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We define a new conformal invariant on complete noncompact hyperbolic
surfaces that can be conformally compactified to bounded domains in C.
We study and compute this invariant up to doubly connected surfaces. Our
results give a new geometric criterion for choosing canonical representations
of bounded domains in C.
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1. Introduction

Let (M, gy) be a complete noncompact hyperbolic surface of finite topological
type that can be conformally compactified to a bounded domain in C. Consider
all possible choices of 2 C C such that M can be conformally compactified into
them and are conformally equivalent to each other. Here we study a new canonical
representation through proper geometric considerations.

By the Riemann mapping theorem, all simply connected domains that are not C
are conformally equivalent to a round disk, which can be viewed as a canonical
model. It is well known that any doubly connected region is conformally equivalent
to aring {z € C; B < |z|] < 1}, where 0 < 8 < 1; for a reference, see [1]. When
B =0, the domain is simply a punctured disk. For multiply connected domains, see
[1] for some classification results. These results lead to a complete characterization
of the moduli space of such surfaces. For example, all n-connected (n > 2) bounded
domains with nondegenerate boundary components form a (3n—6)-dimensional
space. In this article, we propose a new geometric point of view.
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We set the for our construction. Let M be a complete noncompact hyperbolic
surface and 2 C C be a fixed conformal compactification of M. Then there exists
a smooth function u# on  such that (M, e*Z“gM) is isometric to (€2, gg). Let
v =e . Then u and v satisfy the equations

(1-1) Au=¢e* inQ,
u=-+0o on 0%2,
and
(12) vAv=|Vv]>—1 inQ,
v=20 on 0%2.

The asymptotic behavior of v near C>% boundary components of <2 is, according
to [8; 13],

(1-3) V(2) =d(2) — 2k (Md(2)* +c3(0)d ()’ + 0(d* T (2)),

where d(z) is the distance from z to the boundary 9€2, y € 9S2 is the point where
d(z) =|z—yl, and k(y) is the curvature at y. In (1-3), c3(y) is the first global term,
which depends on the global geometry of 2. We remark that when 9€2 is smooth,
v is the special boundary defining function as in [7, Lemma 2.1].

We consider a scaling-free quantity following [13]. Assuming that the outermost
boundary component C of  is C>, we consider for C the functional

(1-4) Msz,v>=—/cdl-/cc3<y)dl<y),

where the line integral is taken under the Euclidean metric and c3 is defined as in
(1-3).

The functional A was first studied by Shen and Wang [13] in a slightly different
setting. In our notation, Shen and Wang have proven the following.

Theorem 1.1 [13, Theorems 1.1, 1.2, 1.3]. Ler Q be a bounded C** domain, and
v be a solution to (1-2) on Q. Let A be given as in (1-4). Then

(a) A(2, v) >0, with equality if and only if Q2 is a round disk;
(b) if Q is multiply connected, then

27?2
(1_5) )\.(Q, U) > T.

Theorem 1.1 can be regarded as a rigidity and gap theorem and may also be
interpreted as a type of positive mass theorem.

If M is multiply connected, each boundary component can be realized as the
outermost boundary via a proper conformal transformation. Even with the fixed
boundary component, (1-4) is not conformally invariant. We define the following
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renormalized volume-type invariant, which is also conformally invariant for the
pair (M, gu).
Definition 1.2. Let (M, g5s) be a complete, noncompact hyperbolic surface of

finite topological type that can be conformally compactified to a bounded domain
in C. Let A be given as in (1-4). Define

(M, vng) is isometric to (€2, gg) and the }

1-6) A(M, = inf] A (€2, i
(1-6) AM, gum) Hglz{ (2, v) outermost boundary component of € is C*

By the Riemann mapping theorem, for any M we may find a compactification
whose outermost boundary is smooth. Hence, A is well defined.
Our main result is the following.

Theorem 1.3. Let (M, gur) be a complete noncompact hyperbolic doubly connected
surface with conformal compactification (Q, gg), where Q2 C R? is bounded. Let
A be as in (1-6) and X as in (1-4).Then

2 2
2 T
(1-7) A(M,gM)=—3 [(_mﬁ) +1],

where 0 < B < 1 is the exponent of the modulus of continuity of Qo, so that Qg is
biholomorphic to B; — Bj.

