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MULTIPLIER ALGEBRAS OF L?-OPERATOR ALGEBRAS

ANDREY BLINOV, ALONSO DELFIN AND ELLEN WELD

It is known that the multiplier algebra of an approximately unital and
nondegenerate L?”-operator algebra is again an L”-operator algebra. In
this paper we investigate examples that drop both hypotheses. In particular,
we show that the multiplier algebra of T, the algebra of strictly upper
triangular 2 x 2 matrices acting on Zé’ , is still an L?-operator algebra for
any p. To contrast this result, we first provide a thorough study of the
augmentation ideal of £!(G) for a discrete group G. We use this ideal to
define a family of nonapproximately unital degenerate L”-operator algebras,
F‘f’ (Z/37), whose multiplier algebras cannot be represented on any L?-space
for any g € [1, c0) aslong as p € [1, pp]U[p;, 0o), where py =1.606 and p;
is its Holder conjugate.
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1. Introduction

In 1971, C. S. Herz studied certain operators acting on L”-spaces (see [17]). In
fact, Herz constructed group algebras of operators acting on L”-spaces, those
were referred to as algebras of p-pseudofunctions (see [18] and also [9] for a
modern approach). About 15 years ago, the study of these operators regained
interest from the community thanks to the general research works of M. Daws, E.
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Gardella, N. C. Phillips, N. Spronk, and H. Thiel, among others (see [5; 6; 12; 13;
14; 21], for instance). This area is now known as L”-operator algebras. Given
that L”-operator algebras include the large and well studied class of C*-algebras,
part of the research in this area focuses on understanding what C*-properties and
constructions can and cannot be extended to the L”-case. In particular it is worth
mentioning that L?-operator algebras include the class of C*-algebras, but also
the larger class of nonselfadjoint operator algebras. Three big differences between
C*-algebras and L?”-operator algebras, even when p = 2, which will be exploited
here are: (1) LP-operator norms are not unique, (2) some L?”-operator algebras
cannot be nondegenerately represented on any Banach space, and (3) some L”-
operator algebras do not have contractive approximate identities (which will be
henceforth abbreviated as cai’s). A usually hard problem in L?-operator algebras,
arising in some sense due to the difficulty of computing L?-operator norms, is to
determine whether a given Banach algebra can be isometrically represented on an
L?-space. Different techniques have been employed to show that certain Banach
algebras cannot be represented on L?-spaces; see for instance Theorem 2.5 in [11]
and Example 4.7 in [3], where it is shown that the class of L?-operator algebras is
not closed under taking quotients when p # 2. As a main result of this paper, we
look at certain algebras with no contractive approximate identities to conclude that,
for certain values of p # 2, the class of L”-operator algebras is not closed under
taking multiplier algebras.

This paper is organized as follows: We start with a brief review of the multiplier al-
gebra construction (as double centralizers) for general Banach algebras. In Section 3,
we present main results for the construction of the multiplier algebra, M (A), of a
general Banach algebra A. It is known that if a Banach algebra A has a cai and is
nondegenerately representable on a Banach space E, then M (A) can also be nonde-
generately represented on E. In fact, in Corollary 3.6, we prove that for the known
representation of M(A) on E the action is given by two-sided multipliers, agreeing
with the well known C*-result. Next, we investigate general properties of M (A)
when A has a nonunital identity which means that A an algebraic multiplicative
identity with norm greater than 1 (see Definition 2.5). This condition automatically
prevents A from having a cai and also from being nondegenerately represented on
any Banach space, making these algebras suitable candidates to investigate whether
their multiplier algebras can be nondegenerately represented on Banach spaces.

Starting in Section 4, we work only with multiplier algebras of L”-operator
algebras. As before, when A is a nondegenerate L”-operator algebra with a cai, its
multiplier algebra is also a nondegenerate L”-operator algebra. We begin Section 4
by exploring whether these assumptions are necessary for the multiplier algebra
of an L”-operator algebra to be itself an L”-operator algebra. Consequently, we
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produce two contrasting examples dealing with the multiplier algebra of degenerate
LP-operator algebras without cai’s:

The first one, explored in Section 4B, deals with strictly upper triangular matrices,
denoted 7)), acting on £;) = €7 ({1, ..., d}). When d = 2, even though 7} is itself
a degenerate L”-operator algebra without a cai, we have the following main result:

Theorem 4.2. Forany p € [1, 00), M (sz ) is isometrically isomorphic to C? with
the supremum norm. In particular, for any p, q € [1, 00), M (sz ) is an L9-operator
algebra that is nondegenerately representable on Eg.

The second one is explored in Section 4C, where we focus on E(l)(G), the augmen-
tation ideal of £!(G) for a discrete group G. As an algebra, Z(l)(G) is an L'-operator
algebra that has an identity with norm strictly greater than 1 when G is finite
and card(G) > 2. The augmentation ideal E(l)(G) is defined as the kernel of the
map ¢!(G) — C given by a > > ge @(g). We then study the main properties
of this ideal and show that, when G is finite, E})(G) has no cai and cannot be
nondegenerately represented on any Banach space (see Proposition 4.13(7)). For
our main result, we construct a family of L”-operator algebras whose multiplier
algebras cannot be represented on any L9%-space for any g € [1, co) as long as
p €1, polU[pj, 00), where py=1.606 and py, is its Holder conjugate. This is done
by looking at the image of the augmentation ideal E(l)(Z /37Z) in the group algebra
FP(Z/37) under the left regular representation A, : 0N(Z2/37) — L(P(Z)37)).
That is, for each p € [1, c0), we put

FL(Z/37) =2, (¢5(2/32)),

and then denote its multiplier algebra as Mg Z/)32)=M (Fé7 (Z/37)). The Banach
algebra Fé’ (Z/37) has an algebraic identity, denoted 1y, whose norm is strict greater
than 1. However, in Proposition 4.18 we show that Mé7 (Z/37) is simply Fop (Z2/37)
equipped with a different norm in which 1y now has norm 1. Our main result in
this subsection is then the following:

Theorem 4.21. Let py = 1.606 and let p, = pé’_l. Take any p € [1, pol U[pj, 00).
Then MOP (Z/37), the multiplier algebra of F(f (Z/32), is not an L1-operator alge-

bra for any q € [1, 00).

The main ingredient in the proof of Theorem 4.21 follows a technique previously
used by Blecher and Phillips in Section 4 of [3] to show that the class of L”-operator
algebras is not closed under taking quotients. To be more precise, we exhibit a
bicontractive idempotent e € Mé’ (Z/37Z) such that 19 — 2e is not an invertible
isometry when p € [1, po] U[p,, 00), contradicting a structural result of Bernau
and Lacey, Theorem 2.9 below, regarding bicontractive idempotent acting on L?-
spaces. Unfortunately, the bicontractive idempotent argument might not work for
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groups other that Z/3Z. For instance, when G = Z/4Z or G = Z/2Z & 7 /27,
the bicontractive idempotents in M(‘;7 G)y=M (F(f7 (G)) behave as expected for an
LP-operator algebra. The essential difficulty in deciding whether M(f (G) is an
LP-operator algebra for a general finite group G is that its norm is generally hard
to compute (see [16] for instance).

In Section 5, we restrict our attention to nontrivial finite abelian groups and show
that when n = card(G) > 1, the algebra E(l)(G) is algebraically isomorphic to C"~!
with pointwise multiplication via the Gelfand map. This yields a nice description
of the idempotents of Mé) (Z/nZ), see Proposition 5.8, that can be compared with
Rudin’s more general work for idempotents in L'(G) when G is a locally compact
group (see W. Rudin’s work [25] and [24]).

In the last section we present a brief discussion on different norms that make C"
an L?-operator algebra, posing a final question regarding what properties a norm
on C" must satisfy to be an L”-operator algebra. Answering this general question
might provide a tool to decide when Mé’ (G) is representable on an L?-space.

We end our introduction with a brief overview of the general notation that will
be used throughout the paper. When E is a Banach space, we denote by L(E)
the space of all bounded linear maps E — E. For p € [1, 00), we sometimes
write L? () for LP (€2, n), the LP-space of a measure space (€2, w). In particular,
when v is the counting measure on 2 we simply write £7 (€2) for L? (2, v) and, for
d € Zs,, we write £ for ¢7 ({1, ..., d}).

2. Preliminaries

We first establish standard definitions for representations of Banach algebras on
Banach spaces. The definition of L?-operator algebras will be given using this ter-
minology. We then present basic facts about Banach algebras with either contractive
approximate units or with nonunital identities.

Definition 2.1. Let A be a Banach algebra and let £ be a Banach space. A
representation of A on E is a continuous algebra homomorphism 7 : A — L(E).

(1) We say that r is contractive if || (a)| < ||a|| for all a € A.
(2) We say that r is isometric if | (a)|| = ||a] for all a € A.

(3) We say that r is nondegenerate if
m(A)E =span({r(a)é :a € Aand & € E})

is dense in E, and that A is nondegenerately representable if it has a non-
degenerate isometric representation.

Definition 2.2. Let p € [1, o). A Banach algebra A is an L?-operator algebra if
there is a measure space (€2, i) and an isometric representation of A on L”(u).
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Definition 2.3. Let A be a Banach algebra. We say that A has a contractive
approximate identity (cai) if there is a net (e;),cp in A such that e, || < 1 for all
AeAandforallae A,

lim ||ae), —a|| = lim |leja —al| =0
AEA rEA
Lemma 2.4. Let A be a Banach algebra with a cai. Then for any a € A,

lall = sup [labl| = sup [ba].
Ibll=1 Ibl=1

Proof. Let (e))cn be a cai of A. Then for any a € A,

|| al|
llall = sup |ball = > sup |le;al > |lall.
Ibll=1 AeA llexll — rea

The other equality is proved analogously. (|

Definition 2.5. Let A be a Banach algebra. We say that A has an identity element
if there is an element 14 € A such that, foralla € A,

lA-a=a =a-1A.
If [141| =1, we call 14 a unit of A; otherwise we say 14 is a nonunital identity of A.

We will work below with a Banach algebra that has a nonunital identity, see
Section 4C. The following two lemmas show that such Banach algebras cannot
have cai’s and cannot be nondegenerately represented on any Banach space.

Lemma 2.6. Let A be a Banach algebra with a nonunital identity 14 € A (that is
11all # 1). Then, A cannot have a cai.

Proof. 1t is clear that ||1 4] > 1. Now suppose A has a cai, say (ex)rea. Then, for
eachA e A

0 <lllexll = ITalll = llex — Lall = llexla — Lall.
Therefore, by the squeeze theorem

lim [le; [l — 11alll =0

This implies that lim, ||e; || = ||14]], whence ||14]] < 1 which is a contradiction. [

Lemma 2.7. Let A be a Banach algebra with a nonunital identity 14 € A (that is
114l # 1). Then A cannot be nondegenerately represented on any Banach space.

Proof. Assume on the contrary that there is a Banach space E and an isometric
nondegenerate representation w : A — L(E). Then, for any a € A and any £ € E
we have

n(Lp)m(a)s =n(laa)é = (a)§.
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Nondegeneracy now gives that w(14) = idg, but this implies
I=lidell = lm(TD)I = 14l > 1,
a contradiction. O

In Section 4, we will take the multiplier algebra of certain L?-operator algebras
in order to construct a family of unital Banach algebras that are not representable on
any L?-space for any g € [1, 00). Our technique, which was also used by Blecher
and Phillips in Section 4 of [3], will be to show that some bicontractive idempotents
on the algebra do not behave as expected for L?-operator algebras. We record
precise definitions and known facts below.

Definition 2.8. Let A be a unital Banach algebra with unit 14.
(1) An idempotent e € A is bicontractive if |le|]| <1 and |14 —e|| < 1.
(2) An element s € A is an invertible isometry if ||s|| =1 and ||s~'|| = L.

The following is a combination of Theorem 2.1 in [1] and part (c) of Lemma
2.29 in [3].

Theorem 2.9. Let p € [1, 00) and let (2, &) be a measure space. Then an idem-
potent e € L(LP (w)) is bicontractive if and only if 1 — 2e is an invertible isometry,
where 1 =idpr ().

3. Multiplier algebras

Below we present general definitions and some results about multiplier algebras of
Banach algebras.
Parts of following definition come from Section 2.5 in [4].

Definition 3.1. Let A be a Banach algebra.
(1) A left multiplier of A is amap L € L(A) satisfying
L(ab) = L(a)b forall a,be A.
The set of left multipliers of A is denoted by LM (A).
(2) A right multiplier of A is a map R € L(A) satisfying
R(ab) =aR(b) forall a,be A.
The set of right multipliers of A is denoted by RM (A).
(3) A double centralizer of A is a pair (L, R) with L € LM(A), R € RM(A), and
alL(b) =R(a)b forall a,be A.

We define M (A), the multiplier algebra of A, to be the subset of L(A) x L(A)°P
(equipped with the supremum norm) consisting of double centralizers.



MULTIPLIER ALGEBRAS OF LP-OPERATOR ALGEBRAS 203

It is clear that M (A) is a unital Banach subalgebra of £(A) x L£L(A)°P.

If A is a C*-algebra, M(A) is equivalently defined as the set of two sided
multipliers of A on any Hilbert space as long as A acts nondegenerately on it; see
Definition 2.2.2 in [27] for instance. This will be also the case for a Banach algebra
that has a cai and that can be nondegenerately represented on a Banach space. We
start with the definition of a map from A to M (A) that will be a canonical inclusion
when A has a cai.

Definition 3.2. Let A be a Banach algebra. For each a € A we define maps
L,:A— Aand R, : A — A by left and right multiplication respectively, that is
forany b e A

L,(b)=ab and R,(b) =

We getamap 14 : A — M(A) given by t4(a) = (Ly, Ry).

Lemma 3.3. Let A be a Banach algebra with a cai, and let (L, R) € M(A). Then
IL| = [|R|l. Furthermore, the map 14 : A — M(A) from Definition 3.2 is an
isometric algebra homomorphism and 14 (A) is a closed two-sided ideal in M (A).

Proof. Lemma 2.4 gives

[L(a)|| = sup [|bL(a)|| = sup [[R(b)all < [R]llall.
IblI=1 IblI=1

Thus, ||L|| < ||R]|. Similarly,

IR(@)|l = sup [[R(a)bl| = sup [laL(®)| < llalllLl],
bll=1 lIblI=1
whence ||R| < ||L|| and therefore ||L|| = || R||. Note that ¢4 is clearly a linear map.
To check it is multiplicative take a, b € A and compute

ta(ab) = (Lap, Rap) = (LaLp, RyRy) = (La, Ry)(Lp, Rp) = ta(a)ia(b).

Once again, Lemma 2.4 gives ||L,|| = | R4 || = ||a||, showing that ¢ 4 is isometric and
that 14 (A) is closed in M (A). Finally, direct computations show that for any a € A
and any (L, R) € M(A), ta(a)(L, R) = ta4(R(a)) and (L, R)ta(a) = ta(L(a)),
whence (4 (A) is indeed a two-sided ideal in M (A), finishing the proof. U

A well known and useful fact is that whenever A is a Banach algebra with a
cai that is nondegenerately represented on a Banach space E, then M(A) can be
nondegenerately represented on E. For convenience, we state such result below
and refer the reader to Theorem 4.1 and Remark 4.2 in [13] for a complete proof.

Theorem 3.4. Let A be a Banach algebra with a cai and let w : A — L(E) be
a contractive nondegenerate representation of A on a Banach space E. Then &
induces a unique nondegenerate, contractive, and unital representation @ : M (A) —
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L(E) such that, if 15 is as in Definition 3.2, then m1 = T o 15. Furthermore, 7 is
isometric when 1 is.

Remark 3.5. Theorem 3.4 can also be proved by either appropriately modifying
the proof of Proposition 2.6.12 in [2] or by the methods described in Section 6 of
[19]. We are grateful to both David Blecher and Hannes Thiel for pointing these
references to us. An alternative way is to use Corollary 4.1.7 in [7]. This alternative
proof uses that, just as in the C*-case, M (A) is isometrically isomorphic to the
two-sided multipliers of A on any Banach space E where A acts nondegenerately.
This fact is actually equivalent to Theorem 3.4, as we see below in Corollary 3.6.

Corollary 3.6. Let A be a Banach algebra with a cai and that is nondegenerately
represented on a Banach space E viaw : A — L(E). Then the Banach algebra
M (A) is isometrically isomorphic to

{re L(E) :tm(A) S (A), n(A)r S (A},
the algebra of two sided multipliers of w(A), via the map 7 from Theorem 3.4.

Proof. Theorem 3.4 gives that 7 : M(A) — L(E) is an isometric and unital
representation satisfying 7 ot4 = 7. Set

B={teL(E):tn(A) Cn(A), (At Cn(A)}.

It only remains to show that the image of 77 is indeed B. To do so, notice that for any
(L,R)e M(A) and a € A we have T(L, R)w(a) =7 (L(a)) and w(a)7 (L, R) =
7 (R(a)), whence 7 (M (A)) € B. To check the reverse inclusion, for any ¢ € B we
define L;, R, € L(A) as follows:

Li(a) =7 (tn(a)), R(a)=n""(n(a)),

where 77! : m(A) — A is understood as the inverse of the invertible isometry
m:A— m(A). Since t € B, we have (L;, R;) € M(A). Furthermore, for any a € A,
& € E we have

7(Ly, R)m(@)§ = w(Li(a)§ =tm(a)§.

Hence, nondegeneracy implies that 7(L,, R;) =t and therefore we conclude that
B C 7 (M(A)), finishing the proof. O

We will be mostly interested in M (A) when A is a Banach algebra that has a
nonunital identity as in Definition 2.5. This implies that A does not have a cai, as
shown in Lemma 2.6, whence the previous two results cannot be used. However,
the following proposition shows that in such cases M (A) is actually the Banach
algebra A equipped with a new norm.
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Proposition 3.7. Let A be a Banach algebra with identity 14 € A, as in Definition
2.5,and let 1p : A — M(A) be as in Definition 3.2. Then the map ¢ : M(A) — A
given by

(L, R) =L(14)
is an isometric isomorphism between the Banach algebras M (A) and (A, |||—||l),
where |||al|| = |lta(a)|l. In particular, |||a||| = ||a|| for all a € A when 14 is a unit.

Proof. 1t is routine to check that ¢ : M(A) — A is a linear map. Further, it is clear
that (14 (a)) = a, whence ¢ is surjective. If ¢(L, R) =0, then for any a € A we
get L(a) =L(14a) =L(1a)a=¢(L,R)a=0and R(a) =R(a)lg=aL(l,) =
ap(L, R) =0, from where it follows that ¢ is injective. Next, to show that ¢ is
multiplicative we take any (L, R), (L', R") € M(A), and compute
o((L, AL, R)) =¢(LL', R'R)

=L(L'(14))

=L(14L'(14))

=L(10)L'(14) =¢(L, R)e(L', R).
Next, for any (L, R) € M(A) we obtain

e (L, Rl = llea(LANN = (L Ly Rea)ll = 1L, R,

so that ¢ : M(A) — A is indeed isometric when A is equipped with |||a]|| = |[ta(a)]].
Finally, if 14 is a unit, then A has a trivial cai and therefore Lemma 3.3 implies
that ¢4 is an isometry. O

Remark 3.8. Section 2 of [26] defines the multiplier algebra of a commutative
Banach algebra A without absolute zero divisors other than 0 by

N(A) = {L € £(A) :aL(b) = L(a)b forall a,be A).

When A is commutative and (L, R) € M(A), we have L = R and (L, R) — L is
an isometric algebra isomorphism from M (A) to N(A). Hence, both definitions
are equivalent. If A is a commutative Banach algebra with identity 14 € A as in
Definition 2.5, then A has no absolute zero divisors other than O and therefore
Proposition 3.7 above implies that M (A) is isometrically isomorphic, as a Banach
algebra, to A equipped with the norm a — || L,]||.

4. Main results

In this section, we explore whether the conditions in Theorem 3.4 are necessary
to guarantee that the multiplier algebra of an L”-operator algebra is again an L?-
operator algebra. We do so via two contrasting examples presented in Sections 4B



206 ANDREY BLINOV, ALONSO DELFIN AND ELLEN WELD

and 4C. On the one hand, we show that the multiplier algebra of 2 x 2 strictly upper
triangular matrices acting on 65 is an L7-operator algebra for any p, g € [1, 00).
On the other hand, for each p € [1, co) we define a two dimensional L?”-operator
algebra whose multiplier algebra is not an L4-operator algebra for any g € [1, 0o)
as long as p € [1, po] U[p, o0) where pg = 1.606 and p, is its Holder conjugate
given by py = -2y =2.65016501 ... = 2.6501.

4A. Approximately unital and nondegenerate case. The following result is simply
a consequence of Theorem 3.4 being a particular case of Corollary 3.6.

Theorem 4.1. Let A be an L?-operator algebra that has a cai and such that there
is a nondegenerate representation w of A on L? (). Then M(A) is an L?-operator
algebra that is isometrically isomorphic to the algebra of two sided multipliers of
w(A), thatis M(A) ={t € LP () :tw(a) € m(A), m(a)t € m(A) forall a € A}.

Theorem 4.1 raises a natural question: Are the properties of having a cai and being
nondegenerately represented necessary for M (A) to be an L?-operator algebra?
Below, we present two examples of families of L”-operator algebras that have
neither property. In Section 4B, we investigate strictly upper triangular 2 x 2
matrices and show its multiplier algebra can be nondegenerately represented on an
L?-space. In Section 4C, we investigate the group L”-operator algebras associated
to the augmentation ideal 66(2/32) and show that for certain values of p, its
multiplier algebra fails to be an L-operator algebra for any ¢g € [1, 00).

4B. Strictly upper triangular matrices. Let p € [1, co). We start by considering
T2p , the algebra of strictly upper triangular 2 x 2 matrices acting on £2, that is,
0
7 =1{(y §):zecl cmi@© =,

This is a degenerate LP-operator algebra without identity, unit, nor cai. In fact,
sz is isometrically isomorphic to C with the trivial multiplication zw = 0 (see
Example 3.6 in [9]). Notice that sz is commutative, but all its elements are
absolute zero divisors, whence Remark 3.8 does not apply. However, it is clear that
C(sz) =L(C)=C and that aL(b) =0= R(a)b for any (L, R) € M(sz) and any
a,be sz . This, together with Definition 3.1, imply at once that

M(TS) = LM(T)) x RM(T}).

Furthermore, notice that LM (T,) = RM(T,) = L(T,}) = C. Therefore, M(T;) is
isometrically isomorphic to C* with the supremum norm, which is in turn isometri-
cally identified with C ({1, 2}), the space of continuous functions on {1, 2}. Finally,
for any g € [1, 00), we have the map ¢, : C({1, 2}) — E(ﬁg) given by

(9 (5)x)(j) = E()x()),
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where £ € C({1,2}), x € €1, and j € {1, 2}. This allows us to represent continuous
functions on {1, 2} as multiplication operators on Eg. It is well known and easy to
see that ¢, is an isometric nondegenerate representation. Therefore, we have shown
the following result:

Theorem 4.2. Forany p € [1,00), M (T2p ) is isometrically isomorphic to C? with
the supremum norm. In particular, for any p, q € [1, 00), M (sz ) is an L9-operator
algebra that is nondegenerately representable on Zg.

A more complicated example is 7.7, the algebra of strictly upper triangular 3 x 3
matrices acting on £§ . That is

» 0 app ais » »
T3 = 0 0 ax|:ap, a3, a3eCy C M3 ©) = [:(53).
0 0 O

Notice that T3p is identified with C* with multiplication given by
ab = (ai2, a13, a23) (b1, b1z, b23) = (0, ai2b23, 0).
If p=1, then T3p is isometrically isomorphic to C* with norm
lall = max{laiz|, lai3| + |a3|}.

However, when p # 1, 2, oo it is known that computing the p-operator norm of
a matrix is an NP-hard problem (see [16]). This complicates the study of M (T3p )
and at this moment we have not investigated whether M (T. 3p ) can be isometrically
represented on an L7-space.

4C. Augmentation ideals. We will now construct, for certain values of p, a class
of L?-operator algebras that have no cai, cannot be nondegenerately represented
(on any Banach space), and whose multiplier algebra is not an L7-operator algebra
for any g € [1, 0o). We begin with the general construction of the augmentation
ideal for an arbitrary discrete group G and eventually specialize to the finite case.
In particular we will work with G = Z/37. The augmentation ideal of a group ring
is a well known algebraic object (see [20, Section 11.2], [8, Example 7, p. 245]
for instance) and is easily generalized to operator algebras arising from discrete
groups. We include details here for completeness.

Let G be a discrete group with identity element denoted by 15 € G. For any
g € G, the indicator function 8, : G — C is given by

1 ifg=nh,
0 ifg#h.
For each g € G, we define the function A, : G — C by

8g(h) = {

(4-1) Ag=8,—5i,.
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For each p € [1, 00), recall that the Banach space £7(G) is the set of complex
valued functions a : G — C satistying

lall =" la(g)|” < oo.

geG
Further, we define the convolution of any pair (a, b) € £! (G) x £P (G) as the complex
valued function a x b : G — C defined at each g € G by

(4-2) (axb)(g)=Y_a(h)b(h'g).
heG

It is well known that ||a xb||, < |lal|1]|b]|,, whence a *b € £P(G). Moreover, when
p =1, convolution gives rise to a multiplication on £!(G) that makes it a unital
Banach algebra with unit §;.
Remark 4.3. Given the large presence of multiplication by convolution in this
paper, when a € £!(G) and b € £7(G) for some p € [1, c0) we will simply write
ab instead of a x b from (4-2). It will be understood by context when convolution
is the multiplication that is being used.

It is also well known that C.(G), the subspace of compactly supported functions
on G, lies densely in £!(G) with respect to the || — ||; norm. Clearly, 3, € Cc(G)
for each g € G.

Lemma 4.4. The map 1o : £'(G) — C given by
(4-3) (@) =Y a(g)

geG
is a contractive algebra homomorphism.

Proof. 1t is clear that (¢ is a well-defined linear map and that |¢p(a)| < ||a]|1, whence
lltoll < 1. By Fubini’s Theorem, we see that

to(ab) =Y (ab)(g) =Y _a(h) Y _b(h~'g) =to(a)o(b),
geG heG geG
finishing the proof. ([

The main object of interest for this subsection is the augmentation ideal of £! (G),
which is defined as the kernel of the map o : £! (G) — C from (4-3). We record a
precise definition below.

Definition 4.5. Let G be a discrete group. The augmentation ideal of £'(G) is
defined as
£6(G) =ker(ig) = {a € €'(G) : yy(a) =0}

Similarly, we define Cy[G] € C.(G) as
ColG] = {a € Cc(G) : y(a) = 0}.
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Next we establish the main properties of E(l)(G), which we present as a series of
Propositions.

Proposition 4.6. Let G be a discrete group.

(1) The augmentation ideal E(l)(G) is a closed two-sided proper ideal of LYG).
(2) The subspace Cy|G] is dense in E(l)(G) with respect to the || — ||| norm.

(3) Let Ay be as in (4-1). Then span{A, : g € G} is dense in E(l)(G). In fact,
span{A, : g € G} = Co[G].

Proof. That E(l)(G) is a closed two-sided ideal follows from Lemma 4.4 above. Since

015 & Z(IJ(G), we also get that Z(l)(G) is proper, so part (1) is done. For part (2), let

ae E(l)(G) and let ¢ > 0. Then, there is b € C.(G) such that |la — b||| < % and

observe that b—1((b)81, € Co[G]. Further, note that |1o(b)| = |ip(a—Db)| < |la—b]|;.
Therefore,

lla —(b—10d)815)lI < lla—=blli + )] <2|la — bl <e.

This proves that Cy[G] is dense in E(l)(G), as wanted. Finally, for part (3), note first
that span{A, : ¢ € G} € Cy[G] because for each g € G, it is clear that A, € C.(G)
and (p(Ag) = 19(8g) — to(81;) = 1 — 1 = 0. For the reverse inclusion, take any
a € CylG], that is tp(a) = 0 and F = supp(a) is a finite subset of G. Therefore,

a=Y a(g)s, = (Za(g)ag) —10(@)81, =Y _a(g)A,.

geF geF geF
This proves that a € span{A, : g € G} and we are done with part (3). (]
The previous proposition shows that E(l)(G) is a Banach algebra in its own right
with the 1-norm inherited from ¢!(G). When p € [1, 00), we will mainly be
interested in the image of Zg (G) in F?(G), the full L? operator algebra of G,
which we define below in the discrete group case setting. We refer the interested

reader to Definition 2.1 in [10] for a general definition of F'”(G) for locally compact
groups.

Definition 4.7. Let G be a discrete group and let p € [1, 00).
(1) We define the full group L?-operator algebra of G, denoted by F?(G), as the
completion of 2Y(G) in the norm
a > llallrr) = sup{lim (@) : m € Repy, (G)},
where Rep; , (G) is the class of all nondegenerate contractive representations
of £1(G) on L?-spaces.

(2) We define the augmentation ideal of F”(G), denoted by F(f (G), as the com-
pletion of £)(G) in the || — || () norm.
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The algebra F?(G) is in fact an L”-operator algebra, this follows from the
general crossed product case, see for instance Theorem 3.6 in [22]. We next show
that Fop (G) is actually a closed proper ideal in F'”(G), making it also an L”-operator
algebra in its own right.

Proposition 4.8. Let G be a discrete group and let p € [1, 00). Then F(f (G)isa
nonzero closed two-sided proper ideal in F?(G).

Proof. That Fé’ (G) 1s a nonzero closed two-sided ideal follows at once from the
fact that E(l)(G) is an ideal in £'(G). To show that it is proper, it suffices to prove
that 81, the unit in F”(G), does not belong to Fop (G). Assume on the contrary
that there is a sequence (a,);- ; in Z(l)(G) such that a,, converges to §1, in F”(G).
Next, by Lemma 4.4, 1 is a contractive representation of £! (G) on the L”-space
¢} = C, so it follows from definition of || — || pr(G) that |tp(a)| < llallr(G) for all
ac E(l)(G). Therefore ¢y extends continuously to a contraction ¢y : F”(G) — C. In

particular, since tg(a,) = 0 for all n € Z>1, it follows that

1 =100(81,)] = to(815) — tolan)|

<1815 — anllFr(G)-

Taking the limit as n — oo shows that 1 <0, a contradiction. Thus, §;, & F(f (G),
as wanted. O

For each p €[1, 00), we will also let Z(l)(G) act on £”(G) via left multiplication by
convolution. That way the completion of the image of ﬂ(l)(G) in L({P(G)) becomes
an L”-operator algebra. In particular, when p =1, the algebra E(l)(G) is isometrically
isomorphic to its image in £(£'(G)), making E(l)(G) an L'-operator algebra. More
precisely, this will be done by looking at the image of E(l)(G) in FY(G), the reduced
LP-operator algebra of G. The algebra F(G) was first introduced by Herz in
[18, Section 8], where it was called the algebra of p-pseudofunctions on G, and
then reintroduced by Phillips in [22, Section 3] as a particular case of reduced
L?-operator crossed products. For convenience we state below the definition of
FP(G) for G discrete. We refer the interested reader to Definition 3.1 in [10] for
the general definition of F¥(G) when G is locally compact.

Definition 4.9. Let G be a discrete group and let p € [1, 00).

(1) Let A, : ¢Y(G) — L(£P(G)) denote left multiplication by convolution; that
is, for a € £1(G), b € ¢(G), we put A,(a)b =ab € £P(G) as in (4-2) (see
Remark 4.3). We define the reduced L?-operator algebra of G, denoted by
EP(G), as the closure of 1,(¢!(G)) in L(£P(G)).

(2) We define the augmentation ideal of FY (G), denoted by F/(G), as the closure
of Ap(ﬁ(l)(G)) in L(£P(G)).
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Since G is discrete, ||la||, < ||la|l; foralla € ¢'(G), in fact the canonical inclusion
2'(G) < £P(G) has norm 1. Furthermore, observe that for any a € 2'(G) we have

(4-4) lally < llallgr) < llallrre < llall.

Hence, when p =1, the map A; : Y(G) — L(£'(G)) is isometric and therefore we
have isometric isomorphisms of Banach algebras

(4-5) F'(G) = F/(G) = ¢'(G) and F (G) = F,((G) = £4(G).

For general p € [1, 00), the map A, : Y(G) = L(LP(G)) is an injective contractive
nondegenerate representation of ¢£!(G) on £7(G). Thus, kp(fl(G)) is a dense
subalgebra of F(G) that is algebraically isomorphic to £!(G). Moreover, by
definition F”(G) is a closed unital subalgebra of £(£”(G)), making it an L”-
operator algebra as in Definition 2.2.

Remark 4.10. As in Proposition 4.8, Ff 0(G) is a nonzero closed two-sided ideal in
F!(G) and therefore an L”-operator algebra. However, unlike Proposition 4.8, we
no longer have that the ideal Fr{’ o(G) is proper in general. This is explained due to the
fact that in many instances F; (G) is a simple Banach algebra. Indeed, by Theorem
2.5 in [23], if F2(G) is simple, then F/(G) is simple for any p € (1,00). In
particular, for p € (1, 00), F/(G) will be simple when G has the Powers property
(see also Theorem 3.7 in [15]). Thus, we can guarantee that for any n € Z. 1,
Frf' o(Fn) = FY (F,) where F, is the free group in 1 generators.

However, Theorem 3.7 in [10] shows that, for any p € (1, 00), if G is an
amenable group, then F”(G) is isometrically isomorphic to F?(G) as Banach
algebras. Therefore, this fact combined with (4-5) give at once the following result:

Proposition 4.11. Let G be a discrete group and let p € [1, 00). If either p = 1
or G is amenable, then Ff 0(G) is a proper ideal in FY(G) that is degenerately
represented on £P (G).

In any case, it is more natural to work with the ideal F(f’ (G), rather than Frf' 0(G),
for F(f’ (G) is guaranteed to be a proper ideal for any discrete group G. Moreover,
for a finite nontrivial group G, we will show in Corollary 4.17 below that Fé’ (G)
cannot be nondegenerately represented on any Banach space, already voiding one
of the assumptions in Theorem 4.1. Part of our work below is to show that, for a
finite nontrivial group G, the assumption of having a cai is also not met for Fop (G).

Remark 4.12. We mention that since finite groups are amenable, F(f’ (G) and
Frf’ o(G) are isometrically isomorphic as Banach algebras (see Theorem 3.7 in [10]).
Therefore, if G is a nontrivial finite group, we will keep using the simpler notation
FJ(G), but for convenience we will use that F/'(G) can be defined, in this case, as
the closure of AP(Z})(G)) in LUP(G)).
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For the rest of the paper, we will concentrate on the properties of F(f’ (G) when
G is a finite nontrivial group.

Proposition 4.13. Let G be a finite group with card(G) > 2 and let p € [1, 00).
Then, for n = card(G):

(1) As vector spaces,
F{(G) =¢\(G) =span{A, : g € G} = Co[G] =C" .
(2) Foranya € E(l)(G),
a(z 5g> = (Z 5g)a =0.
g€G geG
3) Fop (G) has an identity element (see Definition 2.5) given by

10=—%ZAg.

geG

(n—1)P+n—DYr 2
) " = lLollFrcy =2 =~

2
3 olh =2——.
n

(6) 1 is not a unit in FO1 (G) when n > 2 (see Definition 2.5).

@) FO1 (G) has no cai and cannot be nondegenerately represented on any Banach
space when n > 2.

Proof. In what follows we write n = card(G) and G = {g1, ..., g,} where g = 1.
Since G is finite, C.(G) = £!(G) and ¢'(G) = C" as vector spaces via the map
8¢, > e; € C" for j =1,..., n. Thus using Proposition 4.6 we now get Co[G] =
E(l)(G) and E(l)(G) ~ ¢! as vector spaces via the map A, > e;_; € C*! for
j=2,...,n. Then Z(l)(G) is a finite dimensional vector space and therefore already
complete in the || —|| rr(g) norm. This gives that, for any p €[1, 00), F{(G) =£(1)(G)
which is in turn identified with C"*~!, equipped with a different norm for each p,
proving part (1). Next, to show parts (2) and (3), we take any a € E(l)(G) so that
to(a) = 0. Then, since (adg)(h) = a(hg_l) for any g, h € G, it follows that for any
ke{l,...,n}

Q{}:%))@o=§:M&gﬂ:uwwza
j=1 j=1

proving that a(Z';-:l 84,) =0. A similar computation shows that (Z’;‘:I 84,)a =0,

so part (2) follows. For part (3), notice that for any j, k € {1, ..., n},

(@Bg,)(gr) = (ady))(ge) —algr) = algrg; ") —a(ge).



MULTIPLIER ALGEBRAS OF LP-OPERATOR ALGEBRAS 213

Therefore, for any k € {1, ..., n} we obtain

n
1 - 1
(alo)(g0) = 2(—a(gkg 7D+ algn) =~ (—w(@) +na(g) = a(g).
]:
from where it follows that aly = a. An analogous computation gives that 1pa = a
and therefore part (3) is done. Part (4) follows at once from (4-4) and the following
direct computation for each p € [1, c0):

Z(ng - 53’1)
j=2

Part (5) is simply (4) when p = 1. Next, notice that part (6) is implied by part (5)
for ||1g||; > 1 when n > 2. Finally, when n > 2, part (6) together with Lemma 2.6
shows that FOl (G) does not have a cai. Combined with Lemma 2.7, this shows that
FO1 (G) cannot be nondegenerately represented on any Banach space, so part (7)
follows. [l

1
=—(n—=1P+m—1]—1")""7.
, N

1
1 ollp = —

Our final goal for this subsection is to investigate whether M (F(f (G)), the
multiplier algebra of F(f (G) (see Definition 4.9), is an L”-operator algebra when
G is finite and abelian. Proposition 4.13 (7) shows that, at least when p = 1,
the hypotheses of Theorem 4.1 are not met for A = Fop (G). We will show that
for all p € [1,00) \ {2} and any finite group G with card(G) > 2, F(‘)D(G) still
does not meet the hypotheses in Theorem 4.1. In contrast to the algebra sz (see
Section 4B), we will see that for certain values of p, including 1, M (Fop (Z/32)) is
not an L?-operator algebra for any g € [1, 00).

We start with a computational lemma that will be needed twice in the rest of the
paper.

Lemma 4.14. Let p € (1, 00)\ {2} and let G be a finite group with n = card(G) > 2.
Define ap : G — C by

n—1 ifg=lg,

ao(g) = { :

-1 ifg#lc.

For each ¢ € R, we define b, : G — C by
b, =ap+¢ Z d.
geG
Then:
(1) ag € £(G) and b, € £7(G) \ £4(G) for any & # 0.

(2) For any € € R, 19b. = ag (When ¢ # 0 we think of b, as a perturbation of ay
that leaves E(l)(G)).

(3) There exists €, # 0 such that ||ao|| p > ||be, |l p-
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(4) In particular, when n = 3, we get

1
laoll, _ 2P +2)@7 7+ 1P
1be, Il p 3P (2551 42)

Proof. Part (1) is readily verified. Part (2) follows at once from parts (2) and (3) in
Proposition 4.13. For part (3), note that asking for [lagl|, > [|b¢|l, is equivalent to

(4-6) m—D’4n—1>n—14¢P+m—1)]e—1".
Next, we define f, : (=1,1) — R by f,(e) = llaoll, — llbell,. That is,
e =m-1D"+n—1-m—-14+e)—mn—-1)(1—-¢e)’.

We need to show that exists ¢, # 0 such that f,(¢,) > 0. Clearly f,(0) = 0.
Furthermore, it is routine to verify that f, is a differentiable concave function, that
fp has a maximum at

sz(n_l)ﬁl_(n_l);éO,
(n—DrT+1

and that

(n—1)*—(n—1P)p.

/

0) =
£ = —
Thus, since n > 2, if p € (1,2) we have fI/,(O) > 0 and ¢, > 0, which gives
fp(ep) > 0. Similarly, p € (2, c0) implies fz/v (0) <0 and ¢, <0, from where it
follows that f,(¢,) > 0. This now gives part (3). Finally, part (4) follows from
plugging in n =3 and ¢, in (4-6). (]

We now obtain a generalization of part (6) in Proposition 4.13 for any p # 2. The
proof for p =1 was immediate, but since the right hand side of the inequality in part
(4) of Proposition 4.13 is not always strictly greater than 1, a different argument is
needed that works for any p € (1, c0) \ {2} and any finite group G with card(G) > 2.

Proposition 4.15. Let p € [1, 00) \ {2} and let G be a finite group with card(G) > 2.
Then 1y is a nonunital identity of Fé’ (G) (see Definition 2.5).

Proof. As before, we write n = card(G) and G = {gy, ..., g} where g; = 1.
Proposition 4.13(6) gives the result for p = 1. Take p € (1, 00) \ {2} and recall that

120bll
120l Fr(c) = 12 (Lo)]| = sup {W b elP(G),b#0}.
)4



MULTIPLIER ALGEBRAS OF LP-OPERATOR ALGEBRAS 215

Now by Lemma 4.14 there is ag € £j(G) and b, € £7(G) \ £{(G) such that
1obe, = ap and |lagllp > ||be, || p for any p € (1, 00) \ {2}. Therefore,

||10bsp||p _ llaoll p -
be,llp Nbe,llp
finishing the proof. (]

1ol FriG)y =

k)

Remark 4.16. Notice that the argument given in the proof of Proposition 4.15
does not work when p = 2. Indeed when p = 2, with notation as in the proof of
Lemma 4.14, we get &, =0 and f»(0) = 0. In fact, f, is a parabola with vertex
at the origin. The reason for this is that, when p = 2, the C*-equation gives that
1 1oll 2(Gy = 1. Furthermore, it follows from Corollary 3.20 of [10] that

1Loll Fr2(6) < I1LollFri(a)

when either 1 < p; < p» <2or2 < py < p; < o0. Proposition 4.15 seems to suggest
that ||1o||Fr(c) strictly decreases to 1 as p goes from 1 to 2 and that || 1ol rr(c) is
strictly increasing as p goes from 2 to infinity. However, we have not investigated
these potential strict inequalities for all p any further.

An immediate consequence of Proposition 4.15, whose proof is identical to that
of part (7) in Proposition 4.13, is the following.

Corollary 4.17. Let p € [1, 00) \ {2} and let G be a finite group with card(G) > 2.
Then Fop (G) has no cai and cannot be nondegenerately represented on any Banach
space.

Notice that the work done in Section 3 already gives us a clear description of
what M (Fop (G)) is when G is finite and abelian:

Proposition 4.18. Let G be a finite abelian group and let p € [1,00). Then,
M(F(f7 (G)) is isometrically isomorphic to (E(l)(G), |||—|||p) where

lall, = I1Lall ;2 Gy F2 ) = Suptllabllrrc) : b € £5(G), 1Bl Fo(G) = 1}

Proof. Since G is abelian, E(l)(G) is commutative and, since G is finite, E(l)(G) has
a multiplicative identity and therefore the only absolute zero divisor in E(l)(G) is
0. Thus, Remark 3.8 together with Proposition 4.13(1) give that (L, R) — L is
an isometric isomorphism from M (FJ (G)) to {L € L(F (G)) : aL(b) = L(a)b}.
Proposition 3.7 now shows that M (Fé7 (G)) is indeed isometrically isomorphic to
(£5(G), lIl—IIl,) via Ly > a. U

The multiplier algebra of Fé’ (G) will be our main object of study for the rest of
the section. We introduce a compact notation that will be used henceforward:

ML (G) = M(FL(G)).
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By Proposition 4.18, when G is finite abelian, then Mg (G) is simply E(l)(G) equipped
with the norm ||| —||| ,. When p = 1, the norm in M} (G) = M (F) (G)) = M (£(G))
has a nicer description:

llalll; = sup{llablly : b € £,(G), [1b]l1 = 1}.
This norm is equivalent to the 1-norm in E(l)(G) via the following straightforward
inequalities:
lall:

1ol

where we clearly have equality if and only if card(G) = 2. In fact, these inequalities
might be strict when card(G) # 2:

Example 4.19. Let G = 7Z/37 = {[0], [1], [2]}. Here, || 1o]l1 = ;—‘ and it is easy to
check that [[[A[jlll; =2 = [|Agjll1 for j € {1, 2}. However, [[|A+ Apllly =3 #
4=Am+ Aplh-

For general p € [1, co) we get, using (4-4), the following bounds for the norm
in MY (G):

(4-7)

=< lllallly < llal

lall - lallFrc)
Lol — NdollFrec)

(4-8) < llalll, = llallFr@) < llal

We end this section by explicitly showing, via a bicontractive idempotent argu-
ment, that for certain values of p € [1, 00) \ {2}, Mé’ (Z/37) is not an L9-operator
algebra for any g € [1, 00). Let G = Z/37 ={[0], [1], [2]} and recall that Eé(Z/SZ)
is the span of elements Ay} and Apz). Furthermore, the multiplication in £}(Z/3Z)
obeys the following table:

| An A

Ay | —2Am+Ap; —Ap—Ap
Ap) | —Am—Ap —Am+24p

Recall that the element 19 = —$ A} — 3 Apy is the identity in €}(Z/3Z). For
any a € 3(1)(2/32), there are oy, oz € C such that a = o; A1; + a2 Ap). Therefore,
for any p € [1, co) we have

lall, = ller Ay + a2 Apll, = (| — a1 —@a|? + o |? + |aa|P) V7.

In particular, ||1o|l; = %.

Proposition 4.18 shows that Mg (Z/37) is isometrically isomorphic to E(l)(Z /37)
equipped with the norm |||—||[ ,. Fora = a1 Apjj+ o2l € Mé’ (Z/37), the inequal-
ities in (4-8) become

(4-9) llalll, < llalli = | — a1 — a2 + o | + [
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and

lall, _3

(4-10) llalll, > (| —ar —aa|? +len]? + laa )P
P10l 4

We note that the norm on M(f (Z/37) is an operator norm induced from a proper
ideal of an L'-space and is generally difficult to compute. Fortunately, there do
exist certain elements a for which we can compute [[|a[l|, easily (see Example 4.19).
In particular, we can compute it for the idempotents of Mé’ (Z2/32).

Proposition 4.20. Let p € [1,00) and let y = %exp(2ni/3) e C. We define
e =y A +yYAp). Then:

M yl=wl=ly+7I=3lyr—vl=

(2) 2 =eand |e|; = 1.
(3) 1()—6 =7A[1] +)/A[2] and ||1()—e||1 =1.

@) llell, = 1.
(5) 1o —elll, = 1.
(©6) [I110 — 2elll, = 2.

(7) 110 —2elll, = 1.
23 2_
(8) |||1o—2e|||ps||1o—ze||Fp(z/3z>§(T>p ifpell.2l.

1-2 .
9 20— 2ell, < 10— 2ell rrzssm < (22)' 7 if p € 2, 00).
Proof. Each of the parts (1), (2), and (3) are checked by direct computations. For
part (4), observe that the bounds (4-9) and (4-10) give
0 < llelll, <llelli=1.

2

Since e = e, submultiplicativity gives

2 2
lllellly, = Mlle=[ll, = lllelll»-

Dividing both sides by |lle]|| ,, we obtain that [le]||, > 1. The proof of part (5) is
analogous to the part (4). For part (6), first notice that

_ _ _ 23
1o —2elli = Iy —V)Am+ ¥ =PV Aplli =10[+2]y —y|= =

Then, the upper bound from (4-9) gives us that

2
110 — 2ellly < 110 — 2elh = ——

w.sl

On the other hand, since H %A[l] ”1 =1, we compute
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|0 —2e)(5Am) |, = 1T =AW+ ¥ =P ARG AR
=1y =yl IAn — ApD Al
=1 % | — A+ 24001 = ‘—B-

Therefore, |19 — 2e]||; = %g For part (7), first notice that

_ _ _ —i/3
Lo—2e=—pY)A+ =)A= —y)(=An+Ap) = ’T\/_(—A[quA[z])-

Then, by computing (19 —2e)d, for each g € Z/37, we find that the standard matrix
of 19 — 2e is

_- 0 1 -1
(4-11) V3 o).
3 1 -1 0

Since the Efl — Zﬁ operator norm is the maximum singular value of the matrix,
(4-11) shows that || 19 — 2e|| p2(7/37) = 1. Combining this with the inner inequalities
in (4-8) and the fact that || 1o 2z 37y = 1 (see Remark 4.16) we conclude that
|10 — 2el|l, = 1, as wanted. Finally, for parts (8) and (9), the result is clear for
p=1and p =2. Next assume that p € (1, 2) with % =(1-6)+5% for6 e (0, 1).
Then, the Riesz—Thorin interpolation theorem shows that

24/3
”10_2€||F/’(Z/3Z) =< ”10 26||F1(Z/3Z)”10 26”[‘2(2/32) <%_)

Now, if p’ = =5 € (2, 00), Proposition 4.11 in [12] shows that the FP (Z/37) and
Fr(Z/37) norms of 1y — 2e agree and therefore

29 1-2
24/3\7 24/3 v
110 _26”1:17’(2/32) = (T\/_> = (Tf>

The desired results now follow from the right inner bound in (4-8). ([l

The previous proposition gives all the necessary tools to show that for a certain
po € (1,2), when p € [1, pg) U (p(’), 00), then the element 1o — 2e € Mg(Z/3Z)
is not an invertible isometry, which is essentially the proof of the following main
result.

Theorem 4.21. Let pg = 1.606 and let p| = po . Take p € [1, po]U[p;, 00). Then
Mp (Z/37), the multiplier algebra of Fp (Z/SZ) is not an L1-operator algebra for
any q € [1, 00).

Proof. Suppose on the contrary that M(I; (Z/37) is an L9-operator algebra for
some g € [1,00). Then, since Mé7 (Z/37Z) is a multiplier algebra it is unital
(see Definition 3.1), whence Proposition 3.7 in [9] guarantees the existence of
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an isometric unital representation 7 : M(‘)D (Z/37) — L(L9(n)) for some measure
space (€2, w).

Take ¢ = YAy + YAq as in Proposition 4.20. Parts (2),(4), and (5) in
Proposition 4.20 show that e is a bicontractive element in Mg (Z/37). We claim
the following:

Claim 1. [[|19 —2el||, > 1 when p € [1, po] or p € [p;, o).

Once the claim above is proven, it will follow that 1y — 2e is not an invertible
isometry in Mé’ (Z/37Z). Thus, since 7 is a unital isometry, we would have found a
bicontractive idempotent 7 (e) in £(L9(w)) such that 1 — 2w (e) is not an invertible
isometry when p € [1, pg] U [ p(/), 00), contradicting Theorem 2.9.

