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MULTIPLIER ALGEBRAS OF L?-OPERATOR ALGEBRAS

ANDREY BLINOV, ALONSO DELFIN AND ELLEN WELD

It is known that the multiplier algebra of an approximately unital and
nondegenerate L?”-operator algebra is again an L”-operator algebra. In
this paper we investigate examples that drop both hypotheses. In particular,
we show that the multiplier algebra of T, the algebra of strictly upper
triangular 2 x 2 matrices acting on Zé’ , is still an L?-operator algebra for
any p. To contrast this result, we first provide a thorough study of the
augmentation ideal of £!(G) for a discrete group G. We use this ideal to
define a family of nonapproximately unital degenerate L”-operator algebras,
F‘f’ (Z/37), whose multiplier algebras cannot be represented on any L?-space
for any g € [1, c0) aslong as p € [1, pp]U[p;, 0o), where py =1.606 and p;
is its Holder conjugate.
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1. Introduction

In 1971, C. S. Herz studied certain operators acting on L”-spaces (see [17]). In
fact, Herz constructed group algebras of operators acting on L”-spaces, those
were referred to as algebras of p-pseudofunctions (see [18] and also [9] for a
modern approach). About 15 years ago, the study of these operators regained
interest from the community thanks to the general research works of M. Daws, E.
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Gardella, N. C. Phillips, N. Spronk, and H. Thiel, among others (see [5; 6; 12; 13;
14; 21], for instance). This area is now known as L”-operator algebras. Given
that L”-operator algebras include the large and well studied class of C*-algebras,
part of the research in this area focuses on understanding what C*-properties and
constructions can and cannot be extended to the L”-case. In particular it is worth
mentioning that L?-operator algebras include the class of C*-algebras, but also
the larger class of nonselfadjoint operator algebras. Three big differences between
C*-algebras and L?”-operator algebras, even when p = 2, which will be exploited
here are: (1) LP-operator norms are not unique, (2) some L?”-operator algebras
cannot be nondegenerately represented on any Banach space, and (3) some L”-
operator algebras do not have contractive approximate identities (which will be
henceforth abbreviated as cai’s). A usually hard problem in L?-operator algebras,
arising in some sense due to the difficulty of computing L?-operator norms, is to
determine whether a given Banach algebra can be isometrically represented on an
L?-space. Different techniques have been employed to show that certain Banach
algebras cannot be represented on L?-spaces; see for instance Theorem 2.5 in [11]
and Example 4.7 in [3], where it is shown that the class of L?-operator algebras is
not closed under taking quotients when p # 2. As a main result of this paper, we
look at certain algebras with no contractive approximate identities to conclude that,
for certain values of p # 2, the class of L”-operator algebras is not closed under
taking multiplier algebras.

This paper is organized as follows: We start with a brief review of the multiplier al-
gebra construction (as double centralizers) for general Banach algebras. In Section 3,
we present main results for the construction of the multiplier algebra, M (A), of a
general Banach algebra A. It is known that if a Banach algebra A has a cai and is
nondegenerately representable on a Banach space E, then M (A) can also be nonde-
generately represented on E. In fact, in Corollary 3.6, we prove that for the known
representation of M(A) on E the action is given by two-sided multipliers, agreeing
with the well known C*-result. Next, we investigate general properties of M (A)
when A has a nonunital identity which means that A an algebraic multiplicative
identity with norm greater than 1 (see Definition 2.5). This condition automatically
prevents A from having a cai and also from being nondegenerately represented on
any Banach space, making these algebras suitable candidates to investigate whether
their multiplier algebras can be nondegenerately represented on Banach spaces.

Starting in Section 4, we work only with multiplier algebras of L”-operator
algebras. As before, when A is a nondegenerate L”-operator algebra with a cai, its
multiplier algebra is also a nondegenerate L”-operator algebra. We begin Section 4
by exploring whether these assumptions are necessary for the multiplier algebra
of an L”-operator algebra to be itself an L”-operator algebra. Consequently, we
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produce two contrasting examples dealing with the multiplier algebra of degenerate
LP-operator algebras without cai’s:

The first one, explored in Section 4B, deals with strictly upper triangular matrices,
denoted 7)), acting on £;) = €7 ({1, ..., d}). When d = 2, even though 7} is itself
a degenerate L”-operator algebra without a cai, we have the following main result:

Theorem 4.2. Forany p € [1, 00), M (sz ) is isometrically isomorphic to C? with
the supremum norm. In particular, for any p, q € [1, 00), M (sz ) is an L9-operator
algebra that is nondegenerately representable on Eg.

The second one is explored in Section 4C, where we focus on E(l)(G), the augmen-
tation ideal of £!(G) for a discrete group G. As an algebra, Z(l)(G) is an L'-operator
algebra that has an identity with norm strictly greater than 1 when G is finite
and card(G) > 2. The augmentation ideal E(l)(G) is defined as the kernel of the
map ¢!(G) — C given by a > > ge @(g). We then study the main properties
of this ideal and show that, when G is finite, E})(G) has no cai and cannot be
nondegenerately represented on any Banach space (see Proposition 4.13(7)). For
our main result, we construct a family of L”-operator algebras whose multiplier
algebras cannot be represented on any L9%-space for any g € [1, co) as long as
p €1, polU[pj, 00), where py=1.606 and py, is its Holder conjugate. This is done
by looking at the image of the augmentation ideal E(l)(Z /37Z) in the group algebra
FP(Z/37) under the left regular representation A, : 0N(Z2/37) — L(P(Z)37)).
That is, for each p € [1, c0), we put

FL(Z/37) =2, (¢5(2/32)),

and then denote its multiplier algebra as Mg Z/)32)=M (Fé7 (Z/37)). The Banach
algebra Fé’ (Z/37) has an algebraic identity, denoted 1y, whose norm is strict greater
than 1. However, in Proposition 4.18 we show that Mé7 (Z/37) is simply Fop (Z2/37)
equipped with a different norm in which 1y now has norm 1. Our main result in
this subsection is then the following:

Theorem 4.21. Let py = 1.606 and let p, = pé’_l. Take any p € [1, pol U[pj, 00).
Then MOP (Z/37), the multiplier algebra of F(f (Z/32), is not an L1-operator alge-

bra for any q € [1, 00).

The main ingredient in the proof of Theorem 4.21 follows a technique previously
used by Blecher and Phillips in Section 4 of [3] to show that the class of L”-operator
algebras is not closed under taking quotients. To be more precise, we exhibit a
bicontractive idempotent e € Mé’ (Z/37Z) such that 19 — 2e is not an invertible
isometry when p € [1, po] U[p,, 00), contradicting a structural result of Bernau
and Lacey, Theorem 2.9 below, regarding bicontractive idempotent acting on L?-
spaces. Unfortunately, the bicontractive idempotent argument might not work for
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groups other that Z/3Z. For instance, when G = Z/4Z or G = Z/2Z & 7 /27,
the bicontractive idempotents in M(‘;7 G)y=M (F(f7 (G)) behave as expected for an
LP-operator algebra. The essential difficulty in deciding whether M(f (G) is an
LP-operator algebra for a general finite group G is that its norm is generally hard
to compute (see [16] for instance).

In Section 5, we restrict our attention to nontrivial finite abelian groups and show
that when n = card(G) > 1, the algebra E(l)(G) is algebraically isomorphic to C"~!
with pointwise multiplication via the Gelfand map. This yields a nice description
of the idempotents of Mé) (Z/nZ), see Proposition 5.8, that can be compared with
Rudin’s more general work for idempotents in L'(G) when G is a locally compact
group (see W. Rudin’s work [25] and [24]).

In the last section we present a brief discussion on different norms that make C"
an L?-operator algebra, posing a final question regarding what properties a norm
on C" must satisfy to be an L”-operator algebra. Answering this general question
might provide a tool to decide when Mé’ (G) is representable on an L?-space.

We end our introduction with a brief overview of the general notation that will
be used throughout the paper. When E is a Banach space, we denote by L(E)
the space of all bounded linear maps E — E. For p € [1, 00), we sometimes
write L? () for LP (€2, n), the LP-space of a measure space (€2, w). In particular,
when v is the counting measure on 2 we simply write £7 (€2) for L? (2, v) and, for
d € Zs,, we write £ for ¢7 ({1, ..., d}).

2. Preliminaries

We first establish standard definitions for representations of Banach algebras on
Banach spaces. The definition of L?-operator algebras will be given using this ter-
minology. We then present basic facts about Banach algebras with either contractive
approximate units or with nonunital identities.

