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SHIFAN ZHAO

We study weighted low-lying zeros of spinor and standard L-functions at-
tached to degree 2 Siegel modular forms. We show that the symmetry type of
weighted low-lying zeros of spinor L-functions is symplectic, for test functions
whose Fourier transform have support in (-1, 1), extending the previous
range (— &, 1=). We then show that the symmetry type of weighted low-lying
zeros of standard L-functions is also symplectic. We further extend the range
of support by performing an average over weight. As an application, we
discuss nonvanishing of central values of those L-functions.

1. Introduction

D. Hilbert and G. Pdlya suggested that nontrivial zeros of the Riemann zeta func-
tion ¢ (s) correspond to eigenvalues of a self-adjoint operator on some Hilbert space.
The first evidence of such a connection was found by H. L. Montgomery [1973],
who investigated the pair correlation of nontrivial zeros of ¢ (s) and conjectured that
it is, as pointed out by F. J. Dyson, the same as the pair correlation of eigenvalues
of random Hermitian or unitary matrices of large order, also known as the gaussian
unitary ensemble (GUE) model. This conjecture of Montgomery was later supported
by numerical results by A. M. Odlyzko [1987], based on values for the first 10°
zeros and for zeros number 10'2 41 to 10'? 4 10°. The local spacing between these
sample zeros matches the prediction by the GUE model quite well.

Z. Rudnick and P. Sarnak [1996] extended Montgomery’s work by computing
the general n-level correlation function of zeros of any principal L-function L(s, )
attached to a cuspidal automorphic representation = of GL,,(Ag) (in a restricted
range). Their answer is universal and is precisely the one predicted by the GUE
model. Numerical evidence was found by R. Rumely [1993] for primitive Dirichlet
L-functions, and by M. O. Rubinstein [1998] for Hasse—Weil L-functions of three
distinct elliptic curves and for the Hecke L-function associated to Ramanujan’s
7-function.
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Although the n-level correlation statistic of zeros of any fixed principal auto-
morphic L-function obeys the universal GUE law, there is another statistic, called
the n-level density of low-lying zeros, that is sensitive to families. N. Katz and
Sarnak [1999a] studied low-lying zeros of zeta functions of varieties over finite fields
(the “function field” analogue). For these they indicated that a spectral interpretation
exists in terms of eigenvalues of Frobenius on cohomology groups. On the number
field side, although many results concerning low-lying zeros have been proved, it is
still not clear where their spectral nature comes from. See also [Katz and Sarnak
1999b] for a nice survey on these topics.

Before stating our results, we first describe the problem in general terms. Let Fp
be a family of automorphic forms, ordered by conductor Q > 1. To each f € Fp

one associates an L-function
= Ap(n)
— f
(1-1) L(s. =) ==
n=1
which converges absolutely for s € C in some right half-plane. We assume that
L(s, f) admits meromorphic continuation to the whole complex plane C. We also

assume that L(s, f) satisfies a functional equation

1-2) A(s, f) =Loo(s, f)L(s, f) =g A(l =5, f),

where ¢y = %1 is the root number.
We assume the generalized Riemann hypothesis (GRH) for L(s, f). That is,
nontrivial zeros of L(s, f) all lie on the critical line. We may denote those zeros by

(1-3) pr=35+ivs, vreR.

Let ® € S(R) be an even Schwartz function (called “test function” throughout)
whose Fourier transform @ has compact support. To this end we define the 1-level
density of low-lying zeros of L(s, f), with respect to the test function &, to be

|4
(1-4) (f1®)=) (h ogcv)
Pf
where p ¢ runs through nontrivial zeros of L(s, f), counted with multiplicity, and ¢ ¢
is a parameter associated with f € Fp, comparable to the analytic conductor of f
(specified later). The density conjecture for low-lying zeros of L(s, f) asserts that:

Conjecture 1.1 (density conjecture). For any even Schwartz function ® whose
Fourier transform ® has compact support, we have

(1-5) lim

Jm s Y 0= [ oW

fG.FQ —00

for some distribution W (F) depending only on F.
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Many observations and results in [Katz and Sarnak 1999a] suggest that the
distribution W (F) depends on the family F through a symmetry group G(F).
Possible symmetry types are orthogonal O, special orthogonal even SO(even),
special orthogonal odd SO(odd), symplectic Sp and unitary U. The corresponding
distributions and their Fourier transforms are

W(O0)(x) = 1+ 18o(x), W(0)(y) = 8o(y) + 1,
sin 27 x ~ |
W(SO(evem) () = 1+ ===, W (SO(even)) (y) = 8o(y) + 1n(y),
sin 27 x ~ 1
W(SO(0dd)) (x) = 1 = — == +Bo(x)., W(SO(0dd)(y) = do(y) = 3n(») +1,
- )
(1-6) W(Sp)(x) =1— snz‘nfx, W(SP)(») = 80(y) — 11 (),
W (U)(x) =1, W (U)(y) = 8(»),

where § is the Dirac distribution at 0, and n(y) =1, %, 0 for|y|<1,|y|=1and

|y| > 1 respectively. The first three distributions of different orthogonal symmetry
type have indistinguishable Fourier transforms within (—1, 1), while the symplectic
and unitary symmetry types are distinguishable from the orthogonal ones.

The density conjecture (Conjecture 1.1) has been verified for many families (in
restricted ranges). See [Iwaniec et al. 2000; Rubinstein 2001; Fouvry and Iwaniec
2003; Guloglu 2005; Young 2006; Duefiez and Miller 2006; Gao and Zhao 2011;
Cho and Kim 2015; Shin and Templier 2016; Liu and Miller 2017; Kim et al. 2020],
to name a few. In all results towards this direction, the support of Fourier transform
of the test function @ is restricted within certain range. One important question
in this topic is how to extend the range as large as possible, for the full density
Conjecture 1.1 does not require any condition on the compact support of .

One can also consider “weighted” distribution of low-lying zeros by allowing
certain weights w . The weighted average density under consideration is

-1
(1-7) ( > wf> > wrD(f; ®).
feFo

feFo

Often these weights @y contain important arithmetic information such as central
values of L-functions, and including them may possibly change the symmetry type.
Recent results in this direction include [Kowalski et al. 2012; Knightly and Reno
2019; Sugiyama and Suriajaya 2022; Fazzari 2024].

