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WEIGHTED TOTAL VARIATION MINIMIZATION PROBLEM
WITH MIXED DIRICHLET-NEUMANN
BOUNDARY CONDITIONS

SAMER DWEIK

We study the problem of minimizing the weighted total variation of a normal-
ized BV function u plus a penalization on the weighted L' norm of the trace
of u on the Neumann part I' of the boundary, while assuming a Dirichlet
condition u = 0 on the complement part I'° C 9 2. We show that this problem
is a relaxation of some shape optimization problem of type Cheeger, that is,
both problems have the same minimum. Then, we prove that the level sets of
minimizers are optimal sets. Finally, we study the regularity as well as some
properties of these optimal sets.

1. Introduction

Let © be an open bounded set in R and I" is an open subset of 3Q. Let ¢ and ¥ be
two nonnegative functions over Q and w be defined on I'. Then, we are interested
in studying the following minimization problem:

Jo¥|Du| = [rwlu]
Jodlul
The case when I' = & has been already considered in [6]. Moreover, the authors
in [16] have also studied problem (1-1) but in the case where I' C 92 and w =0
on I'. The interest in studying problem (1-1) is motivated by a landslide model
(see [10]) in which ¢ and ¥ represent the body forces and the (inhomogeneous)
yield limit distribution, respectively. When ¢ = ¢ = 1 (which is not a relevant
assumption in landslides modeling) and I' = &, the infimum in (1-1) can be restricted
to characteristic functions u = x4 and so, we get
Per(A)
|A]

(1-1) inf{ u#0€BV(Q), u=0o0onT°:= GQ\F}.

(1-2) min{ TAC Q}

where Per(A) denotes the perimeter of the set A in RV in the sense of De Giorgi
(see [2]). This problem is known as Cheeger’s problem [9], its value A(S2) is called
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the Cheeger constant of 2 and its minimizers are called Cheeger sets of €2 (see also
[17; 18]). Moreover, A(S2) is the first eigenvalue of the 1-Laplacian on 2 [12; 13].
We note that the existence of an optimal set A* in problem (1-2) is very simple and
it follows from the direct method in calculus of variations. In the case where the
densities ¢ and ¥ are not uniform, but w =0 on I C 9€2, problem (1-1) will be
the relaxation of the following problem:

min{ fBA\Fw
Jad

This can be seen as a generalization of the Cheeger problem (1-2). However,
up to our knowledge, the case when w # 0 has not been studied before in the
literature. In this paper, we will show that problem (1-1) is equivalent to the
following generalization of (1-3):

. {faA\r‘/’ = Joanrw
min
[a®

We note that the existence of an optimal set to problem (1-4) is not guaranteed
here for an arbitrary weight w on I'. Indeed, the functional in (1-4) is not a priori
lower semicontinuous with respect to the weak* convergence in BV. Thus, this
additional difficulty imposed by the presence of a density w # 0 was the main
motivation to write the present paper.

Inspired by [15], one can see that the variational formulation of the stationary
antiplane flow of an inhomogeneous Bingham (rigid viscoplastic) fluid can be stated
as follows: there is a function u € H'(2) with u = 0 on "¢ such that

(1-5) /Vu-V(v—u)+/1ﬁ|Vv|—/1ﬁ|Vu| Zf¢(v—u)+/w(v—u)
Q Q Q Q r

for all v € H'(2) such that v =0 on I'°. Assuming N = 2 the velocity field in the
domain D=Q xRCR3is given by u = (0, 0, u) with u = u(x1, x2). The viscosity
distribution is equal to 1; ¥ is the yield limit distribution, ¢ is the body forces in
the x3 direction and, w is an additional force acting on the Neumann part I'. A
particular case of the Bingham model lies in the presence of rigid zones located in
the interior of the flow of the Bingham solid/fluid. As the yield limit ¥ increases,
these rigid zones become larger and may completely block the flow so that u =0 is
the solution of (1-5). Conversely, the Bingham fluid is blocked if and only if

(1-3) :ACQ}.

(1-4)

:ACQ}.

(1-6) /W|Vv|—/wvz/¢v for all veHl(Q), v=0onT°.
Q r Q

When considering oil transport in pipelines, in the process of oil drilling or in the
case of metal forming, the blocking of the solid/fluid is a catastrophic event to
be avoided. From (1-6), one can see the infimum in (1-1) as a safety coefficient.
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In other words, the Bingham fluid is not blocked if and only if inf(1-1) < 1. In a
completely opposite context, when modeling landslides, the solid is blocked in its
natural configuration and the beginning of a flow can be seen as a disaster. Here,
the 1/inf (1-1) appears as a safety coefficient.

Notice that problem (1-1) can be seen as a study of the “eigenvalue problem” for
the following degenerate inhomogeneous equation with mixed Dirichlet-Neumann
boundary conditions (where the first eigenvalue is A* := inf (1-1)):

V- [Vral=2¢ inQ,
‘”[% ~n]=w on I,
u=~0 on I'°.

On the other hand, the properties of Cheeger sets (i.e., optimal sets in (1-2))
have been studied in several papers (see [1; 8]). One of the very important results
concerning the regularity of Cheeger sets, is that the internal boundary of Cheeger
sets have constant curvature. In [16], the authors have also generalized some of
these properties to optimal sets of the generalized Cheeger problem (1-3). More
precisely, they show that the curvature of the boundary of any optimal set A* at any
point x in the interior of €2 is given by

_RO@ 48 Y )
O

where 9,y (x) is the inward normal derivative on d A* at x (so, ¥ should be at least
of class C!). Moreover, if dA* crosses I" at some point x where I" is C I around x,
then the tangent line to d A* at x must be orthogonal to I".

This paper is organized as follows. In Section 2, we will show that problems (1-1)
and (1-4) have the same minimal value and that each of these two problems has
a solution. More precisely, we will show that from a minimizer of (1-1) one can
construct an optimal set of (1-4) simply by considering its superlevel sets. Moreover,
we will study in Section 3 the regularity properties of these optimal sets. Finally,
we conclude the paper by some examples in Section 4.

K (x)

2. Existence of solutions

Throughout this section, we assume that & C R” is an open bounded connected
domain with Lipschitz boundary, ¢(x) > ¢9 > 0 is a bounded function and,
Y(x) > Yo > 0 is a continuous function on Q (where Yo, o € RT are fixed).
Let " be a closed subset of 92 and w be a bounded function on I'. Then, we
consider the minimization problem

fgwlDfuL;u{rle ‘u eBV(RQ), u=0on FC}.
Q

@2-1) inf{
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We recall that proving existence of a minimizer for problem (2-1) is a difficult task
due to different facts. First, we do not have a priori compactness: if (u,), is a
minimizing sequence then it is not clear if one can extract a subsequence converging
weakly* in BV(2) and even so (i.e., assuming that u,, —* u in BV(£2)), since the
trace map is not lower semicontinuous with respect to this topology then it is not
true in general that 4, — u in L'(3) and so, we do not know whether the limit
function u satisfies the Dirichlet condition # = 0 on I'° or not. In particular, it is
possible that a solution to this problem (2-1) does not exist! So, the idea is to relax
the boundary condition # = 0 on I'“ by adding a penalty term in the functional; this
is a classical tool in the theory of Calculus of Variations and it has also been used
to prove existence of a solution to the BV least gradient problem (see [20]).

