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CENTRAL NILPOTENCY OF LEFT SKEW BRACES AND
SOLUTIONS OF THE YANG-BAXTER EQUATION

ADOLFO BALLESTER-BOLINCHES, RAMON ESTEBAN-ROMERO,
MARIA FERRARA, VICENT PEREZ-CALABUIG AND MARCO TROMBETTI

This paper delves into the study of centrally nilpotent skew braces. In partic-
ular, we study their torsion theory, we introduce an “index” for subbraces,
but we also show that the product of centrally nilpotent ideals need not be
centrally nilpotent. To cope with these examples, we introduce a special type
of nilpotent ideal, using which, we define a good Fitting ideal. Also, a Frattini
ideal is defined and its relationship with the Fitting ideal is investigated. A key
ingredient is the characterisation of the commutator of ideals in terms of star
products, which solves a problem of Bonatto and Jedlicka (J. Algebra Appl.
22:12 (2023), art. id. 2350255). Moreover, we provide an example showing
that the idealiser of a subbrace does not exist in general.

1. Introduction

The study of set-theoretic solutions of the Yang—Baxter equation (YBE) provides a
common framework for a multidisciplinary approach from different areas including
knot theory, braid theory, and Garside theory among others (see [10; 12] for
example). The main challenge in this area is to classify all set-theoretic solutions
with prescribed properties. The algebraic structure of left skew braces plays a
fundamental role in this classification. Nondegenerate set-theoretic solutions of the
YBE naturally lead to left skew braces (see [18]), and conversely, every left skew
brace B defines a solution (B, rp) of the YBE (see [14]). Nowadays, we are far from
being able to understand arbitrary solutions of the YBE. But it is becoming more
and more clear that almost every nondegenerate solution is a multipermutation, and
nilpotency of left skew braces is precisely introduced to deal with multipermutation
solutions (see [7; 13; 16] for example). In this paper, we provide a deep and
complete study of central nilpotency with new results that could be a reference
point for all future work on the argument.

We now highlight some of the main aspects of nilpotency of left skew braces
we deal with (see the next sections for the definitions): In Section 4.1, we study
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its torsion theory, providing great extensions of some of the results in [16] (see, in
particular, Theorem 4.14). In Section 4.2, we deal with the problem of defining an
index for subbraces, proving that this is possible in the context of locally centrally
nilpotent left skew braces. Also we provide many examples showing how peculiar
is the behaviour of centrally nilpotent left skew braces if compared to that of
groups and rings. Among these examples, two are the most striking (see Section 6):
Example A shows that, contrary to what is claimed in [16], it is not always possible
to define the idealiser of a subbrace of a left skew brace of abelian type. Example B
shows that the product of two centrally nilpotent ideals of a left skew brace (of
abelian type) need not be centrally nilpotent. In order to cope with the above
examples, we introduce a new type of nilpotency for ideals (see Section 5). Using
this new concept we are able to define a well-behaving Fitting ideal for left skew
braces. In turns, the Fitting ideal makes it possible to give a good definition of
Frattini ideal for left skew braces. Using these definitions we are able to prove an
analogue of a celebrated result of Gaschiitz that relates the Frattini and the Fitting
subgroups of a group (see Theorem 5.10). Finally, we note that one of the key
steps in our work is showing that the two known definitions of commutators of
ideals (inspired by distinct universal algebra approaches) coincide, thus solving
Problem 3.4 of [4] (see Section 3).

2. Preliminaries

From now on, the word “brace” will mean “left skew brace”. We refer to [1; 2;
3; 20] for the standard preliminaries about braces. However, we recall that if E is
any subset of a brace B, then (E) is the subbrace generated by E in B, E? is the
smallest ideal of B containing E, and Ep is the maximal ideal of B contained in E.
Moreover, C < B (resp., C < B) denotes that C is a subbrace (resp., an ideal) of B,
while C < B denotes that C is a maximal subbrace of B. The following commutator
of ideals is introduced in [5] and plays a key role in the study of nilpotency and
solubility in braces.

Definition 2.1. Let /, J be ideals of a brace B. The commutator [I, J]1® is defined
as[I, J]® ::([I, JIL UL JLUij—G+j):iel, je J})B. Clearly, [1, J18 =
[J,118and[I,J1B<INJ.

A brace B is said to be abelian if [B, B]® = 0, i.e., if it is a trivial brace of
abelian type. Using this commutator, solubility of braces has been introduced in [2].
If I is an ideal of B, the commutator or derived ideal of 1 with respect to B is
defined as dg(I) =[1, I18. If B = I, then we say that dz(B) = d(B) = 9,(B) is
the commutator or derived ideal of B. By repeatedly forming derived ideals, we
recursively obtain a descending sequence of ideals with 9, (1) = 95(9,,—1 (1)) for
every n € N. We call this series the derived series of I with respect to B. Clearly,
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d,—1(B)/0,(B) is an abelian brace for every n € N, and B/d(B) is the greatest
abelian quotient in B. We say that an ideal I of B is soluble with respect to B,
if there exists a nonnegative integer n such that d,(/) = 0. If I = B, we simply
say that B is a soluble brace, and the smallest nonnegative integer m for which
o (B) = 0 is the derived length of B.

3. Unifying universal algebra definitions of commutators of ideals in braces

The definition of commutator of ideals given in Section 2 was inspired by the Hug =
Smith condition for the category of braces (see [5] for further details). On the other
hand, following ideas of universal algebra, a definition of a commutator of ideals
of a brace in terms of absorbing polynomials is provided in [4] as a brace-theoretic
version of a commutator of congruences given by Freese and McKenzie in [11]. In
case of modular lattices of congruences, it turns out that the Freese and McKenzie
commutator coincides with the Hagemann and Herrmann commutator (see [11,
Theorem 4.9]). According to [15], the Hagemann and Herrmann commutator was
introduced as an extension of the Smith commutator so that both commutators
coincide in case of permutable lattices of congruences.

Observe that the lattice of ideals of a brace is modular and permutable, since
the product of ideals commute and for all ideals I, J, K with I < J, the Dedekind
identity holds. Hence, the definitions of commutator of ideals of a brace given in
[4; 5] coincide.

In this context, the following questions were raised in [4, Problem 3.4].

Problem 3.1. Let B be a brace.
(1) Does the equality [7, J18 = (I« J + J I +[I, J];)® hold?
(2) Does the equality [/, J12 =1%J +J*1+[1, J]; hold?

Our next theorem gives a positive answer to the first question.
Remark 3.2. Let B be a brace. Then, for every i, j, x, y, z € (B, +), we have that
i+x+j+y—i+z—j=[—i,—xl++x+[-i,—jl+

S A P B A Gt Hacd TR
Theorem 3.3. Let I, J be ideals of a brace B.
(D) IxJ+Jx14[1, ]+ is the least left ideal containing
Xry=UUJIL UL JLUj—@G+j):iel, jeJ}

Q) LIB=UxJ+Tx T+, I8 Thus, [1, VB =T1xJ+Jx1+[I,J]+
ifandonly if I x J + J I +[I, J]y is an ideal of B.
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Proof. (1) By [4, Proposition 1.4], I «J + J = I and [, J] are left ideals. Since
[/, J]+ is a normal subgroup of (B, +), it follows that I « J + J I +[I, J] is
also a left ideal.

For the inclusion X; ;y € I xJ +J « 1 +[I, J], we need to prove that

lij—G+p:iel, jedh [LJLSIxJ+Ix1+[1,J];.

Leti € I and j € J. For the former, observe thatij — j —i =i +i* j —i. Thus,
ij—j—i=i+ixj—i—ixj+ixjell, J]y+1xJ.For the latter, it follows that

it =i G Y w T
=i+ )i i YR T
=idixj+j+G)*i " +i G Y« N

1

1

Now, the above equation becomes
itiskj+j+ixGri D4+ jxi T pini 47!
R (A R R R R (7 E Aoy
=idisjH+jticGri D+jxi t4ini 407!
ik G TR T i T T i !

tix(Grj Y+ i T

1

Observethatixi ' +i '=—i+0—i'4+i'=—jand jxj '=—j—j L
Thus, we have

) ijiT T =itk jix i i i i G )

(0) S AIGREY R RN R G R L A B VRV RO LY
—j i
Since I % J, J 1 € 1IN J, Remark 3.2 applied on (x) 4 (¢) yields

it i eI s I+ Tx I+, I+ (—j " +isj 147N,
But, —j ' 4ixj '+ =7, —ixj " +ixj ' e[l, J]4+ 1 J. Hence,
[(I,J].CIxJ+J=«I+][I,J]+ follows.

Now, let L be the least left ideal of B containing X; ; (note that the arbitrary inter-
section of left ideals is a left ideal). In order to prove that I xJ +J«I+[I, J] =L,
we only need to show that J x I C L.

LetjeJandiel. Then, jxi=[—jx*i, —jl++(i—i—j)eX;;+{Gi—i—])),
as jxi € INJ,so it suffices to prove that (ji —i —j) € L. Since [j,i]. € X; ;S L
and L is A-invariant, it follows that

Ji=ijlj.il.=ij+ri({j.il)=ij+x
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g 8 (8) g 8(8) g (8)
1 0 b y c x+y bc 3x
a x b 2x4+3y & 3x+3y be' x+2y
a’> 2x4+2y ab x+3y ac 2x 4y abc 2y
a> 3x4+2y ab™' 3x4+y ac’! 3y abc™! 2x

Table 1. Bijective 1-cocycle associated with the brace of Example 3.4.

for some x € L NI N J. Therefore,
Ji—i—j=ij+x—(—j,—ils +i+))=ij+x—0G+)j)+[-i,—jl+
=ij—(@+)D+[-GC+)), —xl++x+[-i,—jl+ € L.
Consequently, I *J +Jx1+[I,J]+ =L.

(2) By definition, [7, J]8 = (X 1. 7)B. Then, the previous statement yields [/, J]? =
(IsJ+JxI+[1I,J]4)5. O

The next example gives a negative answer to Problem 3.1(2).

Example 34. Let (B,+) = (x,y |4x=4y=0,x+y=y+x)and (C,-) =
(a, b, c | t=1,a*=b*=¢2, (ab_l)2 =1,blehb=c, alca= c_l). We see
that C acts on B viaa(x) =x 4+ 2y, b(x) =x + 2y, c(x) =3x +2y,a(y) = —y,
b(y) =2x+y, c(y) = 2x +3y. Consider the semidirect product G of B by C with
respect to this action A : C — Aut(B). For the sake of clarity, we use multiplicative
notation for B in G. Let D = (xa, yb, xyc) < G. It follows that G is a trifactorised
groupas BD=DC, DNC =DNB =1. By [l, Lemma 3.2], there exists a bijective
1-cocycle 6 : C — (B, +) given by D = {8(c)c : ¢ € C} (see Table 1). This yields a
product in B and we get a brace of abelian type, (B, +, - ), which corresponds to
SmallBrace (16, 73) in the YangBaxter library [21] for GAP.

Let I = (2x,y) < (B,+). Then A(/) = I and |I| = 8, so [ is an ideal of B.
Since B is of abelian type, we compute

IxI+[1Il=1xI=uxv|u,vel)y=2x);+ ={1,2x}.
Therefore, I * I is not an ideal of B, as 8§(abc™') = 2x and {1, abc™!'} is not a
normal subgroup of C. Hence, I« I C [I, 112 =1.

4. Central nilpotency of braces

In this section we develop a standard theory of central nilpotency of braces. We
start by introducing the basic definitions. Central nilpotency of braces was first
introduced by using a brace-theoretic analogue of the centre of a group (see [4; 16]).
The centre of a brace B (also known as the annihilator ideal of B) is the ideal
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of B defined as {(B) :={a€ B|a+b=>b+a=ab=ba for all b € B} (see [6]).
Thus, abelian braces B are precisely those ones satisfying ¢ (B) = B. In [8; 20], the
definition of central nilpotency has been extended to include more types of braces
(see also [9], where similar concepts for braces of abelian type are considered).

Definition 4.1. Let B be a brace. If J <[ are ideals of B satisfying I/J <¢(B/J),
we say that //J is a central factor of B.

A c-series of B is a chain Z of ideals of B such that 0, B € Z and whose factors
are central, that is, 1 /J < ¢(B/J) for all consecutive elements J < I of Z (meaning
that there is no C € 7 satisfying J < C < I). A complete c-series is just a c-series
containing the unions and the intersections of all its members. Since every c-series
can be completed, we usually consider every c-series to be complete. We say that
B is ¢ -nilpotent if it admits a c-series.

If B has an ascending c-series

O=lh<h=<---Iy<Ilypy<---1,=B

(here o < p are ordinal numbers), then B is hypercentral, and the smallest or-
dinal number u for which such an ascending c-series exists is the hypercentral
length n.(B) of B. (Note that I, /1, < ¢(B/1,) for all ordinals o < jt.)

If B has a finite c-series 0 = Iy < I} <--- < I, = B, then B is centrally nilpotent,
in this case, the smallest nonnegative integer for which such a c-series exists is
referred to as the class n.(B) of B. (Note that I;1/I; <¢(B/I;) forall0 <i <n.)

Of course, centrally nilpotent braces are hypercentral, and hypercentral braces
are ¢ -nilpotent, but the converses do not hold. Moreover, subbraces of centrally
nilpotent (resp. hypercentral, {-nilpotent) braces are centrally nilpotent (resp. hy-
percentral, ¢-nilpotent). Also, quotients of centrally nilpotent (resp. hypercentral)
braces are still centrally nilpotent (resp. hypercentral), but the consideration of the
infinite dihedral group shows that quotients of a {-nilpotent brace can be non-¢-
nilpotent. Finally, direct products of hypercentral braces are hypercentral; direct
products of finitely many centrally nilpotent braces are centrally nilpotent; and
restricted direct products of ¢-nilpotent braces are ¢ -nilpotent.

Following [4; 8], canonical c-series are introduced for a brace B.

(A) The upper central series of B is recursively defined by putting {y(B) = 0,
Cat+1(B) /o (B) = ¢ (B /Ly (B)) for every ordinal «, and &, (B) = Uﬂ<k {f;(B_) for
every limit ordinal A. The last term of the upper central series is the hypercentre £ (B)
of B.

(V) The lower central series of B is recursively defined by putting I'1(B) = B,
Fot1(B)=(I'y(B)*B, BxI'y(B), [['y(B), Bl+)+ forevery ordinal o, and I'; (B) =
N p<i I's(B) for every limit ordinal A. Note that since Iy (B) is an ideal for every
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o < 1, we have that
Toi1(B) =T4(B) * B+ B x4 (B) +[[(B), Bl; =[['4(B), BI®,

for every ordinal o < p (see Theorem 3.3). The last term of the lower central series
is the hypocentre T'(B) of B.

The following easily provable all-in-one result shows the relations between
the concepts we just introduced (see [17] for the definition of the upper central
series {Zy(G)}ucord(G) Of a group G).

Proposition 4.2. Let B be a brace.

(1) (See [2, Proposition 17].) If J < I are ideals of B, then I/J <¢(B/J) if and
only if [1, BB <J.In particular, if 0= Iy < I} <--- < I, = B is a finite c-series,
then:

(@ I'j(B) <I,_jii1foreveryl < j<n+1;s50T,11(B)=0.

(b) 1I; <¢;j(B) forevery0 < j <n;so¢,(B)=B.

(c) n.(B) is the smallest number n such that &, (B) = B, and the smallest number n
such that T',41(B) = 0.

(2) B is hypercentral if and only if B = £ (B). Moreover, in this case n.(B) is the
smallest ordinal o for which B = £y (B).

3) ¢u(B) € Zy(B,+) NZy(B, -) for every ordinal a. In particular, centrally
nilpotent (resp. hypercentral) braces are braces of nilpotent (resp. hypercentral)
type whose additive group is nilpotent (resp. hypercentral).

4) 0,(B) <T'y4+1(B) for every n € N. In particular, centrally nilpotent braces are
soluble with derived length less than or equal to their class.

The following result generalises Griin’s lemma for groups (see, for instance, [17,
Part 1, p. 48]).

Theorem 4.3. Let B be a brace such that {,(B) > ¢(B). Then either [B, Bl or
[B, B]. is a proper subset of B.

Proof. We may assume by Griin’s lemma that
Z(B,+)=2Z>(B,+) and Z(B,-)=Zy(B,").

By Proposition 4.2, £ (B) € Zx(B,+) N Zy(B,-) = Z(B,+) N Z(B, -). Now,
choose ¢ € £(B) \ ¢(B) and consider the map ¢, : b € B+ c*b € {(B). Let
b1, by € B. Then ¢ * (b + by) = ¢ x by + ¢ x by because ¢ * by € {(B), so ¢, is a
homomorphism with respect to +. Since ¢ ¢ {(B), we have that ¢ ¢ Ker(A) and
consequently ¢.(B) # 0. Thus [B, B]; is properly contained in B. (]
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In order to see if a brace is centrally nilpotent (resp. hypercentral) or not, we
only need to look at its countable subbraces: this is the content of our next result.

Theorem 4.4. Let B be a brace.

(1) B is centrally nilpotent of class at most c if and only if its finitely generated
subbraces are centrally nilpotent of class at most c.

(2) B is centrally nilpotent (hypercentral) if and only if its countable subbraces
are centrally nilpotent (hypercentral).

Proof. For each u, v € B, the symbol u o v means that we are performing one (but
we do not know which) of the following operations [u, v]., [u, v]+, u *v.

(1) The first statement is a direct consequence of the fact that ¢.(B) is easily
characterised as the set of all elements b € B with (--- ((boby)o---)ob.) =0 for
allbl,...,bCEB.

(2) We start by considering central nilpotency. Only one implication is in doubt.
Thus, assume all countable subbraces of B are centrally nilpotent but B is not
centrally nilpotent. By (1), for each ¢ € N, there is a finitely generated centrally
nilpotent brace B, whose class is at least c. Then C = (B; : i € N) is a countable
subbrace of B that is not centrally nilpotent, a contradiction.

Now, we turn to hypercentrality. Again, only one implication is in doubt. Thus,
assume all countable subbraces of B are hypercentral, and that B is not hypercentral.
We may further assume that {(B) = 0. Let 0 # x € B. Then there are sequences of
nonzero elements aj, az, ..., a,,...and x =by, by ..., b,,...of B with b, =
by oay foralln € N. Let C = (a;, bj : i, j € N). Thus, C is countable and so it
is hypercentral. Now, for each i € N, let ; be the smallest ordinal 8 such that
b; € {g(C). Then oy > ap > - -+ >ty > - - - is a strictly descending chain of ordinal
numbers, a contradiction. O

In studying the structure of an arbitrary group, local analogues of nilpotence are
very useful. Similarly, the following definition is crucial for us in studying centrally
nilpotent braces (see [8]). A brace B is locally centrally nilpotent if every finitely
generated subbrace is centrally nilpotent. Of course, every subbrace/quotient of a
locally centrally nilpotent brace is still locally centrally nilpotent, and also restricted
direct products of locally centrally nilpotent braces are locally centrally nilpotent.
Moreover, by Corollary 3.6 of [20], every hypercentral brace is locally centrally
nilpotent, but the converse does not hold. As a consequence of the following result,
we see that every locally centrally nilpotent brace is ¢-nilpotent.

Theorem 4.5. Let B be a locally centrally nilpotent brace.
(1) If I is any minimal ideal of B, then I < ¢(B).
(2) If M is any maximal subbrace of B, then M is an ideal of B.
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In particular, every minimal ideal of B has prime order, and d(B) is contained
in every maximal subbrace of B.

Proof. (1) Suppose that I £ ¢(B). Then there exist elements b € B and x € [ such
that S = {[b, x]+, [b, x]., x * b} £ {0}. Let ¢ € S\ {0}. Since [ is a minimal ideal
of B, the ideal generated by c¢ in B is I, so there are elements yi, ..., ¥, € B such
that x belongs to the ideal generated by cin S = (b, ¢, y1, ..., Yu).