In this article we study weighted low-lying zeros of spinor and standard L-
functions attached to degree 2 Siegel modular forms. For a general introduction on
Siegel modular forms, we refer readers to [Klingen 1990; Pitale 2019].
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We proceed to describe our results. Let k£ > 6 be an even integer. Let S;(I';) be
the space of degree 2 holomorphic Siegel cusp forms of weight k for the symplectic
group I'y = Sp,(Z). Each form F € S (I'2) is a holomorphic function on the Siegel
upper half-plane

(1-8) Ho={Z=X+iYeMyC):Z=2Z",Y >0},
which satisfies the automorphy condition

A B

(1-9) F((AZ+B)(CZ+D)™ Y =det(CZ+D)"F(2), (C D

)GFQ, ZGHZ.

Here and after we use M, (R) to denote the ring of n x n matrices over a ring R.
The Fourier expansion of F is

(1-10) FZ)=Y_ ap(T)(detT)> "% e(TH(TZ)), Z € Ha,
TeT

where the summation is taken over the set
(1-11) T=I{T = (t,‘j) eMR): T >0, 41 €Z, typ €, 2t1p =2t € Z}.

We call ap(T) the (normalized) Fourier coefficient of F at T. It is known that
aF(T) eR.
We use [ to denote the 2 x 2 identity matrix. For F' € S;(I';) we set

T ar(I)?

(1-12) wp =Y~
4 IF|?

@) (k-3 k-2

to be the “harmonic” weight attached to F, where || F|| is the Petersson norm of F
defined by

axdy \'?
(detY)3 '

(1-13) IF|| = ( / |F(Z)|*(det Y)*
" \H2

We now choose a basis Hy (I'y) of Sx(I'2) consisting of eigenforms for all Hecke
operators (we call such a form a Hecke eigenform). It is known (see, e.g., (1.8) in
[Blomer 2019]) that

(1-14) Y or=1+0(").

FeH; (Fz)

Note that the above sum is independent of the choice of basis Hy(I"2).
To each form F € Hy(I"2) we can attach a degree 4 spinor L-function L (s, F'; spin)

and a degree 5 standard L-function L(s, F; std), both normalized so that the central
point is § = % The analytic conductors of those L-functions are of size k2 and k*,

respectively. Further properties of these L-functions are discussed in Section 2.
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We assume GRH for both spinor and standard L-functions, and denote their
nontrivial zeros on the critical line by

(1-15) PF,spin = %‘i‘iVF,spin, PF,std = %"i_in,Std-
The corresponding density functions with respect to a test function ® are
. VF spi
(1-16) D(F; ®;spin) = Y _ <1>( 2;;’“‘ logCF;spin),
PF ,spin
VF,std
1-17 D(F; ®;std) = o — lo . .
(1-17) ( ) pZ ( = ch,std>

Our first result concerning low-lying zeros of spinor L-functions is as follows:

Theorem 1.2. Let ® be an even Schwartz function whose Fourier transform has sup-
portin (=1, 1). For F € Hy(I'2), define D(F; ®; spin) as in (1-16) with ¢ F;spin =k?
and wr as in (1-12). Assume GRH for L(s, F; spin). Then we have
. . 5 ©(0) >

(1-18) lim Z wp D(F; ®; spin) = P(0)———= |  ®(x)W(Sp)(x)dx.

k—o00 2 —00

FeH(I'2)

Remark 1.3. The result above has been obtained from [Kowalski et al. 2012],
but only for test functions ® with supp(®d) C (—%, %), as an application of their
quantitative local equidistribution result. Here we extend the range of support
to (—1, 1). This improvement is crucial in application to nonvanishing problems,
as we will explain in Section 5.

Let H(I'2) C Hy(I';) denote a Hecke basis of the space of Saito—Kurokawa lifts
(these concepts will be discussed in Section 2). As a direct corollary of Theorem 1.2
we can establish the following nonvanishing result:

Corollary 1.4. Assume GRH for L(s, F; spin). Then we have

(1-19) lim inf > wF >

k— o0
FeHy(T2)\H (T2)

L(1/2,F;spin)#0

Blw

Remark 1.5. For comparison, it is shown in [Blomer 2019] that

1
1-2 —
(1-20) Y wer>» fogk"
FeH(T2)\H} (T2)
L(1/2,F;spin)#0
unconditionally for large k. This follows from asymptotic formulas for the first and
second moments of central values. Although it is not surprising that GRH would
yield much stronger result, one still needs the range of support in Theorem 1.2 not
to be too small to carry out the argument. It was also pointed out in [Blomer 2019,
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page 1756, Remark (b)] that it is possible to use the mollifier technique to obtain a
positive proportional result unconditionally. The exact (unconditional) proportion
would not be as large as our (conditional) proportion % though.

For low-lying zeros of standard L-functions, we have the following result:

Theorem 1.6. Let @ be an even Schwartz function whose Fourier transform has sup-
port in (—— —) For F € H(I'7), define D(F; ®; std) as in (1-17) with cp.qq = k*
and wr as in (1-12). Assume GRH for L(s, F; std). Then we have
O _ [
(1-21) lim > wpD(F; @; std) = d(0) — @ (x)W (Sp)(x) dx.
2 )
F €H(I'2)

Remark 1.7. An unweighted version of Theorem 1.6 was established in [Kim et al.
2020], for test functions ® whose Fourier transforms have sufficiently small support
(for a precise range of support, see Proposition 9.3 in [Kim et al. 2020]). The
(unweighted) symmetry type is also symplectic. For comparison, the symmetry type
of low-lying zeros of spinor L-functions changes from orthogonal to symplectic
when weighted by wp.

We may further extend the range of support in Theorem 1.6 from ( 3 4) to

( 158 18) by performing an extra (smooth) average over weight k. Our result is:

Theorem 1.8. Let 2 € C°(0, 00) be such that Q@ > 0, not identically 0. Let ®
be an even Schwartz function whose Fourier transform has support in (—%, 15_8)
For F € Hi(I'y) and large parameter K > 0, define D(F; ®; std) as in (1-17) with

CF:std = K* and wp as in (1-12). Assume GRH for L(s, F; std). Then we have

. k) k o
(1-22) Klgnoo<2k: Q(ED Xk: Q(E) FE;F )a)pD(F, ®: std)
(0)

= d(0) — >

/OOCD(x)W(Sp)(x) dx.

where the summation in k is over even integers.

