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We calculate Hodge ideals and Hodge moduli algebras for three types of
isolated quasihomogeneous curve singularities. We show that Hodge ideals
and Hodge moduli algebras of the singularities can determine the weights
of the polynomials defining the singularities. We give some examples to
explain why Hodge moduli algebras and the Hodge moduli sequence are
better invariants than the characteristic polynomial (a topological invariant
of the singularity) for nondegenerate quasihomogeneous singularities, in the
sense that the characteristic polynomial cannot determine the weight type of
the singularity.

1. Introduction

In [15; 16], the authors ask whether the topology of the singularity determines
the weights of the polynomial defining the singularity. They showed that this is
valid in the category of isolated singularities of Brieskorn—Pham type and isolated
quasihomogeneous curve singularities.

Theorem 1.1 [15]. The topology of a singularity of Brieskorn—Pham type deter-
mines the exponents (weight) of the polynomial defining the singularity.

Theorem 1.2 [16]. Let fi(z1, z2), i =1, 2, be nondegenerate quasihomogeneous
polynomials of weight (ri1,ri2; 1), 0 < rjy < rpp < %, and let V; be the germ
of fi(z1,22) = 0 at the origin of C?. Then if (C*, Vy, 0) ~ (C?, V», 0), homeomor-

phically, we have (ry1, ri2) = (ra1, 22)-

For quasihomogeneous surface singularities, there are some relevant results.
Arnold [1, pages 91-131] and Orlik and Wagreich [9] showed that if & (zg, z1, 22) is
a quasihomogeneous polynomial in C? and V = {h(z) =0} has an isolated singularity
at the origin, then V can be deformed into one of the following seven classes below
while keeping the differentiable structure of the link Ky = S?"*! NV constant:
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@) Vao, ai,ar; 1) ={zp" +z{' + 25}, ao, a1, az > 1,

(AD) V(ag, ai, a»; 2) ={zy’ +z{' +z123’}, ap, a1 > 1, a, > 0,
M) V(ao, a1, az; 3) ={zp’ +z{'z2+ 2125’} ao > 1, ay, a2 > 0,
(V) V(ag, a1, az; 4) = {zy’ +2{' 22+ 2023’}, a0 > 1, a1, a > 0,
(V) V(ao, a1, az; 5) = {z5’z1 + 2{'22 + 2025°}, ao, a1, az > 0,

(VD) V(ag, a1, a; 6) = {z0° + 202" + 2022 + 2025}, ap > 1, ay, a2, by, by > 0
satisfy (ap — 1)(a1b2 + axb1) = apa;as,

(VID V(ag, a1, az; 7) ={z00z1+202{" +2023 +25" 27}, ao, ai, az, by, by > 0 satisfy
(a0 — D(a1by + axby) = az(apar — 1).

Xu and Yau [14] proved that the above deformation is actually a topological trivial
deformation as a pair (S*"*!, Ky). Therefore any isolated quasihomogeneous
surface singularity has the same topological type of one of the seven classes above.
Let Ay (z) denote the characteristic polynomial of the Milnor fibration of (V, 0).

Theorem 1.3 [14]. If (V, 0) and (W, 0) are among the seven classes above, then
(C3, V, 0) is biholomorphic to (C3, W, 0) if and only if (C3, V, 0) is homeomorphic
to (C3, W, 0) with some exceptional cases. And (C3,V,0) is homeomorphic to
(C3, W, 0) ifand only if 1\ (Ky) ~ m1(Kw) and Ay (2) = Aw (2).

The following are direct corollaries of the above theorem:

Corollary 1.4 [14]. Let (V,0) and (W, 0) be two isolated quasihomogeneous
surface singularities in C*. Then (C3, V, 0) is homeomorphic to (C*, W, 0) if and
only if m(Ky) >~ m1(Kw) and Ay (z) = Aw (2).

Corollary 1.5 [14]. Let (V, 0) be an isolated quasihomogeneous surface singularity
with weights (wg, w1, wy). Then the topological type of (V, 0) determines and is
determined by its weights (wg, wi, wy).

Corollary 1.6 [14]. Let (V, 0) be an isolated singularity defined by a quasihomo-
geneous polynomial in C* with weights (wo, wy, w»). Then the fundamental group
of the link w1 (Kvy) and the characteristic polynomial Ay (z) determine and are
determined by the weights (wq, wi, wy).

The original motivation of [14] was to prove the Zariski conjecture (see [17]) for
isolated quasihomogeneous surface singularities in C3 : multiplicity is an invariant
of topological type. As a corollary, they proved:

Corollary 1.7 [14]. Let (V,0) and (W, 0) be two isolated quasihomogeneous
surface singularities in 3. If(C3, V, 0) is homeomorphic to (C3, W,0), then V
and W have the same multiplicity at the origin.
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Recall that in [3], we proved that a series of new invariants, Hodge moduli
algebras and the Hodge moduli sequence, of the singularity are complete contact
invariants for simple surface singularities. And our final aim is to extend this result
to isolated quasihomogeneous surface singularities or even more general types
of singularity. Note that in the proof of the above theorems, the characteristic
polynomial of the singularity plays a fundamental role, since the characteristic
polynomial is a topological invariant of the singularity. Motivated by these results
and our former results, it is natural to ask whether we can replace the characteristic
polynomial by Hodge ideals and Hodge moduli algebras of the singularity to
determine the weights of the polynomials defining the singularities. That is, we
want to prove if the i-th Hodge moduli algebras of two isolated quasihomogeneous
curve singularities are isomorphic for all i > 0, then the weights of these two
singularities are the same.

If h(x, y) is a quasihomogeneous polynomial in C?> and V = {h(x, y) = 0}
has an isolated singularity at the origin, then V can be deformed into one of the
following three classes below while keeping the differentiable structure of the
link Ky = $?"*!' NV constant:

Fi(x,y)=x4+y*,  a,b>2,
I]:z(x,y)zx“—i-xyb, a>2,b>1,
F3(x,y) =x"y+xy°, a,b>1.

After a tedious calculation for Hodge ideals and Hodge moduli algebras of isolated
quasihomogeneous curve singularities of the above three types, we obtain the
following.

Main Theorem A (0-th and 1-st Hodge moduli algebras determine weight type).
(1) For isolated quasihomogeneous curve singularities

Dgal,bl):{xal +yb1 =0}, 2<a by,
and

Déaz,bz) = {x® _|_xyb2 =0}, 1<a—1<b,,

if their O-th and 1-st Hodge moduli algebras (taking o = 1 in their Hodge ideals)
are isomorphic, i.e.,

b b b b
Mo(DY""") = Mo(DE™"),  My(D™"") = My(DS™"™),
then the weight types of Dial’bl) and Déaz’bZ) are the same, i.e.,

Wt(Fl(alsbl)) — Wt(Fz(az’bZ)).
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(2) For isolated quasihomogeneous curve singularities
DY*" = (x4 xy =0}, ar—12b =1,

and

DY) = (x®y 4 xyn =0}, 1<as<bs,
if their O-th and 1-st Hodge moduli algebras (taking o = 1 in their Hodge ideals)
are isomorphic, i.e.,

b b b b

Mo(DY™") = Mo(D§™"),  Mi(DS™"™)) = My (D§™™),
then the weight types of Déaz’bZ) and D§“3’b3) are the same, i.e.,
wt(F{ ") = wt(F@P).

