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We consider the conjecture of Chen and Nie concerning the space forms for
canonical metric connections of compact Hermitian manifolds. We verify the
conjecture for two special types of Hermitian manifolds: complex nilman-
ifolds with nilpotent J, and nonbalanced Bismut torsion-parallel manifolds.

1. Introduction and statement of results

The simplest kind of Riemannian manifolds are the so-called space forms, which
means complete Riemannian manifolds with constant sectional curvature. Their
universal covers are respectively the sphere S”, the Euclidean space R", or the
hyperbolic space H", equipped with (scaling of) the standard metrics.

In the complex case, the sectional curvature of Hermitian manifolds in general
can no longer be constant (unless it is flat). Instead one requires the holomorphic
sectional curvature to be constant. When the metric is Kéhler, one gets the so-called
complex space forms, namely complete Kidhler manifolds with constant holomorphic
sectional curvature. Analogous to the Riemannian case, their universal covers are
the complex projective space CP", the complex Euclidean space C", or the complex
hyperbolic space CH", equipped with (scaling of) the standard metrics.

When a Hermitian metric is not Kédhler, its curvature tensor does not obey all
the Kdhler symmetries in general. As a result, the holomorphic sectional curvature
could no longer determine the entire curvature tensor. So one would naturally
wonder about when can the holomorphic sectional curvature be constant. In this
direction, a long-standing conjecture is the following:

Conjecture 1 (constant holomorphic sectional curvature conjecture). Given any
compact Hermitian manifold, if the holomorphic sectional curvature of its Chern
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(or Levi-Civita) connection is a constant ¢, then when ¢ % 0 the metric must be
Kiihler (hence a complex space form), while when ¢ = 0 the metric must be Chern
(or Levi-Civita) flat.

Note that when n > 3, there are compact Chern flat (or Levi-Civita flat) manifolds
that are non-Kéhler. Compact Chern flat manifolds are compact quotients of complex
Lie groups by the classic theorem of Boothby [5], and compact Levi-Civita flat
Hermitian threefolds were classified in [13], while for dimension 4 or higher it is
still an open question. Note also that the compactness assumption is necessary for
the conjecture.

For n =2, Conjecture 1 was confirmed by Balas and Gauduchon [2; 3], Sato and
Sekigawa [18], and Apostolov, Davidov, and Mushkarov [1] in the 1980s and 1990s.
In higher dimensions, the first substantial result towards this conjecture is the result
by Davidov, Grantcharov, and Mushkarov [11], in which they showed among other
things that the only twistor space with constant holomorphic sectional curvature is
the complex space form CP3. More recently, Chen, Chen, and Nie [9] showed that,
for locally conformally K#hler manifolds, the conjecture holds provided that the
holomorphic sectional curvature is a nonpositive constant. The conjecture is also
known in some other special cases; see, for instance, [8; 15; 16; 20].

Given a Hermitian manifold (M", g), besides the Chern connection V¢ and Levi-
Civita connection V, there is another metric connection that is widely studied: the
Bismut connection V. Tt is the connection compatible with both the metric g and
the almost complex structure J, as well as having totally skew-symmetric torsion.
Its existence and uniqueness was proved by Bismut in [4]. It was discovered
independently by Strominger [19], so in some literature it was also called the
Strominger connection.

Previously, we tried to extend Conjecture 1 to the Bismut connection case, and
raised the following conjecture and question [7, Conjecture 2 and Question 1]:

Conjecture 2. Given any compact Hermitian manifold, if the holomorphic sectional
curvature of its Bismut connection is a nonzero constant, then the metric must be
Kdhler (hence a complex space form).

Question 3. What kind of compact Hermitian manifolds will have zero Bismut
holomorphic sectional curvature but are not Bismut flat?

The reason for the above splitting is due to the fact that there are examples
of compact Hermitian manifolds with vanishing Bismut holomorphic sectional
curvature but its Bismut curvature is not identically zero, e.g., the standard Hopf
manifolds of dimension > 3 (or standard Hopf surfaces but with a specially varied
metric). In [7] we proved Conjecture 2 and answered Question 3 for the n = 2
case, and also answered them in the special case of complex nilmanifolds with
nilpotent J and the Bismut K#hler-like manifolds (see [7, Theorems 3 and 4]).
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The three canonical connections on a given Hermitian manifold (M", g), namely,
V (Levi-Civita), V¢ (Chern) and V? (Bismut), are all equal to each other when g
is Kédhler. While when g is not Kéhler, they are linearly independent. The line
of connections spanned by Chern and Bismut are called Gauduchon connections,
discovered by Gauduchon [12]:

D= 1+nV+i1 -V’ reR.

In the literature there are a number of different ways to parametrize these Gauduchon
connections. Here we used Gauduchon’s approach, so that D! = V¢ is the Chern
connection, D~! = V? is the Bismut connection. Note that in this parametrization,
D° = 1(V¢+ V?) is the Hermitian projection of the Levi-Civita connection V,
often called the Lichnerowicz connection. Let

Di=(1—-s)D"+5sV, (r,s)eQ:={s#1}U{0, D} C R2.

