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WEIGHTED TOTAL VARIATION MINIMIZATION PROBLEM
WITH MIXED DIRICHLET–NEUMANN

BOUNDARY CONDITIONS

SAMER DWEIK

We study the problem of minimizing the weighted total variation of a normal-
ized BV function u plus a penalization on the weighted L1 norm of the trace
of u on the Neumann part 0 of the boundary, while assuming a Dirichlet
condition u = 0 on the complement part 0c ⊂ ∂�. We show that this problem
is a relaxation of some shape optimization problem of type Cheeger, that is,
both problems have the same minimum. Then, we prove that the level sets of
minimizers are optimal sets. Finally, we study the regularity as well as some
properties of these optimal sets.

1. Introduction

Let� be an open bounded set in RN and 0 is an open subset of ∂�. Let φ and ψ be
two nonnegative functions over � and w be defined on 0. Then, we are interested
in studying the following minimization problem:

(1-1) inf
{∫

�
ψ |Du| −

∫
0
w|u|∫

�
φ|u|

: u ̸= 0 ∈ BV(�), u = 0 on 0c
:= ∂�\0

}
.

The case when 0 = ∅ has been already considered in [6]. Moreover, the authors
in [16] have also studied problem (1-1) but in the case where 0 ⊂ ∂� and w = 0
on 0. The interest in studying problem (1-1) is motivated by a landslide model
(see [10]) in which φ and ψ represent the body forces and the (inhomogeneous)
yield limit distribution, respectively. When φ = ψ = 1 (which is not a relevant
assumption in landslides modeling) and 0=∅, the infimum in (1-1) can be restricted
to characteristic functions u = χA and so, we get

(1-2) min
{Per(A)

|A|
: A ⊂�

}
,

where Per(A) denotes the perimeter of the set A in RN in the sense of De Giorgi
(see [2]). This problem is known as Cheeger’s problem [9], its value λ(�) is called
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the Cheeger constant of � and its minimizers are called Cheeger sets of � (see also
[17; 18]). Moreover, λ(�) is the first eigenvalue of the 1-Laplacian on � [12; 13].
We note that the existence of an optimal set A⋆ in problem (1-2) is very simple and
it follows from the direct method in calculus of variations. In the case where the
densities φ and ψ are not uniform, but w = 0 on 0 ⊂ ∂�, problem (1-1) will be
the relaxation of the following problem:

(1-3) min
{∫

∂A\0
ψ∫

Aφ
: A ⊂�

}
.

This can be seen as a generalization of the Cheeger problem (1-2). However,
up to our knowledge, the case when w ̸= 0 has not been studied before in the
literature. In this paper, we will show that problem (1-1) is equivalent to the
following generalization of (1-3):

(1-4) min
{∫

∂A\0
ψ −

∫
∂A∩0

w∫
Aφ

: A ⊂�

}
.

We note that the existence of an optimal set to problem (1-4) is not guaranteed
here for an arbitrary weight w on 0. Indeed, the functional in (1-4) is not a priori
lower semicontinuous with respect to the weak* convergence in BV. Thus, this
additional difficulty imposed by the presence of a density w ̸= 0 was the main
motivation to write the present paper.

Inspired by [15], one can see that the variational formulation of the stationary
antiplane flow of an inhomogeneous Bingham (rigid viscoplastic) fluid can be stated
as follows: there is a function u ∈ H 1(�) with u = 0 on 0c such that

(1-5)
∫
�

∇u · ∇(v− u)+
∫
�

ψ |∇v| −

∫
�

ψ |∇u| ≥

∫
�

φ(v− u)+
∫
0

w(v− u)

for all v ∈ H 1(�) such that v = 0 on 0c. Assuming N = 2 the velocity field in the
domain D =�×R ⊂ R3 is given by u = (0, 0, u) with u = u(x1, x2). The viscosity
distribution is equal to 1; ψ is the yield limit distribution, φ is the body forces in
the x3 direction and, w is an additional force acting on the Neumann part 0. A
particular case of the Bingham model lies in the presence of rigid zones located in
the interior of the flow of the Bingham solid/fluid. As the yield limit ψ increases,
these rigid zones become larger and may completely block the flow so that u = 0 is
the solution of (1-5). Conversely, the Bingham fluid is blocked if and only if

(1-6)
∫
�

ψ |∇v| −

∫
0

wv ≥

∫
�

φv for all v ∈ H 1(�), v = 0 on 0c.

When considering oil transport in pipelines, in the process of oil drilling or in the
case of metal forming, the blocking of the solid/fluid is a catastrophic event to
be avoided. From (1-6), one can see the infimum in (1-1) as a safety coefficient.
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In other words, the Bingham fluid is not blocked if and only if inf (1-1)< 1. In a
completely opposite context, when modeling landslides, the solid is blocked in its
natural configuration and the beginning of a flow can be seen as a disaster. Here,
the 1/inf (1-1) appears as a safety coefficient.

Notice that problem (1-1) can be seen as a study of the “eigenvalue problem” for
the following degenerate inhomogeneous equation with mixed Dirichlet–Neumann
boundary conditions (where the first eigenvalue is λ⋆ := inf (1-1)):

−∇ ·
[
ψ ∇u

|∇u|

]
= λφ in �,

ψ
[

∇u
|∇u|

· n
]
= w on 0,

u = 0 on 0c.

On the other hand, the properties of Cheeger sets (i.e., optimal sets in (1-2))
have been studied in several papers (see [1; 8]). One of the very important results
concerning the regularity of Cheeger sets, is that the internal boundary of Cheeger
sets have constant curvature. In [16], the authors have also generalized some of
these properties to optimal sets of the generalized Cheeger problem (1-3). More
precisely, they show that the curvature of the boundary of any optimal set A⋆ at any
point x in the interior of � is given by

κ(x)=
λ⋆φ(x)+ ∂nψ(x)

ψ(x)
,

where ∂nψ(x) is the inward normal derivative on ∂A⋆ at x (so, ψ should be at least
of class C1). Moreover, if ∂A⋆ crosses 0 at some point x where 0 is C1 around x ,
then the tangent line to ∂A⋆ at x must be orthogonal to 0.

This paper is organized as follows. In Section 2, we will show that problems (1-1)
and (1-4) have the same minimal value and that each of these two problems has
a solution. More precisely, we will show that from a minimizer of (1-1) one can
construct an optimal set of (1-4) simply by considering its superlevel sets. Moreover,
we will study in Section 3 the regularity properties of these optimal sets. Finally,
we conclude the paper by some examples in Section 4.

2. Existence of solutions

Throughout this section, we assume that �⊂ RN is an open bounded connected
domain with Lipschitz boundary, φ(x) ≥ φ0 > 0 is a bounded function and,
ψ(x) ≥ ψ0 > 0 is a continuous function on � (where ψ0, φ0 ∈ R+ are fixed).
Let 0 be a closed subset of ∂� and w be a bounded function on 0. Then, we
consider the minimization problem

(2-1) inf
{∫

�
ψ |Du| −

∫
0
w|u|∫

�
φ|u|

: u ∈ BV(�), u = 0 on 0c
}
.
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We recall that proving existence of a minimizer for problem (2-1) is a difficult task
due to different facts. First, we do not have a priori compactness: if (un)n is a
minimizing sequence then it is not clear if one can extract a subsequence converging
weakly⋆ in BV(�) and even so (i.e., assuming that un ⇀

⋆ u in BV(�)), since the
trace map is not lower semicontinuous with respect to this topology then it is not
true in general that un ⇀ u in L1(∂�) and so, we do not know whether the limit
function u satisfies the Dirichlet condition u = 0 on 0c or not. In particular, it is
possible that a solution to this problem (2-1) does not exist! So, the idea is to relax
the boundary condition u = 0 on 0c by adding a penalty term in the functional; this
is a classical tool in the theory of Calculus of Variations and it has also been used
to prove existence of a solution to the BV least gradient problem (see [20]).

Let �̃ be an open bounded Lipschitz extension of � such that 0 ⊂ ∂�̃ and
0c

⊂ �̃. Then, we consider the following relaxation of (2-1):

(2-2) inf
{∫

�̃
ψ |Du| −

∫
0
w|u|∫

�̃
φ|u|

: u ∈ BV(�̃), u = 0 on �̃\�

}
.

Note that
∫
�̃
ψ |Du| =

∫
�
ψ |Du| +

∫
0cψ |u|. But again, it is not easy to show

existence of a solution to the relaxed version (2-2) since in general the map
u 7→ −

∫
0
w|u| is not lower semicontinuous with respect to the weak* convergence

in BV(�̃). More precisely, we will show that the lower semicontinuity of the
functional in (2-2) depends on the L∞-bounds of ψ and w as well as the regularity
of the Neumann part 0. To motivate this fact, we consider the following examples.

Example 2.1. Let �= ]0, 1[
2, 0 = ({0}×[0, 1])∪ ([0, 1]×{0}), ψ =ψ0 > 0 and

w = w0∈ R. Set un(x1, x2) = n · χEn where En :=
{
(x1, x2) ∈ � : x1 + x2 ≤

1
n

}
.

Then, it is clear that un ⇀
⋆ 0 in BV(�). However,∫

�̃

ψ |Dun| −

∫
0

w|un| =
√

2ψ0 − 2w0 < 0

as soon as w0
ψ0
>

√
2

2 .

Example 2.2. Assume that � = B(0, 1), 0 is a smooth arc of ∂�, ψ = ψ0 > 0
and w = w0 ∈ R. Take un(x) = min{|x |, (n − 1)(1 − |x |)}. Then, it is clear that
un ⇀

⋆ u := |x | in BV(�). But, we have∫
�̃

ψ |Dun| −

∫
0

w|un| = πψ0

[(
1 −

1
n

)2
+ (n − 1)

(
1 −

(
1 −

1
n

)2 )]
−→ 3πψ0 <

∫
�̃

ψ |Du| −

∫
0

w|u| = ψ0(π +H1(0c))−w0H1(0)

as soon as w0
ψ0
<−1.