This article is organized as follows: In Section 2, we first review some facts about
spinor and standard L-functions. We then work out the combinatorial relations
between certain functions in Satake parameters of a form F € Hy (I";) and its Fourier
coefficients at scalar matrices. These relations allow us to apply Kitaoka’s formula,
which we state in Section 3. In Section 3 we also take average over weight k in
Kitaoka’s formula and give an upper bound for the off-diagonal term. In Section 4
we apply the results established in previous sections, as well as the explicit formula
to prove Theorems 1.2-1.8. In Section 5 we prove Corollary 1.4 and discuss some
other issues concerning nonvanishing of central L-values.
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2. Spinor and standard L-functions

Let F € H,(I';) be a Hecke eigenform. It is known that for each prime p there are
three complex numbers ar o(p), ar,1(p), ar2(p), called the Satake parameters
of F at p, with certain prescribed properties. See Chapter 3 in [Pitale 2019] for a
detailed discussion. In particular, these Satake parameters satisfy the relation

(2-1) aro(p)ari(p)ara(p) =1.

Let Sox—»>(I"1) denote the space of holomorphic cusp forms of weight 2k — 2 for
the full modular group I'y = SL(Z). There is an injective Hecke-equivariant linear
map

(2-2) SK : Syu—2(') = Si(T2), [ Fy,

called the Saito—Kurokawa lifting. We denote the image of SK by S; (I'2) and call
forms in S;(I'2) Saito—Kurokawa lifts. We also use H;'(I'2) for a basis of S(I"2)
consisting of Hecke eigenforms. There are various ways to construct such a lifting
map. For a construction using half-integral weight modular forms, see Section 2.1.3
in [Pitale 2019].

For F € Hy(I'2) that is not a Saito—Kurokawa lift, it is known that |afr;(p)| =1
for all prime p, by a result in [Weissauer 2009]. However, this is not true for Saito—
Kurokawa lifts Fy € H;'(I';). We will see this in Andrianov’s explicit formula (2-8)
stated below.

2.1. The spinor L-function. The spinor L-function attached to a Hecke eigenform
F € Hi(I'y) is defined by a degree 4 Euler product

(2-3) L(s, F; spin)

:H<l_w,o<p>>‘l(l_w)‘l(l_w>‘l
p

p p? P’
y (1 _aro(p) ar1(p)ara(p) )_1
P ’

which converges absolutely in some right half-plane. By setting

(2-4) ap(p) =aro(p), Br(p)=aro(p)ari(p),
we may rewrite the above Euler product as

(2-5) L(s, F; spin)

=]‘[(1_“F(f))_1(1—ﬂF(Sp))_l<1—“F(ﬁ)_] )‘1(1_/3F(17S)‘1 )‘1’
» p p p p

in view of the relation (2-1).
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It is proved by A. N. Andrianov [1974] that L(s, F; spin) extends to a meromor-
phic function on C, which has a simple pole at s = % if F is a Saito—Kurokawa lift,
and is entire otherwise. Its functional equation takes the form

(2-6) A(s, F; spin) = F@(S-f—%) F@(s +k— %)L(s, F; spin) = A(1—s, F; spin),

where I'c(s) = 2(27)~°I'(s). For Fy € H(I';) a Saito—Kurokawa lift, its spinor
L-function decomposes as

-7 L(s, Fy;spin) = (s +3)¢(s — 3) L(s, f).

where L(s, f) is the Hecke L-function of the elliptic cusp form f.
For F € H;(I';) we have Andrianov’s explicit formula [Andrianov 1974]:

2-8)  ap(DL(s, Fyspim) = ¢(s+ ) L(s+ 3. xa) Y aF::[),
n=1

where x_4 is the nontrivial Dirichlet character modulo 4. From this formula it
follows

(2-9) arp(l)=0 = arp(nl)=0, n=>1.

2.2. The standard L-function. The standard L-function attached to a Hecke eigen-
form F € Hy(I'y) is defined by a degree 5 Euler product

(2-10) L(s, F; std)

= 1‘[(1 _ is)_l (1 _ aF,ls(P))_l(l N aF,1(1SD)“ >_1
P p p p
< aF,z(p))_1< apyz(p)—l)_l
A\ 1=—" l———]
p p

which converges absolutely in some right half-plane. Using (2-1), we rewrite this
Euler product as

(2-11) L(s, F; std)
_ ]‘[<1 B i)‘l (1 B oeF(p)ﬁF(p))_l (1 B aF(p)lﬂF(p))_l
» P’ p* p*
( aF(p>ﬁF<p>—‘)‘1< aF<p>—‘ﬁF(p)—‘)‘1
x|1— E— 1— . .
p p

The analytic continuation and functional equation of standard L-functions were
worked out by S. Bocherer [1985]. He proved that L(s, F’; std) extends to an entire
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function and satisfies a functional equation

(2-12) A(s, F;std) = Tr(s)Te(s + k — DTe(s +k —2) L(s, F; std)
= A(l —s, F; std),

where I'r = 77%/2I"(s/2) and Tc(s) = 2(27) ~*T'(s).
2.3. Combinatorial relations. For F € H;(I';), m > 1 and prime p, we set
(2-13) cm(p;s F) =ar(p)" +ar(p)™ + Br(p)" + Br(p)™",

(2-14) Tom(p; F) =14+ar(p)"Br(p)" +ar(p)"Br(p)™
+ar(p) " Br(P)" +ar(p) " Br(p)"

to be the m-th power sum of local parameters of L(s, F’; spin) and L(s, F’; std) at p
respectively.

