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HYPERBOLIC L-SPACE KNOTS
NOT CONCORDANT TO ALGEBRAIC KNOTS

MACIEJ BORODZIK AND MASAKAZU TERAGAITO

We construct infinitely many hyperbolic L-space knots for which —3 [ Y is
not an integer, where Y is the Ozsvath—Stipsicz-Szabé upsilon function. None
of these knots can be concordant to a linear combination of algebraic knots.

1. Overview

Describing knot concordance groups and understanding Z-homology cobordism of
3-manifolds are listed among the most important problems in low-dimensional topo-
logy. Among many questions, a particular interest is about the position of various
classes of knots, respectively 3-manifolds, in the concordance group, respectively
in the group of Z-homology cobordisms.

It is well known [30] that each 3-manifold is Z-homology cobordant to a hyper-
bolic 3-manifold. On the other hand, there are 3-manifolds that are not Z-homology
cobordant to Seifert fibered manifolds [10]; recently it is proved [20] that the Seifert
fibered manifold span a subgroup of the group of Z-homology cobordism with
Z°°-summand as a quotient.

For link cobordisms, there is an abundance of similar questions. There are knots
that are not topologically concordant to alternating knots [16]. A refinement of the
argument in [16] shows that there exist knots that are not topologically concordant
to L-space knots [41]. On the other hand, all knots are topologically concordant to
strongly quasipositive knots [5], a statement that is definitely false in the smooth
category, because for all strongly quasipositive knots, all slice torus invariants are
equal, compare [14].

An algebraic link is defined as a link of a plane curve singularity. All such links
are graph links [12]. Also, all such links are L-space links by [17; 18]. Studying
the position of algebraic knots in the whole knot concordance group seems to bring
an immediate answer: while it is not stated explicitly in [41], the methods in that
paper suggest that the quotient of the topological concordance group by the group
of L-space knots has an infinite Z* summand. However, the position of algebraic
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knots in the concordance subgroup spanned by all L-space knots seems rather

mysterious. This question appears to be a natural generalization of a question on the

position of graph manifolds in the Z-homology cobordism group of 3-manifolds.
The main result of the paper is the following.

Theorem 1.1. There exist infinitely many hyperbolic L-space knots that are not
smoothly concordant to any linear combination of algebraic knots.

Plan of the proof. In Section 4 we construct an infinite family of knots K. By
Montesinos trick we show that each K, admits a positive L-space surgery. The
braid index of K, is bounded by 4 by construction. Combining this fact with the
lack of semigroup property of K,, we show that K,, are hyperbolic.

The proof that K, is not concordant to any linear combination of algebraic knots
involves computing the function Y of Ozsvéth, Stipsicz and Szab6 [33]. For L-space
knots, this function is determined from the Alexander polynomial of K,,, and to
pass from that polynomial to Y', we use an explicit algorithm described in [6]. The
computation of the Alexander polynomial of K,,, conducted in Section 4 involves a
surgery description of K,,, and Torres formula.

The main obstruction is the following. It was shown in [36] that if K is an
algebraic knot, then —3 /02 Yk (t) dt is an integer. In fact, echoing the calculation
of [4], one can express this integral via invariants of the underlying plane curves
singularity, compare Section 3.

Conversely, Theorem 4.1 shows that —3 foz Tk, is a nonintegral fraction of 5. So,
none of the knots K, can be expressed as linear combinations of algebraic knots.

The methods do not show whether the knots K,, generate a Z*° summand in
the quotient subgroup generated by the concordance classes of all L-space knots
modulo algebraic knots. However, we know that a subsequence of K, knots is
linearly independent in the topological concordance group, see Theorem 6.1.

The structure of the paper is the following. Section 2 gives a necessary back-
ground on the Y function. In Section 3, we recall Tange’s calculations of the
integral of the YT function and show some properties of the integral. In particular,
we introduce a purely Floer-theoretic invariant w and relate it to invariants of plane
curve singularities. These results are of independent interest, especially that they
give an algebrogeometric motivation for studying —3 /Y as a knot invariant.

The family of knots K, is constructed in Section 4. Their main properties are
stated in Theorem 4.1, whose part is proved in that section. The most difficult part,
showing that K,, are indeed L-space knots, is proved in Section 5.