Therefore it only remains to establish Claim 1, which already follows when p =1
by Part (6) in Proposition 4.20. Otherwise, observe that when p € (1, 00) \ {2} we
have

(Lo —2e)(Xo —2e)llprzs3zy  ILollrrazs3m)

4-12) 1o —2elll, = =
P 110 — 2ell Frz/32) 110 — 2ell Frz/32)

Next, let ag € (Z(])(Z/3Z) and b, € £F(Z/3Z) be as in part (4) of Lemma 4.14. That
is, for any p € (1, 00) \ {2} we have

1
laoll, _ 2" +2)@r T+ 1DP

= 1.
1De, Il p 3p(25°1 42)

(4-13) I Loll rrz/32) >

Now take any p € (1, 2) and set p’ = ﬁ € (2, 00). Proposition 4.11 in [12] gives
that the norms of || 1ol Fr(z/32) and || 1o g (2/37) Agree, so together with Part (8) in
Proposition 4.20, combining the bounds from (4-12) and (4-13), we now get

llaoll ./ s s

|||lo—2€||| > Hlolle/(Z/?)Z) - ||bsp/ ||[,/ B (21)—1 +2)(2p*1 + 1)],71
P = 2_ = 2 5 R

G AT 3+ (3P

Next we define & : (1,2) — R using the right hand side in the inequality above,
that is

p p P 1
QT 42)P T+ T 2T +2) (207 1)
Mpy=-"" 2521 1-Iyorn 2 '
3p—1(2P+2)(T)P 327 pTp-1.2p

It can be checked that p — h(p) is strictly decreasing on (1, pg], we omit the
lengthy calculations. A direct computation now shows that 4 (pg) > 1.000098, so it
follows that |||1g — 2e||l, > 1 for any p € (1, po]. Similarly, when p € (2, co) we
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get using Part (9) in Proposition 4.20

110 — 2elll, =

(2P +2)Q7T +1)? _n(-2-)
2 23\1-2 \p—1/"
3@ AD(5)

It follows from the p € (1, pol case that |||19 — 2e¢|||, > 1 for any p € [Py, 00),
proving Claim 1, and therefore finishing the proof. (|

Remark 4.22. It is likely that, for all p € [1, 00)\ {2}, the algebra Mé’ (Z/37) is not
an L9-operator algebra for any g € [1, 0o). A proof of this fact could potentially be
obtained by the same method employed in the proof of Theorem 4.21 above provided
that we have either better bounds or exact values for the norms of [|1¢| r»(z/37) and
|10 —2ell Fr(z/37), Which are generally hard to compute (see [16]). For instance, we
believe that the actual value for |10 —2e|| rrz/3z) when p € [1, 2] is 5~ V3 5 (1+2P7 l) »
which, if true, improves the value of pg to pg = 1.675.

Remark 4.23. Unfortunately, the bicontractive idempotent argument does not
work when G € {Z/47, 7/27Z & Z/27Z}. Indeed, in this case if e € My(G) is any
bicontractive idempotent, then it can be shown that 19 — 2e € My(G) is in fact an
invertible isometry as expected for an L”-operator algebra. Due to the difficulty
of computing the norm of an element in Mé’ (G), a different argument is likely
needed to argue a version of Theorem 4.21 for higher order groups. At this time,
for a general finite group G with card(G) > 3 and p # 2, we do not know whether
M(f (G) can be isometrically represented on an L?-space.

5. Idempotents and Gelfand transform for 2l 0(G)

In what follows we assume that G is a finite abelian group. In Proposition 4.18,
for each p € [1, 00), we obtained a unital Banach algebra M} (G) = M(F} (G))
whose underlying space is the augmentation ideal E(l)(G) normed with [[|—l[,. In
addition, Mé’ (G) is both a unital and a commutative Banach algebra when G is
abelian. When card(G) > 2 and p # 2, notice that Mé’ (G) equipped with the
inherited involution from £!(G) cannot be a C*-algebra. In fact, in such cases
Mé’ (G) is not isomorphically isometric to any closed subalgebra of C(£2) where
Q= Max(Mé’(G)) because |||Ag|||f, %+ |||AgA§|||p for all g € G\ {15}, so the
Gelfand map is not isometric. We will see, however, that the Gelfand map is an
algebraic isomorphism.

Lemma 5.1. Forn € 7.1, let
G=2/nZ=A{[0}[1],....[n—1]}
and (x[1], - - -, Xpn—11) € €~ with x(0) = 0. Consider the system of equations

(5-D X[j14+k = XXk X + X, 1< jk<n—1.
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Then the only nontrivial solutions for (5-1) are of the form
(5-2) xp = (i + DF =1 forall | <k <n—1where (xi+1)"=1.
In particular, this means that (5-1) has exactly n — 1 nontrivial solutions.

Proof. Given a solution for (5-1), we show that xj; = (x;17 + 1)* — 1 for all
1 <k <n—1. We do so by induction on k. When k =1,

xpy = (xpy + 1)1 —1=xp.
When k£ =2,
X(2) = X141 = X + 2% = ey + D7 = 1
Suppose X[j1 = (xry + l)j — 1. Then
X[j1+1] = X[j1%(1] + X1 + X1
= (g + 17 = 1) xpny + (G + DY = 1) +xqy
= xp (e + DY —xpy + x4+ G+ 1) = 1
= (xp + Dy + 17 — 1
= (x[]] + 1)j+1 —1
Now since xjo; = 0, it follows that
0 = X[0] = X[n—11+[1] = X(n—11X[1] + Xpu—1] + X1 = (X + D" =1,
so indeed any solution of the system (5-1) is of the form (5-2).
Next, we show that xz; = (xp17+ 1% — 1 forall <k <n—1and (x;;+ 1" =1
satisfies (5-1). Let 1 < j, k <n — 1. Then,
xppeig = (G + 17 = 1) (G + D = 1)
= (e + DI = Gy + DF = Gy + DY+ 1,
and since x;) = (x;;;+ 1)/ — 1 forany 1 < j <n — 1, we conclude
X1k 411+ X = (g4 D =1 = g0 = 14w
Clearly, (xr17+ 1)" =1 satisfies (xy17+ 1)" —1 = 0 = x[¢;, so we are done. |

Maschke’s and Wedderburn’s theorems (see Chapter 16 of [8] for an elementary
introduction) imply that the only nilpotent element of C.(G) for G finite abelian
is 0 € C.(G). In particular, this means that C.(G) and all of its (two-sided) ideals
have trivial nilradical. This leads to the following important observation.

Lemma 5.2. Let I be any (two-sided) ideal in LHG) for G finite abelian. Then the
Gelfand transform I'; : I — C(Max (1)) is an algebraic isomorphism.
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We now begin with a technical lemma.

Lemma 5.3. Let G be any discrete group and define for m € 7.
B" ={(e1,62,...,em) : &;€{0, 1} forall 1 < j <m}\{(0,0,...,0)}

Then for any collection of m elements g1, g2, ...,8m € G\ {lg},

(5-3) Agigrgm = Z Ag A?z T A?y’;
(€1,82,...,6m)EB™
where we define Ag/_ = 1forall 1 < j <m. In particular, this means

5-4) Agg = AgAg+Ag+ Ay forall g, g' € G\ {15}
Proof. Fix g, g’ € G\ {l1g}. We argue by induction. A direct computation gives
Agy = AgAg + Ay + Ag

Next, assume equation (5-3) holds for the product of m — 1 nonidentity elements of
G. Choose g1, 82, ..., &n—1,8m € G\ {1¢g}. Then, using the induction hypothesis
at the last step,

Agng"'gm—lgm = A(glg2"‘gm—l)gm = Aglg2"'gm—1 Agm + Ag|g2~--gm—1 + Agm

— €1 & .. Em—1 Em
- ( )ZB'" AglAgZ AgmflAgm' ‘:’
Ej)e

We are now ready to prove the cyclic group case.

Proposition 5.4. Let G =Z/nZ forn € Z-,. Then E(l)(G) is algebraically isomor-
phic to C"~! equipped with pointwise multiplication.

Proof. We have already established that £} (Z/nZ) is an ideal in ¢! (Z/nZ) and so
we immediately have an algebraic isomorphism between Z})(Z /nZ) and continuous
functions on its maximal ideal space. Thus, it suffices to establish that the maximal
ideal space of K(l) (Z/nZ) consists of n — 1 elements.

Let Z/nZ ={[0], [1], ..., [n — 1]}. Thanks to (5-4), any multiplicative linear
functional w : E(l)(Z /nZ) — C must satisfy

(5-5) o (Apj14k) = o (ADo (A + o (Arj) + o (Ak)

forall 1 < j, k <n—1. Letting w(A(;)) = x[j], we recover the system described
in Lemma 5.1. We observe that each solution of the system (5-1) is completely
determined by the choice of x{jj, which must be chosen to satisfy (x;1;4+1)" = 1.
Foreach1 <j<n-—1,let

(5—6) a)j(A[]]) = exp(2m’ . ]/I’l) —1= XJ',[]].

As discussed, this choice determines the remaining w;(A)) = xj x) and so we
have a one-to-one correspondence between the multiplicative linear functionals of
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the ideal E(l)(Z /nZ) and the solutions of System (5-1). Of course, Max(ﬁ(l)(Z /n7))
is in bijection with 2 = {w; : 1 < j <n —1}. Lemma 5.2 gives that

[:e0(Z/nZ) — C(Q)

is an algebraic isomorphism. Finally since the canonical map C(2) — C"~! given
by
f = (f(o), f(w), ..., f(@n-1))

is also an algebraic isomorphism, we have indeed shown that E(l)(Z /nZ) and C"~!
are algebraically isomorphic, completing the proof. U

We now extend Proposition 5.4 to any finite abelian group. Consider
G=/mZ)x (Z/nZ) x ---x(Z/nn2),

where ny,...,n, € Z-1. Then any a € E(l)(G) may be written as

a= Y a8 &) D)
(81.82:--.8m)€C

We note that (g1, g2, ..., 8m) (81,85 ---» &) =(g1+81. 82+ 8-, 8n+ &)
and we will abuse notation by writing g for (0,...,g,...0) and g1g--- g for
(gla g27 LR ] gm)-

For each cyclic group Z/n ; Z, let {a)j.k) Jo<k<n;—1 be the multiplicative linear func-
tionals associated with Max (Z(l)(Z /n;Z)) where a);O) represents the zero function
on E})(Z /n;Z). We show that all multiplicative linear functionals of Eé(G) are of
the form

G 0Bggeg)= > of N(ADF(AD) - o (Al
(sj)eBm

forall 0 <k; <n;, 1 <i <m, where we interpret wffj’ )(Agk) as equaling 1 when in
a product with other nonzero terms.

Suppose w : Z(l)(G) — C is a multiplicative linear functional. When w is restricted
to linear sums of Ay, for g; € Z/n;Z, which we will denote by w;, then w;
is a multiplicative linear functional of E(l)(Z/an). Thus, there must exist k; €
{1,2,...,n; — 1} such that w; = a);kj). Equation (5-7) then follows by previ%ilﬁ
comments and Lemma 5.3. Note that w is the zero map exactly when all the w j !
are zero maps. Thus, we see that we have nn; - - - n, = card(G) possible choices
for w, including the zero map.

This leads to the following theorem and corollary.

Theorem 5.5. Let G be a finite abelian group with card(G) > 1. Then the Gelfand
transform from Eé(G) to C({1,2,...,n—1}) is an algebraic isomorphism.
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Corollary 5.6. Let G be a finite abelian group with card(G) > 1. Then the alge-
bras £)(G), £"(Z/(n — NZ), C({1,2,...,n—1}), and C"~! are all algebraically
isomorphic.

Recall that we used a bicontractive idempotent as the primary tool to show that
for certain values of p € [1, 0o)\ {2}, the algebra Mg' (Z/37) cannot be isometrically
represented on any L7-space. To this end, we present a description of the idem-
potents of K(l) (Z/nZ) and, in consequence, those of M(’)’ (Z/nZ) since the algebraic
structures are the same. We start with a short definition.

Definition 5.7. Leta e E(l)(Z /nZ) forn € Z-. Then, since a is uniquely determined
by [a] = (a([1]), ...,a([n—1])) € C*!, we define a canonical map Z(l)(Z/nZ) —
C*lviaa+r> [a] e C* L.

Let n € Z.|. We define the translation matrix of K(l)(Z /nZ) by

X1,[1] X1,[2] e X1,[n—1]
XZ,[]] -x2,[2] et -x2,[n—]]
(5-8) X = ) ) .
Xn—1,[1] Xn—=1,[2] *°° Xn—1,[n—1]

Proposition 5.4 implies that for any v € C"~! there exists a unique a € E(l)(Z /nZ)
such that X[a] = v, where [a] is as in Definition 5.7. In particular, if we let {ek}z;}
represent the standard basis of C"~!, then all nonzero idempotents of C"~! are of
the form

—1
cle1+eer+---+e,1e,-1 for (e1,62,...,6,-1) €B”

where B"~! is as in Lemma 5.3. Then our discussion above yields the following
Proposition.

Proposition 5.8. Fixn € 7.\ and let a; € E(l)(Z/nZ) be the unique element such
that X|a] = e. Then:

(1) Each ay, is an idempotent of norm at least one.

(2) aka; =0 forall k # j.

(3) ai+ax+---+ap—1 =1o.

@ {ak}z;} forms a basis for E(l)(Z/nZ).

(5) Each nonzero idempotent of E(l)(Z /nZ) is of the form
e1a1+&ay+- -+ eu_1an_1 for (e1, €2, ...,6,-1) €8

(6) E(l)(Z /nZ) has precisely 2"~ idempotents.
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6. LP-operator norms on C"

We have shown that the conclusion of Theorem 4.1 can go either way when dropping
the two hypotheses. As shown in Section 4B, for each p € [1, 00), the algebra of
strictly upper triangular matrices acting on £%, sz , is a degenerate L”-operator
algebra without a cai and yet its multiplier algebra is nondegenerately representable
on an L?-space for any g € [1, 00). In contrast, as shown in Section 4C, Fé’ (Z2/37)
is a degenerate L”-operator algebra without a cai, but when p € [1, po] U [ p(/), 00),
its multiplier algebra cannot be isometrically represented on an L7-space for any
q €[1, 00). At this time, it is unclear what conditions are necessary to guarantee
that the multiplier algebra of a degenerate L”-operator algebra without a cai is
again an L”-operator algebra.

Given that the norms of L?-operator algebras are not unique, a natural question is
to characterize norms on C” that make it into an L?-operator algebra. This problem
is already interesting for p = 1, for which we know of at least two norms on C"
which make it an L'-operator algebra:

(1) C" with the supremum norm is an L '-operator algebra acting on Z,ll via multi-
plication operators.

(2) Let F: ¢'(Z /nZ) — C(Z/nZ) the Fourier transform. Then we have algebra
isomorphisms

C"x=C(Z/nZ) = F N (C(Z/nZ)) =" (Z/nZ)

which make C" an L'-operator algebra with norm coming from the identifica-
tion with £'(Z/nZ).

Question 6.1. Are these the only two norms that make C" an L'-operator algebra?

Theorem 4.21 exhibits a norm in C? for which C? fails to be an L7-operator
algebra for any g € [1, co), which is to say the identification of Mé (Z/37) with C?
carries neither of the norms listed above. This leads to a more general question.

Question 6.2. Let n € Z.; and consider C" with pointwise multiplication. Is it
possible to find all the norms on C" that make it an L!'-operator algebra? An
L?-operator algebra for some p € [1, 00)?
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TWIST EQUIVALENCE AND NICHOLS ALGEBRAS
OVER COXETER GROUPS

GIOVANNA CARNOVALE AND GABRIEL MARET

Fomin—Kirillov algebras are quadratic approximations of Nichols algebras
associated with the conjugacy class of transpositions in a symmetric group
and a (rack) 2-cocycle gt with values in {£1}. Bazlov generalized their
construction replacing the class of transpositions by the classes of reflections
in an arbitrary finite Coxeter group. We prove that Bazolv’s cocycle ¢+
is twist equivalent to the constant cocycle ¢~ = —1, generalizing a result
of Vendramin. As a consequence, the Nichols algebras associated with the
two different cocycles have the same Hilbert series and one is quadratic if
and only if the other is quadratic. We further apply recent results of Heck-
enberger, Meir and Vendramin and Andruskiewitsch, Heckenberger and
Vendramin to complete the classification of the finite-dimensional Nichols
algebras of Yetter-Drinfeld modules over the dihedral groups.

1. Introduction

Racks and rack cocycles appear in the study of knot theory, as they naturally provide
a solution of the braid equation. It became apparent that they are key basic objects
in the study of Nichols (shuffie) algebras, and the classification of pointed Hopf
algebras [2], since Nichols algebras are graded braided Hopf algebras that depend
only on the datum of a braided vector space. Several tools have been developed in
order to detect finiteness properties of Nichols algebras (such as finite dimension,
finite GK-dimension, finite presentation) that depend only on the rack and not on
the cocycle, and properties that are preserved under suitable transformations of the
cocycle; see, among others, [2; 5; 6; 7; 8; 9; 25; 31].

Relevant racks in the study of Nichols algebras can be described as subsets X of
a group G that are stable by conjugation [2, Definition 1.3]. For such racks, twisting
a cocycle by a 2-cocycle of G with trivial coefficients corresponds, at the level of
Nichols algebras, to performing a (dual) Drinfeld twist [7; 34]. As a consequence,
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Nichols algebras associated with the same rack and twist-equivalent cocycles have
the same Hilbert series, same dimension and same GK-dimension.

We first focus on finitely generated Coxeter groups and a special family of racks
and 2-cocycles, that is of interest due to its relation with the cohomology of the
flag variety. Here the rack is the class (or union of classes) of reflections in a
Coxeter group W, and the 2-cocycle is a cocycle with values in {£1}. If W is a
Weyl group, the quadratic approximation of the corresponding Nichols algebra is
a noncommutative algebra containing the cohomology algebra of the flag variety of
the corresponding algebraic group. For W = S, this is the so-called Fomin—Kirillov
algebra introduced in [21] for creating an algebraic and combinatorial framework to
perform Schubert calculus. The construction was later generalized to the case of arbi-
trary Weyl groups in [12]. For W =S3, S4 and S5 the Nichols algebra in question is
quadratic and finite dimensional [22; 36]. For n > 5 a proof of infinite dimensionality
of the Fomin—Kirillov algebras appeared in [11], but it is not known whether the
Nichols algebras are quadratic. This property and dimension are preserved by twists.

A novel approach to the analysis of the dimension and of the degree of a min-
imal set of generating relations may come through geometry, using the category
equivalence in [33]. Through this equivalence, Nichols algebras correspond to
intersection cohomology (IC) complexes on the infinite-dimensional space Sym(C)
of monic polynomials, with a so-called factorization datum. One may expect that
the Nichols algebras associated with a conjugacy class C of a finite group G and the
constant cocycle equal to —1 might be easier to handle because the restriction of the
corresponding IC complexes to the dense open subset Sym_, (C) of multiplicity-free
polynomials is the push-forward through the covering map of the constant sheaf on
the Hurwitz space with Galois group G and local monodromy C [19, §2.4, 3.3; 33,
§3.3 A]. These spaces are widely studied. For this reason, it becomes relevant to
know whether the cocycle associated with the rack of reflections in Coxeter groups
as in [12; 21; 36] are twist equivalent to the —1 constant cocycle.

For W =S, this problem was answered in the affirmative in [39], and for the dihe-
dral group an attempt was done in [17]. We provide a unified approach to give a posi-
tive answer that applies to all finitely generated Coxeter groups as long as the entries
of its Coxeter matrix A(W) are all finite. We also show that the cocycles are coho-
mologous if and only if the entries in A(W) are all odd. Hence, for dihedral groups of
regular polygons with an odd number of edges, we recover the well-known fact that
the Nichols algebras corresponding to these two cocycles are isomorphic [36, §5].

We next combine the information we gained in order to reorganize and com-
plement what is known about the dimension of Nichols algebras associated with
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reflections in Coxeter groups, showing that the key case to be studied is type As.
Finally, we address the case of Coxeter groups of rank 2, that is, the dihedral
groups I(n) of order 2n. This is of particular interest because all finite groups
generated by two involutions are dihedral. Finite-dimensional Nichols algebras
over I»(n) for 4 | n were classified in [13; 20]. The case of n = 3 is to be found in [6]
and /,(2) is not irreducible. Using the main results in [10; 31] and the work in [1]
we address the remaining open case, i.e., when 4 does not divide n and n # 2, 3,
completing the classification of finite-dimensional Nichols algebras over dihedral
groups. In particular, we show that there is no finite-dimensional Nichols algebra
over I;(n) when n is odd and different from 3. Hence, the only finite-dimensional
complex pointed Hopf algebra with group of grouplikes isomorphic to I5(n) for
such an n is the group algebra.

The paper is structured as follows: In Section 2 we introduce the basic notions
on Coxeter groups, racks, cocycles and Nichols algebras; in Section 2.4 we define
the cocycles ¢ and ¢~ on the rack of reflections in an arbitrary Coxeter group and
translate twist equivalence of ¢ and ¢~ into existence of a section, generalizing
the strategy in [39]. The core argument is in Section 3 where we apply results
in [38] in order to show existence of the sought section (Theorem 2.8). In Section 4
we collect and complement to what is known on Nichols algebras associated with
the rack of reflections in finite Coxeter groups, we apply Theorem 2.8 and the
main results in [10; 31] in order to list the Coxeter groups for which a conjugacy
class of reflections could possibly support a finite-dimensional Nichols algebra.
Section 4.1 is devoted to the completion of the classification of finite-dimensional
Nichols algebras over dihedral groups.

2. Basic notions

2.1. Coxeter groups and root systems. Let (W, S) be a Coxeter system, with
preferred generating set S = {sy, ..., s;}, Coxeter graph I'(W), length function
¢: W — N and Coxeter matrix A(W) = (m;;); j=1,..., where [s;s;| = m;;. We
further assume that m;; < oo for any i, j. Following [14] we fix a basis A =
{ar1, ..., oy} of Rl and define the bilinear form (-, -) on R’ by setting (o;, o) :=
—Cos % forall i, j € {1,...,1}. We identify W with the image of the geometric
representation obtained mapping s; € S to the reflection with respect to «;. Then
® = WA is the set of roots and we denote by ®* and ®~ the set of positive and
negative roots, respectively. We also set

T:={sy |lac®)={wsqw ! |a A, we W)}



232 GIOVANNA CARNOVALE AND GABRIEL MARET

for the set of reflections in W so & = {#« | s, € T}. For x € T we indicate by o
the unique root in ®7 satisfying x = s, .

We will be mainly interested in W-conjugacy classes in 7: there are as many
as the number of connected components of the graph obtained from I'(W) by
removing the edges with even label [15, Proposition 3, Chapitre IV, §1, Théoreme 1,
Chapitre VI, §4].

We denote by ¥ = S™ the free group on S whose elements are words in the
alphabet S and by 7: ¥ — W the projection. We denote by a°P the word opposite
to a, that is, the word obtained from a by reversing the order of its letters. Clearly,
n(a®) =m(a)~".

For x € W the subset R(x) C X stands for the set of reduced expressions of x.
An element x € W lies in 7 if and only if it has a nontrivial palindromic reduced
expression, that is, a nonempty reduced expression r (x) of x such that r (x) =r(x)°P;
see [38, Proposition 2.4]. For x € T we denote by P(x) the set of palindromic
reduced expressions of x.

For the reader’s convenience we recollect some very basic facts on length of
conjugate reflections that will be needed in the sequel.

Lemma 2.1. Let B € ® and o € A. Then:

(1) €(saspse) =4L(sg) +2 = sg(a) € O\ {a}) < (a, B) <0and B # «a.

(ii) £(sqSpsa) =L(sg) —2 = sg(a) € ™\ {~a} <= (o, ) > 0and B #a.
(iii) £(saSpsa) =L(sg) <= sp5q = Sa85p <= (a, B) =00r B =a.
(iv) If B € @1\ A, there is always o € A such that C(saspSa) = L(sp) — 2.
Proof. We prove (i). In virtue of [15, Exercise V.4.8], the condition £(sy5g5¢) =
£(sg) + 2 is equivalent to sg(a) € ®* and sasp(a) € &, that is, equivalent to
sp(o) € T\ {ar} by [14, Lemma 4.4.3]. Now, sg(a) = a —2(e, B)B € @1\ {a} if
and only if (¢, ) < 0 and B # «. Then, (ii) follows similarly and (iii) by exclusion.

To prove (iv) assume that (ii) never occurs for 8. Then (8, @) < 0 for any o € A
and thus also for any « € ®*, whence (8, B) <0, a contradiction. O

2.2. Racks, cocycles and Nichols algebras.

Definition 2.2. A rack is a pair (X, ) where X is a nonempty setand>: X x X — X
is a function, such that the map x — i > x is bijective foralli € X, and i > (j > k) =
(i>j)>(i>k)foralli, j, keX.

We will be mainly interested in racks of the form X C G, where G is a group,
X is stable by conjugation and x > y = xyx~! for x, y € X.
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Definition 2.3 [2, §2.2; 16, §2]. Let X be a rack and let A be an abelian group. A
map ¢q : X x X — A is a 2-cocycle (or just a cocycle) if

(2-1) qx,y>2)q(y,2) =qx >y, x>2)q(x,2)

forall x, y, z € X. We call Z%e (X, A) the set of rack cocycles. Two cocycles ¢, ¢’ €
Z%e (X, A) are said to be cohomologous if there exists y : X — A such that

(2-2) qx, ) =y@>y ¢ (x,y)y(y) forall x,yeX.

Our main motivation for studying racks and cocycles comes from Nichols alge-
bras, whose construction we briefly recall. The base field here is C.
Given a rack X and a cocycle ¢, the operator

¢g: CXQCX - CXQ®CX, x®@yr>qx,y)x>yQ®x,
satisfies the braid equation on (CX )®3:
(2-3) (cg ®id)(id®cy)(cy; ®id) = (1d® ¢y)(cg ®i1d)(Id® ¢y).

We call any pair (V, c¢), where V is a vector space and ¢ € GL(V®?) satisfies (2-3),
a braided vector space, and ¢ a braiding for V.

We recall that, for n > 2, the n-th braid group B, is generated by o; for i =
1,...,n—1 with relations 0;0;10; = 0;410;0;4+1 fori <n—2 and 0;0j =00 for
i,j=1,...,n—1with|i — j| > 1. There is a unique section, called the Matsumoto
section, M : S,, — B, satisfying M (c7) =M (c)M () whenever £(c 1) =£(0){(T).

Given a braided vector space (V, c), for any n > 2, there is a representation

on: By — GL(V®"), 0; > id®(D @c®id®" i1,

that combined with the Matsumoto section, gives rise to the n-th quantum sym-
metrizer 2, 1= ), .5 Pn(M(0)) € End(V®").

The Nichols algebra associated with (V, ¢) is the quotient of the tensor algebra
B(V,c):=T(V)/ @@0 Ker Q,. If (V, ¢) comes from a rack-cocycle pair (X, c)
we will also denote the Nichols algebra by B(X, g). It is usually very difficult to
detect for which pairs (X, ¢) the corresponding Nichols algebra is finite dimensional,
or has finite GK-dimension, or whether it is finitely presented. Big progresses have
been obtained in order to detect properties of B(X, ¢) from the knowledge of X
only. However, there are cases on which dependence on the cocycle is apparent
[31, Table 1] and some cocycles are easier to handle than others.

Remark 2.4. (1) If X is a rack and ¢, ¢’ are cohomologous rack cocycles, then
B(X, q) ~B(X, q'); see [2, Theorem 4.14].
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(2) Let (V,c¢) be a braided vector space. If V' is a subspace of V such that
c(V'®V') Cc V'® V/, then the inclusion V' C V induces an injective algebra
homomorphism B(V’, ¢|y'gv/) — B(V,c) [4, Remark 1.1]. Hence, for any pair
(X, g) and any inclusion X’ — X such that X' > X’ C X’ (we call such an X’ a
subrack of X), we have an algebra inclusion B(X’, ¢|x'xx’) € B(X, q).

(3) Let G be a group. A Yetter—Drinfeld module for G is the datum of a G-graded
geG Ve Of G suchthat AV, C V-1 forany h, g € G. Setting
cv(v@w) :=gw v for any v € V, and w € V gives a braiding on V. Yetter—
Drinfeld modules decompose as direct sums of irreducible ones. The latter are, as

representation V = P

representations, of the form V = Indg U, where H is the centralizer of some g € G
and n: H — GL(U) is an irreducible representation of H. The G-grading on V is
determined by setting V, := U. If 5 is 1-dimensional, then there is a rack cocycle g
on the conjugacy class X of g, with values in C* such that (V, cy) = (CX, ¢). For
general 7, one needs the more general notion of cocycle with values in GL(U) [7,
Section 2.4]. If V is a Yetter—Drinfeld module for G, we will write 3(V) instead
of B(V,cy).

@) If t € Aut(G) and V = @gec
then twisting V by t gives another Yetter—Drinfeld module structure V' by setting

V, is a Yetter—Drinfeld module for a group G,

g.v:=1t(g)vand (V')g := Vy(y) for any g € G and v € V. The braidings cy
and cy- coincide, so B(V) >~ B(V7").

(5) Let X be a rack admitting a subrack decomposition X = X [ [ X, such that
Xi>X;=Xjfori,je{l,2},andletqg € Z%(X, C). Assume, in addition, that
cf] =id on CX; ® CX, for i # j, and that either all Nichols algebras involved are
finite dimensional or that (X;, g|x,«x,), for i =1, 2, are as in point (3). Then, there
is an algebra isomorphism B(X1, q|x,xx,)®B(X2, ¢|x,xx,) = B(X, q), where &
stands for the tensor product of algebras where the multiplication is twisted via ¢,
[24, Theorem 2.2; 27, Proposition 1.10.12].

2.3. Group 2-cocycles and sections. We recall that if G and A are groups, with A
abelian, the group Z%(G, A) of 2-cocycles of G with values in A consists of those
maps ¢ : G x G — A satisfying

d(xy, )P (x,y) =¢(x, y2)¢(y,z) forall x,y,zeG.

If E is a central extension of G, with conjugation action », projection 7 : E — G
and Ker(7g) = A, then for any section p : G — E of ng, we will denote by ¢,
the 2-cocycle defined by ¢, (x, y) := PO 1 px)~! for x, y € G. A direct
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calculation shows that

24 (., (X)) p(y) =¢p(x >y, x)p(x>y) forall x,yeG.

Definition 2.5 [7, §3.4]. Let G be a group, let X C G be stable by conjugation
and let g, q’ € Z%Q (X, A). We say that g and ¢’ are twist equivalent if there exists
¢ € Z*>(G, A) such that

(2-5) g, ) =, Vx> y,x) g (x,y) forall x,yeX.

Remark 2.6. If X is a rack and ¢, ¢’ are twist-equivalent rack cocycles, then
B(X, q) and B(X, q’) are cocycle twist-equivalent, in particular, they have the same
Hilbert series [7, §3.4; 34, §2.7, 3.4].

Lemma 2.7. Let G be a group and let X be a subset of G stable by conjugation.
Let E be a central extension of G with kernel A and conjugation » and let q1, q» €
Z%e (X, A). If there is a section p : G — E satisfying

2-6)  p)»p() =qi(x,y) '@x, px>y) foral x,yeX,

then q| and q» are twist equivalent. If , in addition, E >~ A x G is a trivial extension,
then g and g, are cohomologous.

Proof. The first statement follows from (2-4) and (2-5). If E >~ A x G is trivial and
7 4 is the projection on A, then applying 74 to (2-6) gives (2-2) with y :=mw40p. [J

2.4. Twist equivalence for the racks of reflections. We now introduce two specific
cocycles g™ and g~ € Z%Q(T, C*), as restriction to 7' x T of the following functions
on WxT. Letwe W and y € T. Recall that «, is the positive root associated
with y. We set

1 if w(ay) € T,

d g (w.y) = det(w).
L ifw@yee, Mg @y =daw)

27 g (w.y)= {

The function g+ was introduced in [12] for finite W, generalizing the 2-cocycle for
reflections in S,, [21; 36]. A direct calculation shows that gt and ¢~ satisfy

(2-8) qi(wlwz, x) =qi(w1, wy >x)qi(w2, x) forall wi,wo,eWandxeT,

which implies (2-1); see [36, Section 5].

The main result in [39, Theorem 3.8] states that if W = S,,, then g™ and ¢~ are
cohomologous for n = 3 and twist equivalent for n > 4. In the next section we will
prove the following generalization to (possibly infinite) Coxeter groups of this result.

Theorem 2.8. Assume that A(W) has all its entries in N. Then, the cocycles g™
and q~ on T are twist equivalent.
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3. Proof of Theorem 2.8

3.1. Adapting Vendramin’s construction. In [39] the group cocycle inducing the
twist equivalence is obtained by constructing a suitable section from S,, to the Schur
covering group of S,. This approach cannot be slavishly reproduced to the case
of an arbitrary Coxeter group W because the Schur covering group of W may be
trivial or too large for our purposes [32]. We replace the Schur covering group with
a suitable, possibly trivial, central extension of W.

Let W be the group generated by #1, ..., #;, z with relations
(3-1) =@z =1 and (4¢)" ="+ forall 1<i,j<I.
By construction, z is central and the assignment ¢; — s; fori = 1,...,/ and

z > 1 defines a surjective homomorphism my : W — w. Making use of [32,
page 264] one sees that ker(wy) = (z) = Z/27.

We define the cocycles ¢, g € Z%Q(T, (z)) by replacing the —1 by z, so that
for the nontrivial group isomorphism v : (z) — {#1} we have g =y oqf. It then
suffices to show the twist equivalence of ¢ and ¢ by means of a suitable section
W W.

Lemma 3.1. Letp: W — W be a section of mw. Assume that p satisfies

ps>y)z ifs#y,

3-2 =
(3-2) p(s)» p(y) {p(wy) ifs =y

Then

forall se SandyeT.

(3-3) p(w) > p(y) =g (w, )g; (w, ) ' p(wey) forall we WandyeT.

Hence, " and q~ are twist equivalent.

Proof. We prove (3-3) by induction on the length of w € W, the case £(w) = 1 being
(3-2) in virtue of [14, Lemma 4.4.3]. Assume £(w) > 1. Then w =sw’ for some s € S
and w’ € W such that £(w) = £(w) — 1. Applying in sequence the definition of ¢,
from (2-4); centrality of z; the inductive hypothesis to w’ and s, and (2-8) we obtain

p(w)» p(y) = (s, w)p(s)pw)) » p(y)
=p(s)» (p(w") > p(y))
=p(s)» (g (W', g W, y) o' > y)
=g (W', y)g; W', )" o) > p(w'>y)
=g (W', y)q; W, )7 g (s, w' > y)gl (s, w'> ) (s> (w'>y))
=g (5w, y)g; (sw',y) " plsw's y).

The last statement follows from Lemma 2.7. O
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3.2. Towards the definition of a section. We build a section verifying (3-2) using
a modified version of the conjugacy graph of (W, §) in [23, Section 3.2].

Definition 3.2. The reflection conjugacy graph (W) of (W, S) is the labeled,
directed graph having the elements of T as vertices, and labeled edges x = y
whenever x, y € T satisfy y =s>x with s € § and £(x) = £(y) + 2.

To simplify notation we write x AN y instead of x <> y. More generally, for a
sequence sj,, ..., s; of elements in S, witha =, ...s;, € &, we write x = y
if there is a path in F(W) from x to y, with labels j,, j—1, ..., j1, or, equivalently,
if x = m(a) >y with £(x) = £(y) + 2r. Inductive application of Lemma 2.1(iv)
guarantees that for any x € T there is always a path in L(W) starting in x and
ending at some s € S.

Remark 3.3. By [38, Proposition 2.4], the set of reduced expressions of x € T
consists of all vgpords of the form a;sag with s € S and a;, ap € X, such that
x “L> s and x &> 5. Hence, P(x) consists of all words of the form a Lsazp where
s € S and x “L> 5. In other terms, P(x) is in bijection with the paths in (W)
starting from x and ending in some s € S. By construction all such paths have the
same length.

We aim at defining a section of y inductively. To do this we need to compare
different elements in P(x) for x € T. First of all, we compare different elements
in R(x). By [14, Theorem 3.3.1(ii)] it suffices to look at reduced expressions
that differ by application of one braid relation, a situation that was considered by
Stembridge.

Proposition 3.4 [38, Lemma 2.5]. Letx € T and leta =ays;ag and b="bys;bg €
R(x), with s;,sj € S,and ay,agr, by, bgr € X. Assume that a and b differ by one
braid relation. Then, one of the following three alternatives holds:
Casea ~»p b: ag =bpg, i = j, n(ar) = n(br) and a;, and by, differ by one braid
relation.
Casea ~grb: ap =byr, i = j, m(agr) = w(br) and ar and by differ by one braid
relation.

Case a ~»¢ b: mjj is odd, i # j, and there exist a; , ap € X such that

!/ i / /
a=ay(...s;8js;5js;...)ap and b=a;(...s;s;5;s;sj...)ap.
—_— —_—
m;j terms m;j terms

We now focus on P(x). For any x € T and any a = ays;ag € R(x) we consider

the mirrored expression u(a) =a Ls,-azp € X. By [18, (2.7)], the assignment y gives
a well-defined function i : R(x) — P(x), which restricts to the identity on P(x).
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Proposition 3.5. Let x € T, and let a = aLs,-azp and b = bLs.,-bzp € P(x). Then
there exists a sequence a := ad,Lsidagf)L e Px),ford=0,...,r,withay=a and
ar = b and each s;, € S such that for everyd =0, ..., r — 1 either ag41,1 differs
from ay 1. by one braid move, or else ag ~>¢ ag+1.

Proof. By Proposition 3.4 there is a sequence b, := b. 1.5i.b. g € R(x), for
¢c=0,...,q, with by = a and b, = b and each s;_ € § such that b, ~p_ b.41
for some D, € {L, R, C} and for all c € {0, ..., g — 1}. Applying the mirroring
function u to all terms we obtain a sequence i (by) = u(a) =a, u(by), ..., u(by) =
b € P(x). Now, if D, = R, then b, = b 1.5i.bc.r ~*r be,15i.be+1,R = bet1 and
$0 w(be) = p(beyr). If Do = L, then be = b 1.5i.be,g ~>R bet1,L5i.be,R = Deti
with b, ; and b.11  differing by one braid move. Hence, u(b.) = b, Lsi(_bgi
and w(bet+1) = bet1, LsichiL ; with b 1 and b, differing by one braid move.
Finally, if D. = C, then

1/ Lo . . / / . o, o, / _
be=b, (.. 8iSippySiSiciySic - IDe g~ Do (oo Sivyy SicSipyySigSicyy -+ )be g =bey1

for some b, ; , b, x € 5. Thus, w(be) =b) ; (.. Siyy,8i8icyy - - )b and p(bes1) =

c,L’ e, ,
bé’L( e 8PS S )bc?z, so u(b;) ~»¢c u(bc+1). Removing redundancy, we ob-
tain the desired sequence in P(x). O

We are now able to inductively define a section of y with good properties.

Lemma 3.6. Let pg: W — W be any set-theoretic section of my. The assignment

_ po(x) fx¢T,
(3-4) p:W—->W, X 1t if x =s; forsome 1 <i <I,
iw»p(Nz ifx -y forsomel <i<I,

determines a well-defined section of my.
Proof. For x € T, let
i i> ir_1 ir
X=X9g—>X] —> + —> X1 —> 5
be a path in (W) ending at some s; € S. Applying (3-4), using that z € Z (ﬁ/), gives
(B-5)  px) =1 > (i » (>t B 1) )2 =ty o B 0l Bl 2

and p is well defined if the term on the right-hand side is independent from the
chosen path, or, equivalently, independent from the corresponding reduced expres-
sion a = s;, ...s;.8i8 ...s; in P(x). By Proposition 3.5, it is enough to verify
that p(x) does not change if a is modified by applying either one braid move to
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ar =sj, ...s;, (and consequently to azp) or by applying the move ~+¢ to a. In the
first scenario, a subword of the form

SqSp ... inayp isreplaced by sps;....
——— N —’
Map Map
In this case, a subword of the form
tatp . .. occurring before #; in (3-5) is replaced by 41, ...,
—— ——
Map Mgp

and symmetrically a subword of the form

tpt, . .. occurring after #; in (3-5) is replaced by f,1p....
——— ——

Map Map
Since
taty ... =7"
—— ——
Map Map

and z is central, the value of p(x) does not change in this case. In the second
scenario, the term

a=agsiag=ay(...s;jsisj...)ayx isreplacedby aj(...s;ss;i...)ay
i mij
and m;; is odd. In this case, the central term
...tjtitj ... in (3-5) isreplaced by ...ft;t ...,
while the rest is unmodified. As

0
B L L AN 71 5 B

mj; mi;

in W, the value of p(x) is unaltered, so p is well defined. Applying mw to (3-5)
shows that it is a section. ([l

3.3. Good properties of the section. The next step is to prove that the section p as
in (3-4) satisfies Vendramin’s condition. We fix some further notation.

Definition 3.7. The sequence (U, (X)),>0 of Chebychev polynomials of the second
kind is the sequence of polynomials in Z[X] defined recursively by

(3-6) U(X)=1, Ui(X)=2X, Upt1(X)=2XUu(X) = Up—1(X).
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We recall the well-known formula
(3-7) sin(0)U,(cos0) =sin((n + 1)6).
The following lemma is key for proving inductively the good properties of p.

Lemma 3.8. Let B € &1\ A and assume there are o;, a; € A satisfying § :=
(@, B) >0and (a;, B) =0. For p > 0, let

o; if piseven, ) ) )
o(p) = i S(p) 1= Sagy) Bo =B, Bp+1:=580p+1)Bp)-

aj if pisodd,
Then,
(3_8) (ﬂpv a(p+l)) >0 fOl’ p:O’7mlj_2a (,Bm,-jfl, a(mu)):o
and either
(3-9) Z(S/Sml.j,l) =L(sp)—2m;;j+2, Smij)SBum;;—1 = SBm;;—15(mij)>  X(mij) # Bmij-1
or else
(3-10) m;; is even, ﬂmij/z_l =0(m,;/2) €A, L(sg) =2m;; — 1.

Proof. For p > 0 we set

Bp, ad(p+1)) _ (Bp, 2p—1)) T

up .= 5 = 5 , y::—(ai,aj):cosm—ij.

Then ug = 1. For p > 1 we compute
uy = (Sj,38, a;) _ (B —2(/3,801]')011',%) — 042y,
_ GprnBpag) (B —2(Bp, d(p+1)U(p+1)s X(p))
ot = 5 - 5

_ Bp o) 2Bp, 2p-1) @p+1), %p) _ Sp)Bp-1, 2p) +2yu,
é 8 8

_ (Bp—1, S(pa(p))

5 +2yup = —up_1 +2yup.

Therefore (B, a(p+1))/8 = U,(y), the p-th Chebychev’s polynomial evaluated at
y =cos(mr/m;;). Then, (3-7) gives (3-8) and Lemma 2.1(i) and (ii) applied to B,
and (1) imply that either

(3-11) U(sp,.,) < L(sg,) for p=0,...,my—2,
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giving (3-9), or else £(sg,,,) = £(sp,) for some g € {0, ..., m;; —2}. In this case,
Lemma 2.1(iii) gives B; = a4+1), whence

(3-12) SB = S)SQ) -+ - S@)S@+DS(g) - - - S

Applying the equality s;sp5; = sg yields

SiS(HSQ2) - - - S(@)S(g+1)S(g) - - - S = SDSQ2) - - - S()S(g+1)5(q) - - - S)Si5
where both sides are products of 2g + 2 simple reflections. Bearing in mind that
sy = §j, this gives (sisj)zq” = 1 and so m;; divides 2(g + 1). By construction
m;j > q + 1; hence m;; = 2(q + 1) is even and By, j2—1 = &(m,;/2)- The claim on
the length follows because €(sg,,,) = £(sg,) —2 for p € {0, ..., q —1}. [l
Lemma 3.9. The section p defined by (3-4) satisfies (3-2).

Proof. Let y € T and s; € S. Then we fall in one of the following situations: y = s;,
or £(s; > y) = £(y) &2, or (ay, a;) =0, that we analyze separately.
o If y=s;, then p(s;) » p(y) =1, > 1; =1; = p(y).
o If£(s;>y)=£(y)+2, then by construction p(s;>y) =t; » p(y)z=p(s;) » p(¥)z.
Multiplying both sides by z gives (3-2).
o If ¢(s; > y) = £(y) — 2, then we invoke the previous case applied to x = s; > y
and use that #; and z are involutions and that z is central.
o If (¢y, ;) =0then y #5s; and s; > y = y. We proceed by induction on the
length of y. If £(y) = 1, then y = s; for some j € {1,...,1}, with m;; =2 and
p(si>y)=p(y)=t; =zt »tj = p(s;) » p(s;)z, confirming (3-2) in this case.
Assume now that £(y) > 1. By Lemma 2.1, there alwaysisa j € {1, ..., [} satisfying
£(sjys;j) = £(y) — 2. Setting B = a, Lemma 3.8, from which we retain notation,
gives either (3-9) or else (3-10).

If (3-10) hOldS, then y =51 > (S(z) R (S(m[.j/z_]) > S(m,.j/z))) and E(y) =
2ml~j — 1, SO

plsi = y) = p(y) = (t;1;)"/> ez 2
As (#;t;)"V =z, we have
(it ))"/% = 2 (tj1;) "1,
Then,
p(si) » p(¥)z = 1;(18)" > 11202 = 1. (11,)"0 P02

= 1; ()" P = ()" P P = p(si ).
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If instead, (3-9) holds, then y = sq) > (s@2) > - - > (S(m;;—1) > S,Bm,-/-—l) -++) with
E(sp,,,, 1) = €(y) = 2mij +2 < £(y) and Sen;;) > Sp,,, 1 = Sy, 1> so by induction
fmgj) W ,o(sﬁmij_l) = 'O(Sﬂmij—l)z' By definition of p we have

psiey)=p(y)=tjti... P(Sﬂmij-l) it il
~—— ——

m;j—1 terms m;j—1 terms

Therefore

o) » p(y)z= Litjt ... p(sﬂm--—1) it ZMii
—— Y —_—
m;j terms m;; terms
= tjtitj e /O(sﬁm--—l) N tjtl-[j Zmij+2m,'j+2’
——— Y —

m;j terms m;j terms

where the last factor in #;¢; . .. is now P (S@mij—2) = P(S@m;;))- By induction,

p(s) ™ p(Nz=titi...p(sp, ) ...1it; 2" = p(si > )
— i ——
m;j—1 terms m;j—1 terms
concluding the proof. ([

We end this section characterizing when g1 and ¢~ are cohomologous. For the
case of S, see [39, Remark 2.2].

Theorem 3.10. Assume that A(W) has all its entries in N. Then, the following are
equivalent:

(1) All the coefficients in A(W) are odd.
(2) The group W is the trivial extension W = W x (2).
(3) The cocycles g and q~ are cohomologous.

Proof. The implication (1) = (2) is immediate from the definition of VT’, and
(2) = (3) follows from Lemmata 2.7, 3.1, and 3.9. We prove that (3) = (1).
Suppose for a contradiction that m := m;; is even for some i, j € {1, ...,[}, and
that there exists ¥ : W — C* such that ¢~ (x, y) = y(x > y) g (x, y)y (v) for all
x,yeT.Sets=s;,s'=s;andleto := (s's)™?>~1s' sothato € T and sos = 0.
Then y(s>0) =y (o). Thus —1 = ¢~ (s, 0) = ¢ " (s, o), contradicting (2-7). [

Remark 3.11. If all coefficients in A(W) are odd, then the underlying graph
of I'(W) is complete. Hence, the corresponding group W is finite if and only if
<2 Ifl =1, then T = {s,} and g7 = ¢~ so the statement is trivial. If [ = 2,
then W is of type Io(2m + 1), for m > 1, i.e., it is the dihedral group of a regular
(2m+1)-gon [15, Chapitre VI, §4, Théoreme 1]. In this case, the cohomology
of g7 and g~ is proved in [36, Example 5.4(a)]. Notice that, even though the



TWIST EQUIVALENCE AND NICHOLS ALGEBRAS OVER COXETER GROUPS 243

extension W is trivial, by [32], the Schur multiplier of W is elementary abelian of
order 2¢=DU=2)/2 \whence nontrivial whenever W is infinite.

4. Applications to Nichols algebras

Here, W is finite and the base field is C. The Nichols algebra associated with (T, ¢ ™)
is of particular interest because it contains the coinvariant algebra of W [12; 21]. If
W is crystallographic, the latter is isomorphic to the cohomology of the flag variety
of the algebraic group with associated Weyl group W. It is in general an open
question whether B(T, g ™) is finite dimensional, quadratic, or finitely presented
[12; 21; 22; 34]. The main result in [11] states that the quadratic cover of B(T, g™)
is infinite dimensional for W =S, and n > 6.
Combining Theorem 2.8 and Remark 2.6 readily gives the following.

Corollary 4.1. If W is an arbitrary finite Coxeter group, then B(T,q") and
B(T, g ™) have the same Hilbert series. This also holds for their quadratic approxi-
mations. In addition, B(T, q) is quadratic if and only if B(T, q~) is quadratic.

It also follows from Theorem 3.10 and Remark 2.4(1) that if W is of type
I, (2m + 1), for m > 1, that is, the dihedral group of a regular (2m+1)-gon, then
B(T,q%) >~ B(T, q™), a result that was already present in [36, Example 5.4(b)].
By [36, Remark 5.2 part 2)] the braided vector spaces attached to (7, qi) are
constructed as in Remark 2.4(3), so results in this setting apply. We summarize
below some facts on the Nichols algebras B(T, g¥). Some of these results are
known, we focus on giving a uniform point of view.

Remark 4.2. (1) If (W, S) is not irreducible, let (W, S1), ..., (W,, S,) be its
irreducible factors. Setting T7; ;= W S; = W; > §; fori =1, ..., r we have a rack
decomposition 7 =][;_, T; where r >¢' =1"and ¢ * (¢, t') =q+ (', 1) =1 ifr € T,
and " € T; with i # j. Hence c§+ and c;_ act as the identity on CT; ® CT;
whenever i # j. Remark 2.4(5) then gives B(T,q") ~ ®!_, B(T;, ¢;") and
B(T,q7) >~ ®;:1B(Ti» q; ), where qijE stands for the restriction of ¢ to T; x T;.
Therefore, it is enough to study the case of irreducible Coxeter groups.

(2) Coxeter graph inclusions imply inclusions of the corresponding racks of reflec-

tions, hence a braided vector space inclusion for the cocycle ¢, and therefore a
Nichols algebra inclusion by Remark 2.4(2).

(3) Let (W, S) be irreducible. If I'(W) has no even labeled edges, then the re-
flections form a single conjugacy class. Otherwise, W is of type B; for [ > 3, Fy,
or I(2m) for m > 2 and T is the union of two classes, represented by any s and
s" € S that are joined in I'(W) by an even labeled edge. Setting 77 := W > s and
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type of W B(Ty, ¢*) B(T», ¢*) B(T, %)
B, 1>3 B(Tp,, q%) (/\ k)®l, N C! infinite dimensional
Fy B(Tp,, qi) B(Tp,, qi) infinite dimensional
I (4) (AC)® (AC)® dimension 64
L(2m), m>2 | B(Tnum), q%) B(Tr,m), g%) infinite dimensional

Table 1. Nichols algebras of (T, g*) for W such that I'(W) has
an even labeled edge.

T, := W > s’ we have a rack decomposition T = Ty [ [ 7> with T; > T; = T; for
i, j € {1, 2}. Observe that cﬁi(s RsN)=2(Grs)>sQs>5 #£A5®s’, 50 céi #1id
on CTy Q CT,. If min(|T1|, |T2]) > 2 or max(|T}|, |T»|) > 4, then dim B(T, g) = oo
for any cocycle g, by [9, Theorem 2.9] applied to Y = 7. By construction, for
i =1, 2, we have twist equivalence of the restrictions to 7; of ¢ and ¢ .

(4) If W is of type B; with [ > 3, up to renumbering, 77 is isomorphic to the
rack Tp, of reflections for W of type Dy, so |T1| = 12— and T» is abelian, that is,
it has trivial action, and |73| = . By [9, Theorem 2.9], dim B(T, g) = oc for any
cocycle g. On the other hand, B(T>, ¢7) = A C' and B(T»,q7) = ( C)®l, and
hence dim B(T», ¢g*) = 2'.