The main goal of this section is to find expressions of these power sums in terms
of Fourier coefficients of F' at scalar matrices, for m = 1, 2, under the assumption
that ap (1) # 0. Note that the condition ag (1) # 0 is not a direct consequence of
F # 0, unlike in the elliptic case, where a primitive form f vanishes if and only
if its first Fourier coefficient vanishes. In fact, determining whether ag (1) =0 or
not is a difficult problem because wr is intimately connected to central values of
spinor L-functions (Bocherer’s conjecture, now a theorem proved by M. Furusawa
and K. Morimoto [2021]). However, as we shall see later in Section 4, making this
assumption here does no harm to our argument. Our result is as follows:

Lemma 2.1. Let F € Hi(I';) be a Hecke eigenform. For any prime p and m > 1,
define c,,(p; F) and 1y, (p; F) as in (2-13) and (2-14). Assume that ap(I) # 0,
and set Uy, (p; F) =ap(p™1)/ar(1). Also set A, =1+ x_4(p) and n, = x—4(p),
where x_g4 is the nontrivial Dirichlet character modulo 4. Then we have

A
ci(p; F)=U(p; F) + —£,
P
AZ—Z;LP

ca(p; F) = —Ui(p; F)* +2Ux(p; F) + pT,

o 2 . AT Hp
n(p; F)=Ui(p; F)" = Ux(p; F)+ Ui(p; F)+ 1,
P P
A
wu(p; F) = —Us(p; F)U\(p; F)+ Ua(p; F)* + —’;Uz(p; FYU\(p; F)
2
o A A =20
+ (—" - 1) Ui(p; F)* — —ZUs(p; F) + (”—”) Us(p; F)
P JP P
2 2
App Ap) Hp p
+ —2— Ui(p; F)+ 5 ——+1L
(p3/2 JP P> p
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Remark 2.2. The key feature of Lemma 2.1 is that we are able to express t4(p; F)
using polynomials of U,,(p; F) of degree 2 (and not of higher degree). This is
essential when we deal with weighted low-lying zeros of standard L-functions using
Kitaoka’s formula.

Proof. Throughout the proof, F and p are fixed. To save notation we use ¢y, Tom,
Un, ap, Bp to denote ¢,y (p; F), Tam(p; F), Un(p; F), ar(p), Br(p) respectively,
with the understanding that they depend on F and p.

We start with Andrianov’s explicit formula (2-8):

C I
ap()L(s, Fyspin) = ¢ (s + 1) L(s + 3, x—4) Z ar(n ).

nS

n=1

Using Euler product expansions for the L-functions involved, we see that the two
Dirichlet series

a B ! B! Zapnl)ap(I)~!
215 1__17)(1__17)(1_17)(1_L)).( —)
s (T1(1-52) (1-22) (1- %2 ) (1- 7)) (X2 =2

p n=1

and
1 X—4(p)
o IR

both converge absolutely in some right half-plane and are equal. Comparing
coefficients of p~**, a =1, 2, 3, 4, we obtain

(2-17) Ay U
- ——==U; —cy,
NI
(2-18) Bo Ui+ 141,
p
(2-19) 0=Us—Usc1 +Ui(n2+1) —cy,
(2-20) 0=Us—Uszc1+Ux(tn+1)—Ujcy + 1.

We also have elementary relations
(2-21) d=c+2n+1),
(2-22) (2 +1D? =3+ 14+ 41, + 20,.
From (2-17) and (2-18) we obtain directly

)“17
(2-23) a=U+—-%,

JP

A iz
(2-24) nL=U*-U+ LU +=£ 1.
: JP p
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Combining (2-21), (2-23) and (2-24) we have

A2 =2
(2-25) e =-Ul+20,+ L——"F
p

Using (2-22), (2-24) and (2-25) we express T4 as

A A A2 +2u
(2-26) Ty =U}—2U, Uf+27£Uf + U3 2L 0,u, + (”—” —2) U?
p

JP P
2 2
A A w A
- @Uﬁ(z ”3M2”—4—1’)U1+—’2’—2—1’+1.
p p3/ JP p p

However, to get the final form of 74, we must express U}, Uy U 12 and U13 using
degree 2 polynomials in U, (a =1, 2, 3,4). Combining (2-19), (2-23) and (2-24),
we have

A A A
(2-27) U13=2U2U1——”U%—U3+—”U2+(1—@>U1+—”.
p

NG NG NG
Likely, equations (2-20), (2-23) and (2-24) give us

(2-28) U2U12:U3U1+U22—K—”U2U1+U12—U4+k—pU3—&Uz-i—x—pUl—l.
Nz Jr p Nz

Further, we multiply (2-27) by U, and apply (2-27), (2-28) to get

A 22— A
(2-29) U14:U3U1+2U22—3—pU2U1+(3+ L p)Uf—2U4+3—f’U3
NG p VP

22 +2u Ay A A2
- (”—”) Us+ (2—P+ ”3’“;2”)U1 -~ (2+—”).
p NI p

Finally, we insert (2-27), (2-28) and (2-29) into (2-26) to get
A A A2 —2u
(2-30) ©=-UsU,+Us+—-LU, Uﬁ(ﬁ— ) Ut — "L Us+ ("—”) Us
P P

N4
2 2
A A uw A
+( ol _ —”)U1+—”——”+1. 0
p3/ Jr P> p

3. Kitaoka’s formula

The main tool used in this paper is a spectral summation formula of Petersson
type. This formula was first proved by Y. Kitaoka [1984] by computing Fourier
coefficients of Siegel Poincaré series. In this section we introduce this formula and
consider an averaged (over weight) version of it.
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We begin by introducing some notations. For k > 6 even, we set
3-1) o = ‘/TE(471)3_2"F(1<— %)r(k—z).

For T, Q € T we define

ar(T)ar(Q)
[ T ——

(3-2) AT, Q)= ) TaE

FeH (')

For a matrix C € M,(Z) with det C # 0 (we denote the set of such matrices by C)
and Q, T € T, define the symplectic Kloosterman sum to be

(3-3) K(Q,T;C) =Ze(Tr(AC_1Q+C_1DT)),
D
where D runs through the set

(3-4) {D € My(Z) mod CA : (2 Z) € Fz},

and A is the set of 2 x 2 symmetric integral matrices. By elementary divisor theory
and Weil’s bound for classical Kloosterman sums one has [Kitaoka 1984]:

(3-5) |K(Q, T; C)| < |detC[*’>.

Remark 3.1. Optimal bounds for these symplectic Kloosterman sums were obtained
in [T6th 2013]. However, since applying Té6th’s optimal bound does not improve
our result, Kitaoka’s bound suffices for our purpose.