(3) For isolated quasihomogeneous curve singularities

D" = (x4 3" =0}, @y, by =2,
and
DY) = (xy 3" =0}, a3, by = 1,
their i-th Hodge moduli algebras (taking o = 1 in their Hodge ideals) are not
isomorphic, fori = 0, 1, respectively.

As a by-product, we obtain an inequality of the §-invariant, O-th Hodge moduli
number and multiplicity for isolated quasihomogeneous curve singularities of the
above three types:

Main Theorem B. (1) For isolated quasihomogeneous curve singularities Dgu’b) =
{x4+ yb =0},a,b>2,we have

0 < 81(a, b) —mo(D{""”) < me(DY""),
where §1(a, b) is the §-invariant of Dg“’b), mo(Dfu’b)) is the 0-th Hodge moduli
number of the divisor Dga’b) fora =1 and mt(Dga’b)) is the multiplicity of Dia’b).

(2) For isolated quasihomogeneous curve singularities D;a’b) = {x* +xy” =0},
a>2,b>1,wehave

I <82(a,b) = mo(Dy"") < my(D3""),
where 8>(a, b) is the §-invariant of Déa’h), mo(Déa’b)) is the 0-th Hodge moduli
number of the divisor Dé“’b) foro=1and mt(Dé“’b)) is the multiplicity of D;a’b).
(3) For isolated quasihomogeneous curve singularities D;a’b) = {x%y +xy’ =0},
a,b> 1, we have

2 < 83(a, b) —mo(D"?) < me(DY),
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where 83(a, b) is the §-invariant of Déa’b), mo(Déa’b)) is the 0-th Hodge moduli
number of the divisor Dé“’b) fora =1 and mt(Dga’b)) is the multiplicity of D;a’b).

In Section 2, we recall a number of classical results on the Hodge ideals of
effective (D-divisors and the §-invariants of curve singularities. We also collect
some important lemmas and theorems that will be used in the following parts.
In Section 3, we explicitly calculate Hodge ideals and Hodge moduli algebras of
isolated quasihomogeneous curve singularities of three types. In Sections 4 and 5 we
prove Main Theorems A and B by the results in Section 3. Finally, in Section 6 we
give some examples to illustrate that Hodge moduli algebras and the Hodge moduli
sequence are better invariants than the characteristic polynomial (a topological invari-
ant of singularity) for nondegenerate quasihomogeneous singularities. Furthermore,
from the observation of some examples, we raise a conjecture that the Hodge moduli
numbers of isolated quasihomogeneous curve singularities remain constant under
quasihomogeneous deformation. That is, Hodge moduli numbers of isolated quasi-
homogeneous curve singularities only depend on the weights of the singularities.

2. Preliminaries

2.1. Hodge ideals. In [7; 8], the authors extend the notion of Hodge ideals to the
case when D is an arbitrary effective Q-divisor on X, where X is a smooth complex
variety. Hodge ideals {I; (D)}cn are defined in terms of the Hodge filtration F, on
some Zx-module associated with D (see [7, §2—§4] for more details). When D is an
integral and reduced divisor, this recovers the definition of Hodge ideals I (D) in [6].

Let X be a smooth complex variety, and Zx be the sheaf of differential operators
on X. If H is an integral and reduced effective divisoron X, D=o H, « € QN (0, 1],
let Ox (D) be the sheaf of rational functions with poles along D. It is also a left
Zx-module underlying the mixed Hodge module j*@g [7], where U = X \ D and
j : U < X is the inclusion map. Any Zx-module associated with a mixed Hodge
module has a good filtration F,, the Hodge filtration of the mixed Hodge module [12].

To study the Hodge filtration of Ox (xD), it seems easier to consider a series of
ideal sheaves, defined by Mustatd and Popa [6], which can be considered to be a
generalization of multiplier ideals of divisors. The Hodge ideals {I;(D)}ren of the
divisor D are defined by

FiOx(xD) =L (D)® Ox((k+1)D) forall k e N.

These are coherent sheaves of ideals. See [6] for details and an extensive study
of the ideals I (D). Hodge ideals are indexed by the nonnegative integers; at
the O-th step, they essentially coincide with multiplier ideals. It turns out that
Io(D) = 7 ((1 —¢€)D), the multiplier ideal of the divisor (1 —€)D, 0 <€ < 1. The
multiplier ideal sheaves are ubiquitous objects in birational geometry, encoding
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local numerical invariants of singularities, and satisfying Kodaira-type vanishing
theorems in the global setting. The Hodge ideals are interesting invariants of the
singularities, they have similar properties as multiplier ideals.
We summarize the properties and results (see [7; 5]) of Hodge ideals as follows.
Given a reduced effective divisor H on a smooth complex variety X, D = o H,
a € QN (0, 1], we also denote by Z the support of D. The sequence of Hodge
ideals I (D), with k > 0, satisfies these properties:

e Ip(D) is the multiplier ideal Z((1 — €) D), so in particular Io(D) = O if and
only if the pair(X, D) is log canonically.

» When Z has simple normal crossings,
k(D) = It(Z) ® Ox(Z — [DY),
where I (Z) can be computed explicitly as in [6]. If Z is smooth, then I (D) =
Ox(Z —1DY).
» The Hodge filtration is generated at level n — 1, where n = dim X, i.e.,
FyDx - (I(D) ® Ox (kZ)h™) = I;1(D) @ Ox (k+£)Z)h™

forallk>n—1and £ > 0.

» There are nontriviality criteria for I (D) at a point x € D in terms of the multi-
plicity of D at x.

« If X is projective, I; (D) satisfy a vanishing theorem analogous to Nadel vanishing
for multiplier ideals.

o If Y is a smooth divisor in X such that Z|y is reduced, then I (D) satisfy
I (Dly) € It(D) - Oy,

with equality when Y is general.

o If X — T is a smooth family with a section s : 7 — X, and D is a relative divisor
on X that satisfies a suitable condition then

{t eT | Ik(Dt) SZ mg(,)}
is an open subset of T, for each g > 1.
e If D; and D, are Q-divisors with supports Z; and Z;, such that Z| 4+ Z; is also
reduced, then we have the subadditivity property
I (D1 + D7) C I (Dy) - I (D)

For comparison, the list of properties of Hodge ideals in the case when D is
reduced is summarized in [10]. The setting of (-divisors is more intricate. For
instance, the bounds for the generation level of the Hodge filtration can become
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worse. Moreover, it is not known whether the inclusions I (D) C I;_ (D) continue
to hold for arbitrary Q-divisors. New phenomena appear as well: given two rational
numbers «; < ap, usually the ideals I (x;Z) and I («pZ) cannot be compared
for k > 1, unlike in the case of multiplier ideals.

