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EXISTENCE FOR SOME DEGENERATE HESSIAN-TYPE
EQUATIONS ARISING IN CONFORMAL GEOMETRY

YAN HE, QIANG TU AND NI XIANG

We establish the a priori estimates for three kinds of degenerate Hessian-type
equations arising in conformal geometry. Based on these a priori estimates,
we obtain an existence result using the continuity method.

1. Introduction

Let (M, go) be an n-dimensional closed smooth Riemannian manifold, n > 3.
Consider a symmetric polynomial of degree k

o)=Y ki A=, h) €Ty,
1<i|<--<ip<n

where
i=A=Q1, ..., ) eR"|o;(M) >0, 1 <j<k}, 1<k=n.

For any nxn matrix U, U € I'y means the eigenvalues of U lie in 'y and 0% (U)
means that oy is applied to the eigenvalues of U. In this paper, we derive the a priori
estimates for three kinds of degenerate equations arising in conformal geometry.
The existence of C'! solutions, which is the central issue for these degenerate
equations, has been obtained by using these estimates.

The degenerate Hessian equations

(1-1) or(D*u) = f(x,u) >0, QCR",

have attracted much attention recently. For kK = n, the degenerate Monge—Ampere-
type equations, Guan and Li studied the degenerate Weyl problem and the degenerate
Gauss curvature problem in [16; 17]. They found that the conditions

L 1/(n—1)
(1-2) Afr=1>—A and |D(f <A
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for some constant A are sufficient to get C!! estimates. Using (1-2), Guan [14] estab-
lished C'-! estimates for the Dirichlet problem of the degenerate Monge—Ampére
equations with homogeneous boundary condition. Guan, Trudinger and Wang
[20] established C!'! estimates for the Dirichlet problem with nonhomogeneous
boundary condition given by

(1-3) e chL(Q).

Here, (1-3) implies (1-2).
For general 1 < k < n, Dong [9] obtained C? estimates for the homogeneous
Dirichlet problem with homogeneous boundary by

(1-4) ID(fFT)| < CfF2 in Q
and
(1-5) friech (@),

Jiao and Wang [28] generalized the results in [9], and obFained C! estimates for
k-curvature problems with homogeneous boundary by %1 € C!!(R"). They also
found convex solutions to the Dirichlet problem of degenerate k-Hessian equations
with nonhomogeneous boundary condition by (1-5) in [29].

Motivated by [28], it is natural to study the degenerate equations in conformal
geometry. One of the central issues in conformal geometry is the k-Yamabe problem.
The k-Yamabe problem was raised in [41] in order to find a conformal metric g so
that oy (Ag) = const., where A, = ﬁ(Ricg — %g), Ric,, R, are the Schouten
tensor, the Ricci curvature and scalar curvature of (M, g), respectively. The general
prescribing curvature problem is to find a conformal metric such that o} (Ag) equals
a given function f,

(1-6) ok(Ag) = f(x).

We say (1-6) is nondegenerate if f > 0. Fruitful results have been achieved on the
k-Yamabe problem and the prescribing curvature problem. Here, we just mention
some existence results of the k-Yamabe problem and the prescribing curvature
problem. The research of the nondegenerate prescribing curvature problem on
manifolds without boundary can be tracked back to Chang, Gursky and Yang
[1; 2]. They proved that if the Yamabe constant and f v 02(Ag,) are both positive,
then there exists a conformal metric g such that 07(A,) is a positive constant; see
also [22]. Later on, Guan and Wang [18] and Li and Li [31] concluded that on locally
conformally flat manifolds, the k-Yamabe problem is solvable for 2 < k < n/2;
see also [38]. Gursky and Viaclovsky confirmed the existence of a solution and
compactness of solution set to 03 (Ag) = f > 0 in the case of n > k > n/2 when
Ag, €T and (M, go) is not conformally equivalent to a sphere. Li and Nguyen [34]
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obtained that if Ag) € I'y, k =n/2 and (M, go) is not conformally equivalent to a
sphere, then there is a conformal metric g such that 04 (Az) = 1, and the solution
set is compact. Other relevant conclusions are included in [3; 4; 10; 11; 12; 32; 40].

