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Numerical semigroups with multiplicity m are parametrized by integer
points in a polyhedral cone C,,, according to Kunz. For the toric ideal
of any such semigroup, the main result here constructs a free resolution
whose overall structure is identical for all semigroups parametrized by the
relative interior of a fixed face of C,,. The matrix entries of this resolution
are monomials whose exponents are parametrized by the coordinates of the
corresponding point in C,,, and minimality of the resolution is achieved when
the semigroup is of maximal embedding dimension, which is the case when it
is parametrized by the interior of C,, itself.

1. Introduction

Given a numerical semigroup S, the corresponding semigroup algebra has a defining
toric ideal Ig. While the study of algebraic invariants of this numerical semigroup
ideal Ig falls within the broader study of toric ideals, the family of numerical
semigroup ideals forms a rich and interesting area of study that often affords more
refined general results than those known or possible for the general toric setting. Our
aim is to uniformly construct explicit free resolutions that are minimal for numerical
semigroups with maximal embedding dimension, are parametrized by Apéry data,
and therefore specialize to minimal free resolutions for numerical semigroups with
arbitrary embedding dimension.

For general toric ideals, there is a substantial literature on their resolutions.
In 1998, Peeva and Sturmfels described minimal free resolutions for generic lattice
ideals [23]. More recently, Tchernev gave an explicit recursive algorithm for
canonical minimal resolutions of toric rings [28]. Further, Li, Miller, and Ordog
construct a canonical minimal free resolution of an arbitrary positively graded
lattice ideal with a closed-form combinatorial description of the differential in
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characteristic 0 and all but finitely many positive characteristics [21]. However,
these constructions are all quite general, and one would hope that in the special
case of numerical semigroups, explicit resolutions of /s more directly tied to the
combinatorics of S are possible.

Free resolutions of /g for a numerical semigroup S are known in some special
cases. The surveys [12; 27] include most results concerning special families.
We outline a few here. If § is maximal embedding dimension (MED) and Iy is
determinantal (that is, generated by the minors of a matrix), then I is resolved by the
Eagon—Northcott complex [15]. This accounts for some, but not all, MED numerical
semigroups; a characterization of determinantal MED numerical semigroups is
given in [19]. If § is generated by an arithmetic sequence, then Ig is minimally
resolved by a variant of the Eagon—Northcott complex [13]. If S is obtained as a
gluing of two numerical semigroups 7 and 7’, then a minimal free resolution of /g
can be obtained from the minimal free resolutions of /7 and I7+ via a mapping
cone construction [11]; this includes the case where I is complete intersection.
If S has at most 3 generators, then a minimal free resolution is known. Numerous
families of 4-generated numerical semigroups have also been investigated; see the
survey [27] for more detail.

The present work is motivated by recent papers that examine a family of convex
rational polyhedra C,, called Kunz cones, one for each integer m > 2, for which
each numerical semigroup § with multiplicity m — that is, with m = min(S \ {0}) —
corresponds to an integer point of C,,. These were first introduced in [20], and most
subsequent papers on the topic have employed lattice point techniques to examine
enumerative questions [1; 17; 26]. However, seemingly overlooked for decades was
another result in [20] that proved two numerical semigroups S and 7 correspond
to points (relative) interior to the same face of C,, if and only if certain artinian
quotients of /g and I coincide. Indeed, a corollary of this result, namely that MED
numerical semigroups are precisely those lying in the interior of C,,, was the only
reference to the faces of C,, in the literature until a series of recent papers [4; 18]
unknowingly rederived a combinatorial version of Kunz’s result: S and 7 lie in the
same face of C,, if and only if certain subsets of their divisibility posets coincide.

Kunz also observed in [20] that, as a consequence of his result, 8;(Is) = Bs(IT)
for every d, though his approach did not allow for explicit construction of syzygies
for Iy and I7. The combinatorial viewpoint of [4; 18] was recently used in [14] to
make Kunz’s enumerative result algebraic in the case d = 1: if S and T lie interior to
the same face of C,,, then minimal binomial generating sets are explicitly constructed
for I and I that coincide in all terms except the exponents of a single variable.

Our main result is to similarly make Kunz’s result algebraic for all positive d:
we construct explicit free resolutions of all numerical semigroup ideals. These
resolutions are minimal when the semigroup has maximal embedding dimension
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Figure 1. The Apéry resolution for m = 4. The exponents b; ; are
constants depending on the particular numerical semigroup S.

(equivalently, if S lies in the interior of C,,) and are minimalized uniformly for all
numerical semigroups lying interior to the same face of the Kunz cone C,,. More
precisely, our contributions are as follows:

(1) We introduce the Apéry toric ideal Jg of S, an analogue of I that lies in a ring
with m variables instead of a ring with one variable per minimal generator of S. A
generating set for Jg can be obtained by concatenating any generating set for /g
and a regular sequence with one element for each additional variable.

(2) For any positive integer m > 2, we construct a free resolution of Jg called the
Apéry resolution. The rank of the d-th free module depends only on m and d, and
the positions of the nonzero entries of the matrices representing the boundary maps
depend only on m. An example of this for m = 4 is given in Figure 1, where the
values b; ; depend on S.

(3) When S corresponds to a point interior to Cy,, i.e., when § is MED and thus
Js = Ig, the Apéry resolution is a minimal free resolution of /.