Moreover, for any bounded Q biholomorphic to Qo with a C>% outermost
boundary component, we have

(1-8) A )>2”2 i 2+1
' =7 (7))

and equality holds if and only if Q is the image of By — B g under a composition of
translation and homotheties.

Our definition provides a new type of conformal invariant for two-dimensional
hyperbolic conformally compact Einstein (CCE) manifolds. For higher dimensions,
the renormalized volume is a preferred conformal invariant. However, it is topolog-
ical in two dimensions for hyperbolic CCE manifolds. By [14, Corollary 3.5] and
[10, Appendix A.1], the renormalized volume of a conformally compact hyperbolic
surface (M, gyr) equals —2m x (M). Definition 1.2 provides an alternative invariant
to work on. Our construction focuses on the geometric meaning of the next term in
corresponding expansion (1-3). We are hopeful that our invariant can serve as a
substitute for the renormalized volume in two dimensions.

Theorem 1.3 extends Shen and Wang’s work [13], in which they compute A when
M is simply connected, and separate this case with multiply connected domains.
Our result further characterizes doubly connected M. Theorem 1.3 shows A can be
attained for doubly connected domains, specifically as B; — B g Up to a composition
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of translation and homotheties. In particular, when 8 = 0, Theorem 1.3 also gives
the sharp case of Theorem 1.1(b).

An interesting byproduct of Theorem 1.3 is a new geometric interpretation of
the exponent of modulus of continuity 8.

For CCE manifolds in dimension 4, there is also some interest in studying
particular compactifications; refer to [5], [2],[3] and [4] for an incomplete list.

Our approach is partly inspired by [13], though there are key differences. Shen
and Wang use conformal transformations and compare the boundary integral (1-4)
of the underlying domain with that of the punctured disk. Subsequently, techniques
involving the Schwarzian derivative are applied. In our work, we use more refined
models. Specifically, we use Fourier series to derive inequalities and establish
rigidity results. In particular, our method can recover their results.

Note that by [9], solutions to (1-1) on C*% domains exist and are unique. Thus,
the functional A can be defined on bounded C*% domains  C C without specifying
the solution to (1-2) on 2. For punctured domains, we prove the following existence
result and include the proof in the appendix.

Proposition 1.4. Let Q2 C C be a smooth domain. There exists a solution to (1-1)

on Q—{p1,..., pn} and it is unique among all solutions u satisfying the growth
condition
lx — pil
(1-9) u(x) > —log| —r; - |x — pi| -log :
r

near py foralll =1, ..., k, for r; > 0 such that B, (p;) D .

We list some new directions. It is worthwhile to consider A (M, gys) for general
multiply connected domains. The resulting compactification will be a new canonical
classification of bounded domains in C, see [1] for some known classifications.
We are looking for correct models for multiply connected cases. For conformally
compact hyperbolic surfaces of nonzero genus and conformally compact hyperbolic
manifolds in general, defining A (M, gjs) for such spaces would be interesting.

This paper is organized as follows. In Section 2 we prove a technical lemma. The
proof of Theorem 1.3 is split into two parts. In Section 3, we prove the inequality
in (1-8). In Section 4, we study when equality in (1-8) holds.

2. A technical tool

We prove a technical lemma that provides an analytic result on annuli. The corre-
sponding result for discs is easier. See [12] for more details.

Theorem 2.1 (Kellogg—Warschawski Theorem [11, Theorem 3.6]). Let f map
By conformally onto a domain bounded by a C** Jordan curve. Then f has an
extension in C%(B)).
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Theorem 2.1 is a key ingredient in proving our lemma:

Lemma 2.2. Let f € Bi— B g — C be an orientation-preserving biholomorphic
map such that (B, — B g) = Q2 — K for some compact subset K of some bounded
open Q2. Then there exists a holomorphic g : By — Eﬁ — C such that g> =1/, f.