We recall the following definition.

Definition 2.1. Let f, g € R =C{xy, ..., x,} which is the convergent power series
ring. We say f and g are contact equivalent if the local C-algebras R/(f) and
R/(g) are isomorphic.

Definition 2.2. Let f : (C",0) — (C,0), n > 2, be an isolated hypersurface
singularity. Let H = { f = 0} be an integral and reduced effective divisor defined
by f, D* =aH, o € QN (0, 1]. We define the i-th Hodge moduli algebra of D
to be the moduli algebra of the ideal J; (D%) := (f) + I;(D%) (or J; for short)

M; (D) :=Clxi, ..., xn}/Ji(D%)

for i > 0 (or M; for short), where I;(D%) is the i-th Hodge ideal (or /; for short).
The i-th Hodge moduli number of D¢ is defined to be

m;(D%) := dim¢(M; (D))

for i > 0 (or m; for short). We define the Hodge moduli sequence of D to be the
sequence

{mi} :={mo, my,mo, ...}.
Definition 2.3. A polynomial f € Cl[xy, ..., x,] is called weighted homogeneous
if there exists positive rational numbers wy, ..., w, (that is, weights of x, ..., x,)

and d such that ) a;w; =d for each monomial [ ] x;" appearing in f with a nonzero
coefficient. The number d is called the weighted homogeneous degree (w-deg) of f
for weights w;, 1 < j <n. These w;, 1 < j < n, are called the weight type of f.

The Hodge filtration F, of Ox (D) is usually hard to describe. However, it does
have an explicit formula in the case when D is defined by a reduced weighted
homogeneous polynomial f which has an isolated singularity at the origin, which
is proved by M. Saito [13]. To state Saito’s result, we first clarify the notation as
follows.

e Denote by O =C{xy, ..., x,} the ring of germs of holomorphic function for local
coordinates xi, ..., Xj.

e Denote by f: (C",0) — (C, 0) a germ of a holomorphic function that is quasiho-

mogeneous, i.e., f € J(f) = (ﬁ e i), and with an isolated singularity at the

axy’ ’ 0xp
origin. Kyoji Saito [11] showed that after a biholomorphic coordinate change, we
can assume f is a weighted homogeneous polynomial with an isolated singularity

at the origin. We will keep this assumption for f unless otherwise stated.
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e Denote by w = w(f) = (wy, ..., w,) the weights of the weighted homogeneous
polynomial f.

e Denote by g : (C", 0) — (C, 0) a germ of a holomorphic function, and we write

8= Z gax™,

AeN"

dp

where A = (a1, ..., ay), ga € Cand x4 = x{" - x;".
» Denote by p(g) the weight of an element g € O defined by
m
p(g)= (Zw) +inf{(w, A) : g4 # 0}
i=1
The weight function p defines a filtration on O as
OF={ueO:p) >k},
O ={ue0:pw >k}

Since we consider Zy-modules locally around the isolated singularity, we can
assume X = C" and identify the stalk at the singularity to be that of Zx-modules
on C". For example, we replace F;Ox o(xD) with F;Ox(xD). Now we can state
the formula proved by M. Saito (see [13, Theorem 0.7]):

k >it1
(1) FOx(xD) =y Fk_i@x(

) for all k e N.
i=0

W
Since the Hodge filtration can be constructed on analogous Zx-modules associated
with any effective Q-divisor D, so it satisfies a similar formula in the case when D
is supported on a hypersurface defined by such a polynomial f.

Assume that the divisoris D =« Z, where 0 <« <1 and Z = (f =0) is an integral
and reduced effective divisor defined by f, a weighted homogeneous polynomial
with an isolated singularity at the origin. In this case, the associated Zx-module is
the well-known twisted localization Zx-module M(f!7%) := Ox(xZ) £~ (see
more details in [7] about how to construct the Hodge filtration F,M(f!~%)). With
new ingredients from Mustatd and Popa [8], where this Hodge filtration is compared
to the V-filtration on M(f!~%), M. Zhang generalized Saito’s formula and proved
the following theorem:

Theorem 2.4 (Zhang, [18]). If D = o Z, where O <o < land Z = {f =0} is
an integral and reduced effective divisor defined by f, a weighted homogeneous
polynomial with an isolated singularity at the origin, then we have

| k ozt
FM(f™) = Z Fk—i%{( f _a>,
i=0

fi-H
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where the action - of Px on the right-hand side is the action on the left 9x-module

M(f1=%) defined by

(1—a)D(f)
f

Notice that if we set o = 1, Theorem 2.4 recovers Saito’s formula (1) mentioned
above. For any polynomial f with an isolated singularity at the origin, it is well
known that the Milnor algebra

.Af = C{xl, e ,xn}/(alf, ey anf)

is a finite-dimensional C-vector space. Fix a monomial basis {vi, ..., v,} for this
vector space, where u is the dimension of Ay (i.e., Milnor number). The next
theorem follows from Theorem 2.4.

Theorem 2.5 (Zhang, [18]). If D = aZ, where 0 <o« < land Z ={f =0} is
an integral and reduced effective divisor defined by f, a weighted homogeneous

D-(wf'™) = (D(w) +w )fl"‘ for any D € Derc Oy.

polynomial with an isolated singularity at the origin, then we have
FOM(fl—a) — f—l . Ozafl—a
and
FM(f17) = (fl LY Ox vj>f1°‘ + FiDx - Fa M(f17).
v_;eOikHJra
Alternatively, in terms of Hodge ideals, these formulas say that
Io(D) = O=“
and
LD)= Y Ox-vj+ ) Ox(foa—(@+kadf).
vjOzk+1+a I<i<n.ael (D)
2.2. Delta invariant of curve singularities.

Definition 2.6 (§-invariant). Let f € C{x, y} be a reduced convergent power series,
and let
O =C{x,y}/{f) = O

denote the normalization. Then we call
§(f) :=dimc O/O
the §-invariant of f.

Although we can explicitly calculate the §-invariants of isolated quasihomoge-
neous singularities of three types Fi, F», F3, by blowing up singularities and using
the above theorem. We use Lemma 2.7, which is a very useful equality of the
Milnor number, the §-invariant and the number of irreducible factors of a curve
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singularity { f = 0}, to show Lemmas 2.8, 2.9, and 2.10. And we only give proof
for Lemma 2.8 for simplicity, since the proofs for Lemmas 2.9 and 2.10 are similar.

