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THE CR YAMABE CONSTANT
AND INEQUIVALENT CR STRUCTURES

CHANYOUNG SUNG AND YUYA TAKEUCHI

The CR Yamabe constant is an invariant of a compact strongly pseudoconvex
CR manifold and plays an important role in CR geometry. We show some
integral formulas of the CR Yamabe constant. We also construct an infinite-
dimensional family of strongly pseudoconvex CR structures with varying CR
Yamabe constants and a compact simply connected manifold admitting two
strongly pseudoconvex CR structures with different signs of the CR Yamabe
constant.

1. Introduction

The Yamabe problem, which is one of the most important problems in conformal
geometry, asks whether there exists a Riemannian metric in a given conformal
class minimizing the Yamabe functional. The infimum of this functional defines
a conformal invariant called the Yamabe constant. The Yamabe constant is a
fundamental invariant in conformal geometry, and there is intensive research on this
invariant. It is known that every compact manifold of dimension greater than 2 has
a continuous family of conformal structures with all different Yamabe constants.
Moreover, every compact manifold of dimension greater than 2 admits a conformal
structure with negative Yamabe constant. Furthermore, there exist some integral
formulas of this invariant, which have been useful for computing not only the
Yamabe constants but also other curvature parts of 3- and 4-manifolds [LeBrun
1999; Sung 2012; 2021].

Jerison and Lee [1987] have considered a CR analog of the Yamabe problem,
known as the CR Yamabe problem. The CR Yamabe problem asks whether on any
compact strongly pseudoconvex CR manifold (X, H, J ) of dimension 2n +1, there
exists a contact form θ minimizing the functional

F(θ) :=

∫
X Rθ dµθ(∫

X dµθ
)n/(n+1) ,
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where Rθ is the pseudohermitian scalar curvature for θ and dµθ = θ ∧ (dθ)n .
The infimum λ(X, H, J ) of the above functional is an invariant of the CR mani-
fold (X, H, J ) and called the CR Yamabe constant of (X, H, J ); we will simply
write λ(X) when the CR structure on X is clear from the context. Just as in the
Yamabe problem, one has

λ(X)≤ λ(S2n+1)= 2n(n + 1)π

for the standard CR structure on S2n+1, and the CR Yamabe problem is solvable
when λ(X) < λ(S2n+1) [Jerison and Lee 1987]. There is intensive research on
conditions when λ(X) < λ(S2n+1) holds for X not CR equivalent to S2n+1; see
[Jerison and Lee 1988; 1989; Cheng et al. 2014; 2017; 2023; Takeuchi 2020] for
related results. Every minimizer θ has constant Rθ , and when λ(X)≤ 0, any θ with
constant Rθ is a CR Yamabe minimizer, which is unique up to a constant. Moreover,
an Einstein contact form is also a CR Yamabe minimizer; see Lemma 2.1. In a
similar way to the Yamabe constant, the CR Yamabe constant can be written as
various integral formulas; see Theorem 3.1. This may be useful for estimating norms
of parts of pseudohermitian curvature tensor as in the Riemannian case [Sung 2021].

It is natural to ask whether a manifold admitting one CR structure has abundant
other CR structures with all different CR Yamabe constants or CR structures
with negative CR Yamabe constant. In comparison to the Riemannian case, the
difficulty lies in imposing the integrability condition to an almost CR structure,
which obstructs generic deformations of almost CR structures. In this paper, we will
construct an infinite-dimensional family of strongly pseudoconvex CR structures
with varying CR Yamabe constants. To this end, we consider an n-dimensional
compact Hodge manifold (M, J, ω) with constant scalar curvature. Denote the
space of Kähler potentials in the class [ω] by

K := {ϕ ∈ C∞(M) | ωϕ := ω+ i∂∂̄ϕ > 0}

endowed with the C4-topology, and write F for the subset of ϕ ∈ K such that ωϕ
has constant scalar curvature. Let p : PM → M be a principal S1-bundle over M
whose Euler class is −[ω]. For any ϕ ∈ K, there exists a principal connection θϕ
on PM such that dθϕ/2π = p∗ωϕ . The complex structure J on M induces a strongly
pseudoconvex CR structure p∗ J on Hϕ := Ker θϕ ; see Proposition 2.2. This gives an
infinite-dimensional family of pseudohermitian manifolds (PM , Hϕ, p∗ J, θϕ/2π)
underlying the same manifold PM .

Theorem 1.1. Let (M, J, ω) be an n-dimensional compact Hodge manifold. Then
the map

K → R; ϕ 7→ λ(PM , Hϕ, p∗ J )
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is continuous. Moreover if θ0/2π is a CR Yamabe minimizer, then

λ(PM , Hϕ, p∗ J ) < λ(PM , H0, p∗ J )=
2nπc1(M)∪ [ω]

n−1

([ω]n)n/(n+1)

for any ϕ ∈ K \ F . The assumption holds if ω has nonpositive constant scalar
curvature or it defines a Kähler–Einstein metric.

We will also show the existence of a compact simply connected manifold ad-
mitting two strongly pseudoconvex CR structures with different signs of the CR
Yamabe constant.

Theorem 1.2. For each n ≥ 3, there exists a compact simply connected (2n + 1)-
manifold X admitting two strongly pseudoconvex CR structures (H, J ) and (H̃ , J̃ )
such that they have different signs of the CR Yamabe constants, and (M, H) and
(M, H̃) are not isomorphic as cooriented contact manifolds.

