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VOGAN’S CONJECTURE ON LOCAL ARTHUR PACKETS
OF p-ADIC GL, AND A COMBINATORIAL LEMMA

CHI-HENG Lo

For GL, over a p-adic field, Cunningham and Ray proved Vogan’s conjec-
ture, that is, local Arthur packets are the same as ABV packets. They used
endoscopic theory to reduce the general case to a combinatorial lemma for
irreducible local Arthur parameters, and their proof implies that one can also
prove Vogan’s conjecture for p-adic GL, by proving a generalized version
of this combinatorial lemma. Riddlesden recently proved this generalized
lemma. We give a new proof of it, which has its own interest.

1. Introduction

Let F be a non-Archimedean field of characteristic zero and let Wr denote the
Weil group of F. Let G be a connected reductive group defined over F. We define
G :=G(F) and T1(G) the isomorphism classes of smooth irreducible representations
of G. A local Arthur parameter v is a continuous homomorphism

¥ : Wp x SLP(C) x SL2'(C) — G,
such that
(1) the restriction of ¥y to W has bounded image;
(2) the restrictions of i to both SL? (C) and SL‘;(C) are analytic;
(3) ¥ commutes with the projections W x SL? (C)x SL’; (C)— Wpand LG — Wp.
Here SL? (C) is called the Deligne-SL, and SLQ\ (C) is called the Arthur-SL,.

In his fundamental work [2], Arthur attached a local Arthur packet ITy, for each
local Arthur parameter i of quasisplit classical groups. This is a finite (multi)set of
smooth irreducible representations, satisfying certain regular and twisted endoscopic
character identities [2, Theorem 2.2.1]. Assuming the Ramanujan conjecture, Arthur
showed that the union of these local Arthur packets contains the local components
of all discrete square-integrable automorphic representations.
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An interesting question is to construct each local Arthur packet Iy over p-adic
fields besides the abstract definition. In a series of work [16; 17; 18; 19; 20], Mceglin
explicitly constructed each local Arthur packet and showed that it is multiplicity-
free. However, there are difficulties in her construction when trying to compute the
representations in the local Arthur packets in terms of the Langlands classification.
To remedy this, for symplectic and split odd special orthogonal groups, Atobe gave
a reformulation of Mceglin’s construction [3] using extended multisegments, and
gave an explicit algorithm to compute the Langlands classification data for the
representations in a local Arthur packet. The main tools in these results are (partial)
Aubert—Zelevinsky involution and partial Jacquet module (called derivatives in [4]),
which are representation theoretic.

On the other hand, in [8], Cunningham, Fiori, Moussaoui, Mracek and Xu aimed
to construct local Arthur packets over p-adic fields using a geometric approach.
They extended [1] to p-adic reductive groups: For any L-parameter ¢ of a p-adic
quasisplit connected reductive group G*, they defined the ABV-packet HQBV, a
finite set of irreducible representations of pure inner forms of G*, using microlocal
vanishing cycle functors. For a fixed pure inner form G of G*, we shall write
HQBV(G) = HﬁBV NTII(G). It is expected that the ABV-packets recover the local
Arthur packets in the following sense. For each local Arthur parameter ¥ of G, we
associate an L-parameter ¢y, by

vl (M)

We say ¢ is of Arthur type if ¢ = ¢, for some local Arthur parameter . Vogan’s
conjecture is stated as follows.

Conjecture 1.1 [8, Conjecture 8.3.1(a)]. For any local Arthur parameter r of G(F),
My, =132V (G(F))

There are more precise statements matching the distributions associated with
local Arthur packets and ABV-packets; we refer to [8, Conjecture 8.3.1] for details.

Conjecture 1.1 remains widely open. The only known case is GL,, (F'), proved
by Cunningham and Ray [5; 6]. To introduce our main result, we sketch their main
idea in the following subsection.

1.1. Proof of Vogan’s conjecture of GL, (F) and the combinatorial lemma. First,
we introduce a crucial ingredient of their proof, the Pyasetskii involution on L-
parameters, which we denote by

-~

¢ 9.
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This involution is defined via the geometric structure on Vogan varieties. See [8,
§6.4] or [23, §4.3] for a precise definition. When G = GL,,(F'), there are bijections
among irreducible representations of G, L-parameters of G, and a collection of
multisegments (see Section 2.1 for details). In [21], Meeglin and Waldspurger
showed that under these bijections, Pyasetskii involution on L-parameters matches
the Zelevinsky involution on irreducible representations defined in [23, §4.1]. They
gave a combinatorial algorithm on multisegments to realize these involutions (see
Section 2.3). Later in [14], Knight and Zelevinsky gave a closed formula for the
involution on multisegments, which is proved using the theory of flows in network.
For GL,, (F), the structure of L-packets and local Arthur packets are simple: they
are all singletons. Therefore, the inclusion ITy, = Iy . S Hgfv automatically holds.
With this observation and the geometric structure of ABV-packets of GL,(F)
[7, Proposition 3.2.1], Cunningham and Ray demonstrated in the proof of [6,
Theorem 5.3] that for an irreducible local Arthur parameter ¥ of GL, (F),

My =My (GL, (F))
holds if the following lemma holds for 1.

Lemma 1.2 [6, Lemma 4.8]. Let v be an irreducible local Arthur parameter
of GL,(F). If ¢ is an L-parameter of GL,(F) satisfying ¢ > ¢y and az @, then

b =0oy.

Here the inequality is the closure ordering of L-parameters defined via the
geometric structure on Vogan varieties, which is equivalent to the partial ordering
on multisegments considered in [23] (see Section 2.2 for details). Cunningham and
Ray proved the above lemma, and hence established Vogan’s conjecture in this case.
Later in [5], they used endoscopic lifting to reduce the general case to the case of
irreducible parameters. This proved Vogan’s conjecture for GL, (F) completely.

On the other hand, the proof in [6, Theorem 5.3] implies that for an arbitrary
local Arthur parameter v of GL,, (F'), not necessarily irreducible, the equality

My = Mg, ¥ (GLa(F))
holds if the following generalized lemma holds for .