Definition 2.1. Let A be a Banach algebra and let £ be a Banach space. A
representation of A on E is a continuous algebra homomorphism 7 : A — L(E).

(1) We say that r is contractive if || (a)| < ||a|| for all a € A.
(2) We say that r is isometric if | (a)|| = ||a] for all a € A.

(3) We say that r is nondegenerate if
m(A)E =span({r(a)é :a € Aand & € E})

is dense in E, and that A is nondegenerately representable if it has a non-
degenerate isometric representation.

Definition 2.2. Let p € [1, o). A Banach algebra A is an L?-operator algebra if
there is a measure space (€2, i) and an isometric representation of A on L”(u).
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Definition 2.3. Let A be a Banach algebra. We say that A has a contractive
approximate identity (cai) if there is a net (e;),cp in A such that e, || < 1 for all
AeAandforallae A,

lim ||ae), —a|| = lim |leja —al| =0
AEA rEA
Lemma 2.4. Let A be a Banach algebra with a cai. Then for any a € A,

lall = sup [labl| = sup [ba].
Ibll=1 Ibl=1

Proof. Let (e))cn be a cai of A. Then for any a € A,

|| al|
llall = sup |ball = > sup |le;al > |lall.
Ibll=1 AeA llexll — rea

The other equality is proved analogously. (|

Definition 2.5. Let A be a Banach algebra. We say that A has an identity element
if there is an element 14 € A such that, foralla € A,

lA-a=a =a-1A.
If [141| =1, we call 14 a unit of A; otherwise we say 14 is a nonunital identity of A.

We will work below with a Banach algebra that has a nonunital identity, see
Section 4C. The following two lemmas show that such Banach algebras cannot
have cai’s and cannot be nondegenerately represented on any Banach space.

Lemma 2.6. Let A be a Banach algebra with a nonunital identity 14 € A (that is
11all # 1). Then, A cannot have a cai.

Proof. 1t is clear that ||1 4] > 1. Now suppose A has a cai, say (ex)rea. Then, for
eachA e A

0 <lllexll = ITalll = llex — Lall = llexla — Lall.
Therefore, by the squeeze theorem

lim [le; [l — 11alll =0

This implies that lim, ||e; || = ||14]], whence ||14]] < 1 which is a contradiction. [

Lemma 2.7. Let A be a Banach algebra with a nonunital identity 14 € A (that is
114l # 1). Then A cannot be nondegenerately represented on any Banach space.

Proof. Assume on the contrary that there is a Banach space E and an isometric
nondegenerate representation w : A — L(E). Then, for any a € A and any £ € E
we have

n(Lp)m(a)s =n(laa)é = (a)§.
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Nondegeneracy now gives that w(14) = idg, but this implies
I=lidell = lm(TD)I = 14l > 1,
a contradiction. O

In Section 4, we will take the multiplier algebra of certain L?-operator algebras
in order to construct a family of unital Banach algebras that are not representable on
any L?-space for any g € [1, 00). Our technique, which was also used by Blecher
and Phillips in Section 4 of [3], will be to show that some bicontractive idempotents
on the algebra do not behave as expected for L?-operator algebras. We record
precise definitions and known facts below.

Definition 2.8. Let A be a unital Banach algebra with unit 14.
(1) An idempotent e € A is bicontractive if |le|]| <1 and |14 —e|| < 1.
(2) An element s € A is an invertible isometry if ||s|| =1 and ||s~'|| = L.

The following is a combination of Theorem 2.1 in [1] and part (c) of Lemma
2.29 in [3].

Theorem 2.9. Let p € [1, 00) and let (2, &) be a measure space. Then an idem-
potent e € L(LP (w)) is bicontractive if and only if 1 — 2e is an invertible isometry,
where 1 =idpr ().

3. Multiplier algebras

Below we present general definitions and some results about multiplier algebras of
Banach algebras.
Parts of following definition come from Section 2.5 in [4].

Definition 3.1. Let A be a Banach algebra.
(1) A left multiplier of A is amap L € L(A) satisfying
L(ab) = L(a)b forall a,be A.
The set of left multipliers of A is denoted by LM (A).
(2) A right multiplier of A is a map R € L(A) satisfying
R(ab) =aR(b) forall a,be A.
The set of right multipliers of A is denoted by RM (A).
(3) A double centralizer of A is a pair (L, R) with L € LM(A), R € RM(A), and
alL(b) =R(a)b forall a,be A.

We define M (A), the multiplier algebra of A, to be the subset of L(A) x L(A)°P
(equipped with the supremum norm) consisting of double centralizers.
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It is clear that M (A) is a unital Banach subalgebra of £(A) x L£L(A)°P.

If A is a C*-algebra, M(A) is equivalently defined as the set of two sided
multipliers of A on any Hilbert space as long as A acts nondegenerately on it; see
Definition 2.2.2 in [27] for instance. This will be also the case for a Banach algebra
that has a cai and that can be nondegenerately represented on a Banach space. We
start with the definition of a map from A to M (A) that will be a canonical inclusion
when A has a cai.

Definition 3.2. Let A be a Banach algebra. For each a € A we define maps
L,:A— Aand R, : A — A by left and right multiplication respectively, that is
forany b e A

L,(b)=ab and R,(b) =

We getamap 14 : A — M(A) given by t4(a) = (Ly, Ry).

Lemma 3.3. Let A be a Banach algebra with a cai, and let (L, R) € M(A). Then
IL| = [|R|l. Furthermore, the map 14 : A — M(A) from Definition 3.2 is an
isometric algebra homomorphism and 14 (A) is a closed two-sided ideal in M (A).

Proof. Lemma 2.4 gives

[L(a)|| = sup [|bL(a)|| = sup [[R(b)all < [R]llall.
IblI=1 IblI=1

Thus, ||L|| < ||R]|. Similarly,

IR(@)|l = sup [[R(a)bl| = sup [laL(®)| < llalllLl],
bll=1 lIblI=1
whence ||R| < ||L|| and therefore ||L|| = || R||. Note that ¢4 is clearly a linear map.
To check it is multiplicative take a, b € A and compute

ta(ab) = (Lap, Rap) = (LaLp, RyRy) = (La, Ry)(Lp, Rp) = ta(a)ia(b).

Once again, Lemma 2.4 gives ||L,|| = | R4 || = ||a||, showing that ¢ 4 is isometric and
that 14 (A) is closed in M (A). Finally, direct computations show that for any a € A
and any (L, R) € M(A), ta(a)(L, R) = ta4(R(a)) and (L, R)ta(a) = ta(L(a)),
whence (4 (A) is indeed a two-sided ideal in M (A), finishing the proof. U

A well known and useful fact is that whenever A is a Banach algebra with a
cai that is nondegenerately represented on a Banach space E, then M(A) can be
nondegenerately represented on E. For convenience, we state such result below
and refer the reader to Theorem 4.1 and Remark 4.2 in [13] for a complete proof.

Theorem 3.4. Let A be a Banach algebra with a cai and let w : A — L(E) be
a contractive nondegenerate representation of A on a Banach space E. Then &
induces a unique nondegenerate, contractive, and unital representation @ : M (A) —
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L(E) such that, if 15 is as in Definition 3.2, then m1 = T o 15. Furthermore, 7 is
isometric when 1 is.

Remark 3.5. Theorem 3.4 can also be proved by either appropriately modifying
the proof of Proposition 2.6.12 in [2] or by the methods described in Section 6 of
[19]. We are grateful to both David Blecher and Hannes Thiel for pointing these
references to us. An alternative way is to use Corollary 4.1.7 in [7]. This alternative
proof uses that, just as in the C*-case, M (A) is isometrically isomorphic to the
two-sided multipliers of A on any Banach space E where A acts nondegenerately.
This fact is actually equivalent to Theorem 3.4, as we see below in Corollary 3.6.

Corollary 3.6. Let A be a Banach algebra with a cai and that is nondegenerately
represented on a Banach space E viaw : A — L(E). Then the Banach algebra
M (A) is isometrically isomorphic to

{re L(E) :tm(A) S (A), n(A)r S (A},
the algebra of two sided multipliers of w(A), via the map 7 from Theorem 3.4.

Proof. Theorem 3.4 gives that 7 : M(A) — L(E) is an isometric and unital
representation satisfying 7 ot4 = 7. Set

B={teL(E):tn(A) Cn(A), (At Cn(A)}.