In 2003, Gursky and Viaclovsky [23] introduced the modified Schouten tensor

. 1 . IR,
Ag = Ricg — ——¢|.
n—2 2(n—1)
(1-5)R,

This tensor is, in fact, a constant multiple of the tensor sAg — So-n 8 which is
introduced in [31]. It is also a meaningful problem to find a conformal metric g with

(1-7) or(—Ay) = f(x).

When ¢ =0, A% = —L5 Ric,; when = 1, AL is just the Schouten tensor A,; when
t=n-—1, A’g is the Einstein tensor. Gursky and Viaclovsky [23] and Li and
Sheng [35] proved that when ¢ < 1 every compact manifold with —A;O eIy is
conformal to a metric g with crk(—Ai,) = f(x)>0.

Another interesting problem is to study the boundary value problem for (1-6) and
(1-7) on manifolds (M", g) with boundary d M. Guan [15] studied the existence
problem for (1-6) under the Dirichlet boundary condition. Li and Sheng [36] con-
sidered the Dirichlet problem for oy (Ric, — Rg) = f. Under various conditions, the
Neumann problem arising in conformal geometry is derived in [6; 7; 24; 30; 33; 37].

A key issue for the study of fully nonlinear equations in conformal geometry
is the a priori estimates. Thus, there is much profound research on the a priori
estimates for (1-6) and (1-7) and their further generalizations. We refer to [5; 18;
19; 25; 26; 27; 31; 38; 42; 43].

It is noticed that most of the results focus on nondegenerate cases in conformal
geometry. For the degenerate case, Ge, Lin and Wang [13] obtained that if f =0,
k =2, there exists a C"! metric such that o, (A ¢) =0. A natural question is whether
the existence is still valid if f is nonnegative.

We consider an existence for the solutions to degenerate equations in the negative
cone —['y = {A | —A € I't}. We raise the following problem,

Problem. Let f be a nonnegative function in M. Is it true that there exists a
conformal metric g on M with O’k(—Atg) =f>07
The question is partly answered in this paper. The results are as follows. Let
g =e™go. Then
11—t

_Al = Aw+V2w—Vw®Vw+E|Vw|2go—At :
g n_2 2 80

Here, w is said to be admissible if —A’g € I'r. Note that [38] provides a coun-
terexample to show that the regularity for det(V?w + |Vw|?> 4+ S) = f in R? fails
where S(x) is some 2x2 matrix. We only consider ak(—A;) =f>0witht < 1.
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Theorem 1.1. Let (M, go) be an n-dimensional closed s]mooth Riemannian mani-
fold, n > 3, —A;O ely,2<k<n,t<1. Suppose that {1 € Cllisa nonnegative
function in M. Equation (1-7) has an admissible supersolution w:

o (—Aly ) < f(x), —Aly €Ty
Then, there is a C"! solution w of (1-7) satisfying Ag-2ug € Tt

Perturbation techniques are often used to deal with degenerate problems. First,
we transform the original degenerate problem into a nondegenerate equation by
adding a positive number € to the right-hand function f. Next, we establish the
a priori estimates, which are independent of €. Finally, we find the existence of
the solution u. for each € and then let ¢ — 0 to derive the existence result for the
degenerate problem (1-7).

Since the a priori estimates are the core of the existence theorems, we need the
following C! and C? estimates.

Theorem 1.2. Let (M, go) be an n-dimensional closed smooth Riemannian mani-
folq, n>3,2<k<n,t < 1. Suppose that f is a nonnegative function in M and
fe1 e CYl Let w be a C* solution to

A Ve LT A 27w
(1-8) ox| —A, +Vw+ Aw—-—Vw @ Vw + IVw|“go
£o n—2 2

= (fET () + ok leH xeM,

where —A! evg, € Tk. Then, there is a positive constant C depending on go, n, k, t,
||fk e, ||f||Co, lw|lco but independent of €, such that

(1-9) sup |[Vw| < C.

1
Furthermore, there is a positive constant C depending on go, n, k, t, || f =1 | c11,
I fllco, IVw]co but independent of €, such that

(1-10) sup [V2w| < C(1 + eFo1 59w,

The next theorems concern the estimates for o3 (A,) = f > 0. Before introducing
the estimates, we give the following notation. Set0 <€ < 1, andlet 0 <n(t) <1
be a smooth function, which satisfies

(I-11) n(@t) =1 for t <10; n@)=0 for t>10; n' <Ci16, 1" <C0.
Here, C;, C, 6 > 0 are constants.