Proof. Fix B <r < 1. Let Q1 be the bounded component of the complement of

f(@B;), and let f; : 21 — B, be an orientation-preserving biholomorphic map,

whose existence is guaranteed by the Riemann mapping theorem. By Theorem 2.1,

/1 extends to a smooth diffeomorphism between Q; and B,. Consider h = fiof,

which is an orientation-preserving diffeomorphism from B, — B g to B, — fi(K).
Since h restricts to a self-homeomorphism of 9 B,,

2-1) 0= %((h}_z)(e“)) =20(id;h(e") - € -h(e")) = 2S<M)

h(eil)
By (2-1), there is ¢ : R — R such that

azh(eit) . eit

Z2) h(et)

=c(t) >0,

where the inequality follows from 4 being orientation-preserving. Let y : [0, 2] —
C be the closed path defined by y () = ¢'’. Then

(2-3) Indy_p(y)(0) = Indy(y)/y (0)

_ L /zﬂ Bh(y) - vi/y —hW)/v* v
2mi Jo h(y)/y

_ L/Z” Gh(y) vi v o
2mwi Jo h(y) y

= Indy(,)(0) — Ind, (0) =0,

dr

where Ind is the index of a point with respect to a closed path and the first equality
follows from (2-2).

By [12, Theorem 13.11], (2-3) shows that log(d.4) is well defined on B, — l_?g.
Since f] is defined on €2, which is a simply connected domain, the same result
from [12] implies that log 9, f; is well defined on €2;. Hence

9:h(2)

(2-4) 3. f(2) = hG@) exp(log 9;h(z) —log 0, f1(f(2))).

forze€ B, — B g. Invoking [12, Theorem 13.11] once again, (2-4) implies that
Ind(9, f (v))(0) = 0O; therefore log 9, f is well defined on B; — B g- In particular,
there exists a holomorphic g : B — B g — C such that g =1/d.f. U
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3. Doubly connected domains

In this section, we prove our main theorem. In the simply connected case, it has
been shown in [13].

Let u be a solution to (1-1) on 2. Let f : B — Elg — 2 be a biholomorphic
function, and ug be the solution to (1-1) for Qg = B; — Bg, then (Q, (f~")*e**f gf)
is complete with Gaussian curvature —1, hence

(3-1) = (ug—1In|fr))o f!
is a solution to (1-1) in . For v =e™" and vg = ¢~ "#, this relation becomes
(3-2) v= (- 1f:Do(f7.

Remark 3.1. We quote the following explicit solution from [13]. The solution to
(1-2) on B; — By is explicitly written as

(3-3) r) Ling)-sin— 7

- ry=—r-—InB | -sin ————.
ve g 1/m-Inp

At 0 By, it has expansion

(3-4) gt (E 2+1 B+ 0@
=50 76 \inp ’

where d(x) =1 — |x|, and the first global term of vg near 0By is

1 7 \*
o w==g|(ws) +']

The following lemma is proved in [13]; we include it here for completeness.

Lemma 3.2. Let Q be a bounded domain with C3% outermost boundary component
C. Let f: B — E,g — Q be a biholomorphic map. Let c3, cg 3 be the first global
terms of the solutions v, vg to (1-2) on Q, By — E,g near C, d By respectively. If f
takes OB to C, then

—6 3 1 3 1
(3-6) /—6C3dl:/ Cﬁ’3+2n][ —2——271][ —_——
c 0B | fzl aB, 0r~ | fz 2B, Or | f2|
Proof. By [13], the c3 term in the expansion of v can be expressed, in a way
independent of the distance function d(x), as

(3-7) —6c3 = dy Av,

where N is the outward pointing normal and A is the Laplacian under metric
(€2, gE).
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Let w and z be the standard euclidean coordinates on 2 and B; — B p respectively.
Then

3-8 —6c3dl = ovA,vdl = *(OnA,,v -dl
(3-8) /C 3 ./f(aBl)va /BBlfwwv )

= /a (T @uve ) dl
1 0

~ Jo I f] Or

af 1
B aBIE[WAgE(vﬂ-IfZD}dl.

We can compute the terms involving vg on 9 By explicitly:

[A| 1 pgp (g - [ f2D]1f21dl

2
(3-9)  dup=—1, Awp=-2, 9 Avp=—6cps= [(%) + 1].
n

Thus
/—6C3dl=/ (ii)mﬁ/ iiAvﬂ—zf a—zvﬁii
C 3B\ Or | f] 3By | f;| or aB, or2 T or | £,
=y ivﬁa_zL+/ ivﬂAL+/ N
aB, or " or? | f,] 3B, Or | /2| B, or | f;]
— LH/ B_ZL_/ AL
" JoBy | f2] 3B, Or? | /2 B | [l