Let J = x5. Since S is centrally nilpotent, there is a finite chain 0 = Jy <
J1 <--- < Jyp = J of ideals of § such that J;+1/J; < ¢(S/J;). Choose £ € N
with ¢ € Jy \ Jy—1; clearly, £ # 0, m because c is a nonzero element of one of the
following types: [b, x]+, [b, x]., x * b. Now,

S

xS<es

<+ =)+ Jm1 <Jp < Jy=J =x5,

a contradiction.

(2) Assume M is not an ideal. If Bx B < M, then (M, +)/(B * B, +) is a maximal
subgroup of the locally nilpotent group (B, +)/(B * B, +), so it is even normal,
and it follows that M is an ideal of B, a contradiction. Thus, there exists an element
x € Bx B\ M. Since M is a maximal subbrace of B, we have that B = (M, x).
Then there is a finite subset L of B such that x € (L)*(L). For each y € L, let B, be
a finite subset of M such that y € (B, U{x}). Put D=(By,:ye€ L) and E = (D, x),
so E is finitely generated and L € E. Now, E is centrally nilpotent, and x ¢ D C M.
Let N be a subbrace of E which is maximal with respect to containing D but not x.
Since E = (D, x), we see that N is actually a maximal subbrace of E. Since E is
centrally nilpotent, there is n € N such that £, (E) < N but &,+1(E) £ N. Then N is
a proper ideal of {,+1(E)+ N and so N < E, since N is a maximal subbrace of E.
Therefore E/N is centrally nilpotent, and so x € E x E < N, a contradiction. [

In [3], chief factors of braces are introduced and shown to play a key role in its
ideal structure. Let / and J be ideals of a brace B such that J < I. The quotient //J
is said to be a chief factor of B if I /J is a minimal ideal of B/J. A chain C of ideals
of B is a chief series of B if 0, B € C and I/J is a chief factor of B whenever J < [
are consecutive terms of C. By Zorn’s lemma, every brace has a (possibly infinite)
chief series. In [3], a brace B is proved to have a finite chief series if and only if
it is noetherian (that is, every ascending chain of ideals is eventually stationary)
and artinian (that is, every descending chain of ideals is eventually stationary). By
Theorem 4.5, every chief series of a locally centrally nilpotent brace is a c-series,
so we have the following result.

Corollary 4.6. Let B be a locally centrally nilpotent brace. Then B is ¢ -nilpotent.

Remark 4.7. The proof of Theorem 4.5(1) proves much more than we stated. In
fact, let 3 be the class of all braces in which every chief factor is central. Moreover,
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let L3 be the class of all braces in which every finite subset F is contained in a
subbrace C g € 3. The proof of Theorem 4.5(1) can be modified to show that L3 = 3.
More in detail, using the notation of the first half of the proof of Theorem 4.5(1),
we get that S is contained in a subbrace T € 3. Let J = x7.
Since [J, T17 is an ideal of T containing c, we have that x e c” <[J, T]” and so
J=xT =[J, T]T. Finally, let M be a maximal ideal of T contained in J and such
that x ¢ M. Then J/M is a chief factor of T and so [J, T]7 < M, a contradiction.

It follows from Corollary 4.6 that any nonzero ideal of a locally centrally nilpotent
brace contains a (nonzero) central factor of the whole brace. In case of a hypercentral
brace we can say more.

Lemma 4.8. Let B be a hypercentral brace. If I is any nonzero ideal of B, then
IN¢(B) £0.

Proof. Let a be the smallest ordinal number such that J = I N ¢, (B) # 0. Then
o is successor and I N ¢y—1(B) = 0. Now, [J, B]® < JN¢y_1(B) =0 and so
J = ¢(B). g

Corollary 4.9. Let B be a brace having a finite chief series (resp. an ascending
chief series) L. Then B is centrally nilpotent (resp. hypercentral) if and only if every
chief factor of T is central.

Our next two subsections deal with the torsion theory of locally centrally nilpotent
braces and with the problem of defining a suitable index for subbraces. Before
delving into them, we note that some important results for nilpotent groups do not
hold for braces.

(1) Bearing in mind the normaliser condition for nilpotent groups, the idealiser of
a subbrace is introduced in [16]: given a subbrace S of a brace B, the idealiser of S
is defined as the largest subbrace N of B such that S is an ideal of N. It is then
stated that every subideal is properly contained in its idealiser (see Section 4.2 for
the definition of subideal). Example A in Section 6 shows that the idealiser of a
subbrace does not exist in general. We note however that if C is a subbrace of a
brace B, then one can define the largest strong left ideal Ng(C) of B additively and
multiplicatively normalising B and such that A, (C) = C for every x € Np(C) —
but such a strong left ideal need not contain C.

(2) Example B shows that there is no analogue of Fitting’s theorem for centrally
nilpotent ideals. Moreover, Example C shows that an abelian subideal need not be
contained in a centrally nilpotent ideal.

(3) The ideal structure of the brace listed as SmallBrace (32, 24003) in the
YangBaxter library [21] for GAP is described in [2]. This brace B has only a
unique maximal subbrace I, which is also its only nonzero proper ideal. Moreover,
d(B) = I. Nevertheless, B is not centrally nilpotent as it is not even soluble. This
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shows that a finite brace whose maximal subbraces are ideals need not be soluble.
The same example shows that a finite brace whose subbraces are subideals need not
be centrally nilpotent (see Example D for more details), although an easy induction
shows that they are at least weakly soluble in the sense explained in [2].

4.1. Torsion theory. The aim of this subsection is to establish a torsion theory for
locally centrally nilpotent braces. We start with some definitions.

Definition 4.10. Let B be a brace. The subset of all periodic elements of (B, +) is
denoted by 75 (B), while that of all periodic elements of (B, -) is denoted by T.(B).
Moreover, an element b of B is periodic if (b) is finite. The order of b is |(b)|. If
7 is any set of prime numbers, then b is a w-element if its order is a w-number. A
m-subbrace is just a subbrace containing only m-elements. Finally, B is periodic if
every element of B is periodic. B is torsion-free if every element b € B is either
zero or is nonperiodic. B is locally finite if every finitely generated subbrace of B is
finite. B has finite exponent n if B is periodic and n is the smallest positive integer
such that b =nb =0 for all b € B.

Clearly, every locally finite brace is periodic but the converse does not hold. The
following result shows that in the context of locally centrally nilpotent braces we
can precisely identify the set of all periodic elements of B.

Theorem 4.11. Let B be a locally centrally nilpotent brace.

(1) T..(B) = T.(B).

(2) T+ (B) is an ideal of B.

(3) T:-(B/T(B)) =0,

(4) If B is periodic, then B is locally finite.

(5) B is locally finite if and only if (B, +) is locally finite if and only if (B, -) is

locally finite.

Proof. The proof of (1)—(3) is an easy consequence of Proposition 4.2 of [16]. Let
us prove (4). Assume B is periodic and finitely generated. Then (B, +) is a periodic
nilpotent group. Moreover, by Theorem 3.7 of [20], (B, +) is also finitely generated.

Thus (B, +) is finite and (4) is proved. Finally, (5) is an obvious consequence of
Theorem 3.7 of [20]. ([

Let B be a brace, and let p be a prime. The Sylow p-subbrace of B is just a
maximal element of the set of all its p-subbraces with respect to the inclusion. Our
next result shows that the Sylow subbraces of a locally centrally nilpotent brace are
ideals and that they coincide with the additive/multiplicative Sylow subgroups.

Theorem 4.12. Let B be a locally finite brace. Then, B is locally centrally nilpotent
if and only if, for every prime p, Syl (B, +) =Syl (B, -) = {B)}, B) is locally
centrally nilpotent and B is the direct product of the B),’s.
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Proof. Only one direction is in doubt. Since B is locally finite, we may assume B
is finite and centrally nilpotent. Let p be a prime. Since both (B, +) and (B, -)
are nilpotent groups, there exist Sylow p-subgroups B, < (B, +) and B »J(B, ).
Observe that B, is also A-invariant, as it is a characteristic subgroup of (B, +).
Therefore, B, = B p 1s an ideal of B. O

Proposition 4.13. Let B be a brace whose additive and multiplicative groups are
cyclic. Then there is x € B which is a generator of both (B, +) and (B, -).

Proof. By Theorem 4.6 of [19], we may assume B is finite. If Ker(A) =0, then (B, -)
embeds into Aut(B, +), a contradiction. Thus, ¢ (B) #0. Iterating this argument, we
see that B is centrally nilpotent, so B factorises into the direct product of its Sylow
p-subgroups. It is therefore possible to assume that B has prime power order p”.

Let I be a subbrace of ¢(B) of order p. By induction there is an element x € B
such that x + [ is both a generator of (B/I,+) and (B/I,-). If (xl’"fl)_ NI=0,
then (B, -) is not cyclic, a contradiction. Thus, (xf’H). = [ and x is a generator
of (B, -). Similarly, x is a generator of (B, +). O

Our next result is a huge generalisation of Lemma 4.1 of [16]. In order to state it,
we need the following definition. Let B be a brace, and let = be a set of prime
numbers. We say that B is w-free if it does not contain m-elements. Obviously, a
trivial brace B is w-free if and only if (B, +) and/or (B, -) are w-free as groups.

Theorem 4.14. Let B be a brace and let w be a set of primes. If {(B) is w-free,
then each factor of the upper central series of B, and therefore the hypercentre of B,
is -free.
Proof. Suppose the theorem is false and let o be the first ordinal such that
Ca+1(B) /¢y (B) is not m-free; in particular, there is x € {y4+1(B) \ {x(B) such
that x™ € ¢, (B) for some positive 7-number m. We divide the proof in two parts
according to o being limit or not.

Suppose first « is limit. Then x™ € ¢{g41(B) \ {g(B) for some B < «. Since
x ¢ £, (B), there is b € B and y > f such that one of the elements x % b, [x, b]+,
[x, b]. belongs to ¢, +1(B)\ ¢, (B); call ¢ such an element. Assume ¢ = x xb. Then

(x*D)" =x"xb (mod ¢, (B))

and so x"™ x b € {g(B) < ¢, (B). Therefore (x *b)" € {,(B). But x *b € ¢, 11(B)
and ¢, 11(B)/¢, (B) is w-free, so ¢ = x * b € {,,(B), a contradiction. Similarly, we
deal with the cases in which ¢ = [b, x]. and ¢ = [b, x]+.

Suppose now that « is successor; we may assume « = 1, so x € {2(B) \ {(B),
Z(B) is w-free, and x™ € ¢ (B). Put C = (x)+¢(B). By Theorem 3.5 of [8], |C % C|
is a r-number. On the other hand, C *C < ¢(B), and so C *C =0. Thus, x™ =mx.

Let b be any element of B. Then m[x, b]+ = [mx, b]; = 0, so [x, b]; = 0.
Similarly, [x, b]. = x b =0. Therefore x belongs to ¢ (B), the final contradiction. [
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Corollary 4.15. Let B be a brace. If £ (B) is torsion-free, then £y11(B)/{y(B) is
torsion-free for every ordinal «.

Conversely, if we have information on the exponent of ¢ (B), then we can obtain
information on the exponent of the factors of the upper central series.

Theorem 4.16. Let B be a brace. If £ (B) has exponent n, then {;1(B)/¢; (B) has
exponent dividing n> for each positive integer i.

Proof. 1t is enough to show that £>(B) /¢ (B) has exponent dividing n?. Letbe 5 (B)
anda € B. Then b*a € £(B), so b" xa=n(bxa) =0 and [a, b"]. =[a, b]* = 0.
Thus, if we put ¢ = nd" = b"z, then ¢ € Ker(A) N Z(B, -). But also [a, nb"]; =
nla, b"]+ =0 and so c € £(B). O

Corollary 4.17. Let B be a brace such that £ (B) has exponent n. If B is centrally

nilpotent of class c, then B has exponent at most n> ~.

4.2. The index of a subbrace. The following definition provides us with an invalu-
able tool in studying the “index” of a subbrace.

Definition 4.18. Let C be a subbrace of the brace B. We say that C is serial in B if
there is a chain of subbraces C connecting C to B such that if D < E are consecutive
elements of C, then D < E —as in the case of c-series, we usually assume that
these chains of subbraces are complete, meaning that they contain arbitrary unions
and intersections of their members.

Now, C is ascendant (resp. descendant) if C can be well ordered (resp. inversely
well ordered) with respect to the inclusion and its order type is A (resp. the inverse
of A) for some ordinal number A. If C is ascendant, then C can be written as

(D) C=Cy4C;4---C,<Cy414---Cr=B,
where o < A are ordinal numbers; while, if C is descendant, then C takes the form
) C=Cp--<ACoy1 ACy---<AC I Cy =B,

where o < A are ordinal numbers. If Z is finite, we say that C is subideal.

If C is ascendant (resp. descendant) in B, then the smallest ordinal number A for
which there is a chain of subbraces of type (A) (resp. of type (L)) is the ascendant
length (resp. descendant length) of C in B. In case C is subideal, the ascendant
length of C in B is finite and is also called the subideal defect of C in B.

Let C be a subbrace of a brace B. Put C?-0:= B and recursively define C5-*! =
CC™ for every ordinal «, and CB* =", _, CB for every limit ordinal A. The
family {C5%}qcor is the ideal closure series of C in B. It is easy to show that C is
descendant (resp. subideal) in B if and only if C = C®-* for some ordinal 1 (resp. for
some finite ordinal w). If C is descendant (resp. subideal), then the descendant length
(resp. the subideal defect) of C is the smallest ordinal number A for which C = C3*,
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Lemma 4.19. Let B be a brace.

o Every subideal of B is ascendant, descendant and serial. Moreover, ascendant
(resp. descendant) subbraces are serial.

o If C is subideal (resp. ascendant, descendant, serial) in B, and D < B, then
C N D is subideal (resp. ascendant, descendant, serial) in D.

o If C is subideal (resp. ascendant), then CI1/I is subideal (resp. ascendant)
in B/I for every ideal I of B.

o If C is subideal in B of defect n, then C is subideal in C® of defect n — 1.
Lemma 4.20. Let B be a brace.

(1) If B is hypercentral, then every subbrace C of B is ascendant.
(2) If B is centrally nilpotent, then every subbrace C of B is subideal.

(3) If B is locally centrally nilpotent, then every subbrace C of B is serial.

Proof. (1)=(2) We only prove (1). Let A be the hypercentral length of B. Since C
is an ideal of C 4 ¢(B), we see that

CIdC+E(B)d---dC+(B)IC+u(B)d---dC+H(B)=B

is an ascending chain of subbraces of B connecting C to B.

(3) Zorn’s lemma implies that there is a maximal chain of subbraces between C
and B. By Theorem 4.5(2), if D < E are consecutive terms of this chain, then D is
an ideal of E. Therefore C is serial in B. O

Remark 4.21. Let B be a brace and let C be a (strong) left ideal of B. The proof of
Lemma 4.20 can actually be employed to prove that if we have an ascending c-series
of B, then there is an ascending chain of (strong) left ideals connecting C to B.

Definition 4.22. Let B be a brace. A subbrace C of B is said to have finite index
in Bifbothny =|(B,+):(C,+)|andn.=|(B, -):(C, -)| are finite; if ny. =n. =n,
we define the index |B : C| of C in B as n. If C does not have finite index, we say
that C has infinite index.

Lemma 4.23. Let B be a brace, C, D < B and I < B.

(1) If C and D have finite index in B, then C N D has finite index in B.

(2) Suppose C < D. If C has finite index in D, and D has finite index in B,
then C has finite index in B. Moreover, if |D : C| and |B : D| exist, then also
|B:C|=|B:D|-|D:C]| exists.

(3) If I has finite index, then |B : 1| exists and is equal to |B/I|.
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Lemma 4.24. Let C be a serial subbrace of the brace B. The following conditions
are equivalent:

(D) (B, +): (C, +)| < o0
(2) I(B,):(C, )| < o0
(3) C has finite index in B.
4) |B: C| exists.

In particular, if any of these equivalent statements hold, then all the indices are
equal.

Proof. Clearly, (4) = (1), (2) and (3). Assume (1). Since C is serial in B, there
is a chain C of subbraces connecting C to B, and in which £ < F whenever
E < F. Looking at the corresponding additive parts of the members of C, we see
that C is actually finite, so C is subideal in B. We prove the result by induction
on the subideal defect n of C in B. If n < 1, then C is an ideal of B such that
(B, 4)/(C, +) is finite, so B/C is finite and we are done. Assume n > 1 and let
D = C®. Then the subideal defect of C in D is strictly less than z and so induction
yields that | D : C| exists. Since |B : D| trivially exists, we have that | B : C| exists
by Lemma 4.23. Thus, (4) is proved. Similarly, we can prove that (2) implies (4),
and that (3) implies (4). U

A combination of Lemmas 4.24 and 4.20 shows that every finite-index subbrace
of a locally centrally nilpotent brace has a well-defined index. Our next result is a
considerable extension of this fact.

Theorem 4.25. Let B be a brace having an ascendant chain of ideals
O=lh=<h=<---ly<lgnn<---, =B

such that g1/ 1 is either finite or locally centrally nilpotent for all ordinal numbers
B < A. If C is a subbrace of B, then the following are equivalent:

(1) [(B,+) : (C, +)| < o0
(2) [(B,-):(C, )| <o0.
(3) C has finite index in B.
4) |B : C| exists.
Proof. We prove the result by induction on A. To this aim it is sufficient to show
that (1) implies (4).
If A < 1, then B is either finite or locally centrally nilpotent. The former

case is obvious, while the latter is a consequence of Lemmas 4.20(3) and 4.24.
Assume A > 1.
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Suppose A is successor. Since (C, +) has finite index in (B, +), it follows that
(CN 1,1, +) has finite index » in (/,_1, +). By induction,

n=|(h-1,): (CNOLi_1, ) =[(Ch-y,) : (C., ) =(C+ Loy, +) : (C, H)].

Thus the index |C + I _; : C| exists. Since also the index |B : C + I, _1]| exists, it
follows that the index | B : C| exists.

Now, assume A is limit. Let F; be a transversal for (C, +) in (B, +); in particular,
F is finite. Also, let F. be a transversal for (C, -) in (B, -). Suppose |F.| > |F4|,
and let E. be a finite subset of F. such that |E.| > |F.|. Then there is an ordinal
number u < A such that F UE. C I,,. By induction,

(B, 4+): (C, D) = Uy, H) : (CNO L, D) = U, ) (CO Ly, ),

a contradiction. Thus |F.| < |F,|. By a symmetric argument, | F{ | < |F.| and hence
the index | B : C| exists. (]

The range of applicability of Theorem 4.25 is not restricted to local centrally
nilpotent brace. It follows in fact from Theorems 3.14 of [8] that Theorem 4.25
applies even to any good brace with property (S) (see [8] for the definitions).

We end this discussion by showing that subbraces of finite index can sometimes
be employed to prove the existence of large proper ideals.

Theorem 4.26. Let B be a brace such that B/¢(B) is finite. If C is any finite-index
subbrace of B, then B/Cgp is finite.

Proof. Without loss of generality we may assume Cp = 0; thus, in particular,
CN¢(B) =0 and ¢(B) is finite. Moreover, we may replace C by C N & (B),
assuming C < £ (B). Then C + ¢(B) is an ideal of B.

Since C >~ C + ¢(B)/¢(B), we have that C is an abelian brace. Let n = | (B)]|.
Then Theorem 4.16 shows that

Cc" < ¢(B)NC =0,

so C is periodic. Thus, as a group, C can be described as a direct product of
infinitely many cyclic subgroups (b;), i € I, of order dividing n.

Let F be a finitely generated subbrace of B such that C+¢(B)+ F = B. Since B
is periodic, it is locally finite by Lemma 3.1 of [20], which implies that F is finite.