It only remains to show that the image of 77 is indeed B. To do so, notice that for any
(L,R)e M(A) and a € A we have T(L, R)w(a) =7 (L(a)) and w(a)7 (L, R) =
7 (R(a)), whence 7 (M (A)) € B. To check the reverse inclusion, for any ¢ € B we
define L;, R, € L(A) as follows:

Li(a) =7 (tn(a)), R(a)=n""(n(a)),

where 77! : m(A) — A is understood as the inverse of the invertible isometry
m:A— m(A). Since t € B, we have (L;, R;) € M(A). Furthermore, for any a € A,
& € E we have

7(Ly, R)m(@)§ = w(Li(a)§ =tm(a)§.

Hence, nondegeneracy implies that 7(L,, R;) =t and therefore we conclude that
B C 7 (M(A)), finishing the proof. O

We will be mostly interested in M (A) when A is a Banach algebra that has a
nonunital identity as in Definition 2.5. This implies that A does not have a cai, as
shown in Lemma 2.6, whence the previous two results cannot be used. However,
the following proposition shows that in such cases M (A) is actually the Banach
algebra A equipped with a new norm.
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Proposition 3.7. Let A be a Banach algebra with identity 14 € A, as in Definition
2.5,and let 1p : A — M(A) be as in Definition 3.2. Then the map ¢ : M(A) — A
given by

(L, R) =L(14)
is an isometric isomorphism between the Banach algebras M (A) and (A, |||—||l),
where |||al|| = |lta(a)|l. In particular, |||a||| = ||a|| for all a € A when 14 is a unit.

Proof. 1t is routine to check that ¢ : M(A) — A is a linear map. Further, it is clear
that (14 (a)) = a, whence ¢ is surjective. If ¢(L, R) =0, then for any a € A we
get L(a) =L(14a) =L(1a)a=¢(L,R)a=0and R(a) =R(a)lg=aL(l,) =
ap(L, R) =0, from where it follows that ¢ is injective. Next, to show that ¢ is
multiplicative we take any (L, R), (L', R") € M(A), and compute
o((L, AL, R)) =¢(LL', R'R)

=L(L'(14))

=L(14L'(14))

=L(10)L'(14) =¢(L, R)e(L', R).
Next, for any (L, R) € M(A) we obtain

e (L, Rl = llea(LANN = (L Ly Rea)ll = 1L, R,

so that ¢ : M(A) — A is indeed isometric when A is equipped with |||a]|| = |[ta(a)]].
Finally, if 14 is a unit, then A has a trivial cai and therefore Lemma 3.3 implies
that ¢4 is an isometry. O

Remark 3.8. Section 2 of [26] defines the multiplier algebra of a commutative
Banach algebra A without absolute zero divisors other than 0 by

N(A) = {L € £(A) :aL(b) = L(a)b forall a,be A).

When A is commutative and (L, R) € M(A), we have L = R and (L, R) — L is
an isometric algebra isomorphism from M (A) to N(A). Hence, both definitions
are equivalent. If A is a commutative Banach algebra with identity 14 € A as in
Definition 2.5, then A has no absolute zero divisors other than O and therefore
Proposition 3.7 above implies that M (A) is isometrically isomorphic, as a Banach
algebra, to A equipped with the norm a — || L,]||.

4. Main results

In this section, we explore whether the conditions in Theorem 3.4 are necessary
to guarantee that the multiplier algebra of an L”-operator algebra is again an L?-
operator algebra. We do so via two contrasting examples presented in Sections 4B
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and 4C. On the one hand, we show that the multiplier algebra of 2 x 2 strictly upper
triangular matrices acting on 65 is an L7-operator algebra for any p, g € [1, 00).
On the other hand, for each p € [1, co) we define a two dimensional L?”-operator
algebra whose multiplier algebra is not an L4-operator algebra for any g € [1, 0o)
as long as p € [1, po] U[p, o0) where pg = 1.606 and p, is its Holder conjugate
given by py = -2y =2.65016501 ... = 2.6501.

4A. Approximately unital and nondegenerate case. The following result is simply
a consequence of Theorem 3.4 being a particular case of Corollary 3.6.

Theorem 4.1. Let A be an L?-operator algebra that has a cai and such that there
is a nondegenerate representation w of A on L? (). Then M(A) is an L?-operator
algebra that is isometrically isomorphic to the algebra of two sided multipliers of
w(A), thatis M(A) ={t € LP () :tw(a) € m(A), m(a)t € m(A) forall a € A}.

Theorem 4.1 raises a natural question: Are the properties of having a cai and being
nondegenerately represented necessary for M (A) to be an L?-operator algebra?
Below, we present two examples of families of L”-operator algebras that have
neither property. In Section 4B, we investigate strictly upper triangular 2 x 2
matrices and show its multiplier algebra can be nondegenerately represented on an
L?-space. In Section 4C, we investigate the group L”-operator algebras associated
to the augmentation ideal 66(2/32) and show that for certain values of p, its
multiplier algebra fails to be an L-operator algebra for any ¢g € [1, 00).

4B. Strictly upper triangular matrices. Let p € [1, co). We start by considering
T2p , the algebra of strictly upper triangular 2 x 2 matrices acting on £2, that is,
0
7 =1{(y §):zecl cmi@© =,

This is a degenerate LP-operator algebra without identity, unit, nor cai. In fact,
sz is isometrically isomorphic to C with the trivial multiplication zw = 0 (see
Example 3.6 in [9]). Notice that sz is commutative, but all its elements are
absolute zero divisors, whence Remark 3.8 does not apply. However, it is clear that
C(sz) =L(C)=C and that aL(b) =0= R(a)b for any (L, R) € M(sz) and any
a,be sz . This, together with Definition 3.1, imply at once that

M(TS) = LM(T)) x RM(T}).

Furthermore, notice that LM (T,) = RM(T,) = L(T,}) = C. Therefore, M(T;) is
isometrically isomorphic to C* with the supremum norm, which is in turn isometri-
cally identified with C ({1, 2}), the space of continuous functions on {1, 2}. Finally,
for any g € [1, 00), we have the map ¢, : C({1, 2}) — E(ﬁg) given by

(9 (5)x)(j) = E()x()),
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where £ € C({1,2}), x € €1, and j € {1, 2}. This allows us to represent continuous
functions on {1, 2} as multiplication operators on Eg. It is well known and easy to
see that ¢, is an isometric nondegenerate representation. Therefore, we have shown
the following result:

Theorem 4.2. Forany p € [1,00), M (T2p ) is isometrically isomorphic to C? with
the supremum norm. In particular, for any p, q € [1, 00), M (sz ) is an L9-operator
algebra that is nondegenerately representable on Zg.

A more complicated example is 7.7, the algebra of strictly upper triangular 3 x 3
matrices acting on £§ . That is

» 0 app ais » »
T3 = 0 0 ax|:ap, a3, a3eCy C M3 ©) = [:(53).
0 0 O

Notice that T3p is identified with C* with multiplication given by
ab = (ai2, a13, a23) (b1, b1z, b23) = (0, ai2b23, 0).
If p=1, then T3p is isometrically isomorphic to C* with norm
lall = max{laiz|, lai3| + |a3|}.

However, when p # 1, 2, oo it is known that computing the p-operator norm of
a matrix is an NP-hard problem (see [16]). This complicates the study of M (T3p )
and at this moment we have not investigated whether M (T. 3p ) can be isometrically
represented on an L7-space.

4C. Augmentation ideals. We will now construct, for certain values of p, a class
of L?-operator algebras that have no cai, cannot be nondegenerately represented
(on any Banach space), and whose multiplier algebra is not an L7-operator algebra
for any g € [1, 0o). We begin with the general construction of the augmentation
ideal for an arbitrary discrete group G and eventually specialize to the finite case.
In particular we will work with G = Z/37. The augmentation ideal of a group ring
is a well known algebraic object (see [20, Section 11.2], [8, Example 7, p. 245]
for instance) and is easily generalized to operator algebras arising from discrete
groups. We include details here for completeness.