= _60’3’34—27{][ a—zL—Zn][ iL
0B | f:] op, O | f2] a8, Or | f2]
For the middle equality, we used the fact that f extends to a C3* diffeomorphism
from B — Bg onto its image. The regularity of the extension is an easy application
of Theorem 2.1, which indicates the existence of a C>* diffeomorphism f; from
the closure of the region bounded by the C3* curve C to B;. The composition
f1o f is then a map from B; — Eﬁ to By — K for some compact K C Bj that
sends 0 By to d B;. An application of the Schwarz reflection principle [12, Theorem
11.14] extends fjo ftoa C3* function on B| — E,g. Composing (fl)_1 with this
extension of f o f gives us the desired C>“ extension of f. ([l

The next result is an improvement of Theorem 1.1(b).

Theorem 3.3. Let 2 be a doubly connected domain whose outermost boundary
component C is C>%. If Q is biholomorphic to By — Eﬁ, then

2 2
(3-10) AMQ, V) > zl[(i> +1].
3 In g
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Proof. Let f : B — Bg — 2 be an orientation-preserving biholomorphic map that
takes d B; to C. By Lemma 3.2, we have

—6 3% 1 3 1
(3-11) /—6C3dl=/ ﬂ+2n][ —2——2;17[ 2
c 0B | f2] o, 07 | [z a8, 07 | f2]
By Lemma 2.2, there is a holomorphic g : B; — Eﬂ — C such that g> = 1/f,.
Consider the Laurent expansion of g,

(3-12) g= Y b",

k=—00

which leads to

1 1
3-13 2_——/ 2——/ Lo — E b22k_
( ) ]iBrlg | 2rr . aB,|g | 2y . aB,g & 1bul"r

k=—00

Therefore,

e s a—zgz—r][ D= (P2 2 3 e
9B, 31‘2 9B, or al"z or ke

0
= > |bl2k(2k —2)r* > 0.

k=—00

Letting » — 1, we conclude from (3-11) and (3-14) that

—6 9% 1 g 1
315 [ ~6ezdi= [ Cﬂ’3—|—2n][ —2——271][ Z
c 0B | f:] a8, 07 | f2 o, 07 | f2]

. —6C/3,3.
B | [

Finally, by Holder’s inequality and (3-5),
1 =\ 1
3-16 AR, v)> || — 1]- —dl- dl
c1o @zl (75) +1] [, e [,
1 =\ 1 2
> | — 1 S £V
=5 (75) 1) ( 1)
_27r2 b4 2+1
3 [\Inp ’

completing the proof. U

The first part of Theorem 1.1(a) can be recovered by a modification of the
proof of Theorem 3.3. First, for a simply connected domain 2 and biholomorphic
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f:B1 — , Lemma 3.2 holds after we change cg 3 to the first global term cp, 3 of
the solution vp, to (1-2) on B near d B;. Next, vp, takes the form

(3-17) vg, =3(1—-r), cp3=0.
Then
92 1 9 1
(3-18) /—663dl=2n o
c 9B or=|fzl 9B, or | 1]

which is nonnegative by (3-14). Thus, we conclude that for any simply connected
domain €2,

(3-19) A2, v) > 0.

The other part of Theorem 1.1(a) will be recovered in the following section.

4. Rigidity of doubly connected domains

In this section, we prove a rigidity theorem for doubly connected domains.
Let f: B — Bg — 2 be an orientation-preserving biholomorphic map. Consider

4-1) A(t) = ! ! B(t) = A;(t) —2A,(¢
(4- ()_%'/amz«»ﬂ’ (1) = Ay (1) — 24, (),

for € (In 3, 0).

Lemma 4.1. Let r = €', then

) 3% 1 3 1
(4-2) B(t)=r L 2
3aB,(0) 9 | fz| 3B,(0) 97 | [zl
fort € (In B, 0).

Proof. For convenience, take

(4-3) é(r) : :
- ) = —— _
2nr /33,(0) | f2]

so that ¢ (r) = A(t). For fixed r € (8, 1), we have

d ] r a 1
4-4 —A=¢ .= = — ——dI,
-4 o ¢ <8r¢)(r) 2nr ./aB, or 1 £l
and

8_2A_ t i 2t 8_2
a2 ¢ '(ar¢>(r)+e (aﬂ >(r)

4-5

( ) , 9 1 r2 82 1
:_/ ——dl+—/ i
2mr JaB, Or | £yl 27r JoaB, 0r? | f|
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Thus the claim follows. O
By Lemma 3.2 and (4-2), we see that

. —6C,33
4-6 lim 27 - B(t) = —6c3 — =,
(4-6) lim 27 - B(1) = [ —6c; /331 =

which in a rough sense, measures the difference between A (€2, v) and A(B|— B B> VB).