Lemma 1.3. Let  be an arbitrary local Arthur parameter of GL, (F). If ¢ is an
L-parameter of GL, (F) satisfying ¢ > ¢y, and $ > &7,, then

b =0oy.
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Riddlesden [22] proved Lemma 1.3, mainly using the network description of the
Zelevinsky involution as in [14]. Therefore, combining with the proof of [6, Theo-
rem 5.3], this provides a combinatorial approach to Vogan’s conjecture for GL,, (F).

1.2. Main result. We present a new proof of Lemma 1.3, thereby offering an
alternative approach to Vogan’s conjecture for GL,(F). Compared to [22], our
proof is elementary and only involves the Moeglin—Waldspurger algorithm. This
reflects an important technique in the study of general representations of Arthur type,
and hence has its own interest and is expected to have applications, as outlined below.

The main idea of the proof is to verify that the ABV-packets of GL,, (F) satisfy
an analogue of the following property for local Arthur packets of G, = Sp,, (F)
or split SOy,4+1(F) proved in [11]. Suppose 7 is a representation of G, of Arthur
type. Then the L-parameter ¢, shares a specific common summand with the
L-parameter ¢y max(r), where

Y (m) € V() = {y | € Ty}

is “the” local Arthur parameter of 7 considered in [10]. If 7 is not tempered, one
may define a representation 7 ~ and a local Arthur parameter (™ (7))~ of G,,-
with n~ < n by removing this common summand from the L-parameters. Then
7w~ € I(ymx(ry)-. Conversely, repeating this process (with slight modifications)
gives an algorithm to determine whether  is of Arthur type or not. See [12, §6]
for a precise statement.

For GL,, (F), motivated by the phenomenon above, we show that the dual in-
equalities

$=¢y and ¢=dy,

imply that ¢ and ¢y must share certain common summands in Proposition 4.3.
Define ¢~ and ¢~ by removing these common summands. The dual inequalities
are preserved, i.e.,

¢"=dy- and ¢ =y

Repeating the above procedure, we conclude that ¢ = ¢y, which proves the main
result. Note that W (;r) is always a singleton for GL, (F), and hence ™ (;r) does
not play an essential role here.

1.3. Applications of the combinatorial lemma. Finally, we discuss some applica-
tions of the combinatorial lemma. We say that an L-parameter ¢ is atomic if

10 >0, ¢ =) =1{0).
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In upcoming work [9; 15], we show that this atomic property enables us to explicitly
study the associated ABV-packet, as we will now explain.

First, suppose ¢ is an atomic L-parameter of GL,(F) and let & be the corre-
sponding irreducible representation. Note that the atomic property implies that
HQBV = {m}. In [15], we give an algorithm to express 7 as a linear combination of
standard modules.

Next, we consider L-parameters of classical groups Sp,,, (F) or split SOy, (F).
On one hand, we can associate a “stable standard” distribution nZ}d by summing
over all standard modules in the L-packet I1g, which is stable. On the other hand,
there is another distribution 7,V defined via the ABV-packet ITj"V, which is
conjectured to be stable [8, Conjecture 8.4.2]. Assuming this conjecture, for each
atomic L-parameter ¢, we give an algorithm to express ngBV as a linear combination

of stable standard distributions in [15].

Finally, in a joint work currently in progress [9], we are going to establish the
conjecture that nQBV is always stable for classical groups under certain assumptions.
As a nontrivial corollary, we show that if ¢ is atomic, then the ABV-packet HQBV
is atomically stable, meaning that no proper subset supports any stable distribution.

This justifies the use of the term “atomic”.

With the above results in mind, it is an interesting and important question to
characterize/classify the set of atomic L-parameters. The combinatorial lemma
(Lemma 1.3) implies that L-parameters of Arthur type of GL,(F) are always
atomic. The same holds for classical groups SOz,41(F), Sp,,,(F) and Oz, (F) by
the explicit computation of Pyasetskii involution for these groups in [13]. Therefore,
the above results can be applied to these ABV-packets of Arthur type. We remark
that not all atomic L-parameters are of Arthur type. For example, ¢, is atomic but
not of Arthur type for any generic nontempered representation 7 of GL,, (F). We
expect that the careful study of the combinatorial aspect of Mceglin—Waldspurger
algorithm in this paper will play important roles toward the classification of atomic
L-parameters not necessarily of Arthur type.

Here is the structure of this paper. In Section 2, we recall the necessary notation
and preliminaries. We recall the notion of multisegments in Section 2.1, the partial
ordering on multisegments in Section 2.2, and the Mceglin—Waldspurger algorithm
in Section 2.3. In Section 3, we rephrase the Moeglin—Waldspurger algorithm and
develop certain notation and lemmas for the proofs in Section 4. Then we prove
Lemma 1.3 in Section 4. We rephrase Lemma 1.3 in terms of multisegments in
Section 4.1. We prove the key of reduction, Proposition 4.3, in Section 4.2. Finally,
we prove Lemma 1.3 in Section 4.3.
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2. Preliminaries

Let F be a non-Archimedean field of characteristic zero, and let Wr denote the
Weil group of F. Let | - | represent the normalized absolute value on F, which we
also regard as a character of GL,(F) via composition with the determinant.

We denote by IT(GL, (F)) the set of isomorphism classes of irreducible smooth
representations of GL,(F), and by ®(GL, (F)) the set of equivalence classes of
L-parameters for GL, (F). We define

M1(GL(F)) := |_| M(GL,(F)), ®(GL(F)):= |_| ®(GL,(F)).
n>1 n>1
We denote by + the sum of multisets (disjoint union), and by \ the difference of
multisets.

2.1. Langlands classification for GL, (F). We recall the Langlands classification
for GL, (F'), and the bijection among IT1(GL, (F)), ®(GL,(F)) and multisegments
of correct rank.

Let C(GL, (F)) denote the set of isomorphism classes of supercuspidal repre-
sentations of GL, (F). By local Langlands correspondence for GL, (F), we may
identify C(GL, (F')) as the set of isomorphism classes of n-dimensional irreducible
representations of Wg. We let

C:=| |c@GL,.(F)),
n>1
and denote by Cyni the subset of C that consists of unitary supercuspidal representa-
tions.