For P = ( p’; }2 P ;ﬁ 2), S=( s;}2 stﬁ 2) €T and ¢ > 1, we define another exponential
sum:

(3-6) H*(P,S;0)
* dissd? Fdiprdy+srda+dipr+disi _prss
=85=p Z Z e< : + )

c 2cs.
dy mod ¢ d, mod ¢ 4

For these we have the trivial bound
(3-7) |H*(P, S; o) <™.

For P € M,(R) with positive eigenvalues A1, A» > 0 we set

/2
(3-8)  Ji3p(P)= f Je32(4703/ k1 sin0) Ji_3/2 (47 /A2 5in 6) sin 6 dO,
0

where Ji_3/2 is the usual J-Bessel function of half-integral order k — % With these
notation, we can now state Kitaoka’s formula.
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Lemma 3.2. For T, Q € T and k > 6 even, define Ay (T, Q) as in (3-2). Then
(3-9) AT, Q)

k_3

1w (52 ) dor + Y2 G1T, 0+ 76T O)

where Aut(T), G x (T, Q) and G, (T, Q) are defined by
(3-10) Au(T) ={U € GLy(2) : UTTU =T},

k/2
B-11) G1x(T, Q) = Z Z Z Z 23/21/2

s=1 ¢c=1 U,V
x HEWUQUT, v=Tv=T"; ) Jk_3/2<4”— “zt(TQ))
K, T;C _ _
(312 6o Q)= Y e nreoe ),
eC

Here Zu,v in (3-11) is over U = (u;j)/{£1}, V = (vij) € GLy(Z) such that

(3-13) (ua1, u22) Quayr, uz)’ = (—vp1, v11) T (=21, v11)" =

The delta symbol Sp~t is equal to 1 if Q and T are equivalent in the sense of
quadratic forms, and is equal to 0 otherwise.

Remark 3.3. Following Kitaoka [1984], we call the three terms in (3-9) containing
So~1, G1x(T, Q) and G (T, Q) the diagonal term, the rank 1 term and the rank 2
term respectively. Note that the classical Petersson formula for elliptic modular
forms contains only a diagonal term and an off-diagonal term.

Remark 3.4. As pointed out by V. Blomer (see Remark 1 in [Blomer 2019]), there
are some numerical errors in Kitaoka’s original derivation of Kitaoka’s formula.
The version that we present here is based on Lemma 1 in [Blomer 2019]. However,
our results do not depend on exact values of those constants.

The main purpose of this section is to establish the following averaged Kitaoka’s
formula, which is asymptotic in nature.

Lemma 3.5. Let m, n > 1 be positive integers such that m |n. For k > 6 even, define
Ar(ml, nl) as in (3-2). Let Q € C°(0, 00) be such that 2 > 0, not identically 0.
Then for large K > 0 we have

(3-14) (; Q(%»_] Xk: Q(%) Ax(ml, nl)

m3/2—€,—(1/2)+e (mn)2+e (mn)U/2+!1
=Om=n+tOjec0 X4 gl Wl Rl Gy

forany j >3 and € > 0 small. Here ), is over positive even integers k > 6.
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Remark 3.6. Our Lemma 3.5 can be viewed as a GSp, analogue of the classical
averaged Petersson formula on GLj;; see (5.81) in [Iwaniec 1997]. The main diffi-
culty is the presence of a product of two Bessel functions (instead of a single Bessel
function), each of half-integral order (instead of integral order). As we shall see in
the proof below, this can be overcome by applying an integral representation (3-33)
of a product of two Bessel functions. A related averaged Kitaoka’s formula was
also discussed in recent work of G. Felber [2023].

Proof. After applying Kitaoka’s formula (3-9), we divide the left side of (3-14) into
three terms. We also set g(x) = Q(x/K) and £ =k — % to save notation.
We denote the contribution of the diagonal term by Ry. Thus

-1
(3-15) Ro= g(z g(k)) Zg(k)|Aut(m1)|(%)[am1~n1.
k k

Note that m/ and nl define the same quadratic form if and only if m = n, and that
|Aut(m1)| = 8. Thus the above expression reduces to Ry = &;;—p-
Denote by R; the sum of the rank 1 term over k. We have

( 1)k/2
(3-16) Ry = Zg(k)zzzz 7,172

s=1 c=1
. 4
x Hi(nUUT,mV_lV_T;c)Jg< ”m">,
[60)

where the sum ;| is over
(3-17) n(u3; +uy) =mi; +v3p) =s.

So in particular n |s. Making change of variable s — ns, we may rewrite R; as

0o 0o (— 1)k/2
(3-18) Ry = Xk:g(k) Zi: 222 3pcain AP (ns) 2

s=1 c¢=1 U,V
47
x HE(muUT , mv-1v—T, c)Je( m)
CS

where ), is over

2 2 2 2 n
(3'19) u21+u22=5, v11+U22:ES

These equations have O(s€) and O((Zs)°) integral solutions, respectively, for any
€ > 0, by the fact

(3-20) {(x, y) € Z%: x> + y* =5} = O(s°).
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In view of the estimate

X
14

which follows immediately from the integral representation [Gradshteyn and Ryzhik
2015, (8.411.4)], we may cut-off the sum in (3-18) by sc < m /K up to a negligible
error. In this range we change summation order and deal with the inner sum

dmrm
- _1)\k/2 i
(3-22) Ek glk)(—=1) Je( o >

by applying Lemma 20 of [Blomer and Corbett 2022] to obtain

(3-23) Zg(k)(—l)k/zfg(“”m)
k

L
(3-21) < (3), x=0e>4,

cs

47Tm 4mim 47Tm _4mim 47Tm
= wy +e s wi +e o w_ ,
[\ cSs cS

where wg(x), w4 (x) are some smooth functions on (0, co) satisfying

(3-24) wo(x) <4 K4,

K2\
(3-25) w+(x) Ka (1 + 7)

for any A > 0. The contribution of the wy term is negligible, while the contribution
of w4 term depends on the size of x = 4wm/cs. For example, for x < K 2 (i.e.,
cs > m/K?), we have

K2 —A 2\ —A
(3-26) w1 (x) K4 (1 + 7) < (7) <a K m*(cs)™
for any A > 0. This estimate, together with (3-7) and (3-20), give rise to
321 R TR