Let € be an open bounded Lipschitz extension of € such that I' ¢ 92 and
I'“ ¢ Q. Then, we consider the following relaxation of (2-1):

f@WlDfu;Tu{leul ueBV(). u=0on Q\Q}_
Q

Note that [5¥|Du| = [o¥|Du| + [r.¥|u|. But again, it is not easy to show
existence of a solution to the relaxed version (2-2) since in general the map
U — |,  w|ul is not lower semicontinuous with respect to the weak* convergence

2-2) inf{

in BV(€2). More precisely, we will show that the lower semicontinuity of the
functional in (2-2) depends on the L°°-bounds of 1 and w as well as the regularity
of the Neumann part I". To motivate this fact, we consider the following examples.

Example 2.1. Let Q =10, 1[2, T' = ({0} x [0, 1)) U ([0, 1] x {0}), ¥ = o > 0 and

w = wo€ R. Set u, (x1,x2) =n- xg, where E, := {(x1,x) € Q:xj +x, < %}
Then, it is clear that #,, —* 0 in BV (£2). However,

/}ﬂlDunl —/wlunl = /29 — 2wy < 0
o) r
w V2
as soon as w—g > 5=
Example 2.2. Assume that Q2 = B(0, 1), I" is a smooth arc of 92, ¥ = ¥y > 0

and w = wg € R. Take u,,(x) = min{|x|, m — 1)(1 — |x|)}. Then, it is clear that
u, =~*u :=|x| in BV(£2). But, we have

fQWIDunl —/Fw|un| =n¢0[<1_%)2+(n_ 1)<1_ (1_%>2)]
_> 3”‘”"</§;”'D“|—/leul=x/fo(n+%‘(r°'>)—wow(r)

as soon as X < —1.
Yo

We start by showing that problems (2-2) and (2-1) are completely equivalent.
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Proposition 2.3. Problems (2-1) and (2-2) have the same minimal value. If u is
a solution for problem (2-1), then u solves problem (2-2). In addition, if u is a
solution for problem (2-2) with u = 0 on I'° then u solves problem (2-1).

Proof. Tt is obvious that inf (2-2) < inf (2-1). On the other hand, fix u € BV(Q)
such that u = 0 on ©\Q. For every n € N*, let 5, be a cutoff function such that
0<n, <1, n(x) =0o0nT and, n,(x) =1 for all x € Q2 with dist(x, I'°) > 1/n.
Now, set u;,, = n, u. Then, we have u,, =0 on I'“. In addition, it is clear that u,, — u
in L'(Q) and so, [, ¢lun| — [, #|ul. Moreover, one has

2-3) fw|Dun| =/w|nnDu+ann| s/wnn|Du|+/w|Dnn| )
Q Q Q Q

— fw|Du|+ YluldHN
Q Ie

/w|un|=/wnn|u| . fw|u|.

r r r

Hence,
lim|:/1//|Dun|—/w|un|] 5/w|Du|+ w|u|—/w|u|‘
n Q r Q re r

Finally, we get that

Yet, we also have

inf (2-1) glim[fﬂ‘“D”n' —frwml] - Ja¥|Dul —frw|u|‘

Ja®lun] Jadlul
Since u is arbitrary, then we infer that inf (2-1) < inf (2-2). Consequently, equality
inf (2-1) = inf (2-2) holds. The rest follows immediately from this equality. [l

Remark 2.4. We clearly see that one can restrict problem (2-2) to nonnegative
functions (just by replacing u with |u|) and so,

Jo¥|Du| — [rwu
Jadu

In the sequel, we will only consider nonnegative solutions to (2-2).

min(2—2)=min{ ‘u#0eBV(Q), >0, u=0on {2\9}.

In order to prove existence of a solution to the relaxed problem (2-2), we need
first to introduce the following constant:

Jrwlul )

Also, the analysis will be performed under the following geometric assumption.

(2-4) A= sup{ u#0eBV(RQ), u=0on FC}.

Definition 2.5. Suppose that I is of class C'!. We say that 2 satisfies a C'-extension
property near I'° if there exists an open bounded set Q with C' boundary such that
QCcQanddQNaQ=T.
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Then, we have the following existence result.

Proposition 2.6. Assume T' is C', Q satisfies a C'-extension property near T',
lwlleo < Yo and, A* < 1. Then, problem (2-2) reaches a minimum.

Proof. Let (u,), be a minimizing sequence in problem (2-2). For every n € N,
set i, ;= un/fﬁqblunl. So, it is clear that (ii,,), is also a minimizing sequence. In
particular, there is a constant C < oo such that

/~1[f|D12n|—/w|12n| <C forall neN.
& r

Hence,
(1—A*)f1ﬂ|Dﬁ,,| §/W|Dﬁn|—fw|ﬁn| <C forall neN.
Q Q r
Since A* < 1 and ¢ > v > 0, then we get that

(2-5) /~|Dﬁn| <C forall neN.
&

Yet, we have ||¢it, || .1 =1 and ¢ > ¢pg > 0. Hence, up to a subsequence, i, converges
weakly* in BV(2) to some function i. In particular, ii, — i strongly in L' ().
This implies that ||@ii, |1 — ||¢dll; =1 and & = 0 on Q\.

On the other side, inspired by [22, Proposition 1.2], we also claim that the
functional in (2-2) is lower semicontinuous with respect to the weak* convergence
in BV(Q) and so, i is a minimizer in (2-2). First, we clearly have

/~w|Dﬁn|—/w|ﬁn|—fw|Dﬁ|+/w|ﬁ|
Q r Q r
szww—[wwm—||w||oo/|an—a|.
Q Q r

Fix & > 0. Then, we define A, :={x € 2:d(x, Q) <¢}. Letn, € Cgo(fl) be a cutoff
function such that 0 <5, <1and n, =1 on Q; := Q\A.. Set vg , := (1 —ne) (U, —u).
By the trace inequality for BV functions (see [3]), there are two constants ¢; and ¢

such that
f |U£,n| ECI/ |Dva,n|+02/ |U£,n|~
Q Ag Ag

Thus, we get that

(2-6) /mn _l
r

=c (l—ns)ID(ftn—ﬁ)l-i-Cl/Iﬁn—ﬁlIDne|+Cz/(1—ns)|ﬁn—ft
Ag A; Ag

c1 - - C - -
<— [ ¥ID@,—uw)|+— | lu,—ul,
w() Ag € Ae
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where the constant C depends on c¢;. Hence, one has

/:1P|D11n|—/wlﬁn|—/~1/f|Dﬁ|+fw|fl|
o r o r
. - crllwlleo - Clwllo [,. .
> | ¥|Du,|— | ¥|Du|— ——— | ¥|Du, —u)| — i, —u
o o Yo A, € A

. - ciflwll - crllwl] .
sz|Dun|—fW|Du|——“ v|Dity| — ——— [ v|Dil
o o Yo A, Yo A,

C“w”oo/ ..