(4) For any numerical semigroups S and 7" corresponding to points interior to the
same face F of C,,, we prove there exists a uniform method for modifying the
Apéry resolutions of Jg and Jr to minimal free resolutions in such a way that the
resulting ranks of the free modules and the positions of the nonzero entries of the
matrices representing the boundary maps depend only on m, F, and d.

The term “specialization” in the title and Section 4 refers to passage from the
interior of the Kunz cone to a face, which entails some facet inequalities becoming
equalities. Consequently, some exponents on y variables (as in Figure 1) pass from
positive to 0, which results in the specialization that sets y = 1. Further substitutions
among the x variables — extraneous ones are set equal to monomials in the others —
combine in Step (4) with row and column operations to produce minimal free
resolutions from the original Apéry resolution.
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The remainder of this paper is structured as follows. Section 2 reviews basic
properties of numerical semigroups and Kunz cones and defines the modules and
maps used in the Apéry resolution. Section 3 proves that the Apéry resolution
is indeed a resolution and establishes the minimality of this resolution when S is
MED. Section 4 describes how to modify the Apéry resolution in a uniform way for
all numerical semigroups in the interior of a fixed face of C,, to obtain a minimal
resolution. Further research directions are outlined in Section 5.

2. Kunz polyhedra and Apéry resolutions

2.1. Semigroups and toric ideals. A numerical semigroup is a subsemigroup
of (Z>9, +) that contains 0 and has finite complement. Throughout this work,
fix a numerical semigroup S C Zso with multiplicity

m(S) = min(S \ {0}) =m
and write
Ap(S)={neS:n—m¢S}
={0,a1,...,an-1}
for the Apéry set consisting of the minimal element of S from each equivalence
class modulo m, where each a; satisfies ¢; = i mod m. For convenience, define
ap = m; this convention plays an important role in our later formulas. In particular,

S={m,ai,...,anu_1)="{ag,ai, ..., an_1),

though this generating set need not be the unique minimal generating set A(S) of S,
such as when a; +a; =a; ; for some i, j, where indices are summed modulo m. The
semigroup S has maximal embedding dimension (MED) if A(S) = {ao, ..., am—1}.

Example 2.1. The semigroup S=(4, 9, 11, 14) has multiplicity m(S) =4 and Apéry
set Ap(S)={0, 9, 14, 11}. The semigroup T = (4, 13, 23) has multiplicity m(7T) =4
and Ap(T) = {0, 13, 26, 23}. Note that a; + a; = a; in T, and thus the Apéry set
is not a minimal generating set.

Let R = K[xq, x1, ..., X;,—1] with the natural grading by Z via deg(x;) = a; and
set y =xg. The Apéry toric ideal of § is the kernel Jg =ker(¢) of the homomorphism
¢ : R — K[t],

X = lai,

and the defining toric ideal of S is
Is = JsNK[x; :a; € A(S)].

For every 1 <i, j <m — 1 define

1
(2-1 Ci,jZE(aiJraj—aiJrj)ZO
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and

i ifi+j#m,

Y e+ ifi+j=m.
In particular, ¢; ; = 0 if and only if a; +a; = a; j; this is impossible if i + j = m,
since m is the multiplicity, so b; ; = 0 if and only if ¢; ; = 0. It is known that

(2-2) Js=(xjx; =y ixipjrl<i<j<m—1),

(see, e.g., [25, Section 8.4]), though it also follows from Lemma 3.2 here.
Example 2.2. The semigroup S = (4,9, 11, 14) has (a;, az, az) = (9, 14, 11) and

2 3 4. 2 6 4 2 2
Js=1Is=(x{ —yx2, X1X2 — y X3, X1X3 — Y ¥, X5 — Y ), XoX3 — X1y, X3 — X2)°).

The terms here are written in a way that emphasizes the convention ay = m and
Xo =y, such as to produce the binomial x;x3 — y4xo = X|X3— y4y =X|X3— y5.
The semigroup T = (4, 13, 23) has (ay, a2, a3) = (13, 26, 23) and Apéry ideal

13

2 4 9 2 9 2 5
Jr = (x{ — X2, x1x2 — y'X3, X1X3 — ¥, X3 — Y, X2X3 — X1y , X3 — X2)")

= (x — x2, X7 — y*x3, xix3 — %, 23 — &}y
and defining toric ideal
It = ()cl3 — y4x3, X1X3 — y9, x% _x12y5> = Jr N K[y, x1, x3].

2.2. Kunz cone. We describe the Kunz cone and its relationship to the values b; ;.
Letting Ap(S) ={0, ay, ..., ap—1} with ; =i mod m for each i as in Section 2.1,
the Apéry coordinate vector of S with respect to m is the tuple (ay, ..., a,—1). The
following set of linear inequalities exactly characterizes the set of Apéry coordinate
vectors for numerical semigroups of multiplicity m [18; 20].

Definition 2.3. For each m > 2, the Kunz cone C,, C Rgg ! has facet inequalities
Zi+zj>2zi4; for1<i<j<m-—1withi+j#m,
where addition of subscripts is modulo m.

Lemma 2.4. If S is a numerical semigroup of multiplicity m, then b; ; = 0 if and

only if a; +a; = a;y j. Hence the Apéry coordinate vector of S lies on the boundary

of Cy, if and only if b; j = 0 for some i, j.

Proof. This follows from the definitions, using (2-1) for the claim about b; ;. [
The lemma has the following consequence [20].