We remark that the existence of CR structures with different signs of the CR
Yamabe constant on a fixed contact structure remains unsolved.

This paper is organized as follows. In Section 2, we recall basic facts on CR
manifolds and show that a principal S1-bundle over a Hodge manifold has a canoni-
cal strongly pseudoconvex CR structure. Some integral formulas of the CR Yamabe
constant are given in Section 3. In Section 4, we prove the continuity of the CR
Yamabe constant under suitable deformations of CR structures, which will be used
for the proof of Theorem 1.1. Section 5 is devoted to constructions of deformations
of strongly pseudoconvex CR structures with varying CR Yamabe constants. In
Section 6, we give a proof of Theorem 1.2.

2. CR manifolds

An almost CR structure on a smooth (2n + 1)-manifold X is a pair (H, J ) where
H ⊂ T X is a codimension 1 smooth subbundle with an almost complex structure J .
An almost CR structure is called integrable or a CR structure if

[0(T 1,0 X), 0(T 1,0 X)] ⊂ 0(T 1,0 X)
for

T 1,0 X := {v− i Jv | v ∈ H} ⊂ H ⊗ C.

We shall consider only an orientable CR manifold. Then one can choose a
smooth real-valued 1-form θ annihilating exactly H , which is determined up to
multiplication by a nowhere vanishing real-valued function on X . By the integrabil-
ity condition, dθ is J -invariant; i.e., a (1, 1)-form, and hence one can introduce the
symmetric bilinear form

Lθ := dθ( · , J · )

defined on H , called the Levi form.
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A CR manifold (X, H, J ) is called strongly pseudoconvex if Lθ is definite for
some (and hence all) θ , and a strongly pseudoconvex CR manifold (X, H, J ) with
a choice of θ is called a pseudohermitian manifold. We shall always assume that
X is strongly pseudoconvex and θ is chosen so that Lθ is positive definite, unless
otherwise specified. In this case, the distribution H is a contact structure on X
with a contact form θ . Let T be its Reeb vector field; i.e., the unique vector field
satisfying θ(T )= 1 and ι(T ) dθ = 0. The Levi form induces a Hermitian metric L∗

θ

on H∗. The sublaplacian 1b is defined by∫
X
(1b u)v dµθ =

∫
X

L∗

θ (du|H , dv|H ) dµθ .

A set of local 1-forms {θ1, . . . , θn
} of type (1, 0) is called admissible, if its

restriction to T 1,0 X forms a basis of (T 1,0 X)∗ at each point and θα(T ) = 0 for
all α. For an admissible coframe, we have

(2-1) dθ = ihαβ̄ θ
α
∧ θ β̄,

where (hαβ̄) is a positive-definite hermitian matrix of functions and θ β̄ = θβ .
We shall always adopt the Einstein convention and use the matrix (hαβ̄) and its
inverse (hαβ̄) to raise and lower indices. The integrability condition of J can be
rephrased as

dθα ≡ 0 mod θ, θγ

along with (2-1).
A pseudohermitian manifold carries a canonical linear connection, the Tanaka–

Webster connection [Tanaka 1975; Webster 1978], whose connection 1-forms ωαβ

and torsion forms τα of type (0, 1) are uniquely determined by the relations

dθβ = θα∧ωα
β

+ θ ∧ τβ and ωαβ̄ +ωβ̄α = dhαβ̄

together with (2-1). We call τα the pseudohermitian torsion. The whole torsion
tensor is composed of θ ∧ τ γ and ihαβ̄ θ

α
∧ θ β̄ , and so it is nowhere vanishing.

The covariant differentiation with respect to this connection is given by

∇Zα = ωα
β

⊗ Zβ, ∇Z ᾱ = ωᾱ
β̄

⊗ Z β̄, ∇T = 0,

where a local frame {Zα} of T 1,0 X is dual to {θα}. Its curvature 2-forms

�α
β

:= dωαβ −ωα
γ

∧ωγ
β

may have several types, but one considers only its (1, 1)-part:

Rαβρσ̄ θ
ρ
∧ θ σ̄

to get its pseudohermitian Ricci tensor

Rρσ̄ := Rααρσ̄
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by taking its contraction. Finally its pseudohermitian scalar curvature is the metric
contraction Rρρ = hρσ̄ Rρσ̄ . We say θ to be Einstein if its pseudohermitian torsion
is identically zero and its pseudohermitian Ricci curvature is a constant multiple of
the Levi form.

Lemma 2.1. Any Einstein contact form is a CR Yamabe minimizer.

Proof. Let (X, H, J ) be a compact strongly pseudoconvex CR manifold of di-
mension 2n + 1 and θ be an Einstein contact form on X . If the pseudohermitian
scalar curvature is nonpositive, then it must be a CR Yamabe minimizer. If the
pseudohermitian scalar curvature is positive, we may assume that it is equal to
n(n + 1) by homothety. Consider the Riemannian metric gθ on X given by

gθ (U, V ) :=
1
2 dθ(U, J V )+ θ(U ) θ(V ), U, V ∈ T X.