In the rs-plane R2, the domain € is the cone over the r-axis with vertex 0, 1),
or equivalently, the plane of canonical metric connections Dy, are the cone over
the line of Gauduchon connections with vertex at the Levi-Civita connection. As
is well known, when the metric g is Kihler, all D; coincide, while when g is not
Kihler, D! # DS’; for any two distinct points (r, s), (r', s") in Q.

In [6], H. Chen and X. Nie gave a beautiful characterization of the possible exten-
sion of Conjecture 1 to the 2-parameter family of canonical metric connections Dj.
They discovered the particular subset (which will be called the Chen—Nie curve
from now on)

F={(rs)eR|(1—r+rs)’+s’=4}CQ,
and proved the following theorem (see [6, Theorem 2.4]):

Theorem 4 (Chen—Nie). Let (M?, g) be a compact Hermitian surface with point-
wise constant holomorphic sectional curvature with respect to its D}, connection.
Then either g must be Kdhler, or (r, s) € T and (M?, g) is an isosceles Hopf surface
equipped with an admissible metric.

In other words, in order to extend Conjecture 1 to the D} connections, one
has to exclude the subset I and address its zero holomorphic sectional curvature
case differently just like what we have seen in the Bismut connection case in [7].
Following their discovery, it is natural to propose the following:

Conjecture 5 (Chen—Nie). Given any compact Hermitian manifold, if the holo-
morphic sectional curvature of its Dy connection is a nonzero constant, then the
metric must be Kdhler (hence a complex space form). If the holomorphic sectional
curvature of its D} connection is zero and (r, s) € Q\ T, then g must be D, flat.

A companion question is the following:
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Question 6. For any (r, s) € I', what kind of compact Hermitian manifolds will have
its D}, connection being nonflat but with vanishing holomorphic sectional curvature?

The aforementioned theorem of Chen and Nie says that Conjecture 5 is true when
n =2. Note that the Chen—Nie curve I" lies between the two horizontal lines s = —2
and s = 2, passing through the point (%, —2), (-1,2), (—1,0), (3,0), and with r
approaching +00 when s — 1. Note that D, lis just the Bismut connection V2,
while Dg = 2V¢ — VP’ is the reflection point of V” with respect to V¢, sometimes
called the anti-Bismut connection. In the notation of [25], Dl_/z3 =V~, D, -yt
are also special connections in the sense that their curvature moves in sync with the
curvature of V?, for instance, the curvatures of V*, V™ and V? will obey all Kihler
symmetries (namely, be Kihler-like) at the same time. Also, V1 + V¢ =2V, that is,
VT is the reflection point of the Chern connection V¢ with respect to the Levi-Civita
connection V. Similarly, V™~ is the reflection point of D~!/3 = %V" + %Vb with
respect to V' = D(ll, the so-called anti-Levi-Civita connection, while D~1/3 is
called the minimal connection since it has the smallest norm of torsion amongst all
Gauduchon connections.

By a beautiful theorem of Lafuente and Stanfield [14, Theorem A], for any
Gauduchon connection D" other than Chern or Bismut, if a compact Hermitian
manifold has flat (or more generally, Kihler-like) D", then the metric must be
Kihler. For D} with s # 0, it was proved in [25, Theorem 4] that if D} is other
than V, V/, V* or V™, and if a Hermitian manifold has flat (or more generally,
Kihler-like) Dy, then the metric must be Kéhler.

In other words, with the exception of the three canonical connections V¢, \LRv
and V/, Vt, V—, for any other Dy, a compact Hermitian manifold with flat D}
must be Kéhler.

The main purpose of this short article is to confirm Conjecture 5 for general
dimensional Hermitian manifolds in the special case of either complex nilmanifolds
(with nilpotent J in the sense of [10]) or nonbalanced Bismut torsion-parallel
manifolds. Recall that by a complex nilmanifold here we mean a compact Hermitian
manifold (M", g) such that its universal cover is a nilpotent Lie group equipped
with a left-invariant complex structure and a compatible left-invariant metric. A
compact Hermitian manifold (M", g) is said to be Bismut torsion-parallel (or BTP
for brevity) if V2T? =0, where T is the torsion of the Bismut connection V2. Also
g is said to be balanced if d(«"~") =0, where w is the Kihler form of g. Examples
and properties of BTP manifolds are discussed in [26; 27]. Note that any non-K&hler
Bismut Kéhler-like (BKL) manifold is always a nonbalanced BTP manifold.

Theorem 7. Let (M", g) be a compact Hermitian manifold such that for some
(r,s) € 2, the canonical metric connection Dy of g has constant holomorphic
sectional curvature c.
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(1) Assume that (M", g) is a complex nilmanifold with nilpotent J. If Dy is not the
Chern connection, then ¢ =0, the Lie group is abelian, and (M", g) is (a finite
undercover of) a flat complex torus. If D!, is the Chern connection, then ¢ =0,
the Lie group is a (nilpotent) complex Lie group, and (M", g) is Chern flat.

(2) If (M", g) is a nonbalanced BTP manifold, then c =0 and (r,s) € I'.

(3) If (M3, g) is balanced BTP of dimension 3, then either it is Kihler, or it
is Chern flat and ¢ = 0, (r,s) = (1, 0) (namely, with D} being the Chern
connection), with M?> being a compact quotient of the simple complex Lie
group SO(3, C) equipped with the standard metric.