Lemma 2.7 [2, Proposition 3.35]. Let f € m C C{x, y} be reduced. Then

n(f)=28(f)—r(f)+1,
where ( f) is the Milnor number of f, §(f) is the §-invariant of f and r (f) is the

number of irreducible factors of f.
Lemma 2.8. For an isolated quasihomogeneous curve singularity of the form
Df“’b) = {x® + y? =0}, defined by Fl(a’b) =x+yb, a, b > 2, its -invariant is
(a—1)b—-1)+ged(a,b)—1
2

In particular, 8 (a, b) = “==D "ifocd(a, b) = 1.
Proof. Since u(f) = (a—1)(b—1) and r(f) = gcd(a, b),
pH+r(H-1_(a=-bHob-1)+gedab) - 1‘

2 2

Lemma 2.9. For an isolated quasihomogeneous curve singularity of the form
Déa’h) = {x¢ —I—xyb =0}, defined by F;a’h) =x? —I—xyb, a>2,b>1,its §-invariant is

ab—1)+geda—1,b)+1
> .

In particular, 8(a, b) = “P=2*2 ifsed(a — 1,b) = 1.

d1(a, b) =

8i(a,b) = a

8(a, b) =

Lemma 2.10. For an isolated quasihomogeneous curve singularity of the form
D;a’b) = {x%y +xy? =0}, defined by F;a’b) =x%y+xy°, a,b> 1, its §-invariant is
ab+gedla—1,b—1)+1

2
In particular, 53(a, b) = %, ifgedl@a—1,0—-1) =1.

d3(a, b) =

3. The first two Hodge ideals
of three types of isolated quasihomogeneous curve singularities

In this section, we compute Hodge ideals of three types of isolated quasihomo-
geneous curve singularities for « = 1 in Theorem 2.5. And Ox = C{x, y} in
the following computation. The following lemma is used in the computation of
dimensions of Hodge moduli algebras.

Lemma 3.1. Forn,meN,n,m > 1,

1[m_i] _ (m—D(n—1)+gedm, n) -1
n b
1

n

2

i=
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Consider isolated quasihomogeneous curve singularities Dfa’b) = {x*+y" =0},
defined by F{“” = x* 4+ yb. Ifa < b, let r = sy then 1 <7 < a. Since
% + % > 1, we have x*~! € Iy(D;). And we have

K e fo(Dy) forall 1 <k <a—1, rik,
and
: ibr
xS e [o(Dy)  forall 1<i < ged(a, b) — 1.

So the 0-th Hodge ideal for D is

b(r—1)

Jo(Dy) = Ip(D1) = (Xa_l,xa_zy[g], x4y

ir—1_b—1r_q
a ,

ir—2 . [2e=irth i~y [MazG=Dr=
ey X y y[ a ]’.‘.’x( )y[ a ]

X

1 p_br_ _n bla=r+h
x" lyb - l’xr Zy[ 2 J,”

ba=1)
Ly,
where 1 < i < ged(a, b) — 1. Its multiplicity mt(Jo(D1)) equals a — 1. Using
Lemma 3.1, we obtain the dimension of the 0-th Hodge moduli algebra My(D) =
Ox/Jo(D1):
‘b
mo(Dy) = ¥ [ %] - (ged(a, b) = 1)
i=1
_ (@=1)(b—1)+ged(a, b)—1

— (ged(a, b) = 1)

2
_ (@=1)(b—1)—ged(a, b)+1
5 .
The 1-st Hodge ideal of D; is
Ji(Dy) = (f) + Io(D1) - (Jf)
_ _ b . b(r—1)
_ (xa_i_yb’xa Zyb,xa 3y[a]+b,...,xa rly +b
B xir—2y2b—“’7’—l x(i—l)r—ly[ib(”’(';”””]-i—b
r bla—2 bla—1)
”’xr72y2b7%71’ L y[%Hb’ xafly[T])’

where 2 <i < gcd(a, b). Its multiplicity mt(J;(D;)) equals a. By Lemma 3.1, the
dimension of the 1-st Hodge moduli algebra M (D) = Ox/J1(Dy) is

R

=1

—! b
_ [—]+(a—1)b—(gcd(a,b)—1)
=1 ta
_ @=DO=Drged@ D=1 4 13y (aed(a. by — 1)
2 9
_ (a—1)(3b—1)—gcd(a, b)+1
- :
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b
Ifa>b,letr = @b
Hodge ideal for D;:

then 1 <r < b. By symmetry of a, b, we obtain the 0-th

Jo(Dy) = Io(Dy)

b—1 _b—2_[% ber [4=D
=(y Y x[b],...,y A ]7
ir— _lar_ ir— alb—ir+1) - ab=(i—Hr=1)
”’yzr lxa o l’yzr 2x[ b J,...,y(’ l)rx[ 5 J’
_ _ar _ _5 ralb-r+l a(b—1)
”’yr lxa 3 1’yr 2)6[ 7 ]’.”,x[ib ])’

where 1 <i <gcd(a, b)—1. Its multiplicity mt(Jo(D;)) equals b—1. By Lemma 3.1,
the dimension of the 1-st Hodge moduli algebra My(D;) = Ox/Jo(Dy) is

b—1

maDo=§:Bﬂ—wgamm—n

i=1

_@=De-Dted@b) -1 ypy 1)

2

_(@—1)(b—-1)—ged(a,b)+1

= 5 .
And the 1-st Hodge ideal for D; is
Ji(D1) = (f) + 1o(D1) - (Jf)

_ (xa yb, yh2xa 3yl yb—r—lx[—”(’b_])]—i—a’
O e I e e
U = St U x[#]“, yb_lx[&b_l)]),

where 2 <i < gcd(a, b). Its multiplicity mt(J;(D1)) equals b. By Lemma 3.1, the
dimension of the 1-st Hodge moduli algebra M (D) = Ox/J1(Dy) is

b-2

mi(Dy) = Z (|:6;)—l:| +a) —(ged(a,b) —1)+a+ |:a(bb— 1):|

i=1

b—1 .
= Z [C;_’} + (b —1)a — (ged(a, b) — 1)
i=1

:m—nw—ngyﬁ%m—l+w—nwﬁgdwm—n

_ Ba—-1)(b—1)—ged(a,b)+1
= 7 .