Forevery b € F, bf’+ =b; +up ;4 for some up ; + € £(B). On the other hand,
¢ (B) is finite, so there is an infinite subset J; of I such that bf”+ =b; +uyp for all
i € Ji, and for a fixed u4 , € {(B). Repeating this argument for all b € F, we may
assume bl.b’+ =b; +uyp for some u , € {(B) and for all i € Ji, b € F. Similarly,
there is an infinite subset J, of J; such that blh =b; +u.p for some u.j € {(B)
and for all i € J,, b € F. Finally, there is an infinite subset J3 of J, such that
bixb=bjxbforalli,jec JJ;andbe F.
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Now, for each i, j € J3 withi # j, we have thatd; =b; —b; = b; ~b;1 is additively
and multiplicatively centralised by F, and that d; « F =0. Since B=C+¢(B)+ F,
it follows that d; € ¢(B) for all i € J3, a contradiction. ([l

5. Central nilpotency for ideals

A celebrated result of Fitting states that a product of nilpotent normal subgroups of
a group is nilpotent. Example B in Section 6 shows that the product of two centrally
nilpotent ideals is not centrally nilpotent in general. In this section, we define a
nilpotency concept for ideals that allows us to define a suitable Fitting ideal. It turns
out that, for such a Fitting ideal, it is possible to generalise remarkable results of
group theory concerned with the Fitting subgroup (see Theorems 5.6, 5.7, and 5.10).

Let B be a brace. We start by defining B-centrally nilpotent braces. Let / be
an ideal of B. We can define the lower central series of 1 with respect to B, or
simply the lower B-central series of 1, as follows: take I'y (B =1and | R (HB =
[T, (D), I8, for every n > 1. Therefore,

[=T(DE=>Ty(DB>--.>T, ()8 >--.

is a descending chain of ideals of B with I",(I)? /T, .1 (1) < ¢ I/ Tyy1 (1)®) for
every n € N. Similarly, we may define the upper central series of I with respect
to B (or simply the upper B-central series of 1), as follows: take g“OB (I) =0 and let
Gu1 (D) satisfy a1 (18 /64 (1P = £(1/50(1)B) gy, (. Then Lo(1)P < 1(1)P <
... <&, (1B < ... is an ascending chain of ideals of B.

Definition 5.1. An ideal I of a brace B is defined to be centrally nilpotent with
respect of B, or simply a B-centrally nilpotent ideal, if there exists n € N such that
I,41(IDB =0, or, equivalently, ¢,(I)2 = 0. For practical purposes, we often use
the following equivalent definition: / is B-centrally nilpotent if there exists a chain
O=Jy<J1 <---<J,=1 ofideals of I such that J;/J;_; < ¢(I/J;—1), for every
1<i<n.

To simplify notation, if J is an ideal of B contained in / and such that //J is
B /I-centrally nilpotent, we just say that I/J is centrally nilpotent with respect
to B, or B-centrally nilpotent. If 1/J is B-centrally nilpotent, then the smallest n
such that I, (I/J)8/7 =0 is referred to as its class.

Clearly, a brace B is centrally nilpotent if and only if it is B-centrally nilpotent;
in this trivial case, the upper central series (resp. lower central series) and the
upper B-central series (resp. lower B-central series) coincide. Moreover, if [ is a
B-centrally nilpotent ideal of a brace B, and J is any ideal of B, then (I + J)/J
is B-centrally nilpotent (of class less than or equal to that of /), and I N C is
C-centrally nilpotent for any subbrace C of B (also in this case the class of I NC is
less than or equal to that of 7). Our next result shows that an analogue of Fitting’s
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theorem holds for B-centrally nilpotent ideals, but first, we need the following
property of commutators of ideals in braces.

Lemma 5.2. Let B be a brace and let I, J, K be ideals of B. Then
(I,JK]p=II,J+Klp=I[I,J]lp+II,Klp=11I,J]sll, K]p.

Proof. We prove the equality for the sum. Observe that only one inclusion is in
doubt so, by Theorem 3.3, it suffices to show that

(I,J+K]+, Ix(J+K), J+K)«IC[I,J]p+I[I, K]p.

Since (I, +), (J, +) and (K, +) are normal subgroups of (B, +), we have that
[I,J+ K]+ =, J]++11, K]y is contained in [/, J]p + [/, K]p. Then we have
that foreveryi € I, j € J and k € K,

ix(j+k)=ixj+j+ixk—jell,Jlg+I[I, K]p.
Finally, note that (J + K)x I = (JK) * 1, so
(o) xi=jxkxi)+kxi+jxiceJxI+K«xI+JxIZ[I,J]p+I[I,K]p

forevery jeJ, ke K,iel. |
We also need this notation in the proof: if Iy, ..., I, are ideals of a brace B,
we put [11]8 = I, and then, recursively, [, ..., I8 :=[[11, ..., [i_1]1?, I]? for

every 2 <k <n.
Theorem 5.3 (see also Theorem 5.13). Let I, J be B-centrally nilpotent ideals of a

brace B. If I and J have classes ng and my, respectively, then I 4+ J is B-centrally
nilpotent of class at most no + my.

Proof. Set K = I + J. First, we show by induction that for every n € N, I',(K)2
is the sum of all commutators of the form [L;, ..., L,]? with either L; = I or
L; = J, for every 1 <i <n. The base case is clear. Assume the assertion is true
for some 1 <n € N. Then,

T 1(K)? = [T,(K), K1% =[T,(K), I1° +[T,(K), J1®

by Lemma 5.2. Using iteratively Lemma 5.2, the assertion also holds for n + 1.
In particular, for r =ng+mo+1, I' (K )8 is the sum of all commutators of the

form [Ly, ..., L,]?, where either I occurs ng+ 1 times or J occurs mg + 1 times.
Thus, it follows that each [L1, ..., L,]? is contained in either F,,OH(I)B =0or
Tnot1(J)B =0. Hence, T',(K)8 = 0 and so K is B-centrally nilpotent. O

Let B be a brace. The Fitting ideal Fit(B) of B is the ideal generated by all
B-centrally nilpotent ideals of B. It follows from Theorem 5.3 that in a finite
brace B, Fit(B) is B-centrally nilpotent. More generally, the same result shows
that this is true for a broader class of braces.
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Corollary 5.4. Let B be a noetherian brace. Then Fit(B) is a B-centrally nilpotent
ideal.

Now, in order to obtain a characterisation of the Fitting ideal in terms of chief
factors, we need the following definition (recall Proposition 4.2). In [5, Propos-
tion 4.19], the centraliser of an ideal I of a brace B, Cp(I), is defined as the largest
ideal that centralises I, i.e., [Cg(I), 11 = 0.

Moreover, if 1/J is a chief factor of B, we define the centraliser in B of 1/J
as the ideal Cg(I/J) of B satisfying Cp,;(I/J) = Cp(I/J)/J. Equivalently,
Cp(1/J) is the largest ideal of B such that [Cp(I/J), N8 <.

Lemma 5.5. Let I be a B-centrally nilpotent ideal of a brace B. If J is a minimal
ideal of B, then [J, I18 = 0.

Proof. Since J is a minimal ideal of B, either [J, 112 =0 or [J, 11 = J. However,

in the latter case we contradict Definition 5.1. O

Theorem 5.6. Let B be a brace with a finite chief series S. Then Fit(B) is the
intersection of the centralisers in B of the factors of S.

Proof. Let0 =1y <1y <--- <1, = B be a finite chief series of B and set
C:=({Cp(Ix/Ix—1): 1 <k <n}. Then C isanideal of Band0=CNIp<CNI; <
.-+ < CNI,=C is afinite chain of ideals of B such that (; N C)/(l;_1 N C) <
¢(C/LiyNC) forall 1 <i <n. Thus, C is B-centrally nilpotent, and hence
C <Fit(B).

Conversely, B is noetherian (see [3]) and so F := Fit(B) is B-centrally nilpotent
by Corollary 5.4. If I/J is any chief factor of B, then [/J is centralised by
(F+J)/J by Lemma 5.5. ([

Theorem 5.7. Let B be a brace and put F = Fit(B). Then, (Cp(F) + F)/F does
not contain any nonzero soluble ideal with respect of B/ F. In particular, if B is a
soluble brace, then Cg(F) = ¢ (F).

Proof. Assume that (Cp(F) + F)/F contains a nonzero soluble ideal //F with
respect to B/F. Then it also contains a nonzero ideal J/F which is an abelian
brace. Let C =Cp(F). Then JNCNF <¢(JNC)and (JNC)/(JNCNF)is
an abelian brace. Thus, J N C is B-centrally nilpotent and so J N C < F. Finally,
J=JN(C+F)=((JNC)+ F = F, acontradiction. If B is a soluble brace, then
B/F is soluble, and therefore (Cp(F) + F)/F must be zero. Hence, Cp(F) < F
which yields Cp(F) = ¢ (F). O

It is well known that the Fitting subgroup of a finite group modulo its Frattini
subgroup is the product of all its abelian minimal normal subgroups. The following
Frattini-like ideal leads to a brace-theoretic analogue of this result. Let B be a finite
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brace. We define the Frattini ideal of F as
Frat(B) :=(){L | L is a maximal left ideal of B } NFit(B).

Clearly, the Frattini ideal of a finite brace is a left ideal, but the following result
shows that it is actually an ideal (hence providing a justification for its name).

Lemma 5.8. Let B be a finite brace. If L is any maximal left ideal of B, then
L NFit(B) is an ideal of B.

Proof. Let F =Fit(B) and assume F' £ L, so in particular B = FL.

Since F NL < (L, +), it follows that L < N(p,+)(F N L). Moreover, F N L
is properly contained in Nz )(F N L), as (F, 4) is nilpotent. Therefore, L is
properly contained in N(g 1)(F N L).

Because F'N L is A-invariant, we have N(p 1)(F N L) is also A-invariant. Thus,
N, (FNL)=B,and so FNL is a strong left ideal. Then, by Lemma 4.20 and
Remark 4.21, we can find a strong left ideal T of B contained in F' and such that
F N L is a proper ideal of T. Therefore, F N L is an ideal of T + L = TL, with
T + L being a left ideal of B. Hence, TL = B by the maximality of L and the
result follows. U

Corollary 5.9. Let B be a finite brace. Then Frat(B) is an ideal of B.

Theorem 5.10. Let B be a finite brace with Frat(B) = 0. Then Fit(B) is the product
of all the abelian minimal ideals of B.

Proof. Let F = Fit(B). We claim that dp(F) = 0. Indeed, suppose that L is
a maximal left ideal of B such that dg(F) is not included in L. Then, B =
dp(F)L, so F = FNog(F)L = (FNL)dg(F). By Lemma 5.8, FN L is an
ideal of B. Since F/(F N L) is nonzero and B-centrally nilpotent, we have that
dp(F)(FNL)/(FNL) <0dp/rnr)(F/(FNL)) < F/(FNL), acontradiction. Thus,
F is an abelian brace.

Let N be the product of all abelian minimal ideals of B. Then N < F. For
the other inclusion, take S a minimal subbrace subject to B = SN. Consider
X = {L | L is a maximal left ideal of S}, a left ideal of S. If SN N £ X, then
there exists a maximal left ideal L of S such that S N NV is not included in L. Thus,
(SNN)L =S and then B = SN = (SN N)LN = LN, which contradicts the
minimality of S. Therefore, SN N < X.

Now, SN N is an ideal of B, as N is abelian and B = SN (see [2, Lemma 27]).
Assume that there exists a maximal left ideal L of B such that SN N £ L. Thus,
B=(SNN)L and then, S=SN(SNN)L=(SNL)(SNN). Take L’ a left ideal
of S maximal subjectto SN L < L’ and SN N not included in L’. Then, L' is
indeed a maximal left ideal of S, because the existence of a left ideal L” of S such
that L’ < L” < S yields S=(SNL)(SNN) < L”. Therefore, SNN <X <L',a
contradiction. Thus, SN N = 0.



NILPOTENCY OF SKEW BRACES AND SOLUTIONS OF YANG-BAXTER EQUATION 21

Finally, S N F is an ideal of B, as F is abelian and SF = B (see again [2,
Lemma 27]), and consequently S N F' contains an abelian minimal ideal of B,
contradicting SN N =0. (]

In a centrally nilpotent brace, the Frattini ideal behaves pretty well. For example,
it is possible to prove that it coincides with the set of nongenerators. Let B be a
brace. We say that an element b € B is a nongenerator of B if for all § < B such
that B = (b, S), we have B = S.

Theorem 5.11. Let B be a centrally nilpotent finite brace. Then Frat(B) coincides
with the set of all nongenerators of B.

Proof. Since in a centrally nilpotent brace the maximal left ideals coincide with the
maximal ideals and with the maximal subbraces, the usual group-theoretic proof
adapts to prove the result. ]

However, we note that there exists a brace B of order 6 in which Fit(B) = Frat(B)
is the only nonzero proper left ideal of B and has order 3. This shows that there is
no possible analogue of these two well-known group-theoretic theorems concerning
the Frattini subgroup of a group G:

(1) G/ Frat(G) is nilpotent implies G is nilpotent.
(2) If p is a prime dividing |G|, then p divides |G/ Frat(G)| too.

In the final part of this section we discuss further aspects of B-centrally nilpotence
and hypercentral/locally nilpotent concepts for (sub)ideals.

The definition of upper B-central series (and lower B-central series) for an ideal /
of a brace B can be extended by using transfinite numbers (just how we did in

Section 4), and this allows us to define B-hypercentral ideals of braces. However,
for our purposes, the following equivalent definition is more convenient.

Definition 5.12. Let B be a brace. An ideal I of B is said to be B-hypercentral if
there is an ascending chain of ideals of B

O=tly<hi<- o<l < L=1I

such that I,41/1, < ¢(B/I,) for all ordinals & < A. The smallest A for which such
a chain exists is the length of 1.

Clearly, if B is a brace, then B is hypercentral if and only if B is B-hypercentral,
and every B-centrally nilpotent ideal is B-hypercentral. The following result
generalises Theorem 5.3.

Theorem 5.13. Let B be a brace.

(1) If C and D are ideals of B which are B-hypercentral of lengths a and B,
respectively, then C + D is a B-hypercentral ideal of length at most fo +max{a, B}.
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(2) Suppose C is subideal of defect n and centrally nilpotent of class ¢, and D is a
B-centrally nilpotent ideal of class d. Then C + D is centrally nilpotent of class at
most (¢ +n)d + c.

(3) Suppose C is ascendant of length . and hypercentral of length v, and D is a
B-hypercentral ideal of length 8. Then C + D is hypercentral of length at most
(¥ +u)d+v.

Proof. (1) Let E =C + D. Then E is an ideal of B and to show that E is B-
hypercentral, it suffices to prove that ¢ (E) contains a nonzero ideal / of B. To this
aim we may certainly assume that C and D are nonzero.

Suppose first C N D = 0. By hypothesis ¢ (C) contains a nonzero ideal I of B.
On the other hand, ¢{(C) < ¢(E) and so we are done.

Assume CND #0. Then ¢ (C)N D contains a nonzero ideal / of B, and I N¢ (D)
contains a nonzero ideal J of B. Thus J < {(C)N¢(D) < ¢(E) and we are done.
The bound on the hypercentral length can be easily deduced from the proof.

(2)-(3) We only prove (3), the proof of (2) being similar. Since D is B-hypercentral
of length &, there is an ascending chain of ideals of B

0=Dyg<Dy<---Dy <Dyy1<---Ds=D

such that Dg1/Dg < {(D/Dg) for all ordinals 8 < 6.

Let E=C+D. Since C is hypercentral of length y, it follows that CND; < ¢, (E).
Thus, we may factor out C N D and assume C N D; =0. Let F =(C, D) =CD;.
Now, since C is ascendant of length w, there is an ascending chain C = Cy <
C19---dCy 9Cyy1 D---2Cy = F connecting C to F. It is easy to see that
(Cp1NDy)/(CsgN Dy) <¢(E/(CpN Dy)) forall B < w. Therefore Dy < ¢, (E).

We factor Dy out and we repeat the above argument. This shows that D <¢,(E),
where p = (y + u)d, so E is hypercentral of length at most p + y. U

If B satisfies the maximal condition on ideals, then the product of all B-hy-
percentral ideals of a brace is clearly B-hypercentral. Moreover, the idea of the
proof of Theorem 5.6 yields that if B is a brace having an ascending chief series &
(in particular, if B satisfies the minimal condition on ideals), then the maximal ideal
centralising all factors of S is precisely the unique maximal B-hypercentral ideal
of B.

The following result shows that in the universe of locally centrally nilpotent
braces, the class of B-hypercentral braces is closed with respect to forming exten-
sions by finitely generated hypercentral braces.

Theorem 5.14. Let N be an ideal of the locally centrally nilpotent brace B. If N is
B-hypercentral and B/ N is finitely generated, then B is hypercentral.
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Proof. Let S be a finite subset of B that generates B modulo N, and let Z = ¢ (B)
be the hypercentre of B. Assume by contradiction Z # B. Now, B/N is centrally
nilpotent, so N £ Z, and hence the ideal K := Z N N of B is strictly contained
in N. Since N/K is B/K-hypercentral, there is a nonzero ideal A/K of B/K
such that A/K <¢(N/K).Letae A\ K and U = (a, S, K); in particular, U/K
is centrally nilpotent. Since (AN U)/K is a nonzero ideal of U/K, we have that
V/K :=¢t(U/K)N(ANU)/K) #0. Now, the fact that V < A implies that [V, N]4,
[V, N]. and V * N are all contained in K. Similarly, the fact that V/K < ¢(U/K)
shows that [V, T']+, [V, T]. and V T are all contained in K, where T = (S). Since
B=N+T = NT, we easily see that [V, B]; and [V, B]. are contained in K.
Moreover,ifu e NyveT,andae V,thenax(u+v)=axu+u+axv—uck.
This shows that V %« B < K and proves that V/K < {(B/K). Since K < Z, it
follows that V < Z,so V < ZN N, a contradiction. ]

Also B-central nilpotency (resp. hypercentrality) can be locally detected, and
our next result is in fact a generalisation of Theorem 4.4.

Theorem 5.15. Let B be a brace and let I < B.

(1) I is B-centrally nilpotent of class at most c if and only if I N\ F is F-centrally
nilpotent of class at most c for every finitely generated subbrace F of B.

(2) I is B-centrally nilpotent if and only if I N C is C-centrally nilpotent for every
countable subbrace C of B.

(3) I is B-hypercentral if and only if I N\ C is C-hypercentral for every countable
subbrace C of B.

Proof. We only deal with the proof of (1), since (2) and (3) then follow in a similar
fashion using ideas from Theorem 4.4.

For each u, v € B, we write u o v to denote one (but we do not know which
one) of the operations [u, v]., [u, v]+, u xv. Then (1) is a direct consequence of
the fact that £.(1)® can be easily characterised as the set of all elements b € I
such that (( - - - ((bobl)o~--)obc_i)>B <¢(I) foralli=0,1,...,c—1 and for
all by,...,b._; € B. O

To provide a good definition of “locally B-nilpotent ideal” is not an obvious task.
We now concern ourselves with a couple of possible definitions, mostly sketching
proofs and results. The first idea that comes in mind is that of using central chains of
ideals, just as we did for B-hypercentral and B-centrally nilpotent ideals. In fact, it
follows from Theorem 4.5 (and Zorn’s lemma) that in every chief series of a locally
centrally nilpotent brace B, two consecutive ideals K < H satisfy H/K <{(B/K).

Definition 5.16. Let B be a brace. An ideal I of B is said to be ¢p-nilpotent if
every quotient / /J of I by an ideal J of B admits a maximal chain S of ideals of B
in which H/K < ¢(I/K) for all consecutive terms K /J < H/J of the chain S.



24 BALLESTER-BOLINCHES ET AL.

Using ideas from the proof of Theorem 5.13, it is not difficult to see that the
product of arbitrarily many ¢g-nilpotent ideals is {p-nilpotent. Thus, any brace B
has a unique maximal ¢g-nilpotent ideal, we call it the {p-radical of B: it turns out
that the largest ideal of B centralising all quotients of a chief series of B is precisely
the ¢p-radical of B. The following result shows that an analogue of Theorem 5.7 is
possible for the ¢{p-radical.