Here we extend J to an endomorphism on T M by J T = 0. Note that the volume
form of gθ coincides with (2nn!)−1 dµθ . This gθ satisfies Ricgθ = 2ngθ ; see
[Takeuchi 2018, Proposition 2.9] for example. The Bishop inequality implies that

F(θ)= n(n + 1)(2nn! Volgθ (X))
1

n+1

≤ n(n + 1)(2nn! Volg0(S
2n+1))

1
n+1 = 2n(n + 1)π = λ(S2n+1),

where g0 is the standard Riemannian metric on S2n+1. Moreover, the equality holds
if and only if (X, gθ ) is isometric to (S2n+1, g0). In this case, (X, H, J ) is CR
isomorphic to the standard CR sphere and θ is a CR Yamabe minimizer; see the
paragraph after the proof of Proposition 4 in [Wang 2015]. If F(θ)< λ(S2n+1), then
(X, H, J ) has a CR Yamabe minimizer by [Jerison and Lee 1987, Theorem 3.4(c)],
and θ is also a CR Yamabe minimizer by [Wang 2015, Theorem 3]. □

An important example of a strongly pseudoconvex CR manifold is a principal
S1-bundle over a Hodge manifold. Given a Hodge manifold (M, J, ω); that is, its
Kähler class [ω] is an integral cohomology class, we consider a principal S1-bundle
p : PM → M whose Euler class is −[ω]. Recall that for any R-valued principal
connection θ on PM , dθ/2π descends to M and its cohomology class coincides
with [ω]. We take a principal connection θ satisfying dθ/2π = p∗ω, and consider
the lifted almost complex structure

p∗ J : H := Ker θ → H.

Proposition 2.2. The triple (PM , H, p∗ J ) is a strongly pseudoconvex CR manifold.
Moreover, the pseudohermitian scalar curvature of (PM , H, p∗ J, θ/2π) is equal
to p∗S(ω), where S(ω) is the scalar curvature of (M, J, ω).

Proof. This result is essentially well known; see [Webster 1978, Section 3] or
[Wang 2019, Section 5] for example. However, we give a proof for the reader’s
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convenience. Let (z1, . . . , zn) be a holomorphic local coordinate of M . Then
θα := p∗dzα defines an admissible coframe. Since dθα = p∗ddzα = 0, the almost
CR structure (H, p∗ J ) is integrable. Moreover,

Lθ (X, X)= dθ(X, (p∗ J )X)= 2πω(p∗ X, J (p∗ X)) > 0

for any nonzero X ∈ H , which implies that (M, H, p∗ J ) is strongly pseudoconvex.
Consider the Tanaka–Webster connection with respect to θ/2π . The Kähler

form ω is written as ω= igαβ̄ dzα∧dz̄β , where (gαβ̄) is a positive definite Hermitian
matrix. Since dθ/2π = p∗ω, we have

dθ/2π = i(p∗gαβ̄) θ
α
∧ θ β̄,

which implies hαβ̄ = p∗gαβ̄ . The structure equation on the Kähler manifold
(M, J, ω) says that

0 = d(dzβ)= dzα∧φαβ, dgαβ̄ = φαβ̄ +φβ̄α,

where φαβ is the Levi-Civita connection 1-form, and so

dθβ = θα∧ (p∗φα
β), d(p∗gαβ̄)= p∗φαβ̄ + p∗φβ̄α.

Hence the pull-back connection given by p∗φα
β coincides with the Tanaka–Webster

connection. The pseudohermitian torsion is equal to zero and PM is Sasakian.
The curvature 2-forms of the Levi-Civita connection on (M, J, ω) are given by

8α
β

:= dφαβ −φα
γ
∧φγ

β
= Rαβρσ̄ dzρ∧ dzσ̄ .

Its pull-back to PM yields

p∗8α
β

= d(p∗φα
β)− (p∗φα

γ )∧ (p∗φγ
β)= (p∗ Rαβρσ̄ ) θ

ρ
∧ θ σ̄ ,

which are the curvature 2-forms of the Tanaka–Webster connection. Hence the
pseudohermitian Ricci tensor Rρσ̄ is given by

p∗ Rααρσ̄ = p∗ Ricρσ̄ ,

where Ric is the Ricci tensor of (M, J, ω), and the pseudohermitian scalar curvature
is given by

Rρρ = p∗ Ricρρ = p∗S(ω). □

3. Formulas for the CR Yamabe constant

As with the Riemannian Yamabe problem, the functional F(θ) can be rewritten as
a functional on C∞(X,R+):

(3-1) F(u2/n θ)=

∫
X((2 + 2/n)|du|

2
θ + Rθ u2) dµθ(∫

X u2+2/n dµθ
)n/(n+1) ,
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where θ is a fixed contact form and |du|
2
θ = L∗

θ (du|H , du|H ) [Jerison and Lee 1987].
It follows from this that λ(X)≥ 0 if Rθ ≥ 0. Moreover, consider the case Rθ > 0.
Suppose to the contrary that λ(X) = 0. Then there exists a CR Yamabe contact
form θ̃ = u2/n θ satisfying Rθ̃ = 0, which contradicts (3-1). Therefore λ(X) > 0 if
Rθ > 0; see [Wang 2003, Proposition 3.1] for another proof.