Let G be a discrete group with identity element denoted by 15 € G. For any
g € G, the indicator function 8, : G — C is given by

1 ifg=nh,
0 ifg#h.
For each g € G, we define the function A, : G — C by

8g(h) = {

(4-1) Ag=8,—5i,.
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For each p € [1, 00), recall that the Banach space £7(G) is the set of complex
valued functions a : G — C satistying

lall =" la(g)|” < oo.

geG
Further, we define the convolution of any pair (a, b) € £! (G) x £P (G) as the complex
valued function a x b : G — C defined at each g € G by

(4-2) (axb)(g)=Y_a(h)b(h'g).
heG

It is well known that ||a xb||, < |lal|1]|b]|,, whence a *b € £P(G). Moreover, when
p =1, convolution gives rise to a multiplication on £!(G) that makes it a unital
Banach algebra with unit §;.
Remark 4.3. Given the large presence of multiplication by convolution in this
paper, when a € £!(G) and b € £7(G) for some p € [1, c0) we will simply write
ab instead of a x b from (4-2). It will be understood by context when convolution
is the multiplication that is being used.

It is also well known that C.(G), the subspace of compactly supported functions
on G, lies densely in £!(G) with respect to the || — ||; norm. Clearly, 3, € Cc(G)
for each g € G.

Lemma 4.4. The map 1o : £'(G) — C given by
(4-3) (@) =Y a(g)

geG
is a contractive algebra homomorphism.

Proof. 1t is clear that (¢ is a well-defined linear map and that |¢p(a)| < ||a]|1, whence
lltoll < 1. By Fubini’s Theorem, we see that

to(ab) =Y (ab)(g) =Y _a(h) Y _b(h~'g) =to(a)o(b),
geG heG geG
finishing the proof. ([

The main object of interest for this subsection is the augmentation ideal of £! (G),
which is defined as the kernel of the map o : £! (G) — C from (4-3). We record a
precise definition below.

Definition 4.5. Let G be a discrete group. The augmentation ideal of £'(G) is
defined as
£6(G) =ker(ig) = {a € €'(G) : yy(a) =0}

Similarly, we define Cy[G] € C.(G) as
ColG] = {a € Cc(G) : y(a) = 0}.
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Next we establish the main properties of E(l)(G), which we present as a series of
Propositions.

Proposition 4.6. Let G be a discrete group.

(1) The augmentation ideal E(l)(G) is a closed two-sided proper ideal of LYG).
(2) The subspace Cy|G] is dense in E(l)(G) with respect to the || — ||| norm.

(3) Let Ay be as in (4-1). Then span{A, : g € G} is dense in E(l)(G). In fact,
span{A, : g € G} = Co[G].

Proof. That E(l)(G) is a closed two-sided ideal follows from Lemma 4.4 above. Since

015 & Z(IJ(G), we also get that Z(l)(G) is proper, so part (1) is done. For part (2), let

ae E(l)(G) and let ¢ > 0. Then, there is b € C.(G) such that |la — b||| < % and

observe that b—1((b)81, € Co[G]. Further, note that |1o(b)| = |ip(a—Db)| < |la—b]|;.
Therefore,

lla —(b—10d)815)lI < lla—=blli + )] <2|la — bl <e.

This proves that Cy[G] is dense in E(l)(G), as wanted. Finally, for part (3), note first
that span{A, : ¢ € G} € Cy[G] because for each g € G, it is clear that A, € C.(G)
and (p(Ag) = 19(8g) — to(81;) = 1 — 1 = 0. For the reverse inclusion, take any
a € CylG], that is tp(a) = 0 and F = supp(a) is a finite subset of G. Therefore,

a=Y a(g)s, = (Za(g)ag) —10(@)81, =Y _a(g)A,.

geF geF geF
This proves that a € span{A, : g € G} and we are done with part (3). (]
The previous proposition shows that E(l)(G) is a Banach algebra in its own right
with the 1-norm inherited from ¢!(G). When p € [1, 00), we will mainly be
interested in the image of Zg (G) in F?(G), the full L? operator algebra of G,
which we define below in the discrete group case setting. We refer the interested

reader to Definition 2.1 in [10] for a general definition of F'”(G) for locally compact
groups.

Definition 4.7. Let G be a discrete group and let p € [1, 00).
(1) We define the full group L?-operator algebra of G, denoted by F?(G), as the
completion of 2Y(G) in the norm
a > llallrr) = sup{lim (@) : m € Repy, (G)},
where Rep; , (G) is the class of all nondegenerate contractive representations
of £1(G) on L?-spaces.

(2) We define the augmentation ideal of F”(G), denoted by F(f (G), as the com-
pletion of £)(G) in the || — || () norm.
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The algebra F?(G) is in fact an L”-operator algebra, this follows from the
general crossed product case, see for instance Theorem 3.6 in [22]. We next show
that Fop (G) is actually a closed proper ideal in F'”(G), making it also an L”-operator
algebra in its own right.

Proposition 4.8. Let G be a discrete group and let p € [1, 00). Then F(f (G)isa
nonzero closed two-sided proper ideal in F?(G).

Proof. That Fé’ (G) 1s a nonzero closed two-sided ideal follows at once from the
fact that E(l)(G) is an ideal in £'(G). To show that it is proper, it suffices to prove
that 81, the unit in F”(G), does not belong to Fop (G). Assume on the contrary
that there is a sequence (a,);- ; in Z(l)(G) such that a,, converges to §1, in F”(G).
Next, by Lemma 4.4, 1 is a contractive representation of £! (G) on the L”-space
¢} = C, so it follows from definition of || — || pr(G) that |tp(a)| < llallr(G) for all
ac E(l)(G). Therefore ¢y extends continuously to a contraction ¢y : F”(G) — C. In

particular, since tg(a,) = 0 for all n € Z>1, it follows that

1 =100(81,)] = to(815) — tolan)|

<1815 — anllFr(G)-

Taking the limit as n — oo shows that 1 <0, a contradiction. Thus, §;, & F(f (G),
as wanted. O

For each p €[1, 00), we will also let Z(l)(G) act on £”(G) via left multiplication by
convolution. That way the completion of the image of ﬂ(l)(G) in L({P(G)) becomes
an L”-operator algebra. In particular, when p =1, the algebra E(l)(G) is isometrically
isomorphic to its image in £(£'(G)), making E(l)(G) an L'-operator algebra. More
precisely, this will be done by looking at the image of E(l)(G) in FY(G), the reduced
LP-operator algebra of G. The algebra F(G) was first introduced by Herz in
[18, Section 8], where it was called the algebra of p-pseudofunctions on G, and
then reintroduced by Phillips in [22, Section 3] as a particular case of reduced
L?-operator crossed products. For convenience we state below the definition of
FP(G) for G discrete. We refer the interested reader to Definition 3.1 in [10] for
the general definition of F¥(G) when G is locally compact.

Definition 4.9. Let G be a discrete group and let p € [1, 00).

(1) Let A, : ¢Y(G) — L(£P(G)) denote left multiplication by convolution; that
is, for a € £1(G), b € ¢(G), we put A,(a)b =ab € £P(G) as in (4-2) (see
Remark 4.3). We define the reduced L?-operator algebra of G, denoted by
EP(G), as the closure of 1,(¢!(G)) in L(£P(G)).

(2) We define the augmentation ideal of FY (G), denoted by F/(G), as the closure
of Ap(ﬁ(l)(G)) in L(£P(G)).
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Since G is discrete, ||la||, < ||la|l; foralla € ¢'(G), in fact the canonical inclusion
2'(G) < £P(G) has norm 1. Furthermore, observe that for any a € 2'(G) we have

(4-4) lally < llallgr) < llallrre < llall.

Hence, when p =1, the map A; : Y(G) — L(£'(G)) is isometric and therefore we
have isometric isomorphisms of Banach algebras

(4-5) F'(G) = F/(G) = ¢'(G) and F (G) = F,((G) = £4(G).

For general p € [1, 00), the map A, : Y(G) = L(LP(G)) is an injective contractive
nondegenerate representation of ¢£!(G) on £7(G). Thus, kp(fl(G)) is a dense
subalgebra of F(G) that is algebraically isomorphic to £!(G). Moreover, by
definition F”(G) is a closed unital subalgebra of £(£”(G)), making it an L”-
operator algebra as in Definition 2.2.

Remark 4.10. As in Proposition 4.8, Ff 0(G) is a nonzero closed two-sided ideal in
F!(G) and therefore an L”-operator algebra. However, unlike Proposition 4.8, we
no longer have that the ideal Fr{’ o(G) is proper in general. This is explained due to the
fact that in many instances F; (G) is a simple Banach algebra. Indeed, by Theorem
2.5 in [23], if F2(G) is simple, then F/(G) is simple for any p € (1,00). In
particular, for p € (1, 00), F/(G) will be simple when G has the Powers property
(see also Theorem 3.7 in [15]). Thus, we can guarantee that for any n € Z. 1,
Frf' o(Fn) = FY (F,) where F, is the free group in 1 generators.