Let P be a standard parabolic subgroup of GL,(F) with Levi subgroup L =
GL,, (F) x --- x GL,, (F). An irreducible representation o of L can be identified
with

0=01Q- Qo0

where o; € I1(GL,, (F)). We set

GL,(F
o1 X -+ x0g:=Indp n(F)

’

which is the normalized parabolic induction.
A segment A is a set of the form

|h+l

o120l 12T 0l 1)

where p € Cypit, b, e € R such that e — b € Z~(. We shall write A =[b, e], for short
and call b the base value of A, e the end value of A, and e — b + 1 the length of A.
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We also write
b(A):=b, e(A):=e, [(A):=e—b+1.

A multisegment, which we usually denote by «, 8, y or §, is a finite multiset
of segments. We denote the collection of segments by Seg and the collection of
multisegments by Mseg. For each p € Cyyit, let Sig,O denote the subset of Seg

consisting of segments of the form [, ¢],, and let Mseg,, denote the subset of Mgg

consisting of multisets of segments in Seg,. For each o € Mseg, there is a unique

o= E Qp,

PECunit

decomposition

where o, € Mseg, and a, = & except for a finite number of p € Cypj.
For each segment [y, x],, let A,[x, y] be the unique irreducible subrepresentation
of the parabolic induction

pl-I"xpl- P x-xpl].

We recall the Langlands classification for GL,, (') now. Any irreducible represen-
tation 7w € [T1(GL,(F)) can be realized as the unique irreducible subrepresentation
of a parabolic induction of the form

Ap [xi, il x - X Ap [xp, yrl,
where
o n=Y"0 dim(p)(x; — yi + 1),
® 0; € Cunit, and
o X|+YI = =Xr+Yr.
Here dim(p;) is the dimension of p; as an irreducible representation of Wr. The
multiset
{Ap xt, ] oo Aplxy, yrl}
with the above requirement is unique. With this notation, we may write down the

L-parameter of 7 as

XfEyf

s :
¢z = p1l- | ®Symx‘ MDD oyl ® Sym™/ 1,

where Sym®*! is the unique h-dimensional irreducible analytic representation
of SL,(C). Also, we associate, to 7, the multisegment

8z = Ayt Xtloys -5 rs xflp, )
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Thus, with the above notation, we obtain the correspondence

[T(GL(F)) +— ®(GL(F)) — Mseg,

T[: >¢)n: >87[

Suppose ¢ is an L-parameter of GL, (F). We shall simply write §4 := 8, where
is the unique representation of I1(GL, (F)) such that ¢, = ¢.

2.2. A partial ordering on multisegments. We recall the partial ordering on Mseg
introduced in [23]. S

Suppose Ay = [by, e1], and Ar = [by, e2],, are two segments. We say A; and
A, are linked if the union A; U A, (as a set) is also a segment, and A; 2 Aj,
Ay 2 Ay. In particular, A; and A; are linked only if p; = p; (recall that we require
01, P2 to be unitary).

Now let «, B be two multisegments. We say g is obtained from « by performing
a single elementary operation if we can form B from « by replacing a submultiset
{A1, Ar} of @ by

{A1, Ar} if A, A, are not linked,
{ATUAy, AiN Ay} if Ay, Ap are linked and A| N Ay # &,
{A1U A3} if A{, A, are linked and AN A, = 2.

Definition 2.1. Let «, 8 be two multisegments. We define « > S if o can be
obtained from B by performing a sequence of elementary operations. This gives a
partial ordering on Mseg.

For any multisegment 6 = {Ay, ..., A,}, we define

-
supp(d) := Z Aj,
i=1
which is a multiset of supercuspidal representations. Then, it follows from the
definition that & > B only if supp(«) = supp(8). Also, if « = )_
B = Zpecm By, then a > B if and only if a, > B, for every p.
It is proved in [23, §2] that the partial ordering in Definition 2.1 exactly corre-

PECunit O[p and

sponds to the closure ordering on the orbits of Vogan varieties.

Theorem 2.2 [23, Theorem 2.2]. Let ¢y, ¢ be two L-parameters of GL,, (F). The
following are equivalent:

(@) 8¢, = 6¢,-

(®) ¢1 = ¢

Here the > in part (b) is the closure ordering on the associated Vogan variety.



VOGAN’S CONJECTURE ON LOCAL ARTHUR PACKETS OF p-ADIC GL, 339

2.3. Meglin—Waldspurger algorithm. We recall the statement of the Mceglin—
Waldspurger algorithm and introduce the related notation. For simplicity, we shall
assume any multisegment in this section is in Mseg, for a fixed p € Cynit, and omit
p in the notation. -

Suppose A} = [b1, e1] and Ay = [by, e;] are linked. We say A precedes A; if
by < by and e; < ep. For A =[b, e], define

A- {[b,e— 1] ifb #e,
1%/ otherwise.

With these definitions, we are ready to state the Mceglin—Waldspurger algorithm.
Algorithm 2.3 (Mceglin—Waldspurger algorithm). Suppose « is a multisegment.
We associate a segment M («) as follows.

(1) Set e to be the largest end value of segments in «. Set m :=e.

(2) Consider all segments in o with end value m. Among these, choose a segment
with the largest base value and call it A,,.

(3) Consider the set of all segments in « that precede A, with end value m — 1.
If this is empty, go to step (5). Otherwise, choose a segment from this set with
the largest base value and call it A,,;,_;.
(4) Setm :=m — 1 and go to step (3).
(5) Return M () = [m, e].
Next, we inherit the following notation from the above procedure. Define « \ M (o)
to be the multisegment obtained from « by replacing A; with A;” forallm <i <e
and removing empty sets.
Finally, we set
&= (M)} + @\ M)

if o # @ and @ := @ otherwise.

For a general multisegment o = ) _ a,, we define

pecunit
o= E Qp.
PECunit

The main result of [21] is that Algorithm 2.3 computes the Zelevinsky involution
on multisegments and also the Pyasetskii involution on L-parameters of GL,, (F).