(5) If W is of type F4 or I,(2m) for m > 2, then the classes 7} and T, are in-
terchanged by the automorphism of W coming from the symmetry of I'(W), so
Ty = T; as racks. Using the descriptions of roots in [15, Planches IV, VIII], one
sees that in type Fy the racks 77 and 7, are isomorphic to Tp,, so |T1| = |T2| > 4
whence dim B(T, q) = oo for any cocycle g.

(6) If W is of type I,(2m) for m > 2, the racks T} and T, are isomorphic to the
rack Tp,m) of reflections of type [»(m). In addition, it was shown in [5, Lemma 2.1]
using [8, Theorem 3.6] that if m > 2, then dim B(T7,2m), g) = oo for any cocycle g.
Several considerations concerning the rack 7' for dihedral groups are present in [36,
Sections 3, 6]. In particular, [36, Example 6.5] shows that dim B(77, 4, qi) = 64.
The Nichols algebras and/or their quadratic covers for the rack of reflections
in I,(2p) for p an odd prime has been studied in [2; 3, Example 3.3.5; 35].

In Table 1 we summarize what is currently known about the Nichols algebras
of the pair (T, g™) for W such that I'(W) has an even labeled edge, up to twist
equivalence.

We now focus on the irreducible, finite Coxeter groups with one conjugacy class
of reflections.
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Proposition 4.3. Let W be of type I,(2m + 1) for m > 1. Then dim B(T, g*) = oo.
Proof. Let 2m + 1 =[];_, p{" be the prime factorization and let W = (s, s’). Then

T ={s(s's) | j=0,...,2m+1}

and for any n dividing 2m 41, the subset T, = {s(s’s)/ € T | n divides j} is a subrack
of T because s(s's)’ > s(s's)! = s(s’s)>~/; see [1, Remark 3.3]. In particular, T
contains a subrack of size p; for any prime divisor of 2m + 1. The pair (7),, q+|Tm )
is precisely the pair corresponding to the rack of reflections of the dihedral group of
size 2p; and T, is an indecomposable affine rack [2, Section 1.3.8]. If p; > 7 for
some i, then [31, Theorem 1.6] implies that dim B(T),, q+|Tp[_) = o0 and, a fortiori,
dim B(T, g*) = oo. Assume now that p; = 5 or 7 for some i. In the notation
of [31], the rack T), is Aff(p;, p; — 1). Therefore, if p; =5, 7, the rack T, does
not occur in [31, Table 1] and so dim B(T, ¢%) = dim B(T,,, ¢=) = oo. We are left
with the case 2m + 1 = 3 for some b > 2. In this case T is an indecomposable
affine rack, and dim B(T3», ¢*) = oo by [10, Theorem 1.3]. O

Corollary 4.4. If W is of type Hz or Hy, then dim B(T, ¢&) = oo.

Proof. The rack T contains a subrack isomorphic to 77,s), so the statement follows
from Theorem 2.8, Remark 4.2(2) and Proposition 4.3. O

In the remaining cases W is in one of the crystallographic, simply laced families
of groups A,, n > 1, D, forn > 4, and E¢, E;, Eg. They afford a crystallographic
root system ® as in [15, Chapitre VI.1.1], and all roots in ® have the same length.
Here T ={sy | € 5+} and by [15, Chapitre VI1.1.3] the subgroup generated by
any pair of noncommuting reflections is isomorphic to Ss. It is well known that
dim B(1y,, qi) < oo for n < 4 [22; 36], whilst infinite dimensionality for n > 5 is
still open. Observe that none of the splitting criteria in [9, Sections 2.1, 2.2] and [8,
Section 3.2] apply to the rack 7': in the terminology of [9], the rack T is kthulhu.

Remark 4.5. It was kindly pointed out to us by I. Heckenberger that B(Tp,, ¢=) is
infinite dimensional as a consequence of [10, Theorem 6.14] because the Coxeter
group of type Dy is solvable, noncyclic, and generated by 7', which has size > 7.
Hence, dim B(Tp,, qi) = oo for any n > 4.

In all remaining cases I"'(W) contains a graph of type As (that is, S¢ < W). The
case of S¢ has been addressed by several authors: by the main result in [11] it would
be infinite dimensional provided B(T, —1) is quadratic, but the latter property has
not been established despite several attempts. Summarizing we have:

Corollary 4.6. Assume that diim B(Ta,, ¢=) = oo. If diim B(T, g*) < oo then W is
either the dihedral group of order 8, the cyclic group of order 2, S3, S4 or Ss.
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Through the equivalence of categories in [33], the Nichols algebra B(T', g™)
corresponds to a factorizable perverse sheaf whose underlying perverse sheaf is
the intermediate extension of the local system on the ind-variety of configuration
spaces in C, corresponding to the collection of braid group representations V&,
for n > 0 associated with 7" and the trivial cocycle. The latter are obtained as the
push-forward of the constant sheaf on the Hurwitz space with Galois group W
and local monodromy 7. One may hope to retrieve further information on these
algebras (e.g., if they are quadratic) by using this geometric interpretation.

4.1. Nichols algebras over dihedral groups. Here, we restrict to the case in which
W is of rank 2, that is, W is of type I(n) for n > 2 and we write S = {s, s’}. The
analysis of the finite-dimensional Nichols algebras over I,(n) when 4 |n and n > 12
was obtained in [20], the cases n = 4, 8 were then completed in [13, Chapter 2].
Thus in this section 7 is not divisible by 4 and we separate the analysis according
to its parity.

Corollary 4.7. Assume n = 2m + 1 for m > 1. Then, any Nichols algebra of a
Yetter—Drinfeld module of W is infinite dimensional. Therefore, if H is a finite-
dimensional complex, pointed Hopf algebra with group of grouplikes isomorphic
to W, then H = CW, the group algebra of W.

Proof. By [6, Theorem 4.8], the only possible finite-dimensional Nichols algebra
coming from a Yetter—Drinfeld module for W could come from the irreducible
Yetter—Drinfeld module as in Remark 2.4(3) with g € § and 7 the nontrivial ir-
reducible representation of H = (g). However, this corresponds precisely to the
pair (11, 2m+1)» q™), see [36, Section 5], which has an infinite-dimensional Nichols
algebra by Proposition 4.3. The second statement follows from [2, §0.3]. ]

We will now look at the case n = 2r, where r is odd. Let { € C* be a primitive
n-th root of 1 and let C := (ss’). The following irreducible Yetter—Drinfeld modules
over W have a finite-dimensional associated Nichols algebra [1, Theorem 3.1]. The
action can be extracted from [37, 5.3]. The grading of all of them is supported in C,
thus to understand the braiding, it is enough to consider the C-action. This way, we
can regard them as Yetter—Drinfeld modules over C. They are:

o Vp := Cuyg, concentrated in degree (ss’)" and with action (ss")vg = —vg. The
Nichols algebra is /\ Vo;

o V. j:=Cvy ;®Cv_, j,for je{l,...,r—2} and odd, with grading concentrated
in degree (ss)" and action (ss")v4, ; = cHuy, j. The Nichols algebra is A V. j;
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o Vi,ji=Cvpp j®Cv_y j, for j,he{l,...,r—2}, both odd, and such that r | jh,

with vy, j in degree (ss")*", respectively, and action (58 )Vip, j = i) V4p, j. The

Nichols algebra is /\ Vj ;.

Theorem 4.8. Assume n =2r forr >3 and odd. Let V be a Yetter—Drinfeld module
of W. Then dim B(V) < oo if and only if as a Yetter—Drinfeld module over C,

N
k Bk,
‘/r:VO63 69@ Vh/j’d
d:l s

for some k, kg, N > 0, and some distinct pairs (hq, jq) ford € {1,..., N} with
hge{l,...,r}odd, joe{1,...,r —2} odd and such that r | (hgjy + ha ja) for
alld,d € {1, ..., N}. In this case,

ks (SN Dk
BOV) = AVE® (Qaei A VL)
where & stands for the tensor product of algebras twisted by the braiding of V.

Proof. The analysis in [1, Theorem 3.1], combined with Proposition 4.3 and
Remark 4.2(3), shows that the only irreducible Yetter—Drinfeld modules of W
with finite-dimensional Nichols algebras are Vj and V), ; with h € {1, ..., r} odd,
je{l,...,r—2} odd and such that r | jh. Now we look at direct sums.

A direct calculation shows that the braiding c satisfies c(x ® y) = —y ® x for
xe Vo, yeUorx eU and y € Vy. Then we have the isomorphism B(Voeak eU)~
A\ VOEB]‘ ® B(U) for any k > 0 after an iterated application of Remark 2.4(5).

We now look at the braiding on Vj, ; @ Vjy j where h, j, h’, j" are odd; 1 <
hh<r,1<j,j/<r—2andr|hjandr|h'j . Fore, e e {£l} we have

(4-1) C(Ueh’j ® vé’h’,j’) = é'“/hj/vg/h’,j’ () Veh, j-
Let & := "W If & =1, that is, if r | (hj’ + jh'), then c?|y, jev, , =id, and so
B(Vi,; @ Vi j) = B(Vh,j) @ B(Viw ).

If, instead, & # 1, then we compute the generalized Dynkin diagram associated to
the braiding on Vj, ; @ V) ;- according to the recipe in [26, §2] obtaining

-1 : -1
£ £t
-1 ~1
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The above diagram does not occur in [26, Table 3], hence dim B(V), j @ V) j/) = 00
by [25, Theorem 3, Corollary 5].

Now let U = @fiv : Vh@kj for some ky, N > 0, hy € {1,...,r} odd, j; €
{1,...,r—2} odd and such that r | hy j; for all d. If r does not divide hy j +ha ja
for some d, d’, then dim B(U) = oo by Remark 2.4(2). If, instead, r | (hq jo +ha ja)
for all d, d’, then the square of the braiding between any irreducible component
of U and the sum of the others is the identity. Thus, by Remark 2.4(5) and induction
on the number of irreducible components, we obtain

B(U) ~ ®d 1B(Vh€5kd )= ®d 1 (A Vi, Jd)

Finally, observe that if d = d’ then ¢€<"¢Js' = —1, 50 ( A\ Vi, d)®k" =A Vhfkjd O

We now complement [1, Table 2] for W = I,(6) with the analysis of nonsimple
Yetter—Drinfeld modules. Here we have to take into account also the simple Yetter—
Drinfeld modules supported in 7 = W > s and 7, = W > s/, whose corresponding
Nichols algebra is the Fomin—Kirillov algebra FK3 of dimension 12.

The Yetter—Drinfeld modules whose associated braided spaces correspond to
(Tl, g%) are the modules U, for Jj € {0, 1} whose underlying vector space is

Ces @ Ces,ss/ ® Ce’ ., where eg is in degree g for g € W, and the action is given by

ss'ss’s

. . |
S 'eg = _esj’ s e!’ss’ =(= 1)j+ Css'ss's s eis Iss's —(= 1)]es’ss”
j J : J
(SS/) ’ eg = Cisiss'se (SS ) ) es’ss’ = (_l)jes ’ (SS ) ess ss's = Cylss’

Similarly, the Yetter—Drinfeld modules whose associated braided spaces correspond
to (72, qi) are the modules U; % for j € {0, 1} whose underlying vector space is

Ce @ GZeM,s Ce‘,“ 1o Where e, is in degree g for g € W, and the action is given by
] _ . j R | J j+1 0
Sy = "Cyys S €y = € S Corgslss _( 1) s'ss’ss’
Jo_ J — (—1)/ e/
(SS ) €y = Egyrso (SS ) ess s = Cysslss’ (SS ) ess’u s ( 1) s’

In addition, to consider the braiding on sums of irreducible modules, we need
to take into account the full action of W on the modules Vjy and V3 ; following
[1, Theorem 3.1]. According to [37, 5.3] we have s - v+1,1 = vg1,1 on V31 and
two possibilities for extending the action on Vy from C to W: we denote the two
extensions by V)= Cvé for j € {0, 1} and set s - vé = (—l)jvé.

Twisting Yetter—Drinfeld modules as in Remark 2.4(4), by the automorphism t
of W that swaps s and s’, preserves the isomorphism class of V5 | and interchanges
VO0 and Vol. For j =0, 1, it interchanges U; and U;
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Proposition 4.9. Let W = [,(6) and V be a Yetter—Drinfeld module for which
dim B(V) < oo. Then V is isomorphic to one of the modules

. V®a@(VO)®b®(V V¥ fora,b,c >0anda+b+c > 1;
« Uj® (V) or UL (Vy ) for j (1,2} and a > 0;
« U Vs for U € (Up, Uy, Uy, Uj);

and B(V) is, respectively, (/\ V3’1)®a(§(/\ VOO)®b®(/\ V01)®C; FK3® (A V(?)®a
and the 2304-dimensional Nichols algebra in [30, Theorem 8.2], where ® denotes
a twisted tensor product.

Proof. By [1, Table 2], if V is irreducible then it is either V3 i, VOj ,Uj,or U j’ for
j €1{0, 1}. Sums of copies of Vo, VO1 and of V3| can be handled as in the proof of
Theorem 4.8 because their grading is supported in C. Observe that the supports
of Uy and U; generate a group isomorphic to S3. Thus, by [6, Theorem 4.8] if
dimB(Uj & Ulb) < oo for some (a, b) # (0, 0), then a + b = 1. The same argument
applies to Uy and U;. For o € T} and j, j' € {0, 1} we have

Al @v)) = (1) el @]

) B((Vj/)@k ® U;) is a twisted tensor product of B((Vj/)@k) and B(U;) if and
only if j = j’. Remark 2. 4(4) implies that the same property holds for the pair

Vo /= (V)T and U} =

For all other pairs (X Y ) of irreducible modules the support of X @Y generates W
and (¢* —id)(X @ Y) # 0. Under these conditions, [28, Corollary 7.2] gives a
precise list of the possible supports for X @ Y such that dimB(X @ Y) < oo
and for each support, further conditions on W. In particular, if the size of the
support is 6, then W must be a quotient of the group I'y generated by a, b, v,
such that v* = 1, va = av™!, vb = bv~!, and ba = vab. A direct calculation
shows that this is not the case. Hence, dim B(X © Y) = oo for (X, Y) = (U}, U/ )
for any j, j' € {0, 1}. We are left with the pairs (Uy, V ), (Uy, VO) (Uo, V3, 1),
and (Uj, V3,1) and their twistings by 7. As a rack, their support is isomorphic
to the one denoted by Zg’l in loc. cit. By [30, Theorem 2.1], the only pair of
Yetter—Drinfeld modules X and Y of dimension, respectively, 3 and 1 and such that
X @Y is supported by Zg’l is the one occurring in [30, Example 1.10]. There, it
is required that, for z in the support of ¥ and g in the support of X, there holds
1 —p(2)o(g) + (p(z)o(g))*> =0, where p denotes the action on the homogeneous
component X, and o denotes the action on the homogeneous component Y,. This
cannot apply to the pairs (Up, VOI) and (U, VOO) because the supports contain only
involutions. The pair (Uyp, V3,1) occurs in [30, Example 1.11] for g =5, z = (ss")3
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and € = (ss”)%, hence B(Uy ® V3.1) is the algebra described in [30, Theorem 8.4]
whose dimension is 2304. Now, as (T}, ¢~) and (T, g ) are twist equivalent by
Theorem 2.8, the cocycles corresponding to Uy and U, are twist equivalent, and
therefore the cocycle corresponding to Ug @ V3 ; is twist equivalent to the cocycle
corresponding to Uy @ V3.1, so B(Up @ V3,1) and B(U; @ V3,1) are twist equivalent.
We finally need to consider the Yetter—Drinfeld modules of the form Uy & Vﬁk for
k > 1. They are all braid indecomposable because (id — AUy ® V3.1) #0, and
V3.1 is induced from a 2-dimensional representation of W, that is the centralizer
of (ss")3. Hence this case is ruled out by [29, Theorem 2.5]. [l

Since the cases of I5(3) = S3 and I,(4m) are to be found in [6; 13; 20],
Corollary 4.7, Theorem 4.8 and Proposition 4.9 conclude the classification of
finite-dimensional Nichols algebras over dihedral groups.
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GELFAND-CETLIN ABELIANIZATIONS
OF SYMPLECTIC QUOTIENTS

PETER CROOKS AND JONATHAN WEITSMAN

We show that generic symplectic quotients of a Hamiltonian G-space M by
the action of a compact connected Lie group G are also symplectic quotients
of the same manifold M by a compact torus. The torus action in question
arises from certain integrable systems on g*, the dual of the Lie algebra
of G. Examples of such integrable systems include the Gelfand—Cetlin
systems of Guillemin and Sternberg (1980; 1983) in the case of unitary
and special orthogonal groups, and certain integrable systems constructed
for all compact connected Lie groups by Hoffman and Lane (2023). Our
abelianization result holds for smooth quotients, and more generally for
quotients which are stratified symplectic spaces in the sense of Sjamaar
and Lerman (1991).

1. Introduction

Let G be a compact connected Lie group with Lie algebra g. Suppose that M is
a Hamiltonian G-space, i.e., a symplectic manifold equipped with a symplectic
action of G and equivariant moment map w : M — g*. The symplectic or Marsden—
Weinstein [9] quotient of M by G at level & € g* is the topological space

MJ/:G = 1 (§)/Ge,

where G¢ C G is the G-stabilizer of £. If G acts freely on w= (&), then M /e G is
a smooth symplectic manifold. In the absence of this freeness assumption, M//; G
is a stratified symplectic space in the sense of Sjamaar and Lerman [10].

The purpose of this paper is to show that certain integrable systems on g*
allow us to express generic symplectic quotients of a Hamiltonian G-space M as
symplectic quotients of the same manifold M by the action of a compact torus. Such
integrable systems include the Gelfand—Cetlin systems constructed by Guillemin
and Sternberg [3; 4] for unitary and special orthogonal groups, as well as the more
recent generalizations of Gelfand—Cetlin systems by Hoffman and Lane [8] to
arbitrary Lie type.
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An example of our main result arises in classical mechanics [2]. Suppose that
we are given a Hamiltonian SO(3)-space M with an invariant Hamiltonian function
H : M — R. The SO(3)-action gives rise to two Poisson-commuting conserved
quantities: the total angular momentum, and the angular momentum in some fixed
direction in the Lie algebra of SO(3) corresponding to a choice of maximal torus.
These quantities give the components of a moment map for a densely defined 2-torus
action on M, coming from the Gelfand—Cetlin system of Guillemin and Sternberg for
the case of SO(3).! Our main result shows that for a nonzero value & of the angular
momentum, the symplectic quotient M //; SO(3) coincides with an appropriate
symplectic quotient of M under the densely defined torus action. See [2] for more
examples of these techniques.

1.1. Main result. We introduce the notion of a Gelfand—Cetlin datum (Avig, 95 reg)
in Definition 1. This amounts to Apig being a continuous map on g* that restricts
to a Poisson moment map for a Hamiltonian action of a compact torus Tp;z on
an open dense subset g:‘_reg C g*, along with some extra conditions that capture
salient properties of the classical Gelfand—Cetlin systems. One of these conditions is
that the open, symplectic submanifold M reg := w! (g:_reg) C M be a Hamiltonian
Thig-space with moment map Ay := (Apjgou)| Mqreg for any Hamiltonian G-space M
with moment map p : M — g*. The results of Guillemin and Sternberg [3; 4]
imply that Gelfand—Cetlin data exist for all unitary and special orthogonal groups,
while more recent results of Hoffman and Lane [8] imply that such data exist in all
Lie types.
The following is the main result of our paper.

Theorem. Let G be a compact connected Lie group, and M a Hamiltonian G-space
with moment map v : M — g*. Suppose that (Apig, ) is a Gelfand—Cetlin datum,
and consider a point § € gg ..

*
gs—reg

(1) The torus Tyig acts freely on k;,,l (Abig(§)) if and only if G¢ acts freely on w ).
In this case, there is a canonical symplectomorphism M//G = My reg//;,.. &)U vig-

(ii) There is a canonical isomorphism M [/ G = Mj g //Abig(S)Tbig of stratified
symplectic spaces.

Part (ii) is strictly more general than (i). Part (i) is included for the sake of
exposition and accessibility. One may regard this theorem as an approach to
abelianizing the generic symplectic quotients of a Hamiltonian G-space M, i.e., to
presenting such quotients as symplectic quotients by a compact torus.

IThe square of the total angular momentum is a smooth function, but the orbits of its Hamiltonian
flow do not have constant period, and so it does not generate a circle action. Taking the square root
gives a function whose Hamiltonian flow generates a circle action, but which is only continuous, not
differentiable, at zero. It therefore does not define a Hamiltonian flow at zero.
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1.2. Comparison to symplectic implosion. By means of symplectic implosion,
Guillemin, Jeffrey, and Sjamaar [5] offer a different approach to abelianizing sym-
plectic quotients. Their construction replaces G and a Hamiltonian G-space M with
amaximal torus T C G and the imploded cross-section Minp), respectively; the latter
is a stratified symplectic Hamiltonian 7' -space whose dimension is generally less
than that of M. Symplectic quotients of M by G are then shown to be realizable as
symplectic quotients of Miyp by 7. Our construction retains the same manifold M
and replaces G with a torus Tpg.

The imploded cross-section (TG )imp) features prominently in [5]. This stratified
symplectic space also features prominently in [8], where Hoffman and Lane show
Gelfand—Cetlin data to exist in arbitrary Lie type. It is natural to suspect that
this coincidence is a shadow of some deeper connection between our work and
symplectic implosion.

1.3. Organization. Section 2 briefly establishes some of our conventions concern-
ing Lie theory and Hamiltonian geometry. Section 3 subsequently motivates and
contextualizes the notion of a Gelfand—Cetlin datum. Our main result is then proved
in Section 4 for smooth quotients. A generalization to stratified symplectic spaces
is formulated and proved in Section 5.

2. Background and conventions

This section establishes some of our notation and conventions regarding Lie theory
and Hamiltonian geometry.

2.1. Tori. The Lie algebra of the unitary group U(1) is the real vector space iR C C
of purely imaginary numbers. We will identify this vector space with R in the
obvious way. It follows that R¥ is the Lie algebra of U(1)* for all nonnegative
integers k, and that

R > UMK, (xq, ... x0) > (€5, ..., ™)

is the exponential map for U(1)*. In certain contexts, we will implicitly use the dot
product to regard R¥ as the dual of the Lie algebra of U(1).

2.2. General compact connected Lie groups. Let G be a compact connected
Lie group with Lie algebra g and rank £. One has the adjoint representations
Ad: G — GL(g) and ad : g — gl(g), as well as the coadjoint representations
Ad* : G — GL(g*) and ad* : g — gl(g*). The G-representations induce G-actions
on g and g*, and thereby give rise to stabilizer subgroups

Gy ={geG:Ady(x) =x} and Gg:={g¢€ G:Adz,(";') =§}



256 PETER CROOKS AND JONATHAN WEITSMAN

of G for all x € g and & € g*. On the other hand, the g-representations allow us to
define centralizers

g :={ye€g:ady(x) =0} and g :={yeg:adj) =0}

for all x € g and & € g*. It follows that g, (resp. g¢) is the Lie algebra of G,
(resp. G¢). Let us also note that dim g, > £ and dim g¢ > £ for all x € g and & € g*.
The regular loci

Oreg :=f{x €g:dimg, =¢} and gp, :={f€g”:dimg = ¢}

are open, dense, G-invariant subsets of g and g*, respectively. An element x € g
(resp. & € g*) then belongs t0 greg (resp. g;“eg) if and only if g, (resp. g¢) is a Cartan
subalgebra of g. This is equivalent to G (resp. G¢) being a maximal torus of G.

A few remarks on maximal tori and Cartan subalgebras are warranted. Let t C g
be a Cartan subalgebra, and write T C G for the maximal torus with Lie algebra t.
The exponential map exp : g — G then restricts to a surjective homomorphism
expl¢ : t — T of abelian groups. The kernel of the latter is a free Z-submodule of t
with rank equal to £. It follows that the same is true of

1
A¢:= Eker(exph) ct

2.3. Hamiltonian geometry. Suppose that (M, o) is a Poisson manifold, that is,
o € H(M, A*TM) is a Poisson bivector field on the manifold M. Note that o
may be regarded as a skew-symmetric bilinear map from two copies of T*M to the
trivial rank-1 vector bundle over M. Contracting o with cotangent vectors in the
first argument then determines a vector bundle morphism ¢ : T*M — TM. One
calls (M, o) nondegenerate if ¢V is an isomorphism. In this case, (¢¥)™! = w"
for a unique symplectic form w € H(M, A>T*M), where o : TM — T*M is the
vector bundle morphism obtained by contracting @ with tangent vectors in the first
argument. This process gives rise to a bijective correspondence between symplectic
structures on M and nondegenerate Poisson structures on M. We will thereby make
no distinction between symplectic manifolds and nondegenerate Poisson manifolds.

If (M, o) is a Poisson manifold, then o can be recovered from the Poisson bracket
{-, -} that it induces. This bracket associates to smooth functions fi, fo: M — R
the smooth function

{fi, o} i=0dfindfr): M — R.

At the same time, one defines the Hamiltonian vector field of a smooth function
f:M—Rby Xy :=—0"(df) € H(M, TM). It follows that

{1, 2} =—X7(2) =X (f1)

for all smooth functions fi, f» : M — R.
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Now let G be a compact connected Lie group with Lie algebra g and exponential
map exp : g — G. If G acts smoothly on a manifold M, then each 1 € g determines
a generating vector field ny € H(M, TM) by

_d ).
M) = 7 ;:oexP( tn)-m

for all m € M. A Poisson manifold (M, o) with a smooth G-action will be called
a Poisson Hamiltonian G-space if o is G-invariant and M comes equipped with
a moment map. This last term refers to G-equivariant smooth map u : M — g*
satisfying X,» = ny for all n € g, where " : M — R is the result of pairing
with n pointwise. We will reserve the term Hamiltonian G-space for a Poisson
Hamiltonian G-space whose underlying Poisson structure is symplectic.

It will be advantageous to recall the Poisson Hamiltonian G-space structure
on g*. The Poisson bracket on g* is given by

{f1, 2}(§) = &(de f1. dz f2])

for all smooth functions fi, f> : g — R and points & € g*, where

de fi.de e (@) =g

denote the differentials of f, f, at &, respectively. One finds that g* is a Poisson
Hamiltonian G-space with respect to the coadjoint action, and with the identity
g* — g* serving as the Poisson moment map.

3. Gelfand—Cetlin data

In this section, we define Gelfand—Cetlin data and introduce their main properties.
This begins with the definition itself in Section 3.1. The existence of Gelfand—Cetlin
data is addressed in Section 3.2, while concrete techniques for constructing such
data are discussed in Sections 3.3 and 3.4. In Section 3.5, we describe concrete
Gelfand—Cetlin data for unitary groups.

3.1. Definition and relation to integrable systems. Let G be a compact connected
Lie group with Lie algebra g and rank ¢. Consider the quantities

u:= %(dirng —¢) and b:= %(dirng + £),
and introduce the following tori of small, intermediate, and big ranks:
Tomatt := U, Tine:=U)", and  Thig := Tyman X Tine = U)".
The respective Lie algebras of these tori are

. 14 . . ~ mb
Ryma :=R",  Rip:=R", and Rbig = Ryman X Rine = R".
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Definition 1. A Gelfand—Cetlin datum is a pair (Apig, gg o), CONSisting of a contin-
uous map Apig = (Ag, ..., Ap) : g* — Rpiz and open dense subset g;“_reg C g* that
satisfy the following conditions:

(i) Ay, ..., A¢ are G-invariant on g* and smooth on g;"eg.

(i) {dgA1, ..., dgAc} is a Z-basis of the lattice Ag, C g¢ for all § € gr,.
(iii) g5 reg C Greg-

@iv) )‘big|9§‘.reg : g;“_reg — Rypig is a smooth submersion and moment map for a Poisson

Hamiltonian Tp;e-space structure on g;‘_reg.
(V) Apigl g - g;“_reg — Abig (g;‘_reg) is a principal Tjn-bundle.

(vi) If M is a Hamiltonian G-space with moment map px : M — g*, then
(hbig © 1) 1-1gz ) 4 (8reg) = Rig

is a moment map for a Hamiltonian Ty;s-space structure on w! (gs-reg)-

In this case, we adopt the notation

)\small = ()"17 B )\Z) : g* - Rsmallv )\int = ()\Z—i-ls ceey )Mb) : g* - IRint’
Ms—reg = /‘L_l(g:.reg)v and Ay = ()Mbig S M)|Ms_reg . Ms—reg - Rbig-

We also refer to the elements of g¥ ., as the strongly regular elements of g*.

Teg
Remark 2. Condition (v) in Definition 1 is only slightly weaker than the exis-
tence of global action-angle coordinates on g, This existence question features
prominently in [1; 8].

It is instructive to consider this definition in relation to the theory of completely
integrable systems. One is thereby led to the following result.

Proposition 3. Let (Avig, 05 rey) be a Gelfand—Cetlin datum. If O C g* is a coadjoint
orbit and Oy .reg 1= O N g oo, then

)“int|(95_rcg : Osireg = Aint(Osreg) C Rine

is a completely integrable system, principal Tiy-bundle, and moment map for a
Hamiltonian action of Tiy on Oy reg.

Proof. Note that the Hamiltonian vector field of any smooth function g* — R
is tangent to O. It follows that Og_re, is stable under the action of Tyiz on g:_reg.
Definition 1(iv) now implies that Og_ree is a Hamiltonian Tyig-space with moment
map Abiglos_reg. ‘We conclude that kintlos_reg is a moment map for the Hamiltonian
action of Tipe C Tpig on O reg.

Since Agman 18 constant-valued on O, Definition 1(v) tells us that

)\int|Os_reg . Os—reg - )Vim(os—reg)
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is a principal Tiy-bundle. It therefore remains only to prove that
dim Tipe = $dim Ogreg.
This follows immediately from the fact that dim Tip = u = 1(dimg — €). O

3.2. Existence of Gelfand—Cetlin data. 1t is natural to wonder about the generality
in which Gelfand—Cetlin data exist. The earliest constructions are due to Guillemin
and Sternberg [3; 4], and apply to all unitary groups U(n) and special orthogonal
groups SO(n). The underlying techniques are based on Thimm’s method, as
described in [4]. Further details are outlined in Sections 3.3-3.5. The case of
symplectic groups is considerably more subtle and addressed in Harada’s paper [6].

Some recent work of Hoffman and Lane [8] implies the existence of Gelfand—
Cetlin data for an arbitrary compact connected Lie group G. In more detail, one
may consider completely integrable systems on an arbitrary Poisson manifold.
A completely integrable system on g* is thereby a continuous map ¢ : g* — Ryjg
with the following property: there exists an open dense subset U C gy, such that
¢|u is a smooth submersion with pairwise Poisson-commuting component functions.
A Gelfand—Cetlin datum is thereby a completely integrable system on g*. On the
other hand, suppose that M is a Hamiltonian G-space with moment map p: M — g*.
One might hope for ¢ o i : M — Rye to be a completely integrable system on an
open subset of M; such a system would be called collective. Another aspiration
would be for ¢ ot : M — Ry to be the moment map of a Hamiltonian torus
action on an open subset of M. This central theme of [8] is reflected in Definition 1:
Gelfand—Cetlin data are defined in such a way as to induce Hamiltonian torus actions
on open subsets of Hamiltonian G-spaces. The construction of Gelfand—Cetlin data
is done in Sections 6.2 and 6.3 of [8]. Hoffman and Lane [8] begin by associating
completely integrable systems on g* to good valuations on the base affine space; see
[8, Data 5.2] and [8, Theorem 6.2]. Propositions 6.4 and 6.5 of [8] then show such
systems to have several properties; these imply the existence of pairs (Apig, g’sk_reg)
satisfying parts (i)—(iv) of Definition 1. To address part (v) of Definition 1, Hoffman
and Lane introduce the notion of toric contraction for Hamiltonian G-spaces [8,
Definition 6.7]. The existence of pairs (Apig, ) satisfying parts (i)—(v) then
follows from Propositions 6.8 and 6.9 of [8].

The Hoffman-Lane paper is part of a broader program aimed at generalizing the
results of Harada and Kaveh [7].

*
gs—reg

3.3. Construction of Gelfand—-Cetlin data: integrality. We now discuss the con-
struction of functions Ap, ..., s : g* — R satisfying conditions (i) and (ii) in
Definition 1. Let G be a compact connected Lie group with Lie algebra g and
rank £. Choose a G-invariant inner product on g, a Cartan subalgebra t C g, and
a closed, fundamental Weyl chamber t; C t. The chamber t; is known to be a
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fundamental domain for the adjoint action of G on g. Our inner product thereby
identifies t; with a fundamental domain t% C g* for the G-action on g*. We may
therefore define a continuous surjection 7 : g* — t7 by the property that

(G-5)NtL ={m(&)} forall & e g,

where G - & C g* is the coadjoint orbit of £. One sometimes calls 7 the sweeping
map on g* with respect to t; its fibers are exactly the coadjoint orbits of G, and
n(g;*eg) is the interior (t7)° of t . One also finds that the commutative diagram

g;keg — g*

T I E?egl lﬂ

(t)° —— t}
is Cartesian. The left vertical map
7 Loy * Oreg = (£)°
is easily seen to be a smooth, surjective submersion.
Now choose a Z-basis {¢1, ..., ¢¢} of the Z-submodule A¢ C t. Note that the

pairing between t and t* allows one to regard ¢, ..., ¢ as functions on t7 . With
this in mind, each k € {1, ..., £} determines a function

Moi=¢rom:g"-— R.

The previous paragraph implies that Aq, ..., Ay are smooth on g;‘eg, while being
G-invariant and continuous as functions on g*. Given any & € gfeg, the differentials
dg Ay, ..., de A € (g%)* = g may be described as follows.

Proposition 4. If & e gfeg, then{dg Ay, ..., dg A} is a Z-basis of the lattice Ay, C gg.

Proof. Choose g € G for which Adz(é) € (t1)°. Since each function A is G-
invariant, one has

dg )\.k = dAdZ,(S) )\.k o Adz = Adgfl (dAdE(S) )\.k)

forall k € {1, ..., £}. We also observe that Ad,-1 : g — g restricts to a Z-module
isomorphism Ay => Age. It therefore suffices to take & € (t})° and prove that
dedp =@ forallk e {1, ..., ¢}.

Assume that & € (t})°, and fix k € {1, ..., £}. Our invariant inner product allows
us to regard t* as a subspace of g*. We then note that g* = t* @ T (G - £), and that
T: (G - &) is contained in the kernel of dg A¢. Let us also note that T¢ (G - §) is the
annihilator of t in g*, and as such is contained in the kernel of ¢;. These last two
sentences reduce us to proving that dg Ax () = ¢« (n) for all n € t*. On the other
hand, we have dg Ay = ¢ o dg7r. It therefore suffices to prove that d:7w (1) = n for
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all n € t*. But this is an immediate consequence of the following two observations:
(t})° is an open subset of t*, and 7 () = n for all n € (t})°. [l

3.4. Construction of Gelfand—Cetlin data: Thimm’s method. Retain the objects
and notation discussed in Section 3.3. Let G = Gy D Gy D --- D G, be a
descending filtration of G by connected closed subgroups with respective Lie
algebras g =go D g1 D - -- D gm. Let us also choose a Cartan subalgebra t; C g;
and closed, fundamental Weyl chamber (t;); C t; for each j € {0, ..., m}. Our
G-invariant inner product on g gives rise to a G j-module isomorphism g; = gj,
by means of which t; and (t;); correspond to subsets tj and (’cj)Jr of gj. As in
Section 3.3, one may define a continuous surjection 7 : g}’f — (tjf)+ by the condition
that (G;-&)N (tj)+ ={m;(&)} forall £ € gj.

Let ¢ =4y >4 >---> ¥, betheranks of G = Go D G1 D --- D Gy,
respectively. Let us also choose a Z-basis {¢;1, ..., ¢j¢;} of the lattice Ay, C t;
for each j € {0, ..., m}. As in Section 3.3, we define the functions

— . ¥
Ujk.—d)jkoﬂj.gj—)R

for k € {1, ..., £;}. The same section implies that v;i, ..., v, are G ;-invariant
and continuous on gjf, as well as smooth on (gj)reg. We also have the following
equivalent version of Proposition 4.

Proposition 5. If j € {0,...,m} and & € (gj)reg, then {dgvj1, ..., dgvje;} is a
Z-basis of the lattice A(g;), C (9;)s-

Leto;:g* — gjf be the transpose of the inclusion g; < g foreach j € {0, ..., m}.
Consider the functions on g* defined by

Ajk:=vjrooj:g" =R forjef{0,...,m}and ke(l,..., ¢;}.
It will be convenient to enumerate these functions as
(3-1 Abig := (A1, ..., Ac)
= ()"Ola . -a)\'OE’)\'lh "'s)"lffl "'s)"mlv ---s)"mﬁ,,,) :g* - RC,

where c:=£€y+ - -+ £.

The discussion preceding Proposition 5 implies that Ay;g is smooth on the open
subset m
U:=()o;" (@) C o™

j=0
Let us also define

0% req := (& €U @ dg Abig is surjective}.

These last few sentences give context for the following consequence of [3, Theo-
rem 3.4].



262 PETER CROOKS AND JONATHAN WEITSMAN

Proposition 6. Let Avig and gg .., be as defined above.

(1) The restriction Ayig |95*.reg : g:‘_reg — R is a moment map for a Poisson Hamilton-
ian U(1)¢-space structure on g ...

(ii) If M is a Hamiltonian G-space with moment map | : M — g*, then
R
()\'big ° /L)lu—l(g;ﬁreg) e (g:-reg) — R°
is a moment map for a Hamiltonian U(1)¢-space structure on ="' (g:_reg).

This result has the following immediate connection to Definition 1: the pair
(Abig, g;‘_reg) is a Gelfand—Cetlin datum if and only if c =b, g;‘_reg is dense in g*, and
Abig| e g;“_reg — Abig (g;‘_reg) is a principal Tiy-bundle. Guillemin and Sternberg
[3; 4] explicitly show these conditions to be achievable for G =U(n) and G =SO(n).
Our next section outlines the details of the Guillemin—Sternberg construction for
G =U(n).

3.5. Example of Gelfand—Cetlin datum: the Gelfand—Cetlin system on u(n)*. Fix
a positive integer n. Consider the Lie group G := U(n) of unitary n x n matrices, and
its Lie algebra g := u(n) of skew-Hermitian n x n matrices. Let us also consider the
real U(n)-module H(n) of Hermitian n x n matrices. In what follows, we will freely
identify u(n)* with H(n) by means of the nondegenerate, G-invariant bilinear form

(3-2) umn) @rHmM) - R, n®E— —itr(né).

Given an integer j € {0, ..., n — 1}, define the subgroup

G,:= {[Ld‘%] :AeU(n—j)} Cc G=UMmn).

The descending chain U(n) = G = Gy D G| D --- D G,— then induces such a
chain u(n) =g=go D g1 D --- D gn—1 on the level of Lie algebras. We have

gj={|:%%:| 1X eu(n—j)} Cu(n) and gj:{[%%} 1€ E”H(n—j)} CH(n)

for all j € {0, ...,n — 1}, where the second equation implicitly uses (3-2). The
transpose o : g* — gj of g; C gthensends & € g* =H(n) tothe (n — j) x (n— j)
submatrix in the bottom right-hand corner of &.

Now note that

ijI . :al,...,an_jelR cgj

=)

ian_j
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is a Cartan subalgebra for each j € {0, ...,n — 1}. Let ¢ € t; be the result of
setting a; = 1 and a, = 0 for p # k, noting that {¢;1, ..., ¢;u—j)} is a Z-basis of
Ay; Ct;. At the same time, consider the fundamental Weyl chamber

0 0
ia1
)4 = ) say, .., a-j€R, a1 >--->a,_j¢ Ct;

ian_j

for each j € {0, ..., n — 1}. Under the pairing (3-2), (t;) corresponds to the cone

(t}f)+:= tay, .. a—j €R a1 = >ap_j CH0).

We then have sweeping maps 7 : g;‘. — (t}’f)+ and compositions
Vik =¢jom;ig; —> R
for j€{0,...,n—1}and k € {1,...,n — j}, as in Section 3.4. The functions
Ajki=vjroo;:H(n)—> R

from Section 3.4 are therefore given by the following condition: if & € H(n) and
J€{0,....,n—1},then A ;1(§) > Aj2(§) > --- > Xju—j)(§) are the eigenvalues of
the (n — j) x (n — j) submatrix in the bottom right-hand corner of &.

Observe that the number of maps A j; is

nn+1) |

n+m—1D+---+1= 5 = 5(dimu(n) +n).

Our enumeration (3-1) therefore takes the form

Abig := (A1, ...,)\.n(n2+1))
n(n+1)
= (A01s s Aoms M1y - A =1)s oo s A=) 1 An=2)2, A—1y1 ) T H(M) > R 2.

Let us also consider the open dense subset

H)sreg 1= {s ey : M1 ) > > hja-p@) forall je {0, ...n = ”}

Aok (E) > -+ > Au—pk(§) forall k e {1, ..., n}

of g* = H(n). By the paragraph following Proposition 6, (Aig, H(1)sreg) is a
Gelfand—Cetlin datum if and only if Abig|7(n)ree * H(1)sreg = Abig(H(M)s.reg) 18 @
principal bundle for Ti, = U(1) nln)

; this latter condition is verified in [3, Section 5].
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4. The abelianization theorem

This section is devoted to the proof of our abelianization theorem for smooth
quotients. Some preliminary results are established in Sections 4.1 and 4.2, while
the main proof appears in Section 4.3.

4.1. The universal maximal torus. Adopt the notation and conventions given in
Section 3.1, and let (Abig, g5 re,) be a Gelfand—Cetlin datum. Given any § € gy,
Definition 1(ii) tells us that {dz A1, ..., dz A¢} is a basis of gg¢. This basis determines
a vector space isomorphism

Kg:ggi)RZ, xldg)\l-i-‘---i-x(dg)xgl—)(xl,...,Xg).
The torus Tgmay 1S then a universal maximal torus in the following sense.

Proposition 7. If £ € g;“eg, then k¢ integrates to a Lie group isomorphism
Te © GS i) —l]—small-

Proof. It suffices to prove that k¢ restricts to a Z-module isomorphism from the
kernel of explg, : g¢ — G¢ to (2nZ)* ¢ R. This is an immediate consequence of
Proposition 4. (]

Proposition 8. Let M be a Hamiltonian G-space with moment map ju : M — g*.
Suppose that & € g:‘_reg. Then g-m =1t:(g)-m forall g € G¢ andm € w= (&), where
the left- and right-hand sides denote the actions of G¢ C G on M and Tsmay C Toig
on My_req, respectively.

Proof. Let X, be the generating vector field on Mg e, determined by ¢ € Ryman
via the action of Tgyay on M e;. Write Y, for the generating vector field on M
determined by 1 € g¢ through the action of G¢ C G on M. It suffices to prove
that (X, (p))m = (Yy)m for all n € gz and m € w ). Setting y; :=dg A and
letting e; € R = Ryman denote the Jj-th standard basis vector, this is equivalent
to establishing that (X,,)m = (¥y,)m forall j € {l,..., £} and m € w=1(E). On
the other hand, Y), (resp. X,,) is the Hamiltonian vector field on M (resp. M reg)
associated to 7 (resp. the j-th component *A ; of A o ). This further reduces us
to proving that d,, "7 = d, u*A ;. But it is clear that

dm,bl,*)uj = dg)\.j Ode :dm,lLyj
forallmep='(&)and je{l,...,¢}. O

4.2. Some supplementary results. We now prove two supplementary facts needed
to establish the main result of this paper. We continue with the notation and
conventions of Sections 3.1 and 4.1.
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Proposition 9. Let M be a Hamiltonian G-space with moment map i : M — g*.
Suppose that § € gg re,-

() Ifm e ") and t € Ty satisfy t -m € p= (&), thent = e.

(ii) The saturation of w="(€) under the action of Tin on My reg is )»;11 (Abig(8)).

Proof. To verify (i), let m € u~'(£) and t € Tjy be such that t -m € u~! (). Let
us also observe that u is Ti-equivariant when restricted to a map M.eg — g:_reg.
These last two sentences imply that £ = ¢ - £. Since Tj, acts freely on g:‘_reg, we
must have ¢t = e.

We now verify (ii). To this end, note that )\;,11 (Abig(§)) is a Tiy-invariant subset
of M s that contains w=1(&). This implies that the saturation of w= (&) is con-
tained in A;ll (Abig(§)). For the opposite inclusion, suppose that m € k;,ll (Abig(8)).
Definition 1(v) tells us that 7 - u(m) = & for some t € Ty,,. By the equivariance
property of ;. mentioned in the previous paragraph, we must have - m € =1 (£).
This completes the proof of (ii). ]

Fix § € g e, In light of the previous proposition, we may define the map

8 1 1~ (E) X Tine = Ay Coig(®)),  (m, 1) > 1 -m.
The following result is immediate consequence of the previous proposition.

Corollary 10. If &€ € g;k_reg, then 8¢ is a homeomorphism.

4.3. Proof of the abelianization theorem. et us continue with the notation and
conventions set in Sections 3.1, 4.1, and 4.2.

Theorem 11. Let M be a Hamiltonian G-space with moment map | : M — g*.
Suppose that § € gg re,-

(1) The stabilizer G acts freely on w= (&) if and only if Toig acts freely on
Iyt Choig (§))-
(ii) In the case of (i), there is a canonical symplectomorphism

M//e G = Ms.reg [/, &) Tvig-

Proof. We begin by verifying (i). In light of Proposition 7, the multiplication map
P 1 Ge X Ting — Tig, (g, 1) > Te(g)t

is a Lie group isomorphism. We also note that the action of Gz on u~!(¢) and
multiplication action of T;, on itself define an action G¢ x Tjy on w L (E) X Tin.
By Proposition 8, the homeomorphism §¢ is equivariant in the sense that

8:((g, 1) - x) = pe (g, 1) - 8¢ (x)
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for all (g,7) € G¢ X Tipc and x € 1w (&) X Tine. It follows that G¢ acts freely on
w= 1) if and only if Ty acts freely on )\.;41 (Abig(§)).

We now prove (ii). By Corollary 10, the inclusion wlE) — A;,,l (Abig(§))
descends to a diffeomorphism

£ €)= A5 Obig@))/Tine.

We also note that the Tpig-action on )L;,I] (Abig(§)) induces a residual action of the
subtorus Tgmnay on )\;,11 (Abig(§))/ Tine. Proposition 8 then tells us that

f(g-m) =7 (g) - f(m)
for all g € G¢ and m € = !(&). The map f therefore descends to a diffeomorphism
Y M//‘;G = Ms—reg //Abig(g)—l]—big-

It therefore suffices to prove that ¢ pulls the symplectic form 8 on My req // hoig @) Vbig
back to the symplectic form « on M//; G.
We have a commutative diagram

1N E) — 13 i)

nl Js

MJ[eG —5= Moreg /[[3,) Toig

where
o ') > ) /Ge = M) G
and
02 Ay Cvig(8)) = 2if! Gubig (6))/ Thig = Mreg /3 6) T

are the canonical quotient maps and j : wl(E) — )L;,Il (Abig(§)) 1s the inclusion. We
also have inclusion maps k : w (€)= Mandl: )»;,11 (Abig(§)) = M. Another con-
sideration is that « (resp. ) is the unique 2-form on M//; G (resp. M reg// ,\big(g)Tbig)
for which m*a = k*w (resp. 6* 8 = 1*w), where w is the symplectic form on M. It
therefore suffices to prove that 7*(¢*8) =k*w. On the other hand, our commutative
diagram implies that

T*(@*B) =j*(0*B) =j* *w) =K w. 0

5. Generalization to stratified symplectic spaces

We now provide a generalization of Theorem 11 in the realm of stratified symplectic
spaces [10]. In Section 5.1, we recall the immediately pertinent parts of Sjamaar and
Lerman’s more general theory of stratified symplectic spaces. The generalization
of Theorem 11 to stratified symplectic spaces appears in Section 5.2.
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5.1. Stratified symplectic spaces. Let X be a topological space on which a compact
torus 7" acts continuously. Given a closed subgroup H C T, let

Xy ={xeX:T,=H}

be the locus of points with T-stabilizer T, equal to H. Denote by Stab(7, X) the
set of all closed subgroups H C T for which Xy # &.

Now let G be a compact connected Lie group with Lie algebra g. Suppose that
M is a Hamiltonian G-space with moment map p : M — g*. As discussed in the
introduction to this paper, M//; G is a stratified symplectic space [10] for all £ € g*.
This means that M//; G is naturally partitioned into symplectic manifolds satisfying
certain compatibility conditions. While we refer the reader to [10, Definition 1.12]
for a precise definition and description of stratified symplectic spaces, the following
exposition will be sufficient for our purposes.

Fix a point § € g, and recall that G; C G is a maximal torus. Adopt the more
parsimonious notation

Stab(G, £) := Stab(G¢, ™' (£)),
and note that £~ (£) is the disjoint union

wl®e= ] w'®n
HeStab(G,&)
The arguments in the proof of [10, Theorem 2.1] imply that each subset 1= ' (£)
is a locally closed, G¢-invariant submanifold of M. These arguments also imply
that the topological quotient (1~ (£) )/ G¢ carries a unique manifold structure for
which the canonical map r : w &g — ' ) /G¢ 1s a surjective submersion.
One further consequence of [10, Theorem 2.1] is the existence of a symplectic
form @ on (u='(&)p) /Ge such that 7*w is the pullback of w along the inclusion
= (€)m — M. It follows that M//; G = u~' (§)/G¢ is a disjoint union

(5-1) M):G= || w'®m/Ge

HeStab(G,§)
of symplectic manifolds, called the symplectic strata of M/ G.

Remark 12. The quotients (W& n)/ G¢ need not be manifolds in the traditional
sense of the term; each may have connected components of different dimensions.
To obtain a stratification into genuine symplectic manifolds, one must refine (5-1)
and declare the symplectic strata to be the connected components of the quotients
(W '@ n) /Ge¢. The distinction between (5-1) and this refined stratification will
not materially affect any argument in this paper.

Definition 13. Let G and K be compact connected Lie groups with respective Lie
algebras g and . Suppose that M (resp. N) is a Hamiltonian G-space (resp. Hamil-
tonian K-space) with moment map @ : M — g* (resp. v: N — £*). Take & € gfeg and
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ne E;‘eg. A pair of maps ¢ : M//: G — N//, K and ¢ : Stab(G, §) — Stab(K, n) will
be called an isomorphism of stratified symplectic spaces if the following conditions

are satisfied:

(i) ¢ is a homeomorphism.
(i1) ¢ is a bijection.
(iii) ¢ restricts to a symplectomorphism (M_I(S)H)/Gs — (1)_1(17)45(1.1))/1{,7 for
each H € Stab(G, &).

Remark 14. Assume that this definition is satisfied. Equip M//; G and N//, K with
the refined stratifications discussed in Remark 12. By (ii) and (iii), the association
S+ ¢(S) defines a bijection from the set of symplectic strata § C M//; G to the
set of symplectic strata in N //, K. Property (i) implies that this bijection is an
isomorphism of partially ordered sets, i.e., any symplectic strata S, T C M//; G
satisfying S C T must also satisfy ¢(S) C ¢(T"). We also know that ¢ restricts to
a symplectomorphism § — ¢(S) for all symplectic strata S C M//; G, as follows
from (iii). In other words, an isomorphism in the sense of Definition 13 gives
rise to an isomorphism between the refined symplectic stratifications on M//; G
and N//, K.

5.2. A more general abelianization theorem. Let us continue with the notation
and conventions set in Section 4, as well as those in Section 5.1 concerning stratified
symplectic spaces.