The above theorem says that Conjecture 5 holds for all complex nilmanifolds with
nilpotent J, all compact nonbalanced BTP manifolds, and all compact balanced BTP
threefolds. In particular, since (non-Kéhler) Bismut Kihler-like (BKL) manifolds
or Vaisman manifolds are always nonbalanced BTP, we know that Conjecture 5
holds for BKL or Vaisman manifolds.

2. Preliminaries

First let us recall the definition of sectional curvature and holomorphic sectional
curvature. Given a connection D on a differential manifold M", its torsion and
curvature are respectively defined by

TP(x,y) =D,y —Dyx —[x,y], RDz=DDyz—DyD:z— Dj, y2,

where x, y, z are vector fields on M. When M is equipped with a Riemannian
metric g = (-, - ), we could use g to lower the index and turn RP into a (4, 0)-tensor
(which we still denote by the same letter):

RP(x,y, 2, w) = (R{z, w),

where x, y, z, w are vector fields on M. Clearly, R D ig skew-symmetric with respect
to its first two positions. If D is a metric connection, namely, Dg = 0, then RP is
skew-symmetric with respect to its last two positions as well, hence it becomes a
bilinear form on A>T M. Note that the presence of torsion T? usually will make
the bilinear form R” not symmetric in general. The sectional curvature of D is
defined by

RD(x/\y,x/\y)
lx A yl?

KD(T[) =— , where 7 = spang{x, y} C T, M.

Here as usual |x A y|? = |x|2|y|> — (x, y)%. Itis easy to see that the value KP(m) is
independent of the choice of the basis of the 2-plane 7 in the tangent space T, M.
Since the bilinear form R” may not be symmetric, the values of K in general will
not determine the entire R” (but only the symmetric part of R?).
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Now suppose (M", g) is a Hermitian manifold and D is a metric connection.
Then besides the sectional curvature K P, one also has the holomorphic sectional
curvature HP, which is the restriction of K? on those 2-planes 7 that are J-
invariant: J = 7. In this case, for any nonzero x € &, {x, Jx} is a basis of 7, so
we can rewrite H” in complex coordinates:

RP(X,X, X, X
HP(X) = ( X ), X=x—+/—1Jx.
Let {ey, ..., e,} be alocal frame of type-(1, 0) complex tangent vector fields on M",
and denote by RiDjk ;= RP(e;, €, ex, &¢) the components of R” under the frame e.
We see that
HP =c &= R = 5088k + 8i0k)),
where

RE ;= 1R+ R+ RY -+ R o)
is the symmetrization of R”.

Next let us recall the structure equations of Hermitian manifolds. Let (M", g) be
a Hermitian manifold and denote by w the Kéhler form associated with g. Denote
by V, V¢, V? the Levi-Civita, Chern, and Bismut connection, respectively. Denote
by R the curvature of V, by 7¢ =T and R° the torsion and curvature of V¢, and
by T? and R? the torsion and curvature of V”. Under any local unitary frame e, let
us write

n
TC(e;, ex) = ZTiiej, 1<i,k<n.
j=1

Then Tlf{ are the Chern torsion components under e. Let ¢ be the coframe of
local (1, 0)-forms dual to e, namely, ¢;(e;) = §;;. Denote by 6, © the matrices of
connection and curvature of V¢ under e. Let t be the column vector under e of the
Chern torsion, namely, 7; = % Zi’ k Ti{{go,- A @i. Then the structure equations and
Bianchi identities are

dp=—-"0np+T, d9=0AN0+0,
dt=—"0ANT+'ONp, dO=06AO—-OA0.
Similarly, denote by #”, ®” the matrices of connection and curvature of V? under e.

Then
O =do — 9’ A 6°.

Let y = V¥ — V¢ be the tensor, and for simplicity we will also write y =6 —6
under e. Then by [23] we have

(1) yei= vijej= Y (Tnoe—Th @ue;.
J J-k
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Also, following the notation of [22; 23], the Levi-Civita connection is given by

Ve,- =Z((0ij+%yij)ej+ﬂ_ijéj)’ where ,Bij=%277;(pk
k

J

Therefore, if we write e ='(eq, ..., e,) and ¢ ='(¢1, ..., @,) as column vectors,
then under the frame (e, €) the matrices of connection and curvature of V are
given by

~ 6, B ~ |0 ®2 1

9 = — @ 9 == 0 A
where

O =db —0; A0 —BAB,
©r=dB—BAOI—Bi AB,
dp=—"0Ap—"BA0.

As is well known, the entries of the curvature matrix ® are all (1, 1)-forms, while
the entries of the column vector 7 are all (2, 0)-forms, under any frame e. Since

®;j= Z Ry 9eN P, e = Z (R,fgijwkszJrR,?gi; Q_Dk/\¢e+R,fgij<PkA¢e),
k,t=1 koo=1
and

n
(©1)ij = Z (Riij P, N 00+ Rigi5 @k N @e+ Ry 0k A @0),
k=1

n
(©2)ij = > (Regij o A e+ Rigis i A Bo).
k=1

From the structure equations and Bianchi identities, one gets this relationship
between the three curvature tensors [7, Lemma 2]:

Lemma 8. Let (M", g) be a Hermitian manifold. Under any local unitary frame e,

_ — Jjo_17i 1 j ek
Riij = Rigi=—3T3; ET;e,;z ta Z (T3 Tf, =TT}, = Ty TH).
b c _ J ]
@ Rg;—Rau;="Tei™ ./ + Z (T, = T Ty )

foranyi, j, k, £, where the indices after commas mean covariant derivatives with
respect to V€.