Theorem 1.3. Let (M, go) be an n-dimensional closed smooth Riemannian mani-
fold,n > 3,2 <k <n. Suppose that f is a nonnegative function in M. Let u be a
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C* solution to
(1-12) ok (Agy+ VZu+ Vu® Vu — | Vul|*g0)

= (/T @ +en(fF)) e xem,
where A, -2ug € T Iffﬁ e ClHl, then
(1-13) sup |Vu| < C,
where a positive constant C depends on ||fﬁ e, I fllcos 1l co, o, 1, K, O, C,
C» but is independent of €.

Moreover,

2k

(1-14) sup |V2u| < C(1 + e 71 iy
where a positive constant C depends on ||fﬁ lcut, I fllcos IVullco, 8o, 1, k, O,
C1, C; but is independent of €.
The next theorem concerns the case of f teC?
Theorem 1.4. Let (M, go) be an n-dimensional closed smooth Riemannian mani-
fold, n > 3,2 <k <n. Suppose that f is a nonnegative function in M. Let u be a
C* solution to
1
(1-15) o (Agy+ VZu+ Vu® Vu — 1| Vu|*g)
1

= (fT() +en(fE(x))e™, xeM,
where A,y € T Iff% € C?, then
(1-16) sup(|Vul* + |V2u|) < C(1 + e 20ty
where a positive constant C depends on gg, n, k, ||f% lc2s 1| fllcos 8, C1, Co but is
independent of €.

The paper is built up as follows. In Section 2, we introduce the notation and the
necessary formulas. In Sections 3, 4, 5, we establish the crucial estimates and prove
Theorems 1.3, 1.4 and 1.2, respectively. Finally, the existence result of Theorem 1.1
is proved in Section 6.

2. Preliminaries

Throughout this paper,

. doy . 20'k
Uk—l()»ll)=a and ak_Z(MlJ):a)\-ak-'
i L J

We list some properties of oy, which will be used later.
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Proposition 2.1. Let A= (A1, ..., ;) € R" and 1 <k < n. Then we have
(DI DD Dy

(2) ok_1(A|i)>0forreTyand1 <i <n;

(3) ok(A) = oA | i)+ Aiog_1(A | i) for 1 <i <n;

@ ifr=r=-=Ay, theno_1 (M| 1) <ok_1(A|2) <--- < 0x_1(X | n) for
keFk;

(5) Yis ok-1G [ D) = (n =k + Dog—1 ().

The generalized Newton—MacLaurin inequality is as follows, which will be used
later.

Proposition 2.2. For A ey, andm >1>0,r >s >0, m>r,l > s, we have
[om(wc;"}ml—' [aru)/czr
o1(0)/Cl os(A)/C; '
Proof. See [39]. O

<

The following lemma is the key in the proof of Theorems 1.3 and 1.2.

Lemma 2.3. Let o = ﬁ If U € T'y, then

(2-1 —a,ii’jj UiipUjjp > Gk|:(0k)p B M] |:(oz - 1)—(01‘)1’ (a4 1) (Ul)p]'
Ok 0] Of o1

Proof. See [21]. O

In this paper V denotes the Levi-Civita connection on (M, go), and the curvature
tensor is defined by

R(X,Y)Z=VxVyZ—VyVxZ—Vix yZ.

Letey, ea, . .., e, be local frames on M and define g;; = go(e;, €;), {g"/} = {gij} ',
while the Christoffel symbols Ffj and curvature coefficients are given, respectively,
by V,e; = Ffjek and

Rijki = go(R(ex, er)ej, €;), R}kz = g"" Ruju-

We write u; = V,’M = Ve,.u, Uji = [VVu](ej, €,') = [Vl' (Vu)](ej) = Vi(Vju)—Ff‘juk,
Ujjk = [V (VVu)l(e;, €j), etc. Note that Ujj =ujj,

(2-2) Uijk — Ukij = Rijpttm,

(2-3) Ukitj — Uktij = Rijy jum + Rigijimj,

m m
(2-4) Ukiji — Ukilj = Rijuim + Ry tm.-
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From (2-2), (2-3) and (2-4), we obtain
(2-5) Ujjkl —Uklij = R,jk Um+ szl jUm +R jkUWml +Rkllum] + R j1Wkm + Rkﬂumz

For convenience, we introduce the notation

. 9F . 9%F
FU)=ox(U), Fi=_— FIv= _—
aU,'j aU,-jaU,s

Lemma 24. (1) If U= V2u+Vu® Vu— 5 |Vu|’go + Ay, then
Uijp = uijp +uittjp +ujitip — uqitgpgij + Aij.p,
and
Uijpp = wijpp +2uiplt jp + Uill jpp + U jitipp — Ugplqp8ij — UqUgpp8&ij + Aij,pp-

where A;; are the components of Ag, and g;; are the components of go.