In preparation for our next proposition, we encourage the reader to recall
Proposition 7 and Corollary 10.

Proposition 15. Let M be a Hamiltonian G-space with moment map u: M — g*.
Suppose that § € gg re,-

(i) The association H — t¢(H) defines a bijection
Stab(G, &) => Stab(Tpig, Abig(£)).
(i1) If H C G¢ is a closed subgroup, then &8¢ restricts to a diffeomorphism
1N E X Tine => Ay Cvig () (-
Proof. As in the proof of Theorem 11(i), we have
8:((g, 1) - x) = pe(g, 1) - 8¢ (x)

for all (g, 1) € G¢ X Ting and x € ™1 (&) x Tip. It follows that K > pg (K) defines
a bijection
Stab(Gg x Tine, ™" (€) X Tin) => Stab(Tig, Avig(£)),
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and that §¢ restricts to a homeomorphism

(W' &) x Tindx => Ay Oubig(€)) pe (k)
for all closed subgroups K C Gg¢ x Tiy. On the other hand, we clearly have a
bijection
Stab(G, £) => Stab(G¢ x Tine, 0~ '(&) X Tin), H > H x {e} C G¢ x Tin.

We also note that

(O x Tk =u~ @i x Tine and  pe(K) = 72 (H)
for K = H x {e}. These last three sentences combine to imply the desired results. []
The following is our generalization of Theorem 11 to stratified symplectic spaces.

Theorem 16. If ¢ € g;"_reg, then there is a canonical isomorphism

M/]: G = Mqreg [/, 6) Tbig
of stratified symplectic spaces.

Proof. By Corollary 10 and Proposition 15, the inclusion pu~!(£) — A;,,l (Abig(§))
descends to a homeomorphism

f: 17" (&) = Ay Owig®))/ it
whose restriction to = !(£) g is a diffeomorphism
1w E i = Ay Oig @)oo/ Tine

for all H € Stab(G, §). We also note that the Tpg-action on k;,ll (Abig(§)) induces a
residual action of the subtorus Tgpa on k;dl (Abig(§))/ Tine. Proposition 8 then tells

us that
f(g-m) = 1¢(g) - f(m)

forall g € Ge and m € w=1(). The map f therefore descends to a homeomorphism
¢:M//:G = M reg //Abig(g)—l]—big,
whose restriction to (w1 (&) )/ G¢ is a diffeomorphism
or 1 (W E)n)/Ge > (i Coig(E))ee11)/ Toig

for all H € Stab(G, &).
Now consider the bijection

¢ : Stab(G, &) => Stab(Tpig, Avig(€)), H > 1¢(H)

from Proposition 15(i1). We claim that ¢ and ¢ define an isomorphism of strat-
ified symplectic spaces, in the sense of Definition 13. In light of the previous
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paragraph, it suffices to prove the following for all H € Stab(G, &): ¢y pulls the
symplectic form 8 on (A;,Il (Abig(§))z: (m))/ Toig back to the symplectic form « on
(1w E)m)/Ge.

Proposition 15(ii) implies that = '(&)y C )L;,Il (Abig(§)). This leads to the com-
mutative diagram

n N ———— A Cwig )i

l lo
(W' Em)/Ge —5 Oy CoigE)) )/ Toig

where
i E = (W E) ) /Ge
and
0 : Ay} ObigEN e (i) = (Mg CvigEN e a1/ Thig

are the canonical quotient maps and j: = ' (§)y — k;ll (Abig(§)) is the inclusion.
We also have inclusion maps k : u='(§) < M and 1 : )»;,,1 (Abig(§)) = M. Another
consideration is that « (resp. B) is the unique 2-form on (w1 n) /Ge (resp.
()L;,Il (Abig(§))ze (1)) / Thig) for which m*a = k*w (resp. 6% = I*w). It therefore
suffices to prove that 7*(¢7, 8) =k*w. On the other hand, our commutative diagram

implies that ke e
i (pB) =5 O p) =) Nw) =K . O
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We consider a tuple ® = (¢, ..., ¢,) of commuting maps on a finitary
matroid X. We show that if ® satisfies certain conditions, then for any
finite set A C X,therankof{qﬁ{‘ oo @):aceAandry 41y =t)
is eventually a polynomial in # (we also give a multivariate version of the
polynomial). This allows us to easily recover Khovanskii’s theorem on the
growth of sumsets, the existence of the classical Hilbert polynomial, and
the existence of the Kolchin polynomial. We also prove some new Kolchin
polynomial results for differential exponential fields and derivations on o-
minimal fields, as well as a new result on the growth of Betti numbers in
simplicial complexes.
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Introduction

Eventual polynomial growth is a common theme in combinatorics and commutative
algebra. The quintessential example is the Hilbert function, which measures the
K -linear dimension of the graded pieces M; of a finitely generated K[xy, ..., X;]-
module M = @, M,. This function is eventually equal to a polynomial in #, called
the Hilbert polynomial. Another example is due to Kolchin, who showed that
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given a partial differential field (F, d1, ..., &,,) of characteristic O and a tuple a in
a differential field extension of F, the transcendence degree

trdeg F(((S?1 . -S;Q’é)rwmwmst)

is eventually equal to a polynomial in # [14]. This polynomial, called the Kolchin
polynomial, is a foundational object in differential algebra. In the area of additive
combinatorics, Khovanskii showed that for finite subsets A and B of a commutative
semigroup, the size of the sumset A + ¢ B is eventually polynomial in ¢ [12].

In this paper, we show that the Hilbert polynomial, the Kolchin polynomial,
and Khovanskii’s polynomial admit a common generalization in terms of finitary
matroids. A matroid is a combinatorial structure that axiomatizes the notion of
independence. While most matroids studied are finite, it is useful for our purposes
to allow infinite matroids, while still requiring that any instance of dependence is
witnessed by a finite set. There are many equivalent ways to define a finitary matroid,
but for the purposes of this paper, we most frequently use closure operators (where
the closure of a set consists of all elements which are not independent from the set)
and ranks (where the rank of a finite set is the size of a maximal independent subset).

We consider how the rank of a finite set grows as one applies commuting operators
to the set. We show that, under certain assumptions on the operators, this rank is
eventually polynomial in the total number of times the operators are applied. In
the case of the Hilbert polynomial, the closure operator is the K -linear span in M,
the rank is the K-linear dimension, and the operators are scalar multiplication by
the elements x;. For the Kolchin polynomial, the closure operator is the algebraic
closure over F, the rank is the transcendence degree over F, and the operators
are 8y, ..., 8y, and the identity map. For Khovanskii’s polynomial, the underlying
matroid is the semigroup with trivial closure, so the rank coincides with cardinality,
and the operators are addition by elements of B.

We are also able to apply our result in several other settings. We recover a
result of Maclagan and Rincén on Hilbert polynomials for homogeneous tropical
ideals in the semiring of tropical polynomials [22], we prove that the Betti numbers
of a finite subcomplex of a simplicial complex K grow polynomially under an
action of N"* on /C by simplicial endomorphisms, and we establish an analog of the
Kolchin polynomial for difference-differential exponential fields and derivations
on o-minimal fields. This last application was the original motivation behind this
project, and we believe that our analog can serve the same role in the model theory
of o-minimal fields with derivations that the classical Kolchin polynomial serves in
the model theory of differential fields.

Khovanskii proved his result by constructing an appropriate graded module
and using the existence of the Hilbert polynomial. Kolchin’s result can also be
proven using the Hilbert polynomial, as was shown by Johnson [9]. Other known
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examples of eventual polynomial growth, such as Maclagan and Rincén’s result on
Hilbert polynomials for homogeneous tropical ideals [22], are also often proved
by reduction to the classical Hilbert polynomial. Nathanson and Ruzsa later gave
a more elementary proof of Khovanskii’s result [26] by reducing the problem to
showing that the number of elements in an upward-closed subset of N of a given
height ¢ is eventually polynomial in ¢ (where the height of (r1, ..., ry) € N is the
sum rq + - - - + rp,). This approach is more in line with Kolchin’s original proof of
the existence of the Kolchin polynomial [15, Chapter II, Theorem 6].

In some sense, the proof of our main result also reduces to counting the number
of elements in an upward-closed subset of N or, more precisely, to looking at
decreasing functions N” — N. However, the framework of finitary matroids —
a fundamentally novel aspect of our approach — allows our main theorem to be
quickly and readily applied. Many proofs of the existence of the classical Hilbert
polynomial make use of generating functions, exploiting the relationship between
rational generating functions and eventual polynomial growth through results like
Lemma 1.2 below. We also make use of this relationship in our proof. Key to our
approach is Proposition 1.3, which describes the generating function G y associated
to a decreasing function f: N — N. This result appears to be new.

While our proof is self-contained and fairly elementary, we show in Proposition 4.6
that once we isolate an appropriate decreasing function, our main theorem can
be established & la Khovanskii by constructing a graded module and using the
classical Hilbert polynomial. Consequently, we do not obtain any new numerical
polynomials in our setting; see Corollary 4.7.

Let us state our main results more precisely. Let (X, cf) be a finitary matroid
and let rk be the corresponding rank function; see Section 1B for definitions. Let
m e N>0 and let ® := (¢, ..., ¢,) be a finite tuple of commuting maps X — X.
The tuple @ is said to be a triangular system if

aecl(B) = ¢iacclpBU---Ug¢;B)

foralli e{l,...,m},allae X,andall BC X. Forr = (rq,...,rn) € N" we let
|Fl=r1+---+ry, and we let " : X — X be the composite map ¢" = ¢{' - - - ¢".

ForreNand A C X, put
®1(A):={¢'(a):a e Aand |F| =t}.
We prove the following:

Theorem. Suppose that ® is a triangular system, and let A, B C X with A finite.
Then there is a polynomial P € Q[Y] of degree at most m — 1 such that

k(@ (A) | (B)) = P(r)
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for all sufficiently large t € N.

The above theorem is a special case of a multivariate version, which can be
used to recover multivariate generalizations of the results considered above, such
as Nathanson’s generalization of Khovanskii’s sumset theorem [25] and Levin’s
multivariate generalizations of the Kolchin polynomial [20]. Fix

O=m; <my <--- <mp <My =m,

and set d; :=m;4; —m; fori € {1, ..., k}. For each i, we set
Qi = (Dmi+1, Pmit2, - -+ Pmi+d,)
and we call the tuple (®y, ..., k) a partition of ®. For atuple r = (r1, ..., ry) €
N we set
17Nl i= (Fopy g1+ -+ Tmgdys - o s Tt + -+ Ty 4a,) € NF,

and for s € N* and A € X, we put @9 (A) := {¢"(a) :a € A and ||F|| =5}.

Theorem A. Suppose that each ®; is a triangular system, and let A, B C X with
A finite. Then there is a polynomial Ple € Q[Yy, ..., Yil of degree at most d; — 1
in each variable Y; such that

k(@9 (4)|0% (B)) = P{ 4 (5)

fors =(s1,...,8) € N with min{sy, ..., st} sufficiently large.

We call the polynomial Pf‘l’l g in Theorem A the dimension polynomial of A over
B with respect to the partition (1, ..., ®y). To apply Theorem A to the case of
differential fields, we need to consider a slightly more general framework than a
triangular system. We say that the system ® = (¢1, ..., @) is quasi-triangular
if the augmented system (id, ¢1, ..., ¢y,) is triangular, where id: X — X is the
identity map. Let < denote the product order on Nk, and for 5§ € Nf and A C X,
put = (A) :={¢"(a) :a € A and ||F|| < 5}.

Corollary A. Suppose that each ®; is a quasi-triangular system, and let A, B C X
with A finite. Then there is a polynomial Q§|B e Q[Yy, ..., Y] of degree at most
d; in each variable Y; such that

rk(®=9(A)|®=F(B)) = 0% 5(5)

fors =(s1,...,8) € N with min{sy, ..., st} sufficiently large.

We call the polynomial Q‘IA)| 5 in Corollary A the cumulative dimension polynomial
of A over B with respect to the partition (91, ..., ;). Any triangular system is
quasi-triangular, so Corollary A applies in a strictly broader context than Theorem A.
Indeed, there are quasi-triangular systems for which the conclusion of Theorem A
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doesn’t hold; see Section 5B. As we will see, derivations on fields form a quasi-
triangular system with respect to the matroid of algebraic closure.

In addition to the dimension and cumulative dimension polynomials, we de-
fine closure operators ct® and céf on X, called the ®-closure and ®-closure,
respectively, with respect to the partition (®y, ..., ;) as follows:

a € cl®(B) .= tk(®® (a)|®®(B)) < |®¥| for some 5 € NF
a € cf®(B) <= k(=9 (a)|®=®(B)) < |®=®| for some 5 € NF.

Our second theorem relates these closure operators to the dimension and cumulative
dimension polynomials.

Theorem B. Let A, B C X with A finite. If each ®; is a triangular system, then
(X, ct®) is a finitary matroid. The rank function 1k® corresponding to this matroid
satisfies the identity

() (5)
k(AR = lim T AICT(B)

min(s)— 00 |CI>(§) |

We also have

k®(A|B -
(A[B) ya-1 . ka" Yt lower degree terms.

@ —
PAlB(Yl,...,Yk)—(dl_l)!...(dk—l)! !

Likewise, if each ®; is quasi-triangular, then (X, c£®*) is a finitary matroid with
rank function tk®* satisfying the identities

K(DZ® (A D= (B
KA =t EEO@DI=O®)

min(5)— oo |q>5(§)|
rk® (A|B
QdA)|B(Y1, Y= ﬁﬂd‘ ---ka" + lower degree terms.
e dy!

The ®,-closure can be thought of as an analog of differentially algebraic closure;
see [15, Chapter II, Section 8]. In fact, if each ¢; is a field derivation, then ®,-
closure is exactly the differentially algebraic closure, and the corresponding rank
tk®* is differential transcendence degree.

Outline. After some preliminaries in Section 1, we prove our main theorems in
Sections 2 and 3. In Section 4, we collect some classical consequences of Theorem A,
and in Section 5, we consider an application to simplicial complexes. Some ap-
plications of Corollary A for difference-differential fields (as well as difference-
differential exponential fields and differential o-minimal fields) are considered in
Section 6.
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1. Preliminaries

1A. Notation and conventions. Throughout, N denotes the set of natural numbers

{0,1,2,...}. Letd e N*9 and let 7 = (ry, ..., rg) and 5 = (51, . .., Sq) range over
N¢. We write min(7) to mean min{ry, ..., r4}. Let < denote the product order on
N9, so

r<s:&=r <s;foreachi=1,...,d,

and let <i.x denote the lexicographic order on N¢ with emphasis on the last coordi-
nate, so

F <lex § i< thereisi € {l,...,d} suchthatr; <s;andr; =s; fori < j <d.

Let (_)d be the tuple (0, ..., 0) consisting of d zeros, so (_)d is the minimal element
of N with respect to both of the orders < and <;x. Fori € {1,...,d}, let
¢iq:=(0,...,1,...,0) be the tuple which consists of a 1 in the ith spot and zeros
everywhere else.

We fix, for the remainder of this paper, numbers 0 < k <m € N, as well as a
partition
O=my <my<--- <My <Myy| =m.

We set d; :=mj11 —m; fori e {1,...,k}, and for a tuple r = (r(, ..., ry) € N,
we set

- k
7|l == (rml—H T+ Tmtdys s Tl +"'+rmk+dk) e N*.

1B. Finitary matroids, triangular systems, and quasi-triangular systems. Recall
that a finitary matroid consists of a set X, together with a map cf: P(X) — P(X)
which satisfies the following conditions:

(1) Reflexivity: A C cl(A).
(2) Monotonicity: if A € B € X, then cl(A) C cl(B).
(3) Idempotence: cl(cl(A)) =cl(A) for A C X.

(4) Finite character: if A C X and a € cl(A), then a € c£(Ag) for some finite
subset Ag C A.

(5) Steinitz exchange: Fora, b€ X and A C X, if a € c£(AU{b}) \ cf(A), then
becl(AU{a}).

More on finitary matroids can be found in [27], where they are called indepen-
dence spaces. Finitary matroids often appear in model theory, where they are called
pregeometries; see [28, Appendix C.1]. For the remainder of this paper, we fix
a finitary matroid (X, c£), a positive natural number m € N>°, and a finite tuple
= (¢, ..., ¢n) of commuting maps X — X. We will usually use a, b to denote
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elements of X and A, B to denote subsets of X. We will often abuse notation and
write things like “a € c€(ABb)” to mean “a € cL(AU B U {b}).”

For A C X, we let cf4 denote the following closure operator:
aecly(B) <= aecl(AB).

Then (X, c€y) is also a finitary matroid, called the relativization of (X, cl) at A.
We say that B is cf-independent over A if b & cl (B \ {b}) for all b € B. A
basis for B over A is a subset By € B which is cf-independent over A such that
B C cl4(By). Steinitz exchange ensures that any two bases for B over A have the
same cardinality, called the rank of B over A and denoted rk(B|A). We just write
rk(B) for rk(B|@), and we use rk4 for the rank corresponding to the relativization
(X,cly), sork(B|A) =r1ka(B).

Let © be the free commutative monoid on @, so © consists of all operators
¢ = ¢ - ¢ for F € N™. Note that ¢* is the identity map on X (and also
the identity element of ®) and that q‘)é’?m =¢;fori=1,...,m. For 0 € ©, we let
O0(A) :={fa:a € A}, and for ®y C O, we let

Oo(A) := | ().

0e®
Recall from the introduction that ® is a triangular system for (X, cf) if

a € cl(B) = ¢ia € cl(¢pB---¢;B)

forevery B C X and foreachi € {1, ..., m}. If ® is a triangular system for (X, cf)
and A C X is closed under each map ¢;, then one can easily verify that ® is a
triangular system for the relativization (X, c£4). The following lemma on triangular
systems will be used in the proof of the main theorem.

Lemma 1.1. ® is a triangular system if and only if for any A, B C X and for each
ie{l,...,m}, we have

tk(¢i (A)|$1(AB) - - i1 (AB)¢i (B)) < rk(A|B).

Proof. Suppose that @ is a triangular system. Let Ag be a cf-basis for A over B, so
A C cl(AgB). Since @ is a triangular system, we have

¢i(A) S cl(¢1(AgB) - - ¢i(AoB)) C cl(p1(AB) - - - ¢i—1(AB)¢i(AgB)).
This gives
tk(¢i (A)|#1(AB) - -- i1 (AB)¢i (B)) < i (Ao)| < |Ao| =rk(A|B).

For the converse, let a € c£(B). Then,

rk(¢i (a)|¢1(aB) - - pi—1(aB);(B)) < rk(a|B) =0.
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By inductionon i =1, ..., m, we conclude that ¢;a € cl(¢pB---¢p;—1Bp; B). [

For the remainder of the paper, we let (1, ..., ;) be the partition of ® given
in the introduction, so ®; := (@, +1, Pm; 425 - - - » Pm;+4;) foreach i. For s € N* and
A C X, we recall the sets

O (A):={¢"(@):ac A and |F| =5}, D ¥ (A):={¢"(a):acAand ||F]| <5}
Foreachi e {l,...,k}, let

(Ql)* = (ld’ ¢mi+1’ ¢m,‘+29 R ] ¢m,-+d,-)a

where id: X — X is the identity map. Then (@), (P2)s, . .., (Pi)«) is a partition
of the augmented system

d)* = (ld, ¢ml+1’ ey ¢m1+d1; ey ld, ¢Wlk+1’ ey ¢mk+dk)‘

Given 5 € N¥ and 7 € N” with ||7|| < 5, the map ¢" € &= acts the same way on X
as the map id* 1" ¢ € CIDf), so we may identify ®=®) and CIJSE). For each i, if ®; is
quasi-triangular, then (®;), is triangular, so many of our results on quasi-triangular
systems will follow from the corresponding result on triangular systems, applied
with @, in place of ®.

The main examples of (quasi)-triangular systems studied in this paper are tu-
ples of (quasi)-endomorphisms. Let /: X — X be a map. We say that ¢ is an
endomorphism of (X, cf) (also called a “strong map” in the matroid literature) if

a €cl(B) = Ya ecl(yB).
We say that ¥ is a quasi-endomorphism of (X, ct) if
aecl(B)=— Yaecl(ByB).

If @ is a (quasi)-triangular system, then ¢, is necessarily a (quasi)-endomorphism,
and if ¢y, ..., ¢, are (quasi)-endomorphisms, then ® is (quasi)-triangular. Quasi-
endomorphisms were first considered in [7, Section 3.1].

1C. Generating functions. Let Y = (Yy, ..., Y;) be a tuple of variables. Given
s =(s1,...,8) € N*, we write Y° for the monomial YIS] . Y,fk. A polynomial
P € Q[Y] is said to have degree at most 5 if P has degree at most s; in each variable
Y;, that is, if

P(Y) = a¥® + lower degree terms

for some a € Q.
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Let f: N* — N be a function. The generating function of f is the multivariate
power series
Gr(¥)=) fEY ez[Y].
seENkK
The following is well-known; we include here essentially the same proof given
in [11, Lemma 2.1].

Lemma 1.2. Suppose that G  is a rational function with numerator R(Y)eQ[Y]of
degree at most m and denominator (1 — YD - (1=Y)%. Then there is P € Q[Y]
of degree at most (dy — 1, ..., dy — 1) such that f(5) = P(5) whenever s > m. This
polynomial P has the form

RO D) gty

P(Y) = @Dl @D h « T lower degree terms.
Proof. Write R(Y) = D i< a;Y", so
_ R(Y) a;Y’
Gr(Y)= = Z

(I=YDh-- (1 =Ydk — = A=Y (1 =Yk

F<m
For each r, a simple computation gives

a; ¥’ Sl—r1+d1—1> (Sk—rk+dk—1)--,
= = ys
(1_Y1)d1...(1_Yk)dk Za’< di—1 dr—1

§>r
Comparing coefficients, we get for each s > m that
-~ ) s1—ri+d;—1 Sp—ri+di—1
f(s)__Z“r< di—1 ) ( d—1 )
r=<m
Putting P(Y) := . a-(Yl*r‘J“d‘*l) e (Yk*r”d"*l), we have f(5) = P(5) for

R r=m 41 di—1 di—1
s > m. Note that

Dz O yh=1. . yd-l
d— D! (de— D! g
_ R(,..., 1) pei-T .
(di— D! (de =D !
The function f is said to be decreasing if f(r) < f(s5) whenever r > 5. Suppose
that f is decreasing. For n € N, set

Su(f) :i={5eNF: £(5) <n},

so each S, (f) is a <-upward closed subset of N and S, (f) = N* for n > f((_)k).
Let M, (f) be the set of <-minimal elements of S, (f), so each M, (f) is finite by

P(Y) =

+ lower degree terms

.. Y,f"_l + lower degree terms. ([
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Dickson’s lemma. Set M (f) := U,y Ma(f), and let m(f) be the <-least upper
bound of M (f) (notice that the set M (f) is finite).

Proposition 1.3. If f is decreasing, then G y is a rational function with numerator
of degree at most m( f) and denominator (1 — Y1) --- (1 = Yy).

Proof. Suppose that f is decreasing, set H := (1 —Y;)--- (1 — Y;)G, and let
m(f) = (my,...,m;). We need to show for each i € {1,...,k} and each s =
(s1,...,s;) € NK that if s; > m;, then the coefficient of Y¥ in H is zero. By
symmetry, it suffices to consider the case i = k. Take power series Hy, H;, Hz, . ..
in the variables (Y7, ..., Yx_1) such that

H=Hy+HY,+HY+- .

We fix t > my, and we will show that H; = 0. Distributing (1 — Y) through the
series G, we see that

H Yy, ..., )=>0=Y)- - (1=Y1) Z (fED=fFE =1)Y - Y,

reNk-1

so it suffices to show that f(r,t) = f(r,t — 1) foreach r € NA=1. Let 7 be given
andletn = f(r, t). Take s € M, (f) with s < (7, t). Since s, < my <, we see that
(r,t—1)>5aswell,so f(r,t —1) <n. Since f is decreasing, we conclude that

f,t=1)=n=f(r,1). ]

Remark 1.4. We have another proof of Proposition 1.3, using that the partial order
on decreasing functions N — N given by f < g :<=> f(5) < g(5) for all 5 € N is
well-founded. The proof is as follows: let f: N¥ — N be decreasing and assume that
Proposition 1.3 holds for all decreasing functions N — N less than f, as well as
all decreasing functions N¥~! — N (both base cases hold trivially). Let g: Nf — N
be the function (7, t) — f(r,t+1),s0g < f,and let h: NA=1 — N be the function
r +— f(r,0). First, consider the case that g = f. Then f(r,t) = f(r,0) = h(r)
for all 7 € N*~! and all # € N and so m(f) = (i (h), 0). We have

Gr(Ny=) > fG 07"

teN FeNk-1

==Y Y Y Y =

FeNk-I

Gy(Y1, ..., Y1)
(I—-Yy)

’

so Proposition 1.3 holds for f by our induction hypothesis. Now, consider the
case that g < f. In this case, m(f) is the <-least upper bound of (m(h), 0) and
m(g) + éx.x. We have
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Gf(Y)Z Z f(f,O)Y(f’O)-i-Z Z f(f’t_i_l)f(f,t-‘rl)

FeNk-1 teN FeNk-1

=Gp(Y1, ..., Y1) + Vi Gg(Y),

and we again conclude that Proposition 1.3 holds for f by our induction hypothesis.

2. The dimension and cumulative polynomials

In this section, we prove Theorem A and Corollary A. For the remainder of this
section, let A, B C X with A finite.

2A. The dimension polynomial. In this subsection, we prove Theorem A, and we
sketch a slight generalization in Remark 2.2. We assume for the remainder of the
subsection that each part of the partition ®; is a triangular system. For & € N, set

O == {¢" : IF| = lli]l and F <iex t},  f4] (@) := k(9" (A)| Oz (A) 21"V (B)).

Then f,; is bounded above by |A|, and )" _s 4 5(@) = k() (4)| D) (B))
for each 5 € N*.

Lemma 2.1. The function f fl p is decreasing.
Proof. Let i/ > i be given. We may assume that
i'=u + émi+d,m

for somei €{l,...,k} andsome d € {1, ...,d;}. Since ®; = (¢m;+1, - - - » Pm;+d;)
is a triangular system, Lemma 1.1 tells us that

tk (G, 440" (A [{ G118 (A) 10 < j <d}U{gm,+;(@z(A) @IV (B)):0< j <a})

is at most fgb‘B(ﬁ). For j e {l,...,d — 1}, we have ||én,+jml = llém;+a,m|l and

ém,-—',—j,m <lex ém,-—i—d,m, SO
”ém,‘-i-j,m + I’_‘” = ||émi+d,m + I’_‘” = ”l’_t/”’ ém,-—',—j,m +u <lex ém,-—',—d,m +u= '

It follows that ¢y, +;¢" € O for j € {1,...,d — 1}. Likewise, for ¢" € ©; and
jef{l,...,d}, we have

”ém,--i-j,m +’7” = ”ém,--i-j,m + ’/_l” = ”’/_l,”’ ém,-—',—j,m +r <lex ém,-—',—j,m +u <lex l’_t/a

SO ¢+ Oz C O Finally, we have ¢, 1 ; (dIED) € pUlitem +jml) — U for
jel{l,...,d},so fle(ﬁ’) is at most

1K (G, +a®" (A) | {1 79" (A) 10 < j <d}U{hm,1;(©a(A) D"V (B)):0 < j <a}).
Thus fj’lB(ﬁ’) < f/gl’lB(ﬁ), as desired. O
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Proof of Theorem A. We let Gf"l g denote the generating function of the function
5> tk(P®(A)|®®)(B)). We have

Ghp() =) k(@9 (4)|0®(B))Y*

seNk
=D > fs@Y =) fis@y.
seNk |lul|l=s ueNm

The rightmost sum above is just the generating function of ff‘l’l g With Y7 substituted
for the first d; variables, Y, substituted for the next d»> variables, and so on. By
Proposition 1.3 and Lemma 2.1, we have that Gf"l g 1s a rational function with
numerator of degree at most ||n_1(ff|B) | and denominator (1 — ¥;)% - - (1 — Yp)%.
By Lemma 1.2, we conclude that there is a polynomial P;\DI B(f ) € Q[Y] of degree
at most (d; — 1, ..., d; — 1) such that

k(@@ (4)|09(B)) = PJ, ()

for 5 € N* with § > ||n‘a(f§’|3)||. O

Remark 2.2. Let ¥ = (v, ..., ¥,) be another tuple of commuting maps X — X,
and let (Wy, ..., W) be a partition of W. Suppose that for each i € {1, ..., k},
the tuple ®; is a subtuple of W;. One can prove the following generalization of
Theorem A:

There is a polynomial P € Q[Y] of degree at most d; — 1 in each variable Y; such
that ) )
tk(@C (D)W (B)) = P()

for § € NF with min(5) sufficiently large.

Note that no assumptions beyond commutativity are imposed on the maps in W; \ ®;.
All that is required is that each tuple ®; is triangular. To prove this generalization,
replace the function f;‘bl  in the above proof with a function ff"B\y, where

farg (i) := k(¢ (4)|©z(A)wI“D (B))

for u € N, With the obvious changes, the proof of Lemma 2.1 shows that ffl’; is
decreasing.

2B. The cumulative dimension polynomial. Now we turn to Corollary A. We will
also investigate the dominant terms of the cumulative dimension polynomial. We
assume for the remainder of the subsection that each part of the partition ®; is a
quasi-triangular system.

Proof of Corollary A. Recall the augmented system @, = ((® 1)+, (P2)s, - - ., (Pi)s).
where (®;) = (d, Gm;+1, Pm;+2, - . - » $m;+a;) foreach i € {1, ..., k}. Applying
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Theorem A with @, in place of ®, we get a polynomial P;‘D";;(Y) € Q[Y] of degree
at most d; in each variable Y; such that

rk(0=©(4)|0=D(B)) = rtk(® (4)| ) (B)) = Py (5)

for § € N¥ with min(5) sufficiently large. Take Qfl B = P/?Ij-’?‘ ]

Now we turn to the dominant terms. Given a polynomial

Q)= a:;¥Y* eqQlY],
eeNk
the support of Q is the set supp(Q) := {e : az # 0} € NF. We extend the partial order
< on NF to all of Rk, soforx,y € R*, we have x <y<<=x; <y fori=1,... k.
We set
M(Q) = {)7 eR¥:y <& forsome é € supp(Q)}.

That is, M(Q) is the Minkowski sum of the orthant (—oo, 0]F and the Newton
polytope of Q (the convex hull of the support of Q). We define the dominant terms
of Q to be the terms a; Y? such that d is a vertex of M(Q).

As explained in [8, Section 3], the dominant terms of Q can be recovered using
limits: the term a;Y 4 is a dominant term of Q if and only if

W w2
2-1) lim o

1—00 aJt

o, 1K)

‘W

1.

1Y

for some positive vector w € R¥ with positive Q-linearly independent entries. Indeed,
for such a vector w, the map & — é-w: N* — R is injective, and equation (2-1)
can be readily verified for de supp(Q) with d-w=max{e-w:ée supp(Q)}. It
remains to note that d € supp(Q) is a vertex of M(Q) if and only if the sector

{we@®H*:(@d—é) w>0forall ¢ € supp(Q) \ {d}}

is nonempty. The vectors w in this sector are exactly those vectors for which (2-1)
holds.

In the case that B = ©(B), the dominant terms of Qg’l 5 only depend on
cl(®(A)B):

Proposition 2.3. Ler A, A’ be finite subsets of X, let B C X with ©(B) = B, and
suppose that cL(©(A)B) = cl(®(A")B). Then Qg’lB and Q;I;/lB have the same
dominant terms.

Proof. Take sy with

A Ccl(d=CV(A)B), A Ccl(®=0(A)B).
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Since each ®; is quasi-triangular, a routine induction on |§| = s1 + - - - 4 s gives
=D (A) C cl (@D (AVB), DD (A)  cl(@=) (A B),
for all 5 € N*. It follows that
tk(®=(A)|B) < tk(@=*V(A)[B).  tk(®=(A4)|B) < rk(= (4| B)
for each 5. Taking min(s) to be sufficiently large, we get
0% 5®) < 0%pGo+5). Q@) < 0% zGo+3).

The proposition follows, using that the limits (2-1) agree for Q?;I g and Qf,‘ gz U

3. The ®-closure and ®,-closure operators

As in the previous section, we fix subsets A, B € X with A finite. Recall that the
®-closure operator is given by

a € cl®(B) = k(®®(a)| P (B)) < |9¥| for some 5 € NF.
The ®..-closure operator is defined identically, but with @, in place of @, so
a € ct®(B) <= k(39 (0)|®=9(B)) < |®=P| for some 5 € N*.

In this section, we prove Theorem B. We also examine whether the rank associated
to these operators depends on our choice of partition, and we discuss an extension of
the ®,.-closure operator to more general monoid actions by matroid endomorphisms.
In order to prove Theorem B, we need the following lemma.

Lemma 3.1. Suppose that each ®; is a triangular system. Then for a € X, we have

k(@9 (a)|[ P (B)) {o ifa €ct®(B),
min(s)— 0o | D@ |1 ifa &ct®(B).

Proof. If a & c£®(B), then rk(®® (a)|®® (B)) = |®P| for all 5 € N, so

. k(®¥) (a)| D) (B))
lim - =1
min(s)— 0o |d)(3)|

Suppose a belongs to c®(B), as witnessed by 5o € N¥. Then we have

> fahp@) =1k(@) (@)@ (B)) < |&].

llall=5o

It follows that faq"B (9) = 0 for some ug € N with | ug|| = so. By Lemma 2.1, we
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have faqu (1) = 0 whenever i > itg. Let § € NF with 5 > 50. Then

k(@ @V B) = Y fup@ = Y fulp) <[@F] 9],

lu]|=s IIy\LU?s
uytug
: | DE—50) o
Since 0] approaches 1 as min(s) grows, we have
k(@ (a)|®®) (B
lim  MOT@ICTB) 0
min(§5)— 00 | DS

Proof of Theorem B. Let us first assume that each ®; is a triangular system. We
need to show that (X, c£®) is a finitary matroid. Monotonicity and finite character
are both clear. For idempotence, let a € cl®(ce®(B)) and, using finite character,
take elements by, ..., b, € c£®(B) witha € ct®(by, ..., b,). We have

k(% (a)| @ (B)) < tk(®W)(a)| @ (by, ..., by)) + k(@ (by, ..., b,)| D (B))

< k(@9 (@) | 0P by, ..., b)) + Y k(@9 ()| 29 (B)).
i=1

It follows that
k(@) (a)| 0¥ (B))

min(s)— 0o | ) |

- k(@O (@) @D by, ..., by)) + i k(P (b)) |9 (B))
~ min(F)— o0 |CD(E)| .

We conclude by Lemma 3.1 that a € c£®(B). Finally, for exchange, suppose that
a € ct®(Bb) \cﬁd’(B). Since c£? has finite character, we may assume that B is
finite. Idempotence tells us that b ¢ cl®(B), so

k(P (a)|@ (B)) = |2 = tk(®¥ (b) | (B))
for all 5. It follows that
tk(@® (5)| D) (Ba)) = rk(®® (Bab)) — rk(®®) (Ba))
=rk(®®) (Bab)) — tk(®® (a)|®*)(B)) — rk(®® (B))
= tk(®®) (Bab)) — tk(®® (b)| 9 (B)) — rk(®®) (B))
=rk(® (a)|®® (Bb)).
Since a € c®(Bb), we see that b € c£®(Ba).

Now we turn to the properties of the rank function rk?® associated to the matroid
(X, ct?®). Let us show that

rk(®®(4)| 2 (B))

_ =r1k®(A|B).
min(El)’ILoo |CI)(S)| k™ (AlB)

(3-D
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We prove this by induction on |A|, with the case A = & holding trivially. Suppose
that this holds for a given A, and let a € X \ A. We have

k(P (Aa)| ) (B))
min(5)— 0o |(D(§) |

. k(P9 (A4)| @ (B)) 4 k(P (a)| D) (AB))
= 1m =
min(s)— 0o |CI)(S)|

=1k®(A|B) + 1k®(a|AB) = 1k®(Aa|B),

where the second equality follows from the induction hypothesis and Lemma 3.1.
Finally, we will show that

rk®(A|B) yh-1. . yd-1
(di— D (de =D k

As min(s) grows, we have

Pf‘ 5( Y)= + lower degree terms.

di—-1 di—1

_ _ — - S N _ —
Pip®) =@V ®B), 100 = ool s,

so the leading coefficient of P/?I 5 1s equal to the limit

. Pi5(3) . k(09 (4)| 09 (B))
lim _— = 1m =
min()—> 00 sih—l .. s]fk—l min(s)—>o0 (d] — 1)+ -« (dx — 1)!| PO
k®(A|B)

T =D di= D

where the last equality follows from (3-1).
The second part of Theorem B, involving quasi-triangular systems and the ®.,-
closure, follows from the first part with @, in place of ®. (]

Remark 3.2. By Theorem B and Lemma 1.2, the ®-rank rk¢(A|B) coincides with
the numerator of G?jl B(Y), evaluated at the tuple (1, ..., 1).

3A. Dependence on our choice of partition. The ®-closure operator is dependent
on our partition (®q, ..., ®y), as the following example illustrates:

Example 3.3. Let (X, cf) be the set Z with the trivial closure operator, so the rank
of any subset of Z is its cardinality. Let a € Z, let ¢; be the map x — x + 1,
let ¢» = ¢1, and let ® = (¢py, ¢). First, suppose & is partitioned trivially (so
k = 1). Then ®V(a) = {a + ¢t} for any t € N, so tk(®"(a)) = 1 < |®?| for
t > 0 and rk® (a) = 0. Now, suppose ® is given the partition ($, ;), where
®; = (¢1) and P, = (¢). Then O (a) = {a + 51 + 52} for 51,5 € N, so
k(P61 (@) = 1 = @615 | and 1k®(a) = 1.
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On the other hand, the ®.-closure operator is more robust, as it does not depend
on our partition:

Proposition 3.4. For a € X, we have a € ct®(B) if and only if (Ba)gce is not
cl-independent over ®(B).

Proof. Clearly, if a € c®+(B), then (6a)gece is not cf-independent over @ (B).
Suppose that (fa)gce is not cl-independent over ®(B), and take a finite subset
®g C O with tk(®g(a)|®(B)) < |®g|. Since cf has finite character, we can take
5 € NF with ©¢ € ®=® such that k(@ (a)| =) (B)) < |O¢|. Set O := D3O\ O,
SO

k(=9 (@) | 0= (B)) < rk(Op(a)| =T (B)) + k(O (a)| =) (B))
<10 + 10| = |d=W].
We conclude that a € c£®+(B). O

Corollary 3.5. Suppose that each ®; is a quasi-triangular system. Then rk®*(A|B)
is the maximal size of a subset Ay C cl(©(AB)) such that (0a)pco . aca, IS cl-
independent over ©(B).

Proof. Proposition 3.4 tells us that tk®* (A|B) is the maximal size of a subset Ao C A
such that (fa)geo qea, is cl-independent over ®(B). Let A’ be a finite subset of
cl(®(AB)) such that (Ba)geo qea’ 1S cl-independent over ®(B). We will show
that |A’| <rk®*(A|B). Again using Proposition 3.4, we may assume that B = O (B).
Arguing as in Proposition 2.3, we find 5y € N¥ such that ij,l (=< Qg’l 5 (So+3) for
all s with min(s) sufficiently large. Then k% (A’ |B) < rk® (A|B) by Theorem B,
and it remains to note that |A’| = rk®*(A’|B). (|

3B. Monoid actions by endomorphisms. Suppose that each ¢; is an endomorphism,
that is, suppose
a € cl(B) = ¢;ja € cl(¢;B)

for each i. Then ¢ is an endomorphism for each ¥ € N, so (7, a) — " (a) gives
us a monoid action N ~ (X, ¢f) by endomorphisms. In this case, each ®; is a
triangular system, so (X, c£%*) is also a finitary matroid and

=)
k®= (A)= lim M

min(s)— 00 |CI>5(E)|
by Theorem B. Thus, we can view tk®*(A) as an average of rk(A) over the action
N~ (X, cb), the averaging being with respect to the net ({F € N : ||F|| < §}).
of subsets of N,

While our result on polynomial growth seems limited to the context of N acting
on (X, cf), one can make sense of this “averaging” for the right action of any
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cancellative left-amenable monoid, using the main theorem from [4]. Let M be
a cancellative left-amenable semigroup and let «: X x M — X be a right action
(X, c€) "M by endomorphisms. Given finite subsets A € X and S € M, we put
ra(8) :=rk(x(A, S)), where (A, S) = U(a,s)eAxS a(a, s). It is routine to check
that 74, as a map from finite subsets of M to N, satisfies the three conditions in the
statement of [4, Theorem 1.1]; for the second condition, one needs to use that s is a
matroid endomorphism and that our action is on the right. It follows that there is a
number k™ (A), depending only on M and A, such that

tk(a(A, F))) — lim ra(Fy)

m =rkM(A)
i | Fil i |F

for any left-Fglner net (F;);c; of M (such nets always exist). Then kM (A) serves
as this “averaged” rank.

4. Applications I: Some classical results

In this section, we give a handful of applications in the case that each ¢; is an
endomorphism of (X, cf).

4A. Polynomial growth of sumsets. Let G be a commutative semigroup. In [12],
Khovanskii showed that for finite subsets A, B C G, the size of the sumset A + ¢ B
is given by a polynomial in ¢ for ¢ sufficiently large (here, A 4t B is the set of all
elements a + by + - - - + b;, where a € A and each b; € B). Moreover, the degree
of this polynomial is less than the size of B. Using Theorem A, we can recover a
generalization of Khovanskii’s theorem, originally proven by Nathanson [25].

Corollary 4.1 (Nathanson). Let A, By, ..., By be finite subsets of G. Then there is
a polynomial P € Q[Y] such that

|[A+s51B1+ -+ s Bx| = P(5)

whenever min(s) is sufficiently large. Moreover, the degree of P in each variable
Y; is less than | B;|.

Proof. Let (X, cf) be the underlying set of the semigroup G with the trivial closure
operator, so the rank of any subset of G is its cardinality. Let by, ..., b, be an
enumeration of By, let by, 41, ..., by, be an enumeration of B,, and so on. For
eachi € {1,...,m}, let ¢;: G — G be the map x — x + b;, so each ¢; is an
endomorphism. Then

DO (A)=A+s51B1+ -+ 5By

for each 5 = (s, ..., sx) € N, and it remains to invoke Theorem A. O
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The set B in Theorem A makes no appearance in the argument above. This
suggests a slight improvement:

Corollary 4.2. Let A, By, ..., By be finite subsets of G and let B be an arbitrary
subset of G. Then there is a polynomial P € Q[Y] such that

[((A+s1Bi+---+skBi) \ (B+s1B1+ -+ s Bo)| = P(5)
whenever min(s) is sufficiently large.

4B. Counting elements in an ideal. In this next application, we make use of the
fact that if ¢ is an endomorphism of (X, cf) and ¢ (C) C C for some C C X, then
¢ is also an endomorphism of (X, cl¢).

Corollary 4.3. Let I be an ideal of N, that is, a <-downward closed subset of
N™. For each 5 € N¥, let H;(5) be the number of elements i € I with ||F|| = 5. Then
there is a polynomial P € Q[Y] such that

H(s) = P(5)
whenever min(s) is sufficiently large.

Proof. Let C:=N"\1, let (X, cf) be the set N"* with the trivial closure operator, and
let (X, cfc¢) be the relativization of (X, cf) at C. Thenrkc(Y) =Y \C|=|Y NI]|
for any subset Y € N”. For each i € {1, ..., m}, let ¢;: N — N" be the map
F > 74 €éim, SO

ke (@D (0,)) = [{F e N" ¢ ||F|| =5} N 1| = H;(5).

Since I is <-downward closed, we have ¢;(C) C C foreachi € {1, ..., m}. Thus,
1, ..., ¢ are commuting endomorphisms of (X, cf¢), and the corollary follows
from Theorem A. O

The following variant of Corollary 4.3 was established by Kondratieva, Levin,
Mikhalev, and Pankratiev [16], with the k = 1 case first proven by Kolchin [15,
Chapter 0, Lemma 16]. This variant can be deduced in the same way as Corollary 4.3;
just use Corollary A in place of Theorem A:

Corollary 4.4 [16, Theorem 2.2.5]. Let I be an ideal of N, and for each 5§ € N¥,
let H[ (5) be the number of elements i € I with ||| < 5. Then there is a polynomial
Q € Q[Y] such that

H[(5) = Q(5)

whenever min(s) is sufficiently large.
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4C. The Hilbert polynomial. Let K be a field and let R := K|[x1, ..., Xx;;], where
X1, ..., Xy are indeterminates. Using our partition (®q, ..., D), we associate to R
an N¥-grading R = ;i Rs as follows: the graded part Rj is the K -vector space
generated by monomials xf‘ o xpm with ||7]] =5. Let M = Dz« M; be a finitely
generated graded R-module. Then each graded piece Mj5 is a finite-dimensional
K -vector space. The Hilbert function of M, denoted Hy : Z¥ — N, is given by
Hy;(5) := dimg (M5). The following result is classical:

Corollary 4.5. There is a polynomial P € Q[Y] such that
Hy (s) = P(s)
whenever min(s) is sufficiently large.

Proof. Let (X, cf) be the underlying set of our R-module M with the K-linear
closure operator (that is, the closure of any subset of M is its K-linear span).
For each i € {1,...,m}, let ¢;: M — M be the map a — x; - a. Since M is
finitely generated, we can find an index 5o and a finite set A C Mj, such that the
R-submodule €P., . Mj; is generated by A. By re-indexing, we may assume that
50 = O¢. Then for each § € N¥, the graded part M5 is generated as a K -vector space
by ®®)(A), so

§>50

dimg (M;) = tk(M;) = tk(®® (A)).
The corollary follows from Theorem A. (]

While we deduce Corollary 4.5 from Theorem A, one can also deduce Theorem A
from Corollary 4.5 using the decreasing function ff‘ p that we constructed and
exploited in Section 2A:

Proposition 4.6. Let A, B, and ® = (®4, ..., ®) be as in Theorem A. There
is a finitely generated graded R-module M = @;_\x Ms such that dimg M; =
k(P (A)|[ DS (B)) for all 5 € NK,

Proof. Let f;\pl 5. N — N be as in the proof of Theorem A, so f;ﬁ p 1s decreasing
and bounded above by |A|. Foreachn > 1, we put I,, = {u e N : fle(zZ) >n}, so
I, is an ideal of N, as defined in Corollary 4.3, and I, = & whenever n > |A|. Let
X» be the indicator function of 1,,, so ffl 5= X1+ X2+ and for § € N¥, we have

k(@A) B) = Y fRs@ =) > xa(@.
lall=5 n=1 || =5
For each n > 1, let M, :== R/(X" :ii € I,,), so M, = D e (M,)5 is a graded

R-module with

dimg (My)s = {u € I« |Jull =5} = Z Xn(it).

lall=s
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Let M :=&p,., M,. Then

n>1

dimg M; = Z dimg (M,); = rk(®® (4)|®® (B)). O

n>1

Much work has been done on characterizing exactly which numerical polynomials
arise as Hilbert polynomials of finitely generated graded R-modules; see [11] for
our present multivariate setting. It follows from the above proposition that we don’t
obtain any new dimension polynomials in our framework:

Corollary 4.7. The dimension polynomials we obtain in Theorem A are exactly the
Hilbert polynomials of finitely generated graded R-modules, as in Corollary 4.5.

4D. Tropical ideals. Let R be the tropical semiring R U {oo} with operations
a®b:=min(a,b) and a ©b = a + b. Let R[] = R[xy, ..., x,] consist of the
tropical polynomials f(X) = @; f; ©%". Then R[x] is a tropical semiring in its
own right, where & and © are extended to R[x] in the natural way. We associate to
each tropical polynomial f the subset of monomials supp(f) := {X" : f # oo}.

An ideal is a subset I € R[x] which is closed under sums and multiplication by
elements of R[x]. Following Maclagan and Rincén [22], we say that an ideal [ is
tropical if it satisfies the ‘monomial elimination axiom’: for any f, g € I and any
r € N for which f; = g7 # o0, there is h € I such that h; = oco and h; > f; D gi
for all u € N™, with equality whenever f; # g;. Using our partition (®, ..., ®),
we associate to R[X] an N¥-grading, where the graded part R[x]; consists of all
homogeneous tropical polynomials of degree s. We call an ideal I homogeneous if
it is homogeneous with respect to this grading.

Let I be a homogeneous tropical ideal. For s € NK, let I; = I NR[x];. Let
Mon; := {x” : ||7|| = 5} be the set of monomials of degree §, and define the closure
operator cf;: P(Mong) — P(Monjg) as follows: for A € Mong, let c£;(A) consist
all elements of A along with all X" € Mon; such that AgU {x”} = supp(f) for some
Ap € A and some f € [;.

Lemma 4.8. (Mong, cf;) is a finite matroid.

Proof. Monotonicity is clear. For idempotence, let %" € cli(cli(A)), and take
f € I; with supp(f) = BU {x"} for some B C cl;(A). We may assume that
|B \ A| is minimal, and we want to show that |B \ A| = 0. Suppose that this is
not the case, let ¥ € B\ A, and take g € I; with supp(g) = A U {x*} for some
Ao C A. By multiplying g with an appropriate element of R, we may arrange that
gi = fa- By the monomial elimination axiom, there is 4 € I5 such that supp(h) =
B*U{x"} for some B* C (BUAy)\ {x"}. But then |B*\ A| < | B\ A|, contradicting
our choice of B. Finally, for exchange, let X", x* € Mon; and A C Mon; with
X e cl;({x"} U A) \ cl;(A). Take f e I; with supp(f) = B U {x"} for some
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B C {x*}UA. If B C A, then we would have X" € cf;(A), so B must contain x*.
Then i“ € cf;({x"} U A), as witnessed by f. U

Corollary 4.9. Let I be a homogeneous tropical ideal. There is a polynomial
P € Q[Y] such that
rk;(Mong) = P(5)

whenever min(s) is sufficiently large, where 1k is the rank associated to clj.

Proof. Let Mon := {x" : 7 € N} be the collection of all monomials. We extend the
closure operators on the sets Mon; to a closure operator c€; on Mon as follows:

%" ecli(A) = " e cl;(ANMonz).

Then (Mon, cf;) is the disjoint union of the finite matroids (Mong, c{;), so one
easily verifies that (Mon, cf;) is a finitary (infinite) matroid. It is also routine to
check that the map X" — x; © ¥” is an endomorphism of (Mon, cf;). Note that

rk[ (M0n§) = rk[ (q)(;) ()E(_)m )),
so the corollary follows from Theorem A. 0

Remark 4.10. Maclagan and Rincén [22] established Corollary 4.9 in the case
k = 1. In their definition of a tropical ideal, the underlying matroid is defined in
terms of circuits (minimal dependent sets). The circuits are exactly the minimal
nonempty elements of the set {supp(f) : f € [}, ordered by inclusion. In fact,
Maclagan and Rincén equip the underlying sets Mon; with the richer structure
of a valuated matroid (though the Hilbert polynomial is defined in terms of the
underlying classical matroid).

5. Applications II: Simplicial complexes and Betti numbers

Let K be a simplicial complex. In this section, we consider commuting simplicial
endomorphisms ¢, ..., ¢, of K. We will use Theorem A to show that for a finite
subcomplex A C K, the Betti numbers b, (&) (A)) are all eventually polynomial
ins.