1 4rm
g —Hi T —1 -T.
Z Z 203/2(’15)1/2 (nUU ,mV Vv ,C) w4 -

£ L<segg UV
€
_ _ n _ _A —
LeA E 32 (ns) 1/2s€<—s) K HAmAcAs—A
m
%<<SC<<%
& mO/D=ey=(/D+e =3

for any small € > 0 if one fixes some A > % The case where cs < m/K? is analyzed
similarly, and its contribution to R; is again at most ERREAL) Gl Therefore,
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we have obtained that
(3-28) Ry <m? n~2teg =3

for any small € > 0.
Denote by R, the sum of the rank 2 term over k. Explicitly,

Knl,ml; C
G-29) R=3 503 thg’lg/z)

/2
/ Jo (47 /1 sin6) Jy (477 /A2 sin 0) sin 6 d,
0

where A1, A, are eigenvalues of the matrix mnC~'C~7. We set Apin and Apax to be
the smaller and the larger eigenvalue of mnC~'C~T respectively. Denote by || - || ¢
the Frobenius matrix norm. Then by Lemma 2 in [Blomer 2019] we have

(3'30) )\min < T2

Applying this estimate and (3-21) to Jy (47 «/Amin Sin 6), and applying the estimate
(3-31) Jx) <1, x>0,0>1

that follows from [Gradshteyn and Ryzhik 2015, (8.411.13)] to J; (477 \/Amax Sin 6),
we may cut-off the sum in R, by ||C||r <« +/mn/K up to an negligible error. In
this range we change the summation order and deal with the inner sum

(3-32) > " g(k) Jo(4m /iy sin0) Jy (47 /2, sin 0)
k

by making use of the following integral representation of product of two Bessel
functions [Erdélyi et al. 1981, page 47, (8)]:

/2
(3-33) Jy(2) Jy(¢) = % / cos((z — &) cos ) Jay (2\/z?‘ sina) da,
0

when R(v) > —5, 2> 0, { >0. Choosingv=2~, z=4m/A;sin6, { =47 /A sin 6,
and setting

8/
(3-34) E=2/z¢sina = Srymn sin 6 sin «,
|det C|
we obtain

/2
(3-35) Y g(k) Je(2) Je(@) = % fo cos((z — ¢) cos @) (Z g(k) sz@)) da
k k
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Let r = 2k — 3. We have r = 1 mod 4, since k is even. Setting g1 (x) = g(*£3), we
have

(3-36) D e TusE) =Y &) ©).
k r=1 mod 4

From here the method of Neumann series can be applied, in view of the following
integral representation of Bessel functions of integral order [Gradshteyn and Ryzhik
2015, (8.411.1)]:

1/2 o
(3-37) Jr(x) = / e(rt) e X sin 27t dt.

-1/2
We quote the following result (Lemma 5.8 in [Iwaniec 1997]):

(3-38) 4 Y a1 E) =g1E) +hE) + 0Ees(an),

r=1 mod 4

where A (&) and c3(g;) are defined by

(3-39) h(€) = /O g1(/28) sin(g +y = T ) dy,
(340)  esg) = f G0 dr.

We refer readers to Section 5.5 in [Iwaniec 1997] for a proof of (3-38). Recall that
for g; we have

(3-41) g () < K7
for any j > 0. Thus by repeated partial integration we have

(3-42) h(g) < (EK™2),
(3-43) c3(g) < K.

See also (5.73) and (5.74) in [Iwaniec 1997].
The contribution of g;(£) to R, is

(3-44) RS
_ Z Knl,mlI; C)

/2 pm/2
- dasinf do.
|detC32 /0 cos((z—¢)cosar)gi(§) dasin

mn

ICIFr<*%

In view of the support of g1, the sum in (3-44) is confined in the range

87/
(3-45) g = VMR G sing > K.

J/|det C|
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Thus we have det(C) < mn/K 2, By the estimate (3-5), we obtain

G460 RSPV < > 1= > Y= ) &(C%),

mn mn mn
0#|det C| < 5 0£d|< 25 detCr O;éld\<<ﬁ
el R
IC Il <

where P;(X) is the hyperbolic lattice counting function
G47) PuX) =@ B.y.8) €2 10—y =d, &* + p7 +y* +5” < X

and C > 0 is some constant. For 1 < d < X we have the following asymptotic
formula (see Theorem 12.4 in [Iwaniec 2002]):

(3-48) Pd(X)=6(Zr_l)(X+0(d;X§)) < Xlog|d]|.
T|d
This estimate also applies to —X < d < —1 by symmetry. Thus we have
(mn)2+e

m2n?
Qi) _ mn 3 mn Al
(3-49) Rgl =< F logld| < ——1lo g <<€ ( K4+2e )
075|d|<< mn

The contributions of 4(£) and O (£c3(g1)) are analyzed similarly, making use of
the bounds (3-42) and (3-43). We have

(J/2D+1
h(E) (mn)
(3-50) R,” < g2
2+€
Ocs(qr) . (mn)
(3-51) R, <Le K 6426

for any j > 3 and small € > 0. Thus we obtain

(mn)2+€ (mn)(j/Z)-i-l

(3-52) Ry <jee K 4+2e K2j+2

Combining the estimates of R; and R; above, and that
(3-53) Z g(k) = Z (%) > K,
by our choice of €2, the proof is now complete. ([

4. Proof of main theorems

In this section we prove Theorems 1.2—1.8. We assume D is supported in (—o, o).
We also set £ =k — % to save notation.
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4.1. Proof of Theorem 1.2. By standard argument using the explicit formula
[Iwaniec et al. 2000, Section 4], we write the density function D(F'; ®; spin) as

(4-1) D(F; ®; spin)

2 s—1/2 S\ A , log k2
@ ( o8 )A(s Spin) ds + 20\ = 7 ) dretiy

2 2i

where §p¢ HE (D) = 1 if F € H(I';) is a Saito-Kurokawa lift (in which case
L(s, F; spin) has a pole at s = %) and is O otherwise. By (2-6) and (2-5) we may
further write
(4-2) D(F; ®; spin)
2 I’ 2mwix I’ 2wix
= ®(x)| —log2m)*+—(1 — (k-1 d
1ogk2/R (x)( 0g(2m)"+ r < +10gk2>+ r ( +1ogk2>) *

2 & logp » (mlogp log k?
- IOg K2 n; ijcm(p» F) pm/2 (I)( log 2 +2® e 5Fer*(l_‘z)

by shifting contour from o0 =2 to o = %

For the integral involving gamma factors, we use the following estimate [Grad-
shteyn and Ryzhik 2015, (8.363.4)]:

r’ I . r’ b’
(43)  Tla+bi)+la—b)=20@+ 0<a_2)’ a>0, beR
and the fact that @ (x) is even to get

by > /CD() log(2m)? + - (14 25 ) L D (e 27 )
4y —— x)| —log(2m) +— — (k- x
logk? Jg g r log k2 r log k2

= ®(0) +o(1).