Section 6 addresses the question of linear independence of knots K,. We study
roots of the Alexander polynomial of K, and show that a subsequence of K, is
linearly independent. We also show that Y function alone cannot prove that K,, are
independent modulo the group of algebraic knots.
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Finally, in Section 7 we provide a table of those L-space knots of [1] for which
—3 [T is not integral.

2. Review of the Y function

Recall that to a knot K in the 3-sphere, knot Floer homology associates a complex
CFK*(K) over the ring Z,[U, U —11, where U is a formal variable. The complex
is Z @ Z-filtered, Z-graded, and the multiplication by U lowers the grading by 2
and the filtration by (1, 1). The complex is defined up to bifiltered chain homotopy
equivalence.

In [33], a concordance invariant Y was extracted from this chain complex;
see also [26]. In short, for each ¢ € [0, 2], one associates a collapsed filtration.
If x € CFK*°(K) is at bifiltration level (a, b), we define its F,-filtration level
by fa+ (1 —%)b. Denote by Cs,, the subcomplex of CFK*(K) of elements at
Fi-filtration level < 5. As Cy, is a subcomplex of CFK*(K), there is a map
H;(Cs.;) = H;(CFK*(K)), where the subscript i denotes the homological grading
(the Z-grading) of the complex CFK™(K). Set

v(t) = min{s : Hy(C, ;) — Ho(CFK*(K)) is surjective}.

The function Y is defined by
T(t) = —2v(z).
Among many properties of the function Y, the most important for the sake of
this paper is that it is a concordance invariant. That is to say, if K is smoothly
concordant to K», then Yk, (t) = Yk, (¢) for all ¢ € [0, 2].
If K is an L-space knot, the complex CFK*°(K) is determined by the Alexander

polynomial, via so-called staircase complex. The Y function for such knots was
computed in [33]. To be more precise, write the Alexander polynomial

Ag=14+@—DE" +---+19),

with 1 <c¢; < --- < ¢ (such presentation is possible for all L-space knots, see [31]).
Let S = ZzO \{e1, ..., el

Definition 2.1 (see [40]). The set Sk is called the formal semigroup of the L-space
knot K.

An equivalent definition of Sk is via the power series expansion:

Ak (1) s
1—1t ZZI'

seSk

If K is algebraic, the set Sk is the semigroup of the underlying singularity. It is
an interesting question to study nonalgebraic L-space knots for which Sk has the
structure of a semigroup [37; 40].
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The T function of an L-space knot is related to the formal semigroup via the
Fenchel-Legendre transform of an extension of the function / : Z — Z such that
I :n+— #{Sk N[0, n)}; see [6]. In particular, for an L-space knot, Y is convex. It
is interesting to see for which knots the Y function is convex [21].

3. The integral of Y in algebraic geometry

It was proved by Tange [36] that —3 [ for an algebraic knot is an integer. We
recall his computations. We also show that the quantity —27 — 3 /'Y has a special
interpretation in singularity theory. This explains our initial interest in the invariant
—3 [ Y. We begin by recalling a standard definition; see [9; 12] for more details.

Let z € C? be a singular point of a complex algebraic curve C. Recall that the
multiplicity of a singular point, denoted m, is the minimal positive number that can
be obtained as a local intersection of C at z with another algebraic curve. The fact
that the point z is singular means that m > 1.

Suppose z has a single branch. Set m; = m. Blow up a singular point to obtain
anew curve C and denote by E the exceptional divisor of the blow-up. Usually
C will have a singular point at C N E. Denote by ms its multiplicity. If C is
smooth, then m, = 1 and we stop the procedure. The procedure can be iterated
until some strict transform C is smooth. Eventually we obtain a finite sequence
(my, my, ms, ..., my) of integers such that m; > 1 (usually we discard the last 1
from the sequence).

Definition 3.1. The sequence (my, ..., my,) is called the multiplicity sequence of a
unibranched singular point.

The multiplicity sequence is a complete topological invariant of a singular point,
in the sense that any two unibranched singular points with the same multiplicity
sequences are topologically equivalent. All topological invariants of the singularity
can be computed from the multiplicity sequence. For example, the following
formula was proved by Milnor [27], compare [9; 42]:

(32) pe =y mi(m;—1),
i=1

where p, is the Milnor number of the critical point. The Milnor number is equal to
twice the genus of the link of the singular point.
We introduce the quantity

2
3.3) w(K)=—3f Tk (@)dt —2t(K).
0

As we see, w is defined purely from Heegaard Floer-type invariants.
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Theorem 3.4. Let 7z be a singular point with one branch. Let K be the link of
singularity. Then w(K) =) (m; —1).
Proof. The proof relies on the following result of Tange [36], based on [13] and [3].