Let (C,, d,) be the chain complex associated to K, so C, is the free abelian
group generated by the n-simplices in K and d,: C,, — C,,_1 is the boundary map.
For each n, we define two ranks on C,, as follows: given a finite subset B C C,,, we
let rk,, (B) be the rank of the group generated by B, and we let rkZ (B) be the rank
of the image of this group under 9,,. Note that rkg is always zero.

Given a finite subcomplex A of K, we have an associated chain subcomplex
(Co(A), 0s) € (C,, 0s). We write 1k, (A) and rkfl (A) in place of rk,(C,(A)) and
rki(Cn(A)). Then 1k, (A) — rkg (A) is the rank of the kernel of 0,,: C,(A) —
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C,_1(A), and rk2+1(A) is the rank of the image of 9,,4+1: Cp4+1(A) — C,(A). It
follows that the n-th Betti number of A — that is, the rank of the n-th simplicial
homology group H,(A) —is exactly rk, (A) — rkz (A) — rkz 41 (A). Itis routine to
verify the following:

Lemma 5.1. For each n, the functions rk, and rkz both are rank functions of finitary
matroids on C,. That is, if we define the closure operators ct,, and 062 on Cy, by
putting

a € cly(B) ;<= 1k, (By U {a}) = rk,(By) for some finite By C B
a € ct(B) :<= 1k?(By U {a}) = 1k’ (By) for some finite By C B,

then (Cy,,ct,) is a finitary matroid with corresponding rank function rk,, and
likewise for (C,, Cﬂg).

Let V(K) denote the vertex set of K (that is, the set of zero-dimensional sim-
plices). A simplicial endomorphism of K is a map f: V(K) — V(K) that maps
every simplex in K to a (possibly lower-dimensional) simplex in IC. Explicitly,
if o € K is an n-simplex with vertex set {vg, ..., v,} € V(K), then we require
that { f (vo), ..., f(v,)} be the vertex set of a simplex in X', which we denote
f(o). If A is a subcomplex of I, then f(A) :={f(0):0 € A} is also a subcom-
plex of K. Any simplicial endomorphism of X induces a chain endomorphism
fo: (C,, 3s) — (C,, 0,). Thus:

Lemma 5.2. Let f be a simplicial endomorphism of IC, and let fq: (C,, 0s) —
(C,, 0,) be the chain endomorphism induced by f. Then f, is an endomorphism of
the finitary matroids (C,, ct,) and (C,, cE,al)for each n.

We can now state our result on the growth of Betti numbers:

Corollary 5.3. Let A be a finite subcomplex of K and suppose that each ¢; is a
simplicial endomorphism of K. Then for each n, the n-th Betti number b, (®® (A))
is eventually polynomial in s.

Proof. For a fixed n, we have b,(®®(A)) = 1k, (d®(4)) — 1k? (@®(A)) —
rkZ 41 (@) (A)). These three ranks are eventually polynomial in § by Theorem A,
50 b, (O (A)) is as well. O

5A. Topological dynamical systems. Let B be a topological space, let ¢y, ..., dm
be commuting continuous maps B — B, and let A be a compact subspace of B.
We say that the topological dynamical system (B, A; @1, ..., ¢n) is triangulable
if there is a simplicial complex K with underlying space ||, a finite subcomplex
Ko C K, simplicial maps fi, ..., fn: K — K, and a homeomorphism t: || — B
such that 7(|Ky|) = A and such that T o f; = ¢; o7 foreachi. If (B, A; ¢1, ..., dm)
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is triangulable, then n-th Betti number b, (®*)(A)) is eventually polynomial in §
by Corollary 5.3.

This leads to the question: if (B, A; ¢y, ..., ¢n) is a nontriangulable topological
dynamical system, can the Betti numbers b, (®®)(A)) fail to grow eventually
polynomially? The following example shows that even for relatively nice topological
dynamical systems, this can fail. Let A C R2 be the circle of radius ~/2 /2, centered at
the point (0, 1). Take « € (0, 7/2) such that /7 is irrational, and let ¢ : R> — R?
be counterclockwise rotation by « about the origin. We consider the (clearly
nontriangulable) system ([R{Z, A;id, ¢), pictured below, where id is the identity
map.

o

/_ 2«
/ 3(1
.H .H .H
(id, ¢) (id, ¢) (id, ¢)

A AU@(A)

For each 7, put A, ;= AU ---U¢'(A). We apply Mayer—Vietoris to A, =
AU ¢’+1(A), using that H;(A; N ¢’+1(A)) = (, to get an exact sequence

0— Hi(A) & Hi(A) > Hi(Arr1) = Ho(A; N¢'t' (A)
— Hy(A;) ® Ho(A) — Ho(Ai41) — 0.

With the exception of H(A;+1), Hi(A;), and Hy(A,; N q)’“(A)), all the homology
groups above have rank 1, so we compute that

(5-D bi(Ap1) —bi(A) =bo(A N (A)).

The intersection A,N¢'*!(A) is indicated by dots in the picture above. To determine
the number of connected components in this intersection (that is, zeroth Betti
number), let us first compute the intersection of two circles ¢’ (A) and ¢/ (A). If
the angle between these two circles is less than 77/2 in absolute value, then ¢’ (A)
and ¢/ (A) intersect in exactly two points. If the angle is larger than 7 /2, then
¢'(A) and ¢/ (A) are disjoint. The case that ¢’ (A) and ¢/ (A) intersect in exactly
one point never occurs, as ¢/ is irrational. It follows that for ¢ large enough, the
Betti number bo(A; N¢'T1(A)) is an even number which is approximately equal
to ¢ 4 1. In particular bo(A; N @'+t (A)) is not eventually polynomial in 7. Using
(5-1), we see that b1 (A;) cannot be eventually polynomial in # either.

5B. The graphic matroid. Let G be an undirected graph with vertex set V (G) and
edge set E(G). Then G is a simplicial complex with only zero and one-dimensional
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simplices. The rank rkg corresponds to the cardinality of a set of vertices, the rank
rk; gives the cardinality of a set of edges, and rk? is the rank with respect to the
graphic matroid on E(G). It follows from Corollary 5.3 that for a finite subgraph
A C G and commuting graph endomorphisms ¢y, ..., ¢, of G, the first two Betti
numbers by(®*)(A)) and by (P (A)) are eventually polynomial in 5.

Using the graphic matroid, we can construct an example that shows that our
assumption in Theorem A that each ®; is triangular is, in some sense, necessary.
Consider the following graph G:

b1 b b

/\//

Let ¢ be the map sending a; to a;41, sending b; to b;, and sending c; to
ci+1 for each i. Let cf be the closure operator associated to the graphic matroid
on E(G) (explicitly, an edge a is in the closure of a set of edges B if there are
b1, ..., b, € B which connect the endpoints of a), and let rk be the corresponding
rank function. One can check that ¢a € c£(B¢B) whenever a € c£(B), so ¢ is a
quasi-endomorphism of the graphic matroid E(G). We have

2 iftis even,

k(¢ (ag, by, =rk(a;, b;, =
tk(¢’ (ao, bo, co)) =r1k(a;, by, 1) {3 i1 s odd,

so the conclusion of Theorem A fails for the single map ¢. Of course, since ¢ is a
quasi-endomorphism, Corollary A tells us that rk({a;, b;, ¢; : i <t}) is eventually
polynomial in #, as can easily be verified.

6. Applications III: Difference-differential fields

In this final section, we examine endomorphisms of and derivations on (expansions
of) fields. Recall that a derivation on a field K isamap 6: K — K that satisfies
the identities

8(a+b)=268a+8b, b(ab)=adb+béa

foralla,b e K.

6A. Kolchin polynomials for difference-differential fields. Let K be a field of
characteristic zero. We let acl be algebraic closure in K, so for A C K, the
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set acl(A) consists of all a € K which are algebraic over the field Q(A). Then
(K, acl) is a finitary matroid, and the rank of A € K with respect to acl is equal
to trdegg Q(A), the transcendence degree of (D(A) over Q. Clearly, any field
endomorphism o : K — K is an endomorphism of (K, acl).

Lemma 6.1. Ler § be a derivation on K. Then & is a quasi-endomorphism of
(K, acl).

Proof. Leta € K and B C K with a € acl(B). Let P be a polynomial of minimal
degree witnessing this, so P(a) =0 and P'(a) #0. Write P(X) =", bs X", where
each b; € Q[B]. We have

0=58P(a)= Z S(bgat) = Z (5(bd)ad+dbdad_15a) = Z 8(by)a’ + P'(a)da,
d d d

so da € acl(aBS§B) C acl(B3SB), as desired. Ul

Suppose now that & = (¢y, ..., ¢,) is a collection of commuting maps K — K,
each of which is either a derivation or a field endomorphism (hence, a quasi-
endomorphism of (K, acl) by Lemma 6.1). Then (K, ¢1, ..., ¢,,) is called a
difference-differential field (or a d-field for short). Let F be a d-subfield of K,
that is, a subfield of K which is closed under each ¢;. Then each ¢; is a quasi-
endomorphism of the relativization (K, aclg) of (K, acl), and the rank of a subset
A C K with respect to aclg coincides with trdeg, F'(A). Applying Corollary A,
Proposition 2.3, and Corollary 3.5 to (K, aclg), we get the following:

Corollary 6.2. Let a be a tuple from K. Then there is a polynomial Q:-f € Q[Y]
such that

trdeg; F(®=©(@)) = 0F (5)
whenever min(s) is sufficiently large. Moreover:

(1) The dominant terms of Qg’ only depend on the algebraic closure of the d-field
extension F(©(a)), that is, if b € K and if F(©(a)) and F(® (b)) have the
same algebraic closure in K, then Qg’ and Q;;D have the same dominant terms.

(1) The coefficient of 74 in QZ—ID times d!- - - dy! is equal to the maximal size of
a subset B C aclp(®(a)) such that the tuple (0b)gco pep is algebraically
independent over F.

The case when k = 1 and each ¢; is a derivation was established by Kolchin [14].
The multivariate differential case (each ¢; is a derivation but k is arbitrary) was
shown by Levin [18]. The case where each ¢; is an endomorphism is also due
to Levin [19], as is the most general case to date: where each ¢; may be either a
derivation or an endomorphism, but each part of the partition ®; must consist of
only derivations or endomorphisms; see [20]. Our Corollary 6.2 is slightly more
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general than the result in [20], since the parts of the partition can consist of both
derivations and endomorphisms.

6B. Modules over a difference-differential field. Let (K, ®) be a difference-
differential field, and let K[®] denote the ring of linear difference-differential
operators over K, so K[®] consists of elements ) - Az¢" with finitely many nonzero
coefficients A;. The multiplication on K[®] satisfies the identity

¢i (M) P; if ¢; is an endomorphism of K,

¢ik = { ¢; (M) + A¢; if ¢; is a derivation on K,

fori e {1,...,m}and A € K. Let V be a left K[®]-module. For each i and each
veV,welet ¢;(v) :=¢;-v,soeach ¢; isamap V — V.

Lemma 6.3. Let cl denote the K -linear closure operatoron'V andleti € {1, ..., m}.
If ¢; is an endomorphism of K, then the map v — ¢;(v) is an endomorphism of
(V, cl). If ¢; is a derivation on K , then the map v+ ¢; (v) is a quasi-endomorphism
of (V,ct).

Proof. Let vy, ..., v, € V and suppose that v is in the K-linear span of vy, ..., v,.
Take scalars A, ..., A, € K withv = Z?:l Aj-vj. If ¢; is an endomorphism of K,
then

Gy =Y ¢tk v)) =Y di(h) i),
j=1 j=1

so ¢;(v) is in the K-linear span of ¢;(vy), ..., ¢; (v,). If ¢; is a derivation on K,
then

¢i(v) = Zd)i()»j vj) = Z@'(M) v+ A ¢i(v)),
j=1 j=1
S0 ¢; (v) is in the K-linear span of vy, ..., vy, ¢; (v1), ..., ®; (V). O

We now associate to K[®] an N¥-filtration as follows: for 5 € NF, let K[®D];
consist of the linear operators } - A;@|' - - - ¢’ Let V = J;z Vs be a filtered
K[®]-module. Following Johnson [9], we say that the filtration (V;);cz« is excellent
if each V5 is finite-dimensional as a K -vector space and if there is 5o € 7 such that

Vi ={D(): D e K[®];_5, and v € V;,}
for all 5 > 5p.

Corollary 6.4. Let V = |J; .« V5 be an excellently filtered K[®]-module. There is
a polynomial Q € Q[Y] such that

dimg (V5) = Q(5)

whenever min(s) is sufficiently large.
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Proof. Let (X, cf) be the underlying set of V with the K-linear closure operator.
Since V is excellent, we can find an index 5o and a finite set A C V5, such that
the K[®]-module ] Vs is generated by A. By re-indexing, we may assume
that 5o = O. Then for each 5 € N¥, the graded part V; is generated as a K -vector
space by

5>50

O=3O(A)={¢"(a): |F|| <5 and a € A}.

Thus, dimg (V;) = tk(®=®)(A)) for § € N¥. The claim follows from Corollary A.
([

Remark 6.5. In the case that each ¢; is a derivation on K and k = 1, Corollary 6.4
is due to Johnson [9], who used this result to establish the existence of the Kolchin
polynomial. Variations of this result were later given by Levin; see [17] for the case
where each ¢; is a field automorphism. The dimension polynomial for modules
over rings of differential operators also appears in work of Bernshtein [3].

6C. Higher derivations and D-fields. Let K be a field. A higher derivation on K
is a tuple A = (8o, 61, ..., 6») where §p: K — K is the identity map and where
8;i 1 K — K is an additive map satisfying the identity

8i(xy) = 8;(0)8i—;(y)
J=<i
for each i < m; see [23, Section 27]. Note that §; is a classical derivation on K.
We may relax the assumption that §y is the identity map and ask only that it is an
endomorphism. In this case, we call A a twisted higher derivation on K.

We will consider higher derivations as a particular case of D-fields in the sense
of [24]. For the remainder of this subsection, fix a subfield A of K, and let
A = (89, 61, ..., 6y) be atuple of A-linear maps from K to K. We say that (K, A)
is a twisted D-field if §y is an endomorphism of K and, for every k =1, ..., m,
there are coefficients a; ; x € A such that

(6-1) Se(xy) = aijxdi(x)8;().
i,j<m

We refer the reader to [24] for a more precise description of D-fields. We do note
that in [24], the coefficients g; ; x only depend on the ring scheme D, and that the
first map &y is required to be the identity map, not just a ring endomorphism. This
is why we refer to (K, &g, ..., 8,) as a “twisted” D-field.

We say that the twisted D-field (K, A) is pyramidal if the coefficients a; j x
satisfy the following additional conditions:

(1) akox =aoki=1;

(2) ifi >0, then ay ;x = aixx =0;
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(3)ifi >korj>k,thena; ;i =0.
If (K, A) is a pyramidal twisted D-field, then we can rewrite (6-1) as
So(xy) = do(x)do(¥),
Sk (xy) = Sk (x)do(y) + Z ai,j k8 (x)8;(y) +80(x)e(y) fork=1,....,m

i,j<k
The following lemma can be established via a straightforward induction on k and d:

Lemma 6.6. Let (K, A) be a pyramidal twisted D-field. Then for each 0 <k <m
and each d € N, there is a polynomial Ry 4 over A such that

8(a?) = dSo(a)'~ "6k (@) + Re.a(boas, . . ., Sk—1a).
foralla e K.

Lemma 6.7. Let (K, A) be a pyramidal twisted D-field of characteristic zero. Let
aceK,andlet BC K. Ifa € aclo(B), then ga € acly (6o B - - - 8; B) for each k < m.

Proof. Take a nonzero polynomial P(X) of minimal degree witnessing that a
acly(B),so P(a)=0and P'(a) #0. Write P(X)=) , baX? where each b, € A[B].
We will show by induction on k < m that §;a € acly (8B - - - 6y B). This holds for
k = 0 since §y is an endomorphism of K. Let 0 < k < m, and assume that
dja € acly(8oB ---6;B) for all j < k. By Lemma 6.6, we have

0=46rP(a)
_ dy _ d e .d d
s Js
= E Sk (bga”) = E (5k(bd)50(a )+ D aij,8i(bg)dj(a®) 4 80(ba)di(a ))

i,j<k
= Z <5k(bd)5o(a )+ Y aijx8i(ba)8j (@) + 80(ba) Ri.a(Soa, - . ., S—1a)
i,j<k
! st ')

=" (3@aso@) + ¥ ajudiba)s;@®) +5o(ba) Re.a(Goa ... 5-10))
i,j<k
¢ - ao(P%a))sk(a).
Since P’(a) # 0, this shows that §ia is algebraic over 8¢B - - - & B, together with

d; (a?) for j < k. Applying Lemma 6.6 again and using our induction hypothesis,
we see that

8j(a") e acly(8oa, ..., 8;a) Cacls(8oB - -8 B)
for j <k, so §ra € acly(§oB - - - 61 B). U

Corollary 6.8. Let K be a field of characteristic zero, let F be a subfield of K
containing A, let a be a tuple from K, and let ® = (®y, ..., Dy) be a partitioned
set of commuting maps K — K. Suppose for eachi =1, ...,k that (K, ®;) isa
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pyramidal twisted D;-field, and that (F, ®;) is a D;-subfield of K. Then there is a
polynomial Pé(I> € Q[Y] such that

trdegy F(®®)(a)) = P2 (5)
whenever min(s) is sufficiently large.

Question 6.9. Does Corollary 6.8 hold for all D-fields (in the sense of [24]) with
commuting operators?

6D. Higher derivations in positive characteristic. Let K be a field of characteristic
p > 0. Then any derivation é on K is trivial on the subfield K? C K, as §a” =
paP~'8a =0 for a € K. It follows that § is not generally a quasi-endomorphism
of (K, acl). For example, let K = [, (x, y) with x, y mutually transcendental over
[, and consider the derivation § on K that satisfies §x = 1,8y = x. We have
y € acl(y?), but

Sy =x €acl(y?, §y?) = acl(y?).

One may attempt to remedy this by using the separable closure scl in place of the
algebraic closure, but then we run into a different issue: (K, scl) need not be a
finitary matroid. For example, with K as above, we have x? € scl(x) \ scl(&) but
x ¢ scl(x?). This second issue can be solved by relativizing at K 7.

Before checking that (K, sclgr) is indeed a finitary matroid, we note that for
any P(X) € K?[X] and any a € K, there is some polynomial Q(X) € K?[X]
of degree at most p — 1 with P(a) = Q(a) and P'(a) = Q'(a). To obtain Q,
we simply replace any monomial X"?*¢ appearing in P with a"”X¢ € K?[X].
Thus, we have a € sclg» (B) if and only if P(a) = 0 for some nonzero polynomial
P(X) € KP[B][X] of degree at most p — 1.

Lemma 6.10. (K, sclkr) is a finitary matroid.

Proof. Since monotonicity, idempotence, and finite character hold for scl, and
since these properties are preserved by relativization, we need only check Steinitz
exchange. Let a,b € K and A C K, and suppose that a € sclg»(Ab) \ sclgr(A).
Let P(X, Y) be a nonzero polynomial over K”[A] of degree at most p — 1 in both
X and Y with P(a, b) = 0. We write

P(X,Y)=) Qa(x)Y*
d<p

where each Q4(X) is a polynomial over K”[A] of degree at most p — 1. As P is
nonzero, some Q is nonzero, so Qy(a) #0 as a & sclgr(A). Thus, P(a,b) =0
and P(a,Y) #0, so b € sclgr(Aa). O

Given a subfield F' C K, the rank rk(K | F') corresponding to the closure sclg» is
the cardinality of a p-basis for F over K; see [23, Section 26].
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We return to the setting of pyramidal twisted D-fields. Again, we fix a subfield
A € K and a tuple A = (8, ..., 8,) of A-linear maps K — K. Lemma 6.6
still applies. Therefore, the following lemma can be proven in the same way as
Lemma 6.7 above, so long as one takes the polynomial P in that proof to have
degree at most p — 1.

Lemma 6.11. Let (K, A) be a pyramidal twisted D-field of characteristic p > 0.
Leta € K,and let BC K. If a € sclgria)(B), then dra € sclgria)(8oB - - - 8k B) for
each k <m. In particular,

(1) Any field endomorphism of K is an endomorphism of (K, sclgr),
(ii) Any derivation on K is a quasi-endomorphism of (K, sclgr).

(iii)) Any commuting twisted higher derivation on K is a triangular system with
respect to the matroid (K, sclg»r).

Accordingly, we can prove a positive characteristic analog of Corollary 6.8.

Corollary 6.12. Let K be a field of characteristic p > 0, let F be a subfield of
K containing KP[A], let a be a tuple from K, and let ® = ($y, ..., D) be a
partitioned set of commuting maps K — K. Suppose for eachi =1, ...,k that
(K, ®;) is a pyramidal twisted D;-field, and that (F, ®;) is a D;-subfield of K. Then
there is a polynomial P;’ € Q[Y] such that the size of a p-basis for F(®®)(a)) is
equal to PZ:D (s), whenever min(s) is sufficiently large.

6E. Kolchin polynomials for difference-differential exponential fields. 1.et K
be a field of characteristic zero. An exponential on K is a group homomorphism
E: A(K) — K>, where A(K) is a divisible subgroup of the additive group of K.
If E is an exponential on K, then the pair (K, E) is called an exponential field. A
subfield F of K is an exponential subfield if E(a) € F foralla e A(F) :=A(K)NF.
The fields R and C with their usual exponential functions are exponential fields
(where the domain of the exponential is the entire field).

Let (K, E) be an exponential field. An E-term is a partial function given by
arbitrary compositions of E and polynomials over Z. Model theoretically speaking,
an E-term is a term in the language (+, -, —, 0, 1, E); to avoid partially defined
functions, one may take E to be identically zero away from A(K). Let B C K.
A tuple a = (ay, ..., a,) is said to be a regular solution to a Khovanskii system
over B if there is a tuple b= (b1,...,by) from B and E-terms t;, ..., t, inn+m
variables such that

8[1 ( b) 8t1 ( b)
t](c_l,l;)=---=tn(c_l,l;)=(), det : £0.
Btn (Cl b) 31‘,, (Cl b)
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The exponential-algebraic closure of B, written ecl(B), consists of all components
of any regular solution to a Khovanskii system over B. The exponential-algebraic
closure was first defined by Macintyre [21], and Kirby later showed that (K, ecl) is
always a finitary matroid [13, Theorem 1.1], extending earlier work of Wilkie [29].
If F is an exponential subfield of K and A is a subset of K, then we let F(A)*
denote the exponential subfield of K generated by F and A, and we define the
exponential transcendence degree of F(A)E over F, denoted etrdeg F(A)E, to be
the rank rk(F (A)£ | F) =1k(A|F) given by the matroid (X, ecl).

An exponential endomorphism of K is afield endomorphism o : K — K such that
o E(a) = E(oa) for all a € A(K). An exponential derivation on K is a derivation
8: K — K which satisfies the identity 8 E(a) = E(a)da for all a € A(K).

Lemma 6.13. Any exponential endomorphism of K is an endomorphism of (K, ecl).
Any exponential derivation on K is a quasi-endomorphism of (K, ecl).

Proof. Let o be an exponential endomorphism of K, let § be an exponential
derivation on K, and let B C K. If a € K is a component of a regular solution to
a Khovanskii system over B, then o (a) is a component to a regular solution to a
Khovanskii system over o (B), namely, the same Khovanskii system but with the
parameters from B replaced with the corresponding parameters from o (B). Thus,
o is an endomorphism of (K, ecl).

To see that § is a quasi-endomorphism of (K, ecl), we use [13, Theorem 1.1],
which states that a € K belongs to ecl(B) if and only if every exponential derivation
on K which vanishes on B also vanishes at a. Suppose a € ecl(B), and let € be an
exponential derivation on K which vanishes on B U §(B). We need to show that
€8a = 0. Consider the map €5 — §e: K — K, where (e§ — §€)(y) = €dy — Sey. It
is routine to show that €6 — de¢ is an exponential derivation. For b € B, we have
€8b — §eb =0, since € vanishes on B U §(B). Thus, €6 — §¢ vanishes on B, so it
also vanishes at a. Since € also vanishes at a, we see that

0=¢€ba — dea =€da. |

Suppose now that ® = (¢1, ..., ¢y,) is a collection of commuting maps K — K,
each of which is either an exponential derivation or an exponential endomorphism.
The structure (K, E, ¢1, ..., ¢n) is called a difference-differential exponential field
(or a d-exponential field for short). Let F be a d-exponential subfield of K, that is,
an exponential subfield of K which is closed under each ¢;. Applying Corollary A,
Proposition 2.3, and Corollary 3.5 to the relativized matroid (K, eclr) gives us the
following:

Corollary 6.14. Let a be a tuple from K. Then there is a polynomial Qg) e Q[Y]
such that )
etrdeg F(®=%(a)F = 02(5)
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whenever min(s) is sufficiently large. Moreover:

(1) The dominant terms of Qg) only depend on the exponential-algebraic closure
of the d-field extension F (©(a)).

(1) The coefficient of Y4 in Q;f times d!---dy! is equal to the maximal size
of a subset B C eclp(©(a)) such that the tuple (0b)oco pep is exponential-
algebraically independent over F.

Remark 6.15. With the obvious changes, Corollary 6.14 may be applied to j-fields.
These fields, introduced in [6], are equipped with partially defined functions which
behave like the modular j-function. The relevant closure operator in this setting is
the jcl-closure, defined in [6], and the tuple @ should consist of commuting j-field
endomorphisms and j-derivations, also defined in [6]. See [1] for more on the
j-closure operator. Thanks to Vincenzo Mantova for bringing this to our attention.

6F. Derivations on o-minimal fields. Let T be an o-minimal theory extending
the theory of real closed ordered fields, and let K be a model of T'; see [5] for
definitions and background. The definable closure operator on K, denoted dcl, is
given by

a edcl(B) <=

a = f(b) for some tuple b from B and some @-definable function f.

It is well-known that (K, dcl) is a finitary matroid, and we denote the corresponding
rank function by rky. Given an elementary substructure F of K and a set A C K,
we let F{A) denote the definable closure of FU A in K. Then F(A) is also a model
of T, and rky (F (A)|F) = tkr (A|F).

A T-derivationon K isamap §: K — K suchthat foreachtuplea=(ay, ..., a,)
in K" and each @-definable function f which is C! in a neighborhood of a, we
have

o (@)éay.

)
(62) 3@ = - @da+ 4

The study of 7T'-derivations was initiated by the authors in [7] and was expanded on
by the second author [10]. The link between compatible derivations on o-minimal
structures and definable closure in o-minimal structures has long been used by
Wilkie and others; see [29; 2]. The following fact can be proven along the lines of
Lemma 6.1, using (6-2) above:

Fact 6.16. Any T-derivation on K is a quasi-endomorphism of (K, dcl).

Now suppose that ® = (¢y, ..., ¢,,) is a collection of commuting 7 -derivations
on K. Then (K, ¢y, ..., ¢) is called a T -differential field. Let F be a T -differential
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subfield of K, that is, an elementary substructure of K which is closed under each
¢;. Then each ¢; is a quasi-endomorphism of the relativization (K, dclg).

Corollary 6.17. Let a be a tuple from K. Then there is a polynomial Qg) € Q[Y]
such that i
tkr (@=0(@)|F) = 07 ()

whenever min(s) is sufficiently large. Moreover:

(1) The dominant terms of Qg’ only depend on the T -differential field extension
F(O(a)).

(2) The coefficient of Y9 in Qg’ times dy!- - - dy! is equal to the maximal size of
a subset B C F(®(a)) such that the tuple (0b)gce pep is dcl-independent
over F.

Acknowledgements

Fornasiero was partially supported by GNSAGA-INdAM. Kaplan was located at
the Fields Institute for Research in Mathematical Sciences and was supported by
the National Science Foundation under Award No. 2103240.

The authors thank Piotr Kowalski, George Shakan, Francesco Gallinaro, James
Freitag, and Matthias Aschenbrenner for helpful conversations. We also thank the
referees for useful feedback, including an improvement to Proposition 2.3.

References

[1] V. Aslanyan, S. Eterovi¢, and J. Kirby, “A closure operator respecting the modular j-function”,
Israel J. Math. 253:1 (2023), 321-357. MR Zbl

[2] M. Bays, J. Kirby, and A. J. Wilkie, “A Schanuel property for exponentially transcendental
powers”, Bull. Lond. Math. Soc. 42:5 (2010), 917-922. MR Zbl

[3] I. N. Bernshtein, “Modules over a ring of differential operators: an investigation of the fun-
damental solutions of equations with constant coefficients”, Funkcional. Anal. i PriloZen. 5:2
(1971), 1-16. In Russian; translated in Funct. Anal. Appl. 5:2 (1971), 89-101. MR Zbl

[4] T. Ceccherini-Silberstein, M. Coornaert, and F. Krieger, “An analogue of Fekete’s lemma for
subadditive functions on cancellative amenable semigroups”, J. Anal. Math. 124 (2014), 59-81.
MR Zbl

[5] L. van den Dries, Tame topology and o-minimal structures, London Mathematical Society
Lecture Note Series 248, Cambridge University Press, 1998. MR Zbl

[6] S. Eterovi¢, “A Schanuel property for j”, Bull. London Math. Soc. 50:2 (2018), 293-315. Zbl

[7] A. Fornasiero and E. Kaplan, “Generic derivations on o-minimal structures”, J. Math. Log. 21:2
(2021), art. id. 2150007, 45 pp. MR Zbl

[8] J. D. Hauenstein and F. Sottile, “Newton polytopes and witness sets”, Math. Comput. Sci. 8:2
(2014), 235-251. MR Zbl

[9] J. Johnson, “Differential dimension polynomials and a fundamental theorem on differential
modules”, Amer. J. Math. 91 (1969), 239-248. MR Zbl


https://doi.org/10.1007/s11856-022-2362-y
http://msp.org/idx/mr/4575410
http://msp.org/idx/zbl/1527.11094
https://doi.org/10.1112/blms/bdq054
https://doi.org/10.1112/blms/bdq054
http://msp.org/idx/mr/2728695
http://msp.org/idx/zbl/1223.11093
https://doi.org/10.1007/BF01076413
https://doi.org/10.1007/BF01076413
http://msp.org/idx/mr/290097
http://msp.org/idx/zbl/0233.47031
https://doi.org/10.1007/s11854-014-0027-4
https://doi.org/10.1007/s11854-014-0027-4
http://msp.org/idx/mr/3286049
http://msp.org/idx/zbl/1308.43002
https://doi.org/10.1017/CBO9780511525919
http://msp.org/idx/mr/1633348
http://msp.org/idx/zbl/0953.03045
https://doi.org/10.1112/blms.12135
http://msp.org/idx/zbl/1437.11108
https://doi.org/10.1142/S0219061321500070
http://msp.org/idx/mr/4290496
http://msp.org/idx/zbl/07410401
https://doi.org/10.1007/s11786-014-0189-6
http://msp.org/idx/mr/3224628
http://msp.org/idx/zbl/1304.14077
https://doi.org/10.2307/2373279
https://doi.org/10.2307/2373279
http://msp.org/idx/mr/238822
http://msp.org/idx/zbl/0179.34303

HILBERT POLYNOMIALS FOR FINITARY MATROIDS 307

[10] E. Kaplan, Derivations on o-minimal fields, PhD thesis, University of Illinois at Urbana-
Champaign, 2021, available at https://www.ideals.illinois.edu/items/118302. Zbl

[11] L. Katthén, J. J. Moyano-Ferndndez, and J. Uliczka, “Which series are Hilbert series of graded
modules over standard multigraded polynomial rings?”, Math. Nachr. 293:1 (2020), 129-146.
MR Zbl

[12] A. G. Khovanskii, “The Newton polytope, the Hilbert polynomial and sums of finite sets”,
Funktsional. Anal. i Prilozhen. 26:4 (1992), 57-63. In Russian; translated in Funct. Anal. Appl.
bf26:4 (1992), 276-281. MR Zbl

[13] J. Kirby, “Exponential algebraicity in exponential fields”, Bull. Lond. Math. Soc. 42:5 (2010),
879-890. MR Zbl

[14] E. R. Kolchin, “The notion of dimension in the theory of algebraic differential equations”, Bull.
Amer. Math. Soc. 70 (1964), 570-573. MR Zbl

[15] E. R. Kolchin, Differential algebra and algebraic groups, Pure and Applied Mathematics 54,
Academic Press, New York, 1973. MR

[16] M. V. Kondratieva, A. B. Levin, A. V. Mikhalev, and E. V. Pankratiev, Differential and difference
dimension polynomials, Mathematics and its Applications 461, Kluwer, Dordrecht, 1999. MR
Zbl

[17] A. B. Levin, “Characteristic polynomials of filtered difference modules and extensions of
difference fields”, Uspehi Mat. Nauk 33:3(201) (1978), 177-178. In Russian; translated in
Russian Math. Surv. 33:3 (1978), 165-166. MR Zbl

[18] A. B. Levin, “Multivariable dimension polynomials and new invariants of differential field
extensions”, Int. J. Math. Math. Sci. 27:4 (2001), 201-214. MR Zbl

[19] A. B. Levin, “Multivariable difference dimension polynomials”, Sovrem. Mat. Prilozh. 14:Alge-
bra (2004), 48-70. In Russian; translated in J. Math. Sci. (New York), 131:9 (2005), 6060—6082.
MR Zbl

[20] A. Levin, “Multivariate difference-differential dimension polynomials”, Math. Comput. Sci. 14:2
(2020), 361-374. MR Zbl

[21] A.J. Macintyre, “Exponential algebra”, pp. 191-210 in Logic and algebra (Pontignano, 1994),
Lecture Notes in Pure and Appl. Math. 180, Dekker, New York, 1996. MR Zbl

[22] D. Maclagan and F. Rinc6n, “Tropical ideals”, Compos. Math. 154:3 (2018), 640-670. Zbl

[23] H. Matsumura, Commutative ring theory, Cambridge Studies in Advanced Mathematics 8,
Cambridge University Press, 1986. MR Zbl

[24] R. Moosa and T. Scanlon, “Model theory of fields with free operators in characteristic zero”, J.
Math. Log. 14:2 (2014), art. id. 1450009, 43pp. MR Zbl

[25] M. B. Nathanson, “Growth of sumsets in abelian semigroups”, Semigroup Forum 61:1 (2000),
149-153. MR Zbl

[26] M. B. Nathanson and I. Z. Ruzsa, “Polynomial growth of sumsets in abelian semigroups”, J.
Théor. Nombres Bordeaux 14:2 (2002), 553-560. MR Zbl

[27] J. Oxley, “Infinite matroids”, pp. 73-90 in Matroid applications, Encyclopedia Math. Appl. 40,
Cambridge Univ. Press, 1992. MR Zbl

[28] K. Tent and M. Ziegler, A course in model theory, Lecture Notes in Logic 40, Cambridge
University Press, 2012. MR Zbl

[29] A.J. Wilkie, “Some local definability theory for holomorphic functions”, pp. 197-213 in Model

theory with applications to algebra and analysis, vol. 1, London Math. Soc. Lecture Note Ser.
349, Cambridge Univ. Press, 2008. MR Zbl


https://www.ideals.illinois.edu/items/118302
http://msp.org/idx/zbl/07410401
https://doi.org/10.1002/mana.201800436
https://doi.org/10.1002/mana.201800436
http://msp.org/idx/mr/4060368
http://msp.org/idx/zbl/1485.13027
https://doi.org/10.1007/BF01075048
http://msp.org/idx/mr/1209944
http://msp.org/idx/zbl/0809.13012
https://doi.org/10.1112/blms/bdq044
http://msp.org/idx/mr/2721747
http://msp.org/idx/zbl/1203.03050
https://doi.org/10.1090/S0002-9904-1964-11203-9
http://msp.org/idx/mr/168555
http://msp.org/idx/zbl/0144.03702
http://msp.org/idx/mr/568864
https://doi.org/10.1007/978-94-017-1257-6
https://doi.org/10.1007/978-94-017-1257-6
http://msp.org/idx/mr/1676955
http://msp.org/idx/zbl/0930.12005
https://doi.org/10.1070/rm1978v033n03abeh002480
https://doi.org/10.1070/rm1978v033n03abeh002480
http://msp.org/idx/mr/491638
http://msp.org/idx/zbl/0413.12024
https://doi.org/10.1155/S0161171201006767
https://doi.org/10.1155/S0161171201006767
http://msp.org/idx/mr/1867664
http://msp.org/idx/zbl/1010.12006
https://doi.org/10.1007/s10958-005-0461-z
http://msp.org/idx/mr/2381553
http://msp.org/idx/zbl/1210.12004
https://doi.org/10.1007/s11786-019-00436-1
http://msp.org/idx/mr/4096375
http://msp.org/idx/zbl/1456.12003
https://doi.org/10.1201/9780203748671-9
http://msp.org/idx/mr/1404940
http://msp.org/idx/zbl/0891.12006
https://doi.org/10.1112/S0010437X17008004
http://msp.org/idx/zbl/1428.14093
http://msp.org/idx/mr/879273
http://msp.org/idx/zbl/0603.13001
https://doi.org/10.1142/S0219061314500093
http://msp.org/idx/mr/3304121
http://msp.org/idx/zbl/1338.03067
https://doi.org/10.1007/PL00006010
http://msp.org/idx/mr/1839220
http://msp.org/idx/zbl/0959.20055
https://doi.org/10.5802/jtnb.374
http://msp.org/idx/mr/2040693
http://msp.org/idx/zbl/1077.11014
https://doi.org/10.1017/CBO9780511662041.004
http://msp.org/idx/mr/1165540
http://msp.org/idx/zbl/0766.05016
https://doi.org/10.1017/CBO9781139015417
http://msp.org/idx/mr/2908005
http://msp.org/idx/zbl/1245.03002
https://doi.org/10.1017/CBO9780511735226.010
http://msp.org/idx/mr/2441380
http://msp.org/idx/zbl/1152.03020

308 ANTONGIULIO FORNASIERO AND ELLIOT KAPLAN

Received May 30, 2024. Revised December 19, 2024.

ANTONGIULIO FORNASIERO

DIPARTIMENTO DI MATEMATICA E INFORMATICA “ULISSE DINI”
UNIVERSITA DEGLI STUDI DI FIRENZE

50134 FIRENZE

ITALY

antongiulio.fornasiero @ gmail.com

ELL1IOT KAPLAN

MAX PLANCK INSTITUTE FOR MATHEMATICS
53111 BONN

GERMANY

ekaplan @mpim-bonn.mpg.de


mailto:antongiulio.fornasiero@gmail.com
mailto:ekaplan@mpim-bonn.mpg.de

PACIFIC JOURNAL OF MATHEMATICS
Vol. 333, No. 2, 2024

https://doi.org/10.2140/pjm.2024.333.309

DIVERGENCE FUNCTIONS OF HIGHER-DIMENSIONAL
THOMPSON’S GROUPS

YUuYA KODAMA

We prove that higher-dimensional Thompson’s groups have linear divergence
functions. By the work of Drutu, Mozes, and Sapir, this implies none of the
asymptotic cones of nV has a cut-point.

1. Introduction

Thompson’s groups F, T, and V are finitely presented infinite groups defined by
Richard Thompson in the 1960s. They are all known to be mysterious groups.
For example, T and V are the first examples of finitely presented, infinite, and
simple, and it is known that the amenability of F is a difficult open problem.
Because they have several unpredictable properties, by focusing on such properties,
many “generalized” Thompson’s groups were also defined. Higher-dimensional
Thompson’s groups, denoted by 2V, 3V, ..., are some such groups defined by
Brin [3]. The group V acts on the Cantor set €, and the group nV acts on the
powers of the Cantor set €”. It is known that nV is also finitely presented [4; 14]
and simple [3; 5]. In addition, it was shown that for n, m € Z-, the group nV is
isomorphic to mV if and only if n = m holds [1]. In [16], it was proved that nV
has Serre’s property FA, and hence is one-ended.

In 2018, Golan and Sapir showed that the divergence functions of F, 7', and
V are linear [12]. This function was first mentioned by Gromov [13], and later,
Gersten gave the formal definition [11] as a quasi-isometric invariant of geodesic
metric spaces. Roughly speaking, the order of the function indicates whether the
Cayley graphs of the group are “close” to the Euclidean or hyperbolic spaces. In
fact, the orders of the functions of the direct powers of the infinite cyclic group
72,73, ... are linear, and it is known that the orders of the functions of hyperbolic
groups are at least exponential [2]. In [12], they asked whether their proof could
be extended to generalized Thompson’s groups. In recent years, similar results
have been obtained for some groups by extending the original arguments [17; 19;
18]. For recent results on functions of groups other than generalized Thompson’s
groups, see [15].
MSC2020: 20F65.
Keywords: divergence function, higher-dimensional Thompson’s groups, asymptotic cones.
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In this paper, we also extend the argument given by Golan and Sapir. That is,
we show the following:

Theorem 1.1. Higher-dimensional Thompson’s groups have linear divergence
functions.

This paper is organized as follows. In Section 2, we summarize the definition
of the higher-dimensional Thompson’s group 2V and the notion of divergence
functions. In Section 3, we first prepare estimates of the word length of elements in
2V to ensure that the condition required by the definition of the divergence function
is satisfied. Subsequently, we construct a “good” path from any g € 2V to a specific
element in 2V, where the element is determined only from the word length of g. It
should be noted that we assume n = 2 in most of this paper; however, all the proofs
can be generalized to n with the appropriate modifications.

2. Preliminaries

2.1. Definition of the higher-dimensional Thompson’s group 2V. In this section,
we define only the higher-dimensional Thompson’s group 2V. Readers unfamiliar
with the Thompson’s groups are referred to [8].

2.1.1. Homeomorphisms on the direct product of Cantor sets. Let € be the Cantor
set {0, 1} x {0, 1} x - - -. For a finite word w on {0, 1} and a finite or infinite word
¢ on {0, 1}, let w¢ denote their concatenation. Following [3], we will describe
partitions of @2 by using subdivisions of the unit square [0, 1]>. Subsequently, we
will define homeomorphisms from € to itself that are obtained from such partitions.

Firstly, we call [0, 1]? itself the trivial pattern. Let us consider a rectangle
[a1, a2] x [b1, b2] C [0, 1]2. By dividing this rectangle in half, we obtain two
new rectangles. The way of obtaining rectangles [a;, (a; + a2)/2] x [b1, by] and
[(a1 +a2)/2, az] X [b1, by] is called vertical subdivision, and the way of obtaining
rectangles [a, ax] x [by, (b1 + b2)/2] and [a1, az] x [(by + b2)/2, by] is called
horizontal subdivision. A pattern is defined as a finite set of rectangles in [0, 1]?
obtained from the trivial pattern by applying finitely many vertical and horizontal
subdivisions. See Figure 1. For a rectangle [ay, a2] X [by, b2], the lengths ay — a;
and by — by of its horizontal and vertical edges are called its horizontal and vertical
lengths, respectively.

Next, by using patterns, we define partitions of @2 inductively. The trivial
pattern corresponds to €2 itself. Assume that a rectangle in a pattern corresponds
to a subset {w¢; | 21 € €} x (W' | & € €} € €2 where w and w’ are finite
words on {0, 1}. For the vertical subdivision, we define that the left rectangle
corresponds to the subset {w0¢; | ¢1 € €} x {w'¢, | & € €} and the right rectangle
corresponds to the subset {wl¢; | ¢ € €} x {w'sy | & € €}, Similarly, for the
horizontal subdivision, we define that the bottom rectangle corresponds to the
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]

Figure 1. The trivial pattern, the pattern once divided vertically,
the pattern once divided horizontally, and a pattern.

subset {w¢y | ¢ € €} x {w'0¢, | £ € €} and the top rectangle corresponds to the
subset {w¢; | &1 € €} x {w'1& | & € €}. Consequently, a set of rectangles of a
pattern gives a partition of ¢2. For example, the pattern once divided vertically
illustrated in Figure 1 corresponds to {0¢; | {1 € €} x CU{1¢; | ¢ € €} x €. We
often identify a partition of ¢> with the corresponding partition of [0, 1]%.

For a pattern with m rectangles, we assign a number from O to m — 1 to each
rectangle. Such a pattern is called numbered pattern. Let P and P’ be numbered
patterns with m rectangles. Let R; (resp. R;) be a rectangle of P (resp. P’) numbered
i. Then there exist two subsets {a;{1 | {1 € €} x {b;{2 | & € €} and {a[¢; | &) €
¢} x {b;¢s | ¢ € €} corresponding to R; and R;, respectively. By mapping each
element (a;¢1, b;ig2) € {a;i1 | &1 € €} x {bja | 82 € €} to (ajgy, bisr) € {ajs | & €
¢} x {b}¢2 | & € €}, we obtain a homeomorphism on ¢2.

Definition 2.1. The higher-dimensional Thompson’s group 2V is the subgroup of
Homeo(€?) consisting of all homeomorphisms obtained from pairs of numbered
patterns with the same number of rectangles.

Following a familiar convention, we write fg for g o f; namely, we always
consider the right action of 2V on 2.

The domain and target pattern of a pair of numbered patterns are defined as the
patterns that determine the partition of the domain and range set of ¢2, respectively.

Remark 2.2. The group nV is defined similarly as a subgroup of Homeo(¢").
Using the unit n-cube instead of the unit square, n-subdivisions are defined, which
yield partitions of €".

Note that two distinct pairs of numbered patterns may give the same map. Let
(P, P’) be a pair of numbered patterns with the same number of rectangles (such a
pair is just called a pair of numbered patterns). Let R; and R; be rectangles of P
and P’ numbered i, respectively. Apply a vertical subdivision to R;, and assign i,
to the left rectangle and i> to the right rectangle. Do the same to R; and assign i}
and i,. Consequently, the obtained maps from the two pairs are the same. The same
also holds for the case of horizontal subdivisions. A reduced pair of numbered
patterns is a pair of numbered patterns where the inverse operations (called vertical
and horizontal reductions) cannot be applied to any rectangles.
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In order to multiply two pairs of numbered patterns (P, P_) and (Q4, Q_),
take a common refinement P of P_ and O, and by using the operations, construct
pairs (P, P) and (P, Q") such that they give the same maps as (P, P_) and
(Q4, O-), respectively. Then the pair (P, Q") is the desired one.

Unfortunately, unlike the original Thompson’s groups, there is no known way to
define a unique reduced numbered pair for each element in 2V. The notion of grid
diagrams provides a solution to this issue. A detailed explanation will be given in
Section 2.1.3.

2.1.2. Puairs of colored binary trees. Just as elements of the Thompson’s groups are
represented by pairs of binary trees, there exists a similar approach for 2V. Like
numbered patterns, the binary trees do not give unique representatives for elements
of 2V. However, because they can represent elements more simply than numbered
patterns, we will frequently use colored binary trees in this paper.

We always assume that binary trees are rooted; namely, they have one specific
vertex called the root. Vertices whose degree is one are called leaves. A graph with
only one vertex (and no edges) is also regarded as a binary tree. We define a caret
to be the binary tree consisting of three vertices, where the degree of the root is
two and of the remaining vertices is one. See Figure 2.

Any binary tree can be constructed inductively by attaching carets to leaves. A
colored binary tree is a binary tree where each caret is colored. We use two colors
{a, b} for 2V and use n colors for nV. We first explain the relationship between
colored binary trees and patterns.

As previously stated, any pattern can be obtained inductively from the trivial
pattern. Similarly, corresponding binary trees are also defined inductively. In the
case of the trivial pattern, the corresponding binary tree is the one that consists
of only the root. More precisely, consider the root as a leaf, the trivial pattern
as a rectangle, and then this rectangle corresponds to this leaf. Since there exists
no caret in this tree, we do not color it. Assume that for a pattern, there exists
a colored binary tree with leaves such that there is a one-to-one correspondence
between the set of rectangles and the set of leaves. Let R be a rectangle of this

t
__~roo

/N

caret

‘\‘\//'

leaves

Figure 2. A binary tree and a caret.
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(2)
31 || in
(1) (2) 1 23 4 6 7

Figure 3. The two types of carets and a colored binary tree ob-
tained from a pattern.

pattern, and assume that the corresponding leaf is i-th (from left to right). For the
vertical subdivision of R, let R; be the left rectangle and R, be the right rectangle.
Subsequently, we attach a caret colored by a to the i-th leaf and let R, correspond
to the newly created left leaf and R, to the right leaf. Similarly, for the horizontal
subdivision, we attach a caret colored by b to the i-th leaf and correspond the
bottom rectangle to the left leaf and the top rectangle to the right leaf.

Following [6], in this paper, we represent carets colored by a by the “triangular
carets” and carets colored by b by “square carets.” See Figure 3.

The numbers in the rectangles and under the leaves represent the one-to-one
correspondence between the set of leaves and rectangles. Observe that numbered
patterns can also be represented by colored binary trees with numbers by writing
numbers under the leaves in the same way. Consequently, each element in 2V can
be represented by a pair of colored binary trees with numbers. A tree corresponding
to a domain (resp. target) pattern is called a domain (resp. target) tree.

Note that, in general, more than one colored binary tree may give the same
pattern. This is due to the fact that applying the following operations to a rectangle
in a pattern are the same: the pattern obtained by subdividing vertically once and
then subdividing two rectangles horizontally; subdividing horizontally once and
then subdividing two rectangles vertically. See Figure 4.

As with pairs of numbered patterns, it is difficult to easily obtain a “good” pair
of colored binary trees for each element of 2V. However, we can use this to give an
estimation of the word length, as we will see in Section 2.2. For a colored binary
tree T, we define a branch of T to be a path from the root of T to a leaf of T'. The

INEE
1 23 4 1 32 4

Figure 4. Two colored binary trees give the same pattern.
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depth of T is then defined as the maximum length of the branches of 7' (with each
edge having length one). It is clear that for any element g in 2V, there exists a pair
of colored binary trees giving g. Therefore, we may define the minimality of such
pairs. First, we define a pair of colored binary trees to be shallow if it is a pair of
colored binary trees whose target tree has the smallest depth among pairs that give
the same map. A pair of colored binary trees is then defined as minimal if it is a
shallow pair of binary trees with the smallest number of carets. It should be noted
that such pairs may not be uniquely determined.

Remark 2.3. To make the relationship between grid diagrams and pairs of colored
binary trees clearer, the definition of minimality is slightly modified from that in [6].

2.1.3. Grid diagrams. In this section, we explain how to represent each element in
2V using a “grid” based on [7]. However, unlike [7], the “grid” is constructed on
the target patterns for the sake of our proof. Note that in [7, the second paragraph of
Section 6], it was also pointed out that the same result holds in our setting. Indeed,
we use only the fact that there exists a unique representative for each element in
2V (and nV). In this case, we only need to change the pattern we focus on from
domain to target. Hence we omit most of the proofs in this section.

Definition 2.4. A grid pattern is defined as a pattern obtained by subdividing the
unit square using only line segments of length one.

The pattern illustrated in Figure 3 is not a grid pattern, since the lengths of the
horizontal line segment on [1/4, 1] x {1/2} and the horizontal line segment between
rectangles numbered 6 and 7 are less than one. An example is illustrated in Figure 5.

Definition 2.5. A grid diagram is a pair of numbered patterns with the same number
of rectangles, and the target pattern is a grid pattern.

Proposition 2.6 [7, Proposition 2.3]. Each element in 2V admits a grid diagram as
a representative.

Sketch of proof. We can repeat horizontal and vertical subdivisions (so that the pairs
of numbered patterns obtained always give the same map) until the target pattern
becomes a grid pattern. ([

Figure 5. A grid pattern.
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Moreover, it is known that there exists a unique representative for any element in
2V . In order to give such a representative, we first recall the definition that a grid
diagram is reduced.