Proposition 2.5. A vector z = (z1,...,2m—1) € Z;’l—] with z; =i mod m for all i
lies in Cy, if and only if 7 is the Apéry coordinate vector of a numerical semigroup S.
Moreover, z is in the interior of C,, if and only if S has maximal embedding
dimension.
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Example 2.6. The cone C4 C R? o 1s defined by the inequalities

>
224+23>21, 21+z22>23, 221>22, and 2z3> 2o,

and has extremal rays generated by (1,0, 1), (1,2, 3), (1,2, 1), and (3,2, 1). All
positive-dimensional faces of C4 contain numerical semigroups (in the sense of
Proposition 2.5) except the rays through (1, 0, 1) and (1, 2, 1). Numerical semi-
groups on the rays through (1, 2, 3) and (3, 2, 1) have embedding dimension 2,
and numerical semigroups in the relative interior of the facets z; + zp = z3 and
7o + 73 = z1 are complete intersections [2]. In particular, a minimal free resolution
for the defining toric ideal of any semigroup in these 4 faces is known.

The numerical semigroup S from Example 2.2 corresponds to the point (9, 14, 11)
in the relative interior of C4, while T corresponds to the point (13, 26, 23) in the
relative interior of the facet 2z; = zo. A minimal free resolution for Jg is obtained by
substituting the appropriate values for b; ; in the free resolution in Figure 1, while a
minimal free resolution for Jr is obtained via analogous substitution into Figure 4
(at the beginning of Section 4). This leaves the facet 2z3 = z,, and, courtesy of the
action of Zj on Cy, free resolutions for semigroups in this face can be obtained
from the ones exhibited in Figure 4 by interchanging 1s and 3s in every subscript.

We record here the result of Kunz that seems to be overlooked in the literature
concerning when numerical semigroups reside in the interior of a given face of C,,.

Theorem 2.7 [20, Propositions 2.3 and 2.6]. Two numerical semigroups S and T
with multiplicity m lie in the interior of the same face of Cy, if and only if

R/(Js+(y) = R/(Jr + (y).

Moreover, in this case, Bi(Is) = Ba(IT) for every d.

2.3. Modules and maps for the Apéry resolution. For any numerical semigroup S
of multiplicity m, this subsection defines the free modules and linear maps between
them that form the Apéry resolution

f.:()(—R(—Fl(—Fz(—---

of Jg. Theorem 3.4 shows that it is a resolution. Of particular note is that the
ranks of its modules and the locations of the nonzero coefficients in the matrices
representing its linear maps depend only on m, not on the actual values of Ap(S).
Theorem 3.4 and Corollary 3.5 show that this resolution is minimal if and only
if S has maximal embedding dimension, i.e., corresponds to a point interior to Cy,.
Theorem 4.4 shows that when S lies on the boundary of C,,, a minimal resolution
of Jg can be obtained from the Apéry resolution in a manner that is uniform for all
semigroups in the interior of a fixed face of C,,, parametrized by the b; ;.
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2.3.1. Modules. Ford =1, ...,m — 1, define F,; to be the free module over R
with formal basis elements

leiarielm—1], AC[m—1], [A|=d, i = min(A)},

where deg(e; 4) = a; + ZjeA aj and [m — 1] ={1,2,...,m — 1}. Since every
pair (i, A) with |A| =d and i < min(A) corresponds to a (d-+1)-element subset
{i}U A of [m — 1], it is immediate that

rank F; = (m — 1)(m;1) — (Z:ll) :d(er).

Example 2.8. For m =3, Fy = Rey, where Reg = {reg : r € R}. Similarly,
Fi = Rej (1) + Rez o) + Reo 1)
= {aey 1)+ Berpy+veryia, B,y € R}
with deg(ey (1)) = a1 + a1, deg(ez (2)) = az + a, and deg(ez 1)) = a2 +a;. Note
that rank F; =1- (lil). Finally,
F> = Rey12+ Rez 12
with deg(e; 12) = aj +a; +az and deg(ez 12) = ax +a; + az.

2.3.2. Maps. A few notational conventions help to define the boundary maps be-
tween the Fy;. For A C [m — 1], set

sign(j, A) = (=1)" for jeA={lg<ly<---<li=j<---<l}

For convenience, set eg 4 = 0, and for i € [m — 1] with i < min(A), define
(2-3) e A= Z sign(j, A)e;j aui\j -
jeA
As a consequence of this definition of e; 4, for each B C [m — 1],
(2-4) > sign(i, B)ei p\; =0.
ieB
With these conventions in hand, and considering i + j modulo m in subscripts
as usual, define the map d; : Fy — F4—1 by
(2-5) e A Z sign(j, A)(xje; a\j — Y eirj avj)
JjEA
with the exception of d = 1, in which case

di(ei ;) =xix; — y“ixiy;.
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L2 2,12
[—x, b2
1.1 22 2,1 22| —yP1r x
2 b 2 b b
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Figure 2. The Apéry resolution for m = 3.

Example 2.9. Figure 2 shows the modules and maps for the case m = 3. Note that
by definition the bases for the modules are indexed by (i, A) pairs, and these are
used to label the rows and columns of the matrices representing the maps. Consider
the term 02(ej,12), which by definition is

b b
0 (e1,12) = (x1e12 —y""'exn) — (x2e1,1 — y""?eo,1)

by

=Xi1€2,1 — Yy €22 —Xx2€11,

where the relation e; » — ep.1 = 0 is used. This illustrates how (2-4) ensures that 9,
is well defined.

Example 2.10. Figure 1 shows the modules and maps for the case m = 4. The
ranks for the modules and the general structure of the maps are independent of the
values of Ap(S); indeed, the only variance is found in the values of the exponents
on the y-variables in the matrices. The Apéry resolution of /s for S introduced in
Example 2.1 is given in the upper portion of Figure 3 (toward the end of Section 3).