Theorem 3.1. Let (X, H, J ) be a compact strongly pseudoconvex CR manifold of
dimension 2n + 1. If λ(X)≥ 0, then for any r ∈ [1,∞]

λ(X)≤ inf
θ̃

∥Rθ̃∥Lr Volθ̃ (X)
1

n+1 −
1
r ,

where Volθ (X) is the volume of X with respect to dµθ . If the CR Yamabe problem
is solvable on X , then the equality holds. If λ(X)≤ 0, then for any r ∈ [n + 1,∞]

λ(X)= − inf
θ̃

∥Rθ̃∥Lr Volθ̃ (X)
1

n+1 −
1
r ,(3-2)

= − inf
θ̃

∥R−

θ̃
∥Lr Volθ̃ (X)

1
n+1 −

1
r ,(3-3)

where R−

θ̃
:= min(Rθ̃ , 0), and the two infima are realized only by a CR Yamabe

minimizer.

Proof. When λ(X)≥ 0, the Hölder inequality implies

λ(X)≤

∫
X Rθ̃ dµθ̃

Volθ̃ (X)n/(n+1) ≤ ∥Rθ̃∥Lr Volθ̃ (X)
1

n+1 −
1
r ,

and the equality holds if θ̃ is a CR Yamabe minimizer.
Now in the case of λ(X) ≤ 0, we use the technique of Besson, Courtois, and

Gallot [Besson et al. 1991]. Let θ be a CR Yamabe minimizer, which is unique
up to a constant in this case. Consider another contact form θ̃ = u2/n θ , where u is
a positive smooth function. The Hölder inequality yields

∥Rθ̃∥Lr Volθ̃ (X)
1

n+1 −
1
r =

(∫
X
|Rθ̃ |

r dµθ̃

)1
r

Volθ̃ (X)
1

n+1 −
1
r

≥

(∫
X
|R−

θ̃
|
r u2+2/n dµθ

)1
r
(∫

X
u2+2/n dµθ

) 1
n+1 −

1
r

≥

(∫
X
(−R−

θ̃
) u2/n dµθ

)
Volθ (X)

−
n

n+1

≥

(∫
X
(−Rθ̃ ) u2/n dµθ

)
Volθ (X)

−
n

n+1 .

Here recall that
Rθ̃ = u−1−2/n(Rθ + (2 + 2/n)1b) u,
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where 1b is the sublaplacian [Jerison and Lee 1987]. Therefore

∥Rθ̃∥Lr Volθ̃ (X)
1

n+1 −
1
r ≥

(∫
X
(−Rθ − (2 + 2/n) u−11b u) dµθ

)
Volθ (X)

−
n

n+1

=

(∫
X
(−Rθ + (2 + 2/n) u−2

|du|
2
θ ) dµθ

)
Volθ (X)

−
n

n+1

≥ −

(∫
X

Rθ dµθ

)
Volθ (X)

−
n

n+1

= −λ(X).

This proves

λ(X)≥ − inf
θ̃

∥R−

θ̃
∥Lr Volθ̃ (X)

1
n+1 −

1
r ≥ − inf

θ̃

∥Rθ̃∥Lr Volθ̃ (X)
1

n+1 −
1
r .

On the other hand,

λ(X)= −∥R−

θ ∥Lr Volθ (X)
1

n+1 −
1
r = −∥Rθ∥Lr Volθ (X)

1
n+1 −

1
r

since Rθ is a nonpositive constant, which proves the two desired formulas together.
It remains to decide when the infima are realized. The infimum of (3-2) or (3-3)
is realized by θ̃ if and only if the above all inequalities are attained by equalities,
which holds if and only if R−

θ̃
≡ Rθ̃ is a nonpositive constant (and hence u is a

positive constant); i.e., θ̃ is a CR Yamabe minimizer. □

4. Continuity of the CR Yamabe constant

In this section, we prove the continuity of the CR Yamabe constant under suitable
deformations of CR structures. Remark that Lemma 4.2 below is a generalization
of [Dietrich 2021, Lemma 5.5].

Proposition 4.1. Let (X, H, J, θ) be a compact pseudohermitian manifold of di-
mension 2n + 1. Assume that (X, Hi , Ji , θi )i∈N is a sequence of pseudohermitian
structures on X such that θi → θ in the C2-topology, and Ji → J and Rθi → Rθ in
the C0-topology, where Ji and J extend to endomorphisms on T X in an obvious
way. Then one has λ(X, Hi , Ji )→ λ(X, H, J ).

Proof. Since θi → θ in the C2-topology, we may assume that θ t
i := tθi + (1 − t)θ

for t ∈ [0, 1] is a smooth family of contact forms on X . Let T t
i be the Reeb vector

field of θ t
i , which is determined by

θ t
i (T

t
i )= 1, ι(T t

i ) dθ t
i = 0.
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Since θi →θ in the C2-topology, supt∈[0,1]∥T t
i −T ∥C1 →0. Take the time-dependent

vector field V t
i ∈ 0(Ker θ t

i ) satisfying

ι(V t
i ) dθ t

i = (θi − θ)(T t
i ) θ

t
i − (θi − θ).

It follows from supt∈[0,1]∥θ
t
i − θ∥C2 → 0 and supt∈[0,1]∥T t

i − T ∥C1 → 0 that

(4-1) sup
t∈[0,1]

∥V t
i ∥C1 → 0.