Q) Ifw= —A’ +V2w+ Awgo—Vw®Vw+ LIVw|?go, then

Wijp = p T Wijp + zwqquu —WiWjp — WjWip + (2 — D wyWyp&ij,
and
. 1—t
Wijpp = —Aij pp + Wijpp + n_2 Wqqpp8ij — WiWjpp — WjWipp

= 2wipwjp + (2 = DHwgpWep8ij + (2 — HWaWypp8ij
where At are the components of A’ and g;; are the components of g.
The following two lemmas will be used in the proof of Theorems 1.3 and 1.2.

Lemma 2.5. Assume that —ju < s < u. Then, we may choose constants a, b, and p
depending only on p > 0 so that y (s) = a(b + s)? satisfies

(2-6) —1y() =y )+ (5) =y (s)* > 0.
Proof. We have

Y/ () =pab+s5)P~",  y"(s) = p(p— Da(b+s)"2.

Hence,

y'(5) =y’ _ pp—Dab+5)7"2 = pPaP(b+5)*>
s —pa(b+s5)r~!

=l—+(b+s)p Lap.
b+s
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Now chooseb:17u—|—16,p———(b—|—u) a_M Then
1 1
0<——< < .
b+u " b+s 16
Moreover,
3 _ P _ —p _35btun 9 35
34 b4 b+s 34b—u 8 34
and
(b +5)" " ap| = (b= )" ap| = .
Therefore,
1—p - 5
l<—L 4+ lap <2,
<b+s+( + ) ap < 3
Then, (2-6) is proved. Ol

Lemma 2.6. Assume that —u <s < u, t < 1. Then, we may choose constants a, b,
and p depending on u > 0 and t so that y (s) = a(b+ s)? satisfies

1-—

(27 20 _2) —— @)=Y ) =y () >0,

Proof. 1t is easily seen that

y"(s) = y'(s)* _ p(p—Dab+s)P2— p’a’b+5)*"2

y'(s) B pa(b+s)r-!
p—1 —1
= — b p .
b+s (b+s)"ap
Now choose b =2+ 8511__2”, p= Z(('{:%) b+, a=0m+u)'r. 8p(1 I) Similar
to the calculation in Lemma 2.5, we have
2m—=2) p-1 -1
< —(® P .
1—t — b+s (b+s)"ap
Then, (2-7) is proved. U

The following lemma will be used in the proof of Theorem 1.1.

Lemma 2.7. Let
1—t¢ ) 2—

W=——Aw+Vw-— Vw®Vw+—|Vw| 80— A,

n— 2 gO

1—1t

W =
n—2

— 2— T — 2_ 12, At
Aw+ V- w Vw®Vw+—2 |[Vw|“go— A

Suppose o (W) < fe*P o (W) £ 0, op (W) = fe?*. Then we have w < w.
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4 __4 —
Proof. Lett < 1,vn2 = e pi2 = 2,

1—1¢ n Vv®Vy 1 |Vv]? n—2
2-8) V=——Av+Vir— - Al
(2-8) n—2 v VY n—2 v +n—2 v &0 2 Vg
S . n Vi®Viy 1 |Vu)? n—2_
29) V=—A04+V*— - Al
(2-9) n—2 vt n—2 v +n—2 v 0 2 Y%

It is enough to prove that v < v. Suppose it is not true. Then by the positivity of v
and v, we find a number 8 > 1 such that v > v and Bv(x) = v(x). Then

(2-10) V(B)(X) = Vu(x), [V3(BD)— V2](F) > 0.