However, Theorem 3.7 in [10] shows that, for any p € (1, 00), if G is an
amenable group, then F”(G) is isometrically isomorphic to F?(G) as Banach
algebras. Therefore, this fact combined with (4-5) give at once the following result:

Proposition 4.11. Let G be a discrete group and let p € [1, 00). If either p = 1
or G is amenable, then Ff 0(G) is a proper ideal in FY(G) that is degenerately
represented on £P (G).

In any case, it is more natural to work with the ideal F(f’ (G), rather than Frf' 0(G),
for F(f’ (G) is guaranteed to be a proper ideal for any discrete group G. Moreover,
for a finite nontrivial group G, we will show in Corollary 4.17 below that Fé’ (G)
cannot be nondegenerately represented on any Banach space, already voiding one
of the assumptions in Theorem 4.1. Part of our work below is to show that, for a
finite nontrivial group G, the assumption of having a cai is also not met for Fop (G).

Remark 4.12. We mention that since finite groups are amenable, F(f’ (G) and
Frf’ o(G) are isometrically isomorphic as Banach algebras (see Theorem 3.7 in [10]).
Therefore, if G is a nontrivial finite group, we will keep using the simpler notation
FJ(G), but for convenience we will use that F/'(G) can be defined, in this case, as
the closure of AP(Z})(G)) in LUP(G)).
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For the rest of the paper, we will concentrate on the properties of F(f’ (G) when
G is a finite nontrivial group.

Proposition 4.13. Let G be a finite group with card(G) > 2 and let p € [1, 00).
Then, for n = card(G):

(1) As vector spaces,
F{(G) =¢\(G) =span{A, : g € G} = Co[G] =C" .
(2) Foranya € E(l)(G),
a(z 5g> = (Z 5g)a =0.
g€G geG
3) Fop (G) has an identity element (see Definition 2.5) given by

10=—%ZAg.

geG

(n—1)P+n—DYr 2
) " = lLollFrcy =2 =~

2
3 olh =2——.
n

(6) 1 is not a unit in FO1 (G) when n > 2 (see Definition 2.5).

@) FO1 (G) has no cai and cannot be nondegenerately represented on any Banach
space when n > 2.

Proof. In what follows we write n = card(G) and G = {g1, ..., g,} where g = 1.
Since G is finite, C.(G) = £!(G) and ¢'(G) = C" as vector spaces via the map
8¢, > e; € C" for j =1,..., n. Thus using Proposition 4.6 we now get Co[G] =
E(l)(G) and E(l)(G) ~ ¢! as vector spaces via the map A, > e;_; € C*! for
j=2,...,n. Then Z(l)(G) is a finite dimensional vector space and therefore already
complete in the || —|| rr(g) norm. This gives that, for any p €[1, 00), F{(G) =£(1)(G)
which is in turn identified with C"*~!, equipped with a different norm for each p,
proving part (1). Next, to show parts (2) and (3), we take any a € E(l)(G) so that
to(a) = 0. Then, since (adg)(h) = a(hg_l) for any g, h € G, it follows that for any
ke{l,...,n}

Q{}:%))@o=§:M&gﬂ:uwwza
j=1 j=1

proving that a(Z';-:l 84,) =0. A similar computation shows that (Z’;‘:I 84,)a =0,

so part (2) follows. For part (3), notice that for any j, k € {1, ..., n},

(@Bg,)(gr) = (ady))(ge) —algr) = algrg; ") —a(ge).
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Therefore, for any k € {1, ..., n} we obtain

n
1 - 1
(alo)(g0) = 2(—a(gkg 7D+ algn) =~ (—w(@) +na(g) = a(g).
]:
from where it follows that aly = a. An analogous computation gives that 1pa = a
and therefore part (3) is done. Part (4) follows at once from (4-4) and the following
direct computation for each p € [1, c0):

Z(ng - 53’1)
j=2

Part (5) is simply (4) when p = 1. Next, notice that part (6) is implied by part (5)
for ||1g||; > 1 when n > 2. Finally, when n > 2, part (6) together with Lemma 2.6
shows that FOl (G) does not have a cai. Combined with Lemma 2.7, this shows that
FO1 (G) cannot be nondegenerately represented on any Banach space, so part (7)
follows. [l

1
=—(n—=1P+m—1]—1")""7.
, N

1
1 ollp = —

Our final goal for this subsection is to investigate whether M (F(f (G)), the
multiplier algebra of F(f (G) (see Definition 4.9), is an L”-operator algebra when
G is finite and abelian. Proposition 4.13 (7) shows that, at least when p = 1,
the hypotheses of Theorem 4.1 are not met for A = Fop (G). We will show that
for all p € [1,00) \ {2} and any finite group G with card(G) > 2, F(‘)D(G) still
does not meet the hypotheses in Theorem 4.1. In contrast to the algebra sz (see
Section 4B), we will see that for certain values of p, including 1, M (Fop (Z/32)) is
not an L?-operator algebra for any g € [1, 00).

We start with a computational lemma that will be needed twice in the rest of the
paper.

Lemma 4.14. Let p € (1, 00)\ {2} and let G be a finite group with n = card(G) > 2.
Define ap : G — C by

n—1 ifg=lg,

ao(g) = { :

-1 ifg#lc.

For each ¢ € R, we define b, : G — C by
b, =ap+¢ Z d.
geG
Then:
(1) ag € £(G) and b, € £7(G) \ £4(G) for any & # 0.

(2) For any € € R, 19b. = ag (When ¢ # 0 we think of b, as a perturbation of ay
that leaves E(l)(G)).

(3) There exists €, # 0 such that ||ao|| p > ||be, |l p-
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(4) In particular, when n = 3, we get

1
laoll, _ 2P +2)@7 7+ 1P
1be, Il p 3P (2551 42)

Proof. Part (1) is readily verified. Part (2) follows at once from parts (2) and (3) in
Proposition 4.13. For part (3), note that asking for [lagl|, > [|b¢|l, is equivalent to

(4-6) m—D’4n—1>n—14¢P+m—1)]e—1".
Next, we define f, : (=1,1) — R by f,(e) = llaoll, — llbell,. That is,
e =m-1D"+n—1-m—-14+e)—mn—-1)(1—-¢e)’.

We need to show that exists ¢, # 0 such that f,(¢,) > 0. Clearly f,(0) = 0.
Furthermore, it is routine to verify that f, is a differentiable concave function, that
fp has a maximum at

sz(n_l)ﬁl_(n_l);éO,
(n—DrT+1

and that

(n—1)*—(n—1P)p.

/

0) =
£ = —
Thus, since n > 2, if p € (1,2) we have fI/,(O) > 0 and ¢, > 0, which gives
fp(ep) > 0. Similarly, p € (2, c0) implies fz/v (0) <0 and ¢, <0, from where it
follows that f,(¢,) > 0. This now gives part (3). Finally, part (4) follows from
plugging in n =3 and ¢, in (4-6). (]

We now obtain a generalization of part (6) in Proposition 4.13 for any p # 2. The
proof for p =1 was immediate, but since the right hand side of the inequality in part
(4) of Proposition 4.13 is not always strictly greater than 1, a different argument is
needed that works for any p € (1, c0) \ {2} and any finite group G with card(G) > 2.

Proposition 4.15. Let p € [1, 00) \ {2} and let G be a finite group with card(G) > 2.
Then 1y is a nonunital identity of Fé’ (G) (see Definition 2.5).

Proof. As before, we write n = card(G) and G = {gy, ..., g} where g; = 1.
Proposition 4.13(6) gives the result for p = 1. Take p € (1, 00) \ {2} and recall that

120bll
120l Fr(c) = 12 (Lo)]| = sup {W b elP(G),b#0}.
)4
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Now by Lemma 4.14 there is ag € £j(G) and b, € £7(G) \ £{(G) such that
1obe, = ap and |lagllp > ||be, || p for any p € (1, 00) \ {2}. Therefore,

||10bsp||p _ llaoll p -
be,llp Nbe,llp
finishing the proof. (]

1ol FriG)y =

k)

Remark 4.16. Notice that the argument given in the proof of Proposition 4.15
does not work when p = 2. Indeed when p = 2, with notation as in the proof of
Lemma 4.14, we get &, =0 and f»(0) = 0. In fact, f, is a parabola with vertex
at the origin. The reason for this is that, when p = 2, the C*-equation gives that
1 1oll 2(Gy = 1. Furthermore, it follows from Corollary 3.20 of [10] that

1Loll Fr2(6) < I1LollFri(a)

when either 1 < p; < p» <2or2 < py < p; < o0. Proposition 4.15 seems to suggest
that ||1o||Fr(c) strictly decreases to 1 as p goes from 1 to 2 and that || 1ol rr(c) is
strictly increasing as p goes from 2 to infinity. However, we have not investigated
these potential strict inequalities for all p any further.