The isotopyψ t
i : X → X generated by V t

i satisfies (ψ t
i )

∗H t
i = H for any t ∈[0, 1]; see

the proof of the Gray stability theorem [Geiges 2008, Theorem 2.2.2]. Equation (4-1)
yields that ψ1

i → idX in the C1-topology; see, e.g., [Zhang 2022] for a modern
treatment of time-dependent vector fields with parameters and a proof of this fact.
In particular,

θ̃i := (ψ1
i )

∗θi → θ, d θ̃i = (ψ1
i )

∗dθi → dθ,

J̃i := (ψ1
i )

∗ Ji → J, Rθ̃i
= (ψ1

i )
∗ Rθi → Rθ

in the C0-topology. Since λ(X, Hi , Ji )= λ(X, H, J̃i ), the statement follows from
the lemma below. □

Lemma 4.2. Let (X, H, J, θ) be a compact pseudohermitian manifold of dimension
2n + 1. Assume that (X, H, Ji , θi )i∈N is a sequence of pseudohermitian structures
on X such that θi → θ , dθi → dθ , Ji → J , and Rθi → Rθ in the C0-topology.
Then one has λ(X, H, Ji )→ λ(X, H, J ).

Proof. Without loss of generality, we may assume that Volθi (X) = Volθ (X) = 1.
Since Rθi → Rθ in the C0-topology, we can find K > 0 such that |Rθ | < K and
|Rθi |< K for any i . For each ε ∈ (0, 1), take N (ε)∈ Z+ such that i ≥ N (ε) implies

(1+ε)−1Lθ< Lθi <(1+ε)Lθ , (1+ε)−1 dµθ<dµθi <(1+ε) dµθ , |Rθi −Rθ |<ε.

For any f ∈ C∞(X,R), we write f + := max( f, 0) and f − := min( f, 0). Let
u ∈ C∞(X,R+). The Hölder inequality yields

∫
X

u2 dµθ ≤

(∫
X

u2+2/n dµθ

) n
n+1

Volθ (X)
1

n+1 =

(∫
X

u2+2/n dµθ

) n
n+1

and ∣∣∣∣∫
X

R±

θ u2 dµθ

∣∣∣∣ ≤ K
∫

X
u2 dµθ ≤ K

(∫
X

u2+2/n dµθ

) n
n+1

.
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It follows from the above inequalities that∫
X

Rθi u
2 dµθi ≤

∫
X
(Rθ + ε) u2 dµθi

=

∫
X
(R+

θ + ε) u2 dµθi +

∫
X

R−

θ u2 dµθi

≤ (1 + ε)

∫
X
(R+

θ + ε) u2 dµθ + (1 + ε)−1
∫

X
R−

θ u2 dµθ ,

and

(1 + ε)−1
∫

X
u2+2/ndµθ ≤

∫
X

u2+2/ndµθi ≤ (1 + ε)

∫
X

u2+2/ndµθ .

Thus we have

F(u2/n θi )=

[∫
X

((
2 +

2
n

)
|du|

2
θi

+ Rθi u
2
)

dµθi

](∫
X

u2+
2
n dµθi

)−
n

n+1

≤

[
(1+ε)

2+
n

n+1

∫
X

(
2+

2
n

)
|du|

2
θ dµθ +(1+ε)

1+
n

n+1

∫
X
(R+

θ +ε) u2 dµθ

+ (1 + ε)
−1−

n
n+1

∫
X

R−

θ u2 dµθ

](∫
X

u2+
2
n dµθ

)−
n

n+1

≤ (1 + ε)
2+

n
n+1 F(u2/n θ)+ Cε,

where C is a positive constant independent of u and ε. Taking the infimum yields

λ(X, H, Ji )≤ (1 + ε)
2+

n
n+1 λ(X, H, J )+ Cε.

Since (J, θ) and (Ji , θi ) are symmetric, we also obtain

λ(X, H, J )≤ (1 + ε)
2+

n
n+1 λ(X, H, Ji )+ Cε.

Since ε > 0 is arbitrary, we have

lim sup
i→∞

λ(X, H, Ji )≤ λ(X, H, J )≤ lim inf
i→∞

λ(X, H, Ji ),

which implies λ(X, H, Ji )→ λ(X, H, J ). □

5. Deformations of CR structures with varying CR Yamabe constants

In this section, we construct a family of strongly pseudoconvex CR structures with
varying CR Yamabe constants. Let (M, J, ω) be an n-dimensional compact Hodge
manifold with constant scalar curvature. Let us write

K := {ϕ ∈ C∞(M) | ωϕ := ω+ i∂∂̄ϕ > 0}



THE CR YAMABE CONSTANT AND INEQUIVALENT CR STRUCTURES 173

for the space of Kähler potentials in the class [ω] endowed with the C4-topology.
For any ϕ ∈ K, we have∫

M
ωn
ϕ = [ω]

n,

∫
M

S(ωϕ) ωn
ϕ = 2nπc1(M)∪ [ω]

n−1,

which are independent of the choice of ϕ. In particular if ωϕ is a constant scalar
curvature Kähler metric, then

S(ωϕ)=
2nπc1(M)∪ [ω]

n−1

[ω]n =: Ŝ.