- ity — il

& Ag

>/ . / - ( C1”w”oo)f - ( c1||w||oo)/ -

> [ Y¥|Duy|— | ¥|Du|+|1- V| Duy|—|1+———— Y| Dul
o, o, Yo A, Yo A

Clwlleo [~ -
- iy —ul.
& Ag

Since I' is C! and Q satisfies a C'-extension property near I'°, then the boundary
of Q is of class C! and so, thanks to [3, Theorem 4], one can assume that in (2-6)
the constants ¢; = 146 and ¢ = (€2, 8), where § > 0 can be chosen sufficiently
small. Let ||w| o < ¥o. Hence, choosing § > 0 small enough, we infer that

[0~ [t~ [ v+ [ i

. . .. Clwleo [~ -
> | ¥|Duy|— | ¥|Dul—Q2+36) | ¢|Du|———— [ |u, —ul.
Qe Q A, € A,

Passing to the limit when n — oo and using the lower semicontinuity of the weighted
total variation (see [6, Corollary 1])

liminf/w|Dﬁn|z/w|Dﬁ|

as well as the L' convergence, we get

liminf[/wlDﬁ,,| _/w'ﬁ”'} —/wlDﬁH—/wlﬂl > —(2+8)/ Y| Dul.
n Q r Q r Ae

Let £ — O™, this yields that

liminf[/WDﬁnl—/wmnl] —/1//|DL7I+/w|L7| > 0.
n Q r Q r

Finally, assume that ||w| s = 0. So, we will prove lower semicontinuity of the

functional in (2-2) by approximation. More precisely, fix { > 0 small enough. Then,

/:wlD’j‘n|_/w|I/~‘n|:/~¢’|Dﬁn|_(1_g)/w|ﬁn|_§fw|ﬁn|-
Q r Q r r
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Recalling (2-5) and the fact that A* < 1, we infer that

liminf[fW|Dﬂ,1| —/w|ﬁn|} zliminf[/z/f|D12n| —(1 —{)/w|ﬁn|] —C¢
n Q r n Q r

zﬁwwm—a—o/wm—ca
Q T

Since ¢ > 0 is arbitrarily small, then this concludes the proof of our claim. [J

Remark 2.7. If w =0 then the C! regularity of I' is not needed and, the existence of
a solution to problem (2-2) is trivial in this case. In Example 2.1, take wo =y =1,
then the condition ||w|| < ¥ is well satisfied but, the functional

ur—>/~1//|Du|—/w|u|
Q r

is not lower semicontinuous due to the lack of C'-regularity of the arc I'. However,
in Example 2.2, the arc I" is smooth but the functional is always not lower semicon-
tinuous provided that wy < —1/g. This shows the necessity of the assumptions we
made in Proposition 2.6.

Remark 2.8. Although problem (2-2) has a solution « but it is still not clear whether
this solution solves problem (2-1), or equivalently if this solution u satisfies the
Dirichlet condition (# = 0 on I'“). In fact, we will see that this is not necessarily
the case and, a solution to (2-1) may not exist.

On the other hand, one can also study the summability of a solution « in (2-2).
Inspired by the proof of [13, Proposition 7] (see also [6, Theorem 4]), one can show
that any solution of (2-2) must be bounded. For this aim, we start by the following.

Proposition 2.9. Let H be a Lipschitz nondecreasing function on Ry with H(0) =0.
For any nonnegative solution u of problem (2-2), the function H (u) is also a solution
for (2-2).

Proof. This proof follows the lines of the proof of [6, Proposition 1]. First, let us
assume that H is smooth. Then, we consider the Cauchy problem:

8tY(tsU):—H(y(f, l))), tZO,

@7 {y(O, V) =v.

Let y(¢, v) be the solution of (2-7). Thanks to our assumptions on H, y(¢, v) is
smooth. For every t > 0, we define u, = y(¢, u) (so, we have ugp = u). Now, we

consider the map
ht) = [ wiDul = w3 [ gu,
Q r Q

where we recall that A* = min (2-2). Since ug is a minimizer for problem (2-2)
and u; = 0 on Q\ for every ¢t > 0 (this follows from the fact that y(¢,0) =0
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and the uniqueness of the solution in (2-7)), then A has a minimum at ¢t = 0. In

particular, we have . h(@)—h(0)
m 2000

i
t—0t t
Yet,
h(t) = h(0) Z/w|Duz|—|Du0| _/wu,—uo_x/d)ut—uo.
t o t r t 3 t

For every x € QUT, we have

up(x) —ug(x) _ y(t, u(x)) — y(O0, u(x))
t t

—H(u(x)).

Taking the derivative with respect to v in (2-7), we get that

00,y (1, )] = —H'(y(1, 1) 3y (1, v), 120,
avy((), v) - 1
Hence, .,
dyy(t,v)=e" JoH (y(s,v)) ds > 0.
By the chain rule for BV functions (see [2]), we have

|Dus| = d,y(t, u) |Dul +[y(t, u™) — y(t, u)]-HV 'L J,,

where ™ and u™ are respectively the approximate upper and lower limits, J,, is
the jump set of u, and the nonnegative measure |Du/| is the sum of the absolutely
continuous part and the Cantor part of | Du|. Consequently, we have
|Dus| — [Duo| — 3yy(t, u) — 3,y (0, u)
t B t
. [y, u®) —y(0,u)] = [y(t,u™) = y(0,u7)]
t

— —H'w)|Du|—[Hwu") —Hu)]-#" 'L J,.

| Dul

HNTL g,

Therefore,
/:1,0 H/(u)|15u|+/w[H(u+)—H(u—)]HN—‘ —/wH(u)—k*/:d)H(u) <0.
Q Ju I Q

Since H >0 and |D(H ()| = H'(u)|Du| + [Hut) — H@u™)]-HN "L J,, this
yields that H (1) also minimizes (2-2). Finally, it remains to extend the result to the
case when H is not smooth; but this can be done by approximation. In fact, one can
approximate H with a sequence of smooth Lipschitz increasing functions H,, with
H, (0) =0 such that H,(u) converges weakly* to H (1) in BV(Q). Hence, H, (1)
is a solution to (2-2) for every n. Yet, recalling the proof of Proposition 2.6, we
know that the functional in (2-2) is lower semicontinuous with respect to the weak*
convergence in BV(fZ). This yields that H (u) is also a solution. U
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Under the assumptions of Proposition 2.6, we get the following summability
result as a consequence of Proposition 2.9.