3. Maximal embedding dimension numerical semigroups

This section contains a proof that the Apéry resolution is indeed a resolution of Jg.
We begin with a brief review of Schreyer’s theorem, which identifies a Grobner
basis (under a carefully chosen term order) for the syzygy module of a Grobner
basis, and which is the core tool in our proof. Then, we prove two lemmas that
verify important subtleties about generating sets of Jg and the boundary maps d,;
specifically, these maps are consistent with the definition of e; 4 in (2-3) and (2-4)
when i < min A, and substituting (2-3) into the definition of 9, still yields matrix
entries that are monomials. Finally, we prove our main result.

We begin with a statement of Schreyer’s theorem. Let G = {g;,..., gs} be a
Grobner basis for a submodule M € R? with respect to a fixed term order <. Let
er, ..., es denote the standard basis of R*, and let In<(v) denote the initial term
of v with respect to the term order <.

Theorem 3.1 (Schreyer’s theorem). There exist explicitly defined elements s; ; € R*
that form a Grobner basis for the syzygy module of G with respect to the monomial
order >g on R’ defined as follows: x%e; >¢ xﬁej if In<(x%¢;) > In< (xﬁej) in R™,
orif In<(x%¢;) = In<(xPe;) and i < j.
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For a textbook treatment of this theorem, including detailed definitions of s; ;
and a proof, see [5, Chapter 5, (3.3)].

There is an interesting connection between the resolution we study and the origins
of Schreyer’s theorem. The authors of [9] produce a resolution that is isomorphic to
the one defined in Section 2. In fact, Frank-Olaf Schreyer informed us (in personal
communication) that resolution of the ideals in (2-2) was the initial motivation for
both [9] and what is now known as Schreyer’s theorem; see [5, Chapter 5, (3.3)].
However, the particular form taken by our explicit matrices clarifies the sense in
which our resolution is compatible with specialization in the sense of Theorem 4.4.
This point has some subtlety: obtaining a resolution isomorphic to ours need not be
sufficient for the purpose of specialization (see, for instance, the resolutions and
discussion in Remark 3.6). As such, we include in this section a full proof of our
main result, Theorem 3.4.

Lemma 3.2. The generating set (2-2) is a Grobner basis for Js under any term
order < on R for which x%y" > xbys whenevera; +---+apu—1>b1+---+by_1,
where x* and x” are monomials in x1, ..., Xp_i.

Proof. Since Jg is generated by binomials, it suffices to consider binomials when
computing initial ideals. The key observation is that in any graded degree, exactly
one monomial in R has the form x; y¢ with a € Z>, since the graded degrees of the
variables x; are distinct modulo m. Hence the larger term under < in any nonzero
binomial from Jg is divisible by x;x; =In<(x;x; —y“"/x; 1 ;) for some i, j € [m —1].
As such,

Inc(Jg) = (xjx;: 1 <i,j<m—1),
and thus the generating set in (2-2) is a Grobner basis for Js. U

The next aim is to establish that applying 9 to e; 4 when i < min(A) using the
expression given in (2-5) is consistent with (2-4); this is needed when considering
the result of applying d repeatedly. Further, careful analysis of the use of (2-4)
is required when i 4+ j < min(A \ j) in (2-5). These issues are addressed in the
following lemma.

Lemma 3.3. The maps 0, respect (2-4), that is, applying the definition of 0,4 to the
left-hand side of (2-3) vields the image of the right-hand side under 9. Furthermore,
Fo is a complex, and for d > 1, the entries of each 0; are monomials.

Proof. If d =1, then (2-3) yields ¢; ; = e;;, and the first claim is immediate. If
d > 1, then for each B C [m — 1] with |B| =d + 1,

Z sign(i, B)de; p\i = Z sign(i, B) Z sign(j, B\i)(xjeip\ij— Y eirj B\ij)s
icB icB jeB\i
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wherein the coefficient of yb’?fe,-+ j,B\ij for distinct i, j € B equals

sign(i, B) sign(j, B\ i) + sign(j, B) sign(i, B\ j) =0
and the remaining terms yield

Z sign(i, B)de; p\i = Z sign(i, B) Z sign(j, B\ i)x;e; p\ij

ieB ieB jEB\
=Y x; Y sign(i, B)sign(j, B\ i)ei p\;j
jEB i€eB\j

= - sign(j, B)x; Y _ sign(i, B\ j)eip\ij
jeB i€B\j

= —Z sign(j, B)x;-0
jeB

=0.

Now proceed to the claim that each 9, is a matrix whose entries are monomials.
Call e; 4 squarefree if i ¢ A. Note that every term in (2-4) is squarefree, and no two
equalities of the form (2-4) share any terms. As such, to ensure substituting (2-3)
into the definition of d; does not produce nonmonomial matrix entries (i.e., that
doing so does not contribute a term with a free generator of F,; already appearing
in the sum), it suffices to prove that no two squarefree terms in de; 4 lie in the
same equality in (2-4). To this end, fix j, k € A. If ¢; 4\; and e; 4\« lie in the same
equality in (2-4), then (A \ j)Ui = (A\ k) Ui and thus j = k. If ¢;1 4\; and
ei+k, A\k lie in the same equality in (2-4), then i+ j ¢ Abuti+ j € (AU{i +k})\k,
so necessarily i + j =i +k and thus j = k. Lastly, if e; 4\; and e; ¢, 4\ lie in the
same equality in (2-4), theni +k ¢ Abuti+k e (A\ j)Ui, soi+k =i, which
is impossible.