Lemma 3.5. For m > 1 define the function

. 1 . . 2i 2i42
() =—i(i+1)—smm—1-20)t ifte|—, .
m m
If a singular point 7 has link K and multiplicity sequence (my, ..., my), then

Tk =) T
i=1

Continuing the proof of Theorem 3.4, we use the following formula of [36]:
2 —m?+1
(3.6) Y, (2)dt = —
0

From (3.6) and Lemma 3.5 we conclude that

2
—3/ Tk () =) (m}—1).
0

For algebraic knots, 27(K) = u, is the Milnor number of the underlying singular
point. We conclude the proof by (3.2). (]

Corollary 3.7 (see [36]). For an algebraic knot, —3 f02T(t) dt is an integer.

We have the following interpretation of w(K), which is due to Zaidenberg
and Orevkov [42]. Blow up the critical point z until the reduced inverse image
D = 717 1(C)eq is a normal crossing divisor. Let Ey, ..., E, be the exceptional
divisors. Define the canonical divisor K; = ) «; E; by the condition that

K, -E;+E;-E;=-2 forall i.

Let C é be the strict transform of C.

Proposition 3.8 (see [42, Lemma 4]). For K the link of singularity at z, if 7 has
one branch, then o (K) = K - (K, + C)).

We conclude this section with a simple estimate for quasihomogeneous singular
points:

Proposition 3.9. If z is a quasihomogeneous singular point, topologically equiva-
lent to x? — y9 = 0 with p, q coprime, then

w(K)<p+q,

where K is the link of the singularity (in this situation, K is the T,,-torus knot).
Moreover, if p =2, then w(K) = %(q —1).
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Proof. The second part follows from the fact that the multiplicity sequence for the
singular point x? — y2**1 =0 is a length k sequence (2, ..., 2). For the first part
we observe that the multiplicity sequence is constructed as follows. Suppose p < q.
Then m; = p. The blow-up replaces (p, g) by (p, g — p) or (¢ — p, p) depending
on whether p < ¢ — p or g — p < p. It follows that ) ", m; = ¢, and hence

n
Zmi =p+gq.
i=1

Therefore w(K) < p+gq — 1. U

The implication of Proposition 3.9 is that w is a linear invariant, that is, its value
for the T, -torus knot grows like the sum of p and g, not like the product. The latter
behavior is more typical, the genus and the signature are examples, in particular,
for slice-torus invariants.

Another inequality involving w (K) is a generalization of the Zaidenberg—Orevkov
inequality [42, Section 11].

Proposition 3.10. For a cuspidal singular point z with Milnor number . and
multiplicity m we have u < mw.

Proof. Letmy, ..., m, be the multiplicity sequence of z. Thenm| >my > --->m,,.
This means that m; > (m; —1) > > m;(m; — 1), but in light of (3.2), this is precisely
the statement of the proposition. ([

4. The family K,

For n > 1, our knot K,, is given by the surgery description shown in Figure 1.
Let L = K U C; U C; be the oriented link as shown in Figure 1. If we perform
(—1)-surgery on C; and (—ﬁ)—surgery on Cy, then K is changed into K,,. Thus
K, is the closure of the 4-braid:

[2,1,3,2, (3,2, D%, 320+D 2],

where an integer k denotes the standard braid generator oy of the 4-string braid
group. In particular, K; is m211, and K, is 109284 in the SnapPy census [11].
Since K, is the closure of a positive braid, K, is fibered and its genus is equal to
n + 8. The diagram of K is given in Figure 1.

Theorem 4.1. For n > 1, the knot K, enjoys the following.

(1) K, is hyperbolic.
(2) (4n +24)-surgery on K, gives an L-space, so K,, is an L-space knot.
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Figure 1. The surgery description of K,, (left) and the knot K| = m?211 (right).
(3) For the upsilon invariant Yk, (t) of K,

2
1 =/ Tk, () dt = —(n+ ).
0

Thus —31 :311—1—@£ Z7.