Moreover,

n V(Bv)® V(Bv)

1 —
o (V)(F) < ak( ;va) +V2BD) -

n— -2 Bv
1 |V(BD)? n—-2__.,
_ A _
e om0 3 Pl
= Bror (V) ().
On the other hand,

_ n—2 a2 k n—2 g k
ok<v><x)=< . vﬂ)f!x=( . (ﬂv)“) £l

n—2 wa s\
= 2 IB n—2 v n—2 f ‘f
n+2
> B0 (V) (%)
which is a contradiction. O

3. The proof of Theorem 1.3

In this section, we obtain C'! and C? estimates with the assumption that the maximum
modulus estimation exists for (1-12). We define f = (f* +en(f)F !, a = k]j,
F=o0,U=A,+ Vu+Vu®Vu — % |Vu|?go, where u is a solution to (1-12).

First of all, we consider C! estimates of u. Let K = (1 + 1 |Vu|?)e?®. Here y
is a function of the form y (s) = a(b + s)?. The constants a, b, p are chosen as in
Lemma 2.5. Assume that K achieves the maximal value at some point X, which
implies that K;(x) = 0. In the rest of the proof, all calculations will be performed
at the maximum point x. We may assume U;; and F i are diagonal. Then, in an
orthonormal frame,

(3-1) 0=K;(®) = e ((1+ Lui)y'u; +wuy;)
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and
Kij@) =" ((1+ quf) () uiu + y'uij + y"uiu )
+ugugjyui +upugy'u i+ wgug + ulul,-j).
Differentiating (1-12) gives
(3-2) FUji = (fe™ ).
Using (3-1), (3-2) and (2-2), we have
0>e VWFIK;(X)
= FY (wpugij + (14 3uf) (D + v Dwguj +y'uis) + 20 wpugiuj + wjiug)
> FY (wuijr+ (14 367) () + v Duiuj + y'wig) + 2y wpgiu )
—CY. F'(IVul>+1)
> ur(fe Y +y'k fe (14 uj)
+ FU (—2(—%)u1u5u318ij —2ujuiug; + y’(—(—%)uf&j — u,-uj)(l + %ulz))
+ FU((143u}) " =y wiuy)) — C Y F(IVul* + 1)
> ur(fe Y +y'k fe (14 u7)
+ FI(y (V4 Suuiuy — 5/ (1 + Suf)ussiy + (L + 2uf) (v — yPuju;)
— CY Fi(|Vu* +1).
On the other hand, applying the Newton—MacLaurin inequality, we have

1
I—7

ox—1 > Co,

Thus
(3-3) Cflie 2D <\ =C Y FII.
Moreover, using fﬁ e C'!, we have f% Cc"!, which implies

fz
Thus
G4 fil<Cf't.
Then, using (3-3) and (3-4), we obtain
(3-5) lur(Fe ) +y'k fe 2 (14 u})| < Cflmte k(| vu> +1).

Let § = min{—4y’}. Combining (3-5) with (3-3), it follows that

(3-6) 02Fll(_%V/u£+(y//+y/_y/2)ul2)( 41 u[) Cfl—f 2ku(|vu|2+1)
—CY F'(IVul*+1)

> Cy f17ie 260 (5 Vul — Ce ™ + (VP + ).
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To derive (1-13), we divide the proof into two cases.

(A) f > 0. Then, (1-13) follows from (3-6).

(B) f =0. Then, (3-6) implies

(3-7) 0= Fi(=3yul+ " +y —yPui)(1+3uf) —C Y F (IVul* + 1)
> S F(8|Vul* — C(IVul* + 1)

and (1-13) is proved.
Next, based on both maximum modulus estimation and gradient estimation, we
discuss C? estimates of . We may assume U is diagonal. It follows from U € I'y,

(3-8) 0<tU<Au+(1—1in)Vul*+C, |Vul> <C(Au+1).
Also, it follows from U € I'; that
(3-9) |Uijl < Cop,  uij| < C(Au+1).

Thus, we may assume that Au is sufficiently large and Au > {1, 2u;}, where
ni = (—1 + %n) sup |Vu|*> + sup |tr Agy|. Then, we have

(3-10) 2Au > 01 = $Au.

Let H = Au + |Vu|?, and let X be the maximum point of H. By rotating the
coordinates, we may assume U;;(xX) is diagonal. Differentiating H at X, we have

(3-11) 0=H;(X) = Uggi +2uq,~uq
and
(3-12) 0> H;i () = ugqii + 2ugugii +2ug,.

