, the origin, that is a hyperbolic saddle, and the point (−1, 0),
which is a hyperbolic stable node. Finally, YX does not have a periodic orbit
otherwise, from (ii) of Lemma 9, X itself would have a periodic nonsingular orbit.
These facts forces that all the orbits of YX have ω-limit at infinity and α-limit being
the origin. So YX is radial surrounding 0.

Finally, by taking the canonical annular vector field X = (−y, x), we get from (3)

J f YX =
(
−y(1 + 3xy + 3x3 y + 3y4), (1 + 3x2)(x + x3

+ y3)
)
.

Here the unique finite singular point is the origin, which is a center (because f is a
local diffeomorphism). The infinity has only one pair of equilibrium, which in the
chart U1 has coordinates (−1, 0). It turns out that this equilibrium is degenerate
and we have to apply blow-ups in order to study its local phase portrait. We follow
the notation of [1]. After translating this equilibrium to the origin of U1, we see
that both horizontal and vertical directions are characteristic ones. We apply an
odd x-directional blow up, obtaining a saddle at the origin, with separatrices being
the axes, the stable being the vertical one, and no other equilibria in x = 0. Now
after an odd y-directional blow up we get a degenerate equilibrium at the origin and
no other equilibria in y = 0. The only characteristic direction for this point is the
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horizontal axis, and after an odd x-directional blow up we get a saddle at the origin
just as the one found right above, and no other equilibria in x = 0. By blowing
down this process, it is simple to conclude that the only equilibrium in the chart U1

is formed by two degenerate hyperbolic sectors. Then, as mentioned in Example 13,
YX is annular in R2 surrounding 0, equivalently the center at the origin is global.

In this example, the sufficient condition for global injectivity given in [5], which
comes from the results of [7], is not valid.

Example 15. Let f (x, y) = (y + y3, x + xy2). This map is from [8]. It is an
example that does not satisfy the sufficient condition given by [8, Theorem A], a
result that ensures global injectivity of locally invertible polynomial maps.

We show here that by using either the canonical strip or the canonical radial
vector field, it is immediate to obtain the injectivity of f throughout our main result.
We have f (0)= 0 and J f (x, y)= −(1+4y2

+3y4), which is everywhere negative.
Since the level sets of f1 are connected, it follows that f is injective. As com-

mented in the introduction section, this comes from our main result by considering
the strip canonical vector field X = (0, 1), so that J f YX = −(1+3y2)(0, 1), which
is clearly strip.

By using the radial canonical vector field X = (x, y), it follows from (4) that
J f YX = −(1 + y2)2(x, y), which is radial.

Example 16. Let f : R2
\ {0} → R2

\ {0} be the local diffeomorphism defined
in polar coordinates as (r, θ) 7→ (r, 2θ), which is a double recovering of R2

\ {0}.
In cartesian coordinates f has the expression

f (x, y)=

√
x2

+ y2
(

cos
(

2 arctan
y
x

)
, sin

(
2 arctan

y
x

))
.

This map is analytic in R2
\{0} because we can use arccos(x/

√
x2 + y2) (respectively

arccos(x/
√

x2 + y2 +π) for the angle for x close to zero and y > 0 (respectively
y < 0). Here J f = 2.

It is straightforward to see that if X = 2(−y, x), then YX = (−y, x). Also if
X = (x, y), then YX = (x, y). Therefore, in both cases, X and YX are topologically
equivalent, but f is not injective.

So this example shows the necessity of U being simply connected in Theorem 2.

Example 17. Let f : R2
→ R2 be the injective local diffeomorphism given by

f (x, y) = (arctan x, y). The pullback YX of the linear center X (x, y) = (−y, x)
is not a center, because the orbits passing through points (x, y) with |y| ≥

π
2 are

not bounded. Indeed, such an orbit is the preimage by f of the periodic curve
(r cos t, r sin t), t ∈ R, with r ≥

π
2 . It is so one of the curves (tan(r cos t), r sin t),

with |cos t |< 1.
This example shows that the reciprocal of Theorem 5 is false in general.
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1. Introduction

The height of a poset P , denoted Ht(P), is the supremum of the cardinalities of
chains in P . In [7] the height of the subgroup lattice Sub(Sn) of the symmetric
group Sn is computed:

Theorem 1.1 (Cameron, Solomon and Turull [7, Theorem 1]). For n ≥ 1, we have

Ht(Sub(Sn)) = ⌈3n/2⌉ − b(n),

where b(n) is the number of 1s in the binary expansion of n.

The formula given in [7] in fact has an additional term −1. This discrepancy
is caused by the (slightly) different definition of height (which they call length):
while in [7] it is taken to mean the number of covering relationships in a longest
chain (at least in the finite case), for us it is the number of elements.

The following result concerning the subsemigroup lattice of the full transforma-
tion monoid Tn was obtained in [8]:

Theorem 1.2 (Cameron, Gadoleau, Mitchell and Peresse [8, Theorem 4.1]). For
n ≥ 1, we have

Ht(Sub(Tn)) ≥ e−2nn
− 2e−2(1 − e−1)nn−1/3

− o(nn−1/3).

Theorem 1.1 can be viewed from a different angle, by recalling that the subgroups
of a group G are in one-one correspondence with transitive permutation representa-
tions of G, or, equivalently, with left (or right) congruences of G. The notion of
left congruences of a semigroup S will be introduced explicitly in Section 5, but
for now let us just recall that they form a lattice, which we denote by LCong(S).

So, motivated by the two results above, one may ask what Ht(LCong(Tn)) is.
Towards the end of this paper we will prove the following:

Theorem 1.3. For n ≥ 1, we have

Ht(LCong(Tn)) =

n∑
r=1

(
n
r

)
Ht(Sub(Sr )).

Whereas the left and right congruence lattices of a group are always isomorphic,
the same is in general not true for semigroups. For example, LCong(T3) and
RCong(T3) have size 120 and 287, respectively. Thus, one can equally ask about
the height of the lattice RCong(Tn), where we obtain the following:

Theorem 1.4. For n ≥ 2, we have

Ht(RCong(Tn)) = 1 +

n∑
r=1

S(n, r)Ht(Sub(Sr )),

where S(n, r) is the Stirling number of the second kind.
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Comparing Theorems 1.1–1.4 we observe that:

• The height of the subgroup lattice (and hence of the left and right congruence
lattices) of the symmetric group Sn grows linearly with n, i.e., its degree.

• The height of the subsemigroup lattice of the full transformation monoid Tn grows
linearly with nn , i.e., its order.

• The height of LCong(Tn) grows linearly with n2n; this follows from the combina-
torial identity

∑n
r=1 r

(n
r

)
= n2n−1.

• The height of RCong(Tn) grows linearly with
∑n

r=1 r S(n, r)= B(n + 1) − B(n)∼

B(n+1), where B(n) is the n-th Bell number; see the OEIS sequence A005493 [29].

We remark in passing that, for a finite or countably infinite semigroup S, the
heights of Cong(S), LCong(S) and RCong(S) can be as large as |S| or 2ℵ0 , respec-
tively. This can be seen, for instance, by considering null semigroups, for which all
equivalence relations are congruences.

The current paper is devoted to building a theoretical framework within which we
will be able to prove results like Theorems 1.3 and 1.4. Here is a brief summary. We
begin our development in Sections 2 and 3 by introducing some elements of general
(universal) algebra concerning quotients, principal factors and Rees subalgebras.
We also recall the notion of a modular element in a lattice, which is the key property
that enables inductive proofs of our main formulae; see Proposition 3.2. Then we
specialise to unary algebras in Section 4, where we prove a formula expressing
the height of the congruence lattice of a unary algebra A in terms of heights of
quotients corresponding to strongly connected components of A (Theorem 4.4).
All the subsequent results in the paper have this result as their foundation. We
then move on to consider our main topic in Sections 5–10, the heights of the one-
and two-sided congruence lattices of a semigroup. The fact that left congruences
are intimately related with left S-acts (transformation representations), and that
the latter are a special case of unary algebras, provides the necessary link with
the preceding development, and enables us to express the height of LCong(S) in
terms of heights of left S-acts corresponding to the L -classes of S (Theorems 6.1
and 6.3). We then analyse such acts, and bring the associated Schützenberger
groups into play, in Propositions 7.2 and 7.4. Putting these components together,
we obtain a general formula for the height of LCong(S), under certain additional
assumptions, in Theorem 7.11 and Corollary 7.12, of which Theorem 1.3 is a special
instance. We then note that all the foregoing considerations hold for the lattice of
right congruences of S, via an obvious left-right duality, and state the main results in
Section 8. The lattice of two-sided congruences is treated in Section 9 by considering
S as an (S, S)-biact, yet another special case of unary algebras. With the theoretical
development now complete, the paper then culminates in Section 10, where we
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give explicit formulae for the heights of the lattices of left, right and two-sided
congruences for many of the most important and well-studied families of monoids
in the literature. In addition to the full transformation monoid Tn , these include the
partial transformation monoid PTn , the symmetric inverse monoid In , the monoid of
order-preserving transformations On , the full linear monoid M(n, q), the partition
monoid Pn , the Brauer monoid Bn and the Temperley–Lieb monoid TLn . The
formulae are given in Table 1, and some calculated values in Table 2.

2. Algebras: congruences, G -classes and principal factors

We now introduce the basic concepts and notation for universal algebras; for a more
systematic introduction see [6].

A signature (or type) of algebras is an indexed family F = ( fi )i∈I of symbols,
and associated integers ar( fi ) ≥ 0 called arities. An algebra of type F is a pair
A = (A, FA), where A is a set, and FA

= ( f Ai )i∈I is an indexed collection of
operations f Ai : Ari → A where ri = ar( fi ); these are called the basic operations
of A. When there is no danger of confusion we omit superscripts A, thus identifying
operation symbols with the operations they represent, and we also treat F and FA

as sets. We often identify the algebra A with its underlying set A. Note that in
principle we allow an algebra to be empty, but this cannot be the case for an algebra
whose signature contains constant (nullary) operations.

A subalgebra of an algebra A is any algebra B = (B, FB) where B ⊆ A and
f Bi = f Ai ↾B for all i ∈ I . We write B ≤ A to indicate that B is a subalgebra of A.

The collection of all subalgebras of A forms a lattice under inclusion. This lattice
is denoted by Sub(A).

A congruence of an algebra (A, F) is an equivalence relation σ on A that is
compatible with each operation f from F , in the sense that

(a1, b1), . . . , (an, bn) ∈ σ ⇒ ( f (a1, . . . , an), f (b1, . . . , bn)) ∈ σ.

The set Cong(A) of all congruences of A is a lattice under inclusion, called the
congruence lattice of A. The bottom and top elements of Cong(A) are the trivial
(a.k.a. diagonal) and universal relations

1A = {(a, a) : a ∈ A} and ∇A = A × A,

respectively. The quotient A/σ of A by σ is the set {[a] : a ∈ A} of σ -classes with
the induced operations f A/σ ([a1], . . . , [an]) := [ f A(a1, . . . , an)].

Consider an algebra A. For a ∈ A, we write ⟨a⟩ for the subalgebra of A generated
by a; it consists of all elements of the form f (a, . . . , a), where f is a term operation,
that is, an operation obtained by composing the basic operations. In particular, ⟨a⟩

contains all constants of A, i.e., the images of all nullary operations. We define a
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preorder ≤G = ≤G A on A, which then yields an equivalence relation G = G A on A
and a partial order ≤ on the set A/G = {Ga : a ∈ A} of G -classes, as follows:

(2.1)

a ≤G b ⇔ ⟨a⟩ ⊆ ⟨b⟩,

a G b ⇔ ⟨a⟩ = ⟨b⟩,

Ga ≤ Gb ⇔ a ≤G b for a, b ∈ A.

The well-known Green’s relations R, L , J and the associated preorders on a
semigroup will later be seen as special instances of these relations, which explains
the choice of notation here.

Lemma 2.2. If A is an algebra, and if B ≤ A is a subalgebra, then

≤G B = ≤G A↾B and G B
= G A↾B .

Proof. This follows from the fact that the subalgebra of B generated by b ∈ B is
the same as the subalgebra of A generated by b. □

Consider an algebra A and an arbitrary subset X ⊆ A. Let 0 be a symbol not
belonging to A, and let

X = X ∪ {0}.

We can turn X into an algebra of the same signature as A by setting, for any n-ary
basic operation symbol f and for any x1, . . . , xn ∈ X ,

f̄ (x1, . . . , xn) :=

{
f (x1, . . . , xn) if x1, . . . , xn, f (x1, . . . , xn) ∈ X ,
0 otherwise.

We call X the principal factor associated to X . We note that X need not be an algebra
of the same ‘kind’ as A; e.g., if A is a group and X ̸= ∅, then X is never a group.

Lemma 2.3. Suppose σ ∈ Cong(G), where G is a G -class of an algebra A with no
constants. If a σ 0 for some a ∈ G, then σ = ∇G .

Proof. It suffices to show that b σ 0 for all b ∈ G, so fix some such b. Since a G b,
we have b ∈ ⟨a⟩, and so b = f (a, . . . , a) for some term function f of A of arity
> 0 because A has no constants. Using a, b ∈ G, we have

b = f (a, . . . , a) = f̄ (a, . . . , a) σ f̄ (0, . . . , 0) = 0. □

Lemma 2.3 need not be true if A has constant/nullary operations. For example,
consider the case in which A = {a, b}, with a and b both constants, and no other
operations. Since A = ⟨a⟩ = ⟨b⟩, it follows that A is itself a G -class. But the
equivalence σ on A = A ∪ {0} with σ -classes {a, 0} and {b} is a nonuniversal
congruence, yet a σ 0.

In the following statement, for a poset P , we denote by P⊤
= P ∪{⊤} the poset

obtained by adjoining a new top element ⊤ to P .
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Lemma 2.4. If a G -class G of an algebra A with no constants is also a subalgebra
of A, then

Cong(G) ∼= Cong(G)⊤ and Ht(Cong(G)) = Ht(Cong(G)) + 1.

Proof. It suffices to prove the first claim. For σ ∈ Cong(G) define σ := σ ∪{(0, 0)}.
We prove the result by showing that

Cong(G) = {σ : σ ∈ Cong(G)} ∪ {∇G}.

(⊇) For σ ∈ Cong(G), clearly σ is an equivalence on G. To check compatibility,
suppose f : An

→ A is an operation of A, and suppose (a1, b1), . . . , (an, bn) ∈ σ .
From the definition of σ we have ai = 0 ⇔ bi = 0 (i = 1, . . . , n). If ai = 0 for
some i then

( f̄ (a1, . . . , an), f̄ (b1, . . . , bn)) = (0, 0) ∈ σ .

Otherwise, ai , bi ̸= 0 for all i , in which case

( f̄ (a1, . . . , an), f̄ (b1, . . . , bn)) = ( f (a1, . . . , an), f (b1, . . . , bn)) ∈ σ ⊆ σ .

(⊆) By Lemma 2.3, for ∇G ̸= τ ∈ Cong(G) we have τ = τ↾G ∪{(0, 0)}. But G ≤ G
(as G ≤ A by assumption), and so τ↾G ∈ Cong(G), which proves the inclusion, and
hence the lemma. □

3. Rees subalgebras, ideals and quotients

Here we develop a general framework within which we can express the height of
the congruence lattice of an algebra as a sum involving a special kind of subalgebra
and an associated quotient; see Proposition 3.7.

We denote the down-set (a.k.a. principal ideal) and up-set (a.k.a. principal filter)
of an element x of a lattice L by

x↓
= {a ∈ L : a ≤ x} and x↑

= {a ∈ L : a ≥ x},

respectively. For any chains C1 ⊆ x↓ and C2 ⊆ x↑, their union C1 ∪ C2 is a chain
in L , with |C1 ∩ C2| ≤ 1. It quickly follows that

(3.1) Ht(L) ≥ Ht(x↓) +Ht(x↑) − 1 for all x ∈ L .

The next result establishes a sufficient condition for this to become an equality.
Following Stanley [34], we say that an element x in a lattice L is modular if it
forms a modular pair (see [18, Section V.2.5]) with every other element of L , i.e., if

a ∨ (x∧ b) = (a ∨ x)∧ b for all a, b ∈ L with a ≤ b.

In practice, to show that x is modular, one only needs to check that a ∨ (x∧ b) ≥

(a ∨ x)∧ b, as the reverse inequality always holds (when a ≤ b).
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Proposition 3.2. If x is a modular element in a lattice L , then every chain in L
embeds into the direct product x↓

× x↑, and consequently

Ht(L) = Ht(x↓) +Ht(x↑) − 1.

Proof. Let C be a chain in L , and define a mapping

f : C → x↓
× x↑, c 7→ (c ∧ x, c ∨ x).

We need to show that a ≤b ⇔ f (a)≤ f (b) for all a, b ∈C . The direct implication is
clear. For the converse, suppose a, b ∈ C satisfy f (a) ≤ f (b), that is, a ∧ x ≤ b ∧ x
and a ∨ x ≤ b ∨ x . Since C is a chain, we have a ≤ b or b ≤ a. In the former case
we are done. If b ≤ a, then using modularity of x , we have

a = (a ∨ x)∧ a ≤ (b ∨ x)∧ a = b ∨ (x∧ a) ≤ b ∨ (x∧ b) = b,

as required.
Having established the first claim, it follows that

Ht(L) ≤ Ht(x↓
× x↑) = Ht(x↓) +Ht(x↑) − 1.

Combined with (3.1), this completes the proof. □

Proposition 3.2 provides a first tool for calculating the height of a congruence
lattice Cong(A); one hopes to identify a congruence σ of A that is modular in the
congruence lattice, and then Ht(Cong(A)) can be expressed in terms of the heights
of σ↓

= [1A, σ ] and σ↑
= [σ, ∇A]. In many classical varieties of algebras, such as

groups and rings, every congruence is modular in the congruence lattice; see, for
example, [6, Exercises I.3.5 and I.3.6]. This is not true for algebras in general, or
for unary algebras or semigroups in particular. We now identify a particular type of
subalgebra associated with a special kind of congruence; the congruences arising
turn out to always be modular, and will prove very useful in what follows.

Specifically, if B ≤ A is such that the relation ρB := ∇B ∪ 1A is a congruence
on A, we say that B is a Rees subalgebra, and ρB a Rees congruence; the Rees
quotient associated with B is A/B := A/ρB . These concepts were introduced
in [37]. The definition there was couched in different (but equivalent) terms, and
our defining property was established as [37, Proposition 1.2].

There is a link between Rees quotients and principal factors from the previous
section, in the special case of ideals. Specifically, B ≤ A is an ideal if for each
n-ary operation f and all a1, . . . , an ∈ A, at least one of which belongs to B, we
have f (a1, . . . , an) ∈ B. We remark in passing that this definition generalises the
notion of ideals in semigroups, but not in rings. Immediate from the definition is
the following:
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Lemma 3.3. Every ideal B ≤ A is a Rees subalgebra, and

A/B ∼=

{
A if B = ∅,

A\B if B ̸= ∅. □

The converse of Lemma 3.3 is not true. For example, any one-element subalgebra
is a Rees subalgebra (whose associated Rees congruence is the trivial relation), but
need not be an ideal. Concretely, {1} is a Rees subalgebra of a group, but is only an
ideal if the group is trivial.

Proposition 3.4. If A is an algebra, and if B ≤ A is a Rees subalgebra, then the
Rees congruence ρB is modular in the lattice Cong(A), and hence

Ht(Cong(A)) = Ht([1A, ρB]) +Ht(Cong(A/B)) − 1.

Proof. The second assertion follows from the first and Proposition 3.2, upon noticing
that [ρB, ∇A] ∼=Cong(A/B) by the correspondence theorem (see [6, Theorem 6.20],
for instance).

To prove the first assertion, suppose σ1, σ2 ∈ Cong(A) satisfy σ1 ⊆ σ2. As noted
just before Proposition 3.2, we just need to show that

(σ1 ∨ ρB) ∩ σ2 ⊆ σ1 ∨ (ρB ∩ σ2).

To do so, suppose (a, b) ∈ (σ1 ∨ ρB)∩ σ2. Then (a, b) ∈ σ2, and there exist k ≥ 1
and c1, d1, . . . , ck, dk ∈ A such that

a σ1 c1 ρB d1 σ1 c2 ρB d2 σ1 · · · σ1 ck ρB dk σ1 b.

Assume that k(≥ 1) is as small as possible with respect to the existence of such a
sequence. We claim that k = 1. To prove this, suppose instead that k ≥ 2. Minimality
of k implies that ci ̸= di for all i = 1, . . . , k. Hence, by the definition of ρB , we
must have ci , di ∈ B for all i . But then a σ1 c1 ρB dk σ1 b, which is a sequence of
the same form and of length 1. This contradiction confirms that k = 1. So now

(3.5) a σ1 c1 ρB d1 σ1 b.

But since σ1 ⊆ σ2, it follows that c1 σ2 a σ2 b σ2 d1, and hence (c1, d1) ∈ ρB ∩ σ2.
The sequence (3.5) now implies (a, b) ∈ σ1 ∨ (ρB ∩ σ2), completing the proof. □

In what follows we establish a condition under which the term Ht([1A, ρB])

in Proposition 3.4 can be replaced by Ht(Cong(B)). The next result shows that
Ht([1A, ρB]) ≤ Ht(Cong(B)) always holds.

Lemma 3.6. For a Rees subalgebra B ≤ A, the mapping

[1A, ρB] → Cong(B), σ 7→ σ ↾B,

is an embedding of lattices.
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Proof. For any σ ∈[1A, ρB] we have σ =σ ↾B∪1A\B . Hence, for σ1, σ2 ∈[1A, ρB],
we have σ1 ⊆ σ2 ⇔ σ1↾B ⊆ σ2↾B , and the lemma follows. □

As usual, we say a subalgebra B ≤ A has the congruence extension property, or
that B is a CEP subalgebra, if for every σ ∈ Cong(B) there exists σ ′

∈ Cong(A)

extending it, i.e., σ = σ ′↾B . We say that B has the diagonal congruence extension
property, or that B is a 1-CEP subalgebra, if for every σ ∈ Cong(B) we have
σ ∪ 1A ∈ Cong(A). It is easy to show that B is a 1-CEP subalgebra if and only if
it is both a CEP and Rees subalgebra.

Proposition 3.7. Let A be an algebra.

(i) If B is a 1-CEP subalgebra of A, then Cong(B) ∼= [1A, ρB], and hence

Ht(Cong(A)) = Ht(Cong(B)) +Ht(Cong(A/B)) − 1.

(ii) If B0 ≤ B1 ≤ · · · ≤ Bk = A is an ascending chain of 1-CEP subalgebras of A,
then

Ht(Cong(A)) = Ht(Cong(B0)) +

k∑
r=1

Ht(Cong(Br/Br−1)) − k.

Proof. (i) Given Proposition 3.4 and Lemma 3.6, it suffices to show that the
mapping given in the latter is surjective. This in turn follows from the fact that
(σ ∪ 1A)↾B = σ for all σ ∈ Cong(B).

(ii) This follows by induction on k. The case k = 0 is vacuous. The inductive step
relies on part (i) and the observation that B0 ≤ · · · ≤ Bk−1 is a chain of 1-CEP
subalgebras of Bk−1. □

Analogous statements to Proposition 3.7(i) hold for subgroup lattices of groups
and for subsemigroup lattices of semigroups:

• Ht(Sub(G)) = Ht(Sub(N ))+Ht(Sub(G/N ))− 1 for any normal subgroup N
of a group G [7, Lemma 2.1].

• Ht(Sub(S))=Ht(Sub(I ))+Ht(Sub(S/I ))−1 for any ideal I of a semigroup S
[8, Proposition 3.1].

We mention in passing that using our terminology, the above statements can be
proved by showing that N is modular in Sub(G), and I is modular in Sub(S).
The former is well known and easy to prove. The latter is equally easy to see.
Indeed, if I is an ideal of a semigroup S and if U ≤ V ≤ S are subsemigroups, then
U ∨ I = U ∪ I (the join is in Sub(S)), so that

(U ∨ I ) ∩ V = (U ∪ I ) ∩ V = (U ∩ V ) ∪ (I ∩ V ) = U ∪ (I ∩ V ) = U ∨ (I ∩ V ),

where the last equality holds because U ∪ (I ∩ V ) ≤ S.
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4. Unary algebras: a height formula

We now put the developments from the previous two sections into the context of
unary algebras, that is, algebras in which all basic operations have arity 1. Our main
objective here is to obtain a formula that expresses the height of such an algebra in
terms of the heights of the principal factors corresponding to its G -classes, in the case
that there are finitely many such classes. This will be achieved in Theorem 4.4, which
will form the basis for several subsequent results on semigroups in Sections 6–9.

We begin by showing that Proposition 3.7 always applies in unary algebras.

Lemma 4.1. Any subalgebra of a unary algebra A is both an ideal and a 1-CEP
subalgebra (and hence a Rees subalgebra).

Proof. For the first assertion, observe that the definition of a subalgebra and an
ideal coincide in the unary case.

For the second assertion, let B ≤ A and σ ∈ Cong(B). It is clear that σ A
:=

σ ∪ 1A is an equivalence relation. To show compatibility, let (a, b) ∈ σ A, and
let f be a basic (unary) operation. If (a, b) ∈ σ then ( f (a), f (b)) ∈ σ ⊆ σ A,
because σ is a congruence on B. Otherwise, a = b, hence f (a) = f (b), and so
( f (a), f (b)) ∈ 1A ⊆ σ A. □

We now bring in the G -relations of a unary algebra A. In this case, for a, b ∈ A
we have a ≤G b if and only if a = f (b) for some term operation f of A. The
G -classes of A are then the strongly connected components of the directed graph
associated with A, where a → b if and only if f (a) = b for some basic operation f .
The proof of our main result for this section will be by induction on the number of
G -classes. To make it work, we need some more information concerning maximal
G -classes in the ≤ order from (2.1).

Lemma 4.2. Let G be a maximal G -class of a unary algebra A, and let B = A\G.

(i) B is a subalgebra of A.

(ii) If B ̸= ∅, then A/B ∼= G.

Proof. (i) Let a ∈ B, and let f be an operation of A. We must show that f (a) ∈ B,
i.e., that f (a) ̸∈ G. To do so, suppose to the contrary that f (a) ∈ G. Then
G = G f (a) ≤ Ga (as f (a) ∈ ⟨a⟩), so it follows from maximality of G that G = Ga .
But this implies a ∈ G, contradicting a ∈ B = A\G.

(ii) By part (i) and Lemma 4.1, B is an ideal of A. The claim now follows from
Lemma 3.3. □

Corollary 4.3. If G is a maximal G -class of a unary algebra A, and B = A\G, then

Ht(Cong(A/B)) =

{
Ht(Cong(G)) if G ̸= A,

Ht(Cong(G)) − 1 if G = A.
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Proof. This follows immediately from Lemmas 4.2(ii) and 2.4 (and A/∅ ∼= A). □

We are now ready for the main result of this section.

Theorem 4.4. If A is a unary algebra with finitely many G -classes, G1, . . . , Gk ,
then

Ht(Cong(A)) =

k∑
r=1

Ht(Cong(Gr )) − k.

Proof. Without loss of generality, assume that for every r ∈{1, . . . , k}, the class Gr is
minimal in {Gr , . . . , Gk}. This means that for every x ∈ Gr , and every operation f
of A, we have f (x) ∈ G1 ∪ · · · ∪ Gr . It follows (keeping Lemma 2.2 in mind)
that for every r ∈ {1, . . . , k} the set Br := G1 ∪ · · · ∪ Gr is a subalgebra of A
with a maximal G -class Gr . We therefore have a chain of (1-CEP) subalgebras
∅ = B0 < B1 < · · · < Bk = A (see Lemma 4.1). Combining Proposition 3.7(ii) and
Corollary 4.3 we obtain

Ht(Cong(A)) = Ht(Cong(B0)) +

k∑
r=1

Ht(Cong(Br/Br−1)) − k

= 1 +Ht(Cong(G1)) − 1 +

k∑
r=2

Ht(Cong(Gr )) − k

=

k∑
r=1

Ht(Cong(Gr )) − k.

(Note here that the unique congruence on the empty algebra B0 = ∅ is the empty
relation, so that Cong(B0) = {∅} has height 1.) □

5. Preliminaries on semigroups

Here we rapidly review the concepts and basic facts from the theory of semigroups
that will be used in the remainder of the paper. For more background see [9; 20].

5.1. Basics: left, right and two-sided congruences. A semigroup is an algebra with
a single associative binary operation, usually denoted by juxtaposition. A monoid
is a semigroup with identity. As usual, we write S1 for the monoid completion of a
semigroup S; so S1

= S if S is a monoid, and otherwise S1
= S ∪ {1} where 1 is a

symbol not belonging to S, acting as an adjoined identity.
An equivalence relation σ on a semigroup S is said to be a left congruence if it

is compatible with left multiplication:

(x, y) ∈ σ ⇒ (ax, ay) ∈ σ for all a, x, y ∈ S.

Right congruences are defined dually. It is an easy fact that σ is a congruence (as
defined in Section 2) if and only if it is both a left and a right congruence. The sets

LCong(S), RCong(S) and Cong(S)
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of all left, right and two-sided congruences are all lattices under inclusion. Each is
a sublattice of the lattice Eq(S) of all equivalence relations on S.

The left congruences of a group G are precisely the equivalence relations whose
equivalence classes are the left cosets of a subgroup, i.e., relations of the form

λH = {(x, y) ∈ G × G : x−1 y ∈ H} for H ≤ G.

Analogous statements hold for the right congruences, using right cosets. The two-
sided congruences of G are precisely the relations λN for any normal subgroup
N ⊴G. The next result quickly follows, with Sub(G) and NSub(G) denoting the
lattices of subgroups and normal subgroups of G, respectively.

Lemma 5.1. If G is a group, then

LCong(G) ∼= RCong(G) ∼= Sub(G) and Cong(G) ∼= NSub(G). □

5.2. Green’s relations. Green’s preorders and equivalences [19] on a semigroup S
are defined as follows. For x, y ∈ S, we have

x ≤L y ⇔ S1x ⊆ S1 y ⇔ x ∈ S1 y,

x ≤R y ⇔ x S1
⊆ yS1

⇔ x ∈ yS1,

x ≤J y ⇔ S1x S1
⊆ S1 yS1

⇔ x ∈ S1 yS1.

These preorders induce the equivalences

L = ≤L ∩ ≥L , R = ≤R ∩ ≥R and J = ≤J ∩ ≥J .

The remaining two Green’s equivalences are

H = L ∩ R and D = L ∨ R,

where the latter denotes the join in the lattice Eq(S). It is well known that D =

L ◦ R = R ◦ L (where ◦ denotes the usual composition of binary relations), and
that D = J if S is finite. We denote the L -class of an element x ∈ S by L x , and
similarly for R-, J -, H - and D-classes. If K is any of L , R or J , then the set
S/K = {Kx : x ∈ S} of all K -classes of S has an induced partial order ≤, given by

Kx ≤ K y ⇔ x ≤K y for all x, y ∈ S.

One of the most important basic results concerning Green’s relations is the
following; for a proof, see, for example, [20, Lemma 2.2.1].

Lemma 5.2 (Green’s lemma). Let x and y be R-related elements of a semigroup S,
so that y = xs and x = yt for some s, t ∈ S1. Then the maps

L x → L y, u 7→ us, and L y → L x , v 7→ vt,
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are mutually inverse bijections. These maps restrict to mutually inverse bijections

Hx → Hy, u 7→ us, and Hy → Hx , v 7→ vt. □

There is a left-right dual of the previous result, whose statement we omit, but
throughout the article we will frequently refer to both formulations as Green’s
lemma. We note that Green’s lemma, and many of the other coming results and
arguments concerning Green’s relations, can be conveniently visualised through the
use of so-called egg-box diagrams, as explained, for example, in [20, Chapter 2].

A J -class J of a semigroup S is stable if

x J sx ⇒ x L sx and x J xs ⇒ x R xs for all x ∈ J and s ∈ S1.

A stable J -class is in fact a D-class [22, Proposition 2.3.9]. A semigroup S is stable
if every J -class is stable. All finite semigroups are stable [27, Theorem A.2.4].
There is an obvious left-right dual of the next result, but again we will not state it.

Lemma 5.3. Let S be a semigroup, let x, y ∈ S and s ∈ S1, and suppose x R y.

(i) sx L x ⇔ sy L y.

(ii) If the J -class containing x, y is stable, then

sx J x ⇔ sx L x ⇔ sy L y ⇔ sy J y.

Proof. (i) By symmetry it suffices to establish the forwards implication. Since
x R y, we have y = xt for some t ∈ S1. Since L is a right congruence, sx L x
implies sxt L xt , that is, sy L y.

(ii) This follows immediately from (i) and stability. □

5.3. Acts. Let S and T be semigroups. A left S-act is a unary algebra A with
basic operations {λs : s ∈ S} satisfying the law λsλs′ = λss′ for all s, s ′

∈ S. We
typically write s · a = λs(a) for s ∈ S and a ∈ A. In this way, the defining law
says that s · (s ′

· a) = (ss ′) · a for all s, s ′
∈ S and a ∈ A. Dually, a right T -act is

a unary algebra A with basic operations ρt : A → A, a 7→ a · t (t ∈ T ), satisfying
(a · t) · t ′

= a · (t t ′) for all t, t ′
∈ T and all a ∈ A. We say that A is an (S, T )-biact

if it is simultaneously a left S-act and a right T -act, and each λs commutes with
each ρt , i.e., if (s · a) · t = s · (a · t) for all s ∈ S, t ∈ T , a ∈ A.

Since acts are (unary) algebras, we can talk about their subacts and congruences,
as well as their G -relations and associated principal factors.

Next we outline a link between actions and congruences that is vital for the
viewpoint of this paper. Let S be a semigroup. Then S can be considered as
a left S-act, right S-act and (S, S)-biact, where λs and ρs are the left and right
multiplications by s. We denote these three acts by SS, SS and SSS , respectively,
and record the following immediate observation.
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Lemma 5.4. For any semigroup S:

(i) LCong(S) = Cong(SS), RCong(S) = Cong(SS) and Cong(S) = Cong(SSS).

(ii) The G -equivalences of SS, SS and SSS are respectively Green’s relations L , R

and J of S. □

Remark 5.5. Unary algebras, including semigroup acts, can naturally be viewed
as certain types of directed graphs, such as those introduced in [32; 33; 35; 36; 38],
and more recently in [1]. From this viewpoint, congruences of unary algebras
could be replaced by congruences of the corresponding digraphs, and the results of
Sections 6–8 can all be reformulated in this way.

5.4. Schützenberger groups. It is well known that the H -classes of idempotents
in a semigroup S are precisely the maximal subgroups of S. In fact, there is a way
to generalise this and associate a group to every H -class. These groups are known
as Schützenberger groups, and we review them briefly here; for more information,
see, for example, [9, Section 2.4] or [2, pp. 166–167].

Fix an H -class H of a semigroup S. Define the set

TR = TR(H) = {t ∈ S1
: Ht ⊆ H} = {t ∈ S1

: Ht = H} = {t ∈ S1
: Ht ∩ H ̸= ∅}.

The equality of the three sets above follows from Green’s lemma. For t ∈ TR , we
define the map ρt : H → H by xρt = xt for all x ∈ H , and we set

0R = 0R(H) = {ρt : t ∈ TR}.

(It is worth noting that the map t 7→ρt is not necessarily injective: different elements
of TR may well act on H in the same way.) Then 0R is a group under composition,
known as the (right) Schützenberger group of H . It is a simply transitive subgroup
of the symmetric group SH , meaning that for all h, h′

∈ H there exists a unique
α ∈ 0R such that hα = h′; it follows that |0R| = |H |. The Schützenberger groups
associated to any two H -classes within the same D-class of S are isomorphic. If H
happens to be a group H -class, then 0R(H) ∼= H ; indeed, 0R is the (right) Cayley
representation of H in SH in this case.

Note that 0R was defined in terms of right translations. There is also a left
Schützenberger group 0L = 0L(H), defined dually in terms of left translations,
which are written to the left of their arguments. In fact, the groups 0R and 0L are
isomorphic, with an explicit isomorphism given as follows. Fix some h0 ∈ H . For
α ∈ 0R , let α′ be the unique element of 0L for which h0α = α′h0. Then 0R → 0L ,
α 7→ α′, is an isomorphism. Note that the actions of 0R and 0L on H commute, in
the sense that (βh)α = β(hα) for all h ∈ H , α ∈ 0R and β ∈ 0L . Because of the
isomorphism, we will often denote either of 0R(H) or 0L(H) simply by 0(H),
and call this the Schützenberger group of H .
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We can also define a group structure on H itself, again with respect to some
fixed h0 ∈ H . For h1, h2 ∈ H , let α1, α2 be the unique elements of 0R such that
h1 = h0α1 and h2 = h0α2, and define h1 ⋆ h2 = h0α1α2. Note that

(5.6) h1 ⋆ h2 = h1α2 = α′

1h2,

where 0R → 0L , α 7→ α′, is the isomorphism above. Then (H, ⋆) is a group with
identity h0, and is independent (up to isomorphism) of the choice of h0. Moreover,
we have (H, ⋆) ∼= 0R ∼= 0L . If H happens to be a group H -class, then, taking h0

to be the idempotent in H , we have h1 ⋆ h2 = h1h2 for all h1, h2 ∈ H .
We will need the following basic result later. In the statement and proof, we

keep the above notation, including the ⋆ operation on H , defined with respect to
the fixed element h0 ∈ H .

Lemma 5.7. Let H be an H -class of a semigroup S. For s ∈ S1 and h ∈ H the
equality us = u ⋆ h (or su = h ⋆ u) holds for some u ∈ H if and only if it holds for
all u ∈ H.

Proof. By symmetry, we only consider the equation us = u ⋆ h, for which only
the forwards implication needs proof. So, suppose us = u ⋆ h for some s ∈ S1 and
u, h ∈ H , and let v ∈ H be arbitrary. By (5.6) we have u ⋆ h = uα, where α is the
unique element of 0R with h = h0α. Since us ∈ H , it follows that s ∈ TR , and
hence ρs ∈ 0R . Now, uα = u ⋆ h = us = uρs . Since 0R acts simply transitively
on H it follows that α = ρs . Using (5.6) once more we have

vs = vρs = vα = v ⋆ h,

as required. □

6. Left congruences, actions and L -classes

We now apply the theory developed in Sections 3 and 4 to the left congruences of a
semigroup S. Recall from Lemma 5.4 that these are precisely the congruences of
the left S-act SS. Theorem 4.4 decomposes the height of LCong(S) = Cong(SS) as
the sum of the heights of the principal factors of G -classes (when there are finitely
many of these), which are now the L -classes of S (see Lemma 5.4). Recall that
the principal factor associated to an L -class L of S is the left S-act

L = L ∪ {0}, with action s · x =

{
sx if x, sx ∈ L ,
0 otherwise.

Let us denote this S-act by SL . Acts of this type are well known in semigroup
theory; for example, they appear as partial acts in [22, Section 2.5].

Combining Theorem 4.4 with both parts of Lemma 5.4 we obtain:
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Theorem 6.1. If S is a semigroup with finitely many L -classes, L1, . . . , Lk , then

Ht(LCong(S)) =

k∑
r=1

Ht(Cong(SLr )) − k. □

This reduces the computation of Ht(LCong(S)) to computing heights of principal
factors of L -classes of S. A further reduction is given by noticing that the L -
classes from the same D-class all make equal contributions, as a consequence of
the following lemma. The result can be regarded as folklore; see, for instance, [22,
Proposition 2.5.2], which deals with partial actions on R-classes. We include a
proof for completeness, and for later reference.

Lemma 6.2. If L -classes L1 and L2 of a semigroup S belong to the same D-class,
then SL1 ∼=

SL2.

Proof. By the assumption and Green’s lemma there exists an a ∈ S1 such that
L1 → L2, x 7→ xa, is an R-class-preserving bijection. We extend this to a bijection
f :

SL1 →
SL2 by setting 0 f := 0, and we claim that f is an S-act morphism, and

hence an isomorphism. To prove this, let x ∈
SL1 and s ∈ S be arbitrary. If x = 0

then (s · x) f = 0 f = 0 = s · 0 = s · (x f ). Otherwise x ∈ L1, in which case we have
sx ∈ L1(= L x) if and only if sxa ∈ L2(= L xa), by Lemma 5.3(i) with y = xa. Now:

• If sx ∈ L1 and sxa ∈ L2, then s · (x f ) = s · (xa) = sxa = (s · x) f .

• If sx ̸∈ L1 and sxa ̸∈ L2, then s · (x f ) = s · (xa) = 0 = 0 f = (s · x) f .

Thus f is indeed a morphism, and the proof is complete. □

Theorem 6.3. Let S be a semigroup with finitely many L -classes, let L1, . . . , Ln

be representative L -classes for the D-classes of S, and let mr be the number of
L -classes in the D-class of Lr . Then

Ht(LCong(S)) =

n∑
r=1

mr
(
Ht(Cong(S Lr )) − 1

)
.

Proof. For each 1 ≤ r ≤ n, let the L -classes in the D-class of Lr be Lr1, . . . , Lrmr .
Then

Ht(LCong(S)) =

n∑
r=1

mr∑
j=1

Ht(Cong(S Lr j )) −

n∑
r=1

mr

=

n∑
r=1

mr Ht(Cong(
S Lr )) −

n∑
r=1

mr

=

n∑
r=1

mr
(
Ht(Cong(S Lr )) − 1

)
,

where the first equality is by Theorem 6.1, and the second is by Lemma 6.2. □
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7. Left congruences and Schützenberger groups

We now build on the previous section by focussing on the left S-act SL associated
to an arbitrary L -class L of S. The H -classes of S contained in L and their
Schützenberger groups will play an important role. Thus, we will consider the
following relation on L = L ∪ {0}:

HL := H ↾L ∪ {(0, 0)}.

Lemma 7.1. If L is an L -class of a semigroup S, then HL ∈ Cong(SL).

Proof. It is clear that HL is an equivalence relation, so it remains to establish
(left) compatibility. To this end let (u, v) ∈ HL and s ∈ S. If u = v = 0 then
(s · u, s · v) = (0, 0) ∈ HL , so now suppose u, v ∈ L . Lemma 5.3(i) gives
su ∈ L ⇔ sv ∈ L . If su, sv ̸∈ L then (s · u, s · v) = (0, 0) ∈ HL . Otherwise, when
su, sv ∈ L , Green’s lemma implies that the mapping x 7→ sx is a bijection from Ru

to Rsu that preserves H -classes. In particular, (s ·u, s ·v) = (su, sv) ∈ H ↾L ⊆ HL ,
completing the proof. □

We now bring the Schützenberger groups of the H -classes into play. For an
H -class H , we will work with the representation (H, ⋆) of 0(H), as introduced
in Section 5.4. Recall that this representation depends on an arbitrary, but fixed,
h0 ∈ H , which will always be assumed as given.

Proposition 7.2. Let S be a semigroup, L an L -class of S, and H an H -class
contained in L. The mapping

φ : [1L , HL ] → LCong(H, ⋆), σ 7→ σ ↾H ,

is a lattice isomorphism. Consequently, the interval [1L , HL ] is isomorphic to the
subgroup lattice Sub(0(H)) of the Schützenberger group of H.

Proof. To prove that φ is well defined, let σ ∈ [1L , HL ]. Certainly σ ↾H is an
equivalence on H . For (left) compatibility, suppose (h1, h2) ∈ σ ↾H and a ∈ H . Let
t ∈ S1 be such that th1 = a ⋆ h1. By Lemma 5.7 we also have th2 = a ⋆ h2. But
then (a ⋆ h1, a ⋆ h2) = (t · h1, t · h2) ∈ σ , which shows that σ ↾H is left compatible.

We now show that

σ ⊆ σ ′
⇔ σ ↾H ⊆ σ ′↾H for all σ, σ ′

∈ [1L , HL ],

which implies that φ is an order-preserving injection. With the forwards implication
being clear, suppose σ ↾H ⊆ σ ′↾H . Let (x, y) ∈ σ ; we must show that (x, y) ∈ σ ′.
This is clear if x = y = 0, so suppose instead that x, y ∈ L . Since σ ⊆ HL , we have
x, y ∈ H ′ for some H -class H ′

⊆ L . By Green’s lemma we can fix s, t ∈ S1 such that

H → H ′, u 7→ su, and H ′
→ H, v 7→ tv,
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are mutually inverse bijections. Then (t x, t y) = (t · x, t · y) ∈ σ ↾H ⊆ σ ′↾H , and so

(x, y) = (st x, sty) = (s · t x, s · t y) ∈ σ ′,

as required.
We complete the proof by showing that φ is onto. Let τ ∈ LCong(H, ⋆), and

consider τ ♯, the congruence of L generated by τ . Certainly τ ♯
⊆ H

♯

L
= H

L
. To

demonstrate that τ ♯↾H = τ , it suffices to establish the forwards inclusion, so suppose
(x, y)∈ τ ♯↾H . Using the standard description of the left congruence given by a set of
generating pairs (see [21, Lemma I.4.37]), there is a sequence x = x0, x1, . . . , xk = y
of elements of L such that, for each 0 ≤ i < k,

(xi , xi+1) = (si · ui , si · vi ) for some si ∈ S1 and (ui , vi ) ∈ τ .

Since each (xi , xi+1)∈ τ ♯
⊆HL , and since x0 = x ∈ H , it follows that xi ∈ H for all i .

Note that (si ·ui , si ·vi )= (si ui , sivi ). As si ui = xi ∈ H and (H, ⋆) is a group, there ex-
ists hi ∈ H such that si ui = hi ⋆ui . Lemma 5.7 tells us that sivi = hi ⋆vi . Combining
this with the fact that τ is a left congruence on (H, ⋆) and (ui , vi )∈ τ , it follows that

(xi , xi+1) = (si ui , sivi ) = (hi ⋆ ui , hi ⋆ vi ) ∈ τ.

Hence x = x0 τ x1 τ · · · τ xk = y, as required. □

The next result follows by combining (3.1) with Propositions 3.2 and 7.2 (and
the correspondence theorem).

Corollary 7.3. Let L be an L -class of a semigroup S, let H be an H -class
contained in L , and let 0 be the Schützenberger group of H. Then

Ht(Cong(SL)) ≥ Ht(Sub(0)) +Ht(Cong(SL/HL)) − 1.

If HL is a modular element in Cong(SL) then

Ht(Cong(SL)) = Ht(Sub(0)) +Ht(Cong(SL/HL)) − 1. □

When |L/H | = m is finite, the act SL/HL has size m + 1, so it follows that

2 ≤ Ht(Cong(SL/HL)) ≤ m + 1.

Each of these bounds can be attained. For example, consider the case in which S
is a left zero semigroup of size m. Then L = S is itself a single L -class, and
since L is H -trivial we have SL/HL

∼=
SL . Moreover, every equivalence on SL is a

congruence, so the height of Cong(SL), and hence of Cong(SL/HL), is m + 1. The
attainment of the lower bound 2 is the subject of the discussion for the remainder
of this section.

We will say that an algebra A is congruence-free if its only congruences are 1A

and ∇A. This property is more commonly known as simplicity, but we will avoid



HEIGHTS OF ONE- AND TWO-SIDED CONGRUENCE LATTICES OF SEMIGROUPS 35

this term, as it has a different meaning in semigroup theory. A congruence σ on A
is said to be maximal if σ ̸= ∇A and there is no congruence τ ∈ Cong(A) such that
σ ⊊ τ ⊊∇A. By the correspondence theorem, this is equivalent to the quotient A/σ

being nontrivial and congruence-free, and also to Cong(A/σ) having height 2.

Proposition 7.4. For an L -class L of a semigroup S, the following are equivalent:

(i) The left S-act SL/HL is congruence-free.

(ii) HL is the unique maximal congruence of SL.

(iii) For all x, y ∈ L with (x, y) ̸∈ H there exists s ∈ S such that precisely one of
sx or sy belongs to L.

When these conditions hold we have Cong(SL) = [1L , HL ] ∪ {∇L} ∼= Sub(0)⊤,
and hence

Ht(Cong(SL)) = Ht(Sub(0)) + 1,

where 0 is the Schützenberger group of any H -class in L.

Proof. (ii) ⇒ (i) This is clear.

(i) ⇒ (iii) Suppose HL is maximal, and let x, y ∈ L with (x, y) ̸∈ H . By maxi-
mality, ∇L is generated (as an S-act congruence) by HL ∪ {(x, y)}. So there exists
a sequence x = x0, x1, . . . , xk = 0 of elements of L such that, for each 0 ≤ i < k,

(xi , xi+1) = (si · ui , si · vi ) for some si ∈ S1 and (ui , vi ) ∈ HL ∪ {(x, y), (y, x)}.

