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The Waring rank of a homogeneous polynomial f is the smallest number
wr f for which f is the sum of wr f powers of linear forms. We show

wr( f · g) ⩽ (wr f ) · (wr g) · max{deg f, deg g} if wr f > 1, wr g > 1

and answer a question of Teitler. We also discuss further questions of Koiran
and Schaefer regarding the algorithmic computation of tensor ranks.

The problem of tensor decomposition has a long history and growing popularity
in the literature [4; 14; 29]. Both the classical version of this problem and its
symmetric counterpart (which is also known as the Waring decomposition) are
hard to solve [13; 30], so, in some special cases or even relatively small particular
instances, the question can be attractive and important [2; 32]. This note deals with
three questions on the topic regarding, more specifically,

• the Waring rank of the product of polynomials (by Teitler [37]),

• the computation of commuting extensions of matrices (by Koiran [21]),

• the recognition of tensors of bounded rank (by Schaefer and Štefankovič [27]
and Schaefer, Cardinal and Miltzow [28]).

Section 1 contains some basics on the topic, and Section 2 gives a general upper
bound on Waring ranks of products of polynomials. In Section 3, we switch to
algorithmic questions in the nonsymmetric case. Namely, (1) we discuss the proof
of the hardness of extending a given family of matrices to a family of diagonalizable
commuting matrices, as suggested by Koiran [21], and (2) we revisit standard
methods of the recognition of tensors of bounded rank as in the questions of
Schaefer and Štefankovič [27] and Schaefer, Cardinal and Miltzow [28], and we
further discuss these problems over different fields.

1. Preliminaries

A three-way tensor T can be thought of as an m×n×p array of coordinates taken
in some field F. This tensor T is said to be of the rank one if there are vectors

(u, v, w) ∈ Fm
× Fn

× Fp
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such that T = u ⊗ v ⊗ w, that is, one has Ti jk = ui · v j · wk for all indexing
triples (i, j, k) pointing to entries of T [13]. An n×n×n tensor is called symmetric
if the value Ti jk remains the same for any permutation of the indexes (i, j, k).

Definition 1.1 [9; 35]. Let K ⊇ F be fields, and let T be a tensor over F. The
rank rkK T is the smallest integer r such that T is the sum of r rank-one tensors
over K. If T is symmetric, then the symmetric rank srkK T is the smallest integer s
such that T is a linear combination of s symmetric rank-one tensors over K.

One of the most relevant cases is when K = C, and, in this case, the notion of
symmetric rank is essentially equivalent to that of the Waring rank.

Definition 1.2 [4; 23]. The Waring rank of a homogeneous polynomial f is the
smallest number wr( f ) so that f is the sum of wr( f ) powers of linear forms over C.

Indeed, the Waring rank of f equals the symmetric rank of a tensor representing f ,
which shows that the corresponding notions are equivalent over C [4; 23]. The
following standard statement is a tensorial analogue of the Gaussian elimination.

Definition 1.3 [13; 21]. Let T be an n1×n2×n3 tensor, let χ ∈ {1, 2, 3} and
e ∈ {1, . . . , nχ }. The e-th χ-slice is the matrix obtained from (Ti jk) by removing
every coordinate (i, j, k) which does not have the index e at the χ -th position.

Proposition 1.4 (the substitution method [13; 15; 35]). Let T be an n1×n2×n3

tensor over a field F, let χ ∈ {1, 2, 3} and i ∈ {1, . . . , nχ }. If the i-th χ-slice
of T is a rank-one matrix m, then rkF T equals one plus the smallest rank of any
tensor obtained by removing the i-th χ -slice of T and subsequent addition of scalar
multiples of m to the remaining χ -slices of the resulting tensor.

We are ready proceed with the main content of the article.

2. The Waring rank of the product

In relation to algorithmic questions on matrix multiplication [10; 29; 34], a notable
part of contemporary work deals with the behavior of ranks under basic operations
such as the tensor product [6], Kronecker product [8], direct sum [29; 31] and many
others [7; 30]. The symmetric counterpart of the problem involves polynomials,
and the natural algebraic operations over them are the sum and product. Indeed,
the Waring ranks of the sums are widely studied [12; 24; 36], and a particular
well-known conjecture posited the additivity of the Waring rank under the sum of
polynomials with disjoint variable families [4], but it turned out to be false [33].

How does the Waring rank behave under the product? This question does not
seem to have attracted any amount of attention comparable to its analogue with the
sum, but the following well-known result can be a good starting point.
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Theorem 2.1 [4, Proposition 3.1]. If a1 ⩽ · · · ⩽ ak are positive integers, then

wr((x1)
a1 · (x2)

a2 · · · (xk)
ak )= (a2 + 1)(a3 + 1) · · · (ak + 1).