Proposition 2.10. Let u be a solution for problem (2-2), then u belongs to L*°(S2).

Proof. Fix M > 0 large enough. Thanks to Proposition 2.9, u, := min{u, M} is a
solution for problem (2-2). Therefore, we have

(2-8) f;mDum —/qu =A*f¢uM < 0% oo e 1.
9) r 9)
Since A* < 1 and i > vy > 0, then by (2-8) we get
NPl
(2-9) /|D wl < Pl
Yo(l — A*)
Yet, one has

lupl ~ < C/~|DMM|-
N—1 9

Hence,
(2-10) lusll v < Clluplls.

But, it is clear that u}, is also a solution for problem (2-2) for all p > 1. Then,
thanks to (2-10), we also have

eyl v < Cllufyls.

This yields that
luall e < C/Pllupglp.

Fix n € N. Then, by induction, we get that

el oy < COFY gl y oo < LR Rl

(x=1) (7=1)
Consequently,
hnll ey < V=G Ny forall ne .

Passing to the limit when n — oo, this yields that
(2-11) leerlloo < C™ llul.

Finally, letting M — oo in (2-11), this concludes the proof that u € L*°(2). OJ

In addition, one can show that problem (2-2) is also equivalent to a shape
optimization problem of type Cheeger and that any superlevel set of a solution u
is an optimal set (see [7; 16; 17] for similar level-sets approach for variational
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problems involving total variation minimization). More precisely, we introduce the
following problem:

Pery (A) — [.. w
(2-12) min{ ¥ = Joanr :ACQ},
Jad
where
Pery (A) :=[¢|DXA|= Y|Dxal = y dHN !
Q QuIe a*A\T

is the weighted perimeter of A that is taken relative to 2 (or equivalently, relative
to QU since A is assumed to be a subset of ) and 0*A denotes the reduced
boundary of A. Under the assumptions of Proposition 2.6, we have the following.

Proposition 2.11. The values of problems (2-2) and (2-12) coincide (that is,
min (2-2) = min (2-12)). In addition, a function u solves (2-2) if and only if the
superlevel sets A; ;= {u > t} solve (2-12), for almost all t > 0. In particular,
problem (2-12) admits an optimal set A*.

Proof. By considering characteristic functions u := x4 where A C Q in (2-2), it is
obvious that we get min (2-2) < min (2-12). Now, let us show the reverse inequality.
Fix u € BV(Q) with u > 0 and u =0 on Q\Q. Using the coarea formula, we have

+00 e
fWD”l_fwu:/ / wd’HN—l—/ / wdH N ds
Q r 0 3*ANT 0 o
— /+°° Pery (A;) — fa*A,ﬂF Wk ([ d)) &
0 0 "
— e

(2-13) > min{ Py = dsor AC Q} / (/ ¢) “

I oo

Pery (A) = [y anr W

—min| - acal o

Pery (A) = fyepnr ¥
J1d

This yields that min (2-2) = min (2-12). Moreover, if u is a minimizer in (2-2) then

the inequality in (2-13) becomes equality. Yet, this means that for almost every

t >0, we have

Pery (A;) — fa*Amr w _ min{ Pery (A) — fa*Amr w
Ja,® Jad

Consequently, the superlevel sets A; = {u > t} solve (2-12), for almost every ¢ > 0.
The last statement follows directly from Proposition 2.6. U

Hence,

min(2—2)zmin{ :ACQ}.

:ACQ}.
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Remark 2.12. In fact, one can show in Proposition 2.11 that for every t > 0, the
superlevel set A, = {u > t} is optimal for problem (2-12). Indeed, let (#,), be a
decreasing sequence such that t, — ¢ and A;, is optimal in (2-12) for all n. Recalling
the estimate (2-9), we have

) < APl oo A, | < M@0
Yol — A% Yo(l =A%)

Hence, x4, is bounded in BV(2) and so, up to a subsequence, x4, —* xa, in
BV(€2). In particular, one has Per(A;) < oo. Finally, the lower semicontinuity of
the functional in (2-2) yields that x4, is also a solution for problem (2-2).

Pery (A, 19

Remark 2.13. Similarly to the proof of Proposition 2.11 about the equivalence
between problems (2-2) and (2-12), one can show using the coarea formula that

Jrwlul

In particular, we have A* < 1 if and only if

N w
‘u#0eBV(Q), u=0 onFC}:sup{M‘ACQ}.

AN = sup{ :
Pery (A)

(2-14) / w < Pery (A) forall AC Q.
a*ANT

This condition is always satisfied as soon as w < 0. Otherwise, it holds obviously
if for all A C 2, we have

HV 1@ ANT) < — 20

er(A).
lw* oo

For instance, if ||w™||s < ¥ and T is a line segment, then the inequality above is
clearly satisfied. Now, assume that I" is not a line segment, the distance between the
endpoints of I' is D and the length of I" is L. Then, we see that when the ratio L/D
increases, the factor ¥/||w™ |« should be large enough in order to guarantee the
existence of a solution to problem (2-12).

We conclude this section by showing that any solution « has a flat part {u = ||u ||~}
This result has already been proven in [6, Theorem 5] but the proof here is completely
different and we also consider it much simpler. More precisely, we have the
following.

Proposition 2.14. Let u be a solution of problem (2-2). Then, |{u = ||u||c0}| > O.

Proof. Let A; := {u > t} # & be a superlevel set of u. Thanks to Proposition 2.11,
we know that A, is an optimal set in problem (2-12). Hence, one has

2-15) Jvpxai= [ w=rfo.
Q *A;NI’ Ay
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From Remark 2.13 and since A* < 1, we get

AWMWMAzx/¢=ﬁmeu—/ w
A; Q 9*A,NI"
N-—1
zu—Aj[wWLMzca—Anwmm|~,
Q

where ¢ > 0 is a universal constant. Therefore, we infer the following estimate:

= (A=K
" Mgl )

In particular, this yields that

ca—Avw0N>0

{u = llulloc}l = ( ol

3. Regularity properties of optimal sets

In this section, we study the regularity of an optimal set A* in problem (2-12).

In [16, Theorem 5], the authors have already studied the regularity of d A* but in
the particular case when w =0 on I" and N = 2. However, there is a gap in their
proof since in order to prove regularity on dA* they assume that dA* is in W' !;
but it is not clear why an arc of dA* cannot be for instance the graph of a Cantor
function. Fortunately, this is not the case as the results below show.