Consider isolated quasihomogeneous curve singularities D;a’b) = {x+xy’ =0},

defined by Fy,*” =x +xyb. ffa—1<b,letr = &t then 1 <r <a—1.
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Since HZ—” + % > 1, we have x*~! € Iy(D,). And we have

[(akl)

xFy Ve Iy(Dy) forall 1 <k<a—1, rtk,

and
x"’yb_albfrl_1 € Ip(D,) forall 1 <i<gcda—1,b)—1.
Since é—l—% > 1, we have yb_1 € Ip(D3). So the 0-th Hodge ideal for D, is

Jo(Dr) = In(D>)

b(r—1)

:(xa I a- Zy[a 1] - ’xa—ry[ T ]’
e = e N = o I G e N e e
7b7ri b(a— r) b(a— 2) _
Tyl e ly[ Syt ey,

where 1 <i <gcd(a—1, b)—1. Its multiplicity mt(Jo(D,)) equals @ — 1. The dimen-
sion of the 0-th Hodge moduli algebra My(D;,) = Ox/Jo(D>), by Lemma 3.1, is

a—2

mo(D3) = Z [%] —(ged(@a—1,b)—1)+b—1
_ (a—2)(b—1)+2ng(a—1,b)—l ~(ged(@.b)— 1)+ b—1
_a(—1)—ged(a—1,b) + 1

2
And the 1-st Hodge ideal of D is

Ji(Dy) =(f)+1o(D2)-(Jf)

b b(r— 1)
:(xa_i_xyb’axa 1,b— 1+y2b 1., a— lyb x4 Zy[u 1]+b"“ x4 ry[ = ]+b
et <t—1>r+1y[i‘““‘“'u?;w I
bla— 2)
xryZb 1 xy[ a ]+b)

where 1 <i <gcd(a—1, b)—1. Its multiplicity mt(J; (D)) equals a. By Lemma 3.1,
the dimension of the 1-st Hodge moduli algebra M (D;) = Ox/J1(Dy) is

a—2

bi
mi(Dy) = 2b—1+z ([m] +b) —(ged(a—1,b)—1)+b
i=1

_ (a—2)(b—1)+2ng(a—1’b)_1+(a_2)b+3b—l—(gcd(a—1’b)_l)
a@Bb—1)—ged(@—1,b)+1

2
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then 1 <r <b. Sinceﬁ+wzl, we

_ b .
Ifa—lzb,letr—m, b

have yb*1 € Ip(D,). And we have

AT ¢ fiDy) forall 1<k < b, rik,

and
a_l_i(afl)r

v € lp(Dy) forall 1 <i<gcd(a—1,D0b).

So the 0-th Hodge ideal for D5 is
Jo(D2) = Ip(D>)

(a—1)(b-1) 1 (a—1)(b-2) 1 _1_(a71)r —1
(x[ N e L 5oy T,

(a=1)(b—(i=r—1) - (a=1)(b—(i—1)r=2) - oy _ia=br .
x[ib ]+1y(l 1)r’x[7b ]+1y(l l)r-‘rl"”’xa 1= ylr 1’

(a—D)(r—1) (a—1)(r=2)
@Dy oy [e=DeDy gy g b—1
e L G )

where 1 <i <gcd(a—1, b). Its multiplicity mt(Jo(D;)) equals b—1. By Lemma 3.1,
the dimension of the 0-th Hodge moduli algebra My(D;) = Ox/Jo(D») is
h—1

mo(Dy) = Z ([(a;l)i} + 1) —(ged(a—1,b)—1)

i=1
(@a—=2)(b—1)+geda—1,b) —1
- 2
ab—1)—geda—1,b)+1
= 5 )
And the 1-st Hodge ideal of D, is

Ji(D2) = (/) +1o(D2)-(Jf)

b —1 b1 2b—1 [@BO=Dypp poy  (@DE2 140 )
=(x“+xy,axa I Sy S L T L S e L

(a=br (a=D(b=(G=Dr=1) i
a—"7 b+r-2 S 2 b+ (- 1Dr—1
X by R ,x[ b ] y (-1 ,

+b—1—(ged@a—1,b)—1)

(a—1)(b—(>(i—-1Dr-2) . i(a—r .
S = 42 b+ a—="7= _ b+ir-2
X[ b I y ( ),...,X by y ey

(a—D(r—1) P @a-H(r=2) —
Al 2ot ORI b

’

. xyZb—Z)

where 1 <i <gcd(a—1, b). Its multiplicity mt(J, (D;)) equals b+ 1. By Lemma 3.1,
the dimension of the 1-st Hodge moduli algebra M (D;) = Ox/J1(Dy) is

b

= (@14 @20 DTEeda L

_ Ba+2)(b—1)—ged(a—1, b)+3
= 5 .

b—1 .
m(Dy) =a(b—1)+Y ([(“_1)’]+2>—<gcd(a—1, B)—1)+1
i=1

—(ged(a—1,b)—1)+1
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Consider isolated quasihomogeneous curve singularities D( ={x*y+xy’ =0},
defined by F(”b) =x%y+xy’. Ifa<b,letr= gcd(a“—llbl),then l<r<a-1.
Since b—1)(1 1 1

(b —1)( +a—)+a— 1,
ab—1 ab—1
we have x?~! € In(D3). And we have
AT e fo(Dy) forall 1<k <a—2, rik,

and

XTI e Io(Dy) forall 1<i <ged(a—1,b—1)— 1.
So the 0-th Hodge ideal for D3 is
Jo(D3) = Ip(D3)

— b=1 _ b=b=1)
=(x"", Uxam2ylamtt o yamrytmr—
. _q_i=Dr P (b—1)(a—ir) . (b—1)(a—1-(G—Dr—1)
xtryb 1-=" ’xzr 1})[7(1_l ]+1"”’x(l 1)’+1y[7a—1 ]+1’
po1—G=Dr gy [b=Da=n G-y
Lo x"y e O o A B L ),

where 1 <i <gcd(a—1, b—1). Its multiplicity mt(Jy(D3)) equals @ — 1. The dimen-
sion of the 0-th Hodge moduli algebra My(D3) = Ox/Jo(D3), by Lemma 3.1, is

< ([b-1)i
mO(D3)=Z<|: ]+1)—(gcd(a—l,b—l)—1)+b—1
i=1

a—1
_ab—gedla—1,b—1)—1
= 5 .
And the 1-st Hodge ideal of Ds is

Ji(D3) = (f)+ 1o(D3) - (Jf)

a b 2a—1 \2b—1 2a-2 2q—r—1_[&=D0=D19
=(x y+xy’,x ,y Vyeooh X y[ | ,
z(b l)r . (b—D(a—1—(i—Dr—1)
X 1+tryb o x4t l)ry[ia,l ]""2
_ 7(h71)r (b—1)(a—2)
., x4 l+ryb i xay[7]+2)

where 1 <i <gcd(a—1, b—1). Its multiplicity mt(J; (D3)) equals a+1. The dimen-
sion of the 1-st Hodge moduli algebra M(D3) = Ox/J1(D3), by Lemma 3.1, is

(b—1)i
—1

m1(D3) = 2b—1)+(a— 2)b+b+2([ } 2)—(gcd(a—1,b—l)—1)+1

_a3b+2)—ged(a—1,b—1)-3
= > .
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—_ b1 .
Ifa>b,letr = wed@=T,5=T)
the 0-th Hodge ideal