The proof of the second property is deferred to Section 5. Our first step towards
proving Theorem 4.1 is to compute the Alexander polynomial. Once we know
it, using the fact that K, are L-space knots, we compute the integral proving (3).
Moreover, the Alexander polynomial will allow us to prove that K, is not hyperbolic.

Lemma 4.2. The Alexander polynomial of K,, is given by
Ak (1) = (t2n+16 _ t2n+15) + (t2n+12 _ t2n+11> + (t2n+10 _ t2n+9)
4 (t2n+7 o t2n+6) 4 (t2n+5 _ t2n+4) 4 (tll o th)
42—t =Pt 1.

Proof. Let L be the link as in Figure 1. The multivariable Alexander polynomial
of L can be readily computed using [11; 24]:

AL(x,y,2) =x"yz =Xy 2+ 27y 2+ x5y —xty? =&y
—2xyr 2ty + a7y ey — Pty — Py a2 — 1,

where the variables x, y, z correspond to the (oriented) meridians of K, Cy, C.
1

If we perform (—1)-surgery on C; and (—m)—surgery on Cj, then the link
K UC U, is changed into K, UC] U C7. Since these links have homeomorphic
exteriors, the induced isomorphism on the homology groups relates their Alexander
polynomials; compare [15; 29].

Let wg, pc, and pc, be the homology classes of meridians of K, Cy, Cy, respec-
tively. Each meridian has linking number one with the corresponding component.
Furthermore, let A¢, and Ac, be the homology classes of their oriented longitudes.

We see that Ac, =4ug and Ac, =2uk.
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Next, let g, , ucr and pucy be the homology classes of meridians of K, CY
and C5. Then we have that ik, =k, ey = —pce, Hrcys ey =—pe,+(n+1)Ac,.
Hence

UK = KK,s M, =—Rer 44Uk, e, = —per +2m+ Dk, .

Thus, we have the relation between the Alexander polynomials as

(4.3) Ag,ucrucy (6, y,2) = Ap(x, x*y ™ 20D,

Since Ik(K,, Cy) =1k(K, C3) =2 and Ik(CY, C3) =1k(Cy, C2) =0, the Torres
condition [39] gives
Ag,ucrucr (. y. 1) = (*y" = DAg,uen(x, ) = (= D Ag,uen (x, ).
Furthermore, since 1k(K,, C{) =1k(K, C1) =4,

x4

—1
1 AKn(x).

Ag,ucr(x, 1) =

Thus
x—1 A . 1) x—1
n x’ =
x4 K = DEZ-1)

Ak, (x) = Ag,ucnucs(x, 1, 1).

Then the relation (4.3) gives
t—1
(t*=1D)(>-1)

B 1
NGRS N(ES))

Ak, (1) = Ap(t, 1%, 2Dy

( 2n+2]_t2n+19+t2n+15_2t2n+13+t2n+12+t2n+9_t2n+8

+1B 22218154142 1)
1

2n+13 /.8 2n+15,.4 2n+9 /.4 2n+8 .4
= — |\ t°—1)—t t"—1)—t t"—1 t t"—1
o e (=)= =)+ B 1)

+2 =) =3t — ) =2 (' =D+ (P~ 1))

— t-"__l(t2n+l3(t4+1)_t2n+15_t2n+9+t2n+8+t9_tg_t2+(t4+1))

— H__l(t2n+15([2—1)+[2n+9(t4—1)+[9(12n_1+1)—[4(14—1)—(12—1))

=141

— l2n+15(t—1)—|—l2n+9(l‘2+1)(T_1)+t9 —t4(12—|—1)(t—1)—(l‘—1)

2n+16_t2n+15+t2n+12_t2n+1 1 +t2n+10_t2n+9

n—1
+t9<2(t2i—t2i_l)+l) = =t 41, O

i=1

=1
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1 4 6 3 4 6 3
3 5 5 3 2 5 15 3 2

o pol=

_n+8
2

_ 4n+26 :

g gl

n=1 n>2

Figure 2. The upsilon function Yk, (¢): the case n = 1 (left) and n > 2 (right).

In Definition 2.1 we have recalled the notion of a formal semigroup of an L-space
knot. While the proof that K, are L-space knots is given only in Section 5, it is
convenient to determine the Y function of K,, from the Alexander polynomial we
just computed.

First, we show that K, is not algebraic.