Note that the discrepancy in the coefficients here and [7, Lemma 2] is due to
the fact that our Tli is twice of that in [7]. For our later use, we will also need to
express the covariant derivatives of torsion in terms of the Bismut connection. Let
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us use indices after semicolons to denote the covariant derivatives with respect to
the Bismut connection. By the formula for y (1) we have

r Jpr rad
Tio— zkz—z( ie T T Tee — T T),

j — __
©) Tliz Tsz Z( TJTZ _lerTrf i7<Tjrf)'

r

Next let us examine the curvature components of the canonical metric connections
Di=(1-s5)D"+sV, D' =11+rVv'+id-rVvt, (r,s) € Q.

For convenience, in the following we will fix an arbitrary point (r, s) € Q and
write D for Df. Under the local unitary frame e, we have

Dei=) (07e¢j+sBje), 0°=0+3(1—r+rs)y=0+ty,

where we wrote t = %(1 —r +rs). So under the frame (e, €) the matrices of
connection and curvature of D are given by

R o s~ eP @b
6P = sh , eP=| " 2| 9P =911y,
sB 6P ) eb

0P =d6P — 0P A 0P — 5B A B,
O =sdB—BAOP —0D A B).

where

For any fixed point p € M, by the same proof of [23, Lemma 4], we may choose
our local unitary frame e near p so that 67| » = 0. So at the point p we have
0|, =—tylp. Let y’ be the (1, 0)-part of . Then we have y =y’ — y"* where y"*
denotes the conjugate transpose of y’. Note that we always have 'y’ A ¢ = —27, so
by the structure equation we get

Bgor_ —IZ P N Ok, 8<pr_tZTk<p,/\<pk at the point p.
ik

Since thp = —(t—Dylp, at p we have

Wielp =0 Thoi =Y ((TH) A gi + T5000)
i

i

=3 () + DT T J e,
iJ
Z( lk]+(t—1)Z(T,2Tfe TlfTJkr)—ZTkerTfr)W@jv
r



METRIC CONNECTIONS WITH CONSTANT HOLOMORPHIC SECTIONAL CURVATURE 337

where index after the semicolon stands for covariant derivative with respect to the
Bismut connection V2. At p, we have

OP =0+, d=tdy+t’y Ay —s’BAB.
We compute the (1, 1)-part of & at the point p:
(@) =13y — 10y — D W AV VAV — S Z% A Bre
= Z (tTii;j +tT;‘e;l-, + (t —2t)(w — ve) — t(v + vk) — s vk)(p, AN@j.
ij

Here and from now on we will use these abbreviations:
J_ Jrk 0 _ Lk
w_z ]Z’ Ui _ZT TZV’ vi _ZTer]r’
r r
J 0 _ 0 i
vk - Z Tkr Lr? Uy = Z TkrT]r
r

We therefore conclude the following:

“

Lemma9. Let (M", g) be a Hermitian manifold. Under any local unitary frame e,
the curvature of D = D} has components

RO =R +1(Ty -+ Tjkm)+(r2—2r)<w vh) — 1 (0] +vf) — 15?0/,

forany 1 <i, j, k,l <n, where t = %(1 —r +rs), RS is the Chern curvature,
w and vij etc. are given by (4), and indices after the semicolon stand for covariant
derivatives with respect to the Bismut connection V°.

Note that using this shorthand notation, by (3) and (2), we get:

Lemma 10. Given a Hermitian manifold (M", g), under any local unitary frame e,

b ¢ ¢ k e .
RS = - vt = — vt — < <
Riij Riij Tl.k;j+TJ_e;i+vl v —v—w forall 1<i,j,k,£=<n,
where w and vij etc. are given by (4), and the indices after the semicolon stand for
covariant derivatives with respect to the Bismut connection V°.

—_

S1nceT]K-_O w =0, and 9/ —vkzve—vk 4(v +vk+v +vp) =10, we

finally end up with the followmg identity which holds for any Hermitian manifold:

5D 2, 1. 2\n b 2 1.2\n
5) Rz]ke_RiCij_(t + 3 )v=Rl.Jka+(1—t — 35 )v.

In the rest of this section, let us recall a basic formula for Lie—Hermitian manifolds,
which means compact Hermitian manifolds with universal cover (G, J, g), where G
is a Lie group equipped with a left-invariant complex structure J and a compatible
left-invariant metric g. Denote by g the Lie algebra of G. Then the left-invariant
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complex structure and metric on G correspond to a complex structure and a metric
on g: the former means an almost complex structure J on the vector space g
satisfying the integrability condition

[, y]1—=[Jx, Iyl +J[Jx,y]+J[x,Jy]=0 forall x,yeg,

while the latter means an inner product g = (-, - ) on g such that (Jx, Jy) = (x, y)
for any x, y € g. Denote by ge the complexification of g, and by g'? its (1, 0)-part,
namely,

={x—\/—_1Jx|x€g}.