Theorem 2.4 [21, Theorem I1.13]. For any L-parameter ¢ of GL,(F), we have

5(’5 = 5¢.
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3. Rephrasing Mceeglin—Waldspurger algorithm

We introduce certain notation and a useful observation (Lemma 3.3 below) for the
Mceglin—Waldspurger algorithm. Then, we rephrase Algorithm 2.3 in Corollary 3.4.

We inherit the notation in Algorithm 2.3 in the following discussion. For any
multisegment B, set B0 := g and B := /=1 \ M(B'~"), so that for any i, we have

B={M@BHYy+B
Write B ={A};ecs, and B = {A;}jeﬁ. For i > 0, we fix an injection J/ < Ji~1,
which identifies J? as a subset of J'~!, with the conditions
i i-1
° AJ. - Aj , and
o if A1 5 AL then Al = (A1)~
In this way, we identify each J' as a subset of J = J°. Define
K :={jel |A,# A;“}.
Then,
M(B) ={e(A)|jeK').
Write M(B') =[m', ¢']. Form' <1 <¢', let k! be the unique index in K such that

e(A;;i) =[. Now we rephrase Algorithm 2.3.
1

Lemma 3.1. With the above notation, the following properties uniquely characterize
M(B) =[m', '] and {A;‘f Ymi<i<ei:

(1) ' = max{e(A)) | j € J').
(2) b(A), ) = max{b(A;) | jelJt, e(Ag.) =e'}.
3) b(A;'C;.) = max{b(A;) | jel, e(Aj.) =1, b(A;) < b(A;'C[,.H)}

@ {jeJ le(A))=m' =1, b(A") <b(A}, )} =2.

m!

0

Finally, let e := ¢” = max;c;{e(A;)} and set

t:=max{i € Zsq | €' =e(M(B')) = e} +1.

Note that t =#{j € J | e(A ) = e}. When there are more than one multisegment
involved in the argument, we write J' = J'(B8), K' = K'(B), e =e(B) and t =1(B)
to specify the multisegment S.

We give an example to demonstrate this notation.
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Example 3.2. Consider 8 = {A}jcs, where J = {1, 2, ..., 8}, and
Al :[27 2]’ A2:[07 1]9 A3:[_27 0]7 A4:[_37_1]’
As=[1,2], Ae¢=[-1,1], A7=[-2,0], Ag=[-2,1].

We have e(8) =2 and ¢ (8) = 2. Applying Algorithm 2.3 once, we obtain M (8) =
[m°, "] =[~1,2], and B' = B\ M(p) is obtained from 8 by replacing {A;}}_; by
{A;}ﬁzl. Thus we can choose K° = {1,2, 3,4} and (k9, k0, k0, k° ) = (1,2, 3, 4).
Note that one can also choose K° = {1, 2, 7, 4} since A3 = A7.

With the choice K° = {1, 2, 3, 4}, we obtain that J' ={2,3,...,8} € J and

B =1{AJ L, ={AT ) u{A s
Apply Algorithm 2.3 again, we obtain M (8') =[m!, e']1=[0, 2] and the only choice
of K'is {5, 6, 7} with (k), k., kj) = (5,6, 7). Weobtain J2={2,3,...,8}CJ'CJ
and

B> =A% = (A7 ulA] s uiAs).

Observe that in the above example, K ONK!=, orin other words, the index sets
(K! (,3)}5(:’30) ! are mutually disjoint. One can also check this on the multisegment
in Example 4.6, which is slightly more complicated. We prove this interesting
phenomenon for all multisegments along with other properties in the following
lemma.

Lemma 3.3. With the notation developed in this section, the following holds for
any multisegment f3:

@ m’<m!'<...<m' .
(b) Forany0<i <t—1and m' <1 < e, we have containment

0 1 i
Ak})gAk} C---CA,.

(c) The sets {K' };;(1) are mutually disjoint.

(d) ForO<i<t—1landm' <l <e,we have

i — 0_ 1,_---_ l l__ i+l_---_ til
A=Ay =0y ==, 204 == ="

Proof. First, observe that part (a) implies that

m’<m'<...<m' <l<e,

and hence the indices k?, e kffl in part (b) are well defined. Also, part (d) is a
direct consequence of part (c). To prove parts (a), (b), (c), we apply induction on
t =t(B). If t =1, the conclusions trivially hold. We assume ¢ > 1 from now on.
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We claim that for any [ € {e,e — 1,..., m’_l}, the following hold for any
O<i<t—1:
G m' <1I.

(ii) A’ c AT
kl

(iii) k;—‘ is not in K.
We demonstrate that the claims imply the desired conclusion before we verify
the claims. Set J':=J \ K'~! and B’ := {A};c;. Then,

1) =#ljed |e(A)=c)=1—1.
Also, for any 0 <i < ¢ — 1, claim (iii) implies K’ N K’ = @, and hence claim (i1)
implies that for m’ <[ <,

i t—1 i
Ak; gAk; 1 _Akr 1

This gives b(A’ ) > b(A’, \). From this inequality, for 0 <i <t —1 and m' <
[ <é', we 1nduct1vely check that [m', ¢'] and A’, e (B )i satisfy the properties in
Lemma 3.1 for B’. Thus, we can choose K’ (8') = 'K (B). The induction hypothesis

for B’ then implies that:
@)y ml<...<m2.

(b’) Forany 0 <i <t —2and m’ <[ < e, we have containment
0 1 i
Ak? g Akll g ce g Ak;.
(c’) The sets {K' } are mutually disjoint.

Thus, together with the claims, this verifies conditions (a), (b) and (c) for .
Now we prove the claims by applying induction on /. When [ = e, claim (i)
trivially holds. Claim (ii) follows from Lemma 3.1(2). For claim (iii), write

Ag, . =[x, y]. Then, Ak, L =[x,y—s]wheres =#{0<i <t—1]ki"! e K'}.
Since e(Ak, ,)_eand

=e(Ap-1) < max{e(A%)} =e
AVep
by definition, we obtain that
e=y—s=y=e,

which implies that s = 0. This completes the verification of the claims for / = e.
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Suppose e > r > m'~! and the claims are already verified for / = r + 1. We are

going to verify the claims for / =r.
-1

kt—l .