Lemma 4.4. The formal semigroup Sk, of K, is not closed under addition.

Proof. By Lemma 4.2, the formal semigroup Sk, of K, starts:

0,4,6,9,11,12,...,2n+5,....

Thus 4 € Sk, but 8 & Sk, . (]
Lemma 4.5. For n > 1, the upsilon function of K,, is given as
—(n+8)t (0<r=<3),
Tk, ()= -+t -2 (3=<t=<3%),

—n—Dt—6 (=<t=<1).
Fort e€[1, 2], we have Yk, (t) = Yk, (2 —1).
Figure 2 shows Yk, (#) whenn =1 andn > 2.

Proof. By [6], the upsilon function is the Fenchel-Legendre transform of the gap
function G (x) =2J (—x), in their notation, determined by the Alexander polynomial.
In fact, there is a handy description of the graph of G(x). Let us write Ag, (f) as
19 — 4 %2 — ... 419 Then the sequence of the jumps in the exponents is

(4.6) ay—ap,ay —ai, ..., —dy—1.

Consider the vectors u = (1, 2) and & = (1, 0) on R2. Then [38, Lemma 2.2]
shows that the graph of G (x) restricted on [—g, g] has a form of staircase specified
by (4.6). More precisely, we start at the point (—g, 0), and move a; — ap times
along u, then a; — a; times along k, and so on. Finally, we reach the point (g, 2g).
The function G(x) is O for x < —g, and 2x for x > g.
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Figure 3. The knot K;: the staircase (left) and the graph of the gap
function (right). The red lines are piecewise-linear convex supporting
functions, used to compute the Fenchel-Legendre transform.

By Lemma 4.2, the sequence of the jumps is

1,3,1,1,1,2,1,1,...,1,1,2,1,1, 1,3, 1.
———

2n—2

Thus the graph of G (x) goes through the points (—g, 0) = (—n—8,0), (—n—4, 2),
(—n+1,6), (n—1,2n+4), (n+4,2n+10) and (g, 2g) = (n+38, 2n+16), which
determine the convex hull. More precisely, the convex hull of G (x) is determined
by the following:

y=0 (x <—n-—3),

y =548 (—n—8<x<-n—4),
y=2(x+n+4+2 (-n—4<x<-n+l),
y=x+n+5 (—n+1=<x<n-1),

y= —3("72"74) +2n+10
y=2x

n—1<x<n+4),
n+4<x<n+38),
(x >n+8).

See Figure 3 for the case n = 1. Then the Fenchel-Legendre transformation

immediately gives the conclusion.

O

In Section 5, we prove that (4n + 24)-surgery on K, yields an L-space by using
the Montesinos trick. Once we admit it, it is easy to prove that K,, is hyperbolic.

Lemma 4.7. K, is hyperbolic.
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Proof. Recall that a torus knot of type (p, g) for 0 < p < ¢ has the formal semigroup
(p,q)=1{ap +bq | a, b > 0}, which is closed under addition. Hence K, is not a
torus knot by Lemma 4.4.

By [25], K, is prime. Assume that K,, is a satellite knot for a contradiction.
Since the bridge number of K,, is at most four, the companion is a 2-bridge knot
and the pattern has wrapping number two [35]. Since K, is an L-space knot, the
companion and the pattern knot are also L-space knots [2; 22]. Furthermore, the
pattern is braided. Thus the companion is a 2-bridge torus knot by [31], and K, is
its 2-cable. In other words, K, is an iterated torus L-space knot. Finally, Wang [40]
shows that the formal semigroup of such a knot is closed under addition. This
contradicts Lemma 4.4. O

Proof of Theorem 4.1. This immediately follows from Lemmas 4.5 and 4.7, and
Proposition 5.1 below. O

5. Montesinos trick

We use the Montesinos trick [28] to prove that the (4n+24)-surgery on K, yields an
L-space. For a surgery diagram of a strongly invertible knot or link, the Montesinos
trick describes the resulting closed 3-manifold as the double branched cover of
another knot or link obtained from the tangle replacements corresponding to the
surgery coefficients.

Figure 4 shows a surgery diagram in a strongly invertible position with the axis A.
After performing (—1)-surgery, we have K, with surgery coefficient 4n 4 24.