Since x0 ̸= 0 and xk = 0, there exists 0 ≤ i < k for which xi ̸= 0 and xi+1 = 0. So

(xi , 0) = (xi , xi+1) = (si · ui , si · vi ).

We cannot have (ui , vi ) ∈ HL (as HL is an S-act congruence and (xi , 0) ̸∈ HL ), so
up to symmetry (ui , vi ) = (x, y). Since si · x = xi ∈ L and si · y = 0, it follows
from the definition of the action that si x ∈ L and si y ̸∈ L .

(iii) ⇒ (ii) It suffices to show that for any x, y ∈ L with (x, y) ̸∈ HL , the congru-
ence (x, y)♯ generated by (x, y) is equal to ∇L . This follows immediately from
Lemma 2.3 if one of x, y is 0, so now suppose x, y ∈ L . By assumption, and
renaming x, y if necessary, there exists s ∈ S such that sx ∈ L and sy ̸∈ L . But
then (sx, 0) = (s · x, s · y) ∈ (x, y)♯, and we again apply Lemma 2.3. □

Definition 7.5. We say an L -class is H -separable if it satisfies one, and hence all,
of the conditions (i)–(iii) from Proposition 7.4.

We remark that if L1 and L2 are two L -classes belonging to the same D-class,
then L1 is H -separable if and only if L2 is H -separable. This follows from the fact
that the isomorphism SL1 →

SL2 constructed in the proof of Lemma 6.2 preserves
H -classes by Green’s lemma.
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It turns out that H -separability of an L -class L is equivalent to a natural
combinatorial condition when the D-class containing L is stable and regular, as
will be the case in all of our applications. To describe this condition, consider a
D-class D of a semigroup S. Suppose the R- and L -classes contained in D are Ri

(i ∈ I ) and L j ( j ∈ J ), respectively. The H -classes in D are then Hi j = Ri ∩ L j

(i ∈ I , j ∈ J ). Define the I×J matrix

M(D) = (mi j ), where mi j =

{
1 if Hi j contains an idempotent,
0 otherwise.

Although this matrix depends on the chosen indexing of the R- and L -classes, we
are interested in certain properties that are not dependent on the indexing.

Definition 7.6. We say a D-class D is row-faithful (resp. column-faithful) if no two
rows (resp. columns) of M(D) are equal.

Clearly, this notion is of interest only for D-classes that contain idempotents,
i.e., the regular D-classes. For those we have the following, in which we must also
assume stability:

Proposition 7.7. A stable, regular D-class D is row-faithful if and only if some
(and hence every) L -class in D is H -separable.

Proof. (⇒) Suppose D is row-faithful, and fix an L -class L ⊆ D. To establish
H -separability of L , we will verify that condition (iii) from Proposition 7.4 holds.
Let x, y ∈ L with (x, y) ̸∈ H . From (x, y) ∈ L it follows that Rx ̸= Ry . Since D
is row-faithful, there exists an L -class L ′

⊆ D such that (by symmetry) Rx ∩ L ′

contains an idempotent, e say, but Ry ∩ L ′ does not contain an idempotent. Now,
ex = x ∈ L , as e R x . Thus, the proof will be complete if we can show that ey ̸∈ L .
This is certainly true if ey ̸∈ D, so suppose instead that ey ∈ D. Then ey J e, and
it follows from stability that ey R e, whence ey ∈ Re. Since Le ∩ Ry = L ′

∩ Ry

contains no idempotent, it follows from [20, Proposition 2.3.7] that ey ̸∈ Re ∩ L y .
But we showed above that ey ∈ Re, so we must in fact have ey ̸∈ L y = L .

(⇐) Aiming to prove the contrapositive, suppose D is not row-faithful. This means
that there exist distinct R-classes R1, R2 ⊆ D such that

(7.8) R1 ∩ L ∩ E(S) = ∅ ⇔ R2 ∩ L ∩ E(S) = ∅ for all L ∈ D/L .

Since D is regular, and since (7.8) holds, there exists an L -class L ⊆ D such that
both R1 ∩ L and R2 ∩ L contain idempotents, say e ∈ R1 ∩ L and f ∈ R2 ∩ L . To
complete the proof of this direction we will show that L is not H -separable, by
showing that

(7.9) se ∈ L ⇔ s f ∈ L for every s ∈ S.
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By symmetry, it suffices to prove only one direction of (7.9). So suppose se ∈ L .
Since D is regular, Rse must contain an idempotent, g say. By [20, Theorem 2.3.4],
the H -class R1 ∩ Lg = Re ∩ Lg contains an inverse t of se such that tse = e and
set = g. Since

ts ≤J t J e = tse ≤J ts,

it follows that ts J t , and then stability gives ts R t , that is, ts ∈ R1. Since e is a
left identity for its R-class, we have

ts = ets = (tse)ts = ts(ets) = (ts)2,

so that ts is an idempotent. By (7.8), the H -class R2 ∩ L ts also contains an
idempotent, h say. Green’s lemma now implies the existence of some u ∈ R2 ∩ Lg

such that us = h. The idempotent h is a left identity for its R-class, so that
f = h f = us f . The last conclusion says that f L s f , i.e., that s f ∈ L f = L , as
required to complete the proof of (7.9), and of the proposition. □

While H -separability will prove invaluable in our concrete applications, its use in
the special instance of a minimal L -class L is limited by the following observation.
In that case, L = L \ {0} is itself also an S-act, which we will denote by SL . It
follows that ∇L ∪{(0, 0)} is a proper congruence on L that contains HL . Hence HL
is maximal if and only if L contains only one H -class. When a minimal L -class L
is not an H -class, we will need to compute Ht(Cong(SL)) by other means, for
example, as in Corollary 7.12 below. In preparation we note that Lemma 2.4 applies
here, yielding:

Proposition 7.10. If L is a minimal L -class of a semigroup S, then Cong(SL) ∼=

Cong(SL)⊤, and hence

Ht(Cong(SL)) = Ht(Cong(SL)) + 1. □

Combining Theorem 6.3 with Propositions 7.4 and 7.10 yields the following:

Theorem 7.11. Let S be a semigroup with finitely many L -classes, and let
L1, . . . , Ln be representative L -classes for the D-classes of S, with L1 a minimal
L -class. For each r = 1, . . . , n, let mr be the number of L -classes in the D-class
of Lr , and let 0r be the Schützenberger group of any H -class of Lr . If L2, . . . , Ln

are all H -separable then

Ht(LCong(S)) = m1 Ht(Cong(
SL1)) +

n∑
r=2

mr Ht(Sub(0r )). □

In all our applications, the value of Ht(Cong(SL1)) will be ascertained by noting
that either L1 is actually an H -class (i.e., that SL1 is also separable) or that HL1 is
the unique maximal congruence on SL1. We therefore record the resulting formulae
in these two cases:
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Corollary 7.12. Suppose that all the assumptions of Theorem 7.11 are satisfied.

(i) If L1 is an H -class then

Ht(LCong(S)) =

n∑
r=1

mr Ht(Sub(0r )).

(ii) If HL1 is the unique maximal congruence on SL1 then

Ht(LCong(S)) = m1 +

n∑
r=1

mr Ht(Sub(0r )). □

8. Right congruences

All the results of Sections 6 and 7 have left-right duals, concerning the right congru-
ences of a semigroup. For future reference we collect here the main conclusions,
giving formulae for the height of the lattice of right congruences.

For an R-class R in a semigroup S, its principal factor RS is the right S-act

R = R ∪ {0}, with action x · s =

{
xs if x, xs ∈ R,
0 otherwise.

If R is a minimal R-class, then R itself is a right S-act, denoted by RS , and this is
a subact of RS .

Theorem 8.1 (cf. Theorem 6.3). Let S be a semigroup with finitely many R-classes,
let R1, . . . , Rn be representative R-classes for the D-classes of S, and let mr be the
number of R-classes in the D-class of Rr . Then

Ht(RCong(S)) =

n∑
r=1

mr ·
(
Ht(Cong(RS

r )) − 1
)
. □

The property of H -separability for an R-class R is to satisfy one, and hence all,
of the conditions dual to (i)–(iii) from Proposition 7.4. Dually to Proposition 7.7,
when the D-class D containing R is stable and regular, R is H -separable if and
only if D is column-faithful.

Theorem 8.2 (cf. Theorem 7.11). Let S be a semigroup with finitely many R-
classes, and let R1, . . . , Rn be representative R-classes for the D-classes of S, with
R1 a minimal R-class. For each r = 1, . . . , n, let mr be the number of R-classes in
the D-class of Rr , and let 0r be the Schützenberger group of any H -class of Rr . If
R2, . . . , Rn are all H -separable then

Ht(RCong(S)) = m1 Ht(Cong(RS
1 )) +

n∑
r=2

mr Ht(Sub(0r )). □
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Corollary 8.3 (cf. Corollary 7.12). Suppose that all the assumptions of Theorem 8.2
are satisfied.

(i) If R1 is an H -class then

Ht(RCong(S)) =

n∑
r=1

mr Ht(Sub(0r )).

(ii) If HR1 is the unique maximal congruence on RS
1 then

Ht(RCong(S)) = m1 +

n∑
r=1

mr Ht(Sub(0r )). □

9. Two-sided congruences

We now prove analogous results concerning two-sided congruences. These are not
immediate corollaries of the results of Sections 6–8, although we can use some of
those results in the proofs here. The development will be broadly along the same
lines as in Sections 6 and 7. Proofs are only given if they are substantially different
from the one-sided case.

For a J -class J in a semigroup S, its principal factor SJ S is the (S, S)-biact

J = J ∪ {0}, with actions s · x =

{
sx if x, sx ∈ J
0 otherwise,

x · s =

{
xs if x, xs ∈ J
0 otherwise.

Theorem 9.1 (cf. Theorem 6.1). If S is a semigroup with finitely many J -classes,
J1, . . . , Jn , then

Ht(Cong(S)) =

n∑
r=1

Ht(Cong(SJ S
r )) − n. □

Now consider an arbitrary L -class L contained in J . Notice that SJ S contains
the underlying set L ∪{0} of the left S-act SL . However, this set may or may not be
a subact of SJ (the latter is the left S-act obtained by ‘forgetting’ the right action
on SJ S). Similar comments apply to the right S-act RS .

Proposition 9.2. A J -class J of a semigroup S is stable if and only if the following
two dual conditions are satisfied:

(i) SL is a subact of SJ for every L -class L ⊆ J .

(ii) RS is a subact of J S for every R-class R ⊆ J .

Proof. (⇒) To show (i), let x ∈ L and s ∈ S. If sx ∈ L then s · x = sx in both SL
and SJ . Otherwise, if sx ̸∈ L , then sx ̸∈ J by stability, and hence s · x = 0 in both
acts. Condition (ii) is verified analogously.
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(⇐) Let x ∈ J and s ∈ S. We will show that sx ∈ J implies sx ∈ L , where L is
the L -class of x . Suppose sx ∈ J . So s · x = sx in SJ . But then s · x = sx in SL ,
i.e., sx ∈ L . The other half of the definition of stability is checked analogously. □

Thus, in the presence of stability, given s ∈ S and x ∈ J we can unambiguously
write s ·x for the result of the action of s on x in SJ S and in SL x , and similarly for x ·s.

In what follows we collect some results concerning the individual acts SJ S . For
this we will need to additionally assume that J is stable. Throughout HJ will stand
for the relation H ↾J ∪ {(0, 0)}.

Lemma 9.3 (cf. Lemma 7.1). If J is a stable J -class of a semigroup S, then
HJ ∈ Cong(SJ S).

Proof. The relation HJ is clearly an equivalence. It equals the union of all HL , with
L an L -class contained in J . By Lemma 7.1 each HL is left-compatible, and hence,
using Proposition 9.2, HJ is left-compatible. The proof of right-compatibility is
dual. □

Proposition 9.4 (cf. Proposition 7.2). Let S be a semigroup, J a stable J -class
of S, and H an H -class contained in J . The mapping

φ : [1J , HJ ] → Cong(H, ⋆), σ 7→ σ ↾H ,

is a lattice isomorphism. Thus the interval [1J , HJ ] is isomorphic to the normal
subgroup lattice NSub(0(H)) of the Schützenberger group of H.

Proof. To prove that φ is well defined, let σ ∈ [1J , HJ ]. By Proposition 9.2,
the relation σ ↾L is a congruence on SL , where L is the L -class containing H .
Proposition 7.2 then implies that σ ↾H is a left congruence on (H, ⋆). Dually, σ ↾H
is a right congruence on (H, ⋆), hence it is a congruence.

Continuing to follow the proof of Proposition 7.2, we show that σ ⊆ σ ′
⇔

σ ↾H ⊆ σ ′↾H for all σ, σ ′
∈ [1J , HJ ]. With only the reverse implication requiring a

proof, suppose σ ↾H ⊆ σ ′↾H . Since both σ, σ ′ are contained in HJ it is sufficient to
show σ ↾H ′ ⊆ σ ′↾H ′ where H ′ is an arbitrary H -class in J . Let L be the L -class
containing H , and let R be the R-class containing H ′. Since J is stable, it is in
fact a D-class, and hence H ′′

:= L ∩ R is an H -class. By Proposition 7.2, we
have σ ↾L ⊆ σ ′↾L , and hence in particular σ ↾H ′′ ⊆ σ ′↾H ′′ . Now we use the dual of
Proposition 7.2 (with respect to H ′′

⊆ R), to deduce that σ ↾R ⊆ σ ′↾R , and hence
σ ↾H ′ ⊆ σ ′↾H ′ , as required.

The proof is completed by showing that φ is onto, for which it suffices to show
that τ ♯↾H ⊆ τ for every τ ∈ Cong(H, ⋆), where τ ♯ is the congruence of J generated
by τ . For any (x, y) ∈ τ ♯↾H we have a sequence x = x0, x1, . . . , xk = y of elements
of J such that for each 0 ≤ i < k,

(xi , xi+1) = (si · ui · ti , si · vi · ti ) for some si , ti ∈ S1 and (ui , vi ) ∈ τ .
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Since each (xi , xi+1) ∈ τ ♯
⊆ HJ , and since x0 = x ∈ H , we have xi ∈ H for all i .

Note that (si · ui · ti , si · vi · ti ) = (si ui ti , sivi ti ). From ui , si ui ∈ J and stability
it follows that si ui L ui . Similarly, from si ui , si ui ti ∈ J we have si ui R si ui ti .
But ui , si ui ti ∈ H , and hence we have si ui ∈ H as well. As in the proof of
Proposition 7.2, we now see that there exists hi ∈ H such that si ui = hi ⋆ ui and
sivi = hi ⋆ vi . Since si ui , sivi ∈ H , a dual argument shows that there exists h′

i ∈ H
such that si ui ti = (si ui ) ⋆ h′

i and sivi ti = (sivi ) ⋆ h′

i . Combining, we obtain

(xi , xi+1) = (si ui ti , sivi ti ) = (hi ⋆ ui ⋆ h′

i , hi ⋆ vi ⋆ h′

i ) ∈ τ,

from which x = x0 τ x1 τ · · · τ xk = y, as required. □

Corollary 9.5 (cf. Corollary 7.3). Let J be a stable J -class of a semigroup S, let
H be an H -class in J , and let 0 be the Schützenberger group of H. Then

Ht(Cong(SJ S)) ≥ Ht(NSub(0)) +Ht(Cong(SJ S/HJ )) − 1.

If HJ is a modular element in Cong(SJ S) then

Ht(Cong(SJ S)) = Ht(NSub(0)) +Ht(Cong(SJ S/HJ )) − 1. □

Again, H -separability is one way to achieve modularity of HJ , and this time
we have the following:

Proposition 9.6 (cf. Proposition 7.4). For a stable J -class J of a semigroup S,
the following are equivalent:

(i) The (S, S)-biact SJ S/HJ is congruence-free.

(ii) HJ is the unique maximal congruence of SJ S .

(iii) For all x, y ∈ J with (x, y) ̸∈ H there exist s, t ∈ S1 such that precisely one
of sxt or syt belongs to J .

(iv) All L -classes and all R-classes contained in J are H -separable.

When these conditions hold we have Cong(SJ S) = [1J , HJ ] ∪ {∇J }
∼= NSub(0)⊤,

and hence
Ht(Cong(SJ S)) = Ht(NSub(0)) + 1,

where 0 is the Schützenberger group of any H -class in J .

Proof. The equivalence of (i), (ii) and (iii) is analogous to the proof of Proposition 7.4.

(iii) ⇒ (iv) It is sufficient to show that an arbitrary L -class L ⊆ J is H -separable,
the proof for R-classes being dual. Let x, y ∈ L with (x, y) ̸∈ H . By (iii),
and renaming if necessary, there exist s, t ∈ S1 such that sxt ∈ J and syt ̸∈ J .
From x, sxt ∈ J it follows that sx, xt ∈ J (= Jx), and then stability implies sx ∈ L
and xt R x . By the dual of Lemma 5.3 we have yt R y. Since R is a left congruence,
it follows that syt R sy, implying sy ̸∈ J , and hence sy ̸∈ L , as required.
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(iv) ⇒ (iii) Let x, y ∈ J with (x, y) ̸∈ H . Without loss of generality assume that
(x, y) ̸∈ R. Being stable, J is a D-class, so there exists z ∈ J with x L z R y.
By assumption, the L -class L := L x = L z is H -separable. As (x, z) ̸∈ H there
exists s ∈ S such that precisely one of sx, sz is in L; it then follows from stability
that precisely one of sx, sz is in J . Since z R y, it follows from Lemma 5.3(ii)
that sz ∈ J if and only if sy ∈ J , completing the proof of this part and of the
proposition. □

Definition 9.7. We say a stable J -class is H -separable if it satisfies one, and
hence all, of the conditions (i)–(iv) of Proposition 9.6.

When the stable J -class is also regular, we again obtain a combinatorial charac-
terisation of H -stability, as follows by combining condition (iv) of Proposition 9.6
with Proposition 7.7 and its dual:

Proposition 9.8. A stable, regular J -class J is H -separable if and only if the
matrix M(J ) is both row- and column-faithful. □

Let us now consider a minimal J -class J in a semigroup S, and assume that
it is stable. Notice that, unlike its one-sided counterparts, J is necessarily unique,
and is then the (unique) minimal ideal of S. As with minimal L - and R-classes,
J is separable if and only if it is a group, which does not cover all our intended
applications. Also analogous to the one-sided case, J = J \ {0} is an (S, S)-biact,
denoted by SJ S , and we have the following:

Proposition 9.9 (cf. Proposition 7.10). If J is a stable minimal J -class of a
semigroup S then Cong(SJ S) ∼= Cong(SJ S)⊤, and hence

Ht(Cong(SJ S)) = Ht(Cong(SJ S)) + 1. □

Theorem 9.10 (cf. Theorem 7.11). Let S be a stable semigroup with finitely many
J -classes, J1, . . . , Jn , with J1 minimal. For each r = 1, . . . , n, let 0r be the
Schützenberger group of any H -class of Jr . If J2, . . . , Jn are all H -separable then

Ht(Cong(S)) = Ht(Cong(SJ S
1 )) +

n∑
r=2

Ht(NSub(0r )). □

As we said in the preamble to Corollary 7.12, in all our applications it will be the
case that either HL = ∇L or HL is the unique maximal congruence of SL , where L
is a minimal L -class of S. Analogous comments hold for a minimal R-class. We
combine these two conditions to obtain the following result concerning SJ S where
J is a stable minimal J -class. In the statement we use the notation HJ = H ↾J ,
LJ = L ↾J and RJ = R↾J , which are congruences on SJ S by [14, Lemma 3.12].

Lemma 9.11. Let J be a stable minimal J -class in a semigroup S. Suppose that for
some (equivalently, every) L -class L ⊆ J one of the following two conditions hold:
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• HL is the unique maximal congruence of SL; or

• HL = ∇L .

Also suppose that, dually, for some (equivalently, every) R-class R ⊆ J one of the
following two conditions hold:

• HR is the unique maximal congruence of RS; or

• HR = ∇R .

Then
Cong(SJ S) = [1J , HJ ] ∪ {LJ , RJ , ∇J }.

Proof. It suffices to prove that for any x, y ∈ J with (x, y) ̸∈ H we have (x, y)♯ ∈

{LJ , RJ , ∇J }, where (x, y)♯ denotes the congruence of SJ S generated by (x, y).
We distinguish three cases depending on whether or not x, y are L - or R-related.

Case 1: (x, y) ̸∈ L and (x, y) ∈ R. We claim that (x, y)♯ = RJ , with the direct
inclusion clear. Let R = Rx = Ry . By assumption, the congruence on RS generated
by (x, y) is ∇R . The act RS is a subact of J S by Proposition 9.2 and stability, and
hence ∇R ⊆ (x, y)♯. Translating this by left multiplication yields ∇R′ ⊆ (x, y)♯ for
every R-class R′

⊆ J , and so RJ ⊆ (x, y)♯, completing the proof of the claim.

Case 2: (x, y) ∈ L and (x, y) ̸∈ R. This is dual to Case 1, and here we have
(x, y)♯ = LJ .

Case 3: (x, y) ̸∈ L and (x, y) ̸∈ R. By minimality of J we have xy ∈ J , and
then stability implies x R xy L y. Similarly, x H x2. Hence, the pair (x2, xy) =

(x · x, x · y) belongs to (x, y)♯ and to R, but not to L . Case 1 implies RJ =

(x2, xy)♯ ⊆ (x, y)♯. Dually, LJ ⊆ (x, y)♯, and hence ∇J = LJ ∨ RJ ⊆ (x, y)♯,
completing the proof. □

Figure 1 shows the congruence lattice of SJ S in the case that J satisfies the
conditions of Lemma 9.11, but we note that the congruences HJ , LJ , RJ , ∇J are

1J

LJ RJ

∇J

HJ

∼= NSub(0)∼= NSub(0)

Figure 1. The lattice Cong(SJ S) in the situation described in Lemma 9.11.
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not always distinct. When precisely one of HL = ∇L or HR = ∇R holds, the lattice
degenerates to Cong(SJ S) ∼= NSub(0)⊤. Thus, we obtain:

Corollary 9.12 (cf. Corollary 7.12). Suppose that the assumptions of Theorem 9.10
are satisfied. Also suppose that the minimal J -class J1 satisfies the assumptions of
Lemma 9.11, and fix an L -class L ⊆ J and an R-class R ⊆ J . Then

(9.13) Ht(Cong(S))=

n∑
r=1

Ht(NSub(0r ))+


0 if HL = ∇L and HR = ∇R,

1 if HL = ∇L and HR ̸= ∇R,

1 if HL ̸= ∇L and HR = ∇R,

2 if HL ̸= ∇L and HR ̸= ∇R. □

10. Applications

As the culmination of the paper, we now apply the theoretical results above to
give explicit formulae for the heights of the lattices of left, right and two-sided
congruences of several ‘classical’ semigroups of transformations, matrices and
partitions. These formulae are recorded in Table 1, and some computed values are
given in Table 2. Following the formulae given in Corollaries 7.12, 8.3 and 9.12,
in order to compute Ht(LCong(S)), Ht(RCong(S)) and Ht(Cong(S)) for a given
semigroup S we need to do the following:

• List the D-classes D1, . . . , Dn of S, and identify the minimal D-class D1.

• For each D-class Dr , find the number |Dr/L | of its L -classes and the number
|Dr/R| of its R-classes.

• For each D-class Dr , identify the Schützenberger group 0r of any of its H -classes,
and determine the heights of the lattices of subgroups and normal subgroups of 0r .

• For each nonminimal Dr confirm that it is H -separable. In all our examples this
can be done by checking that the matrix M(Dr ) is row- and column-faithful.

• For the minimal D-class D1, fix an L -class L ⊆ D1 and an R-class R ⊆ D1.
Check if L is H -separable (which is the case precisely when |D1/R| = 1) or if HL

is the unique maximal congruence of SL1. This last step, when needed, requires
ad hoc arguments, which, fortunately, are very easy in our examples or can be
deduced from known results in the literature. Perform the dual check for R.

Here is the list of semigroups featuring in Table 1 (more details will be given below):

• the full transformation monoid Tn , which consists of all mappings [n] → [n],
where [n] := {1, . . . , n};

• the partial transformation monoid PTn , which consists of all partial mappings
[n] → [n];

• the symmetric inverse monoid In , which consists of all partial bijections [n]→[n];
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S Ht(LCong(S))

Tn

n∑
r=1

(
n
r

)
Ht(Sub(Sr ))

PTn

n∑
r=0

(
n
r

)
Ht(Sub(Sr ))

In

n∑
r=0

(
n
r

)
Ht(Sub(Sr ))

On 2n
− 1

M(n, q)

n∑
r=0

[
n

r

]
q
Ht

(
Sub(GL(r, q))

)
Pn B(n) +

n∑
r=0

n∑
k=r

S(n, k)

(
k
r

)
Ht(Sub(Sr ))

Bn
(
2
⌊n−1

2

⌋
+ 1

)
!! +

⌊n/2⌋∑
k=0

(
n
2k

)
(2k − 1)!!Ht(Sub(Sn−2k))

TLn C⌈ n
2 ⌉

+

(
n⌊n
2

⌋)
I∗

n

n∑
r=1

S(n, r)Ht(Sub(Sr ))

Table 1. (continued on the next page). The formulae for the
heights of the left, right and two-sided congruence lattices for
some semigroups of transformations and partitions. Throughout
we take n ≥ 4, but some formulae remain valid for smaller n. The
actual values for small n are given in Table 2.

• the monoid On of all order-preserving mappings [n] → [n];

• the general linear monoid M(n, q), which consists of all n×n matrices over the
finite field Fq ;

• the partition monoid Pn , which consists of all set partitions on the set [n] ∪ [n]
′,

where [n]
′
:= {1′, . . . , n′

} (see, for example, [12]);

• the Brauer monoid Bn , which consists of all partitions from Pn with all blocks
of size 2;

• the Temperley–Lieb monoid TLn , which consists of all planar Brauer partitions;
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S Ht(RCong(S)) Ht(Cong(S))

Tn 1 +

n∑
r=1

S(n, r)Ht(Sub(Sr )) 3n − 1

PTn

n∑
r=0

S(n + 1, r + 1)Ht(Sub(Sr )) 3n − 1

In

n∑
r=0

(
n
r

)
Ht(Sub(Sr )) 3n − 1

On 2n−1
+ 1 n + 1

M(n, q)

n∑
r=0

[
n

r

]
q
Ht

(
Sub(GL(r, q))

) n∑
r=0

Ht
(
NSub(GL(r, q))

)
Pn B(n) +

n∑
r=0

n∑
k=r

S(n, k)

(
k
r

)
Ht(Sub(Sr )) 3n + 1

Bn
(
2
⌊ n−1

2
⌋

+ 1
)
!! +

⌊n/2⌋∑
k=0

(
n
2k

)
(2k − 1)!!Ht(Sub(Sn−2k)) 3

⌊
n
2

⌋
+ 3

T Ln C⌈ n
2
⌉ +

(
n⌊ n
2
⌋) ⌊

n
2

⌋
+ 3

I∗
n

n∑
r=1

S(n, r)Ht(Sub(Sr )) 3n − 2

Table 1. (continued).

• the dual symmetric inverse monoid I∗
n , which consists of all block bijections

[n]→[n], i.e., partitions from Pn in which every block is a transversal, i.e., contains
points from both [n] and [n]

′.

The same methodology can be followed to obtain analogous formulae for essentially
all natural finite semigroups of transformations or partitions that are commonly
studied in the literature.

Before we look in detail at our selected examples, we make a remark about termi-
nology. All the semigroups in the above list are known to be regular, which, among
other things, means that every L -class and every R-class contain an idempotent. As
mentioned in Section 5.4, the H -class H of an idempotent is a maximal subgroup,
and is isomorphic to the Schützenberger group of H . Thus, in what follows we could
talk about maximal subgroups instead of Schützenberger groups, which would be
more in line with the literature on these specific semigroups. However, we have opted
to retain Schützenberger groups for the sake of internal consistency of this article.

10.1. The full transformation monoid Tn. The full transformation monoid Tn

consists of all mappings [n] → [n] under the composition of mappings. The
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semigroup lattice 0 1 2 3 4 5 6 7 8 9 10

LCong 1 1 4 12 33 86 214 512 1189 2706 6080

Tn RCong 1 1 4 11 39 163 756 3776 20056 112769 670321

Cong 1 1 4 7 11 14 17 20 23 26 29

LCong 1 2 5 13 34 87 215 513 1190 2707 6081

PTn RCong 1 2 6 23 101 488 2549 14213 83780 518741 3362175

Cong 1 2 4 7 11 14 17 20 23 26 29

LCong 1 2 5 13 34 87 215 513 1190 2707 6081

In RCong 1 2 5 13 34 87 215 513 1190 2707 6081

Cong 1 2 4 7 11 14 17 20 23 26 29

LCong 1 1 3 7 15 31 63 127 255 511 1023

On RCong 1 1 3 5 9 17 33 65 129 257 513

Cong 1 1 3 4 5 6 7 8 9 10 11

LCong 1 2 9 35 164 881 5260 34215 239263 1782109 14043708

Pn RCong 1 2 9 35 164 881 5260 34215 239263 1782109 14043708

Cong 1 2 6 9 13 16 19 22 25 28 31

LCong 1 1 3 9 23 66 202 659 2307 8238 32008

Bn RCong 1 1 3 9 23 66 202 659 2307 8238 32008

Cong 1 1 3 6 9 9 12 12 15 15 18

LCong 1 1 2 5 8 15 25 49 84 168 294

TLn RCong 1 1 2 5 8 15 25 49 84 168 294

Cong 1 1 2 4 5 5 6 6 7 7 8

LCong 1 1 3 10 38 162 755 3775 20055 112768 670320

I∗
n RCong 1 1 3 10 38 162 755 3775 20055 112768 670320

Cong 1 1 3 6 10 13 16 19 22 25 28

Table 2. Heights of lattices of left, right and two-sided congruence
lattices for the monoids of transformations and partitions from Table 1.

mappings in Tn are written to the right of their arguments, and the composition is
from left to right, that is, x(αβ) = (xα)β. The order of Tn is nn . In the following
discussion we assume that n ≥ 2. Green’s relations D(=J ), L and R are governed
by ranks, images and kernels of mappings:

α D β ⇔ rank(α) = rank(β),

α L β ⇔ im(α) = im(β),

α R β ⇔ ker(α) = ker(β).
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See, for example, [9, Section 2.2]. In particular, Tn has n D-classes, denoted by
D1, . . . , Dn , where Dr = {α ∈ Tn : rank(α) = r}. The minimal D-class is D1. The
L -classes in Dr are in one-one correspondence with possible images of size r ,
and hence |Dr/L | =

(n
r

)
. Similarly, the R-classes in Dr correspond to possible

kernels with r blocks, and so |Dr/R| = S(n, r), the Stirling number of the second
kind. The Schützenberger groups of H -classes in Dr are all isomorphic to the
symmetric group Sr . Each nonminimal D-class Dr (2 ≤ r ≤ n) is H -separable.
This can be verified by checking that the matrix M(Dr ) is row- and column-faithful;
alternatively see [13]. The minimal D-class D1 is also an R-class, and contains n
singleton L -classes.

It now follows that each L -class in D1 is separable, and we obtain a formula for
the height of LCong(Tn) by applying Corollary 7.12(i):

Ht(LCong(Tn)) =

n∑
r=1

(n
r

)
Ht(Sub(Sr )).

However, R = D1, the unique R-class in D1 is not an H -class (for n ≥ 2). Hence
we would like to apply Corollary 8.3(ii), for which we need to check that HR is the
unique maximal congruence on RTn . To this end, let α, β ∈ R be any two distinct
constant mappings, say with im(α)={x} and im(β)={y}, where x ̸= y. Further, let
γ, δ ∈ R be any constant mappings, say with the images u and v, respectively. Let
ζ ∈Tn be any mapping satisfying xζ =u, yζ =v. Then (γ, δ)= (α·ζ, β ·ζ )∈ (α, β)♯.
In other words, (α, β)♯ = ∇R , proving the claim. So, applying Corollary 8.3(ii),

Ht(RCong(Tn)) = 1 +

n∑
r=1

S(n, r)Ht(Sub(Sr )).

Finally, for the height of Cong(Tn), we apply Corollary 9.12. From the discussion
above, we have HL = ∇L for any L -class L ⊆ D1, and HR is the unique maximal
congruence on RTn (where R = D1). Consequently, the extra additive contribution
in (9.13) is 1 (for n ≥ 2) and we have Ht(Cong(Tn)) = 1 +

∑n
r=1 Ht(NSub(Sr )).

Now, it is known that

(10.1)
(
Ht(NSub(Sr ))

)
r≥1 = (1, 2, 3, 4, 3, 3, 3, . . . ),

and it follows that

Ht(Cong(Tn)) = 3n − 1 for n ≥ 4.

The same result can, of course, be obtained by recalling Malcev’s description of
congruences on Tn [24]: they in fact form a chain of length 3n − 1 (for n ≥ 4).
By contrast, the lattices of one-sided congruences of Tn are far from being under-
stood, and have very complicated structure even for small n; see Figure 2 for the
lattice LCong(T3), produced using the Semigroups package for GAP [26].
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Figure 2. The lattice LCong(T3) of left congruences of the full
transformation monoid T3.

10.2. The partition monoid Pn. We now follow the same trajectory for the partition
monoid Pn , but somewhat more rapidly, again assuming that n ≥ 2. For the
definition of the product in Pn , see, for example, [12], which also includes the
following information regarding Green’s relations. The D-classes Dr of Pn again
consist of partitions of a fixed rank, but this time the available ranks are r =

0, 1, . . . , n, with D0 minimal. The L - and R-classes in Dr correspond to partitions
of [n] with r marked blocks, where markings are used to indicate which blocks
participate in transversals. Consequently, the number of R- and L -classes in Dr

is
∑n

k=r S(n, k)
(k

r

)
. The Schützenberger groups are again Sr . That each Dr is

H -separable for r = 1, . . . , n was shown in [14, Lemma 5.13].
Now consider the minimal D-class D0. Note that it is a B(n)×B(n) rectangular

band, where B(n) is the n-th Bell number. Fix an L -class L ⊆ D0 and an R-class
R ⊆ D0. Neither L nor R is an H -class (for n ≥ 2), so we want to show that HL

and HR are the unique maximal congruences on PnL and RPn respectively. We
will show the latter statement, and the former can be deduced by duality. So, let
α, β, γ, δ ∈ R be arbitrary, with α ̸= β. We want to show that (γ, δ) ∈ (α, β)♯. We
do this by showing that (γ, θ), (δ, θ) ∈ (α, β)♯, where θ ∈ R is the unique partition
with singleton lower blocks, and using transitivity. Only the first of these needs
to be proved, as the second will be analogous. If γ = θ there is nothing to prove.
Otherwise, θ has at most n − 1 lower blocks. In the proof of [14, Proposition 5.8]
it was shown that, swapping α and β if necessary, there exists ζ ∈ Pn such that
γ = γαζ and γ ′

:= γβζ has one more lower block than γ . Since α, β, γ are all R-
related in the present consideration, and since all are idempotents, we have γα = α

and γβ = β, and so (γ, γ ′) = (α · ζ, β · ζ ) ∈ (α, β)♯. Repeating this argument, and
using transitivity, we arrive at (γ, θ) ∈ (α, β)♯, as required.
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We can now deploy Corollaries 7.12(i) and 8.3(i) to obtain

Ht(LCong(Pn)) = Ht(RCong(Pn)) = B(n) +

n∑
r=0

n∑
k=r

S(n, k)
(k

r

)
Ht(Sub(Sr )).

For the two-sided congruences, we follow the same argument as for Tn , with two
small differences: first, we have an extra D-class, namely D0; and secondly, the
extra additive contribution in (9.13) is 2, instead of 1. Therefore we obtain

Ht(Cong(Pn)) = 3n + 1 for n ≥ 4.

Again, this could be obtained using the description of the lattice Cong(Pn) from [14].

10.3. Remarks concerning further semigroups. The calculations for the remaining
semigroups from our list are all entirely analogous to what we have just seen for Tn

and Pn , and we will not go through them in any kind of detail. Instead, we present
the required input data, alongside references to where it can be found in the literature,
in Table 3, and then we present the actual formulae for the heights of the lattices
in Table 1. To aid the reader in both inspecting the tables, and performing the
calculations for additional semigroups not given in the tables, we give below some
relevant commentary. Towards the end of the section we will discuss two further
monoids not included in the tables.

Combinatorial notation. Various standard combinatorial sequences and arrays ap-
pear in the two tables. Here is a quick reference: S(n, r), Stirling numbers of the
second kind; B(n), Bell numbers; Cn , Catalan numbers; n!!, double factorials;

[ n
r
]

q ,
Gaussian binomial coefficients.

Indexing of D-classes. As we have already seen in the case of Pn , the D-classes in
some of our monoids are naturally indexed by some sets of integers that are not
necessarily of the form {1, . . . , n}, as in our theoretical results. The starkest example
of this is perhaps the Brauer monoid Bn and the Temperley–Lieb monoid TLn , whose
D-classes are indexed by all integers from [n] of the same parity as n. To aid the
translation, we have included a column in Table 3 to explicitly state the indexing.
We have also added a column to specify the minimal D-class: this is always the
D-class with the smallest index, i.e., D0 or D1.

Schützenberger group contributions. In all our examples, with the exception of
the general linear monoid M(n, q), the Schützenberger group 0r of any H -class
in Dr is either Sr or trivial. For the symmetric group, its subgroup height is given
in Theorem 1.1, and its normal subgroup height in (10.1). In some semigroups
we will also encounter the symmetric group S0, which is trivial and has (normal)
subgroup height 1.

The case where all Schützenberger groups are trivial, as for example for On

and TLn , leads to significant simplifications, as follows:
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semigroup all D-classes Dr

r range |Dr/L | |Dr/R| 0r

Tn 1 ≤ r ≤ n
(

n
r

)
S(n, r) Sr

PTn 0 ≤ r ≤ n
(

n
r

)
S(n + 1, r + 1) Sr

In 0 ≤ r ≤ n
(

n
r

) (
n
r

)
Sr

On 1 ≤ r ≤ n
(

n
r

) (
n−1
r−1

)
1

M(n, q) 0 ≤ r ≤ n
[

n

r

]
q

[
n

r

]
q

GL(r, q)

Pn 0 ≤ r ≤ n
n∑

k=r

S(n, k)

(
k
r

) n∑
k=r

S(n, k)

(
k
r

)
Sr

Bn
0 ≤ r ≤ n

r ≡ n (mod 2)

(
n
r

)
(n − r − 1)!!

(
n
r

)
(n − r − 1)!! Sr

TLn
0 ≤ r ≤ n

r ≡ n (mod 2)

r + 1
n + 1

(
n+1
n−r

2

)
r + 1
n + 1

(
n+1
n−r

2

)
1

I∗
n 1 ≤ r ≤ n S(n, r) S(n, r) Sr

Table 3. (continued on the next page). The data concerning
Green’s structure for some semigroups of transformations and
partitions needed to compute the heights of their lattices of left,
right and two-sided congruences.

Remark 10.2. Suppose S is an H -trivial semigroup, so that all its Schützenberger
groups are trivial. Then the expression

∑n
r=1 mr Ht(Sub(0r )) in Corollary 7.12

simplifies to just
∑n

r=1 mr = |S/L |, the number of L -classes of S. Similarly, the
corresponding sum in Corollary 8.3 becomes |S/R|, the number of R-classes in S,
while the sum

∑n
r=1 Ht(NSub(0r )) in Corollary 9.12 becomes just n = |S/D |, the

number of D-classes.

The Schützenberger groups in the D-class Dr of the general linear monoid
M(n, q) are isomorphic to the general linear group GL(r, q). To the best of our
knowledge, the heights of their subgroup lattices have not been determined, although
[28; 30; 31] discuss in detail the heights of closely related groups of Lie type. The



52 M. BROOKES, J. EAST, C. MILLER, J. D. MITCHELL AND N. RUŠKUC

semigroup minimal D-class Dr reference
r |Dr/L | |Dr/R|

Tn r = 1 n 1 [16, Section 4.6]

PTn r = 0 1 1 [16, Section 4.6]

In r = 0 1 1 [16, Section 4.6]

On r = 1 n 1 [17, Section 2]

M(n, q) r = 0 1 1 [10, Section 3]

Pn r = 0 B(n) B(n) [12, Section 7]

Bn
r = 0 (n − 1)!! (n − 1)!! [12, Section 8]
r = 1 n!! n!!

T Ln r = 0 or 1 C⌈ n
2 ⌉

C⌈ n
2 ⌉

[12, Section 9]

I∗
n r = 1 1 1 [15, Section 2]

Table 3. (continued).

normal subgroups of GL(r, q) are known: with a small number of exceptions, they
are precisely the subgroups of the group of scalar matrices, and the subgroups
containing the special linear group; see [3, Theorem 4.9]. It is not clear whether
this description is sufficient to give a closed formula for the height of the lattice of
normal subgroups of GL(r, q); see [13, Figure 11.1]. In our formulae, therefore,
we keep the terms Ht

(
Sub(GL(r, q))

)
and Ht

(
NSub(GL(r, q))

)
.

Separability. In all our examples, all nonminimal D-classes Dr are H -separable.
This can be easily verified by the reader by considering the matrices M(Dr ) and
checking they are row- and column-faithful. Alternatively, this has been proved
in [13] in the more general context of certain related categories.

There is one general, theoretical situation where H -separability is guaranteed
from the outset, namely for inverse semigroups with finitely many idempotents,
where each matrix M(D) is always equivalent to the identity matrix up to permuta-
tion of rows and columns. The reason for this is that in an inverse semigroup every
L - and every R-class contains precisely one idempotent. In particular, we have
|D/L | = |D/R| = |E(D)|, the number of idempotents in D. The above is true for
all D-classes, including the minimal one, which is always necessarily a group.

Corollary 10.3. Let S be an inverse semigroup with finitely many D-classes
D1, . . . , Dn , and let 01, . . . , 0n be the Schützenberger groups (i.e., maximal sub-
groups) associated with their H -classes, respectively.
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(i) If each Dr has only finitely many idempotents then

Ht(LCong(S)) = Ht(RCong(S)) =

n∑
r=1

|E(Dr )|Ht(Sub(0r )).

This is equal to |E(S)| if S is H -trivial.

(ii) If S is stable then

Ht(Cong(S)) =

n∑
r=1

Ht(NSub(0r )).

This is equal to n = |S/D | if S is H -trivial. □

As a consequence, if S is a finite semilattice then

Ht(LCong(S)) = Ht(RCong(S)) = Ht(Cong(S)) = |S|.

Relationship to classification results. Just as was the case with Tn and Pn above,
all the two-sided congruences have been described for all the semigroups listed in
Table 1. The oldest and most well-known such results are due to Malcev for the full
transformation monoid [24] and the general linear monoid [25], and Liber for the
symmetric inverse monoid [23]. These results have been gathered under a common
methodological framework in [13], where the reader can also find references to
the historical individual proofs. From these descriptions, it is possible to infer the
formulae for the height of the congruence lattice by straightforward inspection, with
the possible exception of the general linear monoid, where perhaps the structure
of the congruence lattice is not entirely obvious from the description, but see [13,
Section 11.4] for a discussion of this point.

The reason we have opted to present these values in the way we did is two-fold: 1)
The height is computed without the prior of knowledge of what all the congruences
are, so the present method can be regarded as being conceptually simpler than going
via classification theorems. 2) The computation follows the same lines as that for
one-sided congruences, emphasising the methodological proximity of the two.

In contrast with two-sided congruences, very little is known, by way of classifi-
cation, for one-sided congruences of the semigroups discussed here. One exception
is the symmetric inverse monoid In , where useful detailed information about its
left and right congruences can be obtained by utilising Brookes’ inverse kernel
approach; see [5] for the general theory and [4] for applications to In . Combining
this with [7, Theorem 7.4] may offer an alternative route towards calculating
Ht(LCong(In)) = Ht(RCong(In)).

Miscellaneous notes on the table entries. The formulae for the heights of the lattices
of one-sided congruences for On and TLn given in Table 1 are not identical to the
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sums obtained using the information from Table 3. The reason is that the latter sums
simplify, and proving the equality of the two expressions is an elementary exercise.
Alternatively, we can recall that On and TLn are H -trivial, and use Remark 10.2.
To do this we need the total numbers of L - and R-classes in the monoids: for On

these are 2n
− 1 and 2n−1 respectively, and for TLn they are

( n
⌊n/2⌋

)
and

( n
⌊n/2⌋

)
.

The formulae for the height of the congruence lattices of semigroups whose
maximal subgroups are the symmetric groups are valid for n ≥ 4. For smaller values
of n the heights deviate slightly from those formulae, due to the initial irregularity of
the sequence

(
Ht(NSub(Sr ))

)
r≥0; see (10.1). These values can be found in Table 2,

which gives computed values for n ≤ 10. The Semigroups package for GAP [26] is
capable of computing all the congruences for some small values of n, which provides
a verification of the given numbers. As the family M(n, q) of linear monoids
depends on two parameters, we have not included any numerical data for it in Table 2.

In the formulae for the heights of the one-sided congruence lattices of Bn and
TLn we have made a couple of indexing simplifications in the transition between
Table 3 and Table 1. We have changed the summation parameter from r to k, where
r = n − 2k. We have also used the fact that 2

⌊n−1
2

⌋
+ 1 equals n − 1 when n is

even and n when n is odd.

Partial Brauer monoid. Another diagram monoid, not listed in Tables 3 and 1,
is the partial Brauer monoid PBn; it consists of all partitions in Pn with block-
sizes at most 2. One of the consequences of [14, Theorems 5.4 and 6.1] is that
the lattices Cong(Pn) and Cong(PBn) are isomorphic, and hence have the same
height. The analogue is not true for one-sided congruence lattices (apart from trivial
exceptions for small n). Indeed, PBn again has D-classes D0, D1, . . . , Dn , given
by ranks, and Corollary 7.12 applies; see [14, Section 6] for the relevant separation
properties. This gives a formula for Ht(LCong(PBn)) in terms of the parameters
|Dr/L | =

(n
r

)
a(n − r), where a(k) stands for the number of involutions on [k];

see [11, Proposition 4.6]. Since these are strictly smaller than the corresponding
parameters for Pn itself, we have Ht(LCong(PBn)) < Ht(LCong(Pn)) for n ≥ 2.
The same is true for the right congruence lattices.

Monoids of uniform block bijections. For all the monoids discussed so far, the posets
of J (= D)-classes happen to be chains. This is not a requirement for our formulas
to apply. We conclude by briefly discussing a monoid with a more complicated
J -structure, namely the monoid F∗

n of all uniform block bijections from I∗
n , i.e.,

those for which each block contains the same number of upper and lower points.
The D-classes of F∗

n are of the form Dµ, where µ ⊢ n is an integer partition of n,
i.e., a tuple µ = (m1, . . . , mk) for some k ≥ 1, where m1 ≥· · ·≥ mk ≥ 1 are integers,
and m1 + · · · + mk = n. Given such a µ ⊢ n, the D-class Dµ contains all block
bijections of rank k, whose blocks contain m1, . . . , mk upper (and lower) points.
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As explained in [15, Section 3], the parameters associated to such a D-class are
as follows. First, for 1 ≤ i ≤ n, we write µi for the number of entries of µ equal
to i — so n =

∑n
i=1 iµi . The number of L - and R-classes in Dµ is equal to the

number of set partitions of [n] whose blocks have sizes m1, . . . , mk , which is well
known to be equal to n!/

∏n
i=1 µi !(i !)µi . The Schützenberger group of any H -class

in Dµ is isomorphic to the Young subgroup Sµ := Sµ1 × · · ·×Sµn of Sk . Applying
Corollary 10.3 yields

Ht(LCong(F∗

n )) = Ht(RCong(F∗

n )) =

∑
µ⊢n

n!Ht(Sub(Sµ))∏n
i=1 µi !(i !)µi

,

Ht(Cong(F∗

n )) =

∑
µ⊢n

Ht(NSub(Sµ)).