By a unitary frame of g we mean a basis e = {ey, ..., e,} of the complex vector
space g'¥ = C” so that (e;, ej) =4;; forany 1 <i, j <n. Here we assume that G
has real dimension 2n and we have extended (-, - ) bilinearly over C. Following
the notation of [21; 22; 24] we will let

(6) [e,,ej]_ZCl]ek, [e,,ej]—Z(ijek Dl.&)  forall 1<i,j<n.

If we denote by ¢ the coframe dual to e, then the structure equation takes the form
n —_
dpi =~ (3Cj%; N o+ Do AG)
Jik=1
and the first Bianchi identity which coincides with the Jacobi identity becomes

Z(C (O Ch+CLct) =0
Z(C DS, + D' DYy — DY DE) =0

n
3" (¢ DY, — ¢ Dl + ¢}, DY, — DL DY, + DE DY) =0

forany 1 <i, j, k, £ <n. Under the frame e, the Chern connection form and Chern
torsion components are

n
bij = Z (D px — D% i), Ty = —Cii — Dji + D}
From this, we get the expression for y and the Bismut connection matrix

=" ((~CJ+ D])¢r + (Ciy, — D) Bo).
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Following [7], we can take the (1, 1)-part in OF = d6b — 9P A 6% and obtain

, . J— . J— J—
Rz = (CiCh — ClCpp) — (Ci Dy + C, Dy + (€}, Dy = Ci, Dy,)
for any i, j, k, £. Here r is summed up from 1 to n. For our later proofs, we will
also need the following result for the symmetrization of R®, which are (33) and

(34) from [7]:

Lemma 11. Let (G, J, g) be an even-dimensional Lie group equipped with a left-
invariant complex structure and a compatible metric. Let e be a unitary frame
of g-* and C, D be defined by (6). Then under e we have

(7) 4R . = —(IC} P+ICk P+2Re(C,C))
+2Re(CL, (DY —D},)+CE (D} = DI+, (Dl — D}, )+CL. (D —Db)
—2(1 D}y P+ Df; P+2Re(D}; DE))+(1 Dj; P+ Dji P +2Re(D D}y))
— (1D}, P+IDf P+2Re(D}, Df,)),

(8) Rl =—ICLIP+2Re(Ch (D}~ D,))~2| Dl P+ Dy P~ | Di, .

Finally let us recall this famous result of Salamon [17, Theorem 1.3]:
Theorem 12 (Salamon). Let G be a nilpotent Lie group of dimension 2n equipped
with a left-invariant complex structure. Then there exists a coframe ¢ = {1, ..., ¢n}
of left-invariant (1, 0)-forms on G such that

de1 =0, doi =T{¢1,...,0i1} forall 2<i<n,

where T stands for the ideal in exterior algebra of the complexified cotangent bundle
generated by those (1, 0)-forms.

Note that when g is a compatible left-invariant metric, clearly one can choose
the above coframe ¢ so that it is also unitary. In terms of the structure constants C
and D given by (6), this means

Cljk =0 wunless j>iorj>k; Dljk =0 wunless i > j.

If the complex structure J is nilpotent in the sense of Cordero, Fernandez, Gray,

and Ugarte [10], then there exists an invariant unitary coframe ¢ so that

9) C/ =0 wunless j>iandj>k; D}, =0 unlessi>jandi>k.

We do not know how to prove Conjecture 5 for all nilmanifolds at the present
time, but for those with nilpotent J in the sense of [10], we will be able to confirm
the conjecture with the help of (9) above.
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3. The standard Hopf manifolds

Consider the standard (isosceles) Hopf manifold (M", g), n > 2, where the manifold
and the Kidhler form w of the metric are given by

3|z
(10) M" = (C"\{0})/(#), wzd—_llz'—fz', G@1s ey Z) = (@1215 -+ GnZn),

where a; are constants satisfying 0 < |a;|=---=a,| < 1. Here (z1, . .., z,) denotes
the standard Euclidean coordinate of C" and |z|? is shorthand for |z1|? +- - - + |z.|*.
Near any given point p € M", (z1, ..., zZ,) gives a local holomorphic coordinate
system, under which the metric g has components g,; = #51(5. If we let e; = |z] 0;,
where 0; = 3‘%, then e becomes a local unitary frame of (M", g). The Chern
curvature components are
Rz = 12I* R (3., 0. 0k, 00)
4 5 5 Fs zizj
= |z <—3i3jgkz+ Z 08k 0;8,7 8 ) =8ij0ke — W&cz,
r,s

for any 1 <1, j, k, £ < n. On the other hand, by the defining equation do" 1 =
—n A "', we know that Gauduchon’s torsion 1-form is 7 = (n — 1)d|z|?, and the

Chern torsion components under the frame e are
P % Zi .
T = ﬂ5i/ - ﬁak, forall 1 <i, j, k <n.
z| - z|l

From this, we compute
j i Tk Ly . .
v; = Z T;. T, =6ijdke + W(Zizegkj —ZiZjbke — Zkze8ij)-
p
Taking its symmetrization, we obtain

. I _ - - =
40 = 2(8;j8ke + Siedij) — W(Z[Zﬁske + Zkze8ij + ZizeSkj + Zkzj8ie) = 4R°.
So for any canonical metric connection D} where (7, s) € 2, by (5) we get
RP =R — (t2 + ;llsz)f) = (1 —r - %sz)ﬁc.