Proposition 3.1. Let i be locally Lipschitz in Q2. Then, there exists a relatively
closed set ¥ C dA* N Q such that HN~2(X) = 0 and for every x € (JA*\X) N Q,
dA* is of class C'/? around x.

Proof. First of all, it is clear that if A* minimizes (2-12), then A* solves also the
following problem:

@3- min{Perw(A)—/ w—k*fqﬁ:ACSZ},
9*ANT A

where A* = min (2-2). Fix xg € 9A*NQ and 0 < rp < d(xg, Q). Let EC RN be a
set with finite perimeter such that A*AE C B(xg, rg). In particular, we have E C Q.
Thanks to the minimality of A* in (3-1), we get that

Perw(A*)—/ w— A" qbfPerw(E)—/ w—)f/qb.
9*A*(T A* 9*ENT E

Clearly, 0*A*NT"=0*ENT, since A*AE C B(xg, ro) and ro < d(x¢, 9€2). Hence,
we infer that

Pery, (A*) —A*/ ¢ <Pery (E) —k*/¢.
A* E
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Consequently, we get that
Pery (A*) < Pery (E) + X[l |A*AE]|.

In other words, A* is a (A, ro)-minimizer of Pery (E) in Q with A = A*[|¢ |l
(see [11]). Then, thanks to [11, Theorem 1.10], we infer that A* has boundary of
class C'"1/2, out of a closed singular set ¥ C dA* of dimension d < N — 2. U

Remark 3.2. In fact, we can reduce the dimension of the singular set ¥ in
Proposition 3.1 to N — 8 but perhaps with less regularity on d A*. More precisely,
thanks to [19, Theorem 3.2], one can show that dA* is of class Cl’% inside €2,
except at a singular set of dimension N — 8. For this aim, we just need to show that
A* is an almost minimal set in B(xg, rp), for every point xg € dA* and rg > 0 small
enough such that B(xg, rg) C 2. Indeed, let x € dA* N B(xg, ro) and r > 0 be small
enough so that B, := B(x, r) C B(xg, o). Recalling the proof of Proposition 3.1,
for any subset A C 2 such that AAA* C B,, one has

fw|DxA*|—A* ¢>s/z/f|DxA|—x*f 6.
B, A*NB, B, ANB,

In particular,

f|DxA*|si/vf|DxA*|§iU W—A*fqﬁ—l—k*/ ¢]§cw—1.
B Yo JB, Yo LJaB, B, A*NB,

Yet, we have

W(x)/B|DXA*|+/B[‘ﬁ—W(X)]|DXA*|—)\* p

A*NB,

Slﬁ(X)/BIDXAI+/B[1//—¢(X)]IDXAI—?~* b.

ANB,

Since v is Lipschitz in B(xg, rg), this implies that | — ¢ (x)| < Cr on B, and so,

we get that
f|DXA*| < /|DXA| +cr?.
B, B,

Proposition 3.3. Assume that ¢ € C(Q2) and ¥ € C'(Q). Then, the boundary
of A*, out of the singular set X, is of class CY%, for all a < 1. Moreover,  A*\ X
is C>% inside Q as soon as ¢ € CO%(Q) and ¥ € CH¥(Q). Moreover, the mean
curvature Hax of 0 A* at any point x ¢ X is given by the following formula (where
op Y denotes the interior normal derivative of ¥ on 0 A*):

N (x) + 0nt (x)

(N — D) Hys (x) = e
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Proof. First, we recall from Proposition 3.1 that there is a closed set ¥ C dA* such
that dA*\ X is C1!/? inside Q. Fix a point xo € (dA*\X) N Q. Without loss of
generality, we assume that xg is the origin. We may also assume that near xp, 0 A*
is the graph of a function v* : B, — R, for some ¢ > 0 small enough. So, we already
know that v* € CL1/2(B,). It is clear that v* minimizes the following problem:

min{/ ¥ (x, v0)) V1 + Vo2 dx
Be v(x)
+A*/ ¢(x,t)drdx : v e BV(B,), v|888=v*|838}.
B, Jo

From the optimality conditions on v*, we have
Vv*(x) }
V14 Vo)
= O, ¥ (2, VT OV I+ VU0 + X (x, v* (1)),
Due to the regularity of v*, (3-2) can be written as
Vu*(x) :|
V14 |Vor )
_ 1 [Vih (x, " (x) + 8y ¥ (x, v (x)) VU (1) ] - VV* (x)
TP vr(x) (‘ V14 Vo o2
+ 0 ¥ (6, V)V T4 [V ()P + 2% ¢ (x, W(X)))

*
> aijvi= .
ij

(3-2) V- [w(x, vt (X))

(33) V. [

or equivalently,

where
(14 |Vv*?) 8;j — v} o3

(1+|Vv*[2)3/2
and f is the right-hand side in (3-3), which is clearly bounded and, it is also Holder
continuous with exponent « as soon as ¢ € C%® and y € C'*. It is easy to check that
there are two positive constants 0 < A < A < oo such that A|&]> < a;j& & < IR
Moreover, a;; € Cc%1/2(B,) for all i, j. Thanks to the Calderén-Zygmund estimates,
we infer that v* is in W2?(B,») for any p < oo, in particular v* € C1*(B;2)
for any o < 1. Then, by the Schauder estimates (see also [5]), this implies that
v* is C>% in B, /2 provided that ¢ € C 0@ and ¢ e C'“. In addition, the mean
curvature H« of dA* at a point (x, v*(x)) is given by

Vo' (x) }:)»*¢(x,v*(X))+3nW(x,v*(X))' 0
V14|Vt )

(3-4) aij =

N—-—1H;s»=V-
(N=DHa [ ¥ (x, v*(x))
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In order to extend our regularity result on d A* up to the boundary 92, we need to
introduce the following definition that generalizes the notion that the mean curvature
of I'¢ is bounded from below in the case when ¥ = 1 (see also [4, Definition 1]
and [21]). Let us assume that i is extendable to a locally Lipschitz function in Q.

Definition 3.4. We say that ['“ is a 1-almost minimal set if for every xo € I'“ there
are constants ro > 0 small enough and C < oo such that

Pery, (E N Q) < Pery (E) + C|E\L|
for every set E C RY where E\Q C B(xo, o).

Remark 3.5. Assume that N =2, i = 1 and, I'“ is convex (as an arc of 9€2). Fix
a point xp € I'°. Then, it is not difficult to check that

Per(E N Q) < Per(E)

for every set E C R? such that E \2 C B(xg, r9), where rg > 0 is small enough. In
particular, this implies that I"“ is an almost minimal set in the sense of Definition 3.4.

