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MULTIPLIER ALGEBRAS OF L p-OPERATOR ALGEBRAS

ANDREY BLINOV, ALONSO DELFÍN AND ELLEN WELD

It is known that the multiplier algebra of an approximately unital and
nondegenerate L p-operator algebra is again an L p-operator algebra. In
this paper we investigate examples that drop both hypotheses. In particular,
we show that the multiplier algebra of T p

2 , the algebra of strictly upper
triangular 2 × 2 matrices acting on ℓ

p
2 , is still an L p-operator algebra for

any p. To contrast this result, we first provide a thorough study of the
augmentation ideal of ℓ1(G) for a discrete group G. We use this ideal to
define a family of nonapproximately unital degenerate L p-operator algebras,
F p

0 (Z/3Z), whose multiplier algebras cannot be represented on any Lq-space
for any q ∈ [1, ∞) as long as p ∈ [1, p0]∪ [ p′

0, ∞), where p0 = 1.606 and p′

0
is its Hölder conjugate.
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1. Introduction

In 1971, C. S. Herz studied certain operators acting on L p-spaces (see [17]). In
fact, Herz constructed group algebras of operators acting on L p-spaces, those
were referred to as algebras of p-pseudofunctions (see [18] and also [9] for a
modern approach). About 15 years ago, the study of these operators regained
interest from the community thanks to the general research works of M. Daws, E.
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Gardella, N. C. Phillips, N. Spronk, and H. Thiel, among others (see [5; 6; 12; 13;
14; 21], for instance). This area is now known as L p-operator algebras. Given
that L p-operator algebras include the large and well studied class of C∗-algebras,
part of the research in this area focuses on understanding what C∗-properties and
constructions can and cannot be extended to the L p-case. In particular it is worth
mentioning that L2-operator algebras include the class of C∗-algebras, but also
the larger class of nonselfadjoint operator algebras. Three big differences between
C∗-algebras and L p-operator algebras, even when p = 2, which will be exploited
here are: (1) L p-operator norms are not unique, (2) some L p-operator algebras
cannot be nondegenerately represented on any Banach space, and (3) some L p-
operator algebras do not have contractive approximate identities (which will be
henceforth abbreviated as cai’s). A usually hard problem in L p-operator algebras,
arising in some sense due to the difficulty of computing L p-operator norms, is to
determine whether a given Banach algebra can be isometrically represented on an
L p-space. Different techniques have been employed to show that certain Banach
algebras cannot be represented on L p-spaces; see for instance Theorem 2.5 in [11]
and Example 4.7 in [3], where it is shown that the class of L p-operator algebras is
not closed under taking quotients when p ̸= 2. As a main result of this paper, we
look at certain algebras with no contractive approximate identities to conclude that,
for certain values of p ̸= 2, the class of L p-operator algebras is not closed under
taking multiplier algebras.

This paper is organized as follows: We start with a brief review of the multiplier al-
gebra construction (as double centralizers) for general Banach algebras. In Section 3,
we present main results for the construction of the multiplier algebra, M(A), of a
general Banach algebra A. It is known that if a Banach algebra A has a cai and is
nondegenerately representable on a Banach space E , then M(A) can also be nonde-
generately represented on E . In fact, in Corollary 3.6, we prove that for the known
representation of M(A) on E the action is given by two-sided multipliers, agreeing
with the well known C∗-result. Next, we investigate general properties of M(A)

when A has a nonunital identity which means that A an algebraic multiplicative
identity with norm greater than 1 (see Definition 2.5). This condition automatically
prevents A from having a cai and also from being nondegenerately represented on
any Banach space, making these algebras suitable candidates to investigate whether
their multiplier algebras can be nondegenerately represented on Banach spaces.

Starting in Section 4, we work only with multiplier algebras of L p-operator
algebras. As before, when A is a nondegenerate L p-operator algebra with a cai, its
multiplier algebra is also a nondegenerate L p-operator algebra. We begin Section 4
by exploring whether these assumptions are necessary for the multiplier algebra
of an L p-operator algebra to be itself an L p-operator algebra. Consequently, we
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produce two contrasting examples dealing with the multiplier algebra of degenerate
L p-operator algebras without cai’s:

The first one, explored in Section 4B, deals with strictly upper triangular matrices,
denoted T p

d , acting on ℓ
p
d = ℓp({1, . . . , d}). When d = 2, even though T p

2 is itself
a degenerate L p-operator algebra without a cai, we have the following main result:

Theorem 4.2. For any p ∈ [1, ∞), M(T p
2 ) is isometrically isomorphic to C2 with

the supremum norm. In particular, for any p, q ∈ [1, ∞), M(T p
2 ) is an Lq -operator

algebra that is nondegenerately representable on ℓ
q
2 .

The second one is explored in Section 4C, where we focus on ℓ1
0(G), the augmen-

tation ideal of ℓ1(G) for a discrete group G. As an algebra, ℓ1
0(G) is an L1-operator

algebra that has an identity with norm strictly greater than 1 when G is finite
and card(G) > 2. The augmentation ideal ℓ1

0(G) is defined as the kernel of the
map ℓ1(G) → C given by a 7→

∑
g∈G a(g). We then study the main properties

of this ideal and show that, when G is finite, ℓ1
0(G) has no cai and cannot be

nondegenerately represented on any Banach space (see Proposition 4.13(7)). For
our main result, we construct a family of L p-operator algebras whose multiplier
algebras cannot be represented on any Lq-space for any q ∈ [1, ∞) as long as
p ∈ [1, p0]∪[p′

0, ∞), where p0 = 1.606 and p′

0 is its Hölder conjugate. This is done
by looking at the image of the augmentation ideal ℓ1

0(Z/3Z) in the group algebra
F p(Z/3Z) under the left regular representation λp : ℓ1(Z/3Z) → L(ℓp(Z/3Z)).
That is, for each p ∈ [1, ∞), we put

F p
0 (Z/3Z) = λp(ℓ

1
0(Z/3Z)),

and then denote its multiplier algebra as M p
0 (Z/3Z) = M(F p

0 (Z/3Z)). The Banach
algebra F p

0 (Z/3Z) has an algebraic identity, denoted 10, whose norm is strict greater
than 1. However, in Proposition 4.18 we show that M p

0 (Z/3Z) is simply F p
0 (Z/3Z)

equipped with a different norm in which 10 now has norm 1. Our main result in
this subsection is then the following:

Theorem 4.21. Let p0 = 1.606 and let p′

0 =
p0

p0−1 . Take any p ∈ [1, p0] ∪ [p′

0, ∞).
Then M p

0 (Z/3Z), the multiplier algebra of F p
0 (Z/3Z), is not an Lq -operator alge-

bra for any q ∈ [1, ∞).

The main ingredient in the proof of Theorem 4.21 follows a technique previously
used by Blecher and Phillips in Section 4 of [3] to show that the class of L p-operator
algebras is not closed under taking quotients. To be more precise, we exhibit a
bicontractive idempotent e ∈ M p

0 (Z/3Z) such that 10 − 2e is not an invertible
isometry when p ∈ [1, p0] ∪ [p′

0, ∞), contradicting a structural result of Bernau
and Lacey, Theorem 2.9 below, regarding bicontractive idempotent acting on L p-
spaces. Unfortunately, the bicontractive idempotent argument might not work for
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groups other that Z/3Z. For instance, when G = Z/4Z or G = Z/2Z ⊕ Z/2Z,
the bicontractive idempotents in M p

0 (G) = M(F p
0 (G)) behave as expected for an

L p-operator algebra. The essential difficulty in deciding whether M p
0 (G) is an

L p-operator algebra for a general finite group G is that its norm is generally hard
to compute (see [16] for instance).

In Section 5, we restrict our attention to nontrivial finite abelian groups and show
that when n = card(G) > 1, the algebra ℓ1

0(G) is algebraically isomorphic to Cn−1

with pointwise multiplication via the Gelfand map. This yields a nice description
of the idempotents of M p

0 (Z/nZ), see Proposition 5.8, that can be compared with
Rudin’s more general work for idempotents in L1(G) when G is a locally compact
group (see W. Rudin’s work [25] and [24]).

In the last section we present a brief discussion on different norms that make Cn

an L p-operator algebra, posing a final question regarding what properties a norm
on Cn must satisfy to be an L p-operator algebra. Answering this general question
might provide a tool to decide when M p

0 (G) is representable on an Lq -space.
We end our introduction with a brief overview of the general notation that will

be used throughout the paper. When E is a Banach space, we denote by L(E)

the space of all bounded linear maps E → E . For p ∈ [1, ∞), we sometimes
write L p(µ) for L p(�, µ), the L p-space of a measure space (�, µ). In particular,
when ν is the counting measure on � we simply write ℓp(�) for L p(�, ν) and, for
d ∈ Z≥2, we write ℓ

p
d for ℓp({1, . . . , d}).

2. Preliminaries

We first establish standard definitions for representations of Banach algebras on
Banach spaces. The definition of L p-operator algebras will be given using this ter-
minology. We then present basic facts about Banach algebras with either contractive
approximate units or with nonunital identities.

Definition 2.1. Let A be a Banach algebra and let E be a Banach space. A
representation of A on E is a continuous algebra homomorphism π : A → L(E).

(1) We say that π is contractive if ∥π(a)∥ ≤ ∥a∥ for all a ∈ A.

(2) We say that π is isometric if ∥π(a)∥ = ∥a∥ for all a ∈ A.

(3) We say that π is nondegenerate if

π(A)E = span({π(a)ξ : a ∈ A and ξ ∈ E})

is dense in E , and that A is nondegenerately representable if it has a non-
degenerate isometric representation.

Definition 2.2. Let p ∈ [1, ∞). A Banach algebra A is an L p-operator algebra if
there is a measure space (�, µ) and an isometric representation of A on L p(µ).
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Definition 2.3. Let A be a Banach algebra. We say that A has a contractive
approximate identity (cai) if there is a net (eλ)λ∈3 in A such that ∥eλ∥ ≤ 1 for all
λ ∈ 3 and for all a ∈ A,

lim
λ∈3

∥aeλ − a∥ = lim
λ∈3

∥eλa − a∥ = 0.

Lemma 2.4. Let A be a Banach algebra with a cai. Then for any a ∈ A,

∥a∥ = sup
∥b∥=1

∥ab∥ = sup
∥b∥=1

∥ba∥.

Proof. Let (eλ)λ∈3 be a cai of A. Then for any a ∈ A,

∥a∥ ≥ sup
∥b∥=1

∥ba∥ ≥ sup
λ∈3

∥eλa∥

∥eλ∥
≥ sup

λ∈3

∥eλa∥ ≥ ∥a∥.

The other equality is proved analogously. □

Definition 2.5. Let A be a Banach algebra. We say that A has an identity element
if there is an element 1A ∈ A such that, for all a ∈ A,

1A · a = a = a · 1A.

If ∥1A∥ = 1, we call 1A a unit of A; otherwise we say 1A is a nonunital identity of A.

We will work below with a Banach algebra that has a nonunital identity, see
Section 4C. The following two lemmas show that such Banach algebras cannot
have cai’s and cannot be nondegenerately represented on any Banach space.

Lemma 2.6. Let A be a Banach algebra with a nonunital identity 1A ∈ A (that is
∥1A∥ ̸= 1). Then, A cannot have a cai.

Proof. It is clear that ∥1A∥ > 1. Now suppose A has a cai, say (eλ)λ∈3. Then, for
each λ ∈ 3

0 ≤ |∥eλ∥ −∥1A∥| ≤ ∥eλ − 1A∥ = ∥eλ1A − 1A∥.

Therefore, by the squeeze theorem

lim
λ

|∥eλ∥ −∥1A∥| = 0.

This implies that limλ ∥eλ∥ = ∥1A∥, whence ∥1A∥ ≤ 1 which is a contradiction. □

Lemma 2.7. Let A be a Banach algebra with a nonunital identity 1A ∈ A (that is
∥1A∥ ̸= 1). Then A cannot be nondegenerately represented on any Banach space.

Proof. Assume on the contrary that there is a Banach space E and an isometric
nondegenerate representation π : A → L(E). Then, for any a ∈ A and any ξ ∈ E
we have

π(1A)π(a)ξ = π(1Aa)ξ = π(a)ξ.
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Nondegeneracy now gives that π(1A) = idE , but this implies

1 = ∥idE∥ = ∥π(1A)∥ = ∥1A∥ > 1,

a contradiction. □

In Section 4, we will take the multiplier algebra of certain L p-operator algebras
in order to construct a family of unital Banach algebras that are not representable on
any Lq -space for any q ∈ [1, ∞). Our technique, which was also used by Blecher
and Phillips in Section 4 of [3], will be to show that some bicontractive idempotents
on the algebra do not behave as expected for Lq-operator algebras. We record
precise definitions and known facts below.

Definition 2.8. Let A be a unital Banach algebra with unit 1A.

(1) An idempotent e ∈ A is bicontractive if ∥e∥ ≤ 1 and ∥1A − e∥ ≤ 1.

(2) An element s ∈ A is an invertible isometry if ∥s∥ = 1 and ∥s−1
∥ = 1.

The following is a combination of Theorem 2.1 in [1] and part (c) of Lemma
2.29 in [3].

Theorem 2.9. Let p ∈ [1, ∞) and let (�, µ) be a measure space. Then an idem-
potent e ∈ L(L p(µ)) is bicontractive if and only if 1 − 2e is an invertible isometry,
where 1 = idL p(µ).

3. Multiplier algebras

Below we present general definitions and some results about multiplier algebras of
Banach algebras.

Parts of following definition come from Section 2.5 in [4].

Definition 3.1. Let A be a Banach algebra.

(1) A left multiplier of A is a map L ∈ L(A) satisfying

L(ab) = L(a)b for all a, b ∈ A.

The set of left multipliers of A is denoted by L M(A).

(2) A right multiplier of A is a map R ∈ L(A) satisfying

R(ab) = a R(b) for all a, b ∈ A.

The set of right multipliers of A is denoted by RM(A).

(3) A double centralizer of A is a pair (L , R) with L ∈ L M(A), R ∈ RM(A), and

aL(b) = R(a)b for all a, b ∈ A.

We define M(A), the multiplier algebra of A, to be the subset of L(A)×L(A)op

(equipped with the supremum norm) consisting of double centralizers.
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It is clear that M(A) is a unital Banach subalgebra of L(A) ×L(A)op.
If A is a C∗-algebra, M(A) is equivalently defined as the set of two sided

multipliers of A on any Hilbert space as long as A acts nondegenerately on it; see
Definition 2.2.2 in [27] for instance. This will be also the case for a Banach algebra
that has a cai and that can be nondegenerately represented on a Banach space. We
start with the definition of a map from A to M(A) that will be a canonical inclusion
when A has a cai.

Definition 3.2. Let A be a Banach algebra. For each a ∈ A we define maps
La : A → A and Ra : A → A by left and right multiplication respectively, that is
for any b ∈ A

La(b) = ab and Ra(b) = ba.

We get a map ιA : A → M(A) given by ιA(a) = (La, Ra).

Lemma 3.3. Let A be a Banach algebra with a cai, and let (L , R) ∈ M(A). Then
∥L∥ = ∥R∥. Furthermore, the map ιA : A → M(A) from Definition 3.2 is an
isometric algebra homomorphism and ιA(A) is a closed two-sided ideal in M(A).

Proof. Lemma 2.4 gives

∥L(a)∥ = sup
∥b∥=1

∥bL(a)∥ = sup
∥b∥=1

∥R(b)a∥ ≤ ∥R∥∥a∥.

Thus, ∥L∥ ≤ ∥R∥. Similarly,

∥R(a)∥ = sup
∥b∥=1

∥R(a)b∥ = sup
∥b∥=1

∥aL(b)∥ ≤ ∥a∥∥L∥,

whence ∥R∥ ≤ ∥L∥ and therefore ∥L∥ = ∥R∥. Note that ιA is clearly a linear map.
To check it is multiplicative take a, b ∈ A and compute

ιA(ab) = (Lab, Rab) = (La Lb, Rb Ra) = (La, Ra)(Lb, Rb) = ιA(a)ιA(b).

Once again, Lemma 2.4 gives ∥La∥ = ∥Ra∥ = ∥a∥, showing that ιA is isometric and
that ιA(A) is closed in M(A). Finally, direct computations show that for any a ∈ A
and any (L , R) ∈ M(A), ιA(a)(L , R) = ιA(R(a)) and (L , R)ιA(a) = ιA(L(a)),
whence ιA(A) is indeed a two-sided ideal in M(A), finishing the proof. □

A well known and useful fact is that whenever A is a Banach algebra with a
cai that is nondegenerately represented on a Banach space E , then M(A) can be
nondegenerately represented on E . For convenience, we state such result below
and refer the reader to Theorem 4.1 and Remark 4.2 in [13] for a complete proof.

Theorem 3.4. Let A be a Banach algebra with a cai and let π : A → L(E) be
a contractive nondegenerate representation of A on a Banach space E. Then π

induces a unique nondegenerate, contractive, and unital representation π̂ : M(A)→
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L(E) such that, if ιA is as in Definition 3.2, then π = π̂ ◦ ιA. Furthermore, π̂ is
isometric when π is.

Remark 3.5. Theorem 3.4 can also be proved by either appropriately modifying
the proof of Proposition 2.6.12 in [2] or by the methods described in Section 6 of
[19]. We are grateful to both David Blecher and Hannes Thiel for pointing these
references to us. An alternative way is to use Corollary 4.1.7 in [7]. This alternative
proof uses that, just as in the C∗-case, M(A) is isometrically isomorphic to the
two-sided multipliers of A on any Banach space E where A acts nondegenerately.
This fact is actually equivalent to Theorem 3.4, as we see below in Corollary 3.6.

Corollary 3.6. Let A be a Banach algebra with a cai and that is nondegenerately
represented on a Banach space E via π : A → L(E). Then the Banach algebra
M(A) is isometrically isomorphic to

{t ∈ L(E) : tπ(A) ⊆ π(A), π(A)t ⊆ π(A)},

the algebra of two sided multipliers of π(A), via the map π̂ from Theorem 3.4.

Proof. Theorem 3.4 gives that π̂ : M(A) → L(E) is an isometric and unital
representation satisfying π̂ ◦ ιA = π . Set

B = {t ∈ L(E) : tπ(A) ⊆ π(A), π(A)t ⊆ π(A)}.

It only remains to show that the image of π̂ is indeed B. To do so, notice that for any
(L , R) ∈ M(A) and a ∈ A we have π̂(L , R)π(a) = π(L(a)) and π(a)π̂(L , R) =

π(R(a)), whence π̂(M(A)) ⊆ B. To check the reverse inclusion, for any t ∈ B we
define L t , Rt ∈ L(A) as follows:

L t(a) = π−1(tπ(a)), Rt(a) = π−1(π(a)t),

where π−1
: π(A) → A is understood as the inverse of the invertible isometry

π : A → π(A). Since t ∈ B, we have (L t , Rt) ∈ M(A). Furthermore, for any a ∈ A,
ξ ∈ E we have

π̂(L t , Rt)π(a)ξ = π(L t(a))ξ = tπ(a)ξ.

Hence, nondegeneracy implies that π̂(L t , Rt) = t and therefore we conclude that
B ⊆ π̂(M(A)), finishing the proof. □

We will be mostly interested in M(A) when A is a Banach algebra that has a
nonunital identity as in Definition 2.5. This implies that A does not have a cai, as
shown in Lemma 2.6, whence the previous two results cannot be used. However,
the following proposition shows that in such cases M(A) is actually the Banach
algebra A equipped with a new norm.
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Proposition 3.7. Let A be a Banach algebra with identity 1A ∈ A, as in Definition
2.5, and let ιA : A → M(A) be as in Definition 3.2. Then the map ϕ : M(A) → A
given by

ϕ(L , R) = L(1A)

is an isometric isomorphism between the Banach algebras M(A) and (A, |||−|||),
where |||a||| = ∥ιA(a)∥. In particular, |||a||| = ∥a∥ for all a ∈ A when 1A is a unit.

Proof. It is routine to check that ϕ : M(A) → A is a linear map. Further, it is clear
that ϕ(ιA(a)) = a, whence ϕ is surjective. If ϕ(L , R) = 0, then for any a ∈ A we
get L(a) = L(1Aa) = L(1A)a = ϕ(L , R)a = 0 and R(a) = R(a)1A = aL(1A) =

aϕ(L , R) = 0, from where it follows that ϕ is injective. Next, to show that ϕ is
multiplicative we take any (L , R), (L ′, R′) ∈ M(A), and compute

ϕ
(
(L , R)(L ′, R′)

)
= ϕ(L L ′, R′ R)

= L(L ′(1A))

= L(1A L ′(1A))

= L(1A)L ′(1A) = ϕ(L , R)ϕ(L ′, R′).

Next, for any (L , R) ∈ M(A) we obtain

|||ϕ(L , R)||| = ∥ιA(L(1A))∥ = ∥(L L(1A), RL(1A))∥ = ∥(L , R)∥,

so that ϕ : M(A) → A is indeed isometric when A is equipped with |||a||| = ∥ιA(a)∥.
Finally, if 1A is a unit, then A has a trivial cai and therefore Lemma 3.3 implies
that ιA is an isometry. □

Remark 3.8. Section 2 of [26] defines the multiplier algebra of a commutative
Banach algebra A without absolute zero divisors other than 0 by

N (A) = {L ∈ L(A) : aL(b) = L(a)b for all a, b ∈ A}.

When A is commutative and (L , R) ∈ M(A), we have L = R and (L , R) 7→ L is
an isometric algebra isomorphism from M(A) to N (A). Hence, both definitions
are equivalent. If A is a commutative Banach algebra with identity 1A ∈ A as in
Definition 2.5, then A has no absolute zero divisors other than 0 and therefore
Proposition 3.7 above implies that M(A) is isometrically isomorphic, as a Banach
algebra, to A equipped with the norm a 7→ ∥La∥.

4. Main results

In this section, we explore whether the conditions in Theorem 3.4 are necessary
to guarantee that the multiplier algebra of an L p-operator algebra is again an L p-
operator algebra. We do so via two contrasting examples presented in Sections 4B
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and 4C. On the one hand, we show that the multiplier algebra of 2×2 strictly upper
triangular matrices acting on ℓ

p
2 is an Lq-operator algebra for any p, q ∈ [1, ∞).

On the other hand, for each p ∈ [1, ∞) we define a two dimensional L p-operator
algebra whose multiplier algebra is not an Lq -operator algebra for any q ∈ [1, ∞)

as long as p ∈ [1, p0] ∪ [p′

0, ∞) where p0 = 1.606 and p′

0 is its Hölder conjugate
given by p′

0 =
p0

p0−1 = 2.65016501 . . . = 2.6501.

4A. Approximately unital and nondegenerate case. The following result is simply
a consequence of Theorem 3.4 being a particular case of Corollary 3.6.

Theorem 4.1. Let A be an L p-operator algebra that has a cai and such that there
is a nondegenerate representation π of A on L p(µ). Then M(A) is an L p-operator
algebra that is isometrically isomorphic to the algebra of two sided multipliers of
π(A), that is M(A) ∼= {t ∈ L p(µ) : tπ(a) ∈ π(A), π(a)t ∈ π(A) for all a ∈ A}.

Theorem 4.1 raises a natural question: Are the properties of having a cai and being
nondegenerately represented necessary for M(A) to be an L p-operator algebra?
Below, we present two examples of families of L p-operator algebras that have
neither property. In Section 4B, we investigate strictly upper triangular 2 × 2
matrices and show its multiplier algebra can be nondegenerately represented on an
L p-space. In Section 4C, we investigate the group L p-operator algebras associated
to the augmentation ideal ℓ1

0(Z/3Z) and show that for certain values of p, its
multiplier algebra fails to be an Lq -operator algebra for any q ∈ [1, ∞).

4B. Strictly upper triangular matrices. Let p ∈ [1, ∞). We start by considering
T p

2 , the algebra of strictly upper triangular 2 × 2 matrices acting on ℓ
p
2 , that is,

T p
2 =

{(
0 z
0 0

)
: z ∈ C

}
⊂ M p

2 (C) = L(ℓ
p
2 ).

This is a degenerate L p-operator algebra without identity, unit, nor cai. In fact,
T p

2 is isometrically isomorphic to C with the trivial multiplication zw = 0 (see
Example 3.6 in [9]). Notice that T p

2 is commutative, but all its elements are
absolute zero divisors, whence Remark 3.8 does not apply. However, it is clear that
L(T p

2 ) = L(C) ∼= C and that aL(b) = 0 = R(a)b for any (L , R) ∈ M(T p
2 ) and any

a, b ∈ T p
2 . This, together with Definition 3.1, imply at once that

M(T p
2 ) = L M(T p

2 ) × RM(T p
2 ).

Furthermore, notice that L M(T p
2 ) = RM(T p

2 ) = L(T p
2 ) ∼= C. Therefore, M(T p

2 ) is
isometrically isomorphic to C2 with the supremum norm, which is in turn isometri-
cally identified with C({1, 2}), the space of continuous functions on {1, 2}. Finally,
for any q ∈ [1, ∞), we have the map ϕq : C({1, 2}) → L(ℓ

q
2) given by

(ϕq(ξ)x)( j) = ξ( j)x( j),
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where ξ ∈ C({1, 2}), x ∈ ℓ
q
2 , and j ∈ {1, 2}. This allows us to represent continuous

functions on {1, 2} as multiplication operators on ℓ
q
2 . It is well known and easy to

see that ϕq is an isometric nondegenerate representation. Therefore, we have shown
the following result:

Theorem 4.2. For any p ∈ [1, ∞), M(T p
2 ) is isometrically isomorphic to C2 with

the supremum norm. In particular, for any p, q ∈ [1, ∞), M(T p
2 ) is an Lq -operator

algebra that is nondegenerately representable on ℓ
q
2 .

A more complicated example is T p
3 , the algebra of strictly upper triangular 3×3

matrices acting on ℓ
p
3 . That is

T p
3 =

{(
0 a12 a13
0 0 a23
0 0 0

)
: a12, a13, a23 ∈ C

}
⊂ M p

3 (C) = L(ℓ
p
3 ).

Notice that T p
3 is identified with C3 with multiplication given by

ab = (a12, a13, a23)(b12, b13, b23) = (0, a12b23, 0).

If p = 1, then T p
3 is isometrically isomorphic to C3 with norm

∥a∥ = max{|a12|, |a13| + |a23|}.

However, when p ̸= 1, 2, ∞ it is known that computing the p-operator norm of
a matrix is an NP-hard problem (see [16]). This complicates the study of M(T p

3 )

and at this moment we have not investigated whether M(T p
3 ) can be isometrically

represented on an Lq -space.

4C. Augmentation ideals. We will now construct, for certain values of p, a class
of L p-operator algebras that have no cai, cannot be nondegenerately represented
(on any Banach space), and whose multiplier algebra is not an Lq -operator algebra
for any q ∈ [1, ∞). We begin with the general construction of the augmentation
ideal for an arbitrary discrete group G and eventually specialize to the finite case.
In particular we will work with G = Z/3Z. The augmentation ideal of a group ring
is a well known algebraic object (see [20, Section 11.2], [8, Example 7, p. 245]
for instance) and is easily generalized to operator algebras arising from discrete
groups. We include details here for completeness.

Let G be a discrete group with identity element denoted by 1G ∈ G. For any
g ∈ G, the indicator function δg : G → C is given by

δg(h) =

{
1 if g = h,

0 if g ̸= h.

For each g ∈ G, we define the function 1g : G → C by

(4-1) 1g = δg − δ1G .
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For each p ∈ [1, ∞), recall that the Banach space ℓp(G) is the set of complex
valued functions a : G → C satisfying

∥a∥
p
p =

∑
g∈G

|a(g)|p < ∞.

Further, we define the convolution of any pair (a, b)∈ℓ1(G)×ℓp(G) as the complex
valued function a ∗ b : G → C defined at each g ∈ G by

(4-2) (a ∗ b)(g) =

∑
h∈G

a(h)b(h−1g).

It is well known that ∥a ∗b∥p ≤ ∥a∥1∥b∥p, whence a ∗b ∈ ℓp(G). Moreover, when
p = 1, convolution gives rise to a multiplication on ℓ1(G) that makes it a unital
Banach algebra with unit δ1G .

Remark 4.3. Given the large presence of multiplication by convolution in this
paper, when a ∈ ℓ1(G) and b ∈ ℓp(G) for some p ∈ [1, ∞) we will simply write
ab instead of a ∗ b from (4-2). It will be understood by context when convolution
is the multiplication that is being used.

It is also well known that Cc(G), the subspace of compactly supported functions
on G, lies densely in ℓ1(G) with respect to the ∥ − ∥1 norm. Clearly, δg ∈ Cc(G)

for each g ∈ G.

Lemma 4.4. The map ι0 : ℓ1(G) → C given by

(4-3) ι0(a) =

∑
g∈G

a(g)

is a contractive algebra homomorphism.

Proof. It is clear that ι0 is a well-defined linear map and that |ι0(a)| ≤ ∥a∥1, whence
∥ι0∥ ≤ 1. By Fubini’s Theorem, we see that

ι0(ab) =

∑
g∈G

(ab)(g) =

∑
h∈G

a(h)
∑
g∈G

b(h−1g) = ι0(a)ι0(b),

finishing the proof. □

The main object of interest for this subsection is the augmentation ideal of ℓ1(G),
which is defined as the kernel of the map ι0 : ℓ1(G) → C from (4-3). We record a
precise definition below.

Definition 4.5. Let G be a discrete group. The augmentation ideal of ℓ1(G) is
defined as

ℓ1
0(G) = ker(ι0) =

{
a ∈ ℓ1(G) : ι0(a) = 0

}
.

Similarly, we define C0[G] ⊆ Cc(G) as

C0[G] = {a ∈ Cc(G) : ι0(a) = 0} .
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Next we establish the main properties of ℓ1
0(G), which we present as a series of

Propositions.

Proposition 4.6. Let G be a discrete group.

(1) The augmentation ideal ℓ1
0(G) is a closed two-sided proper ideal of ℓ1(G).

(2) The subspace C0[G] is dense in ℓ1
0(G) with respect to the ∥ −∥1 norm.

(3) Let 1g be as in (4-1). Then span{1g : g ∈ G} is dense in ℓ1
0(G). In fact,

span{1g : g ∈ G} = C0[G].

Proof. That ℓ1
0(G) is a closed two-sided ideal follows from Lemma 4.4 above. Since

δ1G ̸∈ ℓ1
0(G), we also get that ℓ1

0(G) is proper, so part (1) is done. For part (2), let
a ∈ ℓ1

0(G) and let ε > 0. Then, there is b ∈ Cc(G) such that ∥a − b∥1 < ε
2 and

observe that b−ι0(b)δ1G ∈ C0[G]. Further, note that |ι0(b)|= |ι0(a−b)| ≤ ∥a−b∥1.
Therefore,

∥a − (b − ι0(b)δ1G )∥1 ≤ ∥a − b∥1 + |ι0(b)| ≤ 2∥a − b∥1 < ε.

This proves that C0[G] is dense in ℓ1
0(G), as wanted. Finally, for part (3), note first

that span{1g : g ∈ G} ⊆ C0[G] because for each g ∈ G, it is clear that 1g ∈ Cc(G)

and ι0(1g) = ι0(δg) − ι0(δ1G ) = 1 − 1 = 0. For the reverse inclusion, take any
a ∈ C0[G], that is ι0(a) = 0 and F = supp(a) is a finite subset of G. Therefore,

a =

∑
g∈F

a(g)δg =

(∑
g∈F

a(g)δg

)
− ι0(a)δ1G =

∑
g∈F

a(g)1g.

This proves that a ∈ span{1g : g ∈ G} and we are done with part (3). □

The previous proposition shows that ℓ1
0(G) is a Banach algebra in its own right

with the 1-norm inherited from ℓ1(G). When p ∈ [1, ∞), we will mainly be
interested in the image of ℓ

p
0 (G) in F p(G), the full L p operator algebra of G,

which we define below in the discrete group case setting. We refer the interested
reader to Definition 2.1 in [10] for a general definition of F p(G) for locally compact
groups.

Definition 4.7. Let G be a discrete group and let p ∈ [1, ∞).

(1) We define the full group L p-operator algebra of G, denoted by F p(G), as the
completion of ℓ1(G) in the norm

a 7→ ∥a∥F p(G) = sup{∥π(a)∥ : π ∈ RepL p(G)},

where RepL p(G) is the class of all nondegenerate contractive representations
of ℓ1(G) on L p-spaces.

(2) We define the augmentation ideal of F p(G), denoted by F p
0 (G), as the com-

pletion of ℓ1
0(G) in the ∥ −∥F p(G) norm.
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The algebra F p(G) is in fact an L p-operator algebra, this follows from the
general crossed product case, see for instance Theorem 3.6 in [22]. We next show
that F p

0 (G) is actually a closed proper ideal in F p(G), making it also an L p-operator
algebra in its own right.

Proposition 4.8. Let G be a discrete group and let p ∈ [1, ∞). Then F p
0 (G) is a

nonzero closed two-sided proper ideal in F p(G).

Proof. That F p
0 (G) is a nonzero closed two-sided ideal follows at once from the

fact that ℓ1
0(G) is an ideal in ℓ1(G). To show that it is proper, it suffices to prove

that δ1G , the unit in F p(G), does not belong to F p
0 (G). Assume on the contrary

that there is a sequence (an)
∞

n=1 in ℓ1
0(G) such that an converges to δ1G in F p(G).

Next, by Lemma 4.4, ι0 is a contractive representation of ℓ1(G) on the L p-space
ℓ

p
1 = C, so it follows from definition of ∥ − ∥F p(G) that |ι0(a)| ≤ ∥a∥F p(G) for all

a ∈ ℓ1
0(G). Therefore ι0 extends continuously to a contraction ι0 : F p(G) → C. In

particular, since ι0(an) = 0 for all n ∈ Z≥1, it follows that

1 = |ι0(δ1G )| = |ι0(δ1G ) − ι0(an)|

≤ ∥δ1G − an∥F p(G).

Taking the limit as n → ∞ shows that 1 ≤ 0, a contradiction. Thus, δ1G ̸∈ F p
0 (G),

as wanted. □

For each p ∈[1, ∞), we will also let ℓ1
0(G) act on ℓp(G) via left multiplication by

convolution. That way the completion of the image of ℓ1
0(G) in L(ℓp(G)) becomes

an L p-operator algebra. In particular, when p =1, the algebra ℓ1
0(G) is isometrically

isomorphic to its image in L(ℓ1(G)), making ℓ1
0(G) an L1-operator algebra. More

precisely, this will be done by looking at the image of ℓ1
0(G) in F p

r (G), the reduced
L p-operator algebra of G. The algebra F p

r (G) was first introduced by Herz in
[18, Section 8], where it was called the algebra of p-pseudofunctions on G, and
then reintroduced by Phillips in [22, Section 3] as a particular case of reduced
L p-operator crossed products. For convenience we state below the definition of
F p

r (G) for G discrete. We refer the interested reader to Definition 3.1 in [10] for
the general definition of F p

r (G) when G is locally compact.

Definition 4.9. Let G be a discrete group and let p ∈ [1, ∞).

(1) Let λp : ℓ1(G) → L(ℓp(G)) denote left multiplication by convolution; that
is, for a ∈ ℓ1(G), b ∈ ℓp(G), we put λp(a)b = ab ∈ ℓp(G) as in (4-2) (see
Remark 4.3). We define the reduced L p-operator algebra of G, denoted by
F p

r (G), as the closure of λp(ℓ
1(G)) in L(ℓp(G)).

(2) We define the augmentation ideal of F p
r (G), denoted by F p

r,0(G), as the closure
of λp(ℓ

1
0(G)) in L(ℓp(G)).
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Since G is discrete, ∥a∥p ≤∥a∥1 for all a ∈ ℓ1(G), in fact the canonical inclusion
ℓ1(G) ↪→ ℓp(G) has norm 1. Furthermore, observe that for any a ∈ ℓ1(G) we have

(4-4) ∥a∥p ≤ ∥a∥F p
r (G) ≤ ∥a∥F p(G) ≤ ∥a∥1.

Hence, when p = 1, the map λ1 : ℓ1(G) → L(ℓ1(G)) is isometric and therefore we
have isometric isomorphisms of Banach algebras

(4-5) F1(G) ∼= F1
r (G) ∼= ℓ1(G) and F1

0 (G) ∼= F1
r,0(G) ∼= ℓ1

0(G).

For general p ∈ [1, ∞), the map λp : ℓ1(G) → L(ℓp(G)) is an injective contractive
nondegenerate representation of ℓ1(G) on ℓp(G). Thus, λp(ℓ

1(G)) is a dense
subalgebra of F p

r (G) that is algebraically isomorphic to ℓ1(G). Moreover, by
definition F p

r (G) is a closed unital subalgebra of L(ℓp(G)), making it an L p-
operator algebra as in Definition 2.2.

Remark 4.10. As in Proposition 4.8, F p
r,0(G) is a nonzero closed two-sided ideal in

F p
r (G) and therefore an L p-operator algebra. However, unlike Proposition 4.8, we

no longer have that the ideal F p
r,0(G) is proper in general. This is explained due to the

fact that in many instances F p
r (G) is a simple Banach algebra. Indeed, by Theorem

2.5 in [23], if F2
r (G) is simple, then F p

r (G) is simple for any p ∈ (1, ∞). In
particular, for p ∈ (1, ∞), F p

r (G) will be simple when G has the Powers property
(see also Theorem 3.7 in [15]). Thus, we can guarantee that for any n ∈ Z>1,
F p

r,0(Fn) = F p
r (Fn) where Fn is the free group in n generators.

However, Theorem 3.7 in [10] shows that, for any p ∈ (1, ∞), if G is an
amenable group, then F p(G) is isometrically isomorphic to F p

r (G) as Banach
algebras. Therefore, this fact combined with (4-5) give at once the following result:

Proposition 4.11. Let G be a discrete group and let p ∈ [1, ∞). If either p = 1
or G is amenable, then F p

r,0(G) is a proper ideal in F p
r (G) that is degenerately

represented on ℓp(G).

In any case, it is more natural to work with the ideal F p
0 (G), rather than F p

r,0(G),
for F p

0 (G) is guaranteed to be a proper ideal for any discrete group G. Moreover,
for a finite nontrivial group G, we will show in Corollary 4.17 below that F p

0 (G)

cannot be nondegenerately represented on any Banach space, already voiding one
of the assumptions in Theorem 4.1. Part of our work below is to show that, for a
finite nontrivial group G, the assumption of having a cai is also not met for F p

0 (G).

Remark 4.12. We mention that since finite groups are amenable, F p
0 (G) and

F p
r,0(G) are isometrically isomorphic as Banach algebras (see Theorem 3.7 in [10]).

Therefore, if G is a nontrivial finite group, we will keep using the simpler notation
F p

0 (G), but for convenience we will use that F p
0 (G) can be defined, in this case, as

the closure of λp(ℓ
1
0(G)) in L(ℓp(G)).
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For the rest of the paper, we will concentrate on the properties of F p
0 (G) when

G is a finite nontrivial group.

Proposition 4.13. Let G be a finite group with card(G) ≥ 2 and let p ∈ [1, ∞).
Then, for n = card(G):

(1) As vector spaces,

F p
0 (G) = ℓ1

0(G) = span{1g : g ∈ G} = C0[G] ∼= Cn−1.

(2) For any a ∈ ℓ1
0(G),

a
(∑

g∈G

δg

)
=

(∑
g∈G

δg

)
a = 0.

(3) F p
0 (G) has an identity element (see Definition 2.5) given by

10 = −
1
n

∑
g∈G

1g.

(4)
((n − 1)p

+ n − 1)1/p

n
≤ ∥10∥F p(G) ≤ 2 −

2
n

.

(5) ∥10∥1 = 2 −
2
n

.

(6) 10 is not a unit in F1
0 (G) when n > 2 (see Definition 2.5).

(7) F1
0 (G) has no cai and cannot be nondegenerately represented on any Banach

space when n > 2.

Proof. In what follows we write n = card(G) and G = {g1, . . . , gn} where g1 = 1G .
Since G is finite, Cc(G) = ℓ1(G) and ℓ1(G) ∼= Cn as vector spaces via the map
δg j 7→ e j ∈ Cn for j = 1, . . . , n. Thus using Proposition 4.6 we now get C0[G] =

ℓ1
0(G) and ℓ1

0(G) ∼= Cn−1 as vector spaces via the map 1g j 7→ e j−1 ∈ Cn−1 for
j = 2, . . . , n. Then ℓ1

0(G) is a finite dimensional vector space and therefore already
complete in the ∥−∥F p(G) norm. This gives that, for any p ∈[1, ∞), F p

0 (G)=ℓ1
0(G)

which is in turn identified with Cn−1, equipped with a different norm for each p,
proving part (1). Next, to show parts (2) and (3), we take any a ∈ ℓ1

0(G) so that
ι0(a) = 0. Then, since (aδg)(h) = a(hg−1) for any g, h ∈ G, it follows that for any
k ∈ {1, . . . , n} (

a
( n∑

j=1

δg j

))
(gk) =

n∑
j=1

a(gk g−1
j ) = ι0(a) = 0,

proving that a
(∑n

j=1 δg j

)
= 0. A similar computation shows that

(∑n
j=1 δg j

)
a = 0,

so part (2) follows. For part (3), notice that for any j, k ∈ {1, . . . , n},

(a1g j )(gk) = (aδg j )(gk) − a(gk) = a(gk g−1
j ) − a(gk).
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Therefore, for any k ∈ {1, . . . , n} we obtain

(a10)(gk) =
1
n

n∑
j=1

(
−a(gk g−1

j ) + a(gk)
)
=

1
n
(−ι0(a) + na(gk)) = a(gk),

from where it follows that a10 = a. An analogous computation gives that 10a = a
and therefore part (3) is done. Part (4) follows at once from (4-4) and the following
direct computation for each p ∈ [1, ∞):

∥10∥p =
1
n

∥∥∥∥ n∑
j=2

(δg j − δg1)

∥∥∥∥
p
=

1
n

(
|n − 1|

p
+ (n − 1)| − 1|

p)1/p
.

Part (5) is simply (4) when p = 1. Next, notice that part (6) is implied by part (5)
for ∥10∥1 > 1 when n > 2. Finally, when n > 2, part (6) together with Lemma 2.6
shows that F1

0 (G) does not have a cai. Combined with Lemma 2.7, this shows that
F1

0 (G) cannot be nondegenerately represented on any Banach space, so part (7)
follows. □

Our final goal for this subsection is to investigate whether M(F p
0 (G)), the

multiplier algebra of F p
0 (G) (see Definition 4.9), is an L p-operator algebra when

G is finite and abelian. Proposition 4.13 (7) shows that, at least when p = 1,
the hypotheses of Theorem 4.1 are not met for A = F p

0 (G). We will show that
for all p ∈ [1, ∞) \ {2} and any finite group G with card(G) > 2, F p

0 (G) still
does not meet the hypotheses in Theorem 4.1. In contrast to the algebra T p

2 (see
Section 4B), we will see that for certain values of p, including 1, M(F p

0 (Z/3Z)) is
not an Lq -operator algebra for any q ∈ [1, ∞).

We start with a computational lemma that will be needed twice in the rest of the
paper.

Lemma 4.14. Let p ∈ (1, ∞)\{2} and let G be a finite group with n = card(G) > 2.
Define a0 : G → C by

a0(g) =

{
n − 1 if g = 1G,

−1 if g ̸= 1G .

For each ε ∈ R, we define bε : G → C by

bε = a0 + ε
∑
g∈G

δg.

Then:

(1) a0 ∈ ℓ1
0(G) and bε ∈ ℓp(G) \ ℓ1

0(G) for any ε ̸= 0.

(2) For any ε ∈ R, 10bε = a0 (when ε ̸= 0 we think of bε as a perturbation of a0

that leaves ℓ1
0(G)).

(3) There exists εp ̸= 0 such that ∥a0∥p > ∥bεp∥p.
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(4) In particular, when n = 3, we get

∥a0∥p

∥bεp∥p
=

(2p
+ 2)(2

1
p−1 + 1)p

3p(2
p

p−1 + 2)
> 1.

Proof. Part (1) is readily verified. Part (2) follows at once from parts (2) and (3) in
Proposition 4.13. For part (3), note that asking for ∥a0∥p > ∥bε∥p is equivalent to

(4-6) (n − 1)p
+ n − 1 > |n − 1 + ε|p

+ (n − 1)|ε − 1|
p.

Next, we define f p : (−1, 1) → R by f p(ε) = ∥a0∥p − ∥bε∥p. That is,

f p(ε) = (n − 1)p
+ n − 1 − (n − 1 + ε)p

− (n − 1)(1 − ε)p.

We need to show that exists εp ̸= 0 such that f p(εp) > 0. Clearly f p(0) = 0.
Furthermore, it is routine to verify that f p is a differentiable concave function, that
f p has a maximum at

εp =
(n − 1)

1
p−1 − (n − 1)

(n − 1)
1

p−1 + 1
̸= 0,

and that

f ′

p(0) =
1

n − 1
((n − 1)2

− (n − 1)p)p.

Thus, since n > 2, if p ∈ (1, 2) we have f ′
p(0) > 0 and εp > 0, which gives

f p(εp) > 0. Similarly, p ∈ (2, ∞) implies f ′
p(0) < 0 and εp < 0, from where it

follows that f p(εp) > 0. This now gives part (3). Finally, part (4) follows from
plugging in n = 3 and εp in (4-6). □

We now obtain a generalization of part (6) in Proposition 4.13 for any p ̸= 2. The
proof for p = 1 was immediate, but since the right hand side of the inequality in part
(4) of Proposition 4.13 is not always strictly greater than 1, a different argument is
needed that works for any p ∈ (1, ∞)\{2} and any finite group G with card(G) > 2.

Proposition 4.15. Let p ∈ [1, ∞)\{2} and let G be a finite group with card(G) > 2.
Then 10 is a nonunital identity of F p

0 (G) (see Definition 2.5).

Proof. As before, we write n = card(G) and G = {g1, . . . , gn} where g1 = 1G .
Proposition 4.13(6) gives the result for p = 1. Take p ∈ (1, ∞) \ {2} and recall that

∥10∥F p(G) = ∥λp(10)∥ = sup
{

∥10b∥p

∥b∥p
: b ∈ ℓp(G), b ̸= 0

}
.
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Now by Lemma 4.14 there is a0 ∈ ℓ1
0(G) and bεp ∈ ℓp(G) \ ℓ1

0(G) such that
10bεp = a0 and ∥a0∥p > ∥bεp∥p for any p ∈ (1, ∞) \ {2}. Therefore,

∥10∥F p(G) ≥
∥10bεp∥p

∥bεp∥p
=

∥a0∥p

∥bεp∥p
> 1,

finishing the proof. □

Remark 4.16. Notice that the argument given in the proof of Proposition 4.15
does not work when p = 2. Indeed when p = 2, with notation as in the proof of
Lemma 4.14, we get ε2 = 0 and f2(0) = 0. In fact, f2 is a parabola with vertex
at the origin. The reason for this is that, when p = 2, the C∗-equation gives that
∥10∥F2(G) = 1. Furthermore, it follows from Corollary 3.20 of [10] that

∥10∥F p2 (G) ≤ ∥10∥F p1 (G)

when either 1 ≤ p1 < p2 ≤ 2 or 2 ≤ p2 < p1 <∞. Proposition 4.15 seems to suggest
that ∥10∥F p(G) strictly decreases to 1 as p goes from 1 to 2 and that ∥10∥F p(G) is
strictly increasing as p goes from 2 to infinity. However, we have not investigated
these potential strict inequalities for all p any further.

An immediate consequence of Proposition 4.15, whose proof is identical to that
of part (7) in Proposition 4.13, is the following.

Corollary 4.17. Let p ∈ [1, ∞) \ {2} and let G be a finite group with card(G) > 2.
Then F p

0 (G) has no cai and cannot be nondegenerately represented on any Banach
space.

Notice that the work done in Section 3 already gives us a clear description of
what M(F p

0 (G)) is when G is finite and abelian:

Proposition 4.18. Let G be a finite abelian group and let p ∈ [1, ∞). Then,
M(F p

0 (G)) is isometrically isomorphic to (ℓ1
0(G), |||−|||p) where

|||a|||p = ∥La∥F p
0 (G)→F p

0 (G) = sup{∥ab∥F p(G) : b ∈ ℓ1
0(G), ∥b∥F p(G) = 1}.

Proof. Since G is abelian, ℓ1
0(G) is commutative and, since G is finite, ℓ1

0(G) has
a multiplicative identity and therefore the only absolute zero divisor in ℓ1

0(G) is
0. Thus, Remark 3.8 together with Proposition 4.13(1) give that (L , R) 7→ L is
an isometric isomorphism from M(F p

0 (G)) to {L ∈ L(F p
0 (G)) : aL(b) = L(a)b}.

Proposition 3.7 now shows that M(F p
0 (G)) is indeed isometrically isomorphic to

(ℓ1
0(G), |||−|||p) via La 7→ a. □

The multiplier algebra of F p
0 (G) will be our main object of study for the rest of

the section. We introduce a compact notation that will be used henceforward:

M p
0 (G) = M(F p

0 (G)).
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By Proposition 4.18, when G is finite abelian, then M p
0 (G) is simply ℓ1

0(G) equipped
with the norm |||−|||p. When p = 1, the norm in M1

0 (G) = M(F1
0 (G)) = M(ℓ1

0(G))

has a nicer description:

|||a|||1 = sup{∥ab∥1 : b ∈ ℓ1
0(G), ∥b∥1 = 1}.

This norm is equivalent to the 1-norm in ℓ1
0(G) via the following straightforward

inequalities:

(4-7)
∥a∥1

∥10∥1
≤ |||a|||1 ≤ ∥a∥1

where we clearly have equality if and only if card(G) = 2. In fact, these inequalities
might be strict when card(G) ̸= 2:

Example 4.19. Let G = Z/3Z = {[0], [1], [2]}. Here, ∥10∥1 =
4
3 and it is easy to

check that |||1[ j]|||1 = 2 = ∥1[ j]∥1 for j ∈ {1, 2}. However, |||1[1] +1[2]|||1 = 3 ̸=

4 = ∥1[1] + 1[2]∥1.

For general p ∈ [1, ∞) we get, using (4-4), the following bounds for the norm
in M p

0 (G):

(4-8)
∥a∥p

∥10∥1
≤

∥a∥F p(G)

∥10∥F p(G)

≤ |||a|||p ≤ ∥a∥F p(G) ≤ ∥a∥1

We end this section by explicitly showing, via a bicontractive idempotent argu-
ment, that for certain values of p ∈ [1, ∞) \ {2}, M p

0 (Z/3Z) is not an Lq -operator
algebra for any q ∈ [1, ∞). Let G = Z/3Z = {[0], [1], [2]} and recall that ℓ1

0(Z/3Z)

is the span of elements 1[1] and 1[2]. Furthermore, the multiplication in ℓ1
0(Z/3Z)

obeys the following table:

1[1] 1[2]

1[1] −21[1]+1[2] −1[1]−1[2]

1[2] −1[1]−1[2] −1[1]+21[2]

Recall that the element 10 = −
1
31[1] −

1
31[2] is the identity in ℓ1

0(Z/3Z). For
any a ∈ ℓ1

0(Z/3Z), there are α1, α2 ∈ C such that a = α11[1] + α21[2]. Therefore,
for any p ∈ [1, ∞) we have

∥a∥p = ∥α11[1] + α21[2]∥p = (| −α1 − α2|
p
+ |α1|

p
+ |α2|

p)1/p.

In particular, ∥10∥1 =
4
3 .

Proposition 4.18 shows that M p
0 (Z/3Z) is isometrically isomorphic to ℓ1

0(Z/3Z)

equipped with the norm |||−|||p. For a = α11[1] +α21[2] ∈ M p
0 (Z/3Z), the inequal-

ities in (4-8) become

(4-9) |||a|||p ≤ ∥a∥1 = | − α1 − α2| + |α1| + |α2|
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and

(4-10) |||a|||p ≥
∥a∥p

∥10∥1
=

3
4
(| −α1 − α2|

p
+ |α1|

p
+ |α2|

p)1/p.

We note that the norm on M p
0 (Z/3Z) is an operator norm induced from a proper

ideal of an L1-space and is generally difficult to compute. Fortunately, there do
exist certain elements a for which we can compute |||a|||p easily (see Example 4.19).
In particular, we can compute it for the idempotents of M p

0 (Z/3Z).

Proposition 4.20. Let p ∈ [1, ∞) and let γ =
1
3 exp(2π i/3) ∈ C. We define

e = γ1[1] + γ1[2]. Then:

(1) |γ | = |γ | = |γ + γ | =
1
3 , |γ − γ | =

√
3

3 .

(2) e2
= e and ∥e∥1 = 1.

(3) 10 − e = γ1[1] + γ1[2] and ∥10 − e∥1 = 1.

(4) |||e|||p = 1.

(5) |||10 − e|||p = 1.

(6) |||10 − 2e|||1 =
2
√

3
3 .

(7) |||10 − 2e|||2 = 1.

(8) |||10 − 2e|||p ≤ ∥10 − 2e∥F p(Z/3Z) ≤

(
2
√

3
3

) 2
p −1

if p ∈ [1, 2].

(9) |||10 − 2e|||p ≤ ∥10 − 2e∥F p(Z/3Z) ≤

(
2
√

3
3

)
1−

2
p if p ∈ [2, ∞).

Proof. Each of the parts (1), (2), and (3) are checked by direct computations. For
part (4), observe that the bounds (4-9) and (4-10) give

0 < |||e|||p ≤ ∥e∥1 = 1.

Since e2
= e, submultiplicativity gives

|||e|||2p ≥ |||e2
|||p = |||e|||p.

Dividing both sides by |||e|||p, we obtain that |||e|||p ≥ 1. The proof of part (5) is
analogous to the part (4). For part (6), first notice that

∥10 − 2e∥1 = ∥(γ − γ )1[1] + (γ − γ )1[2]∥1 = |0| + 2|γ − γ | =
2
√

3
3

.

Then, the upper bound from (4-9) gives us that

|||10 − 2e|||1 ≤ ∥10 − 2e∥1 =
2
√

3
3

.

On the other hand, since
∥∥1

21[1]

∥∥
1 = 1, we compute
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( 1

21[1]

)∥∥
1 = ∥((γ − γ )1[1] + (γ − γ )1[2])(

1
21[1])∥1

=
1
2 · |γ − γ | · ∥(1[1] − 1[2])1[1]∥1

=
1
2 ·

√
3

3 · ∥− 1[1] + 21[2]∥1 =
2
√

3
3 .

Therefore, |||10 − 2e|||1 =
2
√

3
3 . For part (7), first notice that

10−2e= (γ−γ )1[1]+(γ−γ )1[2] =(γ−γ )(−1[1]+1[2])=
−i

√
3

3
(−1[1]+1[2]).

Then, by computing (10 −2e)δg for each g ∈ Z/3Z, we find that the standard matrix
of 10 − 2e is

(4-11)
−i

√
3

3

(
0 1 −1

−1 0 1
1 −1 0

)
.

Since the ℓ2
d → ℓ2

d operator norm is the maximum singular value of the matrix,
(4-11) shows that ∥10 −2e∥F2(Z/3Z) = 1. Combining this with the inner inequalities
in (4-8) and the fact that ∥10∥F2(Z/3Z) = 1 (see Remark 4.16) we conclude that
|||10 − 2e|||2 = 1, as wanted. Finally, for parts (8) and (9), the result is clear for
p = 1 and p = 2. Next assume that p ∈ (1, 2) with 1

p = (1 − θ) +
θ
2 for θ ∈ (0, 1).

Then, the Riesz–Thorin interpolation theorem shows that

∥10 − 2e∥F p(Z/3Z) ≤ ∥10 − 2e∥1−θ

F1(Z/3Z)
∥10 − 2e∥θ

F2(Z/3Z)
=

(
2
√

3
3

) 2
p −1

.

Now, if p′
=

p
1−p ∈ (2, ∞), Proposition 4.11 in [12] shows that the F p′

(Z/3Z) and
F p(Z/3Z) norms of 10 − 2e agree and therefore

∥10 − 2e∥F p′
(Z/3Z) ≤

(
2
√

3
3

) 2
p −1

=

(
2
√

3
3

)1−
2
p′

.

The desired results now follow from the right inner bound in (4-8). □

The previous proposition gives all the necessary tools to show that for a certain
p0 ∈ (1, 2), when p ∈ [1, p0) ∪ (p′

0, ∞), then the element 10 − 2e ∈ M p
0 (Z/3Z)

is not an invertible isometry, which is essentially the proof of the following main
result.

Theorem 4.21. Let p0 = 1.606 and let p′

0 =
p0

p0−1 . Take p ∈ [1, p0]∪[p′

0, ∞). Then
M p

0 (Z/3Z), the multiplier algebra of F p
0 (Z/3Z), is not an Lq -operator algebra for

any q ∈ [1, ∞).

Proof. Suppose on the contrary that M p
0 (Z/3Z) is an Lq-operator algebra for

some q ∈ [1, ∞). Then, since M p
0 (Z/3Z) is a multiplier algebra it is unital

(see Definition 3.1), whence Proposition 3.7 in [9] guarantees the existence of



MULTIPLIER ALGEBRAS OF L p -OPERATOR ALGEBRAS 219

an isometric unital representation π : M p
0 (Z/3Z) → L(Lq(µ)) for some measure

space (�, µ).
Take e = γ1[1] + γ1[2] as in Proposition 4.20. Parts (2),(4), and (5) in

Proposition 4.20 show that e is a bicontractive element in M p
0 (Z/3Z). We claim

the following:

Claim 1. |||10 − 2e|||p > 1 when p ∈ [1, p0] or p ∈ [p′

0, ∞).

Once the claim above is proven, it will follow that 10 − 2e is not an invertible
isometry in M p

0 (Z/3Z). Thus, since π is a unital isometry, we would have found a
bicontractive idempotent π(e) in L(Lq(µ)) such that 1 − 2π(e) is not an invertible
isometry when p ∈ [1, p0] ∪ [p′

0, ∞), contradicting Theorem 2.9.
Therefore it only remains to establish Claim 1, which already follows when p = 1

by Part (6) in Proposition 4.20. Otherwise, observe that when p ∈ (1, ∞) \ {2} we
have

(4-12) |||10 − 2e|||p ≥
∥(10 − 2e)(10 − 2e)∥F p(Z/3Z)

∥10 − 2e∥F p(Z/3Z)

=
∥10∥F p(Z/3Z)

∥10 − 2e∥F p(Z/3Z)

Next, let a0 ∈ ℓ1
0(Z/3Z) and bεp ∈ ℓp(Z/3Z) be as in part (4) of Lemma 4.14. That

is, for any p ∈ (1, ∞) \ {2} we have

(4-13) ∥10∥F p(Z/3Z) ≥
∥a0∥p

∥bεp∥p
=

(2p
+ 2)(2

1
p−1 + 1)p

3p(2
p

p−1 + 2)
> 1.

Now take any p ∈ (1, 2) and set p′
=

p
p−1 ∈ (2, ∞). Proposition 4.11 in [12] gives

that the norms of ∥10∥F p(Z/3Z) and ∥10∥F p′
(Z/3Z) agree, so together with Part (8) in

Proposition 4.20, combining the bounds from (4-12) and (4-13), we now get

|||10 − 2e|||p ≥
∥10∥F p′

(Z/3Z)

(2
√

3
3 )

2
p −1

≥

∥a0∥p′

∥bεp′
∥p′( 2

√
3

3

) 2
p −1

=
(2

p
p−1 + 2)(2p−1

+ 1)
p

p−1

3
p

p−1 (2p + 2)
( 2

√
3

3

) 2
p −1

.