Theorem 5.17. Let B be a brace admitting an ascending chain of ideals
0=By<Bi<+By<Byt1 <---B,=B

such that Bg1/Bg is a {p-nilpotent ideal of B/Bg forall B <X. Then Cg(H) < H,
where H is the ¢g-radical of B.

Proof. Suppose C =Cp(H) £ H. Then (C+ H)/H contains a nonzero {g-nilpotent
ideal //H of B/H. Since

INCNH<¢(INC),
it follows that / N C is a ¢p-nilpotent ideal of B. Thus,
INC<H and [=IN(C+H)=U+C)NH=H,

a contradiction. O

However, there is one reason for which this is not a convincingly good definition
of “locally B-nilpotent ideal”: a ¢p-ideal could not be locally centrally nilpotent
(there are examples even among groups) — although if B is locally finite, then a
¢p-ideal is locally centrally nilpotent.

A more fruitful approach could deal with finitely generated subbraces and the
way the ideal embeds into them. There are several ways in which this case may
be achieved, but the most reasonable one seems to be the following. Let B be a
brace. An ideal I of B is locally B-nilpotent if the following property holds: for
every finitely generated subbrace F' of B, the finitely generated subbraces of I N F
are contained in F-centrally nilpotent ideals of F.

Trivially, every locally B-nilpotent ideal is locally centrally nilpotent, so this
solves the previous issue for {g-nilpotency.

Theorem 5.18. Let B be a brace. The sum of arbitrarily many locally B-nilpotent
ideals of B is locally B-nilpotent.

Proof. It is clearly enough to prove the statement for two locally B-nilpotent ideals /
and J. Let F be a finitely generated subbrace of B. Choose a finitely generated
subbrace E of F N (I + J). In order to prove that E is contained in an F-centrally
nilpotent ideal of F', we may assume £ = E; U E», where E; C [ and E; C J, by
suitably replacing F'. Now, E| and E, are respectively contained in F-centrally
nilpotent ideals /; and I, of F. Since I+ I is F-centrally nilpotent, we are done. [



NILPOTENCY OF SKEW BRACES AND SOLUTIONS OF YANG-BAXTER EQUATION 25

By Theorem 5.18, every brace admits a unique maximal locally B-nilpotent
ideal; we call it the Hirsch—Plotkin radical of B. Using ideas from the proof of
Theorem 4.5(1), we see that every locally B-nilpotent ideal is actually {p-nilpotent.
Finally, we note that for a locally finite brace B, the concepts of locally B-nilpotent
ideal and ¢g-ideal coincide.

6. Worked examples

In this section we describe the main examples of the paper. These examples are
all constructed in a similar fashion (see [1]), which we now explain, and all the
computations can be done with the computer algebra system GAP and the functions
of its package YangBaxter [21]. The first of them shows that the idealiser of
a subbrace (as introduced in [16]) does not exist in general (even for braces of
abelian type).

Example A. Let B = (a;) X {(az) X (az) =~ C4 x C4 x Cp, whose operation is
additively written, and

2 2 2 2 2
C = (m1, my, m3, mg, ms | my =ma, my =1, my =mj =ms, mg=1,

mlmzml_1 =m3my, m1m3ml_1 = m2m3m2_1 = msms3s,
—1 —1 -1
m1m4m1 = m2m4m2 = m3m4m3 = my,
-1 -1 -1 -1
mymsm; = mymsm, =m3msn; =m4msm, = m5).
We note that B and C are groups of order 32. Since m3 = m]mzml_lmz_l, my = m%,
ms = m1m3m1_1m3_1 = m%, we have that (m3, my, ms) is contained in Frat(C) (in
fact, they coincide) and so C = (m, m,). Then C acts on B by means of an action A
defined by

Am, (a1) =3a; + a3, Am,(a1) =3ay,
Am(@) =ar+ay+az, Amy(a2) =a1+ax+as,
Amy (a3) = a3, Am,(az) = as.
We note that
A (1) = Xy o=ty (@1) = @, Amg(@r) = App(ar) = ay,

Ay (2) = Xy o=ty (@2) = @2+ @3, Ay (@2) = M2 (a2) = a2 + as,
Ay (A3) = Xy =ty (03) = a3, Amy(@3) = hp2(a3) = as,

and A, is the identity map on B.

We can consider the semidirect product G = [B]C with respect to this action.
Then G turns out to be a trifactorised group as it possesses a subgroup D =
(alagml, aymy) suchthat DNC=DNB =1, DC = BD = G. Thus, the bijective
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c é(c) c 8(c)

1 0 mi ay +3as
ms 2a, mims 3a; + 3a;
my 3a; +2a; +az miny ap

maqms ay +2a; + a;s mimgqms 2a; +ap
ms 3a; +az mims 2a; + 3a;
msms a) +as mimsms 3a,
msniy 2a; + 2a; mimsniy a)+a
msmgyms 2a; mimsmgqms 3a; +ap
my a mimy 3a; + aj
moms 3a, mimoms 2a; + 3a; + a3
maniy 2a; + a3 mimaniy 3a1+ax+a3
momgms  2ay+2a; +a;  mymamgms  a;+ax+az
mams3 2a; + a3 mymams  3a;+3a; +a3
mymsmns as mymomsms  ay+ 3a; + as
mymsniy a +2a; mymomsmy  2a; +a; +as
momsmams  3a;+2a;  mymymszmgms a+as

Table 2. Associated bijective 1-cocycle.

1-cocycle § : C — B with respect to A given by Table 2 yields a brace of abelian
type (B, +, -) of order 32. This brace corresponds to SmallBrace (32, 14649)
in the YangBaxter library for GAP (this method of construction of braces will be
used in the subsequent examples without a further note).

We have that (2a; +2as)+ < (B, +), corresponding to (m3m4) < C (through §),
defines a subbrace S of B of order 2. We also have that (2a;, 2a;, a1 +a; +a3)+ <
(B, +), corresponding to (ms, msmams, mymomams) < C, defines a subbrace T
of B of order 8. Furthermore (2a;, 2a,, a; + a3)+ < (B, +), corresponding to
(ms, mymams, mzms) < C, defines another subbrace U of B of order 8.

We note that S is not a left ideal of B, because

Am,(Qar +2a2) =2@ar +a3)+2(a1+ax+az) =2ax ¢ S.

On the other hand, S is aleftideal of T', since A5 (2a1+2a2) = Apymyms 2a1+2az) =
Amymomams (2a1 4+ 2a3) = 2a1 + 2a,. Furthermore, (m3my) is a normal subgroup
of (ms, mymams, mymomams). Therefore, S is an ideal of 7. We also have that S is
a leftideal of U, since Ay (2a1 4+2a2) = Apymums (2a1 +2a02) = Apams (2ar +2a3) =
2a; + 2a;. Moreover, (m3my4) is a normal subgroup of (ms, msmgms, mims).
Therefore, S is an ideal of U.

We prove now that the subbrace D = (T, U) of B generated by T and U is B. Let
H be the additive group of D. Then H > (2ay, az, a; +a3) 4. Thus, if R = §1(H)
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X 5(x) X S(x)x 5(x)

1 0 858382 a-+eg 2a+c 838281 3a+e

) ct+d+e  gagag1 2a+d+egs 3a+tc 858281 cte

84 ¢ 848381 a+tc+dgs d 858381 3a
8281 2a+c+d+te gsgag  2a+dgzg 3a+d 818382 a+c+d+e
8481 2a 858482  2a+egsgr 2a+c+d 858483 a+d
88 3a+td+e 8483881 atctegagr dte 58388 a+d+e
88 2a+c+d 8584828 €8483 a 85848381 a+c
883 3a+c+d  gsgagigr 3atctegsgs c+d 8584838281 3atctdte

Table 3. Associated bijective 1-cocycle.

is the corresponding multiplicative group, then
87 '(2a))=mseR, 8 a)=mimseR, &8 'Qay)=mzmymseR,
8_1(611 +a3) =m3ms € R, 3_1(611 +ay+az) =mimomams € R,

which implies that C = (m, my, m3, mgq, ms) = R. Thus, H = (B, +) and
(T,U)=B.

Finally, suppose that S possesses an idealiser in B. Since it must contain every
subbrace of B in which S is an ideal, it must contain 7 and U. It follows that the
idealiser of S in B must be B, but S is not an ideal of B.

Our second example shows that there is no analogue of Fitting’s theorem for
central nilpotency, even for braces of abelian type.

Example B. Let B = (a) x (c) x (d) x (e) = C4 x Cp x Cp x C3, written additively.
Let us consider the automorphisms g1, g2, g3 of B given by g(a) =3a+d, g1(c) =c,
g1(d) =d, gi(e) =c+e, g2(a) =a, g(c) =c, g2(d) =2a+d, g(e) =2a +e,
g3(a) = a, g3(c) =2a+c, g3(d) = d, g3(e) =2a+e. If g4 = gigag; ' g,
and gs = g g3g1_1g3_ ! then their action on (B, +) is the following one: g4 maps
a to 3a and fixes c, d, e, while g5 maps e to 2a + e and fixes a, ¢, d. We
have that C = (g1, g2, g3) = (g1, &2, &3, 84, &5) satisfies the following relations:
gi=1,8=1,880¢ =g 8l =1, 8128 =88, 288 =88 =1
218487 =84, 82848, =84, 838485 =84 8 =1, 818587 ' =85, 82858, = g5,
838585 = gs, 8485 g4_1 = gs. It follows that C is a group of order 32. The bijective
1-cocycle 6 : C — B given in Table 3 yields a brace of abelian type on (B, +, - ) of
order 32. This brace corresponds to SmallBrace (32, 23060) in the YangBaxter
library for GAP.

Since C has order 32, we have that Ker A = 1. In particular, we have that ¢ (B) =0,
and B is not centrally nilpotent.
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Now, let us compute the ideals of B. Suppose that / is a nonzero ideal of B with
additive group L and multiplicative group E. Since E is a normal subgroup of C,
it must contain a minimal normal subgroup of E. All minimal normal subgroups
of C are contained in Z(C) = (g4, g5). Hence E must contain (g4), (g5) or (g48s).
In the first case, L must contain §(g4) = c. Since L must be invariant under the
action of C, it should contain g3(c) = 2a + c¢. Consequently, (2a,c)+ < L. In
particular, §71(2a) = g4g1 € E and (g1, g4) < E. Since E < C, we have that
€818, = gsg1 € E, 50 (g1, g4, 85) < E.

Similarly, if g5 € E, then §(gs) =d € L. Thus, g2(d) = 2a +d € L, and
hence (2a,d) < L. Now, g1g4 € E, so g3_1g1g4g3 = g18485 € E and also g5 € E.
Therefore

(81,84, 85) < E.

Finally, if g4g5 € E, then 6(g4gs) =c+d € L,so go(c+d)=2a+c+d €L,
and hence (2a,c+d)y < L. Again, g1g84 € E, so g3_1g1g4g3 = g1848s € E and
also gs € E. Thus,

(81,84, 85) < E.

In all cases, we found that (g, g4, g5) < E. Since §({g1, g4, g5)) = (2a,c,d)+ <
(B, +) is a é-invariant subgroup and (g1, g4, g5) < C, we have that J = (2a, ¢, d)+
is the unique ideal of B of order 8. We observe that B/J is abelian. Therefore, the
only three ideals of order 16 of B are I} = (2a,c,d,e)+, h ={a+e,2a,c,d)4,
Iy={a,c,d)4.

It can be easily seen that 0 < (c) < (2a,c)+ <I1,0<{(c+d)+ < 2a,c+d)+ <D,
and 0 < (d)+ < (2a, d)+ < I5 are c-series of I, I and I3, respectively. In particular,
I, I and I are centrally nilpotent braces. However, B=11+ L =11+ 13 =1+ I3,
but, as we have mentioned, B is not centrally nilpotent.

Our third example shows that there may be abelian subideals that are not contained
in any centrally nilpotent ideals.

Example C. Let (B, +) = (a) x (b) ~Cy x Cjp and (C, - ) =[{o)](t) >~ Dihyy. We
have that C acts on B by means of the action A defined by A, (a) =a+6b, A, (a) =a,
Ao (b) =a+b, Ar(b) =a — b. The bijective 1-cocycle § : C — B with respect to A
given by Table 4 yields a brace of abelian type (B, +, -) of order 24. This brace
corresponds to SmallBrace (24, 57) in the YangBaxter library for GAP.

Let 7 be any ideal of B of order 12, and put E = §~!(I, +). Since (I, +) is
a maximal subgroup of (B, +), it must contain its Frattini subgroup, which is
(6b). As §~1(6b) =1 and E < C, it follows that 0o ~! = o>t € E. Therefore,
8(0?t) =a+2b eI and then (I, +) = (a, 2b),. Since I is A-invariant, we get
that I = (a, 2b) is the only ideal of order 12 of B.
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c 8(c) c §(c) c é(c) c 8(c)
1 0 o® a T 6b ot a+6b
o a+7b o’ b oT a+b o't 7b
o> a+8 &b 8b ot a+2b o8t 2b
o3 9b o a+3b ot 3b ot a—+9b
ot 4b ol a+4+4b ot 10b %t a+10b
o’ 115 ol 5b o’t a+5b o't 115

Table 4. Associated bijective 1-cocycle.

Note that / is not abelian as Soc(/) = (a +4b) . Thus,

(I, ) 2Dih12

and so [ is not centrally nilpotent. Hence, Soc(/) is an abelian subideal of B of
order 6 such that it is not contained in any centrally nilpotent ideal of B.

Our last example shows that there are noncentrally nilpotent braces whose
subbraces are subideals.

Example D. Let (B, +, -) be the brace of abelian type of order 32 studied in
[2, Example 37]. It corresponds to SmallBrace (32, 24003) in the YangBaxter
library for GAP, so (B, +) = (a) x (b) X {¢) X {d) >~ C4 X Cy x C3 x C3, and
(B, ) (e, f, h) = [C2 x Qg]C> with bijective 1-cocycle given by Table 5 and
associated action given by

e(a)=a+c+d, eb)=2a+c, e(lc)=b, e(d)=2a+c+d,
f@)=a+b+c, fb)=2a+b, f)=c, fd)=c+d,

h(a) =a, h(b) =0, hc)=c, h(d)=2a+d.

X 5(x) X 5(x) X 5(x) X 8(x)

1 0 h c f a fh a+c
e 3a+b eh 3a ef b+c+d efh c+d
e? b+c eh 2a+b+c+d ée*f 3a+d efh a+c+d
e 3a+b+d e a+d ef b e fh 2a

et 2a+b+c é*hn 2a+b et f a+b+c e*fh a+b
e 3a+c eh 3a+b+c ef 2a +d efh 2a+b+d
e 2a+c+d ehn d eh 3a+b+c+d fh a+b+d
e 3a+c+d e'h a+b+c+d €f 2a +c¢ e’ fh b+d

Table 5. Associated bijective 1-cocycle.
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We start by providing all subbraces of order 2. These are generated by those elements
x € (B, +) of order 2 such that 1, (x) =x. We have S| ={1, 2a+b+d}, S» ={1, ¢},
S3={1,b+c}, Sa={1,c+d}, Ss={1, 2a}, Se ={1,2a+b}, S7={1,2a+b+c}
(here, S5 is the only left ideal). For subbraces of order 4, we need those subgroups
H < (B, +) of order 4 such that 8~ (H) is also a subgroup of (e, f, h). We find

H 87V (H) H §~(H)
Sg = (2a, b +c) (€3 fh, e fh) So =(2a+b,c) (e*, h)
S0 = (b,2a+c) e f) Sii=(c+d,2a+b+d) (efh,e fh)
Sn=_R2a+d,b+c+d) (e f) Si3=1(d,2a+b+c) (eh)
Su=_2a+b+c,b+d) (€?)

(here, Sg is the only left ideal). For subbraces of order 8, we need those subgroups
H < (B, +) of order 8 such that ™' (H) < (e, f, h). Thus,

Sis = (2a, b, ¢), 87 (S1s) = (> fh, e f),
Sie=(2a,b+c,b+d), 8 '(Si6) = (e’ fh,e?),
Si7=(2a,b+c,d), 871 (S17) = (€’ fh, eh)

(here, S5 is the only left ideal). The only subbrace of order 16 is the only nonzero
proper ideal of B, that is, S13 = (2a, b, ¢, d). The following relations can be easily
checked to hold:

S1, 84,57 28511 LS5 2818 B, 83, 85,57 18 1816 1818 < B,
S2, 86, 57 LSg 1517 4S54 B, S14 281548154 B,
S12, S13 9817 < S18 4B, S10 9817 4815 <B.

Therefore, all subbraces are subideals but B is not soluble.
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HYPERBOLIC L-SPACE KNOTS
NOT CONCORDANT TO ALGEBRAIC KNOTS

MACIEJ BORODZIK AND MASAKAZU TERAGAITO

We construct infinitely many hyperbolic L-space knots for which —3 [ Y is
not an integer, where Y is the Ozsvath—Stipsicz-Szabé upsilon function. None
of these knots can be concordant to a linear combination of algebraic knots.

1. Overview

Describing knot concordance groups and understanding Z-homology cobordism of
3-manifolds are listed among the most important problems in low-dimensional topo-
logy. Among many questions, a particular interest is about the position of various
classes of knots, respectively 3-manifolds, in the concordance group, respectively
in the group of Z-homology cobordisms.

It is well known [30] that each 3-manifold is Z-homology cobordant to a hyper-
bolic 3-manifold. On the other hand, there are 3-manifolds that are not Z-homology
cobordant to Seifert fibered manifolds [10]; recently it is proved [20] that the Seifert
fibered manifold span a subgroup of the group of Z-homology cobordism with
Z°-summand as a quotient.

For link cobordisms, there is an abundance of similar questions. There are knots
that are not topologically concordant to alternating knots [16]. A refinement of the
argument in [16] shows that there exist knots that are not topologically concordant
to L-space knots [41]. On the other hand, all knots are topologically concordant to
strongly quasipositive knots [5], a statement that is definitely false in the smooth
category, because for all strongly quasipositive knots, all slice torus invariants are
equal, compare [14].

An algebraic link is defined as a link of a plane curve singularity. All such links
are graph links [12]. Also, all such links are L-space links by [17; 18]. Studying
the position of algebraic knots in the whole knot concordance group seems to bring
an immediate answer: while it is not stated explicitly in [41], the methods in that
paper suggest that the quotient of the topological concordance group by the group
of L-space knots has an infinite Z°° summand. However, the position of algebraic

MSC2020: 57K18.
Keywords: L-space knot, hyperbolic knot, upsilon function.
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knots in the concordance subgroup spanned by all L-space knots seems rather

mysterious. This question appears to be a natural generalization of a question on the

position of graph manifolds in the Z-homology cobordism group of 3-manifolds.
The main result of the paper is the following.

Theorem 1.1. There exist infinitely many hyperbolic L-space knots that are not
smoothly concordant to any linear combination of algebraic knots.

Plan of the proof. In Section 4 we construct an infinite family of knots K. By
Montesinos trick we show that each K, admits a positive L-space surgery. The
braid index of K, is bounded by 4 by construction. Combining this fact with the
lack of semigroup property of K,, we show that K,, are hyperbolic.

The proof that K, is not concordant to any linear combination of algebraic knots
involves computing the function Y of Ozsvith, Stipsicz and Szabé [33]. For L-space
knots, this function is determined from the Alexander polynomial of K,,, and to
pass from that polynomial to Y, we use an explicit algorithm described in [6]. The
computation of the Alexander polynomial of K,,, conducted in Section 4 involves a
surgery description of K,,, and Torres formula.

The main obstruction is the following. It was shown in [36] that if K is an
algebraic knot, then —3 f02 Yk (¢)dt is an integer. In fact, echoing the calculation
of [4], one can express this integral via invariants of the underlying plane curves
singularity, compare Section 3.

Conversely, Theorem 4.1 shows that —3 f02 Tk, is a nonintegral fraction of 5. So,
none of the knots K, can be expressed as linear combinations of algebraic knots.