In particular, whenever > + Z—lls2 = 1, or equivalently, whenever (r, s) belongs to
the Chen—Nie curve I', then one would have RD = 0, that is, the canonical metric
connection D} for the standard Hopf manifold will have vanishing holomorphic
sectional curvature. When (r, s) ¢ I", on the other hand, we have

2
D _ 2 1.2\pe 2 1.2 |Z1]
R j=(—1—3s) Ry =(1-1 —zs)(l—W)-
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Since n > 2, the right-hand side is not a constant function, thus the holomorphic
sectional curvature of D! cannot be a constant.

Next we want to check that, for (r,s) € 2, when will the canonical metric
connection D of the standard Hopf manifold be flat? To do this, let us fix any
1 <1, j, k, ¢ <n and introduce the shorthand notation

ZiZj ZiZe Zj ke
bij = —5 8k it =50, bxj=—"308it, bre=—338i;.
S N 2>

We compute
T
w= Z it T}y = bij +bre — bie — by
p

Similarly,

v/ = 8ij0ke — bij — bre + biy, v;{ = 0i¢8kj + bre — bi¢ — by,

1

v = 8i¢8kj + bij — bie — bij, Vi = 8;j8ke — bij — bie + by

Also, Rl_ﬁk i equals 8;;8k¢ — b;j. As is well known (see, for instance, the proof of [27,
Lemma 4.6]), the standard Hopf manifolds given by (10) are Bismut torsion-parallel
(or equivalently, Vaisman), so when we plug all of these expressions into the formula
in Lemma 9 we end up with

REz = (1=208;8ke + (21 — 12 — 15%)8108);
—{——{-(Zt—l)bi]‘(l‘z— )bk5+( N _t)(bz£+bkj)

In particular, for any i # k, we have

|Zl|2
|z|?

2
RPN i

RP 2+t —1 s ,
= (1 )+ ( )—> ) LE

iikk
2 2

D 1.2 1.2 lzil® |zl

lekl (2t—l —ZS)+(ZS _t)(W—i_W .

Now assume that R? = 0. When n > 3, each of the coefficients on the right-hand
sides must be zero, so we get 1 —2¢ =0, %sz =1? =1, which lead to a contradiction.
This means that D can never be flat for any (r, s) when n > 3. When n = 2,
however, we have |z;|*> 4 |zx|> = |z|%, so the vanishing of RD and RQ - in this
case only give us

t*— s —2t4+1=0, t—1*=0.

From this, we conclude that either t =1 and s =0, or t =0 and s = +2. Recall
that r = %(1 —r+rs), so we end up with three solutions:

(r,s) =(=1,0), (-1,2), (3, -2).
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The corresponding connections are D, v , Dy 1 V+, and Dl_/; =V, namely,

the Bismut connection, and the two vertices of the Chen—Nie curve I', which lies

between the horizontal lines s = —2 and s = 2. Conversely, it is known that when

n =2, the isosceles Hopf surface is Bismut flat, hence is also V* and V~ flat ([25]).
In summary, we have proved the following:

Proposition 13. Let (M", g) be a standard (isosceles) Hopf manifold given by (10),
with n > 2. Then for any (r,s) € Q \ I, the canonical metric connection D
cannot have constant holomorphic sectional curvature. For any (r, s) € I', D] has
vanishing holomorphic sectional curvature, but it is not flat except when n = 2
and D} is vl vt orv-.

Recall that the Chen—Nie curve I' is defined by 1 =¢%+ }Lsz where 2t =1—r+rs.

4. Proof of Theorem 7

In this section we will prove the main result, namely Theorem 7. Let us start with
the nilmanifold case.

Proof of Theorem 7 for nilmanifolds. Let (M", g) be a complex nilmanifold, namely,
a compact Hermitian manifold with universal cover (G, J, g), where G is a nilpotent
Lie group, J a left-invariant complex structure on G, and g a left-invariant metric
on G compatible with J. We assume that J is nilpotent in the sense of [10].
Now suppose that for some (r, s) € €2, the holomorphic sectional curvature of the
canonical metric connection D = Dy is a constant ¢. This means that

R ;= 3¢(ijdke+8udy)) forall 1<i, j k€ =<n,
under any unitary frame e. By (5), we have
Rl ;= 368k +8i0di)) + (P + §s* = 1)D.
Therefore,
(11) RE . =jc(1+8)+ (2 + 45> — 1)
LS QR(TLTE) + TR + T ) forall 1 <i k <n.
p

Choose i = k, we get

1?5,.; =c+ (P+ 12 =) IT P =c+ (P + 12 —1) D |DL)?,
r r>i

where in the last equality we used the fact that Tij =-C l]k - Dljk + D,{i and (9).

Comparing the above identity with (8) and utilizing (9) again, we end up with

—c=(?+1s*+1) X |DL> forall 1 <i<n.

r>i
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If we choose i = n, then the right-hand side is vacuum, so we know that ¢ = 0.
Hence Dii = 0. From this, we get Tii* = 0. So (11) now takes the form
R = (P +1s2—1)) Z (TEP +1TE 1)) = R ..