Differentiating (1-12) gives
(3-13) FIUji = (fe™ ).
By (3-11), (3-12), (3-13), (2-2), and (2-5), we obtain
(3-14) 0> F"H;; (¥) = F" (ugqii +2ugiittg +2“?1i)
> F' (tiigq +2iigtg +2ug;) —C 3 F" (Au+1)
> F'luiiqq + F" 2ug(Uiig — (= gui +u7),) +2u3;) = C X F (Au+1)
> F'' (uqujuig — duquigu; + Usigg — (— Suf +“i2)qq +2ug;)
+2uy(fe 1), —CY. Fli(Au+1)
> F Quguug —4uquiqui +Ujigq — (—ujy —ujitigq +2uittigq))
+2u,(fe ), —CY. Fl(Au+1)
> F (Uiiqq +ugy) +2ug (fe )y = C T (Au+1).
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Then, using the Newton—MacLaurin inequality, we have

Ok—1 = Co_kl—ao.la.
Thus
rl—a 2k(l—a)u _—«a _ 2k(1—a)u _—a ii
(3-15) flm < cCe o %0k = Ce o]y FI.

Hence, combining (3-15), |f,-| < Cfl_"‘ and o7 > %, we have
|uq(fe—2ku)q| < Co2kou ZFii(Au+ 1.

Thus, (3-14) becomes

(3-16) 0> F'(Ujiqq +ug) — C(1+ e %) Z Fil(Au+1).

On the other hand, recall that

o - 02w 2]

Using (3-9), (3-10), and (3-11), we have

(3-17) l(e)pl =

n
Uggp + 2<1 - §>”qpuq + Agq.p
= | —nugpug + Agq,pl < Coot,

where Cy depends on [|Vu/||co, n, k, go, p1, A;; are the components of A, . Here,
we have used the fact that Au is sufficiently large. From | ;| < C f'~¢, (3-15) and
(3-17), noticing that oy, = f e~ 2kt we obtain

(G-18) —o," " UiipUjjp
F2 _dku, f f,+4k> f2u? 3
z(a_l)(e—ZkufP pff;p f P)_Ce—ZkauZth(Au+1)

f
£12
> (o — 1)%e—2’<" —Ce N " Fl(Au+1).

and

(3-19) fag = (1 —a)—=— —C f'™°.

Note that

(3-20) FilUiigg = (Fe ) gg — 0" Uiy U jp.
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Thus, putting (3-19) and (3-18) into (3-20), we have
FiiUiiqq > _Ce~2ku fl-a _ ¢ p=2kau Z Fil (Au+1).
Therefore, (3-16) becomes
0= Fiin_lz(Au)2 —Ce I (1 e ey 3 i (Au 1),
Then, using (3-15), we obtain
0> Z Fil [%(Au)z — Ce 2kt _ (1 4 e 2Ry (Au+ 1)].
According to Y F'" > 0, we have
0> %(Au)z —Ce 2 —C(1+e )y (Au+1),
hence (1-14) is proved.

4. Proof of Theorem 1.4

In this section, we prove Theorem 1.4. To simplify notation, we define f =

S @) +en(fU% (), F=0,"", U= Ag+V2u+Vu®Vu—1|Vu|>g, where u

is a solution to (1-15). It follows from U € I'y,
4-1) 0<trU < Au+ <1 — g)|w|2+c, IVul> < C(Au+1).

Also, U € TI'; implies
4-2) luij| < C(Au+1).

We may assume Au > 1. Then let H = Au + |Vu|?, and let ¥ be the maximum
point of H. So

(4-3) 0=H;(X) =uppi +2upittp.
Let U;;(x), F i/ (X) be diagonal. Differentiating (1-15) twice, we get

Fij Uijp — (f_e—Zu)p’