It remains to prove that F, is a complex. First, suppose A = {j, k} with j <k
andi > j. Ifi+ j,i+k, and i + j 4+ k are all nonzero, then

0%e;a=xj0ei x—xide; j—y" Deir j ity Deitn, i
= X (i X — Y xpa) =Xk (XX — Y Xig )
— Y9 O ook = Y Xy i) Y Ok X = YR Xy )
= X 0k (YT =y ) i1 X (Y = YR i g (P i — Pk ik
=0

by homogeneity of 9. In the event i+ j =0, ori+k =0, or i 4 j+k =0, replacing x
with zero as appropriate in the above algebra yields the desired equality. For all
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remaining cases, |A| > 2, and in the expansion of

3%e;a= Y sign(j, A)x;de; a\j— 3. sign(j, Ay’ deit j a

jeA jeA

= ¥ sign(, Ay (X sign(k, A\ ) (er iy e x0)
JEA keA\j

- Sigﬂ(j,A)ybi"( > Sign(k,A\j)(Xk€i+j,A\jk—ybi+""€i+j+k,A\jk)),
jeA keA\j

the terms xjxie; a\ jk, x.,-yb’?k €itk, A\ jk» and yb"»-f+b"+-/vke,-+j+k,A\jk each have coeffi-
cient
sign(j, A) sign(k, A\ j) +sign(k, A) sign(j, A\ k) =0

for any distinct j, k € A. O
Theorem 3.4. The complex F, is a resolution.

Proof. Proceed by induction on d to show that the columns of the matrices for d,
form a Grobner basis for ker(d;—1). The case d =1 is handled by Lemma 3.2, so sup-
pose d =2. Let <’ denote the partial order on F given by xP ex,c <" x%e; j whenever

In< (31 (xP ey p)) < In<(31 (x%e;0)),

or when equality holds above and a < b, or if equality holds above, a = b, and
i <k. Note xﬁej’g <" x%e; x whenever x® has higher total degree in xy, ..., Xp—|
than x#, so
In</(02(e;, jk)) = xke;,; where j <kandi > j.
Theorem 3.1 implies the elements
L L

eia——ekp— ., foceee fori>a, k>b
XkXb 0>c>1

(3-1) Siaikb =

XiXa

form a Grobner basis for ker(d;) under <’, where L equals lem(x;x,, xxxp) and

the f; . are coefficients obtained from polynomial long division when dividing
S(01(ei.q), 01(ex.p)) by (2-2). In particular, we claim

In< (ker(01)) = (xxe; j | j <k andi > j)

is generated by initial terms of the columns of d,: by construction In~/(s; 4. ) must
be one of the first two terms in (3-1) and 9; (ﬁew) =0 (XkL—xbek,b), so without
loss of generality say ex; < €;.,. Then either a < b < k and x; or x;, appear as
a coefficient of ¢; ,, or a = b, a <i < k and x; appears as a coefficient of ¢; ,, so
In< (sj 4. k.p) 1s divisible by the initial term of some column of d,. This implies
that In« (im(9;)) = In< (ker(d;)), which, together with im(d;) < ker(d;), implies
im(9,) = ker(9;) and the columns of 3, form a Grobner basis under <’.
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Lastly, suppose d > 2, let < denote the term order on F;_, obtained inductively,
and let <’ denote the term order on F,;_, so that xPe j.B = x%e; 4 whenever

In<(x?3,_1(ej B)) < In<(x*dy_1(e;.4)),

or if equality holds above and A precedes B lexicographically, or if equality holds
above, A = B, and i < j. One readily obtains

In</(94(e; a)) = xje; a\; With j =max(A)
after checking that
o x%x.B j/xﬂeg,c whenever x? has higher total degree in xy, . .., x,,— than x%;
o xk In<(34-1(e; a\k)) = x¢ In<(9g—1(e;, a\¢)) for all k, £ € A; and

« the substitution (2-3) need only be made if min(A) <i < min(A \ min(A)),
in which case A\ j lexicographically precedes the second subscript of every
summand in (2-4).

The equality S(3s—1(ei,4), da—1(ej p)) = 0 holds due to initial terms having
distinct basis vectors unless i = j, A = C U {y}, and B = C U {§} for some
8,y € [m — 1] and some nonempty C C [m — 1] with §, y > max(C). As such,
Schreyer’s theorem yields

Ins (ker(9g—1)) = (xseic :i,8 € [m —1], C € [m — 1], § > max(C)),

and since xse; ¢ = In< (94(e; cus)) for each i, §, and C, the columns of 9; form a
Grobner basis for ker(d;—1). The proof is completed by observing that induction
also ensures none of the initial terms in question involve e; 4 with i < min(A). [

Corollary 3.5. The resolution F, is minimal if and only if S is MED.