Later on, a MathOverflow user, SMD, proposed a question as to whether the
Waring rank is a submultiplicative function with respect to the product of poly-
nomials [37]. Using the above theorem, Teitler demonstrated the upper bound

(2-1) wr( f · g)⩽ (wr f ) · (wr g) · max{deg f + 1, deg g + 1}

and gave several further examples on the same web page [37]. In particular, one
has wr(xd)= wr(ye)= 1 and wr(xd ye)= max{d + 1, e + 1}, which shows that wr
is not a submultiplicative function with respect to the product, and, in addition, the
bound (2-1) can be tight in some cases [37]. However, wr(xy)= wr(uv)= 2 and

wr(xyuv)= 8<wr(xy) · wr(uv) · max{deg(xy)+ 1, deg(uv)+ 1} = 2 · 2 · 3 = 12,

so (2-1) can be strict [37]. These considerations suggest the following.

Question 2.2 (by Teitler [37]). Let f and g be homogeneous polynomials such
that there is equality in (2-1). Does it follow that either wr( f )= 1 or wr(g)= 1?

In this section, we improve the bound (2-1) and give a positive answer to
Question 2.2. The following important statement was suggested in an anonymous
review report. In fact, this is a version of the well-known apolarity lemma of
Iarrobino and Kanev [16] as adapted for applications with binary polynomials.

Lemma 2.3 (see [16]). The Waring rank of a binary polynomial m(x, y) equals the
smallest number k of pairwise noncollinear differentiation operators (h1, . . . , hk)

defined as hi = ai ∂/∂x + bi ∂/∂y such that h1 ◦ h2 ◦ · · · ◦ hk(m)= 0.

This statement has an additional benefit of being sufficiently elementary, so we
believe that the omission of its well-known proof is not an obstacle even for those
interested readers who had no previous knowledge of apolarity theory. We also
get a further lemma that appeared in the first draft of the article with a long proof.
As pointed out in review, several important special cases of the below lemma are
consequences of known results, including Proposition 7.2 in [23]. Another relevant
case α ̸= 0 in (2-2) below appears in [24, Theorem 3.1]. However, it seems natural
to consider the corresponding cases (2-2) and (2-3) as follows.

Lemma 2.4. If x, y are variables, and d > e are positive integers, then

wr(xd ye
+αyd+e)⩽ d,(2-2)

wr(βx2d
+ xd yd

+ γ y2d)⩽ d(2-3)

hold for some α, β, γ ∈ C.
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The following corollary is now immediate.

Corollary 2.5. If x, y are variables, and d ⩾ e are positive integers, then there
exists π = π(d, e) ∈ C such that, for all α, β ∈ C with β ̸= 0 and αβ = π , one has

wr(αxd+e
+ xd ye

+βyd+e)⩽ d.

Proof. This follows from Lemma 2.4 by the substitutions (x, y) → (λx, y). In
particular, the case π = 0 corresponds to (2-2) and an option βγ = 0 in (2-3). □

We give a Waring decomposition of a polynomial related to Question 2.2.

Lemma 2.6. Let d, e,m, n be positive integers such that d ⩾ e and min{m, n} ⩾ 2.
If (x1, . . . , xm) and (y1, . . . , yn) are disjoint variable families, then

(2-4) wr
(
((x1)

d
+ · · · + (xm)

d) · ((y1)
e
+ · · · + (yn)

e)
)
⩽ dmn.

Proof. As per Corollary 2.5, the possible cases are π(d, e)= 0 and π(d, e) ̸= 0.
If π(d, e)= 0, we take a generic family of complex numbers (αi j ) satisfying

(2-5) α1 j +α2 j + · · · +αmj = 0,

for all j ∈ {1, . . . , n}. Since m ⩾ 2, the numbers (αi j ) are all nonzero, and hence

(2-6) wr((xi )
d(y j )

e
+αi j (y j )

d+e)⩽ d

is valid by Corollary 2.5. According to (2-5), the polynomial in (2-4) equals the
sum of all polynomials in (2-6) over (i, j) ∈ {1, . . . ,m} × {1, . . . , n}.