This is done by splitting the integral over R to two integrals on (—oo, 0) and
(0, 00). Then we use the fact that ®(x) is even, estimate (4-3), and the estimate
L (k) =logk + O(1).

For ¢ (p; F) and c>(p; F) we sum over F against the weight wp. Using (1-12),
Lemma 2.1 and equation (2-9) we obtain

45 Y wra: P =Adpl, 1>+%Ak<1, n,

FeH(T,)

1
@6) Y wreps F)=—Ax(pl, ph) +28:(p71, I)+O(—)Ak(l, D).
FeH() p
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Collecting these we have the “explicit formula™:

47 Y wpD(F: ®; spin)

FeH(I'y)
ogp . (logp
_<I>(0)+0(1)— Togk? Z(Ak(pl I)+?Ak(1 1)) N cp(logk2>
1
" logk? ;(—Ak(pl, pD)+2A:(p, 1)+0<;)Ak(1, 1))

logp » (2logp
X O
P log k2

logp » (mlogp
1ng222( Z “’ch(p’F)) m/zq)(logkz

m=3 p FeH(I')

log k>

FfEH,?(Fz)

We treat the terms Ay (pl, I), Ay(pl, pI) and Ak(pzl, I) using Kitaoka’s for-
mula (3-9). Take the term Ay (pl, I) for example:

2
(4-8) A(pl, 1) = %Gl,k(l’l, )+ 7Gx (pl, D).

The rank 1 term G x(pl, I) is

1 4
Gralpl. D= Z Z > 63(/2(]))S)1/2Hi(UUT, pVvTio) Jg(g),

+ s=1 c=1 U,V
after a change of variable s — ps, where the summation ) .y 1s over
(4-9) U3 +up =ps. Vi +vy =s.
By the estimates (3-7), (3-21) and (3-20), we bound G x(pI, I) as
2 = 3 1 1 o4\t e f4m\t
410) Gi(pl, D) < Z] ;(ps)eséc i (0) < ()

for k sufficiently large. Thus its contribution to (4-7) is at most

Lief 4 log p log p
o ot (T) ()

1 (4n e 1 (4m\' ,
1 — (=) kK =oq
<<10gk< )Zp ng<<lgk(€) o(1)

p<k2a

for any o > 0 as k — oo.
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The rank 2 term G, x(pl, I) is

(4-12)  Gax(pl, 1)

-y K, pl;C) (™

det P72 Jz(4n\/msin9) Jg(47r\/msin9) sinf dé,

CceC

where Amin and Ay are the smaller and larger eigenvalues of pC~'C 7 respectively.
By estimates (3-5), (3-21), (3-31) and (3-30), we have

4 sin®\* 4\t
+13) Gor(pl. D) < Z(L> < pf”(—)
2\ "ucly ¢

for k sufficiently large. Thus its contribution to (4-7) is at most

1 4 elogpA log p 1 [4n\' 1
4-14) — N pt2( = é = 71
19 logk§p (6> NG (logk2)<<logk(e) 2 7 loep

p=<k>

<k Ak \*
E 9

which goes to 0 as k — oo when o < 1. Thus we have proved the contribution
of Ar(I, pI) to (4-7) is small when o < 1. Other off-diagonal contributions are
estimated similarly, and are all small when o < 1. We skip the details here.

The diagonal contribution of %Ak(l , I) to (4-7) from the m =1 term is
2 Apl A
(4_15) . Z P ngq) ogp
log k2 > p log k2

2 /Oologqu) log x dr () + o(1)
=— 7(x)+o
logk? J; «x log k2

2 *logx » [ logx 1
=— O dx +o(1)
logk? J; «x log k% ) log x

:-2[ d(y)dy + o(1)
0

=—-0(0)+o(1).

Here we have used the prime number theorem (PNT) for the prime counting function
m(x) and the fact the A, = 1+ x_4(p) takes values O and 2 for primes p with
density % each.

The diagonal contribution of —Ag(pl, pI) from the m = 2 term is

2 logp » (2logp D (0)
4-16 O = 1).
(4-16) log k2 ; p ( log k2 2 +o(l)
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Itis shown in [Kowalski et al. 2012] that the m > 3 terms in (4-7) contribute at
most O (-7 T 7). For non-Saito—Kurokawa lifts F this follows from the Ramanujan
bound |c,,,(p; F)| <4 and the fact

(@-17) Sy A <o

m=3 p

For a treatment of Saito—Kurokawa lifts, we refer readers to Section 5 in [Kowalski
et al. 2012].

For the last term in (4-7) we use the fact that (see, for example, page 1754 in
[Blomer 2019])
1 L(3, f X x-4)
4-18 St VAL SRR Ay
(4-18) wr; < 13 L(Lsymif)
This, combined with the convexity bound for L(%, f X x—4) and the lower bound
[Hoffstein and Lockhart 1994]

(4-19) L(1,sym?f) > k™€

give us

(4-20) > wr, =o(l).
FfGHIj(Fz)

Combining all results above, we finally have

(4-21) S wr D(F; &; spin) = $(0) - <I><0)+#+ 0

FeH (") ®(0)
—CI>(0)—T+ o(1)

for @ < 1, as k — oo. This completes the proof of Theorem 1.2.