FijUijpp = (f_e_zu)pp — FPP2 U pgpUrsp = (fe_zu)pp-
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We have, by (4-1), (4-2), and Ricci identities,
0> F" Hyi (%) = ' ppii +2uiipu p+2u0) —C Y F(Au+1)
= F' (uppii +2up (Uiip— (it = u7 + Aii) ) +2u5,) =C D F' (Au+1)
> 2up(f_672”)p+Fii(U,~l-pp—(uiz—%ulZ—}-Aii)pp—4u,-pu,-up+2ulpu1up+2uf)i)
—CY F(Au+1)
= zup(fe_zu)p+(f_e_2u)pp
+Fii(—2uippui—2ul~2p+(u1ppu1—Htlzp)—4uipu,~up+2u1pulup+2uf,i)
—CY F(Au+1).
Then, according to (4-3), we obtain
0>2u,(fe)p+(fe ™) pp
+Fii(4u,~pupu,-—2u1pupu1+u,2p—4u,~puiup+2ulpulup)—CZFii(Au+1)
=2u,(fe ™) p+(fe ™) pp+ Y Fluj,—C> F(Au+l).
We notice that
up(Fe ™)+ (Fe ™) ppl < Ce 2 (Au+1),
where C depends on ||f% lc2, | fllco, 1y Ky g0, 0, C1, Ca. SO
0= Flul, —C0+e™) > Fi(Au+1)

1
> F. <;(Au)2 —C(l+e ™) (Au+ 1)).
Hence
Au < C(14e72).
Then, using (4-1) and (4-2), (1-16) is proved.

Remark. In this case, we do not need to discuss the gradient estimate alone by (4-1).
Besides, in the proof of C? estimates, the third derivative term is treated by using
the concavity of the operator F.

5. Proof of Theorem 1.2

In this section, we give the proof of Theorem 1.2 under the assumption that
the maximum modulus estimation holds. Since the proof is similar to the proof
of Theorem 1.3, we present the outline for the proof and main differences here. Let
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1

o=

F =oy,

W=-4,+V w+mAwg0—Vw®Vw+T|Vw| 20,

where w is a solution to (1-8).

First, we consider C! estimates of w. Let K = (1 + %)e”(w). Here y is a
function of the form y (s) = a(b + s5)?. The constants a, b, p are chosen as in
Lemma 2.6. Suppose max K = K (x), W is diagonal at x. Differentiate K at X, by
a direct calculation, we have

w?
(5-1) 0= K;(x) =ey(w)(<1+71)ylwi+wlwli)
and
w2
Kij(%) =™ ((1 + 7’) (Y wiwj +y'wij + vy wiw))
+ wywgjy wi +wywgy ' wj + wijw; + wlwlij)-
Define
.. .. 1—1¢ ..
[y — A - kk i j
PI=FI+—— > Frsi
k
Combining (5-1) with (1-8), we obtain
0> e 7™ PUK;(X)
2
.. w
=PpP" (wzwm + <1 + 7’) (N +yHwi + v wii) + 2y wwiw; + wﬁ)

2
> wy(fe* ) 4 y'k fe* (1 + %)

2 2 2
y w w (1-tw
Fil—/(1 l 2 1 / o2 s
+ < V(+—2)w,+ Tt )V YD)
—CE F(IVw]*+ 1.
Similarly, we have

.. i .
(5—2) ZF” =Cojy_1 > Cak] k— C(ferw)]—%

and

e

2
‘wl(erkW),+y/kfe2kw<1+%> <C e (vw> +1).
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Then, letting § = min{ 4(1,:2)

- 1—1¢ 2 2
(5_3) 0 ZF'Ll (y// . J//2)( )ws o y/w? 1 + ﬂ
n—2 2

— (Vw4 D)~ C Y F(Vw 4+ 1)

(y" - y/z)}, we obtain

_ Yuwl*
>Cy flt 2k=Dw (3% —CE*™ +D(|Vw> + 1)).
To obtain (1-9), we divide the proof into two different cases.
(A) f(%) > 0. Using (5-2) and (5-3), we have

\v/ 4
VU o 4 1yvwl+1) <0,

Thus, (1-9) can be obtained.
(B) f(%) =0. Applying (5-3), we see that

ii " / (l_t)w / i ii
(5-4) 0>F ((y —y2)T y'w 2)(1+ 2)—CZF (IVw[*+1)

4
>ZF( Vwl C(|Vw|2+1)).

In view of }_ Fi > 0, (1-9) follows from (5-4).
Next, we discuss C? estimates of w. Let H = Aw +a |Vw|?, and let ¥ be the
maximum point of H, a > %(2n —4). Since

[Wii| <o1(W),

there exists C such that

(5-5) lwij| = CAw,

where C depends on n, k, go, ||[Vw| c0. Hence, we may assume Aw > 1 and
%Aw <o <2Aw.