In the case π(d, e)= π ̸= 0, we take A, B ∈ C so that A · B = π , and we define

αı̂ ȷ̂ = A, αı̂ n = A(1 − n), αmȷ̂ =
A

1 − m
, αmn =

A(1 − n)
1 − m

,

βı̂ ȷ̂ = B, βı̂ n =
B

1 − n
, βmȷ̂ = B(1 − m), βmn =

B(1 − m)
1 − n

with ı̂ ∈ {1, . . . ,m − 1} and ȷ̂ ∈ {1, . . . , n − 1}. Using Corollary 2.5, we get

(2-7) wr(αi j (xi )
d+e

+ (xi )
d(y j )

e
+βi j (y j )

d+e)⩽ d,

with (i, j) ∈ {1, . . . ,m} × {1, . . . , n}. As in the case π(d, e)= 0, the polynomial
in (2-4) is the sum of all polynomials in (2-7), so the desired bound follows. □

Remark 2.7. The case min{m, n} = 1 of Lemma 2.6 is not needed in our main
results, but we refer to [5, Lemma 4.5(3)] for the corresponding computation.

We need one easy statement to proceed with the main result of the section.

Observation 2.8. If (z1, . . . , zt) and (ζ1, . . . , ζτ ) are disjoint variable families, and
ψ is a linear mapping z1C+· · ·+zt C → ζ1C+· · ·+ζτC, then, for any homogenous
polynomial f (z1, . . . , zt), one has wr f (ψ(z1), . . . , ψ(zt))⩽ wr f (z1, . . . , zt).
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Proof. This is well known: If f (z1, . . . ,zt)= g1(z1, . . . ,zt)+···+gk(z1, . . . ,zt), then

f (ψ(z1), . . . , ψ(zt))= g1(ψ(z1), . . . , ψ(zt))+ · · · + gk(ψ(z1), . . . , ψ(zt)),

and, if gi (z1, . . . , zt) is a power of a linear form, then so is gi (ψ(z1), . . . , ψ(zt)). □

Theorem 2.9. If f, g are homogeneous polynomials with wr( f )⩾ 2 and wr(g)⩾ 2,
then wr( f · g)⩽ (wr f ) · (wr g) · max{deg f, deg g}.

Proof. We can assume deg f = d ⩾ e = deg g. If wr( f )= m, wr(g)= n, then

f = (ℓ1(ζ1, . . . , ζk))
d
+ · · · + (ℓm(ζ1, . . . , ζk))

d

and
g = (ℓm+1(ζ1, . . . , ζk))

e
+ · · · + (ℓm+n(ζ1, . . . , ζk))

e

with some linear forms (ℓ1, . . . , ℓm+n). We define the linear mapping ψ

(x1C + · · · + xmC)+ (y1C + · · · + ynC)→ ζ1C + · · · + ζkC

with the formulas xi → ℓi and y j → ℓm+ j with i ∈ {1, . . . ,m} and j ∈ {1, . . . , n},
and the result follows from Lemma 2.6 and Observation 2.8. □

Indeed, Theorem 2.9 gives a substantial improvement on (2-1) in the relevant
case wr( f ) ̸= 1, wr(g) ̸= 1, and it indicates a positive resolution of Question 2.2.

3. Two algorithmic questions

A family Z = (Z1, . . . , Z p) of n×n matrices is said to be a commuting extension
of a family A = (A1, . . . , Ap) of m×m matrices if n ⩾ m and, in addition,

• At is the upper left submatrix of Z t with any t ∈ {1, . . . , p},

• the matrices in Z pairwise commute [22].

In algebraic complexity, this notion is related to works of Strassen [35] and further
recent studies of Koiran [20; 21; 22]. Commuting extensions also appear in linear
algebra [19], numerical analysis [11], quantum physics [3] and other disciplines [22].

Problem 3.1 [20, Problem 1]. Does a given family of n×n matrices admit a
commuting extension of a given size r×r?

In fact, the works of Koiran [20; 21; 22] are mostly focused on the variation of
Problem 3.1 that takes an additional requirement that the matrices in the resulting
commuting extension should be diagonalizable [20, page 3]. He poses the question
of the algorithmic complexity of both these versions and presumes that the problem
is NP-hard; see [22, page 4] and [21, pages 8 and 33]. Indeed, Theorem 11 in [21]
states that, for an arbitrary infinite ground field K and any n×n×p tensor Q having
the invertible 3-slice as in Example 3.3 below, the rank rkK Q equals the smallest
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order of the matrices in any commuting extension Z of the 3-slices of Q over K such
that Z has diagonalizable matrices only. Koiran suggests the following question.

Question 3.2 [21, pages 8 and 33]. Is it NP-hard to compute the rank of an n×n×p
tensor that is promised to have at least one invertible slice?

The property of having an invertible generic 3-slice is a feature of the tensors in
the known reductions in [27] and in [30], so the answer to Question 3.2 is positive.
The reduction of Håstad [13] may not have this feature as it uses m×n×k tensors
with different m, n, k, but the following reduction is valid in the general case.