To the best of the authors’ knowledge neither the one-sided nor two-sided congru-
ences of F∗

n have been classified.
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THE EXTREMAL METRIC ON A CLASS OF
TWISTED FOCK–BARGMANN–HARTOGS DOMAINS

JING CHEN, DANIEL ZHUANG-DAN GUAN,
SHAOJUN JING AND YANYAN TANG

We study the Kähler–Einstein metrics and Calabi extremal metrics on some
unbounded domains defined by

� := {(ζ, ζ̃ , w) ∈ Cs
× Cn

× Cm
: e∥w∥2

∥ζ∥
2
+ ∥ζ̃∥

2 < 1},

which are type-III cohomogeneity-one manifolds. We introduce a Kähler
metric g associated with the Kähler form

ω :=
√

−1(∂∂̄ F(X) + a∂∂̄∥w∥
2
+ b∂∂̄ log ∥ζ∥

2)

on �. Using the method of cohomogeneity, we find many new Kähler–
Einstein metrics and prove that any Calabi extremal metric with the scalar
curvature as a linear function of the potential function of the circle action on
the first vector ζ must be a metric with a constant scalar curvature. At last,
we give one application of our main results. That is, in the case s = m = 1,
we prove that the Kähler–Einstein metric is equivalent, but not equal, to the
Bergman metric.

1. Introduction

Kähler–Einstein metrics are an interesting subject of complex geometry; see [17; 22]
for examples. Both in the compact cases and the domain cases, people have used
ordinary differential equations to find concrete or pseudoconcrete solutions. By
this, we mean that the solutions could be expressed in an explicit way, as in
[5; 3; 11; 13; 14; 15; 16], even though the functions themselves might be implicit,
but not as in [9; 18; 19; 20; 21; 22]. One of the purposes of this paper is trying to
connect domain cases as in [11; 13] to compact cases as in [5; 6; 7; 8; 16].

We believe that most of the published works in the domain cases are actually in
the so-called type-III cases, such as those in [5; 6; 7; 8]. Therefore, by working
out some new unbounded domains with Kähler–Einstein metrics or metrics with
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constant scalar curvature, we both explain our philosophy and provide an exposition
of [5; 6; 7; 8].

Although the examples in [5; 6; 7; 8; 16] might not necessarily be cohomogeneity
one, the cohomogeneity-one cases guarantee that one can reduce the Kähler–Einstein
equation into an ordinary differential equation. However, just being cohomogeneity
one does not give us an explicit solution at all. See [9], for example. What we need is
a type-III cohomogeneity-one structure. A complex manifold is cohomogeneity one
if there is a Lie group in its automorphism group such that it has a real hypersurface
orbit. It is of type III if there is a holomorphic vector field E which commutes with
this Lie group.

Motivated by the above reasons, we consider a class of unbounded nonhyperbolic
Reinhardt domains defined by

(1-1) � := {(ζ, ζ̃ , w) ∈ Cs
× Cn

× Cm
: e∥w∥

2
∥ζ∥

2
+ ∥ζ̃∥

2 < 1},

which are called twisted Fock–Bargmann–Hartogs domains (see Kim and Ya-
mamori’s article [12]). In general, there is a µ ∈ R+ in front of ∥w∥

2 in (1-1).
Because of the biholomorphic invariance of the Bergman metric, and the biholo-
morphic invariance of some Kähler metrics, we omit it. The domains in (1-1) are
type-III cohomogeneity-one manifolds (see Lemma 2.4 below).

Let (�, g) be a Kähler manifold endowed with its Kähler metric g, in which g
is a Kähler metric associated with the Kähler form

(1-2) ω :=
√

−1(∂∂̄ F(X) + a∂∂̄∥w∥
2
+ b∂∂̄ log ∥ζ∥

2)

on �, where a, b ∈ R, F(X) is a smooth function of X on (0, 1), and

(1-3) X =
e∥w∥

2
∥ζ∥

2

1 − ∥ζ̃∥2
, (ζ, ζ̃ , w) ∈ �.

We notice that when s = 1, b is not needed. In particular, we also need the conditions

(1-4) f > 0, f + a > 0, f ′ > 0, 0 ≤ X < 1

and if s > 1

(1-5) f + b > 0, 0 < X < 1, lim
X→0+

( f + b) = 0,

where f := X F ′. In fact, the function f or U := f − n − 2 will be just a potential
function of E with respect to the metric (see Lemma 3.3). After transforming the
free variable into U , one gets a simple equation and can solve it explicitly.

Another new ingredient is that when we calculate the volume, instead of using
the cohomogeneity-one property as we did earlier in [9], we calculate the volume
directly.
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The precise statements of our main results are as follows.

Theorem 1.1. Let (�, g) be a Kähler manifold endowed with its Kähler metric g,
where g is a Kähler metric associated with the Kähler form (1-2). Then g is a
Kähler–Einstein metric if and only if a = −n − 1, s = 1, that is, the dimension of
the fiber of � is one, and F(X) is the solution of the differential equation

(Qϕ) f = f n( f − n − 1)m+1

with the initial condition f |X=0 = n + 2, in which Q := ( f − n − 1)m f n and
ϕ := X f ′.

After we deal with the Kähler–Einstein equation, we also deal with the Calabi
extremal metric with the scalar curvature as a linear function of the potential
function f . We call this the special extremal metric. By the completeness property,
we prove that on these domains, the special extremal metrics must be metrics with
constant scalar curvatures.

Theorem 1.2. Let (�, g) be a Kähler manifold endowed with its Kähler metric g,
where g is a Kähler metric associated with the Kähler form (1-2). Then g is a
special extremal metric if and only if the scalar curvature of g is constant.

The paper is organized as follows. In Section 2, we present some well-known
results, such as the definition of the Calabi extremal metric and the holomor-
phic automorphism groups of the twisted Fock–Bargmann–Hartogs domains �

defined in (1-1). We also prove that these domains are type-III cohomogeneity-one
manifolds. Sections 3 and 4 are devoted to the proofs of Theorems 1.1 and 1.2,
respectively. At last, in Section 5, we give one application of our main results. That
is, in the case s = m = 1, we prove that the Kähler–Einstein metric is equivalent to
the Bergman metric.

2. Preliminaries

We first give the definition of the Calabi extremal metric. E. Calabi [1; 2] introduced
extremal metrics on compact Kähler manifolds to solve a variational problem
involving the integral of the scalar curvature. Given an n-dimensional Kähler
manifold (M, g) with its Kähler form

ω =

√
−1
2

∑
i, j

gi j̄ dzi ∧ dz j ,

the Calabi extremal metric is the critical metric for the Calabi functional

Ca(ω) =
1

V (M)

∫
M

S2(ω)ωn,
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where V (M) =
∫

M ωn , and S(ω) is the scalar curvature of ω. We refer the readers
to Tian [20] for more information on this topic. Calabi proved the following result:

Proposition 2.1 [1; 2]. On a compact Kähler manifold, a Kähler metric g is
extremal if and only if the lifting of d S is a holomorphic vector field.

Without the compactness condition, we still define:

Definition 2.2 (see [1; 2]). On a Kähler manifold, we call a Kähler metric g an
extremal metric if the lifting of d S is a holomorphic vector field.

Next we also need the holomorphic automorphism group of � described by Kim
and Yamamori [12].

Lemma 2.3 [12]. The automorphism group of � is generated by the mappings

8U1,U2,U3 : (ζ, ζ̃ , w) 7→ (U1ζ, U2ζ̃ , U3w);

8a,υ : (ζ, ζ̃ , w) 7→ (e−⟨w,υ⟩−
1
2 ∥υ∥

2
Fa(ζ̃ )ζ, ha(ζ̃ ), w + υ),

where U1 ∈ U (s), U2 ∈ U (n), U3 ∈ U (m), υ ∈ Cm , a ∈ Bn ,

Fa(ζ̃ ) =
(1 − ∥a∥

2)
1
2

1 − ⟨ζ̃ , a⟩

and ha( · ) is an automorphisms of Bn taking a to 0.

By Lemma 2.3, it is easy to check that � is a cohomogeneity-one manifold with
noncompact automorphism group. In fact, on the one hand, for any (ζ0, ζ̃0, w0) ∈ �,
by choosing a unitary matrix U1 of order s such that U1ζ = (∥ζ∥, 0, . . . , 0), consider
the automorphism 8U1 and 8a,υ of � defined as

8U1(ζ, ζ̃ , w) := (U1ζ, ζ̃ , w);

8ζ̃0,−w0
(ζ, ζ̃ , w) := (e⟨w,w0⟩−

1
2 ∥w0∥

2
Fζ̃0

(ζ̃ )ζ, h ζ̃0
(ζ̃ ), w − w0).

Thus,

8U1 ◦ 8ζ̃0,−w0
(ζ0, ζ̃0, w0) :=

(
e

1
2 ∥w0∥

2

(1 − ∥ζ̃0∥2)
1
2

∥ζ0∥, 0, . . . , 0, 0, 0
)

,

which implies that � has a real hypersurface orbit under a Lie group action. On the
other hand, since

X =
e∥w∥

2
∥ζ∥

2

1 − ∥ζ̃∥2
, (ζ, ζ̃ , w) ∈ �,

it is obvious that 0 ≤ X < 1, since, similar to the argument of Kim, Yamamori,
and Zhang [13], we could prove that X is preserved by the automorphism group
of �. Therefore, for fixed constant c, the noncompactness of the leaf X = c, in
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conjunction with the invariance of each leaf under holomorphic automorphisms,
yields the fact that Aut(�) is noncompact.

Lemma 2.4. The twisted Fock–Bargmann–Hartogs domains � in (1-1) are type-III
cohomogeneity-one manifolds.

Proof. According to the above discussion, we only need to prove that there is a
holomorphic vector field which commutes with Aut(�). By Lemma 2.3, U1 is a
unitary matrix of order s and the center of U1 is

Cent(U1) = {diag(eiθ , . . . , eiθ ) : θ ∈ R}.

Let 8θ,In,Im := 8eiθ Is ,In,Im . We claim that

8θ,In,Im ◦ 8a,υ = 8a,υ ◦ 8θ,In,Im .

In fact,

8θ,In,Im ◦ 8a,υ(ζ, ζ̃ , w) = 8θ,In,Im (e−⟨w,υ⟩−
1
2 ∥υ∥

2
Fa(ζ̃ )ζ, ha(ζ̃ ), w + υ)

= (e−⟨w,υ⟩−
1
2 ∥υ∥

2
Fa(ζ̃ )(eiθζ ), ha(ζ̃ ), w + υ)

= 8a,υ ◦ 8θ,In,Im (ζ, ζ̃ , w).

Therefore, 8θ,In,Im ∈Cent(Aut(�)). That is, the holomorphic vector field of 8θ,In,Im

is a holomorphic vector field which commutes with this Lie group. The proof is
complete. □

We only consider metrics with a Kähler form

ω :=
√

−1(∂∂̄ F(X) + a∂∂̄∥w∥
2
+ b∂∂̄ log ∥ζ∥

2)

defined in (1-2). The reason is that the Bergman metric, if it exists, is invariant
under the automorphism group. Therefore, it should have a Kähler form in this
format. That is, in this case, there are Kähler metrics in this format.

Remark 2.5 (see [4]). Although F(X) might be singular at X = 0, the metric is
smooth; consider, for example, the Bergman metric. Therefore, our metric is well
defined on �, not just on �−{X = 0}. This is consistent with earlier publications.
In fact, � is a Bs bundle over Cm

× Bn by

π : (z(1), z(2), w) → (w, z(2))

with {X = 0} being the zero section. One might ask why we do not do the same for
� − {X = 0}. The problem is that by the rigidity of the Kähler metric, we might
not be able to get a complete Kähler–Einstein metric. See page 86 of [4] for an
example. From (see [4])

ϕ(2U + m)n−1
= (2U + m)n

−
l(2U + m)n+1

n + 1
+ C,
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we get that if U → −∞, then 2U + m will be negative somewhere. So U must be
finite when r → 0+; we denote this value by U0. We have ϕ(U0) = 0 = C . If the
right-hand side only have single zero the integral of ϕ−1/2 is finite near 0. Therefore,
a Kähler–Einstein metric cannot be complete after deleting the zero section.

For convenience of the exposition, define ζ := z(1) = (z1, . . . , zs) ∈ Cs , ζ̃ :=

z(2) = (zs+1, . . . , zs+n) ∈ Cn , and w := z(3) = (zs+n+1, . . . , zs+n+m) ∈ Cm .

3. Kähler–Einstein metric

Lemma 3.1. The Ricci form of � associated with the Kähler metric g is

(3-6) Ric =
√

−1
(
−∂∂̄ log(( f + b)s−1 f n( f + a)m Xn+1ϕ)

+ ∂∂̄ log ∥z(1)∥
2s+2n+2

+ (n + 1)∂∂̄∥z(3)∥
2),

where f := X F ′ and ϕ := X f ′. In particular, the Ricci form (3-6) has a similar
expression as the Kähler form (1-2), that is,

Ric =
√

−1(∂∂̄ FRic + aRic∂∂̄∥z(3)∥
2
+ bRic∂∂̄ log ∥z(1)∥

2),

where FRic :=−log(( f +b)s−1 f n( f +a)m Xn+1ϕ), aRic :=n+1 and bRic := s+n+1.

Proof. By (1-2), we only need to calculate the determinant of the matrix corre-
sponding to the Kähler form ω. Firstly, we have

∂∂̄ F(X) = ∂(F ′∂̄ X) = ∂(F ′X ∂̄ log X) = X f ′(∂ log X ∧ ∂̄ log X) + f ∂∂̄ log X.

Moreover, we have

log X = log e∥z(3)∥
2
+log ∥z(1)∥

2
−log(1−∥z(2)∥

2)

= ∥z(3)∥
2
+log ∥z(1)∥

2
−log(1−∥z(2)∥

2);

∂ log X =

s∑
i=1

∂ log X
∂zi

dzi+

s+n∑
k=s+1

∂ log X
∂zk

dzk+

s+n+m∑
l=s+n+1

∂ log X
∂zl

dzl

=

s∑
i=1

zi

∥z(1)∥
2 dzi+

s+n∑
k=s+1

zk

1−∥z(2)∥
2 dzk+

s+n+m∑
l=s+n+1

zldzl;

∂̄ log X =

s∑
i=1

zi

∥z(1)∥
2 dzi+

s+n∑
k=s+1

zk

1−∥z(2)∥
2 dzk+

s+n+m∑
l=s+n+1

zldzl;

∂∂̄ log X =

s∑
i,p=1

δi p∥z(1)∥
2
−zi z p

∥z(1)∥
4 dz p∧dzi(3-7)

+

s+n∑
k,q=s+1

δkq(1−∥z(2)∥
2)+zkzq

(1−∥z(2)∥
2)2 dzq∧dzk+

s+n+m∑
l,t=s+n+1

δlt dzt∧dzl .
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Combining the above results, we obtain

∂∂̄ F(X) = X f ′

s∑
i,ϑ=1

zi zϑ

∥z(1)∥
4 dzi ∧ dzϑ + f

s∑
j,p=1

δ j p∥z(1)∥
2
− z j z p

∥z(1)∥
4 dz p ∧ dz j

+ X f ′

s+n∑
k,λ=s+1

zkzλ

(1 − ∥z(2)∥
2)2 dzk ∧ dzλ

+ f
s+n∑

τ,q=s+1

δτq(1 − ∥z(2)∥
2) + zτ zq

(1 − ∥z(2)∥
2)2 dzq ∧ dzτ

+ X f ′

s+n+m∑
l,µ=s+n+1

zµzldzl ∧ dzµ + f
s+n+m∑

ρ,t=s+n+1

δρt dzt ∧ dzρ

+ X f ′

s∑
i=1

s+n∑
λ=s+1

zi zλ

∥z(1)∥
2(1 − ∥z(2)∥

2)
dzi ∧ dzλ

+ X f ′

s∑
i=1

s+n+m∑
µ=s+n+1

zi zµ

∥z(1)∥
2 dzi ∧ dzµ

+ X f ′

s+n∑
k=s+1

s∑
ϑ=1

zkzϑ

∥z(1)∥
2(1 − ∥z(2)∥

2)
dzk ∧ dzϑ

+ X f ′

s+n∑
k=s+1

s+n+m∑
µ=s+n+1

zkzµ

1 − ∥z(2)∥
2 dzk ∧ dzµ

+ X f ′

s+n+m∑
l=s+n+1

s∑
ϑ=1

zl zϑ

∥z(1)∥
2 dzl ∧ dzϑ

+ X f ′

s+n+m∑
l=s+n+1

s+n∑
λ=s+1

zl zλ

1 − ∥z(2)∥
2 dzl ∧ dzλ.

Meanwhile, it is easy to calculate that

(3-8)

∂∂̄∥z(3)∥
2
=

s+n+m∑
l,µ=s+n+1

δlµdzl ∧ dzµ;

∂∂̄ log ∥z(1)∥
2
=

s∑
i,ϑ=1

δiϑ∥z(1)∥
2
− zi zϑ

∥z(1)∥
4 dzϑ ∧ dzi .

Hence the quadratic matrix associated with Kähler form ω is

(3-9) H :=

a11 Is+b11z(1)
T z(1) a12z(1)

T z(2) a13z(1)
T z(3)

a21z(2)
T z(1) a22 In+b22z(2)

T z(2) a23z(2)
T z(3)

a31z(3)
T z(1) a32z(3)

T z(2) a33 Im+b33z(3)
T z(3)

,
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where

a11 :=
f +b

∥z(1)∥
2 , b11 :=

X f ′
− f −b

∥z(1)∥
4 , a12 :=

X f ′

∥z(1)∥
2(1−∥z(2)∥

2)
,

a13 :=
X f ′

∥z(1)∥
2 , a21 :=

X f ′

∥z(1)∥
2(1−∥z(2)∥

2)
, a22 :=

f
1−∥z(2)∥

2 ,

b22 :=
X f ′

+ f
(1−∥z(2)∥

2)2 , a23 :=
X f ′

1−∥z(2)∥
2 , a31 :=

X f ′

∥z(1)∥
2 ,

a32 :=
X f ′

1−∥z(2)∥
2 , a33 := f +a, b33 := X f ′.

Next we compute the determinant of H . Let 0 j be the vector of 0’s of length j . We
choose unitary matrices U1, U2 and U3 such that U1z(1) = (∥z(1)∥, 0s−1), U2z(2) =

(∥z(2)∥, 0n−1) and U3z(3) = (∥z(3)∥, 0m−1), that is, one can assume that zi =0 except
i = 1, s + 1, n + s + 1. After multiplying H by U = diag(U1, U2, U3) to U HŪ T ,
we obtain

(3-10) det H = det(U HŪ T ) := det

M1 M2 M3

M4 M5 M6

M7 M8 M9

,

where M j is diagonal for j = 1, 5, 9 and only has one nonzero element in the upper
left corner for other i’s, and

M1 =



X f ′

∥z(1)∥
2 0 · · · 0 0

0 f +b
∥z(1)∥

2 · · · 0 0
...

... · · ·
...

...

0 0 · · ·
f +b

∥z(1)∥
2 0

0 0 · · · 0 f +b
∥z(1)∥

2


;

M2 = M4 =


X f ′

∥z(2)∥

∥z(1)∥(1−∥z(2)∥
2)

0 · · · 0
0 0 · · · 0
...

... · · ·
...

0 0 · · · 0

;

M3 = M7 =


X f ′

∥z(1)∥
∥z(3)∥ 0 · · · 0
0 0 · · · 0
...

... · · ·
...

0 0 · · · 0

;
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M5 =



f
1−∥z(2)∥

2 +
(X f )′∥z(2)∥

2

(1−∥z(2)∥
2)2 0 · · · 0 0

0 f
1−∥z(2)∥

2 · · · 0 0
...

... · · ·
...

...

0 0 · · ·
f

1−∥z(2)∥
2 0

0 0 · · · 0 f
1−∥z(2)∥

2


;

M6 = M8 =


X f ′ ∥z(2)∥∥z(3)∥

1−∥z(2)∥
2 0 · · · 0

0 0 · · · 0
...

... · · ·
...

0 0 · · · 0

;

M9 =



f +a+X f ′
∥z(3)∥

2 0 0 · · · 0 0
0 f +a 0 · · · 0 0
0 0 f +a · · · 0 0
...

...
... · · ·

...
...

0 0 0 · · · f +a 0
0 0 0 · · · 0 f +a


.

From the simple form (3-10), it is easy to derive that

det H =

(
f + b

∥z(1)∥
2

)s−1( f
1 − ∥z(2)∥

2

)n−1

( f + a)m−1

· det


X f ′

∥z(1)∥
2

X f ′
∥z(2)∥

∥z(1)∥(1−∥z(2)∥
2)

X f ′

∥z(1)∥
∥z(3)∥

X f ′
∥z(2)∥

∥z(1)∥(1−∥z(2)∥
2)

f
1−∥z(2)∥

2 +
(X f )′∥z(2)∥

2

(1−∥z(2)∥
2)2 X f ′ ∥z(2)∥∥z(3)∥

1−∥z(2)∥
2

X f ′

∥z(1)∥
∥z(3)∥ X f ′ ∥z(2)∥∥z(3)∥

1−∥z(2)∥
2 f +a+X f ′

∥z(3)∥
2


=

(
f + b

∥z(1)∥
2

)s−1( f
1 − ∥z(2)∥

2

)n−1

( f + a)m−1

· det


X f ′

∥z(1)∥
2

X f ′
∥z(2)∥

∥z(1)∥(1−∥z(2)∥
2)

X f ′

∥z(1)∥
∥z(3)∥

0 f
1−∥z(2)∥

2 0
0 0 f +a


=

(
f + b

∥z(1)∥
2

)s−1( f
1 − ∥z(2)∥

2

)n

( f + a)m X f ′

(1 − ∥z(2)∥
2)∥z(1)∥

2

=
( f + b)s−1 f n( f + a)m X f ′

∥z(1)∥
2s(1 − ∥z(2)∥

2)n+1

=
( f + b)s−1 f n( f + a)m Xn+2 f ′

∥z(1)∥
2s+2n+2e(n+1)∥z(3)∥

2 ,
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where, for the last line, we apply (1-3), that is, 1−∥z(2)∥
2
=e∥z(3)∥

2
∥z(1)∥

2 X−1. In or-
der to ensure det H > 0, when 0 ≤ X < 1, we add the extra conditions (1-4) and (1-5).

The corresponding Ricci curvature is

Ric = −∂∂̄ log det H

= −∂∂̄ log(( f + b)s−1 f n( f + a)m Xn+2 f ′)

+ ∂∂̄ log ∥z(1)∥
2s+2n+2

+ (n + 1)∂∂̄∥z(3)∥
2.

The proof is finished. □

Remark 3.2. The above result implies that the Ricci curvature cannot be zero.
Also,

FRic := −log(( f + b)s−1 f n( f + a)m Xn+1ϕ),

fRic := X F ′

Ric = −
(s − 1)ϕ

f + b
−

nϕ

f
−

mϕ

f + a
− (n + 1) − ϕ f .

Here we use the fact that

dG
d X

=
dG
d f

d f
d X

= G f f ′
= G f

ϕ

X
.

In particular, we have fRic(0) = −(n + 1) − 1 = −n − 2 < 0. Therefore, we also
cannot have Ric being positive.

Let E be the holomorphic vector field of 8θ,In,Im in Lemma 2.4.

Lemma 3.3. The function f := X F ′ or U := f − n − 2 is just a potential function
of E with respect to the metric g.

Proof. The holomorphic vector field corresponding to 8θ,In,Im is

E =

s∑
i=1

(
zi

∂

∂zi
+ zi

∂

∂zi

)
=

s∑
i=1

(
xi

∂

∂xi
+ yi

∂

∂yi

)
.

On the other hand, let p0 := (X1/2, 0, . . . , 0, 0, 0). We have

d f |p0 = (X f ′(∂ log X +∂̄ log X))|p0

= X f ′
|p0

( s∑
i=1

zi dzi +ζi dzi

∥z(1)∥
2 +

s+n∑
k=s+1

zkdzk +zkdzk

1−∥z(2)∥
2 +

s+n+m∑
l=s+n+1

(zldzl +zldzl)

)∣∣∣
p0

= f ′
|p0(z1dz1+z1dz1)|p0 = 2 f ′

|p0(x1dx1+y1dy1).

Then

d f |p0(E |p0) = 2 f ′
|p0(x1dx1 + y1dy1)

(
x1

∂

∂x1
+ y1

∂

∂y1

)
= 2g|p0(E |p0, E |p0).
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Let α =
∑

i αī dzi be a (0, 1) form. We define ↑α :=
∑

i, j g j īαī
∂

∂z j
. Recall that

H |p0 =

M1 M2 M3

M4 M5 M6

M7 M8 M9

∣∣∣∣
p0

with M2|p0 = M4|p0 = M3|p0 = M7|p0 = M6|p0 = M8|p0 = 0. We also have

M1|p0 =


f ′ 0 · · · 0 0
0 f +b

X · · · 0 0
...

... · · ·
...

...

0 0 · · ·
f +b
X 0

0 0 · · · 0 f +b
X

.

Then

↑∂̄ f |p0 = 2z1
∂

∂z1
= 2E |p0 .

But all these are invariant under the automorphism group. Therefore, we have

↑∂̄ f = 2E .

The proof is complete. □

Theorem 3.4. Let (�, g) be a Kähler manifold endowed with its Kähler metric g,
where g is a Kähler metric associated with the Kähler form (1-2). Then g is a
Kähler–Einstein metric if and only if a = −n − 1, s = 1, that is, the dimension of
the fiber of � is one, and F(X) is the solution of the differential equation

(Qϕ) f = f n( f − n − 1)m+1

with the initial condition f |X=0 = n + 2, in which Q := ( f − n − 1)m f n and
ϕ := X f ′.

Proof. Let Ric = −ω. Then we obtain

−∂∂̄ F(X)−a∂∂̄∥w∥
2
−b∂∂̄ log∥ζ∥

2
= −∂∂̄ log(( f +b)s−1 f n( f +a)m Xn+2 f ′)

+(s+n+1)∂∂̄ log∥z(1)∥
2
+(n+1)∂∂̄∥z(3)∥

2,

which implies that

(3-11)
{

a = −(n + 1), b = −(s + n + 1) if s ̸= 1;

a = −(n + 1) if s = 1.
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The second case is due to the fact that, when s =1, ∂∂̄ log |z1|
2
=0. Moreover, we get

∂∂̄ log(( f − s − n − 1)s−1 f n( f − n − 1)m Xn+2 f ′) = ∂∂̄ F(X)

H⇒ eF(X)
= ( f − s − n − 1)s−1 f n( f − n − 1)m Xn+2 f ′

⇐⇒ F(X) = log(( f − s − n − 1)s−1 f n( f − n − 1)m Xn+2 f ′)

H⇒ f = X F ′
= X

(
log(( f − s − n − 1)s−1 f n( f − n − 1)m Xn+2 f ′)

)′
.

Under (3-11), define ϕ := X f ′ and Q = ( f − s − n − 1)s−1( f − n − 1)m f n . For
a function G(X), let G f :=

dG
d f . Then

(3-12) f = X F ′
= X (log(QϕXn+1))′ = X

(QϕXn+1)′

QϕXn+1

=
(Qϕ)′Xn+1

+ (n + 1)QϕXn

QϕXn = n + 1 +
(Qϕ)′X

Qϕ

= n + 1 +
X

Qϕ

d(Qϕ)

d f
d f
d X

= n + 1 +
1
Q

(Qϕ) f .

Now we look for the initial condition of the differential equation (3-12), that is,
the value of f |X=0. Since dϕ

d f =
(X f ′)′

f ′ = 1 +
X f ′′

f ′ , we have

f = n + 1 +
Q f ϕ

Q
+ ϕ f

= n + 2 +
X f ′′

f ′
+

X f ′(( f − s − n − 1)s−1( f − n − 1)m f n)′

( f − s − n − 1)s−1( f − n − 1)m f n ,

which implies that f |X=0 =n+2. But, if s ̸=1, then s >1, f >n+1+s >n+2 for all
0 ≤ X < 1, a contradiction. Thus we derive that s = 1, and then Q = ( f −n−1)m f n .
Without confusion, we also use the same notation Q. Again from (3-12), we obtain
the differential equation

Q( f − n − 1) = (Qϕ) f ⇐⇒ (Qϕ) f = f n( f − n − 1)m+1.

We want to integrate both sides with respect to f . Before that we let U := f −n −2
and we get∫

(Qϕ) f d f =

∫
f n( f − n − 1)m+1 d f

=

∫
(U + n + 2)n(U + 1)m+1 dU

=

∫
(U + 1)m+1

n∑
k=0

Ck
n(U + 1)k(n + 1)n−k dU

=

n∑
k=0

(n + 1)n−kCk
n

∫
(U + 1)m+1+k dU.
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Thus

Qϕ =

n∑
k=0

(n + 1)n−kCk
n

m + k + 2
(U + 1)m+k+2

+ c0.(3-13)

According to the initial conditions U |X=0 = 0 and ϕ|X=0 = 0,

c0 = −

n∑
k=0

(n + 1)n−kCk
n

m + k + 2
.

Define

P1(U ) :=

n∑
k=0

(n + 1)n−kCk
n

m + k + 2
(U + 1)m+k+2

+ c0, Q(U ) := Q.

Then
Q(U )

P1(U )
dU = ϕ−1dU =

1
XU ′

dU =
1
X

d X = d log X.

From this equation we could derive an implicit expression of the Kähler–Einstein
metric on � for the case when s = 1.

Next we check the completeness. Since X = |z1|
2, d f = dU , U |X=0 = 0 and

limX→1+ U = +∞, first we have∫ 1

0

ϕ
1
2

|z1|
d|z1| =

∫ 1

0
ϕ

1
2 d log |z1| =

1
2

∫ 1

0
ϕ

1
2 d log X

=
1
2

∫
+∞

0
ϕ

1
2

(
d f

d log X

)−1

dU

=
1
2

∫
+∞

0
ϕ−

1
2 dU =

1
2

∫
+∞

0

(
Q(U )

P1(U )

)1
2

dU

= +∞,

where, for the last line, we apply the fact that the degree of polynomial P1(U ) is
n + m + 2, while the degree of polynomial Q(U ) is n + m. Therefore, the metric is
complete if one can prove that limX→1 U = +∞. This is the same as proving that
limU→+∞ X (U ) = 1. We could write Q/P1 := (1/U 2)(Q/P̃1), where P̃1 = P1/U 2

is a rational function of U with the same degree as that of Q. Then∫
Q
P1

dU =

∫
d log X H⇒

∫ U

1

Q
P1

dU = log X + C

with a constant C . Then

lim
U→0

∫ U

1

1
U

Q
P1
U

dU = −∞ = lim
X→0

(log X + C).
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This is because P1/Q has an order-one zero at 0, and

lim
U→+∞

∫ U

1

1
U 2

Q
P̃1

dU = C.

By the left-hand side being finite, the constant C is uniquely determined. Therefore,
we have U (0) = 0 and U (1) = +∞. Hence

lim
X→1

U = +∞.

Here, we notice that U ′
= f ′ > 0. Thus the proof is finished. □

Example 3.5. Let n = m = s = 1. By (3-12), we have∫
(Qϕ) f d f =

∫
f ( f − 2)2 d f

H⇒ Qϕ =
1
4 f 4

−
4
3 f 3

+ 2 f 2
+ C0 =

1
12( f − 3)(3 f 3

− 7 f 2
+ 3 f + 9),

where C0 = −
9
4 . Furthermore, the equation 3 f 3

−7 f 2
+3 f +9 = 0 has a real root

x0 :=
−

3
√

594
√

3 + 1034 −
3
√

1034 − 594
√

3 + 7
9

≈ −0.82867.

Hence 3 f 3
−7 f 2

+3 f +9 = ( f − x0)(3 f 2
+ (3x0 −7) f −9/x0) and we have the

decomposition

12( f 2
− 2 f )

( f − 3)(3 f 3 − 7 f 2 + 3 f + 9)
=

1
f − 3

+
B

f − x0
+

C f + D

3 f 2 + ã f + b̃
,

where B, C and D are constants which could be computed explicitly, ã = 3x0 − 7,
and b̃ = −

9
x0

. Letting f tend to infinity, we get 3B + C = −3. Therefore, we have∫
12( f 2

− 2 f )

( f − 3)(3 f 3 − 7 f 2 + 3 f + 9)
d f =

∫
d log X

H⇒ log( f − 3) + B log( f − x0) +
C
6

log(3 f 2
+ ã f + b̃)

+
2
(
D −

Cã
6

)√
12b̃ − ã2

arctan
(

6 f + ã√
12b̃ − ã2

)
+ d0 = log X,

where

d0 = −
C
6

log 3 −

(
D −

Cã
6

)
π√

12b̃ − ã2

could be computed by the boundary condition f |X=1 = +∞ and 3B + C = −3.
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Example 3.6. Let n = 0, m = s = 1. We have

( f −1)X f ′
=

∫
( f −1)2 d f =

1
3 f 3

− f 2
+ f −

2
3

=
1
3( f 3

−3 f 2
+3 f −2) =

1
3( f −2)( f 2

− f +1)

H⇒

∫
f −1

1
3 f 3 − f 2 + f −

2
3

d f =

∫
d log X

H⇒ −
1
2 log( f 2

− f +1)+
√

3 arctan
(1

3

√
3(2 f −1)

)
+ log( f −2)+d1 = log X,

where
d1 = −

1
2

√
3π

could also be computed by the boundary condition f |X=1 = +∞.

Remark 3.7. The above two examples have been considered by Jing [11] (locally)
and Kim, Yamamori, and Zhang [13] by different methods from ours.

4. Extremal metric

Theorem 4.1. Let (�, g) be a Kähler manifold endowed with its Kähler metric g,
where g is a Kähler metric associated with the Kähler form (1-2). Then g is a
special extremal metric if and only if the scalar curvature of g is constant.

Proof. In the sense of automorphism of �, any point (z(1), z(2), z(3)) ∈ � could be
viewed as p0 := (X1/2, 0, . . . , 0, 0, 0). Therefore, we only need to consider the
scalar curvature S of � at p0. By (3-9), we have

(4-14) H |p0 =

A11 0 0
0 f In 0
0 0 ( f +a)Im

,

where A11 = diag
(

f ′,
f +b
X , . . . ,

f +b
X

)
is a diagonal matrix of order s. Let c = f (0).

Then the associated Kähler form is

ω|p0 = f ′dz1 ∧ dz1 +
f + b

X

s∑
i=2

dzi ∧ dzi + f
s+n∑

k=s+1

dzk ∧ dzk

+ ( f + a)

s+n+m∑
l=s+n+1

dzl ∧ dzl .

On the other hand, we denote the Ricci curvature of ω at p0 by Ric|p0 . By
Lemma 3.1, the Ricci form (3-6) has a similar expression as the Kähler form (1-2).
Hence, in the corresponding expression as in the format (4-14), we replace a, b, f
in (4-14) by

aRic := n + 1, bRic := s + n + 1
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and

f̃ := fRic = −X (log(QϕXn+1))′ = −n − 1 −
(Qϕ) f

Q
,

respectively (see Remark 3.2), where Q := ( f + b)s−1 f n( f + a)m . Therefore, the
corresponding matrix of Ric|p0 could be obtained by

(4-15) R|p0 =

B11 0 0
0 f̃ In 0
0 0 ( f̃ +n+1)Im

,

where B11 = diag
(

f̃ ′,
f̃ +s+n+1

X , . . . ,
f̃ +s+n+1

X

)
is a diagonal matrix of order s.

Furthermore,

f̃ ′
= −

(
(Qϕ) f

Q

)′

= −

(
(Qϕ) f

Q

)
f

f ′
= −

(
(Qϕ) f f

Q
−

(Qϕ) f Q f

Q2

)
f ′.

Combining (4-14) and (4-15), we obtain the scalar curvature S of � at p0, that is,

(4-16) S|p0 = tr(H |
−1
p0

R|p0)

=
f̃ ′

f ′
+

(s − 1)( f̃ + s + n + 1)

f + b
+

n f̃
f

+
m( f̃ + n + 1)

f + a

= −
(Qϕ) f f

Q
+

(Qϕ) f Q f

Q2 −
s − 1

( f + b)Q
(Qϕ) f +

s(s − 1)

f + b

−
n

f Q
(Qϕ) f −

n(n + 1)

f
−

m
( f + a)Q

(Qϕ) f

= −
(Qϕ) f f

Q
+

s(s − 1)

f + b
−

n(n + 1)

f
,

where, for the last line, we apply

(4-17)
Q f

Q2 =
1

Q2

(
(s − 1)( f + b)s−2 f n( f + a)m

+ n( f + b)s−1 f n−1( f + a)m

+ m( f + b)s−1 f n( f + a)m−1)
=

s − 1
( f + b)Q

+
n

f Q
+

m
( f + a)Q

.

By our assumption, g is special extremal metric. Then

−
(Qϕ) f f

Q
+

s(s − 1)

f + b
−

n(n + 1)

f
= c1 f + c2

for some c1, c2 ∈ R. Therefore,

(Qϕ) f f = −(c1 f + c2)Q −
n(n + 1)

f
Q +

s(s − 1)

f + b
Q := P2( f ),
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where P2( f ) is a polynomial of f with degree n + m + s. Thus∫
(Qϕ) f f d f =

∫
P2( f ) d f.

By the initial condition f |X=0 = c, we can derive the expression of (Qϕ) f . Repeat-
ing the same procedure, if c1 ̸= 0, we get that the expression of Qϕ is a polynomial
of f with degree n + m + s + 2, again since Q is a polynomial of f with degree
n + m + s − 1. According to the completeness for the extremal metric, we have∫

+∞

c
ϕ−

1
2 d f ≈

∫
+∞

c
f −

3
2 d f =

2
√

c
̸= ∞.

Then we derive that g is extremal if and only if c1 = 0, that is, its scalar curvature
is constant. □

5. Some applications

As an application of Theorem 1.1, we give the comparison between the Bergman
metric and the Kähler–Einstein metric in the case s = m = 1. In this case we
denote � in (1-1) by �n+2. That is,

�n+2 := {(ζ, ζ̃ , w) ∈ C × Cn
× C : e|w|

2
|ζ |

2
+ ∥ζ̃∥

2 < 1}.

Let gB be the Bergman metric of �n+2, and g be the Kähler–Einstein metric
considered in Theorem 1.1. Then we obtain the following result.

Theorem 5.1. The Bergman metric gB and the Kähler–Einstein metric g on �n+2

are equivalent.

Proof. We divide the proof into three steps.

Step 1. We first give the Bergman metric gB on �n+2.
In Huo [10], the Bergman kernel of �n+2 is given by

K (z, z̄) =
(n + 1)!

πn+2

e|w|
2
(1 − ∥ζ̃∥

2
+ (n + 1)e|w|

2
|ζ |

2)

(1 − ∥ζ̃∥2 − e|w|2 |ζ |2)n+3
.(5-18)

Let X = e|w|
2
|ζ |

2/(1 − ∥ζ̃∥
2), (ζ, ζ̃ , w) ∈ �n+2. Simple calculations show that

(5-18) =
(n + 1)!

πn+2

Xn+2e−(n+1)|w|
2
(1 + (n + 1)X)

(1 − X)n+3|ζ |2(n+2)
.

Let a = −n − 1 in (1-2), and

FB(X) := log
Xn+2(1 + (n + 1)X)

(1 − X)n+3 .
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Then the Kähler form in (1-2) associated with �n+2 reduces to

ωB :=
√

−1(∂∂̄ FB(X) − (n + 1)∂∂̄|w|
2).

It is easy to conclude that ωB =
√

−1∂∂̄ log K (z, z̄). That is, the Kähler metric
associated with ωB is just the Bergman metric gB. According to our previous
notation in (4-14), we have

(5-19) gB
|p0 = diag( f ′

B, fB, . . . , fB︸ ︷︷ ︸
n

, fB − n − 1),

where

fB := XF ′

B = −
1

1 + (n + 1)X
+

n + 3
1 − X

, f ′

B =
n + 1

(1 + (n + 1)X)2 +
n + 3

(1 − X)2 .

We also set

ϕB := X f ′

B =
(n + 1)X

(1 + (n + 1)X)2 +
(n + 3)X
(1 − X)2 .(5-20)

Step 2. We analyze the Kähler–Einstein metric g on �n+2.
By Theorem 1.1, the Kähler metric g associated with the Kähler form (1-2) is a

Kähler–Einstein metric on �n+2 if and only if a = −n−1, and F(X) is the solution
of the differential equation

(Qϕ) f = f n( f − n − 1)2(5-21)

with the initial condition f |X=0 = n+2, in which Q := ( f −n−1) f n and ϕ := X f ′.
Then

Qϕ =

∫
f n( f − n − 1)2 d f

=

∫
f n( f 2

− 2(n + 1) f + (n + 1)2) d f

=
f n+3

− (n + 2)n+3

n + 3
−

2(n + 1)( f n+2
− (n + 2)n+2)

n + 2
+ (n + 1)( f n+1

− (n + 2)n+1) := P1(U ).

Moreover, by (4-14), the Kähler–Einstein metric g at p0 associated with the Kähler
form (1-2) has the formula

g|p0 = diag( f ′, f, . . . , f︸ ︷︷ ︸
n

, f − n − 1).(5-22)

Let U := f −n−2. Then U ′
= f ′, U |X=0 = 0. By (3-13) and ϕ|X=0 = 0, we have

(5-23) ϕ = XU ′
=

P1(U )

Q(U )
= U

P̂1(U )

Q(U )
,
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where P̂1(U ) is a positive polynomial of U on {U ≥ 0} with degree n + 2, and

Q(U ) = (U + 1)(U + n + 2)n

is a polynomial of U with degree n + 1. We could derive that

Q(U )

U P̂1(U )
= ϕ−1

=
1
U

+
P(U )

P̂1(U )
.

The reason is that if we multiply the equation by U and let U tend to 0, the middle
item is 1 and the second term on the right-hand side tends to 0. Here we notice that
the degree of P(U ) is less than n + 1. Thus

Q(U )

U P̂1(U )
dU = d log X H⇒ X = U T (U ),(5-24)

where T (U ) is the exponential of the integral of a rational function of U on {U ≥ 0},
with a positive polynomial P̂1(U ) as the denominator.

Step 3. We compare the Bergman metric gB and the Kähler–Einstein metric g
on �n+2.

From (5-19) and (5-22), we only need to consider the fractions

gB
11|p0

g11|p0

:=
f ′

B

f ′
,

gB
i i |p0

gi i |p0

:=
fB

f
, i = 2, . . . ,n,

gB
(n+1)(n+1)|p0

g(n+1)(n+1)|p0

:=
fB −n−1
f −n−1

.

Since fB (or f ′

B) and f (or f ′) are continuous functions for X ∈ (0, 1), we consider
only the limits limX→0+ and limX→1− .

From the above statement, we first have

lim
X→0+

fB

f
=

fB(0)

f (0)
= 1,

and

lim
X→0+

f ′

B

f ′
= lim

X→0+

X f ′

B

X f ′
= lim

X→0+

ϕB

ϕ
= lim

X→0+

ϕ′

B

ϕ′
= lim

X→0+

ϕ′

B

U ′ϕU
< +∞

exists but is not zero. For the last line, we applied (5-20), (5-23) and (5-24), and
the fact that

ϕ′

B → 2n + 4, ϕU →
P̂1(0)

Q(0)
, U ′

→ T (0)−1

when X → 0+.
On the other hand, we have

lim
X→1−

fB

f
= lim

X→1−

f ′

B

f ′
= lim

X→1−

ϕB

ϕ
= lim

X→1−

n + 3
(1 − X)2ϕ

= (n+3) lim
X→1−

(
ϕ−

1
2

1 − X

)2

.
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Next, we prove that

lim
X→1−

(
ϕ−

1
2

1 − X

)2

=
1

n + 3
.

Since

lim
X→1−

ϕ−
1
2

1 − X
=

1
2

lim
X→1−

ϕ′

ϕ
3
2

=
1
2

lim
U→+∞

ϕU ϕ

ϕ
3
2

=
1
2

lim
U→+∞

ϕU

ϕ
1
2

.

By (5-21) and (5-23), we have

QU ϕ + QϕU = (U + n + 2)n(U + 1)2

H⇒
ϕU

ϕ
1
2

=
Q(U + 1) − QU ϕ

Qϕ
1
2

=
Q2(U + 1) − QU P1

Q
√

P1 Q
.

Note that deg(Q) = n +1, deg(P1) = n +3, the coefficient before the highest-order
term of Q is 1, and the coefficient before the highest-order term of P1 is 1

n+3 . Hence,

1
2

lim
U→+∞

ϕU

ϕ
1
2

=
1
2

lim
U→+∞

Q2(U + 1) − QU P1

Q
√

P1 Q
=

1 −
n+1
n+3

2
√

n+3

=
1

√
n + 3

.

Therefore, we proved that

lim
X→1−

fB − n − 1
f − n − 1

= lim
X→1−

fB

f
= lim

X→1−

f ′

B

f ′
= 1. □
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KNOT FLOER HOMOLOGY AND
THE FUNDAMENTAL GROUP OF (1, 1) KNOTS

MATTHEW HEDDEN, JIAJUN WANG AND XILIU YANG

We give an algorithm for computing the knot Floer homology of a (1, 1) knot
from a particular presentation of its fundamental group.

1. Introduction

Heegaard Floer homology (introduced by Peter Ozsváth and Zoltán Szabó [30; 31])
provides various topological invariants for three- and four-manifolds. A null ho-
mologous knot in a three-manifold induces a filtration on the Heegaard Floer chain
complex and its homology, called the knot Floer homology, which was introduced
by Peter Ozsváth and Zoltán Szabó [29] and Jacob Rasmussen [37] independently.

The fundamental group is an important invariant for three-manifolds. The ge-
ometrization theorem (proposed by William Thurston [44] and proved by Grisha
Perelman [33; 34; 35]) implies that the fundamental group completely determines
a closed, orientable, irreducible, three-manifold up to orientation except for lens
spaces (see [2] for details). Hence the (hat version) Heegaard Floer homology can
be completely determined by the fundamental group of the three-manifold.

Heegaard Floer homology has a close relationship with the fundamental group.
For an integer homology three-sphere Y , the Euler characteristic of HF+

red(Y ) minus
half its correction term equals Casson’s invariant λ(Y ) under certain normaliza-
tion [27], and Casson’s invariant is the algebraic counting of SU(2) representations
of π1(Y ). On the homology level, the instanton Floer homology is a categorification
of Casson’s invariant [8] and its generators are the SU(2) representations of the
fundamental group [8; 17]. Seiberg–Witten Floer homology is isomorphic to
Heegaard Floer homology (by the work of Hutchings [14], Hutchings and Taubes
[15; 16], Taubes [39; 40; 41; 42; 43], and Kutluhan, Lee, and Taubes [18; 19; 20;
21; 22] or Colin, Ghiggini, and Honda [4; 5; 6]), and Witten [45] conjectured a
relation between the Seiberg–Witten and Donaldson invariants.

It is interesting to find a concrete connection between the fundamental group
and the Heegaard Floer homology. In [28], Ozsváth and Szabó asked the following
two closely related questions:
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Question 1 [28, Question 7]. Let K be a knot in S3. Is there an explicit relationship
between the fundamental group of the knot complement S3

\ K and the knot Floer
homology

∧

HFK(S3, K )?

Question 2 [28, Question 8]. Is there an explicit relationship between the Heegaard
Floer homology and the fundamental group of a three-manifold?

We study Question 1 for (1, 1) knots. (1, 1) knots are those knots which can be
placed in one-bridge position with respect to a genus one Heegaard splitting of the
three-sphere. (1, 1) knots form a large family of knots: torus knots and two-bridge
knots are all (1, 1) knots. Fujii [9] showed that the Alexander polynomial of any
knot can be realized as the Alexander polynomial of some (1, 1) knot.

From the perspective of knot Floer homology, (1, 1) knots are particularly ap-
pealing. It was observed by Goda, Matsuda, and Morifuji in [10] that (1, 1) knots
are exactly those knots which can be presented by a genus one doubly pointed
Heegaard diagram and their knot Floer homology can be computed combinatorially
(see also [29]). The diagrammatic characterization of the (1, 1) L-space knots
and the (1, 1) almost L-space knots is given in [3; 11]. Nie [24] constructed
infinitely many (1, 1) knots which are topologically slice, but not smoothly slice,
and Himino [13] constructed infinitely many mutually nonconcordant hyperbolic
(1, 1) knots whose Upsilon invariants are convex. Antonio, Celoria, and Stipsicz [1]
proved that a family of the alternating torus knots are linearly independent in the
concordance group and a family of twist knots are linearly independent in the
concordance group.

The fundamental group of a (1, 1) knot has a presentation with two generators
and one relator. Our main result is the following:

Theorem 1.1. Let K be a (1, 1) knot in S3. Given a two-generator one-relator
presentation π1(S3

\ K ) = ⟨X, Y | R(X, Y )⟩ of its fundamental group coming from
a genus one doubly pointed Heegaard diagram,

∧

HFK(S3, K ) can be computed
directly from the relator R(X, Y ).