Take the quotient of K,, U A under the involution along A. Then we obtain
a two-component link shown in Figure 5. The Montesinos trick claims that the
resulting manifold of (4n + 24)-surgery on K, is the double branched cover of §3
branched over this link. Figures 6 and 7 show the deformations of the link.

Let us denote this link by £,,. We perform two resolutions as shown in Figure 8
at a crossing located in the box with n half twists. Let £, and £,,_; be the resulting
links. Then it is straightforward to calculate det ¢,, = 4n 4 24 and det £, = 4. (For
example, use the checkerboard pattern of the diagrams in Figures 7 and 9.) This
shows the equation det ¢, = det £,,_; + det {,. Thus if the double branched covers
of £,,_1 and £, are L-spaces, then so is the double branched cover of ¢, [8; 31; 32].

As shown in Figure 9, the link ¢, is the Montesinos link M(—%, —%, %) Thus
the double branched cover of £, is a Seifert fibered space over the 2-sphere with
three exceptional fibers of indices 2, 2, 2, which is elliptic. Then it is an L-space [31].

Inductively, it is enough to show that the double branched cover of ¢; is an
L-space. However, as shown in Figure 10, £; is the Montesinos link M (%, %, —%).
The double branched cover is also an elliptic Seifert fibered space, which is an
L-space.



44 MACIEJ BORODZIK AND MASAKAZU TERAGAITO

/

(n + 1)-half twists n + 1)-half twists

A

Figure 4. After (—1)-surgery, the surgery diagram gives (4n + 24)-
surgery on K,. Each rectangle box contains right-handed (n 4 1)-half
twists.

n+ 1 times

Figure 5. The double branched cover of S3 branched over this link gives
the resulting manifold of (4n + 24)-surgery on K,,.

Thus, we have shown that:

Proposition 5.1. For K, (4n 4+ 24)-surgery yields an L-space.

6. Linear independence of K,

Theorem 6.1. There is an increasing sequence a, such that the knots K,,, K4, . ..

are linearly independent in the topological concordance group.
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2n + 1 half twists

Figure 6. Deformation of the link.

Figure 7. Deformation of the link (continued).

X

Zn Zoc En—l

Figure 8. Two resolutions.

Proof. Recall that for any knot K, the Tristram—Levine signature function ok is a
piecewise constant function from S! to Z with discontinuities only at the roots of the
Alexander polynomial. We have the following classical result; see [23, Chapter 12]
for a classical approach and [34] for the proof under topological concordance.



46 MACIEJ BORODZIK AND MASAKAZU TERAGAITO

&2 (@

Figure 9. The link £+, with det £, =4 is the Montesinos link M (—1, —1, 1).
The double branched cover over this link is a Seifert fibered space over the

2-sphere with three exceptional fibers of indices 2, 2, 2, which is elliptic.

AR

Figure 10. The link ¢; is the Montesinos link M (% % —14—1).

Proposition 6.2. If K| and K, are topologically concordant, then ok, (t) = ok, (t)
for all but finitely many t in S'.

The next result is a consequence of the definition of the signature, it can be
deduced from the dévissage of the Blanchfield form. We refer an interested reader
to [7, Section 5].

Lemma 6.3. Suppose Ak (t) has a zero at ty € S' of odd multiplicity. Then, the
signature function has jump at ty, that is,

‘ulir&(a(zoe ) — ot ))) > 2.

Our goal is to find, for all knots K, with n > 11, a zero of A of odd multiplicity
of A on §', and very close to 1. First, we symmetrize the Alexander polynomial
for K, computed in Lemma 4.2 as

Uy = t—n—S((t2n+]6 — ISy (212 2n (2010 209y
(P2 Oy (205 g2y L (1 10y
+10 =+ =P+ =+ 1),
Decompose ¥, = ‘” + w,%, where
1/,; — 8 8 (T =Ty g g gt (g3 L pn=3)
F T Yy (T ) - (2 R

and
‘//2 :t_”_g(t“ _t12+‘”_t2n+4+t2n+5).

n
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It is now convenient to consider both functions on [0, 277]. To this end, write f = ¢'“,
and set 1,1, iu 1.2, iu

o) =59, (™),  Bu(u) =59, (").
We first deal with «,,. We have

o, (u) =cos(n+8)u —cos(n+7)u+cos(n+4)u—cos(n+3)u
+cos(n+2)u —cos(n+1)u+cos(n — 1) u —cos(n —2) u.