Proof. A resolution is minimal if and only if the matrices for d; contain no nonzero
constant entries. The only entries that depend on ay, ..., a,—| are powers of y,
and their exponents b; ; are all strictly positive precisely when § is MED. O

Remark 3.6. MED semigroups whose associated toric ideal is determinantal are
exactly those semigroups where aj, ay, ..., a,—1 form an arithmetic sequence
(not necessarily in that order) [15; 19]. In this case, Is is resolved by the Eagon—
Northcott complex [6]; a detailed treatment on the Eagon—Northcott resolution can
be found in [8, Appendix A2H]. The strict requirements on an MED semigroup
to make its associated toric ideal determinantal mean that such semigroups form
only a small proportion of all numerical semigroups: in the Kunz cone, these
semigroups lie in the union of a finite set of affine 2-planes, whose union cannot be
the whole cone. Although relatively few toric ideals of MED semigroup ideals are
minimally resolved by Eagon—Northcott complexes, the occasional overlap does
mean that all toric ideals for MED numerical semigroups share Betti numbers with
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0<R [X12 —x2y2 X% —)’5 x32 —x2y3 X1X2 —x3y2 X1X3 _ys X2X3 —x1y3]
x3 —y3 -
—X y3
Xy —x3 y3 y3 x3 _ya
—)’2 X1 —X3 )’3 —y2 X1
X1 X2 —y2 y2 —X2
X1 —X2 y3 )’3 —X3 —)’2 X1
}’2 X1 —X3 —y3 —X2 X1 —X2
RS —y* =y’ x —X3 X1 X RS L—x) X3_R3<—O
0< R [X12 —x2y2 x% —X1X3 x% —x2y3 X1X2 —x3y2 X1X3 — ys X2X3 —x1y3]
—x3 —y° T
X2 X3
X2 X3 X3 y3 —X3 —)’3
y2 X1 X3 y3 y2 X1
X1 X1 X2 y2 —X1 —X2
—X1 —X2 y3 X3 )’2 X1
—X1 —X3 —X2 —X2 —X1 —X2
RS y2 —X2 —X3 X1 RS X2 X3 R3 0

Figure 3. The Apéry resolution (above) and Eagon—Northcott
resolution (below) for Is where S = (4,9, 10, 11).

the Eagon—Northcott resolution of a 2 xm matrix, despite the impossibility of using
the Eagon—Northcott construction to resolve most such toric ideals.

Even in the case where the ideal is determinantal, the Apéry resolution differs
from the Eagon—Northcott resolution. As an example, consider the numerical
semigroup S = (4,9, 10, 11), whose defining toric ideal I is generated by the 2x2

minors of
x| Xy x3 Y
[yz X1 X2 Xa]'

The key difference is the presentation of the generators of Ig. Namely, the gen-
erators as provided in (2-2) are of the form x;x; — x;4; ybii, while those given
by determinants may have the form x;x; — x;41x;_1. Figure 3 shows the Apéry
resolution and the Eagon—Northcott resolution of /g, with basis elements in the
Eagon—Northcott resolution ordered to mimic the Apéry resolution. It is worth

noting that in the m = 3 case, a; and a; trivially form an arithmetic sequence, and
in fact the Apéry resolution and the Eagon—Northcott resolution coincide.
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Remark 3.7. When S is MED, quotienting the Apéry resolution of /g by the
ideal (y), as Kunz does in Theorem 2.7 with the ring R/Is, yields a minimal resolu-
tion of the ideal (x1, ..., x,,_1)? over the ambient polynomial ring K[x1, ..., x;_1].
This ideal is known to be resolved by the Eagon—Northcott complex on the 2xm
matrix

[Xl X2 0 Xm—2 Xm—1 O i|

0 x1 x2 x3 -+ Xmoi

Thus, in the MED case, the Eagon—Northcott complex “sits inside” the Apéry
resolution; indeed, it is the result of an artinian reduction of R/ /5.

4. Specialization for arbitrary numerical semigroups

The Apéry resolution can be thought of as a family of free resolutions, one for
the Apéry ideal Jg of each numerical semigroup S with multiplicity m, that is
parametrized by the values b; ;. Given a numerical semigroup S, a free resolution
of Jg is obtained by simply computing the values b; ; from the Apéry set of §
and substituting them into the Apéry resolution. By Corollary 3.5, restricting to
semigroups S in the interior of C,,, the Apéry resolutions form a parametrized
family of minimal free resolutions.

The main result of this section is Theorem 4.4, which implies that for each face F
of C,,, there exists a family of minimal free resolutions, one for the Apéry ideal Jg
of each numerical semigroup S indexed by the interior of F, that is analogously
parametrized by the positive b; ;. Figure 4 depicts one such resolution for the
zp = 273 facet of C4. Our proof of Theorem 4.4 is nonconstructive: it argues that
there exists a change of basis for the Apéry resolution, depending only on F, that
yields the desired minimal free resolution of Jg as a summand. With Proposition 4.1,
which gives the algebraic relationship between minimal resolutions of Jg and /g,
the Betti numbers of Jg and Is can be recovered from F (Corollaries 4.3 and 4.5).

1,1 3,3 2,1 3,1
2 2 2.b 3 b b
0 <R 000[x17x2 ‘x3fxly Box]—x3y”12 xpx3—y 13]
3,31 23]
3,23 2,12 2,13 3,13 3,12 323 x; —yb12
1,1 |‘ x% —x%yb33 x? —)C3yb12 X1X3 — yb13‘ 2,12 yb33 —Xx3
2,13 | —x3 x?
33 —(x% —Xx7) x; —ybn2
2,1 —()cl2 —x7) yb33 —X3 3,13 xlz — X
31 —?-xy) |-x3  af 3,12 xF—x

R5

R2<0

Figure 4. A specialization of the m = 4 Apéry resolution where b,; =0,
S0 a; = 2a;. Note this forces b3 = bys.
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Proposition 4.1. A minimal free resolution of Js can be obtained as the tensor
product of a minimal free resolution of Is with a Koszul complex.