Proposition 4.2 gives a description of the corresponding holomorphic functions f
in the case when B(0) vanishes.

Proposition 4.2. Let A(t) and B(t) be defined by (4-1). Then
(4-7) B(1) = 0,

forallt € (In B, 0). If for some ty € (In B, 0) we have B(ty) =0, or if lim,_,q B(t) =0,
then

(4-8) B(t) =0,

forallt € (InB,0) and
(6)
7+ C3
Proof. The nonnggativeness of B follows from (3-14) and (4-2).
Let f : B — Bg — 2 be a biholomorphic orientation-preserving function. By

Lemma 2.2, there is a holomorphic g : B; — B g — C such that g>=1/f.. Consider
the Laurent expansion of g:

(4-9) f@=Ci+Cxz or f(2)=Ci+

o]
(4-10) g= > b

k=—o00
By (3-14) and (4-2), we have

oo

(4-11) B(t) = Z |bi |2 2k (2k — 2)r2k.
k=—00

In particular, for any k£ # 0, 1,

(4-12) Ibel> < r~*B(@),

for all 7 € (In B, 0), r = ¢'. By the assumption of Proposition 4.2, either B(t) =0
for some ¢ or lim,_,o B(t) = 0, it follows that,

(4-13) lim |b|? = 0.
n—oo

fork #0, 1.
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Then f; is of the form

1
4-14 = —.
( ) fZ (b0+b1Z)2
Suggesting that
C+by? if by =0
(4-15) fz{ T Lo
C—by” - (bo/by +z) if by #0,

for some constant C € C.
It is easy to check that when (4-15) holds, B(¢) =0 for all ¢ € (Inr, 0). [l

Theorem 4.3. Let Q be a doubly connected domain with C3* outermost boundary.
If Q is biholomorphic to B; — Eﬁ, and

272 7 \?

then Q can be obtained from B; — B g by a composition of translation and homoth-
eties.

Proof. By the proof of Theorem 3.3 and (4-2), the equality (4-16) holds when
lim;_,o B(#) =0 and Holder’s inequality in (3-16) is an equality. By Proposition 4.2,
lim;_,g B(t) = 0 forces the biholomorphic map f : B} — B g — £2 to be a Mobius
transformation; hence f, is of the form

1
 (bo+b12)?
The Holder’s inequality in (3-16) becomes an equality when | f;| is a constant on 0 By,
forcing either by = 0 or by = 0 in (4-17). We conclude that either f = C| + C»z

or f =C;+ Cy/z for C; # 0. Hence, 2 can be obtained from B; — Eﬁ by a
composition of translation and homotheties. U

(4-17) e

The second part of Theorem 1.1(a) can be proved as an easy corollary of
Proposition 4.2. Indeed, by Theorem 3.3 and the standard comparison theorem,
A(2, v) = 0 implies that 2 is a simply connected domain. Let f : By — 2 be
a biholomorphic map and define A(¢), B(t) accordingly. Then Proposition 4.2
implies that f is a Mdbius transformation, and therefore f(B;) = €2 must be a disk.

Appendix

By [13], a solution to (1-1) on B,(p) — {p} is given by

)—2lInr.

lx — pl lx — pl
(A-1) up,(p)-(p)(x) = — log(=— -log( p )
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A solution to By (p) — B,(p) is given by

-log(1/r) - sin(

|x — pl
T

log(1/|x —
(A-Z) MBI(P)_E;'(P)(X) == —log( T Og( /|x pl))>

log(1/r)
Then the growth condition (1-9) is equivalent to u > up, (p)—(p; foralll=1,..., n.

Theorem A.1. Let 2 be a bounded domain with smooth boundary. Let py, ..., p, €
Q be a collection of points. Then there exists w € C° (M) such that

{Aw:ezw inQ—A{p1,..., pul,

(A-3)
w =00 OnaQU{pl’---apn}7

and (1-9) is satisfied at {py, . .., pn}.