Set
F := {ϕ ∈ K | S(ωϕ)= Ŝ}

so that ωϕ is not a constant scalar curvature Kähler metric for any ϕ ∈ K \F . It is
known that ωϕ is a constant scalar curvature Kähler metric if and only if there exists
F ∈ Aut0(M) such that ωϕ = F∗ω [Berman and Berndtsson 2017, Theorem 1.3]. In
particular if Aut(M) is discrete, or equivalently, M admits no nontrivial holomorphic
vector fields, then F = R. More generally, if any holomorphic vector field is parallel,
then F = R. This is because a parallel and holomorphic vector field preserves the
Kähler form ω.

For each ϕ ∈K, take a principal connection θϕ on PM satisfying dθϕ/2π = p∗ωϕ ,
which is given by

θϕ := θ +πp∗dcϕ,

where dc := i(∂̄− ∂). This gives an infinite-dimensional family of pseudohermitian
manifolds

Xϕ := (PM , Hϕ := Ker θϕ, p∗ J, θϕ/2π)

underlying the same manifold PM . Integration along fibers yields that

F(θϕ/2π)=

∫
PM

p∗S(ωϕ)(θϕ/2π)∧ (p∗ωϕ)
n(∫

PM
(θϕ/2π)∧ (p∗ωϕ)n

)n/(n+1)

=

∫
M S(ωϕ) ωn

ϕ(∫
M ω

n
ϕ

)n/(n+1) =
2nπc1(M)∪ [ω]

n−1

([ω]n)n/(n+1) ,

which is independent of ϕ.

Proof of Theorem 1.1. The continuity follows from Proposition 4.1. If θ0 = θ is
a CR Yamabe minimizer, then λ(PM , H, p∗ J ) = F(θ0/2π). On the other hand,
p∗S(ωϕ) is not constant for any ϕ ∈ K \F , and so

λ(PM , Hϕ, p∗ J ) < F(θϕ/2π)= F(θ0/2π)= λ(PM , H, p∗ J ),
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which completes the first assertion. If ω has nonpositive constant scalar curvature,
then so does θ/2π , which must be a CR Yamabe minimizer. If ω is a Kähler–
Einstein metric, then θ/2π is an Einstein contact form. It follows from Lemma 2.1
that θ/2π is a CR Yamabe minimizer. □

In general, it may be cumbersome to have nontrivial F , since it can be singular
and not easy to locate. In fact, we do not have many examples with nontrivial F .
We give some examples of Hodge manifolds with F = R.

Example 5.1 (Kähler–Einstein manifolds with nonpositive scalar curvature). First,
a compact complex manifold M with c1(M) < 0 admits a Kähler–Einstein metric
in the Kähler class −c1(M) by the Aubin–Yau theorem [Aubin 1976; Yau 1978].
Second, the celebrated Calabi–Yau theorem [Yau 1978] implies that any Kähler class
on a compact complex manifold M with c1(M)= 0 in H 2(M; R) is represented by
a unique Ricci-flat Kähler metric. Thus we can take any integral Kähler class for
our purpose. In these cases, a constant scalar curvature Kähler metric in any Kähler
class, if it exists, must be unique [Chen 2000, Theorem 7] and hence F = R.

Example 5.2 (Fano manifolds). Let M be a Fano manifold; that is, a compact
complex manifold with c1(M) > 0. If M admits a Kähler–Einstein metric ω in
the Kähler class c1(M), then θ/2π gives a CR Yamabe minimizer. For example,
a complex surface given by a blow-up of CP2 at m points in general position
with 3 ≤ m ≤ 8 admits a Kähler–Einstein metric of positive scalar curvature [Tian
and Yau 1987; Tian 1990]. Note that the automorphism groups of these surfaces
are discrete. As a higher-dimensional example, consider the Fermat hypersurface
Fn,d ⊂ CPn+1 of degree 3 ≤ d ≤ n + 1, that is,

Fn,d :=

{
[z0 : · · · : zn+1] ∈ CPn+1

∣∣∣∣ n+1∑
k=0

zd
k = 0

}
.

This Fn,d admits a Kähler–Einstein metric [Tian 2000, Section 6.3]. Note that Fn,d

has no nontrivial holomorphic vector field [Kodaira and Spencer 1958, Lemma 14.2];
see [Matsumura and Monsky 1964] for another proof.

Example 5.3 (scalar-flat but not Ricci-flat surfaces). Take a complex surface Sm

obtained by blowing up CP1
×6 at generic m points p1, . . . , pm , where 6 is a

compact Riemann surface of genus g ≥ 2 and m ≥ 3. It is known that Sm admits
a scalar-flat Kähler form ω̃ [LeBrun and Singer 1993, Theorem 3.11]. Note that
Sm does not admit a Ricci-flat Kähler metric since c1(Sm)

2
= 8(1 − g)− m < 0.

Assume that the projection of {p1, . . . , pm} to CP1 consists of at least 3 points.
Since 6 has no nontrivial holomorphic vector fields and any holomorphic vector
field on CP1 vanishing at least 3 points must be trivial, Sm admits no nontrivial
holomorphic vector fields also.
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It still remains to show that Sm has a scalar-flat integral Kähler class. Since
H 2,0(Sm)= 0, we have H 1,1(Sm; R)∼= H 2(Sm; Z)⊗ R. The linear operator

c1(Sm)∪ : H 1,1(Sm; R)→ R

has integer coefficients and satisfies c1(Sm)∪ [ω̃] = 0. Hence there exists a rational
Kähler class µ close enough to [ω̃] satisfying c1(Sm)∪µ= 0. [LeBrun and Simanca
1995, Theorem 1] implies that µ contains a scalar-flat Kähler form ω. Therefore
we obtain a scalar-flat integral Kähler class by homothety.