We start by showing that problems (2-2) and (2-1) are completely equivalent.
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Proposition 2.3. Problems (2-1) and (2-2) have the same minimal value. If u is
a solution for problem (2-1), then u solves problem (2-2). In addition, if u is a
solution for problem (2-2) with u = 0 on 0c then u solves problem (2-1).

Proof. It is obvious that inf (2-2) ≤ inf (2-1). On the other hand, fix u ∈ BV(�̃)
such that u = 0 on �̃\�. For every n ∈ N⋆, let ηn be a cutoff function such that
0 ≤ ηn ≤ 1, ηn(x) = 0 on 0 and, ηn(x) = 1 for all x ∈ � with dist(x, 0c) > 1/n.
Now, set un = ηn u. Then, we have un = 0 on 0c. In addition, it is clear that un → u
in L1(�) and so,

∫
�
φ|un| →

∫
�
φ|u|. Moreover, one has

(2-3)
∫
�

ψ |Dun| =

∫
�

ψ |ηn Du + u Dηn| ≤

∫
�

ψηn|Du| +

∫
�

ψ |Dηn| |u|

−→

∫
�

ψ |Du| +

∫
0c
ψ |u| dHN−1.

Yet, we also have ∫
0

w|un| =

∫
0

wηn|u| −→

∫
0

w|u|.

Hence,

lim
n

[∫
�

ψ |Dun| −

∫
0

w|un|

]
≤

∫
�

ψ |Du| +

∫
0c
ψ |u| −

∫
0

w|u|.

Finally, we get that

inf (2-1) ≤ lim
n

[∫
�
ψ |Dun| −

∫
0
w|un|∫

�
φ|un|

]
≤

∫
�̃
ψ |Du| −

∫
0
w|u|∫

�̃
φ|u|

.

Since u is arbitrary, then we infer that inf (2-1) ≤ inf (2-2). Consequently, equality
inf (2-1) = inf (2-2) holds. The rest follows immediately from this equality. □

Remark 2.4. We clearly see that one can restrict problem (2-2) to nonnegative
functions (just by replacing u with |u|) and so,

min (2-2) = min
{∫

�̃
ψ |Du| −

∫
0
wu∫

�̃
φu

: u ̸= 0 ∈ BV(�̃), u ≥ 0, u = 0 on �̃\�

}
.

In the sequel, we will only consider nonnegative solutions to (2-2).

In order to prove existence of a solution to the relaxed problem (2-2), we need
first to introduce the following constant:

(2-4) 3⋆ := sup
{ ∫

0
w|u|∫

�
ψ |Du|

: u ̸= 0 ∈ BV(�), u = 0 on 0c
}
.

Also, the analysis will be performed under the following geometric assumption.

Definition 2.5. Suppose that 0 is of class C1. We say that� satisfies a C1-extension
property near 0c if there exists an open bounded set �̃ with C1 boundary such that
�⊂ �̃ and ∂�∩ ∂�̃= 0.
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Then, we have the following existence result.

Proposition 2.6. Assume 0 is C1, � satisfies a C1-extension property near 0c,
∥w∥∞ ≤ ψ0 and, 3⋆ < 1. Then, problem (2-2) reaches a minimum.

Proof. Let (un)n be a minimizing sequence in problem (2-2). For every n ∈ N,
set ũn := un/

∫
�̃
φ|un|. So, it is clear that (ũn)n is also a minimizing sequence. In

particular, there is a constant C <∞ such that∫
�̃

ψ |Dũn| −

∫
0

w|ũn| ≤ C for all n ∈ N.

Hence,

(1 −3⋆)

∫
�̃

ψ |Dũn| ≤

∫
�̃

ψ |Dũn| −

∫
0

w|ũn| ≤ C for all n ∈ N.

Since 3⋆ < 1 and ψ ≥ ψ0 > 0, then we get that

(2-5)
∫
�̃

|Dũn| ≤ C for all n ∈ N.

Yet, we have ∥φũn∥L1 =1 and φ≥φ0>0. Hence, up to a subsequence, ũn converges
weakly* in BV(�̃) to some function ũ. In particular, ũn → ũ strongly in L1(�̃).
This implies that ∥φũn∥L1 → ∥φũ∥L1 = 1 and ũ = 0 on �̃\�.

On the other side, inspired by [22, Proposition 1.2], we also claim that the
functional in (2-2) is lower semicontinuous with respect to the weak* convergence
in BV(�̃) and so, ũ is a minimizer in (2-2). First, we clearly have∫
�̃

ψ |Dũn| −

∫
0

w|ũn| −

∫
�̃

ψ |Dũ| +

∫
0

w|ũ|

≥

∫
�̃

ψ |Dũn| −

∫
�̃

ψ |Dũ| − ∥w∥∞

∫
0

|ũn − ũ|.

Fix ε>0. Then, we define Aε :={x ∈ �̃ :d(x, ∂�̃)≤ε}. Let ηε ∈C∞

0 (�̃) be a cutoff
function such that 0≤ηε≤1 and ηε=1 on �̃ε := �̃\Aε. Set vε,n := (1−ηε)(ũn−ũ).
By the trace inequality for BV functions (see [3]), there are two constants c1 and c2

such that ∫
∂�

|vε,n| ≤ c1

∫
Aε
|Dvε,n| + c2

∫
Aε
|vε,n|.

Thus, we get that

(2-6)
∫
0

|ũn − ũ|

≤ c1

∫
Aε
(1−ηε)|D(ũn − ũ)|+ c1

∫
Aε
|ũn − ũ| |Dηε|+ c2

∫
Aε
(1−ηε)|ũn − ũ|

≤
c1

ψ0

∫
Aε
ψ |D(ũn − ũ)|+

C
ε

∫
Aε
|ũn − ũ|,
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where the constant C depends on c2. Hence, one has∫
�̃

ψ |Dũn| −

∫
0

w|ũn| −

∫
�̃

ψ |Dũ| +

∫
0

w|ũ|

≥

∫
�̃

ψ |Dũn| −

∫
�̃

ψ |Dũ| −
c1∥w∥∞

ψ0

∫
Aε
ψ |D(ũn − ũ)| −

C∥w∥∞

ε

∫
Aε
|ũn − ũ|

≥

∫
�̃

ψ |Dũn| −

∫
�̃

ψ |Dũ| −
c1∥w∥∞

ψ0

∫
Aε
ψ |Dũn| −

c1∥w∥∞

ψ0

∫
Aε
ψ |Dũ|

−
C∥w∥∞

ε

∫
Aε
|ũn−ũ|

≥

∫
�̃ε

ψ |Dũn|−

∫
�̃ε

ψ |Dũ|+

(
1−

c1∥w∥∞

ψ0

)∫
Aε
ψ |Dũn|−

(
1+

c1∥w∥∞

ψ0

)∫
Aε
ψ |Dũ|

−
C∥w∥∞

ε

∫
Aε
|ũn−ũ|.

Since 0 is C1 and � satisfies a C1-extension property near 0c, then the boundary
of �̃ is of class C1 and so, thanks to [3, Theorem 4], one can assume that in (2-6)
the constants c1 = 1 + δ and c2 = c2(�, δ), where δ > 0 can be chosen sufficiently
small. Let ∥w∥∞ <ψ0. Hence, choosing δ > 0 small enough, we infer that∫
�̃

ψ |Dũn| −

∫
0

w|ũn| −

∫
�̃

ψ |Dũ| +

∫
0

w|ũ|

≥

∫
�̃ε

ψ |Dũn| −

∫
�̃ε

ψ |Dũ| − (2 + δ)

∫
Aε
ψ |Dũ| −

C∥w∥∞

ε

∫
Aε
|ũn − ũ|.

Passing to the limit when n →∞ and using the lower semicontinuity of the weighted
total variation (see [6, Corollary 1])

lim inf
n

∫
�̃ε

ψ |Dũn| ≥

∫
�̃ε

ψ |Dũ|

as well as the L1 convergence, we get

lim inf
n

[∫
�̃

ψ |Dũn| −

∫
0

w|ũn|

]
−

∫
�̃

ψ |Dũ| +

∫
0

w|ũ| ≥ −(2 + δ)

∫
Aε
ψ |Dũ|.

Let ε→ 0+, this yields that

lim inf
n

[∫
�̃

ψ |Dũn| −

∫
0

w|ũn|

]
−

∫
�̃

ψ |Dũ| +

∫
0

w|ũ| ≥ 0.

Finally, assume that ∥w∥∞ = ψ0. So, we will prove lower semicontinuity of the
functional in (2-2) by approximation. More precisely, fix ζ > 0 small enough. Then,∫

�̃

ψ |Dũn| −

∫
0

w|ũn| =

∫
�̃

ψ |Dũn| − (1 − ζ )

∫
0

w|ũn| − ζ

∫
0

w|ũn|.
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Recalling (2-5) and the fact that 3⋆ < 1, we infer that

lim inf
n

[∫
�̃

ψ |Dũn| −

∫
0

w|ũn|

]
≥ lim inf

n

[∫
�̃

ψ |Dũn| − (1 − ζ )

∫
0

w|ũn|

]
− Cζ

≥

∫
�̃

ψ |Dũ| − (1 − ζ )

∫
0

w|ũ| − Cζ.

Since ζ > 0 is arbitrarily small, then this concludes the proof of our claim. □

Remark 2.7. Ifw= 0 then the C1 regularity of 0 is not needed and, the existence of
a solution to problem (2-2) is trivial in this case. In Example 2.1, take w0 =ψ0 = 1,
then the condition ∥w∥∞ ≤ ψ0 is well satisfied but, the functional

u 7→

∫
�̃

ψ |Du| −

∫
0

w|u|

is not lower semicontinuous due to the lack of C1-regularity of the arc 0. However,
in Example 2.2, the arc 0 is smooth but the functional is always not lower semicon-
tinuous provided that w0 <−ψ0. This shows the necessity of the assumptions we
made in Proposition 2.6.