The methods do not show whether the knots K,, generate a Z°° summand in
the quotient subgroup generated by the concordance classes of all L-space knots
modulo algebraic knots. However, we know that a subsequence of K, knots is
linearly independent in the topological concordance group, see Theorem 6.1.

The structure of the paper is the following. Section 2 gives a necessary back-
ground on the Y function. In Section 3, we recall Tange’s calculations of the
integral of the Y function and show some properties of the integral. In particular,
we introduce a purely Floer-theoretic invariant w and relate it to invariants of plane
curve singularities. These results are of independent interest, especially that they
give an algebrogeometric motivation for studying —3 /Y as a knot invariant.

The family of knots K, is constructed in Section 4. Their main properties are
stated in Theorem 4.1, whose part is proved in that section. The most difficult part,
showing that K, are indeed L-space knots, is proved in Section 5.

Section 6 addresses the question of linear independence of knots K,. We study
roots of the Alexander polynomial of K, and show that a subsequence of K, is
linearly independent. We also show that Y function alone cannot prove that K,, are
independent modulo the group of algebraic knots.
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Finally, in Section 7 we provide a table of those L-space knots of [1] for which
—3 [T is not integral.

2. Review of the Y function

Recall that to a knot K in the 3-sphere, knot Floer homology associates a complex
CFK*(K) over the ring Z,[U, U —11, where U is a formal variable. The complex
is Z @ Z-filtered, Z-graded, and the multiplication by U lowers the grading by 2
and the filtration by (1, 1). The complex is defined up to bifiltered chain homotopy
equivalence.

In [33], a concordance invariant Y was extracted from this chain complex;
see also [26]. In short, for each ¢ € [0, 2], one associates a collapsed filtration.
If x € CFK*(K) is at bifiltration level (a, b), we define its F;-filtration level
by %a + (1 — %)b Denote by C; ; the subcomplex of CFK*(K) of elements at
Fi-filtration level < 5. As Cy, is a subcomplex of CFK*(K), there is a map
H;(Cs,;) — H;(CFK*(K)), where the subscript i denotes the homological grading
(the Z-grading) of the complex CFK™(K). Set

v(t) = min{s : Hy(Cs,;) = Hyo(CFK*(K)) is surjective}.

The function Y is defined by
T(t) =—-2v(z).
Among many properties of the function Y, the most important for the sake of
this paper is that it is a concordance invariant. That is to say, if K; is smoothly
concordant to Ky, then Yk, () = Yk, (¢) for all t € [0, 2].
If K is an L-space knot, the complex CFK*°(K) is determined by the Alexander

polynomial, via so-called staircase complex. The Y function for such knots was
computed in [33]. To be more precise, write the Alexander polynomial

Ak =14 = D+ 41,

with 1 <¢| <--- < ¢ (such presentation is possible for all L-space knots, see [31]).
Let Sk = ZZO \{c1, ..., cel.

Definition 2.1 (see [40]). The set Sk is called the formal semigroup of the L-space
knot K.

An equivalent definition of Sk is via the power series expansion:

Ak (1) s
1—¢ :Zt'

SGSK

If K is algebraic, the set Sk is the semigroup of the underlying singularity. It is
an interesting question to study nonalgebraic L-space knots for which Sk has the
structure of a semigroup [37; 40].
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The T function of an L-space knot is related to the formal semigroup via the
Fenchel-Legendre transform of an extension of the function / : Z — Z such that
I :n+— #{Sk N[0, n)}; see [6]. In particular, for an L-space knot, Y is convex. It
is interesting to see for which knots the Y function is convex [21].

3. The integral of Y in algebraic geometry

It was proved by Tange [36] that —3 /Y for an algebraic knot is an integer. We
recall his computations. We also show that the quantity —27 — 3 /Y has a special
interpretation in singularity theory. This explains our initial interest in the invariant
—3 /Y. We begin by recalling a standard definition; see [9; 12] for more details.

Let z € C? be a singular point of a complex algebraic curve C. Recall that the
multiplicity of a singular point, denoted m, is the minimal positive number that can
be obtained as a local intersection of C at z with another algebraic curve. The fact
that the point z is singular means that m > 1.

Suppose z has a single branch. Set m; = m. Blow up a singular point to obtain
a new curve C and denote by E the exceptional divisor of the blow-up. Usually
C will have a singular point at C N E. Denote by m, its multiplicity. If C is
smooth, then m, = 1 and we stop the procedure. The procedure can be iterated
until some strict transform C is smooth. Eventually we obtain a finite sequence
(my, my, ms, ..., my) of integers such that m; > 1 (usually we discard the last 1
from the sequence).

Definition 3.1. The sequence (my, ..., m,) is called the multiplicity sequence of a
unibranched singular point.

The multiplicity sequence is a complete topological invariant of a singular point,
in the sense that any two unibranched singular points with the same multiplicity
sequences are topologically equivalent. All topological invariants of the singularity
can be computed from the multiplicity sequence. For example, the following
formula was proved by Milnor [27], compare [9; 42]:

(32) o=y mi(m;—1),
i=1

where . is the Milnor number of the critical point. The Milnor number is equal to
twice the genus of the link of the singular point.
We introduce the quantity

2
(3.3) a)(K):—3/ Tk (t)dt —2t(K).
0

As we see, w is defined purely from Heegaard Floer-type invariants.
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Theorem 3.4. Let 7 be a singular point with one branch. Let K be the link of
singularity. Then w(K) =) (m; — 1).

Proof. The proof relies on the following result of Tange [36], based on [13] and [3].

Lemma 3.5. For m > 1 define the function

o 1 , , 2i 2i+2
(@) =—i(i+1)—smm—1=20)t ifte|—, .
m m
If a singular point 7 has link K and multiplicity sequence (my, ..., my), then

n
Tk =) T
i=1

Continuing the proof of Theorem 3.4, we use the following formula of [36]:
2 2
— 1
(3.6) / Y () dt = m—;
0

From (3.6) and Lemma 3.5 we conclude that

2
—3[ k() =) (m}—1).
0

For algebraic knots, 27(K) = u, is the Milnor number of the underlying singular
point. We conclude the proof by (3.2). ([

Corollary 3.7 (see [36]). For an algebraic knot, —3 fozT(t) dt is an integer.

We have the following interpretation of w(K), which is due to Zaidenberg
and Orevkov [42]. Blow up the critical point z until the reduced inverse image
D = 77 1(C)yeq is a normal crossing divisor. Let Ey, ..., E; be the exceptional
divisors. Define the canonical divisor K, = ) _ «; E; by the condition that

K, -E,+E;-E;=-2 forall i.

Let C ; be the strict transform of C.

Proposition 3.8 (see [42, Lemma 4]). For K the link of singularity at z, if 7 has
one branch, then o (K) = K - (K + C)).

We conclude this section with a simple estimate for quasihomogeneous singular
points:

Proposition 3.9. If z is a quasihomogeneous singular point, topologically equiva-
lent to x? — y9 = 0 with p, q coprime, then

w(K) < p+q,

where K is the link of the singularity (in this situation, K is the T),,-torus knot).
Moreover, if p =2, then w(K) = %(q - 1.
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Proof. The second part follows from the fact that the multiplicity sequence for the
singular point x? — y2**! =0 is a length k sequence (2, ..., 2). For the first part
we observe that the multiplicity sequence is constructed as follows. Suppose p < q.
Then m; = p. The blow-up replaces (p, g) by (p, g — p) or (¢ — p, p) depending
on whether p < g — p or g — p < p. It follows that > _, m; = ¢, and hence

n
Zmi =p+q.
i=l1

Therefore w(K) < p+q — 1. [l

The implication of Proposition 3.9 is that w is a linear invariant, that is, its value
for the T),,-torus knot grows like the sum of p and g, not like the product. The latter
behavior is more typical, the genus and the signature are examples, in particular,
for slice-torus invariants.

Another inequality involving w (K) is a generalization of the Zaidenberg—Orevkov
inequality [42, Section 11].

Proposition 3.10. For a cuspidal singular point z with Milnor number u and
multiplicity m we have u < mw.

Proof. Letmy, ..., m, be the multiplicity sequence of z. Thenm; >m, > --->m,,.
This means that m; Y_(m; —1) > m;(m; — 1), but in light of (3.2), this is precisely
the statement of the proposition. (]

4. The family K,

For n > 1, our knot K, is given by the surgery description shown in Figure 1.
Let L = K U Cy U C; be the oriented link as shown in Figure 1. If we perform
(—1)-surgery on C; and (—nlﬂ)—surgery on C», then K is changed into K,,. Thus
K, is the closure of the 4-braid:

[2,1,3,2, (3,2, D*, 320D 7],

where an integer k denotes the standard braid generator oy of the 4-string braid
group. In particular, K; is m211, and K, is t09284 in the SnapPy census [11].
Since K, is the closure of a positive braid, K,, is fibered and its genus is equal to
n 4+ 8. The diagram of K is given in Figure 1.

Theorem 4.1. For n > 1, the knot K,, enjoys the following.

(1) K, is hyperbolic.
(2) (4n +24)-surgery on K, gives an L-space, so K, is an L-space knot.
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Figure 1. The surgery description of K,, (left) and the knot K| = m211 (right).

(3) For the upsilon invariant Yk, (t) of K,

2
I:/ Y, dt = —(n+2).
0

Thus =31 =3n+12 ¢ 7.

The proof of the second property is deferred to Section 5. Our first step towards
proving Theorem 4.1 is to compute the Alexander polynomial. Once we know
it, using the fact that K, are L-space knots, we compute the integral proving (3).
Moreover, the Alexander polynomial will allow us to prove that K, is not hyperbolic.

Lemma 4.2. The Alexander polynomial of K,, is given by

AK,, (1) = (t2n+l6 _ t2n+15) + (t2n+l2 _ t2n+ll) + (t2n+10 _ t2n+9)

+(Z2n+7_t2n+6)+(t2n+5_t2n+4)+__.+(tll_[10)
+10 =T+ =P+ -+ 1.

Proof. Let L be the link as in Figure 1. The multivariable Alexander polynomial
of L can be readily computed using [11; 24]:

AL(x,y,2) =x"yz =Xy 247y 2 +x7y" —x*y’ = X%y
— 2x3y2z + 2x4y +x2y2z —I—x3yz — xzyz — x2y +xr—1,

where the variables x, y, z correspond to the (oriented) meridians of K, Cy, C».
1

If we perform (—1)-surgery on C; and (—n—H)—surgery on C,, then the link
K UCyUC; is changed into K, U C} U C}. Since these links have homeomorphic
exteriors, the induced isomorphism on the homology groups relates their Alexander
polynomials; compare [15; 29].

Let wk, tc, and pc, be the homology classes of meridians of K, Cy, Cy, respec-
tively. Each meridian has linking number one with the corresponding component.
Furthermore, let Ac, and Ac, be the homology classes of their oriented longitudes.

We see that Ac, =4ug and Ac, =2uk.
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Next, let ug,, Ken and Ker be the homology classes of meridians of K, C}
and C5. Then we have that g, =k, ey = —pe,+reys e =—pe,+n+1)Ac,.
Hence

UK = KK,s MK, =—per AUk,  He, = —per +2(m+ Dk, .

Thus, we have the relation between the Alexander polynomials as

4.3) Ag,ucrucs (x, y,2) = Ap(x, xty™! 32070,

Since Ik(K,, C3) =1k(K, C2) =2 and 1k(CY, C7) =1k(C, C2) =0, the Torres
condition [39] gives

Ak,ucrucr (x, y, 1) = (%" = DAg,uer (x, y) = (x* = DAg,ucn (x, ¥).
Furthermore, since 1k(K,, C{) =1k(K, C1) =4,

X4—
Ay (1) = =2 Ak, ().
Thus
A ()= "L Ar = — LA (x.1.1)
K, X T K,uct X, —(x4_1)(x2_1) K,uciucy(x, 1, 1).

Then the relation (4.3) gives

Ag, (1) = Ap(t, 1*, 2Dy

=1 (@%2-1)
1

— (t2n+21_t2n+l9+t2n+15_2t2n+13+t2n+12+t2n+9_t2n+8
(=D (r+1)

B 2028154121
1

2n+13 /.8 2n+15 .4 2n+49 .4 2n+8 .4
= —\7 t°—1)—t t'—1)—t ' —1)+t r'—1
CESTL G Y AR (AR VNI )

+2(t =) - - D) - D+ (* 1))

Tl
1
2n+15 2492 N P
=t =D+ D (=Dt T—t +D(E—=1)—(=1)

(20016 _ 2015 | 2nb12 2011 4 2410 2049

n—1
+t9(2(t2i—t2i_1)+1) — 45—t —r+1. O
i=1
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Figure 2. The upsilon function Yk, (¢): the case n = 1 (left) and n > 2 (right).

In Definition 2.1 we have recalled the notion of a formal semigroup of an L-space
knot. While the proof that K, are L-space knots is given only in Section 5, it is
convenient to determine the Y function of K, from the Alexander polynomial we
just computed.

First, we show that K, is not algebraic.

Lemma 4.4. The formal semigroup Sk, of K, is not closed under addition.
Proof. By Lemma 4.2, the formal semigroup Sk, of K,, starts:
0,4,6,9,11,12,...,2n+5,....

Thus 4 € Sk,, but 8 & Sk, . (|
Lemma 4.5. For n > 1, the upsilon function of K, is given as

—(n+98)1 (0<r<l,

Tk, ()=3—(+d1-2 (3=<1=<3%),

—(n—Dt—6 ($=<t=1).

Fort e[l1,2], we have Tk, (t) = Yk, (2 —1).
Figure 2 shows Yk (#) whenn =1 and n > 2.

Proof. By [6], the upsilon function is the Fenchel-Legendre transform of the gap
function G (x) =2J (—x), in their notation, determined by the Alexander polynomial.
In fact, there is a handy description of the graph of G(x). Let us write Ak, (f) as
19 — M 42 — ... 4% Then the sequence of the jumps in the exponents is

(4.6) ay—ap,ay —aip, ..., —dy—1.

Consider the vectors u = (1, 2) and h = (1, 0) on R2. Then [38, Lemma 2.2]
shows that the graph of G (x) restricted on [—g, g] has a form of staircase specified
by (4.6). More precisely, we start at the point (—g, 0), and move a; — ag times
along u, then a; — a; times along &, and so on. Finally, we reach the point (g, 2g).
The function G(x) is 0 for x < —g, and 2x for x > g.
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Figure 3. The knot K;: the staircase (left) and the graph of the gap
function (right). The red lines are piecewise-linear convex supporting
functions, used to compute the Fenchel-Legendre transform.

By Lemma 4.2, the sequence of the jumps is

1,3,1,1,1,2,1,1,...,1,1,2,1,1,1, 3, 1.
—_————
2n—2

Thus the graph of G (x) goes through the points (—g, 0) =(—n—8,0), (—n—4, 2),
(—n+1,6), (n—1,2n+4), (n+4,2n+10) and (g, 2¢g) = (n+8, 2n+16), which
determine the convex hull. More precisely, the convex hull of G(x) is determined
by the following:

y=0 (x <—n-—29),

y =58 (—n—8<x<-n-4),
y=%Gx+n+4H+2 (—n—4<x=<-n+),
y=x+n+5 (—n+1<x<n-1),

y=tD 4 on 44 (n—1<x<n+4),
y=332D 4 0n+10 (n+4<x<n+8),
y =2x (x >n+38).

See Figure 3 for the case n = 1. Then the Fenchel-Legendre transformation
immediately gives the conclusion. (]

In Section 5, we prove that (4n + 24)-surgery on K, yields an L-space by using
the Montesinos trick. Once we admit it, it is easy to prove that K, is hyperbolic.

Lemma 4.7. K, is hyperbolic.
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Proof. Recall that a torus knot of type (p, g) for 0 < p < ¢ has the formal semigroup
(p,q) ={ap+bq | a, b = 0}, which is closed under addition. Hence K, is not a
torus knot by Lemma 4.4.

By [25], K, is prime. Assume that K, is a satellite knot for a contradiction.
Since the bridge number of K, is at most four, the companion is a 2-bridge knot
and the pattern has wrapping number two [35]. Since K, is an L-space knot, the
companion and the pattern knot are also L-space knots [2; 22]. Furthermore, the
pattern is braided. Thus the companion is a 2-bridge torus knot by [31], and K, is
its 2-cable. In other words, K, is an iterated torus L-space knot. Finally, Wang [40]
shows that the formal semigroup of such a knot is closed under addition. This
contradicts Lemma 4.4. U

Proof of Theorem 4.1. This immediately follows from Lemmas 4.5 and 4.7, and
Proposition 5.1 below. (|

5. Montesinos trick

We use the Montesinos trick [28] to prove that the (4n+24)-surgery on K, yields an
L-space. For a surgery diagram of a strongly invertible knot or link, the Montesinos
trick describes the resulting closed 3-manifold as the double branched cover of
another knot or link obtained from the tangle replacements corresponding to the
surgery coefficients.

Figure 4 shows a surgery diagram in a strongly invertible position with the axis A.
After performing (—1)-surgery, we have K, with surgery coefficient 4n + 24.

Take the quotient of K, U A under the involution along A. Then we obtain
a two-component link shown in Figure 5. The Montesinos trick claims that the
resulting manifold of (4n + 24)-surgery on K, is the double branched cover of S°
branched over this link. Figures 6 and 7 show the deformations of the link.

Let us denote this link by £,,. We perform two resolutions as shown in Figure 8
at a crossing located in the box with n half twists. Let £, and £,,_; be the resulting
links. Then it is straightforward to calculate det ¢,, = 4n 4 24 and det £, = 4. (For
example, use the checkerboard pattern of the diagrams in Figures 7 and 9.) This
shows the equation det ¢, = det £,,_; + det £,. Thus if the double branched covers
of £,,_1 and £, are L-spaces, then so is the double branched cover of ¢, [8; 31; 32].

As shown in Figure 9, the link £, is the Montesinos link M(—%, —%, %) Thus
the double branched cover of ¢, is a Seifert fibered space over the 2-sphere with
three exceptional fibers of indices 2, 2, 2, which is elliptic. Then it is an L-space [31].

Inductively, it is enough to show that the double branched cover of ¢; is an
L-space. However, as shown in Figure 10, £; is the Montesinos link M (%, %, —%).
The double branched cover is also an elliptic Seifert fibered space, which is an
L-space.
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(n + 1)-half twists

Figure 4. After (—1)-surgery, the surgery diagram gives (4n + 24)-
surgery on K,. Each rectangle box contains right-handed (n 4 1)-half
twists.

—— 2n+ 1 half twists

Figure 5. The double branched cover of S* branched over this link gives
the resulting manifold of (4n + 24)-surgery on K,,.

Thus, we have shown that:

Proposition 5.1. For K, (4n + 24)-surgery yields an L-space.

6. Linear independence of K,

Theorem 6.1. There is an increasing sequence a, such that the knots K,,, K,,, . . .

are linearly independent in the topological concordance group.
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Figure 6. Deformation of the link.

n half twists

Figure 7. Deformation of the link (continued).

X

én foc [11—1

Figure 8. Two resolutions.

Proof. Recall that for any knot K, the Tristram—Levine signature function ok is a
piecewise constant function from S' to Z with discontinuities only at the roots of the
Alexander polynomial. We have the following classical result; see [23, Chapter 12]
for a classical approach and [34] for the proof under topological concordance.
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& &

Figure 9. The link £+, with det ¢, =4 is the Montesinos link M (—3, —1, 1).
The double branched cover over this link is a Seifert fibered space over the

2-sphere with three exceptional fibers of indices 2, 2, 2, which is elliptic.

SR>

Figure 10. The link ¢; is the Montesinos link M(%, %, —14—1).

Proposition 6.2. If K| and K, are topologically concordant, then ok, (t) = ok, (t)
for all but finitely many t in S'.

The next result is a consequence of the definition of the signature, it can be
deduced from the dévissage of the Blanchfield form. We refer an interested reader
to [7, Section 5].