Proposition 3.6. Assume that I'° is a -almost minimal set. Then, there is a
relatively closed singular set ¥, C 0 A* N ' with dimension d < N — 2 such that
dA*NTC is of class C"1/?, outside Xy,

Proof. Fix a point xo € dA* N I"° and rp > 0 small enough. We claim that A*
is a (A, ro)-minimizer of Pery (E) in B(xo, r9). Let E C RY be a set with finite
perimeter such that A*AE C B(xg, ro). We note that here E is not necessarily
contained in 2. However, EN is always admissible in (3-1). Hence, by minimality
of A* in (3-1), we infer that

Per,/,(A*)—f w—A* ¢>§Per,/,(EﬂQ)—/ w— A ¢.
*A*NT A* *(ENQ)NT ENQ

Let us choose rp > 0 small enough so that B(xg, rg) N I" = &. Then, one has
*A*NT =0"(ENQ)NT, since A*AE C B(xg, ro). Hence,

Pery (A*) — k*f ¢ <Pery (ENQ) —A* ¢
Ax ENQ

and so,
Pery (A*) < Pery (E N Q) + A [|¢]loc |A*\E].

Conversely, I' is an almost minimizer of Pery, (E), xo € I'“ and E\Q2 C B(xo, 9).

Hence, one has
Pery (E N 2) < Pery (E) + C|E\S2|.

Therefore, we get that

Pery (A*) <Pery (E) + C|E\Q| + 1*||¢]loc |A*AE].
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Yet, E\Q2 C A*AE. Hence, A* is a (A, ro)-minimizer of Pery (E) in B(xo, r9).
Thanks again to [11, Theorem 1.10], this yields that 9 A* N I"¢ has boundary of class
C1/2 out of a closed singular set ¥, C dA* NT'¢ of dimensiond < N —2. O

Proposition 3.7. Assume that T is C'!, ¢ € C(Q) and ¥ € C'(Q). Then,
(DA* NT\Xy, is of class C1 1.

Proof. There is a relatively closed singular set X, C dA* NI (see Proposition 3.6)
such that (dA* NT)\ X, is of class C11/2. Fix xo € (0 A* NT¢)\ ;. After rotation
and translation of axes, we may assume that xo = 0 and that the tangent space to I'“
at x is the hyperplane x,y = 0. Assume that near xg, "¢ is the graph of & : B, — R
(where r > 0 is small enough) and d A* is the graph of v* : B, — R. So, we have
that v* € C“V2(B,), h € C"1(B,), h(0) = v*(0) =0 and Vi (0) = Vv*(0) = 0.
Again, we see that v* minimizes the following problem:

min{/ e, vV 1+ | Vo(x) 2 dx
B,

v(x)
+)»*f / qb(x,t)dtdx:vEBV(Br),vzh,vlaBrzv*|aBr}.
B, Jo

Taking into account the presence of the obstacle v > & on B,, we get instead of (3-3)
the following inequality:

(3-5) = @i v+ f =0,

ij

where a;; and f are defined exactly as in the proof of Proposition 3.3 (see (3-3)
and (3-4)). The equality in (3-5) holds inside the open set

O :={xe€B, :v'&x)>hx)l.
Since v* > h on B, and h € C!(B,), then we have
—Cr? <h(x) <v*(x) on B,.
In order to show that v* is C!'! at the origin, we just need to show that
(3-6) —~Cr? <v*(x) <Cr? forall x € B, 2.

The proof of (3-6) will follow the one in [8, Theorem 2] with some simplification
(coming from the fact that one can always assume that the tangent space to I'“ at xq
is the hyperplane xy = 0). Set w* = v*+Cr? > 0. Then, w* satisfies the inequality

—Za[‘, wl*J+f > 0.
i.j
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Let wq be the solution of
_Zaij wo;j + f =0,
ij
with wg = w* > 0 on d B,. Then, by the comparison principle (see [5]), we get that

wo < w* on B,. Let x* € B, be such that

w*(x*) — wo(x*) = nllgax(w* —wp) > 0.

>

Then, we have two possibilities: either x* € O or x* € 0. Assume the latter holds.
Hence, we get that

(3-7) w*(x) — wo(x) < w*(x*) — wo(x*)
= v*(x*) + Cr? — wo(x*) = h(x*) + Cr? — wo(x*).

Now, assume that the maximum point x* € O and set r* = dist(x*, d0) > 0. Then,

we should have
— E aij(w* — I,Uo),'j =0 in B(x*, r*).
i.j

But, by the maximum principle in [14, Theorem 9.6], w* — wq cannot achieve a
(nonnegative) maximum in B(x*, r*) unless it is a constant. Therefore,

w*(x*) —wo(x*) = w*(y*) — wo(y"),

where y* € 90 N dB(x*, r*). Hence, we may always assume that x* € 9O and so,
(3-7) holds.

Now, consider the quadratic function V(x) = %(lx |> —r?), where y > O is to be
chosen later. So, we have V = 0 on d B,. Moreover, one can choose the constant y
large enough so that V solves

_Zaijvij+f <0.

i.j

Indeed,
—ZaijVij‘i‘f =Y Zaij5ij+f =-VY Zaii +f==Niy+1flloos
ij ij i

where in the last inequality we used that a;; > A > 0. Thanks again to the comparison
principle and the fact that V < wg on 9 B,, we get

V <wg on B,.

Recalling (3-7) and thanks to the fact that ' is C Lland V(x) > —%rz for all
x € B,, we get

(3-8) w*(x) —wo(x) <A+ Cr> =V (x*) <Cr* forall x € B,.
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But, we have

= aijwo—V)ij+ f=v Y ai.
i i

Recalling (3-4), we see that a;; € C(B,) for all i. Thanks to [14, Corollary 9.18],
we infer that wy — V € Wz’p(Br) N C(B,) for all p < oo. By [14, Theorem 9.20],

loc
we have for any p > 0O that

1 Vr
(3-9) sup(wo — V) < C(( /;g(wo - V)p) + X”f”LN(B,)),

Br/Q |Br|

where the constant C does not depend on r. Yet, from [14, Theorem 9.22] it is seen
that there are constants p and C depending only on N, A and A such that

1/p r
(wg — V)”) < C(inf(wo W)+ =1\fllyw >
|B, | /B B, 3 1 e,

1
(3-10) (
Combining (3-9) and (3-10), we get the following Harnack inequality:

. r
sup(wo — V) =< C(lgf(U)O -V)+ X”f”LN(B’_)) < C(wp(0) — V(0) +rNthy,
B2 r

since f € L®(B,). But, wo(0) < w*(0) =v*(0) + Cr*> = Cr? and V(0) = —4r2.