Let (P, G) be a grid diagram where G is a grid pattern. In G, take a strip
I; x [0, 1] C [0, 1] x [0, 1] where I; are horizontal edges of the rectangles in G. In
other words, take a rectangle of G where the rectangle is I; x J; C [0, 1] x [0, 1],
and then consider /; x [0, 1]. We apply vertical subdivisions to all rectangles in
I; x [0, 1], and then apply vertical subdivisions to the corresponding rectangles in
P such that the obtained grid pattern and (P, G) give the same homeomorphism on
@2. We call this operation a vertical global subdivision. We say a grid diagram is
vertically reduced if the inverse operation of the vertical global subdivision cannot
be applied to any two adjacent strips of the target pattern. Similarly, we can define a
horizontal global subdivision and a grid diagram to be horizontally reduced. Finally,
a grid diagram is said to be reduced if it is vertically and horizontally reduced.
Then we have the following:

Theorem 2.7 [7, Theorem 3.2]. Any element in 2V has a unique reduced grid
diagram.

Note that since each reduced grid diagram is a pair of numbered patterns, there
exist corresponding pairs of colored binary trees.

2.2. A generating set of 2V and estimations of word length. Consider a finite set
Xoy = {x0,x1, X2, yi, Bi, Ci. X}, 31,713, 77, i, By, Bo, Yo, 1%js %) |iefo,1},je(1,2}}

defined in Figures 6, 7 and 8. The colored binary trees without numbers are
all assigned 1,2, ... to the leaves from left to right. Because this set contains
well-known generating sets (cf. [3; 4; 6]), this also generates 2V . Note that this set
is an inefficient set specialized for calculating the divergence function of 2V.

Following [6], we also express an element of 2V as “PIT Q' form” and use a
part of the form in the proof of the main theorem. We define A; := A =D 4, Ag_])
fori > 1 and B; := B()_(i_l)BlB(()i_l) for i > 1. Then the following holds:

Theorem 2.8 [6, Theorem 2.2]. For an element g of 2V, we have its expression
PI1Q~", where

(1) P and Q are represented by words of the form

Cny -+ Cou, Wiy -+ W

ro

where C; are in Figure 7, W; are words on {A;, B;} without inverse elements,
my<mp<---<mp,andiy <ip <---<li,.

(2) I is represented by a word on {my, 71, ...} U{mo, 71, ... }.
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Figure 8. Generators mg, 7y, ... and 7g, 71, .. ..

In [6], Burillo and Cleary constructed this expression for each pair of colored
binary trees. We also use this construction. See the proof of [6, Theorem 2.1]
for details. Note that for element g € 2V, if we take an expression PITQ~!
corresponding to a minimal pair of colored binary trees (7., 7_), then we have
P =(T4, Ry), I1 = (Rg, , Ry), and Q = (T—, Ry) where 7 is the corresponding
permutation and Ry is the all-right tree with only vertical carets and & is the depth
of g. Here, an all-right tree is a binary tree obtained by a finite number of attaching
a caret only to the right leaf of a caret, and an all-right tree consisting of two types
of carets is called all-right colored binary tree.

We will consider the word metric with respect to the above generating set. We
first recall a known result of an estimation of the word length for pairs of binary
trees.

Proposition 2.9 (cf. [6, Lemma 4.1]). For an element of 2V which is represented
by a minimal pair of colored binary trees with depth D, its word length with respect
to Xyy is at least D /4.

Remark 2.10. The difference between the denominators in [6, Lemma 4.1] and
this lemma arises from the difference in the generating sets. The definition of
minimality is also different, yet this lemma can still be shown similarly: if we take
one of the shortest words with length n, we can say that the depth is at most 4n
since each process of multiplying a generator increases the length of the branches
by at most four.
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As previously stated, a minimal pair of colored binary trees may not be uniquely
determined for an element in 2V. Hence, we use the notion of grid diagrams.
We define the size of a rectangle R = {[a;,a;11] x [bj, bj;1]} of a pattern as
—(logy(ai+1 — a;) +1ogy(bj11 — b;)) and write it as ||R||. For a pattern P, the
fineness of P is defined as the largest size of the rectangles in P and written as || P||.
For an element g € 2V, the fineness of g is defined as ||G ||, where G is the target
numbered pattern of the reduced grid diagram of g. Note that the fineness of g is
the same as the depth of the target tree of a pair of colored binary trees obtained
from the grid diagram of g. Indeed, at the end of Section 2.1.2, we defined the
depth of a pair of trees as the depth of the target tree. In the proof of the main
theorem, we also use the following estimations:

Proposition 2.11. Let g be in 2V with fineness k. Then the word length of g with
respect to Xoy is at least k/8.

Proof. Consider a minimal pair of colored binary trees of g and let D be its depth.
Take a pair of numbered patterns (P;, P2) corresponding to this pair of colored
binary trees. Then, we have || P,|| = D. We construct a grid diagram (P, G) of g
from (P, P>) without vertical and horizontal global subdivisions. Note that (P, G)
may not be reduced. Since each rectangle in G has horizontal and vertical lengths
of at least 1/2P, the fineness of G is at most 2D. By considering the reduced
grid diagram of g, the fineness of g is at most ||G||, namely, k < |G| holds. By
Proposition 2.9, the word length of g is at least D /4. Hence, the desired result is
obtained. ([l

By a similar argument, the following also holds:
Corollary 2.12. Let (P1, P») be a pair of numbered patterns corresponding to
ge€2V,and R ={wix181 | &1 € €} X {wrx28n | & € €} be a rectangle of P, where
w1, wy are words on {0, 1} and x1, x, are in {0, 1}. Assume that neither of the
following conditions (1) nor (2) is satisfied:
() g Y (R)= {wixi11 | &1 € €} x {w)ea | & € €}, where w' and w) are some
word on {0, 1}, and

o g ((WiRiL1, waxa0n)) = (W) X181, whEo) for every (w1181, waxaln) €
{wiX121 ] €1 € €} x {wrx282 | & € €}, where X1 is in {0, 1} with X1 # x.

2) g ' (R)= {wig1 141 € €} x {wixa282 | §o € €}, where w' and w), are some
word on {0, 1}, and

o g7 ((wix181, waka02)) = (W81, WhHEa2) for every (wix1¢1, wakalr) €
{wix181 | &1 € €) x {wax282 | & € €}, where x5 is in {0, 1} with Xy # x».

Then, the word length of g is at least ||R||/8.

Proof. From the assumptions, the fineness of g is at least || R||. By Proposition 2.11,
we have the desired result. ([l
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We say a rectangle R is an essential rectangle if it satisfies the assumptions of
Corollary 2.12. We call horizontal and vertical twin the subsets RY := {wX{; |
01 € € x {wanaln | & € €} and R := {wix1¢1 | &1 € €} x {wakatn | & € €},
respectively, which are defined from R = {wx1¢; | {1 € €} X {wax28r | & € €}
in the assumptions of Corollary 2.12. Then the assumptions mean that we cannot
apply vertical and horizontal reductions to R and “congruent rectangles” adjacent
to R. In other words, the assumptions are that RV is not mapped to the (g~ (R))"
with keeping the orientation and R" is not mapped to (g~'(R))" with keeping the
orientation.

2.3. Divergence functions of finitely generated groups. For finitely generated
groups, the property of having linear divergence functions is a quasi-isometric
invariant. Since we see asymptotic properties of functions, we introduce an equiva-
lence relation on functions from R. g to itself as follows: let f and g be functions
from R to itself. We first define f < g if there exist A, B, C, D, E > 0 such that

f(x)<Ag(Bx+C)+Dx+E

holds for all x € R.¢. Then we define f ~ g if f < g and g < f hold. This is an
equivalence relation on the set of functions from R- to itself. Note that all linear
functions and constant functions are equivalent.

Let G be a finitely generated group with a finite generating set X. Let I" be the
Cayley graph of G with respect to X. For § € (0, 1), we first define the §-divergence
function of I" as follows: let €2(g1, g2) be the set of all paths connecting g1, g» € I'.
Let ||w|| denote the length of the path w. Then for x € R.(, define the function ¢s
by setting

¢5(x) := max { min{||w|| | @ € Q(g1, g2) avoiding B(e, 5x)} | 1g1] = |g2| = x},

where B(e, §x) denotes the open ball of radius §x with a center at identity of G,
and |g1], |g2| denote the lengths from identity of G to g1, g» in I". If there does not
exist such a path, take ¢s(x) = 0o. For each é € (0, 1), the equivalence class of ¢;
is invariant under quasi-isometries [11]. Hence, the §-divergence function of G is
well-defined as an equivalence class of functions.

Definition 2.13. We say a group G has a linear divergence function if there exists
8 € (0, 1) such that the §-divergence function of G is in the equivalence class of
linear maps.

From this definition, it is clear that if the -divergence function of G is in the
equivalence class of linear maps, then the §’-divergence function of G is also in
the equivalence class of linear functions for every 0 < " < §. In fact, Drut, Mozes,
and Sapir [9; 10] showed the following theorem, which establishes a relationship
between divergence functions and a topological property of asymptotic cones.
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Theorem 2.14 [9; 10]. The following are equivalent:

(1) G has a linear divergence function.

(2) For every § € (0, 1/54), the function ¢s is in the equivalence class of linear
functions.

(3) None of the asymptotic cones of G has a cut point.

3. Proof of Theorem 1.1

3.1. Size of the bottom left rectangle. For a given pattern P, let Ro(P) be defined
as the rectangle of P containing the point (0, 0) € [0, 1] x [0, 1]. We first study the
change of the word length when we multiply some of the generators in Xy .

Lemma 3.1. Let (P4, P-) be a pair of numbered patterns representing g € 2V.
Assume that Ro(P-) is essential and a subset of [0, 1/4] x [0, 1]. Then:

(1) There exists a pair of numbered patterns (P1(gx, h, P_ (gxq ) representing
gxy ' such that Ry(P_(gx; ")) is essential, Ry(P—(gxy ")) C [0, 1/8] x [0, 1]
and || Ro(P—(gxy NIl = [Ro(P_)[| + 1.

(2) There exists a pair of numbered patterns (P+(g1§0), P_ (géo)) representing
g Bo such that Ry(P— (g By)) is essential, Ry(P—(gBy)) C [0, 1/8] x [0, 1] and
[ Ro(P—(gBo) Il = |Ro(P-) || + 1.

(3) If Ro(P-) is a subset of [0, 1/4] x [0, 1/2], then there exists a pair of numbered
patterns (P (gCo), P_(gCy)) representing gCqy such that Ryo(P—_(gCyp)) is
essential, Ro(P-(gCo)) C [0, 1/8] x [0, 1] and || Ro(P-(gCo)) || = [[Ro(P-) .

Proof. For part (1), we have Ry(P-) U (Ro(P-))" U (Ro(P_) [0, 1/21x [0, 1] if
(Ro(P_))" is defined. Consider the composition of pairs of patterns. The rectangle
Ro(P-) is unchanged even if the common refinement is taken. Hence, x Y(Ro(P_))
is an essential rectangle of a pair of patterns representing gx, ! The remaining
claims are clear from the definition of x, ! and because if (Ro(P_))" is not defined,
neither is (x, 1(RO(P_)))”. By the same argument, part (2) also follows.

For part (3), if Ro(P-) is a subset of [0, 1/4] x [0, 1/4], then it is also followed
by a similar argument of the proof of part (1). If Ry(P-) is [0, a] x [0, 1/2] for
some a with a < 1/4, then Co(Ro(P-))" is not defined. Hence, we also have the
desired result. O

By a similar argument, we also have the following:

Lemma 3.2. Let (P4, P_) be a pair of numbered patterns representing g € 2V.
Assume that Ro(P-) is essential and a subset of [0, 1] x [0, 1/4]. Then:
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(1) There exists a pair of numbered patterns (P, (gy, h, P (gyo ) representing
gyo_l such that Ry(P_ (gyo_l)) is essential, Ry(P_ (gyo_l)) C [0, 1] x [0, 1/8]
and | Ro(P-(gyy NIl = [[Ro(P-) || + 1.

(2) There exists a pair of numbered patterns (P+(gvo), P—(yo)) representing gyo
such that Ryo(P-(gyo)) is essential, Ro(P-(gyp)) C [0, 1] x [0, 1/8] and
| Ro(P-(gyo)ll = [[Ro(P-)|l + L.

3) If Ro(P-) is a subset of [0, 1/2] x [0, 1/4], there exists a pair of numbered pat-
terns (P+(gCO_1), P_ (gCO_I)) representing gCO_1 such that Ro(P_ (gCO_I)) is
essential, Ry(P_(gCy")) € [0,1]1x[0,1/8] and || Ro(P—(gCy "Nl = | Ro(P-) .

3.2. Construction of the path. In the rest of this paper, we write | - | for the word
length of 2V with respect to X,y . For a word w and w’, we write w = w’ when
w and w’ are the same as words, and ||w| denotes the length of w. If we have
w = w'w” for some words w, w’ and w” (the word w” may be the empty word),
then w’ is said to be a prefix of w and denoted by w’ < w. Theorem 1.1 immediately

follows from the following proposition:

Proposition 3.3. There exist constants §, D and a positive integer Q such that the
following holds: let g € 2V with |g| > 4. Then there exists a path of length at most
D|g| inthe Cayley graph of 2V which avoids a §|g|-neighborhood of the identity and
which has the initial vertex g and the terminal vertex )?1_Q‘g‘)?p?lnglxl_ng‘xQxlglgl.

In other words, there exists a word w on the generating set such that |w| < D|g|;
for any prefix @' of w, we have g’ > 8|g| such that

g — 370kl g g 0lel  ~Qlel ) Olel,
Proof. Let (P+(g), P—(g)) be a reduced pair of numbered patterns representing g
such that Ro(P_(g)) is essential. Note that Ry(P_(g)) can be made essential by
changing the choice of rectangles to be reduced if necessary. We will define six
subwords, denoted by wy, ..., wg, and then the concatenation of these subwords,
wq - - - wg, Will be the desired word, w.

In subpath 1, we may assume that Ro(P_(g)) is a subset of [0, 1/2] x [0, 1].
Indeed, since g is not the identity map, if not, we have Ry(P-(g)) C [0, 1]1x [0, 1/2].
Then by replacing the “vertical argument” with the “horizontal one”, it is possible
to join the argument from subpath 3 onward. More precisely, we replace all
vertical and horizontal carets in generators in subpaths 1, 2 with horizontal and
vertical carets, respectively, and replace all the set I} x I C [0, 1] x [0, 1] in the
definition of subpath 1 with I, x I}, and construct the PIT Q! expression of g; by
using an all-right tree with only horizontal carets instead of vertical carets. There
are no generators in Figure 6 which generate 1 constructed above, but this is
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not a problem since all we need is Q and the required generators are defined in
Figure 6.

Subpath 1. We define w; to be one of the following:
(a) If Ro(P-(g)) is a subset of [0, 1/4] x [0, 1], then define w; to be the empty

word.

(b) If Ro(P_(g)) is [0, 1/2] x [0, 1], then define w; to be X.

(c) If Ro(P—(g))is [0, 1/2]x[0, 1/2] and ag(Ro(P-(g))) is an essential rectangle
of gay, then define w; to be «y.

(d) If Ry(P-(g)) i1s [0,1/2] x [0, 1/2] and ap(Rp(P-(g))) is not an essential
rectangle of gay, then define w; to be Bymyx, 1, as in the figure:

2
1

—1
B()J'L'lxo

(e) If Ro(P_(g)) is [0, 1/2] x [0, 1/2/] where i > 2 and ao(Ro(P—(g))) is an
essential rectangle of ga, then define w; to be «y.

() If Ry(P_(g)) is [0, 1/2] x [0, 1/2!] where i > 2 and a(Ro(P—(g))) is not an
essential rectangle of go, then define w; to be «;.

Lemma 3.4. In any case, g1 has a reduced pair (P4+(g1), P—(g1)) of numbered pat-
terns such that Ry(P—(g1)) is essential and a subset of [0, 1/4] x [0, 1]. Moreover,
lw1]l < 3 holds and for any prefix @' < wy, we have |ga'| > |g|/4-

Proof. Since the latter statements are obvious, it is sufficient to show the first
statement. But since cases (a), (¢), (d), (e), and (f) of the remaining claim are also
clear, we consider only case (b). Let {w¢ | ¢ € €} x {wz¢ | ¢ € €} be a rectangle
corresponding to g 7! (Ro(P_(g)). In the process of multiplying %1, the rectangle
g‘l(Ro(P_(g)) is subdivided into {w{00¢ | ¢ € €} x {wy¢ | ¢ € €}, {w01¢ | ¢ €
Cl x{wrt | ¢ € €}, and {w1¢ | ¢ € €} x {wz¢ | ¢ € €}. Since the rectangles of a
target pattern of gx; corresponding to the first two are {00¢ | ¢ € €} x {¢ | ¢ € €} and
{010¢ | ¢ € €} x {¢ | ¢ € €}, respectively, the rectangle {00¢ | € €} x {¢ | ¢ € €}
of gx; is essential.

O

The idea of the following subpath comes from [12; 18].

Subpath 2. We fix an integer M > 100. Consider the expression PITQ~! of a
minimal pair of colored binary trees of g; and let Cy;, - - - Cmp be the maximal
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words on {C;} contained in Q, where 0 <m; < --- < m,. When m is not zero,
we have
Cony - Comy = (xg ™V O™V - -xo_(m”_l)Clx(()m”_l))
— xo—(m—l)C]xO—(le—mn . Clxof(mp*mpfl)clx(()mpfl)
— xof(mlfl)éoxof(mzfmlfl) . éoxo—(mp_mpfl—l)éox(’)"p’
and define

— -Hp - —mp—1 —(mp—mp_1—1) A —(M —m
a)ZExo (my )BOX() (mo—m )"'Box()( P p—1 )BOXO( |gl‘ p)

Mlgil=mp) p—1_(mp—mp_1—1) 5_1 (ma—my—1) p—1_(m—1)
S X1t X B, x, By - xy B, x, .

When m is zero, define

—(my—1) p _—(m3—mp—1 A —(my—mp_1—1) 5  —(M|gi|—m
CUZECOX()(mZ )Boxo(mg ma )"’BOxo(p -1 )Boxo( lg1l—mp)

- D — p — M p— -1 5- - - n— — —
x| -x(()Mlg]‘ mp)BO lx(()m/ mp—1 )Bo I 'x(()m3 ma I)BO lx(()mz I)CO 1.
Let g2 = g1w>.
See Figure 9 for example.

Lemma 3.5. (1) We have ||w;|| < 4M|g]|.
(2) For every prefix ' of wy, we have |g10'| > |g|/64.

Proof. The proof is only provided when m is not zero; however, it can be shown
similarly when m is zero. We first note that m, < 4|g| holds by Proposition 2.9.

T_(g1) w2
Figure 9. An example of the construction of w;. The dotted
carets in 7_(gy) are not used when constructing w,. The all-
right tree T’ (g;) is obtained by removing the dotted carets from
T_(g1). Note that the tree 7’ (g1) is the domain tree of the product
Cp, - C’"ﬁ; By using T’ (g1), all we needed to define w, are the
generators By, xg, and x1. See also Figure 10.
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A straightforward calculation yields the upper bound of ||w-||. Indeed, we have

(=D +1+(ma—mi =D +14- -+ (mp—mp1 =D +1+(M|gi|—m)) x2+1
=2M|gi|+1

<2M(g|+3)+1

<4M|g|.

For part (2), we first consider @ < w, which does not contain x;. When
l'|l < Llg1l/2], we have |g1@’| > |g1]/2. Indeed, if not, we have
_ lg1l 181l
g1l =1210/@) 7] = 1o + o'l < ==+ ==
Hence we have |g10'| > |g11/2 > (lg| —3)/2 > |g|/8. Next, we assume that o’
does not contain x; and ||| > |g1]/2 holds. Then by Lemmas 3.4 and 3.1, there
exists a pair of numbered patterns (P (g1'), P_(g1w’)) representing giw’ such
that Ry(P_(gi@")) is essential. Then we have
1811

(3-1) IRo(P- (g1l = [Ro(P- (gl + Il > l|l&'[| > -

By Corollary 2.12, we have

/

8 16 — 64

Next, we assume o’ contains x; and no By . Then there exists i > 0 such
that

; —(mi=1) 5 _—(my—m1—1) A —mp—mpy_1—1) A —(Mlgil—mp) (Mlgi|=mp), i
g1 = g1Xx, Box,, -+ Box, By (x, X1X, )X,

as an element in 2V . Since xO_(Mlgl‘_m”)xlxéMlgll_m”) is identity on [0, 1/2]x[0, 1],
the essentiality of the rectangle is preserved when i = (. This means that when i =0,
we have ||Ro(P—(g10))|| > |g1]/2 by inequality (3-1). According to Lemma 3.1(1),
multiplying x, ! from the right increases the size of the rectangle. Then for any
i >0, we have | Ro(P—_(g1®))|l > |g1|/2. This implies that we have |g1’| > |g|/64
for the same reason as in inequality (3-2).

Finally, consider the case where ' contains x; and éo_ ! From the construction
of w», it can be observed that g, is obtained by attaching carets to the minimal
pair of colored binary trees (7(g1), 7-(g1)). This implies that there exists a
pair of numbered patterns of g, such that the rectangle of the target pattern
that contains a point (1, 1) € [0, 1] x [0, 1] is essential, and its size is at least
M|g1| 43 —4|g1]. Indeed, by Proposition 2.9, the length of the right most branch
of T_(g1) is at most 4|g|. Hence the number of attached vertical carets to the
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g1 w2
Ty (g1) T_(g1) >< T’ (91) T’ (91) _
/>\ />\ = Mlg1| +3
A N
T, (91) T_(g1)

/‘<\ />\] ZM‘91|+3_4‘91‘
Figure 10. Anillustration of the multiplication of g; and w,, where
(T+(g1), T—(g1)) is a minimal pair of colored binary trees of g;

and T’ (g1) is the maximal all-right colored binary tree contained
in T_(g1).

rightmost branch is at least M|g;| + 3 — 4|g1|. Also, from the construction, ver-
tical reduction cannot be applied. Therefore the size of the rectangle containing
(1, 1) is at least M|g1| + 3 — 4|g1| by focusing only on the vertical subdivisions,
since the size of a rectangle is defined as the sum of the number of vertical
and horizontal subdivisions. See Figure 10 for an illustration of this argument.

We now consider g’ as gow” by a certain word ”. Note that we have
lw”|| <m, by a straightforward calculation. This means that ||"|| is sufficiently
smaller than |g;|, so we estimate |g;«’| based on g>. Since m, < 4|gi| holds, by
Corollary 2.12 and Lemma 3.4, we have

o Migil+3—4lail

(3-3) g10'| = |820"] > | g2] — [l || > 2 4lg1

> +(M —36)|g1] = 8|g1] > 2g|.

Hence for any prefix o’ < w,, we have |g10'| > |g|/64.
O

Subpath 3. Let w3 be a minimal word on X,y such that w3 = gl_1 holds. Let
83 = 82ws3.

Lemma 3.6. (1) We have |w3]| <2|g].

(2) For every prefix ' of w3, we have |g,’| > 2|g|.

Proof. The first claim is obvious by Lemma 3.4. For the second claim, we note that
|@'| < |g1| holds since w3 is a minimal word. Then we have

g20| = Ig2] — || = Ig2] — Ig1] > 2lgl.

as estimated in inequality (3-3).
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~1
w3 = g1

/\ /\ X T_(g1) T (91)
\
A

/>\

NP
:O\'th N ] > Mlg| + 3 — 4]g1]

Figure 11. An illustration of g3. Observe that g3 is the identity
map on the subset corresponding to all leaves except the i-th leaf.

Subpath 4. We fix an integer Q > 48 M. We define w4 based on a subset [0, 1] x
[0, 1] where g3 is the identity map. From the construction, one of the following
holds (see also Figure 11):

(a) g3 is the identity map on [0, 1] x [0, 1/2];

(b) g3 is the identity map on [0, 1] x [1/2, 1];

(c) g3 is the identity map on [0, 1/2] x [0, 1]; and

(d) g3 is the identity map on [1/2, 1] x [0, 1].
Then we define w4 as the word determined from one of the following cases of
capital letters corresponding to each small letter:

(A) let wg = 4&; @D, 5, 3, I8l
(B) let wyq = px;QI8IHD, xp ) x, QlelHT,

(C) let wy = £, 23,2 21!; and

(D) let wg = x1 208l xpx, QI8
Let g4 = g3wy4.
Lemma 3.7. (1) We have |w4| <3Q]g].

(2) For every prefix ' of w4, we have |gz'| > 3|g|.
(3) As elements in 2V, g3 and w4 commute.

Proof. Part (1) follows from a straightforward estimation, and part (3) is obvious
since the supports of g3 and w4 are disjoint. For part (2), in any case, we note
that generators in w4 preserve the rectangle with its size at least M|gi| + 3 —
4|g1]. Since the process of obtaining the essential rectangle from this rectangle
requires only at most one horizontal reduction, gswy is also represented by a pair
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of numbered patterns with an essential rectangle of size at least M|g;| +2 —4|g1|.
Indeed, when w4 is defined in the case of (A), since ,Xxi, X2 is the identity on
[0, 1] x [0, 1/2], the vertical reduction cannot be applied in the process and the
horizontal reduction may be possible. Also, since any generator in w4 vertically
divides [0, 1] x [0, 1/2], the number of this horizontal reduction is at most one.
For case (B), only at most one reduction is applied for the same reason as in case
(A), and no such reduction is possible in cases (C) and (D). Hence the size is
at least M|g| + 2 —4|g] in any cases. By Corollary 2.12 and Lemma 3.4, we
have

> Migi|+2—4[gi

lg3w| = A > 12[g1] = 3gl.

which is the desired result.
O

Subpath 5. Let ws be a minimal word on X,y such that ws = g5 " holds. Let
85 = 84Ws.
Lemma 3.8. (1) We have |ws|| <5M|g|.
(2) For every prefix ' of ws, we have |gs0’| > M|g|.
Proof. For part (1), by Lemmas 3.4, 3.5 and 3.6, we have

losll < 1]+ lloi | + w2l + lwsll < [g] +3+4M|g| +2|g| < 5M]g].

For part (2), we first note that w4 is represented by a pair of patterns with an
essential rectangle of size at least Q|g| + 4. In particular, by a similar argument
to the proof of Lemma 3.7, the horizontal length of this rectangle is unchanged for
g4 = gzw4. Hence by Corollary 2.12, we have |g4| > (Q|g| + 3)/8. Therefore we
have

|ga’| = |gal — llos|l > 6M|g| —5M|g| = M|g|.

This completes the proof.
O

We may now obtain gw;wrw3w4ws = w4, which only depends on |g|.

The final step is to connect any of cases (A) to (D) defined in subpath 4 to
X, Qlelz, 2 1ng lxl_ Qlely, x 1ng ! by a final subpath. In order to define this subpath, we
write the subpaths defined in cases (A) to (D) as w4(A), w4(B), w4(C) and w4 (D),

respectively.
Subpath 6. If the path w4 is w4(A), let wg = w4 (B)w4(C). If the path wy is w4 (B),

let wg = wa(A)w4(C). If the path w4 is w4(C), let wg = w4 (D). Finally, if the path
w4 1S w4 (D), let wg = w4 (C).
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—0lgla ~0lgl —0Qlgl Olsgl
) XoX %X, X2X,

Lemma 3.9. (1) In any case, we have gswg = X as an

element in 2V.
(2) We have |lws|| < 608l
(3) For every prefix ' of weg, we have |gsw’| > 6M|g|.

Proof. For part (1), we note that w4(A)w4(B) = w4(D) holds as elements in 2V.
Observe that the supports of w4(A) and w4(B) are disjoint, and the same holds for
@4(C) and w4(D). Since we have w4(C)wy (D) = &7 2185, 5 2181y ~C181 ., x I8 we
obtain the desired result. Part (2) follows from Lemma 3.7.

Finally, part (3) follows from the following observation: in the process of
multiplying generators of wg, there always exists a pair of numbered patterns
with an essential rectangle whose horizontal length is at least Q|g| + 2. Hence by
Corollary 2.12, we have |gsw’| > (Q|g|+2)/8 > 6M|g|.

O

Now, we define w as w; - - - wg. From Lemmas 3.4, 3.5, 3.6, 3.7, 3.8, 3.9, take
D =100 and § = 1/64. Then we have that g = £, /82,2 21812181, 2181,
ol < D|g|, and |gew’| > 8|g| for any prefix @’ of w. This completes the proof of
Proposition 3.3.

O
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VOGAN’S CONJECTURE ON LOCAL ARTHUR PACKETS
OF p-ADIC GL, AND A COMBINATORIAL LEMMA

CHI-HENG Lo

For GL, over a p-adic field, Cunningham and Ray proved Vogan’s conjec-
ture, that is, local Arthur packets are the same as ABV packets. They used
endoscopic theory to reduce the general case to a combinatorial lemma for
irreducible local Arthur parameters, and their proof implies that one can also
prove Vogan’s conjecture for p-adic GL, by proving a generalized version
of this combinatorial lemma. Riddlesden recently proved this generalized
lemma. We give a new proof of it, which has its own interest.

1. Introduction

Let F be a non-Archimedean field of characteristic zero and let Wr denote the
Weil group of F. Let G be a connected reductive group defined over F. We define
G :=G(F) and T1(G) the isomorphism classes of smooth irreducible representations
of G. A local Arthur parameter v is a continuous homomorphism

¥ : Wp x SLP(C) x SL2'(C) — G,
such that
(1) the restriction of ¥y to W has bounded image;
(2) the restrictions of i to both SL? (C) and SL‘;(C) are analytic;
(3) ¥ commutes with the projections W x SL? (C)x SL’; (C)— Wpand LG — Wp.
Here SL? (C) is called the Deligne-SL, and SLQ\ (C) is called the Arthur-SL,.

In his fundamental work [2], Arthur attached a local Arthur packet ITy, for each
local Arthur parameter i of quasisplit classical groups. This is a finite (multi)set of
smooth irreducible representations, satisfying certain regular and twisted endoscopic
character identities [2, Theorem 2.2.1]. Assuming the Ramanujan conjecture, Arthur
showed that the union of these local Arthur packets contains the local components
of all discrete square-integrable automorphic representations.
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An interesting question is to construct each local Arthur packet Iy over p-adic
fields besides the abstract definition. In a series of work [16; 17; 18; 19; 20], Mceglin
explicitly constructed each local Arthur packet and showed that it is multiplicity-
free. However, there are difficulties in her construction when trying to compute the
representations in the local Arthur packets in terms of the Langlands classification.
To remedy this, for symplectic and split odd special orthogonal groups, Atobe gave
a reformulation of Mceglin’s construction [3] using extended multisegments, and
gave an explicit algorithm to compute the Langlands classification data for the
representations in a local Arthur packet. The main tools in these results are (partial)
Aubert—Zelevinsky involution and partial Jacquet module (called derivatives in [4]),
which are representation theoretic.

On the other hand, in [8], Cunningham, Fiori, Moussaoui, Mracek and Xu aimed
to construct local Arthur packets over p-adic fields using a geometric approach.
They extended [1] to p-adic reductive groups: For any L-parameter ¢ of a p-adic
quasisplit connected reductive group G*, they defined the ABV-packet HQBV, a
finite set of irreducible representations of pure inner forms of G*, using microlocal
vanishing cycle functors. For a fixed pure inner form G of G*, we shall write
HQBV(G) = HﬁBV NTII(G). It is expected that the ABV-packets recover the local
Arthur packets in the following sense. For each local Arthur parameter ¥ of G, we
associate an L-parameter ¢y, by

vl (M)

We say ¢ is of Arthur type if ¢ = ¢, for some local Arthur parameter . Vogan’s
conjecture is stated as follows.

Conjecture 1.1 [8, Conjecture 8.3.1(a)]. For any local Arthur parameter r of G(F),
My, =132V (G(F))

There are more precise statements matching the distributions associated with
local Arthur packets and ABV-packets; we refer to [8, Conjecture 8.3.1] for details.

Conjecture 1.1 remains widely open. The only known case is GL,, (F'), proved
by Cunningham and Ray [5; 6]. To introduce our main result, we sketch their main
idea in the following subsection.

1.1. Proof of Vogan’s conjecture of GL, (F) and the combinatorial lemma. First,
we introduce a crucial ingredient of their proof, the Pyasetskii involution on L-
parameters, which we denote by

-~

¢ 9.
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This involution is defined via the geometric structure on Vogan varieties. See [8,
§6.4] or [23, §4.3] for a precise definition. When G = GL,,(F'), there are bijections
among irreducible representations of G, L-parameters of G, and a collection of
multisegments (see Section 2.1 for details). In [21], Meeglin and Waldspurger
showed that under these bijections, Pyasetskii involution on L-parameters matches
the Zelevinsky involution on irreducible representations defined in [23, §4.1]. They
gave a combinatorial algorithm on multisegments to realize these involutions (see
Section 2.3). Later in [14], Knight and Zelevinsky gave a closed formula for the
involution on multisegments, which is proved using the theory of flows in network.
For GL,, (F), the structure of L-packets and local Arthur packets are simple: they
are all singletons. Therefore, the inclusion ITy, = Iy . S Hgfv automatically holds.
With this observation and the geometric structure of ABV-packets of GL,(F)
[7, Proposition 3.2.1], Cunningham and Ray demonstrated in the proof of [6,
Theorem 5.3] that for an irreducible local Arthur parameter ¥ of GL, (F),

My =My (GL, (F))
holds if the following lemma holds for 1.

Lemma 1.2 [6, Lemma 4.8]. Let v be an irreducible local Arthur parameter
of GL,(F). If ¢ is an L-parameter of GL,(F) satisfying ¢ > ¢y and az @, then

b =0oy.

Here the inequality is the closure ordering of L-parameters defined via the
geometric structure on Vogan varieties, which is equivalent to the partial ordering
on multisegments considered in [23] (see Section 2.2 for details). Cunningham and
Ray proved the above lemma, and hence established Vogan’s conjecture in this case.
Later in [5], they used endoscopic lifting to reduce the general case to the case of
irreducible parameters. This proved Vogan’s conjecture for GL, (F) completely.

On the other hand, the proof in [6, Theorem 5.3] implies that for an arbitrary
local Arthur parameter v of GL,, (F'), not necessarily irreducible, the equality

My = Mg, ¥ (GLa(F))
holds if the following generalized lemma holds for .

Lemma 1.3. Let  be an arbitrary local Arthur parameter of GL, (F). If ¢ is an
L-parameter of GL, (F) satisfying ¢ > ¢y, and $ > &7,, then

b =0oy.
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Riddlesden [22] proved Lemma 1.3, mainly using the network description of the
Zelevinsky involution as in [14]. Therefore, combining with the proof of [6, Theo-
rem 5.3], this provides a combinatorial approach to Vogan’s conjecture for GL,, (F).

1.2. Main result. We present a new proof of Lemma 1.3, thereby offering an
alternative approach to Vogan’s conjecture for GL,(F). Compared to [22], our
proof is elementary and only involves the Moeglin—Waldspurger algorithm. This
reflects an important technique in the study of general representations of Arthur type,
and hence has its own interest and is expected to have applications, as outlined below.

The main idea of the proof is to verify that the ABV-packets of GL,, (F) satisfy
an analogue of the following property for local Arthur packets of G, = Sp,, (F)
or split SOy,4+1(F) proved in [11]. Suppose 7 is a representation of G, of Arthur
type. Then the L-parameter ¢, shares a specific common summand with the
L-parameter ¢y max(r), where

Y (m) € V() = {y | € Ty}

is “the” local Arthur parameter of 7 considered in [10]. If 7 is not tempered, one
may define a representation 7 ~ and a local Arthur parameter (™ (7))~ of G,,-
with n~ < n by removing this common summand from the L-parameters. Then
7w~ € I(ymx(ry)-. Conversely, repeating this process (with slight modifications)
gives an algorithm to determine whether  is of Arthur type or not. See [12, §6]
for a precise statement.

For GL,, (F), motivated by the phenomenon above, we show that the dual in-
equalities

$=¢y and ¢=dy,

imply that ¢ and ¢y must share certain common summands in Proposition 4.3.
Define ¢~ and ¢~ by removing these common summands. The dual inequalities
are preserved, i.e.,

¢"=dy- and ¢ =y

Repeating the above procedure, we conclude that ¢ = ¢y, which proves the main
result. Note that W (;r) is always a singleton for GL, (F), and hence ™ (;r) does
not play an essential role here.

1.3. Applications of the combinatorial lemma. Finally, we discuss some applica-
tions of the combinatorial lemma. We say that an L-parameter ¢ is atomic if

10 >0, ¢ =) =1{0).
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In upcoming work [9; 15], we show that this atomic property enables us to explicitly
study the associated ABV-packet, as we will now explain.

First, suppose ¢ is an atomic L-parameter of GL,(F) and let & be the corre-
sponding irreducible representation. Note that the atomic property implies that
HQBV = {m}. In [15], we give an algorithm to express 7 as a linear combination of
standard modules.

Next, we consider L-parameters of classical groups Sp,,, (F) or split SOy, (F).
On one hand, we can associate a “stable standard” distribution nZ}d by summing
over all standard modules in the L-packet I1g, which is stable. On the other hand,
there is another distribution 7,V defined via the ABV-packet ITj"V, which is
conjectured to be stable [8, Conjecture 8.4.2]. Assuming this conjecture, for each
atomic L-parameter ¢, we give an algorithm to express ngBV as a linear combination

of stable standard distributions in [15].

Finally, in a joint work currently in progress [9], we are going to establish the
conjecture that nQBV is always stable for classical groups under certain assumptions.
As a nontrivial corollary, we show that if ¢ is atomic, then the ABV-packet HQBV
is atomically stable, meaning that no proper subset supports any stable distribution.

This justifies the use of the term “atomic”.

With the above results in mind, it is an interesting and important question to
characterize/classify the set of atomic L-parameters. The combinatorial lemma
(Lemma 1.3) implies that L-parameters of Arthur type of GL,(F) are always
atomic. The same holds for classical groups SOz,41(F), Sp,,,(F) and Oz, (F) by
the explicit computation of Pyasetskii involution for these groups in [13]. Therefore,
the above results can be applied to these ABV-packets of Arthur type. We remark
that not all atomic L-parameters are of Arthur type. For example, ¢, is atomic but
not of Arthur type for any generic nontempered representation 7 of GL,, (F). We
expect that the careful study of the combinatorial aspect of Mceglin—Waldspurger
algorithm in this paper will play important roles toward the classification of atomic
L-parameters not necessarily of Arthur type.

Here is the structure of this paper. In Section 2, we recall the necessary notation
and preliminaries. We recall the notion of multisegments in Section 2.1, the partial
ordering on multisegments in Section 2.2, and the Mceglin—Waldspurger algorithm
in Section 2.3. In Section 3, we rephrase the Moeglin—Waldspurger algorithm and
develop certain notation and lemmas for the proofs in Section 4. Then we prove
Lemma 1.3 in Section 4. We rephrase Lemma 1.3 in terms of multisegments in
Section 4.1. We prove the key of reduction, Proposition 4.3, in Section 4.2. Finally,
we prove Lemma 1.3 in Section 4.3.
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2. Preliminaries

Let F be a non-Archimedean field of characteristic zero, and let Wr denote the
Weil group of F. Let | - | represent the normalized absolute value on F, which we
also regard as a character of GL,(F) via composition with the determinant.

We denote by IT(GL, (F)) the set of isomorphism classes of irreducible smooth
representations of GL,(F), and by ®(GL, (F)) the set of equivalence classes of
L-parameters for GL, (F). We define

M1(GL(F)) := |_| M(GL,(F)), ®(GL(F)):= |_| ®(GL,(F)).
n>1 n>1
We denote by + the sum of multisets (disjoint union), and by \ the difference of
multisets.

2.1. Langlands classification for GL, (F). We recall the Langlands classification
for GL, (F'), and the bijection among IT1(GL, (F)), ®(GL,(F)) and multisegments
of correct rank.

Let C(GL, (F)) denote the set of isomorphism classes of supercuspidal repre-
sentations of GL, (F). By local Langlands correspondence for GL, (F), we may
identify C(GL, (F')) as the set of isomorphism classes of n-dimensional irreducible
representations of Wg. We let

C:=| |c@GL,.(F)),
n>1
and denote by Cyni the subset of C that consists of unitary supercuspidal representa-
tions.

Let P be a standard parabolic subgroup of GL,(F) with Levi subgroup L =
GL,, (F) x --- x GL,, (F). An irreducible representation o of L can be identified
with

0=01Q- Qo0

where o; € I1(GL,, (F)). We set

GL,(F
o1 X -+ x0g:=Indp n(F)

’

which is the normalized parabolic induction.
A segment A is a set of the form

|h+l

o120l 12T 0l 1)

where p € Cypit, b, e € R such that e — b € Z~(. We shall write A =[b, e], for short
and call b the base value of A, e the end value of A, and e — b + 1 the length of A.
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We also write
b(A):=b, e(A):=e, [(A):=e—b+1.

A multisegment, which we usually denote by «, 8, y or §, is a finite multiset
of segments. We denote the collection of segments by Seg and the collection of
multisegments by Mseg. For each p € Cyyit, let Sig,O denote the subset of Seg

consisting of segments of the form [, ¢],, and let Mseg,, denote the subset of Mgg

consisting of multisets of segments in Seg,. For each o € Mseg, there is a unique

o= E Qp,

PECunit

decomposition

where o, € Mseg, and a, = & except for a finite number of p € Cypj.
For each segment [y, x],, let A,[x, y] be the unique irreducible subrepresentation
of the parabolic induction

pl-I"xpl- P x-xpl].

We recall the Langlands classification for GL,, (') now. Any irreducible represen-
tation 7w € [T1(GL,(F)) can be realized as the unique irreducible subrepresentation
of a parabolic induction of the form

Ap [xi, il x - X Ap [xp, yrl,
where
o n=Y"0 dim(p)(x; — yi + 1),
® 0; € Cunit, and
o X|+YI = =Xr+Yr.
Here dim(p;) is the dimension of p; as an irreducible representation of Wr. The
multiset
{Ap xt, ] oo Aplxy, yrl}
with the above requirement is unique. With this notation, we may write down the

L-parameter of 7 as

XfEyf

s :
¢z = p1l- | ®Symx‘ MDD oyl ® Sym™/ 1,

where Sym®*! is the unique h-dimensional irreducible analytic representation
of SL,(C). Also, we associate, to 7, the multisegment

8z = Ayt Xtloys -5 rs xflp, )
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Thus, with the above notation, we obtain the correspondence

[T(GL(F)) +— ®(GL(F)) — Mseg,

T[: >¢)n: >87[

Suppose ¢ is an L-parameter of GL, (F). We shall simply write §4 := 8, where
is the unique representation of I1(GL, (F)) such that ¢, = ¢.

2.2. A partial ordering on multisegments. We recall the partial ordering on Mseg
introduced in [23]. S

Suppose Ay = [by, e1], and Ar = [by, e2],, are two segments. We say A; and
A, are linked if the union A; U A, (as a set) is also a segment, and A; 2 Aj,
Ay 2 Ay. In particular, A; and A; are linked only if p; = p; (recall that we require
01, P2 to be unitary).

Now let «, B be two multisegments. We say g is obtained from « by performing
a single elementary operation if we can form B from « by replacing a submultiset
{A1, Ar} of @ by

{A1, Ar} if A, A, are not linked,
{ATUAy, AiN Ay} if Ay, Ap are linked and A| N Ay # &,
{A1U A3} if A{, A, are linked and AN A, = 2.

Definition 2.1. Let «, 8 be two multisegments. We define « > S if o can be
obtained from B by performing a sequence of elementary operations. This gives a
partial ordering on Mseg.

For any multisegment 6 = {Ay, ..., A,}, we define

-
supp(d) := Z Aj,
i=1
which is a multiset of supercuspidal representations. Then, it follows from the
definition that & > B only if supp(«) = supp(8). Also, if « = )_
B = Zpecm By, then a > B if and only if a, > B, for every p.
It is proved in [23, §2] that the partial ordering in Definition 2.1 exactly corre-

PECunit O[p and

sponds to the closure ordering on the orbits of Vogan varieties.

Theorem 2.2 [23, Theorem 2.2]. Let ¢y, ¢ be two L-parameters of GL,, (F). The
following are equivalent:

(@) 8¢, = 6¢,-

(®) ¢1 = ¢

Here the > in part (b) is the closure ordering on the associated Vogan variety.
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2.3. Meglin—Waldspurger algorithm. We recall the statement of the Mceglin—
Waldspurger algorithm and introduce the related notation. For simplicity, we shall
assume any multisegment in this section is in Mseg, for a fixed p € Cynit, and omit
p in the notation. -

Suppose A} = [b1, e1] and Ay = [by, e;] are linked. We say A precedes A; if
by < by and e; < ep. For A =[b, e], define

A- {[b,e— 1] ifb #e,
1%/ otherwise.

With these definitions, we are ready to state the Mceglin—Waldspurger algorithm.
Algorithm 2.3 (Mceglin—Waldspurger algorithm). Suppose « is a multisegment.
We associate a segment M («) as follows.

(1) Set e to be the largest end value of segments in «. Set m :=e.

(2) Consider all segments in o with end value m. Among these, choose a segment
with the largest base value and call it A,,.

(3) Consider the set of all segments in « that precede A, with end value m — 1.
If this is empty, go to step (5). Otherwise, choose a segment from this set with
the largest base value and call it A,,;,_;.
(4) Setm :=m — 1 and go to step (3).
(5) Return M () = [m, e].
Next, we inherit the following notation from the above procedure. Define « \ M (o)
to be the multisegment obtained from « by replacing A; with A;” forallm <i <e
and removing empty sets.
Finally, we set
&= (M)} + @\ M)

if o # @ and @ := @ otherwise.

For a general multisegment o = ) _ a,, we define

pecunit
o= E Qp.
PECunit

The main result of [21] is that Algorithm 2.3 computes the Zelevinsky involution
on multisegments and also the Pyasetskii involution on L-parameters of GL,, (F).

Theorem 2.4 [21, Theorem I1.13]. For any L-parameter ¢ of GL,(F), we have

5(’5 = 5¢.
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3. Rephrasing Mceeglin—Waldspurger algorithm

We introduce certain notation and a useful observation (Lemma 3.3 below) for the
Mceglin—Waldspurger algorithm. Then, we rephrase Algorithm 2.3 in Corollary 3.4.

We inherit the notation in Algorithm 2.3 in the following discussion. For any
multisegment B, set B0 := g and B := /=1 \ M(B'~"), so that for any i, we have

B={M@BHYy+B
Write B ={A};ecs, and B = {A;}jeﬁ. For i > 0, we fix an injection J/ < Ji~1,
which identifies J? as a subset of J'~!, with the conditions
i i-1
° AJ. - Aj , and
o if A1 5 AL then Al = (A1)~
In this way, we identify each J' as a subset of J = J°. Define
K :={jel |A,# A;“}.
Then,
M(B) ={e(A)|jeK').
Write M(B') =[m', ¢']. Form' <1 <¢', let k! be the unique index in K such that

e(A;;i) =[. Now we rephrase Algorithm 2.3.
1

Lemma 3.1. With the above notation, the following properties uniquely characterize
M(B) =[m', '] and {A;‘f Ymi<i<ei:

(1) ' = max{e(A)) | j € J').
(2) b(A), ) = max{b(A;) | jelJt, e(Ag.) =e'}.
3) b(A;'C;.) = max{b(A;) | jel, e(Aj.) =1, b(A;) < b(A;'C[,.H)}

@ {jeJ le(A))=m' =1, b(A") <b(A}, )} =2.

m!

0

Finally, let e := ¢” = max;c;{e(A;)} and set

t:=max{i € Zsq | €' =e(M(B')) = e} +1.

Note that t =#{j € J | e(A ) = e}. When there are more than one multisegment
involved in the argument, we write J' = J'(B8), K' = K'(B), e =e(B) and t =1(B)
to specify the multisegment S.

We give an example to demonstrate this notation.
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Example 3.2. Consider 8 = {A}jcs, where J = {1, 2, ..., 8}, and
Al :[27 2]’ A2:[07 1]9 A3:[_27 0]7 A4:[_37_1]’
As=[1,2], Ae¢=[-1,1], A7=[-2,0], Ag=[-2,1].

We have e(8) =2 and ¢ (8) = 2. Applying Algorithm 2.3 once, we obtain M (8) =
[m°, "] =[~1,2], and B' = B\ M(p) is obtained from 8 by replacing {A;}}_; by
{A;}ﬁzl. Thus we can choose K° = {1,2, 3,4} and (k9, k0, k0, k° ) = (1,2, 3, 4).
Note that one can also choose K° = {1, 2, 7, 4} since A3 = A7.

With the choice K° = {1, 2, 3, 4}, we obtain that J' ={2,3,...,8} € J and

B =1{AJ L, ={AT ) u{A s
Apply Algorithm 2.3 again, we obtain M (8') =[m!, e']1=[0, 2] and the only choice
of K'is {5, 6, 7} with (k), k., kj) = (5,6, 7). Weobtain J2={2,3,...,8}CJ'CJ
and

B> =A% = (A7 ulA] s uiAs).

Observe that in the above example, K ONK!=, orin other words, the index sets
(K! (,3)}5(:’30) ! are mutually disjoint. One can also check this on the multisegment
in Example 4.6, which is slightly more complicated. We prove this interesting
phenomenon for all multisegments along with other properties in the following
lemma.

Lemma 3.3. With the notation developed in this section, the following holds for
any multisegment f3:

@ m’<m!'<...<m' .
(b) Forany0<i <t—1and m' <1 < e, we have containment

0 1 i
Ak})gAk} C---CA,.

(c) The sets {K' };;(1) are mutually disjoint.

(d) ForO<i<t—1landm' <l <e,we have

i — 0_ 1,_---_ l l__ i+l_---_ til
A=Ay =0y ==, 204 == ="

Proof. First, observe that part (a) implies that

m’<m'<...<m' <l<e,

and hence the indices k?, e kffl in part (b) are well defined. Also, part (d) is a
direct consequence of part (c). To prove parts (a), (b), (c), we apply induction on
t =t(B). If t =1, the conclusions trivially hold. We assume ¢ > 1 from now on.
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We claim that for any [ € {e,e — 1,..., m’_l}, the following hold for any
O<i<t—1:
G m' <1I.

(ii) A’ c AT
kl

(iii) k;—‘ is not in K.
We demonstrate that the claims imply the desired conclusion before we verify
the claims. Set J':=J \ K'~! and B’ := {A};c;. Then,

1) =#ljed |e(A)=c)=1—1.
Also, for any 0 <i < ¢ — 1, claim (iii) implies K’ N K’ = @, and hence claim (i1)
implies that for m’ <[ <,

i t—1 i
Ak; gAk; 1 _Akr 1

This gives b(A’ ) > b(A’, \). From this inequality, for 0 <i <t —1 and m' <
[ <é', we 1nduct1vely check that [m', ¢'] and A’, e (B )i satisfy the properties in
Lemma 3.1 for B’. Thus, we can choose K’ (8') = 'K (B). The induction hypothesis

for B’ then implies that:
@)y ml<...<m2.

(b’) Forany 0 <i <t —2and m’ <[ < e, we have containment
0 1 i
Ak? g Akll g ce g Ak;.
(c’) The sets {K' } are mutually disjoint.