The computation is provided by Algorithm 4.1. The proof of Theorem 1.1 relies
on the fact that the presentation from a genus one Heegaard diagram contains
enough information about the universal cover of the diagram, which was employed
to compute

∧

HFK(S3, K ) for certain knots in [29, Section 6] and for (1,1) knots
in [10]. Algorithm 4.1 can be generalized for (1, 1) knots in lens spaces (Section 5).

It would be interesting to generalize Theorem 1.1 to knots with Heegaard dia-
grams of higher genus, or remove that the presentation of the fundamental group
arises from a genus one Heegaard diagram. Algorithm 4.1 actually applies to
slightly more general group presentations of (1, 1) knots (Section 6), for which
Algorithm 4.1 does compute the Alexander polynomial (Corollary 6.4) but may not
compute

∧

HFK(S3, K ) (Example 6.6).
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Algorithm 4.1 does not only apply to the fundamental group of (1, 1) knots, it
also applies to any pseudo-geometric two-generator one-relator group presentations.
Though we do not know whether the homology yields an invariant of the group,
and what properties it captures.

This paper is organized as follows. In Section 2, we briefly introduce the knot
Floer homology and (1, 1) knots. In Section 3, we give a method to find all (primi-
tive) bigons and the basepoints contained in them from the presentation. In Section 4,
we describe the algorithm from the special presentation to the knot Floer homology,
and give some examples. In Section 5, we extend the algorithm for (1, 1) knots in
lens spaces. In Section 6, we discuss our algorithm on general group presentations.

2. Preliminaries on Heegaard Floer homology and (1, 1) knots

We recall some facts about the knot Floer homology and (1, 1) knots. For details
on knot Floer homology, see [29; 32; 37].

2.1. Knot Floer homology. A null-homologous knot K in a closed, oriented three-
manifold Y can be represented by a doubly pointed Heegaard diagram H :=

(6, α, β, w, z), where:

• 6 is a closed, oriented surface of genus g in Y which splits Y into two
handlebodies, denoted by Vα and Vβ .

• α := {α1, . . . , αg} (resp. β := {β1, . . . , βg}) is a set of attaching circles for han-
dlebody Vα (resp. Vβ) that are homologically independent in H1(6). Denote
by Dαi and Dβi their attaching disks.

• w and z are two basepoints in 6 − α − β.

• The knot K is specified by a proper arc joining z to w in Vα −
⋃

i Dαi , and a
proper arc joining w to z in Vβ −

⋃
i Dβi .

The g-th symmetric product Symg(6) := 6×g/Sg of 6, where Sg is the symmet-
ric group on g elements, has a symplectic structure induced from a complex structure
on 6, so that the two g-dimensional tori Tα =α1×· · ·×αg and Tβ =β1×· · ·×βg are
Lagrangian submanifolds (by Perutz [36]). An intersection point x ∈ Tα ∩Tβ is a g-
tuple {x1, . . . , xg} such that each xi belongs to αi ∩βσ(i) for some permutation σ ∈ Sg.
Given two intersection points x, y ∈ Tα ∩ Tβ , let π2(x, y) be the set of homotopy
classes of Whitney disks connecting x and y:

{u : D → Symg(6) | u(−i) = x, u(i) = y, u(a) ⊂ Tα, u(b) ⊂ Tβ},

where D is the unit disk in C whose boundary consists of two arcs a = {z ∈ ∂D |

Re(z) ≥ 0} and b = {z ∈ ∂D | Re(z) ≤ 0}. The multiplicity nw(φ) of φ ∈ π2(x, y) at
w∈6 is defined to be the algebraic intersection number of φ with {w}×Symg−1(6).
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The moduli space M(φ) of pseudoholomorphic representatives of φ has a natural R

action, and let M̂(φ) be the unparametrized moduli space M(φ)/R. The expected
dimension of M(φ) is determined by the Maslov index µ(φ) of φ.

The chain complex
∧

CFK(H) is a free Abelian group generated by the intersection
points x ∈ Tα ∩ Tβ with the differential defined by

(1) ∂̂K x =
∑

y∈Tα∩Tβ

∑
{φ∈π2(x, y)|µ(φ)=1,nw(φ)=nz(φ)=0}

#M̂(φ) · y.

(
∧

CFK(H), ∂̂K ) is a chain complex whose homology
∧

HFK(Y, K ) is an invariant of
the knot K in Y , called the knot Floer homology of K [29; 37].

There are two gradings on
∧

CFK(S3, K ). The Alexander grading is the unique
function F : Tα ∩ Tβ → Z satisfying

(2) F(x) − F( y) = nz(φ) − nw(φ) for all φ ∈ π2(x, y)

and the additional symmetry

(3) #{x | F(x) = i} ≡ #{x | F(x) = −i} (mod 2) for all i ∈ Z.

For x, y ∈ Tα ∩Tβ , the relative Maslov grading or the homological grading satisfies

gr(x, y) = µ(φ) − 2nw(φ) for all φ ∈ π2(x, y).

A Heegaard diagram of Y can be obtained by removing the basepoint z from a
doubly pointed Heegaard diagram of (Y, K ), and ĤF(Y ) can be obtained from
∧

CFK(Y, K ) with additional differentials. When Y = S3, we have ĤF(S3) ∼= Z, and
by defining this homology to be supported in Maslov grading 0, we can define an
absolute Maslov grading M : Tα ∩ Tβ → Z with

gr(x, y) = M(x) − M( y).

It is evident that the differential (1) preserves the Alexander grading and decreases
the Maslov grading by one. Let

∧

CFKm(S3, K ; s) be the subgroup of
∧

CFK(S3, K )

generated by those x ∈ Tα ∩ Tβ with F(x) = s and M(x) = m. Then
∧

HFK(S3, K )

can be decomposed as
∧

HFK(S3, K ) =
⊕

m,s∈Z

∧

HFKm(S3, K ; s).

The knot Floer homology is a categorification of the Alexander polynomial.

Theorem 2.1 (Ozsváth–Szabó [29], Rasmussen [37]). Let K be a knot in S3 and
1K (T ) its symmetrized Alexander polynomial. Then∑

m,s∈Z

(−1)m
· rank

∧

HFKm(S3, K ; s) · T s
= 1K (T ).
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2.2. (1, 1) knots and their fundamental groups.

Definition 2.2 [7]. A proper embedded arc γ in a handlebody H is called trivial if
there exists an embedded disk D in H such that γ ⊆∂ D and ∂ D∩∂ H =∂ D\Int γ . A
link L in a three-manifold M is called a (g, n) link if there exists a genus g Heegaard
splitting M = H1 ∪ H2 such that L ∩ Hi (i = 1, 2) is the union of n mutually disjoint
properly embedded trivial arcs. The decomposition (H1, L ∩ H1)∪ (H2, L ∩ H2) is
called a (g, n) decomposition of (M, L).

We focus on (1, 1) knots in S3. (1, 1) knots are precisely those knots which
admit genus one doubly pointed Heegaard diagrams, or (1, 1) Heegaard diagrams
for brevity. For more detailed discussions of Heegaard diagrams of (1, 1) knots,
see [10; 25; 26].

A (1, 1) Heegaard diagram H = (T 2, α, β, w, z) for a (1, 1) knot K gives a
two-generator one-relator presentation of π1(S3

\ K ) as follows. Orient α and β so
that their intersection number [α] · [β] = +1 and let tα be an oriented arc connecting
w to z in T 2

\ α. Travel along β for a full round and record its intersection with
α and tα: write X (resp. X−1) for a positive (resp. negative) intersection with α,
and Y (resp. Y −1) for a positive (resp. negative) intersection with tα. Let R(X, Y )

be the resulting word. Then we have

(4) π1(S3
\ K ) ∼= ⟨X, Y | R(X, Y )⟩.

To see that this is indeed a presentation of π1(S3
\ K ), we stabilize the Heegaard

splitting as follows. Let Vα (resp. Vβ) be the solid torus in the Heegaard splitting
defined by H for which α (resp. β) bounds a disk. We push the interior of tα into Vα

and denote the new arc by t̃α, so that tα and t̃α cobound a disk D1. Take a tubular
neighborhood N (t̃α) of t̃α in Vα so that N (t̃α) ∩ β = ∅ and D1 \ N (t̃α) is a disk,
denoted by D2. Let V ′

α = Vα \ N (t̃α) and V ′

β be the closure of Vα ∪ N (t̃α). Then
we have a genus two Heegaard splitting

(5) S3
= V ′

α

⋃
62

V ′

β,

with Heegaard surface 62 = ∂V ′
α = ∂V ′

β . Let α2 = ∂ D2. Let β2 be a belt circle
of N (t̃α) which is a meridian of K . The Heegaard diagram (62, {α, α2}, {β, β2})

specifies the Heegaard splitting (5) and

H′
= (62, {α, α2}, {β})

is a Heegaard diagram for the knot complement S3
\ K , i.e., S3

\ K can be obtained
from a genus two surface 62 by first attaching two-handles Cα, Cα2, Cβ so that the
boundaries of the meridian disks of the two-handles are identified with α, α2, β,
respectively, and then attaching a three-ball to ∂(62 ∪ Cα ∪ Cα2) = S2. In this
language, it is clear that the presentation (4) specifies π1(S3

\K ): attaching Cα , Cα2 ,
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α

t̃α

tβ

β w

z α
w

z

tα

β

x1 x2x3

Figure 1. A Heegaard diagram for the right-handed trefoil T2,3.

and the three-ball to 62 yields a genus two handlebody with fundamental group free
on two generators. Note that β ∩α2 = β ∩ tα . According to Van Kampen’s theorem,
the relator obtained by attaching two-handle Cβ is R(X, Y ) described as above.

Example 2.3. The right-handed trefoil T2,3 has a Heegaard diagram (T 2, α, β, w, z)
as illustrated in Figure 1. The T2,3 is given by t̃α ∪ tβ , where the arc t̃α in the solid
torus is described as above, and tβ is an arc in T 2

\ β connecting z and w. For
convenience, we represent the torus as a rectangle with opposite sides glued together,
and push t̃α to tα in the torus, as shown in Figure 1 on the right. By choosing
orientations on each curve, we obtain a presentation of π1(S3

\ T2,3) (X -letters are
labeled in order):

π1(S3
\ T2,3) ∼= ⟨X, Y | R(X, Y ) = X1Y X2Y X3Y ⟩.

Throughout the paper, we use X for X−1 and Y for Y −1 for brevity.

Assumption 2.4. Let K be a (1, 1) knot in S3 and ⟨X, Y | R(X, Y )⟩ be a presentation
of π1(S3

\ K ) obtained as above. We make the following assumptions:

(1) The curves α and β are oriented so that [α] · [β] = +1, that is,

#{X | X ∈ R(X, Y )} − #{X | X ∈ R(X, Y )} = +1.

(2) #{X | X ∈ R(X, Y )} ≥ 2, or equivalently, K is knotted.

(3) The relator R(X, Y ) is cyclically reduced, that is, there are no subwords of the
form X X , X X, Y Y or Y Y up to cyclic permutations of the relator.

Assumption 2.4 makes no actual restrictions. (1) is obtained by proper choice of
orientations of α and β. (2) is obtained for nontrivial knots. Given a (1,1) Heegaard
diagram, we can isotope the beta curve so that every bigon contains z and/or w

(see [11]), and the resulting presentation will satisfy (3).
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We write the relator as

R(X, Y ) = R1 R2 · · · Ri · · · Rm,

where Ri ∈ {X, X , Y, Y }, and denote by R j
i the proper subword Ri Ri+1 · · · R j ,

with the convention that Rm+k = Rk . We are interested in the subword R j
i with

{Ri , R j } = {X, X}. We label the X -letters in R j
i from 1 to n, and the i-th X -letter

in R j
i is either X i or X i . Denote by W b

a (1⩽ a < b ⩽ n) the subword of R j
i from Xa

(resp. Xa) to Xb (resp. Xb) (hence W n
1 = R j

i ). We use the capital letters X and Y
to denote the letters in the relator R and the lowercase letters x and y to denote the
intersection points in the Heegaard diagram H.

3. Bigons and disk words for (1, 1) knots

Let K be a (1, 1) knot in S3 and ⟨X, Y | R(X, Y )⟩ be a presentation of π1(S3
\ K )

obtained from a (1, 1) Heegaard diagram H= (T 2, α, β, z, w) of (S3, K ), satisfying
Assumption 2.4. To compute

∧

HFK(S3, K ) from the presentation, we need to find
all the information of the chain complex

∧

CFK(S3, K ). The generators are the
intersection points of the curves α and β in the torus T 2, which correspond to
X -letters (X or X ) in the relator R. On the other hand, the differential is determined
by bigons in the Heegaard diagram H. Since the relator R is cyclically reduced,
all bigons contain at least one basepoint, and it follows that the differential is
identically zero. Therefore it suffices to decide the Alexander and Maslov gradings
of
∧

CFK(S3, K ) from the relator R. In order to do so, one may wish to find all bigons
from R, and decide the number of basepoints contained in each bigon. However,
there are difficulties to achieve that (see Example 3.5). Instead, we will work on
a special class of bigons (Definition 3.1) that can be determined from R, and are
sufficient to determine the gradings of

∧

CFK(S3, K ).

Definition 3.1. Let D be a Whitney disk in T 2 connecting x1 and xn . Let x̃1 and x̃n

be lifts of x1 and xn , respectively, in C, and D̃ be a lift of D connecting x̃1 and x̃n .
∂ D̃ consists of an α arc a and a β arc b. Suppose α̃ is the lift of α containing x̃1.
The bigon D̃ is called primitive if α̃∩b = {̃x1, x̃n}, and a bigon D is called primitive
if it has a primitive lift.

To describe our algorithm, we use the universal cover C of the torus T 2. We
also use α, β, tα , z and w to denote their lifts in C when there is no confusion. The
key point is that bigons can lift to embedded bigons in the universal cover and it is
possible to count the number of lifted basepoints inside primitive bigons from the
relator R.

Primitive bigons are enough to determine the gradings of all generators. If D
is a bigon connecting two points x1 and xn in C, suppose α ∩ b = {x1, x2, . . . , xn},
labeled by the order of them on b. Then D is a combination of primitive bigons Di
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(i = 1, . . . , n − 1) that connecting two adjacent xi and xi+1, which can be used to
compute the grading difference between x1 and xn .

Suppose D is a primitive bigon. Let nz(D) (resp. nw(D)) be the number of
basepoints z (resp. w) contained in D and write

(6) P(D) = (nz(D), nw(D)).

We always consider the grading shift from point x1 to xn , so the numbers nz(D)

and nw(D) may be negative. In fact, the sign of nz(D) and nw(D) depends on the
orientation of D, as defined below:

Definition 3.2. Let D be a bigon in C whose boundary consists of an α arc a and
a β arc b (b is oriented). The orientation of D is positive if D is on the right-hand
side of the arc b, and negative if otherwise.

Definition 3.3. Let δ(W n
1 ) = #{X | X ∈ W n

1 } − #{X | X ∈ W n
1 }. A subword W n

1 of
the relator R(X, Y ) is called a disk word if its two ends have opposite signs and
δ(W n

1 ) = 0. A disk word W n
1 is called primitive if δ(W k

1 ) ̸= 0 for all 1 < k < n.

Definition 3.4. Let W n
1 be a disk word, let X̂ i denote X i or X i . Define the height

(relative to the endpoints) of X̂ i as

h(X̂ i ) = δ(W i
1) − sgn(X̂ i ) (1 ≤ i ≤ n),

where sgn(X̂ i ) = 1 if X̂ i has the same sign as X̂1, and zero otherwise. If a sub-
word W j

i of W n
1 is primitive and h(X̂ i ) = h(X̂ j ) = s, we say that the primitive disk

word W j
i has height s in W n

1 . A primitive disk word W n
1 is elementary if n = 2,

upward if X̂1 = X1 and downward if X̂1 = X1.

For a primitive disk word W n
1 with n > 2, all h(X̂ i ) (1 < i < n) have the same

sign. We have h(X̂ i ) > 0 (1 < i < n) if W n
1 is upward, and h(X̂ i ) < 0 (1 < i < n)

if W n
1 is downward.

It is clear that the corresponding word of a bigon D in C is a disk word, since the
intersection points of each lifting of α with the β part of ∂ D occur in pairs of opposite
signs. We call a disk word W n

1 a real bigon if it corresponds to a bigon in C. An
example of a disk word that does not correspond to a bigon is given in the following:

Example 3.5. Figure 2 shows a lifting of a Heegaard diagram compatible with the
knot 52 in S3. The curve β gives the relator

R(X, Y ) = X1Y X2Y X3Y X4Y X5Y X6Y X7.

The two disk words W 4
1 : X1Y X2Y X3Y X4 and W 6

3 : X3Y X4Y X5Y X6 are the same
if we replace Y by Y . W 4

1 corresponds to a real bigon, but W 6
3 does not.

Lemma 3.6. A primitive disk word corresponds to a primitive bigon in C and
vice versa.
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α

tα

w

z

β

x1x2x3 x4 x5x6x7

Figure 2. A Heegaard diagram of the knot 52 (lifting to C).

Proof. Let W n
1 be a primitive disk word. Suppose it corresponds to the subarc b

of β whose two endpoints x1 and xn are in the lifts α and α′, respectively. Note
that two sets {k | xk ∈ α ∩ b, 1 < k} and {k | xk ∈ α′

∩ b, k < n} cannot both be
empty sets. Assuming without loss of generality that the former is not empty and
that i is its minimum, then the subarc of b from x1 to xi and α bounds a primitive
bigon, so that W i

1 is a disk word. Since W n
1 is assumed to be primitive, it follows

that i = n so that W n
1 actually corresponds to a primitive bigon in C.

Suppose D is a primitive bigon. If its corresponding word is not primitive, then
δ(W k

1 ) = 0 for some 1 < k < n. Let j = min{k | δ(W n
1 ) = 0, 1 < k < n}. Then

the subword W j
1 is primitive by definition. As proved above, W j

1 corresponds to a
primitive bigon, so that its endpoint x j belongs to α, which cannot occur. □

Since the primitive disk word and the primitive bigon are in one-to-one corre-
spondence, we will use these two terms alternatively by abuse of notation. All
primitive bigons can be enumerated since the length of the relator R is finite. What
we need to do is to find the number of basepoints contained in each of them directly
from R(X, Y ).

3.1. Elementary bigons. In the beginning, we consider what the local diagram
that corresponds to the simplest primitive disk word XY X should look like. As
illustrated in Figure 3, it could have two choices.

β

α
w

z tα

Figure 3. Two choices of an arc whose word is XY X .
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β

α0

α1

w

z tα

β α0

α1z

w

tα

Figure 4. The first figure shows that XY X contains the basepoint z.
The second figure is obtained by switching two basepoints z and w.

Note that the two cases cannot occur simultaneously in a diagram. If both are
present, consider the word that follows the letter X to the next X -letter, it can only
be Y X or X since the relator is reduced. Then continue the discussion with the
next letter X ; it can be seen that none of the X is followed by X , which cannot
happen. When we choose XY X to correspond to the one containing the basepoint z
(resp. w), the word XY X must correspond to a bigon that contains the basepoint w

(resp. z); see Figure 4.
Thus, after exchanging two basepoints z and w,1 we can assume that the disk

word XY X corresponds to the bigon containing the basepoint w so that the bigons
corresponding to the four elementary disk words (or say elementary bigons) can
be drawn as in Figure 5. The orientation of each elementary bigon, as well as the
number of basepoints it contains, can be found, as shown in Table 1.

Remark 3.7. By Assumption 2.4, there are always two adjacent X -letters in R
with opposite signs, and there exist bigons of the form XY k X or XY k X . We
claim that k must be ±1. If |k| > 1 on the contrary, then there exists a covering
transformation 0 such that β ∩0(β) ̸= ∅, as illustrated in Figure 6. The argument
is similar to Lemma 3.9. It follows that there always exist elementary bigons
containing basepoint z and w, respectively.

w

z

XY X
α

β w

z

XY X
α

β

w

z

XY X

α

β

w

z

XY X

α

β

Figure 5. Four elementary disk words and their corresponding bigons.

1This procedure will reverse the orientation of the arc tα . To obtain the same relator R, we can
reverse the orientation of T 2 and α. The resulting diagram (−T 2, −α, β,w, z) is compatible with
the mirror image K ∗ of the knot K . Although the knot Floer homology can distinguish chirality, the
fundamental group cannot. Our algorithm yields the knot Floer homology of K or K ∗.
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elementary disk word XY X XY X XY X XY X

orientation negative positive positive negative

(nz, nw) (0, −1) (0, 1) (1, 0) (−1, 0)

Table 1. Elementary bigons.

3.2. Bigons with height. Now we consider general primitive bigons. Firstly, the
orientation of a primitive bigon can be found from its corresponding word.

Lemma 3.8. If D is a real bigon, the number of positive and negative elementary
words that it contains differs by one. Moreover, D is positive if and only if

#{positive elementary bigons in D} − #{negative elementary bigons in D} = 1.

Proof. Suppose D is a real bigon whose boundary consists of an α arc a and a β

arc b. Perturb β so that it is perpendicular to α at all intersection points. Then the
total curvature of the arc b is π (resp. −π ), counted counterclockwise, if the bigon
is on the left (resp. right) when walking along b. That is, D is positive if and only
if the total curvature is −π .

By assuming that β is perpendicular to α at all intersections, the arc b will have a
nonzero contribution to the total curvature only when it passes near the basepoints.
As can be seen from the picture of the elementary bigons (Figure 5), the arc b on a
negative (resp. positive) elementary bigon will contribute π (resp. −π ). Hence the
total curvature is

π · (#{negative elementary bigons} − #{positive elementary bigons}).

Thus, D is positive if and only if D contains one more positive elementary bigons
than negative ones. □

In the rest of the section, let W n
1 be an upward positive disk word with n > 2.

Let D be a corresponding bigon of W n
1 in C. Suppose that ∂ D = a ∪ b with a ⊆ α̃

and b ⊆ β̃. It is clear that h(x2) = h(xn−1) = 1. Let b1 be the subarc from x1

to x2, and b2 be the subarc from xn−1 to xn . The corresponding subwords for b1

and b2 are W 2
1 = XY l X and W n

n−1 = XY l ′ X for some integers l and l ′. Write the
two subwords as a pair (W 2

1 , W n
n−1) or (XY l X, XY l ′ X). Denote by S the square

β 0(β)

α
w

z tα

Figure 6. No subword of the form XY k X with |k| > 1.
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Dw

p

0(Dw)

0(p)
α0

α1

w1 w2

z1 z2

b1

x1

x2

b2

xn

xn−1

0(b1)

0(x1)

S

Figure 7. Domain S contains at least two lifts of the basepoint w.

domain bounded by the subarcs b1, b2 and two lifts of the α curve. The key to
calculating P(D) is to determine the number of basepoints contained in S.

Lemma 3.9. max {|nz(S)|, |nw(S)|} ≤ 1.

Proof. Suppose the square domain S contains two lifts w1, w2 of the basepoint w.
As in Figure 7, we assume that w2 is on the right-hand side of w1. Note that there
exists an elementary bigon containing w1, denoted by Dw. Then Dw ⊆ S. Let p be
an endpoint of Dw. Consider the covering transformation 0 which maps w1 to w2.
Then w2 ∈0(Dw) and 0(Dw)⊂ S. The orientation of the lift curve α̃ gives an order

x1 < p < 0(p) < xn.

Therefore x1 < 0(x1) < 0(p) < xn . It implies that 0(b1) ⊂ S and 0(D) ∩ D ̸= ∅.
It follows that β̃ ∩ 0(β̃) ̸= ∅ and we get a contradiction.

The case that S contains two lifts z1, z2 of z is similar: the image of x2 under
the covering transformation 0′ that maps z1 to z2 satisfies x2 < 0′(x2) < xn−1, so
0′(D) and D are overlapped. □

As a consequence, we have |l − l ′| ≤ 1. Since D is upward and positive, we have
x1 < xn , i.e., the subarc b2 is on the right-hand side of b1. When |l − l ′| = 1, all
possible pairs (W 2

1 , W n
n−1) are shown in Figure 8, and we have the following:

Corollary 3.10. If the two subarcs b1 and b2 correspond to the words XY l X and
XY l ′ X with |l − l ′| = 1, then the pair (W 2

1 , W n
n−1) has four cases and the basepoint

contained in S is shown in Table 2.

It is evident that nz(S) = nw(S) if l = l ′. We now consider the height-one
primitive bigons contained in D. The simplest case is that there is exactly one such
bigon, namely the one corresponding to W n−1

2 .
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b1

b2

α0

α1

z

x1 xn

(XY l X, XY l−1 X)

b1

b2

α0

α1

w

x1 xn

(XY l−1 X, XY l X)

b1 b2

α0

α1

w

x1 xn

(XY l X, XY l−1 X)

b1

b2

α0

α1z

x1 xn

(XY l−1 X, XY l X)

Figure 8. Four cases of the pair (W 2
1 , W n

n−1), and a basepoint
contained in S.

Lemma 3.11. Suppose the two subarcs b1 and b2 correspond to the words XY l X
and XY l X. If W n−1

2 is a primitive disk word, then

P(S) = (0, 0).

Proof. Without loss of generality, suppose that S contains a basepoint. Since
nz(S) = nw(S), S contains both z and w exactly once by Lemma 3.9. As illustrated
in Figure 9, since the algebraic intersection number of α0 and β is one, there will
be other intersection points. Without loss of generality, suppose x ′

̸= x1 is adjacent
to xn . Then the arcs bounded by xn and x ′ on α0 and β bound a primitive bigon D′,
which is on the other side of α0 with D, i.e., D′ is downward. Therefore, it must
contain a subword of the form XY ±1 X , whose corresponding bigon contains the
basepoint z. In fact, the first elementary bigon after the letter Xn is of this form,
assumed to be X N Y ±1 X N+1 (N ≥ n) and denoted by D′′. By the assumption that
S contains the basepoint z, there is a covering transformation 0 such that 0(D′′) is
contained in D. Furthermore, let s be the subarc of β from the point xn to xN+1.
Then 0(s) ⊆ S. In particular, the covering transformation 0 maps xn to a point in

(XY l X, XY l−1 X) (XY l−1 X, XY l X) (XY l X, XY l−1 X) (XY l−1 X, XY l X)

(1, 0) (0, 1) (0, 1) (1, 0)

Table 2. Four cases of the pair (W 2
1 , W n

n−1) when |l − l ′| = 1. The
top row represents (W 2

1 , W n
n−1) and the bottom row represents P(S).
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α0

α1

α′

0(α′)

b1

β

b2

x1 xn

xN

x ′

0(xn)

D1

D′

D′′

0(D′′)

S

Figure 9. The case where the subword W n−1
2 is primitive. The red

arc is a transformation of arc s.

the interior of D. Since β ∩ 0(β) = ∅, this implies that 0(D) is contained in D.
We get a contradiction since 0 is nothing but a translation. □

Corollary 3.12. P(X kY X k) = P(XY X). This equation holds for the other three
types as well. We call all of them elementary bigons.

Corollary 3.13. A lift of a real bigon does not contain a whole lift of tα.

Proof. Assume D is a lift of a real bigon that contains a whole lift t̃α of tα. Then
t̃α is contained in a primitive bigon whether or not D is primitive. However, it is
obvious from the proof of Lemma 3.11 that this is impossible. □

Let xk1, . . . , xkd+1 (k1 = 2, kd+1 = n − 1) be all points of height one. Suppose
D has more than one height-one primitive bigons (d ≥ 2). Then the first and the
last height-one points x2 and xn−1 are connected by a series of primitive bigons Di

corresponding to the subword W ki+1
ki

(1 ≤ i ≤ d). We call D1 and Dd the first and
the last height-one primitive bigons in W n

1 , respectively.

Lemma 3.14. Suppose the two subarcs b1 and b2 correspond to the words XY l X
and XY l X. Suppose D contains at least two primitive bigons of height one,
say D1, . . . , Dd (d ≥ 2). Then P(S) = (1, 1) if and only if the first and last
height-one primitive bigons D1 and Dd have the same orientation as D; otherwise,
P(S) = (0, 0).
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α0

α1

w

zb1

x1

x2

b2

xn

xn−1

SS′
01(b1)

01(x2)

0−1
1 (b2)

0−1
1 (xn−1)

02(b1)

x ′

1

03(b2)

x ′
n

Figure 10. The case where the subword W n−1
2 is not primitive

and S contains basepoints. The two red arcs are translations of the
arc b1, and magenta arcs are translations of b2. The two dashed
arcs on the left are two choices of D1 with opposite orientation
as D; the two dashed arcs on the right are two choices of Dd with
opposite orientation as D, all of them cannot occur.

Proof. Note that P(S) = (1, 1) or (0, 0). Suppose P(S) = (1, 1). As shown in
Figure 10, consider the square domain S′ bounded by the two lifts of the curve α,
the arcs b1 and 0−1

1 (b2), where 01 is a horizontal translation such that S′ contains
no basepoints. Let x ′

1 be a copy of x1 at the height-one α-lifting and at the point on
the left-closest to x2. There is a unique transformation that maps x1 to x ′

1, say 02.
One can find that x ′

1 is on the right-hand side of 0−1
1 (xn−1), i.e.,

0−1
1 (xn−1) < x ′

1 < x2,

because otherwise the bigons 02(D) and 0−1
1 (D) would overlap, which cannot

happen.
For the first height-one primitive bigon D1, consider the position of its other

endpoint xk2 . Since any two different lifts of the curve β are disjoint, if xk2 < x ′

1,
then 02(D) is contained in D1, which cannot occur; on the other hand, xk2 cannot
be a point between x ′

1 and x2 since there is no basepoint contained in domain S′.
Thus xk2 must be on the right-hand side of x2, i.e., D1 has the same orientation as D.
For the last height-one primitive bigon Dd , consider the copy of xn at height-one
α-lifting and right-closest to x2, say x ′

n . There is a transformation 03 that maps
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α0

α1

b1

b2

x2 xn−1

xk2xkd

D1

Dd

S

Figure 11. The case where D1 and Dd have the same orientation,
but S does not contain the basepoint. This figure shows that xkd ∈ S.

xn to x ′
n . By the same argument, one can find that xkd−1 is on the left-hand side

of xkd = xn−1, so that Dd has the same orientation as D.
Now suppose P(S) = (0, 0), i.e., S does not contain any basepoints. Suppose

D1 and Dd have the same orientation as D. Then one of xk2 and xkd lies in S. This
is impossible. See Figure 11. □

Lemma 3.15. P(D) = P(S) +

d∑
i=1

P(Di ).

Proof. Let a1 be the subarc of the lift α1 that connects the points x2 and xn−1.
Suppose a1 ⊂ D. As illustrated in Figure 12, cut D along a1 into two domains:
a square domain S and a real bigon (not necessarily primitive) connecting the
points x2 and xn−1, say D′, so that D = S + D′. Moreover, D′ can be divided into
a combination of primitive bigons D1, . . . , Dd . Thus

P(D) = P(S) + P(D′) = P(S) +

d∑
i=1

P(Di ).

α0

α1

b1 b2

a1

x2 xn−1
D′

S

Ds

α0

α1

b1 b2

x2 xks xks+1 xn−1

a2 an−1

D′ D′′

S

Figure 12. Cutting the primitive bigon D.
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If D does not contain the entire subarc a1, there must be a height-one primitive
bigon of the form XY ±1 X contained in S. Consider the outer-most one, and suppose
it is the s-th height-one primitive bigon Ds , whose two endpoints we denote by xks

and xks+1 . Then Ds has the opposite orientation as S so that its corresponding word
is X ks Y Xks+1 . Let a2 be the subarc of α1 that is bounded by the points x2 and xks ,
and an−1 be the subarc that is bounded by the points xks+1 and xn−1. Cutting the
primitive bigon D along the line segments a2 and an−1, we obtain three domains:
two of them are real bigons (not necessarily primitive) whose corresponding words
are W ks

2 and W n−1
ks+1

, denoted by D′ and D′′, respectively, and the last one is a
hexagon contained in S that does not contain the basepoint z, denoted by Sw — see
Figure 12 — so that

D = D′
+ D′′

+ Sw, S = Sw − Ds .

On the other hand, the two points x2 and xks are connected by a series of primitive
bigons D1, . . . , Ds−1, and points xks+1 and xkd+1 are connected by primitive bigons
Ds+1, . . . , Dd . Thus we obtain

P(D) = P(D′) + P(D′′) + P(Sw) =

s−1∑
i=1

P(Di ) +

d∑
i=s+1

P(Di ) + P(Sw)

=

d∑
i=1

P(Di ) − P(Ds) + P(Sw) =

d∑
i=1

P(Di ) + P(S). □

We have discussed, in detail, upward, positive primitive bigons. The result for
the other three types of primitive bigons are similar. In summary, we have the
following.

Theorem 3.16. Let W n
1 be a primitive disk word and D be its corresponding bigon

in C. Then the number of basepoints in D can be computed from the word W n
1 .

Proof. We prove by induction on the length of the word W n
1 . The conclusion holds

for the four elementary disk words from Figure 5.
For the case of length n, each height-one primitive bigon Di has length less

than n, so that all of P(Di ) can be read out from the subword of W n
1 by induction.

On the other hand, Lemmas 3.10 and 3.14 imply that P(S) can be computed from
the word W n

1 . Theorem 3.16 then follows by Lemma 3.15. □

4. The fundamental group and ĤFK

Now we describe the algorithm for computing
∧

HFK(S3, K ) from a presentation of
π1(S3

\ K ) from a (1, 1) Heegaard diagram.

Algorithm 4.1. Let K be a (1, 1) knot and ⟨X, Y | R(X, Y )⟩ be a presentation
of π1(S3

\ K ) from a (1, 1) Heegaard diagram. The chain complex
∧

CFK(S3, K )
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has generators corresponding to the letters X and X in the relator R and trivial
differential. The Alexander and Maslov gradings are determined as follows:

(I) Enumerate all the primitive disk words from the relator R and determine their
orientation by Table 1 and Lemma 3.8.

(II) For each primitive disk word W n
1 , P(W n

1 ) = (nz(W n
1 ), nw(W n

1 )) is computed
iteratively as follows:

(a) nz and nw for the elementary disk words are given in Table 1.

(b) Suppose W n
1 is upward and positive with n > 2. Let xk1, . . . , xkd+1 (k1 = 2,

kd+1 = n − 1) be all points of height one. Cut W n
1 into primitive disk

words W ki+1
ki

, i = 1, . . . , d, and two subwords W 2
1 = X1Y l X2 and W n

n−1 =

Xn−1Y l ′ Xn (l, l ′ ∈ Z, and |l − l ′| ≤ 1 by Lemma 3.9). Then by Lemma 3.15

P(W n
1 ) = P(S) +

d∑
i=1

P(W ki+1
ki

),

where P(S) is determined by the following:
(i) If |l − l ′| = 1, P(S) are shown in Table 2 (Corollary 3.10).

(ii) If l = l ′, then by Lemmas 3.11 and 3.14

P(S) =

{
(1, 1) if d ≥ 2 and W k2

2 and W n−1
kd

are positive;
(0, 0) otherwise.

(c) Suppose W n
1 is upward and negative. An upward positive disk word W̃ n

1 can
be obtained from W n

1 by replacing each Y -letter by its inverse. Then

P(W n
1 ) = −P(W̃ n

1 ).

(d) Suppose W n
1 is downward and negative. An upward positive disk word W̃ n

1
can be obtained from W n

1 by replacing each X -letter by its inverse. Then

(nz(W n
1 ), nw(W n

1 )) = −(nw(W̃ n
1 ), nz(W̃ n

1 )).

(e) Suppose W n
1 is downward and positive. An upward positive disk word W̃ n

1 can
be obtained from W n

1 by replacing each X - and Y -letter by its inverse. Then

(nz(W n
1 ), nw(W n

1 )) = (nw(W̃ n
1 ), nz(W̃ n

1 )).

(III) For any two points x1 and xn that are connected by a primitive disk word W n
1 ,

the relative Alexander is determined by

(7) F(x1) − F(xn) = nz(W n
1 ) − nw(W n

1 ),

and the relative Maslov grading can be computed as

(8) M(x1) − M(xn) =

{
1 − 2nw(W n

1 ) if W n
1 is positive;

−1 − 2nw(W n
1 ) if W n

1 is negative.
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(IV) The absolute Alexander grading can be obtained by requiring

(9) #{x | F(x) = i} ≡ #{x | F(x) = −i} (mod 2) for all i ∈ Z.

To obtain the absolute Maslov grading, we forget the basepoint z, and we find
a unique intersection point which is the generator of ĤF(T 2, α, β, w) ∼= Z. This
process can only be done on the relator R(X, Y ), as follows:

(1) Erase primitive bigons whose nw equals 0. (For example, all elementary bigons
X kY ±1 X k are removed.) The resulting relator is denoted by R′(X, Y ).

(2) The basepoint w also gives a relative grading by

w(x1) − w(xn) = nw(W n
1 ).

For the relator R′(X, Y ), delete those new primitive bigons whose relative
w-grading of two endpoints is zero. (Here the relative grading is given by R,
not R′.) The resulting relator is denoted by R′′(X, Y ).

(3) There will be exactly one X -letter in R′′(X, Y ); assume it is the k-th one. Thus
we can define M(xk) = 0 to obtain an absolute M-grading of all points.

In Step (IV), all primitive bigons deleted in the above two procedures do not
contain the basepoint w, so it can be realized by isotopies of the β curve in the
complement of w, and the resulting diagram (T 2, α, β ′′, w) specifies S3, where
β ′′ is the curve obtained from β by isotopies. We need to show that there is
exactly one X -letter in R′′(X, Y ). Specifically, we explain that no primitive bigon
remains after these two steps. The proof is the same as the proof of Lemma 3.11.
Suppose R′′ contains a primitive bigon D1 with nw(D1) ̸= 0, and x1 and xn are
two endpoints of D1. Assume it is upward without loss of generality. Since the
algebraic intersection number [α] · [β ′′

] = [α] · [β] = +1, there will be another
intersection point x ′. Suppose x ′ is adjacent to xn , and they form a primitive
bigon D2. Since D2 remains after the second step, the w-grading implies that
nw(D2) ̸= 0, i.e., D2 also contains the basepoint w. On the other hand, D2 is
downward. Therefore, there exists a translation 0 such that 0(D2) and D1 are
overlapped, that is, 0(β ′′) ∩ β ′′

̸= ∅, which cannot happen.
To summarize, all the steps described above are relevant only to R. So we have

the following theorem:

Theorem 4.2. Let K be a (1, 1) knot in S3, ⟨X, Y | R(X, Y )⟩ be a cyclically reduced
presentation of π1(S3

\ K ) that is coming from a (1, 1) Heegaard diagram. The
generators of the knot Floer homology of K are in one-to-one correspondence
to the X-letters in the relator R(X, Y ); the Alexander and Maslov gradings of
each generator can be determined by the above algorithm which involves only the
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αw

z

tα

tα′

β

Figure 13. A Heegaard diagram compatible with the trefoil
knot T2,3. The relator R derived from tα is XY XY XY . The
relator R′ from tα′ is XY Y Y XY Y XY , which is the image of R
under transformation l1. It is further reduced to XY X2Y .

relator R(X, Y ). The knot Floer homology can be expressed as
∧

HFKm(S3, K ; s) =
⊕

{xi |F(xi )=s,M(xi )=m}

Z · ⟨xi ⟩,

where xi denotes the generator corresponding to the i-th X-letter in the rela-
tor R(X, Y ).

Rewrite the knot Floer homology as the Poincaré polynomial

PR(t, q) =
∑

s,m∈Z

rank
∧

HFKm(S3, K ; s) · t sqm
=

∑
i

t F(xi )q M(xi ).

Proposition 4.3. Let ⟨X, Y | R⟩ be a presentation coming from a (1, 1) Heegaard
diagram, and PR(t, m) be the Poincaré polynomial given by the algorithm.

(1) Let R′ be the relator obtained from R by doing the transformation lk : X 7→

Y k X, Y 7→ Y (resp. rk : X 7→ XY k, Y 7→ Y ) for an integer k, and then reducing.
Then ⟨X, Y | R′

⟩ is also a presentation coming from a (1, 1) Heegaard diagram,
and PR′(t, q) = PR(t, q).

(2) Let R′′ be the relator obtained by transforming τ : X 7→ X, Y 7→ Y . Then
⟨X, Y | R′

⟩ is also a presentation coming from a (1, 1) Heegaard diagram, and
PR′′(t, q) = PR(t−1, q−1).

Proof. The difference between two relators R and R′ is the choice of the arc tα on
T 2

−α. We consider only the case where k = 1 because lk = lk
1 (resp. rk = r k

1 ). Let
tα′ be the arc obtained by handlesliding tα across α (with orientation); see Figure 13
for an example on the trefoil knot. Then the intersection of tα and β is one-to-one
corresponding to the intersection of tα′ and β; and each intersection point of α and
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tα

z

w
1 4 5 8 9

13 2 3 12 11 6 7 10

Figure 14. A Heegaard diagram of the knot 10161. This diagram
is taken from [10].

β corresponds to two intersection points of β with α and tα′ , which are consecutive
in β. Thus, R′ is the image of R in l1 or r1. It is clear that R′ also comes from
the same Heegaard diagram as R, and tα and tα′ are isotopic in the solid torus Vα.
Therefore, R and R′ represent the same knot.

Since we require that tα is oriented from w to z, the second transformation can be
achieved by switching the two basepoints z and w. Thus, the two relators represent
the knot K and its mirror K ∗, respectively. Therefore, PR′′(t, q) = PR(t−1, q−1) is
directly obtained. □

Example 4.4. A Heegaard diagram of the knot 10161 is illustrated in Figure 14 (as
in [10]). The curve β gives the relator

R(X, Y ) = XY XY XY XY XY 2 XY XY XY XY XY XY XY XY.

Label each X -letter in order. Consider the primitive bigon D : XY 2 XY XY X
from x5 to x8, for instance. It contains only one primitive bigon D1 : X6Y X7 of
height one, which is the second type in Table 1. The square domain S is the third
type in Table 2. Thus

P(D) = P(S) + P(D1) = (0, 1) + (0, 1) = (0, 2).

Removing primitive bigons with nw = 0 yields

X2Y Y Y Y Y

so that we obtain M(x2) = 0. The Alexander and Maslov gradings of the generators
are listed in Table 3, and the Poincaré polynomial is

PR(t, q) = t−3
+ (1 + q)t−2

+ 2qt−1
+ 3q2

+ 2q3t + (q4
+ q5)t2

+ q6t3.
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x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 x11 x12 x13

F −2 −3 −2 −1 0 0 1 2 3 2 1 0 −1
M 0 0 1 1 2 2 3 5 6 4 3 2 1

Table 3. The Alexander and Maslov gradings of the knot Floer
homology of knot 10161.

Example 4.5. Figure 15 shows a Heegaard diagram of the knot D+(T2,3, 6) (the
6-twisted positive Whitehead double of the right-handed trefoil), as in [12]. The
presentation is

(10) ⟨X, Y | XY X3Y X3Y X3Y X2Y X3Y X3Y X3Y X4
⟩.

Label each X -letter in order. The corresponding word of the shaded domain D in
Figure 15 is

X3Y X2Y X3Y X3Y X3Y X4,

α0

tα

w

z

β

1

2

7

8 25

3

69

12

13

18

19

24

4

510

11

14

17

20

23

15

16

21

22

Figure 15. A Heegaard diagram of the knot D+(T2,3, 6) (taken
from [12]).
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which is a primitive bigon from x8 to x25. Determine P(D) directly from the word
as follows: two height −1 points x9 and x24 are connected by elementary bigons:

D1 : X2Y X2, x9 → x12;

D2 : XY X , x12 → x13;

D3 : X3Y X3, x13 → x18;

D4 : XY X , x18 → x19;

D5 : X3Y X3, x19 → x24.

Note that D1 and D5 have the same orientation as D; thus

P(D) = P(S) +

5∑
i=1

P(Di )

= (−1, −1) + (−1, 0) + (0, 1) + (1, 0) + (0, −1) + (−1, 0)

= (−2, −1),

which is consistent with the diagram shown in Figure 15.
The following steps find the unique X -letter that generates ĤF(S3, w):

(1) Remove primitive bigons with nw = 0. The resulting relator is

X1Y Y X8Y Y X25.

(2) The points x1 and x8 are connected by three primitive bigons in the original
relator R:

E1 : XY X , x1 → x2;

E2 : X3Y X3, x2 → x7;

E3 : XY X , x7 → x8.

So, the w-grading shift is

w(x1)−w(x8) = w(x1)−w(x2)+w(x2)−w(x7)+w(x7)−w(x8) = 1+0−1 = 0.

On the other hand, w(x8) − w(x25) = −1, since the two points x8 and x25 are
connected by the bigon D in the above. Therefore, the subword X1Y Y X8 is
removed in the second step, thus giving

Y Y X25.

(3) We obtain M(x25) = 0.

The Poincaré polynomial is

(11) PR(t, q) = (4q−1
+ 2q)t−1

+ (4q2
+ 9) + (2q3

+ 4q)t.
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5. (1, 1) knots in lens spaces

We extend the algorithm for (1, 1) knots in lens spaces, which are automatically
rationally null-homologous. See [32] for details.

Let K be a (1, 1) knot in the lens space L(p, q) (p > 0) and ⟨X, Y | R(X, Y )⟩

be a presentation of π1(L(p, q) \ K ) obtained from a (1, 1) Heegaard diagram
(T 2, α, β, z, w) of (L(p, q), K ), satisfying:

(1) The curves α and β are oriented so that

#{X | X ∈ R(X, Y )} − #{X | X ∈ R(X, Y )} = p.

(2) The relator R(X, Y ) is cyclically reduced.

For a knot K in L(p, q), the knot Floer homology
∧

HFK(L(p, q), K ) can be
decomposed as a direct sum:

∧

HFK(L(p, q), K ) =
⊕

s∈Spinc(L(p,q))

∧

HFK(L(p.q), K ; s)

with respect to Spinc structures on L(p, q). The Alexander grading and the Maslov
grading are defined for each direct summand

∧

HFK(L(p.q), K ; s). Note that there is
an affine isomorphism between the space of Spinc structures over a three-manifold
and its second cohomology. In particular,

Spinc(L(p, q)) ∼= H 2(L(p, q), Z) ∼= Z/pZ.

Let Spinc(L(p, q)) = {s0, . . . , sp−1}. The set of relative Spinc structures for
(L(p, q), K ) is denoted by

Spinc(L(p, q), K ) ∼= Spinc(L(p, q)) × Z = {(si , s) | i = 0, . . . , p − 1, s ∈ Z}.

For each si ∈ Spinc(L(p, q)),
∧

HFK(L(p, q), K ; si ) =
⊕

{t∈Spinc(L(p,q),K )|t extends si }

∧

HFK(L(p, q), K ; t)

=
⊕
s∈Z

∧

HFK(L(p, q), K ; (si , s)).

Note that ĤF(L(p, q); si ) ∼= Z. More generally, a rational homology sphere Y is
called an L-space if ĤF(Y ; s) ∼= Z for all s ∈ Spinc(Y ). Ignoring the basepoint z,
the Heegaard diagram (T 2, α, β, w) specifies the lens space L(p, q), so that there
exist exactly p intersection points generating a ĤF(L(p, q); si ), one for each si .
Denote by xsi the intersection point generating ĤF(L(p, q); si ) and by Xsi the
corresponding X -letter in the relator R. With w fixed, each intersection point x
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of α and β specifies a Spinc structure sw(x) of L(p, q) [31]. Let S be the set of
intersection points of α and β (i.e., the set of X -letters in R), and

Si := {x ∈ S | sw(x) = si }, i = 0, . . . , p − 1.

For each si , ĈF(L(p, q); si ) and
∧

CFK(L(p, q), K ; si ) are both generated by Si .
The key of Algorithm 4.1 is to determine the number of basepoints in each

primitive bigon, and the first three steps work for (1,1) knots in lens spaces as well.
In Step (IV), we got the unique generator of ĤF(S3) by reducing the relator for
(1,1) knots in S3. For (1, 1) knots in L(p, q), the same process gives p generators
Xs0, . . . , Xsp−1 in different Spinc structures. Therefore, we can apply Step (IV) to
each Spinc structure separately. We only need to determine the Spinc structure for
each intersection point, that is, determine Si from the relator R(X, Y ).

Lemma 5.1. If two X-letters are connected by a sequence of primitive bigons, then
they correspond to the same Spinc structure of L(p, q).

Proof. Suppose there is a sequence Xd1, . . . , Xdn of X -letters such that any two
adjacent Xdi and Xdi+1 are connected by a primitive bigon Di , i = 1, . . . , n − 1.
The difference ε(xdi , xdi+1) equals 0 (see [31, Section 2.4]) since Di is a primitive
bigon. By [31, Lemma 2.19],

sw(xdi+1) − sw(xdi ) = PD[ε(xdi , xdi+1)] = 0.