An immediate consequence of Proposition 4.15, whose proof is identical to that
of part (7) in Proposition 4.13, is the following.

Corollary 4.17. Let p € [1, 00) \ {2} and let G be a finite group with card(G) > 2.
Then Fop (G) has no cai and cannot be nondegenerately represented on any Banach
space.

Notice that the work done in Section 3 already gives us a clear description of
what M (Fop (G)) is when G is finite and abelian:

Proposition 4.18. Let G be a finite abelian group and let p € [1,00). Then,
M(F(f7 (G)) is isometrically isomorphic to (E(l)(G), |||—|||p) where

lall, = I1Lall ;2 Gy F2 ) = Suptllabllrrc) : b € £5(G), 1Bl Fo(G) = 1}

Proof. Since G is abelian, E(l)(G) is commutative and, since G is finite, E(l)(G) has
a multiplicative identity and therefore the only absolute zero divisor in E(l)(G) is
0. Thus, Remark 3.8 together with Proposition 4.13(1) give that (L, R) — L is
an isometric isomorphism from M (FJ (G)) to {L € L(F (G)) : aL(b) = L(a)b}.
Proposition 3.7 now shows that M (Fé7 (G)) is indeed isometrically isomorphic to
(£5(G), lIl—IIl,) via Ly > a. U

The multiplier algebra of Fé’ (G) will be our main object of study for the rest of
the section. We introduce a compact notation that will be used henceforward:

ML (G) = M(FL(G)).
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By Proposition 4.18, when G is finite abelian, then Mg (G) is simply E(l)(G) equipped
with the norm ||| —||| ,. When p = 1, the norm in M} (G) = M (F) (G)) = M (£(G))
has a nicer description:

llalll; = sup{llablly : b € £,(G), [1b]l1 = 1}.
This norm is equivalent to the 1-norm in E(l)(G) via the following straightforward
inequalities:
lall:

1ol

where we clearly have equality if and only if card(G) = 2. In fact, these inequalities
might be strict when card(G) # 2:

Example 4.19. Let G = 7Z/37 = {[0], [1], [2]}. Here, || 1o]l1 = ;—‘ and it is easy to
check that [[[A[jlll; =2 = [|Agjll1 for j € {1, 2}. However, [[|A+ Apllly =3 #
4=Am+ Aplh-

For general p € [1, co) we get, using (4-4), the following bounds for the norm
in MY (G):

(4-7)

=< lllallly < llal

lall - lallFrc)
Lol — NdollFrec)

(4-8) < llalll, = llallFr@) < llal

We end this section by explicitly showing, via a bicontractive idempotent argu-
ment, that for certain values of p € [1, 00) \ {2}, Mé’ (Z/37) is not an L9-operator
algebra for any g € [1, 00). Let G = Z/37 ={[0], [1], [2]} and recall that Eé(Z/SZ)
is the span of elements Ay} and Apz). Furthermore, the multiplication in £}(Z/3Z)
obeys the following table:

| An A

Ay | —2Am+Ap; —Ap—Ap
Ap) | —Am—Ap —Am+24p

Recall that the element 19 = —$ A} — 3 Apy is the identity in €}(Z/3Z). For
any a € 3(1)(2/32), there are oy, oz € C such that a = o; A1; + a2 Ap). Therefore,
for any p € [1, co) we have

lall, = ller Ay + a2 Apll, = (| — a1 —@a|? + o |? + |aa|P) V7.

In particular, ||1o|l; = %.

Proposition 4.18 shows that Mg (Z/37) is isometrically isomorphic to E(l)(Z /37)
equipped with the norm |||—||[ ,. Fora = a1 Apjj+ o2l € Mé’ (Z/37), the inequal-
ities in (4-8) become

(4-9) llalll, < llalli = | — a1 — a2 + o | + [
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and

lall, _3

(4-10) llalll, > (| —ar —aa|? +len]? + laa )P
P10l 4

We note that the norm on M(f (Z/37) is an operator norm induced from a proper
ideal of an L'-space and is generally difficult to compute. Fortunately, there do
exist certain elements a for which we can compute [[|a[l|, easily (see Example 4.19).
In particular, we can compute it for the idempotents of Mé’ (Z2/32).

Proposition 4.20. Let p € [1,00) and let y = %exp(2ni/3) e C. We define
e =y A +yYAp). Then:

M yl=wl=ly+7I=3lyr—vl=

(2) 2 =eand |e|; = 1.
(3) 1()—6 =7A[1] +)/A[2] and ||1()—e||1 =1.

@) llell, = 1.
(5) 1o —elll, = 1.
(©6) [I110 — 2elll, = 2.

(7) 110 —2elll, = 1.
23 2_
(8) |||1o—2e|||ps||1o—ze||Fp(z/3z>§(T>p ifpell.2l.

1-2 .
9 20— 2ell, < 10— 2ell rrzssm < (22)' 7 if p € 2, 00).
Proof. Each of the parts (1), (2), and (3) are checked by direct computations. For
part (4), observe that the bounds (4-9) and (4-10) give
0 < llelll, <llelli=1.

2

Since e = e, submultiplicativity gives

2 2
lllellly, = Mlle=[ll, = lllelll»-

Dividing both sides by |lle]|| ,, we obtain that [le]||, > 1. The proof of part (5) is
analogous to the part (4). For part (6), first notice that

_ _ _ 23
1o —2elli = Iy —V)Am+ ¥ =PV Aplli =10[+2]y —y|= =

Then, the upper bound from (4-9) gives us that

2
110 — 2ellly < 110 — 2elh = ——

w.sl

On the other hand, since H %A[l] ”1 =1, we compute
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|0 —2e)(5Am) |, = 1T =AW+ ¥ =P ARG AR
=1y =yl IAn — ApD Al
=1 % | — A+ 24001 = ‘—B-

Therefore, |19 — 2e]||; = %g For part (7), first notice that

_ _ _ —i/3
Lo—2e=—pY)A+ =)A= —y)(=An+Ap) = ’T\/_(—A[quA[z])-

Then, by computing (19 —2e)d, for each g € Z/37, we find that the standard matrix
of 19 — 2e is

_- 0 1 -1
(4-11) V3 o).
3 1 -1 0

Since the Efl — Zﬁ operator norm is the maximum singular value of the matrix,
(4-11) shows that || 19 — 2e|| p2(7/37) = 1. Combining this with the inner inequalities
in (4-8) and the fact that || 1o 2z 37y = 1 (see Remark 4.16) we conclude that
|10 — 2el|l, = 1, as wanted. Finally, for parts (8) and (9), the result is clear for
p=1and p =2. Next assume that p € (1, 2) with % =(1-6)+5% for6 e (0, 1).
Then, the Riesz—Thorin interpolation theorem shows that

24/3
”10_2€||F/’(Z/3Z) =< ”10 26||F1(Z/3Z)”10 26”[‘2(2/32) <%_)

Now, if p’ = =5 € (2, 00), Proposition 4.11 in [12] shows that the FP (Z/37) and
Fr(Z/37) norms of 1y — 2e agree and therefore

29 1-2
24/3\7 24/3 v
110 _26”1:17’(2/32) = (T\/_> = (Tf>

The desired results now follow from the right inner bound in (4-8). ([l

The previous proposition gives all the necessary tools to show that for a certain
po € (1,2), when p € [1, pg) U (p(’), 00), then the element 1o — 2e € Mg(Z/3Z)
is not an invertible isometry, which is essentially the proof of the following main
result.

Theorem 4.21. Let pg = 1.606 and let p| = po . Take p € [1, po]U[p;, 00). Then
Mp (Z/37), the multiplier algebra of Fp (Z/SZ) is not an L1-operator algebra for
any q € [1, 00).