Thus, together with the claims, this verifies conditions (a), (b) and (c) for .
Now we prove the claims by applying induction on /. When [ = e, claim (i)
trivially holds. Claim (ii) follows from Lemma 3.1(2). For claim (iii), write

Ag, . =[x, y]. Then, Ak, L =[x,y—s]wheres =#{0<i <t—1]ki"! e K'}.
Since e(Ak, ,)_eand

=e(Ap-1) < max{e(A%)} =e
AVep
by definition, we obtain that
e=y—s=y=e,

which implies that s = 0. This completes the verification of the claims for / = e.
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Suppose e > r > m'~! and the claims are already verified for / = r + 1. We are

going to verify the claims for / =r.
-1

kt—l .

First, for any 0 <i < ¢ —1, claim (ii) for  =r+1 gives A;{i CA
r+1

r+1
with Lemma 3.1(3), we obtain that

Combining

(3-1) (AL <b(AN) <b(Ay ).
r r+1 r+1
On the other hand, claim (iii) for [ =r—+1 implies that kﬁjr% # krj forany0<j <t—1,
and hence
(3-2) A=Al = =A  =...=ATL

kT TR ki~

In particular, their base values are all the same. As a consequence, the set
{j e J'e(Ah) =r, b(A}) <b(A] )}
r+1

is nonempty since it contains k’~!. We conclude that m’ < r by Lemma 3.1(4).
This proves claim (i) for / =r.
Next, forany 0 <i <t —1, (3-1) and (3-2) give
e(Al, ) =e(Al) =1, b(AlL_) =bALY) <b(A} ).

k! ki~ kt ! Pl
Therefore, k'~ is in the set
{j e |e(A)) =r, b(A) <b(Al )}
r+1

We conclude that b(A;{,_]) <b(AL) by Lemma 3.1(3). This verifies claim (ii) for
[=r.
Finally for claim (iii), suppose the contrary that k'~! € K’ for some 0 <i <t
and take maximal such i. We must have
A;{;ll = A;{;}l - A;ﬂ = (A;{ﬁ)_,

and hence kﬁ_l = ki +1- However, claim (ii) for / = r +1 gives

AT = AT = (AL )T AL AT
kr ks r+1 41 k1

In particular, b(Atkt_ 11) > b(A;{,_,l1 ), contradicting Lemma 3.1(3). This completes the
verification of claim (iii) for [ "Z r and the proof of the lemma. ([l

As a corollary, we can improve the statement of Lemma 3.1 when 0 <i <fr—1
as follows.

Corollary 3.4. Let {(K' }E(:ﬂo) ~! be a collection of mutually disjoint subsets of J (B).
The following are equivalent:
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(a) K' can be labeled as K' = {k!} i </ <.(p) such that the following holds:

(1) e(Ag) =1

2) b(Aw) =max{b(A)) | j €I\ (o< K7). e(A)) =e}.

(3) b(Ay) =max{b(A)) | j € I\ (Llozr<i K7), e(A)) =1, b(A)) <b(Ay )}
@) {j eI\ (Loerei K7) le(Aj) =m' =1, b(A)) < b(Ak:-n[)} =0Q.

(b) The multisegment B can be obtained from B'~" by replacing {Ayi}yicgi with
{Aihieki-

Proof. The descriptions of parts (a) and (b) both determine the collection of
segments {A ki }iicxi uniquely. Thus, it suffices to examine the index sets {K’ };;(1)
chosen in the beginning of this section, where part (b) holds, satisfying all of the
conditions in part (a).

Condition (1) holds by definition. Condition (2) holds since e(A;) =e¢ if and
only if AY =Aj and j | |y, _; K". For condition (3), observe that A, = A for
jeJ\ |_|0§r<i K", and hence Lemma 3.1(3) implies that

b(ay) zmax{ba) [ je s\ (LI K"). e(Ap =1 b(a)) <bAy ).
0<r<i
On the other hand, Lemma 3.3(c) shows that
kield L] K7),
! \ (O§r<i )

so the equality holds. By the same observation, Lemma 3.1(4) implies condition (4).
This completes the proof of the corollary. ([

4. Proof of Lemma 1.3

4.1. Rephrasing Lemma 1.3 by multisegments. We rephrase Lemma 1.3 using the
notation of multisegments recalled in Section 2. First, we define multisegments of
Arthur type.

Definition 4.1. We say a multisegment « is of Arthur type if @ = 84 for some
L-parameter ¢ of Arthur type. The following is an equivalent but more explicit
description.

1. For an irreducible local Arthur parameter p ® Sym? ® Sym®, we associate a
multisegment

s . |la—d a+d a—d 1 a+d 1 —a—d —a+d
,o,d,a L p’ - - p,---, S — 0 .

27 2 2 72 2 72
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2. For a local Arthur parameter of the form
4-1) 1//2@@,0®Symdf®8ym“f,
o i€l,
we associate a multisegment
Sy =2 D o
p i€l,
3. We say a multisegment « is of Arthur type if a = 8y, for some ¥ of the form (4-1).

With this definition, we may rephrase Lemma 1.3 as follows.

Lemma 4.2. Let o be a multisegment of Arthur type. If B is a multisegment such
that B zaandﬁz&,thenﬁ =q.

4.2. Preparation for reduction. In this subsection we prove Proposition 4.3 below,
which is the key to the reduction argument in the proof of Lemma 1.3. The
motivation for the formulation of Proposition 4.3 is discussed in the introduction.
Note that some of the statements in this subsection are similar to those in [22], but
the proofs are different.

Throughout this subsection, we fix p € Cunit and write 8y 4 := 8, 4.4, [D, €] :=
[b, e], to simplify the notation.

Proposition 4.3. Suppose o is of Arthur type with a = 8y, where
V= @ o @ Sym% @ Sym® .
iel,

Set
a+d:=max{a; +d; |i €1},

d:=min{d; |i € Ip, a; +d; =a+d}.
Then, for any multisegment B such that B > o and ,z?f > @, the following holds:
(1) The multisegment B must contain a copy of 84.4.

(ii) If we define o~ and B~ by removing a copy of 84,4 from a and B, respectively,
then o™ = 8y~ where

v =9 —p®Sym? @ Sym“,
andﬂ_zoe_andﬁ’: ZO,;:.

We first show that the choice of a + d and d in Proposition 4.3 gives the fol-
lowing bounds. The definition of A’ and other notation in the proof can be found
in Section 3.
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Lemma 4.4. Under the setting of Proposition 4.3, for any i > 0 and [x, y] € B, the
following holds:

—a—d
(@) x = =5,

b) y< #. If equality holds, then [x, y] € B! forany 0 <1 <i and x < “;d.

Proof. For arbitrary multisegments «, 8, we have the following observations:

e If 8 > «, then supp(B) = supp(«x).
e For i > 0, supp(B’) = supp(M (")) + supp(B*!). In particular, we have
supp(B) 2 supp(B").

Now we return to the setting of Proposition 4.3. The choice of a 4+ d implies that

+2) s(a+d) =max{x €R|p| " €supp(e) = supp(h)},
3(—a—d)=min{x €R| p|-|* € supp(et) = supp(p)},
which shows part (a) and the first part of part (b) by the observations above.
Next, we show the second part of part (b) with the notation developed in Section 3

for B. Take a j € J' such that Ai. =[x, y]. We have

AYDALD- DAL =[x,y

Moreover, if any of the inclusions is strict, then e(A(J).) >y Ify= “erd, this cannot

happen by (4-2). Therefore, we conclude that [x, y] = Alj epl forany 0 <[ <i.

Finally, we verify the property that if [x, “¢] € B then x < 2. If B = a, then

[x.36a+d)] e{[3(a+d) —di. 5a+dD] i €1y, ai +di =a+d},

a
2
performing a sequence of elementary operations. By (4-2), the desired property

4 by the definition of d. In general, f is obtained from « by

and hence x <

is preserved under each elementary operation, and hence 8 also has this property.
This completes the proof of the lemma. U

For part (ii) in Proposition 4.3, we need the following computation, which works
for a general multisegment 8. We obtain the same conclusion as [22, Lemma 3.18]
but with slightly weaker conditions.

Lemma 4.5. Suppose a multisegment f contains a copy of
Obes :={lb,el,[b—1,e—=1],...,[b—s,e—5]},
and any segment [x, y] € B satisfies
i) x>b—s,

(i) y <e.
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Define B~ by removing a copy of 8p . s from . Then we have

~

:3 = :8_ +gb,e,s,
where

Spes={le—s.el.le—s—1,e—1],....[b—s, b}
We give an example to illustrate the reduction process in the proof.
Example 4.6. Let 8 = Y7 {Ayi}sicki» where
{Apotpoego =1{12,2], [1, 11, [0, O], [-1, =11, [-2, 2]},

{Aptexr = 11,21, [-1, 1], [-2, 0], [-3, —11},
(4-3) {Atieex2 = 1[0, ] [—1,1],[-3, 01},

{Ahivexs =110, 2], [-3, 1]},

{Apshaegs = {12, 2]}

Note that B contains é923 = {[0, 2], [-1, 1], [-2, 0], [-3, —1]}, and the pair
(B, 80,2,3) satisfies assumptions (1), (i1) in the above lemma. Also, the subsets
{K' }4 o of J(B) = |_| oK i satisfy all of the conditions in Corollary 3.4(a), where
recall that we let k‘ denote the index in K’ such that e(Ak,) =[. Therefore,

Bt = Z —olA i kieki, and
B={M(PBH}o+ g4 = ([-2,21,[~1,21, 0, 2], [1, 21, [2, 21} + B*.

For —-1=e—s<l<e=2,weletr;:=max{0<r <4| Ak[r =le—s—1,e—1]}.
Thus, (rp, r1, ro, r—1) = (3, 2, 1, 1). The corresponding segments Ak,” are displayed
in bold text in (4-3).

We may construct the segment 8~ from S by removing {Ak[rz}_lflfz. Let
JT =7\ {klr’ }—1<1<2, which we identify with J(87). We define the mutually
disjoint subsets {(K")*}?:0 of J~ by removing {Aklrz}_lflfg in (4-3) and then
“push” the segments below them upward accordingly. That is, we define

{A g0y~ twoy-ex0y- =112, 2], [1, 11, [0, O], [—1, —1], [-2, —2]},
{Awn-tay-en- =11, 2], [-1, 11, [=3, O]},
{Awy-Yary-exry- =110, 2], [-3, 11},

{Aw)-tay-exdy- ={-2, 21}

It follows that the mutually disjoint subsets {(K’ )_}1.3:0 of J~ satisfy all of the
conditions in Corollary 3.4(a). Therefore, (B) = Z?ZO{A(_](,-)_}(H)*E(KI-)*, and

B ={M((B )+ (B ={[-2.21.10, 2], [1, 2], [2. 2]} + (B7)°.
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Now observe that 8* contains a copy of {A r,} 1<i<3 = 80,1,3 and the pair (B4, 30.1.3)
satisfies assumptions (i), (ii) in the lemma Moreover, (,84) which is obtained
from B* by removing a copy of & 1 3, is exactly (87)%, and {M(B')}?_, equals
{M((ﬂ_)i)}?zou{[Z, —1]}. We conclude that the lemma holds for the pair (8, §o,2,3)
if it holds for the pair (,84, 80.1,3)-

Now we apply the reduction process in the above specific example to prove the
lemma in general cases.

Proof of Lemma 4.5. We use the notation developed in Section 3 for 8, which we
recall briefly as follows:

* B=1{A}}jesp)
® e(,B) = max{e(Aj)}jej(ﬁ).
o 1(B):=#{j e J(B)|e(A;) =e(p)}.

o {K! (,B)}E;(l) is a collection of (mutually disjoint) subsets of J () satisfying all
conditions in part (a) of Corollary 3.4.

Note that assumption (ii) implies that the number e matches e(8). We shall simply
write J = J(B), t =t(B), K' = K'(B) in the following discussion.

We apply induction on £ := e — b+ 1 to prove the lemma. When £ = 1, it follows
directly from Algorithm 2.3 that M (8) = 5~b,e, 5 ,31 = B, and hence

B=M@B)+B =B +3y.s.

From now on, we assume ¢ > 1 and the conclusions are already established for the
casethate—b+1=¢—1.
First, we give the following observations:

° Aké=[b,e]f0rsomeO§i§t—l.

o If Ayi =[b—r,e—r] and B! contains a [b —r — 1, e —r — 1] for some
O§r<s,thenAki771:[b_r_l,e_r_l].

As a consequence, |_|§;(1){Aki }riexi must contain a copy of 8p . s. Thus, for each
e—s <l <e, the set

O=<r=t—1|Ag=I[l—e+Db,I]}

is nonempty, and we define r; to be the maximum of this set.
Next, we show that

(4-4) Tees SFe—st1 =+ = Te.
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Indeed, for e —s <[ < e, parts (b) and (d) of Lemma 3.3 and the definition of 7,
imply that forany r; <i <t —1,

[[—e+b,I]= Aklrz - Ak[i.
Thus, Corollary 3.4(a)(3) shows that if / — 1 > m‘, then

and hence Akf,l # [ —1)—e+b,l —1]. This shows that r;,_; < r;, and hence
(4-4) holds.

Now set J ™~ := J\{kl”}f:eis. We have B~ ={A;}jej-. For 0 <i <t —2, define
mutually disjoint subsets (K')~ of J~ as follows.

K ifi <re_g,
(K'Y = {k;, N e dys ki) ifrgy <i <,
K+l ifi >r,.

Note that if i is not in the first or the third case above, i.e., r, > i > r,_g, then
the index /(i) = max{e > > e —s | i > ri;} is the unique index such that
10) <i< FI(i)+1 holds.

We claim that the collection of index sets {(K?)~ }f ;(2) satisfies all of the conditions
in Corollary 3.4(a) for 87, and hence we can compute Ei using these index sets as
described in part (b) of the same corollary.

Before verifying the claim, we demonstrate that the claim implies the desired
conclusion. Define

=2 t—1
K~ :=|_|(1<")—, K:=|_|Ki.
i=0 i=0

Observe that b(Ar-s) = b — s, and hence by assumption (i), M (B'~) = [e — s, e].
This implies that

(4-5) K~ ufk'}_,_ =K.
As a consequence of the above equality, we have

B =(B) " Ubpets,

and hence B’ contains a copy of 8§, .—1 5. Also, B’ satisfies assumptions (i), (ii)
with e replaced by e — 1 according to its construction. Thus, the induction hypothesis
implies that

(4-6) Bl =(B7) " Ubpeis.
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Another consequence of (4-5) is that
47 IM(BNZgUlle—s, ell = (M(BHY .

Indeed, observe that as multisets over C,

1—1 _
;}M(ﬂ’) = > {e(An)},

keK
and the left-hand side of the above equality uniquely determines the collection
{M (,Bi)}ﬁ;é. The same argument works for 8~. Therefore, (4-5) implies (4-7).
Combining (4-6) and (4-7), we obtain that

B={MPBNZy+B = MBI Ngulle—s e} +(B) " Ubpems
=p- +§e,b71,s-
This gives the desired conclusion of the lemma.
Now we prove the claim. Write (K')™ = {(kli)_}(m")*flfe’ where e(A(k;),) =1
In other words,

(m')” = {

m! kli ifi <ry,

K if 1> (m)” and i > ;.

ifi <r._g,
i+1

k)~ = {

Conditions (1) and (2) of Corollary 3.4(a) for {(K ,-)_};;(2) hold by the construction.
Now we verify condition (3) for each A(k;-)_, where 0<i<t—2ande>1> (m')".

m ifi>r._g,

We separate into three cases: rj41 > 1 > i, 141 >1i >r,andi > ryy; > r;. The
key observation is

(4-8) {jeJ\( ] K’)|e(AJ~):l}:{jeJ—\< | (K’)‘)|e(A,~)=l}

0<r<i 0<r<i

L {klmax(i,r/)}.

Case 1. Suppose that ;41 > r; > i. Then, (k;)* = k;, (ka)* = ka, and
b(Ak;-) > b(Ak]rz) by Lemma 3.3(b) and (d). Thus Corollary 3.4(a)(3) for Akli and

(4-8) give

b(Agi)
= (A =max[b(a)) [ je s\ (0<|_| K"), e(Ap) =1 b(a)) <b(Ay )}
=max({b(a,) ] j € s\ (O<|_| (KN)7), e(ap) =1, b(A)) < b(ay )}

. U{b(AgY)
=max{b(A)) [ eI\ (LI (K)7), e(Ap) =1 b(a)) <b(Agy,, )}

0<r<i

This verifies condition (3) in this case.
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Case 2. Suppose that r;41 > i > r;. Then,
kD™ =k and (ki) =kiy.

We first check that for any j~ € J7\ (o< <;_; (K")7) such that e(A;-) =1,
b(A;-) < b(Ak;H) if and only if b(A;-) < b(AkH). Indeed, Lemma 3.3(b) and (d)
+
imply that

b(Ay ) =b(AL, ) >b(ATE) =b(A),
1+1 1+1 1+1

ki
which shows one direction. For the other direction, Corollary 3.4(a)(3) for A ki and

(4-8) imply that

ba =max[b@ap | jes\( L K') eap=1 ba)<by)]

0<r<i-—1

>b(Aj-).
Then, since r;+1 >i+ 1 > i > r;, Lemma 3.3(b) and (d) imply that
b(Aj-) <b(A) <b(Apn)=l—e+b<l+1—e+b=b(A) <b(Aui+1).
1 1 I+1 1+1
In particular,
b(Aj-) < b(Ain).
I+1
As a consequence, we obtain that
b(A y-)

=b(Ayn=max|pap e s\ (L K).ea)=1bA) <bAgn)
O<r<i+l1

=max({bap) [ j eI\ ( LI K7) e(ap) =LA < b(aD |\ b(a))

0<r<i

—max[bap) [ e\ (L K)o =1.bA)) < bayn]

0<r<i

=max[bA)) [ e\ (L (KD)7).ea =1b(A) <b(ay )]

0<r<i

=max{ba)) | je s\ (L (KD)7) e =1bap <bag ).

0<r<i

This verifies condition (3) in this case.
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Case 3. Suppose that i > r;y; > r;. Then, (kf)* = k;“ and (ka)* = k;j:ll
Corollary 3.4(a)(3) for A ki and (4-8) imply that
b(Aiy-)

=bgm =max{bap |jes\( LI K') edp=1b@A)<b@ym]
O0<r<i+1

=max({papjes\( L K)7).ea) =1 b)) <bAm]

0<r<i+l
U{b(A)))

=maxba)) [ je 77\ (U (KD7). eap=1bap) <b(dg ).

0<r<i

This verifies condition (3) in this case.
Finally, we verify condition (4). We separate into three cases: i < ro—s, 71(i)+1 >
i > () for some e —s <I(i) <e,and e > r,.

Case 1. Suppose that i < r,_,. Then, (m')~ =m' and (kémi),)* =k' ;. Therefore,

(e \(U &) [e@p=mh =1 b8 <bag )]

0<r<i

={ies \( U &)7)[eap=m' =1, b(a) <bay )]

0<r<i m!

clies\( U K)[eap=m—1, b(a) <b(Ak;i)}.

0<r<i

Since the last set is empty by Corollary 3.4(a)(4) for K’ (B), this verifies condition (4)
in this case.

Case 2. Suppose that 741 > i > ry;) for some e —s < [(i) < e. We write

I = 1(i) for simplicity in the following discussion. We have (m’)~ = m‘*! and
(kém”)—)_ = k;l;:-}—l Observe that | |y, _; (K")™ € [ Jo<, ;41 K". Moreover, the

difference set can be written down explicitly:

( L] K’)\( L] (K’)—):{k;f_jg,...,k{l}u{k;’+1,...,k;}.

O<r<i+l1 O<r<i

As a consequence, if j € J 7\ (ly<,—;(K")7) but j & J\ (o<, ;41 K"), then
j € {ka, ce ki}. In particular, since i + 1 < r;41, Lemma 3.3(a) implies

e(A)=1+1>m™ >m' ™ > mith -1,
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Therefore,

{ies \(< (K)7) [e(@)) = m)™ =1, b(a) <6y )]

={je J_\(OfLrI<i(Kr)_> | e(ap) =m™! =1, b(a)) < b8y )]
_ {je]\(0<r|:!+lK’> | e(ap =m™ =1, b(A)) < b(am, )}

which is empty by Corollary 3.4(a)(4) for K i+1 (B), this verifies condition (4) in
this case.

_ kH—l

Case 3. Suppose i > r,. Then (m')™ =m'*! and (k' - Similar to the

(mi)_)
previous case, we have

( L] K’)\( | ] (K’)*):{kge:;,...,kge},

0<r<i+l1 0<r<i

(U &y )=\( U &)

0<r<i 0<r<i+l

and hence

Thus a similar argument as in the previous case verifies condition (4) in this case.
This completes the verification of the claim and the proof of the lemma. (]

We remark that we have

~

8d,a =08azd atd ,, O8gd=08azd atd
22 2

LA ar

As a corollary, this gives an alternate proof of the following fact.

Lemma 4.7. Consider a local Arthur parameter of the form
¥ = @ p®Sym” ®Sym*,
iel,
and let o« = 8y,. Then a = 85, where
¥ = @ p®Sym" ® Sym”
i€l,
Proof. We apply induction on |I,|. Define a +d, d as in Proposition 4.3. We

apply Lemma 4.5 on «, which contains a copy of 64, = 8a2d atd ,. Note that the

assumptions are verified by Lemma 4.4 with 8 =« and i = 0. We have

~
~

A=0a" +8ad atd , —a + 844,
202

where o™ =a — 6844 =6y~ and

Y~ =9 —p@Sym? ® Sym“ .
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If [I,| =1, then o™ is empty, and hence @ = 8,4 = 510 If |I,] > 1, then the
induction hypothesis shows that a = 81// , which implies that @ = = 83. This
completes the proof of the lemma. O

Proof of Proposition 4.3. We use the notation e = e(8),t = t(B), K! = K'(B)
defined in Section 3. We have e = # by Lemma 4.4(b). Let

re=min{0<i<t—1|M(B)2[(—a+d)/2, (a+d)/2]}.
Note that the right-hand side is nonempty since
B>a=085208443(—a+d)/2, (a+d)/2].

Recall our notation that M (8") =[m", el and K" =1k, ..., k,,}. Corollary 3.4(a)(3)

implies -
b(Aw,) <b(Ak, ) < <b(Ag),
and hence
a+d —a+d
(4-9) b(Ag,) <b(Ag) —(e—m") <b(Ag) — S, t— = b(Ag) —a,

where we use m" < (—a+d)/2 given by the containment [m", e] D [(—a+d)/2, e]
in the second inequality. On the other hand, Lemma 4.4(b) gives

a—d
(4-10) b(Ap) < .

Therefore,
—a—d

2

By Lemma 4.4(a), the equality must hold, and hence all the inequalities in (4-9) and
(4-10) are indeed equalities. In particular, for m” <[ < e, we have Ay = [l—d, 1],
We conclude that

B=1Ajjes 2 Ak wexr =l —d, 1]} caca oy cata = 8d,a-

—d
b(Ay,) < —5——a=

This proves part (i).

For part (ii), it is clear that «~ = §y- and B~ > o . It remains to show that
,é: > a—. We apply Lemma 4.5 on $, which contains a copy of 64, = 8%’%&1
Note that the assumptions in Lemma 4.5 are verified by Lemma 4.4 with i = 0.

Thus, we obtain that
&:‘;: +8a,d, EZIE: +(Sa,d,

which implies that B: > a- since E > «. This completes the proof of part (ii) and
the proposition. (]
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4.3. Proof of Lemma 1.3. It is equivalent to prove Lemma 4.2. Write o = dy,
where

v= P P pSym?®Sym* .

PE€Cunit iel,

Let
v, =@ p®Sym? @ Sym? .
iel,
We have the decomposition ¢ = ) p<Cunit % where oy, =8y, and B =3 . B,.
The pair of inequalities 8 > « and B > & is equivalent to the pairs of inequalities
Bo =y, Ep > o, for every p. Therefore, we may assume that
v =v,=@ p®Sym% @ Sym*
i€l,

for some p € Cyyit, and adopt the notation in Proposition 4.3.

Apply induction on k := |I,|. When k = 1, Proposition 4.3(i) implies that
o =644 = B. Suppose that k > 1. We construct @, 8~ as in Proposition 4.3(ii).
Then, the induction hypothesis implies that «~ = 7, and hence

a=o +844a=PB +3d4a=5H.

This completes the proof of the lemma. O
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THREE INVARIANTS OF
GEOMETRICALLY VERTEX DECOMPOSABLE IDEALS

THAI THANH NGUYEN, JENNA RAJCHGOT AND ADAM VAN TUYL

We study three invariants of geometrically vertex decomposable ideals: the
Castelnuovo—Mumford regularity, the multiplicity, and the a-invariant. We
show that these invariants can be computed recursively using the ideals that
appear in the geometric vertex decomposition process.

As an application, we prove that the a-invariant of a geometrically vertex
decomposable ideal is nonpositive. We also recover some previously known
results in the literature including a formula for the regularity of the Stanley—
Reisner ideal of a pure vertex decomposable simplicial complex, and proofs
that some well-known families of ideals are Hilbertian. Finally, we apply our
recursions to the study of toric ideals of bipartite graphs. Included among
our results on this topic is a new proof for a known bound on the a-invariant
of a toric ideal of a bipartite graph.

1. Introduction

Vertex decomposable simplicial complexes and their associated Stanley—Reisner
ideals have been extensively studied in the fields of combinatorial algebraic topology
and combinatorial commutative algebra; for example, see [Dochtermann and En-
gstrom 2009; Ha and Woodroofe 2014; Knutson et al. 2009; Provan and Billera 1980;
Woodroofe 2009]. These complexes are known to have many nice combinatorial
properties. Such complexes are defined recursively via vertex decompositions into
subcomplexes, and this suggests that one can study their structure and invariants
by means of those recursions. A generalization of this concept, geometric vertex
decomposition, was introduced by A. Knutson, E. Miller and A. Yong in [Knutson
et al. 2009]. They used this computational-algebraic technique to study Schubert
determinantal ideals associated to vexillary permutations.

Building upon this work, P. Klein and the second author in [Klein and Rajchgot
2021] introduced the notion of a geometrically vertex decomposable ideal, which is
a generalization of the Stanley—Reisner ideal of a vertex decomposable simplicial

MSC2020: 05E40, 13P10, 14M25.
Keywords: geometrically vertex decomposable, Castelnuovo—-Mumford regularity, a-invariant,
multiplicity, Hilbertian, toric ideals of graphs.
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complex. In fact, a geometrically vertex decomposable squarefree monomial ideal
is precisely the Stanley—Reisner ideal of a vertex decomposable simplicial complex,
with the geometric vertex decomposition given by the vertex decomposition of
the complex. Other well-known families of geometrically vertex decomposable
ideals include Schubert determinantal ideals [Klein and Rajchgot 2021] and toric
ideals of bipartite graphs [Cummings et al. 2023]. The technique of geometric
vertex decomposition has been increasingly useful in various algebro-geometric
contexts including applications in liaison theory [Klein and Rajchgot 2021], Grébner
geometry of matrix Schubert varieties [Klein 2023; Klein and Weigandt 2022;
Knutson et al. 2009], and the study of Hessenberg varieties [Cummings et al.
2024; Da-Silva and Harada 2023]. It was also shown in [Cummings et al. 2023;
Klein and Rajchgot 2021] that geometrically vertex decomposable ideals have many
algebraic properties in common with Stanley—Reisner ideals of vertex decomposable
simplicial complexes.

The purpose of this paper is to study algebraic invariants of geometrically ver-
tex decomposable ideals. We shall exploit their inherently recursive structure to
derive recursive formulae for their invariants. Our recursions reduce the study of
our original geometrically vertex decomposable ideal to the study of two related
geometrically vertex decomposable ideals, each of which is in one less variable.
The following theorem summarizes our main results about these invariants. In the
statement below, the ideals C ; and Ny ; refer to ideals formed from the decom-
position of 7; complete definitions are found in Section 2. Furthermore, reg(R /1),
e(R/I), and a(R/I) refer to the Castelnuovo-Mumford regularity, multiplicity, and
a-invariant of R/I, respectively.

Theorem 1.1. Suppose that I € R = Kl[xy,...,x,] is a homogeneous, geo-
metrically vertex decomposable ideal. Then there exists a variable y such that
iny(I)=Cy N(Ny 1 +(y)) is a geometric vertex decomposition, and Cy j and N i
are geometrically vertex decomposable. If the geometric vertex decomposition is
nondegenerate, then

(1) (Corollary 3.3) reg(R/I) = max{reg(R/Ny. ), reg(R/Cy 1)+ 1},
(2) (Corollary 4.3) e(R/I) =e(R/N, 1) +e(R/Cy ), and
(3) (Corollary 5.7) a(R/I) =max{a(R/Ny )+ 1,a(R/Cy )+ 1}.
When the geometric vertex decomposition is degenerate, we have
reg(R/I) =reg(R/Ny.1). e(R/I)=e(R/Ny;). and a(R/I)=a(R/Ny)).

A key observation of Knutson, Miller, and Yong [Knutson et al. 2009] is that
the Hilbert series of an ideal / that has a geometric vertex decomposition is related
to the Hilbert series of the smaller ideals (see Theorem 2.3). We use this result to
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show that, in the case that [ is also geometrically vertex decomposable, there is
a relation among the associated #-polynomials (see Theorem 2.4). The proof of
Theorem 1.1 then relies heavily on this relation among the 4-polynomials.

Applying these recursions to various classes of ideals that are previously known
to be geometrically vertex decomposable (see [Cummings et al. 2023; Klein and
Rajchgot 2021]), we are able to offer a new approach to recover several known
results. As an example, the recursive formula for the regularity of Stanley—Reisner
ideals of pure vertex decomposable simplicial complexes, independently found by
H.T. Ha and R. Woodroofe [Ha and Woodroofe 2014] and S. Moradi and F. Khosh-
Ahang [Moradi and Khosh-Ahang 2016], can be deduced from Theorem 1.1 (see
Corollary 3.4).

Theorem 1.1 can also be used to show that all geometrically vertex decomposable
ideals are “almost” Hilbertian. For a homogeneous ideal I C R, let H Pg/;(t) denote
the Hilbert polynomial of R/I, and let H Fg,;(¢) denote its Hilbert function. An
ideal is Hilbertian if H Pg/;(t) = H Fg,;(t) for all t > 0; this definition is attributed
to S. Abhyankar (see [Abhyankar and Kulkarni 1989]). Recently, A. Stelzer and
A. Yong [Stelzer and Yong 2023] proved that Schubert determinantal ideals are
Hilbertian. This result is related to our situation because Schubert determinantal
ideals are geometrically vertex decomposable [Klein and Rajchgot 2021, Section 5].
Because the a-invariant is intimately linked to when H Fr/;(¢) and H Pg/;(t) agree,
we can contribute the following result.

Theorem 1.2 (Corollary 5.8). Let I C R be a proper, homogeneous, geometrically
vertex decomposable ideal. Then a(R/I) <0. Consequently, HFg;;(t)=H Pg/;(t)
forallt > 1.

Note that Theorem 1.2 implies that, except possibly at ¢ = 0, the Hilbert function
and the Hilbert polynomial of a geometrically vertex decomposable ideal agree.
Under extra hypotheses, we are able to determine when there is also agreement
at t = 0, and consequently, the ideal [ is Hilbertian.

In the last part of the paper, we apply our results to the class of toric ideals
of bipartite graphs, which are known to be geometrically vertex decomposable
by [Cummings et al. 2023] (which builds on [Constantinescu and Gorla 2018]).
Our results complement and extend recent work on invariants of toric ideals of
graphs; for example, see [Almousa et al. 2022; Biermann et al. 2017; Corso and
Nagel 2009; D’Ali 2015; Galetto et al. 2019; Ha et al. 2019; Ohsugi and Hibi
1999; Tatakis and Thoma 2011; Villarreal 1995]. Recall that if G = (V, E) is a

finite simple graph with vertex set V = {x1, ..., x,} and edge set E = {ey, ..., e},
the foric ideal of G, denoted I, is the kernel of the KK-algebra homomorphism
p:Kler, ..., eq] = K[xy, ..., x,] given by ¢(e;) = xjxi, where ¢; = {x;, x;} € E.

Theorems 1.1 and 1.2 allow us to show the following results.
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Theorem 1.3 (Theorems 6.7 and 6.20). Let H be any subgraph of a bipartite
graph G. Then

(1) reg(Iy) <reg(lc),

(2) a(K[E(G)]/1n) < a(K[E(G)]/Ig), and

(3) e(K[E(G)]/In) < e(KIE(G)]/1G).
Furthermore, if G is connected, then Ig is Hilbertian.

Theorem 1.3 (1) was recently shown in [Almousa et al. 2022, Theorem 6.11]
by A. Almousa, A. Dochtermann, and B. Smith using combinatorial techniques
involving root polytopes and also in [Pinto and Villarreal 2023, Corollary 8.16] by
M.V. Pinto and R.H. Villarreal using edge polytopes. Note that one could use the
above results to obtain the upper bounds in terms of graph-theoretic invariants as
those invariants of the complete bipartite graphs can be exactly computed (by the
technique of geometric vertex decomposition or other techniques). Our technique
not only gives a new proof for the regularity bound but can also be used to recover
the results on precise values of the regularity, a-invariant, as well as multiplicity of
toric ideals of Ferrer graphs (including complete bipartite graphs) in [Corso and
Nagel 2009] by A. Corso and U. Nagel.

Theorem 1.4 (Theorem 6.12). Let . = (A1, Ag, ..., Ay) be a partition with )| >
Ay > --- > Ay, and let T, be the associated Ferrers graph. Write I, = It, and
R =K[E(T;)].

(D) If n=10r i, =1, thenreg(R/I,) = 0.
2) If Ay =2, and suppose that . = (A1, ..., A, 1, 1,...,1) where Ay > 2, then

reg(R/L) =min{s — 1, {}; +j -3 |2=<j =s}}.

In particular, if G = K, ,, is a complete bipartite graph, then reg(R/lg) =
min{n, m} — 1.

In addition to the above results, we consider the “gluing” procedure of G. Favac-
chio, J. Hofscheier, G. Keiper, and the last author [Favacchio et al. 2021] which
“glues” an even cycle to a graph G to form a new graph H. We relate the regularity,
the a-invariant, and the multiplicity of /5, when this ideal is geometrically vertex
decomposable, to that of Iy (see Theorem 6.9 and Corollary 6.10). To further
illustrate the usefulness of our results, our techniques are used to explicitly compute
all three invariants for all toric ideals of graphs that belong to a family first considered
in [Galetto et al. 2019].

Our paper is structured as follows. In Section 2 we recall the relevant background
on geometrically vertex decomposable ideals. In Sections 3-5, we consider the
regularity, the multiplicity, and the a-invariant, respectively. In Section 6, we apply
our results to study the invariants of toric ideals of (bipartite) graphs.
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2. Background on geometrically vertex decomposable ideals

In this section we recall the notion of geometric vertex decomposition, introduced by
Knutson, Miller and Yong in [Knutson et al. 2009], and geometrically vertex decom-
posable ideals, introduced by Klein and the second author in [Klein and Rajchgot
2021]. Due to the recursive nature of the theory of geometric vertex decomposition,
this technique provides us with a convenient inductive set-up for studying properties
and invariants of certain classes of ideals, as expanded upon in later sections.

Hereafter, we let K denote an arbitrary field. We let R = K[x{, ..., x,] be a
standard graded polynomial ring in n variables. Fix a variable y = x;. Then, for
any f € R, we can write f = Z?:o a;y', where, for each i, ; is a polynomial in
K[x1,...,Xj, ..., x,]. For f # 0, we define the initial y-form denoted in, (f) to
be the sum of all the nonzero terms of f having the highest power of y, that is,
iny (f) =ayy?. For an ideal J C R, define iny(J) = (iny(f) | f € J). A monomial
order < on R is said to be y-compatible if it satisfies in (in,(f)) = in-(f) for all
f € R, where in_ (f) is the initial term of f with respect to <. It follows that, for
such an order, we have in_ (iny (1)) = in (/) for all ideals I.

Consider an ideal I and a y-compatible monomial order on R. Suppose that
G=1{g1,...,8m} 1s a Grobner basis of I with respect to this monomial order, and
foreachi =1, ..., m, write g; = ydiqi +r;, where in, (g;) = yd"qi and y does not
divide any term of ¢;. It follows that in, (/) = (yd" gi | 1 <i <m). We define the
ideals

Cyr={q1,....qn) and N, ;={(q;|d;=0).

It is important to observe that the ideals C, ; and N, ; do not depend on the choice
of Grobner basis, and in particular do not depend on the choice of y-compatible
monomial order, since Cy; = in,(I) : (y)* and Ny + (y) = in,(I) + (y) by
[Knutson et al. 2009, Theorem 2.1]; see also [Klein and Rajchgot 2021, Section 2].

Definition 2.1. When iny, (/) = C, ; N (Ny 1+ (y)), we call this a geometric vertex
decomposition of I with respect to y. We say that the geometric vertex decomposi-
tion is degenerate it \/C\ j = /Ny  orif C ; = (1), and nondegenerate otherwise.

Recall that an ideal I is unmixed if I satisfies dim(R/I) = dim(R/P) for all
associated primes P € Assg(R/I). We define the main object of study in this paper.

Definition 2.2. An ideal / of R = K[xy, ..., x,] is geometrically vertex decompos-
able if I is unmixed and

(1) 1 =(1), or I is generated by a (possibly empty) subset of variables of R, or

(2) there exists a variable y = x; of R such that we have a geometric vertex decom-
positioniny (/) =Cy ;N(Ny ;+(y)), and the contractions of the ideals Cy ; and
Ny 1 to the ring K[xy, ..., X, ..., x,] are geometrically vertex decomposable.
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Thus, given a geometrically vertex decomposable ideal I, one can perform
a geometric vertex decomposition with respect to some variable y to obtain a
geometrically vertex decomposable ideal Cy ; and a geometrically vertex decom-
posable ideal N, ;. Each of these ideals can then be decomposed into their own
geometrically vertex decomposable ideals, and so on, until all ideals have the form
of item (1) of Definition 2.2. We refer to such a process of repeatedly performing
geometric vertex decompositions, where all ideals at all stages are geometrically
vertex decomposable, as a geometric vertex decomposition process. We note that
an ideal I may have multiple different geometric vertex decomposition processes.
Many well-known ideals are geometrically vertex decomposable. These include
Stanley—Reisner ideals of vertex decomposable simplicial complexes, classes of
generalized determinantal ideals (e.g., classical determinantal ideals, Schubert
determinantal ideals, ideals of varieties of complexes), defining ideals of lower
bound cluster algebras, and toric ideals of bipartite graphs [Cummings et al. 2023;
Klein and Rajchgot 2021].

Our main results depend upon a relationship between the A-polynomials of
R/I, R/Cy j, and R/N, ;. Recall that the Hilbert series of a graded R-module
M = ;2| M; is the generating function

o0
Hy () = Z(dimK M)t
i=0
By the Hilbert—Serre theorem [Bruns and Herzog 1993, Corollary 4.1.8], the Hilbert
series can be expressed as a rational function

hu (1)

Hy(t) = —,
m(t) T—0)
where hy;(t), the h-polynomial of M, is a polynomial with integer coefficients and
d = dim M. The following result, which is [Knutson et al. 2009, Theorem 2.1 (e)],
relates the Hilbert series of an ideal to that of its geometric vertex decomposition;

for completeness, we have included a proof.

Theorem 2.3. Suppose that I C R is a homogeneous ideal that has a geometric
vertex decomposition with respect to y, that is, in,(I) = Cy 1 N (Ny 1 +(y)). Then
Hgy1(t) = Hryn, ,+(y)) (1) +1Hg/c, , (1).

Proof. We have the short exact sequence

R R R R
0— — &) — —> 0.
Cy,ln(Ny,I+<y>) Cy,l Ny,1+<y> Cy,I+Ny,I+<y>
Furthermore, note that Cy ; + Ny ; +(y) = C, ; + (y). Because in, (/) and I have
the same Hilbert series (since in_(iny(/)) = in.(/)), the Hilbert series of R/
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satisfies

Hpgy1(t) = HryNy ;+)(®) + Hrye, , (t) — Hry(c, +(y) (©)-
Since y is a nonzero divisor on R/C, ;, we have the short exact sequence
0 P X R,

Cy1 Cy.1 Cy1+(y)

which then implies that

Hgjc,,(t) — Hryc,,+(y»(@) =tHg/c, (7).
Consequently, Hg/ () = Hry, ;+(y) (1) + tHg/c, (1), as desired. O

Note that Theorem 2.3 implies a relationship among the A-polynomials hg,; (),
hRr/(Ny +(y) (1), and hg /Cy (t). To explicitly determine this relationship, one would
need to know the dimension of the three rings. As shown below, we know the
dimensions in the case that the homogeneous ideal I C R is geometrically vertex
decomposable. In fact, instead of the 4-polynomial of R/(Ny ; + (y)), we use the
h-polynomial of R/Ny ;.

Theorem 2.4. Suppose that I C R is a homogeneous ideal and R/ is equidi-
mensional. If there is a variable y such that iny(I) = C, ;N (Ny+(y)) is a
nondegenerate geometric vertex decomposition, then the h-polynomial of R/1
satisfies

hryi(t) =hgn,, () +thg/c,, (7).
Proof. Because R/I is equidimensional and the decomposition iny, (/) = C, ;N
(Ny.1+(y)) is nondegenerate, we may apply [Klein and Rajchgot 2021, Lemma 2.8]
to conclude that ht(/) =ht(C, ;) =ht(N, ;) + 1.
Since dim(R) = dim(R/J) +ht(J) for any ideal J in the polynomial ring R, we
have

dim(R/I) =dim(R/Cy ;) =dim(R/Ny ) — 1 =dim(R/(Ny  +(y))) =d.
Therefore, by Theorem 2.3, we have

hri(®) — hry, v o0 @ | thrye,, (1)
A-n?  (1-0d (1—1)¢

To complete the proof, it suffices to show that hR/(Ny +) &) = hrn,, (7).
Because the generators of Ny ; do not involve y, we then have a short exact

sequence

R xy R R
00— —(-1) — — —> 0.
Ny.1 Ny.1 (Ny, 1 +(y)
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Consequently, the Hilbert series of R/(N, ; + (y)) satisfies

(I =0)hgr)n,, @)
(1—1)

hR/(Ny 1+ (1)

A—pd-T Hpyn,,(t) = —1)Hgn, () =

Comparing the numerator of both sides now gives the conclusion. O

3. Regularity of geometrically vertex decomposable ideals

We consider the (Castelnuovo—Mumford) regularity of geometrically vertex de-
composable ideals. We derive a recursive formula for the regularity for this family
that allows us to compute the regularity of various classes of ideals, e.g., Stanley—
Reisner ideals of pure vertex decomposable simplicial complexes, and toric ideals
of bipartite graphs in Section 6.

The (Castelnuovo—Mumford) regularity of a graded R-module M is given by

reg(M) = max{j —i | B ;(M) # 0},

where B; ;(M) denotes the (i, j)-th graded Betti number that appears in the minimal
graded free resolution of M. The following property, which relates the regularity to
the degree of the s-polynomial in the Hilbert series, shall be of great use.

Lemma 3.1 [Vasconcelos 1998, Corollary B.28]. Let I € R be a homogeneous
ideal such that R/1 is Cohen—Macaulay. Then reg(R/I) = deghpg;;(1).

Because all geometrically vertex decomposable ideals are Cohen—Macaulay, for
this family of ideals, we can informally define the regularity of R/I to be the degree
of the h-polynomial.

We come to the main result of this section, which describes a recursion between
regularity values of a geometrically vertex decomposable I and the corresponding
ideals C, ; and N, ;. The proof relies on Theorem 2.4.

Theorem 3.2. Suppose I C R is a homogeneous and radical ideal such that R/ 1 is
Cohen—Macaulay. Suppose y is a variable such that in,(I) = C, N (Ny 1 +(y))
is a geometric vertex decomposition. If the decomposition is nondegenerate and
R/C, and R/N, | are Cohen-Macaulay, then
reg(l) =reg(in, (1)) = max{reg(Ny ), reg(Cy ) + 1}.
Otherwise, if the decomposition is degenerate, then
reg(l) =reg(iny (1)) =reg(Cy, 1) =reg(Ny,1) if Cy 1 # (1)
and
reg(l) =reg(iny (1)) =reg(Ny ) if Cy ;1 =(1).
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Proof. Since R/I is Cohen—-Macaulay, reg(R/I) = deghg,;(¢) by Lemma 3.1.
If the geometric vertex decomposition is nondegenerate and R/Cy ; and R/Ny ;
are Cohen—Macaulay, then by Theorem 2.4 we have

reg(R/1) =deghpg/;(t) = max{deg hR/Ny,,(f), deg hR/C),_,(t) + 1}
= max{reg(R/Ny ), reg(R/Cy ) + 1}.

Note that the second equality follows from the fact the s-polynomial of a Cohen—
Macaulay ring always has nonnegative coefficients (e.g., see [Stanley 1978, Corol-
lary 3.11]), so there is no cancellation among the top-degree terms when the
polynomials of Theorem 2.4 are added. To recover the statement of the theorem,
use the fact that reg(R/J) =reg(J) — 1 for any proper homogeneous ideal J.

To show that reg(/) = reg(iny(/)), note that, by [Klein and Rajchgot 2021,
Corollary 4.11], we have iny (/) is also Cohen—Macaulay. Since iny (/) and I have
the same Hilbert series (as the Hilbert series of in. (in,(/)) =in_ (1)), we get

reg(R/1) =deghg/i(t) =deghgryin, 1) (t) =reg(R/iny (1)),

as desired.

Now suppose that the decomposition is degenerate. If C, ; = (1), we have
R/I = R/(Ny 1+ (y)), and thus the claim follows. Otherwise, if C, ; # (1), the
result follows directly from the fact that I =in, (/) = C, ; = N, ;, as shown in
[Klein and Rajchgot 2021, Proposition 2.4]. (]

Corollary 3.3. Theorem 1.1, part (1) is true.

Proof. Let I be a geometrically vertex decomposable ideal. Then, by definition,
there exists a variable y such thatin, (/) =C, ;N (N, ;+(y)) is a geometric vertex
decomposition and C, ; and N, ; are geometrically vertex decomposable. Since
geometrically vertex decomposable ideals are Cohen—Macaulay and radical by
[Klein and Rajchgot 2021, Corollary 4.5 and Proposition 2.10], the result is now
immediate from Theorem 3.2. (]

The above result recovers the recursive formula for the regularity of the Stanley—
Reisner ideal of a pure vertex decomposable complex. Since this is our only result
concerning vertex decomposable simplicial complexes and Stanley—Reisner ideals,
we point the reader to [Klein and Rajchgot 2021, Section 2.1] for notation and
terminology that is not explained. We want to highlight that our result is for pure
simplicial complexes; the following result can be seen as giving new proofs for
special cases of [Ha and Woodroofe 2014, Theorem 4.2] and [Moradi and Khosh-
Ahang 2016, Corollary 2.11]; in particular, [Ha and Woodroofe 2014; Moradi and
Khosh-Ahang 2016] do not require the vertex decomposable simplicial complex to
be pure.
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Corollary 3.4. Let A be a pure vertex decomposable simplicial complex, and let v
be a shedding vertex of A. If I, is the Stanley—Reisner ideal of A, then

reg(R/In) = max{reg(R/Ia,), reg(R/1a,) + 1},
where A = dela (v) is the deletion of v, and Ay = 1ka (v) is the link of v.

Proof. As pointed out in [Klein and Rajchgot 2021, Proposition 2.9], I is geomet-
rically vertex decomposable, and from [Klein and Rajchgot 2021, Remark 2.5], we
have a geometric vertex decomposition with Ny ; + (y) = Ix, and Cy ; = Lstar, (v),
where y is the variable corresponding to the vertex v. The decomposition is
nondegenerate since v is a shedding vertex. Now, as Ia, = Isar,(v) + (y) and
since y is not in the support of Cy ; and N, ;, we have reg(Cy ;) =reg(la,) and
reg(Ny, 1) =reg(la,). Hence, the above formula follows from Theorem 3.2. O

Remark 3.5. Under the hypotheses that A is a pure simplicial complex, the decom-
position Cy ; N (N, 1+ (y)) is degenerate if and only if A is a cone from v on A,
(where y is the variable corresponding to v), and in this case, reg(Ip) =reg(la,) =
reg(In,)-

Remark 3.6. The proof of Corollary 3.4, as given in [Ha and Woodroofe 2014], uses
tools from combinatorial topology, like the Mayer—Vietoris sequence. On the other
hand, Corollary 3.4 is proved in [Moradi and Khosh-Ahang 2016] by first computing
the projective dimension of 7, the corresponding Alexander dual of /4, and then us-
ing the fact that this value equals reg(R /1A ). Our proof of Corollary 3.4 provides an
entirely new approach in the case of pure vertex decomposable simplicial complexes.

Example 3.7. The ideal I = (y(zs — x?), ywr, wr(z*> + zx + wr + 52)) is geomet-
rically vertex decomposable, with

Cy 1= (zs —x%, wr) and Ny = (wr(z> + zx + wr + 52)),

and the geometric vertex decomposition is nondegenerate; see [Klein and Rajchgot
2021, Example 2.16]. The ideal N, ; is generated by one polynomial of degree 4, so
reg(Ny ;) = 4. For the ideal C, ;, since its two generators have separate variables,
we have

reg(C,y 1) =reg({zs —xz)) +reg((wr))—1=24+2-1=3.
Therefore, by Theorem 3.2, reg(/) = 4.

Remark 3.8. As defined in [Klein and Rajchgot 2021, Definition 4.6], an ideal
I C R is called weakly geometrically vertex decomposable if I is unmixed and if

(1) I =(1),or I is generated by a (possibly empty) subset of variables of R, or

(2) for some variable y = x; of R, there is a degenerate geometric vertex decom-
position iny (1) = C, ; N (Ny ; + (y)), and the contraction of N, ; to the ring
K[xi, ..., )?j, ..., X,] is weakly geometrically vertex decomposable, or
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(3) for some variable y = x; of R, there is a nondegenerate geometric vertex
decomposition iny (/) = C, ;N (N, ; +(y)), the contraction of C, ; to the ring
Klxi, ..., )?j, ..., X,] is weakly geometrically vertex decomposable, and N, ;
is radical and Cohen—Macaulay.

The proofs of Theorems 2.4 and 3.2 can be adapted easily to weakly geometrically
vertex decomposable ideals. In these proofs, we only used the geometrically vertex
decomposable property of I to obtain that the ideals I, in,(I), Cy ;, and Ny ;
are Cohen—Macaulay, which is true by [Klein and Rajchgot 2021, Corollaries 4.8
and 4.11] without the geometrically vertex decomposable assumption. Furthermore,
the height lemma [Klein and Rajchgot 2021, Lemma 2.8] and the fact that / is radical
[Klein and Rajchgot 2021, Corollary 4.8] are also true in the weakly geometrically
vertex decomposable setting. Therefore, we have the same recursive formula for
weakly geometrically vertex decomposable ideals.

Example 3.9. The ideal I = (y(zs — x?), ywr, wr(x*+ 72+ wr +52)) is weakly
geometrically vertex decomposable, with

Cy 1= (zs —xz, wr) and Ny = (wr(x2 +22 4+ wr +s2)),

but / is not geometrically vertex decomposable; see [Klein and Rajchgot 2021,
Example 4.10]. Nevertheless, by Remark 3.8, we still have

reg(l) = max{reg(Ny ), reg(Cy ) + 1} = max{4,3 + 1} = 4.