Next we define h : (1, 2) → R using the right hand side in the inequality above,
that is

h(p) =
(2

p
p−1 + 2)(2p−1

+ 1)
p

p−1

3
p

p−1 (2p + 2)
( 2

√
3

3

) 2
p −1

=
(2

p
p−1 + 2)

(
2p−1

+ 1
) 1

p−1

3
1
2 −

1
p +

p
p−1 · 2

2
p

.

It can be checked that p 7→ h(p) is strictly decreasing on (1, p0], we omit the
lengthy calculations. A direct computation now shows that h(p0) > 1.000098, so it
follows that |||10 − 2e|||p > 1 for any p ∈ (1, p0]. Similarly, when p ∈ (2, ∞) we
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get using Part (9) in Proposition 4.20

|||10 − 2e|||p ≥
(2p

+ 2)(2
1

p−1 + 1)p

3p(2
p

p−1 + 2)
( 2

√
3

3

)1−
2
p

= h
( p

p−1

)
.

It follows from the p ∈ (1, p0] case that |||10 − 2e|||p > 1 for any p ∈ [p′

0, ∞),
proving Claim 1, and therefore finishing the proof. □

Remark 4.22. It is likely that, for all p ∈ [1, ∞)\{2}, the algebra M p
0 (Z/3Z) is not

an Lq -operator algebra for any q ∈ [1, ∞). A proof of this fact could potentially be
obtained by the same method employed in the proof of Theorem 4.21 above provided
that we have either better bounds or exact values for the norms of ∥10∥F p(Z/3Z) and
∥10 −2e∥F p(Z/3Z), which are generally hard to compute (see [16]). For instance, we
believe that the actual value for ∥10 −2e∥F p(Z/3Z) when p ∈ [1, 2] is

√
3

3 (1+2p−1)
1
p

which, if true, improves the value of p0 to p0 = 1.675.

Remark 4.23. Unfortunately, the bicontractive idempotent argument does not
work when G ∈ {Z/4Z, Z/2Z ⊕ Z/2Z}. Indeed, in this case if e ∈ M0(G) is any
bicontractive idempotent, then it can be shown that 10 − 2e ∈ M0(G) is in fact an
invertible isometry as expected for an L p-operator algebra. Due to the difficulty
of computing the norm of an element in M p

0 (G), a different argument is likely
needed to argue a version of Theorem 4.21 for higher order groups. At this time,
for a general finite group G with card(G) > 3 and p ̸= 2, we do not know whether
M p

0 (G) can be isometrically represented on an Lq -space.

5. Idempotents and Gelfand transform for ℓ1
0(G)

In what follows we assume that G is a finite abelian group. In Proposition 4.18,
for each p ∈ [1, ∞), we obtained a unital Banach algebra M p

0 (G) = M(F p
0 (G))

whose underlying space is the augmentation ideal ℓ1
0(G) normed with |||−|||p. In

addition, M p
0 (G) is both a unital and a commutative Banach algebra when G is

abelian. When card(G) > 2 and p ̸= 2, notice that M p
0 (G) equipped with the

inherited involution from ℓ1(G) cannot be a C∗-algebra. In fact, in such cases
M p

0 (G) is not isomorphically isometric to any closed subalgebra of C(�) where
� = Max(M p

0 (G)) because |||1g|||
2
p ̸= |||1g1

∗
g|||p for all g ∈ G \ {1G}, so the

Gelfand map is not isometric. We will see, however, that the Gelfand map is an
algebraic isomorphism.

Lemma 5.1. For n ∈ Z>1, let

G = Z/nZ = {[0], [1], . . . , [n − 1]}

and (x[1], . . . , x[n−1]) ∈ Cn−1 with x[0] = 0. Consider the system of equations

(5-1) x[ j]+[k] = x[ j]x[k] + x[ j] + x[k], 1 ≤ j, k ≤ n − 1.
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Then the only nontrivial solutions for (5-1) are of the form

(5-2) x[k] = (x[1] + 1)k
− 1 for all 1 ≤ k ≤ n − 1 where (x[1] + 1)n

= 1.

In particular, this means that (5-1) has exactly n − 1 nontrivial solutions.

Proof. Given a solution for (5-1), we show that x[k] = (x[1] + 1)k
− 1 for all

1 ≤ k ≤ n − 1. We do so by induction on k. When k = 1,

x[1] = (x[1] + 1)1
− 1 = x[1].

When k = 2,

x[2] = x[1]+[1] = x2
[1]

+ 2x[1] = (x[1] + 1)2
− 1

Suppose x[ j] = (x[1] + 1) j
− 1. Then

x[ j]+[1] = x[ j]x[1] + x[ j] + x[1]

=
(
(x[1] + 1) j

− 1
)

x[1] +
(
(x[1] + 1) j

− 1
)
+ x[1]

= x[1](x[1] + 1) j
− x[1] + x[1] + (x[1] + 1) j

− 1

= (x[1] + 1)(x[1] + 1) j
− 1

= (x[1] + 1) j+1
− 1

Now since x[0] = 0, it follows that

0 = x[0] = x[n−1]+[1] = x[n−1]x[1] + x[n−1] + x[1] = (x[1] + 1)n
− 1,

so indeed any solution of the system (5-1) is of the form (5-2).
Next, we show that x[k] = (x[1] +1)k

−1 for all 1 ≤ k ≤ n −1 and (x[1] +1)n
= 1

satisfies (5-1). Let 1 ≤ j, k ≤ n − 1. Then,

x[ j]x[k] =
(
(x[1] + 1) j

− 1
) (

(x[1] + 1)k
− 1

)
= (x[1] + 1) j+k

− (x[1] + 1)k
− (x[1] + 1) j

+ 1,

and since x[ j] = (x[1] + 1) j
− 1 for any 1 ≤ j ≤ n − 1, we conclude

x[ j]x[k] + x[ j] + x[k] = (x[1] + 1) j+k
− 1 = x[ j+k] = x[ j]+[k].

Clearly, (x[1] + 1)n
= 1 satisfies (x[1] + 1)n

− 1 = 0 = x[0], so we are done. □

Maschke’s and Wedderburn’s theorems (see Chapter 16 of [8] for an elementary
introduction) imply that the only nilpotent element of Cc(G) for G finite abelian
is 0 ∈ Cc(G). In particular, this means that Cc(G) and all of its (two-sided) ideals
have trivial nilradical. This leads to the following important observation.

Lemma 5.2. Let I be any (two-sided) ideal in ℓ1(G) for G finite abelian. Then the
Gelfand transform 0I : I → C(Max (I )) is an algebraic isomorphism.
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We now begin with a technical lemma.

Lemma 5.3. Let G be any discrete group and define for m ∈ Z>1

Bm
= {(ε1, ε2, . . . , εm) : ε j ∈ {0, 1} for all 1 ≤ j ≤ m} \ {(0, 0, . . . , 0)}.

Then for any collection of m elements g1, g2, . . . , gm ∈ G \ {1G},

(5-3) 1g1g2···gm =

∑
(ε1,ε2,...,εm)∈Bm

1ε1
g1

1ε2
g2

· · · 1εm
gm

where we define 10
g j

= 1 for all 1 ≤ j ≤ m. In particular, this means

(5-4) 1gg′ = 1g1g′ + 1g + 1g′ for all g, g′
∈ G \ {1G}.

Proof. Fix g, g′
∈ G \ {1G}. We argue by induction. A direct computation gives

1gg′ = 1g1g′ + 1g′ + 1g

Next, assume equation (5-3) holds for the product of m −1 nonidentity elements of
G. Choose g1, g2, . . . , gm−1, gm ∈ G \ {1G}. Then, using the induction hypothesis
at the last step,

1g1g2···gm−1gm = 1(g1g2···gm−1)gm = 1g1g2···gm−11gm + 1g1g2···gm−1 + 1gm

=
∑

(ε j )∈Bm
1ε1

g1
1ε2

g2
· · · 1εm−1

gm−1
1εm

gm
. □

We are now ready to prove the cyclic group case.

Proposition 5.4. Let G = Z/nZ for n ∈ Z>1. Then ℓ1
0(G) is algebraically isomor-

phic to Cn−1 equipped with pointwise multiplication.

Proof. We have already established that ℓ1
0(Z/nZ) is an ideal in ℓ1(Z/nZ) and so

we immediately have an algebraic isomorphism between ℓ1
0(Z/nZ) and continuous

functions on its maximal ideal space. Thus, it suffices to establish that the maximal
ideal space of ℓ1

0(Z/nZ) consists of n − 1 elements.
Let Z/nZ = {[0], [1], . . . , [n − 1]}. Thanks to (5-4), any multiplicative linear

functional ω : ℓ1
0(Z/nZ) → C must satisfy

(5-5) ω(1[ j]+[k]) = ω(1[ j])ω(1[k]) + ω(1[ j]) + ω(1[k])

for all 1 ≤ j, k ≤ n − 1. Letting ω(1[ j]) = x[ j], we recover the system described
in Lemma 5.1. We observe that each solution of the system (5-1) is completely
determined by the choice of x[1], which must be chosen to satisfy (x[1] + 1)n

= 1.
For each 1 ≤ j ≤ n − 1, let

(5-6) ω j (1[1]) = exp(2π i · j/n) − 1 = x j,[1].

As discussed, this choice determines the remaining ω j (1[k]) = x j,[k] and so we
have a one-to-one correspondence between the multiplicative linear functionals of
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the ideal ℓ1
0(Z/nZ) and the solutions of System (5-1). Of course, Max(ℓ1

0(Z/nZ))

is in bijection with � = {ω j : 1 ≤ j ≤ n − 1}. Lemma 5.2 gives that

0 : ℓ1
0(Z/nZ) → C(�)

is an algebraic isomorphism. Finally since the canonical map C(�) → Cn−1 given
by

f 7→ ( f (ω1), f (ω2), . . . , f (ωn−1))

is also an algebraic isomorphism, we have indeed shown that ℓ1
0(Z/nZ) and Cn−1

are algebraically isomorphic, completing the proof. □

We now extend Proposition 5.4 to any finite abelian group. Consider

G = (Z/n1Z) × (Z/n2Z) × · · · × (Z/nmZ),

where n1, . . . , nm ∈ Z>1. Then any a ∈ ℓ1
0(G) may be written as

a =

∑
(g1,g2,...,gm)∈G

a(g1, g2, . . . , gm)1(g1,g2,...,gm).

We note that (g1, g2, . . . , gm)(g′

1, g′

2, . . . , g′
m) = (g1 + g′

1, g2 + g′

2, . . . , gm + g′
m)

and we will abuse notation by writing g for (0, . . . , g, . . . 0) and g1g2 · · · gm for
(g1, g2, . . . , gm).

For each cyclic group Z/n j Z, let {ω
(k)
j }0≤k≤n j −1 be the multiplicative linear func-

tionals associated with Max (ℓ1
0(Z/n j Z)) where ω

(0)
j represents the zero function

on ℓ1
0(Z/n j Z). We show that all multiplicative linear functionals of ℓ1

0(G) are of
the form

(5-7) ω(1g1g2···gm ) =

∑
(ε j )∈Bm

ω
(k1)
1 (1ε1

g1
)ω

(k2)
2 (1ε2

g2
) · · · ω(km)

m (1εm
gm

)

for all 0 ≤ ki ≤ ni , 1 ≤ i ≤ m, where we interpret ω
(k j )
n j (10

gk
) as equaling 1 when in

a product with other nonzero terms.
Suppose ω : ℓ1

0(G)→ C is a multiplicative linear functional. When ω is restricted
to linear sums of 1g j for g j ∈ Z/n j Z, which we will denote by ω j , then ω j

is a multiplicative linear functional of ℓ1
0(Z/n j Z). Thus, there must exist k j ∈

{1, 2, . . . , n j − 1} such that ω j = ω
(k j )

j . Equation (5-7) then follows by previous
comments and Lemma 5.3. Note that ω is the zero map exactly when all the ω

(k j )

j
are zero maps. Thus, we see that we have n1n2 · · · nm = card(G) possible choices
for ω, including the zero map.

This leads to the following theorem and corollary.

Theorem 5.5. Let G be a finite abelian group with card(G) > 1. Then the Gelfand
transform from ℓ1

0(G) to C({1, 2, . . . , n − 1}) is an algebraic isomorphism.
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Corollary 5.6. Let G be a finite abelian group with card(G) > 1. Then the alge-
bras ℓ1

0(G), ℓ1(Z/(n − 1)Z), C({1, 2, . . . , n − 1}), and Cn−1 are all algebraically
isomorphic.

Recall that we used a bicontractive idempotent as the primary tool to show that
for certain values of p ∈ [1, ∞)\{2}, the algebra M p

0 (Z/3Z) cannot be isometrically
represented on any Lq-space. To this end, we present a description of the idem-
potents of ℓ1

0(Z/nZ) and, in consequence, those of M p
0 (Z/nZ) since the algebraic

structures are the same. We start with a short definition.

Definition 5.7. Let a ∈ ℓ1
0(Z/nZ) for n ∈ Z>1. Then, since a is uniquely determined

by [a] = (a([1]), . . . , a([n − 1])) ∈ Cn−1, we define a canonical map ℓ1
0(Z/nZ) →

Cn−1 via a 7→ [a] ∈ Cn−1.

Let n ∈ Z>1. We define the translation matrix of ℓ1
0(Z/nZ) by

(5-8) X =


x1,[1] x1,[2] · · · x1,[n−1]

x2,[1] x2,[2] · · · x2,[n−1]

...
...

. . .
...

xn−1,[1] xn−1,[2] · · · xn−1,[n−1]

 .

Proposition 5.4 implies that for any v ∈ Cn−1 there exists a unique a ∈ ℓ1
0(Z/nZ)

such that X [a] = v, where [a] is as in Definition 5.7. In particular, if we let {ek}
n−1
k=1

represent the standard basis of Cn−1, then all nonzero idempotents of Cn−1 are of
the form

ε1e1 + ε2e2 + · · · + εn−1en−1 for (ε1, ε2, . . . , εn−1) ∈ Bn−1

where Bn−1 is as in Lemma 5.3. Then our discussion above yields the following
Proposition.

Proposition 5.8. Fix n ∈ Z>1 and let ak ∈ ℓ1
0(Z/nZ) be the unique element such

that X [ak] = ek . Then:

(1) Each ak is an idempotent of norm at least one.

(2) aka j = 0 for all k ̸= j .

(3) a1 + a2 + · · · + an−1 = 10.

(4) {ak}
n−1
k=1 forms a basis for ℓ1

0(Z/nZ).

(5) Each nonzero idempotent of ℓ1
0(Z/nZ) is of the form

ε1a1 + ε2a2 + · · · + εn−1an−1 for (ε1, ε2, . . . , εn−1) ∈ Bn−1.

(6) ℓ1
0(Z/nZ) has precisely 2n−1 idempotents.
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6. L p-operator norms on Cn

We have shown that the conclusion of Theorem 4.1 can go either way when dropping
the two hypotheses. As shown in Section 4B, for each p ∈ [1, ∞), the algebra of
strictly upper triangular matrices acting on ℓ

p
2 , T p

2 , is a degenerate L p-operator
algebra without a cai and yet its multiplier algebra is nondegenerately representable
on an Lq -space for any q ∈ [1, ∞). In contrast, as shown in Section 4C, F p

0 (Z/3Z)

is a degenerate L p-operator algebra without a cai, but when p ∈ [1, p0] ∪ [p′

0, ∞),
its multiplier algebra cannot be isometrically represented on an Lq-space for any
q ∈ [1, ∞). At this time, it is unclear what conditions are necessary to guarantee
that the multiplier algebra of a degenerate L p-operator algebra without a cai is
again an L p-operator algebra.

Given that the norms of L p-operator algebras are not unique, a natural question is
to characterize norms on Cn that make it into an L p-operator algebra. This problem
is already interesting for p = 1, for which we know of at least two norms on Cn

which make it an L1-operator algebra:

(1) Cn with the supremum norm is an L1-operator algebra acting on ℓ1
n via multi-

plication operators.

(2) Let F : ℓ1(Z/nZ) → C(Z/nZ) the Fourier transform. Then we have algebra
isomorphisms

Cn ∼= C(Z/nZ) ∼= F−1(C(Z/nZ)) = ℓ1(Z/nZ)

which make Cn an L1-operator algebra with norm coming from the identifica-
tion with ℓ1(Z/nZ).

Question 6.1. Are these the only two norms that make Cn an L1-operator algebra?

Theorem 4.21 exhibits a norm in C2 for which C2 fails to be an Lq-operator
algebra for any q ∈ [1, ∞), which is to say the identification of M1

0 (Z/3Z) with C2

carries neither of the norms listed above. This leads to a more general question.

Question 6.2. Let n ∈ Z>1 and consider Cn with pointwise multiplication. Is it
possible to find all the norms on Cn that make it an L1-operator algebra? An
L p-operator algebra for some p ∈ [1, ∞)?

Acknowledgments

The authors thank David Blecher and Eusebio Gardella for their encouragement
and discussions, particularly regarding Question 6.2 above. We are also thankful to
Hannes Thiel for pointing out several references and for encouraging us to generalize
our main results to p > 1. Delfín also thanks N. Christopher Phillips, who read
earlier versions of Section 3 and gave suggestions to improve the presentation.



226 ANDREY BLINOV, ALONSO DELFÍN AND ELLEN WELD

Finally, we would like to thank the anonymous referee for a careful and thorough
reading of the initial draft and for sending useful references and suggestions that
greatly improved some content in this paper. In particular, we thank the referee for
pointing out that it made more sense to look at the augmentation ideal of F p(G)

instead of F p
r (G) as we had initially considered.

References

[1] S. J. Bernau and H. E. Lacey, “Bicontractive projections and reordering of L p-spaces”, Pacific J.
Math. 69:2 (1977), 291–302. MR Zbl

[2] D. P. Blecher and C. Le Merdy, Operator algebras and their modules: an operator space
approach, London Mathematical Society Monographs. New Series 30, Oxford University Press,
2004. MR Zbl

[3] D. P. Blecher and N. C. Phillips, “L p-operator algebras with approximate identities, I”, Pacific J.
Math. 303:2 (2019), 401–457. MR Zbl

[4] H. G. Dales, Banach algebras and automatic continuity, London Mathematical Society Mono-
graphs (New Series) 24, Oxford University Press, 2000. MR Zbl

[5] M. Daws, “p-operator spaces and Figà-Talamanca–Herz algebras”, J. Operator Theory 63:1
(2010), 47–83. MR Zbl

[6] M. Daws and N. Spronk, “On convoluters on L p-spaces”, Studia Math. 245:1 (2019), 15–31.
MR Zbl

[7] A. Delfin Ares de Parga, C*-correspondences, Hilbert bimodules, and their L p versions,
Ph.D. thesis, University of Oregon, 2023, available at https://www.proquest.com/docview/
2842733535. MR Zbl

[8] D. S. Dummit and R. M. Foote, Abstract algebra, 3rd ed., Wiley, Hoboken, NJ, 2004. MR Zbl

[9] E. Gardella, “A modern look at algebras of operators on L p-spaces”, Expo. Math. 39:3 (2021),
420–453. MR Zbl

[10] E. Gardella and H. Thiel, “Group algebras acting on L p-spaces”, J. Fourier Anal. Appl. 21:6
(2015), 1310–1343. MR Zbl

[11] E. Gardella and H. Thiel, “Quotients of Banach algebras acting on L p-spaces”, Adv. Math. 296
(2016), 85–92. MR Zbl

[12] E. Gardella and H. Thiel, “Representations of p-convolution algebras on Lq -spaces”, Trans.
Amer. Math. Soc. 371:3 (2019), 2207–2236. MR Zbl

[13] E. Gardella and H. Thiel, “Extending representations of Banach algebras to their biduals”, Math.
Z. 294:3-4 (2020), 1341–1354. MR Zbl

[14] E. Gardella and H. Thiel, “Isomorphisms of algebras of convolution operators”, Ann. Sci. Éc.
Norm. Supér. (4) 55:5 (2022), 1433–1471. MR Zbl

[15] S. Hejazian and S. Pooya, “Simple reduced L p-operator crossed products with unique trace”, J.
Operator Theory 74:1 (2015), 133–147. MR Zbl

[16] J. M. Hendrickx and A. Olshevsky, “Matrix p-norms are NP-hard to approximate if p ̸=1, 2, ∞”,
SIAM J. Matrix Anal. Appl. 31:5 (2010), 2802–2812. MR Zbl

[17] C. Herz, “The theory of p-spaces with an application to convolution operators”, Trans. Amer.
Math. Soc. 154 (1971), 69–82. MR Zbl

[18] C. Herz, “Harmonic synthesis for subgroups”, Ann. Inst. Fourier (Grenoble) 23:3 (1973), 91–123.
MR Zbl

https://doi.org/10.2140/pjm.1977.69.291
http://msp.org/idx/mr/487416
http://msp.org/idx/zbl/0351.46005
https://doi.org/10.1093/acprof:oso/9780198526599.001.0001
https://doi.org/10.1093/acprof:oso/9780198526599.001.0001
http://msp.org/idx/mr/2111973
http://msp.org/idx/zbl/1061.47002
https://doi.org/10.2140/pjm.2019.303.401
http://msp.org/idx/mr/4059950
http://msp.org/idx/zbl/1503.47120
http://msp.org/idx/mr/1816726
http://msp.org/idx/zbl/0981.46043
http://msp.org/idx/mr/2606882
http://msp.org/idx/zbl/1199.46125
https://doi.org/10.4064/sm170601-24-11
http://msp.org/idx/mr/3863063
http://msp.org/idx/zbl/1428.43003
https://www.proquest.com/docview/2842733535
http://msp.org/idx/mr/4639562
http://msp.org/idx/zbl/0463.46042
http://msp.org/idx/mr/2286236
http://msp.org/idx/zbl/1037.00003
https://doi.org/10.1016/j.exmath.2020.10.003
http://msp.org/idx/mr/4314026
http://msp.org/idx/zbl/1487.22006
https://doi.org/10.1007/s00041-015-9406-1
http://msp.org/idx/mr/3421918
http://msp.org/idx/zbl/1334.22007
https://doi.org/10.1016/j.aim.2016.03.040
http://msp.org/idx/mr/3490763
http://msp.org/idx/zbl/1341.47089
https://doi.org/10.1090/tran/7489
http://msp.org/idx/mr/3894050
http://msp.org/idx/zbl/1461.43002
https://doi.org/10.1007/s00209-019-02315-8
http://msp.org/idx/mr/4074042
http://msp.org/idx/zbl/1456.46042
http://msp.org/idx/mr/4517691
http://msp.org/idx/zbl/1510.22003
https://doi.org/10.7900/jot.2014may13.2036
http://msp.org/idx/mr/3383617
http://msp.org/idx/zbl/1389.46038
https://doi.org/10.1137/09076773X
http://msp.org/idx/mr/2740634
http://msp.org/idx/zbl/1216.68117
https://doi.org/10.2307/1995427
http://msp.org/idx/mr/272952
http://msp.org/idx/zbl/0216.15606
https://doi.org/10.5802/aif.473
http://msp.org/idx/mr/355482
http://msp.org/idx/zbl/0257.43007


MULTIPLIER ALGEBRAS OF L p -OPERATOR ALGEBRAS 227

[19] B. E. Johnson, “An introduction to the theory of centralizers”, Proc. London Math. Soc. (3) 14
(1964), 299–320. MR Zbl

[20] D. L. Johnson, Presentations of groups, 2nd ed., London Mathematical Society Student Texts
15, Cambridge University Press, 1997. MR Zbl

[21] N. C. Phillips, “Analogs of Cuntz algebras on L p spaces”, 2012. Zbl arXiv 1201.4196

[22] N. C. Phillips, “Crossed products of L p operator algebras and the K-theory of Cuntz algebras
on L p spaces”, 2013. Zbl arXiv 1309.6406

[23] N. C. Phillips, “Simplicity of reduced group Banach algebras”, 2019. Zbl arXiv 1909.11278v1

[24] W. Rudin, Fourier analysis on groups, Tracts in pure and applied mathematics 12, Interscience,
New York, 1962. Reprinted Wiley, 1990. MR Zbl

[25] W. Rudin, “Idempotents in group algebras”, Bull. Amer. Math. Soc. 69 (1963), 224–227. MR
Zbl

[26] J.-k. Wang, “Multipliers of commutative Banach algebras”, Pacific J. Math. 11 (1961), 1131–
1149. MR Zbl

[27] N. E. Wegge-Olsen, K -theory and C∗-algebras: a friendly approach, Oxford University Press,
1993. MR Zbl

Received March 25, 2024. Revised November 12, 2024.

ANDREY BLINOV

andrew.blinov@gmail.com

ALONSO DELFÍN

DEPARTMENT OF MATHEMATICS

UNIVERSITY OF COLORADO

BOULDER, CO
UNITED STATES

alonso.delfin@colorado.edu

ELLEN WELD

DEPARTMENT OF MATHEMATICS AND STATISTICS

SAM HOUSTON STATE UNIVERSITY

HUNTSVILLE, TX
UNITED STATES

elw028@shsu.edu

https://doi.org/10.1112/plms/s3-14.2.299
http://msp.org/idx/mr/159233
http://msp.org/idx/zbl/0143.36102
https://doi.org/10.1017/CBO9781139168410
http://msp.org/idx/mr/1472735
http://msp.org/idx/zbl/0906.20019
http://msp.org/idx/zbl/0894.46044
http://msp.org/idx/arx/1201.4196
http://msp.org/idx/zbl/0805.46067
http://msp.org/idx/arx/1309.6406
http://msp.org/idx/zbl/1454.46063
http://msp.org/idx/arx/1909.11278v1
https://doi.org/10.1002/9781118165621
http://msp.org/idx/mr/1038803
http://msp.org/idx/zbl/0698.43001
https://doi.org/10.1090/S0002-9904-1963-10926-X
http://msp.org/idx/mr/145365
http://msp.org/idx/zbl/0119.11001
https://doi.org/10.2140/pjm.1961.11.1131
http://msp.org/idx/mr/138014
http://msp.org/idx/zbl/0127.33302
http://msp.org/idx/mr/1222415
http://msp.org/idx/zbl/0796.13019
mailto:andrew.blinov@gmail.com
mailto:alonso.delfin@colorado.edu
mailto:elw028@shsu.edu




PACIFIC JOURNAL OF MATHEMATICS
Vol. 333, No. 2, 2024

https://doi.org/10.2140/pjm.2024.333.229

TWIST EQUIVALENCE AND NICHOLS ALGEBRAS
OVER COXETER GROUPS

GIOVANNA CARNOVALE AND GABRIEL MARET

Fomin–Kirillov algebras are quadratic approximations of Nichols algebras
associated with the conjugacy class of transpositions in a symmetric group
and a (rack) 2-cocycle q+ with values in {±1}. Bazlov generalized their
construction replacing the class of transpositions by the classes of reflections
in an arbitrary finite Coxeter group. We prove that Bazolv’s cocycle q+

is twist equivalent to the constant cocycle q− ≡ −1, generalizing a result
of Vendramin. As a consequence, the Nichols algebras associated with the
two different cocycles have the same Hilbert series and one is quadratic if
and only if the other is quadratic. We further apply recent results of Heck-
enberger, Meir and Vendramin and Andruskiewitsch, Heckenberger and
Vendramin to complete the classification of the finite-dimensional Nichols
algebras of Yetter–Drinfeld modules over the dihedral groups.

1. Introduction

Racks and rack cocycles appear in the study of knot theory, as they naturally provide
a solution of the braid equation. It became apparent that they are key basic objects
in the study of Nichols (shuffle) algebras, and the classification of pointed Hopf
algebras [2], since Nichols algebras are graded braided Hopf algebras that depend
only on the datum of a braided vector space. Several tools have been developed in
order to detect finiteness properties of Nichols algebras (such as finite dimension,
finite GK-dimension, finite presentation) that depend only on the rack and not on
the cocycle, and properties that are preserved under suitable transformations of the
cocycle; see, among others, [2; 5; 6; 7; 8; 9; 25; 31].

Relevant racks in the study of Nichols algebras can be described as subsets X of
a group G that are stable by conjugation [2, Definition 1.3]. For such racks, twisting
a cocycle by a 2-cocycle of G with trivial coefficients corresponds, at the level of
Nichols algebras, to performing a (dual) Drinfeld twist [7; 34]. As a consequence,
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Nichols algebras associated with the same rack and twist-equivalent cocycles have
the same Hilbert series, same dimension and same GK-dimension.

We first focus on finitely generated Coxeter groups and a special family of racks
and 2-cocycles, that is of interest due to its relation with the cohomology of the
flag variety. Here the rack is the class (or union of classes) of reflections in a
Coxeter group W , and the 2-cocycle is a cocycle with values in {±1}. If W is a
Weyl group, the quadratic approximation of the corresponding Nichols algebra is
a noncommutative algebra containing the cohomology algebra of the flag variety of
the corresponding algebraic group. For W = Sn this is the so-called Fomin–Kirillov
algebra introduced in [21] for creating an algebraic and combinatorial framework to
perform Schubert calculus. The construction was later generalized to the case of arbi-
trary Weyl groups in [12]. For W = S3,S4 and S5 the Nichols algebra in question is
quadratic and finite dimensional [22; 36]. For n>5 a proof of infinite dimensionality
of the Fomin–Kirillov algebras appeared in [11], but it is not known whether the
Nichols algebras are quadratic. This property and dimension are preserved by twists.

A novel approach to the analysis of the dimension and of the degree of a min-
imal set of generating relations may come through geometry, using the category
equivalence in [33]. Through this equivalence, Nichols algebras correspond to
intersection cohomology (IC) complexes on the infinite-dimensional space Sym(C)
of monic polynomials, with a so-called factorization datum. One may expect that
the Nichols algebras associated with a conjugacy class C of a finite group G and the
constant cocycle equal to −1 might be easier to handle because the restriction of the
corresponding IC complexes to the dense open subset Sym̸=(C) of multiplicity-free
polynomials is the push-forward through the covering map of the constant sheaf on
the Hurwitz space with Galois group G and local monodromy C [19, §2.4, 3.3; 33,
§3.3 A]. These spaces are widely studied. For this reason, it becomes relevant to
know whether the cocycle associated with the rack of reflections in Coxeter groups
as in [12; 21; 36] are twist equivalent to the −1 constant cocycle.

For W =Sn this problem was answered in the affirmative in [39], and for the dihe-
dral group an attempt was done in [17]. We provide a unified approach to give a posi-
tive answer that applies to all finitely generated Coxeter groups as long as the entries
of its Coxeter matrix A(W ) are all finite. We also show that the cocycles are coho-
mologous if and only if the entries in A(W ) are all odd. Hence, for dihedral groups of
regular polygons with an odd number of edges, we recover the well-known fact that
the Nichols algebras corresponding to these two cocycles are isomorphic [36, §5].

We next combine the information we gained in order to reorganize and com-
plement what is known about the dimension of Nichols algebras associated with
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reflections in Coxeter groups, showing that the key case to be studied is type A5.
Finally, we address the case of Coxeter groups of rank 2, that is, the dihedral
groups I2(n) of order 2n. This is of particular interest because all finite groups
generated by two involutions are dihedral. Finite-dimensional Nichols algebras
over I2(n) for 4 | n were classified in [13; 20]. The case of n = 3 is to be found in [6]
and I2(2) is not irreducible. Using the main results in [10; 31] and the work in [1]
we address the remaining open case, i.e., when 4 does not divide n and n ̸= 2, 3,
completing the classification of finite-dimensional Nichols algebras over dihedral
groups. In particular, we show that there is no finite-dimensional Nichols algebra
over I2(n) when n is odd and different from 3. Hence, the only finite-dimensional
complex pointed Hopf algebra with group of grouplikes isomorphic to I2(n) for
such an n is the group algebra.

The paper is structured as follows: In Section 2 we introduce the basic notions
on Coxeter groups, racks, cocycles and Nichols algebras; in Section 2.4 we define
the cocycles q+ and q− on the rack of reflections in an arbitrary Coxeter group and
translate twist equivalence of q+ and q− into existence of a section, generalizing
the strategy in [39]. The core argument is in Section 3 where we apply results
in [38] in order to show existence of the sought section (Theorem 2.8). In Section 4
we collect and complement to what is known on Nichols algebras associated with
the rack of reflections in finite Coxeter groups, we apply Theorem 2.8 and the
main results in [10; 31] in order to list the Coxeter groups for which a conjugacy
class of reflections could possibly support a finite-dimensional Nichols algebra.
Section 4.1 is devoted to the completion of the classification of finite-dimensional
Nichols algebras over dihedral groups.

2. Basic notions

2.1. Coxeter groups and root systems. Let (W, S) be a Coxeter system, with
preferred generating set S = {s1, . . . , sl}, Coxeter graph 0(W ), length function
ℓ : W → N and Coxeter matrix A(W ) = (mi j )i, j=1,...,l , where |si s j | = mi j . We
further assume that mi j < ∞ for any i , j . Following [14] we fix a basis 1 =

{α1, . . . , αl} of Rl and define the bilinear form ( · , · ) on Rl by setting (αi , α j ) :=

−cos π
mi j

for all i, j ∈ {1, . . . , l}. We identify W with the image of the geometric
representation obtained mapping si ∈ S to the reflection with respect to αi . Then
8= W1 is the set of roots and we denote by 8+ and 8− the set of positive and
negative roots, respectively. We also set

T := {sα | α ∈8+
} = {wsαw−1

| α ∈1, w ∈ W }
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for the set of reflections in W so 8= {±α | sα ∈ T }. For x ∈ T we indicate by αx

the unique root in 8+ satisfying x = sαx .
We will be mainly interested in W -conjugacy classes in T : there are as many

as the number of connected components of the graph obtained from 0(W ) by
removing the edges with even label [15, Proposition 3, Chapitre IV, §1, Théorème 1,
Chapitre VI, §4].

We denote by 6 = S(N) the free group on S whose elements are words in the
alphabet S and by π : 6 → W the projection. We denote by aop the word opposite
to a, that is, the word obtained from a by reversing the order of its letters. Clearly,
π(aop)= π(a)−1.

For x ∈ W the subset R(x)⊂6 stands for the set of reduced expressions of x .
An element x ∈ W lies in T if and only if it has a nontrivial palindromic reduced
expression, that is, a nonempty reduced expression r(x) of x such that r(x)=r(x)op;
see [38, Proposition 2.4]. For x ∈ T we denote by P(x) the set of palindromic
reduced expressions of x .

For the reader’s convenience we recollect some very basic facts on length of
conjugate reflections that will be needed in the sequel.

Lemma 2.1. Let β ∈8+ and α ∈1. Then:

(i) ℓ(sαsβsα)= ℓ(sβ)+ 2 ⇐⇒ sβ(α) ∈8+
\ {α} ⇐⇒ (α, β) < 0 and β ̸= α.

(ii) ℓ(sαsβsα)= ℓ(sβ)− 2 ⇐⇒ sβ(α) ∈8−
\ {−α} ⇐⇒ (α, β) > 0 and β ̸= α.

(iii) ℓ(sαsβsα)= ℓ(sβ)⇐⇒ sβsα = sαsβ ⇐⇒ (α, β)= 0 or β = α.

(iv) If β ∈8+
\1, there is always α ∈1 such that ℓ(sαsβsα)= ℓ(sβ)− 2.

Proof. We prove (i). In virtue of [15, Exercise V.4.8], the condition ℓ(sαsβsα) =

ℓ(sβ)+ 2 is equivalent to sβ(α) ∈ 8+ and sαsβ(α) ∈ 8+, that is, equivalent to
sβ(α) ∈8+

\ {α} by [14, Lemma 4.4.3]. Now, sβ(α)= α− 2(α, β)β ∈8+
\ {α} if

and only if (α, β) < 0 and β ̸= α. Then, (ii) follows similarly and (iii) by exclusion.
To prove (iv) assume that (ii) never occurs for β. Then (β, α)⩽ 0 for any α ∈1

and thus also for any α ∈8+, whence (β, β)⩽ 0, a contradiction. □

2.2. Racks, cocycles and Nichols algebras.

Definition 2.2. A rack is a pair (X, ▷)where X is a nonempty set and ▷: X ×X → X
is a function, such that the map x 7→ i ▷ x is bijective for all i ∈ X , and i ▷ ( j ▷ k)=
(i ▷ j) ▷ (i ▷ k) for all i, j, k ∈ X .

We will be mainly interested in racks of the form X ⊂ G, where G is a group,
X is stable by conjugation and x ▷ y = xyx−1 for x, y ∈ X .
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Definition 2.3 [2, §2.2; 16, §2]. Let X be a rack and let A be an abelian group. A
map q : X × X → A is a 2-cocycle (or just a cocycle) if

(2-1) q(x, y ▷ z)q(y, z)= q(x ▷ y, x ▷ z)q(x, z)

for all x, y, z ∈ X . We call Z2
R(X, A) the set of rack cocycles. Two cocycles q, q ′

∈

Z2
R(X, A) are said to be cohomologous if there exists γ : X → A such that

(2-2) q(x, y)= γ (x ▷ y)−1q ′(x, y)γ (y) for all x, y ∈ X.

Our main motivation for studying racks and cocycles comes from Nichols alge-
bras, whose construction we briefly recall. The base field here is C.

Given a rack X and a cocycle q, the operator

cq : CX ⊗ CX → CX ⊗ CX, x ⊗ y 7→ q(x, y)x ▷ y ⊗ x,

satisfies the braid equation on (CX)⊗3:

(2-3) (cq ⊗ id)(id ⊗ cq)(cq ⊗ id)= (id ⊗ cq)(cq ⊗ id)(id ⊗ cq).

We call any pair (V, c), where V is a vector space and c ∈ GL(V ⊗2) satisfies (2-3),
a braided vector space, and c a braiding for V .

We recall that, for n ⩾ 2, the n-th braid group Bn is generated by σi for i =

1, . . . , n −1 with relations σiσi+1σi = σi+1σiσi+1 for i ⩽ n −2 and σiσ j = σ jσi for
i, j = 1, . . . , n−1 with |i − j |> 1. There is a unique section, called the Matsumoto
section, M : Sn → Bn satisfying M(στ)= M(σ )M(τ )whenever ℓ(στ)=ℓ(σ )ℓ(τ ).

Given a braided vector space (V, c), for any n ⩾ 2, there is a representation

ρn : Bn → GL(V ⊗n), σi 7→ id⊗(i−1)
⊗ c ⊗ id⊗(n−i−1),

that combined with the Matsumoto section, gives rise to the n-th quantum sym-
metrizer �n :=

∑
σ∈Sn

ρn(M(σ )) ∈ End(V ⊗n).
The Nichols algebra associated with (V, c) is the quotient of the tensor algebra

B(V, c) := T (V )/
⊕

n⩾0 Ker�n . If (V, c) comes from a rack-cocycle pair (X, c)
we will also denote the Nichols algebra by B(X, q). It is usually very difficult to
detect for which pairs (X, q) the corresponding Nichols algebra is finite dimensional,
or has finite GK-dimension, or whether it is finitely presented. Big progresses have
been obtained in order to detect properties of B(X, q) from the knowledge of X
only. However, there are cases on which dependence on the cocycle is apparent
[31, Table 1] and some cocycles are easier to handle than others.

Remark 2.4. (1) If X is a rack and q, q ′ are cohomologous rack cocycles, then
B(X, q)≃ B(X, q ′); see [2, Theorem 4.14].
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(2) Let (V, c) be a braided vector space. If V ′ is a subspace of V such that
c(V ′

⊗ V ′) ⊂ V ′
⊗ V ′, then the inclusion V ′

⊂ V induces an injective algebra
homomorphism B(V ′, c|V ′⊗V ′)→ B(V, c) [4, Remark 1.1]. Hence, for any pair
(X, q) and any inclusion X ′

→ X such that X ′
▷ X ′

⊂ X ′ (we call such an X ′ a
subrack of X ), we have an algebra inclusion B(X ′, q|X ′×X ′)⊆ B(X, q).

(3) Let G be a group. A Yetter–Drinfeld module for G is the datum of a G-graded
representation V =

⊕
g∈G Vg of G such that hVg ⊂ Vhgh−1 for any h, g ∈ G. Setting

cV (v⊗w) := gw⊗ v for any v ∈ Vg and w ∈ V gives a braiding on V . Yetter–
Drinfeld modules decompose as direct sums of irreducible ones. The latter are, as
representations, of the form V = IndG

H U , where H is the centralizer of some g ∈ G
and η : H → GL(U ) is an irreducible representation of H . The G-grading on V is
determined by setting Vg := U . If η is 1-dimensional, then there is a rack cocycle q
on the conjugacy class X of g, with values in C∗ such that (V, cV )= (CX, q). For
general η, one needs the more general notion of cocycle with values in GL(U ) [7,
Section 2.4]. If V is a Yetter–Drinfeld module for G, we will write B(V ) instead
of B(V, cV ).

(4) If τ ∈ Aut(G) and V =
⊕

g∈G Vg is a Yetter–Drinfeld module for a group G,
then twisting V by τ gives another Yetter–Drinfeld module structure V τ by setting
g.v := τ(g)v and (V τ )g := Vτ(g) for any g ∈ G and v ∈ V . The braidings cV

and cV τ coincide, so B(V )≃ B(V τ ).

(5) Let X be a rack admitting a subrack decomposition X = X1
∐

X2 such that
X i ▷ X j = X j for i, j ∈ {1, 2}, and let q ∈ Z2

R(X,C). Assume, in addition, that
c2

q = id on CX i ⊗ CX j , for i ̸= j , and that either all Nichols algebras involved are
finite dimensional or that (X i , q|X i ×X i ), for i = 1, 2, are as in point (3). Then, there
is an algebra isomorphism B(X1, q|X1×X1)⊗̃B(X2, q|X2×X2)≃ B(X, q), where ⊗̃

stands for the tensor product of algebras where the multiplication is twisted via cq

[24, Theorem 2.2; 27, Proposition 1.10.12].

2.3. Group 2-cocycles and sections. We recall that if G and A are groups, with A
abelian, the group Z2(G, A) of 2-cocycles of G with values in A consists of those
maps φ : G × G → A satisfying

φ(xy, z)φ(x, y)= φ(x, yz)φ(y, z) for all x, y, z ∈ G.

If E is a central extension of G, with conjugation action▶, projection πG : E →G
and Ker(πG) = A, then for any section ρ : G → E of πG , we will denote by φρ
the 2-cocycle defined by φρ(x, y) := ρ(xy)ρ(y)−1ρ(x)−1 for x, y ∈ G. A direct
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calculation shows that

(2-4) φρ(x, y)(ρ(x)▶ ρ(y))= φρ(x ▷ y, x)ρ(x ▷ y) for all x, y ∈ G.

Definition 2.5 [7, §3.4]. Let G be a group, let X ⊂ G be stable by conjugation
and let q, q ′

∈ Z2
R(X, A). We say that q and q ′ are twist equivalent if there exists

φ ∈ Z2(G, A) such that

(2-5) q(x, y)= φ(x, y)φ(x ▷ y, x)−1q ′(x, y) for all x, y ∈ X.

Remark 2.6. If X is a rack and q, q ′ are twist-equivalent rack cocycles, then
B(X, q) and B(X, q ′) are cocycle twist-equivalent, in particular, they have the same
Hilbert series [7, §3.4; 34, §2.7, 3.4].

Lemma 2.7. Let G be a group and let X be a subset of G stable by conjugation.
Let E be a central extension of G with kernel A and conjugation ▶ and let q1, q2 ∈

Z2
R(X, A). If there is a section ρ : G → E satisfying

(2-6) ρ(x)▶ ρ(y)= q1(x, y)−1q2(x, y)ρ(x ▷ y) for all x, y ∈ X,

then q1 and q2 are twist equivalent. If , in addition, E ≃ A×G is a trivial extension,
then q1 and q2 are cohomologous.

Proof. The first statement follows from (2-4) and (2-5). If E ≃ A × G is trivial and
πA is the projection on A, then applying πA to (2-6) gives (2-2) with γ :=πA ◦ρ. □

2.4. Twist equivalence for the racks of reflections. We now introduce two specific
cocycles q+ and q−

∈ Z2
R(T,C∗), as restriction to T ×T of the following functions

on W × T . Let w ∈ W and y ∈ T . Recall that αy is the positive root associated
with y. We set

(2-7) q+(w, y)=

{
1 if w(αy) ∈8+,

−1 if w(αy) ∈8−,
and q−(w, y)= det(w).

The function q+ was introduced in [12] for finite W , generalizing the 2-cocycle for
reflections in Sn [21; 36]. A direct calculation shows that q+ and q− satisfy

(2-8) q±(w1w2, x)= q±(w1, w2 ▷ x)q±(w2, x) for all w1, w2 ∈ W and x ∈ T,

which implies (2-1); see [36, Section 5].
The main result in [39, Theorem 3.8] states that if W = Sn , then q+ and q− are

cohomologous for n = 3 and twist equivalent for n ⩾ 4. In the next section we will
prove the following generalization to (possibly infinite) Coxeter groups of this result.

Theorem 2.8. Assume that A(W ) has all its entries in N. Then, the cocycles q+

and q− on T are twist equivalent.
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3. Proof of Theorem 2.8

3.1. Adapting Vendramin’s construction. In [39] the group cocycle inducing the
twist equivalence is obtained by constructing a suitable section from Sn to the Schur
covering group of Sn . This approach cannot be slavishly reproduced to the case
of an arbitrary Coxeter group W because the Schur covering group of W may be
trivial or too large for our purposes [32]. We replace the Schur covering group with
a suitable, possibly trivial, central extension of W .

Let W̃ be the group generated by t1, . . . , tl, z with relations

(3-1) z2
= (ti z)2 = 1 and (ti t j )

mi j = zmi j +1 for all 1 ≤ i, j ≤ l.

By construction, z is central and the assignment ti 7→ si for i = 1, . . . , l and
z 7→ 1 defines a surjective homomorphism πW : W̃ → W . Making use of [32,
page 264] one sees that ker(πW )= ⟨z⟩ ∼= Z/2Z.

We define the cocycles q+
z , q−

z ∈ Z2
R(T, ⟨z⟩) by replacing the −1 by z, so that

for the nontrivial group isomorphism ψ : ⟨z⟩ → {±1} we have q±
=ψ ◦q±

z . It then
suffices to show the twist equivalence of q+

z and q−
z by means of a suitable section

W → W̃ .

Lemma 3.1. Let ρ : W → W̃ be a section of πW . Assume that ρ satisfies

(3-2) ρ(s)▶ ρ(y)=

{
ρ(s ▷ y)z if s ̸= y,
ρ(s ▷ y) if s = y

for all s ∈ S and y ∈ T .

Then

(3-3) ρ(w)▶ ρ(y)= q+

z (w, y)q−

z (w, y)−1ρ(w ▷ y) for all w ∈ W and y ∈ T .

Hence, q+ and q− are twist equivalent.

Proof. We prove (3-3) by induction on the length of w ∈ W , the case ℓ(w)= 1 being
(3-2) in virtue of [14, Lemma 4.4.3]. Assume ℓ(w)>1. Thenw= sw′ for some s ∈ S
and w′

∈ W such that ℓ(w′)= ℓ(w)− 1. Applying in sequence the definition of φρ
from (2-4); centrality of z; the inductive hypothesis to w′ and s, and (2-8) we obtain

ρ(w)▶ ρ(y)= (φρ(s,w′)ρ(s)ρ(w′))▶ ρ(y)

= ρ(s)▶ (ρ(w′)▶ ρ(y))

= ρ(s)▶ (q+

z (w
′, y)q−

z (w
′, y)−1ρ(w′

▷ y))

= q+

z (w
′, y)q−

z (w
′, y)−1ρ(s)▶ ρ(w′

▷ y)

= q+

z (w
′, y)q−

z (w
′, y)−1q+

z (s,w
′
▷ y)q−

z (s,w
′
▷ y)−1ρ(s ▷ (w′

▷ y))

= q+

z (sw
′, y)q−

z (sw
′, y)−1ρ(sw′

▷ y).

The last statement follows from Lemma 2.7. □
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3.2. Towards the definition of a section. We build a section verifying (3-2) using
a modified version of the conjugacy graph of (W, S) in [23, Section 3.2].

Definition 3.2. The reflection conjugacy graph 0̃(W ) of (W, S) is the labeled,
directed graph having the elements of T as vertices, and labeled edges x s

−→ y
whenever x, y ∈ T satisfy y = s ▷ x with s ∈ S and ℓ(x)= ℓ(y)+ 2.

To simplify notation we write x i
−→ y instead of x si−→ y. More generally, for a

sequence s jr , . . . , s j1 of elements in S, with a = s jr . . . s j1 ∈6, we write x a
−→ y

if there is a path in 0̃(W ) from x to y, with labels jr , jr−1, . . . , j1, or, equivalently,
if x = π(a) ▷ y with ℓ(x) = ℓ(y)+ 2r . Inductive application of Lemma 2.1(iv)
guarantees that for any x ∈ T there is always a path in 0̃(W ) starting in x and
ending at some s ∈ S.

Remark 3.3. By [38, Proposition 2.4], the set of reduced expressions of x ∈ T
consists of all words of the form aLsaR with s ∈ S and aL , aR ∈ 6, such that
x aL−→ s and x aop

R−→ s. Hence, P(x) consists of all words of the form aLsaop
L where

s ∈ S and x aL−→ s. In other terms, P(x) is in bijection with the paths in 0̃(W )

starting from x and ending in some s ∈ S. By construction all such paths have the
same length.

We aim at defining a section of πW inductively. To do this we need to compare
different elements in P(x) for x ∈ T . First of all, we compare different elements
in R(x). By [14, Theorem 3.3.1(ii)] it suffices to look at reduced expressions
that differ by application of one braid relation, a situation that was considered by
Stembridge.

Proposition 3.4 [38, Lemma 2.5]. Let x ∈ T and let a = aLsi aR and b = bLs j bR ∈

R(x), with si , s j ∈ S, and aL , aR, bL , bR ∈ 6. Assume that a and b differ by one
braid relation. Then, one of the following three alternatives holds:

Case a⇝L b: aR = bR , i = j , π(aL)= π(bL) and aL and bL differ by one braid
relation.

Case a⇝R b: aL = bL , i = j , π(aR)= π(bR) and aR and bR differ by one braid
relation.

Case a⇝C b: mi j is odd, i ̸= j , and there exist a′

L , a′

R ∈6 such that

a = a′

L( . . . si s j si s j si . . .︸ ︷︷ ︸
mi j terms

)a′

R and b = a′

L( . . . s j si s j si s j . . .︸ ︷︷ ︸
mi j terms

)a′

R.

We now focus on P(x). For any x ∈ T and any a = aLsi aR ∈ R(x) we consider
the mirrored expression µ(a)= aLsi a

op
L ∈6. By [18, (2.7)], the assignment µ gives

a well-defined function µ : R(x)→ P(x), which restricts to the identity on P(x).
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Proposition 3.5. Let x ∈ T , and let a = aLsi a
op
L and b = bLs j b

op
L ∈ P(x). Then

there exists a sequence ad := ad,Lsid aop
d,L ∈ P(x), for d = 0, . . . , r , with a0 = a and

ar = b and each sid ∈ S such that for every d = 0, . . . , r − 1 either ad+1,L differs
from ad,L by one braid move, or else ad ⇝C ad+1.

Proof. By Proposition 3.4 there is a sequence bc := bc,Lsic bc,R ∈ R(x), for
c = 0, . . . , q, with b0 = a and bq = b and each sic ∈ S such that bc ⇝Dc bc+1

for some Dc ∈ {L , R,C} and for all c ∈ {0, . . . , q − 1}. Applying the mirroring
function µ to all terms we obtain a sequence µ(b0)=µ(a)=a, µ(b1), . . . , µ(bq)=

b ∈ P(x). Now, if Dc = R, then bc = bc,Lsic bc,R ⇝R bc,Lsic bc+1,R = bc+1 and
so µ(bc) = µ(bc+1). If Dc = L , then bc = bc,Lsic bc,R ⇝R bc+1,Lsic bc,R = bc+1

with bc,L and bc+1,L differing by one braid move. Hence, µ(bc) = bc,Lsic b
op
c,L

and µ(bc+1) = bc+1,Lsic b
op
c+1,L with bc,L and bc+1,L differing by one braid move.

Finally, if Dc = C , then

bc =b′

c,L( . . . sic sic+1sic sic+1sic . . . )b
′

c,R⇝C b′

c,L( . . . sic+1sic sic+1sic sic+1 . . . )b
′

c,R =bc+1

for some b′

c,L , b′

c,R ∈6. Thus, µ(bc)= b′

c,L( . . . sic+1sic sic+1 . . . )b
′op
c,L and µ(bc+1)=

b′

c,L( . . . sic sic+1sic . . . )b
′op
c,L , so µ(bc)⇝C µ(bc+1). Removing redundancy, we ob-

tain the desired sequence in P(x). □

We are now able to inductively define a section of πW with good properties.

Lemma 3.6. Let ρ0 : W → W̃ be any set-theoretic section of πW . The assignment

(3-4) ρ : W → W̃ , x 7→


ρ0(x) if x /∈ T,
ti if x = si for some 1 ≤ i ≤ l,
ti ▶ ρ(y)z if x i

−→ y for some 1 ≤ i ≤ l,

determines a well-defined section of πW .

Proof. For x ∈ T , let

x = x0
i1

−→ x1
i2

−→ · · ·
ir−1

−−→ xr−1
ir

−→ si

be a path in 0̃(W ) ending at some si ∈ S. Applying (3-4), using that z ∈ Z(W̃ ), gives

(3-5) ρ(x)= ti1 ▶ (ti2 ▶ ( · · ·▶ tir ▶ ti ) · · · )zr
= ti1 ti2 . . . tir ti tir . . . ti2 ti1 zr ,

and ρ is well defined if the term on the right-hand side is independent from the
chosen path, or, equivalently, independent from the corresponding reduced expres-
sion a = si1 . . . sir si sir . . . si1 in P(x). By Proposition 3.5, it is enough to verify
that ρ(x) does not change if a is modified by applying either one braid move to
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aL = si1 . . . sir (and consequently to aop
L ) or by applying the move⇝C to a. In the

first scenario, a subword of the form

sasb . . .︸ ︷︷ ︸
mab

in aL is replaced by sbsa . . .︸ ︷︷ ︸
mab

.

In this case, a subword of the form

tatb . . .︸ ︷︷ ︸
mab

occurring before ti in (3-5) is replaced by tbta . . .︸ ︷︷ ︸
mab

,

and symmetrically a subword of the form

tbta . . .︸ ︷︷ ︸
mab

occurring after ti in (3-5) is replaced by tatb . . .︸ ︷︷ ︸
mab

.

Since
tatb . . .︸ ︷︷ ︸

mab

= zmab+1 tbta . . .︸ ︷︷ ︸
mab

and z is central, the value of ρ(x) does not change in this case. In the second
scenario, the term

a = aLsi aR = a′

L( . . . s j si s j . . .︸ ︷︷ ︸
mi j

)a′

R is replaced by a′

L( . . . si s j si . . .︸ ︷︷ ︸
mi j

)a′

R

and mi j is odd. In this case, the central term

. . . t j ti t j . . .︸ ︷︷ ︸
mi j

in (3-5) is replaced by . . . ti t j ti . . .︸ ︷︷ ︸
mi j

,

while the rest is unmodified. As

. . . t j ti t j . . .︸ ︷︷ ︸
mi j

= z0 . . . ti t j ti . . .︸ ︷︷ ︸
mi j

in W̃ , the value of ρ(x) is unaltered, so ρ is well defined. Applying πW to (3-5)
shows that it is a section. □

3.3. Good properties of the section. The next step is to prove that the section ρ as
in (3-4) satisfies Vendramin’s condition. We fix some further notation.

Definition 3.7. The sequence (Un(X))n⩾0 of Chebychev polynomials of the second
kind is the sequence of polynomials in Z[X ] defined recursively by

(3-6) U0(X)= 1, U1(X)= 2X, Un+1(X)= 2XUn(X)− Un−1(X).
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We recall the well-known formula

(3-7) sin(θ)Un(cos θ)= sin((n + 1)θ).

The following lemma is key for proving inductively the good properties of ρ.

Lemma 3.8. Let β ∈ 8+
\1 and assume there are αi , α j ∈ 1 satisfying δ :=

(α j , β) > 0 and (αi , β)= 0. For p ⩾ 0, let

α(p) =

{
αi if p is even,
α j if p is odd,

s(p) := sα(p), β0 := β, βp+1 := s(p+1)β(p).

Then,

(3-8) (βp, α(p+1)) > 0 for p = 0, . . . ,mi j − 2, (βmi j −1, α(mi j ))= 0

and either

(3-9) ℓ(sβmi j −1)= ℓ(sβ)−2mi j+2, s(mi j )sβmi j −1 = sβmi j −1s(mi j ), α(mi j ) ̸=βmi j −1

or else

(3-10) mi j is even, βmi j/2−1 = α(mi j/2) ∈1, ℓ(sβ)= 2mi j − 1.

Proof. For p ⩾ 0 we set

u p :=
(βp, α(p+1))

δ
=
(βp, α(p−1))

δ
, γ := −(αi , α j )= cos

π

mi j
.

Then u0 = 1. For p ⩾ 1 we compute

u1 =
(s jβ, αi )

δ
=
(β − 2(β, α j )α j , αi )

δ
= 0 + 2γ,

u p+1 =
(s(p+1)βp, α(p))

δ
=
(βp − 2(βp, α(p+1))α(p+1), α(p))

δ

=
(βp, α(p))

δ
−

2(βp, α(p−1))(α(p+1), α(p))

δ
=
(s(p)βp−1, α(p))

δ
+ 2γ u p

=
(βp−1, s(p)α(p))

δ
+ 2γ u p = −u p−1 + 2γ u p.

Therefore (βp, α(p+1))/δ = Up(γ ), the p-th Chebychev’s polynomial evaluated at
γ = cos(π/mi j ). Then, (3-7) gives (3-8) and Lemma 2.1(i) and (ii) applied to β(p)
and α(p+1) imply that either

(3-11) ℓ(sβp+1) < ℓ(sβp) for p = 0, . . . ,mi j − 2,
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giving (3-9), or else ℓ(sβq+1)= ℓ(sβq ) for some q ∈ {0, . . . ,mi j − 2}. In this case,
Lemma 2.1(iii) gives βq = α(q+1), whence

(3-12) sβ = s(1)s(2) . . . s(q)s(q+1)s(q) . . . s(1).

Applying the equality si sβsi = sβ yields

si s(1)s(2) . . . s(q)s(q+1)s(q) . . . s(1) = s(1)s(2) . . . s(q)s(q+1)s(q) . . . s(1)si ,

where both sides are products of 2q + 2 simple reflections. Bearing in mind that
s(1) = s j , this gives (si s j )

2q+2
= 1 and so mi j divides 2(q + 1). By construction

mi j > q + 1; hence mi j = 2(q + 1) is even and βmi j/2−1 = α(mi j/2). The claim on
the length follows because ℓ(sβp+1)= ℓ(sβp)− 2 for p ∈ {0, . . . , q − 1}. □

Lemma 3.9. The section ρ defined by (3-4) satisfies (3-2).

Proof. Let y ∈ T and si ∈ S. Then we fall in one of the following situations: y = si ,
or ℓ(si ▷ y)= ℓ(y)± 2, or (αy, αi )= 0, that we analyze separately.

• If y = si , then ρ(si )▶ ρ(y)= ti ▶ ti = ti = ρ(y).

• If ℓ(si ▷ y)=ℓ(y)+2, then by construction ρ(si ▷ y)= ti ▶ρ(y)z =ρ(si )▶ρ(y)z.
Multiplying both sides by z gives (3-2).

• If ℓ(si ▷ y) = ℓ(y)− 2, then we invoke the previous case applied to x = si ▷ y
and use that ti and z are involutions and that z is central.