Proof. Suppose on the contrary that M(I; (Z/37) is an L9-operator algebra for
some g € [1,00). Then, since Mé7 (Z/37Z) is a multiplier algebra it is unital
(see Definition 3.1), whence Proposition 3.7 in [9] guarantees the existence of
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an isometric unital representation 7 : M(‘)D (Z/37) — L(L9(n)) for some measure
space (€2, w).

Take ¢ = YAy + YAq as in Proposition 4.20. Parts (2),(4), and (5) in
Proposition 4.20 show that e is a bicontractive element in Mg (Z/37). We claim
the following:

Claim 1. [[|19 —2el||, > 1 when p € [1, po] or p € [p;, o).

Once the claim above is proven, it will follow that 1y — 2e is not an invertible
isometry in Mé’ (Z/37Z). Thus, since 7 is a unital isometry, we would have found a
bicontractive idempotent 7 (e) in £(L9(w)) such that 1 — 2w (e) is not an invertible
isometry when p € [1, pg] U [ p(/), 00), contradicting Theorem 2.9.

Therefore it only remains to establish Claim 1, which already follows when p =1
by Part (6) in Proposition 4.20. Otherwise, observe that when p € (1, 00) \ {2} we
have

(Lo —2e)(Xo —2e)llprzs3zy  ILollrrazs3m)

4-12) 1o —2elll, = =
P 110 — 2ell Frz/32) 110 — 2ell Frz/32)

Next, let ag € (Z(])(Z/3Z) and b, € £F(Z/3Z) be as in part (4) of Lemma 4.14. That
is, for any p € (1, 00) \ {2} we have

1
laoll, _ 2" +2)@r T+ 1DP

= 1.
1De, Il p 3p(25°1 42)

(4-13) I Loll rrz/32) >

Now take any p € (1, 2) and set p’ = ﬁ € (2, 00). Proposition 4.11 in [12] gives
that the norms of || 1ol Fr(z/32) and || 1o g (2/37) Agree, so together with Part (8) in
Proposition 4.20, combining the bounds from (4-12) and (4-13), we now get

llaoll ./ s s

|||lo—2€||| > Hlolle/(Z/?)Z) - ||bsp/ ||[,/ B (21)—1 +2)(2p*1 + 1)],71
P = 2_ = 2 5 R

G AT 3+ (3P

Next we define & : (1,2) — R using the right hand side in the inequality above,
that is

p p P 1
QT 42)P T+ T 2T +2) (207 1)
Mpy=-"" 2521 1-Iyorn 2 '
3p—1(2P+2)(T)P 327 pTp-1.2p

It can be checked that p — h(p) is strictly decreasing on (1, pg], we omit the
lengthy calculations. A direct computation now shows that 4 (pg) > 1.000098, so it
follows that |||1g — 2e||l, > 1 for any p € (1, po]. Similarly, when p € (2, co) we
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get using Part (9) in Proposition 4.20

110 — 2elll, =

(2P +2)Q7T +1)? _n(-2-)
2 23\1-2 \p—1/"
3@ AD(5)

It follows from the p € (1, pol case that |||19 — 2e¢|||, > 1 for any p € [Py, 00),
proving Claim 1, and therefore finishing the proof. (|

Remark 4.22. It is likely that, for all p € [1, 00)\ {2}, the algebra Mé’ (Z/37) is not
an L9-operator algebra for any g € [1, 0o). A proof of this fact could potentially be
obtained by the same method employed in the proof of Theorem 4.21 above provided
that we have either better bounds or exact values for the norms of [|1¢| r»(z/37) and
|10 —2ell Fr(z/37), Which are generally hard to compute (see [16]). For instance, we
believe that the actual value for |10 —2e|| rrz/3z) when p € [1, 2] is 5~ V3 5 (1+2P7 l) »
which, if true, improves the value of pg to pg = 1.675.

Remark 4.23. Unfortunately, the bicontractive idempotent argument does not
work when G € {Z/47, 7/27Z & Z/27Z}. Indeed, in this case if e € My(G) is any
bicontractive idempotent, then it can be shown that 19 — 2e € My(G) is in fact an
invertible isometry as expected for an L”-operator algebra. Due to the difficulty
of computing the norm of an element in Mé’ (G), a different argument is likely
needed to argue a version of Theorem 4.21 for higher order groups. At this time,
for a general finite group G with card(G) > 3 and p # 2, we do not know whether
M(f (G) can be isometrically represented on an L?-space.

5. Idempotents and Gelfand transform for 2l 0(G)

In what follows we assume that G is a finite abelian group. In Proposition 4.18,
for each p € [1, 00), we obtained a unital Banach algebra M} (G) = M(F} (G))
whose underlying space is the augmentation ideal E(l)(G) normed with [[|—l[,. In
addition, Mé’ (G) is both a unital and a commutative Banach algebra when G is
abelian. When card(G) > 2 and p # 2, notice that Mé’ (G) equipped with the
inherited involution from £!(G) cannot be a C*-algebra. In fact, in such cases
Mé’ (G) is not isomorphically isometric to any closed subalgebra of C(£2) where
Q= Max(Mé’(G)) because |||Ag|||f, %+ |||AgA§|||p for all g € G\ {15}, so the
Gelfand map is not isometric. We will see, however, that the Gelfand map is an
algebraic isomorphism.

Lemma 5.1. Forn € 7.1, let
G=2/nZ=A{[0}[1],....[n—1]}
and (x[1], - - -, Xpn—11) € €~ with x(0) = 0. Consider the system of equations

(5-D X[j14+k = XXk X + X, 1< jk<n—1.
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Then the only nontrivial solutions for (5-1) are of the form
(5-2) xp = (i + DF =1 forall | <k <n—1where (xi+1)"=1.
In particular, this means that (5-1) has exactly n — 1 nontrivial solutions.

Proof. Given a solution for (5-1), we show that xj; = (x;17 + 1)* — 1 for all
1 <k <n—1. We do so by induction on k. When k =1,

xpy = (xpy + 1)1 —1=xp.
When k£ =2,
X(2) = X141 = X + 2% = ey + D7 = 1
Suppose X[j1 = (xry + l)j — 1. Then
X[j1+1] = X[j1%(1] + X1 + X1
= (g + 17 = 1) xpny + (G + DY = 1) +xqy
= xp (e + DY —xpy + x4+ G+ 1) = 1
= (xp + Dy + 17 — 1
= (x[]] + 1)j+1 —1
Now since xjo; = 0, it follows that
0 = X[0] = X[n—11+[1] = X(n—11X[1] + Xpu—1] + X1 = (X + D" =1,
so indeed any solution of the system (5-1) is of the form (5-2).
Next, we show that xz; = (xp17+ 1% — 1 forall <k <n—1and (x;;+ 1" =1
satisfies (5-1). Let 1 < j, k <n — 1. Then,
xppeig = (G + 17 = 1) (G + D = 1)
= (e + DI = Gy + DF = Gy + DY+ 1,
and since x;) = (x;;;+ 1)/ — 1 forany 1 < j <n — 1, we conclude
X1k 411+ X = (g4 D =1 = g0 = 14w
Clearly, (xr17+ 1)" =1 satisfies (xy17+ 1)" —1 = 0 = x[¢;, so we are done. |

Maschke’s and Wedderburn’s theorems (see Chapter 16 of [8] for an elementary
introduction) imply that the only nilpotent element of C.(G) for G finite abelian
is 0 € C.(G). In particular, this means that C.(G) and all of its (two-sided) ideals
have trivial nilradical. This leads to the following important observation.

Lemma 5.2. Let I be any (two-sided) ideal in LHG) for G finite abelian. Then the
Gelfand transform I'; : I — C(Max (1)) is an algebraic isomorphism.



222 ANDREY BLINOV, ALONSO DELFIN AND ELLEN WELD

We now begin with a technical lemma.

Lemma 5.3. Let G be any discrete group and define for m € 7.
B" ={(e1,62,...,em) : &;€{0, 1} forall 1 < j <m}\{(0,0,...,0)}

Then for any collection of m elements g1, g2, ...,8m € G\ {lg},

(5-3) Agigrgm = Z Ag A?z T A?y’;
(€1,82,...,6m)EB™
where we define Ag/_ = 1forall 1 < j <m. In particular, this means

5-4) Agg = AgAg+Ag+ Ay forall g, g' € G\ {15}
Proof. Fix g, g’ € G\ {l1g}. We argue by induction. A direct computation gives
Agy = AgAg + Ay + Ag

Next, assume equation (5-3) holds for the product of m — 1 nonidentity elements of
G. Choose g1, 82, ..., &n—1,8m € G\ {1¢g}. Then, using the induction hypothesis
at the last step,

Agng"'gm—lgm = A(glg2"‘gm—l)gm = Aglg2"'gm—1 Agm + Ag|g2~--gm—1 + Agm

— €1 & .. Em—1 Em
- ( )ZB'" AglAgZ AgmflAgm' ‘:’
Ej)e

We are now ready to prove the cyclic group case.