4.2. Proof of Theorem 1.6. The proof is similar to that of Theorem 1.2. The
explicit formula for D(F; ®; std) is

(4-22) D(F; @;std)
_ 2 /d)(x)(—Zlog(Zn)—llogn—i—lr—/(l—i-ﬂ))dx
logk* Jr 2 2r \*  logk?
b2 /@(x)(z< ——+2mx>+r—/<k—§+2nl)>dx
logk* Jg 2 logk* 2 logk*

logp mlog p
logk4 Z Zfzm(p, F) 2 ( A
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The integrals of gamma factors and the sum over m > 3 can be computed similarly
as before. We thus have the explicit formula for the weighted sum

(4-23) Z wpD(F; ®; std)

N = log p » (mlogp
2.0 Y. ortwm(p; F) c1>( >+o(1>.
/2 4
logk L remy p" logk

We have seen in the proof of Theorem 1.2 that the symmetry type is determined
by diagonal contributions. So we shall concentrate on those terms and be brief
about the rest.

By Lemma 2.1, the m = 1 term is

424) > wrna(p: F)

FeH(I'2)
2 Ap Hp
= Av(pl, pI) = Ak (p° L1, )+ —=Ak(pl, D)+ | — — 1A, ]),
Jr p

in which the diagonal contribution of Ax(pl, pI) and —A (I, I') cancel each other.
The m = 2 term is

425 ) wrup; F>=—Ak<p31, pD)+ AP, p*I)
FeH(T'2) 5
+—Ak(p 1 p1)+< )Ak(pl,pl)
N/ p

- k—”Ak(ﬁl, nH+o0 (1)Ak(p21, I)
JP p

1 1
+0(—= |apL, D+ (O =) +1)AU, D).
(Gp)aor o (oG) 1)

The diagonal contribution from Aw(p?I, p*I), —Ai(pl, pI) and Ay(1, I) com-
bined is

2 logp » (2logp ®(0)
4-26 — P =— D).
(4-26) log k4 ; p ( log k4 2 +oh)

To illustrate why the range of support is restricted to (—%, Alf), we analyze the
contribution of the rank 2 term G, ¢ (p!, pI):

(4-27) Goi(pl, pI)

=Z K(pl, pl; C)

/2
\det |72 Jo(470\/ Anin 810 0) J¢ (477 Doa 5i0 0) sin 6 d6),

CeC
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where Amin and Ap,x are eigenvalues of p*C~1C~T. We estimate as before to get

47 psin6\' 47 \*
(4-28) Gax(pl, pl) < Z(p—> < p‘(—).
=\ UCllr ¢

Thus it contributes at most
1 47\ 1log p » (1
“29) kzpf<7”) °g”q><1°g;)
ogk < VP \log

1 [4n\* i 0 [ ATKRN
— —2] k2 :
< logk( ¢ ) Zp 8P < ( ¢ )

p§k4u

which is o(1) as k > oo if & < le' Other off-diagonal terms are estimated similarly.

4.3. Proof of Theorem 1.8. The contribution of gamma factors and the diagonal
contribution do not change upon averaging over k with respect to €2. To illustrate
how we may extend the range of support form (—4—1‘, %) to (—15—8, %), we take the
term Ag(pl, pI) for example.

By Lemma 3.5, the off-diagonal part of

k\\ ! k
(4-30) (Xk: Q(E>) ;Q(E)Ak(pl, pl)
s at most

P pite pit?

@30 kit ke T gm

for any j > 3 and small € > 0. It contributes at most

1 442¢ Jj+2 1o
(4-32) log K Z (%+ [1;5+2e T [€2j+3> j;
p§K4a

< K6a—4+K18a—5+6e +K(4j+10)a—(2j+3)

which is o(1) if @ < =, by taking ;j sufficiently large.

18
Finally, to see

N d(0) o0
(4-33) d(0) — > = / D (x)W(Sp)(x)dx,
we use the Plancherel formula
(4-34) / ()W (Sp)(x) dx = f S()W (Sp)(y) dy

and the Fourier pair (1-6). The proof is now complete.
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5. Application to nonvanishing of central values
5.1. Proof of Corollary 1.4. By Theorem 1.2 we have
i R D0
(5-1) Fe%(:rz)wp p§n¢ % log k2) < &) - % +e
for any € > 0 and k large enough. We further assume
(5-2) P(x)=0, P0O)=1.
By these conditions we may pick up only the zeros pr spin = % to get

(5-3) Z wF Z @(y;—::in logkz) > Z wfF -ords—1 2 L(s, F'; spin)
FeHi(Ty)  PF.spin FeH(T,)

zim Y

m=2  ords—y/2 L(s, F;spin)=m

>2 Z WF.

ordg—1/2 L(s, F;spin)>2

Here we have used the fact that the root number of L(s, F; spin) is always +1.

Thus the vanishing order of L(s, F'; spin) at s = % is even. These inequalities,
together with (1-14), give us
. P (0)
5-4 1-Ho0) - —)-e
(5-4) Y wr> 2(()2)e

L(1/2,F;spin)#0
It is discussed in [Iwaniec et al. 2000, Appendix A] that the Fourier pair

sin T vx )2

TVX

~ 1
(5-5) @(x)z( @(y)=—<1—%), Yl <v (> 0).

v

gives essentially the optimal bound. With this choice we have

(5-6) Z wF>§—i—e

L(1/2,F;spin)#0
for any 0 < v < 1. Taking liminf in k and v — 1, we have

3

- lim inf 2,
(5-7) imin Z wr 2

k— 00
L(1/2,F;spin)#0
We can further ignore the contribution of Saito—Kurokawa lifts, in view of (4-20).

This completes the proof of Corollary 1.4.
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5.2. Further discussion. From the proof of Corollary 1.4 we see that in order to
obtain any result on nonvanishing of central values of L(s, F; spin) or L(s, F; std),
the range of support in the corresponding Density Theorem must go beyond (— %, 2).

5
This range is by setting

5 1
(5-8) 25, =0

The previous range of support (—%, %) obtained in [Kowalski et al. 2012] for
spinor L-functions is not large enough, for % < % Thus our extension to (—1, 1)
is significant for the purpose of nonvanishing.

Unfortunately, for standard L-functions, our range of support is still not large
enough to obtain a nonvanishing result, even after performing an average over
weight (15—8 < %) The author would like to address this problem by establishing a

more refined version of Lemma 3.5 in the future.
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