Remark 2.8. Although problem (2-2) has a solution u but it is still not clear whether
this solution solves problem (2-1), or equivalently if this solution u satisfies the
Dirichlet condition (u = 0 on 0c). In fact, we will see that this is not necessarily
the case and, a solution to (2-1) may not exist.

On the other hand, one can also study the summability of a solution u in (2-2).
Inspired by the proof of [13, Proposition 7] (see also [6, Theorem 4]), one can show
that any solution of (2-2) must be bounded. For this aim, we start by the following.

Proposition 2.9. Let H be a Lipschitz nondecreasing function on R+ with H(0)=0.
For any nonnegative solution u of problem (2-2), the function H(u) is also a solution
for (2-2).

Proof. This proof follows the lines of the proof of [6, Proposition 1]. First, let us
assume that H is smooth. Then, we consider the Cauchy problem:

(2-7)
{
∂t y(t, v)= −H(y(t, v)), t ≥ 0,
y(0, v)= v.

Let y(t, v) be the solution of (2-7). Thanks to our assumptions on H , y(t, v) is
smooth. For every t ≥ 0, we define ut = y(t, u) (so, we have u0 = u). Now, we
consider the map

h(t)=

∫
�̃

ψ |Dut | −

∫
0

wut − λ⋆
∫
�̃

φut ,

where we recall that λ⋆ = min (2-2). Since u0 is a minimizer for problem (2-2)
and ut = 0 on �̃\� for every t ≥ 0 (this follows from the fact that y(t, 0) = 0
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and the uniqueness of the solution in (2-7)), then h has a minimum at t = 0. In
particular, we have

lim
t→0+

h(t)− h(0)
t

≥ 0.

Yet,
h(t)− h(0)

t
=

∫
�̃

ψ
|Dut | − |Du0|

t
−

∫
0

w
ut − u0

t
− λ⋆

∫
�̃

φ
ut − u0

t
.

For every x ∈ �̃∪0, we have

ut(x)− u0(x)
t

=
y(t, u(x))− y(0, u(x))

t
−→ −H(u(x)).

Taking the derivative with respect to v in (2-7), we get that{
∂t [∂v y(t, v)] = −H ′(y(t, v)) ∂v y(t, v), t ≥ 0,
∂v y(0, v)= 1.

Hence,
∂v y(t, v)= e−

∫ t
0 H ′(y(s,v)) ds

≥ 0.

By the chain rule for BV functions (see [2]), we have

|Dut | = ∂v y(t, u) |D̃u| + [y(t, u+)− y(t, u−)] ·HN−1 Ju,

where u+ and u− are respectively the approximate upper and lower limits, Ju is
the jump set of u, and the nonnegative measure |D̃u| is the sum of the absolutely
continuous part and the Cantor part of |Du|. Consequently, we have

|Dut | − |Du0|

t
=
∂v y(t, u)− ∂v y(0, u)

t
|D̃u|

+
[y(t, u+)− y(0, u+)] − [y(t, u−)− y(0, u−)]

t
·HN−1 Ju

−→ −H ′(u)|D̃u| − [H(u+)− H(u−)] ·HN−1 Ju .

Therefore,∫
�̃

ψ H ′(u)|D̃u| +

∫
Ju

ψ[H(u+)− H(u−)]HN−1
−

∫
0

wH(u)− λ⋆
∫
�̃

φH(u)≤ 0.

Since H ′
≥ 0 and |D(H(u))| = H ′(u)|D̃u| + [H(u+)− H(u−)] ·HN−1 Ju , this

yields that H(u) also minimizes (2-2). Finally, it remains to extend the result to the
case when H is not smooth; but this can be done by approximation. In fact, one can
approximate H with a sequence of smooth Lipschitz increasing functions Hn with
Hn(0)= 0 such that Hn(u) converges weakly* to H(u) in BV(�̃). Hence, Hn(u)
is a solution to (2-2) for every n. Yet, recalling the proof of Proposition 2.6, we
know that the functional in (2-2) is lower semicontinuous with respect to the weak*
convergence in BV(�̃). This yields that H(u) is also a solution. □
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Under the assumptions of Proposition 2.6, we get the following summability
result as a consequence of Proposition 2.9.

Proposition 2.10. Let u be a solution for problem (2-2), then u belongs to L∞(�).

Proof. Fix M > 0 large enough. Thanks to Proposition 2.9, uM := min{u,M} is a
solution for problem (2-2). Therefore, we have

(2-8)
∫
�̃

ψ |DuM | −

∫
0

wuM = λ⋆
∫
�̃

φuM ≤ λ⋆∥φ∥∞∥uM∥1.

Since 3⋆ < 1 and ψ ≥ ψ0 > 0, then by (2-8) we get

(2-9)
∫
�̃

|DuM | ≤
λ⋆∥φ∥∞

ψ0(1 −3⋆)
∥uM∥1.

Yet, one has
∥uM∥ N

N−1
≤ C

∫
�̃

|DuM |.

Hence,

(2-10) ∥uM∥ N
N−1

≤ C∥uM∥1.

But, it is clear that u p
M is also a solution for problem (2-2) for all p ≥ 1. Then,

thanks to (2-10), we also have

∥u p
M∥ N

N−1
≤ C∥u p

M∥1.

This yields that
∥uM∥ N p

N−1
≤ C1/p

∥uM∥p.

Fix n ∈ N. Then, by induction, we get that

∥uM∥( N
N−1)

n ≤ C(
N−1

N )
n−1

∥uM∥
( N

N−1)
n−1 ≤ C[( N−1

N )
n−1

+( N−1
N )

n−2
+···+1]∥uM∥1.

Consequently,

∥uM∥( N
N−1)

n ≤ C N[1−( N−1
N )

n
]∥u∥1 for all n ∈ N.

Passing to the limit when n → ∞, this yields that

(2-11) ∥uM∥∞ ≤ C N
∥u∥1.

Finally, letting M → ∞ in (2-11), this concludes the proof that u ∈ L∞(�). □

In addition, one can show that problem (2-2) is also equivalent to a shape
optimization problem of type Cheeger and that any superlevel set of a solution u
is an optimal set (see [7; 16; 17] for similar level-sets approach for variational
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problems involving total variation minimization). More precisely, we introduce the
following problem:

(2-12) min
{

Perψ(A)−
∫
∂⋆A∩0

w∫
Aφ

: A ⊂�

}
,

where

Perψ(A) :=

∫
�̃

ψ |DχA| =

∫
�∪0c

ψ |DχA| =

∫
∂⋆A\0

ψ dHN−1

is the weighted perimeter of A that is taken relative to �̃ (or equivalently, relative
to �∪0c since A is assumed to be a subset of �) and ∂⋆A denotes the reduced
boundary of A. Under the assumptions of Proposition 2.6, we have the following.

Proposition 2.11. The values of problems (2-2) and (2-12) coincide (that is,
min (2-2) = min (2-12)). In addition, a function u solves (2-2) if and only if the
superlevel sets At := {u > t} solve (2-12), for almost all t ≥ 0. In particular,
problem (2-12) admits an optimal set A⋆.

Proof. By considering characteristic functions u := χA where A ⊂� in (2-2), it is
obvious that we get min (2-2) ≤ min (2-12). Now, let us show the reverse inequality.
Fix u ∈ BV(�̃) with u ≥ 0 and u = 0 on �̃\�. Using the coarea formula, we have∫

�̃

ψ |Du| −

∫
0

wu =

∫
+∞

0

∫
∂⋆At\0

ψ dHN−1
−

∫
+∞

0

∫
∂⋆At∩0

w dHN−1 dt

=

∫
+∞

0

Perψ(At)−
∫
∂⋆At∩0

w dHN−1∫
At
φ

(∫
At

φ

)
dt

≥ min
{

Perψ(A)−
∫
∂⋆A∩0

w∫
Aφ

: A ⊂�

} ∫
+∞

0

(∫
At

φ

)
dt(2-13)

= min
{

Perψ(A)−
∫
∂⋆A∩0

w∫
Aφ

: A ⊂�

} ∫
�̃

φu

Hence,

min (2-2) ≥ min
{

Perψ(A)−
∫
∂⋆A∩0

w∫
Aφ

: A ⊂�

}
.

This yields that min (2-2) = min (2-12). Moreover, if u is a minimizer in (2-2) then
the inequality in (2-13) becomes equality. Yet, this means that for almost every
t ≥ 0, we have

Perψ(At)−
∫
∂⋆At∩0

w∫
At
φ

= min
{

Perψ(A)−
∫
∂⋆A∩0

w∫
Aφ

: A ⊂�

}
.

Consequently, the superlevel sets At = {u > t} solve (2-12), for almost every t ≥ 0.
The last statement follows directly from Proposition 2.6. □
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Remark 2.12. In fact, one can show in Proposition 2.11 that for every t ≥ 0, the
superlevel set At = {u > t} is optimal for problem (2-12). Indeed, let (tn)n be a
decreasing sequence such that tn → t and Atn is optimal in (2-12) for all n. Recalling
the estimate (2-9), we have

Perψ(Atn )≤
λ⋆∥φ∥∞

ψ0(1 −3⋆)
|Atn | ≤

λ⋆∥φ∥∞

ψ0(1 −3⋆)
|�|.

Hence, χAtn
is bounded in BV(�) and so, up to a subsequence, χAtn

⇀⋆ χAt in
BV(�). In particular, one has Per(At) <∞. Finally, the lower semicontinuity of
the functional in (2-2) yields that χAt is also a solution for problem (2-2).

Remark 2.13. Similarly to the proof of Proposition 2.11 about the equivalence
between problems (2-2) and (2-12), one can show using the coarea formula that

3⋆ = sup
{ ∫

0
w|u|∫

�
ψ |Du|

: u ̸= 0 ∈ BV(�), u = 0 on 0c
}

= sup
{∫

∂⋆A∩0
w

Perψ(A)
: A ⊂�

}
.

In particular, we have 3⋆ < 1 if and only if

(2-14)
∫
∂⋆A∩0

w < Perψ(A) for all A ⊂�.