We may further assume W;;(x) is diagonal. Differentiating H at X, we obtain

(5-6) 0= H;(X) = wyqi +2awgwy

and

(5-7) 0> H;i (¥) = wyqii +2awgiiwg + 2awy,;.
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By (5-7), (5-5), (5-6), (2-2), (2-5) and (1-8), we have
0> P Hyi(¥) = P (ugqii +2awgi;w, +26lw521,~)
2—t

> F! <—4a Wyw Wiy +4aw,wiqw;

2a(l—1) , 2—1
+ﬁqu+wﬁqq —\ Ty Wi T Wi y

+2awy (fe*)y — C Y Fli(Aw+1)

2a(1 —t¢
a( )wz

. 2—t
> i <4a(—quw1w1q + wqwiqwi) + o gl

2—t , ) 2—t
—27w1q+2wiq+4a Tw,wlqwq — W WigWy
+ F' Wiigq +2awy (fe* ")y — C Y F(Aw + 1)

(2a(l—1 . _
> Fil (‘;(—)wz Q2- z)wfq> + F Wi + 2aw, (Fe*™),

_o al
—CY Fli(Aw+1).
We also have
(5-8) Cfl—ank(l—a)w(Aw)a <o =C Z Fii’
(5-9) |fil <CF'7 < Cem 2o 3" pif)
(5-10) Fl'Wiigq = —C* f17% — e Y " F'(Aw +1).

Using (5-8)—(5-10), and the definition of a,

L (2a(l—t . .
0> F' (% - (2—z)>w,2q + F T Wiigg — C(L+ ") 3" Fll(Aw + 1)

c(2a(l—t = ji
> (20 - o n)ud, - - ke R Qw1
-

ii a(l-1) w Fl—a aw ii
> F (m)(Aw)Z—C€2k fl _C(1+€2k )ZF (Aw+1)

2 F" [(M) (Aw)? = Ce*e — C(1+ ) (Aw + 1)}'
(n —2)n?

Since Y F' > 0, we have ((‘;ﬁ—;);)z)(Aw)? —Ce¥av _ (14 e** Wy (Aw+1) <0.
Thus
Aw < C(1 4 vy,

and (1-10) is proved.



114 YAN HE, QIANG TU AND NI XIANG

We remark that in this section ¢ < 1 is the necessary condition since the Aw
yields the dominating term in (5-3) and the penultimate display.

6. Proof of the existence result

In this section, we focus on dealing with the existence result for (1-7). We need to
discuss the maximum modulus estimation under the assumption that the supersolu-
tion exists.

6.1. Proof of Theorem 1.1. Consider

(6-1) ok (sW + (1 —5)go) = (s f + (1 — 5)CE)e?v,
where

l—1 2—1t 2
2Aw—dw@dw—i—Tlvw| 80,

W=—Al +Vw+
n_

sel0. 1], f=(fFT +ef .
Claim: Equation (1-8) is solvable for each €. In fact, define
(6-2) @ [wl =0 (sW+ (1 —5)g0) — (s f + (1 —)Cp)e™™.

Note that the linearization of &, is invertible, and w = 0 is a solution to (6-1)
at s = 0. Thus, the problem is reduced to C°, C!, and C? estimates.

First, we consider C° estimates. Let X be the maximum point of w. From (6-1)
we have
max o (—A§ + go)

min{ f, Ck}

eka(fc) <

Thus, it provides an upper bound for w. Let x be the minimum point of w. Similarly,
from (6-1) we have

min ok(—sA;O + (1 —15)go)

Q2w < 0
max f + CK

Thus, it provides a lower bound for w.

Then, using Theorem 1.1 in [8], we get C! and C? estimates for solutions to (6-1).
This proves the claim.

Next, we shall prove that (1-7) is solvable. Let us denote the solution derived
in the claim by w,. If w is the supersolution of (1-7), then it is the supersolution
of (1-8) as well. Thus, by Lemma 2.7,

We < W.
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Moreover, from the equation, we have

: At
ekainwe > man'k( Ago)

T (max fET 4 DL

Then, by Theorem 1.2, we have |Vw.| < C and |[V2w,| < C. Here, C depends
1
on || f&=T|cut, | fllco, &0, 12, k, w. So, lime_,0 we is a solution to (1-6).
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