• If (αy, αi ) = 0 then y ̸= si and si ▷ y = y. We proceed by induction on the
length of y. If ℓ(y) = 1, then y = s j for some j ∈ {1, . . . , l}, with mi j = 2 and
ρ(si ▷ y) = ρ(y) = t j = zti ▶ t j = ρ(si ) ▶ ρ(s j )z, confirming (3-2) in this case.
Assume now that ℓ(y)>1. By Lemma 2.1, there always is a j ∈{1, . . . , l} satisfying
ℓ(s j ys j )= ℓ(y)− 2. Setting β = αy , Lemma 3.8, from which we retain notation,
gives either (3-9) or else (3-10).

If (3-10) holds, then y = s(1) ▷ (s(2) ▷ · · · ▷ (s(mi j/2−1) ▷ s(mi j/2))) and ℓ(y) =

2mi j − 1, so

ρ(si ▷ y)= ρ(y)= (t j ti )mi j/2−1t j zmi j/2−1.

As (ti t j )
mi j = z, we have

(ti t j )
mi j/2 = z(t j ti )mi j/2.

Then,

ρ(si )▶ ρ(y)z = ti (t j ti )mi j/2−1t j ti zmi j/2 = ti (t j ti )mi j/2zmi j/2

= ti (ti t j )
mi j/2zmi j/2+1

= (t j ti )mi j/2−1t j zmi j/2−1
= ρ(si ▷ y).
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If instead, (3-9) holds, then y = s(1) ▷ (s(2) ▷ · · · ▷ (s(mi j −1) ▷ sβmi j −1) · · · ) with
ℓ(sβmi j −1) = ℓ(y)− 2mi j + 2 < ℓ(y) and s(mi j ) ▷ sβmi j −1 = sβmi j −1 , so by induction
t(mi j ) ▶ ρ(sβmi j −1)= ρ(sβmi j −1)z. By definition of ρ we have

ρ(si ▷ y)= ρ(y)= t j ti . . .︸ ︷︷ ︸
mi j −1 terms

ρ(sβmi j −1) . . . ti t j︸ ︷︷ ︸
mi j −1 terms

zmi j −1.

Therefore

ρ(si )▶ ρ(y)z = ti t j ti . . .︸ ︷︷ ︸
mi j terms

ρ(sβmi j −1) . . . ti t j ti︸ ︷︷ ︸
mi j terms

zmi j

= t j ti t j . . .︸ ︷︷ ︸
mi j terms

ρ(sβmi j −1) . . . t j ti t j︸ ︷︷ ︸
mi j terms

zmi j +2mi j +2,

where the last factor in ti t j . . . is now ρ(s(mi j )−2)= ρ(s(mi j )). By induction,

ρ(si )▶ ρ(y)z = t j ti . . .︸ ︷︷ ︸
mi j −1 terms

ρ(sβmi j −1) . . . ti t j︸ ︷︷ ︸
mi j −1 terms

zmi j +1
= ρ(si ▷ y)

concluding the proof. □

We end this section characterizing when q+ and q− are cohomologous. For the
case of Sn , see [39, Remark 2.2].

Theorem 3.10. Assume that A(W ) has all its entries in N. Then, the following are
equivalent:

(1) All the coefficients in A(W ) are odd.

(2) The group W̃ is the trivial extension W̃ = W × ⟨z⟩.

(3) The cocycles q+ and q− are cohomologous.

Proof. The implication (1) ⇒ (2) is immediate from the definition of W̃ , and
(2) ⇒ (3) follows from Lemmata 2.7, 3.1, and 3.9. We prove that (3) ⇒ (1).
Suppose for a contradiction that m := mi j is even for some i, j ∈ {1, . . . , l}, and
that there exists γ : W → C∗ such that q−(x, y)= γ (x ▷ y)−1q+(x, y)γ (y) for all
x, y ∈ T . Set s = si , s ′

= s j and let σ := (s ′s)m/2−1s ′, so that σ ∈ T and sσ s = σ .
Then γ (s ▷ σ)= γ (σ ). Thus −1 = q−(s, σ )= q+(s, σ ), contradicting (2-7). □

Remark 3.11. If all coefficients in A(W ) are odd, then the underlying graph
of 0(W ) is complete. Hence, the corresponding group W is finite if and only if
l ⩽ 2. If l = 1, then T = {sα} and q+

= q− so the statement is trivial. If l = 2,
then W is of type I2(2m + 1), for m ⩾ 1, i.e., it is the dihedral group of a regular
(2m+1)-gon [15, Chapitre VI, §4, Théorème 1]. In this case, the cohomology
of q+ and q− is proved in [36, Example 5.4(a)]. Notice that, even though the
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extension W̃ is trivial, by [32], the Schur multiplier of W is elementary abelian of
order 2(l−1)(l−2)/2, whence nontrivial whenever W is infinite.

4. Applications to Nichols algebras

Here, W is finite and the base field is C. The Nichols algebra associated with (T, q+)

is of particular interest because it contains the coinvariant algebra of W [12; 21]. If
W is crystallographic, the latter is isomorphic to the cohomology of the flag variety
of the algebraic group with associated Weyl group W . It is in general an open
question whether B(T, q+) is finite dimensional, quadratic, or finitely presented
[12; 21; 22; 34]. The main result in [11] states that the quadratic cover of B(T, q+)

is infinite dimensional for W = Sn and n ⩾ 6.
Combining Theorem 2.8 and Remark 2.6 readily gives the following.

Corollary 4.1. If W is an arbitrary finite Coxeter group, then B(T, q+) and
B(T, q−) have the same Hilbert series. This also holds for their quadratic approxi-
mations. In addition, B(T, q+) is quadratic if and only if B(T, q−) is quadratic.

It also follows from Theorem 3.10 and Remark 2.4(1) that if W is of type
I2(2m + 1), for m ⩾ 1, that is, the dihedral group of a regular (2m+1)-gon, then
B(T, q+) ≃ B(T, q−), a result that was already present in [36, Example 5.4(b)].
By [36, Remark 5.2 part 2)] the braided vector spaces attached to (T, q±) are
constructed as in Remark 2.4(3), so results in this setting apply. We summarize
below some facts on the Nichols algebras B(T, q±). Some of these results are
known, we focus on giving a uniform point of view.

Remark 4.2. (1) If (W, S) is not irreducible, let (W1, S1), . . . , (Wr , Sr ) be its
irreducible factors. Setting Ti := W ▷ Si = Wi ▷ Si for i = 1, . . . , r we have a rack
decomposition T =

∐r
i=1 Ti where t ▷ t ′

= t ′ and q+(t, t ′)= q+(t ′, t)= 1 if t ∈ Ti

and t ′
∈ T j with i ̸= j . Hence c2

q+ and c2
q− act as the identity on CTi ⊗ CT j

whenever i ̸= j . Remark 2.4(5) then gives B(T, q+) ≃
⊗r

i=1 B(Ti , q+

i ) and
B(T, q−)≃

⊗r
i=1B(Ti , q−

i ), where q±

i stands for the restriction of q± to Ti × Ti .
Therefore, it is enough to study the case of irreducible Coxeter groups.

(2) Coxeter graph inclusions imply inclusions of the corresponding racks of reflec-
tions, hence a braided vector space inclusion for the cocycle q−, and therefore a
Nichols algebra inclusion by Remark 2.4(2).

(3) Let (W, S) be irreducible. If 0(W ) has no even labeled edges, then the re-
flections form a single conjugacy class. Otherwise, W is of type Bl for l ⩾ 3, F4,
or I2(2m) for m ⩾ 2 and T is the union of two classes, represented by any s and
s ′

∈ S that are joined in 0(W ) by an even labeled edge. Setting T1 := W ▷ s and
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type of W B(T1, q±) B(T2, q±) B(T, q±)

Bl, l ⩾ 3 B(TDl , q±)
( ∧

k
)⊗l ,

∧
Cl infinite dimensional

F4 B(TD4, q±) B(TD4, q±) infinite dimensional
I2(4)

( ∧
C

)⊗2 ( ∧
C

)⊗2 dimension 64
I2(2m), m > 2 B(TI2(m), q±) B(TI2(m), q±) infinite dimensional

Table 1. Nichols algebras of (T, q+) for W such that 0(W ) has
an even labeled edge.

T2 := W ▷ s ′ we have a rack decomposition T = T1
∐

T2 with Ti ▷ T j = T j for
i, j ∈ {1, 2}. Observe that c2

q±(s ⊗ s ′)= ±(s ▷ s ′) ▷ s ⊗ s ▷ s ′
̸= s ⊗ s ′, so c2

q± ̸= id
on CT1 ⊗CT2. If min(|T1|, |T2|) > 2 or max(|T1|, |T2|) > 4, then dimB(T, q)= ∞

for any cocycle q, by [9, Theorem 2.9] applied to Y = T . By construction, for
i = 1, 2, we have twist equivalence of the restrictions to Ti of q+ and q−.

(4) If W is of type Bl with l ⩾ 3, up to renumbering, T1 is isomorphic to the
rack TDl of reflections for W of type Dl , so |T1| = l2

− l and T2 is abelian, that is,
it has trivial action, and |T2| = l. By [9, Theorem 2.9], dimB(T, q)= ∞ for any
cocycle q. On the other hand, B(T2, q−) =

∧
Cl and B(T2, q+) =

( ∧
C

)⊗l , and
hence dimB(T2, q±)= 2l .

(5) If W is of type F4 or I2(2m) for m ⩾ 2, then the classes T1 and T2 are in-
terchanged by the automorphism of W coming from the symmetry of 0(W ), so
T1 ≃ T2 as racks. Using the descriptions of roots in [15, Planches IV, VIII], one
sees that in type F4 the racks T1 and T2 are isomorphic to TD4 , so |T1| = |T2|> 4
whence dimB(T, q)= ∞ for any cocycle q .

(6) If W is of type I2(2m) for m ⩾ 2, the racks T1 and T2 are isomorphic to the
rack TI2(m) of reflections of type I2(m). In addition, it was shown in [5, Lemma 2.1]
using [8, Theorem 3.6] that if m > 2, then dimB(TI2(2m), q)= ∞ for any cocycle q .
Several considerations concerning the rack T for dihedral groups are present in [36,
Sections 5, 6]. In particular, [36, Example 6.5] shows that dimB(TI2(4), q±)= 64.
The Nichols algebras and/or their quadratic covers for the rack of reflections
in I2(2p) for p an odd prime has been studied in [2; 3, Example 3.3.5; 35].

In Table 1 we summarize what is currently known about the Nichols algebras
of the pair (T, q+) for W such that 0(W ) has an even labeled edge, up to twist
equivalence.

We now focus on the irreducible, finite Coxeter groups with one conjugacy class
of reflections.
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Proposition 4.3. Let W be of type I2(2m + 1) for m > 1. Then dimB(T, q±)= ∞.

Proof. Let 2m + 1 =
∏r

i=1 pei
i be the prime factorization and let W = ⟨s, s ′

⟩. Then

T = {s(s ′s) j
| j = 0, . . . , 2m + 1}

and for any n dividing 2m+1, the subset Tn ={s(s ′s) j
∈ T |n divides j} is a subrack

of T because s(s ′s) j
▷ s(s ′s)l = s(s ′s)2 j−l ; see [1, Remark 3.3]. In particular, T

contains a subrack of size pi for any prime divisor of 2m +1. The pair (Tpi , q+
|Tpi
)

is precisely the pair corresponding to the rack of reflections of the dihedral group of
size 2pi and Tpi is an indecomposable affine rack [2, Section 1.3.8]. If pi > 7 for
some i , then [31, Theorem 1.6] implies that dimB(Tpi , q+

|Tpi
)= ∞ and, a fortiori,

dimB(T, q±) = ∞. Assume now that pi = 5 or 7 for some i . In the notation
of [31], the rack Tpi is Aff(pi , pi − 1). Therefore, if pi = 5, 7, the rack Tpi does
not occur in [31, Table 1] and so dimB(T, q±)= dimB(Tpi , q±)= ∞. We are left
with the case 2m + 1 = 3b for some b ⩾ 2. In this case T is an indecomposable
affine rack, and dimB(T3b , q±)= ∞ by [10, Theorem 1.3]. □

Corollary 4.4. If W is of type H3 or H4, then dimB(T, q±)= ∞.

Proof. The rack T contains a subrack isomorphic to TI2(5), so the statement follows
from Theorem 2.8, Remark 4.2(2) and Proposition 4.3. □

In the remaining cases W is in one of the crystallographic, simply laced families
of groups An , n ⩾ 1, Dn for n ⩾ 4, and E6, E7, E8. They afford a crystallographic
root system 8̃ as in [15, Chapitre VI.1.1], and all roots in 8̃ have the same length.
Here T = {sα | α ∈ 8̃+

} and by [15, Chapitre VI.1.3] the subgroup generated by
any pair of noncommuting reflections is isomorphic to S3. It is well known that
dimB(TAn , q±) <∞ for n ⩽ 4 [22; 36], whilst infinite dimensionality for n ⩾ 5 is
still open. Observe that none of the splitting criteria in [9, Sections 2.1, 2.2] and [8,
Section 3.2] apply to the rack T : in the terminology of [9], the rack T is kthulhu.

Remark 4.5. It was kindly pointed out to us by I. Heckenberger that B(TD4, q±) is
infinite dimensional as a consequence of [10, Theorem 6.14] because the Coxeter
group of type D4 is solvable, noncyclic, and generated by T , which has size > 7.
Hence, dimB(TDn , q±)= ∞ for any n ⩾ 4.

In all remaining cases 0(W ) contains a graph of type A5 (that is, S6 ⩽W ). The
case of S6 has been addressed by several authors: by the main result in [11] it would
be infinite dimensional provided B(T,−1) is quadratic, but the latter property has
not been established despite several attempts. Summarizing we have:

Corollary 4.6. Assume that dimB(TA5, q±)= ∞. If dimB(T, q±) <∞ then W is
either the dihedral group of order 8, the cyclic group of order 2, S3, S4 or S5.
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Through the equivalence of categories in [33], the Nichols algebra B(T, q−)

corresponds to a factorizable perverse sheaf whose underlying perverse sheaf is
the intermediate extension of the local system on the ind-variety of configuration
spaces in C, corresponding to the collection of braid group representations V ⊗n ,
for n ⩾ 0 associated with T and the trivial cocycle. The latter are obtained as the
push-forward of the constant sheaf on the Hurwitz space with Galois group W
and local monodromy T . One may hope to retrieve further information on these
algebras (e.g., if they are quadratic) by using this geometric interpretation.

4.1. Nichols algebras over dihedral groups. Here, we restrict to the case in which
W is of rank 2, that is, W is of type I2(n) for n > 2 and we write S = {s, s ′

}. The
analysis of the finite-dimensional Nichols algebras over I2(n) when 4 | n and n⩾ 12
was obtained in [20], the cases n = 4, 8 were then completed in [13, Chapter 2].
Thus in this section n is not divisible by 4 and we separate the analysis according
to its parity.

Corollary 4.7. Assume n = 2m + 1 for m > 1. Then, any Nichols algebra of a
Yetter–Drinfeld module of W is infinite dimensional. Therefore, if H is a finite-
dimensional complex, pointed Hopf algebra with group of grouplikes isomorphic
to W , then H = CW , the group algebra of W .

Proof. By [6, Theorem 4.8], the only possible finite-dimensional Nichols algebra
coming from a Yetter–Drinfeld module for W could come from the irreducible
Yetter–Drinfeld module as in Remark 2.4(3) with g ∈ S and η the nontrivial ir-
reducible representation of H = ⟨g⟩. However, this corresponds precisely to the
pair (TI2(2m+1), q+), see [36, Section 5], which has an infinite-dimensional Nichols
algebra by Proposition 4.3. The second statement follows from [2, §0.3]. □

We will now look at the case n = 2r , where r is odd. Let ζ ∈ C∗ be a primitive
n-th root of 1 and let C := ⟨ss ′

⟩. The following irreducible Yetter–Drinfeld modules
over W have a finite-dimensional associated Nichols algebra [1, Theorem 3.1]. The
action can be extracted from [37, 5.3]. The grading of all of them is supported in C ,
thus to understand the braiding, it is enough to consider the C-action. This way, we
can regard them as Yetter–Drinfeld modules over C . They are:

• V0 := Cv0, concentrated in degree (ss ′)r and with action (ss ′)v0 = −v0. The
Nichols algebra is

∧
V0;

• Vr, j := Cv+r, j ⊕Cv−r, j , for j ∈ {1, . . . , r −2} and odd, with grading concentrated
in degree (ss ′)r and action (ss ′)v±r, j = ζ± jv±r, j . The Nichols algebra is

∧
Vr, j ;
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• Vh, j := Cv+h, j ⊕Cv−h, j , for j, h ∈ {1, . . . , r −2}, both odd, and such that r | jh,
with v±h, j in degree (ss ′)±h , respectively, and action (ss ′)v±h, j = ζ± jv±h, j . The
Nichols algebra is

∧
Vh, j .

Theorem 4.8. Assume n = 2r for r > 3 and odd. Let V be a Yetter–Drinfeld module
of W . Then dimB(V ) <∞ if and only if as a Yetter–Drinfeld module over C ,

V ≃ V ⊕k
0 ⊕

N⊕
d=1

V ⊕kd
hd , jd

for some k, kd , N ⩾ 0, and some distinct pairs (hd , jd) for d ∈ {1, . . . , N } with
hd ∈ {1, . . . , r} odd, jd ∈ {1, . . . , r − 2} odd and such that r | (hd jd ′ + hd ′ jd) for
all d, d ′

∈ {1, . . . , N }. In this case,

B(V )≃
∧

V ⊕k
0 ⊗̃

(⊗̃N
d=1

∧
V ⊕kd

hd , jd

)
.

where ⊗̃ stands for the tensor product of algebras twisted by the braiding of V .

Proof. The analysis in [1, Theorem 3.1], combined with Proposition 4.3 and
Remark 4.2(3), shows that the only irreducible Yetter–Drinfeld modules of W
with finite-dimensional Nichols algebras are V0 and Vh, j with h ∈ {1, . . . , r} odd,
j ∈ {1, . . . , r − 2} odd and such that r | jh. Now we look at direct sums.

A direct calculation shows that the braiding c satisfies c(x ⊗ y) = −y ⊗ x for
x ∈ V0, y ∈ U or x ∈ U and y ∈ V0. Then we have the isomorphism B(V ⊕k

0 ⊕U )≃∧
V ⊕k

0 ⊗̃B(U ) for any k ⩾ 0 after an iterated application of Remark 2.4(5).
We now look at the braiding on Vh, j ⊕ Vh′, j ′ where h, j , h′, j ′ are odd; 1 ⩽

h, h′ ⩽ r , 1⩽ j, j ′ ⩽ r − 2, and r | hj and r | h′ j ′. For ϵ, ϵ′
∈ {±1} we have

(4-1) c(vϵh, j ⊗ vϵ′h′, j ′)= ζ ϵϵ
′hj ′

vϵ′h′, j ′ ⊗ vϵh, j .

Let ξ := ζ hj ′
+ jh′

. If ξ = 1, that is, if r | (hj ′
+ jh′), then c2

|Vh, j ⊕Vh′, j ′
= id, and so

B(Vh, j ⊕ Vh′, j ′)≃ B(Vh, j ) ⊗̃B(Vh′, j ′).

If, instead, ξ ̸= 1, then we compute the generalized Dynkin diagram associated to
the braiding on Vh, j ⊕ Vh′, j ′ according to the recipe in [26, §2] obtaining

ξ

ξ

ξ−1 ξ−1

−1

−1−1

−1



248 GIOVANNA CARNOVALE AND GABRIEL MARET

The above diagram does not occur in [26, Table 3], hence dimB(Vh, j ⊕Vh′, j ′)= ∞

by [25, Theorem 3, Corollary 5].
Now let U =

⊕N
d=1 V ⊕kd

hd , jd for some kd , N ⩾ 0, hd ∈ {1, . . . , r} odd, jd ∈

{1, . . . , r −2} odd and such that r | hd jd for all d . If r does not divide hd jd ′ +hd ′ jd
for some d, d ′, then dimB(U )=∞ by Remark 2.4(2). If, instead, r | (hd jd ′ +hd ′ jd)
for all d, d ′, then the square of the braiding between any irreducible component
of U and the sum of the others is the identity. Thus, by Remark 2.4(5) and induction
on the number of irreducible components, we obtain

B(U )≃
⊗̃N

d=1B(V
⊕kd
hd , jd )≃

⊗̃N
d=1

( ∧
Vhd , jd

)⊗̃kd
.

Finally, observe that if d = d ′ then ζ ϵϵ
′hd jd′ = −1, so

( ∧
Vhd , jd

)⊗̃kd
=

∧
V ⊕kd

hd , jd . □

We now complement [1, Table 2] for W = I2(6) with the analysis of nonsimple
Yetter–Drinfeld modules. Here we have to take into account also the simple Yetter–
Drinfeld modules supported in T1 = W ▷ s and T2 = W ▷ s ′, whose corresponding
Nichols algebra is the Fomin–Kirillov algebra FK3 of dimension 12.

The Yetter–Drinfeld modules whose associated braided spaces correspond to
(T1, q±) are the modules U j for j ∈ {0, 1} whose underlying vector space is
Ce j

s ⊕ Ce j
s′ss′ ⊕ Ce j

ss′ss′s where e j
g is in degree g for g ∈ W , and the action is given by

s · e j
s = −e j

s , s · e j
s′ss′ = (−1) j+1e j

ss′ss′s, s · e j
ss′ss′s = −(−1) j e j

s′ss′,

(ss ′) · e j
s = e j

ss′ss′s, (ss ′) · e j
s′ss′ = (−1) j e j

s , (ss ′) · e j
ss′ss′s = e j

s′ss′ .

Similarly, the Yetter–Drinfeld modules whose associated braided spaces correspond
to (T2, q±) are the modules U ′

j for j ∈ {0, 1} whose underlying vector space is
Ce j

s′ ⊕ Ce j
ss′s ⊕ Ce j

s′ss′ss′ where eg is in degree g for g ∈ W , and the action is given by

s · e j
s′ = −e j

ss′s, s · e j
ss′s = −e j

s′, s · e j
s′ss′ss′ = (−1) j+1e j

s′ss′ss′,

(ss ′) · e j
s′ = e j

ss′s, (ss ′) · e j
ss′s = e j

s′ss′ss′, (ss ′) · e j
ss′ss′s = (−1) j e j

s′ .

In addition, to consider the braiding on sums of irreducible modules, we need
to take into account the full action of W on the modules V0 and V3,1 following
[1, Theorem 3.1]. According to [37, 5.3] we have s · v±1,1 = v∓1,1 on V3,1 and
two possibilities for extending the action on V0 from C to W : we denote the two
extensions by V j

0 := Cv
j
0 for j ∈ {0, 1} and set s · v

j
0 = (−1) jv

j
0 .

Twisting Yetter–Drinfeld modules as in Remark 2.4(4), by the automorphism τ

of W that swaps s and s ′, preserves the isomorphism class of V3,1 and interchanges
V 0

0 and V 1
0 . For j = 0, 1, it interchanges U j and U ′

j .
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Proposition 4.9. Let W = I2(6) and V be a Yetter–Drinfeld module for which
dimB(V ) <∞. Then V is isomorphic to one of the modules

• V ⊕a
3,1 ⊕ (V 0

0 )
⊕b

⊕ (V 1
0 )

⊕c for a, b, c ⩾ 0 and a + b + c ⩾ 1;

• U j ⊕ (V j
0 )

⊕a or U ′

j ⊕ (V 1− j
0 )⊕a for j ∈ {1, 2} and a ⩾ 0;

• U ⊕ V3,1 for U ∈ {U0,U1,U ′

0,U
′

1};

and B(V ) is, respectively,
( ∧

V3,1
)⊗̃a

⊗̃
( ∧

V 0
0

)⊗̃b
⊗

( ∧
V 1

0

)⊗̃c
; FK3⊗̃

( ∧
V 0

0

)⊗̃a

and the 2304-dimensional Nichols algebra in [30, Theorem 8.2], where ⊗̃ denotes
a twisted tensor product.

Proof. By [1, Table 2], if V is irreducible then it is either V3,1, V j
0 , U j , or U ′

j for
j ∈ {0, 1}. Sums of copies of V 0

0 , V 1
0 and of V3,1 can be handled as in the proof of

Theorem 4.8 because their grading is supported in C . Observe that the supports
of U0 and U1 generate a group isomorphic to S3. Thus, by [6, Theorem 4.8] if
dimB(U a

0 ⊕U b
1 ) <∞ for some (a, b) ̸= (0, 0), then a +b = 1. The same argument

applies to U ′

0 and U ′

1. For σ ∈ T1 and j, j ′
∈ {0, 1} we have

c2(e j
σ ⊗ v

j ′

0 )= (−1) j+ j ′

e j
σ ⊗ v

j ′

0

so B((V j ′

0 )
⊕k

⊕ U j ) is a twisted tensor product of B((V j ′

0 )
⊕k) and B(U j ) if and

only if j = j ′. Remark 2.4(4) implies that the same property holds for the pair
V 1− j

0 = (V j
0 )
τ and U ′

j = U τ
j .

For all other pairs (X, Y ) of irreducible modules the support of X⊕Y generates W
and (c2

− id)(X ⊕ Y ) ̸= 0. Under these conditions, [28, Corollary 7.2] gives a
precise list of the possible supports for X ⊕ Y such that dimB(X ⊕ Y ) < ∞

and for each support, further conditions on W . In particular, if the size of the
support is 6, then W must be a quotient of the group 04 generated by a, b, ν,
such that ν4

= 1, νa = aν−1, νb = bν−1, and ba = νab. A direct calculation
shows that this is not the case. Hence, dimB(X ⊕ Y )= ∞ for (X, Y )= (U j ,U ′

j ′)

for any j, j ′
∈ {0, 1}. We are left with the pairs (U0, V 1

0 ), (U1, V 0
0 ), (U0, V3,1),

and (U1, V3,1) and their twistings by τ . As a rack, their support is isomorphic
to the one denoted by Z3,1

3 in loc. cit. By [30, Theorem 2.1], the only pair of
Yetter–Drinfeld modules X and Y of dimension, respectively, 3 and 1 and such that
X ⊕ Y is supported by Z3,1

3 is the one occurring in [30, Example 1.10]. There, it
is required that, for z in the support of Y and g in the support of X , there holds
1 − ρ(z)σ (g)+ (ρ(z)σ (g))2 = 0, where ρ denotes the action on the homogeneous
component Xg and σ denotes the action on the homogeneous component Yz . This
cannot apply to the pairs (U0, V 1

0 ) and (U1, V 0
0 ) because the supports contain only

involutions. The pair (U0, V3,1) occurs in [30, Example 1.11] for g = s, z = (ss ′)3
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and ϵ = (ss ′)2, hence B(U0 ⊕ V3,1) is the algebra described in [30, Theorem 8.4]
whose dimension is 2304. Now, as (T1, q−) and (T1, q+) are twist equivalent by
Theorem 2.8, the cocycles corresponding to U0 and U1 are twist equivalent, and
therefore the cocycle corresponding to U0 ⊕ V3,1 is twist equivalent to the cocycle
corresponding to U1 ⊕ V3,1, so B(U0 ⊕ V3,1) and B(U1 ⊕ V3,1) are twist equivalent.
We finally need to consider the Yetter–Drinfeld modules of the form U0 ⊕ V ⊕k

3,1 for
k > 1. They are all braid indecomposable because (id − c2)(U0 ⊗ V3,1) ̸= 0, and
V3.1 is induced from a 2-dimensional representation of W , that is the centralizer
of (ss ′)3. Hence this case is ruled out by [29, Theorem 2.5]. □

Since the cases of I2(3) = S3 and I2(4m) are to be found in [6; 13; 20],
Corollary 4.7, Theorem 4.8 and Proposition 4.9 conclude the classification of
finite-dimensional Nichols algebras over dihedral groups.
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GELFAND–CETLIN ABELIANIZATIONS
OF SYMPLECTIC QUOTIENTS

PETER CROOKS AND JONATHAN WEITSMAN

We show that generic symplectic quotients of a Hamiltonian G-space M by
the action of a compact connected Lie group G are also symplectic quotients
of the same manifold M by a compact torus. The torus action in question
arises from certain integrable systems on g∗, the dual of the Lie algebra
of G. Examples of such integrable systems include the Gelfand–Cetlin
systems of Guillemin and Sternberg (1980; 1983) in the case of unitary
and special orthogonal groups, and certain integrable systems constructed
for all compact connected Lie groups by Hoffman and Lane (2023). Our
abelianization result holds for smooth quotients, and more generally for
quotients which are stratified symplectic spaces in the sense of Sjamaar
and Lerman (1991).

1. Introduction

Let G be a compact connected Lie group with Lie algebra g. Suppose that M is
a Hamiltonian G-space, i.e., a symplectic manifold equipped with a symplectic
action of G and equivariant moment map µ : M → g∗. The symplectic or Marsden–
Weinstein [9] quotient of M by G at level ξ ∈ g∗ is the topological space

M//ξ G := µ−1(ξ)/Gξ ,

where Gξ ⊂ G is the G-stabilizer of ξ . If G acts freely on µ−1(ξ), then M//ξ G is
a smooth symplectic manifold. In the absence of this freeness assumption, M//ξ G
is a stratified symplectic space in the sense of Sjamaar and Lerman [10].

The purpose of this paper is to show that certain integrable systems on g∗

allow us to express generic symplectic quotients of a Hamiltonian G-space M as
symplectic quotients of the same manifold M by the action of a compact torus. Such
integrable systems include the Gelfand–Cetlin systems constructed by Guillemin
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An example of our main result arises in classical mechanics [2]. Suppose that
we are given a Hamiltonian SO(3)-space M with an invariant Hamiltonian function
H : M → R. The SO(3)-action gives rise to two Poisson-commuting conserved
quantities: the total angular momentum, and the angular momentum in some fixed
direction in the Lie algebra of SO(3) corresponding to a choice of maximal torus.
These quantities give the components of a moment map for a densely defined 2-torus
action on M , coming from the Gelfand–Cetlin system of Guillemin and Sternberg for
the case of SO(3).1 Our main result shows that for a nonzero value ξ of the angular
momentum, the symplectic quotient M//ξ SO(3) coincides with an appropriate
symplectic quotient of M under the densely defined torus action. See [2] for more
examples of these techniques.

1.1. Main result. We introduce the notion of a Gelfand–Cetlin datum (λbig, g
∗
s-reg)

in Definition 1. This amounts to λbig being a continuous map on g∗ that restricts
to a Poisson moment map for a Hamiltonian action of a compact torus Tbig on
an open dense subset g∗

s-reg ⊂ g∗, along with some extra conditions that capture
salient properties of the classical Gelfand–Cetlin systems. One of these conditions is
that the open, symplectic submanifold Ms-reg := µ−1(g∗

s-reg) ⊂ M be a Hamiltonian
Tbig-space with moment map λM := (λbig◦µ)|Ms-reg for any Hamiltonian G-space M
with moment map µ : M → g∗. The results of Guillemin and Sternberg [3; 4]
imply that Gelfand–Cetlin data exist for all unitary and special orthogonal groups,
while more recent results of Hoffman and Lane [8] imply that such data exist in all
Lie types.

The following is the main result of our paper.

Theorem. Let G be a compact connected Lie group, and M a Hamiltonian G-space
with moment map µ : M → g∗. Suppose that (λbig, g

∗
s-reg) is a Gelfand–Cetlin datum,

and consider a point ξ ∈ g∗
s-reg.

(i) The torus Tbig acts freely on λ−1
M (λbig(ξ)) if and only if Gξ acts freely on µ−1(ξ).

In this case, there is a canonical symplectomorphism M//ξG ∼= Ms-reg//λbig(ξ)Tbig.

(ii) There is a canonical isomorphism M//ξ G ∼= Ms-reg //λbig(ξ)Tbig of stratified
symplectic spaces.

Part (ii) is strictly more general than (i). Part (i) is included for the sake of
exposition and accessibility. One may regard this theorem as an approach to
abelianizing the generic symplectic quotients of a Hamiltonian G-space M , i.e., to
presenting such quotients as symplectic quotients by a compact torus.

1The square of the total angular momentum is a smooth function, but the orbits of its Hamiltonian
flow do not have constant period, and so it does not generate a circle action. Taking the square root
gives a function whose Hamiltonian flow generates a circle action, but which is only continuous, not
differentiable, at zero. It therefore does not define a Hamiltonian flow at zero.
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1.2. Comparison to symplectic implosion. By means of symplectic implosion,
Guillemin, Jeffrey, and Sjamaar [5] offer a different approach to abelianizing sym-
plectic quotients. Their construction replaces G and a Hamiltonian G-space M with
a maximal torus T ⊂ G and the imploded cross-section Mimpl, respectively; the latter
is a stratified symplectic Hamiltonian T -space whose dimension is generally less
than that of M . Symplectic quotients of M by G are then shown to be realizable as
symplectic quotients of Mimpl by T . Our construction retains the same manifold M
and replaces G with a torus Tbig.

The imploded cross-section (T ∗G)impl features prominently in [5]. This stratified
symplectic space also features prominently in [8], where Hoffman and Lane show
Gelfand–Cetlin data to exist in arbitrary Lie type. It is natural to suspect that
this coincidence is a shadow of some deeper connection between our work and
symplectic implosion.

1.3. Organization. Section 2 briefly establishes some of our conventions concern-
ing Lie theory and Hamiltonian geometry. Section 3 subsequently motivates and
contextualizes the notion of a Gelfand–Cetlin datum. Our main result is then proved
in Section 4 for smooth quotients. A generalization to stratified symplectic spaces
is formulated and proved in Section 5.

2. Background and conventions

This section establishes some of our notation and conventions regarding Lie theory
and Hamiltonian geometry.

2.1. Tori. The Lie algebra of the unitary group U(1) is the real vector space iR ⊂ C

of purely imaginary numbers. We will identify this vector space with R in the
obvious way. It follows that Rk is the Lie algebra of U(1)k for all nonnegative
integers k, and that

Rk
→ U(1)k, (x1, . . . , xk) 7→ (ei x1, . . . , ei xk )

is the exponential map for U(1)k . In certain contexts, we will implicitly use the dot
product to regard Rk as the dual of the Lie algebra of U(1)k .

2.2. General compact connected Lie groups. Let G be a compact connected
Lie group with Lie algebra g and rank ℓ. One has the adjoint representations
Ad : G → GL(g) and ad : g → gl(g), as well as the coadjoint representations
Ad∗

: G → GL(g∗) and ad∗
: g → gl(g∗). The G-representations induce G-actions

on g and g∗, and thereby give rise to stabilizer subgroups

Gx := {g ∈ G : Adg(x) = x} and Gξ := {g ∈ G : Ad∗

g(ξ) = ξ}
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of G for all x ∈ g and ξ ∈ g∗. On the other hand, the g-representations allow us to
define centralizers

gx := {y ∈ g : ady(x) = 0} and gξ := {y ∈ g : ad∗

y(ξ) = 0}

for all x ∈ g and ξ ∈ g∗. It follows that gx (resp. gξ ) is the Lie algebra of Gx

(resp. Gξ ). Let us also note that dim gx ≥ ℓ and dim gξ ≥ ℓ for all x ∈ g and ξ ∈ g∗.
The regular loci

greg := {x ∈ g : dim gx = ℓ} and g∗

reg := {ξ ∈ g∗
: dim gξ = ℓ}

are open, dense, G-invariant subsets of g and g∗, respectively. An element x ∈ g

(resp. ξ ∈ g∗) then belongs to greg (resp. g∗
reg) if and only if gx (resp. gξ ) is a Cartan

subalgebra of g. This is equivalent to Gx (resp. Gξ ) being a maximal torus of G.
A few remarks on maximal tori and Cartan subalgebras are warranted. Let t ⊂ g

be a Cartan subalgebra, and write T ⊂ G for the maximal torus with Lie algebra t.
The exponential map exp : g → G then restricts to a surjective homomorphism
exp|t : t → T of abelian groups. The kernel of the latter is a free Z-submodule of t
with rank equal to ℓ. It follows that the same is true of

3t :=
1

2π
ker(exp|t) ⊂ t.

2.3. Hamiltonian geometry. Suppose that (M, σ ) is a Poisson manifold, that is,
σ ∈ H 0(M, 32TM) is a Poisson bivector field on the manifold M . Note that σ

may be regarded as a skew-symmetric bilinear map from two copies of T ∗M to the
trivial rank-1 vector bundle over M . Contracting σ with cotangent vectors in the
first argument then determines a vector bundle morphism σ∨

: T ∗M → TM . One
calls (M, σ ) nondegenerate if σ∨ is an isomorphism. In this case, (σ∨)−1

= ω∨

for a unique symplectic form ω ∈ H 0(M, 32T ∗M), where ω∨
: TM → T ∗M is the

vector bundle morphism obtained by contracting ω with tangent vectors in the first
argument. This process gives rise to a bijective correspondence between symplectic
structures on M and nondegenerate Poisson structures on M . We will thereby make
no distinction between symplectic manifolds and nondegenerate Poisson manifolds.

If (M, σ ) is a Poisson manifold, then σ can be recovered from the Poisson bracket
{ · , · } that it induces. This bracket associates to smooth functions f1, f2 : M → R

the smooth function

{ f1, f2} := σ(d f1 ∧ d f2) : M → R.

At the same time, one defines the Hamiltonian vector field of a smooth function
f : M → R by X f := −σ∨(d f ) ∈ H 0(M, TM). It follows that

{ f1, f2} = −X f1( f2) = X f2( f1)

for all smooth functions f1, f2 : M → R.
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Now let G be a compact connected Lie group with Lie algebra g and exponential
map exp : g→ G. If G acts smoothly on a manifold M , then each η ∈ g determines
a generating vector field ηM ∈ H 0(M, TM) by

(ηM)m :=
d
dt

∣∣∣
t=0

exp(−tη) · m

for all m ∈ M . A Poisson manifold (M, σ ) with a smooth G-action will be called
a Poisson Hamiltonian G-space if σ is G-invariant and M comes equipped with
a moment map. This last term refers to G-equivariant smooth map µ : M → g∗

satisfying Xµη = ηM for all η ∈ g, where µη
: M → R is the result of pairing µ

with η pointwise. We will reserve the term Hamiltonian G-space for a Poisson
Hamiltonian G-space whose underlying Poisson structure is symplectic.

It will be advantageous to recall the Poisson Hamiltonian G-space structure
on g∗. The Poisson bracket on g∗ is given by

{ f1, f2}(ξ) = ξ([dξ f1, dξ f2])

for all smooth functions f1, f2 : g∗
→ R and points ξ ∈ g∗, where

dξ f1, dξ f2 ∈ (g∗)∗ = g

denote the differentials of f1, f2 at ξ , respectively. One finds that g∗ is a Poisson
Hamiltonian G-space with respect to the coadjoint action, and with the identity
g∗

→ g∗ serving as the Poisson moment map.

3. Gelfand–Cetlin data

In this section, we define Gelfand–Cetlin data and introduce their main properties.
This begins with the definition itself in Section 3.1. The existence of Gelfand–Cetlin
data is addressed in Section 3.2, while concrete techniques for constructing such
data are discussed in Sections 3.3 and 3.4. In Section 3.5, we describe concrete
Gelfand–Cetlin data for unitary groups.

3.1. Definition and relation to integrable systems. Let G be a compact connected
Lie group with Lie algebra g and rank ℓ. Consider the quantities

u :=
1
2(dim g− ℓ) and b :=

1
2(dim g+ ℓ),

and introduce the following tori of small, intermediate, and big ranks:

Tsmall := U(1)ℓ, Tint := U(1)u, and Tbig := Tsmall × Tint ∼= U(1)b.

The respective Lie algebras of these tori are

Rsmall := Rℓ, Rint := Ru, and Rbig := Rsmall × Rint ∼= Rb.
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Definition 1. A Gelfand–Cetlin datum is a pair (λbig, g
∗
s-reg), consisting of a contin-

uous map λbig = (λ1, . . . , λb) : g∗
→ Rbig and open dense subset g∗

s-reg ⊂ g∗ that
satisfy the following conditions:

(i) λ1, . . . , λℓ are G-invariant on g∗ and smooth on g∗
reg.

(ii) {dξ λ1, . . . , dξ λℓ} is a Z-basis of the lattice 3gξ
⊂ gξ for all ξ ∈ g∗

reg.

(iii) g∗
s-reg ⊂ g∗

reg.

(iv) λbig|g∗
s-reg

: g∗
s-reg → Rbig is a smooth submersion and moment map for a Poisson

Hamiltonian Tbig-space structure on g∗
s-reg.

(v) λbig|g∗
s-reg

: g∗
s-reg → λbig(g

∗
s-reg) is a principal Tint-bundle.

(vi) If M is a Hamiltonian G-space with moment map µ : M → g∗, then

(λbig ◦ µ)|µ−1(g∗
s-reg)

: µ−1(g∗

s-reg) → Rbig

is a moment map for a Hamiltonian Tbig-space structure on µ−1(gs-reg).

In this case, we adopt the notation

λsmall := (λ1, . . . , λℓ) : g∗
→ Rsmall, λint := (λℓ+1, . . . , λb) : g∗

→ Rint,

Ms-reg := µ−1(g∗

s-reg), and λM := (λbig ◦ µ)|Ms-reg : Ms-reg → Rbig.

We also refer to the elements of g∗
s-reg as the strongly regular elements of g∗.

Remark 2. Condition (v) in Definition 1 is only slightly weaker than the exis-
tence of global action-angle coordinates on g∗

s-reg. This existence question features
prominently in [1; 8].

It is instructive to consider this definition in relation to the theory of completely
integrable systems. One is thereby led to the following result.

Proposition 3. Let (λbig, g
∗
s-reg) be a Gelfand–Cetlin datum. If O⊂g∗ is a coadjoint

orbit and Os-reg := O∩ g∗
s-reg, then

λint|Os-reg : Os-reg → λint(Os-reg) ⊂ Rint

is a completely integrable system, principal Tint-bundle, and moment map for a
Hamiltonian action of Tint on Os-reg.

Proof. Note that the Hamiltonian vector field of any smooth function g∗
→ R

is tangent to O. It follows that Os-reg is stable under the action of Tbig on g∗
s-reg.

Definition 1(iv) now implies that Os-reg is a Hamiltonian Tbig-space with moment
map λbig|Os-reg . We conclude that λint|Os-reg is a moment map for the Hamiltonian
action of Tint ⊂ Tbig on Os-reg.

Since λsmall is constant-valued on O, Definition 1(v) tells us that

λint|Os-reg : Os-reg → λint(Os-reg)
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is a principal Tint-bundle. It therefore remains only to prove that

dim Tint =
1
2 dimOs-reg.

This follows immediately from the fact that dim Tint = u =
1
2(dim g− ℓ). □

3.2. Existence of Gelfand–Cetlin data. It is natural to wonder about the generality
in which Gelfand–Cetlin data exist. The earliest constructions are due to Guillemin
and Sternberg [3; 4], and apply to all unitary groups U(n) and special orthogonal
groups SO(n). The underlying techniques are based on Thimm’s method, as
described in [4]. Further details are outlined in Sections 3.3–3.5. The case of
symplectic groups is considerably more subtle and addressed in Harada’s paper [6].

Some recent work of Hoffman and Lane [8] implies the existence of Gelfand–
Cetlin data for an arbitrary compact connected Lie group G. In more detail, one
may consider completely integrable systems on an arbitrary Poisson manifold.
A completely integrable system on g∗ is thereby a continuous map φ : g∗

→ Rbig

with the following property: there exists an open dense subset U ⊂ g∗
reg such that

φ|U is a smooth submersion with pairwise Poisson-commuting component functions.
A Gelfand–Cetlin datum is thereby a completely integrable system on g∗. On the
other hand, suppose that M is a Hamiltonian G-space with moment map µ : M →g∗.
One might hope for φ ◦µ : M → Rbig to be a completely integrable system on an
open subset of M ; such a system would be called collective. Another aspiration
would be for φ ◦ µ : M → Rbig to be the moment map of a Hamiltonian torus
action on an open subset of M . This central theme of [8] is reflected in Definition 1:
Gelfand–Cetlin data are defined in such a way as to induce Hamiltonian torus actions
on open subsets of Hamiltonian G-spaces. The construction of Gelfand–Cetlin data
is done in Sections 6.2 and 6.3 of [8]. Hoffman and Lane [8] begin by associating
completely integrable systems on g∗ to good valuations on the base affine space; see
[8, Data 5.2] and [8, Theorem 6.2]. Propositions 6.4 and 6.5 of [8] then show such
systems to have several properties; these imply the existence of pairs (λbig, g

∗
s-reg)

satisfying parts (i)–(iv) of Definition 1. To address part (v) of Definition 1, Hoffman
and Lane introduce the notion of toric contraction for Hamiltonian G-spaces [8,
Definition 6.7]. The existence of pairs (λbig, g

∗
s-reg) satisfying parts (i)–(v) then

follows from Propositions 6.8 and 6.9 of [8].
The Hoffman–Lane paper is part of a broader program aimed at generalizing the

results of Harada and Kaveh [7].

3.3. Construction of Gelfand–Cetlin data: integrality. We now discuss the con-
struction of functions λ1, . . . , λℓ : g∗

→ R satisfying conditions (i) and (ii) in
Definition 1. Let G be a compact connected Lie group with Lie algebra g and
rank ℓ. Choose a G-invariant inner product on g, a Cartan subalgebra t ⊂ g, and
a closed, fundamental Weyl chamber t+ ⊂ t. The chamber t+ is known to be a
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fundamental domain for the adjoint action of G on g. Our inner product thereby
identifies t+ with a fundamental domain t∗

+
⊂ g∗ for the G-action on g∗. We may

therefore define a continuous surjection π : g∗
→ t∗

+
by the property that

(G · ξ) ∩ t∗
+

= {π(ξ)} for all ξ ∈ g∗,

where G · ξ ⊂ g∗ is the coadjoint orbit of ξ . One sometimes calls π the sweeping
map on g∗ with respect to t; its fibers are exactly the coadjoint orbits of G, and
π(g∗

reg) is the interior (t∗
+
)◦ of t∗

+
. One also finds that the commutative diagram

g∗
reg g∗

(t∗
+
)◦ t∗

+

π |g∗
reg π

is Cartesian. The left vertical map

π |g∗
reg

: g∗

reg → (t∗
+
)◦

is easily seen to be a smooth, surjective submersion.
Now choose a Z-basis {φ1, . . . , φℓ} of the Z-submodule 3t ⊂ t. Note that the

pairing between t and t∗ allows one to regard φ1, . . . , φℓ as functions on t∗
+

. With
this in mind, each k ∈ {1, . . . , ℓ} determines a function

λk := φk ◦ π : g∗
→ R.

The previous paragraph implies that λ1, . . . , λℓ are smooth on g∗
reg, while being

G-invariant and continuous as functions on g∗. Given any ξ ∈ g∗
reg, the differentials

dξ λ1, . . . , dξ λℓ ∈ (g∗)∗ = g may be described as follows.

Proposition 4. If ξ ∈g∗
reg, then {dξ λ1, . . . , dξ λℓ} is a Z-basis of the lattice 3gξ

⊂gξ .

Proof. Choose g ∈ G for which Ad∗

g(ξ) ∈ (t∗
+
)◦. Since each function λk is G-

invariant, one has

dξ λk = dAd∗
g(ξ)λk ◦ Ad∗

g = Adg−1(dAd∗
g(ξ)λk)

for all k ∈ {1, . . . , ℓ}. We also observe that Adg−1 : g → g restricts to a Z-module
isomorphism λt

∼=−→ λgξ
. It therefore suffices to take ξ ∈ (t∗

+
)◦ and prove that

dξ λk = φk for all k ∈ {1, . . . , ℓ}.
Assume that ξ ∈ (t∗

+
)◦, and fix k ∈ {1, . . . , ℓ}. Our invariant inner product allows

us to regard t∗ as a subspace of g∗. We then note that g∗
= t∗ ⊕ Tξ (G · ξ), and that

Tξ (G · ξ) is contained in the kernel of dξ λk . Let us also note that Tξ (G · ξ) is the
annihilator of t in g∗, and as such is contained in the kernel of φk . These last two
sentences reduce us to proving that dξ λk(η) = φk(η) for all η ∈ t∗. On the other
hand, we have dξ λk = φk ◦ dξπ . It therefore suffices to prove that dξπ(η) = η for
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all η ∈ t∗. But this is an immediate consequence of the following two observations:
(t∗

+
)◦ is an open subset of t∗, and π(η) = η for all η ∈ (t∗

+
)◦. □

3.4. Construction of Gelfand–Cetlin data: Thimm’s method. Retain the objects
and notation discussed in Section 3.3. Let G = G0 ⊃ G1 ⊃ · · · ⊃ Gm be a
descending filtration of G by connected closed subgroups with respective Lie
algebras g = g0 ⊃ g1 ⊃ · · · ⊃ gm . Let us also choose a Cartan subalgebra t j ⊂ g j

and closed, fundamental Weyl chamber (t j )+ ⊂ t j for each j ∈ {0, . . . , m}. Our
G-invariant inner product on g gives rise to a G j -module isomorphism g j ∼= g∗

j ,
by means of which t j and (t j )+ correspond to subsets t∗j and (t∗j )+ of g∗

j . As in
Section 3.3, one may define a continuous surjection π j : g∗

j → (t∗j )+ by the condition
that (G j · ξ) ∩ (t∗j )+ = {π j (ξ)} for all ξ ∈ g∗

j .
Let ℓ = ℓ0 ≥ ℓ1 ≥ · · · ≥ ℓm be the ranks of G = G0 ⊃ G1 ⊃ · · · ⊃ Gm ,

respectively. Let us also choose a Z-basis {φ j1, . . . , φ jℓ j } of the lattice 3t j ⊂ t j

for each j ∈ {0, . . . , m}. As in Section 3.3, we define the functions

ν jk := φ jk ◦ π j : g∗

j → R

for k ∈ {1, . . . , ℓ j }. The same section implies that ν j1, . . . , ν jℓ j are G j -invariant
and continuous on g∗

j , as well as smooth on (g∗

j )reg. We also have the following
equivalent version of Proposition 4.

Proposition 5. If j ∈ {0, . . . , m} and ξ ∈ (g∗

j )reg, then {dξν j1, . . . , dξν jℓ j } is a
Z-basis of the lattice 3(g j )ξ ⊂ (g j )ξ .

Let σ j : g∗
→ g∗

j be the transpose of the inclusion g j ↪→ g for each j ∈ {0, . . . , m}.
Consider the functions on g∗ defined by

λ jk := ν jk ◦ σ j : g∗
→ R for j ∈ {0, . . . , m} and k ∈ {1, . . . , ℓ j }.

It will be convenient to enumerate these functions as

(3-1) λbig := (λ1, . . . , λc)

:= (λ01, . . . , λ0ℓ, λ11, . . . , λ1ℓ1 . . . , λm1, . . . , λmℓm ) : g∗
→ Rc,

where c := ℓ0 + · · · + ℓm .
The discussion preceding Proposition 5 implies that λbig is smooth on the open

subset
U :=

m⋂
j=0

σ−1
j ((g∗

j )reg) ⊂ g∗.

Let us also define

g∗

s-reg := {ξ ∈ U : dξ λbig is surjective}.

These last few sentences give context for the following consequence of [3, Theo-
rem 3.4].
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Proposition 6. Let λbig and g∗
s-reg be as defined above.

(i) The restriction λbig|g∗
s-reg

: g∗
s-reg → Rc is a moment map for a Poisson Hamilton-

ian U(1)c-space structure on g∗
s-reg.

(ii) If M is a Hamiltonian G-space with moment map µ : M → g∗, then

(λbig ◦ µ)|µ−1(g∗
s-reg)

: µ−1(g∗

s-reg) → Rc

is a moment map for a Hamiltonian U(1)c-space structure on µ−1(g∗
s-reg).

This result has the following immediate connection to Definition 1: the pair
(λbig, g

∗
s-reg) is a Gelfand–Cetlin datum if and only if c = b, g∗

s-reg is dense in g∗, and
λbig|g∗

s-reg
: g∗

s-reg → λbig(g
∗
s-reg) is a principal Tint-bundle. Guillemin and Sternberg

[3; 4] explicitly show these conditions to be achievable for G =U(n) and G =SO(n).
Our next section outlines the details of the Guillemin–Sternberg construction for
G = U(n).

3.5. Example of Gelfand–Cetlin datum: the Gelfand–Cetlin system on u(n)∗. Fix
a positive integer n. Consider the Lie group G := U(n) of unitary n×n matrices, and
its Lie algebra g := u(n) of skew-Hermitian n ×n matrices. Let us also consider the
real U(n)-module H(n) of Hermitian n×n matrices. In what follows, we will freely
identify u(n)∗ with H(n) by means of the nondegenerate, G-invariant bilinear form

(3-2) u(n) ⊗R H(n) → R, η ⊗ ξ 7→ −i tr(ηξ).

Given an integer j ∈ {0, . . . , n − 1}, define the subgroup

G j :=

{[
I j 0
0 A

]
: A ∈ U(n − j)

}
⊂ G = U(n).

The descending chain U(n) = G = G0 ⊃ G1 ⊃ · · · ⊃ Gn−1 then induces such a
chain u(n) = g = g0 ⊃ g1 ⊃ · · · ⊃ gn−1 on the level of Lie algebras. We have

g j =

{[
0 0
0 x

]
: x ∈ u(n − j)

}
⊂u(n) and g∗

j =

{[
0 0
0 ξ

]
: ξ ∈ H(n − j)

}
⊂H(n)

for all j ∈ {0, . . . , n − 1}, where the second equation implicitly uses (3-2). The
transpose σ j : g∗

→ g∗

j of g j ⊂ g then sends ξ ∈ g∗
=H(n) to the (n − j)× (n − j)

submatrix in the bottom right-hand corner of ξ .
Now note that

t j :=




0 0
ia1

0
. . .

ian− j

 : a1, . . . , an− j ∈ R

 ⊂ g j
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is a Cartan subalgebra for each j ∈ {0, . . . , n − 1}. Let φ jk ∈ t j be the result of
setting ak = 1 and ap = 0 for p ̸= k, noting that {φ j1, . . . , φ j (n− j)} is a Z-basis of
3t j ⊂ t j . At the same time, consider the fundamental Weyl chamber

(t j )+ :=




0 0
ia1

0
. . .

ian− j

 : a1, . . . , an− j ∈ R, a1 ≥ · · · ≥ an− j

 ⊂ t j

for each j ∈ {0, . . . , n − 1}. Under the pairing (3-2), (t j )+ corresponds to the cone

(t∗j )+ :=




0 0
a1

0
. . .

an− j

 : a1, . . . , an− j ∈ R, a1 ≥ · · · ≥ an− j

 ⊂ H(n).

We then have sweeping maps π j : g∗

j → (t∗j )+ and compositions

ν jk := φ jk ◦ π j : g∗

j → R

for j ∈ {0, . . . , n − 1} and k ∈ {1, . . . , n − j}, as in Section 3.4. The functions

λ jk := ν jk ◦ σ j : H(n) → R

from Section 3.4 are therefore given by the following condition: if ξ ∈ H(n) and
j ∈ {0, . . . , n − 1}, then λ j1(ξ) ≥ λ j2(ξ) ≥ · · · ≥ λ j (n− j)(ξ) are the eigenvalues of
the (n − j) × (n − j) submatrix in the bottom right-hand corner of ξ .

Observe that the number of maps λ jk is

n + (n − 1) + · · · + 1 =
n(n+1)

2
=

1
2(dim u(n) + n).

Our enumeration (3-1) therefore takes the form

λbig :=(λ1, . . . ,λ n(n+1)
2

)

:=
(
λ01, . . . ,λ0n,λ11, . . . ,λ1(n−1), . . . ,λ(n−2)1,λ(n−2)2,λ(n−1)1

)
:H(n)→R

n(n+1)
2 .

Let us also consider the open dense subset

H(n)s-reg :=

{
ξ ∈ H(n) :

λ j1(ξ) > · · · > λ j (n− j)(ξ) for all j ∈ {0, . . . , n − 1}

λ0k(ξ) > · · · > λ(n−k)k(ξ) for all k ∈ {1, . . . , n}

}
of g∗

= H(n). By the paragraph following Proposition 6, (λbig,H(n)s-reg) is a
Gelfand–Cetlin datum if and only if λbig|H(n)s-reg : H(n)s-reg → λbig(H(n)s-reg) is a
principal bundle for Tint =U(1)

n(n−1)
2 ; this latter condition is verified in [3, Section 5].
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4. The abelianization theorem

This section is devoted to the proof of our abelianization theorem for smooth
quotients. Some preliminary results are established in Sections 4.1 and 4.2, while
the main proof appears in Section 4.3.

4.1. The universal maximal torus. Adopt the notation and conventions given in
Section 3.1, and let (λbig, g

∗
s-reg) be a Gelfand–Cetlin datum. Given any ξ ∈ g∗

reg,
Definition 1(ii) tells us that {dξ λ1, . . . , dξ λℓ} is a basis of gξ . This basis determines
a vector space isomorphism

κξ : gξ
∼=−→ Rℓ, x1dξ λ1 + · · · + xℓ dξ λℓ 7→ (x1, . . . , xℓ).

The torus Tsmall is then a universal maximal torus in the following sense.

Proposition 7. If ξ ∈ g∗
reg, then κξ integrates to a Lie group isomorphism

τξ : Gξ
∼=−→ Tsmall.

Proof. It suffices to prove that κξ restricts to a Z-module isomorphism from the
kernel of exp|gξ

: gξ → Gξ to (2πZ)ℓ ⊂ Rℓ. This is an immediate consequence of
Proposition 4. □

Proposition 8. Let M be a Hamiltonian G-space with moment map µ : M → g∗.
Suppose that ξ ∈ g∗

s-reg. Then g ·m = τξ (g) ·m for all g ∈ Gξ and m ∈ µ−1(ξ), where
the left- and right-hand sides denote the actions of Gξ ⊂ G on M and Tsmall ⊂ Tbig

on Ms-reg, respectively.

Proof. Let Xζ be the generating vector field on Ms-reg determined by ζ ∈ Rsmall

via the action of Tsmall on Ms-reg. Write Yη for the generating vector field on M
determined by η ∈ gξ through the action of Gξ ⊂ G on M . It suffices to prove
that (Xκξ (η))m = (Yη)m for all η ∈ gξ and m ∈ µ−1(ξ). Setting γ j := dξ λ j and
letting e j ∈ Rℓ

= Rsmall denote the j-th standard basis vector, this is equivalent
to establishing that (Xe j )m = (Yγ j )m for all j ∈ {1, . . . , ℓ} and m ∈ µ−1(ξ). On
the other hand, Yγ j (resp. Xe j ) is the Hamiltonian vector field on M (resp. Ms-reg)
associated to µγ j (resp. the j -th component µ∗λ j of λ◦µ). This further reduces us
to proving that dmµγ j = dmµ∗λ j . But it is clear that

dmµ∗λ j = dξλ j ◦ dmµ = dmµγ j

for all m ∈ µ−1(ξ) and j ∈ {1, . . . , ℓ}. □

4.2. Some supplementary results. We now prove two supplementary facts needed
to establish the main result of this paper. We continue with the notation and
conventions of Sections 3.1 and 4.1.



GELFAND–CETLIN ABELIANIZATIONS OF SYMPLECTIC QUOTIENTS 265

Proposition 9. Let M be a Hamiltonian G-space with moment map µ : M → g∗.
Suppose that ξ ∈ g∗

s-reg.

(i) If m ∈ µ−1(ξ) and t ∈ Tint satisfy t · m ∈ µ−1(ξ), then t = e.