Jo(D3) = 1p(D3)

then 1 <r <b — 1. By symmetry of a, b, we obtain

b2 [5=71+1 br [0

="y Ly

ir a_1_ia=br g a=Do=ing g
y X =1 |y X[ = yeeesy

_1_(la=Dr _ (a—1)(b—r)
”’yrxa -5 ’yr lx[ib_I H—l"

where 1 <i <gcd(a—1, b—1). Its multiplicity mt(Jo(D3)) equals b—1. The dimen-
sion of the 0-th Hodge moduli algebra My(D3) = Ox/Jo(D3), by Lemma 3.1, is

cey

(i_l)r+1x[(zz—l)(h—’::fi—l)r‘—l)]+]
9

(a=1)(b=2) _
yx[ =1 ]+1’xa 1)’

cey

222 Ta—1i
mo(D3)=Z<|: T ]+1>—(gcd(a—1,b—1)—1)+a—1
i=1
_ab—gedla—1,b—1)—1
- . .

And the 1-st Hodge ideal of Dj is

Ji1(D3) = (f) + 1o(D3) - (Jf)

2a=1 \2b—1,2b-2 2b—r—1x[%]+2,

_ a b
_(xy+xY , X ay y ,...,y
R _ila=Dr . (a=D)(b—1=(i—Dr—1)
., yb 1+zrxa L, yb+(l 1)}’16[7],7l ]+2,
belir a—la=br @ [@=he=2, 5
Y X h—l,...,yx[ -1 ) ),

where 1 <i <gcd(a—1, b—1). Its multiplicity mt(J; (D3)) equals b+ 1. The dimen-
sion of the 1-st Hodge moduli algebra My(D3) = Ox/J1(D3), by Lemma 3.1, is

(a—1)i
b—1

h—2
m1(D3) = (2a—1)+(b—2)a+a+Z ([ ]+2)—(gcd(a—1, b—-1)—-1)+1
i=1

_ (Ba+2)b—ged(a—1,b—1)—3
= > .

4. Proof of Main Theorem A
I. We compare singularities of types [F; and [F;:
(1) Suppose for singularities
Dy ={x"+y"=0}, 2<a <b,
Dy ={x24xy2 =0}, 1<ay—1<bs,
their O-th and 1-st Hodge moduli algebras are isomorphic, i.e.,

My(Dy) = My(D2), Mi(Dy) = M(D»).
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By our computation in Section 3 we have

mt(Jo(D1)) =a; — 1,

mt(J](D])) =a,
mo(Dy) = L= D1 = 1)2— ged(ar, by) +1
my(Dy) = (a1 — DB — 1)2_ ged(ay, by) + 1.

And
mt(Jo(D3)) =ax — 1,

mt(J;(D2)) = as,
az(by —1) —ged(az — 1, b2) + 1

mo(Dy) = > ,
3by — 1) —gcd(a, — 1, b 1
m1(Dy) = ar(3by — 1) gcz (a2 2) + '

Hence we obtain the equations

Cl]—l:az—l,

a; = ay,
(a1 = D1 —1) —ged(ar, b)) +1  ax(by—1) —ged(az — 1, b7) +1
2 o 2 ’
(ap —1)(3by — 1) — ged(ay, by) + 1 _ ar(3b, — 1) —ged(ar — 1, b)) + 1
2 o 2 ’
that is,
ap =da,

(a1 — Dby = azbs,
ged(ay, by) —ged(az — 1, b3) =az — (a) — D).

Its solutions are (ai, b1) = (az, aym), (az, by) = (ap, (ap — 1)m), where ay, m € N,
a>» >2,m > 1. And we have

W(F)) 1 1 1 1
w =Y 7 (=Y (>
! a; by a» a,m

«(Fy) 1 ay—1 1 1
A =1{—, ={—,—.
2 a, ayby a» aym

It follows that wt(F|) = wt(F>). Under these conditions, we obtain

Jo(Dp) = (x@7 ! x @72yl L yleminTh,
Jo(Dy) = (x@ 1, xa=2ym=t  yl@=bm=ly

i.e., Jo(D1) = Jo(D), which shows My(D) =~ My(D>) directly.
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(2) Suppose for singularities
Dy = {x" +y" =0}, 2<a <by,
Dy={x2+xy? =0}, ay—1=b=>1,
their O-th and 1-st Hodge moduli algebras are isomorphic, i.e.,
Mo(Dy) = Mo(D2), Mi(D1) = Mi(Dy).
By our computation in Section 3, we have
mt(Jo(D1)) = a1 — 1,

mt(J1 (D)) = ay,
(ay — 1)(by — 1) —ged(ay, by) + 1

moy(Dy) = 5
my(Dy) = (a1 —1)(3b1 — 1)2— ged(ay, by) + 1'

And
mt(Jo(D2)) = by — 1,

mt(J1(D2)) = by + 1,
a)(by — 1) —ged(ar — 1,b2) + 1

mo(D2) = 5 :
(Baz+2)(by — 1) —ged(ar — 1, b)) +3
mi(Dy) = .
2
Hence we obtain the equations
a) — 1= bz — 1,
ay=by+1,
(a1 — Dby —1) —ged(ar, b))+ 1 ax(by —1) —ged(ar — 1, by) +1
2 B 2 ’
(ar —1)@Bby —1) —ged(ar, b1) +1  (Bax+2)(by — 1) —ged(ar — 1, b2) +3
2 B 2 '

It has no solution.
II. We compare singularities of types [, and [F3:
(1) Suppose for singularities
Dy ={x?+xy2 =0}, ar—1>by>1,
Dy = {x®y 4+ xy” =0}, 1 <as < b,
their O-th and 1-st Hodge moduli algebras are isomorphic, i.e.,

My(D7) =~ My(D3), Mi(Dy) >~ M;(D3)
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By our computation in Section 3, we have
mt(Jo(D2)) = by — 1,
mt(J1(D2)) = b2 +1,
a(by —1) —ged(a, — 1, b2) + 1
2 9
(Baz+2)(by — 1) —ged(ar — 1, b)) +3
> .

mo(Dy) =

my(Dy) =

And
mt(Jo(D3)) = az — 1,

mt(J;(D3)) = a3 + 1,
asbs —ged(az —1,b3—1)—1

mo(D3) = 7 ,
a3(3b3 +2) —ged(az —1,b3—1)—3
my(D3) = = .
Hence we obtain the equations
by—1=a3—1,
by+1=az+1,
Clz(bz — 1) —gcd(a2 — l, bz) + 1 _ a3b3 —gcd(a3 — 1, b3 — l) —1
2 N 2 '
(Bar+2)(by—1) —ged(ar —1,b2)+3  a3(3b3+2) —ged(az —1,b3—1) -3
2 N 2 ’

that is,
by = a3,

arby +by —ay =azbs+az—1,
ged(ap —1,by) —ged(az —1,b3 — 1) =a3 — (by — 1).