Lemma 6.3. Suppose Ak (t) has a zero at ty € S' of odd multiplicity. Then, the
signature function has jump at ty, that is,

| lim (a0 ™) =0t e™)| =2

Our goal is to find, for all knots K, with n > 11, a zero of A of odd multiplicity
of A on S!, and very close to 1. First, we symmetrize the Alexander polynomial
for K, computed in Lemma 4.2 as

wn — t—n—S((t2n+l6 _ t2n+15) + (t2n+12 _ t2n+11) + (t2n+10 _ t2n+9)

(2T 206y (205 2y (1 10y
+17 =t 10—+ — 1+ 1).
Decompose ¥, = ¥,| + 12, where
Yl 8 8 kT Ty ek e k3 on3)
B B N B S I )

and
wz — t_n_g(tll _ t12 + L t2n+4 + t2l’l+5)‘

n
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It is now convenient to consider both functions on [0, 277]. To this end, write r = e'“,
and set 1.1, iu 1.2/ iu

ap(u) =3¢, ("),  Bulw)=5v,(").
We first deal with «,,. We have

o,(u) =cos(n+8)u —cos(n+7)u—+cos(n+4)u —cos(n+3)u
+cos(n+2)u—cos(n+1)u+cos(n — 1) u —cos(n —2) u.

From the cosine sum formula we get

o) = —2sin Z<Sin 2n+15u + sin 2n+7u + sin 2n+3u + sin zn_3“).
Applying the sine sum formula we obtain
(6.4) o, (u) = —4sin %(sin(n + %) u cos 2u + sin nu cos %u)

The sign of the function ¢, near 0 can be examined using (6.4). Indeed the sine

function is positive on (0, ), and hence sin(n + 4) u is positive on (0 ). On

that interval, also cos 2u, sinnu and cos %u are positive. That is,

’ 2n+11

2
o,(u) <0 forue (0, 2n+11).

As for the expression 12, we note that

1/;2= _n_8t2n+6+t11 _ n=5/2 4 4=n+5/2

Hence cos(m—5/2)u

Pul) = 2cos(u/2)

Then, B,(0) = 2 and ﬁn( ) = (0. We have assumed that n > 11. This implies
that ZH”—4 € (0, 2n+11) Deﬁne Vn = oy + By, so that v, (u) = 2wn(e“‘) We have
1 7T
Yn(0) = 75 Vn(m) <0.
Conversely, y,, changes sign on the interval (O, 2,1”—_5) Let u,, be the smallest positive
zero of y, of odd multiplicity. Note that e“ is a root of the Alexander polynomial.

Remark 6.5. Computer experiments suggest that there is only one zero of y, in
that interval and that this zero is simple. We will not need this in the proof.

We can now define an infinite increasing sequence a,, such that K, are linearly
independent. To this end set a; = 11. Suppose ay, ..., a, are already defined.
As the function u — y,, (1) is continuous, and y,, (0) = 1, there is 1,, > 0 such
that y,,, (u) > 0 for all u € (0, ,,). We choose A, in such a way that A,, form a
decreasing sequence of real positive numbers.
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Positivity of y,, implies in particular that there are no jumps of the signature
function of K, , i.e., the signature jumps at all values of e'* for u € [0, A,,) are zero.

Choose a;,+1 by the condition that Zam:fﬁ < Ap. This means that u,, ., € (0, A,,,).
Then, y,,, ., vanishes on u,, , but for all j < m, y,, is positive near u,,,. In
particular, the signature jump at e'“»+! for K, .1 1s not zero. That is, the map W, 4
assigning to a knot half its signature jump at e’“»+! is a homomorphism from the
topological concordance group to Z that vanishes on the subgroup spanned by
K, ..., K,,,and is not zero on K, _,.

The maps Wy, ..., define an isomorphism between the subgroup spanned by
K4, ...,and Z*. O

We conclude the section by the following statement.

Lemma 6.6. Suppose that Y’ is the Y function for the positive trefoil. Then,
Yk,., =Tk, + Y.

n+1

Proof. Follows immediately from Lemma 4.5. (]

Corollary 6.7. The Y function alone is not sufficient to show that K,, are indepen-
dent in the concordance group modulo the subgroup generated by the algebraic
knots.

27i/6 show that the trefoil does not

We remark that the signature jumps at ¢ = e
belong to the subgroup spanned by all the K,,, not even to the subgroup spanned
by all the K,,. Note that Lemma 4.2 computes the Alexander polynomial of K,
from the Alexander polynomial Ay, which is common for all #. It follows that
the value of the symmetrized Alexander polynomial of K,,, ¥, (¢), depends only
onn mod 6. Forn=1,...,6, we can show that ¥,,({) # 0 by direct computations.
Hence, none of the v, vanishes on ¢. The signature jump at ¢ is equal to zero for
all the K,,, but it is not zero for the trefoil.

We do not continue this argument, because these methods alone are insufficient
to prove independence of K,, modulo the subgroup generated by the algebraic knots.
In fact, there exist linear combinations of algebraic knots with vanishing signature
jumps; see [19].

7. Specific knots

In [1], Baker and Kegel shown a list of 632 hyperbolic L-space knots from the
SnapPy census. For all of them, we have computed the Alexander polynomial using
SnapPy [11], and by a simple algorithm we have determined the YT function. The
expression —3 [ Y turned out to be nonintegral for 96 knots, with the denominators
in the set {3, 5,7, 10, 11, 14, 15, 21, 30, 35, 42, 70, 105, 385} (see below).
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WEIGHTED TOTAL VARIATION MINIMIZATION PROBLEM
WITH MIXED DIRICHLET-NEUMANN
BOUNDARY CONDITIONS

SAMER DWEIK

We study the problem of minimizing the weighted total variation of a normal-
ized BV function « plus a penalization on the weighted L! norm of the trace
of u on the Neumann part I' of the boundary, while assuming a Dirichlet
condition z = 0 on the complement part I' C 9 2. We show that this problem
is a relaxation of some shape optimization problem of type Cheeger, that is,
both problems have the same minimum. Then, we prove that the level sets of
minimizers are optimal sets. Finally, we study the regularity as well as some
properties of these optimal sets.

1. Introduction

Let © be an open bounded set in RY and I" is an open subset of 9. Let ¢ and v be
two nonnegative functions over €2 and w be defined on I'. Then, we are interested
in studying the following minimization problem:

wiDfuL)_'u{FwM 'u#0€BV(Q), u=00onT":= BQ\F}-
Q

The case when I' = & has been already considered in [6]. Moreover, the authors
in [16] have also studied problem (1-1) but in the case where I' C 92 and w =0
on I'. The interest in studying problem (1-1) is motivated by a landslide model
(see [10]) in which ¢ and i represent the body forces and the (inhomogeneous)
yield limit distribution, respectively. When ¢ = ¢ = 1 (which is not a relevant
assumption in landslides modeling) and I' = &, the infimum in (1-1) can be restricted
to characteristic functions # = x4 and so, we get
Per(A)

|A]

(1-1) m4

(1-2) mq :AcQ}

where Per(A) denotes the perimeter of the set A in RY in the sense of De Giorgi
(see [2]). This problem is known as Cheeger’s problem [9], its value A(€2) is called
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the Cheeger constant of €2 and its minimizers are called Cheeger sets of €2 (see also
[17; 18]). Moreover, A(€2) is the first eigenvalue of the 1-Laplacian on €2 [12; 13].
We note that the existence of an optimal set A* in problem (1-2) is very simple and
it follows from the direct method in calculus of variations. In the case where the
densities ¢ and ¥ are not uniform, but w =0 on I' C 9€2, problem (1-1) will be
the relaxation of the following problem:

faA\r 14
Ja®

This can be seen as a generalization of the Cheeger problem (1-2). However,
up to our knowledge, the case when w # 0 has not been studied before in the
literature. In this paper, we will show that problem (1-1) is equivalent to the
following generalization of (1-3):

. { faA\r ¥ = fyanr
min
Jad

We note that the existence of an optimal set to problem (1-4) is not guaranteed
here for an arbitrary weight w on I'. Indeed, the functional in (1-4) is not a priori
lower semicontinuous with respect to the weak* convergence in BV. Thus, this
additional difficulty imposed by the presence of a density w # 0 was the main
motivation to write the present paper.

Inspired by [15], one can see that the variational formulation of the stationary
antiplane flow of an inhomogeneous Bingham (rigid viscoplastic) fluid can be stated
as follows: there is a function u € H'(§2) with u = 0 on I'“ such that

(1-5) fVu-V(v—u)—{—/lMVM—/lMVul 2/¢(v—u)+/w(v—u)
Q Q Q Q r

for all v € H'(R2) such that v =0 on I'°. Assuming N = 2 the velocity field in the
domain D = Q xR C R? is given by u = (0, 0, u) with u = u(x1, x). The viscosity
distribution is equal to 1; ¥ is the yield limit distribution, ¢ is the body forces in
the x3 direction and, w is an additional force acting on the Neumann part I'. A
particular case of the Bingham model lies in the presence of rigid zones located in
the interior of the flow of the Bingham solid/fluid. As the yield limit ¥ increases,
these rigid zones become larger and may completely block the flow so that u = 0 is
the solution of (1-5). Conversely, the Bingham fluid is blocked if and only if

(1-3) m% :ACQ}

(1-4) :ACQ}

(1-6) t/WVM—/wvz/¢viﬁaﬂveH%QLv:OmFﬁ
Q r Q

When considering oil transport in pipelines, in the process of oil drilling or in the
case of metal forming, the blocking of the solid/fluid is a catastrophic event to
be avoided. From (1-6), one can see the infimum in (1-1) as a safety coefficient.
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In other words, the Bingham fluid is not blocked if and only if inf(1-1) < 1. In a
completely opposite context, when modeling landslides, the solid is blocked in its
natural configuration and the beginning of a flow can be seen as a disaster. Here,
the 1/inf (1-1) appears as a safety coefficient.

Notice that problem (1-1) can be seen as a study of the “eigenvalue problem” for
the following degenerate inhomogeneous equation with mixed Dirichlet-Neumann
boundary conditions (where the first eigenvalue is A* := inf (1-1)):

V- [Yrm] =4 inQ,
w[%-n]:w on I,
u=0 on I'“.

On the other hand, the properties of Cheeger sets (i.e., optimal sets in (1-2))
have been studied in several papers (see [1; 8]). One of the very important results
concerning the regularity of Cheeger sets, is that the internal boundary of Cheeger
sets have constant curvature. In [16], the authors have also generalized some of
these properties to optimal sets of the generalized Cheeger problem (1-3). More
precisely, they show that the curvature of the boundary of any optimal set A* at any
point x in the interior of 2 is given by

_Mo) + Y (x)
v(x) ’

where 9, (x) is the inward normal derivative on d A* at x (so, ¥ should be at least
of class C'). Moreover, if dA* crosses I' at some point x where I' is C! around x,
then the tangent line to d A* at x must be orthogonal to I'.

This paper is organized as follows. In Section 2, we will show that problems (1-1)
and (1-4) have the same minimal value and that each of these two problems has
a solution. More precisely, we will show that from a minimizer of (1-1) one can
construct an optimal set of (1-4) simply by considering its superlevel sets. Moreover,
we will study in Section 3 the regularity properties of these optimal sets. Finally,
we conclude the paper by some examples in Section 4.

K(x)

2. Existence of solutions

Throughout this section, we assume that & C R” is an open bounded connected
domain with Lipschitz boundary, ¢(x) > ¢9 > 0 is a bounded function and,
V¥ (x) > Yo > 0 is a continuous function on Q (where ¥, ¢g € R are fixed).
Let I" be a closed subset of 02 and w be a bounded function on I'. Then, we
consider the minimization problem

1nf{ fQWlD”d _f[‘w|u| .

(2-1) fg¢|u| ueBV(Q),u=0onT }
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We recall that proving existence of a minimizer for problem (2-1) is a difficult task
due to different facts. First, we do not have a priori compactness: if (u,), is a
minimizing sequence then it is not clear if one can extract a subsequence converging
weakly* in BV(€2) and even so (i.e., assuming that u, —* u in BV(£2)), since the
trace map is not lower semicontinuous with respect to this topology then it is not
true in general that u,, — u in L'(3$2) and so, we do not know whether the limit
function u satisfies the Dirichlet condition # = 0 on I'° or not. In particular, it is
possible that a solution to this problem (2-1) does not exist! So, the idea is to relax
the boundary condition # = 0 on I'“ by adding a penalty term in the functional; this
is a classical tool in the theory of Calculus of Variations and it has also been used
to prove existence of a solution to the BV least gradient problem (see [20]).

Let Q be an open bounded Lipschitz extension of € such that I' ¢ 9Q and
I'“ ¢ Q. Then, we consider the following relaxation of (2-1):

fgl/lefulq;u{rwlul ‘u eBV(Q), u=0 on Q\Q}-
Q

Note that [sv|Du| = [o¥|Du| + [r.¥|u|. But again, it is not easy to show
existence of a solution to the relaxed version (2-2) since in general the map
U — fr w|u| is not lower semicontinuous with respect to the weak* convergence

(2-2) inf{

in BV(€). More precisely, we will show that the lower semicontinuity of the
functional in (2-2) depends on the L°°-bounds of vy and w as well as the regularity
of the Neumann part I'. To motivate this fact, we consider the following examples.

Example 2.1. Let Q =10, 1[2, T = ({0} x [0, 1]) U ([0, 1] x {0}), ¥ = v > 0 and

w = woe R. Set u,(x1, x2) =n- xg, where E, := {(xl,xz) EQ:ix+x < %}
Then, it is clear that #,, —* 0 in BV(2). However,

/J//IDunl —/wlunl =20 — 2wy < 0
& r
V2
as soon as % > =
Example 2.2. Assume that 2 = B(0, 1), I" is a smooth arc of 992, ¥ = g > 0

and w = wy € R. Take u,(x) = min{|x|, (n — 1)(1 — |x|)}. Then, it is clear that
u, ~*u:=|x| in BV(2). But, we have

/§2w|1)un|—/rw|un| =mzf0[<1 —%)2—1—(11—1)(1 —(1 —%f)]
— 37“#0</§2w|Dul—/rw|M|=¢0(H+H1(FC))—on1(F)

as soon as X < —1.
Yo

We start by showing that problems (2-2) and (2-1) are completely equivalent.
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Proposition 2.3. Problems (2-1) and (2-2) have the same minimal value. If u is
a solution for problem (2-1), then u solves problem (2-2). In addition, if u is a
solution for problem (2-2) with u = 0 on I'° then u solves problem (2-1).

Proof. 1t is obvious that inf (2-2) < inf(2-1). On the other hand, fix u € BV(fZ)
such that u = 0 on ©\Q. For every n € N*, let 1, be a cutoff function such that
0<n, <1, n,(x)=0o0nT and, n,(x) =1 for all x € Q2 with dist(x, I'°) > 1/n.
Now, set u,, = n,u. Then, we have u,, =0 on I'°. In addition, it is clear that u,, — u
in L'(Q) and so, [, ¢lun| — [, @lul. Moreover, one has

@3 [ iD= [ winDuupn) < [ vnaiDul-+ [ viDn

— /¢|Du|+/w|u|d7{N—1.
Q Ie

/wIMnI =fwnn|u| — /wlul-

r r r
lim[/wlDunl—/wlunl] walDuH WIuI—/quI.
n Q r Q re r

Finally, we get that

Yet, we also have

Hence,

inf (2-1) glim[fﬁ‘[’w“"' _frw|“n|] _ JavIDul — frwiul

Since u is arbitrary, then we infer that inf (2-1) < inf (2-2). Consequently, equality
inf (2-1) = inf (2-2) holds. The rest follows immediately from this equality. U

Remark 2.4. We clearly see that one can restrict problem (2-2) to nonnegative
functions (just by replacing u with |u|) and so,

Ja1Dul - fywu
Jasu

In the sequel, we will only consider nonnegative solutions to (2-2).

min (2-2) :min: ‘u#0eBV(Q), u>0, u=0 on fz\sz}.

In order to prove existence of a solution to the relaxed problem (2-2), we need
first to introduce the following constant:

wa|M| .

Jo¥|Dul

Also, the analysis will be performed under the following geometric assumption.

(2-4) A= sup{ u#0eBV(Q), u=0on F”}.

Definition 2.5. Suppose that I is of class C!. We say that Q satisfies a C !-extension
property near I'° if there exists an open bounded set € with C' boundary such that
QCQand9QNIQ=T.
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Then, we have the following existence result.

Proposition 2.6. Assume T' is C', Q satisfies a C'-extension property near T',
lwlleo < Yo and, A* < 1. Then, problem (2-2) reaches a minimum.

Proof. Let (u,), be a minimizing sequence in problem (2-2). For every n € N,
set i, 1= un/fs~2¢|un|. So, it is clear that (ii,), is also a minimizing sequence. In
particular, there is a constant C < oo such that

fWIDﬂn|—/w|ﬁn|5c for all n e N.
Q r

Hence,
(1—A*)f1//|Dﬁ,,| < /¢|Dﬁn|—fw|ﬁn| <C forall neN.
Q Q r
Since A* < 1 and ¥ > ¥y > 0, then we get that

2-5) /~|Dﬁn| <C forall neN.
Q

Yet, we have ||¢ii, || 1 =1 and ¢ > ¢ > 0. Hence, up to a subsequence, i, converges
weakly* in BV(2) to some function a. In particular, ii, — i strongly in L' ().
This implies that ||¢ii, || 1 — ||¢ilr =1 and & =0 on Q\Q.

On the other side, inspired by [22, Proposition 1.2], we also claim that the
functional in (2-2) is lower semicontinuous with respect to the weak* convergence
in BV(2) and so, @ is a minimizer in (2-2). First, we clearly have

[w|Dﬁn|—/w|ﬁn|—fw|Dﬁ|+fw|a|
Q r Q r
z/~w|Dﬂn|—/~vf|Dﬁ|—||w||oo/|ﬁn—ﬁ|.
Q Q r

Fix ¢ > 0. Then, we define A, :={x € Q: d(x, 852) <e}. Letn, € CgO(Q) be a cutoff
function such that 0 <n, <l andn. =1 on Q= Q\Ag. Set vg p i=(1—n,) (i, —it).
By the trace inequality for BV functions (see [3]), there are two constants ¢; and c»

such that

/ |v£,n|§C1 |Dve,n|+62 |v8,n|-
Q2 A, Ag

Thus, we get that

(2-6) / i — i
r
sclf(l—ngnD(an—ﬁ)Hcl/ |ﬁn—ﬁ||Dng|+c2/(1—ng>|ﬁn—ﬁ
Ag A A

cl - . C -
f_/W|D(un_u)|+_/|un_ula
Vo Ja, € Ja,
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where the constant C depends on c;. Hence, one has

/~w|Dﬁn|—/w|ﬁn|—fw|Dﬁ|+/w|ﬁ|
Q r Q r

) vl e
zf;pu)uu—/~w|Du|——oo WID Gy ity — e [5G
o & Yo A, Aq
) vl o alwl )
sz|Dun|—ﬁw|Du|— [ yipi, - e [ pa)
o o Yo A, 0 A,
Clwle [ .
- |un_u|
& As

. - c1llw . c1llw _
> [ yiDa) - ~w|z>u|+(1—@) w|Dun|—<l+M> v|Dill
&, &, Yo A, Yo A,

Cllwlloo i, — il
— —ill.