Let us assume that i < k. Plugging the above into (7) and utilizing (9), we get

4R = (7 + 452 = 1)( Zk(|cik,|2 +1Dj, %) + Zk(|Df,.|2 +1D})
r< r>
= Y (—=ICE P+ Dy * = |DL, 1) —2 Y (1D + | DX 1.
r<k r>k
That is,
(1 + 352+ 1) S ADS P + D) + (12 + 35%) L ACKIP + 1Dy, 1)) = X 1D 1%
r>k r<k r<k

We already know that Di i= 0 for any j. In particular D}, =0 by (9), so if we take
k =2 in the above identity, the right-hand side would be zero, thus we conclude
that D2, = D}, = 0. Hence by (9) we have D}, = 0. Take k = 3 in the above
identity, again the right-hand side is zero which leads to D ¢ = 0 whenever j, £ <3.
Thus D}, = 0 by (9). Repeating this process, we end up with D = 0. Then by
the above identity again, we get (t2 + isz)C = 0. Note that (¢, s) = (0, 0) means
(r,s) = (1, 0) or equivalently D{ = V. So when D is not the Chern connection,
we get C =0, hence the Lie group G is abelian, and g is Kéhler and flat. In this
case (M", g) is a finite undercover of a flat complex torus. When (¢, s) = (0, 0),
the connection Dy is the Chern connection. The vanishing of D means that the Lie
group G is a complex Lie group, so g is Chern flat.

In summary, when Dy is not the Chern connection, the constancy of holomorphic
sectional curvature for D} would imply that the nilpotent group G must be abelian
and g is Kiéhler and flat. When Dy is the Chern connection, the constancy of
Chern holomorphic sectional curvature would imply that G is a (nilpotent) complex
Lie group, and g is Chern flat. This completes the proof of Theorem 7 for the
nilmanifold case. (]

We remark that in the nilmanifold case we do not need to exclude any (7, s)
values for the metric connection D}. As one can see from the above proof, the
technical assumption that J is nilpotent is crucial in the argument, and without
which we do not know how to complete the proof. It would be an interesting
question to answer though.

Next let us prove Theorem 7 in the BTP case.

Proof of Theorem 7 for nonbalanced BTP manifolds. Let (M", g) be a compact,
nonbalanced BTP manifold. Assume that for some (7, s) € €2, the canonical metric
connection D = D’ has constant holomorphic sectional curvature: H? = c. Then
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under any local unitary frame e, we have R L= c((Sl 0ke +0i¢y;) for any 1 <
i, j, k,£<n.By(5), we get

(12) I?ﬁkZ: $¢(8ij8ke + 8ie8k) + (12 + s —1)d forall 1 <i, j, k, € <n,

where 40 = v s vk + vk + v . Since g is nonbalanced BTP, by Definition 1.6 and
Proposition 1.7 of [27], we know that locally on M" there always exist the so-called
admissible frames, which means a local unitary frame e such that the Chern torsion

components under e enjoy the property T” =0and T =J;ja; forany 1 <i, j <n,
where a; are global constants on M", also the Blsmut curvature components satisfy

2]/(2_ U-Z_Oforany1<z j,k, £ <n.Letustakei = j and k =£ =nin (12).
Then we get

0=Je(l+8) + (2 + 15> = 1) Hay .
For i = n, since a, = 0 we deduce ¢ = 0. So the above equality becomes
(P +1s* = 1)|a;|* =0

for each i. Since the metric is assumed to be nonbalanced, we have a; —|- +an 1=
A > 0, therefore those g; cannot be all zero and we must have 72 + —1=0.
That is, the parameter (7, s) must belong to the Chen—Nie curve T'. ([

It remains to deal with the case of balanced BTP threefolds, which relies on the
classification result for such threefolds in [26]. First we need the following:

Lemma 14. Let (M", g) be a BTP manifold with its D} connection having constant
holomorphic sectional curvature c. Then under any local unitary frame e,

Rlbjke ZC((SI]S]CZ+81£8]C]) +‘—l‘(l‘2+ 82 3)(1) +Uk)—|- ([ —|—1s —|—])(U —|-Uk)

Proof. For BTP manifolds, by [26] we know that the Bismut curvature R” always

satisfies the symmetry condition Rbf o= Rllc’ Wi - and
e pb _pb Ll ]
Qi = Ri]ké Rkjié_ w—v; — v+ v+,

under any local unitary frame. Therefore, for BTP manifolds,

=b b\ _ .
(13) Rtjkﬁ 2(Rle€ + R ) 2(2lek€ Qijk[)
:Rlbj-kz §(w+vi +Uk_vi —Uk).
Under our assumption H” = ¢, we have RD %c(&j&d + 8:¢8xj). On the other

hand, by (5) we get
RP _ RV = }T(l —12— }Tsz)(vf +vf 4 vf +v,{).

Plugging this into (13), we get the desired expression for R” stated in the lemma. [
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Lemma 14 implies that, for a BTP manifold with D} holomorphic sectional
curvature being a constant c, its Bismut curvature satisfies

(14) RE . =le(U4+8m) — L CITLP+ L(2+ 12 —3)Re L T TE
+IE+ ISP ) ATL P +ITED  forall 1<ik <n,
r

under any local unitary frame e.