First, for any 0 <i < ¢ —1, claim (ii) for  =r+1 gives A;{i CA
r+1

r+1
with Lemma 3.1(3), we obtain that

Combining

(3-1) (AL <b(AN) <b(Ay ).
r r+1 r+1
On the other hand, claim (iii) for [ =r—+1 implies that kﬁjr% # krj forany0<j <t—1,
and hence
(3-2) A=Al = =A  =...=ATL

kT TR ki~

In particular, their base values are all the same. As a consequence, the set
{j e J'e(Ah) =r, b(A}) <b(A] )}
r+1

is nonempty since it contains k’~!. We conclude that m’ < r by Lemma 3.1(4).
This proves claim (i) for / =r.
Next, forany 0 <i <t —1, (3-1) and (3-2) give
e(Al, ) =e(Al) =1, b(AlL_) =bALY) <b(A} ).

k! ki~ kt ! Pl
Therefore, k'~ is in the set
{j e |e(A)) =r, b(A) <b(Al )}
r+1

We conclude that b(A;{,_]) <b(AL) by Lemma 3.1(3). This verifies claim (ii) for
[=r.
Finally for claim (iii), suppose the contrary that k'~! € K’ for some 0 <i <t
and take maximal such i. We must have
A;{;ll = A;{;}l - A;ﬂ = (A;{ﬁ)_,

and hence kﬁ_l = ki +1- However, claim (ii) for / = r +1 gives

AT = AT = (AL )T AL AT
kr ks r+1 41 k1

In particular, b(Atkt_ 11) > b(A;{,_,l1 ), contradicting Lemma 3.1(3). This completes the
verification of claim (iii) for [ "Z r and the proof of the lemma. ([l

As a corollary, we can improve the statement of Lemma 3.1 when 0 <i <fr—1
as follows.

Corollary 3.4. Let {(K' }E(:ﬂo) ~! be a collection of mutually disjoint subsets of J (B).
The following are equivalent:
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(a) K' can be labeled as K' = {k!} i </ <.(p) such that the following holds:

(1) e(Ag) =1

2) b(Aw) =max{b(A)) | j €I\ (o< K7). e(A)) =e}.

(3) b(Ay) =max{b(A)) | j € I\ (Llozr<i K7), e(A)) =1, b(A)) <b(Ay )}
@) {j eI\ (Loerei K7) le(Aj) =m' =1, b(A)) < b(Ak:-n[)} =0Q.

(b) The multisegment B can be obtained from B'~" by replacing {Ayi}yicgi with
{Aihieki-

Proof. The descriptions of parts (a) and (b) both determine the collection of
segments {A ki }iicxi uniquely. Thus, it suffices to examine the index sets {K’ };;(1)
chosen in the beginning of this section, where part (b) holds, satisfying all of the
conditions in part (a).

Condition (1) holds by definition. Condition (2) holds since e(A;) =e¢ if and
only if AY =Aj and j | |y, _; K". For condition (3), observe that A, = A for
jeJ\ |_|0§r<i K", and hence Lemma 3.1(3) implies that

b(ay) zmax{ba) [ je s\ (LI K"). e(Ap =1 b(a)) <bAy ).
0<r<i
On the other hand, Lemma 3.3(c) shows that
kield L] K7),
! \ (O§r<i )

so the equality holds. By the same observation, Lemma 3.1(4) implies condition (4).
This completes the proof of the corollary. ([

4. Proof of Lemma 1.3

4.1. Rephrasing Lemma 1.3 by multisegments. We rephrase Lemma 1.3 using the
notation of multisegments recalled in Section 2. First, we define multisegments of
Arthur type.

Definition 4.1. We say a multisegment « is of Arthur type if @ = 84 for some
L-parameter ¢ of Arthur type. The following is an equivalent but more explicit
description.

1. For an irreducible local Arthur parameter p ® Sym? ® Sym®, we associate a
multisegment

s . |la—d a+d a—d 1 a+d 1 —a—d —a+d
,o,d,a L p’ - - p,---, S — 0 .

27 2 2 72 2 72
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2. For a local Arthur parameter of the form
4-1) 1//2@@,0®Symdf®8ym“f,
o i€l,
we associate a multisegment
Sy =2 D o
p i€l,
3. We say a multisegment « is of Arthur type if a = 8y, for some ¥ of the form (4-1).

With this definition, we may rephrase Lemma 1.3 as follows.

Lemma 4.2. Let o be a multisegment of Arthur type. If B is a multisegment such
that B zaandﬁz&,thenﬁ =q.

4.2. Preparation for reduction. In this subsection we prove Proposition 4.3 below,
which is the key to the reduction argument in the proof of Lemma 1.3. The
motivation for the formulation of Proposition 4.3 is discussed in the introduction.
Note that some of the statements in this subsection are similar to those in [22], but
the proofs are different.

Throughout this subsection, we fix p € Cunit and write 8y 4 := 8, 4.4, [D, €] :=
[b, e], to simplify the notation.

Proposition 4.3. Suppose o is of Arthur type with a = 8y, where
V= @ o @ Sym% @ Sym® .
iel,

Set
a+d:=max{a; +d; |i €1},

d:=min{d; |i € Ip, a; +d; =a+d}.
Then, for any multisegment B such that B > o and ,z?f > @, the following holds:
(1) The multisegment B must contain a copy of 84.4.

(ii) If we define o~ and B~ by removing a copy of 84,4 from a and B, respectively,
then o™ = 8y~ where

v =9 —p®Sym? @ Sym“,
andﬂ_zoe_andﬁ’: ZO,;:.

We first show that the choice of a + d and d in Proposition 4.3 gives the fol-
lowing bounds. The definition of A’ and other notation in the proof can be found
in Section 3.
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Lemma 4.4. Under the setting of Proposition 4.3, for any i > 0 and [x, y] € B, the
following holds:

—a—d
(@) x = =5,

b) y< #. If equality holds, then [x, y] € B! forany 0 <1 <i and x < “;d.