From the cosine sum formula we get

o, (u) = —2sin %(sin 405 4 in 2247 4 sin 2”;_3u + sin 2n—3u)'
Applying the sine sum formula we obtain
(6.4) on (1) = —4sin %(sin(n + 1) u cos 2u + sin nu cos %u)

The sign of the function ¢, near 0 can be examined using (6.4). Indeed, the sine

function is positive on (0, ), and hence sin(n + %) u is positive on (O, 3 +11) On

that interval, also cos 2u, sin nu and cos %u are positive. That is,

2
a, ) <0 foruc (0, m)

As for the expression 2, we note that
2n+6 4 411 —5/2 4 ;—n+5/2
2= I o I e o S
" (+1 (2 417172

Hence cos(n —5/2) u

2cos(u/2)
Then, /3,, 0) =3 and ﬂn(zn 5) = (0. We have assumed that n > 11. This implies
that >~ 2n ) Define y,, = o, + B,, so that v, (u) = z‘ﬁn (e'*). We have

— 1 u
Yn(0) = 3, )/n(m) <0.
Conversely, y, changes sign on the interval (0, 7). Let u,, be the smallest positive
zero of y, of odd multiplicity. Note that e“ is a root of the Alexander polynomial.

Bn(u) =

5 (0’ 2n+11

Remark 6.5. Computer experiments suggest that there is only one zero of y, in
that interval and that this zero is simple. We will not need this in the proof.

We can now define an infinite increasing sequence a,, such that K, are linearly
independent. To this end set a; = 11. Suppose ay, ..., a, are already defined.
As the function u — y,,, (#) is continuous, and y,, (0) = 1, there is A,, > 0 such
that y,,, (u) > 0 for all u € (0, ,,). We choose A,, in such a way that A, form a
decreasing sequence of real positive numbers.
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Positivity of y,, implies in particular that there are no jumps of the signature
function of K, , i.e., the signature jumps at all values of e’* for u € [0, A,,) are zero.
Choose a,,+1 by the condition that 2am:—5 < Ay. This means that u,, ., € (0, A,,).
Then, y,,, ., vanishes on u,, ., but for all j < m, y,, is positive near u,,,. In
particular, the signature jump at e/“»+! for K, ., 1s not zero. That is, the map W,
assigning to a knot half its signature jump at e’“+! is a homomorphism from the
topological concordance group to Z that vanishes on the subgroup spanned by
Kg, ..., K,,, and is not zero on K, ;.

The maps Wy, ..., define an isomorphism between the subgroup spanned by

K4, ..., and Z*. O

We conclude the section by the following statement.

Lemma 6.6. Suppose that Y’ is the Y function for the positive trefoil. Then,
Tk . = TKn +Y'.

n+1

Proof. Follows immediately from Lemma 4.5. ]

Corollary 6.7. The Y function alone is not sufficient to show that K,, are indepen-
dent in the concordance group modulo the subgroup generated by the algebraic
knots.

We remark that the signature jumps at ¢ = ¢>*//6 show that the trefoil does not

belong to the subgroup spanned by all the K,,, not even to the subgroup spanned
by all the K,,. Note that Lemma 4.2 computes the Alexander polynomial of K,
from the Alexander polynomial Ay, which is common for all n. It follows that
the value of the symmetrized Alexander polynomial of K,,, ¥,,(¢), depends only
onn mod 6. Forn =1, ..., 6, we can show that ¥, (¢) # 0 by direct computations.
Hence, none of the ¥, vanishes on ¢. The signature jump at ¢ is equal to zero for
all the K,,, but it is not zero for the trefoil.

We do not continue this argument, because these methods alone are insufficient
to prove independence of K, modulo the subgroup generated by the algebraic knots.
In fact, there exist linear combinations of algebraic knots with vanishing signature
jumps; see [19].

7. Specific knots

In [1], Baker and Kegel shown a list of 632 hyperbolic L-space knots from the
SnapPy census. For all of them, we have computed the Alexander polynomial using
SnapPy [11], and by a simple algorithm we have determined the Y function. The
expression —3 [ Y turned out to be nonintegral for 96 knots, with the denominators
in the set {3, 5,7, 10, 11, 14, 15, 21, 30, 35, 42, 70, 105, 385} (see below).
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