Hence, we infer that 5
sup(wo — V) < Cr-.
Br/2

Recalling (3-8), we infer that
w*(x) < wo(x) + Cr’ < Vix)+ Cr’<Cr? forall x e B, )>.
But, this concludes our claim (3-6). [l

Now, our aim is to study the shape of d A* near I'. For this, we need to restrict
ourselves to dimension N = 2. The following proposition is a generalization of [16,
Theorem 5] to the case when w # 0.

Proposition 3.8. Assume that d A* touches the interior of I" at some point x and
suppose that T is C' around x. Then, dA*\{x} N B(x, 8) is composed of two arcs
Cy and Cy such that Cy C T'. Let 6(x) be the angle between the tangent vectors to
Cy and C, at x. Then, we have the following estimate:

(V)2 —w(x)? T
tan <m) <0(x) =< 5 if w(x) >0

and

Y (0)* = w(x)?

T <o) ftan_l(
2 29 (x) w(x)

) if wx) <0.
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Proof. First, we recall from Proposition 3.3 that dA* is C>¢ inside €, for all & < 1.
Moreover, the curvature of d A* is uniformly bounded in Q:

.
RZCY

Fix x € d A* in the interior of " such that 9 A*N B(x, §) N2 # &, for every § > 0
small enough. Assume that I" is C I'around x. Let C; and C, be two different arcs
of dA* N B(x, 8) such that x is an endpoint of both C; and C5.

Assume that C| and C, are contained in €2 (we note that the case when C1NI" # &
or C; NTI" # @ can be treated similarly) with 0 < 6(x) < w. After rotation
and translation of axes, one can assume that x is the origin and (s, @(s)) is a
parametrization of Cy (s € (0, §)) and C, (s € (—8, 0)) such that «(0) =0, «’(07) <0
and o’/ (0™) > 0. For £ > 0 small enough, let s, < 0 be such that «(s;) = a(e). Let us
denote by C, := {(s, a(s)) : s € (s¢, €)} and by @g C €2 the line segment joining the
points (s., o (s¢)) and (e, @ (¢)). Let A, be such that 0A, = (0A*\C;) Uég. Thanks
to the minimality of A* in (3-1), we have

Per¢(As)—f w—A*/¢>—|:Per,/,(A*)—/ w—k*/ ¢} > 0.
dA,NT A, JA*AI *

Hence,

(3-11) fgw(s, a(e))ds — /gw(s, a(s)v1 —|—o/(s)2 ds —X’f o+ [ ¢=>0.
Se Se Ag A*

("¢ (x) + I (X)].

K

Yet, we have

< ¢l 0(),

e pro(e)
/ ¢(s,t)drds
S

se Ja(s)

fo- ]
As A

where the last inequality comes from the fact that the map & — s(¢) :=s, is Lipschitz
with s(0) = 0. Dividing (3-11) by € and letting ¢ — 0", we get

o (OD[1=VI+a 0) =o' (01 =V1+a 0] >0.

But, this is clearly a contradiction.

Let C C Q be an arc of dA* N B(x, §) N Q such that x is an endpoint of C.
Let (s, B(s)), s € (=3, ), be a parametrization of " such that $(0) = g’(0) = 0.
Assume that the angle between the tangent vector to C at x and (1, 0) is less than
%. Let (s, a(s)), s € (0, §), be a parametrization of C with «(0) = 0. For ¢ > 0
small enough, we define the set A, as

dA, = [0AM\C:1U (e, a(e)), (e, B(e))UT,
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where C, := {(s, a(s)) : s € (0, &)} and I'; denotes the arc of I" between (0, 0) and
(e, B(e)). Here, we assume that ', N0 A* = &. So, one can see easily that

Pery (A;) — / w— A ¢ — |:Perw(A*) — / w— A*/ ¢:|
9A.NT dA*NT *

a(e)

= ven dr—f w(s, BNV 1+ B/(s)> ds
" f Y (s, als)V1 o ()7 ds — / o+ |
But, one has
L i v e 0= [ 6, e )T+ ()7 ds
- ’ = [/ (0") — V1 + /(0" 90, 0)

/
Ag *

al(s)
¢(s,t)drds
B(s)

Thanks to the optimality of A* in (3-1), we get that

¢ < ll¢llec 0(e).

(3-12) [/ (01) =V 14a/(01)?]1 (0, 0) — w(0, 0) > 0.

Hence, w(0, 0) <0. Using the above estimates, it is easy to check that if w(0, 0) <0
then I', cannot intersect 0 A*. Moreover, we have

w(0,0)* — ¥ (0, 0)?
2w (0, 0) ¥(0, 0)
Now, let us assume that the angle between the tangent vector to C at x and

(1, 0) is greater than % Let (s, a(s)), s € (=46, 0), be a parametrization of C with
«(0) = 0. For ¢ > 0 small enough, we define the set A, as

o' (07) >

dAe = [0AT\C]U[(—¢, a(—¢)), (=&, B(=e))],

where C, :={(s, a(s)) :s € (—&, 0)}U{(s, B(s)):s5 € (—&, 0)}. Here, we assume that
C. C 0A*. Again from the optimality of A* in (3-1), we must have the inequality

Per,/,(Ae)—f w—\A[ ¢— [Perw(A*)—/ w—)ﬁ/ ¢} > (.
9A.NT Ae JA*NT .

Hence,

a(—e)
f 1//(—8,t)dt+/ w(s, ,B(s))\/1+ﬂ(s)2ds
B(—¢)
lﬁ(s a())V1+a(s)>ds —1* ¢+A*/¢>O
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Dividing by ¢ > 0 and letting ¢ — 0", we get that
(3-13) [ (07) —V 1—|—Ol/(0_)2]1//(0, 0)+w(0,0) > 0.

In particular, this yields that w(0, 0) > 0. If w(0, 0) > 0 then one can also see that

C, must be contained in dA*. In addition, we have

w(0, 0)% — ¥ (0, 0)*
2w(0,0) ¥ (0, 0)

o' (07) <

We finish this section by some remarks on optimal sets.

Remark 3.9. An optimal set A* is a priori not connected. For instance, this may
happen when ¥ has two minima or when €2 is not convex (like two disks connected
by a tube). However, one can always show that there is an open connected set A*
that minimizes problem (2-12). Indeed, if A* is an optimal set then it is not difficult
to check that the interior of A* is optimal too. So, let us assume that A* is open.
Now, let {A%};cn be the family of disjoint open connected components of A* (i.e.,
A*=J;en AF and AT N A; =g, for all i # j). In fact, the optimality of A* also
implies that A_l* N A_; =g, for all i, j. Yet, we have

o Pery (A*) = [ou jeqr W - Pery (A7) — fa*A;mr w
[ R

for all i.