Proof. For arbitrary multisegments «, 8, we have the following observations:

e If 8 > «, then supp(B) = supp(«x).
e For i > 0, supp(B’) = supp(M (")) + supp(B*!). In particular, we have
supp(B) 2 supp(B").

Now we return to the setting of Proposition 4.3. The choice of a 4+ d implies that

+2) s(a+d) =max{x €R|p| " €supp(e) = supp(h)},
3(—a—d)=min{x €R| p|-|* € supp(et) = supp(p)},
which shows part (a) and the first part of part (b) by the observations above.
Next, we show the second part of part (b) with the notation developed in Section 3

for B. Take a j € J' such that Ai. =[x, y]. We have

AYDALD- DAL =[x,y

Moreover, if any of the inclusions is strict, then e(A(J).) >y Ify= “erd, this cannot

happen by (4-2). Therefore, we conclude that [x, y] = Alj epl forany 0 <[ <i.

Finally, we verify the property that if [x, “¢] € B then x < 2. If B = a, then

[x.36a+d)] e{[3(a+d) —di. 5a+dD] i €1y, ai +di =a+d},

a
2
performing a sequence of elementary operations. By (4-2), the desired property

4 by the definition of d. In general, f is obtained from « by

and hence x <

is preserved under each elementary operation, and hence 8 also has this property.
This completes the proof of the lemma. U

For part (ii) in Proposition 4.3, we need the following computation, which works
for a general multisegment 8. We obtain the same conclusion as [22, Lemma 3.18]
but with slightly weaker conditions.

Lemma 4.5. Suppose a multisegment f contains a copy of
Obes :={lb,el,[b—1,e—=1],...,[b—s,e—5]},
and any segment [x, y] € B satisfies
i) x>b—s,

(i) y <e.
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Define B~ by removing a copy of 8p . s from . Then we have

~

:3 = :8_ +gb,e,s,
where

Spes={le—s.el.le—s—1,e—1],....[b—s, b}
We give an example to illustrate the reduction process in the proof.
Example 4.6. Let 8 = Y7 {Ayi}sicki» where
{Apotpoego =1{12,2], [1, 11, [0, O], [-1, =11, [-2, 2]},

{Aptexr = 11,21, [-1, 1], [-2, 0], [-3, —11},
(4-3) {Atieex2 = 1[0, ] [—1,1],[-3, 01},

{Ahivexs =110, 2], [-3, 1]},

{Apshaegs = {12, 2]}

Note that B contains é923 = {[0, 2], [-1, 1], [-2, 0], [-3, —1]}, and the pair
(B, 80,2,3) satisfies assumptions (1), (i1) in the above lemma. Also, the subsets
{K' }4 o of J(B) = |_| oK i satisfy all of the conditions in Corollary 3.4(a), where
recall that we let k‘ denote the index in K’ such that e(Ak,) =[. Therefore,

Bt = Z —olA i kieki, and
B={M(PBH}o+ g4 = ([-2,21,[~1,21, 0, 2], [1, 21, [2, 21} + B*.

For —-1=e—s<l<e=2,weletr;:=max{0<r <4| Ak[r =le—s—1,e—1]}.
Thus, (rp, r1, ro, r—1) = (3, 2, 1, 1). The corresponding segments Ak,” are displayed
in bold text in (4-3).

We may construct the segment 8~ from S by removing {Ak[rz}_lflfz. Let
JT =7\ {klr’ }—1<1<2, which we identify with J(87). We define the mutually
disjoint subsets {(K")*}?:0 of J~ by removing {Aklrz}_lflfg in (4-3) and then
“push” the segments below them upward accordingly. That is, we define

{A g0y~ twoy-ex0y- =112, 2], [1, 11, [0, O], [—1, —1], [-2, —2]},
{Awn-tay-en- =11, 2], [-1, 11, [=3, O]},
{Awy-Yary-exry- =110, 2], [-3, 11},

{Aw)-tay-exdy- ={-2, 21}

It follows that the mutually disjoint subsets {(K’ )_}1.3:0 of J~ satisfy all of the
conditions in Corollary 3.4(a). Therefore, (B) = Z?ZO{A(_](,-)_}(H)*E(KI-)*, and

B ={M((B )+ (B ={[-2.21.10, 2], [1, 2], [2. 2]} + (B7)°.
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Now observe that 8* contains a copy of {A r,} 1<i<3 = 80,1,3 and the pair (B4, 30.1.3)
satisfies assumptions (i), (ii) in the lemma Moreover, (,84) which is obtained
from B* by removing a copy of & 1 3, is exactly (87)%, and {M(B')}?_, equals
{M((ﬂ_)i)}?zou{[Z, —1]}. We conclude that the lemma holds for the pair (8, §o,2,3)
if it holds for the pair (,84, 80.1,3)-

Now we apply the reduction process in the above specific example to prove the
lemma in general cases.

Proof of Lemma 4.5. We use the notation developed in Section 3 for 8, which we
recall briefly as follows:

* B=1{A}}jesp)
® e(,B) = max{e(Aj)}jej(ﬁ).
o 1(B):=#{j e J(B)|e(A;) =e(p)}.

o {K! (,B)}E;(l) is a collection of (mutually disjoint) subsets of J () satisfying all
conditions in part (a) of Corollary 3.4.

Note that assumption (ii) implies that the number e matches e(8). We shall simply
write J = J(B), t =t(B), K' = K'(B) in the following discussion.

We apply induction on £ := e — b+ 1 to prove the lemma. When £ = 1, it follows
directly from Algorithm 2.3 that M (8) = 5~b,e, 5 ,31 = B, and hence

B=M@B)+B =B +3y.s.

From now on, we assume ¢ > 1 and the conclusions are already established for the
casethate—b+1=¢—1.
First, we give the following observations:

° Aké=[b,e]f0rsomeO§i§t—l.

o If Ayi =[b—r,e—r] and B! contains a [b —r — 1, e —r — 1] for some
O§r<s,thenAki771:[b_r_l,e_r_l].