Proof. Nonminimality of m, ay, ..., a,—1 as generators for S is reflected in Js by
binomial generators without y. More specifically, if a; +a; =a;4 j, then b; ; =0 and
X;X; — x;4; appears in Jg. Let A(S) ={m, a;, a;,, ..., a; } be the elements a; that
minimally generate S. Though I naturally lives in K[y, x;,, x;,, . .., x; ], consider
it as an ideal in R via the natural inclusion map. For each nonzero w € Ap(S)\ .A(S),
pick one of the binomials f,, = x,, —x,x,. These binomials form a regular sequence
on R, so the ideal Iy generated by the f,, is resolved by a Koszul complex /C,.
Writing G, for a minimal free resolution of I, the only nontrivial homology of
Ge ®r K4 occurs in homological degree 0 and is isomorphic to Hy(G,) ® Hy(K,) =
R/Is®g R/Iw = R/Js, where the last equality is because the f,, form a regular
sequence over R/Ig. Therefore G, ® K, is a minimal free resolution of R/Js. [J

Example 4.2. The underlying structure as a tensor of two resolutions is readily
seen in Figure 4, which resolves Jg for Ap(S) = {4, a1, 2a1, a3}. This example was
obtained by computing the Apéry resolution for Js and then trimming away any
constant entries using row and column operations as described in Theorem 4.4.

We include the proof of the following, despite its appearance in Theorem 2.7 as
recovered from [20], to demonstrate how the Apéry resolution maps in Theorem 3.4
lend themselves to specialization to the faces of C,,, as well as to contrast its content
with that of Theorem 4.4.

Corollary 4.3. Let S and T be numerical semigroups corresponding to points
interior to the same face F of the Kunz cone Cy,. The Apéry ideals of S and T share
the same Betti numbers, as do the defining toric ideals of S and T. In particular,

Ba(Js) = Ba(J7) and By(Is) = Ba(IT) for all d > 0.

Proof. Let F, and F, be the Apéry resolutions of Jg and Jr, respectively. In the case
that § and T are both MED, so the face F is the entirety of C,,, both resolutions are
minimal by Corollary 3.5 and have the same modules at each homological degree,
s0 B4(Js) = Ba(Jr) holds immediately.

If F, and F, are not minimal, then the resolutions have +1 entries in identical
places in their resolutions, once again because S and 7 lie interior to the same
face F' and thus have the same b; ; = 0, meaning that the same entries +ybii
become +1. Because the Betti numbers of any positively graded ideal I equal the
dimensions of the graded vector spaces Tor, (I, K), consider F, ®k K and F, Q K.
The differentials in these complexes are identical: they are matrices of Os and +1s
with units in matching places. Therefore, their kernels and images are the same at
each homological degree, so

Ba(Js) = dim Tork(Js, k) = dim Tork(J7, k) = B4 (Jr).
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Next consider /g and /7. By Proposition 4.1,
Fo=(G.®K,) and F,=(G,®K.),

where G, and G, are minimal free resolutions of Ig and Ir, respectively, and /C, is
the Koszul resolution on the extraneous binomials. Tensoring with /C, exerts the
same invertible change on the Betti numbers of G, and G,. More specifically, let

p q
gs() =) Bt and fs(t)=)_ Bi(J)i’
i=0 i=0
be the generating functions for the Betti numbers of G, and F,, respectively. Since
Ko is a Koszul resolution of r = m — | A(S)| elements,

fs(®) =1 4+1)"gs(t).
Thus,
A+t gs)= fst)= frt) =1 +1) gr (),

and therefore gs(¢) = g7 (¢), meaning B;(Is) = B;(Ir) for all i > 0. |

Theorem 4.4. Consider the set
M={xi:l<i<m—-1Jupbi1<i,j<m—1}

of formal symbols appearing as matrix entries in Apéry resolutions. (Lemma 3.3
ensures every nonzero matrix entry is accounted for in M). Fix a face F of Cy,.
There is a sequence of matrices, whose entries are K-linear combinations of for-
mal products of elements of M, with the following property: for each numerical
semigroup S indexed by the relative interior of F, substituting R-variables and the
values b; ; for § into the entries of each matrix yields boundary maps for a graded
minimal free resolution of Js.

Proof. Fix a numerical semigroup S with multiplicity m. Let
Neg={xj:1<i<m—-1}U{yPi:1<i,j<m—1 and b; ; >0} S M

denote the set of elements of M corresponding to positive-degree monomials in R
under the grading by S. If S is MED, then M = N; otherwise they are distinct.
By [7, Theorem 20.2] (see also [22, Exercises 1.10 and 1.11]), the matrices in
any free resolution for Jg can, via a sequence of row and column operations that
preserve homogeneity, be turned into block diagonal matrices with 2 blocks:

(i) a matrix with no nonzero constant entries and at least one nonzero entry in
each row and column; and

(i1) a matrix with no nonconstant entries and at most one nonzero entry in each
row and column.
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After doing this, restricting to each block described in (i) yields a minimal free
resolution for Jg.