(ii) The saturation of µ−1(ξ) under the action of Tint on Ms-reg is λ−1
M (λbig(ξ)).

Proof. To verify (i), let m ∈ µ−1(ξ) and t ∈ Tint be such that t · m ∈ µ−1(ξ). Let
us also observe that µ is Tint-equivariant when restricted to a map Ms-reg → g∗

s-reg.
These last two sentences imply that ξ = t · ξ . Since Tint acts freely on g∗

s-reg, we
must have t = e.

We now verify (ii). To this end, note that λ−1
M (λbig(ξ)) is a Tint-invariant subset

of Ms-reg that contains µ−1(ξ). This implies that the saturation of µ−1(ξ) is con-
tained in λ−1

M (λbig(ξ)). For the opposite inclusion, suppose that m ∈ λ−1
M (λbig(ξ)).

Definition 1(v) tells us that t · µ(m) = ξ for some t ∈ Tint. By the equivariance
property of µ mentioned in the previous paragraph, we must have t · m ∈ µ−1(ξ).
This completes the proof of (ii). □

Fix ξ ∈ g∗
s-reg. In light of the previous proposition, we may define the map

δξ : µ−1(ξ) × Tint → λ−1
M (λbig(ξ)), (m, t) 7→ t · m.

The following result is immediate consequence of the previous proposition.

Corollary 10. If ξ ∈ g∗
s-reg, then δξ is a homeomorphism.

4.3. Proof of the abelianization theorem. Let us continue with the notation and
conventions set in Sections 3.1, 4.1, and 4.2.

Theorem 11. Let M be a Hamiltonian G-space with moment map µ : M → g∗.
Suppose that ξ ∈ g∗

s-reg.

(i) The stabilizer Gξ acts freely on µ−1(ξ) if and only if Tbig acts freely on
λ−1

M (λbig(ξ)).

(ii) In the case of (i), there is a canonical symplectomorphism

M//ξ G ∼= Ms-reg //λbig(ξ)Tbig.

Proof. We begin by verifying (i). In light of Proposition 7, the multiplication map

ρξ : Gξ × Tint → Tbig, (g, t) 7→ τξ (g) t

is a Lie group isomorphism. We also note that the action of Gξ on µ−1(ξ) and
multiplication action of Tint on itself define an action Gξ × Tint on µ−1(ξ) × Tint.
By Proposition 8, the homeomorphism δξ is equivariant in the sense that

δξ ((g, t) · x) = ρξ (g, t) · δξ (x)
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for all (g, t) ∈ Gξ × Tint and x ∈ µ−1(ξ) × Tint. It follows that Gξ acts freely on
µ−1(ξ) if and only if Tbig acts freely on λ−1

M (λbig(ξ)).
We now prove (ii). By Corollary 10, the inclusion µ−1(ξ) ↪→ λ−1

M (λbig(ξ))

descends to a diffeomorphism

f : µ−1(ξ)
∼=−→ λ−1

M (λbig(ξ))/Tint.

We also note that the Tbig-action on λ−1
M (λbig(ξ)) induces a residual action of the

subtorus Tsmall on λ−1
M (λbig(ξ))/Tint. Proposition 8 then tells us that

f(g · m) = τξ (g) · f(m)

for all g ∈ Gξ and m ∈ µ−1(ξ). The map f therefore descends to a diffeomorphism

ϕ : M//ξ G ∼=−→ Ms-reg //λbig(ξ)Tbig.

It therefore suffices to prove that ϕ pulls the symplectic form β on Ms-reg//λbig(ξ)Tbig

back to the symplectic form α on M//ξ G.
We have a commutative diagram

µ−1(ξ) λ−1
M (λbig(ξ))

M//ξ G Ms-reg //λbig(ξ)Tbig

j

π θ

ϕ

where
π : µ−1(ξ) → µ−1(ξ)/Gξ = M//ξ G

and
θ : λ−1

M (λbig(ξ)) → λ−1
M (λbig(ξ))/Tbig = Ms-reg //λbig(ξ)Tbig

are the canonical quotient maps and j : µ−1(ξ) ↪→ λ−1
M (λbig(ξ)) is the inclusion. We

also have inclusion maps k : µ−1(ξ) ↪→ M and l : λ−1
M (λbig(ξ)) ↪→ M . Another con-

sideration is that α (resp. β) is the unique 2-form on M//ξG (resp. Ms-reg//λbig(ξ)Tbig)
for which π∗α = k∗ω (resp. θ∗β = l∗ω), where ω is the symplectic form on M . It
therefore suffices to prove that π∗(ϕ∗β)= k∗ω. On the other hand, our commutative
diagram implies that

π∗(ϕ∗β) = j∗(θ∗β) = j∗(l∗ω) = k∗ω. □

5. Generalization to stratified symplectic spaces

We now provide a generalization of Theorem 11 in the realm of stratified symplectic
spaces [10]. In Section 5.1, we recall the immediately pertinent parts of Sjamaar and
Lerman’s more general theory of stratified symplectic spaces. The generalization
of Theorem 11 to stratified symplectic spaces appears in Section 5.2.
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5.1. Stratified symplectic spaces. Let X be a topological space on which a compact
torus T acts continuously. Given a closed subgroup H ⊂ T , let

X H := {x ∈ X : Tx = H}

be the locus of points with T -stabilizer Tx equal to H . Denote by Stab(T, X) the
set of all closed subgroups H ⊂ T for which X H ̸= ∅.

Now let G be a compact connected Lie group with Lie algebra g. Suppose that
M is a Hamiltonian G-space with moment map µ : M → g∗. As discussed in the
introduction to this paper, M//ξ G is a stratified symplectic space [10] for all ξ ∈ g∗.
This means that M//ξ G is naturally partitioned into symplectic manifolds satisfying
certain compatibility conditions. While we refer the reader to [10, Definition 1.12]
for a precise definition and description of stratified symplectic spaces, the following
exposition will be sufficient for our purposes.

Fix a point ξ ∈ g∗
reg, and recall that Gξ ⊂ G is a maximal torus. Adopt the more

parsimonious notation
Stab(G, ξ) := Stab(Gξ , µ

−1(ξ)),

and note that µ−1(ξ) is the disjoint union

µ−1(ξ) =

⊔
H∈Stab(G,ξ)

µ−1(ξ)H .

The arguments in the proof of [10, Theorem 2.1] imply that each subset µ−1(ξ)H

is a locally closed, Gξ -invariant submanifold of M . These arguments also imply
that the topological quotient (µ−1(ξ)H )/Gξ carries a unique manifold structure for
which the canonical map π : µ−1(ξ)H → (µ−1(ξ)H )/Gξ is a surjective submersion.
One further consequence of [10, Theorem 2.1] is the existence of a symplectic
form ω on (µ−1(ξ)H )/Gξ such that π∗ω is the pullback of ω along the inclusion
µ−1(ξ)H ↪→ M . It follows that M//ξ G = µ−1(ξ)/Gξ is a disjoint union

(5-1) M//ξ G =

⊔
H∈Stab(G,ξ)

(µ−1(ξ)H )/Gξ

of symplectic manifolds, called the symplectic strata of M//ξ G.

Remark 12. The quotients (µ−1(ξ)H )/Gξ need not be manifolds in the traditional
sense of the term; each may have connected components of different dimensions.
To obtain a stratification into genuine symplectic manifolds, one must refine (5-1)
and declare the symplectic strata to be the connected components of the quotients
(µ−1(ξ)H )/Gξ . The distinction between (5-1) and this refined stratification will
not materially affect any argument in this paper.

Definition 13. Let G and K be compact connected Lie groups with respective Lie
algebras g and k. Suppose that M (resp. N ) is a Hamiltonian G-space (resp. Hamil-
tonian K-space) with moment map µ : M → g∗ (resp. ν : N → k∗). Take ξ ∈ g∗

reg and
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η ∈ k∗reg. A pair of maps ϕ : M//ξ G → N//η K and φ : Stab(G, ξ) → Stab(K , η) will
be called an isomorphism of stratified symplectic spaces if the following conditions
are satisfied:

(i) ϕ is a homeomorphism.

(ii) φ is a bijection.

(iii) ϕ restricts to a symplectomorphism (µ−1(ξ)H )/Gξ → (ν−1(η)φ(H))/Kη for
each H ∈ Stab(G, ξ).

Remark 14. Assume that this definition is satisfied. Equip M//ξ G and N//η K with
the refined stratifications discussed in Remark 12. By (ii) and (iii), the association
S 7→ ϕ(S) defines a bijection from the set of symplectic strata S ⊂ M//ξ G to the
set of symplectic strata in N//η K . Property (i) implies that this bijection is an
isomorphism of partially ordered sets, i.e., any symplectic strata S, T ⊂ M//ξ G
satisfying S ⊂ T must also satisfy ϕ(S) ⊂ ϕ(T ). We also know that ϕ restricts to
a symplectomorphism S → ϕ(S) for all symplectic strata S ⊂ M//ξ G, as follows
from (iii). In other words, an isomorphism in the sense of Definition 13 gives
rise to an isomorphism between the refined symplectic stratifications on M//ξ G
and N//η K .

5.2. A more general abelianization theorem. Let us continue with the notation
and conventions set in Section 4, as well as those in Section 5.1 concerning stratified
symplectic spaces.

In preparation for our next proposition, we encourage the reader to recall
Proposition 7 and Corollary 10.

Proposition 15. Let M be a Hamiltonian G-space with moment map µ : M → g∗.
Suppose that ξ ∈ g∗

s-reg.

(i) The association H 7→ τξ (H) defines a bijection

Stab(G, ξ)
∼=−→ Stab(Tbig, λbig(ξ)).

(ii) If H ⊂ Gξ is a closed subgroup, then δξ restricts to a diffeomorphism

µ−1(ξ)H × Tint
∼=−→ λ−1

M (λbig(ξ))τξ (H).

Proof. As in the proof of Theorem 11(i), we have

δξ ((g, t) · x) = ρξ (g, t) · δξ (x)

for all (g, t) ∈ Gξ ×Tint and x ∈ µ−1(ξ)×Tint. It follows that K 7→ ρξ (K ) defines
a bijection

Stab(Gξ × Tint, µ
−1(ξ) × Tint)

∼=−→ Stab(Tbig, λbig(ξ)),
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and that δξ restricts to a homeomorphism

(µ−1(ξ) × Tint)K
∼=−→ λ−1

M (λbig(ξ))ρξ (K )

for all closed subgroups K ⊂ Gξ × Tint. On the other hand, we clearly have a
bijection

Stab(G, ξ)
∼=−→ Stab(Gξ × Tint, µ

−1(ξ) × Tint), H 7→ H × {e} ⊂ Gξ × Tint.

We also note that

(µ−1(ξ) × Tint)K = µ−1(ξ)H × Tint and ρξ (K ) = τξ (H)

for K = H ×{e}. These last three sentences combine to imply the desired results. □

The following is our generalization of Theorem 11 to stratified symplectic spaces.

Theorem 16. If ξ ∈ g∗
s-reg, then there is a canonical isomorphism

M//ξ G ∼= Ms-reg //λbig(ξ)Tbig

of stratified symplectic spaces.

Proof. By Corollary 10 and Proposition 15, the inclusion µ−1(ξ) ↪→ λ−1
M (λbig(ξ))

descends to a homeomorphism

f : µ−1(ξ)
∼=−→ λ−1

M (λbig(ξ))/Tint,

whose restriction to µ−1(ξ)H is a diffeomorphism

µ−1(ξ)H
∼=−→ λ−1

M (λbig(ξ))τξ (H)/Tint

for all H ∈ Stab(G, ξ). We also note that the Tbig-action on λ−1
M (λbig(ξ)) induces a

residual action of the subtorus Tsmall on λ−1
M (λbig(ξ))/Tint. Proposition 8 then tells

us that
f(g · m) = τξ (g) · f(m)

for all g ∈ Gξ and m ∈ µ−1(ξ). The map f therefore descends to a homeomorphism

ϕ : M//ξ G ∼=−→ Ms-reg //λbig(ξ)Tbig,

whose restriction to (µ−1(ξ)H )/Gξ is a diffeomorphism

ϕH : (µ−1(ξ)H )/Gξ
∼=−→ (λ−1

M (λbig(ξ))τξ (H))/Tbig

for all H ∈ Stab(G, ξ).
Now consider the bijection

φ : Stab(G, ξ)
∼=−→ Stab(Tbig, λbig(ξ)), H 7→ τξ (H)

from Proposition 15(i). We claim that ϕ and φ define an isomorphism of strat-
ified symplectic spaces, in the sense of Definition 13. In light of the previous
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paragraph, it suffices to prove the following for all H ∈ Stab(G, ξ): ϕH pulls the
symplectic form β on (λ−1

M (λbig(ξ))τξ (H))/Tbig back to the symplectic form α on
(µ−1(ξ)H )/Gξ .

Proposition 15(ii) implies that µ−1(ξ)H ⊂ λ−1
M (λbig(ξ)). This leads to the com-

mutative diagram

µ−1(ξ)H λ−1
M (λbig(ξ))τξ (H)

(µ−1(ξ)H )/Gξ (λ−1
M (λbig(ξ))τξ (H))/Tbig

j

π θ

ϕH

where
π : µ−1(ξ)H → (µ−1(ξ)H )/Gξ

and
θ : λ−1

M (λbig(ξ))τξ (H) → (λ−1
M (λbig(ξ))τξ (H))/Tbig

are the canonical quotient maps and j : µ−1(ξ)H ↪→ λ−1
M (λbig(ξ)) is the inclusion.

We also have inclusion maps k : µ−1(ξ) ↪→ M and l : λ−1
M (λbig(ξ)) ↪→ M . Another

consideration is that α (resp. β) is the unique 2-form on (µ−1(ξ)H )/Gξ (resp.
(λ−1

M (λbig(ξ))τξ (H))/Tbig) for which π∗α = k∗ω (resp. θ∗β = l∗ω). It therefore
suffices to prove that π∗(ϕ∗

Hβ)= k∗ω. On the other hand, our commutative diagram
implies that

π∗(ϕ∗

Hβ) = j∗(θ∗β) = j∗(l∗ω) = k∗ω. □
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HILBERT POLYNOMIALS FOR FINITARY MATROIDS

ANTONGIULIO FORNASIERO AND ELLIOT KAPLAN

We consider a tuple 8 = (φ1, . . . , φm) of commuting maps on a finitary
matroid X . We show that if 8 satisfies certain conditions, then for any
finite set A ⊆ X , the rank of {φ

r1
1 · · · φ

rm
m (a) : a ∈ A and r1 + · · · + rm = t}

is eventually a polynomial in t (we also give a multivariate version of the
polynomial). This allows us to easily recover Khovanskii’s theorem on the
growth of sumsets, the existence of the classical Hilbert polynomial, and
the existence of the Kolchin polynomial. We also prove some new Kolchin
polynomial results for differential exponential fields and derivations on o-
minimal fields, as well as a new result on the growth of Betti numbers in
simplicial complexes.
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Introduction

Eventual polynomial growth is a common theme in combinatorics and commutative
algebra. The quintessential example is the Hilbert function, which measures the
K -linear dimension of the graded pieces Mt of a finitely generated K [x1, . . . , xm]-
module M =

⊕
t Mt . This function is eventually equal to a polynomial in t , called

the Hilbert polynomial. Another example is due to Kolchin, who showed that
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given a partial differential field (F, δ1, . . . , δm) of characteristic 0 and a tuple ā in
a differential field extension of F , the transcendence degree

trdegF F
(
(δ

r1
1 · · · δrm

m ā)r1+···+rm≤t
)

is eventually equal to a polynomial in t [14]. This polynomial, called the Kolchin
polynomial, is a foundational object in differential algebra. In the area of additive
combinatorics, Khovanskii showed that for finite subsets A and B of a commutative
semigroup, the size of the sumset A + t B is eventually polynomial in t [12].

In this paper, we show that the Hilbert polynomial, the Kolchin polynomial,
and Khovanskii’s polynomial admit a common generalization in terms of finitary
matroids. A matroid is a combinatorial structure that axiomatizes the notion of
independence. While most matroids studied are finite, it is useful for our purposes
to allow infinite matroids, while still requiring that any instance of dependence is
witnessed by a finite set. There are many equivalent ways to define a finitary matroid,
but for the purposes of this paper, we most frequently use closure operators (where
the closure of a set consists of all elements which are not independent from the set)
and ranks (where the rank of a finite set is the size of a maximal independent subset).

We consider how the rank of a finite set grows as one applies commuting operators
to the set. We show that, under certain assumptions on the operators, this rank is
eventually polynomial in the total number of times the operators are applied. In
the case of the Hilbert polynomial, the closure operator is the K -linear span in M ,
the rank is the K -linear dimension, and the operators are scalar multiplication by
the elements xi . For the Kolchin polynomial, the closure operator is the algebraic
closure over F , the rank is the transcendence degree over F , and the operators
are δ1, . . . , δm , and the identity map. For Khovanskii’s polynomial, the underlying
matroid is the semigroup with trivial closure, so the rank coincides with cardinality,
and the operators are addition by elements of B.

We are also able to apply our result in several other settings. We recover a
result of Maclagan and Rincón on Hilbert polynomials for homogeneous tropical
ideals in the semiring of tropical polynomials [22], we prove that the Betti numbers
of a finite subcomplex of a simplicial complex K grow polynomially under an
action of Nm on K by simplicial endomorphisms, and we establish an analog of the
Kolchin polynomial for difference-differential exponential fields and derivations
on o-minimal fields. This last application was the original motivation behind this
project, and we believe that our analog can serve the same role in the model theory
of o-minimal fields with derivations that the classical Kolchin polynomial serves in
the model theory of differential fields.

Khovanskii proved his result by constructing an appropriate graded module
and using the existence of the Hilbert polynomial. Kolchin’s result can also be
proven using the Hilbert polynomial, as was shown by Johnson [9]. Other known
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examples of eventual polynomial growth, such as Maclagan and Rincón’s result on
Hilbert polynomials for homogeneous tropical ideals [22], are also often proved
by reduction to the classical Hilbert polynomial. Nathanson and Ruzsa later gave
a more elementary proof of Khovanskii’s result [26] by reducing the problem to
showing that the number of elements in an upward-closed subset of Nm of a given
height t is eventually polynomial in t (where the height of (r1, . . . , rm) ∈ Nm is the
sum r1 + · · ·+ rm). This approach is more in line with Kolchin’s original proof of
the existence of the Kolchin polynomial [15, Chapter II, Theorem 6].

In some sense, the proof of our main result also reduces to counting the number
of elements in an upward-closed subset of Nm or, more precisely, to looking at
decreasing functions Nm

→ N. However, the framework of finitary matroids —
a fundamentally novel aspect of our approach — allows our main theorem to be
quickly and readily applied. Many proofs of the existence of the classical Hilbert
polynomial make use of generating functions, exploiting the relationship between
rational generating functions and eventual polynomial growth through results like
Lemma 1.2 below. We also make use of this relationship in our proof. Key to our
approach is Proposition 1.3, which describes the generating function G f associated
to a decreasing function f : Nm

→ N. This result appears to be new.
While our proof is self-contained and fairly elementary, we show in Proposition 4.6

that once we isolate an appropriate decreasing function, our main theorem can
be established à la Khovanskii by constructing a graded module and using the
classical Hilbert polynomial. Consequently, we do not obtain any new numerical
polynomials in our setting; see Corollary 4.7.

Let us state our main results more precisely. Let (X, cℓ) be a finitary matroid
and let rk be the corresponding rank function; see Section 1B for definitions. Let
m ∈ N>0, and let 8 := (φ1, . . . , φm) be a finite tuple of commuting maps X → X .
The tuple 8 is said to be a triangular system if

a ∈ cℓ(B)H⇒ φi a ∈ cℓ(φ1 B ∪ · · · ∪φi B)

for all i ∈ {1, . . . ,m}, all a ∈ X , and all B ⊆ X . For r̄ = (r1, . . . , rm) ∈ Nm , we let
|r̄ | = r1 + · · ·+ rm , and we let φr̄

: X → X be the composite map φr̄
= φ

r1
1 · · ·φ

rm
m .

For t ∈ N and A ⊆ X , put

8(t)(A) :=
{
φr̄ (a) : a ∈ A and |r̄ | = t

}
.

We prove the following:

Theorem. Suppose that 8 is a triangular system, and let A, B ⊆ X with A finite.
Then there is a polynomial P ∈ Q[Y ] of degree at most m − 1 such that

rk(8(t)(A)|8(t)(B))= P(t)
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for all sufficiently large t ∈ N.

The above theorem is a special case of a multivariate version, which can be
used to recover multivariate generalizations of the results considered above, such
as Nathanson’s generalization of Khovanskii’s sumset theorem [25] and Levin’s
multivariate generalizations of the Kolchin polynomial [20]. Fix

0 = m1 < m2 < · · ·< mk < mk+1 = m,

and set di := mi+1 − mi for i ∈ {1, . . . , k}. For each i , we set

8i := (φmi +1, φmi +2, . . . , φmi +di ),

and we call the tuple (81, . . . , 8k) a partition of 8. For a tuple r̄ = (r1, . . . , rm) ∈

Nm , we set

∥r̄∥ := (rm1+1 + · · · + rm1+d1, . . . , rmk+1 + · · · + rmk+dk ) ∈ Nk,

and for s̄ ∈ Nk and A ⊆ X , we put 8(s̄)(A) :=
{
φr̄ (a) : a ∈ A and ∥r̄∥ = s̄

}
.

Theorem A. Suppose that each 8i is a triangular system, and let A, B ⊆ X with
A finite. Then there is a polynomial P8A|B ∈ Q[Y1, . . . , Yk] of degree at most di − 1
in each variable Yi such that

rk(8(s̄)(A)|8(s̄)(B))= P8A|B(s̄)

for s̄ = (s1, . . . , sk) ∈ Nk with min{s1, . . . , sk} sufficiently large.

We call the polynomial P8A|B in Theorem A the dimension polynomial of A over
B with respect to the partition (81, . . . , 8k). To apply Theorem A to the case of
differential fields, we need to consider a slightly more general framework than a
triangular system. We say that the system 8 = (φ1, . . . , φm) is quasi-triangular
if the augmented system (id, φ1, . . . , φm) is triangular, where id : X → X is the
identity map. Let ⪯ denote the product order on Nk , and for s̄ ∈ Nk and A ⊆ X ,
put 8⪯(s̄)(A) :=

{
φr̄ (a) : a ∈ A and ∥r̄∥ ⪯ s̄

}
.

Corollary A. Suppose that each 8i is a quasi-triangular system, and let A, B ⊆ X
with A finite. Then there is a polynomial Q8

A|B ∈ Q[Y1, . . . , Yk] of degree at most
di in each variable Yi such that

rk(8⪯(s̄)(A)|8⪯(s̄)(B))= Q8
A|B(s̄)

for s̄ = (s1, . . . , sk) ∈ Nk with min{s1, . . . , sk} sufficiently large.

We call the polynomial Q8
A|B in Corollary A the cumulative dimension polynomial

of A over B with respect to the partition (81, . . . , 8k). Any triangular system is
quasi-triangular, so Corollary A applies in a strictly broader context than Theorem A.
Indeed, there are quasi-triangular systems for which the conclusion of Theorem A



HILBERT POLYNOMIALS FOR FINITARY MATROIDS 277

doesn’t hold; see Section 5B. As we will see, derivations on fields form a quasi-
triangular system with respect to the matroid of algebraic closure.

In addition to the dimension and cumulative dimension polynomials, we de-
fine closure operators cℓ8 and cℓ8

∗
on X , called the 8-closure and 8∗-closure,

respectively, with respect to the partition (81, . . . , 8k) as follows:

a ∈ cℓ8(B) :⇐⇒ rk(8(s̄)(a)|8(s̄)(B)) < |8(s̄)| for some s̄ ∈ Nk

a ∈ cℓ8∗(B) :⇐⇒ rk(8⪯(s̄)(a)|8⪯(s̄)(B)) < |8⪯(s̄)
| for some s̄ ∈ Nk .

Our second theorem relates these closure operators to the dimension and cumulative
dimension polynomials.

Theorem B. Let A, B ⊆ X with A finite. If each 8i is a triangular system, then
(X, cℓ8) is a finitary matroid. The rank function rk8 corresponding to this matroid
satisfies the identity

rk8(A|B)= lim
min(s̄)→∞

rk(8(s̄)(A)|8(s̄)(B))
|8(s̄)|

.

We also have

P8A|B(Y1, . . . , Yk)=
rk8(A|B)

(d1 − 1)! · · · (dk − 1)!
Y d1−1

1 · · · Y dk−1
k + lower degree terms.

Likewise, if each 8i is quasi-triangular, then (X, cℓ8∗) is a finitary matroid with
rank function rk8∗ satisfying the identities

rk8∗(A|B)= lim
min(s̄)→∞

rk(8⪯(s̄)(A)|8⪯(s̄)(B))
|8⪯(s̄)|

,

Q8
A|B(Y1, . . . , Yk)=

rk8∗(A|B)
d1! · · · dk !

Y d1
1 · · · Y dk

k + lower degree terms.

The 8∗-closure can be thought of as an analog of differentially algebraic closure;
see [15, Chapter II, Section 8]. In fact, if each φi is a field derivation, then 8∗-
closure is exactly the differentially algebraic closure, and the corresponding rank
rk8∗ is differential transcendence degree.

Outline. After some preliminaries in Section 1, we prove our main theorems in
Sections 2 and 3. In Section 4, we collect some classical consequences of Theorem A,
and in Section 5, we consider an application to simplicial complexes. Some ap-
plications of Corollary A for difference-differential fields (as well as difference-
differential exponential fields and differential o-minimal fields) are considered in
Section 6.
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1. Preliminaries

1A. Notation and conventions. Throughout, N denotes the set of natural numbers
{0, 1, 2, . . .}. Let d ∈ N>0, and let r̄ = (r1, . . . , rd) and s̄ = (s1, . . . , sd) range over
Nd . We write min(r̄) to mean min{r1, . . . , rd}. Let ⪯ denote the product order on
Nd , so

r̄ ⪯ s̄ :⇐⇒ ri ≤ si for each i = 1, . . . , d,

and let <lex denote the lexicographic order on Nd with emphasis on the last coordi-
nate, so

r̄ <lex s̄ :⇐⇒ there is i ∈ {1, . . . , d} such that ri < si and r j = s j for i < j ≤ d.

Let 0̄d be the tuple (0, . . . , 0) consisting of d zeros, so 0̄d is the minimal element
of Nd with respect to both of the orders ⪯ and ≤lex. For i ∈ {1, . . . , d}, let
êi,d := (0, . . . , 1, . . . , 0) be the tuple which consists of a 1 in the i th spot and zeros
everywhere else.

We fix, for the remainder of this paper, numbers 0 < k ≤ m ∈ N, as well as a
partition

0 = m1 < m2 < · · ·< mk < mk+1 = m.

We set di := mi+1 − mi for i ∈ {1, . . . , k}, and for a tuple r̄ = (r1, . . . , rm) ∈ Nm ,
we set

∥r̄∥ := (rm1+1 + · · · + rm1+d1, . . . , rmk+1 + · · · + rmk+dk ) ∈ Nk .

1B. Finitary matroids, triangular systems, and quasi-triangular systems. Recall
that a finitary matroid consists of a set X , together with a map cℓ : P(X)→ P(X)
which satisfies the following conditions:

(1) Reflexivity: A ⊆ cℓ(A).

(2) Monotonicity: if A ⊆ B ⊆ X , then cl(A)⊆ cℓ(B).

(3) Idempotence: cℓ(cℓ(A))= cℓ(A) for A ⊆ X .

(4) Finite character: if A ⊆ X and a ∈ cℓ(A), then a ∈ cℓ(A0) for some finite
subset A0 ⊆ A.

(5) Steinitz exchange: For a, b ∈ X and A ⊆ X , if a ∈ cℓ(A ∪ {b}) \ cℓ(A), then
b ∈ cℓ(A ∪ {a}).

More on finitary matroids can be found in [27], where they are called indepen-
dence spaces. Finitary matroids often appear in model theory, where they are called
pregeometries; see [28, Appendix C.1]. For the remainder of this paper, we fix
a finitary matroid (X, cℓ), a positive natural number m ∈ N>0, and a finite tuple
8 := (φ1, . . . , φm) of commuting maps X → X . We will usually use a, b to denote
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elements of X and A, B to denote subsets of X . We will often abuse notation and
write things like “a ∈ cℓ(ABb)” to mean “a ∈ cℓ(A ∪ B ∪ {b}).”

For A ⊆ X , we let cℓA denote the following closure operator:

a ∈ cℓA(B) :⇐⇒ a ∈ cℓ(AB).

Then (X, cℓA) is also a finitary matroid, called the relativization of (X, cℓ) at A.
We say that B is cℓ-independent over A if b ̸∈ cℓA(B \ {b}) for all b ∈ B. A
basis for B over A is a subset B0 ⊆ B which is cℓ-independent over A such that
B ⊆ cℓA(B0). Steinitz exchange ensures that any two bases for B over A have the
same cardinality, called the rank of B over A and denoted rk(B|A). We just write
rk(B) for rk(B|∅), and we use rkA for the rank corresponding to the relativization
(X, cℓA), so rk(B|A)= rkA(B).

Let 2 be the free commutative monoid on 8, so 2 consists of all operators
φr̄

:= φ
r1
1 · · ·φ

rm
m for r̄ ∈ Nm . Note that φ0̄m is the identity map on X (and also

the identity element of 2) and that φ êi,m = φi for i = 1, . . . ,m. For θ ∈2, we let
θ(A) := {θa : a ∈ A}, and for 20 ⊆2, we let

20(A) :=

⋃
θ∈2

θ(A).

Recall from the introduction that 8 is a triangular system for (X, cℓ) if

a ∈ cℓ(B)H⇒ φi a ∈ cℓ(φ1 B · · ·φi B)

for every B ⊆ X and for each i ∈ {1, . . . ,m}. If 8 is a triangular system for (X, cℓ)
and A ⊆ X is closed under each map φi , then one can easily verify that 8 is a
triangular system for the relativization (X, cℓA). The following lemma on triangular
systems will be used in the proof of the main theorem.

Lemma 1.1. 8 is a triangular system if and only if for any A, B ⊆ X and for each
i ∈ {1, . . . ,m}, we have

rk
(
φi (A)

∣∣φ1(AB) · · ·φi−1(AB)φi (B)
)
≤ rk(A|B).

Proof. Suppose that 8 is a triangular system. Let A0 be a cℓ-basis for A over B, so
A ⊆ cℓ(A0 B). Since 8 is a triangular system, we have

φi (A)⊆ cℓ
(
φ1(A0 B) · · ·φi (A0 B)

)
⊆ cℓ

(
φ1(AB) · · ·φi−1(AB)φi (A0 B)

)
.

This gives

rk
(
φi (A)

∣∣φ1(AB) · · ·φi−1(AB)φi (B)
)
≤ |φi (A0)| ≤ |A0| = rk(A|B).

For the converse, let a ∈ cℓ(B). Then,

rk
(
φi (a)

∣∣φ1(aB) · · ·φi−1(aB)φi (B)
)
≤ rk(a|B)= 0.
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By induction on i = 1, . . . ,m, we conclude that φi a ∈ cℓ(φ1 B · · ·φi−1 Bφi B). □

For the remainder of the paper, we let (81, . . . , 8k) be the partition of 8 given
in the introduction, so 8i := (φmi +1, φmi +2, . . . , φmi +di ) for each i . For s̄ ∈ Nk and
A ⊆ X , we recall the sets

8(s̄)(A) :=
{
φr̄ (a) :a ∈ A and ∥r̄∥= s̄

}
, 8⪯(s̄)(A) :=

{
φr̄ (a) :a ∈ A and ∥r̄∥⪯ s̄

}
.

For each i ∈ {1, . . . , k}, let

(8i )∗ := (id, φmi +1, φmi +2, . . . , φmi +di ),

where id : X → X is the identity map. Then
(
(81)∗, (82)∗, . . . , (8k)∗

)
is a partition

of the augmented system

8∗ := (id, φm1+1, . . . , φm1+d1; . . . ; id, φmk+1, . . . , φmk+dk ).

Given s̄ ∈ Nk and r̄ ∈ Nm with ∥r̄∥ ⪯ s̄, the map φr̄
∈8⪯(s̄) acts the same way on X

as the map ids̄−∥r̄∥ φr̄
∈8

(s̄)
∗ , so we may identify8⪯(s̄) and8(s̄)∗ . For each i , if8i is

quasi-triangular, then (8i )∗ is triangular, so many of our results on quasi-triangular
systems will follow from the corresponding result on triangular systems, applied
with 8∗ in place of 8.

The main examples of (quasi)-triangular systems studied in this paper are tu-
ples of (quasi)-endomorphisms. Let ψ : X → X be a map. We say that ψ is an
endomorphism of (X, cℓ) (also called a “strong map” in the matroid literature) if

a ∈ cℓ(B)H⇒ ψa ∈ cℓ(ψB).

We say that ψ is a quasi-endomorphism of (X, cℓ) if

a ∈ cℓ(B)H⇒ ψa ∈ cℓ(BψB).

If 8 is a (quasi)-triangular system, then φ1 is necessarily a (quasi)-endomorphism,
and if φ1, . . . , φm are (quasi)-endomorphisms, then 8 is (quasi)-triangular. Quasi-
endomorphisms were first considered in [7, Section 3.1].

1C. Generating functions. Let Ȳ = (Y1, . . . , Yk) be a tuple of variables. Given
s̄ = (s1, . . . , sk) ∈ Nk , we write Ȳ s̄ for the monomial Y s1

1 · · · Y sk
k . A polynomial

P ∈ Q[Ȳ ] is said to have degree at most s̄ if P has degree at most si in each variable
Yi , that is, if

P(Ȳ )= aȲ s̄
+ lower degree terms

for some a ∈ Q.
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Let f : Nk
→ N be a function. The generating function of f is the multivariate

power series
G f (Ȳ )=

∑
s̄∈Nk

f (s̄)Ȳ s̄
∈ Z[[Ȳ ]].

The following is well-known; we include here essentially the same proof given
in [11, Lemma 2.1].

Lemma 1.2. Suppose that G f is a rational function with numerator R(Ȳ )∈Q[Ȳ ] of
degree at most m̄ and denominator (1−Y1)

d1 · · · (1−Yk)
dk . Then there is P ∈ Q[Ȳ ]

of degree at most (d1 −1, . . . , dk −1) such that f (s̄)= P(s̄) whenever s̄ ⪰ m̄. This
polynomial P has the form

P(Ȳ )=
R(1, . . . , 1)

(d1 − 1)! · · · (dk − 1)!
Y d1−1

1 · · · Y dk−1
k + lower degree terms.

Proof. Write R(Ȳ )=
∑

r̄⪯m̄ ar̄ Ȳ r̄ , so

G f (Ȳ )=
R(Ȳ )

(1 − Y1)d1 · · · (1 − Yk)dk
=

∑
r̄⪯m̄

ar̄ Ȳ r̄

(1 − Y1)d1 · · · (1 − Yk)dk
.

For each r̄ , a simple computation gives

ar̄ Ȳ r̄

(1 − Y1)d1 · · · (1 − Yk)dk
=

∑
s̄⪰r̄

ar̄

(s1−r1+d1−1
d1−1

)
· · ·

(sk −rk +dk −1
dk −1

)
Ȳ s̄

Comparing coefficients, we get for each s̄ ⪰ m̄ that

f (s̄)=

∑
r̄⪯m̄

ar̄

(s1−r1+d1−1
d1−1

)
· · ·

(sk −rk +dk −1
dk −1

)
.

Putting P(Ȳ ) :=
∑

r̄⪯m̄ ar̄
(Y1−r1+d1−1

d1−1

)
· · ·

(Yk−rk+dk−1
dk−1

)
, we have f (s̄) = P(s̄) for

s̄ ⪰ m̄. Note that

P(Ȳ )=

∑
r̄⪯m̄ ar̄

(d1 − 1)! · · · (dk − 1)!
Y d1−1

1 · · · Y dk−1
k + lower degree terms

=
R(1, . . . , 1)

(d1 − 1)! · · · (dk − 1)!
Y d1−1

1 · · · Y dk−1
k + lower degree terms. □

The function f is said to be decreasing if f (r̄)≤ f (s̄) whenever r̄ ⪰ s̄. Suppose
that f is decreasing. For n ∈ N, set

Sn( f ) := {s̄ ∈ Nk
: f (s̄)≤ n},

so each Sn( f ) is a ⪯-upward closed subset of Nk and Sn( f )= Nk for n ≥ f (0̄k).
Let Mn( f ) be the set of ⪯-minimal elements of Sn( f ), so each Mn( f ) is finite by
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Dickson’s lemma. Set M( f ) :=
⋃

n∈N Mn( f ), and let m̄( f ) be the ⪯-least upper
bound of M( f ) (notice that the set M( f ) is finite).

Proposition 1.3. If f is decreasing, then G f is a rational function with numerator
of degree at most m̄( f ) and denominator (1 − Y1) · · · (1 − Yk).

Proof. Suppose that f is decreasing, set H := (1 − Y1) · · · (1 − Yk)G f , and let
m̄( f ) = (m1, . . . ,mk). We need to show for each i ∈ {1, . . . , k} and each s̄ =

(s1, . . . , sk) ∈ Nk that if si > mi , then the coefficient of Ȳ s̄ in H is zero. By
symmetry, it suffices to consider the case i = k. Take power series H0, H1, H2, . . .

in the variables (Y1, . . . , Yk−1) such that

H = H0 + H1Yk + H2Y 2
k + · · · .

We fix t > mk , and we will show that Ht = 0. Distributing (1 − Yk) through the
series G f , we see that

Ht(Y1, . . . , Yk−1)= (1−Y1) · · · (1−Yk−1)
∑

r̄∈Nk−1

( f (r̄ , t)− f (r̄ , t−1))Y r1
1 · · · Y rk−1

k−1 ,

so it suffices to show that f (r̄ , t)= f (r̄ , t − 1) for each r̄ ∈ Nk−1. Let r̄ be given
and let n = f (r̄ , t). Take s̄ ∈ Mn( f ) with s̄ ⪯ (r̄ , t). Since sk ≤ mk < t , we see that
(r̄ , t − 1)⪰ s̄ as well, so f (r̄ , t − 1)≤ n. Since f is decreasing, we conclude that
f (r̄ , t − 1)= n = f (r̄ , t). □

Remark 1.4. We have another proof of Proposition 1.3, using that the partial order
on decreasing functions Nk

→ N given by f ≤ g :⇐⇒ f (s̄)≤ g(s̄) for all s̄ ∈ Nk is
well-founded. The proof is as follows: let f : Nk

→N be decreasing and assume that
Proposition 1.3 holds for all decreasing functions Nk

→ N less than f , as well as
all decreasing functions Nk−1

→ N (both base cases hold trivially). Let g : Nk
→ N

be the function (r̄ , t) 7→ f (r̄ , t +1), so g ≤ f , and let h : Nk−1
→ N be the function

r̄ 7→ f (r̄ , 0). First, consider the case that g = f . Then f (r̄ , t) = f (r̄ , 0) = h(r̄)
for all r̄ ∈ Nk−1 and all t ∈ N and so m̄( f )= (m̄(h), 0). We have

G f (Ȳ )=

∑
t∈N

∑
r̄∈Nk−1

f (r̄ , 0)Ȳ (r̄ ,t)

= (1 − Yk)
−1

∑
r̄∈Nk−1

h(r̄)Y r1
1 · · · Y rk−1

k−1 =
Gh(Y1, . . . , Yk−1)

(1 − Yk)
,

so Proposition 1.3 holds for f by our induction hypothesis. Now, consider the
case that g < f . In this case, m̄( f ) is the ⪯-least upper bound of (m̄(h), 0) and
m̄(g)+ êk,k . We have
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G f (Ȳ )=

∑
r̄∈Nk−1

f (r̄ , 0)Ȳ (r̄ ,0) +
∑
t∈N

∑
r̄∈Nk−1

f (r̄ , t + 1)Ȳ (r̄ ,t+1)

= Gh(Y1, . . . , Yk−1)+ Yk Gg(Ȳ ),

and we again conclude that Proposition 1.3 holds for f by our induction hypothesis.

2. The dimension and cumulative polynomials

In this section, we prove Theorem A and Corollary A. For the remainder of this
section, let A, B ⊆ X with A finite.

2A. The dimension polynomial. In this subsection, we prove Theorem A, and we
sketch a slight generalization in Remark 2.2. We assume for the remainder of the
subsection that each part of the partition 8i is a triangular system. For ū ∈ Nm , set

2ū := {φr̄
: ∥r̄∥ = ∥ū∥ and r̄ <lex ū}, f 8A|B(ū) := rk

(
φū(A)

∣∣2ū(A)8(∥u∥)(B)
)
.

Then f 8A|B is bounded above by |A|, and
∑

∥ū∥=s̄ f 8A|B(ū) = rk(8(s̄)(A)|8(s̄)(B))
for each s̄ ∈ Nk .

Lemma 2.1. The function f 8A|B is decreasing.

Proof. Let ū′
⪰ ū be given. We may assume that

ū′
= ū + êmi +d,m

for some i ∈ {1, . . . , k} and some d ∈ {1, . . . , di }. Since 8i = (φmi +1, . . . , φmi +di )

is a triangular system, Lemma 1.1 tells us that

rk
(
φmi +dφ

ū(A)
∣∣{φmi + jφ

ū(A) : 0< j < d}∪{φmi + j (2ū(A)8(∥ū∥)(B)) : 0< j ≤ d}
)

is at most f 8A|B(ū). For j ∈ {1, . . . , d − 1}, we have ∥êmi + j,m∥ = ∥êmi +d,m∥ and
êmi + j,m <lex êmi +d,m , so

∥êmi + j,m + ū∥ = ∥êmi +d,m + ū∥ = ∥ū′
∥, êmi + j,m + ū <lex êmi +d,m + ū = ū′.

It follows that φmi + jφ
ū

∈ 2ū′ for j ∈ {1, . . . , d − 1}. Likewise, for φr̄
∈ 2ū and

j ∈ {1, . . . , d}, we have

∥êmi + j,m + r̄∥ = ∥êmi + j,m + ū∥ = ∥ū′
∥, êmi + j,m + r̄ <lex êmi + j,m + ū ≤lex ū′,

so φmi + j2ū ⊆2ū′ . Finally, we have φmi + j (8
(∥ū∥))⊆8(∥ū+êmi + j,m∥)

=8(∥ū′
∥) for

j ∈ {1, . . . , d}, so f 8A|B(ū
′) is at most

rk
(
φmi +dφ

ū(A)
∣∣{φmi + jφ

ū(A) :0< j <d}∪{φmi + j (2ū(A)8(∥ū∥)(B)) :0< j ≤d}
)
.

Thus f 8A|B(ū
′)≤ f 8A|B(ū), as desired. □
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Proof of Theorem A. We let G8
A|B denote the generating function of the function

s̄ 7→ rk(8(s̄)(A)|8(s̄)(B)). We have

G8
A|B(Ȳ )=

∑
s̄∈Nk

rk(8(s̄)(A)|8(s̄)(B))Ȳ s̄

=

∑
s̄∈Nk

∑
∥ū∥=s̄

f 8A|B(ū)Ȳ
s̄
=

∑
ū∈Nm

f 8A|B(ū)Ȳ
∥ū∥.

The rightmost sum above is just the generating function of f 8A|B with Y1 substituted
for the first d1 variables, Y2 substituted for the next d2 variables, and so on. By
Proposition 1.3 and Lemma 2.1, we have that G8

A|B is a rational function with
numerator of degree at most ∥m̄( f 8A|B)∥ and denominator (1 − Y1)

d1 · · · (1 − Yk)
dk .

By Lemma 1.2, we conclude that there is a polynomial P8A|B(Ȳ ) ∈ Q[Ȳ ] of degree
at most (d1 − 1, . . . , dk − 1) such that

rk(8(s̄)(A)|8(s̄)(B))= P8A|B(s̄)

for s̄ ∈ Nk with s̄ ⪰ ∥m̄( f 8A|B)∥. □

Remark 2.2. Let 9 = (ψ1, . . . , ψn) be another tuple of commuting maps X → X ,
and let (91, . . . , 9k) be a partition of 9. Suppose that for each i ∈ {1, . . . , k},
the tuple 8i is a subtuple of 9i . One can prove the following generalization of
Theorem A:

There is a polynomial P ∈ Q[Ȳ ] of degree at most di − 1 in each variable Yi such
that

rk(8(s̄)(A)|9(s̄)(B))= P(s̄)

for s̄ ∈ Nk with min(s̄) sufficiently large.

Note that no assumptions beyond commutativity are imposed on the maps in9i \8i .
All that is required is that each tuple 8i is triangular. To prove this generalization,
replace the function f 8A|B in the above proof with a function f 8,9A|B , where

f 8,9A|B (ū) := rk
(
φū(A)

∣∣2ū(A)9(∥u∥)(B)
)

for ū ∈ Nm . With the obvious changes, the proof of Lemma 2.1 shows that f 8,9A|B is
decreasing.

2B. The cumulative dimension polynomial. Now we turn to Corollary A. We will
also investigate the dominant terms of the cumulative dimension polynomial. We
assume for the remainder of the subsection that each part of the partition 8i is a
quasi-triangular system.

Proof of Corollary A. Recall the augmented system8∗ =
(
(81)∗, (82)∗, . . . , (8k)∗

)
,

where (8i )∗ = (id, φmi +1, φmi +2, . . . , φmi +di ) for each i ∈ {1, . . . , k}. Applying
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Theorem A with 8∗ in place of 8, we get a polynomial P8∗

A|B(Ȳ ) ∈ Q[Ȳ ] of degree
at most di in each variable Yi such that

rk(8⪯(s̄)(A)|8⪯(s̄)(B))= rk(8(s̄)
∗
(A)|8(s̄)

∗
(B))= P8∗

A|B(s̄)

for s̄ ∈ Nk with min(s̄) sufficiently large. Take Q8
A|B := P8∗

A|B . □

Now we turn to the dominant terms. Given a polynomial

Q(Ȳ )=

∑
ē∈Nk

aēȲ ē
∈ Q[Ȳ ],

the support of Q is the set supp(Q) := {ē : aē ̸= 0}⊆ Nk . We extend the partial order
⪯ on Nk to all of Rk , so for x̄, ȳ ∈ Rk , we have x̄ ⪯ ȳ ⇐⇒ xi ≤ yi for i = 1, . . . , k.
We set

M(Q) :=
{

ȳ ∈ Rk
: ȳ ⪯ ē for some ē ∈ supp(Q)

}
.

That is, M(Q) is the Minkowski sum of the orthant (−∞, 0]
k and the Newton

polytope of Q (the convex hull of the support of Q). We define the dominant terms
of Q to be the terms ad̄ Ȳ d̄ such that d̄ is a vertex of M(Q).

As explained in [8, Section 3], the dominant terms of Q can be recovered using
limits: the term ad̄ Ȳ d̄ is a dominant term of Q if and only if

(2-1) lim
t→∞

Q(tw1, tw2, . . . , twk )

ad̄ t d̄·w̄
= 1.

for some positive vector w̄∈Rk with positive Q-linearly independent entries. Indeed,
for such a vector w̄, the map ē 7→ ē · w̄ : Nk

→ R is injective, and equation (2-1)
can be readily verified for d̄ ∈ supp(Q) with d̄ · w̄ = max{ē · w̄ : ē ∈ supp(Q)}. It
remains to note that d̄ ∈ supp(Q) is a vertex of M(Q) if and only if the sector{

w̄ ∈ (R>0)k : (d̄ − ē) · w̄ > 0 for all ē ∈ supp(Q) \ {d̄}
}

is nonempty. The vectors w̄ in this sector are exactly those vectors for which (2-1)
holds.

In the case that B = 2(B), the dominant terms of Q8
A|B only depend on

cℓ(2(A)B):

Proposition 2.3. Let A, A′ be finite subsets of X , let B ⊆ X with 2(B)= B, and
suppose that cℓ(2(A)B) = cℓ(2(A′)B). Then Q8

A|B and Q8
A′|B have the same

dominant terms.

Proof. Take s̄0 with

A′
⊆ cℓ(8⪯(s̄0)(A)B), A ⊆ cℓ(8⪯(s̄0)(A′)B).
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Since each 8i is quasi-triangular, a routine induction on |s̄| = s1 + · · · + sk gives

8⪯(s̄)(A′)⊆ cℓ(8⪯(s̄0+s̄)(A)B), 8⪯(s̄)(A)⊆ cℓ(8⪯(s̄0+s̄)(A′)B),

for all s̄ ∈ Nk . It follows that

rk(8⪯(s̄)(A′)|B)≤ rk(8⪯(s̄0+s̄)(A)|B), rk(8⪯(s̄)(A)|B)≤ rk(8⪯(s̄0+s̄)(A′)|B)

for each s̄. Taking min(s̄) to be sufficiently large, we get

Q8
A′|B(s̄)≤ Q8

A|B(s̄0 + s̄), Q8
A|B(s̄)≤ Q8

A′|B(s̄0 + s̄).

The proposition follows, using that the limits (2-1) agree for Q8
A|B and Q8

A′|B . □

3. The 8-closure and 8∗-closure operators

As in the previous section, we fix subsets A, B ⊆ X with A finite. Recall that the
8-closure operator is given by

a ∈ cℓ8(B) :⇐⇒ rk(8(s̄)(a)|8(s̄)(B)) < |8(s̄)| for some s̄ ∈ Nk .

The 8∗-closure operator is defined identically, but with 8∗ in place of 8, so

a ∈ cℓ8∗(B)⇐⇒ rk(8⪯(s̄)(a)|8⪯(s̄)(B)) < |8⪯(s̄)
| for some s̄ ∈ Nk .

In this section, we prove Theorem B. We also examine whether the rank associated
to these operators depends on our choice of partition, and we discuss an extension of
the8∗-closure operator to more general monoid actions by matroid endomorphisms.
In order to prove Theorem B, we need the following lemma.

Lemma 3.1. Suppose that each 8i is a triangular system. Then for a ∈ X , we have

lim
min(s̄)→∞

rk(8(s̄)(a)|8(s̄)(B))
|8(s̄)|

=

{
0 if a ∈ cℓ8(B),
1 if a ̸∈ cℓ8(B).

Proof. If a ̸∈ cℓ8(B), then rk(8(s̄)(a)|8(s̄)(B))= |8(s̄)| for all s̄ ∈ Nk , so

lim
min(s̄)→∞

rk(8(s̄)(a)|8(s̄)(B))
|8(s̄)|

= 1.

Suppose a belongs to cℓ8(B), as witnessed by s̄0 ∈ Nk . Then we have∑
∥ū∥=s̄0

f 8a|B(ū)= rk(8(s̄0)(a)|8(s̄0)(B)) < |8(s̄0)|.

It follows that f 8a|B(ū0)= 0 for some ū0 ∈ Nm with ∥ū0∥ = s̄0. By Lemma 2.1, we
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have f 8a|B(ū)= 0 whenever ū ⪰ ū0. Let s̄ ∈ Nk with s̄ ⪰ s̄0. Then

rk(8(s̄)(a)|8(s̄)(B))=

∑
∥ū∥=s̄

f 8a|B(ū)=

∑
∥ū∥=s̄
ū ̸⪰ū0

f 8a|B(ū)≤ |8(s̄)| − |8(s̄−s̄0)|.

Since |8(s̄−s̄0)|

|8(s̄)|
approaches 1 as min(s̄) grows, we have

lim
min(s̄)→∞

rk(8(s̄)(a)|8(s̄)(B))
|8(s̄)|

= 0. □

Proof of Theorem B. Let us first assume that each 8i is a triangular system. We
need to show that (X, cℓ8) is a finitary matroid. Monotonicity and finite character
are both clear. For idempotence, let a ∈ cℓ8(cℓ8(B)) and, using finite character,
take elements b1, . . . , bn ∈ cℓ8(B) with a ∈ cℓ8(b1, . . . , bn). We have

rk(8(s̄)(a)|8(s̄)(B))≤ rk(8(s̄)(a)|8(s̄)(b1, . . . , bn))+ rk(8(s̄)(b1, . . . , bn)|8
(s̄)(B))

≤ rk(8(s̄)(a)|8(s̄)(b1, . . . , bn))+

n∑
i=1

rk(8(s̄)(bi )|8
(s̄)(B)).

It follows that

lim
min(s̄)→∞

rk(8(s̄)(a)|8(s̄)(B))
|8(s̄)|

≤ lim
min(s̄)→∞

rk(8(s̄)(a)|8(s̄)(b1, . . . , bn))+
∑n

i=1 rk(8(s̄)(bi )|8
(s̄)(B))

|8(s̄)|
.

We conclude by Lemma 3.1 that a ∈ cℓ8(B). Finally, for exchange, suppose that
a ∈ cℓ8(Bb) \ cℓ8(B). Since cℓ8 has finite character, we may assume that B is
finite. Idempotence tells us that b ̸∈ cℓ8(B), so

rk(8(s̄)(a)|8(s̄)(B))= |8(s̄)| = rk(8(s̄)(b)|8(s̄)(B))

for all s̄. It follows that

rk(8(s̄)(b)|8(s̄)(Ba))= rk(8(s̄)(Bab))− rk(8(s̄)(Ba))

= rk(8(s̄)(Bab))− rk(8(s̄)(a)|8(s̄)(B))− rk(8(s̄)(B))

= rk(8(s̄)(Bab))− rk(8(s̄)(b)|8(s̄)(B))− rk(8(s̄)(B))

= rk(8(s̄)(a)|8(s̄)(Bb)).

Since a ∈ cℓ8(Bb), we see that b ∈ cℓ8(Ba).
Now we turn to the properties of the rank function rk8 associated to the matroid

(X, cℓ8). Let us show that

(3-1) lim
min(s̄)→∞

rk(8(s̄)(A)|8(s̄)(B))
|8(s̄)|

= rk8(A|B).
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We prove this by induction on |A|, with the case A = ∅ holding trivially. Suppose
that this holds for a given A, and let a ∈ X \ A. We have

lim
min(s̄)→∞

rk(8(s̄)(Aa)|8(s̄)(B))
|8(s̄)|

= lim
min(s̄)→∞

rk(8(s̄)(A)|8(s̄)(B))+ rk(8(s̄)(a)|8(s̄)(AB))
|8(s̄)|

= rk8(A|B)+ rk8(a|AB)= rk8(Aa|B),

where the second equality follows from the induction hypothesis and Lemma 3.1.
Finally, we will show that

P8A|B(Ȳ )=
rk8(A|B)

(d1 − 1)! · · · (dk − 1)!
Y d1−1

1 · · · Y dk−1
k + lower degree terms.

As min(s̄) grows, we have

P8A|B(s̄)= rk(8(s̄)(A)|8(s̄)(B)), |8(s̄)| =
sd1−1

1 · · · sdk−1
k

(d1−1)! · · · (dk−1)!
+ o(sd1−1

1 · · · sdk−1
k ),

so the leading coefficient of P8A|B is equal to the limit

lim
min(s̄)→∞

P8A|B(s̄)

sd1−1
1 · · · sdk−1

k

= lim
min(s̄)→∞

rk(8(s̄)(A)|8(s̄)(B))
(d1 − 1)! · · · (dk − 1)!|8(s̄)|

=
rk8(A|B)

(d1 − 1)! · · · (dk − 1)!
,

where the last equality follows from (3-1).
The second part of Theorem B, involving quasi-triangular systems and the 8∗-

closure, follows from the first part with 8∗ in place of 8. □

Remark 3.2. By Theorem B and Lemma 1.2, the 8-rank rk8(A|B) coincides with
the numerator of G8

A|B(Ȳ ), evaluated at the tuple (1, . . . , 1).

3A. Dependence on our choice of partition. The 8-closure operator is dependent
on our partition (81, . . . , 8k), as the following example illustrates:

Example 3.3. Let (X, cℓ) be the set Z with the trivial closure operator, so the rank
of any subset of Z is its cardinality. Let a ∈ Z, let φ1 be the map x 7→ x + 1,
let φ2 = φ1, and let 8 = (φ1, φ2). First, suppose 8 is partitioned trivially (so
k = 1). Then 8(t)(a) = {a + t} for any t ∈ N, so rk(8(t)(a)) = 1 < |8(t)| for
t > 0 and rk8(a) = 0. Now, suppose 8 is given the partition (81,82), where
81 = (φ1) and 82 = (φ2). Then 8(s1,s2)(a) = {a + s1 + s2} for s1, s2 ∈ N, so
rk(8(s1,s2)(a))= 1 = |8(s1,s2)| and rk8(a)= 1.
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On the other hand, the 8∗-closure operator is more robust, as it does not depend
on our partition:

Proposition 3.4. For a ∈ X , we have a ∈ cℓ8∗(B) if and only if (θa)θ∈2 is not
cℓ-independent over 2(B).

Proof. Clearly, if a ∈ cℓ8∗(B), then (θa)θ∈2 is not cℓ-independent over 2(B).
Suppose that (θa)θ∈2 is not cℓ-independent over 2(B), and take a finite subset
20 ⊆2 with rk(20(a)|2(B)) < |20|. Since cℓ has finite character, we can take
s̄ ∈ Nk with20 ⊆8⪯(s̄) such that rk(20(a)|8⪯(s̄)(B))< |20|. Set21 :=8⪯(s̄)

\20,
so

rk(8⪯(s̄)(a)|8⪯(s̄)(B))≤ rk(20(a)|8⪯(s̄)(B))+ rk(21(a)|8⪯(s̄)(B))

< |20| + |21| = |8⪯(s̄)
|.

We conclude that a ∈ cℓ8∗(B). □

Corollary 3.5. Suppose that each8i is a quasi-triangular system. Then rk8∗(A|B)
is the maximal size of a subset A0 ⊆ cℓ(2(AB)) such that (θa)θ∈2,a∈A0 is cℓ-
independent over 2(B).

Proof. Proposition 3.4 tells us that rk8∗(A|B) is the maximal size of a subset A0 ⊆ A
such that (θa)θ∈2,a∈A0 is cℓ-independent over 2(B). Let A′ be a finite subset of
cℓ(2(AB)) such that (θa)θ∈2,a∈A′ is cℓ-independent over 2(B). We will show
that |A′

| ≤ rk8∗(A|B). Again using Proposition 3.4, we may assume that B =2(B).
Arguing as in Proposition 2.3, we find s̄0 ∈ Nk such that Q8

A′|B(s̄)≤ Q8
A|B(s̄0+ s̄) for

all s̄ with min(s̄) sufficiently large. Then rk8∗(A′
|B)≤ rk8∗(A|B) by Theorem B,

and it remains to note that |A′
| = rk8∗(A′

|B). □

3B. Monoid actions by endomorphisms. Suppose that each φi is an endomorphism,
that is, suppose

a ∈ cℓ(B)H⇒ φi a ∈ cℓ(φi B)

for each i . Then φr̄ is an endomorphism for each r̄ ∈ Nm , so (r̄ , a) 7→ φr̄ (a) gives
us a monoid action Nm ↷(X, cℓ) by endomorphisms. In this case, each 8i is a
triangular system, so (X, cℓ8∗) is also a finitary matroid and

rk8∗(A)= lim
min(s̄)→∞

rk(8⪯(s̄)(A))
|8⪯(s̄)|

by Theorem B. Thus, we can view rk8∗(A) as an average of rk(A) over the action
Nm↷(X, cℓ), the averaging being with respect to the net

(
{r̄ ∈ Nm

: ∥r̄∥ ⪯ s̄}
)

s̄∈Nk

of subsets of Nm .