Therefore, all Xdi , i = 1, . . . , n, correspond to the same Spinc structure. □

Lemma 5.2. Each X-letter in R(X, Y ) is connected to some Xsi , i = 0, . . . , p − 1,
via a sequence of primitive bigons.

Proof. Without loss of generality, we write the relator R so that the X -letter under
consideration is the first letter X1 in R. For each Xsi ∈ R, denote its height (relative
to X1) by hi . We claim that hi ̸≡ h j (mod p) if i ̸= j .

Suppose there exist i and j such that hi ≡ h j (mod p), that is, hi − h j = pu for
some integer u (assume without loss of generality that u ≥ 0). Pick the word Ru+1,
the u+1 copies of R, which corresponds to a subarc of a lift of the β curve. Let X (l)

k
denote the k-th X -letter in the l-th copy of R. By assumption, the height of X (u+1)

s j is

h(X (u+1)
s j

) = pu + h(Xs j ) = hi = h(Xsi ).

Thus Xsi and X (u+1)
s j lie in the same lift of the α curve in the universal cover C.

Denote by Xd1, Xd2, . . . , Xdn all the X -letters between Xsi and X (u+1)
s j in Ru+1 that

have height hi . Then they give a sequence of primitive bigons from Xsi to X (u+1)
s j .

Thus sw(Xsi ) = sw(Xs j ) by Lemma 5.1, so i = j .
In particular, there is an hi ≡ 0 (mod p). Suppose hi = pv for some integer v.

Note that h(X1) = 0. The same argument as above gives a sequence of primitive
bigons connecting X1 and X (v+1)

si . □
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It follows that we can divide the set S of generators into p disjoint subsets
directly from the relator R:

Corollary 5.3. Xk ∈ Si if and only if Xk and Xsi are connected by a sequence of
primitive bigons, that is,

(12) Si = {Xk ∈ R(X, Y ) | Xk and Xsi are connected by primitive bigons}.

Now we modify Algorithm 4.1 for (1, 1) knots in lens spaces.

Algorithm 5.4. Let K be a (1, 1) knot in the lens space L(p, q) and ⟨X, Y |

R(X, Y )⟩ be a presentation of π1(L(p, q)\ K ) from a (1, 1) Heegaard diagram. Let
S be the set of letters X and X in the relator R. The chain complex

∧

CFK(L(p,q), K )

has generators corresponding to elements in S and vanishing differentials. The first
two steps (Steps (I) and (II)) of determining Alexander and Maslov gradings are
the same as Algorithm 4.1.

(III’) We apply the process of reducing the relator (Step (IV)) first. The resulting
relator R′′(X, Y ) contains exactly p X -letters Xs0, . . . , Xsp−1 . We divide S

into p disjoint subsets S0, . . . ,Sp−1 by (12).
∧

HFK(L(p, q), K ; si ) is then
generated by Si .

(IV’) Apply Steps (III) and (IV) of Algorithm 4.1 for each Si to obtain the Alexan-
der grading and the Maslov grading of the homology

∧

HFK(L(p, q), K ; si ),
respectively.

6. On general presentation of the fundamental group

In previous sections, we always assume that the group presentation comes from
a (1, 1) Heegaard diagram. This ensures that the curve β and its image in the
covering transformation do not intersect, a fact that we use several times when
determining the number of basepoints contained in each primitive bigon. However,
Algorithm 4.1 can compute the knot Floer homology of a (1,1) knot K from a
presentation of π1(S3

\ K ) which does not come from a (1,1) Heegaard diagram
(Example 6.5). Indeed, Algorithm 4.1 itself does not a priori require the group to
be the fundamental group of a knot complement.

Definition 6.1. Let P = ⟨X, Y | R(X, Y )⟩ be a presentation of a group G with
R(X, Y ) cyclically reduced. P is quasi-geometric if

(1) #{X | X ∈ R(X, Y )} − #{X | X ∈ R(X, Y )} = +1;

(2) all subwords of the form XY k X (or XY k X ) must have |k| = 1;

(3) there are no two subwords of the form XY l X (or XY l X ) and XY l ′ X (or
XY l ′ X ) that satisfy |l − l ′| > 1, where l, l ′ ∈ Z.
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For a quasi-geometric presentation, Algorithm 4.1 (Steps (I)–(III)) can be applied:
the primitive disk words can be enumerated; their orientations can be determined
by counting the positive and negative elementary words that it contains; and the
functions nz and nw on primitive disk words can be formally computed. Hence we
get a relatively bigraded chain complex with trivial differential.

For a quasi-geometric presentation of the fundamental group of a (1, 1) knot K ,
the homology of the above chain complex may not be isomorphic to the knot Floer
homology

∧

HFK(S3, K ). For example, the presentation

(13) ⟨X, Y | Y X3Y XY X⟩

of the fundamental group of the trefoil knot T2,3 is quasi-geometric. However, the
homology of (13) from Algorithm 4.1 (Steps (I)–(III)) has rank five, while the
rank of its knot Floer homology is three. However, we will show that its Euler
characteristic agrees with the (unnormalized) Alexander polynomial.

The Alexander polynomial of a knot K can be computed from a presentation of
π1(S3

\ K ) as follows [38]:

(1) For a knot K in S3, the knot group G ≜π1(S3
\K ) has a presentation of the form

⟨Y, g1, . . . , gp | r1, . . . , rp⟩,

where Y 7→ 1 and gi 7→ 0 under the abelianization G → G/[G : G] ∼= Z.

(2) The commutator subgroup C =[G :G] of G is generated by all words of the form

Y −k g±1
i Y k .

Each relator ri is conjugated to a word r ′

i , which is a product of words of this form.

(3) Let X̃ be the infinite cyclic cover of the knot complement X = S3
\ K . Then

the covering map p : X̃ → X gives a 3 ≜ Z[t, t−1
]-module isomorphism

p∗ : H1(X̃; Z) → C/[C : C].

So we can obtain a 3-module presentation of C/[C :C] by taking the image of gi un-
der abelianization as the generator, say αi , and replacing Y −k g±1

i Y k by ±tkαi in the
relator r ′

i (multiplication becomes addition). Therefore, the Alexander polynomial
is given by

H1(X̃; Z) ∼= 3/(1K (t)).

When p = 1, H1(X̃) is a cyclic 3-module generated by a generator α. Rewrite
the generator g of G by a and label each g-letter in the relator r ′ by ai (signed) in
sequence. An alternative description of the last step is as follows: Since the relator r ′

is a product of words form like Y −k g±1Y k , we define two gradings for each ai as

A(ai ) = k, (−1)S(ai ) = ±1 for Y −ka±1
i Y k .
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Then the (unnormalized) Alexander polynomial is∑
i
(−1)S(ai )t A(ai ).

Proposition 6.2. Let ⟨X, Y | R(X, Y )⟩ be a quasi-geometric presentation of a (1, 1)

knot K in S3. Algorithm 4.1 (Steps (I)–(III)) gives a chain complex with two relative
gradings F and M , whose Euler characteristic satisfies

(14)
∑

i
(−1)M(xi )t F(xi ) ◦

= 1K (t),

where f (t) ◦
= g(t) if f (t) = ±tcg(t) for some integer c.

Proof. By assumption, the relator R(X, Y ) maps to X +kY for some integer k under
abelianization. Let a = Y k X and R′(a, Y ) be the reduced relator of R(Y −ka, Y ).
Consider the presentation

⟨Y, a | R′(a, Y )⟩.

It is easy to see that Y 7→ 1 and a 7→ 0 under abelianization, so that we can do
the above procedure. Label each a-letter and the origin X -letter in sequence, and
require that ai corresponds to the i-th X -letter. We claim that

(15) F(xi )−F(x j )= A(ai )− A(a j ), M(xi )−M(x j )≡ S(ai )−S(a j ) (mod 2).

In fact, it is sufficient to show that the two equations hold in the case where xi , x j

are two endpoints of a primitive disk word.
Let W n

1 be a primitive disk word. By definition, S(a1)− S(an) ≡ 1 (mod 2). On
the other hand,

M(x1) − M(xn) ≡ 1 − 2nw(W n
1 ) ≡ 1 (mod 2).

So the second equation is automatically satisfied.
For the first equation in (15), we prove by induction on the length of the primitive

disk word W n
1 . For the four elementary disk words, see X1Y X2 for example, we

have F(x1)− F(x2) = 0− (−1) = 1; on the other hand, the corresponding subword
in R′(a, Y ) is Y −ka1Y a−1

2 Y k ; thus A(a1) − A(a2) = 1 by definition. In general,
we see an upward positive disk word W n

1 = X1Y l X2 · · · Xn−1Y l ′ Xn , for example,
where |l − l ′| ≤ 1. By Step (II) and (7), we have

F(x1) − F(xn) = nz(S) +

d∑
i=1

nz(W ki+1
ki

) − nw(S) −

d∑
i=1

nw(W ki+1
ki

)

= nz(S) − nw(S) +

d∑
i=1

F(xki ) − F(xki+1)

= nz(S) − nw(S) + F(x2) − F(xn−1).
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On the other hand, the image of W n
1 in the relator R′(a, Y ) is

Y −ka1Y l−ka2 · · · a−1
n−1Y k−l ′a−1

n Y k .

Thus

A(a1) − A(an) = A(a1) − A(a2) + A(an−1) − A(an) + A(a2) − A(an−1)

= l − l ′ + A(a2) − A(an−1).

By the inductive hypothesis, we only need to show that

nz(S) − nw(S) = l − l ′.

This follows directly from the definition of P(S) in Step (b).
Therefore, from (15), we obtain∑

i
(−1)M(xi )t F(xi ) =

∑
i
(−1)S(ai )t A(ai )+c,

for some integer c. □

The presentation (13) does not come from a (1, 1) Heegaard diagram of the trefoil
knot. Algorithm 4.1 fails on Step (IV) for (13): label the X -letters in order, and the
resulting relator after removing primitive disk words with nw = 0 is X2 X3Y X4Y ,
and then we cannot remove any letter since

w(x4) − w(x3) = w(x4) − w(x2) = 1.

Definition 6.3. Let P = ⟨X, Y | R(X, Y )⟩ be a quasi-geometric presentation of a
group G. P is pseudo-geometric if

(1) the relative Alexander grading can be normalized to satisfy (9);

(2) the relator obtained by the process of deleting subwords in Algorithm 4.1
Step (IV) has exactly one X -letter.

We remark that (9) automatically holds for knot groups by Proposition 6.2, but
not for general groups. For example, the presentation ⟨X, Y | Y X2Y XY X2

⟩ is
quasi-geometric, but (9) does not hold.

For a pseudo-geometric group presentation G = ⟨X, Y | R(X, Y )⟩, Algorithm 4.1
applies to give a chain complex with trivial differential and two absolute gradings F
and M . Denote its homology by H(R), and its Poincaré polynomial is

(16) PR(t, q) =
∑

i
t F(xi )q M(xi ).

Corollary 6.4. Let ⟨X, Y | R(X, Y )⟩ be a pseudo-geometric presentation of a (1, 1)

knot K in S3. Then its Poincaré polynomial (16) satisfies

PR(t, −1) = 1K (t).
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However, a pseudo-geometric presentation of π1(S3
\ K ) for a (1, 1) knot K

does not always come from a (1, 1) Heegaard diagram. Algorithm 4.1 can compute
the knot Floer homology of K from a pseudo-geometric presentation correctly in
some cases (Example 6.5) and incorrectly in other cases (Example 6.6).

Example 6.5. The fundamental group of the torus knot Tp,q has the presentation
(by [23])

⟨W, Z | (W p Z t)s Z⟩,

where q = ts + 1. Consider the case that p = 2, q = 7, s = 2, t = 3. By setting
Z 7→ X , W 7→ X2Y , we get, for π1(S3

\ T2,7), the presentation

(17) ⟨X, Y | Y X2Y XY X2Y X2
⟩.

Note that all primitive disk words are elementary, so this presentation is pseudo-
geometric. Algorithm 4.1 applied to (17) is computed as

∧

HFK(S3, T2,7). However,
the presentation (17) does not come from a (1, 1) Heegaard diagram.

Example 6.6. This is a pseudo-geometric presentation of π1(S3
\ D+(T2,3, 6)):

(18) ⟨X, Y | X4Y X3Y X4Y X3Y XY X3Y X4Y X3Y ⟩,

which is obtained from the presentation (10) by performing the transformation
Y 7→ XY . Label each X -letter in order. To see that it is pseudo-geometric, consider
the disk word D1 from the fifth to the tenth X -letter, and the disk word D2 from
the twelfth to the fourth X -letter, both primitive. Applying the algorithm gives

P(D1) = (1, 0), P(D2) = (−1, 0),

so that both are deleted in Step (IV) and the resulting relator is Y X11Y , which has
a unique X -letter.

Algorithm 4.1 yields F = M for all generators, and the resulting Poincaré
polynomial is P(t, q) = 6q−1t−1

+ 13 + 6qt , which is different from (11). It
follows that (18) does not come from a (1, 1) Heegaard diagram of D+(T2,3, 6).

Algorithm 4.1 does not a priori require the group to be the fundamental group of
a (1, 1) knot. We can apply Algorithm 4.1 to any pseudo-geometric two-generator
one-relator group presentation. But we do not know whether it yields any invariants
of the group, and what properties it captures.
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QUIVER BRASCAMP–LIEB INEQUALITIES

NICHOLAS HU

We formulate generalized Brascamp–Lieb inequalities for representations of
bipartite quivers and establish necessary and sufficient conditions for such
inequalities. Notably, we show contra Lieb that Gaussians do not saturate
certain types of quiver Brascamp–Lieb inequalities.

1. Introduction

The Brascamp–Lieb inequalities [7] are an important family of inequalities in
analysis that subsumes several inequalities significant in their own right, includ-
ing Hölder’s inequality, the Loomis–Whitney inequality, and Young’s inequality.
Several variants and extensions of these inequalities have been developed, such as
reverse Brascamp–Lieb inequalities [1], perturbed Brascamp–Lieb inequalities [6],
and adjoint Brascamp–Lieb inequalities [3], some of which have proved to be very
useful in Fourier restriction theory [12].

In addition, algorithms have been devised to compute optimal constants in
Brascamp–Lieb inequalities [9; 11]. The algorithm of Garg et al. [9] does so by
relating these constants to the so-called capacity of completely positive operators,
and this notion of capacity was generalized by Chindris and Derksen [8] to algebraic
objects known as quiver representations. In this paper, we come full circle by
formulating and studying Brascamp–Lieb inequalities for quivers.

1.1. Brascamp–Lieb inequalities. Let us begin by briefly reviewing the theory of
ordinary Brascamp–Lieb inequalities.

Definition 1.1 (Brascamp–Lieb inequality). Let H and H 1, . . . , H m be nontrivial
finite-dimensional Hilbert spaces, and for each 1 ≤ j ≤ m, let B j : H → H j be a
surjective linear map and p j ∈ [1, ∞]. A Brascamp–Lieb inequality is an inequality
of the form

(1-1)
∫

H

m∏
j=1

f j ◦ B j dx ≲
m∏

j=1
∥ f j∥L p j (H j )

that holds for all measurable functions f j : H j
→ [0, ∞], where the implicit

constant (see Section 1.3) is allowed to be infinite.

MSC2020: 16G20, 26D15, 47B90.
Keywords: quiver, quivers, Brascamp, Lieb, inequality, inequalities.

© 2024 The Author, under license to MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons
Attribution License 4.0 (CC BY). Open Access made possible by subscribing institutions via Subscribe to Open.

http://msp.org/pjm/
https://doi.org/10.2140/pjm.2024.333-1
https://doi.org/10.2140/pjm.2024.333.115
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://msp.org/s2o/


116 NICHOLAS HU

Of course, a Brascamp–Lieb inequality is only useful when the implicit constant
is finite. The conditions under which this occurs are well known [4; 5].

Theorem 1.2. Let BL(B, p) denote the smallest constant for which inequality (1-1)
holds, where (B, p) := ((B1, . . . , Bm), (p1, . . . , pm)); it is known as the Brascamp–
Lieb constant for the Brascamp–Lieb datum (B, p). Then BL(B, p) is finite if
and only if the scaling condition

(1-2) dim(H) =

m∑
j=1

p−1
j dim(H j )

and the dimension condition

(1-3) dim(V ) ≤

m∑
j=1

p−1
j dim(B j V ) for all V ≤ H

hold. (Here V ≤ H means that V is a subspace of H.)

Furthermore, Lieb [10] showed that the optimal constant is unchanged when the
functions are restricted to be Gaussians of the form f j (x) := e−π⟨A j x,x⟩p−1

j for each
1 ≤ j ≤ m, where A j ≻ 0 with respect to the Loewner order. Since∫

H j
e−π⟨A j x,x⟩ dx = det(A j )

−1/2,

this yields the following result and formula for Brascamp–Lieb constants.

Theorem 1.3. Let BLG(B, p) denote the smallest constant for which inequal-
ity (1-1) holds when f j (x) := e−π⟨A j x,x⟩p−1

j for some A j ≻ 0 ( for each 1 ≤ j ≤ m).
Then

(1-4) BL(B, p) = BLG(B, p) = sup
A j ≻0

[ ∏m
j=1det(A j )

p−1
j

det
(∑m

j=1 p−1
j B⊤

j A j B j
)]1/2

.

(Here the supremum is taken over A1 ≻ 0, . . . , Am ≻ 0.)

Example 1.4 (Young’s convolution inequality). Let H := Rd
×Rd and H j := Rd for

1 ≤ j ≤ 3 (with their standard inner products), and let B1(x, y) := x , B2(x, y) := y,
and B3(x, y) := x−y for all (x, y)∈ H . Then inequality (1-1) is Young’s convolution
inequality∫

Rd

∫
Rd

f1(x) f2(y) f3(x − y) dx dy ≲ ∥ f1∥L p1 (Rd )∥ f2∥L p2 (Rd )∥ f3∥L p3 (Rd ).

It is a result of Beckner [2] and Brascamp and Lieb [7] that

BL(B, p) =

(
3∏

j=1

p1/p j
j

p′

j
1/p′

j

)d/2

if
3∑

j=1

1
p j

= 2,

where 1/p j + 1/p′

j = 1, and BL(B, p) = ∞ for all other p (under the usual
interpretations of 1/∞ = 0 and ∞

1/∞
= 1).
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H 1

H 2

H
...

...

H m

B1

B2

Bm

H1 H 1

H2 H 2

...
...

Hn H m

Figure 1. The m-subspace quiver (left) and a bipartite quiver (right).

1.2. Quiver Brascamp–Lieb inequalities. The relationships between the spaces
and the linear maps in inequality (1-1) can be depicted by a type of graph known
as a quiver.

Definition 1.5 (quiver). A quiver (or directed multigraph) Q is a tuple (V,A, s, t)
consisting of a set V of vertices, a set A of arrows (or edges), a function s : A → V
specifying the source (or tail) of each arrow, and a function t : A → V specifying
the target (or head ) of each arrow. If V is the disjoint union of two sets V1 and V2

with s(A) ⊆ V1 and t (A) ⊆ V2, the quiver is said to be bipartite.

Definition 1.6 (quiver representation). A representation of a quiver is an assignment
of a vector space to each vertex and a linear map to each arrow.

In what follows, we will only consider quivers with finitely many vertices and
arrows and will generally identify each quiver with a specific representation of
it by nontrivial finite-dimensional Hilbert spaces and surjective linear maps (so,
strictly speaking, the sets of vertices and arrows will be multisets). For instance,
the quiver corresponding to inequality (1-1) is the bipartite m-subspace quiver
defined by V = {H} ∪ {H j

}
m
j=1, A = {B1, . . . , Bm}, s(B j ) = H , and t (B j ) = H j ,

as illustrated in Figure 1 (left).
Recently, Chindris and Derksen [8] considered a quantity analogous to that in for-

mula (1-4) for a general bipartite quiver with V={Hi }
n
i=1∪{H j

}
m
j=1, s(A)={Hi }

n
i=1,

and t (A) = {H j
}

m
j=1; see Figure 1 (right). Namely, if Ai j denotes the set of arrows

from Hi to H j , Ba denotes the surjective linear map representing an arrow a ∈ A,
and p j ∈ [1, ∞] for each 1 ≤ j ≤ m, it was shown that the quantity

(1-5) sup
A j ≻0

[ ∏m
j=1det(A j )

p−1
j∏n

i=1det
(∑m

j=1
∑

a∈Ai j
p−1

j B⊤
a A j Ba

)]1/2

is finite if and only if the scaling condition

(1-6)
n∑

i=1
dim(Hi ) =

m∑
j=1

p−1
j dim(H j )



118 NICHOLAS HU

and the dimension condition

(1-7)
n∑

i=1
dim(Vi ) ≤

m∑
j=1

p−1
j dim

( n∑
i=1

∑
a∈Ai j

Ba Vi

)
for all Vi ≤ Hi

hold. Clearly, conditions (1-6) and (1-7) and the supremum (1-5) reduce to condi-
tions (1-2) and (1-3) and the supremum (1-4) in the case of the m-subspace quiver.

However, the natural question of whether the supremum (1-5) is the optimal
constant in some generalization of the Brascamp–Lieb inequality was left uninves-
tigated. Indeed, a “quiver Brascamp–Lieb inequality” has yet to be formulated, so
our first task is to reinterpret this algebraic result as an analytic one. Naïvely taking
f j (x) := e−π⟨A j x,x⟩p−1

j as before allows one to write the supremum (1-5) as

sup
A j ≻0

∏n
i=1

∫
Hi

∏m
j=1

∏
a∈Ai j

f j ◦ Ba dx∏m
j=1∥ f j∥L p j (H j )

,

but this misleadingly suggests the untenable inequality

n∏
i=1

∫
Hi

m∏
j=1

∏
a∈Ai j

f j ◦ Ba dx ≲
m∏

j=1
∥ f j∥L p j (H j ),

which in general has a different number of f j on each side. Aiming for the more
viable inequality

(1-8)
n∏

i=1

∫
Hi

m∏
j=1

∏
a∈Ai j

f j ◦ Ba dx ≲
n∏

i=1

m∏
j=1

∏
a∈Ai j

∥ f j∥L p j (H j ) =

m∏
j=1

∥ f j∥
α j

L p j (H j )
,

where α j :=
∑n

i=1 #(Ai j ) (and #(Ai j ) denotes the cardinality of Ai j ), one can verify
that scaling p−1

j by α j in the supremum (1-5) yields

C−1/2
Q, p · sup

A j ≻0

∏n
i=1

∫
Hi

∏m
j=1

∏
a∈Ai j

f j ◦ Ba dx∏m
j=1∥ f j∥

α j

L p j (H j )

when f j (x) := e−π⟨A j x,x⟩α j p−1
j , where

CQ, p :=

m∏
j=1

α
α j p−1

j dim(H j )

j .

Thus, the result of Chindris and Derksen amounts to the theorem below.

Theorem 1.7. Let BLCDG(Q, p) denote the optimal constant in inequality (1-8)
when f j (x) := e−π⟨A j x,x⟩α j p−1

j for some A j ≻ 0, so that

BLCDG(Q, p) = C1/2
Q, p · sup

A j ≻0

[ ∏m
j=1det(A j )

α j p−1
j∏n

i=1det
(∑m

j=1
∑

a∈Ai j
α j p−1

j B⊤
a A j Ba

)]1/2

.
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H1 H 1
B1

B2

Figure 2. The quiver Q.

Then BLCDG(Q, p) is finite if and only if the scaling condition

(1-9)
n∑

i=1
dim(Hi ) =

m∑
j=1

α j p−1
j dim(H j )

and the dimension condition

(1-10)
n∑

i=1
dim(Vi ) ≤

m∑
j=1

α j p−1
j dim

( n∑
i=1

∑
a∈Ai j

Ba Vi

)
for all Vi ≤ Hi

hold.

One might hope that a generalization of Theorem 1.3 holds so that the optimal
constant BLCD(Q, p) in inequality (1-8) (for general functions) coincides with
BLCDG(Q, p), or at least that conditions (1-9) and (1-10) are also sufficient for the
finiteness of BLCD(Q, p). Unfortunately, this turns out to be false — the finiteness
of the general constant is in fact equivalent to the scaling condition (1-9) along
with the stronger dimension condition (1-13) given below. We will prove this by
considering ostensibly more general inequalities in which a function is associated
with each arrow instead of each target space.

Definition 1.8 (quiver Brascamp–Lieb inequalities). Let Q be a bipartite quiver rep-
resented by nontrivial finite-dimensional Hilbert spaces H1, . . . ,Hn and H 1, . . . ,H m

and surjective linear maps from the former to the latter. In addition, let Ai j denote
the set of arrows from Hi to H j , Ba denote the map representing an arrow a,
and p j ∈ [1, ∞] for each 1 ≤ j ≤ m. A quiver Brascamp–Lieb inequality is an
inequality of the form

(1-11)
n∏

i=1

∫
Hi

m∏
j=1

∏
a∈Ai j

fa ◦ Ba dx ≲
n∏

i=1

m∏
j=1

∏
a∈Ai j

∥ fa∥L p j (H j )

that holds for all measurable functions fa : H j
→ [0, ∞].

Example 1.9. Consider the quiver Q in Figure 2, where H1 := R3, H 1 := R2,
B1(x1, x2, x3) := (x1, x2), and B2(x1, x2, x3) := (x2, x3); and let p = (p1) :=

( 4
3

)
.

Then inequality (1-8) reads∫
R3

f1(x1, x2) f1(x2, x3) dx ≲ ∥ f1∥L4/3(R2)∥ f1∥L4/3(R2) = ∥ f1∥
2
L4/3(R2)

,

whereas inequality (1-11) reads∫
R3

f1(x1, x2) f2(x2, x3) dx ≲ ∥ f1∥L4/3(R2)∥ f2∥L4/3(R2).
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For quiver Brascamp–Lieb inequalities in the form of inequality (1-11), a gener-
alization of Theorem 1.2 holds.

Theorem 1.10. Let BL(Q, p) denote the optimal constant in inequality (1-11).
Then BL(Q, p) is finite if and only if the scaling condition

(1-12)
n∑

i=1
dim(Hi ) =

n∑
i=1

m∑
j=1

∑
a∈Ai j

p−1
j dim(H j )

and the dimension condition

(1-13)
n∑

i=1
dim(Vi ) ≤

n∑
i=1

m∑
j=1

∑
a∈Ai j

p−1
j dim(Ba Vi ) for all Vi ≤ Hi

hold.

In actuality, such inequalities are no more general than Chindris–Derksen-type
inequalities, as the following result shows.

Theorem 1.11. Let BLCD(Q, p) denote the optimal constant in inequality (1-8).
Then

BLCD(Q, p) ≤ BL(Q, p) ≤

m∏
j=1

α
α j
j · BLCD(Q, p).

(As above, α j =
∑n

i=1 #(Ai j ).)

Corollary 1.12. Let BLCD(Q, p) denote the optimal constant in inequality (1-8).
Then BLCD(Q, p) is finite if and only if the scaling condition (1-12)

n∑
i=1

dim(Hi ) =

m∑
j=1

α j p−1
j dim(H j )

and the dimension condition (1-13)
n∑

i=1
dim(Vi ) ≤

n∑
i=1

m∑
j=1

∑
a∈Ai j

p−1
j dim(Ba Vi ) for all Vi ≤ Hi

hold.

As a result, we find that Gaussians do not saturate Chindris–Derksen-type in-
equalities in general.

Corollary 1.13. There exists a quiver Brascamp–Lieb datum (Q, p) for which
BLCDG(Q, p) < BLCD(Q, p) = ∞.

The sufficiency and necessity of the conditions in Theorem 1.10 will be separately
established in Section 2. The proof of sufficiency involves splitting the bipartite
quiver in question into multiple subspace quivers to which Theorem 1.2 applies;
inequality (1-11) is then obtained as the product of inequalities of the form (1-1). The
proof of necessity is an adaptation of the scaling argument used by Bennett et al. [5].
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Following this, in Section 3, we will show that every instance of inequality (1-8)
can be realized as an instance of inequality (1-11) and vice-versa, which will
prove Theorem 1.11. Corollary 1.12 is merely a restatement of Theorem 1.10
for comparison with Theorem 1.7. Finally, we will verify that for the datum in
Example 1.9, the conditions in Theorem 1.7 hold but those in Theorem 1.10 or
Corollary 1.12 do not, which entails Corollary 1.13 — in essence, the failure of
Theorem 1.3 for quivers.

1.3. Notation. We employ the standard notation A ≲ B to indicate that A ≤ CB
for some constant C > 0; if A ≲ B and B ≲ A, we write A ≈ B. Occasionally,
we adjoin subscripts to this notation to indicate dependence of the constant C on
other parameters; for instance, we write A ≲α,β B when A ≤ CB for some constant
C > 0 depending on α, β.

We also use #( · ) for the cardinality of a finite set, | · | for the measure of a set,
and ∥ · ∥ for the norm of a vector.

2. Conditions for quiver Brascamp–Lieb inequalities

First, we prove that the scaling and dimension conditions in Theorem 1.10 are
sufficient and necessary.

Proof of sufficiency in Theorem 1.10. By taking all but one subspace to be zero in
condition (1-13), we find that

dim(Vi ) ≤
∑

j

∑
a∈Ai j

p−1
j dim(Ba Vi ) for all Vi ≤ Hi and each i .

In particular,
dim(Hi ) ≤

∑
j

∑
a∈Ai j

p−1
j dim(H j ) for each i,

so we also have

dim(Hi ) =
∑

j

∑
a∈Ai j

p−1
j dim(H j ) for each i

on account of condition (1-12). Thus, the scaling condition (1-2) and the dimension
condition (1-3) hold for each of the subspace quivers Qi consisting of the source Hi ,
its incident arrows, and their targets regarded as separate vertices (see Figure 3 for
an example), along with the corresponding weights pi . It follows from Theorem 1.2
that ∫

Hi

∏
j

∏
a∈Ai j

fa ◦ Ba dx ≤ BL(Qi , pi )
∏

j

∏
a∈Ai j

∥ fa∥L p j (H j ),

with BL(Qi , pi ) < ∞ for each i ; taking the product of these inequalities over i
yields the conclusion. □

Our proof that the conditions are necessary adapts an argument of Bennett
et al. [4].
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H 1
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Figure 3. A bipartite quiver Q and its subspace quivers Q1 and Q2.

Proof of necessity in Theorem 1.10. Let c be a positive constant to be determined
later and let r and R be arbitrary positive constants satisfying r ≤ 1 ≤ R. Given
subspaces Vi ≤ Hi , define

Si :=
{
(vi , v

′

i ) ∈ Vi ⊕ V ⊥

i : ∥vi∥ ≤ cR and ∥v′

i∥ ≤ cr
}

⊆ Hi

for each i and

Sa
:=

{
(wa, w

′

a) ∈ W a
⊕ (W a)⊥ : ∥wa∥ ≤ R and ∥w′

a∥ ≤ r
}

⊆ H j

for each a ∈ Ai j and each i, j , where W a := Ba Vi ≤ H j .
If (vi , v

′

i ) ∈ Si for some i and a ∈Ai j , then Ba vi ∈ W a and ∥Ba vi∥≲ ∥vi∥ ≤ cR,
so Ba vi ∈ Sa provided that c is chosen sufficiently small. Similarly, if we write
Ba v′

i =: (wa, w
′
a) ∈ W a

⊕ (W a)⊥, then ∥wa∥ + ∥w′
a∥ ≈ ∥Ba v′

i∥ ≲ ∥v′

i∥ ≤ cr , so
Ba v′

i ∈ Sa provided that c is chosen sufficiently small because r ≤ R. Hence
Ba Si ⊆ Sa

+ Sa
⊆ 2Sa .

Now taking fa := 12Sa , we find that∏
i

∫
Hi

∏
j

∏
a∈Ai j

fa ◦ Ba dx ≥
∏
i

∫
Si

∏
j

∏
a∈Ai j

fa ◦ Ba dx

=
∏
i
|Si | ≈ R

∑
i dim(Vi )r

∑
i codim(Vi ).

On the other hand,∏
i

∏
j

∏
a∈Ai j

∥ fa∥L p j (H j ) ≈
∏
i

∏
j

∏
a∈Ai j

|Sa
|

p−1
j

≈ R
∑

i
∑

j
∑

a∈Ai j
p−1

j dim(W a)
r

∑
i
∑

j
∑

a∈Ai j
p−1

j codim(W a)
.

Sending R → ∞, we deduce that
∑

i dim(Vi ) ≤
∑

i
∑

j
∑

a∈Ai j
p−1

j dim(W a);
sending r → 0, we deduce that

∑
i codim(Vi ) ≥

∑
i
∑

j
∑

a∈Ai j
p−1

j codim(W a).
Condition (1-13) is the first inequality, while condition (1-12) is the conjunction of
the first inequality with Vi := Hi and the second inequality with Vi := {0} (recalling
that the Ba are assumed to be surjective, so Ba Hi = H j ). □
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3. Examples of quiver Brascamp–Lieb inequalities

Next, we return to the question of when an inequality of the form (1-8) holds, which
is answered by the work of Chindris and Derksen in the Gaussian case. Here we
answer this question in general by proving Theorem 1.11, which implies that such
an inequality is equivalent to an inequality of the form (1-11).

Proof of Theorem 1.11. Given inequality (1-11) and a function f j for each j , we can
take fa := f j for each a ∈ Ai j and each i to obtain inequality (1-8) with constant
BL(Q, p), which shows that BLCD(Q, p) ≤ BL(Q, p).

Conversely, given inequality (1-8) and a function fa for each arrow a, let us
assume that ∥ fa∥L p j (H j ) = 1 for each a. We can then take f j :=

∑
i
∑

a∈Ai j
fa for

each j to obtain∏
i

∫
Hi

∏
j

∏
a∈Ai j

fa ◦ Ba dx ≤ BLCD(Q, p)
∏
i

∏
j

∏
a∈Ai j

∥∥∥ n∑
i ′=1

∑
a′∈Ai ′ j

fa

∥∥∥
L p j (H j )

≤ BLCD(Q, p)
∏
i

∏
j

∏
a∈Ai j

α j = BLCD(Q, p)
∏

j
α

α j
j ,

which is inequality (1-11) assuming that the fa are normalized. By homogeneity,
the inequality holds in general with the same constant, which means that

BL(Q, p) ≤
∏

j
α

α j
j · BLCD(Q, p). □

Now let us see how Example 1.9 gives an instance of condition (1-13) being
strictly stronger than condition (1-10), thereby precluding a generalization of Lieb’s
result (Theorem 1.3) to the quiver setting.

Proof of Corollary 1.13. Consider the datum (Q, p) of Example 1.9. The scaling
condition (1-9) or (1-12) is dim(R3) =

3
2 dim(R2), which is obviously satisfied.

However, the dimension condition (1-10) is

dim(V1) ≤
3
2 dim(B1V1 + B2V1) for all V1 ≤ R3,

whereas the dimension condition (1-13) is

dim(V1) ≤
3
4 dim(B1V1) +

3
4 dim(B2V1) for all V1 ≤ R3.

Evidently, the latter does not hold — consider V1 = span{(1, 0, 0)} — but in fact the
former does.

To see this, first note that if dim(B1V1 + B2V1) = 0, then dim(V1) = 0 since
V1 ≤ ker(B1)∩ker(B2) = {0}, and if dim(B1V1 + B2V1) = 2, the inequality is trivial.
In the remaining case dim(B1V1 + B2V1) = 1, we must have B1V1 ≤ span{w}

and B2V1 ≤ span{w} for some w = (w1, w2) ∈ R2. From this, we find that
V1 ≤ span{(w2

1, w1w2, w
2
2)}, so dim(V1) ≤ 1 and the inequality is satisfied.

As a result, BLCDG(Q, p) is finite (by Theorem 1.7), yet BLCD(Q, p) is not
(by Theorem 1.10 or Corollary 1.12). □
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Remark 3.1. For this datum, we can also observe directly that BLCD(Q, p) is
infinite: if S := ([0, N ]×[0, 1])∪([0, 1]×[0, N ]) and f1 := 1S , then the right-hand
side of inequality (1-8) is ∥1S∥

2
L4/3(R2)

= |S|
3/2

≈ N 3/2, while the left-hand side is∫
R3

1S(x1, x2) 1S(x2, x3) dx ≥ |[0, N ] × [0, 1] × [0, N ]| = N 2.

Even when BLCDG(Q, p) and BLCD(Q, p) are both finite, they need not be
equal — in Example 3.2, they are; in Example 3.3, they are not (in general).

Example 3.2. Consider the quiver Q in Figure 2 with H1 := R2 and H 1 := R1, and
let p = (p1) := (1). In addition, suppose that B1(x) := b⊤

1 x and B2(x) := b⊤

2 x ,
where b1, b2 ∈ R2 are such that B :=

[
b1 b2

]
is invertible.

According to the formula in Theorem 1.7, we have

BLCDG(Q, p) = 2 · sup
a1>0

[
a2

1

det(2b1a1 b⊤

1 + 2b2a1b⊤

2 )

]1/2

=
1

det(B B⊤)1/2 =
1

|det(B)|
.

On the other hand, for any measurable function f1 : R1
→ [0, ∞], we have∫

R2
f1(b⊤

1 x) f1(b⊤

2 x) dx =

∫
R2

f1(y1) f1(y2) |det((B⊤)−1)| dy

=
1

|det(B)|
∥ f1∥L1(R1)∥ f1∥L1(R1),

which shows that
BLCD(Q, p) =

1
|det(B)|

as well.

Example 3.3. Consider the quiver Q in Figure 2 with H1 := R1 and H 1 := R1,
and let p = (p1) := (2). In addition, suppose that B1(x) := b1 x and B2(x) := b2 x ,
where b1, b2 ∈ R1

\ {0}.
According to the formula in Theorem 1.7, we have

BLCDG(Q, p) = 21/2
· sup

a1>0

[
a1

b1a1 b1 + b2a1 b2

]1/2

=

(
2

b2
1 + b2

2

)1/2

.

On the other hand, for any measurable function f1 : R1
→ [0, ∞], we have∫

R
f1(b1x) f1(b2x) dx ≤

[∫
R

f1(b1x)2 dx
]1/2 [∫

R
f1(b2x)2 dx

]1/2

=

[∫
R

f1(y)2
|b−1

1 | dy
]1/2 [∫

R
f1(y)2

|b−1
2 | dy

]1/2

=
1

|b1 b2|1/2 ∥ f1∥L2(R1)∥ f1∥L2(R1),
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which shows that
BLCD(Q, p) ≤

1
|b1 b2|1/2 .

In fact, this is an equality. To see this, let p > 1 and

f1(x) :=

{
|x |

−p/2 if |x | ≥ 1,

0 otherwise.

Assuming without loss of generality that |b1| ≤ |b2|, we compute that∫
R

f1(b1x) f1(b2x) dx =

∫
|x |≥1/|b1|

1
|b1x |p/2 ·

1
|b2x |p/2 dx

=
1

|b1 b2|p/2

∫
|x |≥1/|b1|

( 1
|x |p/2

)2
dx

=
1

|b1 b2|p/2 ·
1

|b1|1−p · ∥ f1∥
2
L2(R1)

,

whence the claim follows by taking p → 1. As a result, we see that both the
Gaussian constant and the general constant are finite for this datum, but that they
are equal if and only if |b1| = |b2|.

4. Concluding remarks and questions

Inspecting the proof of Lieb’s theorem [10], we find that it uses the multilinearity of
inequality (1-1) in the f j , which the quiver inequality (1-8) does not possess. Thus,
one might have expected the optimal constant for Gaussians to differ from that for
general functions in the latter inequality. Indeed, the function f1 in Remark 3.1 can
be thought of as the sum of two rough approximations to Gaussians, g1 :=1[0,N ]×[0,1]

and h1 := 1[0,1]×[0,N ] (ignoring the overlap of their supports). The left-hand side of
the inequality, roughly∫

R3
(g1 + h1)(x1, x2)(g1 + h1)(x2, x3) dx,

is incomparably larger than∫
R3

g1(x1, x2)g1(x2, x3) dx +

∫
R3

h1(x1, x2)h1(x2, x3) dx

for large N because of the “cross terms” in the product, and consequently fails to
be bounded by the right-hand side.

Although the theory of quiver Brascamp–Lieb inequalities does not appear to be
as rich as that of ordinary Brascamp–Lieb inequalities, there are still some questions
that could be investigated. For instance, can the inequalities in Theorem 1.11
be strict? We know that the second can be: consider the quiver Q in Figure 2
once more, with H1 := R1, H 1 := R1, B1(x1) := x1, and B2(x1) := x1; and let
p = (p1) := (2). Then BLCD(Q, p) = BL(Q, p) = 1 by the Cauchy–Schwarz
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inequality and α1 = 2. We can also ask: if not Gaussians, what are the maximizers
of quiver Brascamp–Lieb inequalities? Are there any interesting applications of
such inequalities?
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We strengthen and simplify the weak Grothendieck compactness principle
for symmetric sequence spaces, and extend it to both symmetric function
spaces and noncommutative symmetric spaces of measurable operators.

1. Introduction

In [25, p. 112], Grothendieck showed that for a Banach space X , any compact
subset with respect to the norm can be enclosed within the (norm) closed convex
hull of a norm null sequence. It is said there that this result is implicitly stated in
an article of Dieudonné and Schwartz [7, Proof of Theorem 5]. Following [19]
and despite Grothendieck’s remark, we refer to this result as the Grothendieck
compactness principle.

However, an analogous principle does not hold if the norm topology is replaced
by the weak topology. For example, Lindenstrauss and Phelps [32, Corollary 1.2]
proved that the closed unit ball in an infinite-dimensional reflexive Banach space
cannot be contained in the closed convex hull of a weakly null sequence. In the
context of specific spaces, it is noted in [38] that the closed unit ball of ℓ2, viewed as
a subset of c0, is not contained in the closed convex hull of a weakly null sequence
in c0.

Nonetheless, in a recent study, an analogous principle for the weak topology was
established in the context of the Schur property (i.e., when strong convergence and
weak convergence coincide). The principle is as follows: every weakly compact
subset of a Banach space X is contained in the closed convex hull of a weakly null
sequence if and only if X has the Schur property; see [18].
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Such a result when the norm topology is replaced by the weak topology is
referred to as the weak Grothendieck compactness principle (wGCP) [18; 19]. We
note that the class of such Banach spaces is rather scarce. For example, among
symmetric sequence spaces there are no spaces with the Schur property but ℓ1; see
[29, Corollary 1]. The following version of the wGCP applicable for all symmetric
sequence spaces different from ℓ1 and with no subspace isomorphic to c0 was
obtained in [19, Theorem 1].

Theorem 1.1. Let X be a Banach space with a symmetric basis. The space X is
not isomorphic to ℓ1 and does not contain a subspace isomorphic to c0 if and only
if the following are equivalent for all subsets K ⊂ X :

(i) K is relatively weakly compact.

(ii) K is contained in the weak closure of sym((xn)n≥0) for some weakly null
sequence (xn)n≥0 in X.

Here, sym(Y ) is a symmetric hull of Y ⊂ X defined by

sym(Y ) := {z ∈ ℓ∞ : µ(z) = µ(y) for some y ∈ Y },

and µ(z) is the classical decreasing rearrangement of the sequence |z| (see definition
in [35] and in Section 2.1 below).

We start with the study of the wGCP on symmetric sequence spaces in Section 4.1,
where we provide an elementary proof of a stronger result than in Theorem 1.1 (see
Theorem 4.1). The advantage of our approach is twofold:

(a) It eliminates the need for the condition that X does not contain a subspace
isomorphic to c0 in the implication (i) ⇒ (ii) (it is necessary for the converse
implication).

(b) It holds for the norm closure in the condition (ii) rather than the weak clo-
sure, which makes it closer to the original statement of the Grothendieck
compactness principle.

The strength of our approach is evident in its applicability to the study of the
wGCP in the noncommutative counterpart of a symmetric sequence space — Banach
ideals in B(H). In Section 4.4 we obtain the wGCP in the general setting of
a noncommutative symmetric space X (M, τ ) associated with a von Neumann
algebra M; see Theorem 4.19. In fact, the majority of the results in this paper
are its special cases. Nevertheless, in the interest of clarity and recognizing the
subtle distinctions among these special cases, we opt for a step-by-step exposition
of our results starting with (commutative) symmetric sequence and function spaces.
Theorem 1.2 below is the most important consequence of Theorem 4.19.

Theorem 1.2. Let (I, ∥ · ∥I) be a separable Banach ideal in B(H) with the Fatou
property. If I ̸= L1, then the following properties are equivalent:
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(i) K ⊂ I is relatively weakly compact.

(ii) There exists a weakly null sequence (xn)n≥0 ⊂ I such that

K ⊂ sym((xn)n≥0)
∥ · ∥I .

Here, a symmetric hull sym(Y ) of a set Y ⊂ I may be defined by

sym(Y ) = {uxv : x ∈ Y and u, v ∈ B(H) are unitaries}.

In Section 5 we show that the condition I ̸= L1 in Theorem 1.2 is also necessary
for the implication (ii) ⇒ (i). We also provide a quick answer in the affirmative to
a question posed in [19, Remark 1].

2. Preliminaries

2.1. Symmetric sequence spaces. If x = (x(k))∞k=0 is a bounded sequence of real
or complex numbers, then, in what follows, µ(x) = (µ(k, x))∞k=0 denotes the
decreasing rearrangement of the sequence |x | defined by the formula

µ(k, x) = inf
A⊂Z≥0

card(A)=k

sup
i∈Ac

|x(i)|, k ∈ Z≥0.

A Banach sequence space X is called a symmetric sequence space if X ⊂ ℓ∞

and, for every x ∈ X and for every y ∈ ℓ∞ such that µ(y) ≤ µ(x), we have y ∈ X
and ∥y∥X ≤ ∥x∥X .

Note that if X is a symmetric sequence space, x ∈ X , and π is an arbitrary
permutation of Z≥0, then the sequence x ◦ π belongs to X and ∥x ◦ π∥X = ∥x∥X .

Among the most important examples of symmetric sequence spaces are the
ℓp-spaces, 1 ≤ p ≤ ∞. For details on symmetric spaces we refer the reader to the
books [2; 31; 33; 35].

The Köthe dual X× of a symmetric (Banach) sequence space X is defined as
the space of all y ∈ ℓ∞ such that xy ∈ ℓ1 for every x ∈ X . It is a Banach sequence
space when equipped with the norm

∥y∥X× = sup
∥x∥X ≤1

∣∣∣∣∑
n≥0

x(n)y(n)

∣∣∣∣.
We define

⟨x, y⟩ =

∑
n≥0

x(n)y(n), x ∈ X, y ∈ X×.

Note that X× is embedded isometrically into a Banach dual space X∗, and they
coincide if and only if X is separable [30, Corollary 6.1.2].

Every symmetric sequence space X is continuously embedded into its second
Köthe dual X××

= (X×)×, and ∥x∥X×× ≤ ∥x∥X for x ∈ X . A symmetric sequence
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space X has the Fatou property if for every (xn)n≥0 ⊂ X such that supn≥0 ∥xn∥X <∞

and such that xn → x componentwise as n → ∞, it follows that x ∈ X and

∥x∥X ≤ lim inf
n→∞

∥xn∥X .

A symmetric sequence space X has the Fatou property if and only if the natural
inclusion of X into X×× is a surjective isometry [30, Theorem 6.1.7]. A separable
symmetric sequence space has the Fatou property if and only if it does not have a
subspace isomorphic to c0 (see [10; 11; 16, Theorem 6.5]).

Definition 2.1. We say that a sequence (an)n≥0 in a Banach space X is equivalent
to the standard unit basis (en)n≥0 in ℓ1 if there exists C > 1 such that

C−1
∑
k≥0

|ck | ≤

∥∥∥∥∑
k≥0

ckak

∥∥∥∥
X

≤ C
∑
k≥0

|ck |, (cn)n≥0 ∈ ℓ1.

2.2. Symmetric function spaces. Suppose that α ∈ (0, ∞], I = (0, α) and 6 is the
σ -algebra of Lebesgue measurable subsets of I . By (I, m) we denote the measure
space (I, 6, m) equipped with the Lebesgue measure m. Let L0(I ) = L0(I, m) be
the space of all equivalence classes of Lebesgue measurable real-valued functions
on I . Let S(I ) = S(I, m) be its subspace consisting of all functions f ∈ L0(I )
such that m

(
{| f | > s}

)
< ∞ for some s > 0. For f ∈ S(I ), we denote by µ( f ) the

decreasing rearrangement of the function | f |, that is,

µ(t; f ) = inf
{
s ≥ 0 : m

(
{| f | > s}

)
≤ t

}
, t > 0.