& Ae

Since I' is C! and Q satisfies a C'-extension property near I'“, then the boundary
of Q is of class C! and so, thanks to [3, Theorem 4], one can assume that in (2-6)
the constants ¢y = 146 and ¢, = (€2, §), where § > 0 can be chosen sufficiently
small. Let ||w| o < 9. Hence, choosing § > 0 small enough, we infer that

[W|Dﬁn|_/w|ﬁn|_/:w|Dﬁ|+fw|ﬁ|
Q r Q r

Z[WIDﬁnI—[WDﬁI—(Z—M)/ WIDIZI—C”w”OO/Iﬁn—ﬂI-
Q. Q. A, & A,

Passing to the limit when n — 0o and using the lower semicontinuity of the weighted
total variation (see [6, Corollary 1])

liminf/w|Dﬂn|2/w|Dﬁ|
n Ja, &,

as well as the L' convergence, we get

1iminf|:f~1//|Dﬁn|—/w|ﬁn|i| —fNWIDﬁ|+/w|ﬁ| 2—(2+8)f¢|D12|.
n Q r Q r A

Let ¢ — 07, this yields that

liminf[/:w|Dﬂn|—/w|ﬁn|] —f¢|Dﬁ|+/w|ﬁ| > 0.
n Q r Q r

Finally, assume that |w].c = ¥o. So, we will prove lower semicontinuity of the
functional in (2-2) by approximation. More precisely, fix ¢ > 0 small enough. Then,

fw|Dan|—fw|ﬁn|=ﬁw|Dﬁn|—(1—;)fw|ﬁn|—;/w|ﬁn|.
Q r Q r r
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Recalling (2-5) and the fact that A* < 1, we infer that

liminf|:/1p|Dﬁ,,| —/w|ﬁn|:| zliminf[fW|Dﬁn| —(1 —;)/w|ﬁn|:| —C¢
n Q r n Q r

z[wwm—(l—;)/wm—cc
Q r

Since ¢ > 0 is arbitrarily small, then this concludes the proof of our claim. [

Remark 2.7. If w =0 then the C! regularity of I is not needed and, the existence of
a solution to problem (2-2) is trivial in this case. In Example 2.1, take wo = ¥o =1,
then the condition ||w|le < ¥ is well satisfied but, the functional

ui—)/:wlDu|—/w|u|
Q r

is not lower semicontinuous due to the lack of C!-regularity of the arc I'. However,
in Example 2.2, the arc I' is smooth but the functional is always not lower semicon-
tinuous provided that wy < —1/g. This shows the necessity of the assumptions we
made in Proposition 2.6.

Remark 2.8. Although problem (2-2) has a solution « but it is still not clear whether
this solution solves problem (2-1), or equivalently if this solution u satisfies the
Dirichlet condition (# = 0 on I'“). In fact, we will see that this is not necessarily
the case and, a solution to (2-1) may not exist.

On the other hand, one can also study the summability of a solution u in (2-2).
Inspired by the proof of [13, Proposition 7] (see also [6, Theorem 4]), one can show
that any solution of (2-2) must be bounded. For this aim, we start by the following.

Proposition 2.9. Let H be a Lipschitz nondecreasing function on Ry with H(0) =0.
For any nonnegative solution u of problem (2-2), the function H (u) is also a solution

for (2-2).

Proof. This proof follows the lines of the proof of [6, Proposition 1]. First, let us
assume that H is smooth. Then, we consider the Cauchy problem:

{8tY(t,v)=_H()’(f’ U)), IZOa

@7 y(0, v) = v.

Let y(¢, v) be the solution of (2-7). Thanks to our assumptions on H, y(¢, v) is
smooth. For every t > 0, we define u, = y(¢, u) (so, we have uyp = u). Now, we

consider the map
h(t):/~1//|Du,|—/wu,—)»*/jmt,
& r 9)

where we recall that A* = min (2-2). Since ug is a minimizer for problem (2-2)
and u, = 0 on Q\Q for every ¢ > 0O (this follows from the fact that y(#,0) =0



MINIMIZATION PROBLEM WITH MIXED BOUNDARY CONDITIONS 61

and the uniqueness of the solution in (2-7)), then 4 has a minimum at ¢t = 0. In
particular, we have h() — h(0)
lim ——— > 0.

t—0+ t

h(f)—h(()):/wlDuzl—IDuol_/wuz—uo_)ﬁ/q&m—uo'
¢ 5 ¢ r ¢ 5 ¢

For every x € QUT, we have

ur(x) —uox) _ ¥y, ux)) — (O, u(x))
t t

Yet,

—Hux)).

Taking the derivative with respect to v in (2-7), we get that

¥ [0y (t,v)]=—H'(y(t,v)) dy(t,v), >0,
avy(oa v) - 1,
Hence, 5
9,y(t, v) = e~ o H OGds 5

By the chain rule for BV functions (see [2]), we have
|Duy| = dyy (¢, u) | Du| + [y, ut) — y@t, u")]-HV 'L J,,

where u™ and u~ are respectively the approximate upper and lower limits, J,, is
the jump set of u, and the nonnegative measure | Du| is the sum of the absolutely
continuous part and the Cantor part of | Du|. Consequently, we have

|Du;| — [Duo| _ dyy(t, u) —dyy(0, u) =~
t - t | Dul

N [y, ut)—yO,u)]— [y, u")—yO,u")]
t

— —H'w)|Du|—[Hw ) —Hu)]-#" 'L J,.

HNTL g,

Therefore,
/;p H/(u)|15u|+f¢[H(u+)—H(u—)] HN-! —/wH(u)—x*ﬁqu(u) <0.
Q Ju r Q

Since H' >0 and |D(H (u))| = H' (u)|Du| + [H @) — H@u™)]- HN 'L J,, this
yields that H (1) also minimizes (2-2). Finally, it remains to extend the result to the
case when H is not smooth; but this can be done by approximation. In fact, one can
approximate H with a sequence of smooth Lipschitz increasing functions H,, with
H, (0) = 0 such that H,(u) converges weakly* to H (u) in BV(2). Hence, H, (1)
is a solution to (2-2) for every n. Yet, recalling the proof of Proposition 2.6, we
know that the functional in (2-2) is lower semicontinuous with respect to the weak*
convergence in BV(Q). This yields that H (u) is also a solution. O
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Under the assumptions of Proposition 2.6, we get the following summability
result as a consequence of Proposition 2.9.

Proposition 2.10. Let u be a solution for problem (2-2), then u belongs to L°°(2).

Proof. Fix M > 0 large enough. Thanks to Proposition 2.9, uy, := min{u, M} is a
solution for problem (2-2). Therefore, we have

(2-8) /J/IIDMMI _fqu Z/\*/fimM <X @lloollunmlin.
Q r &
Since A* < 1 and ¢ > v > 0, then by (2-8) we get
*II¢||oo
(2-9) [ 1Dt = P
Yo(l—

Yet, one has
lumll v < C/~|DMM|-
N—-1 o)

Hence,
(2-10) lumll v < Clluplls.

But, it is clear that uff,l is also a solution for problem (2-2) for all p > 1. Then,
thanks to (2-10), we also have

gl < Cllufyll.

This yields that
lenll ne = CYPllupll -

Fix n € N. Then, by induction, we get that
lunrll gy < COFD gl yoor = CLORYTHCRY st
Consequently,
hnll ey < V=GR Ny forall neN.
Passing to the limit when n — oo, this yields that

(2-11) lunlloo < CMllulls.

Finally, letting M — oo in (2-11), this concludes the proof that u € L>°(2). U

In addition, one can show that problem (2-2) is also equivalent to a shape
optimization problem of type Cheeger and that any superlevel set of a solution u
is an optimal set (see [7; 16; 17] for similar level-sets approach for variational
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problems involving total variation minimization). More precisely, we introduce the
following problem:

Pery (A) — /., w
(2-12) min{ ¥ = Jyeanr :ACQ},
Jad
where
Pery (A) 1= / YDAl = Y|Dxal = Y dpN !
Q Qure 9*A\I'

is the weighted perimeter of A that is taken relative to Q (or equivalently, relative
to QUTI since A is assumed to be a subset of 2) and 0*A denotes the reduced
boundary of A. Under the assumptions of Proposition 2.6, we have the following.

Proposition 2.11. The values of problems (2-2) and (2-12) coincide (that is,
min (2-2) = min (2-12)). In addition, a function u solves (2-2) if and only if the
superlevel sets A; := {u > t} solve (2-12), for almost all t > 0. In particular,
problem (2-12) admits an optimal set A*.

Proof. By considering characteristic functions u := x4 where A C Q in (2-2), it is
obvious that we get min (2-2) < min (2-12). Now, let us show the reverse inequality.
Fix u € BV(2) with u > 0 and u = 0 on Q\. Using the coarea formula, we have

+OO —+o0
/¢|Du|—/wu=/ / wdHN_l—/ / wdH Nt dr
Q r 0 *AAD 0 *A,NT
+00 Pery (A;) — [ wdHN !
:/ v (A) — [, ANl </ ¢) dr
0 IA,¢ A,

_ “+0o0
(2-13) > min{Per‘”(A) Joaer® 4 Q} f (/ ¢) dr
J19 0 A,

Pery (A) — /..
L

Pery (A) = [y anr
s

This yields that min (2-2) = min (2-12). Moreover, if « is a minimizer in (2-2) then

the inequality in (2-13) becomes equality. Yet, this means that for almost every

t > 0, we have

Pery (A;) — fa*A,mr w _ min{ Pery (A) — fa*Amr w
Ja® Jad

Consequently, the superlevel sets A; = {u > t} solve (2-12), for almost every ¢t > 0.
The last statement follows directly from Proposition 2.6. (]

Hence,

min(2—2)zmin{ TAC Q}

:ACQ}.
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Remark 2.12. In fact, one can show in Proposition 2.11 that for every ¢ > 0, the
superlevel set A, = {u > t} is optimal for problem (2-12). Indeed, let (#,), be a
decreasing sequence such thatt, — ¢ and A;, is optimal in (2-12) for all n. Recalling
the estimate (2-9), we have

M@ lloo @l oo

Perw(Az,l) =< m|At”| = m

|€2].

Hence, x4, is bounded in BV(2) and so, up to a subsequence, x4, —* xa, in
BV(€2). In particular, one has Per(A;) < oco. Finally, the lower semicontinuity of
the functional in (2-2) yields that x4, is also a solution for problem (2-2).

Remark 2.13. Similarly to the proof of Proposition 2.11 about the equivalence
between problems (2-2) and (2-12), one can show using the coarea formula that

frw|”| .

Jo¥|Dul

In particular, we have A* < 1 if and only if

u#0e€BV(Q), u=0 onF”}zsup{M:ACQ}.

AN = sup{
Pery (A)

(2-14) / w < Pery (A) forall AC Q.

9*ANT
This condition is always satisfied as soon as w < 0. Otherwise, it holds obviously
if for all A C 2, we have

Yo
lwT o

HNIO*ANT) < Per(A).
For instance, if ||w™ ||oo < %o and I is a line segment, then the inequality above is
clearly satisfied. Now, assume that I" is not a line segment, the distance between the
endpoints of I" is D and the length of I" is L. Then, we see that when the ratio L/ D
increases, the factor ¥o/||w™ |« should be large enough in order to guarantee the
existence of a solution to problem (2-12).

We conclude this section by showing that any solution « has a flat part {u = ||u ||}
This result has already been proven in [6, Theorem 5] but the proof here is completely
different and we also consider it much simpler. More precisely, we have the
following.

Proposition 2.14. Let u be a solution of problem (2-2). Then, |{u = ||u||o0}| > O.

Proof. Let A; := {u >t} # @& be a superlevel set of u. Thanks to Proposition 2.11,
we know that A; is an optimal set in problem (2-12). Hence, one has

(2-15) ﬁw|DxA,|—/ w=2[ ¢.
o 9*A,NT A
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From Remark 2.13 and since A* < 1, we get

M@ lloo |As] ZX*[¢=/~¢|DXA,|—/ w
A, Q a*A,NI
* * &=l
Z(l—A)/}NDXAJ >c(l =A%) YolAs V-,
Q

where ¢ > 0 is a universal constant. Therefore, we infer the following estimate:

= (UK’
" Mgl )

In particular, this yields that

cﬂ—Aﬂva>0

|w=nwmnz( ol

3. Regularity properties of optimal sets

In this section, we study the regularity of an optimal set A* in problem (2-12).

In [16, Theorem 5], the authors have already studied the regularity of d A* but in
the particular case when w =0 on I and N = 2. However, there is a gap in their
proof since in order to prove regularity on dA* they assume that dA* is in Wh!;
but it is not clear why an arc of dA* cannot be for instance the graph of a Cantor
function. Fortunately, this is not the case as the results below show.

Proposition 3.1. Let  be locally Lipschitz in Q2. Then, there exists a relatively
closed set ¥ C dA* N Q such that HN~2(X) = 0 and for every x € (JA*\X) N L,
dA* is of class C1/% around x.

Proof. First of all, it is clear that if A* minimizes (2-12), then A* solves also the
following problem:

(3-1) min{Perw(A)—/ w—)\*/¢:ACQ},
9*ANT A

where A* = min (2-2). Fix xo € 9A* N and 0 < ry < d(xp, 9S2). Let E C RN be a
set with finite perimeter such that A*AE C B(xg, ro). In particular, we have E C Q.
Thanks to the minimality of A* in (3-1), we get that

Perw(A*)—/ w— A" ¢§Per,/,(E)—/ w—A*/¢.
9*A*Nl A* J*ENT E

Clearly, 0*A*NTI' =0*ENT, since A*AE C B(xp, ro) and ro < d(xg, 0€2). Hence,
we infer that

Pery, (A%) —A*/ ¢ < Pery (E) —)C'/d).
A* E
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Consequently, we get that
Pery (A") < Pery (E) + 1" ||¢lloc |A*AE].

In other words, A* is a (A, ro)-minimizer of Pery (E) in Q with A = A*[|¢||
(see [11]). Then, thanks to [11, Theorem 1.10], we infer that A* has boundary of
class C1'1/2 out of a closed singular set ¥ C d A* of dimension d < N — 2. ([

Remark 3.2. In fact, we can reduce the dimension of the singular set ¥ in
Proposition 3.1 to N — 8 but perhaps with less regularity on d A*. More precisely,
thanks to [19, Theorem 3.2], one can show that dA* is of class C Ly inside €2,
except at a singular set of dimension N — 8. For this aim, we just need to show that
A* is an almost minimal set in B(xg, rp), for every point xo € d A* and rg > 0 small
enough such that B(xg, rg) C 2. Indeed, let x € dA* N B(xg, o) and r > 0 be small
enough so that B, := B(x, r) C B(xg, o). Recalling the proof of Proposition 3.1,
for any subset A C 2 such that AAA* C B,, one has

/w|DxA*|—x* c/)sfwwxu—x* 6.
B, A*NB, B, ANB,

In particular,

/'DXA*|SL/‘#|DXA*|§L|:/ W—x*/</)+x*/ ¢]§CrN_1.
B, Vo JB Yol Jas, B, 4B,

Yet, we have

1//()6)/3|DXA*|+L[T/f—l//(x)]|DXA*|—)»*/ p

A*NB,

< w<x>f|DxA| + /[w gyl Dxal -2 [ 6.
B, B, ANB,

Since i is Lipschitz in B(xg, rg), this implies that | — ¢ (x)| < Cr on B, and so,
we get that

fBlDXA*I < / |Dyal+Cr".
Proposition 3.3. Assume that ¢ € C(Q) and € C'(Q). Then, the boundary
of A*, out of the singular set X, is of class C1%, for all a < 1. Moreover, d A*\
is C>% inside Q as soon as ¢ € CO%(Q) and ¥ € CH¥(Q). Moreover, the mean
curvature Hax of 0 A* at any point x ¢ X is given by the following formula (where
on W denotes the interior normal derivative of ¥ on d A*):

N (x) + Ot (x)

(N =D Hp(x) = 7o)
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Proof. First, we recall from Proposition 3.1 that there is a closed set ¥ C d A* such
that dA*\ X is C!!/? inside Q. Fix a point xy € (1A*\X) N Q. Without loss of
generality, we assume that xg is the origin. We may also assume that near xp, dA*
is the graph of a function v* : B, — R, for some & > 0 small enough. So, we already
know that v* € C'1/2(B,). It is clear that v* minimizes the following problem:

min{/ Y (x, v(x)) vV 1+ |Vo(x)|?dx
B, v(x)
+A*/ / ¢(x,t)dtdx:veBV(Be),vlaBezv*|8B€}.
. Jo

From the optimality conditions on v*, we have
Vu*(x) :|
V14| Vo)
= By ¥ (x, V*(OIV 1+ [ VU () + A (x, v*(x)).
Due to the regularity of v*, (3-2) can be written as
Vu*(x) i|
V14| Vo)
_ 1 [Viy (x, v*(x)) + 0y ¥ (x, v*(x)) VU* ()] - VV* (x)
RER) (‘ VIV P
+ 0, ¥ (0, V)V L+ VU 0 + 1 g (x, v*(x)))

*
E ajjVi; = /s
ij

(3-2) V- [W(x, v (X))

3-3) V. |:

or equivalently,

where

(1+Vv*?) 8ij — v} v}
YT A IV
and f is the right-hand side in (3-3), which is clearly bounded and, it is also Holder
continuous with exponent o as soon as ¢ € C%* and ¢ € C1%. Itis easy to check that
there are two positive constants 0 < A < A < oo such that AE? < a;j & & < NERS
Moreover, a;; € C 0.1/ 2(Bs) for all i, j. Thanks to the Calderén—Zygmund estimates,
we infer that v* is in Wz’p(Bg/z) for any p < oo, in particular v* € Cl’“(Bg/z)
for any o < 1. Then, by the Schauder estimates (see also [5]), this implies that
v* is C>* in Bg > provided that ¢ € C% and ¢ € C"®. In addition, the mean
curvature Ha~ of dA* at a point (x, v*(x)) is given by

Vu*(x) }=k*¢(x,v*(X))+8n1ﬂ(x,v*(X)) 0
V1+[Vor ()

(3-4)

N—1)H;s»=V-
(V=D [ ¥ (x, v (1))
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In order to extend our regularity result on d A* up to the boundary 92, we need to
introduce the following definition that generalizes the notion that the mean curvature
of I'° is bounded from below in the case when ¢ = 1 (see also [4, Definition 1]
and [21]). Let us assume that ¢ is extendable to a locally Lipschitz function in 2.

Definition 3.4. We say that I'“ is a {/-almost minimal set if for every xo € ['“ there
are constants ro > 0 small enough and C < oo such that

Pery, (E N Q) < Pery (E) + C|E\Q|
for every set E C RN where E\Q C B(xo, ro).

Remark 3.5. Assume that N =2, ¢ = 1 and, "¢ is convex (as an arc of d€2). Fix
a point xg € I'°. Then, it is not difficult to check that

Per(E N Q) < Per(E)

for every set E C R? such that E \2 C B(xo, rp), where rg > 0 is small enough. In
particular, this implies that I'“ is an almost minimal set in the sense of Definition 3.4.

Proposition 3.6. Assume that T'° is a -almost minimal set. Then, there is a
relatively closed singular set ¥, C 0A* N ' with dimension d < N — 2 such that
dA*NTC is of class CYV2 outside Y.

Proof. Fix a point xg € 0A* NI and ro > 0 small enough. We claim that A*
is a (A, ro)-minimizer of Pery (E) in B(xo, ro). Let E C RY be a set with finite
perimeter such that A*AE C B(xg, ro). We note that here E is not necessarily
contained in 2. However, ENS2 is always admissible in (3-1). Hence, by minimality
of A* in (3-1), we infer that

Per¢(A*)—/ w— A ¢§Per¢(EﬂQ)—/ w— A 0.
a*A*(T A* *(ENQ)NT ENQ
Let us choose ry > 0 small enough so that B(xg, o) N [' = &. Then, one has

*A*NT =9*(ENQ)NT, since A*XAE C B(xg, ro). Hence,

Pery (A*) — A*/ ¢ <Pery (ENQ) — A" ¢
A* ENQ

and so,
Pery (A*) < Pery (ENQ) + 1 |¢llc |A*\E].

Conversely, I'“ is an almost minimizer of Pery, (E), xo € I'“ and E\Q2 C B(xo, 9).
Hence, one has

Pery (E N Q) < Pery (E) + C|E\L2|.
Therefore, we get that

Pery (A*) <Pery (E) + C|E\Q| + X ||¢lloc |A*AE].
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Yet, E\Q2 C A*AE. Hence, A* is a (A, ro)-minimizer of Pery (E) in B(xo, ro).
Thanks again to [11, Theorem 1.10], this yields that d A* N "¢ has boundary of class
C1172, out of a closed singular set X, C dA* NT'¢ of dimensiond < N —2. [

Proposition 3.7. Assume that T is C"', ¢ € C(Q) and v € CY(Q). Then,
(0A*NT\Z is of class chl.