While our result on polynomial growth seems limited to the context of Nm acting
on (X, cℓ), one can make sense of this “averaging” for the right action of any
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cancellative left-amenable monoid, using the main theorem from [4]. Let M be
a cancellative left-amenable semigroup and let α : X × M → X be a right action
(X, cℓ)↶M by endomorphisms. Given finite subsets A ⊆ X and S ⊆ M , we put
rA(S) := rk(α(A, S)), where α(A, S)=

⋃
(a,s)∈A×S α(a, s). It is routine to check

that rA, as a map from finite subsets of M to N, satisfies the three conditions in the
statement of [4, Theorem 1.1]; for the second condition, one needs to use that s is a
matroid endomorphism and that our action is on the right. It follows that there is a
number rkM(A), depending only on M and A, such that

lim
i

rk(α(A, Fi ))

|Fi |
= lim

i

rA(Fi )

|Fi |
= rkM(A)

for any left-Følner net (Fi )i∈I of M (such nets always exist). Then rkM(A) serves
as this “averaged” rank.

4. Applications I: Some classical results

In this section, we give a handful of applications in the case that each φi is an
endomorphism of (X, cℓ).

4A. Polynomial growth of sumsets. Let G be a commutative semigroup. In [12],
Khovanskii showed that for finite subsets A, B ⊆ G, the size of the sumset A + t B
is given by a polynomial in t for t sufficiently large (here, A + t B is the set of all
elements a + b1 + · · · + bt , where a ∈ A and each bi ∈ B). Moreover, the degree
of this polynomial is less than the size of B. Using Theorem A, we can recover a
generalization of Khovanskii’s theorem, originally proven by Nathanson [25].

Corollary 4.1 (Nathanson). Let A, B1, . . . , Bk be finite subsets of G. Then there is
a polynomial P ∈ Q[Ȳ ] such that

|A + s1 B1 + · · · + sk Bk | = P(s̄)

whenever min(s̄) is sufficiently large. Moreover, the degree of P in each variable
Yi is less than |Bi |.

Proof. Let (X, cℓ) be the underlying set of the semigroup G with the trivial closure
operator, so the rank of any subset of G is its cardinality. Let b1, . . . , bm1 be an
enumeration of B1, let bm1+1, . . . , bm2 be an enumeration of B2, and so on. For
each i ∈ {1, . . . ,m}, let φi : G → G be the map x 7→ x + bi , so each φi is an
endomorphism. Then

8(s̄)(A)= A + s1 B1 + · · · + sk Bk

for each s̄ = (s1, . . . , sk) ∈ Nk , and it remains to invoke Theorem A. □
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The set B in Theorem A makes no appearance in the argument above. This
suggests a slight improvement:

Corollary 4.2. Let A, B1, . . . , Bk be finite subsets of G and let B be an arbitrary
subset of G. Then there is a polynomial P ∈ Q[Ȳ ] such that

|(A + s1 B1 + · · · + sk Bk) \ (B + s1 B1 + · · · + sk Bk)| = P(s̄)

whenever min(s̄) is sufficiently large.

4B. Counting elements in an ideal. In this next application, we make use of the
fact that if φ is an endomorphism of (X, cℓ) and φ(C)⊆ C for some C ⊆ X , then
φ is also an endomorphism of (X, cℓC).

Corollary 4.3. Let I be an ideal of Nm , that is, a ⪯-downward closed subset of
Nm . For each s̄ ∈ Nk , let HI (s̄) be the number of elements r̄ ∈ I with ∥r̄∥ = s̄. Then
there is a polynomial P ∈ Q[Ȳ ] such that

HI (s̄)= P(s̄)

whenever min(s̄) is sufficiently large.

Proof. Let C :=Nm
\ I , let (X, cℓ) be the set Nm with the trivial closure operator, and

let (X, cℓC) be the relativization of (X, cℓ) at C . Then rkC(Y )= |Y \ C | = |Y ∩ I |
for any subset Y ⊆ Nm . For each i ∈ {1, . . . ,m}, let φi : Nm

→ Nm be the map
r̄ 7→ r̄ + êi,m , so

rkC(8
(s̄)(0̄m))= |{r̄ ∈ Nm

: ∥r̄∥ = s̄} ∩ I | = HI (s̄).

Since I is ⪯-downward closed, we have φi (C)⊆ C for each i ∈ {1, . . . ,m}. Thus,
φ1, . . . , φm are commuting endomorphisms of (X, cℓC), and the corollary follows
from Theorem A. □

The following variant of Corollary 4.3 was established by Kondratieva, Levin,
Mikhalev, and Pankratiev [16], with the k = 1 case first proven by Kolchin [15,
Chapter 0, Lemma 16]. This variant can be deduced in the same way as Corollary 4.3;
just use Corollary A in place of Theorem A:

Corollary 4.4 [16, Theorem 2.2.5]. Let I be an ideal of Nm , and for each s̄ ∈ Nk ,
let H∗

I (s̄) be the number of elements r̄ ∈ I with ∥r̄∥ ⪯ s̄. Then there is a polynomial
Q ∈ Q[Ȳ ] such that

H∗

I (s̄)= Q(s̄)

whenever min(s̄) is sufficiently large.
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4C. The Hilbert polynomial. Let K be a field and let R := K [x1, . . . , xm], where
x1, . . . , xm are indeterminates. Using our partition (81, . . . , 8k), we associate to R
an Nk-grading R =

⊕
s̄∈Nk Rs̄ as follows: the graded part Rs̄ is the K -vector space

generated by monomials xr1
1 · · · xrm

m with ∥r̄∥ = s̄. Let M =
⊕

s̄∈Zk Ms̄ be a finitely
generated graded R-module. Then each graded piece Ms̄ is a finite-dimensional
K -vector space. The Hilbert function of M , denoted HM : Zk

→ N, is given by
HM(s̄) := dimK (Ms̄). The following result is classical:

Corollary 4.5. There is a polynomial P ∈ Q[Ȳ ] such that

HM(s̄)= P(s̄)

whenever min(s̄) is sufficiently large.

Proof. Let (X, cℓ) be the underlying set of our R-module M with the K -linear
closure operator (that is, the closure of any subset of M is its K -linear span).
For each i ∈ {1, . . . ,m}, let φi : M → M be the map a 7→ xi · a. Since M is
finitely generated, we can find an index s̄0 and a finite set A ⊆ Ms̄0 such that the
R-submodule

⊕
s̄⪰s̄0

Ms̄ is generated by A. By re-indexing, we may assume that
s̄0 = 0̄k . Then for each s̄ ∈ Nk , the graded part Ms̄ is generated as a K -vector space
by 8(s̄)(A), so

dimK (Ms̄)= rk(Ms̄)= rk(8(s̄)(A)).

The corollary follows from Theorem A. □

While we deduce Corollary 4.5 from Theorem A, one can also deduce Theorem A
from Corollary 4.5 using the decreasing function f 8A|B that we constructed and
exploited in Section 2A:

Proposition 4.6. Let A, B, and 8 = (81, . . . , 8k) be as in Theorem A. There
is a finitely generated graded R-module M =

⊕
s̄∈Nk Ms̄ such that dimK Ms̄ =

rk(8(s̄)(A)|8(s̄)(B)) for all s̄ ∈ Nk .

Proof. Let f 8A|B : Nm
→ N be as in the proof of Theorem A, so f 8A|B is decreasing

and bounded above by |A|. For each n ≥ 1, we put In = {ū ∈ Nm
: f 8A|B(ū)≥ n}, so

In is an ideal of Nm , as defined in Corollary 4.3, and In =∅ whenever n > |A|. Let
χn be the indicator function of In , so f 8A|B = χ1 +χ2 +· · · and for s̄ ∈ Nk , we have

rk(8(s̄)(A)|8(s̄)(B))=

∑
∥ū∥=s̄

f 8A|B(ū)=

∑
n≥1

∑
∥ū∥=s̄

χn(ū).

For each n ≥ 1, let Mn := R/(X̄ ū
: ū ̸∈ In), so Mn =

⊕
s̄∈Nk (Mn)s̄ is a graded

R-module with

dimK (Mn)s̄ = |{ū ∈ In : ∥ū∥ = s̄}| =

∑
∥ū∥=s̄

χn(ū).
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Let M :=
⊕

n≥1 Mn . Then

dimK Ms̄ =

∑
n≥1

dimK (Mn)s̄ = rk(8(s̄)(A)|8(s̄)(B)). □

Much work has been done on characterizing exactly which numerical polynomials
arise as Hilbert polynomials of finitely generated graded R-modules; see [11] for
our present multivariate setting. It follows from the above proposition that we don’t
obtain any new dimension polynomials in our framework:

Corollary 4.7. The dimension polynomials we obtain in Theorem A are exactly the
Hilbert polynomials of finitely generated graded R-modules, as in Corollary 4.5.

4D. Tropical ideals. Let R̄ be the tropical semiring R ∪ {∞} with operations
a ⊕ b := min(a, b) and a ⊙ b = a + b. Let R̄[x̄] = R̄[x1, . . . , xm] consist of the
tropical polynomials f (x̄) =

⊕
r̄ fr̄ ⊙ x̄ r̄ . Then R̄[x̄] is a tropical semiring in its

own right, where ⊕ and ⊙ are extended to R̄[x̄] in the natural way. We associate to
each tropical polynomial f the subset of monomials supp( f ) := {x̄ r̄

: fr̄ ̸= ∞}.

An ideal is a subset I ⊆ R̄[x̄] which is closed under sums and multiplication by
elements of R̄[x̄]. Following Maclagan and Rincón [22], we say that an ideal I is
tropical if it satisfies the ‘monomial elimination axiom’: for any f, g ∈ I and any
r̄ ∈ Nm for which fr̄ = gr̄ ̸= ∞, there is h ∈ I such that hr̄ = ∞ and hū ≥ fū ⊕ gū

for all ū ∈ Nm , with equality whenever fū ̸= gū . Using our partition (81, . . . , 8k),
we associate to R̄[x̄] an Nk-grading, where the graded part R̄[x̄]s̄ consists of all
homogeneous tropical polynomials of degree s̄. We call an ideal I homogeneous if
it is homogeneous with respect to this grading.

Let I be a homogeneous tropical ideal. For s̄ ∈ Nk , let Is̄ = I ∩ R̄[x̄]s̄ . Let
Mons̄ := {x̄ r̄

: ∥r̄∥ = s̄} be the set of monomials of degree s̄, and define the closure
operator cℓI : P(Mons̄)→ P(Mons̄) as follows: for A ⊆ Mons̄ , let cℓI (A) consist
all elements of A along with all x̄ r̄

∈ Mons̄ such that A0 ∪{x̄ r̄
} = supp( f ) for some

A0 ⊆ A and some f ∈ Is̄ .

Lemma 4.8. (Mons̄, cℓI ) is a finite matroid.

Proof. Monotonicity is clear. For idempotence, let x̄ r̄
∈ cℓI (cℓI (A)), and take

f ∈ Is̄ with supp( f ) = B ∪ {x̄ r̄
} for some B ⊆ cℓI (A). We may assume that

|B \ A| is minimal, and we want to show that |B \ A| = 0. Suppose that this is
not the case, let x̄ ū

∈ B \ A, and take g ∈ Is̄ with supp(g) = A0 ∪ {x̄ ū
} for some

A0 ⊆ A. By multiplying g with an appropriate element of R̄, we may arrange that
gū = fū . By the monomial elimination axiom, there is h ∈ Is̄ such that supp(h)=

B∗
∪{x̄ r̄

} for some B∗
⊆ (B ∪ A0)\{x̄ ū

}. But then |B∗
\ A|< |B \ A|, contradicting

our choice of B. Finally, for exchange, let x̄ r̄ , x̄ ū
∈ Mons̄ and A ⊆ Mons̄ with

x̄ r̄
∈ cℓI ({x̄ ū

} ∪ A) \ cℓI (A). Take f ∈ Is̄ with supp( f ) = B ∪ {x̄ r̄
} for some
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B ⊆ {x̄ ū
} ∪ A. If B ⊆ A, then we would have x̄ r̄

∈ cℓI (A), so B must contain x̄ ū .
Then x̄ ū

∈ cℓI ({x̄ r̄
} ∪ A), as witnessed by f . □

Corollary 4.9. Let I be a homogeneous tropical ideal. There is a polynomial
P ∈ Q[Ȳ ] such that

rkI (Mons̄)= P(s̄)

whenever min(s̄) is sufficiently large, where rkI is the rank associated to cℓI .

Proof. Let Mon := {x̄ r̄
: r̄ ∈ Nm

} be the collection of all monomials. We extend the
closure operators on the sets Mons̄ to a closure operator cℓI on Mon as follows:

x̄ r̄
∈ cℓI (A) :⇐⇒ x̄ r̄

∈ cℓI (A ∩ Mon∥r̄∥).

Then (Mon, cℓI ) is the disjoint union of the finite matroids (Mons̄, cℓI ), so one
easily verifies that (Mon, cℓI ) is a finitary (infinite) matroid. It is also routine to
check that the map x̄ r̄

7→ xi ⊙ x̄ r̄ is an endomorphism of (Mon, cℓI ). Note that

rkI (Mons̄)= rkI (8
(s̄)(x̄ 0̄m )),

so the corollary follows from Theorem A. □

Remark 4.10. Maclagan and Rincón [22] established Corollary 4.9 in the case
k = 1. In their definition of a tropical ideal, the underlying matroid is defined in
terms of circuits (minimal dependent sets). The circuits are exactly the minimal
nonempty elements of the set {supp( f ) : f ∈ Is̄}, ordered by inclusion. In fact,
Maclagan and Rincón equip the underlying sets Mons̄ with the richer structure
of a valuated matroid (though the Hilbert polynomial is defined in terms of the
underlying classical matroid).

5. Applications II: Simplicial complexes and Betti numbers

Let K be a simplicial complex. In this section, we consider commuting simplicial
endomorphisms φ1, . . . , φm of K. We will use Theorem A to show that for a finite
subcomplex A ⊆ K, the Betti numbers bn(8

(s̄)(A)) are all eventually polynomial
in s̄.

Let (C•, ∂•) be the chain complex associated to K, so Cn is the free abelian
group generated by the n-simplices in K and ∂n : Cn → Cn−1 is the boundary map.
For each n, we define two ranks on Cn as follows: given a finite subset B ⊆ Cn , we
let rkn(B) be the rank of the group generated by B, and we let rk∂n(B) be the rank
of the image of this group under ∂n . Note that rk∂0 is always zero.

Given a finite subcomplex A of K, we have an associated chain subcomplex
(C•(A), ∂•) ⊆ (C•, ∂•). We write rkn(A) and rk∂n(A) in place of rkn(Cn(A)) and
rk∂n(Cn(A)). Then rkn(A) − rk∂n(A) is the rank of the kernel of ∂n : Cn(A) →
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Cn−1(A), and rk∂n+1(A) is the rank of the image of ∂n+1 : Cn+1(A) → Cn(A). It
follows that the n-th Betti number of A — that is, the rank of the n-th simplicial
homology group Hn(A)— is exactly rkn(A)− rk∂n(A)− rk∂n+1(A). It is routine to
verify the following:

Lemma 5.1. For each n, the functions rkn and rk∂n both are rank functions of finitary
matroids on Cn . That is, if we define the closure operators cℓn and cℓ∂n on Cn by
putting

a ∈ cℓn(B) :⇐⇒ rkn(B0 ∪ {a})= rkn(B0) for some finite B0 ⊆ B

a ∈ cℓ∂n(B) :⇐⇒ rk∂n(B0 ∪ {a})= rk∂n(B0) for some finite B0 ⊆ B,

then (Cn, cℓn) is a finitary matroid with corresponding rank function rkn , and
likewise for (Cn, cℓ∂n).

Let V (K) denote the vertex set of K (that is, the set of zero-dimensional sim-
plices). A simplicial endomorphism of K is a map f : V (K)→ V (K) that maps
every simplex in K to a (possibly lower-dimensional) simplex in K. Explicitly,
if σ ∈ K is an n-simplex with vertex set {v0, . . . , vn} ⊆ V (K), then we require
that { f (v0), . . . , f (vn)} be the vertex set of a simplex in K, which we denote
f (σ ). If A is a subcomplex of K, then f (A) := { f (σ ) : σ ∈ A} is also a subcom-
plex of K. Any simplicial endomorphism of K induces a chain endomorphism
f• : (C•, ∂•)→ (C•, ∂•). Thus:

Lemma 5.2. Let f be a simplicial endomorphism of K, and let f• : (C•, ∂•) →

(C•, ∂•) be the chain endomorphism induced by f . Then fn is an endomorphism of
the finitary matroids (Cn, cℓn) and (Cn, cℓ∂n) for each n.

We can now state our result on the growth of Betti numbers:

Corollary 5.3. Let A be a finite subcomplex of K and suppose that each φi is a
simplicial endomorphism of K. Then for each n, the n-th Betti number bn(8

(s̄)(A))
is eventually polynomial in s̄.

Proof. For a fixed n, we have bn(8
(s̄)(A)) = rkn(8

(s̄)(A)) − rk∂n(8
(s̄)(A)) −

rk∂n+1(8
(s̄)(A)). These three ranks are eventually polynomial in s̄ by Theorem A,

so bn(8
(s̄)(A)) is as well. □

5A. Topological dynamical systems. Let B be a topological space, let φ1, . . . , φm

be commuting continuous maps B → B, and let A be a compact subspace of B.
We say that the topological dynamical system (B, A;φ1, . . . , φm) is triangulable
if there is a simplicial complex K with underlying space |K|, a finite subcomplex
K0 ⊆ K, simplicial maps f1, . . . , fm : K → K, and a homeomorphism τ : |K| → B
such that τ(|K0|)= A and such that τ ◦ fi = φi ◦τ for each i . If (B, A;φ1, . . . , φm)
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is triangulable, then n-th Betti number bn(8
(s̄)(A)) is eventually polynomial in s̄

by Corollary 5.3.

This leads to the question: if (B, A;φ1, . . . , φm) is a nontriangulable topological
dynamical system, can the Betti numbers bn(8

(s̄)(A)) fail to grow eventually
polynomially? The following example shows that even for relatively nice topological
dynamical systems, this can fail. Let A ⊆R2 be the circle of radius

√
2/2, centered at

the point (0, 1). Take α ∈ (0, π/2) such that α/π is irrational, and let φ : R2
→ R2

be counterclockwise rotation by α about the origin. We consider the (clearly
nontriangulable) system (R2, A; id, φ), pictured below, where id is the identity
map.

A

(id, φ)

A ∪φ(A)

•

•

α

(id, φ)
•

•

•

•

2α

(id, φ)
•

••
•

3α

For each t , put At := A ∪ · · · ∪ φt(A). We apply Mayer–Vietoris to At+1 =

At ∪φt+1(A), using that H1(At ∩φt+1(A))= 0, to get an exact sequence

0 → H1(At)⊕ H1(A)→ H1(At+1)→ H0(At ∩φt+1(A))

→ H0(At)⊕ H0(A)→ H0(At+1)→ 0.

With the exception of H1(At+1), H1(At), and H0(At ∩φt+1(A)), all the homology
groups above have rank 1, so we compute that

(5-1) b1(At+1)− b1(At)= b0(At ∩φt+1(A)).

The intersection At ∩φ
t+1(A) is indicated by dots in the picture above. To determine

the number of connected components in this intersection (that is, zeroth Betti
number), let us first compute the intersection of two circles φi (A) and φ j (A). If
the angle between these two circles is less than π/2 in absolute value, then φi (A)
and φ j (A) intersect in exactly two points. If the angle is larger than π/2, then
φi (A) and φ j (A) are disjoint. The case that φi (A) and φ j (A) intersect in exactly
one point never occurs, as α/π is irrational. It follows that for t large enough, the
Betti number b0(At ∩φt+1(A)) is an even number which is approximately equal
to t + 1. In particular b0(At ∩ φt+1(A)) is not eventually polynomial in t . Using
(5-1), we see that b1(At) cannot be eventually polynomial in t either.

5B. The graphic matroid. Let G be an undirected graph with vertex set V (G) and
edge set E(G). Then G is a simplicial complex with only zero and one-dimensional
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simplices. The rank rk0 corresponds to the cardinality of a set of vertices, the rank
rk1 gives the cardinality of a set of edges, and rk∂1 is the rank with respect to the
graphic matroid on E(G). It follows from Corollary 5.3 that for a finite subgraph
A ⊆ G and commuting graph endomorphisms φ1, . . . , φm of G, the first two Betti
numbers b0(8

(s̄)(A)) and b1(8
(s̄)(A)) are eventually polynomial in s̄.

Using the graphic matroid, we can construct an example that shows that our
assumption in Theorem A that each 8i is triangular is, in some sense, necessary.
Consider the following graph G:

•

•

•

•

• •

•

•

• •

•

•

•

· · ·

a0

c0b0

a1

b1

c1
a2

c2b2

a3

b3

c3
a4

c4b4

a5

b5

c5

Let φ be the map sending ai to ai+1, sending bi to bi+1, and sending ci to
ci+1 for each i . Let cℓ be the closure operator associated to the graphic matroid
on E(G) (explicitly, an edge a is in the closure of a set of edges B if there are
b1, . . . , bn ∈ B which connect the endpoints of a), and let rk be the corresponding
rank function. One can check that φa ∈ cℓ(BφB) whenever a ∈ cℓ(B), so φ is a
quasi-endomorphism of the graphic matroid E(G). We have

rk(φt(a0, b0, c0))= rk(at , bt , ct)=

{
2 if t is even,
3 if t is odd,

so the conclusion of Theorem A fails for the single map φ. Of course, since φ is a
quasi-endomorphism, Corollary A tells us that rk({ai , bi , ci : i ≤ t}) is eventually
polynomial in t , as can easily be verified.

6. Applications III: Difference-differential fields

In this final section, we examine endomorphisms of and derivations on (expansions
of) fields. Recall that a derivation on a field K is a map δ : K → K that satisfies
the identities

δ(a + b)= δa + δb, δ(ab)= aδb + bδa

for all a, b ∈ K .

6A. Kolchin polynomials for difference-differential fields. Let K be a field of
characteristic zero. We let acl be algebraic closure in K , so for A ⊆ K , the
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set acl(A) consists of all a ∈ K which are algebraic over the field Q(A). Then
(K , acl) is a finitary matroid, and the rank of A ⊆ K with respect to acl is equal
to trdegQ Q(A), the transcendence degree of Q(A) over Q. Clearly, any field
endomorphism σ : K → K is an endomorphism of (K , acl).

Lemma 6.1. Let δ be a derivation on K . Then δ is a quasi-endomorphism of
(K , acl).

Proof. Let a ∈ K and B ⊆ K with a ∈ acl(B). Let P be a polynomial of minimal
degree witnessing this, so P(a)= 0 and P ′(a) ̸= 0. Write P(X)=

∑
d bd Xd , where

each bd ∈ Q[B]. We have

0 = δP(a)=
∑

d

δ(bdad)=
∑

d

(
δ(bd)ad

+dbdad−1δa
)

=

∑
d

δ(bd)ad
+ P ′(a)δa,

so δa ∈ acl(aBδB)⊆ acl(BδB), as desired. □

Suppose now that 8= (φ1, . . . , φm) is a collection of commuting maps K → K ,
each of which is either a derivation or a field endomorphism (hence, a quasi-
endomorphism of (K , acl) by Lemma 6.1). Then (K , φ1, . . . , φm) is called a
difference-differential field (or a d-field for short). Let F be a d-subfield of K ,
that is, a subfield of K which is closed under each φi . Then each φi is a quasi-
endomorphism of the relativization (K , aclF ) of (K , acl), and the rank of a subset
A ⊆ K with respect to aclF coincides with trdegF F(A). Applying Corollary A,
Proposition 2.3, and Corollary 3.5 to (K , aclF ), we get the following:

Corollary 6.2. Let ā be a tuple from K . Then there is a polynomial Q8
ā ∈ Q[Ȳ ]

such that
trdegF F(8⪯(s̄)(ā))= Q8

ā (s̄)

whenever min(s̄) is sufficiently large. Moreover:

(i) The dominant terms of Q8
ā only depend on the algebraic closure of the d-field

extension F(2(ā)), that is, if b̄ ∈ K and if F(2(ā)) and F(2(b̄)) have the
same algebraic closure in K , then Q8

ā and Q8

b̄
have the same dominant terms.

(ii) The coefficient of Ȳ d̄ in Q8
ā times d1! · · · dk ! is equal to the maximal size of

a subset B ⊆ aclF (2(ā)) such that the tuple (θb)θ∈2,b∈B is algebraically
independent over F.

The case when k = 1 and each φi is a derivation was established by Kolchin [14].
The multivariate differential case (each φi is a derivation but k is arbitrary) was
shown by Levin [18]. The case where each φi is an endomorphism is also due
to Levin [19], as is the most general case to date: where each φi may be either a
derivation or an endomorphism, but each part of the partition 8i must consist of
only derivations or endomorphisms; see [20]. Our Corollary 6.2 is slightly more
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general than the result in [20], since the parts of the partition can consist of both
derivations and endomorphisms.

6B. Modules over a difference-differential field. Let (K ,8) be a difference-
differential field, and let K [8] denote the ring of linear difference-differential
operators over K , so K [8] consists of elements

∑
r̄ λr̄φ

r̄ with finitely many nonzero
coefficients λr̄ . The multiplication on K [8] satisfies the identity

φiλ=

{
φi (λ)φi if φi is an endomorphism of K ,
φi (λ)+ λφi if φi is a derivation on K ,

for i ∈ {1, . . . ,m} and λ ∈ K . Let V be a left K [8]-module. For each i and each
v ∈ V , we let φi (v) := φi · v, so each φi is a map V → V .

Lemma 6.3. Let cℓ denote the K -linear closure operator on V and let i ∈{1, . . . ,m}.
If φi is an endomorphism of K , then the map v 7→ φi (v) is an endomorphism of
(V, cℓ). If φi is a derivation on K , then the map v 7→φi (v) is a quasi-endomorphism
of (V, cℓ).

Proof. Let v1, . . . , vn ∈ V and suppose that v is in the K -linear span of v1, . . . , vn .
Take scalars λ1, . . . , λn ∈ K with v=

∑n
j=1 λ j ·v j . If φi is an endomorphism of K ,

then

φi (v)=

n∑
j=1

φi (λ j · v j )=

n∑
j=1

φi (λ j ) ·φi (v j ),

so φi (v) is in the K -linear span of φi (v1), . . . , φi (vn). If φi is a derivation on K ,
then

φi (v)=

n∑
j=1

φi (λ j · v j )=

n∑
j=1

φi (λ j ) · v j + λ j ·φi (v j ),

so φi (v) is in the K -linear span of v1, . . . , vn, φi (v1), . . . , φi (vn). □

We now associate to K [8] an Nk-filtration as follows: for s̄ ∈ Nk , let K [8]s̄

consist of the linear operators
∑

∥r̄∥⪯s̄ λr̄φ
r1
1 · · ·φ

rm
m . Let V =

⋃
s̄∈Zk Vs̄ be a filtered

K [8]-module. Following Johnson [9], we say that the filtration (Vs̄)s̄∈Zk is excellent
if each Vs̄ is finite-dimensional as a K -vector space and if there is s̄0 ∈ Zk such that

Vs̄ = {D(v) : D ∈ K [8]s̄−s̄0 and v ∈ Vs̄0}

for all s̄ ⪰ s̄0.

Corollary 6.4. Let V =
⋃

s̄∈Zk Vs̄ be an excellently filtered K [8]-module. There is
a polynomial Q ∈ Q[Ȳ ] such that

dimK (Vs̄)= Q(s̄)

whenever min(s̄) is sufficiently large.
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Proof. Let (X, cℓ) be the underlying set of V with the K -linear closure operator.
Since V is excellent, we can find an index s̄0 and a finite set A ⊆ Vs̄0 such that
the K [8]-module

⋃
s̄⪰s̄0

Vs̄ is generated by A. By re-indexing, we may assume
that s̄0 = 0̄k . Then for each s̄ ∈ Nk , the graded part Vs̄ is generated as a K -vector
space by

8⪯(s̄)(A)= {φr̄ (a) : ∥r̄∥ ⪯ s̄ and a ∈ A}.

Thus, dimK (Vs̄)= rk(8⪯(s̄)(A)) for s̄ ∈ Nk . The claim follows from Corollary A.
□

Remark 6.5. In the case that each φi is a derivation on K and k = 1, Corollary 6.4
is due to Johnson [9], who used this result to establish the existence of the Kolchin
polynomial. Variations of this result were later given by Levin; see [17] for the case
where each φi is a field automorphism. The dimension polynomial for modules
over rings of differential operators also appears in work of Bernshtein [3].

6C. Higher derivations and D-fields. Let K be a field. A higher derivation on K
is a tuple 1 = (δ0, δ1, . . . , δm) where δ0 : K → K is the identity map and where
δi : K → K is an additive map satisfying the identity

δi (xy)=

∑
j≤i

δ j (x)δi− j (y)

for each i ≤ m; see [23, Section 27]. Note that δ1 is a classical derivation on K .
We may relax the assumption that δ0 is the identity map and ask only that it is an
endomorphism. In this case, we call 1 a twisted higher derivation on K .

We will consider higher derivations as a particular case of D-fields in the sense
of [24]. For the remainder of this subsection, fix a subfield A of K , and let
1= (δ0, δ1, . . . , δm) be a tuple of A-linear maps from K to K . We say that (K ,1)
is a twisted D-field if δ0 is an endomorphism of K and, for every k = 1, . . . ,m,
there are coefficients ai, j,k ∈ A such that

(6-1) δk(xy)=

∑
i, j≤m

ai, j,kδi (x)δ j (y).

We refer the reader to [24] for a more precise description of D-fields. We do note
that in [24], the coefficients ai, j,k only depend on the ring scheme D, and that the
first map δ0 is required to be the identity map, not just a ring endomorphism. This
is why we refer to (K , δ0, . . . , δm) as a “twisted” D-field.

We say that the twisted D-field (K ,1) is pyramidal if the coefficients ai, j,k

satisfy the following additional conditions:

(1) ak,0,k = a0,k,k = 1;

(2) if i > 0, then ak,i,k = ai,k,k = 0;
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(3) if i > k or j > k, then ai, j,k = 0.

If (K ,1) is a pyramidal twisted D-field, then we can rewrite (6-1) as

δ0(xy)= δ0(x)δ0(y),

δk(xy)= δk(x)δ0(y)+
∑

i, j<k

ai, j,kδi (x)δ j (y)+ δ0(x)δk(y) for k = 1, . . . ,m.

The following lemma can be established via a straightforward induction on k and d:

Lemma 6.6. Let (K ,1) be a pyramidal twisted D-field. Then for each 0< k ≤ m
and each d ∈ N, there is a polynomial Rk,d over A such that

δk(ad)= dδ0(a)d−1δk(a)+ Rk,d(δ0a, . . . , δk−1a).

for all a ∈ K .

Lemma 6.7. Let (K ,1) be a pyramidal twisted D-field of characteristic zero. Let
a ∈ K , and let B ⊆ K . If a ∈ aclA(B), then δka ∈ aclA(δ0 B · · · δk B) for each k ≤ m.

Proof. Take a nonzero polynomial P(X) of minimal degree witnessing that a ∈

aclA(B), so P(a)=0 and P ′(a) ̸=0. Write P(X)=
∑

d bd Xd where each bd ∈ A[B].
We will show by induction on k ≤ m that δka ∈ aclA(δ0 B · · · δk B). This holds for
k = 0 since δ0 is an endomorphism of K . Let 0 < k ≤ m, and assume that
δ j a ∈ aclA(δ0 B · · · δ j B) for all j < k. By Lemma 6.6, we have

0 = δk P(a)

=

∑
d

δk(bdad)=

∑
d

(
δk(bd)δ0(ad)+

∑
i, j<k

ai, j,kδi (bd)δ j (ad)+ δ0(bd)δk(ad)
)

=

∑
d

(
δk(bd)δ0(ad)+

∑
i, j<k

ai, j,kδi (bd)δ j (ad)+ δ0(bd)Rk,d(δ0a, . . . , δk−1a)

+ δ0(bd)dδ0(a)d−1δk(a)
)

=

∑
d

(
δk(bd)δ0(ad)+

∑
i, j<k

ai, j,kδi (bd)δ j (ad)+ δ0(bd)Rk,d(δ0a, . . . , δk−1a)
)

+ δ0(P ′(a))δk(a).

Since P ′(a) ̸= 0, this shows that δka is algebraic over δ0 B · · · δk B, together with
δ j (ad) for j < k. Applying Lemma 6.6 again and using our induction hypothesis,
we see that

δ j (ad) ∈ aclA(δ0a, . . . , δ j a)⊆ aclA(δ0 B · · · δk B)

for j < k, so δka ∈ aclA(δ0 B · · · δk B). □

Corollary 6.8. Let K be a field of characteristic zero, let F be a subfield of K
containing A, let ā be a tuple from K , and let 8= (81, . . . , 8k) be a partitioned
set of commuting maps K → K . Suppose for each i = 1, . . . , k that (K ,8i ) is a
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pyramidal twisted Di -field, and that (F,8i ) is a Di -subfield of K . Then there is a
polynomial P8ā ∈ Q[Ȳ ] such that

trdegF F(8(s̄)(ā))= P8ā (s̄)

whenever min(s̄) is sufficiently large.

Question 6.9. Does Corollary 6.8 hold for all D-fields (in the sense of [24]) with
commuting operators?

6D. Higher derivations in positive characteristic. Let K be a field of characteristic
p > 0. Then any derivation δ on K is trivial on the subfield K p

⊆ K , as δa p
=

pa p−1δa = 0 for a ∈ K . It follows that δ is not generally a quasi-endomorphism
of (K , acl). For example, let K = Fp(x, y) with x, y mutually transcendental over
Fp, and consider the derivation δ on K that satisfies δx = 1, δy = x . We have
y ∈ acl(y p), but

δy = x ̸∈ acl(y p, δy p)= acl(y p).

One may attempt to remedy this by using the separable closure scl in place of the
algebraic closure, but then we run into a different issue: (K , scl) need not be a
finitary matroid. For example, with K as above, we have x p

∈ scl(x) \ scl(∅) but
x ̸∈ scl(x p). This second issue can be solved by relativizing at K p.

Before checking that (K , sclK p) is indeed a finitary matroid, we note that for
any P(X) ∈ K p

[X ] and any a ∈ K , there is some polynomial Q(X) ∈ K p
[X ]

of degree at most p − 1 with P(a) = Q(a) and P ′(a) = Q′(a). To obtain Q,
we simply replace any monomial Xnp+d appearing in P with anp Xd

∈ K p
[X ].

Thus, we have a ∈ sclK p(B) if and only if P(a)= 0 for some nonzero polynomial
P(X) ∈ K p

[B][X ] of degree at most p − 1.

Lemma 6.10. (K , sclK p) is a finitary matroid.

Proof. Since monotonicity, idempotence, and finite character hold for scl, and
since these properties are preserved by relativization, we need only check Steinitz
exchange. Let a, b ∈ K and A ⊆ K , and suppose that a ∈ sclK p(Ab) \ sclK p(A).
Let P(X, Y ) be a nonzero polynomial over K p

[A] of degree at most p − 1 in both
X and Y with P(a, b)= 0. We write

P(X, Y )=

∑
d<p

Qd(X)Y d

where each Qd(X) is a polynomial over K p
[A] of degree at most p − 1. As P is

nonzero, some Qd is nonzero, so Qd(a) ̸= 0 as a ̸∈ sclK p(A). Thus, P(a, b)= 0
and P(a, Y ) ̸= 0, so b ∈ sclK p(Aa). □

Given a subfield F ⊆ K , the rank rk(K |F) corresponding to the closure sclK p is
the cardinality of a p-basis for F over K ; see [23, Section 26].
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We return to the setting of pyramidal twisted D-fields. Again, we fix a subfield
A ⊆ K and a tuple 1 = (δ0, . . . , δm) of A-linear maps K → K . Lemma 6.6
still applies. Therefore, the following lemma can be proven in the same way as
Lemma 6.7 above, so long as one takes the polynomial P in that proof to have
degree at most p − 1.

Lemma 6.11. Let (K ,1) be a pyramidal twisted D-field of characteristic p > 0.
Let a ∈ K , and let B ⊆ K . If a ∈ sclK p[A](B), then δka ∈ sclK p[A](δ0 B · · · δk B) for
each k ≤ m. In particular,

(i) Any field endomorphism of K is an endomorphism of (K , sclK p),

(ii) Any derivation on K is a quasi-endomorphism of (K , sclK p).

(iii) Any commuting twisted higher derivation on K is a triangular system with
respect to the matroid (K , sclK p).

Accordingly, we can prove a positive characteristic analog of Corollary 6.8.

Corollary 6.12. Let K be a field of characteristic p > 0, let F be a subfield of
K containing K p

[A], let ā be a tuple from K , and let 8 = (81, . . . , 8k) be a
partitioned set of commuting maps K → K . Suppose for each i = 1, . . . , k that
(K ,8i ) is a pyramidal twisted Di -field, and that (F,8i ) is a Di -subfield of K . Then
there is a polynomial P8ā ∈ Q[Ȳ ] such that the size of a p-basis for F(8(s̄)(ā)) is
equal to P8ā (s̄), whenever min(s̄) is sufficiently large.

6E. Kolchin polynomials for difference-differential exponential fields. Let K
be a field of characteristic zero. An exponential on K is a group homomorphism
E : A(K )→ K ×, where A(K ) is a divisible subgroup of the additive group of K .
If E is an exponential on K , then the pair (K , E) is called an exponential field. A
subfield F of K is an exponential subfield if E(a)∈ F for all a ∈ A(F) := A(K )∩F .
The fields R and C with their usual exponential functions are exponential fields
(where the domain of the exponential is the entire field).

Let (K , E) be an exponential field. An E-term is a partial function given by
arbitrary compositions of E and polynomials over Z. Model theoretically speaking,
an E-term is a term in the language (+, ·,−, 0, 1, E); to avoid partially defined
functions, one may take E to be identically zero away from A(K ). Let B ⊆ K .
A tuple ā = (a1, . . . , an) is said to be a regular solution to a Khovanskii system
over B if there is a tuple b̄ = (b1, . . . , bm) from B and E-terms t1, . . . , tn in n + m
variables such that

t1(ā, b̄)= · · · = tn(ā, b̄)= 0, det


∂t1
∂X1
(ā, b̄) · · ·

∂t1
∂Xn
(ā, b̄)

...
. . .

...
∂tn
∂X1
(ā, b̄) · · ·

∂tn
∂Xn
(ā, b̄)

 ̸= 0.
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The exponential-algebraic closure of B, written ecl(B), consists of all components
of any regular solution to a Khovanskii system over B. The exponential-algebraic
closure was first defined by Macintyre [21], and Kirby later showed that (K , ecl) is
always a finitary matroid [13, Theorem 1.1], extending earlier work of Wilkie [29].
If F is an exponential subfield of K and A is a subset of K , then we let F(A)E

denote the exponential subfield of K generated by F and A, and we define the
exponential transcendence degree of F(A)E over F , denoted etrdegF F(A)E , to be
the rank rk(F(A)E

∣∣F)= rk(A|F) given by the matroid (K , ecl).

An exponential endomorphism of K is a field endomorphism σ : K → K such that
σ E(a)= E(σa) for all a ∈ A(K ). An exponential derivation on K is a derivation
δ : K → K which satisfies the identity δE(a)= E(a)δa for all a ∈ A(K ).

Lemma 6.13. Any exponential endomorphism of K is an endomorphism of (K , ecl).
Any exponential derivation on K is a quasi-endomorphism of (K , ecl).

Proof. Let σ be an exponential endomorphism of K , let δ be an exponential
derivation on K , and let B ⊆ K . If a ∈ K is a component of a regular solution to
a Khovanskii system over B, then σ(a) is a component to a regular solution to a
Khovanskii system over σ(B), namely, the same Khovanskii system but with the
parameters from B replaced with the corresponding parameters from σ(B). Thus,
σ is an endomorphism of (K , ecl).

To see that δ is a quasi-endomorphism of (K , ecl), we use [13, Theorem 1.1],
which states that a ∈ K belongs to ecl(B) if and only if every exponential derivation
on K which vanishes on B also vanishes at a. Suppose a ∈ ecl(B), and let ϵ be an
exponential derivation on K which vanishes on B ∪ δ(B). We need to show that
ϵδa = 0. Consider the map ϵδ− δϵ : K → K , where (ϵδ− δϵ)(y)= ϵδy − δϵy. It
is routine to show that ϵδ− δϵ is an exponential derivation. For b ∈ B, we have
ϵδb − δϵb = 0, since ϵ vanishes on B ∪ δ(B). Thus, ϵδ− δϵ vanishes on B, so it
also vanishes at a. Since ϵ also vanishes at a, we see that

0 = ϵδa − δϵa = ϵδa. □

Suppose now that 8= (φ1, . . . , φm) is a collection of commuting maps K → K ,
each of which is either an exponential derivation or an exponential endomorphism.
The structure (K , E, φ1, . . . , φm) is called a difference-differential exponential field
(or a d-exponential field for short). Let F be a d-exponential subfield of K , that is,
an exponential subfield of K which is closed under each φi . Applying Corollary A,
Proposition 2.3, and Corollary 3.5 to the relativized matroid (K , eclF ) gives us the
following:

Corollary 6.14. Let ā be a tuple from K . Then there is a polynomial Q8
ā ∈ Q[Ȳ ]

such that
etrdegF F(8⪯(s̄)(ā))E

= Q8
ā (s̄)
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whenever min(s̄) is sufficiently large. Moreover:

(i) The dominant terms of Q8
ā only depend on the exponential-algebraic closure

of the d-field extension F(2(ā)).

(ii) The coefficient of Ȳ d̄ in Q8
ā times d1! · · · dk ! is equal to the maximal size

of a subset B ⊆ eclF (2(ā)) such that the tuple (θb)θ∈2,b∈B is exponential-
algebraically independent over F.

Remark 6.15. With the obvious changes, Corollary 6.14 may be applied to j -fields.
These fields, introduced in [6], are equipped with partially defined functions which
behave like the modular j-function. The relevant closure operator in this setting is
the jcl-closure, defined in [6], and the tuple 8 should consist of commuting j -field
endomorphisms and j-derivations, also defined in [6]. See [1] for more on the
j-closure operator. Thanks to Vincenzo Mantova for bringing this to our attention.

6F. Derivations on o-minimal fields. Let T be an o-minimal theory extending
the theory of real closed ordered fields, and let K be a model of T ; see [5] for
definitions and background. The definable closure operator on K , denoted dcl, is
given by

a ∈ dcl(B) :⇐⇒

a = f (b̄) for some tuple b̄ from B and some ∅-definable function f .

It is well-known that (K , dcl) is a finitary matroid, and we denote the corresponding
rank function by rkT . Given an elementary substructure F of K and a set A ⊆ K ,
we let F⟨A⟩ denote the definable closure of F ∪ A in K . Then F⟨A⟩ is also a model
of T , and rkT (F⟨A⟩|F)= rkT (A|F).

A T -derivation on K is a map δ : K → K such that for each tuple ā = (a1, . . . , an)

in K n and each ∅-definable function f which is C1 in a neighborhood of ā, we
have

(6-2) δ f (ā)=
∂ f
∂Y1

(ā)δa1 + · · · +
∂ f
∂Yn

(ā)δan.

The study of T -derivations was initiated by the authors in [7] and was expanded on
by the second author [10]. The link between compatible derivations on o-minimal
structures and definable closure in o-minimal structures has long been used by
Wilkie and others; see [29; 2]. The following fact can be proven along the lines of
Lemma 6.1, using (6-2) above:

Fact 6.16. Any T -derivation on K is a quasi-endomorphism of (K , dcl).

Now suppose that 8= (φ1, . . . , φm) is a collection of commuting T -derivations
on K . Then (K , φ1, . . . , φm) is called a T -differential field. Let F be a T -differential
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subfield of K , that is, an elementary substructure of K which is closed under each
φi . Then each φi is a quasi-endomorphism of the relativization (K , dclF ).

Corollary 6.17. Let ā be a tuple from K . Then there is a polynomial Q8
ā ∈ Q[Ȳ ]

such that
rkT (8

⪯(s̄)(ā)|F)= Q8
ā (s̄)

whenever min(s̄) is sufficiently large. Moreover:

(1) The dominant terms of Q8
ā only depend on the T -differential field extension

F⟨2(ā)⟩.

(2) The coefficient of Ȳ d̄ in Q8
ā times d1! · · · dk ! is equal to the maximal size of

a subset B ⊆ F⟨2(ā)⟩ such that the tuple (θb)θ∈2,b∈B is dcl-independent
over F.
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DIVERGENCE FUNCTIONS OF HIGHER-DIMENSIONAL
THOMPSON’S GROUPS

YUYA KODAMA

We prove that higher-dimensional Thompson’s groups have linear divergence
functions. By the work of Drut,u, Mozes, and Sapir, this implies none of the
asymptotic cones of nV has a cut-point.

1. Introduction

Thompson’s groups F , T , and V are finitely presented infinite groups defined by
Richard Thompson in the 1960s. They are all known to be mysterious groups.
For example, T and V are the first examples of finitely presented, infinite, and
simple, and it is known that the amenability of F is a difficult open problem.
Because they have several unpredictable properties, by focusing on such properties,
many “generalized” Thompson’s groups were also defined. Higher-dimensional
Thompson’s groups, denoted by 2V, 3V, . . . , are some such groups defined by
Brin [3]. The group V acts on the Cantor set C, and the group nV acts on the
powers of the Cantor set Cn . It is known that nV is also finitely presented [4; 14]
and simple [3; 5]. In addition, it was shown that for n, m ∈ Z>0, the group nV is
isomorphic to mV if and only if n = m holds [1]. In [16], it was proved that nV
has Serre’s property FA, and hence is one-ended.

In 2018, Golan and Sapir showed that the divergence functions of F , T , and
V are linear [12]. This function was first mentioned by Gromov [13], and later,
Gersten gave the formal definition [11] as a quasi-isometric invariant of geodesic
metric spaces. Roughly speaking, the order of the function indicates whether the
Cayley graphs of the group are “close” to the Euclidean or hyperbolic spaces. In
fact, the orders of the functions of the direct powers of the infinite cyclic group
Z2, Z3, . . . are linear, and it is known that the orders of the functions of hyperbolic
groups are at least exponential [2]. In [12], they asked whether their proof could
be extended to generalized Thompson’s groups. In recent years, similar results
have been obtained for some groups by extending the original arguments [17; 19;
18]. For recent results on functions of groups other than generalized Thompson’s
groups, see [15].
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In this paper, we also extend the argument given by Golan and Sapir. That is,
we show the following:

Theorem 1.1. Higher-dimensional Thompson’s groups have linear divergence
functions.

This paper is organized as follows. In Section 2, we summarize the definition
of the higher-dimensional Thompson’s group 2V and the notion of divergence
functions. In Section 3, we first prepare estimates of the word length of elements in
2V to ensure that the condition required by the definition of the divergence function
is satisfied. Subsequently, we construct a “good” path from any g ∈ 2V to a specific
element in 2V , where the element is determined only from the word length of g. It
should be noted that we assume n = 2 in most of this paper; however, all the proofs
can be generalized to n with the appropriate modifications.

2. Preliminaries

2.1. Definition of the higher-dimensional Thompson’s group 2V. In this section,
we define only the higher-dimensional Thompson’s group 2V . Readers unfamiliar
with the Thompson’s groups are referred to [8].

2.1.1. Homeomorphisms on the direct product of Cantor sets. Let C be the Cantor
set {0, 1} × {0, 1} × · · · . For a finite word w on {0, 1} and a finite or infinite word
ζ on {0, 1}, let wζ denote their concatenation. Following [3], we will describe
partitions of C2 by using subdivisions of the unit square [0, 1]

2. Subsequently, we
will define homeomorphisms from C to itself that are obtained from such partitions.

Firstly, we call [0, 1]
2 itself the trivial pattern. Let us consider a rectangle

[a1, a2] × [b1, b2] ⊂ [0, 1]
2. By dividing this rectangle in half, we obtain two

new rectangles. The way of obtaining rectangles [a1, (a1 + a2)/2] × [b1, b2] and
[(a1 + a2)/2, a2] × [b1, b2] is called vertical subdivision, and the way of obtaining
rectangles [a1, a2] × [b1, (b1 + b2)/2] and [a1, a2] × [(b1 + b2)/2, b2] is called
horizontal subdivision. A pattern is defined as a finite set of rectangles in [0, 1]

2

obtained from the trivial pattern by applying finitely many vertical and horizontal
subdivisions. See Figure 1. For a rectangle [a1, a2]× [b1, b2], the lengths a2 − a1

and b2 −b1 of its horizontal and vertical edges are called its horizontal and vertical
lengths, respectively.

Next, by using patterns, we define partitions of C2 inductively. The trivial
pattern corresponds to C2 itself. Assume that a rectangle in a pattern corresponds
to a subset {wζ1 | ζ1 ∈ C} × {w′ζ2 | ζ2 ∈ C} ⊂ C2 where w and w′ are finite
words on {0, 1}. For the vertical subdivision, we define that the left rectangle
corresponds to the subset {w0ζ1 | ζ1 ∈ C}× {w′ζ2 | ζ2 ∈ C} and the right rectangle
corresponds to the subset {w1ζ1 | ζ1 ∈ C} × {w′ζ2 | ζ2 ∈ C}. Similarly, for the
horizontal subdivision, we define that the bottom rectangle corresponds to the
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Figure 1. The trivial pattern, the pattern once divided vertically,
the pattern once divided horizontally, and a pattern.

subset {wζ1 | ζ1 ∈ C} × {w′0ζ2 | ζ2 ∈ C} and the top rectangle corresponds to the
subset {wζ1 | ζ1 ∈ C} × {w′1ζ2 | ζ2 ∈ C}. Consequently, a set of rectangles of a
pattern gives a partition of C2. For example, the pattern once divided vertically
illustrated in Figure 1 corresponds to {0ζ1 | ζ1 ∈ C} ×C∪ {1ζ1 | ζ1 ∈ C} ×C. We
often identify a partition of C2 with the corresponding partition of [0, 1]

2.
For a pattern with m rectangles, we assign a number from 0 to m − 1 to each

rectangle. Such a pattern is called numbered pattern. Let P and P ′ be numbered
patterns with m rectangles. Let Ri (resp. R′

i ) be a rectangle of P (resp. P ′) numbered
i . Then there exist two subsets {aiζ1 | ζ1 ∈ C} × {biζ2 | ζ2 ∈ C} and {a′

iζ1 | ζ1 ∈

C} × {b′

iζ2 | ζ2 ∈ C} corresponding to Ri and R′

i , respectively. By mapping each
element (aiζ1, biζ2) ∈ {aiζ1 | ζ1 ∈ C} × {biζ2 | ζ2 ∈ C} to (a′

iζ1, b′

iζ2) ∈ {a′

iζ1 | ζ1 ∈

C} × {b′

iζ2 | ζ2 ∈ C}, we obtain a homeomorphism on C2.

Definition 2.1. The higher-dimensional Thompson’s group 2V is the subgroup of
Homeo(C2) consisting of all homeomorphisms obtained from pairs of numbered
patterns with the same number of rectangles.

Following a familiar convention, we write f g for g ◦ f ; namely, we always
consider the right action of 2V on C2.

The domain and target pattern of a pair of numbered patterns are defined as the
patterns that determine the partition of the domain and range set of C2, respectively.

Remark 2.2. The group nV is defined similarly as a subgroup of Homeo(Cn).
Using the unit n-cube instead of the unit square, n-subdivisions are defined, which
yield partitions of Cn .

Note that two distinct pairs of numbered patterns may give the same map. Let
(P, P ′) be a pair of numbered patterns with the same number of rectangles (such a
pair is just called a pair of numbered patterns). Let Ri and R′

i be rectangles of P
and P ′ numbered i , respectively. Apply a vertical subdivision to Ri , and assign i1

to the left rectangle and i2 to the right rectangle. Do the same to R′

i and assign i1

and i2. Consequently, the obtained maps from the two pairs are the same. The same
also holds for the case of horizontal subdivisions. A reduced pair of numbered
patterns is a pair of numbered patterns where the inverse operations (called vertical
and horizontal reductions) cannot be applied to any rectangles.
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In order to multiply two pairs of numbered patterns (P+, P−) and (Q+, Q−),
take a common refinement P of P− and Q+, and by using the operations, construct
pairs (P ′

+
, P) and (P, Q′

−
) such that they give the same maps as (P+, P−) and

(Q+, Q−), respectively. Then the pair (P ′
+
, Q′

−
) is the desired one.

Unfortunately, unlike the original Thompson’s groups, there is no known way to
define a unique reduced numbered pair for each element in 2V . The notion of grid
diagrams provides a solution to this issue. A detailed explanation will be given in
Section 2.1.3.

2.1.2. Pairs of colored binary trees. Just as elements of the Thompson’s groups are
represented by pairs of binary trees, there exists a similar approach for 2V . Like
numbered patterns, the binary trees do not give unique representatives for elements
of 2V . However, because they can represent elements more simply than numbered
patterns, we will frequently use colored binary trees in this paper.

We always assume that binary trees are rooted; namely, they have one specific
vertex called the root. Vertices whose degree is one are called leaves. A graph with
only one vertex (and no edges) is also regarded as a binary tree. We define a caret
to be the binary tree consisting of three vertices, where the degree of the root is
two and of the remaining vertices is one. See Figure 2.

Any binary tree can be constructed inductively by attaching carets to leaves. A
colored binary tree is a binary tree where each caret is colored. We use two colors
{a, b} for 2V and use n colors for nV . We first explain the relationship between
colored binary trees and patterns.

As previously stated, any pattern can be obtained inductively from the trivial
pattern. Similarly, corresponding binary trees are also defined inductively. In the
case of the trivial pattern, the corresponding binary tree is the one that consists
of only the root. More precisely, consider the root as a leaf, the trivial pattern
as a rectangle, and then this rectangle corresponds to this leaf. Since there exists
no caret in this tree, we do not color it. Assume that for a pattern, there exists
a colored binary tree with leaves such that there is a one-to-one correspondence
between the set of rectangles and the set of leaves. Let R be a rectangle of this

root

caret

leaves

Figure 2. A binary tree and a caret.
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Figure 3. The two types of carets and a colored binary tree ob-
tained from a pattern.

pattern, and assume that the corresponding leaf is i-th (from left to right). For the
vertical subdivision of R, let R1 be the left rectangle and R2 be the right rectangle.
Subsequently, we attach a caret colored by a to the i-th leaf and let R1 correspond
to the newly created left leaf and R2 to the right leaf. Similarly, for the horizontal
subdivision, we attach a caret colored by b to the i-th leaf and correspond the
bottom rectangle to the left leaf and the top rectangle to the right leaf.

Following [6], in this paper, we represent carets colored by a by the “triangular
carets” and carets colored by b by “square carets.” See Figure 3.

The numbers in the rectangles and under the leaves represent the one-to-one
correspondence between the set of leaves and rectangles. Observe that numbered
patterns can also be represented by colored binary trees with numbers by writing
numbers under the leaves in the same way. Consequently, each element in 2V can
be represented by a pair of colored binary trees with numbers. A tree corresponding
to a domain (resp. target) pattern is called a domain (resp. target) tree.

Note that, in general, more than one colored binary tree may give the same
pattern. This is due to the fact that applying the following operations to a rectangle
in a pattern are the same: the pattern obtained by subdividing vertically once and
then subdividing two rectangles horizontally; subdividing horizontally once and
then subdividing two rectangles vertically. See Figure 4.

As with pairs of numbered patterns, it is difficult to easily obtain a “good” pair
of colored binary trees for each element of 2V . However, we can use this to give an
estimation of the word length, as we will see in Section 2.2. For a colored binary
tree T , we define a branch of T to be a path from the root of T to a leaf of T . The

Figure 4. Two colored binary trees give the same pattern.
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depth of T is then defined as the maximum length of the branches of T (with each
edge having length one). It is clear that for any element g in 2V , there exists a pair
of colored binary trees giving g. Therefore, we may define the minimality of such
pairs. First, we define a pair of colored binary trees to be shallow if it is a pair of
colored binary trees whose target tree has the smallest depth among pairs that give
the same map. A pair of colored binary trees is then defined as minimal if it is a
shallow pair of binary trees with the smallest number of carets. It should be noted
that such pairs may not be uniquely determined.

Remark 2.3. To make the relationship between grid diagrams and pairs of colored
binary trees clearer, the definition of minimality is slightly modified from that in [6].

2.1.3. Grid diagrams. In this section, we explain how to represent each element in
2V using a “grid” based on [7]. However, unlike [7], the “grid” is constructed on
the target patterns for the sake of our proof. Note that in [7, the second paragraph of
Section 6], it was also pointed out that the same result holds in our setting. Indeed,
we use only the fact that there exists a unique representative for each element in
2V (and nV ). In this case, we only need to change the pattern we focus on from
domain to target. Hence we omit most of the proofs in this section.

Definition 2.4. A grid pattern is defined as a pattern obtained by subdividing the
unit square using only line segments of length one.

The pattern illustrated in Figure 3 is not a grid pattern, since the lengths of the
horizontal line segment on [1/4, 1]×{1/2} and the horizontal line segment between
rectangles numbered 6 and 7 are less than one. An example is illustrated in Figure 5.

Definition 2.5. A grid diagram is a pair of numbered patterns with the same number
of rectangles, and the target pattern is a grid pattern.

Proposition 2.6 [7, Proposition 2.3]. Each element in 2V admits a grid diagram as
a representative.

Sketch of proof. We can repeat horizontal and vertical subdivisions (so that the pairs
of numbered patterns obtained always give the same map) until the target pattern
becomes a grid pattern. □

Figure 5. A grid pattern.
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Moreover, it is known that there exists a unique representative for any element in
2V . In order to give such a representative, we first recall the definition that a grid
diagram is reduced.

Let (P, G) be a grid diagram where G is a grid pattern. In G, take a strip
Ii × [0, 1] ⊂ [0, 1] × [0, 1] where Ii are horizontal edges of the rectangles in G. In
other words, take a rectangle of G where the rectangle is Ii × J j ⊂ [0, 1]× [0, 1],
and then consider Ii × [0, 1]. We apply vertical subdivisions to all rectangles in
Ii × [0, 1], and then apply vertical subdivisions to the corresponding rectangles in
P such that the obtained grid pattern and (P, G) give the same homeomorphism on
C2. We call this operation a vertical global subdivision. We say a grid diagram is
vertically reduced if the inverse operation of the vertical global subdivision cannot
be applied to any two adjacent strips of the target pattern. Similarly, we can define a
horizontal global subdivision and a grid diagram to be horizontally reduced. Finally,
a grid diagram is said to be reduced if it is vertically and horizontally reduced.
Then we have the following:

Theorem 2.7 [7, Theorem 3.2]. Any element in 2V has a unique reduced grid
diagram.

Note that since each reduced grid diagram is a pair of numbered patterns, there
exist corresponding pairs of colored binary trees.

2.2. A generating set of 2V and estimations of word length. Consider a finite set

X2V :=
{

x0, x1, x2, yi , Bi ,Ci , x̂ j , ŷ1,πi ,πi , αi , βi , B̂0, γ0, h x j , ˆh x j
∣∣ i ∈ {0,1}, j ∈ {1,2}

}
defined in Figures 6, 7 and 8. The colored binary trees without numbers are
all assigned 1, 2, . . . to the leaves from left to right. Because this set contains
well-known generating sets (cf. [3; 4; 6]), this also generates 2V . Note that this set
is an inefficient set specialized for calculating the divergence function of 2V .

Following [6], we also express an element of 2V as “PΠ Q−1 form” and use a
part of the form in the proof of the main theorem. We define Ai := A−(i−1)

0 A1 A(i−1)
0

for i ≥ 1 and Bi := B−(i−1)
0 B1 B(i−1)

0 for i ≥ 1. Then the following holds:

Theorem 2.8 [6, Theorem 2.2]. For an element g of 2V , we have its expression
PΠ Q−1, where

(1) P and Q are represented by words of the form

Cm1 · · · Cm p Wi1 · · · Wir ,

where Ci are in Figure 7, Wi are words on {Ai , Bi } without inverse elements,
m1 < m2 < · · · < m p, and i1 < i2 < · · · < ir .