This condition is always satisfied as soon as w ≤ 0. Otherwise, it holds obviously
if for all A ⊂�, we have

HN−1(∂⋆A ∩0) <
ψ0

∥w+∥∞

Per(A).

For instance, if ∥w+
∥∞ ≤ ψ0 and 0 is a line segment, then the inequality above is

clearly satisfied. Now, assume that 0 is not a line segment, the distance between the
endpoints of 0 is D and the length of 0 is L . Then, we see that when the ratio L/D
increases, the factor ψ0/∥w

+
∥∞ should be large enough in order to guarantee the

existence of a solution to problem (2-12).

We conclude this section by showing that any solution u has a flat part {u =∥u∥∞}.
This result has already been proven in [6, Theorem 5] but the proof here is completely
different and we also consider it much simpler. More precisely, we have the
following.

Proposition 2.14. Let u be a solution of problem (2-2). Then, |{u = ∥u∥∞}|> 0.

Proof. Let At := {u ≥ t} ̸= ∅ be a superlevel set of u. Thanks to Proposition 2.11,
we know that At is an optimal set in problem (2-12). Hence, one has

(2-15)
∫
�̃

ψ |DχAt | −

∫
∂⋆At∩0

w = λ⋆
∫

At

φ.
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From Remark 2.13 and since 3⋆ < 1, we get

λ⋆∥φ∥∞ |At | ≥ λ⋆
∫

At

φ =

∫
�̃

ψ |DχAt | −

∫
∂⋆At∩0

w

≥ (1 −3⋆)

∫
�̃

ψ |DχAt | ≥ c(1 −3⋆) ψ0|At |
N−1

N ,

where c > 0 is a universal constant. Therefore, we infer the following estimate:

|At | ≥

(
c(1 −3⋆) ψ0

λ⋆∥φ∥∞

)N

.

In particular, this yields that

|{u = ∥u∥∞}| ≥

(
c(1 −3⋆) ψ0

λ⋆∥φ∥∞

)N

> 0. □

3. Regularity properties of optimal sets

In this section, we study the regularity of an optimal set A⋆ in problem (2-12).
In [16, Theorem 5], the authors have already studied the regularity of ∂A⋆ but in

the particular case when w = 0 on 0 and N = 2. However, there is a gap in their
proof since in order to prove regularity on ∂A⋆ they assume that ∂A⋆ is in W 1,1;
but it is not clear why an arc of ∂A⋆ cannot be for instance the graph of a Cantor
function. Fortunately, this is not the case as the results below show.

Proposition 3.1. Let ψ be locally Lipschitz in �. Then, there exists a relatively
closed set 6 ⊂ ∂A⋆ ∩� such that HN−2(6)= 0 and for every x ∈ (∂A⋆\6)∩�,
∂A⋆ is of class C1,1/2 around x.

Proof. First of all, it is clear that if A⋆ minimizes (2-12), then A⋆ solves also the
following problem:

(3-1) min
{

Perψ(A)−
∫
∂⋆A∩0

w− λ⋆
∫

A
φ : A ⊂�

}
,

where λ⋆ = min (2-2). Fix x0 ∈ ∂A⋆∩� and 0< r0 < d(x0, ∂�). Let E ⊂ RN be a
set with finite perimeter such that A⋆1E ⊂ B(x0, r0). In particular, we have E ⊂�.
Thanks to the minimality of A⋆ in (3-1), we get that

Perψ(A⋆)−
∫
∂⋆A⋆∩0

w− λ⋆
∫

A⋆
φ ≤ Perψ(E)−

∫
∂⋆E∩0

w− λ⋆
∫

E
φ.

Clearly, ∂⋆A⋆∩0 = ∂⋆E ∩0, since A⋆1E ⊂ B(x0, r0) and r0 < d(x0, ∂�). Hence,
we infer that

Perψ(A⋆)− λ⋆
∫

A⋆
φ ≤ Perψ(E)− λ⋆

∫
E
φ.
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Consequently, we get that

Perψ(A⋆)≤ Perψ(E)+ λ⋆∥φ∥∞ |A⋆1E |.

In other words, A⋆ is a (3, r0)-minimizer of Perψ(E) in � with 3 = λ⋆∥φ∥∞

(see [11]). Then, thanks to [11, Theorem 1.10], we infer that A⋆ has boundary of
class C1,1/2, out of a closed singular set 6 ⊂ ∂A⋆ of dimension d < N − 2. □

Remark 3.2. In fact, we can reduce the dimension of the singular set 6 in
Proposition 3.1 to N − 8 but perhaps with less regularity on ∂A⋆. More precisely,
thanks to [19, Theorem 3.2], one can show that ∂A⋆ is of class C1, 1

4 inside �,
except at a singular set of dimension N −8. For this aim, we just need to show that
A⋆ is an almost minimal set in B(x0, r0), for every point x0 ∈ ∂A⋆ and r0 > 0 small
enough such that B(x0, r0)⊂�. Indeed, let x ∈ ∂A⋆∩ B(x0, r0) and r > 0 be small
enough so that Br := B(x, r)⊂ B(x0, r0). Recalling the proof of Proposition 3.1,
for any subset A ⊂� such that A1A⋆ ⊂ Br , one has∫

Br

ψ |DχA⋆ | − λ
⋆

∫
A⋆∩Br

φ ≤

∫
Br

ψ |DχA| − λ⋆
∫

A∩Br

φ.

In particular,∫
Br

|DχA⋆ | ≤
1
ψ0

∫
Br

ψ |DχA⋆ | ≤
1
ψ0

[∫
∂Br

ψ − λ⋆
∫

Br

φ+ λ⋆
∫

A⋆∩Br

φ

]
≤ Cr N−1.

Yet, we have

ψ(x)
∫

Br

|DχA⋆ | +

∫
Br

[ψ −ψ(x)] |DχA⋆ | − λ
⋆

∫
A⋆∩Br

φ

≤ ψ(x)
∫

Br

|DχA| +

∫
Br

[ψ −ψ(x)] |DχA| − λ⋆
∫

A∩Br

φ.

Since ψ is Lipschitz in B(x0, r0), this implies that |ψ −ψ(x)| ≤ Cr on Br and so,
we get that ∫

Br

|DχA⋆ | ≤

∫
Br

|DχA| + Cr N .

Proposition 3.3. Assume that φ ∈ C(�) and ψ ∈ C1(�). Then, the boundary
of A⋆, out of the singular set 6, is of class C1,α, for all α < 1. Moreover, ∂A⋆\6
is C2,α inside � as soon as φ ∈ C0,α(�) and ψ ∈ C1,α(�). Moreover, the mean
curvature HA⋆ of ∂A⋆ at any point x /∈6 is given by the following formula (where
∂nψ denotes the interior normal derivative of ψ on ∂A⋆):

(N − 1)HA⋆(x)=
λ⋆φ(x)+ ∂nψ(x)

ψ(x)
.
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Proof. First, we recall from Proposition 3.1 that there is a closed set 6 ⊂ ∂A⋆ such
that ∂A⋆\6 is C1,1/2 inside �. Fix a point x0 ∈ (∂A⋆\6) ∩�. Without loss of
generality, we assume that x0 is the origin. We may also assume that near x0, ∂A⋆

is the graph of a function v⋆ : Bε 7→ R, for some ε > 0 small enough. So, we already
know that v⋆ ∈ C1,1/2(Bε). It is clear that v⋆ minimizes the following problem:

min
{∫

Bε
ψ(x, v(x))

√
1 + |∇v(x)|2 dx

+ λ⋆
∫

Bε

∫ v(x)

0
φ(x, t) dt dx : v ∈ BV(Bε), v |∂Bε = v⋆ |∂Bε

}
.

From the optimality conditions on v⋆, we have

(3-2) ∇ ·

[
ψ(x, v⋆(x))

∇v⋆(x)√
1 + |∇v⋆(x)|2

]
= ∂xNψ(x, v

⋆(x))
√

1 + |∇v⋆(x)|2 + λ⋆φ(x, v⋆(x)).

Due to the regularity of v⋆, (3-2) can be written as

(3-3) ∇ ·

[
∇v⋆(x)√

1 + |∇v⋆(x)|2

]

=
1

ψ(x, v⋆(x))

(
−

[∇xψ(x, v⋆(x))+ ∂xNψ(x, v
⋆(x))∇v⋆(x)] · ∇v⋆(x)√

1 + |∇v⋆(x)|2

+ ∂xNψ(x, v
⋆(x))

√
1 + |∇v⋆(x)|2 + λ⋆ φ(x, v⋆(x))

)
or equivalently, ∑

i. j

ai j v
⋆
i j = f,

where

(3-4) ai j =
(1 + |∇v⋆|2) δi j − v⋆i v

⋆
j

(1 + |∇v⋆|2)3/2

and f is the right-hand side in (3-3), which is clearly bounded and, it is also Hölder
continuous with exponent α as soon as φ∈C0,α andψ ∈C1,α . It is easy to check that
there are two positive constants 0< λ<3<∞ such that λ|ξ |2 ≤ ai j ξi ξ j ≤3|ξ |2.
Moreover, ai j ∈ C0,1/2(Bε) for all i, j . Thanks to the Calderón–Zygmund estimates,
we infer that v⋆ is in W 2,p(Bε/2) for any p < ∞, in particular v⋆ ∈ C1,α(Bε/2)
for any α < 1. Then, by the Schauder estimates (see also [5]), this implies that
v⋆ is C2,α in Bε/2 provided that φ ∈ C0,α and ψ ∈ C1,α. In addition, the mean
curvature HA⋆ of ∂A⋆ at a point (x, v⋆(x)) is given by

(N − 1)HA⋆ = ∇ ·

[
∇v⋆(x)√

1 + |∇v⋆(x)|2

]
=
λ⋆φ(x, v⋆(x))+ ∂nψ(x, v⋆(x))

ψ(x, v⋆(x))
. □
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In order to extend our regularity result on ∂A⋆ up to the boundary ∂�, we need to
introduce the following definition that generalizes the notion that the mean curvature
of 0c is bounded from below in the case when ψ = 1 (see also [4, Definition 1]
and [21]). Let us assume that ψ is extendable to a locally Lipschitz function in �̃.