Next let us recall the classification result from [26] for balanced BTP threefolds.
Let (M3, g) be a balanced, non-Kéhler, compact BTP Hermitian threefold. By the
observation in [26; 28], for any given point p € M, there always exists a unitary
frame e (which will be called special frames from now on) in a neighborhood of p
such that under e the only possibly nonzero Chern torsion components are a; = T

Jjk>
where (ijk) is a cyclic permutation of (123). Furthermore, each g; is a global
constant on M3, witha; =---=a, > 0, ary1=---=0, where r =rp € {1, 2, 3}

is the rank of the B tensor, which is the global 2-tensor on any Hermitian manifold
defined under any unitary frame by B;; = Zk’ ‘ Tkjg Tkie- The conclusion in [26]
indicates that any compact balanced (but non-Kéhler) BTP threefold must be one
of the following:

o rg=3, (M?, g) is a compact quotient of the complex simple Lie group SO(3, C),
in particular it is Chern flat.

erg=1, (M 3 g) is the so-called Wallach threefold, namely, M 3 s biholomorphic
to the flag variety P(7p2) while g is the Kdhler—Einstein metric go minus the square
of the null-correlation section. Scale g by a positive constant if necessary, the
Bismut curvature matrix under a special frame e is

) a+f 0 0 o = @1+ (1 =D)@y; + bess + pey3 + pes;,
(15 0"=| 0 a0l §B=¢1i+bpy+ 1 =b)gs;— pess — Pes3,
0 -6 B 0 = PPy; — PP33 +q@r5 + (1 +0)gs3,

where b is a real constant, p, g are complex constants, ¢ is the coframe dual to e,
and we wrote ¢, ; for ¢; A ¢; for simplicity.

« rg =2, in this case (M3, g) is said to be of middle type. Again under appropriate
scaling of the metric, the Bismut curvature matrix under e becomes

do dpy

(16) ©" = | —dfy da ) {da = X011+ 023) + (i — 913),
0

dBo = —iy(¢;1 +¢23) + (x —=2)(¢r1 — ¢15),
where x, y are real-valued local smooth functions.

With this explicit information on Bismut curvature at hand, we are now ready to
finish the proof of Theorem 7 for the balanced BTP threefold case.
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Proof of Theorem 7 for balanced BTP threefolds. Let (M3, g) be a compact balanced
BTP Hermitian threefold. Assume that g is not Kéhler (otherwise by the constancy
of holomorphic sectional curvature we already know that the manifold is a complex
space form). Suppose that for some (r, s) € 2 the canonical metric connection D}
of g has constant holomorphic sectional curvature c.

First let us consider the g = 3 case. In this case g is Chern flat, so by (5) we have

(17) 588k +8iedk)) = Ry = = (I + §5°) 0.

Now let e be a special frame. Then the only nonzero Chern torsion components

under e are T, = TJ = T}, = A > 0. Therefore d;;;; = > |7} |* = 0 for any
r

1 <i <3, while for any 1 <i # k <3 we have
5 = X (T P+ ITEP +2Re(T) TE)) =22 +22 40 =222
r

Ifweleti=j=k=4~in(17), thenwe getc=0. If weleti = j #k =~ in (17) instead,
then we obtain ¢ = — (tz—i-}tsz))\z. Thus t =5 =0. Since t = %(1 —r+rs), this means
that » = 1. Hence our connection D’ is DJ, which is the Chern connection V¢.

Next let us consider the 3 = 1 case. In this case (M?>, g) is the Wallach threefold.
Under a special frame e, the only nonzero Chern torsion component is T213 =1>0.
So as in the previous case d;7;;; = Y, |7/|> = 0 for any 1 <i < 3, and for any
1 <i <k <3 we have

Yz = X (TP + TP +2Re(T;, TE)) = 8107
Therefore by Lemma 14 we have Rf’;i; =cforany 1 <i <3 and

(18) RV . =3c— 38007+ 5(rP+ 45 +1)832% forall 1 <i <k <3.

On the other hand, by the formula (15) for the Bismut curvature matrix under e,
we have
b _ b _ b _ b _
Ry = 2, Ry = 1=0, Ry = L, Rzisé =b.
Therefore 2 = 1 — b = ¢ which implies that c =2 and b = —1, while by (18) we get
1= %c—}— ‘lt(t2 + %sz—f— 1))\2, b= %c— %)\2.

Note that the first equality in the above line gives a contradiction. So in this Fano case
the holomorphic sectional curvature of D; for any (7, s) € £ cannot be a constant.
Finally let us consider the rz = 2 case. In this case, under a special frame e the
only nonzero Chern torsion components are T213 = T321 =X > 0. So by (14) we get
Rb_=cforeach1 <i <3, and, forany 1 <i <k <3,

12224

Rl =3c— 35083+ 3 (P + 157+ 1)A2 Q2 — &)
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From (16), we get Ri’m =x, R%33 =0, hence x = c = 0. Also by (16) we have

R?T s =% thus the above equality gives us
O=x=Rl;=3c—0+3(+ 1"+ 13’2 —0) = 3(:> + 15"+ 1)4°,

which is clearly a contradiction. This shows that balanced BTP threefolds of middle
type can never have constant holomorphic sectional curvature for D} for any (7, s).
This completes the proof the Theorem 7 for the case of balanced BTP threefolds. [
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