Its solutions are (a», bp) = (mby + 1, by), (az, bz) = (b, m(by — 1) + 1), where
by,meN, by >2, m>1. And we have

H(Fy) 1 ao—1 1 m
w =1 = ) )
2 a, axby mby+1 mby+1

o bi—1 a3—1
w = ,
3 asbs — 1 azbs — 1

_ m 1
C\mby+1" mby+1[°

It follows that wt(F») = wt(F3). Under these conditions, we obtain

Jo(Dy) = (x™ 271 xm02m2y yhh,
Jo(D3) = (y" 2Dy By xh T,

i.e., Jo(D2) = Jo(D3), x — y, which shows My(D;) = My(D3) directly.
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(2) Suppose for singularities
Dy={x"+xy? =0}, l=a—1s<b,
Dy ={x“y+xy” =0}, 1=<a3<bs,
their O-th and 1-st Hodge moduli algebras are isomorphic, i.e.,
Moy(Dy) >~ Mo(D3), Mi(Dz) =~ M(D3)
By our computation in Section 3, we have
mt(Jo(D2)) =az — 1,

mt(J1(D2)) = as,
ax(by — 1) —ged(az — 1, by) + 1

mo(Dy) = >
3bp —1)—gcd(ar — 1, b 1
m1(Ds) = ar(3by — 1) g02 (az 2) + .

And
mt(Jo(D3)) = a3 — 1,
mt(J1(D3)) = a3+ 1,
a3b3 — gcd(a3 —1, b3 — 1) —1

mo(D3) = 5 ,

a3(3b3+2) —ged(az —1,b3—1)—3
5 .

mi(D3) =
Hence we obtain the equations

a—1=az—1,

a=az+1,
ar(by —1) —ged(ap — 1,b2) +1  azbs —ged(az — 1, b3 — 1) — 1
2 N 2 ’
ay(3by —1) —ged(a — 1,b2) + 1 a3(3b3+2) —ged(az —1,b3—1) -3
2 N 2 '

It has no solution.
III. We compare singularities of types F; and Fs:
(1) Suppose for singularities
Dy = {x" +y" =0}, 2<a <by,
Dy={x®y+xy" =0}, 1<a3<b
their O-th and 1-st Hodge moduli algebras are isomorphic, i.e.,

My(D1) =~ My(D3), M(Dy) >~ M;(D3)
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By our computation in Section 3, we have

mt(Jo(D1)) =a1 — 1,
mt(J1(D1)) = ay,
(@ — 1)(by — 1) —ged(ay, by) + 1

mo(Dy) = 5 ,

(@ —1)(3by — 1) — ged(ay, by) + 1
3 )

my(Dy) =

And
mt(Jo(D3)) = a3 — 1,
mt(Ji(D3)) =a3z+1,
a3b3 — gcd(a3 — 1, b3 — 1) —1

mo(D3) = 5 ,

az(3b3+2) —ged(az —1,b3—1) -3
> .

mi(D3) =

Hence we obtain the equations
a) — 1= a3z — 1,

ay=az+1,
(a1 — Dby —1) —ged(ar, b)) +1  azbz—ged(az —1,b3—1) -1
2 B 2 ’
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(a1 —1D)@Bb1 —1) —gcd(al, b)) +1 _ a3(3b3 +2) — gcd(a3 —1,b3—1)—3

2 2

It has no solutions.
(2) Suppose for singularities
Dy = {x" +y" =0}, 2<a; by,
Dy={x®y+xy" =0}, a3=b3=1,
their O-th and 1-st Hodge moduli algebras are isomorphic, i.e.,
Mo(Dy) = Mo(D3), Mi(Dy) = Mi(D3)
By our computation in Section 3, we have
mt(Jo(D1) =a; — 1,
mt(Jy(D1)) = ay,
(a1 —1)(by — 1) —ged(ar, b)) + 1
5 )

(a1 —D(3b1 — 1) —ged(ar, b)) +1
5 .

mo(Dy) =

my(Dy) =
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And
mt(Jo(D3)) =b3 — 1,
mt(J1(D3)) = b3 + 1,
a3b3—gcd(ag -1, b3 — 1)— 1
2 9
Baz+2)bs—ged(az—1,b3—1)—3
> .

mo(D3) =

mi(D3) =

Hence we obtain the equations

ar—1=b3—1,
ay=by+1,
(a1 =1 (b1 —1)—ged(ar, b1)+1 _ azb3—ged(az—1,b3—1)—1
2 - 2 ’
(a;—1)(3b; —1)—gecd(ay, b1)+1  (Baz+2)bs—ged(az—1,b3—1)—3
2 - 2 ’

It has no solution.

5. Proof of Main Theorem B
(1) For isolated quasihomogeneous curve singularity
Dﬁa’b) ={x+y"=0}, a,b>2,

since the 0-th Hodge moduli number is

(a—1)(b—1)—ged(a, b)+1
5 :

mo(DY""”) =

we have
81(a, b) —mo(D\“") = ged(a, b) — 1 > 0.

And we also have
81(a, b) —mo(D\“") = ged(a, b) — 1 < min{a, b} — 1 = me(D“?) — 1.

The equality holds if and only if min{a, b} = gcd(a, b), i.e., (a, b) = (a, am) or
(a,b) = (bm’, b) for some m, m’ € N.

(2) For isolated quasihomogeneous curve singularity
DYP = (x4 xyP =0}, a=2,b>1,

since the 0-th Hodge moduli number is

a(b—1)—ged(a—1,b)+1
2 b

b
mo(D5"™") =

we have
8y(a, b) —mo(DS?) = ged(a —1,b) > 1.
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And we also have
8y(a, b) —mo(DS"”) = ged(a — 1, b) < minfa — 1, b} = me(D?) — 1.
The equality holds if and only if min{a — 1, b} = gcd(a — 1, b), i.e., (a,b) =
(a, (a—1)m) or (a, b) = (bm’ + 1, b) for some m, m’ € N.
(3) For isolated quasihomogeneous curve singularity
D{P = (x%y+xy’ =0}, a,b>1,

since the 0-th Hodge moduli number is

ab—gced(a—1,b—1)+1
2 9

mo(D§"") =
we have
83(a, b) —mo(DS"?) = ged(@ —1,b—1) +1>2.
And we also have
83(a, b) —mo(DS"")y = ged(a—1,b—1)+1 <minfa —1,b— 1} + 1
= min{a, b} = mt(D”) — 1.

The equality holds if and only if min{a — 1,6 — 1} = ged(a — 1,6 — 1), ie.,
(a,b)=(a,(a—1Dm+1)or (a,b)=((b—1)m’'+1, b) for some m, m’ € N.

6. Some examples and conjectures

Example 6.1. Let curve singularities H; = {x?y 4+ xy® = 0} be defined by a
polynomial f(x,y) = x?y +xy® and H, = {x’y + xy* = 0} be defined by a
polynomial g(x, y) = x>y 4+ xy*. Then f is quasihomogeneous of weight type
(%, ﬁ; 1) and g is quasihomogeneous of weight type (%, %; 1). In [16], the
characteristic polynomials of f and g coincide:

Ar)=(t— D" =1) = A1)

So this tells us that the characteristic polynomial does not determine the weights of
the nondegenerate quasihomogeneous polynomial defining the singularity.