Proof. We follow the same idea as in [9]. Let ug be the solution to (1-1) on
Q. Let A, be an exhaustion of 2 by compact subsets with smooth boundary.
Take Q2,, = Ay — U] Bi/m(p1). Let w,, be the solution to (1-1) on €2,,. By the
Maximum principle, w,, is a decreasing sequence. Additionally, w,, is bounded
below by up, (p)—{p;) for some r sufficiently large, with/ = 1,2, ..., n.

Fix m. By the interior L? estimate, [6, Theorem 9.11], for k > m, we have

(A-4) lwell2, i, < CPy s Lot D) (Wil pr2sr + 1€ i)
where ||lwill .2, €%l p;2,.., 1S bounded independent of k, since
(A-5) max(Up, (p)—{p}> 4Q) < Wi < Wit

for all [. This shows that wy is a bounded sequence in W2P(R,,). Hence is bounded
in C*(Q,,).
By the interior Schauder estimate, [6, Corollary 6.3], we have

2
(A'6) |wk|2,a;$’2m < C(a, Qu, Qn1+1)(|wk|0;ﬂ,,l+1 + le Wk |0,a;$2m+1),

Hence, wy is bounded in C>%(L2,,) independently of k. Taking a subsequence if
necessary, we may assume that w,, converges in C2(2,,) to some w such that

(A-7) Aw = ™

in ,, and max(ug, Up, (p)—{p}) =W = Win41.
Pushing m to 0o, w,, converges to a smooth function w satisfying Aw = ¢**

and
(A-8) max(uq, up, (p)—{p)) < Ww-

Since ug = 00 on 92, and ug, (p)—(p) = o0 on p; for all I, we see that w is the
desired function. O
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Following [9], we shall establish the uniqueness of solution u to (1-1) on 2 —
{p1, ..., pn} satistying (1-9) in two steps. First we study the asymptotic behavior of
a solution near {py, ..., pn}. Then we apply maximum principle to the difference
of two solutions.

We assume, without loss of generality, that

(A-9) Ba(p) C2—{p1,..., pu}

foralll=1,...,n.

Proposition A.2. Let u be a solution to (1-1) on Q — {p1, ..., pn}. If u satisfies
(1-9) at {p1, ..., pn}, then there exists a constant C such that

(A-10) |u —1log (— |x — pul -log(|x — pi))| < C
in a neighborhood of p; foralll =1, ..., n.

Proof. Fix any [, and assume, without loss of generality, that p; = 0. By the
maximum principle,

(A-11) Up,—{0) SuU=up _p

on By — B,, for any 0 <r < 1. For x € B] — B,, let |x| be the distance to p;. Take
r = |x|¥; then

—k|x| . T
(A-12) ug g (x)=—log — log(]x]) - sm(z) )
Pushing k to co, we see that
(A-13) u < —log (—|x|-log(|x]))

near p;. Now, the difference between the upper bound and the lower bound of u
equals

rlog(lx|/r)

(A-14) —log(—|x|log |x[) 4+ log(—r|x|log(|x|/r)) =log ]
og|x|

’

which converges to 0 as |x| — 0, proving the claim. (]

Proof of Proposition 1.4. The existence of a solution follows from Theorem A.1. We
follow the idea in [9]. Let u; and u; be two solutions satisfying (1-9) at p1, ..., px.
By adding a constant if necessary, we may assume that u1, u; > 21og 2; then, for
these two functions after modification, there exists some constant C such that

(A-15) Au; = Ce®ti

on Q fori=1,2.
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For any 1/2 < s < 1, by Proposition A.2,

sup _ suy/(=log(—I|x — pil -log(lx — pi1)))
up  uz/(—log(—[x — pi|-log(lx — pil)))
near p; forall/ =1, 2, ..., n. By [8], near other nondegenerate boundary compo-
nents, su/u» also converges to s < 1.

We claim that su; < u,. If not, let xo be the point where su; — u, attains its
maximum. Then (su; — uz)(xg) > 0, and

<1

(A-16)

(A-17) 0> A(suj — uz)(xp) = sCe™ — Ce?> > ¥4 — 22 5 (),

where the second inequality comes from [9, Lemma 4.3]. This leads to a contradic-
tion.

Pushing s to 1, we get u; < up. By switching u; and u,, we get the inequality
from other direction, thereby proving the claim. O
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