Definition 3.4. We say that 0c is a ψ-almost minimal set if for every x0 ∈ 0c there
are constants r0 > 0 small enough and C <∞ such that

Perψ(E ∩�)≤ Perψ(E)+ C |E\�|

for every set E ⊂ RN where E\�⊂ B(x0, r0).

Remark 3.5. Assume that N = 2, ψ = 1 and, 0c is convex (as an arc of ∂�). Fix
a point x0 ∈ 0c. Then, it is not difficult to check that

Per(E ∩�)≤ Per(E)

for every set E ⊂ R2 such that E\�⊂ B(x0, r0), where r0 > 0 is small enough. In
particular, this implies that 0c is an almost minimal set in the sense of Definition 3.4.

Proposition 3.6. Assume that 0c is a ψ-almost minimal set. Then, there is a
relatively closed singular set 6b ⊂ ∂A⋆ ∩0c with dimension d < N − 2 such that
∂A⋆ ∩0c is of class C1,1/2, outside 6b.

Proof. Fix a point x0 ∈ ∂A⋆ ∩ 0c and r0 > 0 small enough. We claim that A⋆

is a (3, r0)-minimizer of Perψ(E) in B(x0, r0). Let E ⊂ RN be a set with finite
perimeter such that A⋆1E ⊂ B(x0, r0). We note that here E is not necessarily
contained in�. However, E∩� is always admissible in (3-1). Hence, by minimality
of A⋆ in (3-1), we infer that

Perψ(A⋆)−
∫
∂⋆A⋆∩0

w− λ⋆
∫

A⋆
φ ≤ Perψ(E ∩�)−

∫
∂⋆(E∩�)∩0

w− λ⋆
∫

E∩�

φ.

Let us choose r0 > 0 small enough so that B(x0, r0) ∩ 0 = ∅. Then, one has
∂⋆A⋆ ∩0 = ∂⋆(E ∩�)∩0, since A⋆1E ⊂ B(x0, r0). Hence,

Perψ(A⋆)− λ⋆
∫

A⋆
φ ≤ Perψ(E ∩�)− λ⋆

∫
E∩�

φ

and so,
Perψ(A⋆)≤ Perψ(E ∩�)+ λ⋆∥φ∥∞ |A⋆\E |.

Conversely, 0c is an almost minimizer of Perψ(E), x0 ∈ 0c and E\�⊂ B(x0, r0).
Hence, one has

Perψ(E ∩�)≤ Perψ(E)+ C |E\�|.

Therefore, we get that

Perψ(A⋆)≤ Perψ(E)+ C |E\�| + λ⋆∥φ∥∞ |A⋆1E |.
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Yet, E\� ⊂ A⋆1E . Hence, A⋆ is a (3, r0)-minimizer of Perψ(E) in B(x0, r0).
Thanks again to [11, Theorem 1.10], this yields that ∂A⋆∩0c has boundary of class
C1,1/2, out of a closed singular set 6b ⊂ ∂A⋆ ∩0c of dimension d < N − 2. □

Proposition 3.7. Assume that 0c is C1,1, φ ∈ C(�) and ψ ∈ C1(�). Then,
(∂A⋆ ∩0c)\6b is of class C1,1.

Proof. There is a relatively closed singular set 6b ⊂ ∂A⋆ ∩0c (see Proposition 3.6)
such that (∂A⋆∩0c)\6b is of class C1,1/2. Fix x0 ∈ (∂A⋆∩0c)\6b. After rotation
and translation of axes, we may assume that x0 = 0 and that the tangent space to 0c

at x0 is the hyperplane xN = 0. Assume that near x0, 0c is the graph of h : Br 7→ R

(where r > 0 is small enough) and ∂A⋆ is the graph of v⋆ : Br 7→ R. So, we have
that v⋆ ∈ C1,1/2(Br ), h ∈ C1,1(Br ), h(0) = v⋆(0) = 0 and ∇h(0) = ∇v⋆(0) = 0.
Again, we see that v⋆ minimizes the following problem:

min
{∫

Br

ψ(x, v(x))
√

1 + |∇v(x)|2 dx

+ λ⋆
∫

Br

∫ v(x)

0
φ(x, t) dt dx : v ∈ BV(Br ), v ≥ h, v |∂Br = v⋆ |∂Br

}
.

Taking into account the presence of the obstacle v≥ h on Br , we get instead of (3-3)
the following inequality:

(3-5) −

∑
i. j

ai j v
⋆
i j + f ≥ 0,

where ai j and f are defined exactly as in the proof of Proposition 3.3 (see (3-3)
and (3-4)). The equality in (3-5) holds inside the open set

O := {x ∈ Br : v⋆(x) > h(x)}.

Since v⋆ ≥ h on Br and h ∈ C1,1(Br ), then we have

−Cr2
≤ h(x)≤ v⋆(x) on Br .

In order to show that v⋆ is C1,1 at the origin, we just need to show that

(3-6) −Cr2
≤ v⋆(x)≤ Cr2 for all x ∈ Br/2.

The proof of (3-6) will follow the one in [8, Theorem 2] with some simplification
(coming from the fact that one can always assume that the tangent space to 0c at x0

is the hyperplane xN = 0). Set w⋆ = v⋆+Cr2
≥ 0. Then, w⋆ satisfies the inequality

−

∑
i. j

ai j w
⋆
i j + f ≥ 0.
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Let w0 be the solution of

−

∑
i. j

ai j w0i j + f = 0,

with w0 =w⋆ ≥ 0 on ∂Br . Then, by the comparison principle (see [5]), we get that
w0 ≤ w⋆ on Br . Let x⋆ ∈ Br be such that

w⋆(x⋆)−w0(x⋆)= max
Br
(w⋆ −w0)≥ 0.

Then, we have two possibilities: either x⋆ ∈ O or x⋆ ∈ ∂O . Assume the latter holds.
Hence, we get that

(3-7) w⋆(x)−w0(x)≤ w⋆(x⋆)−w0(x⋆)

= v⋆(x⋆)+ Cr2
−w0(x⋆)= h(x⋆)+ Cr2

−w0(x⋆).

Now, assume that the maximum point x⋆ ∈ O and set r⋆ = dist(x⋆, ∂O) > 0. Then,
we should have

−

∑
i. j

ai j (w
⋆
−w0)i j = 0 in B(x⋆, r⋆).

But, by the maximum principle in [14, Theorem 9.6], w⋆ −w0 cannot achieve a
(nonnegative) maximum in B(x⋆, r⋆) unless it is a constant. Therefore,

w⋆(x⋆)−w0(x⋆)= w⋆(y⋆)−w0(y⋆),

where y⋆ ∈ ∂O ∩ ∂B(x⋆, r⋆). Hence, we may always assume that x⋆ ∈ ∂O and so,
(3-7) holds.

Now, consider the quadratic function V (x)= γ

2 (|x |
2
− r2), where γ > 0 is to be

chosen later. So, we have V = 0 on ∂Br . Moreover, one can choose the constant γ
large enough so that V solves

−

∑
i. j

ai j Vi j + f ≤ 0.

Indeed,

−

∑
i. j

ai j Vi j + f = −γ
∑
i, j

ai j δi j + f = −γ
∑

i

ai i + f ≤ −Nλ γ + ∥ f ∥∞,

where in the last inequality we used that ai i ≥λ>0. Thanks again to the comparison
principle and the fact that V ≤ w0 on ∂Br , we get

V ≤ w0 on Br .

Recalling (3-7) and thanks to the fact that 0c is C1,1 and V (x)≥ −
γ

2 r2 for all
x ∈ Br , we get

(3-8) w⋆(x)−w0(x)≤ h(x⋆)+ Cr2
− V (x⋆)≤ Cr2 for all x ∈ Br .
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But, we have
−

∑
i. j

ai j (w0 − V )i j + f = γ
∑

i

ai i .

Recalling (3-4), we see that ai i ∈ C(Br ) for all i . Thanks to [14, Corollary 9.18],
we infer that w0 − V ∈ W 2,p

loc (Br )∩ C(Br ) for all p <∞. By [14, Theorem 9.20],
we have for any p > 0 that

(3-9) sup
Br/2

(w0 − V )≤ C
((

1
|Br |

∫
Br

(w0 − V )p
)1/p

+
r
λ
∥ f ∥L N (Br )

)
,

where the constant C does not depend on r . Yet, from [14, Theorem 9.22] it is seen
that there are constants p and C depending only on N , λ and 3 such that

(3-10)
(

1
|Br |

∫
Br

(w0 − V )p
)1/p

≤ C
(

inf
Br
(w0 − V )+

r
λ

∥ f ∥L N (Br )

)
.

Combining (3-9) and (3-10), we get the following Harnack inequality:

sup
Br/2

(w0 − V )≤ C
(

inf
Br
(w0 − V )+

r
λ
∥ f ∥L N (Br )

)
≤ C(w0(0)− V (0)+ r N+1),

since f ∈ L∞(Br ). But, w0(0) ≤ w⋆(0)= v⋆(0)+ Cr2
= Cr2 and V (0)= −

γ

2 r2.
Hence, we infer that

sup
Br/2

(w0 − V )≤ Cr2.

Recalling (3-8), we infer that

w⋆(x)≤ w0(x)+ Cr2
≤ V (x)+ Cr2

≤ Cr2 for all x ∈ Br/2.

But, this concludes our claim (3-6). □

Now, our aim is to study the shape of ∂A⋆ near 0. For this, we need to restrict
ourselves to dimension N = 2. The following proposition is a generalization of [16,
Theorem 5] to the case when w ̸= 0.