As a consequence, |_|§;(1){Aki }riexi must contain a copy of 8p . s. Thus, for each
e—s <l <e, the set

O=<r=t—1|Ag=I[l—e+Db,I]}

is nonempty, and we define r; to be the maximum of this set.
Next, we show that

(4-4) Tees SFe—st1 =+ = Te.
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Indeed, for e —s <[ < e, parts (b) and (d) of Lemma 3.3 and the definition of 7,
imply that forany r; <i <t —1,

[[—e+b,I]= Aklrz - Ak[i.
Thus, Corollary 3.4(a)(3) shows that if / — 1 > m‘, then

and hence Akf,l # [ —1)—e+b,l —1]. This shows that r;,_; < r;, and hence
(4-4) holds.

Now set J ™~ := J\{kl”}f:eis. We have B~ ={A;}jej-. For 0 <i <t —2, define
mutually disjoint subsets (K')~ of J~ as follows.

K ifi <re_g,
(K'Y = {k;, N e dys ki) ifrgy <i <,
K+l ifi >r,.

Note that if i is not in the first or the third case above, i.e., r, > i > r,_g, then
the index /(i) = max{e > > e —s | i > ri;} is the unique index such that
10) <i< FI(i)+1 holds.

We claim that the collection of index sets {(K?)~ }f ;(2) satisfies all of the conditions
in Corollary 3.4(a) for 87, and hence we can compute Ei using these index sets as
described in part (b) of the same corollary.

Before verifying the claim, we demonstrate that the claim implies the desired
conclusion. Define

=2 t—1
K~ :=|_|(1<")—, K:=|_|Ki.
i=0 i=0

Observe that b(Ar-s) = b — s, and hence by assumption (i), M (B'~) = [e — s, e].
This implies that

(4-5) K~ ufk'}_,_ =K.
As a consequence of the above equality, we have

B =(B) " Ubpets,

and hence B’ contains a copy of 8§, .—1 5. Also, B’ satisfies assumptions (i), (ii)
with e replaced by e — 1 according to its construction. Thus, the induction hypothesis
implies that

(4-6) Bl =(B7) " Ubpeis.
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Another consequence of (4-5) is that
47 IM(BNZgUlle—s, ell = (M(BHY .

Indeed, observe that as multisets over C,

1—1 _
;}M(ﬂ’) = > {e(An)},

keK
and the left-hand side of the above equality uniquely determines the collection
{M (,Bi)}ﬁ;é. The same argument works for 8~. Therefore, (4-5) implies (4-7).
Combining (4-6) and (4-7), we obtain that

B={MPBNZy+B = MBI Ngulle—s e} +(B) " Ubpems
=p- +§e,b71,s-
This gives the desired conclusion of the lemma.
Now we prove the claim. Write (K')™ = {(kli)_}(m")*flfe’ where e(A(k;),) =1
In other words,

(m')” = {

m! kli ifi <ry,

K if 1> (m)” and i > ;.

ifi <r._g,
i+1

k)~ = {

Conditions (1) and (2) of Corollary 3.4(a) for {(K ,-)_};;(2) hold by the construction.
Now we verify condition (3) for each A(k;-)_, where 0<i<t—2ande>1> (m')".

m ifi>r._g,

We separate into three cases: rj41 > 1 > i, 141 >1i >r,andi > ryy; > r;. The
key observation is

(4-8) {jeJ\( ] K’)|e(AJ~):l}:{jeJ—\< | (K’)‘)|e(A,~)=l}

0<r<i 0<r<i

L {klmax(i,r/)}.

Case 1. Suppose that ;41 > r; > i. Then, (k;)* = k;, (ka)* = ka, and
b(Ak;-) > b(Ak]rz) by Lemma 3.3(b) and (d). Thus Corollary 3.4(a)(3) for Akli and

(4-8) give

b(Agi)
= (A =max[b(a)) [ je s\ (0<|_| K"), e(Ap) =1 b(a)) <b(Ay )}
=max({b(a,) ] j € s\ (O<|_| (KN)7), e(ap) =1, b(A)) < b(ay )}

. U{b(AgY)
=max{b(A)) [ eI\ (LI (K)7), e(Ap) =1 b(a)) <b(Agy,, )}

0<r<i

This verifies condition (3) in this case.
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Case 2. Suppose that r;41 > i > r;. Then,
kD™ =k and (ki) =kiy.

We first check that for any j~ € J7\ (o< <;_; (K")7) such that e(A;-) =1,
b(A;-) < b(Ak;H) if and only if b(A;-) < b(AkH). Indeed, Lemma 3.3(b) and (d)
+
imply that

b(Ay ) =b(AL, ) >b(ATE) =b(A),
1+1 1+1 1+1

ki
which shows one direction. For the other direction, Corollary 3.4(a)(3) for A ki and

(4-8) imply that

ba =max[b@ap | jes\( L K') eap=1 ba)<by)]

0<r<i-—1

>b(Aj-).
Then, since r;+1 >i+ 1 > i > r;, Lemma 3.3(b) and (d) imply that
b(Aj-) <b(A) <b(Apn)=l—e+b<l+1—e+b=b(A) <b(Aui+1).
1 1 I+1 1+1
In particular,
b(Aj-) < b(Ain).
I+1
As a consequence, we obtain that
b(A y-)

=b(Ayn=max|pap e s\ (L K).ea)=1bA) <bAgn)
O<r<i+l1

=max({bap) [ j eI\ ( LI K7) e(ap) =LA < b(aD |\ b(a))

0<r<i

—max[bap) [ e\ (L K)o =1.bA)) < bayn]

0<r<i

=max[bA)) [ e\ (L (KD)7).ea =1b(A) <b(ay )]

0<r<i

=max{ba)) | je s\ (L (KD)7) e =1bap <bag ).

0<r<i

This verifies condition (3) in this case.
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Case 3. Suppose that i > r;y; > r;. Then, (kf)* = k;“ and (ka)* = k;j:ll
Corollary 3.4(a)(3) for A ki and (4-8) imply that
b(Aiy-)

=bgm =max{bap |jes\( LI K') edp=1b@A)<b@ym]
O0<r<i+1

=max({papjes\( L K)7).ea) =1 b)) <bAm]

0<r<i+l
U{b(A)))

=maxba)) [ je 77\ (U (KD7). eap=1bap) <b(dg ).