(2) Π is represented by a word on {π0, π1, . . . } ∪ {π0, π1, . . . }.
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Figure 6. Generators of 2V except C0, C1, π0, π1, π0, and π1.

Figure 7. Generators C0, C1, . . . .
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Figure 8. Generators π0, π1, . . . and π0, π1, . . . .

In [6], Burillo and Cleary constructed this expression for each pair of colored
binary trees. We also use this construction. See the proof of [6, Theorem 2.1]
for details. Note that for element g ∈ 2V , if we take an expression PΠ Q−1

corresponding to a minimal pair of colored binary trees (T+, T−), then we have
P = (T+, Rk), Π = (Rk, π, Rk), and Q = (T−, Rk) where π is the corresponding
permutation and Rk is the all-right tree with only vertical carets and k is the depth
of g. Here, an all-right tree is a binary tree obtained by a finite number of attaching
a caret only to the right leaf of a caret, and an all-right tree consisting of two types
of carets is called all-right colored binary tree.

We will consider the word metric with respect to the above generating set. We
first recall a known result of an estimation of the word length for pairs of binary
trees.

Proposition 2.9 (cf. [6, Lemma 4.1]). For an element of 2V which is represented
by a minimal pair of colored binary trees with depth D, its word length with respect
to X2V is at least D/4.

Remark 2.10. The difference between the denominators in [6, Lemma 4.1] and
this lemma arises from the difference in the generating sets. The definition of
minimality is also different, yet this lemma can still be shown similarly: if we take
one of the shortest words with length n, we can say that the depth is at most 4n
since each process of multiplying a generator increases the length of the branches
by at most four.
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As previously stated, a minimal pair of colored binary trees may not be uniquely
determined for an element in 2V . Hence, we use the notion of grid diagrams.
We define the size of a rectangle R = {[ai , ai+1] × [b j , b j+1]} of a pattern as
−(log2(ai+1 − ai ) + log2(b j+1 − b j )) and write it as ∥R∥. For a pattern P , the
fineness of P is defined as the largest size of the rectangles in P and written as ∥P∥.
For an element g ∈ 2V , the fineness of g is defined as ∥G∥, where G is the target
numbered pattern of the reduced grid diagram of g. Note that the fineness of g is
the same as the depth of the target tree of a pair of colored binary trees obtained
from the grid diagram of g. Indeed, at the end of Section 2.1.2, we defined the
depth of a pair of trees as the depth of the target tree. In the proof of the main
theorem, we also use the following estimations:

Proposition 2.11. Let g be in 2V with fineness k. Then the word length of g with
respect to X2V is at least k/8.

Proof. Consider a minimal pair of colored binary trees of g and let D be its depth.
Take a pair of numbered patterns (P1, P2) corresponding to this pair of colored
binary trees. Then, we have ∥P2∥ = D. We construct a grid diagram (P, G) of g
from (P1, P2) without vertical and horizontal global subdivisions. Note that (P, G)

may not be reduced. Since each rectangle in G has horizontal and vertical lengths
of at least 1/2D , the fineness of G is at most 2D. By considering the reduced
grid diagram of g, the fineness of g is at most ∥G∥, namely, k ≤ ∥G∥ holds. By
Proposition 2.9, the word length of g is at least D/4. Hence, the desired result is
obtained. □

By a similar argument, the following also holds:

Corollary 2.12. Let (P1, P2) be a pair of numbered patterns corresponding to
g ∈ 2V , and R = {w1x1ζ1 | ζ1 ∈ C} × {w2x2ζ2 | ζ2 ∈ C} be a rectangle of P2 where
w1, w2 are words on {0, 1} and x1, x2 are in {0, 1}. Assume that neither of the
following conditions (1) nor (2) is satisfied:

(1) • g−1(R) = {w′

1x1ζ1 | ζ1 ∈ C}× {w′

2ζ2 | ζ2 ∈ C}, where w′

1 and w′

2 are some
word on {0, 1}, and

• g−1((w1 x̂1ζ1, w2x2ζ2)) = (w′

1 x̂1ζ1, w
′

2ζ2) for every (w1 x̂1ζ1, w2x2ζ2) ∈

{w1 x̂1ζ1 | ζ1 ∈ C} × {w2x2ζ2 | ζ2 ∈ C}, where x̂1 is in {0, 1} with x̂1 ̸= x1.

(2) • g−1(R) = {w′

1ζ1 | ζ1 ∈ C}× {w′

2x2ζ2 | ζ2 ∈ C}, where w′

1 and w′

2 are some
word on {0, 1}, and

• g−1((w1x1ζ1, w2 x̂2ζ2)) = (w′

1ζ1, w
′

2 x̂2ζ2) for every (w1x1ζ1, w2 x̂2ζ2) ∈

{w1x1ζ1 | ζ1 ∈ C} × {w2 x̂2ζ2 | ζ2 ∈ C}, where x̂2 is in {0, 1} with x̂2 ̸= x2.

Then, the word length of g is at least ∥R∥/8.

Proof. From the assumptions, the fineness of g is at least ∥R∥. By Proposition 2.11,
we have the desired result. □
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We say a rectangle R is an essential rectangle if it satisfies the assumptions of
Corollary 2.12. We call horizontal and vertical twin the subsets Rv

:= {w1 x̂1ζ1 |

ζ1 ∈ C} × {w2x2ζ2 | ζ2 ∈ C} and Rh
:= {w1x1ζ1 | ζ1 ∈ C} × {w2 x̂2ζ2 | ζ2 ∈ C},

respectively, which are defined from R = {w1x1ζ1 | ζ1 ∈ C} × {w2x2ζ2 | ζ2 ∈ C}

in the assumptions of Corollary 2.12. Then the assumptions mean that we cannot
apply vertical and horizontal reductions to R and “congruent rectangles” adjacent
to R. In other words, the assumptions are that Rv is not mapped to the (g−1(R))v

with keeping the orientation and Rh is not mapped to (g−1(R))h with keeping the
orientation.

2.3. Divergence functions of finitely generated groups. For finitely generated
groups, the property of having linear divergence functions is a quasi-isometric
invariant. Since we see asymptotic properties of functions, we introduce an equiva-
lence relation on functions from R>0 to itself as follows: let f and g be functions
from R>0 to itself. We first define f ⪯ g if there exist A, B, C, D, E ≥ 0 such that

f (x) ≤ Ag(Bx + C) + Dx + E

holds for all x ∈ R>0. Then we define f ≈ g if f ⪯ g and g ⪯ f hold. This is an
equivalence relation on the set of functions from R>0 to itself. Note that all linear
functions and constant functions are equivalent.

Let G be a finitely generated group with a finite generating set X . Let 0 be the
Cayley graph of G with respect to X . For δ ∈ (0, 1), we first define the δ-divergence
function of 0 as follows: let �(g1, g2) be the set of all paths connecting g1, g2 ∈ 0.
Let ∥ω∥ denote the length of the path ω. Then for x ∈ R>0, define the function φδ

by setting

φδ(x) := max
{

min{∥ω∥ | ω ∈ �(g1, g2) avoiding B(e, δx)}
∣∣ |g1| = |g2| = x

}
,

where B(e, δx) denotes the open ball of radius δx with a center at identity of G,
and |g1|, |g2| denote the lengths from identity of G to g1, g2 in 0. If there does not
exist such a path, take φδ(x) = ∞. For each δ ∈ (0, 1), the equivalence class of φδ

is invariant under quasi-isometries [11]. Hence, the δ-divergence function of G is
well-defined as an equivalence class of functions.

Definition 2.13. We say a group G has a linear divergence function if there exists
δ ∈ (0, 1) such that the δ-divergence function of G is in the equivalence class of
linear maps.

From this definition, it is clear that if the δ-divergence function of G is in the
equivalence class of linear maps, then the δ′-divergence function of G is also in
the equivalence class of linear functions for every 0 < δ′

≤ δ. In fact, Drut,, Mozes,
and Sapir [9; 10] showed the following theorem, which establishes a relationship
between divergence functions and a topological property of asymptotic cones.
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Theorem 2.14 [9; 10]. The following are equivalent:

(1) G has a linear divergence function.

(2) For every δ ∈ (0, 1/54), the function φδ is in the equivalence class of linear
functions.

(3) None of the asymptotic cones of G has a cut point.

3. Proof of Theorem 1.1

3.1. Size of the bottom left rectangle. For a given pattern P , let R0(P) be defined
as the rectangle of P containing the point (0, 0) ∈ [0, 1]× [0, 1]. We first study the
change of the word length when we multiply some of the generators in X2V .

Lemma 3.1. Let (P+, P−) be a pair of numbered patterns representing g ∈ 2V .
Assume that R0(P−) is essential and a subset of [0, 1/4] × [0, 1]. Then:

(1) There exists a pair of numbered patterns (P+(gx−1
0 ), P−(gx−1

0 )) representing
gx−1

0 such that R0(P−(gx−1
0 )) is essential, R0(P−(gx−1

0 )) ⊂ [0, 1/8]× [0, 1]

and ∥R0(P−(gx−1
0 ))∥ = ∥R0(P−)∥ + 1.

(2) There exists a pair of numbered patterns (P+(gB̂0), P−(gB̂0)) representing
gB̂0 such that R0(P−(gB̂0)) is essential, R0(P−(gB̂0)) ⊂ [0, 1/8]× [0, 1] and
∥R0(P−(gB̂0))∥ = ∥R0(P−)∥ + 1.

(3) If R0(P−) is a subset of [0, 1/4]×[0, 1/2], then there exists a pair of numbered
patterns (P+(gC0), P−(gC0)) representing gC0 such that R0(P−(gC0)) is
essential, R0(P−(gC0)) ⊂ [0, 1/8] × [0, 1] and ∥R0(P−(gC0))∥ = ∥R0(P−)∥.

Proof. For part (1), we have R0(P−)∪(R0(P−))v ∪(R0(P−))h
⊂ [0, 1/2]×[0, 1] if

(R0(P−))h is defined. Consider the composition of pairs of patterns. The rectangle
R0(P−) is unchanged even if the common refinement is taken. Hence, x−1

0 (R0(P−))

is an essential rectangle of a pair of patterns representing gx−1
0 . The remaining

claims are clear from the definition of x−1
0 and because if (R0(P−))h is not defined,

neither is (x−1
0 (R0(P−)))h . By the same argument, part (2) also follows.

For part (3), if R0(P−) is a subset of [0, 1/4]× [0, 1/4], then it is also followed
by a similar argument of the proof of part (1). If R0(P−) is [0, a] × [0, 1/2] for
some a with a ≤ 1/4, then C0(R0(P−))h is not defined. Hence, we also have the
desired result. □

By a similar argument, we also have the following:

Lemma 3.2. Let (P+, P−) be a pair of numbered patterns representing g ∈ 2V .
Assume that R0(P−) is essential and a subset of [0, 1] × [0, 1/4]. Then:
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(1) There exists a pair of numbered patterns (P+(gy−1
0 ), P−(gy−1

0 )) representing
gy−1

0 such that R0(P−(gy−1
0 )) is essential, R0(P−(gy−1

0 )) ⊂ [0, 1]× [0, 1/8]

and ∥R0(P−(gy−1
0 ))∥ = ∥R0(P−)∥ + 1.

(2) There exists a pair of numbered patterns (P+(gγ0), P−(γ0)) representing gγ0

such that R0(P−(gγ0)) is essential, R0(P−(gγ0)) ⊂ [0, 1] × [0, 1/8] and
∥R0(P−(gγ0))∥ = ∥R0(P−)∥ + 1.

(3) If R0(P−) is a subset of [0, 1/2]×[0, 1/4], there exists a pair of numbered pat-
terns (P+(gC−1

0 ), P−(gC−1
0 )) representing gC−1

0 such that R0(P−(gC−1
0 )) is

essential, R0(P−(gC−1
0 ))⊂[0,1]×[0,1/8] and ∥R0(P−(gC−1

0 ))∥=∥R0(P−)∥.

3.2. Construction of the path. In the rest of this paper, we write | · | for the word
length of 2V with respect to X2V . For a word w and w′, we write w ≡ w′ when
w and w′ are the same as words, and ∥w∥ denotes the length of w. If we have
w ≡ w′w′′ for some words w, w′ and w′′ (the word w′′ may be the empty word),
then w′ is said to be a prefix of w and denoted by w′

≤ w. Theorem 1.1 immediately
follows from the following proposition:

Proposition 3.3. There exist constants δ, D and a positive integer Q such that the
following holds: let g ∈ 2V with |g| ≥ 4. Then there exists a path of length at most
D|g| in the Cayley graph of 2V which avoids a δ|g|-neighborhood of the identity and
which has the initial vertex g and the terminal vertex x̂−Q|g|

1 x̂2 x̂ Q|g|

1 x−Q|g|

1 x2x Q|g|

1 .
In other words, there exists a word ω on the generating set such that ∥ω∥ < D|g|;

for any prefix ω′ of ω, we have gω′ > δ|g| such that

gω = x̂−Q|g|

1 x̂2 x̂ Q|g|

1 x−Q|g|

1 x2x Q|g|

1 .

Proof. Let (P+(g), P−(g)) be a reduced pair of numbered patterns representing g
such that R0(P−(g)) is essential. Note that R0(P−(g)) can be made essential by
changing the choice of rectangles to be reduced if necessary. We will define six
subwords, denoted by ω1, . . . , ω6, and then the concatenation of these subwords,
ω1 · · · ω6, will be the desired word, ω.

In subpath 1, we may assume that R0(P−(g)) is a subset of [0, 1/2] × [0, 1].
Indeed, since g is not the identity map, if not, we have R0(P−(g))⊂[0, 1]×[0, 1/2].
Then by replacing the “vertical argument” with the “horizontal one”, it is possible
to join the argument from subpath 3 onward. More precisely, we replace all
vertical and horizontal carets in generators in subpaths 1, 2 with horizontal and
vertical carets, respectively, and replace all the set I1 × I2 ⊂ [0, 1] × [0, 1] in the
definition of subpath 1 with I2 × I1, and construct the PΠ Q−1 expression of g1 by
using an all-right tree with only horizontal carets instead of vertical carets. There
are no generators in Figure 6 which generate Π constructed above, but this is
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not a problem since all we need is Q and the required generators are defined in
Figure 6.

Subpath 1. We define ω1 to be one of the following:

(a) If R0(P−(g)) is a subset of [0, 1/4] × [0, 1], then define ω1 to be the empty
word.

(b) If R0(P−(g)) is [0, 1/2] × [0, 1], then define ω1 to be x̂1.

(c) If R0(P−(g)) is [0, 1/2]×[0, 1/2] and α0(R0(P−(g))) is an essential rectangle
of gα0, then define ω1 to be α0.

(d) If R0(P−(g)) is [0, 1/2] × [0, 1/2] and α0(R0(P−(g))) is not an essential
rectangle of gα0, then define ω1 to be B0π1x−1

0 , as in the figure:

B0π1x−1
0

(e) If R0(P−(g)) is [0, 1/2] × [0, 1/2i
] where i ≥ 2 and α0(R0(P−(g))) is an

essential rectangle of gα0, then define ω1 to be α0.

(f) If R0(P−(g)) is [0, 1/2]× [0, 1/2i
] where i ≥ 2 and α0(R0(P−(g))) is not an

essential rectangle of gα0, then define ω1 to be α1.

Lemma 3.4. In any case, g1 has a reduced pair (P+(g1), P−(g1)) of numbered pat-
terns such that R0(P−(g1)) is essential and a subset of [0, 1/4]× [0, 1]. Moreover,
∥ω1∥ ≤ 3 holds and for any prefix ω′

≤ ω1, we have |gω′
| ≥ |g|/4.

Proof. Since the latter statements are obvious, it is sufficient to show the first
statement. But since cases (a), (c), (d), (e), and (f) of the remaining claim are also
clear, we consider only case (b). Let {w1ζ | ζ ∈ C} × {w2ζ | ζ ∈ C} be a rectangle
corresponding to g−1(R0(P−(g)). In the process of multiplying x̂1, the rectangle
g−1(R0(P−(g)) is subdivided into {w100ζ | ζ ∈ C}× {w2ζ | ζ ∈ C}, {w101ζ | ζ ∈

C} × {w2ζ | ζ ∈ C}, and {w11ζ | ζ ∈ C} × {w2ζ | ζ ∈ C}. Since the rectangles of a
target pattern of gx̂1 corresponding to the first two are {00ζ | ζ ∈C}×{ζ | ζ ∈C} and
{010ζ | ζ ∈ C} × {ζ | ζ ∈ C}, respectively, the rectangle {00ζ | ζ ∈ C} × {ζ | ζ ∈ C}

of gx̂1 is essential.
□

The idea of the following subpath comes from [12; 18].

Subpath 2. We fix an integer M ≥ 100. Consider the expression PΠ Q−1 of a
minimal pair of colored binary trees of g1 and let Cm1 · · · Cm p be the maximal
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words on {Ci } contained in Q, where 0 ≤ m1 < · · · < m p. When m1 is not zero,
we have

Cm1 · · · Cm p = (x−(m1−1)
0 C1x (m1−1)

0 · · · x−(m p−1)

0 C1x (m p−1)

0 )

= x−(m1−1)
0 C1x−(m2−m1)

0 · · · C1x−(m p−m p−1)

0 C1x (m p−1)

0

= x−(m1−1)
0 B̂0x−(m2−m1−1)

0 · · · B̂0x−(m p−m p−1−1)

0 B̂0xm p
0 ,

and define

ω2 ≡ x−(m1−1)
0 B̂0x−(m2−m1−1)

0 · · · B̂0x−(m p−m p−1−1)

0 B̂0x−(M |g1|−m p)

0

· x1 · x (M |g1|−m p)

0 B̂−1
0 x (m p−m p−1−1)

0 B̂−1
0 · · · x (m2−m1−1)

0 B̂−1
0 x (m1−1)

0 .

When m1 is zero, define

ω2 ≡ C0x−(m2−1)
0 B̂0x−(m3−m2−1)

0 · · · B̂0x−(m p−m p−1−1)

0 B̂0x−(M |g1|−m p)

0

· x1 · x (M |g1|−m p)

0 B̂−1
0 x (m p−m p−1−1)

0 B̂−1
0 · · · x (m3−m2−1)

0 B̂−1
0 x (m2−1)

0 C−1
0 .

Let g2 = g1ω2.

See Figure 9 for example.

Lemma 3.5. (1) We have ∥ω2∥ < 4M |g|.

(2) For every prefix ω′ of ω2, we have |g1ω
′
| > |g|/64.

Proof. The proof is only provided when m1 is not zero; however, it can be shown
similarly when m1 is zero. We first note that m p ≤ 4|g1| holds by Proposition 2.9.

Figure 9. An example of the construction of ω2. The dotted
carets in T−(g1) are not used when constructing ω2. The all-
right tree T ′

−
(g1) is obtained by removing the dotted carets from

T−(g1). Note that the tree T ′
−
(g1) is the domain tree of the product

Cm1 · · · Cm p . By using T ′
−
(g1), all we needed to define ω2 are the

generators B̂0, x0, and x1. See also Figure 10.
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A straightforward calculation yields the upper bound of ∥ω2∥. Indeed, we have(
(m1−1)+1+(m2−m1−1)+1+· · ·+(m p−m p−1−1)+1+(M |g1|−m p)

)
×2+1

= 2M |g1| + 1

≤ 2M(|g| + 3) + 1

< 4M |g|.

For part (2), we first consider ω′
≤ ω2 which does not contain x1. When

∥ω′
∥ ≤ ⌊|g1|/2⌋, we have |g1ω

′
| ≥ |g1|/2. Indeed, if not, we have

|g1| = |g1ω
′(ω′)−1

| ≤ |g1ω
′
| + ∥ω′

∥ <
|g1|

2
+

|g1|

2
.

Hence we have |g1ω
′
| ≥ |g1|/2 ≥ (|g| − 3)/2 ≥ |g|/8. Next, we assume that ω′

does not contain x1 and ∥ω′
∥ > |g1|/2 holds. Then by Lemmas 3.4 and 3.1, there

exists a pair of numbered patterns (P+(g1ω
′), P−(g1ω

′)) representing g1ω
′ such

that R0(P−(g1ω
′)) is essential. Then we have

∥R0(P−(g1ω
′))∥ = ∥R0(P−(g1))∥ +∥ω′

∥ > ∥ω′
∥ >

|g1|

2
.(3-1)

By Corollary 2.12, we have

|g1ω
′
| ≥

∥R0(P−(g1ω
′))∥

8
>

|g1|

16
≥

|g|

64
.(3-2)

Next, we assume ω′ contains x1 and no B̂−1
0 . Then there exists i ≥ 0 such

that

g1ω
′
= g1x−(m1−1)

0 B̂0x−(m2−m1−1)

0 · · · B̂0x
−(m p−m p−1−1)

0 B̂0(x−(M |g1|−m p)

0 x1x (M |g1|−m p)

0 )x−i
0

as an element in 2V . Since x−(M |g1|−m p)

0 x1x (M |g1|−m p)

0 is identity on [0, 1/2]×[0, 1],
the essentiality of the rectangle is preserved when i = 0. This means that when i = 0,
we have ∥R0(P−(g1ω

′))∥ > |g1|/2 by inequality (3-1). According to Lemma 3.1(1),
multiplying x−1

0 from the right increases the size of the rectangle. Then for any
i ≥ 0, we have ∥R0(P−(g1ω

′))∥> |g1|/2. This implies that we have |g1ω
′
|> |g|/64

for the same reason as in inequality (3-2).
Finally, consider the case where ω′ contains x1 and B̂−1

0 . From the construction
of ω2, it can be observed that g2 is obtained by attaching carets to the minimal
pair of colored binary trees (T+(g1), T−(g1)). This implies that there exists a
pair of numbered patterns of g2 such that the rectangle of the target pattern
that contains a point (1, 1) ∈ [0, 1] × [0, 1] is essential, and its size is at least
M |g1| + 3 − 4|g1|. Indeed, by Proposition 2.9, the length of the right most branch
of T−(g1) is at most 4|g1|. Hence the number of attached vertical carets to the
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Figure 10. An illustration of the multiplication of g1 and ω2, where
(T+(g1), T−(g1)) is a minimal pair of colored binary trees of g1

and T ′
−
(g1) is the maximal all-right colored binary tree contained

in T−(g1).

rightmost branch is at least M |g1| + 3 − 4|g1|. Also, from the construction, ver-
tical reduction cannot be applied. Therefore the size of the rectangle containing
(1, 1) is at least M |g1| + 3 − 4|g1| by focusing only on the vertical subdivisions,
since the size of a rectangle is defined as the sum of the number of vertical
and horizontal subdivisions. See Figure 10 for an illustration of this argument.

We now consider g1ω
′ as g2ω

′′ by a certain word ω′′. Note that we have
∥ω′′

∥ ≤ m p by a straightforward calculation. This means that ∥ω′′
∥ is sufficiently

smaller than |g2|, so we estimate |g1ω
′
| based on g2. Since m p ≤ 4|g1| holds, by

Corollary 2.12 and Lemma 3.4, we have

(3-3) |g1ω
′
| = |g2ω

′′
| ≥ |g2| − ∥ω′′

∥ ≥
M |g1| + 3 − 4|g1|

8
− 4|g1|

> 1
8(M − 36)|g1| ≥ 8|g1| ≥ 2|g|.

Hence for any prefix ω′
≤ ω2, we have |g1ω

′
| > |g|/64.

□

Subpath 3. Let ω3 be a minimal word on X2V such that ω3 = g−1
1 holds. Let

g3 = g2ω3.

Lemma 3.6. (1) We have ∥ω3∥ ≤ 2|g|.

(2) For every prefix ω′ of ω3, we have |g2ω
′
| > 2|g|.

Proof. The first claim is obvious by Lemma 3.4. For the second claim, we note that
|ω′

| ≤ |g1| holds since ω3 is a minimal word. Then we have

|g2ω
′
| ≥ |g2| − |ω′

| ≥ |g2| − |g1| > 2|g|,

as estimated in inequality (3-3).
□
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Figure 11. An illustration of g3. Observe that g3 is the identity
map on the subset corresponding to all leaves except the i-th leaf.

Subpath 4. We fix an integer Q ≥ 48M . We define ω4 based on a subset [0, 1] ×

[0, 1] where g3 is the identity map. From the construction, one of the following
holds (see also Figure 11):

(a) g3 is the identity map on [0, 1] × [0, 1/2];

(b) g3 is the identity map on [0, 1] × [1/2, 1];

(c) g3 is the identity map on [0, 1/2] × [0, 1]; and

(d) g3 is the identity map on [1/2, 1] × [0, 1].

Then we define ω4 as the word determined from one of the following cases of
capital letters corresponding to each small letter:

(A) let ω4 ≡ ˆh x1
−(Q|g|+1)

ˆh x2 ˆh x1
Q|g|+1;

(B) let ω4 ≡ h x1
−(Q|g|+1)

h x2h x1
Q|g|+1;

(C) let ω4 ≡ x̂−Q|g|

1 x̂2 x̂ Q|g|

1 ; and

(D) let ω4 ≡ x1
−Q|g|x2x1

Q|g|.

Let g4 = g3ω4.

Lemma 3.7. (1) We have ∥ω4∥ ≤ 3Q|g|.

(2) For every prefix ω′ of ω4, we have |g3ω
′
| > 3|g|.

(3) As elements in 2V , g3 and ω4 commute.

Proof. Part (1) follows from a straightforward estimation, and part (3) is obvious
since the supports of g3 and ω4 are disjoint. For part (2), in any case, we note
that generators in ω4 preserve the rectangle with its size at least M |g1| + 3 −

4|g1|. Since the process of obtaining the essential rectangle from this rectangle
requires only at most one horizontal reduction, g3ω4 is also represented by a pair
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of numbered patterns with an essential rectangle of size at least M |g1| + 2 − 4|g1|.
Indeed, when ω4 is defined in the case of (A), since ˆh x1, ˆh x2 is the identity on
[0, 1] × [0, 1/2], the vertical reduction cannot be applied in the process and the
horizontal reduction may be possible. Also, since any generator in ω4 vertically
divides [0, 1] × [0, 1/2], the number of this horizontal reduction is at most one.
For case (B), only at most one reduction is applied for the same reason as in case
(A), and no such reduction is possible in cases (C) and (D). Hence the size is
at least M |g1| + 2 − 4|g1| in any cases. By Corollary 2.12 and Lemma 3.4, we
have

|g3ω
′
| ≥

M |g1| + 2 − 4|g1|

8
> 12|g1| ≥ 3|g|,

which is the desired result.
□

Subpath 5. Let ω5 be a minimal word on X2V such that ω5 = g−1
3 holds. Let

g5 = g4ω5.

Lemma 3.8. (1) We have ∥ω5∥ ≤ 5M |g|.

(2) For every prefix ω′ of ω5, we have |g4ω
′
| > M |g|.

Proof. For part (1), by Lemmas 3.4, 3.5 and 3.6, we have

∥ω5∥ ≤ |g| + ∥ω1∥ +∥ω2∥ +∥ω3∥ ≤ |g| + 3 + 4M |g| + 2|g| < 5M |g|.

For part (2), we first note that ω4 is represented by a pair of patterns with an
essential rectangle of size at least Q|g| + 4. In particular, by a similar argument
to the proof of Lemma 3.7, the horizontal length of this rectangle is unchanged for
g4 = g3ω4. Hence by Corollary 2.12, we have |g4| ≥ (Q|g| + 3)/8. Therefore we
have

|g4ω
′
| ≥ |g4| − ∥ω5∥ > 6M |g| − 5M |g| = M |g|.

This completes the proof.
□

We may now obtain gω1ω2ω3ω4ω5 = ω4, which only depends on |g|.
The final step is to connect any of cases (A) to (D) defined in subpath 4 to

x̂−Q|g|

1 x̂2 x̂ Q|g|

1 x−Q|g|

1 x2x Q|g|

1 by a final subpath. In order to define this subpath, we
write the subpaths defined in cases (A) to (D) as ω4(A), ω4(B), ω4(C) and ω4(D),
respectively.

Subpath 6. If the path ω4 is ω4(A), let ω6 ≡ ω4(B)ω4(C). If the path ω4 is ω4(B),
let ω6 ≡ ω4(A)ω4(C). If the path ω4 is ω4(C), let ω6 ≡ ω4(D). Finally, if the path
ω4 is ω4(D), let ω6 ≡ ω4(C).
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Lemma 3.9. (1) In any case, we have g5ω6 = x̂−Q|g|

1 x̂2 x̂ Q|g|

1 x−Q|g|

1 x2x Q|g|

1 as an
element in 2V .

(2) We have ∥ω6∥ ≤ 6Q|g|.

(3) For every prefix ω′ of ω6, we have |g5ω
′
| > 6M |g|.

Proof. For part (1), we note that ω4(A)ω4(B) = ω4(D) holds as elements in 2V .
Observe that the supports of ω4(A) and ω4(B) are disjoint, and the same holds for
ω4(C) and ω4(D). Since we have ω4(C)ω4(D) = x̂−Q|g|

1 x̂2 x̂ Q|g|

1 x−Q|g|

1 x2x Q|g|

1 , we
obtain the desired result. Part (2) follows from Lemma 3.7.

Finally, part (3) follows from the following observation: in the process of
multiplying generators of ω6, there always exists a pair of numbered patterns
with an essential rectangle whose horizontal length is at least Q|g| + 2. Hence by
Corollary 2.12, we have |g5ω

′
| ≥ (Q|g| + 2)/8 > 6M |g|.

□

Now, we define ω as ω1 · · · ω6. From Lemmas 3.4, 3.5, 3.6, 3.7, 3.8, 3.9, take
D = 10Q and δ = 1/64. Then we have that gω = x̂−Q|g|

1 x̂2 x̂ Q|g|

1 x−Q|g|

1 x2x Q|g|

1 ,
∥ω∥ < D|g|, and |gω′

| > δ|g| for any prefix ω′ of ω. This completes the proof of
Proposition 3.3.

□
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VOGAN’S CONJECTURE ON LOCAL ARTHUR PACKETS
OF p-ADIC GLn AND A COMBINATORIAL LEMMA

CHI-HENG LO

For GLn over a p-adic field, Cunningham and Ray proved Vogan’s conjec-
ture, that is, local Arthur packets are the same as ABV packets. They used
endoscopic theory to reduce the general case to a combinatorial lemma for
irreducible local Arthur parameters, and their proof implies that one can also
prove Vogan’s conjecture for p-adic GLn by proving a generalized version
of this combinatorial lemma. Riddlesden recently proved this generalized
lemma. We give a new proof of it, which has its own interest.

1. Introduction

Let F be a non-Archimedean field of characteristic zero and let WF denote the
Weil group of F . Let G be a connected reductive group defined over F . We define
G :=G(F) and5(G) the isomorphism classes of smooth irreducible representations
of G. A local Arthur parameter ψ is a continuous homomorphism

ψ : WF × SLD
2 (C)× SLA

2 (C)→
LG,

such that

(1) the restriction of ψ to WF has bounded image;

(2) the restrictions of ψ to both SLD
2 (C) and SLA

2 (C) are analytic;

(3) ψ commutes with the projections WF×SLD
2 (C)×SLA

2 (C)→WF and LG →WF .

Here SLD
2 (C) is called the Deligne-SL2 and SLA

2 (C) is called the Arthur-SL2.
In his fundamental work [2], Arthur attached a local Arthur packet 5ψ for each

local Arthur parameter ψ of quasisplit classical groups. This is a finite (multi)set of
smooth irreducible representations, satisfying certain regular and twisted endoscopic
character identities [2, Theorem 2.2.1]. Assuming the Ramanujan conjecture, Arthur
showed that the union of these local Arthur packets contains the local components
of all discrete square-integrable automorphic representations.
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An interesting question is to construct each local Arthur packet 5ψ over p-adic
fields besides the abstract definition. In a series of work [16; 17; 18; 19; 20], Mœglin
explicitly constructed each local Arthur packet and showed that it is multiplicity-
free. However, there are difficulties in her construction when trying to compute the
representations in the local Arthur packets in terms of the Langlands classification.
To remedy this, for symplectic and split odd special orthogonal groups, Atobe gave
a reformulation of Mœglin’s construction [3] using extended multisegments, and
gave an explicit algorithm to compute the Langlands classification data for the
representations in a local Arthur packet. The main tools in these results are (partial)
Aubert–Zelevinsky involution and partial Jacquet module (called derivatives in [4]),
which are representation theoretic.

On the other hand, in [8], Cunningham, Fiori, Moussaoui, Mracek and Xu aimed
to construct local Arthur packets over p-adic fields using a geometric approach.
They extended [1] to p-adic reductive groups: For any L-parameter φ of a p-adic
quasisplit connected reductive group G∗, they defined the ABV-packet 5ABV

φ , a
finite set of irreducible representations of pure inner forms of G∗, using microlocal
vanishing cycle functors. For a fixed pure inner form G of G∗, we shall write
5ABV
φ (G) :=5ABV

φ ∩5(G). It is expected that the ABV-packets recover the local
Arthur packets in the following sense. For each local Arthur parameter ψ of G, we
associate an L-parameter φψ by

φψ(w, x) := ψ
(
w, x,

(
|w|

1
2

|w|
−1
2

))
.

We say φ is of Arthur type if φ = φψ for some local Arthur parameter ψ . Vogan’s
conjecture is stated as follows.

Conjecture 1.1 [8, Conjecture 8.3.1(a)]. For any local Arthur parameterψ of G(F),

5ψ =5ABV
φψ

(G(F))

There are more precise statements matching the distributions associated with
local Arthur packets and ABV-packets; we refer to [8, Conjecture 8.3.1] for details.

Conjecture 1.1 remains widely open. The only known case is GLn(F), proved
by Cunningham and Ray [5; 6]. To introduce our main result, we sketch their main
idea in the following subsection.

1.1. Proof of Vogan’s conjecture of GLn(F) and the combinatorial lemma. First,
we introduce a crucial ingredient of their proof, the Pyasetskii involution on L-
parameters, which we denote by

φ 7→ φ̂.
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This involution is defined via the geometric structure on Vogan varieties. See [8,
§6.4] or [23, §4.3] for a precise definition. When G = GLn(F), there are bijections
among irreducible representations of G, L-parameters of G, and a collection of
multisegments (see Section 2.1 for details). In [21], Mœglin and Waldspurger
showed that under these bijections, Pyasetskii involution on L-parameters matches
the Zelevinsky involution on irreducible representations defined in [23, §4.1]. They
gave a combinatorial algorithm on multisegments to realize these involutions (see
Section 2.3). Later in [14], Knight and Zelevinsky gave a closed formula for the
involution on multisegments, which is proved using the theory of flows in network.

For GLn(F), the structure of L-packets and local Arthur packets are simple: they
are all singletons. Therefore, the inclusion 5ψ =5φψ ⊆5ABV

φψ
automatically holds.

With this observation and the geometric structure of ABV-packets of GLn(F)
[7, Proposition 3.2.1], Cunningham and Ray demonstrated in the proof of [6,
Theorem 5.3] that for an irreducible local Arthur parameter ψ of GLn(F),

5ψ =5ABV
φψ

(GLn(F))

holds if the following lemma holds for ψ .

Lemma 1.2 [6, Lemma 4.8]. Let ψ be an irreducible local Arthur parameter
of GLn(F). If φ is an L-parameter of GLn(F) satisfying φ ≥ φψ and φ̂ ≥ φ̂ψ , then

φ = φψ .

Here the inequality is the closure ordering of L-parameters defined via the
geometric structure on Vogan varieties, which is equivalent to the partial ordering
on multisegments considered in [23] (see Section 2.2 for details). Cunningham and
Ray proved the above lemma, and hence established Vogan’s conjecture in this case.
Later in [5], they used endoscopic lifting to reduce the general case to the case of
irreducible parameters. This proved Vogan’s conjecture for GLn(F) completely.

On the other hand, the proof in [6, Theorem 5.3] implies that for an arbitrary
local Arthur parameter ψ of GLn(F), not necessarily irreducible, the equality

5ψ =5ABV
φψ

(GLn(F))

holds if the following generalized lemma holds for ψ .

Lemma 1.3. Let ψ be an arbitrary local Arthur parameter of GLn(F). If φ is an
L-parameter of GLn(F) satisfying φ ≥ φψ and φ̂ ≥ φ̂ψ , then

φ = φψ .
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Riddlesden [22] proved Lemma 1.3, mainly using the network description of the
Zelevinsky involution as in [14]. Therefore, combining with the proof of [6, Theo-
rem 5.3], this provides a combinatorial approach to Vogan’s conjecture for GLn(F).

1.2. Main result. We present a new proof of Lemma 1.3, thereby offering an
alternative approach to Vogan’s conjecture for GLn(F). Compared to [22], our
proof is elementary and only involves the Mœglin–Waldspurger algorithm. This
reflects an important technique in the study of general representations of Arthur type,
and hence has its own interest and is expected to have applications, as outlined below.

The main idea of the proof is to verify that the ABV-packets of GLn(F) satisfy
an analogue of the following property for local Arthur packets of Gn = Sp2n(F)
or split SO2n+1(F) proved in [11]. Suppose π is a representation of Gn of Arthur
type. Then the L-parameter φπ shares a specific common summand with the
L-parameter φψmax(π), where

ψmax(π) ∈9(π) := {ψ | π ∈5ψ }

is “the” local Arthur parameter of π considered in [10]. If π is not tempered, one
may define a representation π− and a local Arthur parameter (ψmax(π))− of Gn−

with n− < n by removing this common summand from the L-parameters. Then
π−

∈ 5(ψmax(π))− . Conversely, repeating this process (with slight modifications)
gives an algorithm to determine whether π is of Arthur type or not. See [12, §6]
for a precise statement.

For GLn(F), motivated by the phenomenon above, we show that the dual in-
equalities

φ ≥ φψ and φ̂ ≥ φ̂ψ

imply that φ and φψ must share certain common summands in Proposition 4.3.
Define φ− and ψ− by removing these common summands. The dual inequalities
are preserved, i.e.,

φ−
≥ φψ− and φ̂− ≥ φ̂ψ− .

Repeating the above procedure, we conclude that φ = φψ , which proves the main
result. Note that 9(π) is always a singleton for GLn(F), and hence ψmax(π) does
not play an essential role here.

1.3. Applications of the combinatorial lemma. Finally, we discuss some applica-
tions of the combinatorial lemma. We say that an L-parameter φ is atomic if

{φ′
| φ′

≥ φ, φ̂′ ≥ φ̂} = {φ}.
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In upcoming work [9; 15], we show that this atomic property enables us to explicitly
study the associated ABV-packet, as we will now explain.

First, suppose φ is an atomic L-parameter of GLn(F) and let π be the corre-
sponding irreducible representation. Note that the atomic property implies that
5ABV
φ = {π}. In [15], we give an algorithm to express π as a linear combination of

standard modules.

Next, we consider L-parameters of classical groups Sp2n(F) or split SO2n+1(F).
On one hand, we can associate a “stable standard” distribution ηstd

φ by summing
over all standard modules in the L-packet 5φ , which is stable. On the other hand,
there is another distribution ηABV

φ defined via the ABV-packet 5ABV
φ , which is

conjectured to be stable [8, Conjecture 8.4.2]. Assuming this conjecture, for each
atomic L-parameter φ, we give an algorithm to express ηABV

φ as a linear combination
of stable standard distributions in [15].

Finally, in a joint work currently in progress [9], we are going to establish the
conjecture that ηABV

φ is always stable for classical groups under certain assumptions.
As a nontrivial corollary, we show that if φ is atomic, then the ABV-packet 5ABV

φ

is atomically stable, meaning that no proper subset supports any stable distribution.
This justifies the use of the term “atomic”.

With the above results in mind, it is an interesting and important question to
characterize/classify the set of atomic L-parameters. The combinatorial lemma
(Lemma 1.3) implies that L-parameters of Arthur type of GLn(F) are always
atomic. The same holds for classical groups SO2n+1(F),Sp2n(F) and O2n(F) by
the explicit computation of Pyasetskii involution for these groups in [13]. Therefore,
the above results can be applied to these ABV-packets of Arthur type. We remark
that not all atomic L-parameters are of Arthur type. For example, φπ is atomic but
not of Arthur type for any generic nontempered representation π of GLn(F). We
expect that the careful study of the combinatorial aspect of Mœglin–Waldspurger
algorithm in this paper will play important roles toward the classification of atomic
L-parameters not necessarily of Arthur type.

Here is the structure of this paper. In Section 2, we recall the necessary notation
and preliminaries. We recall the notion of multisegments in Section 2.1, the partial
ordering on multisegments in Section 2.2, and the Mœglin–Waldspurger algorithm
in Section 2.3. In Section 3, we rephrase the Mœglin–Waldspurger algorithm and
develop certain notation and lemmas for the proofs in Section 4. Then we prove
Lemma 1.3 in Section 4. We rephrase Lemma 1.3 in terms of multisegments in
Section 4.1. We prove the key of reduction, Proposition 4.3, in Section 4.2. Finally,
we prove Lemma 1.3 in Section 4.3.
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2. Preliminaries

Let F be a non-Archimedean field of characteristic zero, and let WF denote the
Weil group of F . Let | · | represent the normalized absolute value on F , which we
also regard as a character of GLn(F) via composition with the determinant.

We denote by 5(GLn(F)) the set of isomorphism classes of irreducible smooth
representations of GLn(F), and by 8(GLn(F)) the set of equivalence classes of
L-parameters for GLn(F). We define

5(GL(F)) :=

⊔
n≥1

5(GLn(F)), 8(GL(F)) :=

⊔
n≥1

8(GLn(F)).

We denote by + the sum of multisets (disjoint union), and by \ the difference of
multisets.

2.1. Langlands classification for GLn(F). We recall the Langlands classification
for GLn(F), and the bijection among 5(GLn(F)), 8(GLn(F)) and multisegments
of correct rank.

Let C(GLn(F)) denote the set of isomorphism classes of supercuspidal repre-
sentations of GLn(F). By local Langlands correspondence for GLn(F), we may
identify C(GLn(F)) as the set of isomorphism classes of n-dimensional irreducible
representations of WF . We let

C :=

⊔
n≥1

C(GLn(F)),

and denote by Cunit the subset of C that consists of unitary supercuspidal representa-
tions.

Let P be a standard parabolic subgroup of GLn(F) with Levi subgroup L ∼=

GLn1(F)× · · · × GLns (F). An irreducible representation σ of L can be identified
with

σ = σ1 ⊗ · · · ⊗ σs,

where σi ∈5(GLni (F)). We set

σ1 × · · · × σs := IndGLn(F)
P σ,

which is the normalized parabolic induction.
A segment 1 is a set of the form

{ρ | · |
b, ρ | · |

b+1, . . . , ρ | · |
e
},

where ρ ∈ Cunit, b, e ∈ R such that e−b ∈ Z≥0. We shall write 1= [b, e]ρ for short
and call b the base value of 1, e the end value of 1, and e − b + 1 the length of 1.
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We also write

b(1) := b, e(1) := e, l(1) := e − b + 1.

A multisegment, which we usually denote by α, β, γ or δ, is a finite multiset
of segments. We denote the collection of segments by Seg and the collection of
multisegments by Mseg. For each ρ ∈ Cunit, let Segρ denote the subset of Seg
consisting of segments of the form [b, e]ρ , and let Msegρ denote the subset of Mseg
consisting of multisets of segments in Segρ . For each α ∈ Mseg, there is a unique
decomposition

α =

∑
ρ∈Cunit

αρ,

where αρ ∈ Msegρ and αρ = ∅ except for a finite number of ρ ∈ Cunit.
For each segment [y, x]ρ , let1ρ[x, y] be the unique irreducible subrepresentation

of the parabolic induction

ρ | · |
x
× ρ | · |

x−1
× · · · × ρ | · |

y .

We recall the Langlands classification for GLn(F) now. Any irreducible represen-
tation π ∈5(GLn(F)) can be realized as the unique irreducible subrepresentation
of a parabolic induction of the form

1ρ1[x1, y1] × · · · ×1ρ f [x f , y f ],

where

• n =
∑ f

i=1 dim(ρi )(xi − yi + 1),

• ρi ∈ Cunit, and

• x1 + y1 ≤ · · · ≤ x f + y f .

Here dim(ρi ) is the dimension of ρi as an irreducible representation of WF . The
multiset

{1ρ1[x1, y1], . . . ,1ρ f [x f , y f ]}

with the above requirement is unique. With this notation, we may write down the
L-parameter of π as

φπ = ρ1| · |
x1+y1

2 ⊗ Symx1−y1 ⊕ · · · ⊕ ρ f | · |
x f +y f

2 ⊗ Symx f −y f ,

where Symb+1 is the unique b-dimensional irreducible analytic representation
of SL2(C). Also, we associate, to π , the multisegment

δπ := {[y1, x1]ρ1, . . . , [y f , x f ]ρ f }.
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Thus, with the above notation, we obtain the correspondence

5(GL(F)) 8(GL(F)) Mseg,

π φπ δπ .

Suppose φ is an L-parameter of GLn(F). We shall simply write δφ := δπ where π
is the unique representation of 5(GLn(F)) such that φπ = φ.

2.2. A partial ordering on multisegments. We recall the partial ordering on Mseg
introduced in [23].

Suppose 11 = [b1, e1]ρ1 and 12 = [b2, e2]ρ2 are two segments. We say 11 and
12 are linked if the union 11 ∪12 (as a set) is also a segment, and 11 ̸⊇ 12,
12 ̸⊇11. In particular, 11 and 12 are linked only if ρ1 ∼= ρ2 (recall that we require
ρ1, ρ2 to be unitary).

Now let α, β be two multisegments. We say β is obtained from α by performing
a single elementary operation if we can form β from α by replacing a submultiset
{11,12} of α by

{11,12} if 11,12 are not linked,
{11 ∪12,11 ∩12} if 11,12 are linked and 11 ∩12 ̸= ∅,
{11 ∪12} if 11,12 are linked and 11 ∩12 = ∅.

Definition 2.1. Let α, β be two multisegments. We define α ≥ β if α can be
obtained from β by performing a sequence of elementary operations. This gives a
partial ordering on Mseg.

For any multisegment δ = {11, . . . ,1r }, we define

supp(δ) :=

r∑
i=1

1i ,

which is a multiset of supercuspidal representations. Then, it follows from the
definition that α ≥ β only if supp(α) = supp(β). Also, if α =

∑
ρ∈Cunit

αρ and
β =

∑
ρ∈Cunit

βρ , then α ≥ β if and only if αρ ≥ βρ for every ρ.
It is proved in [23, §2] that the partial ordering in Definition 2.1 exactly corre-

sponds to the closure ordering on the orbits of Vogan varieties.

Theorem 2.2 [23, Theorem 2.2]. Let φ1, φ2 be two L-parameters of GLn(F). The
following are equivalent:

(a) δφ1 ≥ δφ2 .

(b) φ1 ≥ φ2.

Here the ≥ in part (b) is the closure ordering on the associated Vogan variety.
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2.3. Mœglin–Waldspurger algorithm. We recall the statement of the Mœglin–
Waldspurger algorithm and introduce the related notation. For simplicity, we shall
assume any multisegment in this section is in Msegρ for a fixed ρ ∈ Cunit, and omit
ρ in the notation.

Suppose 11 = [b1, e1] and 12 = [b2, e2] are linked. We say 11 precedes 12 if
b1 < b2 and e1 < e2. For 1= [b, e], define

1−
:=

{
[b, e − 1] if b ̸= e,
∅ otherwise.

With these definitions, we are ready to state the Mœglin–Waldspurger algorithm.

Algorithm 2.3 (Mœglin–Waldspurger algorithm). Suppose α is a multisegment.
We associate a segment M(α) as follows.

(1) Set e to be the largest end value of segments in α. Set m := e.

(2) Consider all segments in α with end value m. Among these, choose a segment
with the largest base value and call it 1m .

(3) Consider the set of all segments in α that precede 1m with end value m − 1.
If this is empty, go to step (5). Otherwise, choose a segment from this set with
the largest base value and call it 1m−1.

(4) Set m := m − 1 and go to step (3).

(5) Return M(α)= [m, e].

Next, we inherit the following notation from the above procedure. Define α \ M(α)
to be the multisegment obtained from α by replacing 1i with 1−

i for all m ≤ i ≤ e
and removing empty sets.

Finally, we set
α̃ := {M(α)} + (

∼

α \ M(α))

if α ̸= ∅ and α̃ := ∅ otherwise.

For a general multisegment α =
∑

ρ∈Cunit
αρ , we define

α̃ :=

∑
ρ∈Cunit

α̃ρ .

The main result of [21] is that Algorithm 2.3 computes the Zelevinsky involution
on multisegments and also the Pyasetskii involution on L-parameters of GLn(F).

Theorem 2.4 [21, Theorem II.13]. For any L-parameter φ of GLn(F), we have

δφ̂ = δ̃φ.
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3. Rephrasing Mœglin–Waldspurger algorithm

We introduce certain notation and a useful observation (Lemma 3.3 below) for the
Mœglin–Waldspurger algorithm. Then, we rephrase Algorithm 2.3 in Corollary 3.4.

We inherit the notation in Algorithm 2.3 in the following discussion. For any
multisegment β, set β0

:= β and β i
:= β i−1

\ M(β i−1), so that for any i , we have

β̃ = {M(βl)}i−1
l=0 + β̃ i .

Write β = {1 j } j∈J , and β i
= {1i

j } j∈J i . For i > 0, we fix an injection J i ↪→ J i−1,
which identifies J i as a subset of J i−1, with the conditions

• 1i
j ⊆1i−1

j , and

• if 1i−1
j ̸=1i

j , then 1i
j = (1i−1

j )−.

In this way, we identify each J i as a subset of J = J 0. Define

K i
:= { j ∈ J i

|1i
j ̸=1i+1

j }.

Then,

M(β i )= {e(1i
j ) | j ∈ K i

}.

Write M(β i )= [mi , ei
]. For mi

≤ l ≤ ei , let ki
l be the unique index in K i such that

e(1i
ki

l
)= l. Now we rephrase Algorithm 2.3.

Lemma 3.1. With the above notation, the following properties uniquely characterize
M(β i )= [mi , ei

] and {1i
ki

l
}mi ≤l≤ei :

(1) ei
= max{e(1i

j ) | j ∈ J i
}.

(2) b(1i
ki

ei
)= max{b(1i

j ) | j ∈ J i , e(1i
j )= ei

}.

(3) b(1i
ki

l
)= max{b(1i

j ) | j ∈ J i , e(1i
j )= l, b(1i

j ) < b(1i
ki

l+1
)}

(4) { j ∈ J i
| e(1i

j )= mi
− 1, b(1i

j ) < b(1i
ki

mi
)} = ∅.

Finally, let e := e0
= max j∈J {e(1 j )} and set

t := max{i ∈ Z≥0 | ei
= e(M(β i ))= e} + 1.

Note that t = #{ j ∈ J | e(1 j )= e}. When there are more than one multisegment
involved in the argument, we write J i

= J i (β), K i
= K i (β), e = e(β) and t = t (β)

to specify the multisegment β.
We give an example to demonstrate this notation.
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Example 3.2. Consider β = {1 j } j∈J , where J = {1, 2, . . . , 8}, and

11 = [2, 2], 12 = [0, 1], 13 = [−2, 0], 14 = [−3,−1],

15 = [1, 2], 16 = [−1, 1], 17 = [−2, 0], 18 = [−2, 1].

We have e(β)= 2 and t (β)= 2. Applying Algorithm 2.3 once, we obtain M(β)=

[m0, e0
] = [−1, 2], and β1

= β \ M(β) is obtained from β by replacing {1 j }
4
j=1 by

{1−

j }
4
j=1. Thus we can choose K 0

= {1, 2, 3, 4} and (k0
2, k0

1, k0
0, k0

−1)= (1, 2, 3, 4).
Note that one can also choose K 0

= {1, 2, 7, 4} since 13 =17.
With the choice K 0

= {1, 2, 3, 4}, we obtain that J 1
= {2, 3, . . . , 8} ⊆ J and

β1
= {11

j }
8
j=2 = {1−

j }
4
j=2 ⊔ {1 j }

8
j=5.

Apply Algorithm 2.3 again, we obtain M(β1)=[m1, e1
]= [0, 2] and the only choice

of K 1 is {5, 6, 7} with (k1
2, k1

1, k1
0)= (5, 6, 7). We obtain J 2

={2, 3, . . . , 8}⊆ J 1
⊆ J

and
β2

= {12
j }

8
j=2 = {1−

j }
4
j=2 ⊔ {1−

j }
7
j=5 ⊔ {18}.

Observe that in the above example, K 0
∩K 1

=∅, or in other words, the index sets
{K i (β)}

t (β)−1
i=0 are mutually disjoint. One can also check this on the multisegment

in Example 4.6, which is slightly more complicated. We prove this interesting
phenomenon for all multisegments along with other properties in the following
lemma.

Lemma 3.3. With the notation developed in this section, the following holds for
any multisegment β:

(a) m0
≤ m1

≤ · · · ≤ mt−1.

(b) For any 0 ≤ i ≤ t − 1 and mi
≤ l ≤ e, we have containment

10
k0

l
⊆11

k1
l
⊆ · · · ⊆1i

ki
l
.

(c) The sets {K i
}

t−1
i=0 are mutually disjoint.

(d) For 0 ≤ i ≤ t − 1 and mi
≤ l ≤ e, we have

1ki
l
=10

ki
l
=11

ki
l
= · · · =1i

ki
l
⊋ (1i

ki
l
)− =1i+1

ki
l

= · · · =1t−1
ki

l
.

Proof. First, observe that part (a) implies that

m0
≤ m1

≤ · · · ≤ mi
≤ l ≤ e,

and hence the indices k0
l , . . . , ki−1

l in part (b) are well defined. Also, part (d) is a
direct consequence of part (c). To prove parts (a), (b), (c), we apply induction on
t = t (β). If t = 1, the conclusions trivially hold. We assume t > 1 from now on.
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We claim that for any l ∈ {e, e − 1, . . . ,mt−1
}, the following hold for any

0 ≤ i < t − 1:

(i) mi
≤ l.

(ii) 1i
ki

l
⊆1t−1

kt−1
l

.

(iii) kt−1
l is not in K i .

We demonstrate that the claims imply the desired conclusion before we verify
the claims. Set J ′

:= J \ K t−1 and β ′
:= {1 j } j∈J ′ . Then,

t (β ′)= #{ j ∈ J ′
| e(1 j )= e} = t − 1.

Also, for any 0 ≤ i < t −1, claim (iii) implies K t−1
∩ K i

=∅, and hence claim (ii)
implies that for mi

≤ l ≤ ei ,

1i
ki

l
⊆1t−1

kt−1
l

=1i
kt−1

l
.

This gives b(1i
ki

l
)≥ b(1i

kt−1
l
). From this inequality, for 0 ≤ i < t − 1 and mi

≤

l ≤ ei , we inductively check that [mi , ei
] and 1i

ki
l
∈ (β ′)i satisfy the properties in

Lemma 3.1 for β ′. Thus, we can choose K i (β ′)= K i (β). The induction hypothesis
for β ′ then implies that:

(a’) m0
≤ · · · ≤ mt−2.

(b’) For any 0 ≤ i ≤ t − 2 and mi
≤ l ≤ e, we have containment

10
k0

l
⊆11

k1
l
⊆ · · · ⊆1i

ki
l
.

(c’) The sets {K i
}

t−2
i=0 are mutually disjoint.

Thus, together with the claims, this verifies conditions (a), (b) and (c) for β.
Now we prove the claims by applying induction on l. When l = e, claim (i)

trivially holds. Claim (ii) follows from Lemma 3.1(2). For claim (iii), write
10

kt−1
e

= [x, y]. Then, 1t
kt−1

e
= [x, y − s] where s = #{0 ≤ i < t − 1 | kt−1

e ∈ K i
}.

Since e(1t−1
kt−1

e
)= e and

y = e(10
kt−1

e
)≤ max

10∈β
{e(10)} = e

by definition, we obtain that

e = y − s ≤ y ≤ e,

which implies that s = 0. This completes the verification of the claims for l = e.
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Suppose e > r ≥ mt−1 and the claims are already verified for l = r + 1. We are
going to verify the claims for l = r .

First, for any 0 ≤ i < t −1, claim (ii) for l = r +1 gives1i
ki

r+1
⊆1t−1

kt−1
r+1

. Combining

with Lemma 3.1(3), we obtain that

b(1t−1
kt−1

r
) < b(1t−1

kt−1
r+1
)≤ b(1i

ki
r+1
).(3-1)

On the other hand, claim (iii) for l =r+1 implies that kt−1
r+1 ̸= k j

r for any 0≤ j < t−1,
and hence

10
kt−1

r
=11

kt−1
r

= · · · =1i
kt−1

r
= · · · =1t−1

kt−1
r
.(3-2)

In particular, their base values are all the same. As a consequence, the set

{ j ∈ J i
| e(1i

j )= r, b(1i
j ) < b(1i

ki
r+1
)}

is nonempty since it contains kt−1
r . We conclude that mi

≤ r by Lemma 3.1(4).
This proves claim (i) for l = r .

Next, for any 0 ≤ i ≤ t − 1, (3-1) and (3-2) give

e(1i
kt−1

r
)= e(1t−1

kt−1
r
)= r, b(1i

kt−1
r
)= b(1t−1

kt−1
r
) < b(1i

ki
r+1
).

Therefore, kt−1
r is in the set

{ j ∈ J i
| e(1i

j )= r, b(1i
j ) < b(1i

ki
r+1
)}.

We conclude that b(1i
kt−1

r
)≤ b(1i

ki
r
) by Lemma 3.1(3). This verifies claim (ii) for

l = r .
Finally for claim (iii), suppose the contrary that kt−1

r ∈ K i for some 0 ≤ i < t
and take maximal such i . We must have

1t−1
kt−1

r
=1t−2

kt−1
r

= · · · =1i+1
kt−1

r
= (1i

kt−1
r
)−,

and hence kt−1
r = ki

r+1. However, claim (ii) for l = r + 1 gives

1t−1
kt−1

r
=1i+1

ki
r+1

= (1i
ki

r+1
)− ⊊1i

ki
r+1

⊆1t−1
kt−1

r+1
.

In particular, b(1t−1
kt−1

r
)≥ b(1t−1

kt−1
r+1
), contradicting Lemma 3.1(3). This completes the

verification of claim (iii) for l = r and the proof of the lemma. □

As a corollary, we can improve the statement of Lemma 3.1 when 0 ≤ i ≤ t − 1
as follows.

Corollary 3.4. Let {K i
}

t (β)−1
i=0 be a collection of mutually disjoint subsets of J (β).

The following are equivalent:
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(a) K i can be labeled as K i
= {ki

l }mi ≤l≤e(β) such that the following holds:

(1) e(1ki
l
)= l.

(2) b(1ki
e
)= max

{
b(1 j ) | j ∈ J \

( ⊔
0≤r<i K r

)
, e(1 j )= e

}
.

(3) b(1ki
l
)= max

{
b(1 j ) | j ∈ J \

( ⊔
0≤r<i K r

)
, e(1 j )= l, b(1 j ) < b(1ki

l+1
)
}

(4)
{

j ∈ J \
( ⊔

0≤r<i K r
)
| e(1 j )= mi

− 1, b(1 j ) < b(1ki
mi
)
}

= ∅.

(b) The multisegment β i can be obtained from β i−1 by replacing {1ki }ki ∈K i with
{1−

ki }ki ∈K i .