Proposition 3.8. Assume that ∂A⋆ touches the interior of 0 at some point x and
suppose that 0 is C1 around x. Then, ∂A⋆\{x} ∩ B(x, δ) is composed of two arcs
C1 and C2 such that C2 ⊂ 0. Let θ(x) be the angle between the tangent vectors to
C1 and C2 at x. Then, we have the following estimate:

tan−1
(
ψ(x)2 −w(x)2

2ψ(x) w(x)

)
≤ θ(x)≤

π

2
if w(x)≥ 0

and
π

2
≤ θ(x)≤ tan−1

(
ψ(x)2 −w(x)2

2ψ(x) w(x)

)
if w(x)≤ 0.
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Proof. First, we recall from Proposition 3.3 that ∂A⋆ is C2,α inside �, for all α < 1.
Moreover, the curvature of ∂A⋆ is uniformly bounded in �:

κ =
1

ψ(x)
[λ⋆φ(x)+ ∂nψ(x)].

Fix x ∈ ∂A⋆ in the interior of 0 such that ∂A⋆∩ B(x, δ)∩� ̸=∅, for every δ > 0
small enough. Assume that 0 is C1 around x . Let C1 and C2 be two different arcs
of ∂A⋆ ∩ B(x, δ) such that x is an endpoint of both C1 and C2.

Assume that C1 and C2 are contained in� (we note that the case when C1∩0 ̸=∅
or C2 ∩ 0 ̸= ∅ can be treated similarly) with 0 ≤ θ(x) < π . After rotation
and translation of axes, one can assume that x is the origin and (s, α(s)) is a
parametrization of C1 (s ∈ (0, δ)) and C2 (s ∈ (−δ, 0)) such that α(0)=0, α′(0−)<0
and α′(0+)> 0. For ε > 0 small enough, let sε< 0 be such that α(sε)=α(ε). Let us
denote by Cε := {(s, α(s)) : s ∈ (sε, ε)} and by Ĉε ⊂� the line segment joining the
points (sε, α(sε)) and (ε, α(ε)). Let Aε be such that ∂Aε = (∂A⋆\Cε)∪ Ĉε. Thanks
to the minimality of A⋆ in (3-1), we have

Perψ(Aε)−
∫
∂Aε∩0

w− λ⋆
∫

Aε
φ−

[
Perψ(A⋆)−

∫
∂A⋆∩0

w− λ⋆
∫

A⋆
φ

]
≥ 0.

Hence,

(3-11)
∫ ε

sε
ψ(s, α(ε)) ds −

∫ ε

sε
ψ(s, α(s))

√
1 +α′(s)2 ds − λ⋆

∫
Aε
φ+ λ⋆

∫
A⋆
φ ≥ 0.

Yet, we have ∣∣∣∣∫
Aε
φ−

∫
A⋆
φ

∣∣∣∣ =

∣∣∣∣∫ ε

sε

∫ α(ε)

α(s)
φ(s, t) dt ds

∣∣∣∣ ≤ ∥φ∥∞ o(ε),

where the last inequality comes from the fact that the map ε 7→ s(ε) := sε is Lipschitz
with s(0)= 0. Dividing (3-11) by ε and letting ε→ 0+, we get

α′(0+)[1 −

√
1 +α′(0−)2] −α′(0−)[1 −

√
1 +α′(0+)

2
] ≥ 0.

But, this is clearly a contradiction.
Let C ⊂ � be an arc of ∂A⋆ ∩ B(x, δ) ∩� such that x is an endpoint of C .

Let (s, β(s)), s ∈ (−δ, δ), be a parametrization of 0 such that β(0) = β ′(0) = 0.
Assume that the angle between the tangent vector to C at x and ⟨1, 0⟩ is less than
π
2 . Let (s, α(s)), s ∈ (0, δ), be a parametrization of C with α(0) = 0. For ε > 0
small enough, we define the set Aε as

∂Aε = [∂A⋆\Cε] ∪ [(ε, α(ε)), (ε, β(ε))] ∪0ε,
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where Cε := {(s, α(s)) : s ∈ (0, ε)} and 0ε denotes the arc of 0 between (0, 0) and
(ε, β(ε)). Here, we assume that 0ε ∩ ∂A⋆ = ∅. So, one can see easily that

Perψ(Aε)−
∫
∂Aε∩0

w− λ⋆
∫

Aε
φ−

[
Perψ(A⋆)−

∫
∂A⋆∩0

w− λ⋆
∫

A⋆
φ

]
=

∫ α(ε)

β(ε)

ψ(ε, t) dt −

∫ ε

0
w(s, β(s))

√
1 +β ′(s)2 ds

−

∫ ε

0
ψ(s, α(s))

√
1 +α′(s)2 ds − λ⋆

∫
Aε
φ+ λ⋆

∫
A⋆
φ.

But, one has

lim
ε→0+

∫ α(ε)
β(ε)

ψ(ε, t) dt −
∫ ε

0 ψ(s, α(s))
√

1 +α′(s)2 ds

ε
= [α′(0+)−

√
1 +α′(0+)2]ψ(0, 0)

and ∣∣∣∣∫
Aε
φ−

∫
A⋆
φ

∣∣∣∣ =

∣∣∣∣∫ ε

0

∫ α(s)

β(s)
φ(s, t) dt ds

∣∣∣∣ ≤ ∥φ∥∞ o(ε).

Thanks to the optimality of A⋆ in (3-1), we get that

(3-12) [α′(0+)−
√

1 +α′(0+)2]ψ(0, 0)−w(0, 0)≥ 0.

Hence, w(0, 0)≤ 0. Using the above estimates, it is easy to check that if w(0, 0)≤ 0
then 0ε cannot intersect ∂A⋆. Moreover, we have

α′(0+)≥
w(0, 0)2 −ψ(0, 0)2

2w(0, 0) ψ(0, 0)
.

Now, let us assume that the angle between the tangent vector to C at x and
⟨1, 0⟩ is greater than π

2 . Let (s, α(s)), s ∈ (−δ, 0), be a parametrization of C with
α(0)= 0. For ε > 0 small enough, we define the set Aε as

∂Aε = [∂A⋆\Cε] ∪ [(−ε, α(−ε)), (−ε, β(−ε))],

where Cε := {(s, α(s)) : s ∈ (−ε, 0)}∪{(s, β(s)) : s ∈ (−ε, 0)}. Here, we assume that
Cε ⊂ ∂A⋆. Again from the optimality of A⋆ in (3-1), we must have the inequality

Perψ(Aε)−
∫
∂Aε∩0

w− λ⋆
∫

Aε
φ−

[
Perψ(A⋆)−

∫
∂A⋆∩0

w− λ⋆
∫

A⋆
φ

]
≥ 0.

Hence,∫ α(−ε)

β(−ε)

ψ(−ε, t) dt +

∫ 0

−ε

w(s, β(s))
√

1 +β ′(s)2 ds

−

∫ 0

−ε

ψ(s, α(s))
√

1 +α′(s)2 ds − λ⋆
∫

Aε
φ+ λ⋆

∫
A⋆
φ ≥ 0.
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Dividing by ε > 0 and letting ε→ 0+, we get that

(3-13) [−α′(0−)−
√

1 +α′(0−)2]ψ(0, 0)+w(0, 0)≥ 0.

In particular, this yields that w(0, 0)≥ 0. If w(0, 0)≥ 0 then one can also see that
Cε must be contained in ∂A⋆. In addition, we have

α′(0−)≤
w(0, 0)2 −ψ(0, 0)2

2w(0, 0) ψ(0, 0)
. □

We finish this section by some remarks on optimal sets.

Remark 3.9. An optimal set A⋆ is a priori not connected. For instance, this may
happen when ψ has two minima or when � is not convex (like two disks connected
by a tube). However, one can always show that there is an open connected set A⋆

that minimizes problem (2-12). Indeed, if A⋆ is an optimal set then it is not difficult
to check that the interior of A⋆ is optimal too. So, let us assume that A⋆ is open.
Now, let {A⋆i }i∈N be the family of disjoint open connected components of A⋆ (i.e.,
A⋆ =

⋃
i∈N A⋆i and A⋆i ∩ A⋆j = ∅, for all i ̸= j). In fact, the optimality of A⋆ also

implies that A⋆i ∩ A⋆j = ∅, for all i, j . Yet, we have

λ⋆ =
Perψ(A⋆)−

∫
∂⋆A⋆∩0w∫

A⋆φ
≤

Perψ(A⋆i )−
∫
∂⋆A⋆i ∩0

w∫
A⋆i
φ

for all i.

Hence,

(3-14) λ⋆
∫

A⋆i

φ ≤ Perψ(A⋆i )−
∫
∂⋆A⋆i ∩0

w.

Since the closures of these sets A⋆i are mutually disjoint, then taking the sum over i
in (3-14), we get that

(3-15) λ⋆
∫

A⋆
φ = λ⋆

∑
i

∫
A⋆i

φ ≤

∑
i

Perψ(A⋆i )−
∑

i

∫
∂⋆A⋆i ∩0

w

= Perψ(A⋆)−
∫
∂⋆A⋆∩0

w.

But, the inequality in (3-15) must be an equality. In particular, it implies that
for all i , the inequality in (3-14) is an equality:

λ⋆
∫

A⋆i

φ = Perψ(A⋆i )−
∫
∂⋆A⋆i ∩0

w.

In other words, this means that A⋆i is an optimal set for problem (2-12) for all i .

In addition, one can show in two dimensions that any connected optimal set A⋆

is convex as soon as ψ is a constant function.
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Remark 3.10. Assume that ψ = 1. For every point x ∈ ∂A⋆ ∩�, there is an ε > 0
such that A⋆ ∩ B(x, ε) is convex. Moreover, if x ∈ ∂A⋆ ∩ ∂� and �∩ B(x, ε) is
convex, then A⋆ ∩ B(x, ε) is convex. To see this, assume that there are two points
x⋆, y⋆ ∈ ∂A⋆ ∩� such that ]x⋆, y⋆[ ⊂�\A⋆. Let E be the small region delimited
by [x⋆, y⋆] and ∂A⋆. Now, we define Ã = A⋆ ∪ E . Then, it is easy to see that
Per( Ã) < Per(A⋆). Yet, we also have

∫
Ãφ >

∫
A⋆φ and ∂ Ã ∩0 = ∂A⋆ ∩0. Thanks

to (2-14), we infer that

0<
Per( Ã)−

∫
∂ Ã∩0

w∫
Ãφ

<
Per(A⋆)−

∫
∂A⋆∩0w∫

A⋆φ
.