Proposition 5.4. Let G =Z/nZ forn € Z-,. Then E(l)(G) is algebraically isomor-
phic to C"~! equipped with pointwise multiplication.

Proof. We have already established that £} (Z/nZ) is an ideal in ¢! (Z/nZ) and so
we immediately have an algebraic isomorphism between Z})(Z /nZ) and continuous
functions on its maximal ideal space. Thus, it suffices to establish that the maximal
ideal space of K(l) (Z/nZ) consists of n — 1 elements.

Let Z/nZ ={[0], [1], ..., [n — 1]}. Thanks to (5-4), any multiplicative linear
functional w : E(l)(Z /nZ) — C must satisfy

(5-5) o (Apj14k) = o (ADo (A + o (Arj) + o (Ak)

forall 1 < j, k <n—1. Letting w(A(;)) = x[j], we recover the system described
in Lemma 5.1. We observe that each solution of the system (5-1) is completely
determined by the choice of x{jj, which must be chosen to satisfy (x;1;4+1)" = 1.
Foreach1 <j<n-—1,let

(5—6) a)j(A[]]) = exp(2m’ . ]/I’l) —1= XJ',[]].

As discussed, this choice determines the remaining w;(A)) = xj x) and so we
have a one-to-one correspondence between the multiplicative linear functionals of
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the ideal E(l)(Z /nZ) and the solutions of System (5-1). Of course, Max(ﬁ(l)(Z /n7))
is in bijection with 2 = {w; : 1 < j <n —1}. Lemma 5.2 gives that

[:e0(Z/nZ) — C(Q)

is an algebraic isomorphism. Finally since the canonical map C(2) — C"~! given
by
f = (f(o), f(w), ..., f(@n-1))

is also an algebraic isomorphism, we have indeed shown that E(l)(Z /nZ) and C"~!
are algebraically isomorphic, completing the proof. U

We now extend Proposition 5.4 to any finite abelian group. Consider
G=/mZ)x (Z/nZ) x ---x(Z/nn2),

where ny,...,n, € Z-1. Then any a € E(l)(G) may be written as

a= Y a8 &) D)
(81.82:--.8m)€C

We note that (g1, g2, ..., 8m) (81,85 ---» &) =(g1+81. 82+ 8-, 8n+ &)
and we will abuse notation by writing g for (0,...,g,...0) and g1g--- g for
(gla g27 LR ] gm)-

For each cyclic group Z/n ; Z, let {a)j.k) Jo<k<n;—1 be the multiplicative linear func-
tionals associated with Max (Z(l)(Z /n;Z)) where a);O) represents the zero function
on E})(Z /n;Z). We show that all multiplicative linear functionals of Eé(G) are of
the form

G 0Bggeg)= > of N(ADF(AD) - o (Al
(sj)eBm

forall 0 <k; <n;, 1 <i <m, where we interpret wffj’ )(Agk) as equaling 1 when in
a product with other nonzero terms.

Suppose w : Z(l)(G) — C is a multiplicative linear functional. When w is restricted
to linear sums of Ay, for g; € Z/n;Z, which we will denote by w;, then w;
is a multiplicative linear functional of E(l)(Z/an). Thus, there must exist k; €
{1,2,...,n; — 1} such that w; = a);kj). Equation (5-7) then follows by previ%ilﬁ
comments and Lemma 5.3. Note that w is the zero map exactly when all the w j !
are zero maps. Thus, we see that we have nn; - - - n, = card(G) possible choices
for w, including the zero map.

This leads to the following theorem and corollary.

Theorem 5.5. Let G be a finite abelian group with card(G) > 1. Then the Gelfand
transform from Eé(G) to C({1,2,...,n—1}) is an algebraic isomorphism.
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Corollary 5.6. Let G be a finite abelian group with card(G) > 1. Then the alge-
bras £)(G), £"(Z/(n — NZ), C({1,2,...,n—1}), and C"~! are all algebraically
isomorphic.

Recall that we used a bicontractive idempotent as the primary tool to show that
for certain values of p € [1, 0o)\ {2}, the algebra Mg' (Z/37) cannot be isometrically
represented on any L7-space. To this end, we present a description of the idem-
potents of K(l) (Z/nZ) and, in consequence, those of M(’)’ (Z/nZ) since the algebraic
structures are the same. We start with a short definition.

Definition 5.7. Leta e E(l)(Z /nZ) forn € Z-. Then, since a is uniquely determined
by [a] = (a([1]), ...,a([n—1])) € C*!, we define a canonical map Z(l)(Z/nZ) —
C*lviaa+r> [a] e C* L.

Let n € Z.|. We define the translation matrix of K(l)(Z /nZ) by

X1,[1] X1,[2] e X1,[n—1]
XZ,[]] -x2,[2] et -x2,[n—]]
(5-8) X = ) ) .
Xn—1,[1] Xn—=1,[2] *°° Xn—1,[n—1]

Proposition 5.4 implies that for any v € C"~! there exists a unique a € E(l)(Z /nZ)
such that X[a] = v, where [a] is as in Definition 5.7. In particular, if we let {ek}z;}
represent the standard basis of C"~!, then all nonzero idempotents of C"~! are of
the form

—1
cle1+eer+---+e,1e,-1 for (e1,62,...,6,-1) €B”

where B"~! is as in Lemma 5.3. Then our discussion above yields the following
Proposition.

Proposition 5.8. Fixn € 7.\ and let a; € E(l)(Z/nZ) be the unique element such
that X|a] = e. Then:

(1) Each ay, is an idempotent of norm at least one.

(2) aka; =0 forall k # j.

(3) ai+ax+---+ap—1 =1o.

@ {ak}z;} forms a basis for E(l)(Z/nZ).

(5) Each nonzero idempotent of E(l)(Z /nZ) is of the form
e1a1+&ay+- -+ eu_1an_1 for (e1, €2, ...,6,-1) €8

(6) E(l)(Z /nZ) has precisely 2"~ idempotents.
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6. LP-operator norms on C"

We have shown that the conclusion of Theorem 4.1 can go either way when dropping
the two hypotheses. As shown in Section 4B, for each p € [1, 00), the algebra of
strictly upper triangular matrices acting on £%, sz , is a degenerate L”-operator
algebra without a cai and yet its multiplier algebra is nondegenerately representable
on an L?-space for any g € [1, 00). In contrast, as shown in Section 4C, Fé’ (Z2/37)
is a degenerate L”-operator algebra without a cai, but when p € [1, po] U [ p(/), 00),
its multiplier algebra cannot be isometrically represented on an L7-space for any
q €[1, 00). At this time, it is unclear what conditions are necessary to guarantee
that the multiplier algebra of a degenerate L”-operator algebra without a cai is
again an L”-operator algebra.

Given that the norms of L?-operator algebras are not unique, a natural question is
to characterize norms on C” that make it into an L?-operator algebra. This problem
is already interesting for p = 1, for which we know of at least two norms on C"
which make it an L'-operator algebra:

(1) C" with the supremum norm is an L '-operator algebra acting on Z,ll via multi-
plication operators.

(2) Let F: ¢'(Z /nZ) — C(Z/nZ) the Fourier transform. Then we have algebra
isomorphisms

C"x=C(Z/nZ) = F N (C(Z/nZ)) =" (Z/nZ)

which make C" an L'-operator algebra with norm coming from the identifica-
tion with £'(Z/nZ).

Question 6.1. Are these the only two norms that make C" an L'-operator algebra?

Theorem 4.21 exhibits a norm in C? for which C? fails to be an L7-operator
algebra for any g € [1, co), which is to say the identification of Mé (Z/37) with C?
carries neither of the norms listed above. This leads to a more general question.

Question 6.2. Let n € Z.; and consider C" with pointwise multiplication. Is it
possible to find all the norms on C" that make it an L!'-operator algebra? An
L?-operator algebra for some p € [1, 00)?
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