6. Construction of a manifold with different signs of CR Yamabe constants

In this section, we construct a manifold admitting two strongly pseudoconvex CR
structures with different signs of CR Yamabe constants. Our construction is based
on a exotic smooth structure of a certain complex surface and an adaptation of the
technique originated by Ruan [1994] and used by Kim and Sung [2016] to show
the existence of inequivalent symplectic structures on certain 6-manifolds.

Let B be the Barlow surface [Barlow 1985; Kotschick 1989] and R8 be a complex
surface given by a blow-up of CP2 at 8 points in general position. The Barlow
surface is a simply connected minimal surface of general type with q = pg = 0
and c1(B)2 = 1, and contains (−2)-curves so that its canonical line bundle is not
ample. But as shown in [Catanese and LeBrun 1997, Theorem 7], it has a small
deformation with ample canonical line bundle and hence admits a Kähler–Einstein
metric of negative scalar curvature by the celebrated Aubin–Yau theorem. By the
results in [Tian and Yau 1987; Tian 1990], R8 admits a Kähler–Einstein metric
of positive scalar curvature. It is well-known that B and R8 are homeomorphic
by Freedman’s classification [Freedman 1982, Theorem 1.5] while they are not
diffeomorphic by Kotschick’s theorem [Kotschick 1989, Theorem 1].

Remark 6.1. An easier way of proving Kotschick’s theorem by using Seiberg–
Witten invariant runs as follows. Since R8 and B have b+

2 = 1, their Seiberg–Witten
invariants for a Spinc structure ξ with c1(ξ)

2 > 0 are well-defined for any small
perturbation. The complex surface R8 admits a metric of positive scalar curvature,
so its Seiberg–Witten invariants all vanish. However, the Seiberg–Witten invariant
of B for the canonical Spinc structure determined by the complex structure is ±1
[Morgan 1996].

Since the intersection forms of both B and R8 are indefinite and odd, they are
isomorphic to (1)⊕ 8(−1). Wall [1962, p. 336] has proved that all characteristic
vectors with square 1 in (1)⊕ 8(−1) are equivalent. Since the first Chern class
of B and R8 are characteristic with square 1 by Wu’s formula, there is an isomor-
phism from H 2(R8; Z) to H 2(B; Z) preserving the intersection form and the first
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Chern class. This induces an isomorphism

9 : H∗(R8 × CP1
; Z)→ H∗(B × CP1

; Z)

preserving H∗(CP1
; Z) in the obvious way. We claim that9 satisfies the conditions

of the following theorem.

Theorem 6.2 [Jupp 1973, Theorem 1]. Let X and Y be smooth closed simply
connected 6-manifolds with torsion-free homology. Suppose that there is an iso-
morphism from H∗(X; Z) to H∗(Y ; Z) preserving the triple cup product structure
µ : H 2

⊗ H 2
⊗ H 2

→ Z, the second Stiefel–Whitney class, and the first Pontryagin
class. Then there exists an orientation-preserving diffeomorphism from X to Y
realizing this algebraic isomorphism.

It is enough to check that 9 preserves the specified characteristic classes. By
the product formula,

w2(R8 × CP1)= w2(R8)+w1(R8) w1(CP1)+w2(CP1)

= c1(R8)+ 0 + c1(CP1) mod 2,

and likewise for B × CP1. Since

9
(
c1(R8)+ c1(CP1)

)
= c1(B)+ c1(CP1),

9 preserves the second Stiefel–Whitney class. Using the fact that p1 = c2
1 − 2c2

and the product formula, we have

p1(R8 × CP1)= c1(R8 × CP1)2 − 2c2(R8 × CP1)

=
(
c1(R8)+ c1(CP1)

)2
− 2

(
c2(R8)+ c1(R8) c1(CP1)

)
,

and likewise for B ×CP1. Since 9 preserves the Euler characteristic; i.e., the alter-
nating sum of Betti numbers, 9 maps e(R8)= c2(R8) to e(B)= c2(B). Therefore
9 preserves the first Pontryagin class too, and we have an orientation-preserving
diffeomorphism

ψ : R8 × CP1
→ B × CP1

satisfying ψ∗(c1(B))= c1(R8) and ψ∗(c1(CP1))= c1(CP1).
Let n ≥ 3. Take Kähler forms ω1 ∈ c1(R8), ω2 ∈ c1(CP1), and ω3 ∈ nc1(CPn−3)

such that

Ric(ω1)= 2πω1, Ric(ω2)= 2πω2, Ric(ω3)=
2π
n
ω3.

Then
(M := R8 × CP1

× CPn−3, ω := ω1 +ω2 +ω3)

is a Kähler manifold with positive Ricci curvature. Let PM be the principal S1-
bundle over M whose Euler class is −[ω]. This PM admits a connection one-form θ
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and the lifted CR structure J such that dθ/2π projects down to ω on M . The CR
Yamabe constant of (PM , H := Ker θ, J ) must be positive by the argument after
formula (3-1).