But, this contradicts the optimality of A⋆ in (2-12). We note that this argument
does not work in higher dimension since it is not true when N > 2 that the perimeter
of the convex hull of a set is less than the perimeter of the set itself.

Remark 3.11. Assume that φ = 1. Then, one can show that any connected optimal
set A⋆ in (2-12) has to intersect the boundary ∂�. Indeed, assume that A⋆ is
contained in the interior of �. Take t > 1 such that t A⋆ ⊂�. Then, it is clear that

Per(t A⋆)= t Per(A⋆) and |t A⋆| = t2
|A⋆|.

Hence, we have Per(t A⋆)
|t A⋆|

<
Per(A⋆)

|A⋆|
,

which is a contradiction. Hence, A⋆ touches ∂�. Moreover, if ∂A⋆ ∩0 = ∅ then
A⋆ cannot be translated inside �, since if A is a translation of A⋆ inside �, then

Per(A)= Per(A⋆) and |A| = |A⋆|.

In addition, assume � is convex. Then, A⋆ must intersect 0 with

H1(∂A⋆ ∩ {x ∈ 0 : w(x) >−1}) > 0.

Indeed, if H1(∂A⋆ ∩ {x ∈ 0 : w(x) > −1}) = 0 then one can move A⋆ in � until
we obtain a new set A such that

H1(∂A ∩ {x ∈ 0 : w(x) >−1}) > 0.

Yet, we clearly have |A| = |A⋆|. Moreover, we have

Per(A)−
∫
∂A∩0

w = Per(A)−
∫
∂A∩{x∈0:w(x)=−1}

w−

∫
∂A∩{x∈0:w(x)>−1}

w

< Per(A,R2)= Per(A⋆,R2)= Per(A⋆)−
∫
∂A⋆∩{x∈0:w(x)=−1}

w.

Consequently, we get

Per(A)−
∫
∂A∩0

w < Per(A⋆)−
∫
∂A⋆∩0

w.
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4. Examples

We conclude the paper by some examples in two dimensions where we can find
explicitly the optimal set A⋆ in problem (2-12).

Example 4.1. Assume that � := [−1, 1] × [0, 1], 0 = [−1, 1] × {0}, ψ = φ = 1
and w = w0 ∈ [0, 1]. Thanks to Proposition 3.8, we know that any arc of ∂A⋆

inside � is an arc of circle with radius R⋆ = 1/λ⋆ and, ∂A⋆ is also of class C1 on 0c.
Using Proposition 3.8, one can see that if ∂A⋆ touches 0 at some point x , then the
tangent line to ∂A⋆ ∩� at x must be orthogonal to 0. Moreover, by Remark 3.11,
one has H1(∂A⋆ ∩0) > 0. Thanks to Remark 3.10, A⋆ is also convex.

For every ε ∈ ]0, 1[, let Aε be the “rounded” rectangle � where the corners (1, 1)
and (−1, 1) are cut off and replaced by arcs of circles with radius ε and centers
(1 − ε, 1 − ε) and (−1 + ε, 1 − ε). We have

Per(Aε)= 4 + (π − 4) ε and |Aε| = 2 − 2
(

1 −
π

4

)
ε2.

Hence,

J (ε) :=
Per(Aε)−

∫
∂Aε∩0

w

|Aε|
=

4 + (π − 4) ε− 2w0

2 − 2
(
1 −

π
4

)
ε2

.

Yet, this function J (ε) reaches a minimum at

ε⋆ =
4 − 2w0 − 2

√
π − 4 + (w0 − 2)2

4 −π
.

Then, we infer that the optimal set A⋆ is equal to Aε⋆ and λ⋆ = 1/ε⋆.

Aε

0

Example 4.2. Now, assume that 0 = ([−1, 1] × {0})∪ ({1} × [0, 1]) and w0 = 0.
For every ε ∈ ]0, 1[, let us denote by Aε the “rounded” rectangle� where the corner
point (−1, 1) is cut off and replaced by an arc of circle with center (−1 + ε, 1 − ε)

and radius ε. Again, it is clear that

Per(Aε)= 3 +

(
π

2
− 2

)
ε and |Aε| = 2 −

(
1 −

π

4

)
ε2.

Then, we get that
Per(Aε)

|Aε|
=

3 +
(
π
2 − 2

)
ε

2 −
(
1 −

π
4

)
ε2
,
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attains a minimum at ε = 1. Consequently, this implies that the optimal set A⋆

in (2-12) is nothing else than A1.

0

A⋆

Example 4.3. In this example, we will see that the situation becomes much compli-
cated when the penalization w on 0 is negative. Assume that � := [−1, 1]× [0, 1],
0= [−1, 1]×{0}, ψ =φ= 1 and w=w0, where −1<w0< 0. Let A⋆ be a convex
optimal set in (2-12). We recall that any part of ∂A⋆ in the interior of � is an arc
of circle with radius R⋆ = 1/λ⋆ and, that ∂A⋆ is C1 on 0 with H1(∂A⋆ ∩0) > 0.
Moreover, we know that if ∂A⋆ touches 0 at a point x then the angle θ ∈

]
π
2 , π

[
between the tangent line to ∂A⋆ ∩� at x and 0 should satisfy

(4-1) θ ≤ tan−1
(

1 −w2
0

2w0

)
.

For all ε ∈ ]0, 1[ and δ ∈]0, ε[, we define Aε,δ as the “rounded” rectangle � where
the corners (1, 1) and (−1, 1) are cut off and replaced by arcs of circles with radius ε
and centers (1 − ε, 1 − ε) and (−1 + ε, 1 − ε), while the corners (−1, 0) and (1, 0)
are cut off and replaced by arcs of the circles

(x1 − ε)2 + (x2 − δ)2 = ε2 and (x1 − 1 + ε)2 + (x2 − δ)2 = ε2.

Then, it is not difficult to check that

J (ε, δ)=

Per(Aε,δ)−
∫
∂Aε,δ∩0

w

|Aε,δ|

=
4 + (π − 4) ε+ 2

[
ε cos−1

(√
ε2−δ2

ε

)
− δ

]
− 2[1 − ε+

√
ε2 − δ2]w0

2 −
(4−π)

2 ε2 − 2δ[ε−
√
ε2 − δ2] + εδ

√
ε2 − δ2 − ε2 cos−1

(√
ε2−δ2

ε

) .
If (ε⋆, δ⋆) is a minimizer of J (ε, δ), then the optimal set A⋆ will be Aε⋆,δ⋆ . Notice
that, thanks to (4-1), we must have the following estimate:

δ⋆ ≤
−2w0√

(1 −w2
0)

2
+ 4w2

0

ε⋆.

A⋆

0



78 SAMER DWEIK

Acknowledgement

The author would like to thank the reviewers for taking the time and effort to
review the manuscript. We sincerely appreciate all valuable comments and fruitful
suggestions, which helped us to significantly improve the quality of the paper.

References

[1] F. Alter and V. Caselles, “Uniqueness of the Cheeger set of a convex body”, Nonlinear Anal.
70:1 (2009), 32–44. MR Zbl

[2] L. Ambrosio, N. Fusco, and D. Pallara, Functions of bounded variation and free discontinuity
problems, Oxford University Press, New York, 2000. MR Zbl

[3] G. Anzellotti and M. Giaquinta, “Funzioni BV e tracce”, Rend. Sem. Mat. Univ. Padova 60
(1978), 1–21. MR Zbl

[4] E. Barozzi and U. Massari, “Regularity of minimal boundaries with obstacles”, Rend. Semin.
Mat. Univ. Padova 66 (1982), 129–135. Zbl

[5] L. A. Caffarelli and X. Cabré, Fully nonlinear elliptic equations, American Mathematical Society
Colloquium Publications 43, American Mathematical Society, Providence, RI, 1995. MR Zbl

[6] G. Carlier and M. Comte, “On a weighted total variation minimization problem”, J. Funct. Anal.
250:1 (2007), 214–226. MR Zbl

[7] V. Caselles and A. Chambolle, “Anisotropic curvature-driven flow of convex sets”, Nonlinear
Anal. 65:8 (2006), 1547–1577. MR Zbl

[8] V. Caselles, A. Chambolle, and M. Novaga, “Some remarks on uniqueness and regularity of
Cheeger sets”, Rend. Semin. Mat. Univ. Padova 123 (2010), 191–201. MR Zbl

[9] J. Cheeger, “A lower bound for the smallest eigenvalue of the Laplacian”, pp. 195–200 in
Problems in Analysis, edited by R. C. Gunning, Princeton University Press, Princeton, 1971. Zbl

[10] N. D. Cristescu, O. Cazacu, and C. Cristescu, “A model for slow motion of natural slopes”, Can.
Geotech. J. 39:4 (2002), 924–937. Zbl

[11] G. De Philippis and F. Maggi, “Regularity of free boundaries in anisotropic capillarity problems
and the validity of Young’s law”, Arch. Ration. Mech. Anal. 216:2 (2015), 473–568. Zbl

[12] F. Demengel, “Théorèmes d’existence pour des équations avec l’opérateur “1-laplacien”, pre-
mière valeur propre pour −11”, C. R. Math. Acad. Sci. Paris 334:12 (2002), 1071–1076. MR
Zbl

[13] F. Demengel, “Some existence’s results for noncoercive “1-Laplacian” operator”, Asymptotic
Anal. 43:4 (2005), 287–322. Zbl

[14] D. Gilbarg and N. S. Trudinger, Elliptic partial differential equations of second order, Grundl.
Math. Wissen. 224, Springer, Berlin, 1998. MR Zbl