Definition 2.2. We say that (X (I ), ∥ · ∥X ) is a symmetric Banach function space
on I if the following hold:

(i) X (I ) is a subspace of S(I ).

(ii) (X (I ), ∥ · ∥X ) is a Banach space.

(iii) If f ∈ X (I ) and if g ∈ S(I ) are such that |g| ≤ | f |, then g ∈ X (I ) and
∥g∥X ≤ ∥ f ∥X .

(iv) If f ∈ X (I ) and if g ∈ S(I ) are such that µ(g) = µ( f ), then g ∈ X (I ) and
∥g∥X = ∥ f ∥X .

For the general theory of symmetric function spaces, we refer to [31; 34].

2.3. Noncommutative symmetric spaces. Let M be a semifinite von Neumann
algebra on a Hilbert space H equipped with a faithful normal semifinite trace τ .

A closed and densely defined operator x affiliated with M is called τ -measurable
if τ(e|x |(s, ∞)) < ∞ for sufficiently large s, where e|x | stands for the spectral
measure of |x |. We denote the set of all τ -measurable operators by S(M, τ ).
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For every x ∈ S(M, τ ), we define its (generalized) singular value function µ(x)

by setting [35, Section 2.3]

µ(t, x) = inf
{
s ≥ 0 : τ(e|x |(s, ∞)) ≤ t

}
, t ≥ 0.

For more details on generalized singular value functions, we refer to [10; 17; 22; 35].
A closed, densely defined operator x in H, affiliated with the von Neumann

algebra M, is called τ -compact if τ(e|x |(s, ∞)) < ∞ for all s > 0, or, equivalently,
µ(s, x) → 0 as s → ∞.

Recall the following construction of a noncommutative symmetric space (or
a symmetric Banach operator space) X (M, τ ) from [28] (see also its detailed
exposition in [17; 35]). If X is a symmetric Banach function space on (0, τ (1)),
then we set

X (M, τ ) =
{

x ∈ S(M, τ ) : µ(x) ∈ X (0, τ (1))
}
.

Similarly, if X is a symmetric sequence space and M is atomic with all atoms
having the same trace, then we may define

X (M, τ ) =
{

x ∈ S(M, τ ) : (µ(n; x))n≥0 ∈ X
}
.

There exists the natural norm on X (M, τ ) defined by

∥x∥X (M,τ ) := ∥µ(x)∥X (0,τ (1)), x ∈ X (M, τ ).

We note that X (M, τ ) is a Banach space with respect to ∥ · ∥X (M,τ ) and it is
called the noncommutative symmetric (operator) space associated with (M, τ )

corresponding to a function space (X, ∥ · ∥X(0,τ (1))
) [17; 28; 35]. Equivalently:

Definition 2.3. Let X (M, τ ) be a linear subspace of S(M, τ ) equipped with a
complete norm ∥ · ∥X = ∥ · ∥X (M,τ ). We say that X (M, τ ) is a noncommutative
symmetric space if for x ∈ X (M, τ ) and for every y ∈ S(M, τ ) with µ(y) ≤ µ(x),
we have y ∈ X (M, τ ) and ∥y∥X ≤ ∥x∥X .

If M = B(H) (so that τ is the standard trace Tr), then the space X (M, τ )

is a Banach ideal in B(H). Conversely, every Banach ideal in B(H) is of the
shape X (M, τ ) with M= B(H) and τ = Tr (possibly after passing to an equivalent
norm in the ideal).

For a noncommutative symmetric space X (M, τ ), we define its Köthe dual
X×(M, τ ) by setting

X×(M, τ ) =
{

y ∈ S(M, τ ) : sup
{
τ(|xy|) : x ∈ X (M, τ ), ∥x∥X ≤ 1

}
< ∞

}
,

and for y ∈ X×(M, τ ), the functional ∥y∥X× is defined by setting

∥y∥X× = sup
{
τ(|xy|) : x ∈ X (M, τ ), ∥x∥X ≤ 1

}
.
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We note that (X×(M, τ ), ∥ · ∥X×) is a noncommutative symmetric space; see [13,
Proposition 5.4]. It coincides with a Banach dual, that is, X∗(M, τ ) = X×(M, τ )

and X∗(0, τ (1)) = X×(0, τ (1)) whenever X (0, τ (1)) is separable (see, e.g., [10,
Proposition 42; 13]).

3. Weak convergence of a shifted sequence

For a sequence x = (x(k))k≥0 of real or complex numbers we use the notation
(called a shifted sequence)

0⊕n
⊕ x = (0, . . . , 0︸ ︷︷ ︸

n times

, x(0), x(1), . . . ), n ∈ Z≥0.

The following main result of this section, which shows that a shifted sequence
of a relatively weakly compact sequence is weakly null, is the key ingredient to
prove the implication (i) ⇒ (ii) in the wGCP for symmetric sequence spaces in
Theorem 4.1 (without the Fatou property).

Theorem 3.1. Let X ̸= ℓ1 be a separable symmetric sequence space. For every
relatively weakly compact sequence (zn)n≥0 ⊂ X , the sequence

(xn)n≥0 := (0⊕n
⊕ zn)n≥0

is weakly null.

The proof is postponed until the end of the section. We start by presenting the
following two known facts. The first fact for separable spaces should be compared
with [37, Proposition 2.5.15].

Fact 3.2. Let X be a symmetric sequence space. A weakly null sequence in X
cannot be equivalent to the unit basis (en)n≥0 in ℓ1.

Fact 3.3. Let X be a separable Banach space and let K ⊂ X. There exists a
countable norm-dense subset of K .

We also need several auxiliary lemmas.

Lemma 3.4 (see [37, Proposition 2.5.13]). Let X be a separable symmetric se-
quence space and let (xn)n≥0 ⊂ X be a bounded sequence which consists of
pairwise disjointly supported elements. One of the following (mutually exclusive)
situations occurs:

(i) The sequence (xn)n≥0 is weakly null.

(ii) There is a subsequence (xn j ) j≥0 of (xn)n≥0 equivalent to the unit basis in ℓ1.

In what follows, max(A) denotes the maximal element in a finite set A ⊂ Z≥0.



WEAK GROTHENDIECK COMPACTNESS PRINCIPLE FOR SYMMETRIC SPACES 133

Lemma 3.5. Let X be a separable symmetric sequence space. Suppose that the se-
quence (a j ) j≥0 ⊂ X consists of finitely supported and pairwise disjointly supported
elements. If the sequence (a j ) j≥0 is weakly null, then the sequence (0⊕n j ⊕ a j ) j≥0

is also weakly null for every strictly increasing sequence (n j ) j≥0.

Proof. Assume, on the contrary, that there is a strictly increasing sequence (n j ) j≥0

such that the sequence (A j ) j≥0 := (0⊕n j ⊕ a j ) j≥0 is not weakly null. Recall that
X∗

= X× due to separability of X . Choose y ∈ X× such that ⟨y, A j ⟩ ̸→ 0 as j →∞.
Since (A j ) j≥0 is a bounded sequence in X , we may choose a strictly increasing
sequence ( jk)k≥0 such that

(1) ⟨y, A jk ⟩ → c ̸= 0 as k → ∞;

(2) n jk+1 − n jk > max(supp(a jk )) for all k ≥ 0.

The second condition means that the sequence (A jk )k≥0 consists of pairwise dis-
jointly supported elements. The first condition means that the sequence (A jk )k≥0 is
not weakly null. By Lemma 3.4, there exists a subsequence (A jkl

)l≥0 of (A jk )k≥0

which is equivalent to the unit basis in ℓ1.
Both sequences (A jk )k≥0 and (a jk )k≥0 consist of pairwise disjointly supported

elements. So do their subsequences (A jkl
)l≥0 and (a jkl

)l≥0 and µ(A jkl
) = µ(a jkl

)

for all l ≥ 0. Therefore, for any sequence (cl)l≥0 ∈ ℓ1 we have∥∥∥∑
l≥0

cla jkl

∥∥∥
X

=

∥∥∥∑
l≥0

cl A jkl

∥∥∥
X

≈ ∥(cl)l≥0∥1.

However, a jkl
→ 0 weakly as l → ∞, which contradicts Fact 3.2. □

The following lemma, commonly referred to as the subsequence splitting lemma,
is known for function spaces on (0, 1); see, e.g., [40, Lemma 3.1]; for function
spaces on (0, ∞) and for ideals of compact operators in B(H) but only with a
splitting into three sequences, see, e.g., [1, Theorem 3.2; 15, Proposition 3.2],
respectively. Similar results are also available with splitting into two sequences
(see [42; 44]). It is a tool that allows us to pass to disjointly supported elements in
sequence spaces.

Lemma 3.6. Let X be a separable symmetric sequence space. For every weakly
null sequence (ak)k≥0 ⊂ X , there exists a strictly increasing sequence (kl)l≥0 of
positive integers and sequences (bl)l≥0, (cl)l≥0 in X such that

akl = bl + cl, l ≥ 0,

where

(i) the sequence (cl)l≥0 tends to 0 in the norm of X ;

(ii) the sequence (bl)l≥0 consists of finitely supported elements;

(iii) the sequence (bl)l≥0 consists of pairwise disjointly supported elements.
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Proof. Firstly, note that weak convergence to zero implies coordinatewise conver-
gence to zero.

Set k0 = 0. Since X is separable, it follows that [2, Chapter I, Corollary 5.6]

∥ak0χ[n,∞)∥X → 0, n → ∞.

Choose n0 ∈ N such that
∥ak0χ[n0,∞)∥X ≤ 2−0.

Since (ak)k≥0 converges to zero coordinatewise, we have

∥akχ[0,n0)∥X ≤ ∥akχ[0,n0)∥1 → 0, k → ∞.

Choose k1 > k0 such that
∥ak1χ[0,n0)∥X ≤ 2−1.

Since X is separable, it follows that

∥ak1χ[n,∞)∥X → 0, n → ∞.

Choose n1 > n0 such that

∥ak1χ[n1,∞)∥X ≤ 2−1.

Choose k2 > k1 such that
∥ak2χ[0,n1)∥X ≤ 2−2.

Proceed ad infinitum. We obtain strictly increasing sequences (kl)l≥0 and (nl)l≥0

such that
∥akl χ[nl ,∞)∥X ≤ 2−l, l ≥ 0,

∥akl χ[0,nl−1)∥X ≤ 2−l, l ≥ 1.

Set bl = akl χ[nl−1,nl ) for l ≥ 1, and b0 = ak0χ[0,n0). By construction, the se-
quence (bl)l≥0 consists of pairwise finitely and disjointly supported elements, that
is, conditions (ii) and (iii) are satisfied. For l ≥ 1 set

cl = akl − bl = akl χ[0,nl−1) + akl χ[nl ,∞) and c0 = ak0 − b0 = ak0χ[n0,∞).

Hence by the triangle inequality we have

∥cl∥X ≤ ∥akl χ[0,nl−1)∥X + ∥akl χ[nl ,∞)∥X ≤ 21−l, l ≥ 1.

This yields the condition (i), which completes the proof. □

Lemma 3.7. Let X be a separable symmetric sequence space. If a sequence (a j ) j≥0

is weakly null, then so is the sequence (0⊕n j ⊕ a j ) j≥0 for every strictly increasing
sequence (n j ) j≥0.
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Proof. Assume, on the contrary, that there is a strictly increasing sequence (n j ) j≥0

such that the sequence (A j ) j≥0 := (0⊕n j ⊕ a j ) j≥0 is not weakly null. As in the
proof of Lemma 3.5, there are y ∈ X× and a strictly increasing sequence ( jk)k≥0

such that ⟨y, A jk ⟩ → c ̸= 0 as k → ∞.
Since the sequence (a jk )k≥0 is weakly null, we may choose a strictly increasing

sequence {kl}l≥0 of positive integers by Lemma 3.6 such that a jkl
= bl + cl for

all l ≥ 0, where cl → 0 in norm as l → ∞ and (bl)l≥0 is finitely supported and
pairwise disjointly supported sequence. Since the sequence (a jkl

)l≥0 is weakly null
and since the sequence (cl)l≥0 converges to 0 in norm as l → ∞, it follows that the
sequence (bl)l≥0 is weakly null.

By Lemma 3.5, the sequence (0⊕n jkl ⊕bl)l≥0 is also weakly null. Since ∥cl∥X =

∥a jkl
− bl∥X → 0 as l → ∞ and X is symmetric, it follows that the sequence

(A jkl
− 0⊕n jkl ⊕ bl)l≥0 also converges to 0 in norm as l → ∞, and hence is weakly

null. In particular, ⟨y, A jkl
⟩ − ⟨y, 0⊕n jkl ⊕ bl⟩ → 0 as l → ∞. Since ⟨y, A jkl

⟩ → c
as l → ∞, it follows that ⟨y, 0⊕n jkl ⊕ bl⟩ → c ̸= 0, which is a contradiction. □

The following lemma is the only place in this section where we use the assump-
tion X ̸= ℓ1.

Lemma 3.8. Let X ̸= ℓ1 be a separable symmetric sequence space. For every z ∈ X
and for every strictly increasing sequence of positive integers (n j ) j≥0, the sequence
(0⊕n j ⊕ z) j≥0 is weakly null.

Proof. Suppose first that z is finitely supported.
Assume, on the contrary, that the sequence (y j ) j≥0 := (0⊕n j ⊕z) j≥0 is not weakly

null for some strictly increasing sequence (n j ) j≥0. Recall that X∗
= X× due to

separability of X ; see, for instance, [10, Proposition 42] or [13]. Choose f ∈ X×

such that ⟨ f, y j ⟩ ̸→ 0 as j → ∞. Since sup j≥0∥y j∥X = ∥z∥X , we may choose a
strictly increasing sequence ( jk)k≥0 such that

(1) ⟨ f, y jk ⟩ → c ̸= 0 as k → ∞;

(2) n jk+1 − n jk > max(supp(z)), k ≥ 0.

It follows from Lemma 3.4 that there exists a subsequence (y jkl
)l≥0 equivalent to

the unit basis in ℓ1. Thus,∥∥∥∥⊕
l≥0

cl z
∥∥∥∥

X
=

∥∥∥∥∑
l≥0

cl y jkl

∥∥∥∥
X

≈

∑
l≥0

|cl |, (cl)l≥0 ∈ ℓ1.

Therefore, there is C > 0 such that for any (cl)l≥0 ∈ ℓ1 we have

∥(cl)l≥0∥1 =

∑
l≥0

|cl | ≤ C
∥∥∥∥⊕

l≥0

cl z
∥∥∥∥

X
≤ C ∥z∥∞ · card(supp(z)) · ∥(cl)l≥0∥X ,
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and hence
∥(cl)l≥0∥X ≈ ∥(cl)l≥0∥1, (cl)l≥0 ∈ ℓ1.

The latter equality contradicts the condition X ̸= ℓ1, which completes the proof for
finitely supported z.

Let z ∈ X be arbitrary, fix y ∈ X× such that ∥y∥X× = 1 and ε > 0. Since X is
separable, one may split z = z1 + z2, where ∥z2∥X ≤ ε and z1 is finitely supported.
By the preceding step, we have 0⊕n j ⊕ z1 → 0 weakly as j → ∞ for every strictly
increasing sequence (n j ) j≥0. Fix j (ε) such that

|⟨y, 0⊕n j ⊕ z1⟩| < ε, j ≥ j (ε).

Therefore, since |⟨y, 0⊕n j ⊕ z2⟩| ≤ ∥y∥X×∥0⊕n j ⊕ z2∥X (see [10, Remark 3]) and
since ∥0⊕n j ⊕ z2∥X = ∥z2∥X (due to the fact that X is symmetric), we have

|⟨y, 0⊕n j ⊕ z⟩| ≤ |⟨y, 0⊕n j ⊕ z1⟩| + |⟨y, 0⊕n j ⊕ z2⟩| ≤ 2ε, j ≥ j (ε).

Since ε > 0 is arbitrary, it follows that

⟨y, 0⊕n j ⊕ z⟩ → 0, j → ∞.

Since y ∈ X× is an arbitrary normalized element, the assertion follows. □

Proof of Theorem 3.1. Let (zn)n≥0 ⊂ X be a relatively weakly compact sequence
and (xn)n≥0 := (0⊕n

⊕ zn)n≥0.
Assume, on the contrary, that the sequence (xn)n≥0 is not weakly null. There are

y ∈ X× and a subsequence (xn j ) j≥0 (where (n j ) j≥0 is strictly increasing) such that
⟨y, xn j ⟩ → c ̸= 0 as j → ∞.

Passing to a further subsequence (if necessary), we may assume ⟨y, xn j ⟩ → c ̸= 0
and zn j → z weakly as j → ∞ for some z ∈ X . Thus, (zn j − z) j≥0 is weakly
null, and the sequences (0⊕n j ⊕ (zn j − z)) j≥0 and (0⊕n j ⊕ z) j≥0 are also weakly
null by Lemmas 3.7 and 3.8, respectively. Hence, (0⊕n j ⊕ zn j ) j≥0 is also weakly
null. In particular, ⟨y, xn j ⟩ = ⟨y, 0⊕n j ⊕ zn j ⟩ → 0 as j → ∞. This contradicts
⟨y, xn j ⟩ → c ̸= 0 as j → ∞ and completes the proof. □

4. Weak Grothendieck compactness principle

4.1. Weak Grothendieck compactness principle for symmetric sequence spaces.
Let X be a symmetric sequence space and let Y ⊂ X be an arbitrary set. Recall that
a symmetric hull of Y is defined by

sym(Y ) = {z ∈ ℓ∞ : µ(z) = µ(y) for some y ∈ Y }.

The following theorem, which strengthens the wGCP for symmetric sequence
spaces from [19, Theorem 1], is the main result of this subsection. In this theorem,
we take the norm closure rather than the weak closure in condition (ii) below.
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Theorem 4.1. Let X ̸= ℓ1 be a separable symmetric sequence space. For a subset
K ⊂ X , consider the following properties:

(i) K is relatively weakly compact.

(ii) There exists a weakly null sequence (xn)n≥0 in X such that

K ⊂ sym((xn)n≥0)
∥ · ∥X .

It is always true that (i) implies (ii). If , in addition, X possesses the Fatou property,
then (ii) implies (i).1

Although it is said in the remark following [19, Theorem 1] that the Fatou property
is not necessary for the converse implication, the proof for this case was omitted.
On the other hand, the Fatou property is necessary for the converse implication;
see [19, Theorem 1] for an example of a subset K of X containing a subspace
isomorphic to c0 such that (ii) holds but (i) fails. We also provide an elementary
proof of Theorem 4.1 using different techniques, in particular, the theory of Köthe
duality, the so-called subsequence splitting property (Lemma 3.6), and the following
fundamental result of Garling (see Theorem 16 in [23]).

Theorem 4.2 (Garling). Let X ̸= ℓ1 be a symmetric sequence space with the Fatou
property. The set K ⊂ X is relatively σ(X, X×)-compact if and only if so is the
set sym(K ).

The following is an immediate corollary of Garling’s result.

Lemma 4.3. Let X ̸= ℓ1 be a separable symmetric sequence space with the Fatou
property. The set K ⊂ X is relatively weakly compact if and only if so is the
set sym(K ).

Proof. Since X is separable, it follows that X×
= X∗; see [10, Proposition 42; 13].

Hence, σ(X, X×)-topology coincides with the weak topology on X . The assertion
follows from Theorem 4.2. □

Proof of Theorem 4.1. The implication (ii) ⇒ (i) follows immediately from
Lemma 4.3.

Let us now prove the implication (i) ⇒ (ii). Let K be a (relatively) weakly
compact subset of X and let (zn)n≥0 ⊂ K be a countable norm-dense subset in K
(which exists due to Fact 3.3). For every n ≥ 0 set xn = 0⊕n

⊕ zn . The fact that the
sequence (xn)n≥0 is weakly null follows from Theorem 3.1.

Note that
zm ∈ sym((xn)n≥0), m ≥ 0.

1A separable symmetric sequence space X is called a KB-space (or a Kantorovich–Banach space)
if it has the Fatou property. That is, for all KB-spaces different from ℓ1 we have (i) ⇐⇒ (ii).
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Thus,
(zm)m≥0 ⊂ sym((xn)n≥0).

Taking the norm-closure, we obtain

K ⊂ (zm)m≥0
∥ · ∥X ⊂ sym((xn)n≥0)

∥ · ∥X ,

which completes the proof of the implication (i) ⇒ (ii). □

4.2. Weak Grothendieck compactness principle for symmetric function spaces
over a positive semiaxis. We extend our results (and hence, results of [19]) on the
wGCP from symmetric sequence spaces to symmetric function spaces over (0, ∞).

Define a space

(L1 + L∞)(0, ∞) = { f ∈ S(0, ∞) : f = g + h, g ∈ L1(0, ∞), h ∈ L∞(0, ∞)}

equipped with a natural norm

∥ f ∥L1+L∞
= inf{∥g∥1 + ∥h∥∞ : f = g + h, g ∈ L1, h ∈ L∞}.

The space ((L1 + L∞)(0, ∞), ∥ · ∥L1+L∞
) is a symmetric function space on (0, ∞);

see [34, Proposition 2.a.2].
Recall that for any symmetric function space X (0, ∞) we have

(L1 ∩ L∞)(0, ∞) ⊂ X (0, ∞) ⊂ (L1 + L∞)(0, ∞)

as sets and the inclusion maps are of norm one with respect to the natural norms
in these spaces [31, Theorem 4.1], i.e., if f ∈ (L1 ∩ L∞)(0, ∞), then ∥ f ∥X ≤

∥ f ∥L1∩L∞
and if f ∈ X (0, ∞), then ∥ f ∥L1+L∞

≤ ∥ f ∥X .
Let X (0, ∞) (or X (0, 1)) be a symmetric function space, and let K ⊂ X (0, ∞)

be an arbitrary set. Define a symmetric hull of a set K (with obvious modification
for K ⊂ X (0, 1)) by

sym(K ) = {g ∈ (L1 + L∞)(0, ∞) : µ(g) = µ( f ) for some f ∈ K }.

The following key result is an immediate consequence of [14, Proposition 2.1].

Proposition 4.4. Let X (0, ∞) be a separable symmetric Banach function space
with the Fatou property2 such that X (0, ∞) ̸⊂ L1(0, ∞). A subset K in X (0, ∞)

is relatively weakly compact if and only if so is µ(K ).

For every n ∈Z≥0 let τn : X (0, ∞)→ X (0, ∞) be a translation operator defined by

(4-1) τn f ( · ) = f ( · − n), f ∈ X (0, ∞).

2Recall that X (0, α) is a KB-space if and only if X (0, α) is separable and has the Fatou property
if and only if it is weakly sequentially complete if and only if it contains no copy of c0; see [9,
Proposition 4.8; 11, Proposition 3.2].
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Lemma 4.5. Let X (0, ∞) be a separable symmetric Banach function space. Let
g ∈ X (0, ∞), let (gn)n≥0 ⊂ X (0, ∞) and let (n j ) j≥0 be a strictly increasing
sequence in Z≥0. If τn j gn j → g weakly as j → ∞, then g = 0.

Proof. For every n ≥ 0 define

Fn = sgn(g)χ(n,n+1) ∈ X×(0, ∞).

Hence, for every n ≥ 0 we have

⟨Fn, τn j gn j ⟩ → ⟨Fn, g⟩ =

∫ n+1

n
|g|, j → ∞.

On the other hand,
Fn · τn j gn j = 0, j > n + 1.

Thus, for every n ≥ 0

⟨Fn, τn j gn j ⟩ =

∫ n+1

n
(Fn · τn j gn j ) → 0, j → ∞.

By uniqueness of the limit, we have∫ n+1

n
|g| = 0.

Thus, g = 0 on (n, n + 1). Since n ∈ Z≥0 is arbitrary, the assertion follows. □

Lemma 4.6. Let X (0, ∞) be a separable symmetric Banach function space with the
Fatou property such that X (0, ∞) ̸⊂ L1(0, ∞). If (gn)n≥0 ⊂ X (0, ∞) is relatively
weakly compact, then ( fn)n≥0 := (τngn)n≥0 is weakly null.

Proof. Assume, on the contrary, (τngn)n≥0 is not weakly null. Hence, τngn ̸→ 0 as
n → ∞ in σ(X, X×)-topology. Therefore, by the Eberlein–Šmulian theorem (see
[30, VIII.2]) there exists F ∈ X× and a strictly increasing sequence (n j ) j≥0 such that

(4-2) ⟨F, τn j gn j ⟩ → c ̸= 0, j → ∞.

Set K0 ={gn : n ≥ 0} and K1 = sym(K0). By assumption, K0 is relatively weakly
compact. Hence, by Proposition 4.4, so is µ(K0). Since µ(K0) = µ(K1), it follows
that µ(K1) is also relatively weakly compact. By Proposition 4.4, so is K1. Since

(τn j gn j ) j≥0 ⊂ sym(K0) = K1,

it follows that the sequence (τn j gn j ) j≥0 is relatively weakly compact. Hence, there
exists a strictly increasing sequence ( jk)k≥0 and g ∈ X such that

τn jk
gn jk

→ g
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weakly as k → ∞. It follows from Lemma 4.5 that g = 0. Therefore,

⟨F, τn jk
gn jk

⟩ → 0, k → ∞,

which contradicts (4-2). □

Theorem 4.7. Let X (0, ∞) be a separable symmetric Banach function space with
the Fatou property such that X (0, ∞) ̸⊂ L1(0, ∞). For K ⊂ X (0, ∞), the following
conditions are equivalent:

(i) K is relatively weakly compact in X (0, ∞).

(ii) There exists a weakly null sequence ( fn)n≥0 in X (0, ∞) such that

K ⊂ sym(( fn)n≥0)
∥ · ∥X (0,∞) .

Proof. The implication (ii) ⇒ (i) follows from Proposition 4.4.

(i) ⇒ (ii). Let K be a relatively weakly compact subset of X and let (gn)n≥0 ⊂ K be
a countable norm-dense subset in K (which exists due to Fact 3.3). Set fn = τngn

for all n ≥ 0. It follows by Lemma 4.6 that the sequence ( fn)n≥0 is weakly null.
Finally,

K ⊂ (gn)n≥0
∥ · ∥X ⊂ sym(( fn)n≥0)

∥ · ∥X . □

Remark 4.8. The main theorem in [18] is not applicable for symmetric function
spaces X (0, ∞) as there are no symmetric function spaces X (0, ∞) (moreover,
there is no noncommutative symmetric space affiliated with an atomless semifinite
von Neumann algebra with a semifinite faithful normal trace) having the Schur
property (see [27, Proposition 6.1]).

4.3. Weak Grothendieck compactness principle for symmetric function spaces
over a finite interval. Recall that for any symmetric function space X (0, 1),

L∞(0, 1) ⊂ X (0, 1) ⊂ L1(0, 1)

as sets and the inclusion maps are of norm one; see [34, Definition 2.a.1].
The following key result is an immediate consequence of [14, Proposition 2.1].

Proposition 4.9. Let X (0, 1) be a separable symmetric Banach function space with
the Fatou property. A subset K of X (0, 1) is relatively weakly compact if and only
if so is sym(K ).

Proof. Note that K is relatively weakly compact in X (0, 1) if and only if so
is µ(K ) by [14, Proposition 2.1]. Since µ(sym(K )) = µ(K ), it follows from [14,
Proposition 2.1] that K is relatively weakly compact in X (0, 1) if and only if so
is sym(K ). □
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For function spaces on (0, 1), we need a replacement for a translation operator τn ,
n ≥ 0. For this purpose, equip the space×

∞

n=0 (0, 1) with a product measure and let
γ : (0, 1) →×

∞

n=0 (0, 1) be an isomorphism of measure spaces. For every m ≥ 0
define the mappings jm : L0(0, 1) → L0(×

∞

n=0 (0, 1)) by setting

( jm( f ))(t0, t1, . . . ) = f (tm), f ∈ L0(0, 1), (t0, t1, . . . ) ∈

∞

×
n=0

(0, 1).

Define the sequence (im)m≥0 of independent copies (maps from L0(0, 1) to itself)
by setting

im( f ) = ( jm( f )) ◦ γ, f ∈ L0(0, 1), m ≥ 0.

Let Bk be the Lebesgue σ -algebra on×
k
n=0 (0, 1) and let mk be the Lebesgue

measure on Bk . For every k ≥ 0, set

Fk :=

{
B ×

(
∞

×
n=k+1

(0, 1)

)
: B ∈ Bk

}
.

Set

m(A) = mk(B), A = B ×

(
∞

×
n=k+1

(0, 1)

)
, B ∈ Bk .

Let F be the Lebesgue completion of the algebra
⋃

k≥0 Fk with respect to the
measure m. The sequence (Fk)k≥0 forms a filtration on an algebra F . We denote
the conditional expectation operator onto Fk by Ek .

Lemma 4.10. For every h ∈ L2
(
×

∞

n=0 (0, 1)
)
, we have Ekh →h in L2

(
×

∞

n=0 (0, 1)
)

as k → ∞.

Proof. Note that (Elh)l≥0 is an L2
(
×

∞

n=0 (0, 1)
)
-bounded martingale relative

to (Fl)l≥0. By Doob’s martingale convergence theorem there is g ∈ L2
(
×

∞

n=0 (0, 1)
)

such that Elh → g in L2
(
×

∞

n=0 (0, 1)
)

as l → ∞. Thus,

Ek(Elh) → Ek g, l → ∞.

Since
Ek(Elh) = Ekh, l ≥ k,

it follows that
Ekh = Ek g, k ≥ 0.

If B ∈ Fk , then ∫
B
(h − g) =

∫
(h − g)χB =

∫
Ek(h − g)χB = 0.

Fix ε > 0 and choose δ > 0 such that∫
C
|h − g| < ε for every C ∈ F with m(C) < δ.
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Let now A ∈ F . Choose k ∈ N and B ∈ Fk such that m(A △ B) < δ. Thus,∣∣∣∣∫
A
(h − g)

∣∣∣∣ ≤

∣∣∣∣∫
B
(h − g)

∣∣∣∣ + ∫
A△B

|h − g| < ε.

Since ε > 0 is arbitrary, it follows that∫
A
(h − g) = 0, A ∈ F .

Hence, h − g = 0 and, therefore, Ekh → h in L2
(
×

∞

n=0 (0, 1)
)

as k → ∞. □

Recall that a subset K of a space L1(0, 1) is called equi-integrable if, for any
ε > 0, there exists δ > 0 such that

sup
{∫

E
| f | dm : f ∈ K

}
< ε whenever E ⊂ (0, 1) with m(E) < δ.

Equivalently, K is equi-integrable if and only if (see [3, Definitions 4.5.1 and 4.5.2]

lim
n→∞

sup
f ∈K

∫
{| f |>n}

| f | dm = 0.

A function f in L1(0, 1) is said to be mean zero if
∫ 1

0 f dm = 0.

Lemma 4.11. Let (gn)n≥0 ⊂ L1(0, 1) be an equi-integrable sequence of mean-
zero elements and let (n j ) j≥0 be a strictly increasing sequence in Z≥0. We have
in j (gn j ) → 0 weakly in L1(0, 1) as j → ∞.

Proof. It is enough to show

⟨ jn j (gn j ), h⟩ → 0, j → ∞,

for every h ∈ L∞

(
×

∞

n=0 (0, 1)
)
.

Suppose first the sequence (gn)n≥0 is bounded in L2(0, 1). Fix ε > 0. By
Lemma 4.10, there are k ∈ Z≥0 and h′

∈ L2
(
×

∞

n=0 (0, 1)
)

such that h′ depends only
on the first k coordinates and such that ∥h − h′

∥2 < ε. We have

⟨ jn j (gn j ), h′
⟩ = 0, j > k.

Therefore,∣∣⟨ jn j (gn j ), h⟩
∣∣ ≤

∣∣⟨ jn j (gn j ), h′
⟩
∣∣ + ∣∣⟨ jn j (gn j ), h′

− h⟩
∣∣ =

∣∣⟨ jn j (gn j ), h′
− h⟩

∣∣
≤ ∥ jn j (gn j )∥2∥h′

− h∥2 ≤ ε sup
n≥0

∥gn∥2, j > k.

It follows that
lim sup

j→∞

∣∣⟨ jn j (gn j ), h⟩
∣∣ ≤ ε sup

n≥0
∥gn∥2.
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Since ε > 0 is arbitrary, it follows that

lim sup
j→∞

∣∣⟨ jn j (gn j ), h⟩
∣∣ = 0.

Consider now the general case. Fix ε > 0 and, using equi-integrability of (gn)n≥0,
choose m ∈ Z≥0 large enough so that

sup
n≥0

∥gnχ{|gn |>m}∥1 ≤ ε.

Set g′
n := gnχ{|gn |≤m} for every n ≥ 0. Hence, a sequence (g′

n)n≥0 is bounded
in L2(0, 1) such that ∥gn − g′

n∥1 ≤ ε for n ≥ 0. Therefore, we have∣∣⟨ jn j (gn j ), h⟩
∣∣ ≤

∣∣⟨ jn j (g
′

n j
), h⟩

∣∣ + ∣∣⟨ jn j (gn j − g′

n j
), h⟩

∣∣
≤

∣∣⟨ jn j (g
′

n j
), h⟩

∣∣ + ∥ jn j (gn j − g′

n j
)∥1∥h∥∞

≤
∣∣⟨ jn j (g

′

n j
), h⟩

∣∣ + ε∥h∥∞.

Thus,

lim sup
j→∞

∣∣⟨ jn j (gn j ), h⟩
∣∣ ≤ lim sup

j→∞

∣∣⟨ jn j (g
′

n j
), h⟩

∣∣ + ε∥h∥∞ = ε∥h∥∞.

Since ε > 0 is arbitrary, it follows that

lim sup
j→∞

∣∣⟨ jn j (gn j ), h⟩
∣∣ = 0,

thereby completing the proof. □

The following is a well-known Dunford–Pettis criterion of weak compactness
in L1(0, 1); see [6, Theorem 15, p. 76; 20; 36, Theorem 23, p. 20].

Proposition 4.12 (Dunford–Pettis). For a subset K ⊂ L1(0, 1) the following condi-
tions are equivalent:

(i) K is relatively weakly compact.

(ii) K is equi-integrable.

Lemma 4.13. Let X (0, 1) be a separable symmetric Banach function space with
the Fatou property. If (gn)n≥0 ⊂ X (0, 1) is a relatively weakly compact sequence of
mean-zero elements, then ( fn)n≥0 := (in(gn))n≥0 is weakly null.

Proof. Assume, on the contrary, (in(gn))n≥0 is not weakly null. Hence, in(gn) ̸→ 0
in σ(X, X×)-topology (since X∗

= X× due to separability of X ) as n → ∞. Hence,
there exists F ∈ X× and a strictly increasing sequence (n j ) j≥0 such that

(4-3) ⟨F, in j (gn j )⟩ → c ̸= 0, j → ∞.

Set K0 = {gn : n ≥ 0} and K1 = sym(K0). By assumption, the set K0 is relatively
weakly compact. Hence, by Proposition 4.9, so is µ(K0). Since µ(K0) = µ(K1), it
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follows that µ(K1) is also relatively weakly compact. By Proposition 4.9, so is K1.
Since µ(in j (gn j )) = µ(gn j ), it follows that

(in j (gn j )) j≥0 ⊂ sym(K0) = K1.

It follows that the sequence (in j (gn j )) j≥0 is relatively weakly compact. Hence,
there exist a strictly increasing sequence ( jk)k≥0 and g ∈ X such that

in jk
(gn jk

) → g

weakly as k → ∞. In particular,

in jk
(gn jk

) → g, k → ∞,

in σ(L1, L∞)-topology. As the sequence (gn)n≥0 is relatively weakly compact in X ,
it is also relatively weakly compact in L1(0, 1). By the Dunford–Pettis criterion
(Proposition 4.12), it is equi-integrable in L1(0, 1). It follows from Lemma 4.11
that g = 0. Therefore,

in jk
(gn jk

) → 0

weakly in X as k → ∞, which contradicts (4-3). □

Theorem 4.14. Let X (0, 1) be a separable symmetric Banach function space with
the Fatou property. For K ⊂ X (0, 1), the following conditions are equivalent:

(i) K is relatively weakly compact.

(ii) There exists a weakly null sequence ( fn)n≥0 ⊂ X (0, 1) such that

K ⊂ sym(( fn)n≥0)
∥ · ∥X (0,1) .

Proof. The implication (ii) ⇒ (i) follows immediately from Proposition 4.9.
Let us now prove the implication (i) ⇒ (ii). Let K be a relatively weakly compact

subset of X and let (hn)n≥0 ⊂ K be a countable norm-dense subset in K (which
exists due to Fact 3.3). For every n ≥ 0 set

gn(t) =

{
hn(2t), t ∈

(
0, 1

2

)
,

−hn(2t − 1), t ∈
( 1

2 , 1
)
.

Note that the sequence (gn)n≥0 ⊂ X consists of mean-zero elements. Set fn = in(gn)

for all n ≥ 0. It follows by Lemma 4.13 that the sequence ( fn)n≥0 is weakly null.
Finally,

K ⊂ (hn)n≥0
∥ · ∥X ⊂ sym(( fn)n≥0)

∥ · ∥X . □
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4.4. Weak Grothendieck compactness principle for noncommutative symmetric
spaces associated with a semifinite von Neumann algebra. Let M be a semifinite
von Neumann algebra equipped with a faithful normal semifinite trace τ . We
say that x ∈ S(M, τ ) is submajorized by y ∈ (L1 + L∞)(M, τ ) in the sense of
Hardy–Littlewood–Pólya (written as x ≺≺ y) if∫ t

0
µ(s, x) ds ≤

∫ t

0
µ(s, y) ds, 0 ≤ t ≤ τ(1).

A symmetric space X (M, τ ) is said to be fully symmetric if the norm is monotone
with respect to the Hardy–Littlewood–Polya majorization.

The following key result is an immediate consequence of [14, Theorem 5.4]. For
the case of compact operators in B(H), see [24, Theorem 12].

Theorem 4.15. Let M be a semifinite von Neumann algebra equipped with a
faithful normal semifinite trace τ . Let X (0, τ (1)) be a separable symmetric Banach
function space with the Fatou property. If τ(1) = ∞, suppose, in addition, that
X (0, τ (1)) ̸⊂ L1(0, τ (1)).

If K ⊂ X (M, τ ), then the following conditions are equivalent:

(i) K is relatively weakly compact in X (M, τ ).

(ii) sym(K ) is relatively weakly compact in X (M, τ ).

(iii) µ(K ) is relatively weakly compact in X (0, τ (1)).

Proof. Set E(0, τ (1)) = X×(0, τ (1)). It follows that E(0, τ (1)) has the Fa-
tou property (see [31, Chapter II, Theorem 4.10]) and is, therefore, fully sym-
metric; see [10, Corollary 33]. The condition X (0, τ (1)) ̸⊂ L1(0, τ (1)) (for
τ(1) = ∞) guarantees that E(M, τ ) consists of τ -compact operators. Hence,
E(0, τ (1)) satisfies the conditions in [14, Theorem 5.4]. By that theorem, K
is relatively σ(E×(M, τ ), E(M, τ ))-compact if and only if µ(K ) is relatively
σ(E×(0, τ (1)), E(0, τ (1)))-compact. Since X (0, τ (1)) has the Fatou property,
it follows that X = X××

= E× (see [30, Theorem 6.1.7]) in both commutative
and noncommutative settings. Therefore, K is relatively σ(X (M, τ ), X×(M, τ ))-
compact if and only if µ(K ) is relatively σ(X (0, τ (1)), X×(0, τ (1)))-compact.
Since X (0, τ (1)) is separable, it follows that X×

= X∗ in both commutative and
noncommutative settings. This completes the proof. □

The following proposition shows existence of a conditional expectation in a
noncommutative setting (see [43]).

Proposition 4.16 (Umegaki). Let N ⊂ M be a von Neumann subalgebra which is
proper in the sense that τ |N is semifinite. For each x ∈ (L1 + L∞)(M, τ ), there
exists a uniquely determined element E(x) = EN (x) ∈ (L1 + L∞)(N , τ ), called the



146 D. MATIN, Y. NESSIPBAYEV, F. SUKOCHEV AND D. ZANIN

conditional expectation with respect to N , such that

τ(xy) = τ(E(x)y) for all y ∈ (L1 ∩ L∞)(N , τ ).

The conditional expectation operator E has numerous useful properties; see, e.g.,
[8, Proposition 2.1; 43]. Among those we need

(4-4) E(x) ≺≺ x for all x ∈ (L1 + L∞)(M, τ ).

The following lemma follows immediately from [21, Lemma 9].

Lemma 4.17. Let (M, τ ) be a finite atomless von Neumann algebra equipped with
a normal faithful finite trace τ . For every 0 ≤ x ∈ S(M, τ ), there exists a normal
unital trace-preserving ∗-monomorphism i : L∞(0, τ (1)) → M (which extends by
normality to a ∗-monomorphism i : S(0, τ (1)) → S(M, τ )) such that i(µ(x)) = x.

Proof. Let 0 ≤ x ∈ M. By [21, Lemma 9] there is an increasing net of projections
{ps}0≤s≤τ(1) in M such that

x =

∫ τ(1)

0
µ(s, x) dps .

Define i : L∞(0, τ (1)) → M by

i(h) =

∫ τ(1)

0
h(s) dps, h ∈ L∞(0, τ (1)).

It is a normal unital trace-preserving ∗-monomorphism such that i(µ(x)) = x .
Now since i is normal, it follows that, given 0 ≤ x ∈ S(M, τ ), it may be

extended to a trace-preserving ∗-monomorphism i : S(0, τ (1)) → S(M, τ ) such
that i(µ(x)) = x . □

We note that analogous results to the following lemma are available in [4,
Lemma 4.1; 12, Theorem 3.5].

Lemma 4.18. Let (M, τ ) be an atomless semifinite von Neumann algebra equipped
with a faithful normal semifinite trace τ . Let 0 ≤ x ∈ S(M, τ ) be τ -compact. There
exists a (not necessarily unital) normal trace-preserving ∗-monomorphism

i : L∞

(
0, τ (s(x))

)
→ M,

(which extends by normality to a ∗-monomorphism i : S
(
0, τ (s(x)) → S(M, τ )

)
such that

i(µ(x)) = x, i(1) = s(x).

In addition, τ |i(L∞(0,τ (s(x)))) is semifinite.



WEAK GROTHENDIECK COMPACTNESS PRINCIPLE FOR SYMMETRIC SPACES 147

Proof. Since x is τ -compact, it follows that, for each k ≥ 1,

ek := ex([k, k + 1)) ∨ ex
([

1
k + 1

,
1
k

))
are τ -finite projections. Set

sk =

k∑
l=1

τ(el), k ≥ 1, and s0 = 0.

By Lemma 4.17, for every k ≥ 1 there exists a trace-preserving normal unital
∗-isomorphism πk : L∞(sk−1, sk) → ekMek such that

πk(µ(x)χ(sk−1,sk)) = xek, πk(χ(sk−1,sk)) = ek .

Define
i(y) =

∑
k≥1

πk(yχ(sk−1,sk)), y ∈ L∞

(
0, τ (s(x))

)
.

Hence, i : L∞

(
0, τ (s(x))

)
→ M is a trace-preserving ∗-isomorphism.

Clearly,
∑k

l=1 el ∈ i
(
L∞

(
0, τ (s(x))

))
for every k ≥ 1. Since each el is τ -finite,

it follows that
∑k

l=1 el is τ -finite for every k ≥ 1. Since
∑k

l=1 el ↑ s(x) as k → ∞,
it follows that τ |i(L∞(0,τ (s(x)))) is semifinite. □

Now we are ready to prove the main result of this paper.

Theorem 4.19. Let (M, τ ) be a semifinite von Neumann algebra equipped with a
faithful normal semifinite trace τ , which is either atomless or purely atomic (with
all atoms having the same trace). Let X (0, τ (1)) be a separable symmetric Banach
function (or sequence space if τ is purely atomic) space with the Fatou property. If
τ(1) = ∞, suppose, in addition, that X (0, τ (1)) ̸⊂ L1(0, τ (1)).

For a subset K ⊂ X (M, τ ), the following conditions are equivalent:

(i) K is relatively weakly compact in X (M, τ ).

(ii) There exists a weakly null sequence (xn)n≥0 in X (M, τ ) such that

K ⊂ sym((xn)n≥0)
∥ · ∥X (M,τ ) .

Proof. If M is purely atomic, then we assume, in addition, that the trace is infinite.
Otherwise, we are in the finite-dimensional situation and the assertion is trivial.

(ii) ⇒ (i). Follows from Theorem 4.15.

(i) ⇒ (ii). Assume K is relatively weakly compact in X (M, τ ). By Theorem 4.15,
so is µ(K ) in X (0, τ (1)). By Theorem 4.7 (for atomless infinite trace) or by
Theorem 4.14 (for atomless finite trace) or by Theorem 4.1 (for purely atomic
infinite trace), there exists a weakly null sequence (yn)n≥0 in X (0, τ (1)) such that

µ(K ) ⊂ symX (0,τ (1))((yn)n≥0)
∥ · ∥X (0,τ (1)) .
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Fix a trace-preserving unital ∗-monomorphism i : L∞(0, τ (1)) → M (respec-
tively, i : ℓ∞ → M for purely atomic trace). Existence of such i is guaranteed by
Lemma 4.18 in the atomless case and is trivial in the purely atomic case. Since i is
trace-preserving (and, therefore, normal), it follows that we can extend (see [39,
Poposition 3.3]) i : (L1 + L∞)(0, τ (1)) → (L1 + L∞)(M, τ ) (the extension is not
needed in the purely atomic case) preserving the trace. Hence, it follows that

µ(i(y)) = µ(y), y ∈ (L1 + L∞)(0, τ (1)).

In particular, i : X (0, τ (1)) → X (M, τ ) is a trace-preserving ∗-monomorphism.
We claim that the sequence (i(yn))n≥0 is weakly null in X (M, τ ). Indeed,

take z ∈ X×(M, τ ) and let E(z) be the conditional expectation of z onto the ∗-
subalgebra i(L∞(0, τ (1))) (respectively, i(ℓ∞)). Note here that X (0, τ (1)) has
the Fatou property and is, therefore, fully symmetric. Since X (0, τ (1)) is fully
symmetric, it follows from (4-4) that X (M, τ ) is closed with respect to taking
conditional expectations. By Proposition 4.16, we have

τ(i(yn) · z) = τ(i(yn) · E(z)) =

∫ τ(1)

0
(yn · i−1(E(z)))

(
or 6

(
yn · i−1(E(z))

))
→ 0

as n → ∞. Thus, i(yn) → 0 in σ(X (M, τ ), X×(M, τ ))-topology. Since X is
separable, it follows that X∗(M, τ ) = X×(M, τ ). Hence, (i(yn))n≥0 is weakly null
in X (M, τ ).

Set xn = i(yn) for every n ≥ 0. It remains to show that

K ⊂ symX (M,τ )((xn)n≥0)
∥ · ∥X (M,τ ) .

To see the latter inclusion, let z ∈ K be arbitrary. Since µ(z) ∈ µ(K ), it follows
that there is a sequence (dependent on z) (zk)k≥0 ⊂ symX (0,τ (1))((yn)n≥0) such that
zk → µ(z) as k → ∞ in X (0, τ (1)).

Since X (0, τ (1)) is separable, it follows that µ(s, z) → 0 as s → ∞, that
is, z ∈ X (M, τ ) is τ -compact. Fix a trace-preserving ∗-monomorphism iz :

L∞(0, τ (1)) → M (respectively, iz : ℓ∞ → M) such that

iz(µ(z)) = |z|, iz(1) = s(|z|).

Existence of iz is guaranteed by Lemma 4.18 in the atomless case and by the
Schmidt decomposition in the purely atomic case.

Let z = u |z| be a polar decomposition of z. Set

wk = u · iz(zk), k ≥ 0.

Note that

w∗

k wk = iz(zk) · u∗u · iz(zk) = iz(zk) · iz(1) · iz(zk) = iz(zkzk), k ≥ 0.
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Hence,

µ(wk) = µ
1
2 (w∗

k wk) = µ
1
2 (iz(zkzk)) = µ

1
2 (zkzk) = µ(zk), k ≥ 0.

Since zk ∈ symX ((yn)n≥0) for all k ≥ 0, it follows that

wk ∈ symX (M,τ )((xn)n≥0), k ≥ 0.