Proof. The descriptions of parts (a) and (b) both determine the collection of
segments {1ki

l
}ki ∈K i uniquely. Thus, it suffices to examine the index sets {K i

}
t−1
i=0

chosen in the beginning of this section, where part (b) holds, satisfying all of the
conditions in part (a).

Condition (1) holds by definition. Condition (2) holds since e(1i
j )= e if and

only if 1i
j =1 j and j ̸∈

⊔
0≤r<i K r . For condition (3), observe that 1i

j =1 j for
j ∈ J \

⊔
0≤r<i K r , and hence Lemma 3.1(3) implies that

b(1ki
l
)≥ max

{
b(1 j )

∣∣ j ∈ J
∖ ( ⊔

0≤r<i
K r

)
, e(1 j )= l, b(1 j ) < b(1ki

l+1
)
}
.

On the other hand, Lemma 3.3(c) shows that

ki
l ∈ J

∖ ( ⊔
0≤r<i

K r
)
,

so the equality holds. By the same observation, Lemma 3.1(4) implies condition (4).
This completes the proof of the corollary. □

4. Proof of Lemma 1.3

4.1. Rephrasing Lemma 1.3 by multisegments. We rephrase Lemma 1.3 using the
notation of multisegments recalled in Section 2. First, we define multisegments of
Arthur type.

Definition 4.1. We say a multisegment α is of Arthur type if α = δφ for some
L-parameter φ of Arthur type. The following is an equivalent but more explicit
description.

1. For an irreducible local Arthur parameter ρ ⊗ Symd
⊗ Syma , we associate a

multisegment

δρ,d,a :=

{[
a−d

2
,

a+d
2

]
ρ
,
[

a−d
2

− 1, a+d
2

− 1
]
ρ
, . . . ,

[
−a−d

2
,
−a+d

2

]
ρ

}
.
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2. For a local Arthur parameter of the form

ψ =

⊕
ρ

⊕
i∈Iρ

ρ⊗ Symdi ⊗ Symai ,(4-1)

we associate a multisegment

δψ :=

∑
ρ

∑
i∈Iρ

δρ,di ,ai .

3. We say a multisegment α is of Arthur type if α= δψ for some ψ of the form (4-1).

With this definition, we may rephrase Lemma 1.3 as follows.

Lemma 4.2. Let α be a multisegment of Arthur type. If β is a multisegment such
that β ≥ α and β̃ ≥ α̃, then β = α.

4.2. Preparation for reduction. In this subsection we prove Proposition 4.3 below,
which is the key to the reduction argument in the proof of Lemma 1.3. The
motivation for the formulation of Proposition 4.3 is discussed in the introduction.
Note that some of the statements in this subsection are similar to those in [22], but
the proofs are different.

Throughout this subsection, we fix ρ ∈ Cunit and write δd,a := δρ,d,a , [b, e] :=

[b, e]ρ to simplify the notation.

Proposition 4.3. Suppose α is of Arthur type with α = δψ , where

ψ =

⊕
i∈Iρ

ρ⊗ Symdi ⊗ Symai .

Set
a + d := max{ai + di | i ∈ Iρ},

d := min{di | i ∈ Iρ, ai + di = a + d}.

Then, for any multisegment β such that β ≥ α and β̃ ≥ α̃, the following holds:

(i) The multisegment β must contain a copy of δd,a .

(ii) If we define α− and β− by removing a copy of δd,a from α and β, respectively,
then α−

= δψ− where

ψ−
:= ψ − ρ⊗ Symd

⊗ Syma,

and β−
≥ α− and β̃− ≥ α̃−.

We first show that the choice of a + d and d in Proposition 4.3 gives the fol-
lowing bounds. The definition of β i and other notation in the proof can be found
in Section 3.
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Lemma 4.4. Under the setting of Proposition 4.3, for any i ≥ 0 and [x, y] ∈ β i , the
following holds:

(a) x ≥
−a−d

2 .

(b) y ≤
a+d

2 . If equality holds, then [x, y] ∈ βl for any 0 ≤ l ≤ i and x ≤
a−d

2 .

Proof. For arbitrary multisegments α, β, we have the following observations:

• If β ≥ α, then supp(β)= supp(α).

• For i ≥ 0, supp(β i ) = supp(M(β i )) + supp(β i+1). In particular, we have
supp(β)⊇ supp(β i ).

Now we return to the setting of Proposition 4.3. The choice of a + d implies that

(4-2)
1
2(a + d)= max{x ∈ R | ρ | · |

x
∈ supp(α)= supp(β)},

1
2(−a − d)= min{x ∈ R | ρ | · |

x
∈ supp(α)= supp(β)},

which shows part (a) and the first part of part (b) by the observations above.
Next, we show the second part of part (b) with the notation developed in Section 3

for β. Take a j ∈ J i such that 1i
j = [x, y]. We have

10
j ⊇11

j ⊇ · · · ⊇1i
j = [x, y].

Moreover, if any of the inclusions is strict, then e(10
j ) > y. If y =

a+d
2 , this cannot

happen by (4-2). Therefore, we conclude that [x, y] =1l
j ∈ βl for any 0 ≤ l ≤ i .

Finally, we verify the property that if
[
x, a+d

2

]
∈ β then x ≤

a−d
2 . If β = α, then[

x, 1
2(a + d)

]
∈

{[ 1
2(a + d)− di ,

1
2(a + d)

]
| i ∈ Iρ, ai + di = a + d

}
,

and hence x ≤
a−d

2 by the definition of d. In general, β is obtained from α by
performing a sequence of elementary operations. By (4-2), the desired property
is preserved under each elementary operation, and hence β also has this property.
This completes the proof of the lemma. □

For part (ii) in Proposition 4.3, we need the following computation, which works
for a general multisegment β. We obtain the same conclusion as [22, Lemma 3.18]
but with slightly weaker conditions.

Lemma 4.5. Suppose a multisegment β contains a copy of

δb,e,s := {[b, e], [b − 1, e − 1], . . . , [b − s, e − s]},

and any segment [x, y] ∈ β satisfies

(i) x ≥ b − s,

(ii) y ≤ e.
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Define β− by removing a copy of δb,e,s from β. Then we have

β̃ = β̃− + δ̃b,e,s,

where
δ̃b,e,s = {[e − s, e], [e − s − 1, e − 1], . . . , [b − s, b]}.

We give an example to illustrate the reduction process in the proof.

Example 4.6. Let β =
∑4

i=0{1ki }ki ∈K i , where

(4-3)

{1k0}k0∈K 0 = {[2, 2], [1, 1], [0, 0], [−1,−1], [−2,−2]},

{1k1}k1∈K 1 = {[1, 2], [−1, 1], [−2, 0], [−3,−1]},

{1k2}k2∈K 2 = {[0, 2], [−1, 1], [−3, 0]},

{1k3}k3∈K 3 = {[0, 2], [−3, 1]},

{1k4}k4∈K 4 = {[−2, 2]}.

Note that β contains δ0,2,3 = {[0, 2], [−1, 1], [−2, 0], [−3,−1]}, and the pair
(β, δ0,2,3) satisfies assumptions (i), (ii) in the above lemma. Also, the subsets
{K i

}
4
i=0 of J (β)=

⊔4
i=0 K i satisfy all of the conditions in Corollary 3.4(a), where

recall that we let ki
l denote the index in K i such that e(1ki

l
)= l. Therefore,

β4
=

∑4
i=0{1

−

ki }ki ∈K i , and

β̃ = {M(β i )}4
i=0 + β̃4 = {[−2, 2], [−1, 2], [0, 2], [1, 2], [2, 2]} + β̃4.

For −1 = e− s ≤ l ≤ e = 2, we let rl := max{0 ≤ r ≤ 4 |1kr
l
= [e− s − l, e− l]}.

Thus, (r2, r1, r0, r−1)= (3, 2, 1, 1). The corresponding segments1k
rl
l

are displayed
in bold text in (4-3).

We may construct the segment β− from β by removing {1k
rl
l
}−1≤l≤2. Let

J−
:= J \ {krl

l }−1≤l≤2, which we identify with J (β−). We define the mutually
disjoint subsets {(K i )−}

3
i=0 of J− by removing {1k

rl
l
}−1≤l≤2 in (4-3) and then

“push” the segments below them upward accordingly. That is, we define

{1(k0)−}(k0)−∈(K 0)− = {[2, 2], [1, 1], [0, 0], [−1,−1], [−2,−2]},

{1(k1)−}(k1)−∈(K 1)− = {[1, 2], [−1, 1], [−3, 0]},

{1(k2)−}(k2)−∈(K 2)− = {[0, 2], [−3, 1]},

{1(k3)−}(k3)−∈(K 3)− = {[−2, 2]}.

It follows that the mutually disjoint subsets {(K i )−}
3
i=0 of J− satisfy all of the

conditions in Corollary 3.4(a). Therefore, (β−)3 =
∑3

i=0{1
−

(ki )−
}(ki )−∈(K i )− , and

β̃− = {M((β−)i )}3
i=0 +

∼

(β−)3 = {[−2, 2], [0, 2], [1, 2], [2, 2]} +
∼

(β−)3.
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Now observe that β4 contains a copy of {1−

k
rl
l
}−1≤l≤3 = δ0,1,3 and the pair (β4, δ0,1,3)

satisfies assumptions (i), (ii) in the lemma. Moreover, (β4)−, which is obtained
from β4 by removing a copy of δ0,1,3, is exactly (β−)3, and {M(β i )}4

i=0 equals
{M((β−)i )}3

i=0⊔{[2,−1]}. We conclude that the lemma holds for the pair (β, δ0,2,3)

if it holds for the pair (β4, δ0,1,3).

Now we apply the reduction process in the above specific example to prove the
lemma in general cases.

Proof of Lemma 4.5. We use the notation developed in Section 3 for β, which we
recall briefly as follows:

• β = {1 j } j∈J (β).

• e(β) := max{e(1 j )} j∈J (β).

• t (β) := #{ j ∈ J (β) | e(1 j )= e(β)}.

• {K i (β)}t−1
i=0 is a collection of (mutually disjoint) subsets of J (β) satisfying all

conditions in part (a) of Corollary 3.4.

Note that assumption (ii) implies that the number e matches e(β). We shall simply
write J = J (β), t = t (β), K i

= K i (β) in the following discussion.
We apply induction on ℓ := e−b+1 to prove the lemma. When ℓ= 1, it follows

directly from Algorithm 2.3 that M(β)= δ̃b,e,s , β1
= β−, and hence

β̃ = M(β)+ β̃1 = β̃− + δ̃b,e,s .

From now on, we assume ℓ > 1 and the conclusions are already established for the
case that e − b + 1 = ℓ− 1.

First, we give the following observations:

• 1ki
e
= [b, e] for some 0 ≤ i ≤ t − 1.

• If 1ki
e−r

= [b − r, e − r ], and β i contains a [b − r − 1, e − r − 1] for some
0 ≤ r < s, then 1ki

e−r−1
= [b − r − 1, e − r − 1].

As a consequence,
⊔t−1

i=0{1ki }ki ∈K i must contain a copy of δb,e,s . Thus, for each
e − s ≤ l ≤ e, the set

{0 ≤ r ≤ t − 1 |1kr
l
= [l − e + b, l]}

is nonempty, and we define rl to be the maximum of this set.
Next, we show that

(4-4) re−s ≤ re−s+1 ≤ · · · ≤ re.
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Indeed, for e − s < l ≤ e, parts (b) and (d) of Lemma 3.3 and the definition of rl

imply that for any rl < i ≤ t − 1,

[l − e + b, l] =1k
rl
l
⊊1ki

l
.

Thus, Corollary 3.4(a)(3) shows that if l − 1 ≥ mi , then

b(1ki
l−1
) < b(1ki

l
)≤ l − e + b − 1,

and hence 1ki
l−1

̸= [(l − 1)− e + b, l − 1]. This shows that rl−1 ≤ rl , and hence
(4-4) holds.

Now set J−
:= J \{krl

l }
e
l=e−s . We have β−

= {1 j } j∈J− . For 0 ≤ i ≤ t −2, define
mutually disjoint subsets (K i )− of J− as follows.

(K i )− :=


K i if i < re−s,

{ki
e, . . . , ki

l(i)+1} ⊔ {ki+1
l(i) , . . . , ki+1

mi+1} if rl(i) ≤ i < rl(i)+1,

K i+1 if i ≥ re.

Note that if i is not in the first or the third case above, i.e., re > i ≥ re−s , then
the index l(i) = max{e > l ≥ e − s | i ≥ rl(i)} is the unique index such that
rl(i) ≤ i < rl(i)+1 holds.

We claim that the collection of index sets {(K i )−}
t−2
i=0 satisfies all of the conditions

in Corollary 3.4(a) for β−, and hence we can compute β̃− using these index sets as
described in part (b) of the same corollary.

Before verifying the claim, we demonstrate that the claim implies the desired
conclusion. Define

K −
:=

t−2⊔
i=0

(K i )−, K :=

t−1⊔
i=0

K i .

Observe that b(1kre−s
e−s
)= b − s, and hence by assumption (i), M(βre−s )= [e − s, e].

This implies that

K −
⊔ {krl

l }
e
l=e−s = K .(4-5)

As a consequence of the above equality, we have

β t
= (β−)t−1

⊔ δb,e−1,s,

and hence β t contains a copy of δb,e−1,s . Also, β t satisfies assumptions (i), (ii)
with e replaced by e−1 according to its construction. Thus, the induction hypothesis
implies that

(4-6) β̃ t =
∼

(β−)t−1
⊔ δ̃b,e−1,s .
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Another consequence of (4-5) is that

{M((β−)i )}t−2
i=0 ⊔ {[e − s, e]} = {M(β i )}t−1

i=0.(4-7)

Indeed, observe that as multisets over C,
t−1∑
i=0

M(β i )=
∑

k∈K
{e(1k)},

and the left-hand side of the above equality uniquely determines the collection
{M(β i )}t−1

i=0. The same argument works for β−. Therefore, (4-5) implies (4-7).
Combining (4-6) and (4-7), we obtain that

β̃ = {M(β i )}t−1
i=0 + β̃ t = {M((β−)i )}t−2

i=0 ⊔ {[e − s, e]} +
∼

(β−)t−1
⊔ δ̃b,e−1,s

= β̃− + δ̃e,b−1,s .

This gives the desired conclusion of the lemma.
Now we prove the claim. Write (K i )− = {(ki

l )
−
}(mi )−≤l≤e, where e(1(ki

l )
−)= l.

In other words,

(mi )− =

{
mi if i < re−s,

mi+1 if i ≥ re−s,
(ki

l )
−

=

{
ki

l if i < rl,

ki+1
l if l ≥ (mi )− and i ≥ rl .

Conditions (1) and (2) of Corollary 3.4(a) for {(K i )−}
t−2
i=0 hold by the construction.

Now we verify condition (3) for each1(ki
l )

− , where 0≤ i ≤ t−2 and e> l ≥ (mi )−.
We separate into three cases: rl+1 ≥ rl > i , rl+1 > i ≥ rl , and i ≥ rl+1 ≥ rl . The
key observation is

(4-8)
{

j ∈ J
∖( ⊔

0≤r<i
K r

) ∣∣ e(1 j )= l
}

=

{
j ∈ J−

∖( ⊔
0≤r<i

(K r )−
) ∣∣ e(1 j )= l

}
⊔ {kmax(i,rl )

l }.

Case 1. Suppose that rl+1 ≥ rl > i . Then, (ki
l )

−
= ki

l , (ki
l+1)

−
= ki

l+1, and
b(1ki

l
)≥ b(1k

rl
l
) by Lemma 3.3(b) and (d). Thus Corollary 3.4(a)(3) for 1ki

l
and

(4-8) give

b(1(ki
l )

−)

= b(1ki
l
)= max

{
b(1 j )

∣∣ j ∈ J
∖ ( ⊔

0≤r<i
K r

)
, e(1 j )= l, b(1 j ) < b(1ki

l+1
)
}

= max
({

b(1 j )
∣∣ j ∈ J−

∖ ( ⊔
0≤r<i

(K r )−
)
, e(1 j )= l, b(1 j ) < b(1ki

l+1
)
}

⊔ {b(1k
rl
l
)}

)
= max

{
b(1 j )

∣∣ j ∈ J−
∖ ( ⊔

0≤r<i
(K r )−

)
, e(1 j )= l, b(1 j ) < b(1(ki

l+1)
−)

}
.

This verifies condition (3) in this case.



VOGAN’S CONJECTURE ON LOCAL ARTHUR PACKETS OF p-ADIC GLn 351

Case 2. Suppose that rl+1 > i ≥ rl . Then,

(ki
l )

−
= ki+1

l and (ki
l+1)

−
= ki

l+1.

We first check that for any j−
∈ J−

\
( ⊔

0≤r≤i−1(K
r )−

)
such that e(1 j−)= l,

b(1 j−) < b(1ki
l+1
) if and only if b(1 j−) < b(1ki+1

l+1
). Indeed, Lemma 3.3(b) and (d)

imply that

b(1ki
l+1
)= b(1i

ki
l+1
)≥ b(1i+1

ki+1
l+1
)= b(1ki+1

l+1
),

which shows one direction. For the other direction, Corollary 3.4(a)(3) for 1ki
l

and
(4-8) imply that

b(1ki
l
)= max

{
b(1 j )

∣∣ j ∈ J
∖ ( ⊔

0≤r≤i−1
K r

)
, e(1 j )= l, b(1 j ) < b(1ki

l+1
)
}

≥ b(1 j−).

Then, since rl+1 ≥ i + 1> i ≥ rl , Lemma 3.3(b) and (d) imply that

b(1 j−)≤ b(1ki
l
)≤ b(1k

rl
l
)= l − e + b < l + 1 − e + b = b(1k

rl+1
l+1
)≤ b(1ki+1

l+1
).

In particular,

b(1 j−) < b(1ki+1
l+1
).

As a consequence, we obtain that

b(1(ki
l )

−)

= b(1ki+1
l
)= max

{
b(1 j )

∣∣ j ∈ J
∖ ( ⊔

0≤r<i+1
K r

)
, e(1 j )= l, b(1 j ) < b(1ki+1

l+1
)
}

= max
({

b(1 j )
∣∣ j ∈ J

∖ ( ⊔
0≤r<i

K r
)
, e(1 j )= l, b(1 j ) < b(1ki+1

l+1
)
} ∖

{b(1ki
l
)}

)
= max

{
b(1 j )

∣∣ j ∈ J−
∖ ( ⊔

0≤r<i
(K r )−

)
, e(1 j )= l, b(1 j ) < b(1ki+1

l+1
)
}

= max
{

b(1 j )
∣∣ j ∈ J−

∖ ( ⊔
0≤r<i

(K r )−
)
, e(1 j )= l, b(1 j ) < b(1ki

l+1
)
}

= max
{

b(1 j )
∣∣ j ∈ J−

∖ ( ⊔
0≤r<i

(K r )−
)
, e(1 j )= l, b(1 j ) < b(1(ki

l+1)
−)

}
.

This verifies condition (3) in this case.
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Case 3. Suppose that i ≥ rl+1 ≥ rl . Then, (ki
l )

−
= ki+1

l and (ki
l+1)

−
= ki+1

l+1 .
Corollary 3.4(a)(3) for 1ki+1

l
and (4-8) imply that

b(1(ki
l )

−)

= b(1ki+1
l
)= max

{
b(1 j )

∣∣ j ∈ J
∖ ( ⊔

0≤r<i+1
K r

)
, e(1 j )= l, b(1 j ) < b(1ki+1

l+1
)
}

= max
({

b(1 j )
∣∣ j ∈ J−

∖ ( ⊔
0≤r<i+1

(K r )−
)
, e(1 j )= l, b(1 j ) < b(1ki+1

l+1
)
}

⊔ {b(1ki+1
l
)}

)
= max

{
b(1 j )

∣∣ j ∈ J−
∖ ( ⊔

0≤r<i
(K r )−

)
, e(1 j )= l, b(1 j ) < b(1(ki

l+1)
−)

}
.

This verifies condition (3) in this case.
Finally, we verify condition (4). We separate into three cases: i < re−s , rl(i)+1 >

i ≥ rl(i) for some e − s ≤ l(i) < e, and e ≥ re.

Case 1. Suppose that i < re−s . Then, (mi )− = mi and (ki
(mi )−

)− = ki
mi . Therefore,{

j ∈ J−
∖ ( ⊔

0≤r<i
(K r )−

) ∣∣ e(1 j )= (mi )− − 1, b(1 j ) < b(1(ki
(mi )−

)−)
}

=

{
j ∈ J−

∖ ( ⊔
0≤r<i

(K r )−
) ∣∣ e(1 j )= mi

− 1, b(1 j ) < b(1ki
mi
)
}

⊆

{
j ∈ J

∖ ( ⊔
0≤r<i

K r
) ∣∣ e(1 j )= mi

− 1, b(1 j ) < b(1ki
mi
)
}
.

Since the last set is empty by Corollary 3.4(a)(4) for K i (β), this verifies condition (4)
in this case.

Case 2. Suppose that rl(i)+1 > i ≥ rl(i) for some e − s ≤ l(i) < e. We write
l = l(i) for simplicity in the following discussion. We have (mi )− = mi+1 and
(ki
(mi )−

)− = ki+1
mi+1 . Observe that

⊔
0≤r<i (K

r )− ⊆
⊔

0≤r<i+1 K r . Moreover, the
difference set can be written down explicitly:( ⊔

0≤r<i+1
K r

) ∖ ( ⊔
0≤r<i

(K r )−
)

= {kre−s
e−s , . . . , krl

l } ⊔ {ki
l+1, . . . , ki

e}.

As a consequence, if j ∈ J−
\
( ⊔

0≤r<i (K
r )−

)
but j ̸∈ J \

( ⊔
0≤r<i+1 K r

)
, then

j ∈ {ki
l+1, . . . , ki

e}. In particular, since i + 1 ≤ rl+1, Lemma 3.3(a) implies

e(1 j )≥ l + 1 ≥ mrl+1 ≥ mi+1 > mi+1
− 1.
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Therefore,{
j ∈ J−

∖ ( ⊔
0≤r<i

(K r )−
) ∣∣ e(1 j )= (mi )− − 1, b(1 j ) < b(1(ki

(mi )−
)−)

}
=

{
j ∈ J−

∖ ( ⊔
0≤r<i

(K r )−
) ∣∣ e(1 j )= mi+1

− 1, b(1 j ) < b(1ki+1
mi+1

)
}

=

{
j ∈ J

∖ ( ⊔
0≤r<i+1

K r
) ∣∣ e(1 j )= mi+1

− 1, b(1 j ) < b(1ki+1
mi+1

)
}
,

which is empty by Corollary 3.4(a)(4) for K i+1(β), this verifies condition (4) in
this case.

Case 3. Suppose i ≥ re. Then (mi )− = mi+1 and (ki
(mi )−

)− = ki+1
mi+1 . Similar to the

previous case, we have( ⊔
0≤r<i+1

K r
) ∖ ( ⊔

0≤r<i
(K r )−

)
= {kre−s

e−s , . . . , kre
e },

and hence
J−

∖ ( ⊔
0≤r<i

(K r )−
)

= J
∖ ( ⊔

0≤r<i+1
K r

)
.

Thus a similar argument as in the previous case verifies condition (4) in this case.
This completes the verification of the claim and the proof of the lemma. □

We remark that we have

δd,a = δ a−d
2 , a+d

2 ,a, δa,d = δ̃ a−d
2 , a+d

2 ,a.

As a corollary, this gives an alternate proof of the following fact.

Lemma 4.7. Consider a local Arthur parameter of the form

ψ =
⊕
i∈Iρ

ρ⊗ Symdi ⊗ Symai ,

and let α = δψ . Then α̃ = δψ̂ , where

ψ̂ =
⊕
i∈Iρ

ρ⊗ Symai ⊗ Symdi .

Proof. We apply induction on |Iρ |. Define a + d, d as in Proposition 4.3. We
apply Lemma 4.5 on α, which contains a copy of δd,a = δ a−d

2 , a+d
2 ,a . Note that the

assumptions are verified by Lemma 4.4 with β = α and i = 0. We have

α̃ = α̃− + δ̃ a−d
2 , a+d

2 ,a = α̃− + δa,d ,

where α−
= α− δd,a = δψ− and

ψ−
= ψ − ρ⊗ Symd

⊗ Syma .
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If |Iρ | = 1, then α− is empty, and hence α̃ = δa,d = δψ̂ . If |Iρ | > 1, then the
induction hypothesis shows that α̃− = δψ̂− , which implies that α̃ = δψ̂ . This
completes the proof of the lemma. □

Proof of Proposition 4.3. We use the notation e = e(β), t = t (β), K i
= K i (β)

defined in Section 3. We have e =
a+d

2 by Lemma 4.4(b). Let

r := min
{
0 ≤ i ≤ t − 1 | M(β i )⊇ [(−a + d)/2, (a + d)/2]

}
.

Note that the right-hand side is nonempty since

β̃ ≥ α̃ = δψ̂ ⊇ δa,d ∋ [(−a + d)/2, (a + d)/2].

Recall our notation that M(βr )=[mr ,e] and K r
={kr

e , . . . ,k
r
mr }. Corollary 3.4(a)(3)

implies
b(1kr

mr ) < b(1kr
mr +1

) < · · ·< b(1kr
e
),

and hence

b(1kr
mr )≤ b(1kr

e
)− (e − mr )≤ b(1kr

e
)−

a + d
2

+
−a + d

2
= b(1kr

e
)− a,(4-9)

where we use mr
≤ (−a +d)/2 given by the containment [mr , e] ⊇ [(−a +d)/2, e]

in the second inequality. On the other hand, Lemma 4.4(b) gives

b(1kr
e
)≤

a − d
2

.(4-10)

Therefore,

b(1kr
mr )≤

a − d
2

− a =
−a − d

2
.

By Lemma 4.4(a), the equality must hold, and hence all the inequalities in (4-9) and
(4-10) are indeed equalities. In particular, for mr

≤ l ≤ e, we have 1kr
l
= [l − d, l],

We conclude that

β = {1 j } j∈J ⊇ {1kr }kr ∈K r = {[l − d, l]}−a−d
2 ≤l≤ a+d

2
= δd,a.

This proves part (i).
For part (ii), it is clear that α−

= δψ− and β−
≥ α−. It remains to show that

β̃− ≥ α̃−. We apply Lemma 4.5 on β, which contains a copy of δd,a = δ a−d
2 , a+d

2 ,a .
Note that the assumptions in Lemma 4.5 are verified by Lemma 4.4 with i = 0.
Thus, we obtain that

α̃ = α̃− + δa,d , β̃ = β̃− + δa,d ,

which implies that β̃− ≥ α̃− since β̃ ≥ α̃. This completes the proof of part (ii) and
the proposition. □
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4.3. Proof of Lemma 1.3. It is equivalent to prove Lemma 4.2. Write α = δψ

where
ψ =

⊕
ρ∈Cunit

⊕
i∈Iρ

ρ⊗ Symdi ⊗ Symai .

Let
ψρ :=

⊕
i∈Iρ

ρ⊗ Symdi ⊗ Symai .

We have the decomposition α =
∑

ρ∈Cunit
αρ , where αρ = δψρ and β =

∑
ρ∈Cunit

βρ .
The pair of inequalities β ≥ α and β̃ ≥ α̃ is equivalent to the pairs of inequalities
βρ ≥ αρ , β̃ρ ≥ α̃ρ for every ρ. Therefore, we may assume that

ψ = ψρ =
⊕
i∈Iρ

ρ⊗ Symdi ⊗ Symai

for some ρ ∈ Cunit, and adopt the notation in Proposition 4.3.
Apply induction on k := |Iρ |. When k = 1, Proposition 4.3(i) implies that

α = δd,a = β. Suppose that k > 1. We construct α−, β− as in Proposition 4.3(ii).
Then, the induction hypothesis implies that α−

= β−, and hence

α = α−
+ δd,a = β−

+ δd,a = β.

This completes the proof of the lemma. □
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THREE INVARIANTS OF
GEOMETRICALLY VERTEX DECOMPOSABLE IDEALS

THÁI THÀNH NGUYỄN, JENNA RAJCHGOT AND ADAM VAN TUYL

We study three invariants of geometrically vertex decomposable ideals: the
Castelnuovo–Mumford regularity, the multiplicity, and the a-invariant. We
show that these invariants can be computed recursively using the ideals that
appear in the geometric vertex decomposition process.

As an application, we prove that the a-invariant of a geometrically vertex
decomposable ideal is nonpositive. We also recover some previously known
results in the literature including a formula for the regularity of the Stanley–
Reisner ideal of a pure vertex decomposable simplicial complex, and proofs
that some well-known families of ideals are Hilbertian. Finally, we apply our
recursions to the study of toric ideals of bipartite graphs. Included among
our results on this topic is a new proof for a known bound on the a-invariant
of a toric ideal of a bipartite graph.

1. Introduction

Vertex decomposable simplicial complexes and their associated Stanley–Reisner
ideals have been extensively studied in the fields of combinatorial algebraic topology
and combinatorial commutative algebra; for example, see [Dochtermann and En-
gström 2009; Hà and Woodroofe 2014; Knutson et al. 2009; Provan and Billera 1980;
Woodroofe 2009]. These complexes are known to have many nice combinatorial
properties. Such complexes are defined recursively via vertex decompositions into
subcomplexes, and this suggests that one can study their structure and invariants
by means of those recursions. A generalization of this concept, geometric vertex
decomposition, was introduced by A. Knutson, E. Miller and A. Yong in [Knutson
et al. 2009]. They used this computational-algebraic technique to study Schubert
determinantal ideals associated to vexillary permutations.

Building upon this work, P. Klein and the second author in [Klein and Rajchgot
2021] introduced the notion of a geometrically vertex decomposable ideal, which is
a generalization of the Stanley–Reisner ideal of a vertex decomposable simplicial
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complex. In fact, a geometrically vertex decomposable squarefree monomial ideal
is precisely the Stanley–Reisner ideal of a vertex decomposable simplicial complex,
with the geometric vertex decomposition given by the vertex decomposition of
the complex. Other well-known families of geometrically vertex decomposable
ideals include Schubert determinantal ideals [Klein and Rajchgot 2021] and toric
ideals of bipartite graphs [Cummings et al. 2023]. The technique of geometric
vertex decomposition has been increasingly useful in various algebro-geometric
contexts including applications in liaison theory [Klein and Rajchgot 2021], Gröbner
geometry of matrix Schubert varieties [Klein 2023; Klein and Weigandt 2022;
Knutson et al. 2009], and the study of Hessenberg varieties [Cummings et al.
2024; Da-Silva and Harada 2023]. It was also shown in [Cummings et al. 2023;
Klein and Rajchgot 2021] that geometrically vertex decomposable ideals have many
algebraic properties in common with Stanley–Reisner ideals of vertex decomposable
simplicial complexes.

The purpose of this paper is to study algebraic invariants of geometrically ver-
tex decomposable ideals. We shall exploit their inherently recursive structure to
derive recursive formulae for their invariants. Our recursions reduce the study of
our original geometrically vertex decomposable ideal to the study of two related
geometrically vertex decomposable ideals, each of which is in one less variable.
The following theorem summarizes our main results about these invariants. In the
statement below, the ideals Cy,I and Ny,I refer to ideals formed from the decom-
position of I ; complete definitions are found in Section 2. Furthermore, reg(R/I ),
e(R/I ), and a(R/I ) refer to the Castelnuovo–Mumford regularity, multiplicity, and
a-invariant of R/I , respectively.

Theorem 1.1. Suppose that I ⊆ R = K[x1, . . . , xn] is a homogeneous, geo-
metrically vertex decomposable ideal. Then there exists a variable y such that
iny(I )= Cy,I ∩(Ny,I +⟨y⟩) is a geometric vertex decomposition, and Cy,I and Ny,I

are geometrically vertex decomposable. If the geometric vertex decomposition is
nondegenerate, then

(1) (Corollary 3.3) reg(R/I ) = max{reg(R/Ny,I ), reg(R/Cy,I ) + 1},

(2) (Corollary 4.3) e(R/I ) = e(R/Ny,I ) + e(R/Cy,I ), and

(3) (Corollary 5.7) a(R/I ) = max{a(R/Ny,I ) + 1, a(R/Cy,I ) + 1}.

When the geometric vertex decomposition is degenerate, we have

reg(R/I ) = reg(R/Ny,I ), e(R/I ) = e(R/Ny,I ), and a(R/I ) = a(R/Ny,I ).

A key observation of Knutson, Miller, and Yong [Knutson et al. 2009] is that
the Hilbert series of an ideal I that has a geometric vertex decomposition is related
to the Hilbert series of the smaller ideals (see Theorem 2.3). We use this result to
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show that, in the case that I is also geometrically vertex decomposable, there is
a relation among the associated h-polynomials (see Theorem 2.4). The proof of
Theorem 1.1 then relies heavily on this relation among the h-polynomials.

Applying these recursions to various classes of ideals that are previously known
to be geometrically vertex decomposable (see [Cummings et al. 2023; Klein and
Rajchgot 2021]), we are able to offer a new approach to recover several known
results. As an example, the recursive formula for the regularity of Stanley–Reisner
ideals of pure vertex decomposable simplicial complexes, independently found by
H.T. Hà and R. Woodroofe [Hà and Woodroofe 2014] and S. Moradi and F. Khosh-
Ahang [Moradi and Khosh-Ahang 2016], can be deduced from Theorem 1.1 (see
Corollary 3.4).

Theorem 1.1 can also be used to show that all geometrically vertex decomposable
ideals are “almost” Hilbertian. For a homogeneous ideal I ⊆ R, let H PR/I (t) denote
the Hilbert polynomial of R/I , and let H FR/I (t) denote its Hilbert function. An
ideal is Hilbertian if H PR/I (t) = H FR/I (t) for all t ≥ 0; this definition is attributed
to S. Abhyankar (see [Abhyankar and Kulkarni 1989]). Recently, A. Stelzer and
A. Yong [Stelzer and Yong 2023] proved that Schubert determinantal ideals are
Hilbertian. This result is related to our situation because Schubert determinantal
ideals are geometrically vertex decomposable [Klein and Rajchgot 2021, Section 5].
Because the a-invariant is intimately linked to when H FR/I (t) and H PR/I (t) agree,
we can contribute the following result.

Theorem 1.2 (Corollary 5.8). Let I ⊂ R be a proper, homogeneous, geometrically
vertex decomposable ideal. Then a(R/I )≤0. Consequently, H FR/I (t)= H PR/I (t)
for all t ≥ 1.

Note that Theorem 1.2 implies that, except possibly at t = 0, the Hilbert function
and the Hilbert polynomial of a geometrically vertex decomposable ideal agree.
Under extra hypotheses, we are able to determine when there is also agreement
at t = 0, and consequently, the ideal I is Hilbertian.

In the last part of the paper, we apply our results to the class of toric ideals
of bipartite graphs, which are known to be geometrically vertex decomposable
by [Cummings et al. 2023] (which builds on [Constantinescu and Gorla 2018]).
Our results complement and extend recent work on invariants of toric ideals of
graphs; for example, see [Almousa et al. 2022; Biermann et al. 2017; Corso and
Nagel 2009; D’Alì 2015; Galetto et al. 2019; Hà et al. 2019; Ohsugi and Hibi
1999; Tatakis and Thoma 2011; Villarreal 1995]. Recall that if G = (V, E) is a
finite simple graph with vertex set V = {x1, . . . , xn} and edge set E = {e1, . . . , eq},
the toric ideal of G, denoted IG , is the kernel of the K-algebra homomorphism
ϕ : K[e1, . . . , eq ] → K[x1, . . . , xn] given by ϕ(ei ) = x j xk , where ei = {xi , x j } ∈ E .
Theorems 1.1 and 1.2 allow us to show the following results.
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Theorem 1.3 (Theorems 6.7 and 6.20). Let H be any subgraph of a bipartite
graph G. Then

(1) reg(IH ) ≤ reg(IG),

(2) a(K[E(G)]/IH ) ≤ a(K[E(G)]/IG), and

(3) e(K[E(G)]/IH ) ≤ e(K[E(G)]/IG).

Furthermore, if G is connected, then IG is Hilbertian.

Theorem 1.3 (1) was recently shown in [Almousa et al. 2022, Theorem 6.11]
by A. Almousa, A. Dochtermann, and B. Smith using combinatorial techniques
involving root polytopes and also in [Pinto and Villarreal 2023, Corollary 8.16] by
M.V. Pinto and R.H. Villarreal using edge polytopes. Note that one could use the
above results to obtain the upper bounds in terms of graph-theoretic invariants as
those invariants of the complete bipartite graphs can be exactly computed (by the
technique of geometric vertex decomposition or other techniques). Our technique
not only gives a new proof for the regularity bound but can also be used to recover
the results on precise values of the regularity, a-invariant, as well as multiplicity of
toric ideals of Ferrer graphs (including complete bipartite graphs) in [Corso and
Nagel 2009] by A. Corso and U. Nagel.

Theorem 1.4 (Theorem 6.12). Let λ = (λ1, λ2, . . . , λn) be a partition with λ1 ≥

λ2 ≥ · · · ≥ λn , and let Tλ be the associated Ferrers graph. Write Iλ = ITλ
and

R = K[E(Tλ)].

(1) If n = 1 or λ2 = 1, then reg(R/Iλ) = 0.

(2) If λ2 ≥ 2, and suppose that λ = (λ1, . . . , λs, 1, 1, . . . , 1) where λs ≥ 2, then

reg(R/Iλ) = min{s − 1, {λ j + j − 3 | 2 ≤ j ≤ s}}.

In particular, if G = Kn,m is a complete bipartite graph, then reg(R/IG) =

min{n, m} − 1.

In addition to the above results, we consider the “gluing” procedure of G. Favac-
chio, J. Hofscheier, G. Keiper, and the last author [Favacchio et al. 2021] which
“glues” an even cycle to a graph G to form a new graph H . We relate the regularity,
the a-invariant, and the multiplicity of IG , when this ideal is geometrically vertex
decomposable, to that of IH (see Theorem 6.9 and Corollary 6.10). To further
illustrate the usefulness of our results, our techniques are used to explicitly compute
all three invariants for all toric ideals of graphs that belong to a family first considered
in [Galetto et al. 2019].

Our paper is structured as follows. In Section 2 we recall the relevant background
on geometrically vertex decomposable ideals. In Sections 3–5, we consider the
regularity, the multiplicity, and the a-invariant, respectively. In Section 6, we apply
our results to study the invariants of toric ideals of (bipartite) graphs.
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2. Background on geometrically vertex decomposable ideals

In this section we recall the notion of geometric vertex decomposition, introduced by
Knutson, Miller and Yong in [Knutson et al. 2009], and geometrically vertex decom-
posable ideals, introduced by Klein and the second author in [Klein and Rajchgot
2021]. Due to the recursive nature of the theory of geometric vertex decomposition,
this technique provides us with a convenient inductive set-up for studying properties
and invariants of certain classes of ideals, as expanded upon in later sections.

Hereafter, we let K denote an arbitrary field. We let R = K[x1, . . . , xn] be a
standard graded polynomial ring in n variables. Fix a variable y = x j . Then, for
any f ∈ R, we can write f =

∑d
i=0 αi yi , where, for each i , αi is a polynomial in

K[x1, . . . , x̂ j , . . . , xn]. For f ̸= 0, we define the initial y-form denoted iny( f ) to
be the sum of all the nonzero terms of f having the highest power of y, that is,
iny( f ) = αd yd . For an ideal J ⊂ R, define iny(J ) = ⟨iny( f ) | f ∈ J ⟩. A monomial
order < on R is said to be y-compatible if it satisfies in<(iny( f )) = in<( f ) for all
f ∈ R, where in<( f ) is the initial term of f with respect to <. It follows that, for
such an order, we have in<(iny(I )) = in<(I ) for all ideals I .

Consider an ideal I and a y-compatible monomial order on R. Suppose that
G = {g1, . . . , gm} is a Gröbner basis of I with respect to this monomial order, and
for each i = 1, . . . , m, write gi = ydi qi + ri , where iny(gi ) = ydi qi and y does not
divide any term of qi . It follows that iny(I ) = ⟨ydi qi | 1 ≤ i ≤ m⟩. We define the
ideals

Cy,I = ⟨q1, . . . , qm⟩ and Ny,I = ⟨qi | di = 0⟩.

It is important to observe that the ideals Cy,I and Ny,I do not depend on the choice
of Gröbner basis, and in particular do not depend on the choice of y-compatible
monomial order, since Cy,I = iny(I ) : ⟨y⟩

∞ and Ny,I + ⟨y⟩ = iny(I ) + ⟨y⟩ by
[Knutson et al. 2009, Theorem 2.1]; see also [Klein and Rajchgot 2021, Section 2].

Definition 2.1. When iny(I ) = Cy,I ∩ (Ny,I +⟨y⟩), we call this a geometric vertex
decomposition of I with respect to y. We say that the geometric vertex decomposi-
tion is degenerate if

√
Cy,I =

√
Ny,I or if Cy,I = ⟨1⟩, and nondegenerate otherwise.

Recall that an ideal I is unmixed if I satisfies dim(R/I ) = dim(R/P) for all
associated primes P ∈ AssR(R/I ). We define the main object of study in this paper.

Definition 2.2. An ideal I of R = K[x1, . . . , xn] is geometrically vertex decompos-
able if I is unmixed and

(1) I = ⟨1⟩, or I is generated by a (possibly empty) subset of variables of R, or

(2) there exists a variable y = x j of R such that we have a geometric vertex decom-
position iny(I )=Cy,I ∩(Ny,I +⟨y⟩), and the contractions of the ideals Cy,I and
Ny,I to the ring K[x1, . . . , x̂ j , . . . , xn] are geometrically vertex decomposable.
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Thus, given a geometrically vertex decomposable ideal I , one can perform
a geometric vertex decomposition with respect to some variable y to obtain a
geometrically vertex decomposable ideal Cy,I and a geometrically vertex decom-
posable ideal Ny,I . Each of these ideals can then be decomposed into their own
geometrically vertex decomposable ideals, and so on, until all ideals have the form
of item (1) of Definition 2.2. We refer to such a process of repeatedly performing
geometric vertex decompositions, where all ideals at all stages are geometrically
vertex decomposable, as a geometric vertex decomposition process. We note that
an ideal I may have multiple different geometric vertex decomposition processes.
Many well-known ideals are geometrically vertex decomposable. These include
Stanley–Reisner ideals of vertex decomposable simplicial complexes, classes of
generalized determinantal ideals (e.g., classical determinantal ideals, Schubert
determinantal ideals, ideals of varieties of complexes), defining ideals of lower
bound cluster algebras, and toric ideals of bipartite graphs [Cummings et al. 2023;
Klein and Rajchgot 2021].

Our main results depend upon a relationship between the h-polynomials of
R/I , R/Cy,I , and R/Ny,I . Recall that the Hilbert series of a graded R-module
M =

⊕
∞

i=1 Mi is the generating function

HM(t) =

∞∑
i=0

(dimK Mi )t i .

By the Hilbert–Serre theorem [Bruns and Herzog 1993, Corollary 4.1.8], the Hilbert
series can be expressed as a rational function

HM(t) =
hM(t)

(1 − t)d ,

where hM(t), the h-polynomial of M , is a polynomial with integer coefficients and
d = dim M . The following result, which is [Knutson et al. 2009, Theorem 2.1 (e)],
relates the Hilbert series of an ideal to that of its geometric vertex decomposition;
for completeness, we have included a proof.

Theorem 2.3. Suppose that I ⊆ R is a homogeneous ideal that has a geometric
vertex decomposition with respect to y, that is, iny(I ) = Cy,I ∩ (Ny,I + ⟨y⟩). Then

HR/I (t) = HR/(Ny,I +⟨y⟩)(t) + t HR/Cy,I (t).

Proof. We have the short exact sequence

0 −→
R

Cy,I ∩ (Ny,I + ⟨y⟩)
−→

R
Cy,I

⊕
R

Ny,I + ⟨y⟩
−→

R
Cy,I + Ny,I + ⟨y⟩

−→ 0.

Furthermore, note that Cy,I + Ny,I +⟨y⟩ = Cy,I +⟨y⟩. Because iny(I ) and I have
the same Hilbert series (since in<(iny(I )) = in<(I )), the Hilbert series of R/I
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satisfies

HR/I (t) = HR/(Ny,I +⟨y⟩)(t) + HR/Cy,I (t) − HR/(Cy,I +⟨y⟩)(t).

Since y is a nonzero divisor on R/Cy,I , we have the short exact sequence

0 −→
R

Cy,I
(−1)

×y
−→

R
Cy,I

−→
R

Cy,I + ⟨y⟩
−→ 0,

which then implies that

HR/Cy,I (t) − HR/(Cy,I +⟨y⟩)(t) = t HR/Cy,I (t).

Consequently, HR/I (t) = HR/(Ny,I +⟨y⟩)(t) + t HR/Cy,I (t), as desired. □

Note that Theorem 2.3 implies a relationship among the h-polynomials h R/I (t),
h R/(Ny,I +⟨y⟩)(t), and h R/Cy,I (t). To explicitly determine this relationship, one would
need to know the dimension of the three rings. As shown below, we know the
dimensions in the case that the homogeneous ideal I ⊆ R is geometrically vertex
decomposable. In fact, instead of the h-polynomial of R/(Ny,I +⟨y⟩), we use the
h-polynomial of R/Ny,I .

Theorem 2.4. Suppose that I ⊆ R is a homogeneous ideal and R/I is equidi-
mensional. If there is a variable y such that iny(I ) = Cy,I ∩ (Ny,I + ⟨y⟩) is a
nondegenerate geometric vertex decomposition, then the h-polynomial of R/I
satisfies

h R/I (t) = h R/Ny,I (t) + th R/Cy,I (t).

Proof. Because R/I is equidimensional and the decomposition iny(I ) = Cy,I ∩

(Ny,I +⟨y⟩) is nondegenerate, we may apply [Klein and Rajchgot 2021, Lemma 2.8]
to conclude that ht(I ) = ht(Cy,I ) = ht(Ny,I ) + 1.

Since dim(R) = dim(R/J )+ht(J ) for any ideal J in the polynomial ring R, we
have

dim(R/I ) = dim(R/Cy,I ) = dim(R/Ny,I ) − 1 = dim(R/(Ny,I + ⟨y⟩)) = d.

Therefore, by Theorem 2.3, we have

h R/I (t)
(1 − t)d =

h R/(Ny,I +⟨y⟩)(t)
(1 − t)d +

th R/Cy,I (t)
(1 − t)d .

To complete the proof, it suffices to show that h R/(Ny,I +⟨y⟩)(t) = h R/Ny,I (t).
Because the generators of Ny,I do not involve y, we then have a short exact
sequence

0 −→
R

Ny,I
(−1)

×y
−→

R
Ny,I

−→
R

(Ny,I + ⟨y⟩)
−→ 0.
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Consequently, the Hilbert series of R/(Ny,I + ⟨y⟩) satisfies

h R/(Ny,I +⟨y⟩)(t)
(1 − t)d−1 = HR′/Ny,I (t) = (1 − t)HR/Ny,I (t) =

(1 − t)h R/Ny,I (t)
(1 − t)d .

Comparing the numerator of both sides now gives the conclusion. □

3. Regularity of geometrically vertex decomposable ideals

We consider the (Castelnuovo–Mumford) regularity of geometrically vertex de-
composable ideals. We derive a recursive formula for the regularity for this family
that allows us to compute the regularity of various classes of ideals, e.g., Stanley–
Reisner ideals of pure vertex decomposable simplicial complexes, and toric ideals
of bipartite graphs in Section 6.

The (Castelnuovo–Mumford) regularity of a graded R-module M is given by

reg(M) = max{ j − i | βi, j (M) ̸= 0},

where βi, j (M) denotes the (i, j)-th graded Betti number that appears in the minimal
graded free resolution of M . The following property, which relates the regularity to
the degree of the h-polynomial in the Hilbert series, shall be of great use.

Lemma 3.1 [Vasconcelos 1998, Corollary B.28]. Let I ⊆ R be a homogeneous
ideal such that R/I is Cohen–Macaulay. Then reg(R/I ) = deg h R/I (t).

Because all geometrically vertex decomposable ideals are Cohen–Macaulay, for
this family of ideals, we can informally define the regularity of R/I to be the degree
of the h-polynomial.

We come to the main result of this section, which describes a recursion between
regularity values of a geometrically vertex decomposable I and the corresponding
ideals Cy,I and Ny,I . The proof relies on Theorem 2.4.

Theorem 3.2. Suppose I ⊆ R is a homogeneous and radical ideal such that R/I is
Cohen–Macaulay. Suppose y is a variable such that iny(I ) = Cy,I ∩ (Ny,I +⟨y⟩)

is a geometric vertex decomposition. If the decomposition is nondegenerate and
R/Cy,I and R/Ny,I are Cohen–Macaulay, then

reg(I ) = reg(iny(I )) = max{reg(Ny,I ), reg(Cy,I ) + 1}.

Otherwise, if the decomposition is degenerate, then

reg(I ) = reg(iny(I )) = reg(Cy,I ) = reg(Ny,I ) if Cy,I ̸= ⟨1⟩

and

reg(I ) = reg(iny(I )) = reg(Ny,I ) if Cy,I = ⟨1⟩.
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Proof. Since R/I is Cohen–Macaulay, reg(R/I ) = deg h R/I (t) by Lemma 3.1.
If the geometric vertex decomposition is nondegenerate and R/Cy,I and R/Ny,I

are Cohen–Macaulay, then by Theorem 2.4 we have

reg(R/I ) = deg h R/I (t) = max{deg h R/Ny,I (t), deg h R/Cy,I (t) + 1}

= max{reg(R/Ny,I ), reg(R/Cy,I ) + 1}.

Note that the second equality follows from the fact the h-polynomial of a Cohen–
Macaulay ring always has nonnegative coefficients (e.g., see [Stanley 1978, Corol-
lary 3.11]), so there is no cancellation among the top-degree terms when the
polynomials of Theorem 2.4 are added. To recover the statement of the theorem,
use the fact that reg(R/J ) = reg(J ) − 1 for any proper homogeneous ideal J .

To show that reg(I ) = reg(iny(I )), note that, by [Klein and Rajchgot 2021,
Corollary 4.11], we have iny(I ) is also Cohen–Macaulay. Since iny(I ) and I have
the same Hilbert series (as the Hilbert series of in<(iny(I )) = in<(I )), we get

reg(R/I ) = deg h R/I (t) = deg h R/ iny(I )(t) = reg(R/ iny(I )),

as desired.
Now suppose that the decomposition is degenerate. If Cy,I = ⟨1⟩, we have

R/I ∼= R/(Ny,I + ⟨y⟩), and thus the claim follows. Otherwise, if Cy,I ̸= ⟨1⟩, the
result follows directly from the fact that I = iny(I ) = Cy,I = Ny,I , as shown in
[Klein and Rajchgot 2021, Proposition 2.4]. □

Corollary 3.3. Theorem 1.1, part (1) is true.

Proof. Let I be a geometrically vertex decomposable ideal. Then, by definition,
there exists a variable y such that iny(I ) = Cy,I ∩ (Ny,I +⟨y⟩) is a geometric vertex
decomposition and Cy,I and Ny,I are geometrically vertex decomposable. Since
geometrically vertex decomposable ideals are Cohen–Macaulay and radical by
[Klein and Rajchgot 2021, Corollary 4.5 and Proposition 2.10], the result is now
immediate from Theorem 3.2. □

The above result recovers the recursive formula for the regularity of the Stanley–
Reisner ideal of a pure vertex decomposable complex. Since this is our only result
concerning vertex decomposable simplicial complexes and Stanley–Reisner ideals,
we point the reader to [Klein and Rajchgot 2021, Section 2.1] for notation and
terminology that is not explained. We want to highlight that our result is for pure
simplicial complexes; the following result can be seen as giving new proofs for
special cases of [Hà and Woodroofe 2014, Theorem 4.2] and [Moradi and Khosh-
Ahang 2016, Corollary 2.11]; in particular, [Hà and Woodroofe 2014; Moradi and
Khosh-Ahang 2016] do not require the vertex decomposable simplicial complex to
be pure.
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Corollary 3.4. Let 1 be a pure vertex decomposable simplicial complex, and let v

be a shedding vertex of 1. If I1 is the Stanley–Reisner ideal of 1, then

reg(R/I1) = max{reg(R/I11), reg(R/I12) + 1},

where 11 = del1(v) is the deletion of v, and 12 = lk1(v) is the link of v.

Proof. As pointed out in [Klein and Rajchgot 2021, Proposition 2.9], I1 is geomet-
rically vertex decomposable, and from [Klein and Rajchgot 2021, Remark 2.5], we
have a geometric vertex decomposition with Ny,I + ⟨y⟩ = I11 and Cy,I = Istar1(v),
where y is the variable corresponding to the vertex v. The decomposition is
nondegenerate since v is a shedding vertex. Now, as I12 = Istar1(v) + ⟨y⟩ and
since y is not in the support of Cy,I and Ny,I , we have reg(Cy,I ) = reg(I12) and
reg(Ny,I ) = reg(I11). Hence, the above formula follows from Theorem 3.2. □

Remark 3.5. Under the hypotheses that 1 is a pure simplicial complex, the decom-
position Cy,I ∩ (Ny,I + ⟨y⟩) is degenerate if and only if 1 is a cone from v on 12

(where y is the variable corresponding to v), and in this case, reg(I1) = reg(I11) =

reg(I12).

Remark 3.6. The proof of Corollary 3.4, as given in [Hà and Woodroofe 2014], uses
tools from combinatorial topology, like the Mayer–Vietoris sequence. On the other
hand, Corollary 3.4 is proved in [Moradi and Khosh-Ahang 2016] by first computing
the projective dimension of I ∨

1 , the corresponding Alexander dual of I1, and then us-
ing the fact that this value equals reg(R/I1). Our proof of Corollary 3.4 provides an
entirely new approach in the case of pure vertex decomposable simplicial complexes.

Example 3.7. The ideal I = ⟨y(zs − x2), ywr, wr(z2
+ zx + wr + s2)⟩ is geomet-

rically vertex decomposable, with

Cy,I = ⟨zs − x2, wr⟩ and Ny,I = ⟨wr(z2
+ zx + wr + s2)⟩,

and the geometric vertex decomposition is nondegenerate; see [Klein and Rajchgot
2021, Example 2.16]. The ideal Ny,I is generated by one polynomial of degree 4, so
reg(Ny,I ) = 4. For the ideal Cy,I , since its two generators have separate variables,
we have

reg(Cy,I ) = reg(⟨zs − x2
⟩) + reg(⟨wr⟩) − 1 = 2 + 2 − 1 = 3.

Therefore, by Theorem 3.2, reg(I ) = 4.

Remark 3.8. As defined in [Klein and Rajchgot 2021, Definition 4.6], an ideal
I ⊆ R is called weakly geometrically vertex decomposable if I is unmixed and if

(1) I = ⟨1⟩, or I is generated by a (possibly empty) subset of variables of R, or

(2) for some variable y = x j of R, there is a degenerate geometric vertex decom-
position iny(I ) = Cy,I ∩ (Ny,I + ⟨y⟩), and the contraction of Ny,I to the ring
K[x1, . . . , x̂ j , . . . , xn] is weakly geometrically vertex decomposable, or
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(3) for some variable y = x j of R, there is a nondegenerate geometric vertex
decomposition iny(I ) = Cy,I ∩ (Ny,I +⟨y⟩), the contraction of Cy,I to the ring
K[x1, . . . , x̂ j , . . . , xn] is weakly geometrically vertex decomposable, and Ny,I

is radical and Cohen–Macaulay.

The proofs of Theorems 2.4 and 3.2 can be adapted easily to weakly geometrically
vertex decomposable ideals. In these proofs, we only used the geometrically vertex
decomposable property of I to obtain that the ideals I , iny(I ), Cy,I , and Ny,I

are Cohen–Macaulay, which is true by [Klein and Rajchgot 2021, Corollaries 4.8
and 4.11] without the geometrically vertex decomposable assumption. Furthermore,
the height lemma [Klein and Rajchgot 2021, Lemma 2.8] and the fact that I is radical
[Klein and Rajchgot 2021, Corollary 4.8] are also true in the weakly geometrically
vertex decomposable setting. Therefore, we have the same recursive formula for
weakly geometrically vertex decomposable ideals.

Example 3.9. The ideal I = ⟨y(zs − x2), ywr, wr(x2
+ z2

+ wr + s2)⟩ is weakly
geometrically vertex decomposable, with

Cy,I = ⟨zs − x2, wr⟩ and Ny,I = ⟨wr(x2
+ z2

+ wr + s2)⟩,

but I is not geometrically vertex decomposable; see [Klein and Rajchgot 2021,
Example 4.10]. Nevertheless, by Remark 3.8, we still have

reg(I ) = max{reg(Ny,I ), reg(Cy,I ) + 1} = max{4, 3 + 1} = 4.

Remark 3.10. More generally, the proofs of Theorems 2.4 and 3.2 can be adapted
easily to the case when we only require I to be a homogeneous ideal that possesses a
geometric vertex decomposition and the ideals I and Ny,I are Cohen–Macaulay. As
in the proofs of Theorems 2.4 and 3.2, we only need that the ideals I , iny(I ), Cy,I ,
and Ny,I are Cohen–Macaulay, which is true by [Klein and Rajchgot 2021, Corol-
laries 4.8 and 4.11], and the height lemma [Klein and Rajchgot 2021, Lemma 2.8]
is also true when I is Cohen–Macaulay and the geometric vertex decomposition is
nondegenerate. If, in addition, I is radical then the formula in the degenerate case
also works by the same argument.

Example 3.11. Consider the ideal I = ⟨yz − xw, xy⟩. One can check that I is
not geometrically vertex decomposable. Nevertheless, using the lexicographical
order x > y > z > w, the Gröbner basis of I is {yz − xw, xy, y2z}. One can check
that I has a nondegenerate geometric vertex decomposition with Cx,I = ⟨y, w⟩ and
Nx,I = ⟨y2z⟩. Since I and Nx,I are Cohen–Macaulay, we get

reg(R/I ) = max{reg(R/Nx,I ), reg(R/Cx,I ) + 1} = 2.
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4. Multiplicity of geometrically vertex decomposable ideals

This short section considers the multiplicity of geometrically vertex decomposable
ideals. As with Theorem 3.2, our results rely on using Theorem 2.4 to relate the
h-polynomial of I to the h-polynomials of Cy,I and Ny,I .

Definition 4.1. Let M be an R-module with Hilbert series HM(t)= hM(t)/(1 − t)d ,
where d = dim M . Then the multiplicity of M is e(M) = hM(1).

The leading coefficient of the Hilbert polynomial of M is given by e(M)/d!, and
when M = R/I , where I is the defining ideal of a projective variety, then e(M) is
the degree of the variety.

Theorem 4.2. Let I ⊆ R be a homogeneous and radical ideal such that R/I is
equidimensional. Suppose there is a variable y such that iny(I )=Cy,I ∩(Ny,I +⟨y⟩)

is a geometric vertex decomposition. If the decomposition is nondegenerate, then

e(R/I ) = e(R/Ny,I ) + e(R/Cy,I ).

Otherwise, if the decomposition is degenerate, we have

e(R/I ) = e(R/Ny,I ) = e(R/Cy,I ) if Cy,I ̸= ⟨1⟩

and
e(R/I ) = e(R/Ny,I ) if Cy,I = ⟨1⟩.

Proof. By Theorem 2.4, if the decomposition is nondegenerate, we have

h R/I (t) = h R/Ny,I (t) + th R/Cy,I (t).