0<r<i

This verifies condition (3) in this case.
Finally, we verify condition (4). We separate into three cases: i < ro—s, 71(i)+1 >
i > () for some e —s <I(i) <e,and e > r,.

Case 1. Suppose that i < r,_,. Then, (m')~ =m' and (kémi),)* =k' ;. Therefore,

(e \(U &) [e@p=mh =1 b8 <bag )]

0<r<i

={ies \( U &)7)[eap=m' =1, b(a) <bay )]

0<r<i m!

clies\( U K)[eap=m—1, b(a) <b(Ak;i)}.

0<r<i

Since the last set is empty by Corollary 3.4(a)(4) for K’ (B), this verifies condition (4)
in this case.

Case 2. Suppose that 741 > i > ry;) for some e —s < [(i) < e. We write

I = 1(i) for simplicity in the following discussion. We have (m’)~ = m‘*! and
(kém”)—)_ = k;l;:-}—l Observe that | |y, _; (K")™ € [ Jo<, ;41 K". Moreover, the

difference set can be written down explicitly:

( L] K’)\( L] (K’)—):{k;f_jg,...,k{l}u{k;’+1,...,k;}.

O<r<i+l1 O<r<i

As a consequence, if j € J 7\ (ly<,—;(K")7) but j & J\ (o<, ;41 K"), then
j € {ka, ce ki}. In particular, since i + 1 < r;41, Lemma 3.3(a) implies

e(A)=1+1>m™ >m' ™ > mith -1,
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Therefore,

{ies \(< (K)7) [e(@)) = m)™ =1, b(a) <6y )]

={je J_\(OfLrI<i(Kr)_> | e(ap) =m™! =1, b(a)) < b8y )]
_ {je]\(0<r|:!+lK’> | e(ap =m™ =1, b(A)) < b(am, )}

which is empty by Corollary 3.4(a)(4) for K i+1 (B), this verifies condition (4) in
this case.

_ kH—l

Case 3. Suppose i > r,. Then (m')™ =m'*! and (k' - Similar to the

(mi)_)
previous case, we have

( L] K’)\( | ] (K’)*):{kge:;,...,kge},

0<r<i+l1 0<r<i

(U &y )=\( U &)

0<r<i 0<r<i+l

and hence

Thus a similar argument as in the previous case verifies condition (4) in this case.
This completes the verification of the claim and the proof of the lemma. (]

We remark that we have

~

8d,a =08azd atd ,, O8gd=08azd atd
22 2

LA ar

As a corollary, this gives an alternate proof of the following fact.

Lemma 4.7. Consider a local Arthur parameter of the form
¥ = @ p®Sym” ®Sym*,
iel,
and let o« = 8y,. Then a = 85, where
¥ = @ p®Sym" ® Sym”
i€l,
Proof. We apply induction on |I,|. Define a +d, d as in Proposition 4.3. We

apply Lemma 4.5 on «, which contains a copy of 64, = 8a2d atd ,. Note that the

assumptions are verified by Lemma 4.4 with 8 =« and i = 0. We have

~
~

A=0a" +8ad atd , —a + 844,
202

where o™ =a — 6844 =6y~ and

Y~ =9 —p@Sym? ® Sym“ .
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If [I,| =1, then o™ is empty, and hence @ = 8,4 = 510 If |I,] > 1, then the
induction hypothesis shows that a = 81// , which implies that @ = = 83. This
completes the proof of the lemma. O

Proof of Proposition 4.3. We use the notation e = e(8),t = t(B), K! = K'(B)
defined in Section 3. We have e = # by Lemma 4.4(b). Let

re=min{0<i<t—1|M(B)2[(—a+d)/2, (a+d)/2]}.
Note that the right-hand side is nonempty since
B>a=085208443(—a+d)/2, (a+d)/2].

Recall our notation that M (8") =[m", el and K" =1k, ..., k,,}. Corollary 3.4(a)(3)

implies -
b(Aw,) <b(Ak, ) < <b(Ag),
and hence
a+d —a+d
(4-9) b(Ag,) <b(Ag) —(e—m") <b(Ag) — S, t— = b(Ag) —a,

where we use m" < (—a+d)/2 given by the containment [m", e] D [(—a+d)/2, e]
in the second inequality. On the other hand, Lemma 4.4(b) gives

a—d
(4-10) b(Ap) < .

Therefore,
—a—d

2

By Lemma 4.4(a), the equality must hold, and hence all the inequalities in (4-9) and
(4-10) are indeed equalities. In particular, for m” <[ < e, we have Ay = [l—d, 1],
We conclude that

B=1Ajjes 2 Ak wexr =l —d, 1]} caca oy cata = 8d,a-

—d
b(Ay,) < —5——a=

This proves part (i).

For part (ii), it is clear that «~ = §y- and B~ > o . It remains to show that
,é: > a—. We apply Lemma 4.5 on $, which contains a copy of 64, = 8%’%&1
Note that the assumptions in Lemma 4.5 are verified by Lemma 4.4 with i = 0.

Thus, we obtain that
&:‘;: +8a,d, EZIE: +(Sa,d,

which implies that B: > a- since E > «. This completes the proof of part (ii) and
the proposition. (]
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4.3. Proof of Lemma 1.3. It is equivalent to prove Lemma 4.2. Write o = dy,
where

v= P P pSym?®Sym* .

PE€Cunit iel,

Let
v, =@ p®Sym? @ Sym? .
iel,
We have the decomposition ¢ = ) p<Cunit % where oy, =8y, and B =3 . B,.
The pair of inequalities 8 > « and B > & is equivalent to the pairs of inequalities
Bo =y, Ep > o, for every p. Therefore, we may assume that
v =v,=@ p®Sym% @ Sym*
i€l,

for some p € Cyyit, and adopt the notation in Proposition 4.3.

Apply induction on k := |I,|. When k = 1, Proposition 4.3(i) implies that
o =644 = B. Suppose that k > 1. We construct @, 8~ as in Proposition 4.3(ii).
Then, the induction hypothesis implies that «~ = 7, and hence

a=o +844a=PB +3d4a=5H.

This completes the proof of the lemma. O
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