[15] P. Hild, I. R. Ionescu, T. Lachand-Robert, and I. Ros,ca, “The blocking of an inhomogeneous
Bingham fluid: applications to landslides”, M2AN Math. Model. Numer. Anal. 36:6 (2002),
1013–1026. MR Zbl

[16] I. R. Ionescu and T. Lachand-Robert, “Generalized Cheeger sets related to landslides”, Calc. Var.
Partial Differential Equations 23:2 (2005), 227–249. MR Zbl

[17] B. Kawohl and V. Fridman, “Isoperimetric estimates for the first eigenvalue of the p-Laplace
operator and the Cheeger constant”, Comment. Math. Univ. Carolin. 44:4 (2003), 659–667. MR
Zbl

https://doi.org/10.1016/j.na.2007.11.032
http://msp.org/idx/mr/2468216
http://msp.org/idx/zbl/1167.52005
http://msp.org/idx/mr/1857292
http://msp.org/idx/zbl/0957.49001
http://www.numdam.org/item?id=RSMUP_1978__60__1_0
http://msp.org/idx/mr/555952
http://msp.org/idx/zbl/0432.46031
https://eudml.org/doc/107835
http://msp.org/idx/zbl/0494.49030
https://doi.org/10.1090/coll/043
http://msp.org/idx/mr/1351007
http://msp.org/idx/zbl/0834.35002
https://doi.org/10.1016/j.jfa.2007.05.022
http://msp.org/idx/mr/2345913
http://msp.org/idx/zbl/1120.49011
https://doi.org/10.1016/j.na.2005.10.029
http://msp.org/idx/mr/2248685
http://msp.org/idx/zbl/1107.35069
https://doi.org/10.4171/RSMUP/123-9
https://doi.org/10.4171/RSMUP/123-9
http://msp.org/idx/mr/2683297
http://msp.org/idx/zbl/1198.49042
https://doi.org/10.1515/9781400869312-013
http://msp.org/idx/zbl/0212.44903
https://doi.org/10.1139/t02-040
http://msp.org/idx/zbl/0100.37804
https://doi.org/10.1007/s00205-014-0813-2
https://doi.org/10.1007/s00205-014-0813-2
http://msp.org/idx/zbl/1321.35158
https://doi.org/10.1016/S1631-073X(02)02405-6
https://doi.org/10.1016/S1631-073X(02)02405-6
http://msp.org/idx/mr/1911649
http://msp.org/idx/zbl/1142.35408
https://doi.org/10.3233/ASY-2005-694
http://msp.org/idx/zbl/1192.35036
http://msp.org/idx/mr/473443
http://msp.org/idx/zbl/1042.35002
https://doi.org/10.1051/m2an:2003003
https://doi.org/10.1051/m2an:2003003
http://msp.org/idx/mr/1958656
http://msp.org/idx/zbl/1057.76004
https://doi.org/10.1007/s00526-004-0300-y
http://msp.org/idx/mr/2138084
http://msp.org/idx/zbl/1062.49036
http://msp.org/idx/mr/2062882
http://msp.org/idx/zbl/1105.35029


MINIMIZATION PROBLEM WITH MIXED BOUNDARY CONDITIONS 79

[18] B. Kawohl and T. Lachand-Robert, “Characterization of Cheeger sets for convex subsets of the
plane”, Pac. J. Math. 225:1 (2006), 103–118. Zbl

[19] U. Massari, “Frontiere orientate di curvatura media assegnata in L p”, Rend. Semin. Mat. Univ.
Padova 53 (1975), 37–52. MR Zbl

[20] J. M. Mazón, J. D. Rossi, and S. S. de León, “Functions of least gradient and 1-harmonic
functions”, Indiana Univ. Math. J. 63:4 (2014), 1067–1084. MR Zbl

[21] M. Miranda, “Frontiere minimali con ostacoli”, Ann. Univ. Ferrara (N. S.) 16 (1971), 29–37.
MR Zbl

[22] L. Modica, “Gradient theory of phase transitions with boundary contact energy”, Ann. Inst. H.
Poincaré Anal. Non Linéaire 4:5 (1987), 487–512. MR Zbl

Received March 23, 2024. Revised November 12, 2024.

SAMER DWEIK

DEPARTMENT OF MATHEMATICS, STATISTICS AND PHYSICS

COLLEGE OF ARTS AND SCIENCES

QATAR UNIVERSITY

DOHA

QATAR

sdweik@qu.edu.qa

https://doi.org/10.2140/pjm.2006.225.103
https://doi.org/10.2140/pjm.2006.225.103
http://msp.org/idx/zbl/1133.52002
http://www.numdam.org/item/RSMUP_1975__53__37_0/
http://msp.org/idx/mr/417905
http://msp.org/idx/zbl/0358.49019
https://doi.org/10.1512/iumj.2014.63.5327
https://doi.org/10.1512/iumj.2014.63.5327
http://msp.org/idx/mr/3263922
http://msp.org/idx/zbl/1378.49007
https://doi.org/10.1007/BF02825195
http://msp.org/idx/mr/301617
http://msp.org/idx/zbl/0266.49036
https://doi.org/10.1016/s0294-1449(16)30360-2
http://msp.org/idx/mr/921549
http://msp.org/idx/zbl/0642.49009
mailto:sdweik@qu.edu.qa




PACIFIC JOURNAL OF MATHEMATICS
Founded in 1951 by E. F. Beckenbach (1906–1982) and F. Wolf (1904–1989)

msp.org/pjm

EDITORS

Don Blasius (Managing Editor)
Department of Mathematics

University of California
Los Angeles, CA 90095-1555

blasius@math.ucla.edu

Matthias Aschenbrenner
Fakultät für Mathematik

Universität Wien
Vienna, Austria

matthias.aschenbrenner@univie.ac.at

Vyjayanthi Chari
Department of Mathematics

University of California
Riverside, CA 92521-0135

chari@math.ucr.edu

Atsushi Ichino
Department of Mathematics

Kyoto University
Kyoto 606-8502, Japan

atsushi.ichino@gmail.com

Robert Lipshitz
Department of Mathematics

University of Oregon
Eugene, OR 97403

lipshitz@uoregon.edu

Kefeng Liu
School of Sciences

Chongqing University of Technology
Chongqing 400054, China

liu@math.ucla.edu

Dimitri Shlyakhtenko
Department of Mathematics

University of California
Los Angeles, CA 90095-1555

shlyakht@ipam.ucla.edu

Ruixiang Zhang
Department of Mathematics

University of California
Berkeley, CA 94720-3840

ruixiang@berkeley.edu

PRODUCTION
Silvio Levy, Scientific Editor, production@msp.org

See inside back cover or msp.org/pjm for submission instructions.

The subscription price for 2025 is US $677/year for the electronic version, and $917/year for print and electronic.
Subscriptions, requests for back issues and changes of subscriber address should be sent to Pacific Journal of Mathematics, P.O. Box
4163, Berkeley, CA 94704-0163, U.S.A. The Pacific Journal of Mathematics is indexed by Mathematical Reviews, Zentralblatt MATH,
PASCAL CNRS Index, Referativnyi Zhurnal, Current Mathematical Publications and Web of Knowledge (Science Citation Index).

The Pacific Journal of Mathematics (ISSN 1945-5844 electronic, 0030-8730 printed) at the University of California, c/o Department
of Mathematics, 798 Evans Hall #3840, Berkeley, CA 94720-3840, is published twelve times a year. Periodical rate postage paid at
Berkeley, CA 94704, and additional mailing offices. POSTMASTER: send address changes to Pacific Journal of Mathematics, P.O.
Box 4163, Berkeley, CA 94704-0163.

PJM peer review and production are managed by EditFLOW® from Mathematical Sciences Publishers.

PUBLISHED BY

mathematical sciences publishers
nonprofit scientific publishing

http://msp.org/
© 2025 Mathematical Sciences Publishers

http://msp.org/pjm/
mailto:blasius@math.ucla.edu
mailto:matthias.aschenbrenner@univie.ac.at
mailto:chari@math.ucr.edu
mailto:atsushi.ichino@gmail.com
mailto:lipshitz@uoregon.edu
mailto:liu@math.ucla.edu
mailto:shlyakht@ipam.ucla.edu
mailto:ruixiang@berkeley.edu
mailto:production@msp.org
http://msp.org/pjm/
http://www.ams.org/mathscinet
http://www.emis.de/ZMATH/
http://www.viniti.ru/math_new.html
http://www.ams.org/bookstore-getitem/item=cmp
http://apps.isiknowledge.com
http://msp.org/
http://msp.org/


PACIFIC JOURNAL OF MATHEMATICS

Volume 335 No. 1 March 2025

1Central nilpotency of left skew braces and solutions of the
Yang–Baxter equation

ADOLFO BALLESTER-BOLINCHES, RAMÓN
ESTEBAN-ROMERO, MARIA FERRARA, VICENT
PÉREZ-CALABUIG and MARCO TROMBETTI

33Hyperbolic L-space knots not concordant to algebraic knots
MACIEJ BORODZIK and MASAKAZU TERAGAITO

53Weighted total variation minimization problem with mixed
Dirichlet–Neumann boundary conditions

SAMER DWEIK

81Positive knots and ribbon concordance
JOE BONINGER

97Existence for some degenerate Hessian-type equations arising in
conformal geometry

YAN HE, QIANG TU and NI XIANG

119Transposed Poisson superalgebra structures on twisted N = 1
Block–Lie superalgebra

ANQI HUANG, YUN GAO and JIANCAI SUN

163The CR Yamabe constant and inequivalent CR structures
CHANYOUNG SUNG and YUYA TAKEUCHI

183Weighted low-lying zeros of L-functions attached to Siegel modular
forms

SHIFAN ZHAO

Pacific
JournalofM

athem
atics

2025
Vol.335,N

o.1


	1. Introduction
	2. Existence of solutions
	3. Regularity properties of optimal sets
	4. Examples
	Acknowledgement
	References
	
	