Evaluating at t = 1 now gives the result. The result in the degenerate case again
follows from R/I ∼= R/(Ny,I + ⟨y⟩) if Cy,I = ⟨1⟩, and I = iny(I ) = Cy,I = Ny,I

(by [Klein and Rajchgot 2021, Proposition 2.4]) if Cy,I ̸= ⟨1⟩. □

The following corollary is now immediate. Its proof is essentially the same as
the proof of Corollary 3.3, so we omit it.

Corollary 4.3. Theorem 1.1, part (2) is true.

Example 4.4. (1) Referring to Example 3.7,

I = ⟨y(zs − x2), ywr, wr(z2
+ zx + wr + s2)⟩

is geometrically vertex decomposable with

Cy,I = ⟨zs − x2, wr⟩ and Ny,I = ⟨wr(z2
+ zx + wr + s2)⟩.

Hence, e(R/I ) = e(R/Ny,I ) + e(R/Cy,I ) = 4 + 4 = 8.
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(2) Referring to Example 3.11, I = ⟨yz − xw, xy⟩ has a nondegenerate geometric
vertex decomposition with Cx,I = ⟨y, w⟩ and Nx,I = ⟨y2z⟩. Since I and N are
Cohen–Macaulay, the argument as in Remark 3.10 applies. Hence, e(R/I ) =

e(R/Nx,I ) + e(R/Cx,I ) = 3 + 1 = 4.

5. The a-invariant and the Hilbertian property

In this section, we study the a-invariant, as well as the related Hilbertian property,
of a geometrically vertex decomposable ideal. As in Theorems 3.2 and 4.2, our
results rely on relating the h-polynomial of I to the h-polynomials of Cy,I and Ny,I .

We begin by recalling the definition of the a-invariant.

Definition 5.1. Let M be an R-module with Hilbert series HM(t)= hM(t)/(1 − t)d ,
where d = dim M . Then the a-invariant of M is a(M) = deg hM(t) − d, that is,
the degree of HM(t) as a rational function.

Among other things, the a-invariant equals the degree of the largest nonzero
graded piece of the local cohomology module H dim M

m (M), i.e.,

a(M) = max{t | dimk(H dim M
m (M))t ̸= 0}.

If M is Cohen–Macaulay, it is well known that a(M) = reg(M) + dim(M). In
addition, for Cohen–Macaulay ideals, the a-invariant can also be used to characterize
the following property.

Definition 5.2. A homogeneous ideal I ⊆ R is Hilbertian if H PR/I (t) = H FR/I (t)
for all t ≥ 0. The ideal I is almost Hilbertian if H PR/I (t) = H FR/I (t) for all t ≥ 1.

By using Serre’s formula for H FR/I (t) − H PR/I (t) (see, for instance, [Bruns
and Herzog 1993, Theorem 4.4.3]), when R/I is Cohen–Macaulay,

H FR/I (t) − H PR/I (t) = (−1)dim R/I dimk(H dim R/I
m (R/I ))t for all t ∈ Z.

Consequently, the Hilbertian property can be defined by means of the a-invariant
as follows.

Lemma 5.3. A homogeneous, Cohen–Macaulay ideal I ⊆ R is Hilbertian if and
only if a(R/I ) < 0. The ideal I is almost Hilbertian if a(R/I ) ≤ 0.

We now have a result similar to Theorems 3.2 and 4.2.

Theorem 5.4. Suppose that I ⊆ R is a homogeneous and radical ideal such
that R/I is Cohen–Macaulay. Suppose that y is a variable such that iny(I ) =

Cy,I ∩ (Ny,I + ⟨y⟩) is a geometric vertex decomposition. If the decomposition is
nondegenerate and R/Cy,I and R/Ny,I are Cohen–Macaulay, then

a(R/I ) = max{a(R/Ny,I ) + 1, a(R/Cy,I ) + 1}.
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Otherwise, if the decomposition is degenerate, we have

a(R/I ) = a(R/Ny,I ) = a(R/Cy,I ) if Cy,I ̸= ⟨1⟩

and

a(R/I ) = a(R/Ny,I ) if Cy,I = ⟨1⟩.

Proof. Recall that, by Lemma 3.1, for any homogeneous ideal J such that R/J is
Cohen–Macaulay, we have reg(R/J ) = a(R/J ) + dim(R/J ). So, if the geometric
vertex decomposition is nondegenerate, then when applying Theorem 3.2 we have

a(R/I ) + dim(R/I )

= max{a(R/Ny,I ) + dim(R/Ny,I ), a(R/Cy,I ) + dim(R/Cy,I ) + 1}.

We have dim(R/I ) = dim(R/Cy,I ) = dim(R/Ny,I )− 1, as shown in the proof of
Theorem 3.2. The conclusion now follows.

The degenerate case uses the same reasoning as in the proof of Theorem 3.2. □

Remark 5.5. In Theorem 5.4, we are viewing Cy,I and Ny,I as ideals of R. But by
Definition 2.2, we can also view these ideals as ideals of R′

= R/⟨y⟩. Since no gener-
ator of Ny,I is divisible by y, we have dim(R/Ny,I )−1 = dim(R′/Ny,I ), and since
no generator of Cy,I is divisible by y, we have dim(R/Cy,I ) − 1 = dim(R′/Cy,I ).
Theorem 5.4 thus implies that a(R/I ) = max{a(R′/Ny,I ), a(R′/Cy,I )} if the geo-
metric vertex decomposition iny(I ) = Cy,I ∩ (Ny,I +⟨y⟩) is nondegenerate. If the
decomposition is degenerate, then a(R/I ) = a(R′/Ny,I ) − 1.

Remark 5.6. There are situations where a(R/I ) = a(R/Cy,I ) + 1, and other
situations where a(R/I )= a(R/Ny,I )+1. Indeed, by Lemma 3.1, this is equivalent
to saying that there are situations where the regularity of I is equal to reg(Cy,I )+1,
and other situations where the regularity of I is equal to reg(Ny,I ) (see Theorem 3.2).
We refer the readers to Example 6.15 for concrete examples using the results of
Theorem 6.12 in Section 6.

Theorem 5.4 immediately implies Theorem 1.1 (3). The proof is omitted as it is
essentially the same as the proof of Corollary 3.3.

Corollary 5.7. Theorem 1.1 (3) is true.

Using Theorem 5.4 and Remark 5.5, we can easily prove that the a-invariant
of a geometrically vertex decomposable ideal is always nonpositive. In particular,
geometrically vertex decomposable ideals are almost Hilbertian.

Corollary 5.8. Let I ⊂ R be a proper homogeneous geometrically vertex decom-
posable ideal. Then a(R/I ) ≤ 0. In particular, I is almost Hilbertian.
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Proof. We induct on the number of variables in R = K[x1, . . . , xn]. If n = 0, the
result is trivial. If n = 1, then the only proper homogeneous geometrically vertex
decomposable ideals are ⟨x1⟩ and ⟨0⟩. Thus, the result holds.

More generally, consider a homogeneous geometrically vertex decomposable
ideal I ⊂ R = K[x1, . . . , xn], with n ≥ 2. Then there is a variable y = x j and a
geometric vertex decomposition iny(I ) = Cy,I ∩(Ny,I +⟨y⟩). If this is a degenerate
geometric vertex decomposition, then, by Remark 5.5 and the induction hypothesis,
we have a(R/I ) = a(R′/Ny,I ) − 1 < 0. If iny(I ) = Cy,I ∩ (Ny,I + ⟨y⟩) is a
nondegenerate geometric vertex decomposition, then, by Remark 5.5, we have that
a(R/I ) = max{a(R′/Ny,I ), a(R′/Cy,I )}. Hence the desired result follows from
the induction hypothesis. □

Inspired by the definition of Hilbertian ideals, we next study geometrically vertex
decomposable ideals for which the a-invariant is always negative. We single out
the following class first, as the proof is straightforward.

Corollary 5.9. Let I ⊂ R be a proper homogeneous geometrically vertex decom-
posable ideal, and suppose that there is a minimal generating set of I that does not
involve all the variables in R. Then a(R/I ) < 0. In particular, I is Hilbertian.

Proof. Suppose that there is some minimal generating set of I which does not
involve the variable y = xi . Then the geometric vertex decomposition iny(I ) =

Cy,I ∩(Ny,I +⟨y⟩) is degenerate. Thus, by Remark 5.5 and Corollary 5.8, a(R/I )=

a(R′/Ny,I ) − 1 < 0. □

We can use this corollary to recover the result of [Stelzer and Yong 2023] that
Schubert determinantal ideals are Hilbertian.

Example 5.10. Given a permutation w ∈ Sn , there is an associated generalized
determinantal ideal Iw ∈ K[xi j , 1 ≤ i, j ≤ n] called a Schubert determinantal ideal.
By construction, xnn doesn’t appear in any term of any minimal generator of Iw.
Hence by Corollary 5.9, Iw is Hilbertian.

We now consider a larger subclass of geometrically vertex decomposable ideals
for which the a-invariant is always negative.

Definition 5.11. A proper homogeneous ideal I of R =K[x1, . . . , xn] is C-saturated
geometrically vertex decomposable if I is saturated and unmixed and

(1) I is generated by a (possibly empty) subset of variables of R, or

(2) there exists a variable y = x j of R and a y-compatible monomial order such
that we have a degenerate geometric vertex decomposition

iny(I ) = Cy,I ∩ (Ny,I + ⟨y⟩),

where Ny,I is C-saturated geometrically vertex decomposable, or
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(3) there exists a variable y = x j of R and a y-compatible monomial order such
that we have a nondegenerate geometric vertex decomposition

iny(I ) = Cy,I ∩ (Ny,I + ⟨y⟩),

and the contractions of the ideals Cy,I and Ny,I to the ring K[x1, . . . , x̂ j, . . . , xn]

are C-saturated geometrically vertex decomposable.

Remark 5.12. Let I be a proper, saturated, homogeneous geometrically vertex
decomposable ideal. We will now check that I is C-saturated geometrically vertex
decomposable if and only if there is some geometric vertex decomposition process
of I in which every Cy,I ideal that appears in this decomposition process is not
an irrelevant ideal (contracted to its appropriate polynomial ring). The forward
direction is immediate by Definition 5.11.

Conversely, suppose that there is some decomposition process for I in which no
ideal of the form Cy,I is the irrelevant ideal (in its appropriate polynomial ring). To
verify that I is C-saturated geometrically vertex decomposable, it suffices to check
that every ideal of the form Ny,I that appears in the given decomposition process is
saturated. Furthermore, since Ny,I is geometrically vertex decomposable, and hence
radical, this is equivalent to checking that each Ny,I ideal is not the irrelevant ideal.
So, consider a geometric vertex decomposition inxi (J ) = Cxi ,J ∩ (Nxi ,J +⟨xi ⟩) in
the given decomposition process, where J is one of the ideals that appears in the
decomposition of I . Since Cxi ,J is not the irrelevant ideal by our assumption, and
Nxi ,J ⊆ Cxi ,J , we have that Nxi ,J is also not the irrelevant ideal.

Example 5.13. Consider the homogeneous and unmixed ideal I = ⟨yz, x + z⟩ ⊆

K[y, x, z]. The given generators are a Gröbner basis for the y-compatible monomial
order Lex with y > x > z. We have the geometric vertex decomposition

iny(I ) = Cy,I ∩ (Ny,I + ⟨y⟩),

where Cy,I = ⟨z, x⟩ and Ny,I = ⟨x + z⟩. Observe that Cy,I is the irrelevant ideal
in K[x, z]. Alternatively, there are geometric vertex decompositions

inx(I ) = Cx,I ∩ (Nx,I + ⟨x⟩) or inz(I ) = Cz,I ∩ (Nz,I + ⟨z⟩).

In each case, Cx,I or Cz,I are irrelevant ideals (in their respective polynomial
rings K[y, z] and K[x, y]). Hence, for each potential decomposition process of I ,
one encounters irrelevant ideals. Thus, I is not C-saturated geometrically vertex
decomposable.

The next result shows that C-saturated geometrically vertex decomposable ideals
are always Hilbertian.

Proposition 5.14. Let I be a proper homogeneous geometrically vertex decompos-
able ideal in a polynomial ring R = K[x1, . . . , xn], with n ≥ 1. If I is C-saturated
geometrically vertex decomposable, then a(R/I ) < 0. In particular, I is Hilbertian.
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Proof. Our argument is nearly identical to the proof of Corollary 5.8. We induct
on the number of variables in R = K[x1, . . . , xn]. If n = 1, the only C-saturated
geometrically vertex decomposable ideal is ⟨0⟩, and the result holds.

More generally, consider a homogeneous, C-saturated geometrically vertex
decomposable ideal I ⊂ R = K[x1, . . . , xn], with n ≥ 2. Then there is a variable
y = x j and a geometric vertex decomposition iny(I ) = Cy,I ∩ (Ny,I + ⟨y⟩). If
this is a degenerate geometric vertex decomposition, then, by Remark 5.5 and
the induction hypothesis, we have a(R/I ) = a(R′/Ny,I ) − 1 < 0 as Ny,I ⊆ R′ is
C-saturated geometrically vertex decomposable.

If iny(I ) = Cy,I ∩ (Ny,I +⟨y⟩) is a nondegenerate C-saturated geometric vertex
decomposition then, by Remark 5.5, we have

a(R/I ) = max(a(R′/Ny,I ), a(R′/Cy,I )).

Hence the desired result follows from the induction hypothesis. □

Remark 5.15. A Stanley–Reisner ideal of a vertex decomposable simplicial com-
plex is Hilbertian if and only if, in its vertex decomposition process, at every step
(each step corresponds to removing one vertex from the vertex set) except the last
one (where all simplicial complexes are at most one point), taking the link gives
all nonempty simplicial complexes. Note that a connected vertex decomposable
simplicial complex can have links that are {∅} in its vertex decomposition process.
For example, consider the graph C3, the three cycle. The link of any vertex is
a simplicial complex consisting of two disconnected points, and the link of this
simplicial complex is the complex {∅}. Its Stanley–Reisner ideal I = ⟨xyz⟩ is
vertex decomposable, but R/I is not Hilbertian.

6. Applications to toric ideals of graphs

Here we apply Theorems 3.2, 4.2 and 5.4 to study the invariants of toric ideals of
(bipartite) graphs. By leveraging the result that the toric ideals of bipartite graphs
are geometrically vertex decomposable (see [Cummings et al. 2023, Theorem 5.8]),
we can give new proofs for a number of known results (e.g., [Almousa et al. 2022;
Corso and Nagel 2009; Favacchio et al. 2021]) using our techniques.

6.1. Background on toric ideals of graphs. We begin with the relevant background
on toric ideals of graphs. Let G = (V, E) be a finite simple graph with vertex set
V = {x1, . . . , xn} and edge set E = {e1, . . . , eq}. If we need to highlight the graph,
we sometimes write V (G) and E(G) for the vertices and edges of G. Abusing
notation, we let xi and ej also denote variables, and let K[E] = K[e1, . . . , eq ] and
K[V ] = K[x1, . . . , xn]. We define a K-algebra homomorphism ϕ : K[E] → K[V ]

by ϕ(ei ) = x j xk , where ei = {x j , xk} ∈ E . The kernel of ϕ, denoted IG , is the toric
ideal of G.
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The ideal IG is a toric ideal because it is a prime binomial ideal; for this fact and
for more details about IG , see [Herzog et al. 2018, Chapter 5] or [Villarreal 2015,
Chapter 10]. A (nonminimal) set of generators of IG can be described in terms of
closed even walks of the graph. A sequence of distinct edges 0 = (ei1, ei2, . . . , eit )

is a walk if ei j ∩ei j+1 ̸=∅ for 1 ≤ j ≤ t −1. The walk is closed if eit ∩ei1 ̸=∅. The
walk is even if t is even. A closed walk 0 is a cycle if no edges in 0 are repeated. We
can associate with every closed even walk 0 = (ei1, . . . , ei2m ) a binomial of the form

f0 = ei1ei3 · · · ei2m−1 − ei2ei4 · · · ei2m .

Recall that a graph G is bipartite if the vertex set V can be partitioned into
two disjoint sets, V = V1 ∪ V2, such that every edge e ∈ E satisfies e ∩ V1 ̸= ∅
and e ∩ V2 ̸= ∅. The next result now gives a set of generators for toric ideals of
(bipartite) graphs. For integers m, n ≥ 1, the complete bipartite graph Km,n is
defined to be the graph with vertex set V = {x1, . . . , xm} ∪ {y1, . . . , yn} and edge
set E = {{xi , yj } | 1 ≤ i ≤ m, 1 ≤ j ≤ n}.

Theorem 6.1 [Villarreal 1995, Proposition 3.1]. If G is a finite simple graph with
toric ideal IG , then

IG = ⟨ f0 | 0 is a closed even walk of G⟩.

In addition, if G is bipartite, then IG = ⟨ f0 | 0 is a even cycle of G⟩.

A binomial f = u − v ∈ IG is called primitive if there is no other binomial
g = u′

− v′ in IG such that u′
|u and v′

|v. A closed even walk (or cycle) 0 is a
primitive walk (or cycle) if the corresponding binomial f0 is a primitive binomial.
We have the following refinement of the previous result.

Theorem 6.2 [Ene and Herzog 2012, Proposition 5.19]. If G is a finite simple graph
with toric ideal IG , then { f0 | 0 is a primitive walk} forms a universal Gröbner
basis for IG , and, in particular, forms a set of generators of IG .

For bipartite graphs, computing the a-invariant of K[E]/IG is equivalent to
computing the regularity of R/IG .

Lemma 6.3. Let G = (V, E) be a finite simple bipartite graph with toric ideal IG .
Then

a(K[E]/IG) = reg(K[E]/IG) − (|V | − 1).

Proof. If G is bipartite, then K[E]/IG is Cohen–Macaulay (see [Herzog et al. 2018,
Corollary 5.26]). By Lemma 3.1, we have reg(K[E]/IG) = deg hK[E]/IG (t). By
[Villarreal 2015, Corollary 10.1.21], dim(K[E]/IG) = |V | − 1 when G is bipartite.
Thus

a(K[E]/IG) = deg hK[E]/IG (t) − dim(K[E]/IG) = reg(K[E]/IG) − (|V | − 1),

as desired. □
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6.2. Toric ideals of bipartite graphs. As our first application, we will show how
Theorem 3.2 can be used to give a new proof for a result of [Almousa et al. 2022]
about the regularity of bipartite graphs and their subgraphs.

We first recall some more relevant graph theory. Given a graph G = (V, E), we
say H = (W, F) is a subgraph of G if W ⊆ V and F ⊆ E . In the special case
H = (V, E \ {e}) for some edge e, we write G \ {e} to denote the graph G with the
edge e removed. The degree of a vertex x is given by deg(x)=|{y ∈ V | {x, y} ∈ E}|.
An edge e = {x, y} ∈ E is a leaf if deg(x) = 1 or deg(y) = 1, and a vertex x is
isolated if deg(x) = 0. If x is an isolated vertex of G, then it can be shown (e.g.,
see [Cummings et al. 2023, Lemma 3.2]) that IG = IG ′ , where G ′

= (V \ {x}, E).
Similarly, if e is a leaf of G, then IG = IG ′ , where G ′

= G \ {e}.
The next lemma applies to all toric ideals of graphs, not just bipartite graphs.

Lemma 6.4 [Cummings et al. 2023, Lemma 3.5]. Let G be a finite simple graph
with toric ideal IG . If < is any y-compatible monomial order with y = e for some
edge e ∈ E of G, then Ny,IG = IG\{e}.

Now suppose that G is a family of graphs such that, for every G ∈ G, the toric
ideal IG is geometrically vertex decomposable, and, for all e ∈ E , there is an
e-compatible monomial order such that there is a geometric vertex decomposition
with respect to e. Furthermore, suppose that G \ {e} ∈ G for any edge e of G. For
such a family, we have the following result.

Theorem 6.5. Let G be any graph in the family G given above. Then, for any
subgraph H of G, we have

(1) reg(IH ) ≤ reg(IG),

(2) a(K[E(G)]/IH ) ≤ a(K[E(G)]/IG), and

(3) e(K[E(G)]/IH ) ≤ e(K[E(G)]/IG).

Proof. For any edge e, there is an e-compatible monomial order such that IG has
the decomposition ine(IG) = (Ne,IG + ⟨e⟩) ∩ Ce,IG , and, by Lemma 6.4, we can
write the decomposition as

ine(IG) = (IG\{e} + ⟨e⟩) ∩ Ce,IG .

As G \ {e} ∈ G, IG\{e} is geometrically vertex decomposable, and hence is Cohen–
Macaulay and radical. Because IG is geometrically vertex decomposable, we have
reg(IG\{e}) ≤ reg(IG) by Theorem 3.2 and Remark 3.10. Similarly, Theorem 5.4
gives

a(K[E(G)]/IG\{e}) < a(K[E(G)]/IG\{e}) + 1 ≤ a(K[E(G)]/IG).

Moreover, by Theorem 4.2, we have e(K[E(G)]/IG\{e}) ≤ e(K[E(G)]/IG), since
multiplicity is a nonnegative integer.
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Since G \ {e} is a graph in G, IG\{e} again has a geometric vertex decomposition
with respect to any edge f . Since any subgraph H of G can be obtained by removing
edges and vertices, by repeating this argument (and possibly removing leaves and
isolated vertices when needed), we get the desired conclusion. □

Remark 6.6. Note that we showed that a(K[E]/IG\{e}) ≤ a(K[E]/IG) − 1, when
we remove the edge e from G. If t = |E(G)| − |E(H)|, that is, the number
of edges we remove from H to form G, we actually have the stronger result
a(K[E(G)]/IH ) ≤ a(K[E(G)]/IG) − t .

We can recover [Almousa et al. 2022, Theorem 6.11], which was proved using
combinatorial techniques involving root polytopes. We also derive results about the
a-invariant and multiplicity.

Theorem 6.7. Let H be any subgraph of a bipartite graph G. Then

(1) reg(IH ) ≤ reg(IG),

(2) a(K[E(G)]/IH ) ≤ a(K[E(G)]/IG), and

(3) e(K[E(G)]/IH ) ≤ e(K[E(G)]/IG).

Proof. Let G be the family of bipartite graphs. By [Cummings et al. 2023, Theo-
rem 5.8], for all G ∈ G, the toric ideal IG is geometrically vertex decomposable. It
also follows that, for any G ∈ G, we have G \ {e} ∈ G, since removing edges does
not destroy the bipartite property.

In addition, by [Cummings et al. 2023, Proposition 5.4], there is a geometric
vertex decomposition

ine(IG) = (IG\{e} + ⟨e⟩) ∩ I G
e ,

where {e} is a path-ordered matching of G and I G
e = IG\{e} + ⟨MG

e ⟩, and

MG
e = {m | me − n is a binomial that corresponds to a cycle in G}.

Since any edge of a bipartite graph can be regarded as a path-ordered matching,
the above geometric vertex decomposition holds for the toric ideal of any bipartite
graph and any edge. Hence, Theorem 6.5 applies to any subgraph of H of G. □

Remark 6.8. Theorem 6.7 (1) gives another proof of [Almousa et al. 2022, Theo-
rem 6.11] using the geometric vertex decomposability property of toric ideals of
bipartite graphs. Villarreal pointed out to the third author that regularity could also
be deduced from the edge polytope of G and Stanley’s monotonicity property [1993,
Theorem 3.3]. In particular, one can use the strategy given just after [Almousa
et al. 2022, Question 6.12]. Another proof of Theorem 6.7 (1) can be found in the
recent paper of Pinto and Villarreal [2023, Corollary 8.17] using normal monomial
ideals. Additionally, there is a similar result to Theorem 6.7 (1) for the regularity of
induced graphs that can be found in [Hà et al. 2019, Theorem 3.6].
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e f
Gluing e to f

H⇒ e = f

x1 x2 y1 y2

x4 x3 y4 y3

x1

x4

x2 = y1

x3 = y4

y2

y3

Figure 1. Two graphs G and C4 glued along edges e and f .

6.3. Regularity and gluing cycles. We can use Theorem 3.2 to give a different
proof for [Favacchio et al. 2021, Corollary 3.11] which describes how regularity
behaves with respect to a “gluing” operation on graphs.

We first recall the notion of gluing a cycle to a graph along an edge, following
[Favacchio et al. 2021, Construction 4.1]. A cycle of length m is the graph with
vertex set {x1, . . . , xm} and edge set {{x1, x2}, {x2, x3}, . . . , {xm−1, xm}, {xm, x1}};
we denote this graph by Cm . Let G = (V, E) be any graph. Fix an edge e ∈ E and
an edge f of Cm . The graph H obtained from G by gluing a cycle of length m
along an edge is the graph G

⋃
e= f Cm , where we identify the edges and vertices

of e and f . An example of gluing is given in Figure 1. When Cm has even length,
the regularity of IH , the toric ideal of the glued graph H , is related to that of IG

if IG is geometrically vertex decomposable.

Theorem 6.9. Suppose that G is a graph such that IG is geometrically vertex
decomposable in K[E(G)]. Let H be the graph obtained from G by gluing a cycle
of length 2d (d ≥ 2) along an edge of G. Then

reg(K[E(H)]/IH ) = reg(K[E(G)]/IG) + (d − 1).

Proof. Let E(G)={e1, . . . , eq} denote the edges of G, and let E(C)={ f1, . . . , f2d}

denote the edges of the cycle C = C2d . We assume that the cycle is glued to G
along f2d and any edge of G. By [Cummings et al. 2023, Theorem 3.11] and
its proof, IH is geometrically vertex decomposable and, moreover, the geometric
decomposition is given by

Ny,IH = IG and Cy,IH = IG + ⟨ f3 f5 · · · f2d−1⟩,

where y = f1, and some y-compatible monomial order. Since IG ⊂ K[E(G)],√
Cy,IH ̸=

√
Ny,IH , and Cy,IH ̸= ⟨1⟩, the decomposition is nondegenerate.

Note that K[E(H)] = K[E(G)] ⊗ T , where T = K[ f1, . . . , f2d−1]. So

reg(K[E(H)]/(IG + ⟨ f3 f5 · · · f2d−1⟩))

= reg(K[E(G)]/IG) + reg(T/⟨ f3 f5 · · · f2d−1⟩)

= reg(K[E(G)]/IG) + (d − 2).
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So, by Theorem 3.2, we have

reg(K[E(H)]/IH ) = max{reg(K[E(G)]/IG), reg(K[E(G)]/IG) + (d − 2) + 1}

= reg(K[E(G)]/IG) + (d − 1),

thus completing the proof. □

We can now derive the following corollary for gluing even cycles to graphs G
such that IG is geometrically vertex decomposable.

Corollary 6.10. Suppose that G is a graph such that IG is geometrically vertex
decomposable in K[E(G)]. Let H be the graph obtained from G by gluing a cycle
of length 2d (d ≥ 2) along an edge of G. Then

(1) a(K[E(H)]/IH ) = a(K[E(G)]/IG) − (d − 1),

(2) e(K[E(H)]/IH ) = d · e(K[E(G)]/IG).

Proof. Note that |V (H)| = |V (G)| + (2d − 1). By Lemma 6.3 and Theorem 6.9,
we have

a(K[E(H)]/IH ) = reg(K[E(H)]/IH ) − (|V (H)| − 1)

= (reg(K[E(G)]/IG) + (d − 1)) − ((|V (G)| + (2d − 2)) − 1)

= a(K[E(G)]/IG) − (d − 1),

and hence part (1) follows.
For part (2), by Theorem 4.2,

e(K[E(H)]/IH ) = e(K[E(H)]/IG) + e(K[E(H)]/(IG + ⟨ f3 f5 · · · f2d−1⟩)).

Since e(K[E(H)]/IG) = e(K[E(G)]/IG) and

e(K[E(H)]/(IG + ⟨ f3 f5 · · · f2d−1⟩))

= e(K[E(G)]/IG) · e(K[ f1, f2, . . . , f2d−1]/⟨ f3 f5 · · · f2d−1⟩)

= (d − 1)e(K[E(G)]/IG),

it follows that e(K[E(H)]/IH ) = d · e(K[E(G)]/IG), as desired. □

6.4. Regularity of toric ideals of Ferrers graphs. Recall that a Ferrers graph is
a bipartite graph on the vertex set X = {v1, v2, . . . , vn} and Y = {u1, u2, . . . , um}

such that {v1, um} and {vn, u1} are edges, and if {vi , u j } is an edge, then so are
all the edges {vk, ul} with 1 ≤ k ≤ i and 1 ≤ l ≤ j . We also associate a partition
λ = (λ1, λ2, . . . , λn), with λ1 ≥ λ2 ≥ · · · ≥ λn , to a Ferrers graph where λi = deg vi ,
and we denote the Ferrers graph by Tλ. See Figure 2 on page 384 for an example.
We show how to use Theorem 3.2 to give a different proof to a result of Corso and
Nagel [2009].
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We first require a lemma; in the statement below, a bipartite graph is a chordal
bipartite graph if every cycle of length ≥ 6 has a chord, that is, an edge that joins
two nonconsecutive vertices of the cycle.

Lemma 6.11. Suppose that Tλ is a Ferrers graph. Then Tλ is a chordal bipartite
graph. Consequently, the toric ideal ITλ

is generated by quadratics.

Proof. Let X = {v1, . . . , vn} and Y = {u1, . . . , um} be the partition of the vertices
of Tλ. Suppose that (vi1, u j1, vi2, u j2, . . . , vis , u js ) are the vertices of a cycle of
length 2s ≥ 6 in Tλ.

The three edges {vi1, u j1}, {vi1, u js }, and {vis , u js } appear in this cycle. Consider
the indices of the two u vertices. If j1 < js , then by the definition of Tλ, the edge
{vis , u j1} is also an edge of Tλ. So the cycle has a chord. If js < j1, note that
{vi2, u j1} is the next edge in the cycle. Since js < j1, the edge {vi2, u js } is also an
edge of Tλ. But then (vi1, u js , vi2, u j1) is a four cycle of Tλ, that is, {vi2, u js } is a
chord.

The final statement follows from the main result of [Ohsugi and Hibi 1999],
which showed that the toric ideals of all chordal bipartite graphs are generated by
quadratics. □

Theorem 6.12 [Corso and Nagel 2009, Proposition 5.7]. Let λ = (λ1, λ2, . . . , λn)

be a partition, with λ1 ≥ λ2 ≥ · · · ≥ λn , and let Tλ be the associated Ferrers graph.
Write Iλ = ITλ

and R = K[E(Tλ)].

(1) If n = 1 or λ2 = 1, then reg(R/Iλ) = 0.

(2) If λ2 ≥ 2, and suppose that λ = (λ1, . . . , λs, 1, 1, . . . , 1) where λs ≥ 2, then

reg(R/Iλ) = min{s − 1, {λj + j − 3 | 2 ≤ j ≤ s}}.

Proof. If n = 1, we have Iλ = ⟨0⟩; hence reg(R/Iλ) = 0. When λ2 = 1, all the edges
{vi , u1} with i ≥ 2 are leaves; hence, after removing them, we have Iλ = ⟨0⟩.

Now suppose that λ2 ≥ 2. Write ei j = {vi , u j }, and let e = enλn = {vn, uλn }. Let
G = Tλ and IG = Iλ. By [Cummings et al. 2023, Theorem 5.8], IG is geometrically
vertex decomposable since G is bipartite. Moreover, by [Cummings et al. 2023,
Proposition 5.4], there is a geometric vertex decomposition

ine(IG) = (IG\{e} + ⟨e⟩) ∩ I G
e ,

where I G
e = IG\{e}+⟨MG

e ⟩ and MG
e = {m1 | m1e−m2 corresponds to a cycle in G}

(the description of MG
e appears directly after [Cummings et al. 2023, Lemma 5.1]).

We claim that ⟨MG
e ⟩ = ⟨{ei | {e, ej , ei , ek} is a cycle in G}⟩. Note that it suffices

to verify that ⟨MG
e ⟩ ⊆ ⟨{ei | {e, ej , ei , ek} is a cycle in G}⟩, since the reverse con-

tainment is immediate. Suppose that the binomial m1e − m2 corresponds to a cycle
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of G. Since the cycle contains the edge e = {vn, uλn }, we can write this cycle as

(vi1, u j1, vi2, u j2, . . . , vis−1, uis−1, vn, uλn ),

where is = n and js = λn . Furthermore, we denote the edges in the cycle as
follows: ek = {vik , u jk } for k = 1, . . . , s and fk = {u jk , vik+1} for k = 1, . . . , s, where
vis+1 = vi1 . Note that e = eis , and we have m1e − m2 = e1e2 · · · es−1e − f1 f2 · · · fs

with this notation. In this cycle, we now consider the three consecutive edges
es−1 = {vis−1, uis−1}, fs−1 = {uis−1, vn}, and e = {vn, uλn }. Since Tλ is a Ferrers
graph, and since is−1 < n, the edge f = {vis−1, uλn } also belongs to Tλ. This
gives a four cycle (es−1, fs−1, e, f ), and thus es−1e − fs−1 f is a binomial that
corresponds to a cycle of G. But this means that es−1 ∈ MG

e , and since es−1 divides
m1 = e1 · · · es−1, we have that m1 is in the ideal on the right-hand side.

Note that the graph G \ {e} is the Ferrers graph on the same vertex set associated
to the partition λ′′

= (λ1, λ2, . . . , λn−1, λn − 1). Hence, Ne,IG = IG\{e} = Iλ′′ . On
the other hand,

⟨MG
e ⟩ = ⟨ei j | 1 ≤ i ≤ n − 1, 1 ≤ j ≤ λn − 1⟩.

Since G\{e} is a Ferrers graph, the generators of IG\{e} are quadratics by Lemma 6.11.
Moreover these generators are of the form f = ei1 j1ei2 j2 − ei2 j1ei1 j2 , with i1 < i2

and j1 < j2. If i2 ≤ n − 1 and j2 ≤ λn − 1, then we have f ∈ ⟨MG
e ⟩. If i2 = n, then

j1 < j2 ≤ λn − 1, and hence f ∈ ⟨MG
e ⟩. Therefore,

Ce,IG = IG\{e} + ⟨MG
e ⟩

= ⟨MG
e ⟩ + ⟨ei1 j1ei2 j2 − ei2 j1ei1 j2 | 1 ≤ i1 < i2 ≤ n − 1, λn ≤ j1 < j2⟩.

Note that the ideal ⟨ei1 j1ei2 j2 − ei2 j1ei1 j2 | 1 ≤ i1 < i2 ≤ n − 1, λn ≤ j1 < j2⟩ is
the toric ideal of the Ferrers graph on the vertex set X ′

= {v1, v2, . . . , vn−1} and
Y ′

= {uλn , u2, . . . , um} associated to the partition

λ′
= (λ1 − λn + 1, λ2 − λn + 1, . . . , λn−1 − λn + 1).

Thus, we can write Ce,IG = ⟨MG
e ⟩ + Iλ′ , where the generators of the two ideals

in the right-hand side are in separate sets of variables. Moreover, since ⟨MG
e ⟩ is

generated by variables, reg(R/⟨MG
e ⟩ + Iλ′) = reg(R/I ′

λ). Thus, by Theorem 3.2,

reg(R/Iλ) = max{reg(R/Iλ′′), reg(R/Iλ′) + 1},

where λ′ and λ′′ are defined as above.
We will now apply the above recursive formula to derive the formula of reg(R/Iλ)

as claimed. First, if λ = (λ1, . . . , λs, 1, 1, . . . , 1) with λs ≥ 2, then the edges vi u1

with s + 1 ≤ i ≤ n are all leaves; hence, we can remove them without changing the
toric ideal. In other words, reg(Iλ) = reg(Iλ̃), where λ̃ = (λ1, . . . , λs). We will use
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induction on n. Suppose n = 2 and λ1 ≥ λ2 ≥ 2. Then, by the recursive formula,

reg(R/I(λ1,λ2)) = max{reg(R/I(λ1,λ2−1)), reg(R/I(λ1−λ2+1)) + 1}

= max{reg(R/I(λ1,λ2−1)), 1}.

By induction on λ2, if λ2 = 2, we have

reg(R/I(λ1,λ2)) = max{reg(R/I(λ1,1)), 1} = 1 = min{2 − 1, λ2 + 2 − 3},

and if λ2 > 2, we have

reg(R/I(λ1,λ2)) = max{reg(R/I(λ1,λ2−1)), 1}

= max{min{2 − 1, (λ2 − 1) + 2 − 3}}, 1} = 1

= min{2 − 1, λ2 + 2 − 3}.

In both cases, the regularity agrees with the formula in our claim.
Now suppose that n ≥ 3 and that the formula holds for any k ≤ n −1 and for any

λ = (λ1, λ2, . . . , λk). We will show that it holds for n and any λ = (λ1, λ2, . . . , λn).
Now if λ = (λ1, . . . , λs, 1, 1, . . . , 1) with λs ≥ 2, as shown above, we have
reg(R/Iλ) = reg(R/Iλ̃), where λ̃ = (λ1, . . . , λs). Hence, if s ≤ n −1, the result fol-
lows by the induction hypothesis. Also, if λn =1, as reg(R/Iλ)= reg(R/I(λ1,...,λn−1)),
the result again follows by the induction hypothesis. Thus, we can assume that
s = n and λn ≥ 2. Then, by the recursive formula,

reg(R/Iλ) = max{reg(R/I(λ1,...,λn−1,λn−1)), reg(R/I(λ1−λn+1,...,λn−1−λn+1)) + 1}.

Case 1: If λn = 2, then reg(R/I(λ1,...,λn−1,λn−1)) = reg(R/I(λ1,...,λn−1)). So, by the
induction hypothesis

reg(R/I(λ1,...,λn−1,λn−1)) = min{n − 2, {λj + j − 3 | 2 ≤ j ≤ n − 1}}.

Now if λn−1 ≥ 3, then, by the induction hypothesis,

reg(R/I(λ1−λn+1,...,λn−1−λn+1)) + 1

= min{n − 2, {λj − λn + j − 2 | 2 ≤ j ≤ n − 1}} + 1

= min{n − 1, {λj + j − 3 | 2 ≤ j ≤ n − 1}}

≥ reg(R/I(λ1,...,λn−1,λn−1)).

Therefore,

reg(R/Iλ) = reg(R/I(λ1−λn+1,...,λn−1−λn+1)) + 1

= min{n − 1, {λj + j − 3 | 2 ≤ j ≤ n}},

where the last equality holds since λn + n − 3 = n − 1.
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Otherwise, if λn−1 = 2, assume that λk+1 = λk+2 = · · · = λn−1 = 2 and λk ≥ 3 for
some k ≤n−2. Then (λ1−λn+1, . . . , λn−1−λn+1)= (λ1−1, . . . , λk−1, 1, . . . , 1).
Again, by the induction hypothesis,

reg(R/I(λ1−λn+1,...,λn−1−λn+1)) + 1 = min{k − 1, {λj − 1 + j − 3 | 2 ≤ j ≤ k}} + 1

= min{k, {λj + j − 3 | 2 ≤ j ≤ k}}

if k ≥ 2, or the regularity equals 0 if k = 1. Moreover, for k + 1 ≤ j ≤ n − 1, we
have k ≤ λj + j − 3 ≤ n − 2, and thus

min{k, {λj + j − 3 | 2 ≤ j ≤ k}} = min{k, {λj + j − 3 | 2 ≤ j ≤ n − 1}}

≤ min{n − 2, {λj + j − 3 | 2 ≤ j ≤ n − 1}}

= reg(R/I(λ1,...,λn−1,λn−1)),

where the last equality follows since λj + j −3 ≤ n−2 < n−1 for k +1 ≤ j ≤ n−1.
Therefore,

reg(R/Iλ) = reg(R/I(λ1,...,λn−1,λn−1)) = min{n − 1, {λj + j − 3 | 2 ≤ j ≤ n}},

where the last equality follows since λn + n − 3 = n − 1.

Case 2: If λn ≥ 3, by induction on λn , we have

reg(R/I(λ1,...,λn−1,λn−1)) = min{n − 1, {λj + j − 3 | 2 ≤ j ≤ n − 1}, λn + n − 4}.

In addition, by the induction hypothesis (on n), we have

reg(R/I(λ1−λn+1,...,λn−1−λn+1)) = min{k − 1, {λj − λn + j − 2 | 2 ≤ j ≤ k}},

where 2 ≤ k ≤ n − 1 is the maximum integer such that λk ≥ λn + 1 (hence,
λk − λn + 1 ≥ 2), or the regularity equals 0 if k = 1. On the other hand, as λj = λn

for j ≥ k + 1, we have λj − λn + j − 2 = j − 2 ≥ k − 1 for all j ≥ k + 1. Thus,

reg(R/I(λ1−λn+1,...,λn−1−λn+1)) = min{k − 1, {λj − λn + j − 2 | 2 ≤ j ≤ n}}.

Therefore,

reg(R/I(λ1−λn+1,...,λn−1−λn+1)) + 1 = min{k, {λj − λn + j − 1 | 2 ≤ j ≤ n}}

≤ min{n − 1, {λj + j − 3 | 2 ≤ j ≤ n}}

= reg(R/I(λ1,...,λn−1,λn−1)),

where the last equality holds since λn + n − 3 > λn + n − 4 ≥ n − 1. Therefore,

reg(R/Iλ) = reg(R/I(λ1,...,λn−1,λn−1)) = min{n − 1, {λj + j − 3 | 2 ≤ j ≤ n}},

finishing our proof. □
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Remark 6.13. If y is the variable that corresponds to the edge e = {vn, λn}, by
Theorem 2.3, we have

HR/Iλ(t) = HR/(Ny,I +⟨y⟩)(t) + t HR/Cy,I (t) = HR/I ′′

λ
(t) + t HR/I ′

λ
(t).

This recovers [Corso and Nagel 2009, Lemma 5.3].

Remark 6.14. As shown in the proof of Theorem 6.12, we record the formulae for
regularity of Iλ avoiding taking the maximum:

(1) If λn = 2 and λn−1 ≥ 3, then reg(Iλ) = reg(Ce,Iλ) + 1 = reg(I ′

λ) + 1.

(2) If λn−1 = λn = 2, then reg(Iλ) = reg(Ne,Iλ) = reg(I ′′

λ ).

(3) If λn ≥ 3, then reg(Iλ) = reg(Ne,Iλ) = reg(I ′′

λ ).

As mentioned in Remark 5.6, the following example shows that the a-invariant
of a geometrically vertex decomposable ideal I can be either that of the C ideal or
the N ideal of its decomposition, or equivalently, the regularity of I can be either
reg(C) + 1 or reg(N ).

Example 6.15. • Consider the toric ideal I = Iλ of the Ferrers graph associated
to λ = (3, 3, 3, 3). Then I has a nondegenerate geometric vertex decomposition
with N = Iλ′′ and C = Iλ′ , where λ′′

= (3, 3, 3, 2) and λ′
= (1, 1, 1); see the

proof of Theorem 6.12. Thus, by Theorem 6.12, reg(N ) = 3, reg(C) = 1, and
reg(I ) = reg(N ) = 3 > reg(C) + 1. Note also that it is not hard to construct an
example with a degenerate decomposition with C = ⟨1⟩; in this case, we also have
reg(I ) = reg(N ) > reg(C) + 1.

• If λ = (4, 4, 3, 2), we have λ′′
= (4, 4, 3, 1) and λ′

= (3, 3, 2). By Theorem 6.12,
reg(N ) = 3, reg(C) = 3, and reg(I ) = reg(C) + 1 = 4 > reg(N ).

• If λ = (3, 3, 2, 2), we have λ′′
= (3, 3, 2, 1) and λ′

= (2, 2, 1). By Theorem 6.12,
reg(N ) = 3, reg(C) = 2, and reg(I ) = reg(C) + 1 = reg(N ) = 3.

Remark 6.16. Two formulae for the regularity of R/Iλ are given in [Corso and
Nagel 2009, Proposition 5.7]; however these two formulas to do not agree in general:

min{s − 1, {λj + j − 3 | 2 ≤ j ≤ s}} ̸=

{
s − 1 if λs ≥ 3,

min{ j − 1 | λj = 2} if λs = 2,

where s is the number of λi ≥ 2. For example, let s ≥ 4, λ1 = · · · = λs−1 = 3
and λs = 2, then the left-hand side is 2, whereas the right-hand side is s − 1 ≥ 3.
Or if λ1 = λ2 = · · · = λs = 3 and s ≥ 4, then the left-hand side is 2 and the
right-hand side is s − 1 ≥ 3. This error occurs in [Corso and Nagel 2009] because
the authors claim the equality between the two sides follows from the equality
min{λj + j − 3 | 2 ≤ j ≤ s} = λs + s − 2, which is not true in general. For a
more specific example, consider the Ferrers graph Tλ for λ = (3, 3, 3, 2) as given
in Figure 2.
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v1 v2 v3 v4

u1 u2 u3

Figure 2. The graph Tλ for λ = (3, 3, 3, 2).

Then the minimal graded free resolution of R/Iλ has Betti table

0 1 2 3 4 5
total: 1 12 25 21 10 3

0: 1 - - - - -
1: - 12 25 15 - -
2: - - - 6 10 3

In particular, reg(R/Iλ) = 2.

Corollary 6.17. With the same notation as in Theorem 6.12, we have

(1) a(R/Iλ) ={
−(n + m − 1) if n = 1 or λ2 = 1,

−(n + m − 1) + min{s − 1, {λj + j − 3 | 2 ≤ j ≤ s}} otherwise.

(2) e(R/Iλ) =

λ2∑
jn−2=λ2−λn+1

jn−2∑
jn−3=λ2−λn−1+1

· · ·

j2∑
j1=λ2−λ3+1

j1.

Proof. Part (1) follows from Lemma 6.3 and Theorem 6.12, while part (2) follows
by induction using Theorem 4.2, as

e(R/Iλ)

= e(R/I(λ1,...,λn−1,λn−1)) + e(R/I(λ1−λn+1,...,λn−1−λn+1))

=

λ2∑
jn−2=λ2−λn

jn−2∑
jn−3=λ2−λn−1+1

· · ·

j2∑
j1=λ2−λ3+1

j1 +

λ2−λn+1∑
jn−3=λ2−λn−1+1

· · ·

j2∑
j1=λ2−λ3+1

j1

=

λ2∑
jn−2=λ2−λn+1

jn−2∑
jn−3=λ2−λn−1+1

· · ·

j2∑
j1=λ2−λ3+1

j1. □

Remark 6.18. Let G = Kn,m be the complete bipartite graph. Then IG = Iλ, where
λ = (m, m, m, . . . , m). Hence, reg(R/IG) = min{n − 1, m − 1} = min{n, m} − 1.

We recover the bounds for the regularity of bipartite graphs in [Almousa et al.
2022, Theorem 6.13] for connected bipartite graphs and [Biermann et al. 2017,
Theorem 4.9] for chordal bipartite graphs, and the a-invariant of bipartite graphs in
[Villarreal 2015, Proposition 11.5.1].
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Corollary 6.19. Let G be a connected bipartite graph with bipartition V1 ∪ V2,
with |V1| = n and |V2| = m. Let r = |{vi ∈ V1 | deg(vi ) = 1}| and s = |{ui ∈ V2 |

deg(ui ) = 1}|. Then

(1) reg(IG) ≤ min{n − r, m − s}, and

(2) a(K[E(G)]/IG) ≤ min{−m, −n}.

Proof. (1) Since r vertices in vertex set X and s vertices in vertex set Y belong
to leaves, we can remove these vertices without changing the toric ideal IG . Thus,
we can assume that r = s = 0; that is G does not have any leaves. As G is a
subgraph of Kn,m , by Theorem 6.7 and Remark 6.18, we have reg(IG)≤ reg(IKn,m )=

min{n, m} as desired.

(2) By Lemma 6.3, a(K[E(G)]/IG) = reg(K[E(G)]/IG)−(|V (G)|−1). Because
the graph is connected, |V (G)| = m + n. Also, by part (1), reg(K[E(G)]/IG) ≤

min{n, m} + 1. The result now follows. □

We can now prove a very interesting property about toric ideals of bipartite
graphs, which does not seem to have been observed before.

Theorem 6.20. If G is a connected bipartite graph, then IG is Hilbertian.

Proof. As shown in Corollary 6.19 (2), the a-invariant of K[E(G)]/IG is always
negative; hence IG is Hilbertian. □

6.5. Invariants for a class of bipartite graphs. In this section we apply Theo-
rems 3.2, 5.4, and 4.2 to a family of toric ideals of bipartite graphs first studied in
[Galetto et al. 2019] to further illustrate our techniques. The graphs studied in that
paper were defined as follows.

Definition 6.21. Let d, r be integers such that d ≥ 1 and r ≥ 3. Let G = Gr,d be
the graph with V (G) = {x1, x2, y1, . . . , yd , z1, . . . , z2r−3} and

E(G) = {{xi , yj } | 1 ≤ i ≤ 2, 1 ≤ j ≤ d}

∪ {{x1, z1}, {z1, z2}, {z2, z3}, . . . , {z2r−4, z2r−3}, {z2r−3, x2}}.

We label edges as follows: for i = 1, . . . , d , let ai = {x1, yi } and bi = {x2, yi }. Also,
let e1 = {x1, z1}, e2r−2 = {x2, z2r−3}, and let

e2 = {z1, z2}, e3 = {z2, z3}, . . . , e2r−3 = {z2r−4, z2r−3}.

Informally, the graph Gr,d is constructed by starting with a complete bipartite
graph K2,d (with d ≥ 1). Then one connects the vertex x1 to x2 (the two vertices of
degree d) with a path of length 2r − 2. Figure 3 shows the graph G6,5, where we
start with the graph K2,5 (the graph on {x1, x2, y1, . . . , y5}), and then add a path of
length 2 · 6 − 2 between x1 and x2, the two vertices of degree five in K2,5. Figure 3
also illustrates our edge labeling.
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x1 x2

y1 y2 y3 y4 y5

z1

z2

z3

z4

z5

z6

z7

z8

z9

a1 a2 a3
a4

a5

b1 b2
b3

b4

b5

e1

e2

e3

e4

e5 e6

e7

e8

e9

e10

Figure 3. Illustration of Gr,d = G6,5. This graph is K2,5 with a
path of length 2 ·6−2 = 10 connecting the two vertices of degree 5
in K2,5.

Remark 6.22. Note Definition 6.21 still makes sense if we allow r = 2. However,
if we allow r = 2, then we are adding a path of length 2r −2 = 2 between x1 and x2.
Then the graph G2,d and the graph K2,d+1 are isomorphic. It thus makes sense to
restrict to the case r ≥ 3.

The toric ideals of these graphs were studied in [Galetto et al. 2019] (see also
[Nandi and Nanduri 2019] for a more general family); in particular, all the graded
Betti numbers of IG were determined, and consequently, one can determine the
regularity (see [Galetto et al. 2019, Theorem 3.9]). The approach taken in that paper
is to consider a careful analysis of the initial ideal of IG and exploiting the fact that
a universal Gröbner basis of IG could be explicitly described.

Lemma 6.23 [Galetto et al. 2019, Corollary 3.3]. Let d, r be integers such that
d ≥ 1 and r ≥ 3. Then a universal Gröbner basis for IGr,d is given by

{ai bj − aj bi | 1 ≤ i < j ≤ d} ∪ {ai e2e4 · · · e2r−2 − bi e1e3 · · · e2r−3 | 1 ≤ i ≤ d},

where, if d = 1, the first set is empty.
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On the other hand, since G = Gr,d is bipartite, we know that IG is geometrically
vertex decomposable. Using this fact, Lemma 6.23, and Theorem 3.2, we can give
an alternative proof for the calculation of reg(IGr,d ).

Theorem 6.24. Let d ≥ 1 and r ≥ 3 be integers, and let G = Gr,d . Then reg(IG)= r .

Proof. We first consider the case that d = 1 and r ≥ 3. In this case, Gr,1 = C2r , that
is, the cycle on 2r vertices. By Lemma 6.23, IGr,1 =⟨a1e2 · · · e2r−2−b1e1 · · · e2r−3⟩

is generated by a single polynomial of degree r . The conclusion then follows.
We now proceed by induction on the tuple (d, r), where we assume the re-

sult holds for all graphs Gr ′,d ′ with d > d ′. Let G = Gr,d . Let > denote the
lexicographical monomial order on K[E(G)] with

ad > ad−1 > · · · > a1 > e1 > e2 > · · · > e2r−2 > bd > · · · > b1.

If y = ad , then > is a y-compatible monomial order.
By Lemma 6.4, Ny,IG is the toric ideal of G \ {ad}. If we remove ad from G,

then bd is a leaf of G \ {ad}. Consequently, Ny,IG is the toric ideal of the graph G
with both edges ad and bd removed. But if we remove ad and bd from G, we obtain
the graph Gr,d−1. Thus Ny,IG = IGr,d−1 .

By using the universal Gröbner basis of Lemma 6.23, we have

Cy,IG = ⟨bd−1, . . . , b1, e2e4 · · · e2r−2⟩ + ⟨ai bj − aj bi | 1 ≤ i < j ≤ d − 1⟩

+ ⟨ai e2 · · · e2r−2 − bi e1 · · · e2r−3 | 1 ≤ i ≤ d − 1}

= ⟨bd−1, . . . , b1, e2e4 · · · e2r−2⟩.

The last equality follows from the fact that each term of the generators in the other
two ideals is either divisible by some bi with i ∈ {1, . . . , d − 1} or e2e4 · · · e2r−2.
Consequently, Cy,IG is a monomial ideal that is a complete intersection (since the
monomials have disjoint support) with regularity

1 + · · · + 1︸ ︷︷ ︸
d−1

+ (r − 1) − (d − 1) = r − 1.

So, by Theorem 3.2 and induction, we have

reg(IG) = max{reg(IGr,d−1), reg(Cy,IG ) + 1} = max{r, (r − 1) + 1} = r,

as desired. □

We can now compute the a-invariant and the multiplicity of the rings K[E]/IGr,d .

Corollary 6.25. Let d ≥ 1 and r ≥ 3 be integers, and let G = Gr,d . Then

(1) a(K[E(G)]/IG) = 1 − d − r , and

(2) e(K[E(G)]/IG) = dr − (d − 1).
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Proof. We can use Theorem 5.4 to prove (1), but it is more direct to use Theorem 6.24,
Lemma 6.3, and the fact that Gr,d is a bipartite graph on 2 + d + (2r − 3) vertices.

To prove (2), we do induction on d . If d = 1, then Gr,d = C2r , and so IGr,d is a
principal ideal generated by a single generator of degree r . So e(K[E]/IGr,d ) = r .

So suppose d > 1. If I = IGr,d , then by Theorem 4.2, we have

e(K[E]/I ) = e(K[E]/Ny,I ) + e(K[E]/Cy,I ).

As shown in the proof of Theorem 6.24, Cy,I is a complete intersection generated
by d −1 generators of degree one and one generator of degree r −1. Consequently,

e(K[E]/Cy,I ) = 1d−1
· (r − 1) = r − 1.

On the other hand, as also shown in the proof of Theorem 6.24, Ny,I = IGr,d−1 .
Hence, by induction, e(K[E]/Ny,I ) = (d − 1)r − (d − 2). Thus

e(K[E]/I ) = (d − 1)r − (d − 2) + r − 1 = dr − (d − 1). □
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THÁI THÀNH NGUYỄN, JENNA RAJCHGOT and ADAM VAN
TUYL

Pacific
JournalofM

athem
atics

2024
Vol.333,N

o.2


	 vol. 333, no. 2, 2024
	Masthead and Copyright
	01
	1. Introduction
	2. Preliminaries
	3. Multiplier algebras
	4. Main results
	4A. Approximately unital and nondegenerate case
	4B. Strictly upper triangular matrices
	4C. Augmentation ideals

	5. Idempotents and Gelfand transform for 01(G)
	6. Lp-operator norms on Cn
	Acknowledgments
	References

	02
	1. Introduction
	2. Basic notions
	2.1. Coxeter groups and root systems
	2.2. Racks, cocycles and Nichols algebras
	2.3. Group 2-cocycles and sections
	2.4. Twist equivalence for the racks of reflections

	3. Proof of Theorem 2.8
	3.1. Adapting Vendramin's construction
	3.2. Towards the definition of a section
	3.3. Good properties of the section

	4. Applications to Nichols algebras
	4.1. Nichols algebras over dihedral groups

	Acknowledgements
	References

	03
	1. Introduction
	1.1. Main result
	1.2. Comparison to symplectic implosion
	1.3. Organization

	2. Background and conventions
	2.1. Tori
	2.2. General compact connected Lie groups
	2.3. Hamiltonian geometry

	3. Gelfand–Cetlin data
	3.1. Definition and relation to integrable systems
	3.2. Existence of Gelfand–Cetlin data
	3.3. Construction of Gelfand–Cetlin data: integrality
	3.4. Construction of Gelfand–Cetlin data: Thimm's method
	3.5. Example of Gelfand–Cetlin datum: the Gelfand–Cetlin system on u(n)*

	4. The abelianization theorem
	4.1. The universal maximal torus
	4.2. Some supplementary results
	4.3. Proof of the abelianization theorem

	5. Generalization to stratified symplectic spaces
	5.1. Stratified symplectic spaces
	5.2. A more general abelianization theorem

	Acknowledgements
	References

	04
	Introduction
	1. Preliminaries
	1A. Notation and conventions
	1B. Finitary matroids, triangular systems, and quasi-triangular systems
	1C. Generating functions

	2. The dimension and cumulative polynomials
	2A. The dimension polynomial
	2B. The cumulative dimension polynomial

	3. The -closure and *-closure operators
	3A. Dependence on our choice of partition
	3B. Monoid actions by endomorphisms

	4. Applications I: Some classical results
	4A. Polynomial growth of sumsets
	4B. Counting elements in an ideal
	4C. The Hilbert polynomial
	4D. Tropical ideals

	5. Applications II: Simplicial complexes and Betti numbers
	5A. Topological dynamical systems
	5B. The graphic matroid

	6. Applications III: Difference-differential fields
	6A. Kolchin polynomials for difference-differential fields
	6B. Modules over a difference-differential field
	6C. Higher derivations and D-fields
	6D. Higher derivations in positive characteristic
	6E. Kolchin polynomials for difference-differential exponential fields
	6F. Derivations on o-minimal fields

	Acknowledgements
	References

	05
	1. Introduction
	2. Preliminaries
	2.1. Definition of the higher-dimensional Thompson's group 2V 
	2.1.1. Homeomorphisms on the direct product of Cantor sets
	2.1.2. Pairs of colored binary trees
	2.1.3. Grid diagrams

	2.2. A generating set of 2V and estimations of word length. 
	2.3. Divergence functions of finitely generated groups

	3. Proof of 0=theorem.21=Theorem 1.1
	3.1. Size of the bottom left rectangle
	3.2. Construction of the path

	Acknowledgements
	References

	06
	1. Introduction
	1.1. Proof of Vogan's conjecture of GL_n(F) and the combinatorial lemma
	1.2. Main result
	1.3. Applications of the combinatorial lemma

	2. Preliminaries
	2.1. Langlands classification for GL_n(F)
	2.2. A partial ordering on multisegments
	2.3. Mœglin–Waldspurger algorithm

	3. Rephrasing Mœglin–Waldspurger algorithm
	4. Proof of Lemma 1.3
	4.1. Rephrasing Lemma 1.3 by multisegments
	4.2. Preparation for reduction
	4.3. Proof of Lemma 1.3

	Acknowledgments
	References

	07
	1. Introduction
	2. Background on geometrically vertex decomposable ideals
	3. Regularity of geometrically vertex decomposable ideals
	4. Multiplicity of geometrically vertex decomposable ideals
	5. The a-invariant and the Hilbertian property
	6. Applications to toric ideals of graphs
	6.1. Background on toric ideals of graphs
	6.2. Toric ideals of bipartite graphs
	6.3. Regularity and gluing cycles
	6.4. Regularity of toric ideals of Ferrers graphs
	6.5. Invariants for a class of bipartite graphs

	Acknowledgements
	References

	Guidelines for Authors
	Table of Contents