Lemma 6.3. The manifold PM is simply connected.

Proof. Let E ∼= CP1 be an exceptional divisor in R8 and consider it as a complex
curve in M . Then the restriction of −[ω] to E coincides with the first Chern class
of the tautological line bundle over E . Hence (PM)|E → E is a Hopf fibration.
Consider the following commutative diagram with exact rows:

π2((PM)|E) π2(E) π1(S1) π1((PM)|E)

π2(M) π1(S1) π1(PM) π1(M)= 0

Since (PM)|E → E is a Hopf fibration, π1((PM)|E)= 0 and π2((PM)|E)= 0, and
so the map π2(E)→ π1(S1) is an isomorphism. Thus we have π2(M)→ π1(S1)

is surjective and π1(PM)= 0. □

On the other hand, let J̃1 and −ω̃1 be the complex structure and a Kähler form
in the class −c1(B) giving an Einstein metric of negative scalar curvature on B.
Denote by M̃ ′ the complex 3-manifold (B × CP1, (− J̃1)× J2). The two-form
ω̃′

= ω̃1 + ω2 defines a Kähler form on M̃ ′ with constant scalar curvature −2π .
Consider the Kähler manifold

(M̃ := M̃ ′
× CPn−3, ω̃ := ω̃′

+ω3).

The scalar curvature of this manifold is given by −2π +
2(n−3)π

n < 0. Denote by ψ̃
the diffeomorphism

ψ × idCPn−3 : (R8 × CP1)× CPn−3
→ (B × CP1)× CPn−3.

Then ψ̃∗([ω̃])= [ω] since ψ∗([ω̃′
])= [ω1]+ [ω2]. Hence there exists a connection

form θ̃ of PM and the lifted CR structure J̃ such that d θ̃/2π = p∗ψ̃∗ω̃. We derive
from Proposition 2.2 that (PM , H̃ := Ker θ̃ , J̃ ) has negative CR Yamabe constant.

Before the proof of Theorem 1.2, we recall some facts on contact geometry. Two
cooriented contact manifolds (X, H) and (X ′, H ′) are isomorphic if there exists a
diffeomorphism ψ : X → X ′ preserving contact structures and coorientation. More-
over, the first Chern class of a strongly pseudoconvex CR manifold is an invariant
of the underlying cooriented contact structure; see [Geiges 2008, Section 2.4] for
example.

Proof of Theorem 1.2. It remains to show that (PM , H) is not isomorphic to (PM , H̃)
as cooriented contact manifolds. Denote by p : PM → M the projection from PM
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to M . Then

c1(PM , H, J )= p∗c1(M), c1(PM , H̃ , J̃ )= p∗ψ̃∗c1(M̃).

Now consider the Gysin exact sequence

H 0(M; Z)= Z
−[ω]
−−−→ H 2(M; Z)

p∗

−→ H 2(PM ; Z)−→ H 1(M; Z)= 0.

We first consider the case n = 3. Since c1(R8) and [ω] = c1(R8)+ c1(CP1) are
linearly independent in H 2(M; Z), we have

c1(PM , H, J )= p∗c1(M)= 0, c1(PM , H̃ , J̃ )= p∗ψ̃∗c1(M̃)=−2p∗c1(R8) ̸= 0.

Hence (PM , H) is not isomorphic to (PM , H̃).
In the remainder of the proof, we assume that n ≥ 4. In this case,

c1(PM , H, J )= p∗c1(M)= −(n − 1)(n − 2)p∗c1(OCPn−3(1)).

In particular, [c1(PM , H, J )] = 0 in H 2(PM ; Z)/(n − 1)H 2(PM ; Z). It suffices to
show that [c1(PM , H̃ , J̃ )] ̸= 0 in H 2(PM ; Z)/(n − 1)H 2(PM ; Z). Suppose to the
contrary that [c1(PM , H̃ , J̃ )]=[p∗ψ̃∗c1(M̃)]=0 in H 2(PM ; Z)/(n−1)H 2(PM ; Z).
Consider the following exact sequence:

H 0(M; Z)= Z
−[ω]
−−−→

H 2(M; Z)

(n − 1)H 2(M; Z)

p∗

−→
H 2(PM ; Z)

(n − 1)H 2(PM ; Z)
.

This yields that there exists k ∈ Z such that

ψ̃∗c1(M̃)+ k[ω] = −c1(R8)+ c1(CP1)+ c1(CPn−3)+ k[ω] ∈ (n − 1)H 2(M; Z)

Hence

⟨−c1(R8)+ c1(CP1)+ c1(CPn−3)+ k[ω], a⟩ ≡ 0 mod n − 1

for any a ∈ H2(M; Z). Let E ∼= CP1 be an exceptional divisor in R8 and consider
it as a complex curve in M . Taking a = [E] gives that

0 ≡ ⟨−c1(R8)+ c1(CP1)+ c1(CPn−3)+ k[ω], [E]⟩ = k − 1 mod n − 1.

Consider also a projective line L ⊂ CPn−3, which is seen as a complex curve in M .
Then

0 ≡ ⟨−c1(R8)+ c1(CP1)+ c1(CPn−3)+ k[ω], [L]⟩

= (n − 2)+ kn(n − 2)≡ n − 3 mod n − 1,

which is a contradiction. □
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