Remark 3.10. More generally, the proofs of Theorems 2.4 and 3.2 can be adapted
easily to the case when we only require / to be a homogeneous ideal that possesses a
geometric vertex decomposition and the ideals I and N, ; are Cohen-Macaulay. As
in the proofs of Theorems 2.4 and 3.2, we only need that the ideals 7, in, (1), Cy f,
and N, ; are Cohen—-Macaulay, which is true by [Klein and Rajchgot 2021, Corol-
laries 4.8 and 4.11], and the height lemma [Klein and Rajchgot 2021, Lemma 2.8]
is also true when [ is Cohen—Macaulay and the geometric vertex decomposition is
nondegenerate. If, in addition, / is radical then the formula in the degenerate case
also works by the same argument.

Example 3.11. Consider the ideal I = (yz — xw, xy). One can check that [ is
not geometrically vertex decomposable. Nevertheless, using the lexicographical
order x > y > z > w, the Grobner basis of 7 is {yz —xw, xy, y*>z}. One can check
that / has a nondegenerate geometric vertex decomposition with C, ; = (y, w) and
N,.; = (y%z). Since I and N, ; are Cohen—Macaulay, we get

reg(R/T) = max{reg(R/Ny.1), reg(R/ Cx.1) + 1) = 2.
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4. Multiplicity of geometrically vertex decomposable ideals

This short section considers the multiplicity of geometrically vertex decomposable
ideals. As with Theorem 3.2, our results rely on using Theorem 2.4 to relate the
h-polynomial of I to the h-polynomials of Cy ; and N, ;.

Definition 4.1. Let M be an R-module with Hilbert series Hps (1) = h (t)/(1 — 1)<,
where d = dim M. Then the multiplicity of M is e(M) = hy(1).

The leading coefficient of the Hilbert polynomial of M is given by e(M)/d!, and
when M = R/, where [ is the defining ideal of a projective variety, then e(M) is
the degree of the variety.

Theorem 4.2. Let I C R be a homogeneous and radical ideal such that R/1 is
equidimensional. Suppose there is a variable y such that in,(I)=Cy ;N(Ny +(y))
is a geometric vertex decomposition. If the decomposition is nondegenerate, then

e(R/I)=e(R/Ny)+e(R/Cy ).
Otherwise, if the decomposition is degenerate, we have
e(R/I) =e(R/Ny 1) =e(R/Cy 1) if Cy1#(1)

and
e(R/I)=e(R/Ny ) if Cyr=(1).

Proof. By Theorem 2.4, if the decomposition is nondegenerate, we have
hryi(t) =hgn,, () +thg/c,, ().

Evaluating at r = 1 now gives the result. The result in the degenerate case again
follows from R/I = R/(Ny;+(y)if Cy;=(1),and I =in,(/) =C, ;= N,
(by [Klein and Rajchgot 2021, Proposition 2.4]) if Cy ; # (1). O

The following corollary is now immediate. Its proof is essentially the same as
the proof of Corollary 3.3, so we omit it.

Corollary 4.3. Theorem 1.1, part (2) is true.
Example 4.4. (1) Referring to Example 3.7,
I = (y(zs —x%), ywr, wr(z* 4+ zx + wr + %))
is geometrically vertex decomposable with
Cyr=(zs— x2, wr) and Ny = (wr(z2 +zx +wr +s2)).

Hence, e(R/I) =e(R/Ny ) +e(R/Cy ) =4+4=238.
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(2) Referring to Example 3.11, I = (yz — xw, xy) has a nondegenerate geometric
vertex decomposition with C, ; = (y, w) and N, ; = (y?z). Since I and N are
Cohen—Macaulay, the argument as in Remark 3.10 applies. Hence, e(R/I) =
e(R/Ny ) +e(R/Cr)=3+1=4

5. The a-invariant and the Hilbertian property

In this section, we study the a-invariant, as well as the related Hilbertian property,

of a geometrically vertex decomposable ideal. As in Theorems 3.2 and 4.2, our

results rely on relating the 4-polynomial of I to the h-polynomials of Cy ; and Ny ;.
We begin by recalling the definition of the a-invariant.

Definition 5.1. Let M be an R-module with Hilbert series Hps (1) = h (t)/(1 — 1)<,
where d = dim M. Then the a-invariant of M is a(M) = deg hp(¢) — d, that is,
the degree of Hj,(¢) as a rational function.

Among other things, the a-invariant equals the degree of the largest nonzero
graded piece of the local cohomology module HflimM (M), i.e.,

a(M) = max({z | dimg (HI™M (M), # 0).

If M is Cohen—Macaulay, it is well known that a(M) = reg(M) + dim(M). In
addition, for Cohen—Macaulay ideals, the a-invariant can also be used to characterize
the following property.

Definition 5.2. A homogeneous ideal I C R is Hilbertian if H Pg/;(t) = HFg;/(t)
for all # > 0. The ideal I is almost Hilbertian if H Pg;;(t) = H Fg/;(t) forallt > 1.

By using Serre’s formula for H Fg/;(t) — H Pg/;(t) (see, for instance, [Bruns
and Herzog 1993, Theorem 4.4.3]), when R/I is Cohen—Macaulay,

HFgy(t) — HPgy(t) = (=) R/ dimy (HI™RIT(R /1)), forallt € Z.

Consequently, the Hilbertian property can be defined by means of the a-invariant
as follows.

Lemma 5.3. A homogeneous, Cohen—Macaulay ideal I C R is Hilbertian if and
only if a(R/I) <. The ideal I is almost Hilbertian if a(R/I) <O.

We now have a result similar to Theorems 3.2 and 4.2.

Theorem 5.4. Suppose that I C R is a homogeneous and radical ideal such
that R/1 is Cohen—Macaulay. Suppose that y is a variable such that in,(I) =
Cy,1 N (Ny 1+ (y)) is a geometric vertex decomposition. If the decomposition is
nondegenerate and R/Cy ; and R/Ny | are Cohen—Macaulay, then

a(R/I) = max{a(R/Ny.;)+1,a(R/Cy )+ 1}.
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Otherwise, if the decomposition is degenerate, we have

a(R/I)=a(R/Ny ) =a(R/Cy ) if Cy1#(1)
and
a(R/I)=a(R/Ny.p) if Cy.p = (1).

Proof. Recall that, by Lemma 3.1, for any homogeneous ideal J such that R/J is
Cohen—-Macaulay, we have reg(R/J) =a(R/J) +dim(R/J). So, if the geometric
vertex decomposition is nondegenerate, then when applying Theorem 3.2 we have

a(R/I)+dim(R/I)
= max{a(R/N,.;) +dim(R/Ny 1), a(R/Cy.;) +dim(R/Cy 1) + 1}.

We have dim(R/I) = dim(R/C, ;) =dim(R/N, ;) — 1, as shown in the proof of
Theorem 3.2. The conclusion now follows.
The degenerate case uses the same reasoning as in the proof of Theorem 3.2. [

Remark 5.5. In Theorem 5.4, we are viewing Cy ; and N, ; as ideals of R. But by
Definition 2.2, we can also view these ideals as ideals of R’ = R/(y). Since no gener-
ator of N, ; is divisible by y, we have dim(R/N,, ;) — 1 =dim(R’/Ny ), and since
no generator of C, ; is divisible by y, we have dim(R/Cy, ;) — 1 =dim(R'/C, ;).
Theorem 5.4 thus implies that a(R/I) = max{a(R'/Ny 1), a(R'/Cy )} if the geo-
metric vertex decomposition in, (/) = C, ; N (N, ; + (y)) is nondegenerate. If the
decomposition is degenerate, then a(R/I) = a(R'/Ny ) — 1.

Remark 5.6. There are situations where a(R/I) = a(R/C, ) + 1, and other
situations where a(R/I) =a(R/N, ;)+1. Indeed, by Lemma 3.1, this is equivalent
to saying that there are situations where the regularity of I is equal to reg(Cy ;) + 1,
and other situations where the regularity of / is equal to reg(N,, ;) (see Theorem 3.2).
We refer the readers to Example 6.15 for concrete examples using the results of
Theorem 6.12 in Section 6.

Theorem 5.4 immediately implies Theorem 1.1 (3). The proof is omitted as it is
essentially the same as the proof of Corollary 3.3.

Corollary 5.7. Theorem 1.1 (3) is true.

Using Theorem 5.4 and Remark 5.5, we can easily prove that the a-invariant
of a geometrically vertex decomposable ideal is always nonpositive. In particular,
geometrically vertex decomposable ideals are almost Hilbertian.

Corollary 5.8. Let I C R be a proper homogeneous geometrically vertex decom-
posable ideal. Then a(R/I) <O0. In particular, I is almost Hilbertian.
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Proof. We induct on the number of variables in R = K[xy, ..., x,]. If n =0, the
result is trivial. If n = 1, then the only proper homogeneous geometrically vertex
decomposable ideals are (x;) and (0). Thus, the result holds.

More generally, consider a homogeneous geometrically vertex decomposable
ideal I C R = K[xy, ..., x,], with n > 2. Then there is a variable y = x; and a
geometric vertex decomposition iny (/) = C, ;N (N, ;+(y)). If this is a degenerate
geometric vertex decomposition, then, by Remark 5.5 and the induction hypothesis,
we have a(R/I) = a(R'/Ny ) —1 < 0. If iny(I) = C,; N (Ny+ (y)) is a
nondegenerate geometric vertex decomposition, then, by Remark 5.5, we have that
a(R/I) = max{a(R'/Ny,),a(R'/Cy )}. Hence the desired result follows from
the induction hypothesis. U

Inspired by the definition of Hilbertian ideals, we next study geometrically vertex
decomposable ideals for which the a-invariant is always negative. We single out
the following class first, as the proof is straightforward.

Corollary 5.9. Let I C R be a proper homogeneous geometrically vertex decom-
posable ideal, and suppose that there is a minimal generating set of I that does not
involve all the variables in R. Then a(R/I) < 0. In particular, I is Hilbertian.

Proof. Suppose that there is some minimal generating set of / which does not
involve the variable y = x;. Then the geometric vertex decomposition iny (/) =
Cy,1N(Ny, ;1 +(y)) is degenerate. Thus, by Remark 5.5 and Corollary 5.8, a(R/I) =
a(R'/Ny)—1<0. O

We can use this corollary to recover the result of [Stelzer and Yong 2023] that
Schubert determinantal ideals are Hilbertian.

Example 5.10. Given a permutation w € S, there is an associated generalized
determinantal ideal I, € K[x;;, 1 <i, j < n] called a Schubert determinantal ideal.
By construction, x,, doesn’t appear in any term of any minimal generator of I,,.
Hence by Corollary 5.9, I, is Hilbertian.

We now consider a larger subclass of geometrically vertex decomposable ideals
for which the a-invariant is always negative.

Definition 5.11. A proper homogeneous ideal / of R=K][x, ..., x,]is C-saturated
geometrically vertex decomposable if I is saturated and unmixed and

(1) 1 is generated by a (possibly empty) subset of variables of R, or

(2) there exists a variable y = x; of R and a y-compatible monomial order such
that we have a degenerate geometric vertex decomposition

il’ly(l) = Cy,I N (Ny,l + (),

where N, ; is C-saturated geometrically vertex decomposable, or
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(3) there exists a variable y = x; of R and a y-compatible monomial order such
that we have a nondegenerate geometric vertex decomposition

iny(I) =C, N (Ny 1+ (y)),

and the contractions of the ideals Cy, ; and N, ; to the ring K[xy, ..., X}, ..., x,]
are C-saturated geometrically vertex decomposable.

Remark 5.12. Let / be a proper, saturated, homogeneous geometrically vertex
decomposable ideal. We will now check that / is C-saturated geometrically vertex
decomposable if and only if there is some geometric vertex decomposition process
of I in which every C, ; ideal that appears in this decomposition process is not
an irrelevant ideal (contracted to its appropriate polynomial ring). The forward
direction is immediate by Definition 5.11.

Conversely, suppose that there is some decomposition process for I in which no
ideal of the form C, ; is the irrelevant ideal (in its appropriate polynomial ring). To
verify that  is C-saturated geometrically vertex decomposable, it suffices to check
that every ideal of the form N, ; that appears in the given decomposition process is
saturated. Furthermore, since N, ; is geometrically vertex decomposable, and hence
radical, this is equivalent to checking that each N, ; ideal is not the irrelevant ideal.
So, consider a geometric vertex decomposition iny, (J) = Cy, y N (Ny,, 7 + (x;)) in
the given decomposition process, where J is one of the ideals that appears in the
decomposition of /. Since C,, ; is not the irrelevant ideal by our assumption, and
Ny;.; € Cy,,j, we have that N,, ; is also not the irrelevant ideal.

Example 5.13. Consider the homogeneous and unmixed ideal I = (yz, x +z) C
K[y, x, z]. The given generators are a Grobner basis for the y-compatible monomial
order Lex with y > x > z. We have the geometric vertex decomposition

iny(1)=C, 1N (Ny 1+ (),

where C, ; = (z, x) and N, ; = (x +z). Observe that C, ; is the irrelevant ideal
in K[x, z]. Alternatively, there are geometric vertex decompositions

iny (/) = Cyy N(Ny,g+(x)) or in (/) =Cc 1 N (N1 +(2).

In each case, C, ; or C; ; are irrelevant ideals (in their respective polynomial
rings K[y, z] and K[x, y]). Hence, for each potential decomposition process of I,
one encounters irrelevant ideals. Thus, / is not C-saturated geometrically vertex
decomposable.

The next result shows that C-saturated geometrically vertex decomposable ideals
are always Hilbertian.

Proposition 5.14. Let I be a proper homogeneous geometrically vertex decompos-
able ideal in a polynomial ring R = K[xy, ..., x,], withn > 1. If I is C-saturated
geometrically vertex decomposable, then a(R/I) < 0. In particular, I is Hilbertian.
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Proof. Our argument is nearly identical to the proof of Corollary 5.8. We induct
on the number of variables in R = K[xy, ..., x,]. If n =1, the only C-saturated
geometrically vertex decomposable ideal is (0), and the result holds.

More generally, consider a homogeneous, C-saturated geometrically vertex
decomposable ideal I C R = K[x, ..., x,], with n > 2. Then there is a variable
y = xj and a geometric vertex decomposition iny(/) = Cy ; N (N, ; + (y)). If
this is a degenerate geometric vertex decomposition, then, by Remark 5.5 and
the induction hypothesis, we have a(R/I) =a(R'/Ny;)—1<0as N, ; C R'is
C-saturated geometrically vertex decomposable.

If iny (/) = Cy ;N (Ny 1+ (y)) is a nondegenerate C-saturated geometric vertex
decomposition then, by Remark 5.5, we have

a(R/I) =max(a(R'/Ny 1), a(R'/Cy p)).
Hence the desired result follows from the induction hypothesis. U

Remark 5.15. A Stanley—Reisner ideal of a vertex decomposable simplicial com-
plex is Hilbertian if and only if, in its vertex decomposition process, at every step
(each step corresponds to removing one vertex from the vertex set) except the last
one (where all simplicial complexes are at most one point), taking the link gives
all nonempty simplicial complexes. Note that a connected vertex decomposable
simplicial complex can have links that are {&} in its vertex decomposition process.
For example, consider the graph C3, the three cycle. The link of any vertex is
a simplicial complex consisting of two disconnected points, and the link of this
simplicial complex is the complex {&}. Its Stanley—Reisner ideal I = (xyz) is
vertex decomposable, but R/I is not Hilbertian.

6. Applications to toric ideals of graphs

Here we apply Theorems 3.2, 4.2 and 5.4 to study the invariants of toric ideals of
(bipartite) graphs. By leveraging the result that the toric ideals of bipartite graphs
are geometrically vertex decomposable (see [Cummings et al. 2023, Theorem 5.8]),
we can give new proofs for a number of known results (e.g., [Almousa et al. 2022;
Corso and Nagel 2009; Favacchio et al. 2021]) using our techniques.

6.1. Background on toric ideals of graphs. We begin with the relevant background
on toric ideals of graphs. Let G = (V, E) be a finite simple graph with vertex set
V ={x1,...,x,} and edge set E = {ey, ..., e,}. If we need to highlight the graph,
we sometimes write V(G) and E(G) for the vertices and edges of G. Abusing
notation, we let x; and e; also denote variables, and let K[E] = [K[e, ..., e,] and
K[V]=Kl[xy, ..., x,]. We define a [K-algebra homomorphism ¢ : K[E] — K[V]
by ¢(e;) = xjxi, where e¢; = {x;, x¢} € E. The kernel of ¢, denoted /g, is the roric
ideal of G.
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The ideal I is a toric ideal because it is a prime binomial ideal; for this fact and
for more details about I, see [Herzog et al. 2018, Chapter 5] or [Villarreal 2015,
Chapter 10]. A (nonminimal) set of generators of /s can be described in terms of
closed even walks of the graph. A sequence of distinct edges I' = (¢;,, e;,, ..., €;,)
is a walk if e;Nej,, #9 for 1 < j <t—1. The walk is closed if ¢; Ne;, # . The
walk is even if f is even. A closed walk I' is a cycle if no edges in I" are repeated. We
can associate with every closed even walk I' = (¢;,, . . ., €;,, ) a binomial of the form

Jr=eiei e, | —epei e,

Recall that a graph G is bipartite if the vertex set V can be partitioned into
two disjoint sets, V = V; U V,, such that every edge e € E satisfies e N V| # &
and e NV, # &. The next result now gives a set of generators for toric ideals of
(bipartite) graphs. For integers m, n > 1, the complete bipartite graph K, , is
defined to be the graph with vertex set V. ={x, ..., x,}U{y1, ..., y»} and edge
set E={{x;,y;}|1<i<m, 1<j<n}

Theorem 6.1 [Villarreal 1995, Proposition 3.1]. If G is a finite simple graph with
toric ideal 1, then

I = {fr | T is a closed even walk of G).
In addition, if G is bipartite, then Ig = (fr | I is a even cycle of G).

A binomial f = u — v € I is called primitive if there is no other binomial
g =u' —v" in I such that u'|u and v'|v. A closed even walk (or cycle) I is a
primitive walk (or cycle) if the corresponding binomial fT is a primitive binomial.
We have the following refinement of the previous result.
Theorem 6.2 [Ene and Herzog 2012, Proposition 5.19]. If G is a finite simple graph
with toric ideal I, then { fr | I is a primitive walk} forms a universal Grobner
basis for 1, and, in particular, forms a set of generators of Ig.

For bipartite graphs, computing the a-invariant of KK[E]/Is is equivalent to
computing the regularity of R/Ig.
Lemma 6.3. Let G = (V, E) be a finite simple bipartite graph with toric ideal Ig.
Then

a(K[E]/Ig) =reg(K[E]/Ic) — (V] = D).

Proof. If G is bipartite, then K[ E]/I; is Cohen—Macaulay (see [Herzog et al. 2018,
Corollary 5.26]). By Lemma 3.1, we have reg(K[E]/Ig) = deg hig)/1;(t). By

[Villarreal 2015, Corollary 10.1.21], dim(K[E]/Ig) = |V | — 1 when G is bipartite.
Thus

a(K[E]/1g) = deg hi g1 (1) —dim(K[E]/Ig) =reg(K[E]/Ig) — (|V| = 1),
as desired. O
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6.2. Toric ideals of bipartite graphs. As our first application, we will show how
Theorem 3.2 can be used to give a new proof for a result of [Almousa et al. 2022]
about the regularity of bipartite graphs and their subgraphs.

We first recall some more relevant graph theory. Given a graph G = (V, E), we
say H = (W, F) is a subgraph of G if W C V and F C E. In the special case
H = (V, E\{e}) for some edge e, we write G \ {e} to denote the graph G with the
edge e removed. The degree of a vertex x is given by deg(x) = [{y € V | {x, y} € E}|.
An edge e = {x, y} € E is a leaf if deg(x) = 1 or deg(y) = 1, and a vertex x is
isolated if deg(x) = 0. If x is an isolated vertex of G, then it can be shown (e.g.,
see [Cummings et al. 2023, Lemma 3.2]) that I = Ig/, where G’ = (V \ {x}, E).
Similarly, if e is a leaf of G, then I = I/, where G’ = G \ {e}.

The next lemma applies to all toric ideals of graphs, not just bipartite graphs.
Lemma 6.4 [Cummings et al. 2023, Lemma 3.5]. Let G be a finite simple graph
with toric ideal Ig. If < is any y-compatible monomial order with y = e for some
edgee € E of G, then Ny 1, = IG\(e}-

Now suppose that G is a family of graphs such that, for every G € G, the toric
ideal I; is geometrically vertex decomposable, and, for all e € E, there is an
e-compatible monomial order such that there is a geometric vertex decomposition

with respect to e. Furthermore, suppose that G \ {e} € G for any edge e of G. For
such a family, we have the following result.

Theorem 6.5. Let G be any graph in the family G given above. Then, for any
subgraph H of G, we have

(1) reg(In) <reg(lc),

(2) a(K[E(G)]/1n) = a(K[E(G)]/Ic), and

(3) e(K[E(G)]/In) = e(K[E(G)]/1c).

Proof. For any edge e, there is an e-compatible monomial order such that /5 has

the decomposition in.(Ig) = (N, 1, + (e)) N C, 1, and, by Lemma 6.4, we can
write the decomposition as

in,(Ig) = (Ig\jey + () N Co, 1+

As G\ {e} € G, Ig\(e) is geometrically vertex decomposable, and hence is Cohen—
Macaulay and radical. Because I is geometrically vertex decomposable, we have
reg(Ig\(e}) <reg(lg) by Theorem 3.2 and Remark 3.10. Similarly, Theorem 5.4
gives

a(K[E(G)]/Ig\(e)) < a(K[E(G)]/IG\(e)) +1 = a(K[E(G)]/IG).

Moreover, by Theorem 4.2, we have e(K[E(G)]/Ig\ie}) < e(IK[E(G)]/IG), since
multiplicity is a nonnegative integer.
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Since G \ {e} is a graph in G, I\ (¢} again has a geometric vertex decomposition
with respect to any edge f. Since any subgraph H of G can be obtained by removing
edges and vertices, by repeating this argument (and possibly removing leaves and
isolated vertices when needed), we get the desired conclusion. U

Remark 6.6. Note that we showed that a(IK[E]/Ig\(¢)) < a(IK[E]/Ig) — 1, when
we remove the edge e from G. If t = |E(G)| — |E(H)|, that is, the number
of edges we remove from H to form G, we actually have the stronger result
a(K[E(G)]/In) = a(K[E(G)]/Ig) —1.

We can recover [Almousa et al. 2022, Theorem 6.11], which was proved using
combinatorial techniques involving root polytopes. We also derive results about the
a-invariant and multiplicity.

Theorem 6.7. Let H be any subgraph of a bipartite graph G. Then
(1) reg(In) <reg(lc),

(2) a(K[E(G)]/1n) < a(K[E(G)]/Ig), and

(3) e(K[E(G)]/In) < e(K[E(G)]/1c).

Proof. Let G be the family of bipartite graphs. By [Cummings et al. 2023, Theo-
rem 5.8], for all G € G, the toric ideal I is geometrically vertex decomposable. It
also follows that, for any G € G, we have G \ {e} € G, since removing edges does
not destroy the bipartite property.
In addition, by [Cummings et al. 2023, Proposition 5.4], there is a geometric
vertex decomposition
in,(I6) = (Ig\je) + () N 17,

where {e} is a path-ordered matching of G and IeG = IG\(e} + (Mf), and
MeG = {m | me — n is a binomial that corresponds to a cycle in G}.

Since any edge of a bipartite graph can be regarded as a path-ordered matching,
the above geometric vertex decomposition holds for the toric ideal of any bipartite
graph and any edge. Hence, Theorem 6.5 applies to any subgraph of H of G. [J

Remark 6.8. Theorem 6.7 (1) gives another proof of [Almousa et al. 2022, Theo-
rem 6.11] using the geometric vertex decomposability property of toric ideals of
bipartite graphs. Villarreal pointed out to the third author that regularity could also
be deduced from the edge polytope of G and Stanley’s monotonicity property [1993,
Theorem 3.3]. In particular, one can use the strategy given just after [Almousa
et al. 2022, Question 6.12]. Another proof of Theorem 6.7 (1) can be found in the
recent paper of Pinto and Villarreal [2023, Corollary 8.17] using normal monomial
ideals. Additionally, there is a similar result to Theorem 6.7 (1) for the regularity of
induced graphs that can be found in [Ha et al. 2019, Theorem 3.6].
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= V4

X2 =1

Figure 1. Two graphs G and Cy4 glued along edges e and f.

6.3. Regularity and gluing cycles. We can use Theorem 3.2 to give a different
proof for [Favacchio et al. 2021, Corollary 3.11] which describes how regularity
behaves with respect to a “gluing” operation on graphs.

We first recall the notion of gluing a cycle to a graph along an edge, following
[Favacchio et al. 2021, Construction 4.1]. A cycle of length m is the graph with
vertex set {x, ..., x,;} and edge set {{x1, x2}, {x2, x3}, .. ., {Xm—1, Xm}, {xm, x1}};
we denote this graph by C,,. Let G = (V, E) be any graph. Fix an edge e € E and
an edge f of C,. The graph H obtained from G by gluing a cycle of length m
along an edge is the graph G Ue: 7 C.., where we identify the edges and vertices
of e and f. An example of gluing is given in Figure 1. When C,, has even length,
the regularity of /g, the toric ideal of the glued graph H, is related to that of I
if I is geometrically vertex decomposable.

Theorem 6.9. Suppose that G is a graph such that I is geometrically vertex
decomposable in K[E(G)]. Let H be the graph obtained from G by gluing a cycle
of length 2d (d > 2) along an edge of G. Then

reg(K[E(H)]/11) =1eg(K[E(G)]/Ig) + (d = 1).

Proof. Let E(G) ={ey, ..., e;} denote the edges of G, and let E(C)={f1, ..., fa}
denote the edges of the cycle C = Cp;. We assume that the cycle is glued to G
along f>; and any edge of G. By [Cummings et al. 2023, Theorem 3.11] and
its proof, Iy is geometrically vertex decomposable and, moreover, the geometric
decomposition is given by

Ny, =1Ic and Cyp, =1+ (f3fs - faa-1),

where y = f], and some y-compatible monomial order. Since I C K[E(G)],
VCy.1y # /Ny, 1;» and Cy 1, # (1), the decomposition is nondegenerate.
Note that K[E(H)] =K[E(G)]® T, where T = K[ fi, ..., faa—1].- So

reg(K[E(H)]/(g +(f3fs - faa-1)))
=reg(K[E(G)]/I) +reg(T/(f3f5- - faa-1))
=reg(K[E(G)]/Ig) + (d =2).
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So, by Theorem 3.2, we have
reg(K[E(H)]/1x) = max{reg(K[E(G)]/Ig), reg(K[E(G)]/Ig) + (d —2) + 1}
=1eg(K[E(G)]/Ig) +(d - 1),
thus completing the proof. U

We can now derive the following corollary for gluing even cycles to graphs G
such that /5 is geometrically vertex decomposable.

Corollary 6.10. Suppose that G is a graph such that 15 is geometrically vertex
decomposable in K[E(G)]. Let H be the graph obtained from G by gluing a cycle
of length 2d (d > 2) along an edge of G. Then

(1) a(K[E(H)]/1n) = a(K[E(G)]/1) — (d — 1),

(2) e(K[IE(H)]/In) =d - e(K[E(G)]/IG).

Proof. Note that |V(H)|=|V(G)|+ (2d — 1). By Lemma 6.3 and Theorem 6.9,
we have

a(K[E(H))/In) =reg(K[E(H)]/1g) = (IV(H)| = 1)
= (reg(K[E(G)]/1g) +(d = 1) = ((IV(G)|+2d =2) — D)
=a(K[E(G)]/1g) —(d — 1),

and hence part (1) follows.
For part (2), by Theorem 4.2,

e(K[E(H)]/In) = e(K[E(H)]/1c) +e(K[E(H)]/(Ic + (f3fs -+ faa-1)))-
Since e(IK[E(H)]/I) = e(K[E(G)]/Is) and

e(KIE(HD1/(G + {(f3fs -+ faa—1)))
=e(K[E(G)]/Ig) - e(K[ f1, f2, - -s f2a—11/{Sf3 S5 faa—1))
= (d - De(K[E(G)]/1s),

it follows that e(K[E(H)]/Ig) =d - e(IK[E(G)]/Ig), as desired. Ul

6.4. Regularity of toric ideals of Ferrers graphs. Recall that a Ferrers graph is
a bipartite graph on the vertex set X = {vy, vo, ..., vy} and Y = {uy, us, ..., uy}
such that {vi, u,,} and {v,, u;} are edges, and if {v;, u;} is an edge, then so are
all the edges {v, u;} with 1 <k <iand 1 <[ < j. We also associate a partition
A=(A1, A2, ...y Ap), With A; > Ay > .- - > A, to a Ferrers graph where A; = deg v;,
and we denote the Ferrers graph by 7;. See Figure 2 on page 384 for an example.
We show how to use Theorem 3.2 to give a different proof to a result of Corso and
Nagel [2009].
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We first require a lemma; in the statement below, a bipartite graph is a chordal
bipartite graph if every cycle of length > 6 has a chord, that is, an edge that joins
two nonconsecutive vertices of the cycle.

Lemma 6.11. Suppose that T, is a Ferrers graph. Then T, is a chordal bipartite
graph. Consequently, the toric ideal I, is generated by quadratics.

Proof. Let X ={vy,...,v,}and Y = {uy, ..., u,} be the partition of the vertices
of T;. Suppose that (v;, uj, v;,, uj,, ..., v;, uj) are the vertices of a cycle of
length 25 > 6 in 7.

The three edges {v;,, uj,}, {vi,, u; }, and {v; , u; } appear in this cycle. Consider
the indices of the two u vertices. If j; < j;, then by the definition of 7j, the edge
{vi;, u;,} is also an edge of 7). So the cycle has a chord. If j; < ji, note that
{vi,, uj, } is the next edge in the cycle. Since j; < ji, the edge {v;,, u; } is also an
edge of 7. But then (v;, u;,, v;,, uj,) is a four cycle of T}, that is, {v;,, u; } is a
chord.

The final statement follows from the main result of [Ohsugi and Hibi 1999],
which showed that the toric ideals of all chordal bipartite graphs are generated by
quadratics. U

Theorem 6.12 [Corso and Nagel 2009, Proposition 5.7]. Let A = (A1, A2, ..., An)
be a partition, with .| > Ay > --- > A, and let T, be the associated Ferrers graph.
Write I, = It, and R = K[E(T))].

(D) If n=1o0r iy =1, thenreg(R/I,) = 0.
2) If Ay =2, and suppose that . = (A1, ..., As, 1, 1,..., 1) where Ly > 2, then

reg(R/L) =min{s — 1, {};+j -3 |2 =< j =s}}.

Proof. If n =1, we have I = (0); hence reg(R/I,) =0. When X, =1, all the edges
{vi, u1} with i > 2 are leaves; hence, after removing them, we have I, = (0).

Now suppose that A, > 2. Write e;; = {v;, u;}, and let e = e,;,, = {v,, u;,, }. Let
G =T, and I = I,. By [Cummings et al. 2023, Theorem 5.8], I is geometrically
vertex decomposable since G 1is bipartite. Moreover, by [Cummings et al. 2023,
Proposition 5.4], there is a geometric vertex decomposition

in,(Ig) = (Ig\(e) + (e)) N IC,

where 18 = I\ (o) + (M) and M = {m; | mie —m; corresponds to a cycle in G}
(the description of MC appears directly after [Cummings et al. 2023, Lemma 5.1]).

We claim that (Mf) = ({e; | {e, ¢j, e;, er} is a cycle in G}). Note that it suffices
to verify that (MeG) C ({ei | {e, ej, e, e} 1s a cycle in G}), since the reverse con-
tainment is immediate. Suppose that the binomial me — m» corresponds to a cycle
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of G. Since the cycle contains the edge e = {v,, u,,}, we can write this cycle as
(vi| ’ I'tj| ’ viz? ujza ] vis_l ’ uis_l ’ vl’l? u}\.,—,)’

where iy = n and j; = A,. Furthermore, we denote the edges in the cycle as
follows: ex ={v;,, u; } fork=1,...,sand fy ={u;,v;  }fork=1,...,s, where
Vi, = v;,. Note that e = ¢; , and we have mie —my =ejex---e5_1e — fi fo--- f§
with this notation. In this cycle, we now consider the three consecutive edges
es—1 =1{vi, ,,ui_}, fs—1 = {ui,_,,vp}, and e = {v,, u,,}. Since T) is a Ferrers
graph, and since i;_; < n, the edge f = {vi,_,,u,,} also belongs to T;. This
gives a four cycle (e;—1, fs—1, e, f), and thus e;_1e — fs_1 f is a binomial that
corresponds to a cycle of G. But this means that e;_; € M, eG , and since e;_1 divides
m| =ep---es_1, we have that m is in the ideal on the right-hand side.

Note that the graph G \ {e} is the Ferrers graph on the same vertex set associated
to the partition ” = (A1, A2, ..., Ay—1, A, — 1). Hence, N, j, = IG\(ey = I». On
the other hand,

(ME)=(eij|1<i<n—1,1<j<)—1)

Since G\ {e} is a Ferrers graph, the generators of I\ (¢} are quadratics by Lemma 6.11.
Moreover these generators are of the form f =e¢; j e;,, — €, €, j,» With i} < i
and j; < jp. If iy <n—1and j, <A, — 1, then we have f € (MC). If i = n, then
J1 < j» <XA,—1,and hence f € (MeG). Therefore,

Ce.1o = I\(e) + (ME)

G . . . .
= <Me >+ <ei1jlei2j2 _eizjleiljz | 1 Sll <1 Sn_ 17)\'11 S ]1 < ]2)

Note that the ideal (e;, j e, j, —eiyji€ijy | 1 <1 <ip <n—1,1, < j1 < jo) s
the toric ideal of the Ferrers graph on the vertex set X' = {vy, va, ..., v,—1} and
Y ={u,,, us, ..., uy} associated to the partition

)L,=()\,]_)Ln+1,)\.2_)\.n+1,...,)\,n_]_)\.n+1).

Thus, we can write C, j, = (M) + I, where the generators of the two ideals
in the right-hand side are in separate sets of variables. Moreover, since (MZ) is
generated by variables, reg(R/(ME) + I,/) = reg(R/I}). Thus, by Theorem 3.2,

reg(R/1;) = max({reg(R/ L), reg(R/1;/) + 1},

where A" and A" are defined as above.

We will now apply the above recursive formula to derive the formula of reg(R/ )
as claimed. First, if A = (A, ..., As, 1, 1,..., 1) with A; > 2, then the edges v;u
with s +1 <i < n are all leaves; hence, we can remove them without changing the
toric ideal. In other words, reg([;) = reg(/;), where X = (A, ..., Ag). We will use
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induction on n. Suppose n =2 and A; > Ay > 2. Then, by the recursive formula,
1eg(R/1(3,,2,)) = max{reg(R/ 1, 2,-1)), 108(R/ 13 —2,+1)) + 1}
= max{reg(R/Ix, 1,-1)), 1}.
By induction on X,, if A = 2, we have
reg(R/ 1y, 1)) = max{reg(R/I;, 1)), 1} =1=min{2 — 1, A, +2 — 3},
and if A, > 2, we have
reg(R /I, 1,)) = max{reg(R/I;, »,—1)), 1}

=max{min{2—1, (A, —1)+2-3}},1} =1
=min{2 — 1, A, +2 —3}.

In both cases, the regularity agrees with the formula in our claim.

Now suppose that n > 3 and that the formula holds for any k <# — 1 and for any
A= (A1, A2, ..., Ar). We will show that it holds for n and any A = (A1, A2, ..., Ay).
Now if A = (Aq,..., A, 1,1,...,1) with A; > 2, as shown above, we have
reg(R /1) =reg(R/I;), where x= (A, ..., Ag). Hence, if s <n — 1, the result fol-
lows by the induction hypothesis. Also, if A, =1, asreg(R/I)) =reg(R/Ix,, .0, 1))s
the result again follows by the induction hypothesis. Thus, we can assume that
s =n and A, > 2. Then, by the recursive formula,

reg(R /1) = max{reg(R/I;,, .0, 1 3u—1))> T€Z(R /I3, =341, 0y 1 —in+1)) + 1}

Case 1: If A, =2, then reg(R /I, 5, 1 10,—1)) =1€€(R/I,, 3, 1)) So, by the
induction hypothesis

reg(R/ 1, ..o 1 u—) =min{fn —2, {A; +j—=3|2<j<n-—1}}
Now if A,_; > 3, then, by the induction hypothesis,
1e8(R /1y =241, 21 —2a 1) F 1
=min{n —2,{A; — A, +j—2|2=<j<n—1}}+1
=minfn — 1, {};+j—312<j<n—1}}

Z reg(R/I(}tla---v)\nfla)\n_l))'
Therefore,

reg(R/ 1) =1eg(R/Io s, +1,..00 1—2p+1) + 1
=min{fn — 1, {A; +j—312<j <n}},

where the last equality holds since A, +n —3 =n —1.
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Otherwise, if A,,_; =2, assume that )»k+1 =Aa2="++-=Ay—1 =2and Ay >3 for
some k <n—2. Then (A1 —XA,+1, ..., A,_1—A, +1)_(A1— SAa—1,1,000 D).
Again, by the induction hypothesm,

1eg(R/ 1, —ppt1, i —tnt) Fl=min{k — 1, {A; =14+ -3|2< j <k}} +1
=min{k, {A; +j—3[2<j<k}}

if k > 2, or the regularity equals O if k = 1. Moreover, fork+1<j<n—1, we
have k < X; + j —3 <n—2, and thus

min{k, {A; +j—=3|2<j <k}}=min{k, {A; +j—-3|2=<j<n—-1}}
<min{fn -2, {A;+j—-3[2<j<n-—1}}
=r1eg(R/ 1y, .. 01 in—1))>

where the last equality follows since A; +j—3<n—2<n—1fork+1<j<n-—1.
Therefore,

reg(R/1;) =reg(R/1,, . i y—1)) =min{n — 1, {A; +j =3 |2 < j <n}},

where the last equality follows since A, +n —3 =n — 1.

Case 2: If A, > 3, by induction on A,, we have
reg(R/1p,, . o1 pm—1) =min{n — 1, {A; +j—=3[2=<j<n—1}, A, +n—4}.
In addition, by the induction hypothesis (on n), we have
reg(R/ 1o, —ppt1, i —dmt)) =min{k — 1, {A; — A, +j =2 |2 < j <k}},

where 2 < k < n — 1 is the maximum integer such that Ay > A, + 1 (hence,
Ak — Ap +1 > 2), or the regularity equals 0 if kK = 1. On the other hand, as A; = A,
for j >k+1,wehave A; — A, +j—2=j—2>k—1forall j >k+ 1. Thus,

1eg(R/ 10 ~2, 41,001 —2p+ 1) =min{k — 1, {A; =2, +j =22 < j <n}}.
Therefore,
reg(R/ 1., —ppt1,gpi =) + 1 =min{k, {A; =X, +j—1]2<j <n}}
<min{n—1, {;+j-3]2<j <n}}
=1eg(R/In, .00 1 00—1))s
where the last equality holds since A, +n —3 > A, +n —4 > n — 1. Therefore,
reg(R/ 1) =1eg(R/1,..0p1.0,—1) =min{n — 1, {X; +j =312 < j <n}},

finishing our proof. (]
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Remark 6.13. If y is the variable that corresponds to the edge e = {v,, A,,}, by
Theorem 2.3, we have

Hpgyr, (t) = HRy(N, +(y) (1) + tHryc, (1) = Hgp (1) + t Hgp; (1).
This recovers [Corso and Nagel 2009, Lemma 5.3].

Remark 6.14. As shown in the proof of Theorem 6.12, we record the formulae for
regularity of /; avoiding taking the maximum:

(1) If A, =2 and A,—_; > 3, then reg(/;) =reg(C,. 1) +1= reg(]/{) + 1.
(2) If Ay—1 = A, =2, then reg([)) =reg(N,,1,) =reg(l;).
(3) If A, > 3, then reg(]) = reg(N,,1,) =reg(l}).

As mentioned in Remark 5.6, the following example shows that the a-invariant
of a geometrically vertex decomposable ideal I can be either that of the C ideal or
the NV ideal of its decomposition, or equivalently, the regularity of / can be either
reg(C) 4+ 1 or reg(N).

Example 6.15. « Consider the toric ideal I = I, of the Ferrers graph associated
to A = (3, 3, 3, 3). Then I has a nondegenerate geometric vertex decomposition
with N = I, and C = I/, where ./ = (3,3,3,2) and ) = (1, 1, 1); see the
proof of Theorem 6.12. Thus, by Theorem 6.12, reg(N) = 3, reg(C) = 1, and
reg(l) = reg(N) = 3 > reg(C) + 1. Note also that it is not hard to construct an
example with a degenerate decomposition with C = (1); in this case, we also have
reg(l) =reg(N) > reg(C) + 1.

o If A=(4,4,3,2), we have A" = (4,4, 3, 1) and ' = (3, 3, 2). By Theorem 6.12,
reg(N) =3, reg(C) =3, and reg(/) =reg(C) + 1 =4 > reg(N).

o If L =(3,3,2,2), we have A" = (3,3,2,1) and A" = (2, 2, 1). By Theorem 6.12,
reg(N) =3, reg(C) =2, and reg(/) =reg(C) + 1 =reg(N) = 3.

Remark 6.16. Two formulae for the regularity of R/, are given in [Corso and
Nagel 2009, Proposition 5.7]; however these two formulas to do not agree in general:

s—1 lf)\sZ3,

in{s —1,{A;+j—=3|2<j < : i
min{s Aj+J | —J_S}}#{mm{j—l“»j:Z} if Ay =2,

where s is the number of A; > 2. For example, let s >4, A =---=A;_1 =3
and A; = 2, then the left-hand side is 2, whereas the right-hand side is s — 1 > 3.
Orif Ay =Xy =--- = Ay = 3 and s > 4, then the left-hand side is 2 and the
right-hand side is s — 1 > 3. This error occurs in [Corso and Nagel 2009] because
the authors claim the equality between the two sides follows from the equality
min{A; +j —3 |2 < j <s} = A+ s — 2, which is not true in general. For a
more specific example, consider the Ferrers graph 7 for A = (3, 3, 3, 2) as given
in Figure 2.
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Uy Uz us

Vi V2 U3 U4
Figure 2. The graph T, for A = (3, 3, 3, 2).

Then the minimal graded free resolution of R/I, has Betti table

0O 1 2 3 4 5
total: 1 12 25 21 10 3

01 - - - - -
. - 12 25 15 - -
2 - - - 6 10 3

In particular, reg(R/ 1) = 2.
Corollary 6.17. With the same notation as in Theorem 6.12, we have
(1) a(R/L) =
—(n+m-—1) ifn=1ori,=1,
—(m+m—1+min{s —1,{A; +j—312=<j <s}} otherwise.
%3 Jn—2 2

) eR/L)= ) ) BT S P

Jn—2=A2=An+1jn3=Aa—Ap1+1  j1=Aa—A3+1
Proof. Part (1) follows from Lemma 6.3 and Theorem 6.12, while part (2) follows
by induction using Theorem 4.2, as

e(R/1)
=e(R/ 16, gm—1)) F R/ 31, hn1 = +1))
A2 Jn—2 .2 A=A+l J2
= Z Z Z 1+ Z Z i

Jn—2=A2=hn ju—3=A2—An-1+1 J1=ha—A3+1 Jn—3=A—An-1+1 J1=h2—A3+1
A2 Jn—2 J2
_ Z Z .. Z j1. O
Jn—2=A2=dn+1 ju—3=Ap—An_1+1 Ji=A2—Az+1
Remark 6.18. Let G = K, ,, be the complete bipartite graph. Then /g = I, where
A= (m,m,m, ..., m). Hence, reg(R/Ilg) = min{n — 1, m — 1} = min{n, m} — 1.

We recover the bounds for the regularity of bipartite graphs in [Almousa et al.
2022, Theorem 6.13] for connected bipartite graphs and [Biermann et al. 2017,
Theorem 4.9] for chordal bipartite graphs, and the a-invariant of bipartite graphs in
[Villarreal 2015, Proposition 11.5.1].
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Corollary 6.19. Let G be a connected bipartite graph with bipartition Vi U V,,
with |Vi| =n and |Vo| =m. Letr = |{v; € V| | deg(v;) = 1}| and s = |[{u; € V> |
deg(u;) = 1}|. Then

(1) reg(lg) < min{n —r, m — s}, and

(2) a(K[E(G)]/1g) < min{—m, —n}.

Proof. (1) Since r vertices in vertex set X and s vertices in vertex set Y belong
to leaves, we can remove these vertices without changing the toric ideal /. Thus,
we can assume that r = s = 0; that is G does not have any leaves. As G is a
subgraph of K, ;;, by Theorem 6.7 and Remark 6.18, we have reg(/g) <reg(lk, ) =
min{n, m} as desired.

(2) By Lemma 6.3, a(K[E(G)]/Ig) =reg(K[E(G)]/Ig) — (|V(G)|—1). Because
the graph is connected, |V (G)| = m + n. Also, by part (1), reg(K[E(G)]/1g) <
min{n, m} + 1. The result now follows. U

We can now prove a very interesting property about toric ideals of bipartite
graphs, which does not seem to have been observed before.

Theorem 6.20. If G is a connected bipartite graph, then I is Hilbertian.

Proof. As shown in Corollary 6.19 (2), the a-invariant of IK[E(G)]/I; is always
negative; hence I is Hilbertian. ([

6.5. Invariants for a class of bipartite graphs. In this section we apply Theo-
rems 3.2, 5.4, and 4.2 to a family of toric ideals of bipartite graphs first studied in
[Galetto et al. 2019] to further illustrate our techniques. The graphs studied in that
paper were defined as follows.

Definition 6.21. Let d, r be integers such thatd > 1 and r > 3. Let G = G, 4 be
the graph with V(G) = {x, x2, y1, ..., Y4, 21, - .-, 22r—3} and

EG)={{xi,y}11<i<2, 1=<j=d}
U {{x1, 21}, {z1, 22}, {22, 23} - - -5 {220 =4, 22023} {220 =3, X2} ).

We label edges as follows: fori =1, ...,d, leta; ={x1, y;} and b; = {x3, y;}. Also,
let ey = {x1, 21}, e2,—2 = {x2, 22,3}, and let

ex=1{z1,22}, e3s={z2,23}, ..., ex—3={22r—4, 22,3}

Informally, the graph G, 4 is constructed by starting with a complete bipartite
graph K5 4 (with d > 1). Then one connects the vertex x| to x; (the two vertices of
degree d) with a path of length 2r — 2. Figure 3 shows the graph Gg 5, where we
start with the graph K> 5 (the graph on {xi, x2, y1, ..., ¥s5}), and then add a path of
length 2 - 6 — 2 between x; and x», the two vertices of degree five in K3 5. Figure 3
also illustrates our edge labeling.
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1 Y2 V3 Ya Vs

Figure 3. Illustration of G, 4 = Gg 5. This graph is K, 5 with a
path of length 2-6 —2 = 10 connecting the two vertices of degree 5
in Kz’ 5.

Remark 6.22. Note Definition 6.21 still makes sense if we allow r = 2. However,
if we allow r =2, then we are adding a path of length 2r —2 =2 between x; and x>.
Then the graph G, 4 and the graph K5 44 are isomorphic. It thus makes sense to
restrict to the case r > 3.

The toric ideals of these graphs were studied in [Galetto et al. 2019] (see also
[Nandi and Nanduri 2019] for a more general family); in particular, all the graded
Betti numbers of /5 were determined, and consequently, one can determine the
regularity (see [Galetto et al. 2019, Theorem 3.9]). The approach taken in that paper
is to consider a careful analysis of the initial ideal of /; and exploiting the fact that
a universal Grobner basis of I could be explicitly described.

Lemma 6.23 [Galetto et al. 2019, Corollary 3.3]. Let d, r be integers such that
d > 1 and r > 3. Then a universal Grébner basis for g, , is given by

laibj —ajb; |1 <i < j <d}U{a;eres--- ey —bierez---ex—3 |1 <i <dj},

where, if d = 1, the first set is empty.
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On the other hand, since G = G, 4 is bipartite, we know that /; is geometrically
vertex decomposable. Using this fact, Lemma 6.23, and Theorem 3.2, we can give
an alternative proof for the calculation of reg(/g, ).

Theorem 6.24. Letd > 1 and r > 3 be integers, and let G = G, 4. Thenreg(lg) =r.

Proof. We first consider the case that d =1 and r > 3. In this case, G, 1 = Cy;, that
is, the cycle on 2r vertices. By Lemma 6.23, I, , = (ajez - - - ear—2—biey - - - e,_3)
is generated by a single polynomial of degree r. The conclusion then follows.

We now proceed by induction on the tuple (d, r), where we assume the re-
sult holds for all graphs G, o with d > d’. Let G = G, 4. Let > denote the
lexicographical monomial order on K[E (G)] with

ag>aq_1>-->a1 >e >ey>-++>¢ey _2>by>--->b.

If y =ay, then > is a y-compatible monomial order.

By Lemma 6.4, Ny, is the toric ideal of G \ {a4}. If we remove ay from G,
then b, is a leaf of G \ {a,}. Consequently, N, ; is the toric ideal of the graph G
with both edges a; and b; removed. But if we remove a; and b, from G, we obtain
the graph G, 4_1. Thus N, ;, = Ig,, ;.

By using the universal Grobner basis of Lemma 6.23, we have
Cy1s ={ba-1,...,b1,e2e4---e2,2) +{aibj—ajbi |1 <i<j<d—1)

+(aier- ey —biey---ey 3|1 <i<d-—1}
=(by—1,...,b1,eze4--- €2, 3).

The last equality follows from the fact that each term of the generators in the other
two ideals is either divisible by some b; withi € {1,...,d — 1} or ezeq - - - e3,».
Consequently, C, ;, is a monomial ideal that is a complete intersection (since the
monomials have disjoint support) with regularity

I+ +14+@F-1)—-d-1)=r—-1.

Lot r—D—@d—-1)

So, by Theorem 3.2 and induction, we have

reg(lg) = max{reg(lg,, ), 1€g(Cy ;) + 1} =max{r, r — 1)+ 1} =r,

as desired. O

We can now compute the a-invariant and the multiplicity of the rings K[E]/ /g, ,.
Corollary 6.25. Letd > 1 and r > 3 be integers, and let G = G, 4. Then
) aKIE(G)]/Ig)=1—d —r,and
() e(KIE(G)]/Ig) =dr —(d—1).
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Proof. We can use Theorem 5.4 to prove (1), but it is more direct to use Theorem 6.24,

Lemma 6.3, and the fact that G, 4 is a bipartite graph on 2 4-d + (2r — 3) vertices.
To prove (2), we do induction on d. If d =1, then G, 4 = C»,, and so I, , is a

principal ideal generated by a single generator of degree r. So e(K[E]/Ig,,) =T.
So suppose d > 1. If I = I, ,, then by Theorem 4.2, we have

e(K[E]/T) = e(IK[E]/Ny,1) +e(K[E]/Cy 7).

As shown in the proof of Theorem 6.24, C, ; is a complete intersection generated
by d — 1 generators of degree one and one generator of degree r — 1. Consequently,

e(KIE)/Cy) =1 r =) =r—1.

On the other hand, as also shown in the proof of Theorem 6.24, N, ; = I
Hence, by induction, e(K[E]/Ny ;) = (d — 1)r — (d — 2). Thus

rd—1°

e(KIE]/)=d—-1Dr—d—-2)+r—1=dr—(d—-1). (]
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