One way to select the aforementioned row and column operations is as follows.
Begin with the matrices M; for the maps 9; for the Apéry resolution, and perform
the following for each i = 1,2, ..., m — 1, assuming that, as a result of prior
operations, any column of M; with a nonzero constant entry has no other nonzero
entries:

« First use nonzero constant entries of M; to clear all other entries in their respective
rows. If i = 1, then no such rows exist. Fix a row R of M; with a nonzero constant
entry c, say in column C; with corresponding row R; in the matrix M;;;. For
each nonzero entry f in R, say in a column C; # C; with corresponding row R»
in M;, subtract c_lf -Cy from C; and add c_lf - Ry to Ry. Once this is done, ¢
will be the only nonzero entry in R, and in fact ¢ will be the only nonzero entry in
row R and column C;. Moreover, since M; M, =0, the row R; in M; | only has
entries 0.

o Next use nonzero constant entries of M;,; to clear all other entries in their
respective columns. Fix a column C of M; with a nonzero constant entry c, say in
row R; with corresponding column C; in the matrix M;. For each nonzero entry f
in C, say in arow Rj # R; with corresponding column C5 in M;, subtract ¢! f-Ri
from R, and add ¢! f - Cy to Cy. Once this is done, ¢ will be the only nonzero
entry in column C, so since M; M, = 0, the column C| now only has entries O.
Moreover, all changes to M; only affect the (now all 0) column Cy, so M; still has
the property that every nonzero constant entry is the only nonzero entry in its row
and column.

Once the above operations are completed for each i, the rows and columns may be
permuted to obtain the desired blocks.

The key observation is that in the above sequence of row and column operations,
the entry f is an existing matrix entry. As such, after each row or column operation,
every matrix entry g can be written as a K-linear combination of products of (possibly
constant) elements of M. Moreover, if g is a nonzero constant, then g has degree 0
under the grading by S, so by homogeneity, the aforementioned expression for g
cannot contain any monomials in N, since it must be a K-linear combination of
products of degree-0 elements of M.

Now, fix a numerical semigroup T in the same face F' of the Kunz cone C,,
as S. The sets M \ Ny and M \ N7 each contain y”/ whenever F is contained in
the facet z; + z; = zi+;, and thus Ns = Nr. As a consequence of the preceding
paragraph, applying an identical sequence of row and column operations to the
Apéry resolution for Jr yields nonzero constant entries in precisely the same
locations at each step of the process. This completes the proof. U
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Theorem 4.4 yields the following graded refinement of Corollary 4.3.
Corollary 4.5. Foreachi €{0,...,m — 1}, writing [i],, =i + mZ,

D BasUs)= Y Bas(s).

belilm beliln
The same relationship holds between the Betti numbers of Is and I

Proof. Apply Theorem 4.4 for the first claim, and subsequently apply Proposition 4.1
for the final claim. (]

5. Open questions

Several of the open questions presented here relate to the defining toric ideal /.
One of the main results of [18] identifies a finite poset corresponding to each face F
of C,,, called the Kunz poset of F. If a point interior to F indexes a numerical
semigroup S, then this poset coincides with the divisibility poset of Ap(S). In [14],
the Kunz poset of F is used to obtain a parametrized family of minimal binomial
generating sets, one for the defining toric ideal /s of each numerical semigroup S
in F. The last three binomials in the first matrix in Figure 4 constitute one such
example for the relevant facet F' of C4. This provides a natural candidate for the
first matrix in the resolution conjectured as follows.

Conjecture 5.1. For each face F of Cy,, there exists a parametrized family of mini-
mal resolutions, one for the defining toric ideal Is of each numerical semigroup S
indexed by the interior of F, akin to those obtained in Theorem 4.4 for Apéry ideals.

Unlike the proof of Theorem 4.4, the proofs in [14] are constructive, utilizing the
Kunz poset structure of the face F' containing S. Intuitively, the set of factorizations
of elements of Ap(S) (a set which depends only on F) forms the staircase of a
monomial ideal M. If each element of Ap(S) factors uniquely, then /g has exactly
one binomial generator for each minimal monomial generator of M. If some
elements of Ap(S) have multiple factorizations, then graph-theoretic methods can
be used to partition some of the minimal generators of M into blocks (called outer
Betti elements) and construct one minimal binomial generator of /s for each block.
We refer the reader to [14, Section 5] for the full construction; additional examples
can be found in [10].

The nonconstructive nature of the proof of Theorem 4.4, along with the construc-
tive nature of the proofs in [14], motivates the following.

Problem 5.2. Find an explicit combinatorial (e.g., poset-theoretic) construction of
the matrices obtained in Theorem 4.4 and conjectured in Conjecture 5.1.

There is a long history of topological formulas for Betti numbers of graded
ideals (for instance, Hochster’s formula for squarefree monomial ideals [16] (see
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[22, Chapter 1]), squarefree divisor complexes for toric ideals [3], or the use of
poset homology for computing Poincaré series of semigroup algebras [24]). The
following is thus a natural problem.

Problem 5.3. Given a face F' of C,,, find a topological formula for extracting the
value in the equation in Corollary 4.5 from the Kunz poset of F.

As mentioned in Example 2.6, the ray (1, 2, 1) of C4 contains positive integer
points, but none correspond to a numerical semigroup under Proposition 2.5. Indeed,
the first and third coordinates of any such point must be equal, but any point
(a1, ap, a3) € C4 corresponding to a numerical semigroup must have ¢; =i mod 4
for each i. However, the construction in [18] still associates a poset to this ray,
and naively following the construction in [14] for a binomial generating set with
y = 0 yields the artinian binomial ideal (x12 — x32, x13, X1X3, xg ). This motivates
the following.

Problem 5.4. Extend the correspondence in Proposition 2.5 to a family of lattice
ideals that includes the defining toric ideals of numerical semigroups but reaches
points in faces of C,, that do not contain numerical semigroups.
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