Hence,

(3-14) A*/ ¢ <Pery (A7) —/ w.
A 9*AINT

Since the closures of these sets A* are mutually disjoint, then taking the sum over i
in (3-14), we get that

(3-15) x*/qs:x*Z/qngPerw(A;)—Z/ w
A i YA ; ;

*ArNC

= Pery (A*) — / w.

3*A*Nl
But, the inequality in (3-15) must be an equality. In particular, it implies that
for all i, the inequality in (3-14) is an equality:

)»*/qb:PerMA?)—/ w.
A a* AN

In other words, this means that A* is an optimal set for problem (2-12) for all i.

In addition, one can show in two dimensions that any connected optimal set A*
is convex as soon as ¥ is a constant function.
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Remark 3.10. Assume that » = 1. For every point x € dA* N Q, there is an ¢ > 0
such that A* N B(x, &) is convex. Moreover, if x € d0A*NdQ2 and 2N B(x, &) is
convex, then A* N B(x, &) is convex. To see this, assume that there are two points
x*, y* € 9A* N Q2 such that |x*, y*[ C Q\A*. Let E be the small region delimited
by [x*, y*] and dA*. Now, we define A = A* U E. Then, it is easy to see that
Per(A) < Per(A*). Yet, we also have Ji¢> [, ¢ and JANT = dA*NT. Thanks
to (2-14), we infer that

Per(A) — Joiorw _ Per(A") = [ pnrw
< < .
fA‘p fA*(p

But, this contradicts the optimality of A* in (2-12). We note that this argument
does not work in higher dimension since it is not true when N > 2 that the perimeter
of the convex hull of a set is less than the perimeter of the set itself.

Remark 3.11. Assume that ¢ = 1. Then, one can show that any connected optimal
set A* in (2-12) has to intersect the boundary 0€2. Indeed, assume that A* is
contained in the interior of 2. Take ¢t > 1 such that tA* C 2. Then, it is clear that

Per(tA*) =t Per(A*) and |[tA*]| =1%|A%.

Hence, we have Per(tA*)  Per(A*)

< 9
[z A |A*|
which is a contradiction. Hence, A* touches 092. Moreover, if 0A* NI" = & then
A* cannot be translated inside €2, since if A is a translation of A* inside €2, then

Per(A) =Per(A*) and |A|=|A"|.
In addition, assume €2 is convex. Then, A* must intersect I" with
H' @A N{x el :w(x) > —1}) > 0.

Indeed, if #'(0A*N{x € ' : w(x) > —1}) = 0 then one can move A* in Q until
we obtain a new set A such that

H'@AN{x eT :wx) > —1}) > 0.

Yet, we clearly have |A| = |A*|. Moreover, we have

Per(A) — / w = Per(A) — / w— / w
dANTI dAN{xelw(x)=—1} JAN{xelw(x)>—1}

< Per(A, R?) = Per(A*, R?) = Per(A*) — / w.
dA*N{xelw(x)=—1}

Consequently, we get

Per(A) — / w < Per(A*) — / w.
9ANT dA*NT
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4. Examples

We conclude the paper by some examples in two dimensions where we can find
explicitly the optimal set A* in problem (2-12).

Example 4.1. Assume that Q:=[—1,1]x[0,1], T=[-1,1]x {0}, y =¢p =1
and w = wy € [0, 1]. Thanks to Proposition 3.8, we know that any arc of 9 A*
inside Q is an arc of circle with radius R* = 1/A* and, d A* is also of class C! on I'°.
Using Proposition 3.8, one can see that if d A* touches I" at some point x, then the
tangent line to dA* N 2 at x must be orthogonal to I". Moreover, by Remark 3.11,
one has H!(dA* NT) > 0. Thanks to Remark 3.10, A* is also convex.

For every € € ]0, 1[, let A, be the “rounded” rectangle 2 where the corners (1, 1)
and (—1, 1) are cut off and replaced by arcs of circles with radius ¢ and centers
(1—e,1—¢)and (—1+¢,1—¢). We have

Per(A,) =4+ (r —4)e and |A€|=2—2<1—%>82.
Hence,
7 Per(Ae) = fyaor® _ 4+ (r —4) e — 2wy
g) = =
A 2-2(1—-1%)¢?

Yet, this function 7 (¢) reaches a minimum at

_4—2wp—2y/m — 4+ (wg —2)2
B 4—m '

8*

Then, we infer that the optimal set A* is equal to A~ and A* = 1/¢&”.

A

r

Example 4.2. Now, assume that I' = ([—1, 1] x {0}) U ({1} x [0, 1]) and wo = O.
For every € € ]0, 1[, let us denote by A, the “rounded” rectangle 2 where the corner
point (—1, 1) is cut off and replaced by an arc of circle with center (—1+¢, 1 —¢)
and radius e. Again, it is clear that

Per(A;) =3+ <% —2)8 and |A;|=2-— (1 — %) &2

Then, we get that
Per(A;) 3+ (5-2)e
|Ael  2—(1-%)&¥
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attains a minimum at ¢ = 1. Consequently, this implies that the optimal set A*
in (2-12) is nothing else than A;.

A*

r

Example 4.3. In this example, we will see that the situation becomes much compli-
cated when the penalization w on I' is negative. Assume that Q :=[—1, 1] x [0, 1],
I'=[-1,1]x{0}, ¥ =¢ =1 and w = wy, where —1 < wy < 0. Let A* be a convex
optimal set in (2-12). We recall that any part of d A* in the interior of Q2 is an arc
of circle with radius R* = 1/A* and, that dA* is C! on I" with #'(dA*NT) > 0.
Moreover, we know that if d A* touches I' at a point x then the angle 6 € ]%, JT[
between the tangent line to dA* N 2 at x and I" should satisfy

1— 2
(1) 6 < tan™ (_’”O)

For all ¢ € ]0, 1[ and § €]0, ¢[, we define A, s as the “rounded” rectangle €2 where
the corners (1, 1) and (—1, 1) are cut off and replaced by arcs of circles with radius &
and centers (1 —e, 1 —¢) and (—1+¢, 1 — ¢), while the corners (—1, 0) and (1, 0)
are cut off and replaced by arcs of the circles

(x1—&) 4+ (x2—8)>=¢> and (x;1—148&)2+ (x—8)>=¢>
Then, it is not difficult to check that
Per(A,5) — faAs,amr w

|Ag sl
4+ (m—4)e+2ecos (L) — 5] — 21 — & + VT — 7] wo

2 — B2 95[e — /o2 = 57] + £83/6% — 62 — £2 cos~! (LEE)

If (¢*, 6*) is a minimizer of J (e, §), then the optimal set A* will be A+ s«. Notice
that, thanks to (4-1), we must have the following estimate:

J(&,8) =

—2w0
< g*
V(1 —wd)? + dw?
4 N
A*
\ V.
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