On the other hand,

∥z − wk∥X ((M,τ )) =
∥∥u · iz(µ(z)) − u · iz(zk)

∥∥
X ((M,τ ))

≤
∥∥iz(µ(z)) − iz(zk)

∥∥
X ((M,τ ))

= ∥µ(z) − zk∥X (0,τ (1)) → 0

as k → ∞. That is,

z ∈ symX (M,τ )((xn)n≥0)
∥ · ∥X (M,τ ) . □

5. Concluding remarks

We discuss whether the condition X (0, ∞) ̸⊂ L1(0, ∞) in Theorem 4.19 (and in
Theorem 4.7; and the condition X ̸= ℓ1 in Theorem 4.1) is necessary (and sufficient)
for implications (ii) ⇒ (i) and (i) ⇒ (ii). First, we show that this condition on X is
necessary for the implication (ii) ⇒ (i) in Theorems 4.1 (provided X has the Fatou
property), 4.7 and 4.19.

Remark 5.1. Let (M, τ ) be a semifinite von Neumann algebra equipped with
a faithful normal semifinite infinite trace τ , which is either atomless or purely
atomic (with all atoms having the same trace). Suppose X (0, ∞) is a symmet-
ric function space such that X (0, ∞) ⊂ L1(0, ∞). There exists a weakly null
sequence (xn)n≥0 ⊂ X (M, τ ) such that sym((xn)n≥0) is not relatively weakly
compact in X (M, τ ).

Proof. Let (pn)n≥0 be a sequence of pairwise orthogonal projections in M such
that

∑
n≥0 pn = 1 and such that τ(pn) = 1 for every n ≥ 0. Let N be an abelian

von Neumann subalgebra in M generated by (pn)n≥0.
We claim that the sequence (pn)n≥0 is not relatively weakly compact in X (M, τ ).

Indeed, otherwise there exists a strictly increasing sequence (nk)k≥0 such that
pnk → a ∈ X (M, τ ) weakly as k → ∞. Let a = u |a| be a polar decomposition
and let q ∈ M be a τ -finite projection. We have

τ(pnk · qu∗) → τ(a · qu∗) = τ(|a| · q), k → ∞.

On the other hand, EN (qu∗) ∈ L1(N , τ ). Thus,

τ(pnk · qu∗) = τ(pnk · EN (qu∗)) → 0, k → ∞.
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Combining these equalities, we obtain

τ(|a| · q) = 0

for every τ -finite projection q ∈ M. Thus, |a| = 0. It follows that pnk → 0 ∈

X (M, τ ) weakly as k → ∞. However, 1 ∈ X×(M, τ ) and, therefore,

1 = τ(pnk · 1) → τ(0 · 1), k → ∞.

This contradiction shows that the sequence (pn)n≥0 is not relatively weakly compact.
Set

x0 = p0, xn = 0, n ≥ 1.

Clearly, the sequence (xn)n≥0 is weakly null. Since

(pn)n≥0 ⊂ sym(p0) ⊂ sym((xn)n≥0),

it follows that sym((xn)n≥0) is not relatively weakly compact. □

Now we show that the condition X ̸= ℓ1 is also necessary for the implication
(i) ⇒ (ii) in Theorem 4.1.

Remark 5.2. There exists a relatively weakly compact set K ⊂ ℓ1 such that for
every weakly null sequence (xn)n≥0 ⊂ ℓ1 we have K ̸⊂ sym((xn)n≥0)

∥·∥1 .

Proof. Set

K :=

(
e0 +

1
m

em

)
m≥1

.

Note that K is relatively weakly compact.
By the way of contradiction, let (xn)n≥0 ⊂ ℓ1 be a weakly null sequence such

that K ⊂ sym((xn)n≥0)
∥ · ∥1 . It follows by the Schur property of ℓ1 that xn → 0 as

n → ∞ in ℓ1. Fix N ∈ N such that ∥xn∥1 ≤ 1 for n > N .
For a given m ∈ N, there exists a sequence (nk)k≥0 ⊂ Z+ and a sequence

(yk)k≥0 ⊂ ℓ1 such that µ(yk) = µ(xnk ) for every k ≥ 0 and such that yk → e0 +
1
m em

as k → ∞ in ℓ1.
Set A = {k ≥ 0 : nk > N }. If A is infinite, then

lim
k→∞
k∈A

yk = e0 +
1
m

em .

Thus,

lim
k→∞
k∈A

∥yk∥1 =

∥∥∥∥e0 +
1
m

em

∥∥∥∥
1
= 1 +

1
m

.

On the other hand, ∥yk∥1 = ∥xnk ∥1 ≤ 1 for all k ∈ A. Thus,

lim sup
k→∞
k∈A

∥yk∥1 ≤ 1.
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Since the last two equations are in contradiction, it follows that A is finite. Without
loss of generality, assume that A is empty.

Hence, there is a sequence (nk)k≥0 ⊂{0, . . . , N } and a sequence (yk)k≥0 ⊂ℓ1 such
that µ(yk) = µ(xnk ) for every k ≥ 0 and such that yk → e0 +

1
m em as k → ∞ in ℓ1.

Passing to a further subsequence, we may assume that there exists n ∈ {0, . . . , N }

and a sequence (yk)k≥0 ⊂ ℓ1 such that µ(yk) = µ(xn) for every k ≥ 0 and such that
yk → e0 +

1
m em as k → ∞ in ℓ1. Thus,

µ(yk) → µ

(
e0 +

1
m

em

)
= e0 +

1
m

e1, k → ∞,

in ℓ1. Since µ(yk) = µ(xn) for every k ≥ 0, it follows that µ(xn) = e0 +
1
m e1.

Finally, for a given m ∈ N, there exists n ∈ {0, . . . , N } such that µ(xn)= e0+
1
m e1.

Hence, the set
{
e0 +

1
m e1

}
m≥1 is finite. The latter is obviously false. Hence, our

assumption was incorrect and, therefore, K ̸⊂ sym((xn)n≥0)
∥ · ∥1 for every weakly

null sequence (xn)n≥0 ⊂ ℓ1. □

Recall that a Banach space X is said to be a Grothendieck space [5] whenever
weak∗ and weak convergence of sequences in X∗ coincide. Ironically, the weak
Grothendieck compactness principle holds for symmetric sequence spaces with the
Fatou property if and only if X is not a Grothendieck space (see [27, Table 7]).

The following remark is standard in the commutative setting; for the proof of the
noncommutative case, see, e.g., [26, Remark 4.4] and also [41, Lemma 8]. Recall
that a space of τ -compact operators is defined by

S0(M, τ ) = {x ∈ S(M, τ ) : µ(∞, x) = 0}.

Remark 5.3. Let M be an arbitrary von Neumann algebra equipped with an
infinite semifinite faithful normal trace τ . Let X (M, τ ) be a noncommutative
symmetric space. The inclusion X (M, τ )× ⊂ S0(M, τ ) holds if and only if
X (0, ∞) ̸⊂ L1(0, ∞).

Finally, we provide a quick answer in the affirmative to a question posed in [19,
Remark 1].

Remark 5.4. A weak closure of a rearrangement invariant set A (i.e., sym(A) = A)
in a symmetric sequence, function or operator space X is again rearrangement
invariant.

Proof. Let A be a rearrangement invariant subset of a symmetric space X , that is,
for all y ∈ X such that µ(y) = µ(x) for some x ∈ A it follows that y ∈ A. Let x
be in the weak closure of A. Hence, there is a net (xi )i∈I ⊂ A weakly converging
to x . For y ∈ X with µ(x) = µ(y), write y = uxv for some partial isometries u
and v. Set yi := uxiv for all i ∈ I . Note that yi ∈ A for all i ∈ I . Therefore,
yi = uxiv →i uxv = y weakly, that is, y is in the weak closure of A. □
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GEOMETRY AND DYNAMICS ON SUBLINEARLY
MORSE BOUNDARIES OF CAT(0) GROUPS

YULAN QING AND ABDUL ZALLOUM

Given a sublinear function κ , κ-Morse boundaries ∂κ X of proper CAT(0)

spaces are introduced by Qing, Rafi and Tiozzo (2024). It is a topological
space that consists of a equivalence class of quasigeodesic rays and it is
quasiisometrically invariant and metrizable. We study the sublinearly Morse
boundaries with the assumption that there is a proper cocompact action of a
group G on the CAT(0) space in question. We show that G acts minimally
on ∂κ G and that contracting elements of G induces a weak north-south
dynamic on ∂κ G. Also, we show that a homeomorphism f : ∂κ G → ∂κ G′

comes from a quasiisometry if and only if f is successively quasimöbius
and stable. Lastly, we characterize exactly when the sublinearly Morse
boundary of a CAT(0) space is compact.

1. Introduction

Much of the geometric group theory originates from the studying of hyperbolic
groups and hyperbolic spaces. Hyperbolic groups have solvable word problem
and their Gromov boundaries enjoy strong dynamical properties. One fundamental
technique in the study of hyperbolic groups is to study the Gromov boundaries
of these groups. Gromov took the collection of all infinite geodesic rays (up
to fellow traveling) in the associated Cayley graph, equipped this set with cone
topology, and defined the space to be the boundary ∂G of the hyperbolic group G.
The boundary ∂G is independent of the choice of a generating set and has rich
geometric, topological, and algebraic structures (see, for example, the survey in
[Kapovich and Benakli 2002]).

If we view Gromov hyperbolic spaces as coarsely negatively curved, then the
notion of CAT(0) include spaces with both local and global nonpositive curvature.
Accordingly the extension of the boundary theory to CAT(0) spaces and groups has
also been developing in recent decades. In this setting, the space of all geodesic rays
together with the cone topology is called the visual boundary (denoted by ∂vX ). It
is shown by Croke and Kleiner [2000] that the visual boundary of a CAT(0) space
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is not in general a quasiisometry invariant. It is shown in [Qing 2016] that, in the
Croke–Kleiner example, failure to obtain quasiisometry invariance can come from
geodesic rays that spend linear amount of time (with respect to total time traveled)
in each product region.

Hence, one can consider geodesic rays that spend a sublinear amount of time
in each product region. Qing and Rafi [2022] introduce the sublinearly Morse
boundary ∂κX of a CAT(0) metric space X and show that ∂κX is quasiisometry
invariant and metrizable. Qing and Tiozzo [2022] show that, for a right-angled
Artin group G, ∂κG is a model for Poisson boundaries associated to a random walk
(G, µ). Intuitively, a (quasi)geodesic ray is sublinearly Morse if it spends a sublinear
amount of time in each maximal product region, with respect to total time traveled
when it enters that product region. Moreover, it is shown in [Gekhtman et al. 2022]
that for every CAT(0) group with a rank-one element, there exists a κ such that ∂κG
can be identified with the Poisson boundaries of the group. Gekhtman et al. [2022]
also show that the sublinearly Morse directions in the visual boundary of a rank-one
CAT(0) space with a geometric group action are generic with respect to Patterson–
Sullivan measures. Most recently, it is shown that much like the Gromov boundaries,
sublinearly Morse boundaries are sublinearly bi-Lipschitz equivalence invariant
[Pallier and Qing 2024], providing a new way to tell when two groups are not
sublinearly bi-Lipschitz equivalence. These are evidences that the sublinearly
Morse directions behave similar to directions in hyperbolic spaces. In this paper,
we continue to contribute to this comparison and focus on the dynamical property
of the group action on κ-Morse boundaries. Much of the work in this paper is
inspired by the methods in [Charney and Sultan 2015], [Murray 2019] and [Cashen
and Mackay 2019]. In more general proper geodesic spaces, sublinearly Morse
boundaries have been developed and studied, for instance, in [Durham and Zalloum
2022; Murray et al. 2022; Nguyen and Qing 2024; Pallier and Qing 2024; Qing
et al. 2024; Qing and Yang 2024]. Parts of Theorems A and B have been recently
studied in the setting of proper metric spaces in [Garcia et al. 2024].

Minimality of the group action. A group is said to act minimally on a topological
space if every orbit is a dense subset of the space. We show that this property
is enjoyed by the κ boundaries. In contrast with the identifications with Poisson
boundaries in various settings, the minimality result evidence the fact that the
boundary is not too large in excess of the orbit of a point under the group action.

Theorem A (Theorem 3.3). Suppose G is a group that acts properly discontinu-
ously, cocompactly and by isometries metrically on a CAT(0) space X. Then G
acts minimally on ∂κG.

Based on this result, we illustrate that for a subset of the group elements, their
actions induces the following form of north-south dynamics on the boundary.
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Theorem B (Theorem 3.6). Suppose G is a group that acts properly discontinuously,
cocompactly and by isometries metrically on a CAT(0) space X. Let g ∈ G be a
contracting element. For every open set V containing g∞ and every compact set
C ∈ (∂κG \ [g∞

]), there exists an N such that for all n ≥ N , we have gnC ⊂ V .

Compact-type κ-boundaries. In the examples shown in [Qing and Rafi 2022], the
boundaries are not compact. We show that when X is a proper hyperbolic space,
κ-boundary is homeomorphic to the associated Gromov boundary. In fact, we
show that this is exactly when a cocompact CAT(0) space X has compact sublinear
boundaries. On the other hand, examples of CAT(0) space without a cocompact
group action, whose sublinearly boundaries are compact can be constructed easily.
However, it remains open to find a CAT(0) space X with noncompact sublinear
boundary where ∂κX is a perfect space. When X is a hyperbolic CAT(0) space,
then the κ-boundary agrees with the Gromov boundary.

Theorem C (Theorem 4.5). Suppose a group G acts properly discontinuously,
cocompactly and by isometries metrically on a proper CAT(0) space X such that
∂κX ̸= ∅, then the following are equivalent:

(1) Every geodesic ray in X is κ-contracting.

(2) Every geodesic ray in X is strongly contracting.

(3) ∂κX is compact.

(4) The space X is hyperbolic.

Corollary D (Corollary 4.4). If X is a proper CAT(0) hyperbolic space then
∂κX ≃ ∂X.

Rigidity. Paulin [1996] gives the following characterization: if f : ∂X → ∂Y is
a homeomorphism between the boundaries of two proper, cocompact hyperbolic
spaces, then the following are equivalent:

(1) f is induced by a quasiisometry h : X → Y and (2) f is quasimöbius.

Quasimöbius maps are maps such that changes in the cross ratio are controlled by
a continuous function. It was shown in [Charney et al. 2019] that a homeomorphism
on the Morse boundary with inverse limit topology is induced by a quasiisometry of
the space if the homeomorphism is successively quasimöbius stable. Here we give
a similar characterization for sublinearly Morse boundaries. We use the notion of
successively quasimöbius discussed in [Qing and Rafi 2022], which is a 1-parameter
family of quasimöbius maps on ∂κX .

Theorem E (Theorem 5.3). Let X, Y be proper cocompact CAT(0) spaces with
at least 3 points in their sublinear boundaries. A homeomorphism f : ∂κX → ∂κY
is induced by a quasiisometry h : X → Y if and only if f is stable and successively
quasimöbius.
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2. Preliminaries

Quasiisometry and quasiisometric embeddings.

Definition 2.1 (quasiisometric embedding). Let (X, dX ) and (Y, dY ) be metric
spaces. For constants k ≥ 1 and K ≥ 0, we say a map f : X → Y is a (k,K)-
quasiisometric embedding if, for all points x1, x2 ∈ X

1
k

dX (x1, x2)−K ≤ dY ( f (x1), f (x2))≤ k dX (x1, x2)+K.

If, in addition, every point in Y lies in the K-neighborhood of the image of f , then
f is called a (k,K)-quasiisometry. When such a map exists, X and Y are said to be
quasiisometric.

A quasiisometric embedding f −1
: Y → X is called a quasiinverse of f if for

every x ∈ X , dX (x, f −1 f (x)) is uniformly bounded above. In fact, after replacing
k and K with larger constants, we assume that f −1 is also a (k,K)-quasiisometric
embedding:

∀x ∈ X dX (x, f −1 f (x))≤ K and ∀y ∈ Y dY (y, f f −1(x))≤ K.

A geodesic ray in X is an isometric embedding β : [0,∞) → X . We fix a
base-point o ∈ X and always assume that β(0)= o, that is, a geodesic ray is always
assumed to start from this fixed base-point.

Definition 2.2 (quasigeodesics). In this paper, a quasigeodesic ray is a continuous
quasiisometric embedding β : [0,∞)→ X starting from the basepoint o.

The additional assumption that quasigeodesics are continuous is not necessary
for the results in this paper to hold, but it is added for convenience and to make the
exposition simpler.

If β : [0,∞)→ X is a (q,Q)-quasiisometric embedding, and f : X → Y is a
(k,K)-quasiisometry then the composition f ◦β : [t1, t2] → Y is a quasiisometric
embedding, but it may not be continuous. However, one can adjust the map slightly
to make it continuous (see Definition 2.2 in [Qing and Rafi 2022]) such that f ◦β

is a (kq, 2(kq+ kQ+K))-quasigeodesic ray.
Similar to above, a geodesic segment is an isometric embedding β : [t1, t2] → X

and a quasigeodesic segment is a continuous quasiisometric embedding

β : [t1, t2] → X.

Notation. Throughout the paper we will use α, β . . . to denote quasigeodesic
rays. If the quasigeodesic constants are (1, 0), we use α0, β0, . . . to signify that
they are in fact geodesic rays. Meanwhile, we use [α], [β], . . . to denote the κ-
equivalence classes of quasigeodesic rays (see Definition 2.11), and we also use
a, b, . . . to denote κ-equivalence classes without referring an element in each class.
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In contrast, we use α(∞) to denote equivalence classes of α in the visual boundary
(see Definition 2.5). Furthermore, let α be a (quasi)geodesic ray α : [0,∞)→ X ,
if x1, x2 are points on α, then the segment of α between x1 and x2 is denoted
[x1, x2]α . If a segment is presented without subscript, for example [y1, y2], then it
is a geodesic segment between the two points. Let β be a quasigeodesic ray. Define

∥x∥ := d(o, x).

For r > 0, let tr be the first time where ∥β(t)∥ = r and define

(1) βr := β(tr) and β|r := β[0, tr] = [β(0), βr]β,

which are points and segments in X , respectively.

Properties of CAT(0) spaces. A geodesic metric space (X, dX ) is CAT(0) if ge-
odesic triangles in X are at least as thin as triangles in Euclidean space with the
same triple of side-lengths. To be precise, for any given geodesic triangle △pqr ,
consider the unique triangle △ p̄q̄r̄ in the Euclidean plane with the same triple of
side-lengths. The triangle △pqr is at least as thin as △ p̄q̄r̄ in the following sense:
For any pair of points x, y on the triangle △pqr , without loss of generality let x, y
be on edges [p, q] and [p, r ], if we choose points x̄ and ȳ on edges [ p̄, q̄] and [ p̄, r̄ ]

of the triangle △ p̄q̄r̄ so that dX (p, x)= de( p̄, x̄) and dX (p, y)= de( p̄, ȳ), then

dX (x, y)≤ dE2(x̄, ȳ).

A metric space X is proper if closed metric balls are compact. For the remainder
of the paper, we assume X is a proper CAT(0) space; a proper CAT(0) space has
the following basic properties that are needed in this paper:

Lemma 2.3. A proper CAT(0) space X has the following properties:

(1) For any two points x, y in X , there exists exactly one geodesic connecting them.
Consequently, X is contractible via geodesic retraction to a base-point in the space.

(2) The nearest point projection from a point x to a geodesic line β0 is a unique
point denoted πβ0(x), or simply xβ0 . In fact, the closest point projection map to a
geodesic

πβ0 : X → β0

is Lipschitz with respect to distances. The nearest point projection from a point x to
a quasigeodesic line β exists and is not necessarily unique. We denote the whole
projection set πβ(x).

(3) For any x ∈ X , the distance function dX (x, · ) is convex. In other words, for
any given any geodesic [x0, x1] and t ∈ [0, 1], if xt satisfies dX (x0, xt)= td(x0, x1)

then we must have
dX (x, xt)≤ (1 − t) dX (x, x0)+ tdX (x, x1).
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We also need the following redirecting surgery for all proper metric spaces.

Lemma 2.4 [Qing and Rafi 2022, Lemma 4.3]. Let X be a proper, complete metric
space. Let b be a geodesic ray and γ be a (q,Q)-quasigeodesic ray. For r > 0,
assume that dX (br, γ )≤

r
2 . Then, there exists a (9q,Q)-quasigeodesic γ ′ so that

γ ′
∈ [b] and γ |r/2 = γ ′

|r/2.

Boundaries of CAT(0) space.

The visual boundary. In this section we review a couple of topological boundaries
of CAT(0) spaces that are important to the study of this paper.

Definition 2.5 (visual boundary). Let X be a CAT(0) space. The visual boundary
of X , denoted ∂vX , is the collection of equivalence classes of infinite geodesic rays,
where α and β are in the same equivalence class, if and only if there exists some
C ≥ 0 such that d(α(t), β(t)) ≤ C for all t ∈ [0,∞). The equivalence class of α
in ∂vX we denote α(∞).

Notice that by Proposition I.8.2 in [Bridson and Haefliger 1999], for each α
representing an element of ∂vX , and for each x ′

∈ X , there is a unique geodesic
ray α′ starting at x ′ with α(∞)= α′(∞).

We describe the topology of the visual boundary by a neighborhood basis: fix a
base-point o and let α be a geodesic ray starting at o. A neighborhood basis for α
(see Figure 1) is given by sets of the form

Uv(α(∞), r, ϵ) :=
{
β(∞) ∈ ∂vX | β(0)= o and d(α(t), β(t)) < ϵ for all t < r

}
.

In other words, two equivalence classes of points are close in the visual boundary
if they have geodesic representatives that start at the same point and stay close (are
at most ϵ apart) for a long time (at least r). Notice that the above definition of
the topology on ∂vX references a base-point o. Nonetheless, Proposition I.8.8 in
[Bridson and Haefliger 1999] proves that the topology of the visual boundary is
base-point invariant.

Definition 2.6 (visibility). A geodesic line is an isometric embedding of the infinite
interval (−∞,∞). A point ζ in the visual boundary is said to be a visibility point
if any other point ζ ′

∈ ∂vX , there exists a geodesic line l with l(∞) = ζ and
l(−∞)= ζ ′. A subset Y ⊆ ∂X is said to be a visibility space if for any ζ, ζ ′

∈ Y
with ζ ̸= ζ ′, there is a geodesic line l with l(∞)= ζ and l(−∞)= ζ ′.

Related to the above, it’s shown in [Zalloum 2022] that each point of the sublin-
early Morse boundary ∂κX is a visibility point of ∂vX .
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o α

r

ϵ

Figure 1. A basis for open sets.

Sublinearly Morse boundaries. Let κ : [0,∞)→ [1,∞) be a sublinear function
which is monotone increasing and concave, that is,

lim
t→∞

κ(t)
t

= 0.

The assumption that κ is increasing and concave makes certain arguments cleaner,
otherwise they are not really needed. One can always replace any sublinear func-
tion κ , with another sublinear function κ̄ so that

κ(t)≤ κ̄(t)≤ C κ(t)

for some constant C and κ̄ is monotone increasing and concave. For example, define

κ̄(t)= sup
{
λκ(u)+ (1 − λ) κ(v) | 0 ≤ λ≤ 1, u, v > 0 and λu + (1 − λ) v = t

}
.

The requirement κ(t) ≥ 1 is there to remove additive errors in the definition of
κ-contracting geodesics (see Definition 2.10).

κ-Morse geodesic rays. The boundary of interest in this paper consists of points
in ∂vX that are in the “hyperbolic-like”. In proper CAT(0) spaces, they can be
characterized in two equivalence ways.

Definition 2.7 (κ-neighborhood). For a closed set Z and a constant n define the
(κ, n)-neighborhood of Z (see Figure 2) to be

Nκ(Z , n)= {x ∈ X | dX (x, Z)≤ n · κ(x)}.

o b

x

xb

n · κ(x)
∥x∥

(κ, n)-neighborhood of b

Figure 2. A κ-neighborhood of a geodesic ray b with multiplicative
constant n.
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o
≤ cα κ(∥x∥) α

x

∥x∥

Figure 3. A κ-contracting geodesic ray.

Definition 2.8 (κ-Morse I, κ-Morse II). Let Z ⊆ X be a closed set, and let κ be
a concave sublinear function. We say that Z is κ-Morse if one of the following
equivalent (see Proposition 3.10 in [Qing et al. 2024]) condition holds:

(I) There exists a proper function mZ : R2
→ R such that for any sublinear func-

tion κ ′ and for any r > 0, there exists R such that for any (q,Q)-quasigeodesic
ray β with mZ (q,Q) small compared to r , if

dX (βR, Z)≤ κ ′(R), then β|r ⊂ Nκ(Z ,mZ (q,Q)).

(II) There is a function m′

Z : R2
+

→ R+ so that if β : [s, t] → X is a (q,Q)-
quasigeodesic with end points on Z then

[s, t]β ⊂ Nκ(Z ,m′

Z (q,Q)).

Remark 2.9. By taking the maximum function of mZ ,m
′

Z , we may and will always
assume that both conditions hold for the same mZ , which we refer to as the κ-Morse
gauge. Further,

(2) mZ (q,Q)≥ max(q,Q).

Definition 2.10 (κ-contracting sets). For x ∈ X , define ∥x∥= dX (o, x). For a closed
subspace Z of X , we say Z is κ-contracting (see Figure 3) if there is a constant cZ

so that, for every x, y ∈ X

dX (x, y)≤ dX (x, Z) ⇒ diamX (xZ ∪ yZ )≤ cZ · κ(∥x∥).

In fact, to simplify notation, we drop ∥ · ∥ when it appears in the κ function and
write κ(x) instead of κ(∥x∥).

In CAT(0) spaces, a geodesic is κ-contracting if and only if it is κ-Morse [Qing
and Rafi 2022]. Furthermore, κ-contracting can be related to properties introduced
in [Charney and Sultan 2015]. Recall from [Charney and Sultan 2015] that a
geodesic α is such that if there exists a D such that for every x, y ∈ X

dX (x, y)≤ dX (x, α) ⇒ diamX (xα ∪ yα)≤ D.
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Then we say the geodesic is D-contracting. The geodesic is strongly contracting if
it is D-contracting for some D, it follows that A geodesic ray is strongly contracting
if and only if it is κcontracting for κ = 1.
κ-Morse quasigeodesic rays in X space are grouped into equivalence classes to

form ∂κX .

Definition 2.11 (κ-equivalence classes in ∂κX ). Let β and γ be two quasigeodesic
rays in X . If β is in some κ-neighborhood of γ and γ is in some κ-neighborhood
of β, we say that β and γ κ-fellow travel each other. This defines an equivalence
relation on the set of quasigeodesic rays in X (to obtain transitivity, one needs to
change n of the associated (κ, n)-neighborhood).

We denote the equivalence class that contains β by [β].

Definition 2.12 (sublinearly Morse boundary). Let κ be a sublinear function as
specified in Section 2 and let X be a CAT(0) space:

∂κX := {all κ-Morse quasigeodesics}/κ-fellow traveling.

We define the topology of ∂κX below.

We also use a, b to denote κ-equivalence classes in ∂κX . We need the following
fact that since X is CAT(0), there is a unique geodesic ray in each equivalence class:

Lemma 2.13 [Qing and Rafi 2022, Lemma 3.5]. Let X be a CAT(0) space. Let
b : [0,∞)→ X be a geodesic ray in X. Then b is the unique geodesic ray in any
(κ, n)-neighborhood of b for any n. That is to say, there is an 1-1 embedding of the
set of points in ∂κX into the points of ∂vX.

Proof. For each element a ∈ ∂κX , consider its unique geodesic ray α. The associated
α(∞) is an element of ∂vX . By Lemma 3.5 in [Qing and Rafi 2022], each equiva-
lence class contains a unique geodesic ray. Meanwhile, if two elements a, b ∈ ∂κX
contain the same geodesic ray, they are in fact the same set of quasigeodesics,
therefore this map is well defined. Therefore we have an embedding of the set of
points in ∂κX into the points of ∂vX . □

Coarse cone topology on ∂κX. We equip ∂κX with a topology which is a coarse
version of the visual topology. In visual topology, if two geodesic rays fellow travel
for a long time, then they are “close”. In this coarse version, if two geodesic rays
and all the quasigeodesic rays in their respect equivalence classes remain close
for a long time, then they are close. Now we define it formally. First, we say a
quantity D is small compared to a radius r > 0 if

(3) D ≤
r

2κ(r)
.
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o

geodesic β0

α0

(κ,mα0(q,Q))-neighborhood of α0

(q,Q)-quasigeodesic β

r

Figure 4. b ∈ Uκ(a, r) because the quasigeodesics of b such as
β, β0 stay inside the associated (κ,mα0(q,Q))-neighborhood of α0

(as in Definition 2.7 ), up to distance r.

Recall that given a κ-Morse quasigeodesic ray β, we denote its associated κ-
Morse gauge mβ(q,Q). These are multiplicative constants that give the heights of
the κ-neighborhoods.

Definition 2.14 (topology on ∂κX ). Let a ∈ ∂κX and α0 ∈ a be the unique geodesic
in the class a. Define Uκ(a, r) to be the set of points b (see Figure 4) such that for
any (q,Q)-quasigeodesic of b, denoted β, such that mβ(q,Q) is small compared
to r, satisfies

β|r ⊂ Nκ(α0,mα0(q,Q)).

Let the topology of ∂κX be the topology induced by this neighborhood system.
The following fact shows that a κ-boundary is well defined with respect to the
associated group.

Theorem 2.15 [Qing et al. 2024]. Let X, Y be a proper metric space and let κ
be a sublinear function. The κ-boundaries of X, Y are denoted ∂κX, ∂κY . Any
quasiisometry from X to Y induces a homeomorphism between ∂κX and ∂κY .

3. Dense subsets and minimality of G-action

In this section we prove two results concerning dense subsets of ∂κG. First we
show that the set of all Morse directions, ∂1G is dense in ∂κG, secondly and more
generally, the action of G is minimal on ∂κG and as a consequence, a Morse element
in G acts with north-south dynamics on the boundary. To begin with, in this section,
let G acts properly discontinuously, cocompactly and by isometries metrically on a
CAT(0) space X .

Let A be a geodesic ray or a geodesic segment. Since G acts cocompactly on X
there exists a compact set F such that X ⊆

⋃
g∈G g · F . In particular, there exists a

set {gi } such that A ⊆
⋃

gi
gi · F . We can organize the gi such that

⋃
gi

gi · F covers
longer and longer initial segment of A as i → ∞.
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o

a

b

≥
π
2

Figure 5. The local angle in a CAT(0) space.

Definition 3.1 (angles in CAT(0) spaces [Bridson and Haefliger 1999, II.3.1]). Let
X be a CAT(0) space and let ℓ : [0, a]→ X and ℓ′ : [0, a′

]→ X be two geodesic paths
issuing from the same point ℓ(0)= c′(0). Then the comparison angle ̸

E(c(t), c′(t ′))

is a nondecreasing function of both t, t ′
≥ 0, and the Alexandrov angle ̸ (c, c′) is

equal to
lim

t,t ′→0
̸ c(0)(c(t), c′(t ′))= lim

t→0
̸ (c(t), c′(t)).

Hence, we define
̸ (c, c′)= lim

t→0
2 arcsin 1

2t
d(c(t), c′(t)).

We also refer to the Alexandrov angle as the local angle (see Figure 5).

Lemma 3.2. Let c0 be a concatenation of a geodesic segment and an infinite
geodesic ray as follows:

• The geodesic segment is the initial segment of a κ-Morse geodesic ray labeled b.

• The infinite geodesic ray is a κ-Morse geodesic ray labeled a.

• Suppose in addition that the Alexandrov angle are the point of concatenation is
bounded below by the right angle.

Then c0 is κ-Morse, and its Morse gauge is bounded above by

mc0(q,Q)≤ m′

b(3q,Q)+ ma(3q,Q).

Proof. We will show that c0 satisfies the κ-Morse II condition. Consider a quasi-
geodesic ray c′ that sublinearly tracks c0. Let p be the point of concatenation on c0

and project p to c′ and label the projection as pc′ (see Figure 6). By the surgery
lemma [Qing and Rafi 2022, Lemma 2.5], we have

[o, pc′]c′ ∪ [p, pc′]

is a (3q,Q) quasigeodesic segment whose endpoints are on b, thus by κ-Morse II it
is in the m′

b(3q,Q) neighborhood of b. Define c′′ to be the quasigeodesic ray with
c′′

⊆ c′ and c′′(0)= pc′ . Again, by [Qing and Rafi 2022, Lemma 2.5],

[p, pc′] ∪ c′′
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o
p

a

c′′

c′

b

pc′

Figure 6. The quasigeodesic ray c′ is covered by the union of a
quasigeodesic segment [o, pc′]c′ ∪[p, pc′], and a quasigeodesic ray
[p, pc′] ∪ c′′.

is (3q,Q) quasigeodesic ray that sublinearly tracks a. Likewise by κ-Morse I it
is in the ma(3q,Q) neighborhood of a. Thus c′ is in a m′

b(3q,Q)+ ma(3q,Q)-
neighborhood of c0. □

Theorem 3.3. Suppose G acts properly discontinuously, cocompactly and by isome-
tries metrically on a proper CAT(0) space X and |∂κX | ≥ 3. For each a ∈ ∂κX ,
such that G · a is dense in ∂κX.

Proof. By Theorem 1.1 in [Hamenstädt 2009], the action of G on its visual bound-
ary ∂X is minimal. In particular, no element in the visual boundary is a global fixed
point of G. Now, since elements of the κ-boundary ∂κX are also elements in the
visual boundary, we conclude that G.a ̸= a for any a ∈ ∂κX .

Fix a point a ∈ ∂κX , by the above, there exists a group element g ∈ G such that
ga ̸= a. Since ∂κX is a visibility space [Zalloum 2022], we can choose a biinfinite
geodesic line, denoted l, that connects a and g · a ∂κG, we will write l(∞) for a
and l(−∞) for g · a. Given any point b ∈ ∂κX (not necessarily different from l(∞)

or l(−∞)), and let b be a geodesic ray representing b with b(0)= o. It suffices to
show that a subset of the points in G · a converges to b. If b = l(∞) or b = l(−∞)

then we are done. Otherwise fix a point p ∈ ℓ.
Since G acts on X cocompactly, there exists a constant C and elements {gi ∈ G}

for i = 1, 2, 3, . . . such that d(gi · p, b(i))≤ C for all i ∈ N.
Denote li := gi · ℓ. Also let pi := gi · p and consider the quasigeodesics

αi := [o, pi ] ∪ [pi , l+i ), βi := [o, pi ] ∪ [pi , l−i ).

Since li is a line in a CAT(0) space, at least one of the local angles ̸ (o, pi , li (∞)),
̸ (o, pi , li (−∞)) is greater than or equal π2 . Consequently, at least one of αi or βi

is a (3, 0)-quasigeodesic ray (see Figure 7). For each i , let γi ∈ {αi , βi } be such a
(3, 0)-quasigeodesic ray. Each γi is κ-Morse as its tail is κ-Morse. By Lemma 3.2,
for all i and for all q,Q we have

mγi (q,Q) < m′

b(3q,Q)+ ml(3q,Q)+ C ′,
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b

o

αi = gi l(−∞)βi = gi l(∞)

pi

Figure 7. Translates of ℓ by {gi } along b.

where C ′ is a constant depending only on C . Since mγi does not depend on i we
write it as mγ . Let q,Q be small compared to r . Let

κ ′
= 3mγ Cκ + C.

Since b is κ-Morse I, we have that for each r > 0, and for each pair of (q,Q)
small compared to r , there exists R(q,Q, r, κ ′) ≥ 1 such that the conclusion of
the κ-Morse I notion holds. Furthermore, by the proof of Theorem 3.14 in [Qing
and Rafi 2022], since κ ′ is concave, if R = R(q,Q, r, κ ′) satisfies the definition of
κ-Morse I, then all R > R(q,Q, r, κ ′) also satisfies the definition of κ-Morse I.

Recall that γi ∈ {αi , βi }. Let i = ⌈R⌉. By construction we have d(bR, γ⌈R⌉)≤ C .
Thus, there exists a point s⌈R⌉ ∈ [0,∞) with d(bR, γ⌈R⌉(s⌈R⌉))≤ C . In particular,
since γ⌈R⌉ is a (3, 0)-quasigeodesic, we have

R − C ≤ d(γ (s⌈R⌉), o)≤ R + C ⇒ s⌈R⌉ < 3(R + C).

Now it remains to show that γ⌈R⌉ ∈ U(b, r). Let ζ be a (q,Q)-quasigeodesic in
the class of γ⌈R⌉, then by [Qing et al. 2024, Lemma 3.4] , we get that

d(γ⌈R⌉(s⌈R⌉), ζ )≤mγ κ(si ) as ζ and γ⌈R⌉ are both κ-Morse,

≤mγ κ(3(R + C)) as κ is monotone nondecreasing,

≤mγ κ(3C R)≤3mγ Cκ(R) as κ is convex.

This provides a point x ∈ ζ with d(x, γi (si )) ≤ mγ Cκ(R). Hence, by the
triangle inequality, we get that d(x, b(R)) ≤ 3mγ Cκ(R)+ C . Now, recall that
κ ′

= 3mγ Cκ + C , thus R(q,Q, r, κ ′) is precisely that

d(x, b(R))≤ 3mγ Cκ(R)+ C ⇒ ζr ⊆ Nκ(b, r).

This holds for every (q,Q)-quasigeodesic representative of γi and thus we have

(4) γ⌈R⌉ ∈ U(b, r).

That is to say, for larger and larger r we can find an associated sequence of γi that
is in U(b, r), Thus up to a subsequence γi = gi · a limits to b. □
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As a consequence of the proof we can establish the following corollary.

Corollary 3.4. Let l be a biinfinite axis of a rank-one element g ∈ G and let a
be another element in ∂κX (not necessarily different from the ends of l). Then for
each r , there exists a large enough n such that gk

· a ∈ U([l(∞)], r) for all k ≥ n.

Proof. As established in the proof of Theorem 3.3, for a sequence of larger and
larger r one can construct an associated sequence of γi that is in U([l(∞)], r). By
cocompactness, each γi has in its class a (3, 0)-quasigeodesic ray with an initial
geodesic segment that is [o, gi · p], where the sequence

{g1, g2, g3, . . . }

tracks l. Since l is rank-one, the tracking sequence for l(∞) becomes

{g, g2, g3, g4 . . . },

thus γi consists of a initial segment [o, gi
· p]. Thus for each r there exists ⌈R(r)⌉

such that if i = ⌈R(r)⌉ then

[γi ] ∈ U([l(∞)], r).

Furthermore, by the proof of Theorem 3.3, all R > R(r) works for the definition of
κ-Morse I, thus for all i ≥ ⌈R(r)⌉, we also have that

[γi ] ∈ U([l(∞)], r).

By combining the two we then have that there exists a large enough n such that
gk

· a ∈ U([l(∞)], r) for all k ≥ n. □

Remark 3.5. Consider a point b ∈ ∂κX represented by a geodesic ray b. Let p ∈ X ,
gi ∈ G and C > 0 be such that every point b(t) is within C of gi · p for some i . The
above argument shows that for any pair of points a, a′

∈ ∂κX , the orbit gi {a, a′
} has

a subsequence converging to b. Suppose further that a ̸= b. If we are provided that
gi a = a for all gi , then gi a′ has a subsequence converging to b. This observation
will be used in the proof of Theorem 3.6.

Now we prove a weak version of north-south dynamics for the action of a group
on its κ-boundaries. By [Hamenstädt 2009, Proposition 4.3] an element in a CAT(0)
group is contracting if and only if it is a rank-one element.

Theorem 3.6. Let g ∈ G be a rank-one element. Let g∞ denotes the endpoint of
the axis associated to g. For any open set U containing g∞ and a compact set
C ∈ (∂κG \ [g−∞

]), there exists an N such that for all n ≥ N , we have gn
· C ⊂ U.

Proof. Consider any open set U that contains g+∞. By construction U contains a
neighborhood specified in Definition 2.14 thus let U(g+∞, r) be the neighborhood
in U . Let A be a line connecting g∞ and g−∞. That is, A is an axis of g and {gi

}
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g−∞ g−∞

a

p
gn

· p

gn
· a

A

l

C

Figure 8. The quasigeodesic ray c′ is covered by the union of a
quasigeodesic segment [o, pc′]c′ ∪[p, pc′], and a quasigeodesic ray
[p, pc′] ∪ c′′.

tracks A. For a point a ∈ C ⊂ ∂κX , we let l be a geodesic line connecting [g−∞
]

to a and fix a point p on l. let this point p be a new basepoint. We can do this
because ∂κG is basepoint invariant there exists a natural homeomorphism of the
boundaries when changing basepoint. Define C := d(p, A), in particular, since g
preserves the line A, we have d(gn p, g A)= d(gn p, A)= C . Hence, for each n the
quasigeodesic ray

γn := [o, gn
· p] ∪ [gn

· p, gn
· a)

is a (3, 0)-quasigeodesic (see Figure 8).
By Corollary 3.4, we have that for each R, there exists a large enough n with

gk
· a ∈ U([g+∞

], R) for all k ≥ n. This holds for each point in C, i.e., for each
point a ∈ C, there exists a large enough power na with gna · a ∈ U([g+∞

], R)⊆ U .
Now, notice that

gna · a ∈ U([g+∞
], R) ⇒ a ∈ (gna)−1U([g+∞

], R).

Since g is rank-one, (gna)−1
= g−na . We denote the open sets as

U (n, a) := g−naU(g∞, R).

Hence, the collection {U (n, a)|a ∈ C} forms a cover for C yielding a finite subcover

{U (ni , ai )}
i=1,2,3...m .

Now, choose N := max{n1, · · ·nm}, and let n be any natural number such that
n ≥ N . We get

gnC ⊆ gn
(⋃

i
U (ni , ai )

)
since

⋃
i

U (ni , ai ) is a cover,

= gn
(⋃

i
g−nai U([g+∞

], R)
)

definition of U (ni , ai ),

⊆
⋃
i

gmi U(g∞, R) since n ≥ N ≥ ni , mi = n − ni ,

⊆ U(g∞, R)⊆ U. □
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4. Compact-type sublinearly Morse boundaries for CAT(0) spaces

It is shown in [Qing and Rafi 2022] that if G = Z2 ⋆Z, then ∂κG is not compact. In
this section we show that the κ-boundary is compact if and only if the underlying
group is hyperbolic.

Contracting geodesic rays and the visual boundary. We remind the reader of a
few terminologies from [Charney and Murray 2017] and [Charney et al. 2019].
Recall that a geodesic γ is strongly contracting if it is in the sublinearly Morse
boundary whose associated sublinear function κ = 1. This implies the existence
of a constant D such that all disjoint balls project onto γ to a set of diameter at
most D, in which case we say γ is D-strongly contracting. Consider the set of all
D-strongly contracting geodesic rays emanating from o. We can think of this set as
a subspace of the various boundaries we study in this paper: we use ∂Dv X to denote
the set of all D-contracting geodesic rays emanating from o when equipped with the
subspace topology of the visual boundary, and use ∂Dκ X when equipped with the
subspace topology of the κ-boundary. We note that the subspace ∂Dv X is compact
and metrizable.

Denote by ∂(n,D)κ X the collection of all n-tuples (a1, a2, . . . , an) of distinct
points ai ∈ ∂κX such that every biinfinite geodesic connecting ai to a j is D-strongly
contracting.

Let X1 ⊂ X2 ⊂ X3 ⊂ . . . be a nested sequence of topological spaces. The direct
limit of {X i }, denoted by lim

−−→
X i , is the space consisting of the union of all X i given

the following topology: A subset U is open in lim
−−→

X i if U ∩ X i is open in X i for
each i .

The following is a standard way to establish continuous maps between two nested
sequences and the proof is left as an exercise for interested readers.

Lemma 4.1. Let {X i } and {Y j } be two sequences of nested topological spaces. Let

X = lim
−−→

X i and Y = lim
−−→

Yi

be the direct limit of {X i } and {Yi } respectively. If f : X → Y is a map such that

• for each i there exists some j with f (X i )⊆ Y j ,

• f |X i : X i → Y j is continuous,

then f is continuous.

Consider the topological spaces ∂Dv X . The Morse boundary ∂⋆X is the direct
limit of the topological spaces ∂Dv X where D ∈ N. In other words

∂⋆X = lim
−−→

∂Dv X

Hence, a set U is open in ∂⋆X if and only if U ∩ ∂Dv X is open for each D.
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The following proposition states that equipping this subset with the subspace
topology of the visual boundary or the subspace topology of the κ-boundary yields
homeomorphic spaces. The intuitive reason for this is the following: since quasi-
geodesics stay uniformly close to D-strongly contracting geodesics, the topology
of fellow traveling of geodesics (the visual topology) and the topology of fellow
traveling of quasigeodesics (the topology of the κ-boundary) coincide.

Proposition 4.2. The inclusion map id : ∂Dv X → ∂Dκ X is a homeomorphism onto
its image.

Proof. We need to show that the map id : ∂Dv X → ∂Dκ X is a homeomorphism. Since
∂Dv X is closed [Charney and Sultan 2015, Lemma 3.2] and X is proper, ∂Dv X is
compact. Also, the space ∂Dκ X is metrizable by Theorem D in [Qing and Rafi 2022].
Hence, it suffices to show that the map id is a continuous map. Notice that since
every geodesic ray in ∂Dv X is D-strongly contracting for the same D, applying
Definition 2.7, we get an associated Morse function such that every geodesic ray
β0 is m(D)-Morse, where m(D) depends only on D and satisfies the following:
For every constants r > 0, n > 0 and every sublinear function κ ′, there is an
R = R(β0, r, n, κ

′) > 0 where the following holds: Let η : [0,∞)→ X be a (q,Q)-
quasigeodesic ray so that mβ0(q,Q) is small compared to r, let tr be the first time
∥η(tr)∥ = r and let tR be the first time ∥η(tR)∥ = R. Then

dX (η(tR), β0)≤ n · κ ′(R)

implies that

η[0, tr] ⊂ N1(β0,mβ0(q,Q))⊂ Nκ(β0,mβ0(q,Q)).

This leads us to our first claim:

Claim. Given b ∈ ∂Dκ X , each neighborhood of b, denoted Uκ
(
b, r), must contain a

visual neighborhood basis of β0, the unique geodesic ray in the class of b.

Proof of the Claim. To see this, let β0 ∈ b be the unique geodesic ray starting at o. We
wish to show that for any r> 0, there exists r′ and ϵ such that Uv

(
β0, r

′, ϵ)⊆Uκ(b, r).
In other words, we want to show that for any r > 0, there exists r′ and ϵ if a

geodesic ray α0 ∈ a with α0(0) = o satisfies d(α0(t), β0(t)) < ϵ for t ≤ r′, then,
any (q,Q)-quasigeodesic representative α of a with mβ0(q,Q) small compared to r,
we have

α|r ⊂ Nκ(ζ,mβ0(q,Q)).

Remember that α|r = α([0, tr]) where tr is the first time where ∥α(t)∥ = r.
Let r be given and let

n = max{mβ0(q,Q)+ 1 | q,Q ≤ r}.
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By Definition 2.7, with Z = β0, there exists an R = R(r, n) such that any
(q,Q)-quasigeodesic representative β of a with mβ(q,Q) small compared to r,
we have

d(β(tR), b) < n ⇒ βr ⊂ N1(β0,mβ(q,Q)).

Choose r′ = r+ R and ϵ = 1. Hence, we want to show that if d(a(t), b(t)) < 1 for
t ≤ r + R, then βr ⊂ Nκ(b,mβ0(q,Q)) for β defined above. Since a is 1-Morse
with gauge m, the Hausdorff distance between a and β is at most m(q,Q). This
implies that for any 0< t ≤ r+ R, we have

d(a(t)), β(it)) <mβ0(q,Q) for some it .

Therefore, if tR is the first time with ∥β(tR)∥ = R, we must have

d(a, β(tR)) <mβ0(q,Q).

Now, since d(a(t), b(t)) < 1 for all t < r+ R and as d(a, β(tR)) < mβ0(q,Q),
the triangle inequality gives

d(b, β(tR))≤ d(b, a)+ d(a, β(tR))≤ 1 +mβ0(q,Q),

which we can rewrite as

βr ⊂ N1(b,mβ0(q,Q))⊂ Nκ(b,mβ0(q,Q)),

which proves the claim. □

Now we are left to show that the map id is continuous. Since both ∂Dv X and ∂Dκ X
are metrizable spaces, it suffices to establish sequential continuity. Let {cn}, c∈∂Dv X
with cn → c. Assume that cn → c in ∂Dv X , we want to show that cn → c in ∂Dκ X .
Using the above claim, since each neighborhood of c in ∂Dκ X contains an open
neighborhood of ∂Dv X , the statement is immediate. □

Corollary 4.3. For a CAT(0) space X , the natural map i :∂⋆X ↪→∂κX is continuous.