Example 3.3. Let T be an m×n×k tensor with entries in a field F. We define the
(m+n)×(m+n)×(k+1) tensor Q(T ) which has one of the 3-slices equal to the
unity matrix, and the k remaining 3-slices of Q(T ) have the form

qi =

(
Om×m ti
On×m On×n

)
with (t1, . . . , tk) being the family of all 3-slices of T . Then

rkF Q(T )= rkF T + m + n.

Proof. Subsequently use Proposition 1.4 with the 1-slice substitutions involving the
first m slices and the 2-slice substitutions with the last n ones. These transformations
leave the initial tensor untouched, and hence we get a lower bound rkF Q(T ) ⩾
rkF T + m + n. The corresponding upper bound rkF Q(T ) ⩽ rkF T + m + n is
immediate because the removal of the slice equal to the (m+n)×(m+n) unity
matrix gives a copy of T yet again. □

Clearly, one of the 3-slices of Q(T ) is the unity matrix, and hence Q(T ) has an
invertible 3-slice. Therefore, Example 3.3 is a reduction from the general tensor
rank computation to the version of it in which one of the slices has to be invertible.
Therefore, we get an easier resolution of Question 3.2, and, in addition, Example 3.3
underlines the difference between Problem 3.1 and its version with diagonalizable
matrices. Indeed, the 3-slices of Q(T ) commute pairwise, which means that the
order of their smallest commuting extension is m + n. However, with an additional
assumption that the matrices in the extension are diagonalizable, the smallest order
can grow much faster as the maximal rank of an n×n×n tensor is 2(n2); see [35].

We conclude with comments regarding the approach of [30].

Remark 3.4. In several works with different coauthors, Schaefer repeats the ques-
tion on the existence of a polynomial time algorithm detecting m×n×k tensors of
the rank at most r , for any fixed value of r [27; 28]. Of course, this question is
equivalent to a possibility of polynomial time detection of (r+1)×(r+1)×(r+1)
tensors of the rank at most r over the same ground field; see also [1]. (Indeed, it
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is immediate that, for every χ ∈ {1, 2, 3}, the χ-slices of a tensor of the rank at
most r should span the subspace of the dimension at most r [1], and hence the
standard Gaussian elimination either shows that the rank of the initial tensor is at
least r + 1 or reduces the consideration to the (r+1)×(r+1)×(r+1) blocks of that
initial tensor. Moreover, if the arithmetic operations can be performed in the initial
field F as in Definition 1.1 in polynomial time, then the same Gaussian elimination
would allow one to find the appropriate (r+1)×(r+1)×(r+1) block in polynomial
time even if r was not fixed, but, in any case, if r is fixed, then the number of
all (r+1)×(r+1)×(r+1) blocks is polynomial.) Since the standard algorithms of
quantifier elimination halt in time polynomial in the size of the data times a function
of r [25], we get that the problem of detecting rational tensors with real or complex
rank at most r is fixed-parameter tractable. In fields different from R and C, the
possibility of polynomial time recognition of tensors of the rank at most r may
depend on the initial choice of r . Indeed, for every ground field F allowing the
algorithmic computation of the arithmetic operations and for every system S of
polynomial equations over F, there is an algorithm that constructs a tensor T (S) and
an integer r(S) so that S admits a solution over F if and only if rkF T (S)⩽ r(S) [30].
For instance, as the field Q(t1, t2) has the undecidable Diophantine theory [18],
we have that, for some sufficiently large fixed r , there is no algorithm that detects
tensors of the rank at most r with respect to Q(t1, t2).

A review report contained a further question about particular values of r for which
the problem of detecting tensors of the rank at most r is undecidable. The answer
depends on the choice of the ground field, and, as explained above, in the most
standard setting over R or C, the problem is decidable and even fixed-parameter
tractable. Concerning Diophantine equations, the most well-studied case is the ring
of integers Z, and, in the answer section of [26] with a further reference to an older
article [17], Vladimir Reshetnikov gives an explicit family of polynomials with
integer coefficients which has bounded number of variables and total degree so that
the lack of their solutions cannot be tested by any algorithm. Using the reduction in
Section 4 in [30], one can proceed with an explicit r ∈ Z and tensor T so that T can
have rank greater than r over Z (which means that T cannot be written as the sum
of r decomposable tensors with integer entries), but this property cannot be tested
by any algorithm. In addition, the reduction in [30] is explicit and polynomial, and
one can expect a resulting value of the order such as r ∼ 1010 or smaller. On the
other hand, for small values such as r = 1 or r = 2, the algorithms of checking
whether a given tensor has the rank at most r over Z are immediate.
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