However, their i-th Hodge moduli algebras M;(D%) are not isomorphic for
i > ig(a), for a big enough ip(cr). Precisely speaking,

M;(D%) # M;(D$) forall i > 1,

where D? =aH;, j=1,2, for o = 1. In fact, we just simply observe this result by
their Hodge moduli numbers are different for i > 1 as follows:

singularity weight type mo(D) m(D) my(D) m3(D) mya(D) ms(D)

y+xy® (3,45 1) 5 18 32 46 60 74
Sy+xyt (£, 2:010) 5 19 39 49 64 79
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Example 6.2. Let f(z1, ..., z,, Wy, W) :z%+- . +z%+w%+w§p be a quasihomo-
geneous polynomial of weight type (%, cees %, %, #; l) with an isolated singularity
at the origin for any p € N. Let n > 0, even and ged(3, p) = 1. Then we know
their characteristic polynomials are
1P +12P + 1
A=

Hence A ¢(1)=1. By Theorem 8.5 in [4], each of their links K y = S.N{ f (z, w) =0}
is a topological sphere. Thus all K¢ for all p, (3, p) = 1, are homeomorphic to
each other though f(zy, ..., z,, wi, wy) are of the different quasihomogeneous
types for all p.

However, their i-th Hodge moduli algebras M; (D%) are not isomorphic for all
i >1andn > 2, where D* ={f(zy,..., 2, w1, wy) =0} for « = 1. In fact, we
have their 0-th Hodge ideal

for all n > 0, even.

(D) ifn>2,orn=0,p=1,2,
(wi, wy) ifn=0,p=>4,

Iy(D) = {

where ip = (%] — 1, is the smallest integer bigger than or equal to 4?” — 1. Then
we compute their 1-st Hodge ideal as follows. For example, if n = 2, we have
11(2)(D) = Y Ox- vj+ > Ox(fdia—aad;f)

v;€022 1<i<4
: a€ly(D)

- ; 2p—1
:(wlzl, w]wél)—i_(Z]’ZZa w%» wzp )
= (21, 22, w3, wlwél, wh),
2 2
IPD) =N+ 1P (D)

= (21, 22, w3, wyw], Wi,
where i = (%”1 —1land j; = [ZT”] — 1. And if n = 4, we have

11(4)(D): > 2(’)X.vj—i— 126 Ox(f0;a —aad; f)
vjeo= ae_l(l)(_D)

2 2p—1
=(Z1sZ2’ 13, Z4aw15w2p )5

I D) =N+ 17D
= (21, 22, 23, 24, WY, wip_l)-
So we obtain their corresponding Hodge moduli algebras

M (D) = Clz1, 22, wi, wal/ 1} (D) = Clwy, wa}/(w}, wywd, wh),

M7 (D) = Clar, 22,23, 24, wi, wal /17 (D) = Ty, wal/wi, wy" ™,
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which are not isomorphic obviously, since one can verify
dime MP (D) =iy + ji <2Q2p — 1) = dimg MY (D).

Thus these examples imply that Hodge moduli algebras and Hodge moduli
numbers (or the Hodge moduli sequence) are better invariants than the charac-
teristic polynomial (a topological invariant of the singularity) for nondegenerate
quasihomogeneous singularities.

It is an interesting question interesting whether Hodge numbers, Hodge ideals and
Hodge moduli algebras of singularities remain constant or isomorphic under some
deformations, like quasihomogeneous or semiquasihomogeneous deformations (or,
more generally, u-constant deformations). We give an example to explain that
the Hodge moduli numbers of isolated singularities may remain constant under
quasihomogeneous deformation.

Example 6.3. For quasihomogeneous polynomial
f=xr+y"

of weight wt(f) = (%, %; 1), let divisor DY = {f =0}, where a = 1. Then its 1-st

Hodge ideal and Hodge moduli algebra are

Ji(Dy) = (%, xy, y*),
M (D)) = Cix, y}/ (&%, xy, y*).
And for quasihomogeneous polynomial g = x> + y* 4+ xy? of weight wt(g) =

(% 4—1‘; 1), which is a quasihomogeneous deformation of f, let divisor D = {g =0},

where o = 1. Then its 1-st Hodge ideal and Hodge moduli algebra are
J1(Dy) = (x*, xy%, 2xy + 7, ),
M\ (Dy) = Cfx, y}/(x%, xy*, 2xy + 37, y*).

As C-vector spaces, M1(D1) and M(D,) have the same the C-basis:

Lx,y, y% .
Thus, the Hodge moduli numbers of D and D, are the same.
So we raise a conjecture from the above example.

Conjecture 6.4. Suppose F; is one of the three types! of quasihomogeneous polyno-
mial in C2, 1 <i <3. Let H; ;= F; +1tG; be a semiquasihomogeneous deformation
of F;,t € C, 1 <i < 3. Then the k-th Hodge moduli algebras of the divisors
D}, = {H;; =0} for o = 1, and D% = {F; = 0} for o = 1, have the same basis

ISee pages 351-352 in the introduction.
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over C for all £ > 0. Hence, their dimensions, i.e., their k-th Hodge moduli numbers,
are the same,

mi(D%) =mp(D%) Vk>0,V1<i<3,VteC.

And we can also ask whether the inequalities in Main Theorem B can be extended
to more general singularities. Suppose F; is one of the three types of quasiho-
mogeneous curve singularities, 1 < i < 3. Consider a p-constant deformation
H;; = F; +1tG; of F;, t € C. If we furthermore assume H;; is reduced, i.e., all
distinct irreducible factors of H;; have multiplicity 1, we have

n(Hip) = ju(Fy),

r(Hi:) <r(Fp).
By Lemma 2.7, we have

§(Hi) = 8(F),

where u, § and r are the same notation as in Lemma 2.7. So we have a corollary:

Corollary 6.5. Suppose the above Conjecture 6.4 is true. For a semiquasihomoge-
neous deformation H; ;, t € C, of F;, we have

8(D; ;) —mo(D; ;) <mt(D;;),

foranyt € C such that H; ; is a reduced polynomial, 1 <i <3, where D; ; ={H; , =0}
is the corresponding singularity, 5(D; ;) is the §-invariant of D;;, mo(D; ;) is the
0-th Hodge moduli number of D; ;, and mt(D; ;) is the multiplicity of D; ;.

Proof. In fact, one can verify the multiplicity of F; is not decreasing under the
above semiquasihomogeneous deformation for all 1 <i <3, i.e.,

mt(D; ;) > mt(D; o)

for any ¢ € C such that H; ; is areduced polynomial, 1 <i <3. And by Conjecture 6.4,
we have
mo(D;.r) = mo(D;0)

for any ¢ € C such that H;; is a reduced polynomial, 1 <i < 3. Finally, by the
discussion after Conjecture 6.4, we have

8(Dj,r) = 8(Diy)
for any ¢ € C such that H; , is a reduced polynomial, 1 <i < 3. So we have
8(Dj,r) —mo(Di ) < 6(Dj,0) —mo(Dj0) <mt(Djo) <mt(D;,),

for any ¢ € C such that H; ; is a reduced polynomial, 1 <i <3. U
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