Proof. By Proposition 4.2, iD : ∂Dv X ↪→ ∂κX is continuous for each D. Since

∂⋆X = lim
−−→

∂Dv X,

by definition i : ∂⋆X ↪→ ∂κX is continuous. □

Corollary 4.4. Let X be proper CAT(0) hyperbolic space. Let κ be a sublinear
function. The space ∂κX is compact, and the κ-Morse boundary is homeomorphic
to the Gromov boundary.

Proof. Since X is a hyperbolic space, there exists a uniform constant D such that
every geodesic ray is D-strongly contracting. This implies that the subspace ∂Dv X
defined above is the entire visual boundary, in other words, we have ∂Dv X = ∂vX .
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Also, since every geodesic ray is D-strongly contracting, the subspace ∂Dκ X de-
fined above is the full κ-boundary as a set. That is to say, ∂Dκ X = ∂κX as sets.
Proposition 4.2 then yields a homeomorphism between the visual boundary of X ,
∂vX and the κ-boundary of X , ∂κX . By [Bridson and Haefliger 1999, III.H.3], the
Gromov boundary is homeomorphic to the visual boundary of X . Thus we have

∂X ∼= ∂vX ∼= ∂κX.

As X is proper, ∂X is compact, thus the κ-boundary ∂κX must also be compact. □

Theorem 4.5. Suppose a group G acts properly discontinuously, cocompactly
and by isometries metrically on a CAT(0) space X such that ∂κX ̸= ∅, then the
following are equivalent:

(1) Every geodesic ray in X is κ-contracting.

(2) Every geodesic ray in X is strongly contracting.

(3) ∂κX is compact.

(4) The space X is hyperbolic.

Proof. We will prove the equivalences by showing (3) ⇒ (1) ⇒ (4) ⇒ (3) and
also (4)⇔ (2). We start by showing (3) implies (1). The statement is vacuously
true if ∂κX is empty. If ∂κX is nonempty, then by [Zalloum 2022], there exists a
rank-one isometry g. This yields the existence of a strongly contracting geodesic
line lg that is an axis for g. Let o be a point on lg and let β be an arbitrary geodesic
ray emanating from o. We show now that β is κ-contracting. Since the action of G
on X is cocompact, there exists a C ≥ 0 and a sequence of group elements {gi } ⊆ G
such that d(β(i), gi · o)≤ C for each i ∈ N (the dots in Figure 9). Now, consider
the sets given by gi lg. Since gi acts by isometry, these are biinfinite geodesic lines
passing the points gio. Recall [ · , · ] denote a geodesic segment between two points.
By CAT(0) geometry, the concatenation of two geodesic segments at angle bounded
below by π

2 forms a (3,0)-quasigeodesic segment. Lastly, we denote one end of gi lg

by gi lg(∞) and the other end by gi lg(−∞).
For each i , consider the concatenation

[o, gio] ∪ [gio, gi lg(∞)] and [o, gio] ∪ [gio, lg(−∞)].

By CAT(0) geometry, one of these two concatenations consists of geodesic segments
intersecting at angles bounded below by π

2 . Thus one of the two concatenations is
a (3,0)-quasigeodesic ray starting at o. Relabel the sequence of (3,0)-quasigeodesic
rays defined by concatenating [o, gio] with either [gio, lg(∞)] or [gio, lg(−∞)]

to form a sequence of (3,0)-quasigeodesic rays, by γi . Since ∂κX is compact, up
to passing to a subsequence, [γi ] converges to an element b ∈ ∂κX . Let b be the
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β

o lg(∞)lg(−∞)

gi lg(∞)gi lg(−∞)

gio

Figure 9. Translates of lg by {gi } along α0.

geodesic representative of b. The convergence implies that for each r > 0, there
exists k such that if i ≥ k, the sequence γi satisfies

γi |r ⊂ Nκ(b,mb(3, 0)).

Since the subsegment of γi given by [o, gio] is in a C-neighborhood of β, we
have for each r , β|r is in Nκ(b,C +mb(3, 0)), and hence

β ∈ Nκ(b,C +mb(3, 0)).

Lemma 2.13 then implies that β = b. Thus we have

[β] = [b] = b ∈ ∂κX,

which finishes the proof.
Next we show that (1) implies (4). If every geodesic ray is κ-contracting, then

X does not contain an isometric copy of E2, and hence, by the flat plane theorem
[Bridson and Haefliger 1999, III.0.3 Theorem 3.1], the space X must be hyperbolic.
The implication (4)⇒ (3) is Corollary 4.4.

Lastly, we prove the equivalence between (2) and (4). Since every geodesic ray
is N-Morse for the same N in a δ-hyperbolic space, we have (4) ⇒ (2). On the
other hand, by way of contradiction, suppose X is not a hyperbolic space, then it
must contain an isometrically embedded E2 by the flat plane theorem [Bridson and
Haefliger 1999, III.0.3 Theorem 3.1]. Let o ∈ E2 and the geodesic rays that stays
entirely in the is not D-strongly contracting for any D. Therefore (2)⇒ (4). □

Remark 4.6. As we can see in [Behrstock 2019], one can have part of the sublinearly
Morse boundary being compact while the rest of the sublinearly Morse boundary
is not compact. In this case the theorem can be applied to a part of the space X
whose sublinear boundary is the compact portion.
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5. Successively quasimöbius homeomorphisms on the sublinearly Morse
boundaries

Paulin [1996] characterizes homeomorphisms between boundaries of cocompact
hyperbolic spaces that are induced by quasiisometries. They characterize such
homeomorphisms as the ones that are quasimöbius.

quasimöbius maps.

Definition 5.1. Let X, Y be proper geodesic CAT(0) space.

• A map f : ∂κX → ∂κY is said to be 1-stable if for every D, there exists D′

such that f (∂Dκ X)⊆ ∂D
′

κ Y .

• A map f : ∂κX → ∂κY is said to be 2-stable if for every D, there exists D′

such that
f (∂(2,D)κ X)⊆ ∂(2,D

′)
κ Y.

Notice that it follows from the above definition that a 2-stable map f maps
∂
(n,D)
κ X to ∂(n,D

′)
κ X for all n ≥ 2. Hence, it makes sense to make the next definition.

A map f : ∂κX → ∂κY is said to be stable if it is both 1- and 2-stable.

Definition 5.2. The cross-ratio of a four-tuple (a, b, c, d) ∈ ∂
(4,D)
κ X is defined to

be [a, b, c, d] = ± supα∈(a,c) d(πα(b), πα(d)), where the sign is positive if the
orientation of the geodesic (πα(b), πα(d)) agrees with that of (a, c) and is negative
otherwise.

A stable map f : ∂κX → ∂κY is said to be successively quasimöbius if for every D,
there exists a continuous map ψD : [0,∞) → [0,∞) such that for all 4-tuples
(a, b, c, d) ∈ ∂

(4,D)
κ X , we have [ f (a), f (b), f (c), f (d)] ≤ ψD(|[a, b, c, d]|).

In this section, as an application of visibility [Zalloum 2022] and using the works
[Charney and Murray 2017] and [Charney et al. 2019], we prove a weaker version
of this characterization.

Theorem 5.3. Let X, Y be proper cocompact CAT(0) spaces with at least 3 points
in their sublinear boundaries. A homeomorphism f : ∂κX → ∂κY is induced by a
quasiisometry h : X → Y if and only if f is stable and successively quasimöbius.

The following is an immediate consequence.

Corollary 5.4. Let G and H be CAT(0) groups. Then G is quasiisometric to H if
and only if there exists a homeomorphism f : ∂κG → ∂κH which is successively
quasimöbius and stable.

We will often make use of the following theorem.

Theorem 5.5 [Charney et al. 2019]. Let X, Y be proper cocompact CAT(0) spaces
with at least 3 points in their Morse boundaries. A homeomorphism f : ∂⋆X → ∂⋆Y
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is induced by a quasiisometry h : X → Y if and only if f is 2-stable and successively
quasimöbius.

Lemma 5.6. A quasiisometry h : X → Y induces a stable homeomorphism, i.e.,
∂κh : ∂κX → ∂κY .

Proof. Fix o ∈ X and let o′
= h(o) where h is a (k,K)-quasiisometry. Qing and

Rafi [2022] show that a quasiisometry h induces a homeomorphism ∂h on their
respective κ-boundaries. If γ is a D-strongly contracting geodesic ray, then by
[Charney and Sultan 2015], the unique geodesic ray starting at h(o) and representing
[ f (γ )] must be D′-strongly contracting where D′ depends on D, k and K. This
implies that ∂κh is 1-stable. Now, Theorem 5.5 gives us that the map induced by h
on the Morse boundary is 2-stable. Hence, we deduce that ∂κh is stable. □

Lemma 5.7. Any homeomorphism f : ∂κX → ∂κY such that f, f −1 are 1-stable
induces a homeomorphism g : ∂⋆X → ∂⋆Y on their Morse boundaries, with
g(x)= f (x) for all x ∈ ∂⋆X.

Proof. Let f : ∂κX → ∂κY be a homeomorphism such that f and f −1 are 1-stable.
Notice that by Theorem E in [Qing and Rafi 2022], we have that if κ ′ < κ , then the
inclusion map

i : ∂κ ′ X → ∂κX

is continuous. Taking κ ′
= 1 yields that i : ∂1 X → ∂κX is continuous. Hence, since

both f and f −1 are 1-stable, the restriction of f to ∂1 X induces a homeomorphism
f̄ : ∂1 X → ∂1Y , with f̄ = f |∂1 X where ∂1 X and ∂1Y are given the subspace topology
of the κ-boundary. Meanwhile,

∂1 X =

∞⋃
D=1

∂D1 X and ∂1Y =

∞⋃
D=1

∂D1 Y.

Since ∂D1 X is equipped with the subspace topology of ∂1 X , the inclusion map

iD : ∂D1 X ↪→ ∂1 X

is continuous. Using Proposition 4.2, we get that

iD : ∂Dv X ↪→ ∂1 X

is continuous for every D, where ∂Dv X is given the subspace topology of the visual
boundary. Furthermore, since f is 1-stable, we have f̄ ◦ iD : ∂Dv X ↪→ ∂D

′

1 Y for
some D′ where f̄ ◦ iD is continuous. Using Proposition 4.2, we obtain a continuous
map

f̄ ◦ iD : ∂Dv X ↪→ ∂D
′

v Y for each D.

Hence, by Lemma 4.1, we get a continuous map g : ∂⋆X → ∂⋆Y . Applying the
same argument above to f −1 yields a continuous map g′

: ∂⋆Y → ∂⋆X with

g ◦ g′
= id∂⋆X and g′

◦ g = id∂⋆Y . □
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Proof of Theorem 5.3. (⇒) If h is a quasiisometry, then f := ∂h is stable by
Lemma 5.6 . Also, f is successively quasimöbius by Theorem 5.5.

(⇐) Using Lemma 5.7 any stable homeomorphism f : ∂κX → ∂κY induces a
homeomorphism g : ∂⋆X → ∂⋆Y on their Morse boundaries, with g(x)= f (x) for
all x ∈ ∂⋆X . Since f is successively quasimöbius and g(x) = f (x) for x ∈ ∂⋆X ,
Theorem 5.5 implies the existence of a quasiisometry h : X → Y such that we have
∂h = g : ∂⋆X → ∂⋆Y . We wish to show that the induced map

∂κh : ∂κX → ∂κY

agrees with f . Notice that as a set ∂⋆X = ∂1 X , where ∂1 X is the subset of ∂κX con-
sisting of equivalence classes having a strongly contracting representative. Hence,
we have ∂κh(x)=∂h(x) for all x ∈∂1 X ⊆∂κX . Now, since ∂h = g, and g(x)= f (x)
on ∂1 X , we get that

∂κh(x)= ∂h(x)= g(x)= f (x)

for all x ∈ ∂1 X . Therefore, ∂κh(x) = f (x) for all x ∈ ∂1 X ⊆ ∂κX . It remains to
show that ∂κh(x ′)= f (x ′) for all x ′

∈ ∂κX . Let x ′
∈ ∂κX , by Corollary 3.4, there

exists a sequence xn ∈ ∂1 X that converges to x ′:

xn → x ′

in ∂κX . Since f is continuous on ∂Xκ , we have convergence

f (xn)= ∂κh(xn)→ f (x ′).

Also, since ∂κh is continuous on ∂κX , we get that

∂κh(xn)→ ∂κh(x ′).

As ∂κY is Hausdorff, we obtain ∂κh(x ′)= f (x ′). □

This result is far from satisfying, since successively quasimöbius requires one
to check the quasimöbius condition for every D, it is a much stronger condition
than quasimöbius. Currently there is no results directly characterizing quasimöbius
maps on the κ-boundaries.
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SL(2, Z) MODULAR FORMS AND
ANOMALY CANCELLATION FORMULAS

FOR ALMOST COMPLEX MANIFOLDS

YONG WANG

Building on a kind of elliptic genus for almost complex manifolds intro-
duced by Ping Li and its various properties established by him, we define a
generalized elliptic genus where an extra complex bundle is involved. This
generalized elliptic genus is a generalized Jacobi form. By this generalized
Jacobi form, we can get some SL(2, Z) modular forms. By these SL(2, Z)

modular forms, we get some interesting anomaly cancellation formulas for
an almost complex manifold. As corollaries, we get some divisibility results
of the holomorphic Euler characteristic number.

1. Introduction

For an arbitrary compact spin manifold one can define its elliptic genus. It is a
modular form in one variable with respect to a congruence subgroup of level 2.
For a compact complex manifold one can define its elliptic genus as a function
in two complex variables. In the last case, the elliptic genus is the holomorphic
Euler characteristic of a formal power series with vector bundle coefficients. If the
first Chern class of the complex manifold is equal to zero, then the elliptic genus is
a weak Jacobi form. In [9], Li extended the elliptic genus of an almost complex
manifold to a twisted version where an extra complex vector bundle is involved.
Under some conditions, Li proved this elliptic genus is a weak Jacobi form. We
extend Li’s elliptic genus and prove this generalized elliptic genus is not a weak
Jacobi form and we call it the generalized Jacobi form. By this generalized Jacobi
form, we can get some SL(2, Z) modular forms as in [9].

In 1983, the physicists Alvarez-Gaumé and Witten [1] discovered the “miraculous
cancellation” formula for gravitational anomaly which reveals a beautiful relation be-
tween the top components of the Hirzebruch L̂-form and Â-form of a 12-dimensional
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smooth Riemannian manifold. Kefeng Liu [10] established higher-dimensional
“miraculous cancellation” formulas for (8k+4)-dimensional Riemannian manifolds
by developing modular invariance properties of characteristic forms. These formulas
could be used to deduce some divisibility results. In [3; 5; 6], some more general
cancellation formulas that involve a complex line bundle and their applications were
established. In [7], Han, Liu and Zhang showed that both of the Green–Schwarz
anomaly factorization formula for the gauge group E8 × E8 and the Horava–Witten
anomaly factorization formula for the gauge group E8 could be derived through
modular forms of weight 14. This answered a question of J. H. Schwarz. In [8],
Han, Huang, Liu and Zhang introduced a modular form of weight 14 over SL(2, Z)

and a modular form of weight 10 over SL(2, Z) and they got some interesting
anomaly cancellation formulas on 12-dimensional manifolds. In [12], by some
SL(2, Z) modular forms introduced in [4] and [11], we get some interesting anomaly
cancellation formulas. As corollaries, we get some divisibility results of index of
twisted Dirac operators. Our motivation is to prove more anomaly cancellation
formulas for almost complex manifolds by modular forms over SL(2, Z) induced by
the above generalized Jacobi form.

This paper is organized as follows. In Section 2, we introduce the generalized
elliptic genus and prove it is a generalized Jacobi form. In Section 3, by this
generalized Jacobi form, we can get some SL(2, Z) modular forms as in [9]. By these
SL(2, Z) modular forms, we get some interesting anomaly cancellation formulas
for an almost complex manifold. As corollaries, we get some divisibility results of
the holomorphic Euler characteristic number.

2. Generalized elliptic genus for almost complex manifolds

Let (M, J ) be a 2d-dimensional almost complex manifold, let T be the holomorphic
tangent bundle in the sense of J and let T ∗ be the dual of T . Let W denote a complex
l-dimensional vector bundle on M . Denote the first Chern classes of T and W
by c1(M) and c1(W ), respectively. We denote by 2π

√
−1xi (1 ≤ i ≤ d) and

2π
√

−1w j (1 ≤ j ≤ l), respectively, the formal Chern roots of T and W . Then the
Todd form of (M, J ) is defined by

Td(M) :=

d∏
i=1

2π
√

−1xi

1 − e−2π
√

−1xi
.

Let (τ, z) ∈ H × C where H is the upper half plane and C is the complex plane.
Let a0 ≥ 1 be a positive integer. Let yr = e2π

√
−1mr z for 1 ≤ r ≤ a0 and a positive

integer mr . Let q = e2π
√

−1τ and c :=
∏

∞

j=1(1 − q j ).
For any complex number t , let

∧t(E) = C|M + t E + t2
∧

2 (E) + · · · , St(E) = C|M + t E + t2S2(E) + · · ·
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denote, respectively, the total exterior and symmetric powers of E , which live
in K (M)[[t]]. The following relations between these operations hold:

St(E) =
1

∧−t(E)
, ∧t(E − F) =

∧t(E)

∧t(F)
.

If {ωi }, {ω′

j } are formal Chern roots for Hermitian vector bundles E , F , respectively,

ch(∧t(E)) =

∏
i

(1 + eωi t), ch(St(E)) =
1∏

i (1 − eωi t)
.

Definition 2.1. The generalized elliptic genus of (M2d , J ) with respect to W , which
we denote by Ell(M, W, τ, z), is defined by

Ell(M, W, τ, z) :=

{
exp

(
a0c1(W ) − c1(M)

2

)
T d(M) ch(E(M, W, τ, z))

}(2d)

,

where

E(M, W, τ, z) := c2(d−la0)y−l/2
1 · · · y−l/2

a0

∞⊗
n=1

( a0⊗
r=1

∧−yr qn−1(W ∗) ∧
−y−1

r qn (W )

)

⊗

( ∞⊗
n=1

Sqn (T ∗) ⊗ Sqn (T )

)
.

When a0 = 1 and m1 = 1, we get Li’s elliptic genus. We know that our elliptic
genus is not a special case of Li’s elliptic genus since

∧t1(W ) ⊗ ∧t2(W ) ̸= ∧t1+t2(W ) and ∧t1 (W ) ⊗ ∧t2(W ) ̸= ∧t1t2(W ).

Using the same calculations as in Lemma 3.4 in [9], we obtain:

Lemma 2.2. We have

Ell(M, W, τ, z) =

(
η(τ)3(d−la0)

d∏
i=1

2π
√

−1xi

θ(τ, xi )

l∏
j=1

a0∏
r=1

θ(τ, w j − mr z)
)(2d)

,

where

θ(τ, z) = 2q1/8sin(π z)
∞∏
j=1

((1 − q j )(1 − e2π
√

−1zq j )(1 − e−2π
√

−1zq j )),

η(τ ) := q1/24
· c = q1/24

∞∏
j=1

(1 − q j ).
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Theorem 2.3. If c1(W ) = 0 and the first Pontrjagin class p1(M) equals a0 p1(W ),
then the generalized elliptic genus Ell(M, W, τ, z) satisfies

Ell
(

M, W,
aτ +b
cτ +d0

,
z

cτ +d0

)
(2-1)

= (cτ + d0)
d−la0 exp

(
π

√
−1l

( a0∑
r=1

m2
r

)
cz2

cτ +d0

)
Ell(M, W, τ, z),

Ell(M, W, τ, z + λτ + µ)(2-2)

= (−1)µl(
∑a0

r=1 mr)+λla0 exp
(
−π

√
−1l

( a0∑
r=1

m2
r

)
(2λz + λ2τ)

)
· Ell(M, W, τ, z),

where
(a

c
b
d0

)
∈ SL(2, Z) and λ, µ ∈ Z. We know that the generalized elliptic genus

Ell(M, W, τ, z) is not a Jacobi form and we call it the generalized Jacobi form.

Proof. By the transformation laws

η3
(
−

1
τ

)
=

(
τ

√
−1

)3/2
η3(τ ), η3(τ + 1) = eπ

√
−1/4η3(τ ),

θ(τ, z + 1) = −θ(τ, z), θ(τ, z + τ) = −q−1/2 exp
(
−2π

√
−1z

)
θ(τ, z),

θ(τ + 1, z) = eπ
√

−1/4θ(τ, z),

θ
(
−

1
τ
, z
)

= −
√

−1
(

τ
√

−1

)1/2
exp

(
π

√
−1τ z2)θ(τ, τ z),

we get Ell(M, W, τ, z) satisfies the transformation laws

Ell(M, W, τ + 1, z) = Ell(M, W, τ, z),

Ell(M, W, τ, z + 1) = (−1)l(
∑a0

r=1 mr) Ell(M, W, τ, z),

Ell(M, W, τ, z + τ) = (−1)la0 exp
(
−π

√
−1l

( a0∑
r=1

m2
r

)
(τ + 2z)

)
Ell(M, W, τ, z),

Ell
(

M, W, −
1
τ
,

z
τ

)
= τ d−la0 exp

(
π

√
−1l

( a0∑
r=1

m2
r

)
z2

τ

)
Ell(M, W, τ, z).

By the above transformation laws, we can conclude (2-1) and (2-2). □

In the following, we introduce some generalized elliptic genus with extra com-
plex bundle W and real vector bundle V . Let V be a 2b0-dimensional real Eu-
clidean vector bundle with the Euclidean connection ∇

V and the curvature RV .
Let

{
±2π

√
−1ur

}
(1 ≤ r ≤ b0) be the formal Chern roots for V ⊗ C . Let

ṼC = VC − dimV .

Definition 2.4. The generalized elliptic genus of (M2d , J ) with respect to W and V ,
which we denote by Ell(M, W, V, τ, z), Ẽll(M, W, V, τ, z), Ell(M, W, V, τ, z), are
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defined by

Ell(M, W, V, τ, z)

:=

(
exp

(
a0c1(W ) − c1(M)

2

)
T d(M) ch(E(W, q, τ )) det1/2 cosh

(√
−1

4π
RV
)

· ch
( ∞⊗

m=1

∧qm (ṼC) ⊗

∞⊗
r=1

∧qr−1/2(ṼC) ⊗

∞⊗
s=1

∧−qs−1/2(ṼC)

))(2d)

,

Ẽll(M, W, V, τ, z) :=

(
exp

(
a0c1(W ) − c1(M)

2

)
T d(M) ch(E(W, q, τ ))

·

(
det1/2 cosh

(√
−1

4π
RV
)

ch
( ∞⊗

m=1

∧qm (ṼC)

)

+ ch
( ∞⊗

r=1

∧qr−1/2(ṼC)

)
+ ch

( ∞⊗
s=1

∧−qs−1/2(ṼC)

)))(2d)

,

Ell(M, W, V, τ, z) :=

(
exp

(
a0c1(W ) − c1(M)

2

)
T d(M) ch(E(W, q, τ ))

· det1/2
(sin

( 1
4π2 RV

)
1

4π2 RV

)
ch
( ∞⊗

m=1

∧−qm (ṼC)

))(2d)

.

Lemma 2.5. We have

Ell(M, W, V, τ, z) =

(
η(τ)3(d−la0)

d∏
i=1

2π
√

−1xi

θ(τ, xi )

l∏
j=1

a0∏
r=1

θ(τ, w j − mr z)

·

b0∏
r=1

(
θ1(ur , τ )

θ1(0, τ )

θ2(ur , τ )

θ2(0, τ )

θ3(ur , τ )

θ3(0, τ )

))(2d)

,

Ẽll(M, W, V, τ, z) =

(
η(τ)3(d−la0)

d∏
i=1

2π
√

−1xi

θ(τ, xi )

l∏
j=1

a0∏
r=1

θ(τ, w j − mr z)

·

b0∏
r=1

(
θ1(ur , τ )

θ1(0, τ )
+

θ2(ur , τ )

θ2(0, τ )
+

θ3(ur , τ )

θ3(0, τ )

))(2d)

,

Ell(M, W, V, τ, z) =

(
η(τ)3(d−la0)

d∏
i=1

2π
√

−1xi

θ(τ, xi )

l∏
j=1

a0∏
r=1

θ(τ, w j − mr z)

·

b0∏
r=1

(
θ(ur , τ )

θ1(0, τ )θ2(0, τ )θ3(0, τ )ur

))(2d)

.
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One has the following transformation laws of theta functions (see [2]):

θ1(v, τ + 1) = eπ
√

−1/4θ1(v, τ ), θ1

(
v, −

1
τ

)
=

(
τ

√
−1

)1/2

eπ
√

−1τv2
θ2(τv, τ );

θ2(v, τ + 1) = θ3(v, τ ), θ2

(
v, −

1
τ

)
=

(
τ

√
−1

)1/2

eπ
√

−1τv2
θ1(τv, τ );

θ3(v, τ + 1) = θ2(v, τ ), θ3

(
v, −

1
τ

)
=

(
τ

√
−1

)1/2

eπ
√

−1τv2
θ3(τv, τ ).

By the above transformation laws, similar to Theorem 2.3, we have:

Theorem 2.6. If c1(W ) = 0 and the first Pontrjagin classes p1(M) and p1(E)

equal a0 p1(W ) and p1(E) = 0, respectively, then the generalized elliptic genus
Ell(M, W, V, τ, z), Ẽll(M, W, V, τ, z), Ell(M, W, V, τ, z) satisfies (2-1) and (2-2).

3. Anomaly cancellation formulas for almost complex manifolds

We recall the definition of the Eisenstein series G2k(τ ):

G2k(τ ) := −
B2k

4k
+

∞∑
n=1

σ2k−1(n) · qn,

where σk(n) :=
∑

m>0, m|n mk and B2k are the Bernoulli numbers. It is well known
that the whole grading ring of modular forms over SL(2, Z) are generated by G4(τ )

and G6(τ ). We recall Proposition 3.5 in [9].

Proposition 3.1 [9]. Suppose a function ϕ(τ, z) : H × C → C satisfies

ϕ

(
aτ +b
cτ +d0

,
z

cτ +d0

)
= (cτ +d0)

k exp
(

2π
√

−1mcz2

cτ +d0

)
ϕ(τ, z);

(
a b
c d0

)
∈ SL(2, Z).

We define

8(τ, z) := exp(−8π2mG2(τ )z2)ϕ(τ, z) :=

∑
n≥0

an(τ ) · zn.

Then these an(τ ) are modular forms of weight k + n over SL(2, Z).

Proposition 3.2. Let c1(W ) = c1(M) = 0 and the first Pontrjagin class p1(M)

equal a0 p1(W ). Then the series an(M, W, τ ) determined by

exp
(

−4π2l
( a0∑

r=1

mr

)
G2(τ )z2

)
Ell(M, W, τ, z) =

∑
n≥0

an(M, W, τ ) · zn
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are modular forms of weight d − la0 + n over SL(2, Z). The first five series of
an(M, W, τ ) are of the form

(3-1) a0(M, W, τ )

=
(
T d(M) ch(∧−1(W ∗

0 ))
)(2d)

+ q
(
T d(M) ch(∧−1(W ∗

0 )) ch(A0)
)(2d)

+ q2(T d(M) ch(∧−1(W ∗

0 )) ch(A1)
)(2d)

+ O(q3),

where

A0 = T + T ∗
− 2(d − la0) − W0 − W ∗

0 , W0 = a0W,

and

A1 = S2T + T ∗
⊗ T + S2T ∗

+ ∧
2W ∗

0 + ∧
2W0 + W ∗

0 ⊗ W0

+ (2(d − la0) − 1)(W0 + W ∗

0 − T − T ∗) − (W0 + W ∗

0 ) ⊗ (T + T ∗)

+ (d − la0)(2d − 2la0 − 3),

a1(M,W,τ )=

(
2π

√
−1T d(M)ch

( l∑
p1,...,pa0=0

(−1)
∑a0

r=1 pr

( a0∑
r=1

mr pr−
l
2

a0∑
r=1

mr

)

∧
p1 W ∗

⊗ ·· · ⊗∧
pa0 W ∗

))(2d)

+ q(T d(M)ch(A3))
(2d)

+ O(q2),

where

A3 = 2π
√

−1(−2(d−la0)+T +T ∗
−a0(W+W ∗))

·

a0∑
r=1

mr (1+∧−1(W ∗))a0−1
⊗(−W ∗

+2∧
2W ∗

+·· ·+(−1)ll∧l W ∗)

+(1+∧−1(W ∗))a0

(
−2π

√
−1

a0∑
r=1

mr (W+W ∗)−lπ
√

−1
a0∑

r=1

mr
(
−2(d−la0)

+T +T ∗
−a0(W+W ∗)

))
,

a2(M, W, τ )=

(
−2π2T d(M) ch

( l∑
p1,...,pa0=0

(−1)
∑a0

r=1 pr

( a0∑
r=1

mr pr −
l
2

a0∑
r=1

mr

)2

∧
p1 W ∗

⊗ · · · ⊗∧
pa0 W ∗

))(2d)

+
l
6

( a0∑
r=1

m2
r

)
π2
(

T d(M) ch
( l∑

p1,...,pa0=0

(−1)
∑a0

r=1 pr ∧
p1 W ∗

⊗· · ·⊗∧
pa0 W ∗

))(2d)

+ O(q),
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a3(M,W,τ )

=

(
4
3π3(

√
−1)3T d(M)ch

( l∑
p1,...,pa0=0

(−1)
∑a0

r=1 pr

( a0∑
r=1

mr pr−
l
2

a0∑
r=1

mr

)

∧
p1 W ∗

⊗·· ·⊗∧
pa0 W ∗

))(2d)

+

√
−1l
3

( a0∑
r=1

m2
r

)
π3

(
T d(M)ch

( l∑
p1,...,pa0=0

(−1)
∑a0

r=1 pr

( a0∑
r=1

mr pr−
l
2

a0∑
r=1

mr

)

∧
p1 W ∗

⊗·· ·⊗∧
pa0 W ∗

))(2d)

+O(q),

a4(M,W,τ ) =

(
2
3π4T d(M)

·ch
( l∑

p1,...,pa0=0

(−1)
∑a0

r=1 pr

( a0∑
r=1

mr pr −
l
2

a0∑
r=1

mr

)4

∧
p1 W ∗

⊗·· ·⊗∧
pa0 W ∗

))(2d)

−
l2

3

( a0∑
r=1

m2
r

)2

π4

(
T d(M)ch

( l∑
p1,...,pa0=0

(−1)
∑a0

r=1 pr

( a0∑
r=1

mr pr −
l
2

a0∑
r=1

mr

)2

∧
p1 W ∗

⊗·· ·⊗∧
pa0 W ∗

))(2d)

+
l2

72

( a0∑
r=1

m2
r

)2

π4
(

T d(M)ch
( l∑

p1,...,pa0=0

(−1)
∑a0

r=1 pr ∧
p1 W ∗

⊗·· ·⊗∧
pa0 W ∗

))(2d)

+ O(q),

Proof. We know that Ell(M, W, τ, 0) = a0(M, W, τ ) and

Ell(M, W, τ, 0) =
(
T d(M) ch(E(M, W, τ, 0))

)(2d)
,

where

E(M, W, τ, 0) := c2(d−la0) ∧−1 (W ∗

0 )

∞⊗
n=1

∧−qn (W ∗

0 ) ∧−qn (W0)

⊗

( ∞⊗
n=1

Sqn (T ∗) ⊗ Sqn (T )

)
= ∧−1 (W ∗) + q ∧−1 (W ∗) ⊗ A0 + q2

∧−1 (W ∗) ⊗ A1 + O(q3).
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So we get (3-1). If we set

exp
(

−4π2l
( a0∑

r=1

mr

)
G2(τ )z2

)
:= C0(Z) + C1(z)q + O(q2),

and

Ell(M, W, τ, z) := B0(Z) + B1(z)q + O(q2),

we can get that

C0(z) = 1+
l
6

( a0∑
r=1

m2
r

)
π2z2

+
l2

72

( a0∑
r=1

m2
r

)2

π4z4
+O(z6),

C1(z) = −4l
( a0∑

r=1

m2
r

)
π2z2

−
2l2

3

( a0∑
r=1

m2
r

)2

π4z4
+O(z6),

B0(z) =
(
T d(M)ch(∧−1(W ∗

0 ))
)(2d)

+

(
2π

√
−1T d(M)ch

( l∑
p1,...,pa0=0

(−1)
∑a0

r=1 pr

( a0∑
r=1

mr pr −
l
2

a0∑
r=1

mr

)

∧
p1 W ∗

⊗·· ·⊗∧
pa0 W ∗

))(2d)

z

+

(
−2π2T d(M)ch

( l∑
p1,...,pa0=0

(−1)
∑a0

r=1 pr

( a0∑
r=1

mr pr −
l
2

a0∑
r=1

mr

)2

∧
p1 W ∗

⊗·· ·⊗∧
pa0 W ∗

))(2d)

z2

+

(
4
3π3(

√
−1)3T d(M)ch

( l∑
p1,...,pa0=0

(−1)
∑a0

r=1 pr

( a0∑
r=1

mr pr −
l
2

a0∑
r=1

mr

)3

∧
p1 W ∗

⊗·· ·⊗∧
pa0 W ∗

))(2d)

z3

+

(
2
3π4T d(M)ch

( l∑
p1,...,pa0=0

(−1)
∑a0

r=1 pr

( a0∑
r=1

mr pr −
l
2

a0∑
r=1

mr

)4

∧
p1 W ∗

⊗·· ·⊗∧
pa0 W ∗

))(2d)

z4
+O(z5),
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B1(y) =
(
T d(M)ch

(
∧−1(W ∗

0 )⊗(−2(d−la0)+T +T ∗
−a0(W +W ∗))

))(2d)

+

(
T d(M)ch

(
2π

√
−1(−2(d−la0)+T +T ∗

−a0(W +W ∗))
)

·

a0∑
r=1

mr (1+∧−1(W ∗))a0−1
⊗(−W ∗

+2∧
2 W ∗

+·· ·+(−1)ll∧l W ∗)

+(1+∧−1(W ∗))a0

)
·

(
−2π

√
−1

a0∑
r=1

mr (W +W ∗)−lπ
√

−1
a0∑

r=1

mr (−2(d−la0)+T +T ∗

−a0(W +W ∗))

)(2d)

z

+O(z2).

We know that

(3-2)
∑
n≥0

an(M, W, τ ) · zn
= C0(z)B0(z) + (C0(z)B1(z) + C1(z)B0(z))q + · · · .

Then we can get Proposition 3.2 by the penultimate display above and (3-2). □

Since there are no SL(2, Z) modular forms with the odd weight or nonzero
weight ≤ 2, we have:

Proposition 3.3. Let c1(W ) = c1(M) = 0 and the first Pontrjagin class p1(M)

equal a0 p1(W ).

(1) If either d − la0 is odd or d − la0 ≤ 2 but d − la0 ̸= 0, then(
T d(M) ch(∧−1(W ∗

0 ))
)(2d)

=
(
T d(M) ch(∧−1(W ∗

0 )) ch(A0)
)(2d)

= 0,(
T d(M) ch(∧−1(W ∗

0 )) ch(A1)
)(2d)

= 0,

and for complex manifolds,

χ(M, ∧−1(W ∗

0 )) = χ(M, ∧−1(W ∗

0 ) ⊗ (A0)) = χ(M, ∧−1(W ∗

0 ) ⊗ (A1)) = 0,

where χ(M, ∧−1(W ∗

0 )) denotes the twisted holomorphic Euler characteristic num-
ber.

(2) If either d − la0 is even or d − la0 ≤ 1 but d − la0 ̸= −1, then(
T d(M) ch

( l∑
p1,...,pa0=0

(−1)
∑a0

r=1 pr

( a0∑
r=1

mr pr −
l
2

a0∑
r=1

mr

)
∧

p1 W ∗
⊗ · · · ⊗∧

pa0 W ∗

))(2d)

= 0,

(T d(M) ch(A3))
(2d)

= 0,
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and for complex manifolds,

χ

(
M,

l∑
p1,...,pa0=0

(−1)
∑a0

r=1 pr

( a0∑
r=1

mr pr −
l
2

a0∑
r=1

mr

)
∧

p1 W ∗
⊗ · · · ⊗∧

pa0 W ∗

)
= 0,

χ(M, A3) = 0.

(3) If either d − la0 is odd or d − la0 ≤ 0 but d − la0 ̸= −2, then(
−2T d(M)ch

( l∑
p1,...,pa0=0

(−1)
∑a0

r=1 pr

( a0∑
r=1

mr pr−
l
2

a0∑
r=1

mr

)2

∧
p1 W ∗

⊗·· ·⊗∧
pa0 W ∗

))(2d)

+
l
6

( a0∑
r=1

m2
r

)(
T d(M)ch

( l∑
p1,...,pa0=0

(−1)
∑a0

r=1 pr ∧
p1 W ∗

⊗·· ·⊗∧
pa0 W ∗

))(2d)

=0.

(4) If either d − la0 is even or d − la0 ≤ −1 but d − la0 ̸= −3, then(
4
3π3(

√
−1)3T d(M)

·ch
( l∑

p1,...,pa0=0

(−1)
∑a0

r=1 pr

( a0∑
r=1

mr pr −
l
2

a0∑
r=1

mr

)3

∧
p1 W ∗

⊗· · ·⊗∧
pa0 W ∗

))(2d)

+

√
−1l
3

( a0∑
r=1

m2
r

)
π3

(
T d(M) ch

( l∑
p1,...,pa0=0

(−1)
∑a0

r=1 pr

( a0∑
r=1

mr pr −
l
2

a0∑
r=1

mr

)

∧
p1 W ∗

⊗ · · · ⊗∧
pa0 W ∗

))(2d)

= 0.

(5) If either d − la0 is odd or d − la0 ≤ −2 but d − la0 ̸= −4, then(
2
3π4T d(M) ch

( l∑
p1,...,pa0=0

(−1)
∑a0

r=1 pr

( a0∑
r=1

mr pr −
l
2

a0∑
r=1

mr

)4

∧
p1 W ∗

⊗ · · · ⊗∧
pa0 W ∗

))(2d)

−
l2

3

( a0∑
r=1

m2
r

)2

π4

(
T d(M) ch

( l∑
p1,...,pa0=0

(−1)
∑a0

r=1 pr

( a0∑
r=1

mr pr −
l
2

a0∑
r=1

mr

)2

∧
p1 W ∗

⊗ · · · ⊗∧
pa0 W ∗

))(2d)
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+
l2

72

( a0∑
r=1

m2
r

)2

π4
(

T d(M) ch
( l∑

p1,...,pa0=0

(−1)
∑a0

r=1 pr ∧
p1 W ∗

⊗ · · · ⊗∧
pa0 W ∗

))(2d)

= 0.

Similarly in cases (3)–(5), we have expressions using the twisted holomorphic Euler
characteristic number.

Theorem 3.4. Let c1(W ) = c1(M) = 0 and the first Pontrjagin class p1(M) equal
a0 p1(W ).

(1) If d − la0 = 4, then

(3-3)

(
T d(M) ch(∧−1(W ∗

0 )) ch(A0)
)(2d)

= 240
(
T d(M) ch(∧−1(W ∗

0 ))
)(2d)

,(
T d(M) ch(∧−1(W ∗

0 )) ch(A1)
)(2d)

= 2160
(
T d(M) ch(∧−1(W ∗

0 ))
)(2d)

,

and for complex manifolds,

χ(M, ∧−1(W ∗

0 ) ⊗ A0) = 240χ(M, ∧−1(W ∗

0 )),

χ(M, ∧−1(W ∗

0 ) ⊗ A1) = 2160χ(M, ∧−1(W ∗

0 )),

so χ(M, ∧−1(W ∗

0 )⊗ A0) is an integer multiple of 240 and χ(M, ∧−1(W ∗

0 )⊗ A1)

is an integer multiple of 2160.

(2) If d − la0 = 6, then

(3-4)

(
T d(M) ch(∧−1(W ∗

0 )) ch(A0)
)(2d)

= −504
(
T d(M) ch(∧−1(W ∗

0 ))
)(2d)

,(
T d(M) ch(∧−1(W ∗

0 )) ch(A1)
)(2d)

= −16632
(
T d(M) ch(∧−1(W ∗

0 ))
)(2d)

,

and for complex manifolds,

χ(M, ∧−1(W ∗

0 ) ⊗ A0) = −504χ(M, ∧−1(W ∗

0 )),

χ(M, ∧−1(W ∗

0 ) ⊗ A1) = −16632χ(M, ∧−1(W ∗

0 )),

so χ(M, ∧−1(W ∗

0 )⊗ A0) is an integer multiple of 504 and χ(M, ∧−1(W ∗

0 )⊗ A1)

is an integer multiple of 16632.

(3) If d − la0 = 8, then

(3-5)

(
T d(M) ch(∧−1(W ∗

0 )) ch(A0)
)(2d)

= 480
(
T d(M) ch(∧−1(W ∗

0 ))
)(2d)

,(
T d(M) ch(∧−1(W ∗

0 )) ch(A1)
)(2d)

= 61920
(
T d(M) ch(∧−1(W ∗

0 ))
)(2d)

,

and for complex manifolds,

χ(M, ∧−1(W ∗

0 ) ⊗ A0) = 480χ(M, ∧−1(W ∗

0 )),

χ(M, ∧−1(W ∗

0 ) ⊗ A1) = 61920χ(M, ∧−1(W ∗

0 )),
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so χ(M, ∧−1(W ∗

0 )⊗ A0) is an integer multiple of 480 and χ(M, ∧−1(W ∗

0 )⊗ A1)

is an integer multiple of 61920.

(4) If d − la0 = 10, then

(3-6)

(
T d(M) ch(∧−1(W ∗

0 )) ch(A0)
)(2d)

= −264
(
T d(M) ch(∧−1(W ∗

0 ))
)(2d)

,(
T d(M) ch(∧−1(W ∗

0 )) ch(A1)
)(2d)

= −135432
(
T d(M) ch(∧−1(W ∗

0 ))
)(2d)

,

and for complex manifolds,

χ(M, ∧−1(W ∗

0 ) ⊗ A0) = −264χ(M, ∧−1(W ∗

0 )),

χ(M, ∧−1(W ∗

0 ) ⊗ A1) = −135432χ(M, ∧−1(W ∗

0 )),

so χ(M, ∧−1(W ∗

0 )⊗ A0) is an integer multiple of 264 and χ(M, ∧−1(W ∗

0 )⊗ A1)

is an integer multiple of 135432.

(5) If d − la0 = 12, then

(3-7)
(
T d(M) ch(∧−1(W ∗

0 )) ch(A1)
)(2d)

= 196560
(
T d(M) ch(∧−1(W ∗

0 ))
)(2d)

− 24
(
T d(M) ch(∧−1(W ∗

0 )) ch(A0)
)(2d)

,

and for complex manifolds, χ(M, ∧−1(W ∗

0 ) ⊗ A1) is an integer multiple of 24.

(6) If d − la0 = 14, then

(3-8)

(
T d(M) ch(∧−1(W ∗

0 )) ch(A0)
)(2d)

= −24
(
T d(M) ch(∧−1(W ∗

0 ))
)(2d)

,(
T d(M) ch(∧−1(W ∗

0 )) ch(A1)
)(2d)

= −196632
(
T d(M) ch(∧−1(W ∗

0 ))
)(2d)

,

and for complex manifolds,

χ(M, ∧−1(W ∗

0 ) ⊗ A0) = −24χ(M, ∧−1(W ∗

0 )),

χ(M, ∧−1(W ∗

0 ) ⊗ A1) = −196632χ(M, ∧−1(W ∗

0 )),

so χ(M, ∧−1(W ∗

0 )⊗ A0) is an integer multiple of 24 and χ(M, ∧−1(W ∗

0 )⊗ A1) is
an integer multiple of 196632.

(7) If d − la0 = 16, then

(3-9)
(
T d(M) ch(∧−1(W ∗

0 )) ch(A1)
)(2d)

= 146880
(
T d(M) ch(∧−1(W ∗

0 ))
)(2d)

+ 216
(
T d(M) ch(∧−1(W ∗

0 )) ch(A0)
)(2d)

,

and for complex manifolds, χ(M, ∧−1(W ∗

0 ) ⊗ A1) is an integer multiple of 216.

Proof. a0(M, W, τ ) is a modular form of weight d − la0 over SL(2, Z).

(1) If d − la0 = 4, then a0(M, W, τ ) is proportional to

G4(τ ) = 1 + 240q + 2160q2
+ 6720q3

+ · · · ,

so (3-3) holds.
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(2) If d − la0 = 6, then a0(M, W, τ ) is proportional to

G6(τ ) = 1 − 504q − 16632q2
− 122976q3

+ · · · ,

so (3-4) holds.

(3) If d − la0 = 8, then a0(M, W, τ ) is proportional to

G4(τ )2
= 1 + 480q + 61920q2

+ · · · ,

so (3-5) holds.

(4) If d − la0 = 10, then a0(M, W, τ ) is proportional to

G4(τ )G6(τ ) = 1 − 264q − 135432q2
+ · · · ,

so (3-6) holds.

(5) If d − la0 = 12, then

(3-10) a0(M, W, τ ) = λ1G4(τ )3
+ λ2G6(τ )2,

where λ1, λ2 are degree-2d forms. We have

G4(τ )3
= 1 + 720q + 179280q2

+ · · · ,

G6(τ )2
= 1 − 1008q + 220752q2

+ · · · .

In (3-10), we compare the coefficients of 1, q , q2, and we get three equations about
λ1, λ2. Solving the three equations, we get (3-7).

(6) If d − la0 = 14, then a0(M, W, τ ) is proportional to

G4(τ )2G6(τ ) = 1 − 24q − 196632q2
+ · · · ,

so (3-8) holds.

(7) If d − la0 = 16, then

(3-11) a0(M, W, τ ) = λ1G4(τ )4
+ λ2G4(τ )G6(τ )2,

where λ1, λ2 are degree-2d forms. We have

G4(τ )4
= 1 + 960q + 354240q2

+ · · · ,(3-12)

G4(τ )G6(τ )2
= 1 − 768q − 19008q2

+ · · · .(3-13)

By (3-11)–(3-13), we get (3-9). □

Similarly, by a1(M, W, τ ), we have:

Theorem 3.5. Let c1(W ) = c1(M) = 0 and the first Pontrjagin class p1(M) equal
a0 p1(W ).
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(1) If d − la0 = 3, then(
T d(M) ch(∧−1(W ∗

0 )) ch(A3)
)(2d)

= 240

(
2π

√
−1T d(M) ch

( l∑
p1,...,pa0=0

(−1)
∑a0

r=1 pr

( a0∑
r=1

mr pr −
l
2

a0∑
r=1

mr

)

∧
p1 W ∗

⊗ · · · ⊗∧
pa0 W ∗

))(2d)

and for complex manifolds, χ(M, ∧−1(W ∗

0 ) ⊗ A3) is an integer multiple of 240.

(2) If d − la0 = 5, then(
T d(M) ch(∧−1(W ∗

0 )) ch(A3)
)(2d)

= −504

(
2π

√
−1T d(M) ch

( l∑
p1,...,pa0=0

(−1)
∑a0

r=1 pr

( a0∑
r=1

mr pr −
l
2

a0∑
r=1

mr

)

∧
p1 W ∗

⊗ · · · ⊗∧
pa0 W ∗

))(2d)

and for complex manifolds, χ(M, ∧−1(W ∗

0 ) ⊗ A3) is an integer multiple of 504.

(3) If d − la0 = 7, then(
T d(M) ch(∧−1(W ∗

0 )) ch(A3)
)(2d)

= 480

(
2π

√
−1T d(M) ch

( l∑
p1,...,pa0=0

(−1)
∑a0

r=1 pr

( a0∑
r=1

mr pr −
l
2

a0∑
r=1

mr

)

∧
p1 W ∗

⊗ · · · ⊗∧
pa0 W ∗

))(2d)

and for complex manifolds, χ(M, ∧−1(W ∗

0 ) ⊗ A3) is an integer multiple of 480.

(4) If d − la0 = 9, then(
T d(M) ch(∧−1(W ∗

0 )) ch(A3)
)(2d)

= −264

(
2π

√
−1T d(M) ch

( l∑
p1,...,pa0=0

(−1)
∑a0

r=1 pr

( a0∑
r=1

mr pr −
l
2

a0∑
r=1

mr

)

∧
p1 W ∗

⊗ · · · ⊗∧
pa0 W ∗

))(2d)

and for complex manifolds, χ(M, ∧−1(W ∗

0 ) ⊗ A3) is an integer multiple of 264.

We remark that the ideas in the proofs of Theorems 3.4 and 3.5 appear in [9].
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