Proof. There is a relatively closed singular set X, C dA* N I'¢ (see Proposition 3.6)
such that (0A*NT“)\ X, is of class CU1/2 Fix xg € (3A* N ')\ Zp. After rotation
and translation of axes, we may assume that xo = 0 and that the tangent space to I'°
at xo is the hyperplane xy = 0. Assume that near xg, I'“ is the graph of 4 : B, — R
(where r > 0 is small enough) and 0 A* is the graph of v*: B, — R. So, we have
that v* € CV2(B,), h e C"1(B,), h(0) = v*(0) = 0 and VA(0) = Vv*(0) = 0.
Again, we see that v* minimizes the following problem:

min{/ Y (x, v(x)v1+|Vu(x)|?dx
B,

v(x)
—i—)»*/ ¢(x,t)dtdx:veBV(Br),v2h,vlaB,=v*|8Br}.
B, Jo

Taking into account the presence of the obstacle v > & on B,, we get instead of (3-3)
the following inequality:

(3-5) —Y @ v+ f =0,

i.j
where a;; and f are defined exactly as in the proof of Proposition 3.3 (see (3-3)
and (3-4)). The equality in (3-5) holds inside the open set

O:={xe€B :v(x)>hx)
Since v* > h on B, and h € C'(B,), then we have
—Cr* <h(x) <v*(x) on B,.
In order to show that v* is C!'! at the origin, we just need to show that
(3-6) —Cr? <v*(x) <Cr? forall x € B, 2.

The proof of (3-6) will follow the one in [8, Theorem 2] with some simplification
(coming from the fact that one can always assume that the tangent space to I'“ at xg
is the hyperplane xy = 0). Set w* = v* 4+ Cr? > 0. Then, w* satisfies the inequality

= D_aijwij+f =0,

ij
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Let wg be the solution of
_Zaij wo;; + f =0,
i.j
with wg = w* > 0 on d B,. Then, by the comparison principle (see [5]), we get that
wo < w* on B,. Let x* € B, be such that

w*(x*) —wo(x*) = Ir}lgax(w* —wp) > 0.

r

Then, we have two possibilities: either x* € O or x* € 0. Assume the latter holds.
Hence, we get that
G- W) —wolx) = w'(x") —wo(x")

=0 (") + Cr? — wo(x*) = h(x*) + Cr? — wo(x*).

Now, assume that the maximum point x* € O and set r* = dist(x*, d0) > 0. Then,
we should have

= aj(w* —wp);; =0 in B(x*,r").
ij

But, by the maximum principle in [14, Theorem 9.6], w* — w( cannot achieve a
(nonnegative) maximum in B(x*, r*) unless it is a constant. Therefore,

w*(x*) —wo(x™) = w*(y) —wo(y"),

where y* € 00 NdB(x*, r*). Hence, we may always assume that x* € d O and so,
(3-7) holds.

Now, consider the quadratic function V (x) = %(lx | — r?), where y > 0is to be
chosen later. So, we have V = 0 on d B,. Moreover, one can choose the constant y
large enough so that V solves

_Zaijvij+f <0.
i.j
Indeed,
=Y aiVij+ ==y Y aiSij+f ==y ) ai+f<=Nry+Iflow
ij ij i
where in the last inequality we used that a;; > A > 0. Thanks again to the comparison
principle and the fact that V < wg on 9 B,, we get

V <wyg on B,.

Recalling (3-7) and thanks to the fact that I' is C"! and V (x) > —%r? for all
x € B, we get

(3-8) w*(x) —wo(x) < h(x*)+Cr> = V(x*) < Cr* forall x € B,.
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But, we have

_Zaij(wo_ V3yii+f=v Zaii-
i i

Recalling (3-4), we see that a;; € C(B,) for all i. Thanks to [14, Corollary 9.18],
we infer that wy — V € Wli’cp(B,) N C(B,) for all p < o0o. By [14, Theorem 9.20],
we have for any p > 0 that

1 p
(3-9) sup(wo — V) < C(( f (wo — V)p) + X”f“LN(B,)),
Br

Br/z |Br|

where the constant C does not depend on r. Yet, from [14, Theorem 9.22] it is seen
that there are constants p and C depending only on NV, A and A such that

1 1/p
(3-10) <|Br| fB,(wO - V)”) =< C(igrf(wo -V) +£ ”f”LN(B,))-

Combining (3-9) and (3-10), we get the following Harnack inequality:

sup(wo — V) < C(igf(wo -V)+ %IIfIImB,)) < C(wo(0) = V() +r¥),
Br/2 r
since f € L°°(B,). But, wy(0) < w*(0) = v*(0) + Cr?=Cr?and V() = —%rz.

Hence, we infer that
sup(wo — V) < cr.
B>

Recalling (3-8), we infer that
w*(x) < wo(x) +Cr2 < V(x)+Cr’<Cr? forall x e B.)>.
But, this concludes our claim (3-6). O

Now, our aim is to study the shape of d A* near I". For this, we need to restrict
ourselves to dimension N = 2. The following proposition is a generalization of [16,
Theorem 5] to the case when w # 0.

Proposition 3.8. Assume that d A* touches the interior of T" at some point x and
suppose that T is C' around x. Then, dA*\{x} N B(x, 8) is composed of two arcs
C| and Cy such that Co C . Let 6(x) be the angle between the tangent vectors to
Cy and Cy at x. Then, we have the following estimate:

(Y (x)T—wx)? T,
tan (m) <6(x) =< 5 if wx)=>0

and

¥ (x)* — w(x)?

T _1<
— <6(x) <tan
2 29 (x) w(x)

) if w(x) <0.
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Proof. First, we recall from Proposition 3.3 that d A* is C 2. ipside €2, for all o < 1.
Moreover, the curvature of d A* is uniformly bounded in €:

€= S o) + )

Fix x € d A* in the interior of I such that d A*N B(x, §) N2 # &, for every § > 0
small enough. Assume that I" is C I around x. Let C; and C, be two different arcs
of dA* N B(x, §) such that x is an endpoint of both C; and C5.

Assume that C; and C; are contained in €2 (we note that the case when C{NI" # &
or C; NT" # & can be treated similarly) with 0 < 6(x) < w. After rotation
and translation of axes, one can assume that x is the origin and (s, a(s)) is a
parametrization of C; (s € (0, §)) and C, (s € (—38, 0)) such that «(0) =0, «’(07) <0
and o’ (0™) > 0. For £ > 0 small enough, let s, < 0 be such that a(s;) = a(¢). Let us
denote by C, := {(s, a(s)) : s € (s¢, €)} and by @8 C €2 the line segment joining the
points (s., «(s.)) and (g, @(¢)). Let A, be such that dA, = (0A*\C¢) U@S. Thanks
to the minimality of A* in (3-1), we have

Perw(Ae)—/ w—\A[ ¢— [Per,/,(A*)—/ w—k*/ ¢:| > 0.
dA.NI Ag dA*NI *

Hence,
(3-11) /Elp(s, ae))ds — /81,0(5, a(NV1+a/(s)>ds — )L*/ o+1 [ ¢=0.
Se Se A A*

Yet, we have

a(e)

==

where the last inequality comes from the fact that the map ¢ — s(¢) :=s, is Lipschitz
with s(0) = 0. Dividing (3-11) by ¢ and letting ¢ — 0T, we get

o' (0N = V1+e/ (01 =& (01 = V1+a'(09)°] = 0.

But, this is clearly a contradiction.

Let C C Q be an arc of 0A* N B(x, §) N Q such that x is an endpoint of C.
Let (s, B(s)), s € (=38, 8), be a parametrization of I such that 8(0) = 8'(0) =
Assume that the angle between the tangent vector to C at x and (1, 0) is less than
%. Let (s, a(s)), s € (0, ), be a parametrization of C with «(0) = 0. For ¢ > 0
small enough, we define the set A, as

(s,1)dtds| < [|§llc 0(e),

a(s)

dA, = [0A\C]U (e, a(e)), (¢, B(e)UT,
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where C, :={(s, a(s)) : 5 € (0, &)} and I'; denotes the arc of I" between (0, 0) and
(g, B(g)). Here, we assume that ', N0A* = &. So, one can see easily that

Perl/,(Ag)—/ w—k*/¢—|:Perw(A*)—/ w—)»*/ ¢i|
dANT JA*NT *

a(e)

= Ve, t)dt — /w(s B(sHV 1+ (s)*ds
B(e)
flﬂ(s a())V1+a'(s)>ds — 1* qﬁ—i—k* ¢.

But, one has
lim Ji) ¥ (e ) di = [T (s, )/ T+ (5)? ds
im

= ¢ — [0 — V1 + /(0921 9(0, 0)
¢(s,t)drds

and
N / "
* B(s)

Thanks to the optimality of A* in (3-1), we get that

a(s)
< ¢l 0(e).

(3-12) [/ (07) =V 14/ (0721 %(0,0) — w(0, 0) > 0.

Hence, w(0, 0) <0. Using the above estimates, it is easy to check that if w(0, 0) <0
then I'; cannot intersect d A*. Moreover, we have

w(0, 0)2 — ¥ (0, 0)?
2w(0, 0) ¥ (0, 0)

Now, let us assume that the angle between the tangent vector to C at x and
(1, 0) is greater than % Let (s, x(s)), s € (=46, 0), be a parametrization of C with
«(0) = 0. For ¢ > 0 small enough, we define the set A, as

0A; = [0A"\C U [(—&, a(—¢)), (—¢, B(—¢))],

where C, :={(s, a(s)) :s € (—e&, 0)}U{(s, B(s)):5 € (—¢, 0)}. Here, we assume that
C. C 0A*. Again from the optimality of A* in (3-1), we must have the inequality

Perw(Ag)—/ w—A[| ¢— [Perw(A*)—/ w—k*/ ¢:| > 0.
34N As JA*NC *

Hence,
a(—e¢)
/ Y(—e,t)dt +/ w(s, (s))\/ 1+ 8 (s) ds
B(=¢)
w(s a(s)V1+a'(s)>ds — x*/¢+x* ¢=0.

a'(0%) >
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Dividing by & > 0 and letting ¢ — 07, we get that
(3-13) [=e/(07) = V1+a/(07)*]¥(0,0) + w(0,0) > 0.

In particular, this yields that w(0, 0) > 0. If w(0, 0) > 0 then one can also see that
C, must be contained in d A*. In addition, we have

w(0, 0)2 — (0, 0)2
2w(0,0) ¥ (0,0)

We finish this section by some remarks on optimal sets.

o' (07) <

Remark 3.9. An optimal set A* is a priori not connected. For instance, this may
happen when ¥ has two minima or when €2 is not convex (like two disks connected
by a tube). However, one can always show that there is an open connected set A*
that minimizes problem (2-12). Indeed, if A* is an optimal set then it is not difficult
to check that the interior of A* is optimal too. So, let us assume that A* is open.
Now, let {A};en be the family of disjoint open connected components of A* (i.e.,
A* =,y AF and AT N A% =@, forall i # j). In fact, the optimality of A* also
implies that A_l* N A_‘]' =g, for all i, j. Yet, we have

e Pery (A*) = [0 yoqp W - Pery (A7) — fa*A;me
[/ S —

for all i.

Hence,

(3-14) A*/ ¢ <Pery (A}) —/ w.
At I*AXNT

Since the closures of these sets AY are mutually disjoint, then taking the sum over i
in (3-14), we get that

(3-15) A*fq&:k*Z/q&gZPerw(A;)—Zf w
A* f Al’f i i d

*ArOC

= Per,, (A*) — / w.

3*A*NT
But, the inequality in (3-15) must be an equality. In particular, it implies that
for all i, the inequality in (3-14) is an equality:

k*/qb:PerW(Af)—f w.
A 9*AXNT

In other words, this means that A} is an optimal set for problem (2-12) for all i.

In addition, one can show in two dimensions that any connected optimal set A*
is convex as soon as ¥ is a constant function.
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Remark 3.10. Assume that ¥ = 1. For every point x € 0 A* N 2, there is an € > 0
such that A* N B(x, €) is convex. Moreover, if x € 0A*NJQ and QN B(x, &) is
convex, then A* N B(x, ¢) is convex. To see this, assume that there are two points
x*, y* € 0A* N Q such that Jx*, y*[ C Q\A*. Let E be the small region delimited
by [x*, y*] and dA*. Now, we define A = A* U E. Then, it is easy to see that
Per(A) < Per(A*). Yet, we also have Ji¢> [,.¢and JANT = dA*NT. Thanks
to (2-14), we infer that

Per(A) — Jogiorw _ Per(A") — [y w
< < .
fA¢ fA,¢

But, this contradicts the optimality of A* in (2-12). We note that this argument
does not work in higher dimension since it is not true when N > 2 that the perimeter
of the convex hull of a set is less than the perimeter of the set itself.

Remark 3.11. Assume that ¢ = 1. Then, one can show that any connected optimal
set A* in (2-12) has to intersect the boundary 92. Indeed, assume that A* is
contained in the interior of 2. Take ¢ > 1 such that tA* C 2. Then, it is clear that

Per(fA*) =t Per(A*) and |[tA*| =% A*|.

Hence, we have Per(tA*)  Per(A*)

<
[z A [A*|
which is a contradiction. Hence, A* touches 0Q2. Moreover, if dA*NI" = & then
A* cannot be translated inside €2, since if A is a translation of A* inside €2, then

’

Per(A) =Per(A*) and |A|=|A"|.
In addition, assume €2 is convex. Then, A* must intersect I" with
H' @A N{x el wx)>—1}) > 0.

Indeed, if H'(A*N{x € I : w(x) > —1}) = 0 then one can move A* in Q until
we obtain a new set A such that

H'BAN{x eT:w(x)>—1}) > 0.

Yet, we clearly have |A| = |A*|. Moreover, we have

Per(A) — / w = Per(A) — / w— / w
dANT dAN{xelw(x)=—1} JAN{xelNw(x)>—1}

< Per(A, R?) = Per(A*, R?) = Per(A*) — f w.
IA*N{xelw(x)=—1}

Consequently, we get

Per(A) —/ w < Per(A%) —/ w.
JAND JA*NT
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4. Examples

We conclude the paper by some examples in two dimensions where we can find
explicitly the optimal set A* in problem (2-12).

Example 4.1. Assume that Q:=[—1,1]x[0,1], T =[-1,1]x {0}, y =¢p =1
and w = wy € [0, 1]. Thanks to Proposition 3.8, we know that any arc of d A*
inside  is an arc of circle with radius R* = 1/A* and, 3 A* is also of class C! on I'°.
Using Proposition 3.8, one can see that if d A* touches I" at some point x, then the
tangent line to dA* N 2 at x must be orthogonal to I". Moreover, by Remark 3.11,
one has H'(dA*NT) > 0. Thanks to Remark 3.10, A* is also convex.

For every € € ]0, 1[, let A, be the “rounded” rectangle 2 where the corners (1, 1)
and (—1, 1) are cut off and replaced by arcs of circles with radius ¢ and centers
(1—¢e,1—¢)and (—1+¢,1—¢). We have

Per(A,) =4+ (1 —4)¢ and |A£|=2—2(1—%)82.
Hence,
Fiey o PAD ~ Joaor 4 (e —4e =2
) .= - =
A 2-2(1—-%)¢?

Yet, this function 7 (¢) reaches a minimum at

_ 4—2wp—2y/m —4+ (wo —2)2
N 4—7 )

8*

Then, we infer that the optimal set A* is equal to A« and A* = 1/¢g*.

A

r

Example 4.2. Now, assume that I' = ([—1, 1] x {0}) U ({1} x [0, 1]) and wo = 0.
For every € € ]0, 1[, let us denote by A, the “rounded” rectangle €2 where the corner
point (—1, 1) is cut off and replaced by an arc of circle with center (—1+¢, 1 —¢)
and radius e. Again, it is clear that

Per(A,) =3+ (% —2)5 and |A,|=2— (1 — %) £2.

Then, we get that
Per(A,) 3+ (F-2)¢
Al 2—(1-Z%)&?’
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attains a minimum at ¢ = 1. Consequently, this implies that the optimal set A*
in (2-12) is nothing else than A;.

Aﬁ

r

Example 4.3. In this example, we will see that the situation becomes much compli-
cated when the penalization w on I' is negative. Assume that Q :=[—1, 1] x [0, 1],
I'=[-1,1]x{0}, ¥ =¢ =1and w = wq, where —1 < wg < 0. Let A* be a convex
optimal set in (2-12). We recall that any part of d A* in the interior of €2 is an arc
of circle with radius R* = 1/A* and, that d A* is C' on T with H'(34*NT) > 0.
Moreover, we know that if d A* touches I" at a point x then the angle 0 € ]% n[
between the tangent line to d A* N 2 at x and I" should satisty

1= w(%
4-1) 0 <tan | ——2 ).
2w
For all € € ]0, 1[ and § €]0, ¢[, we define A, 5 as the “rounded” rectangle 2 where
the corners (1, 1) and (—1, 1) are cut off and replaced by arcs of circles with radius &
and centers (1 —¢,1 —¢) and (—1+¢, 1 — ¢), while the corners (—1, 0) and (1, 0)
are cut off and replaced by arcs of the circles
(x1— 8)2 + (xo — 8)2 =¢? and (x1—1 —I—g)2 4+ (xp — 5)2 — g2
Then, it is not difficult to check that
Per(A;s) — faAg,mrw
|A8,8|
44+(m—4)e +2[scos_1(—”328_52) —8] —2[1 —e++e2—82Jwy
2 8162 25[e — /6T — 82] + e8v/e2 — 52 — g2 cos~! (YE)

If (¢*, 6*) is a minimizer of J (g, §), then the optimal set A* will be A, s«. Notice
that, thanks to (4-1), we must have the following estimate:

J(,0) =

§* < —2wo e
V{1 —wd)? +4w?
e \
"
\ A
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POSITIVE KNOTS AND RIBBON CONCORDANCE

JOE BONINGER

Ribbon concordances between knots generalize the notion of ribbon knots.
Agol (2022) proved ribbon concordance which gives a partial order on knots
in $3, and Boninger and Greene (2024) conjectured that positive knots are
minimal in this ordering. In this article we prove this conjecture for a large
class of positive knots, and show that a positive knot cannot be expressed as
a nontrivial band sum. Both results extend earlier theorems of Boninger and
Greene for special alternating knots. In a related direction, we prove that
if positive knots K and K’ are concordant and |0 (K)| > 2g(K) — 2, then
K and K’ have isomorphic rational Alexander modules. This strengthens
a result of Stoimenow, and gives evidence toward a conjecture that any
concordance class contains at most one positive knot.

1. Introduction

A smooth concordance between knots Ko, K; C S is a smooth, properly embedded
cylinder C C $3 x I such that C N (S3 x {i}) = K; fori =0, 1. Here I = [0, 1]
is the unit interval. Perturbing C if necessary, we assume the height function
h:C < S3xI— IisMorse, and we say C is a ribbon concordance from K to Kg
if & has no critical points of index two. If such a concordance exists, we say K is
ribbon concordant to Ky and we write Ky < K. This terminology generalizes the
notion of a ribbon knot, since a knot is ribbon if and only if it is ribbon concordant
to the unknot.

Gordon conjectured, in a now-classic paper [15], that ribbon concordance induces
a partial ordering on the set of knots. This conjecture was settled in the affirmative
by Agol [1], and many authors have shown that ribbon concordance places strong
constraints on knot invariants. To give just a few examples, if Ky < K1, then:

o The Alexander polynomial Ak, of Kq divides Ag, [12; 14].
o The genus g(Kj) of Ky is less than or equal to g(K) [42].
o If K, is fibered, then K is as well [25; 42].
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Here, we consider the class of knots which are minimal under ribbon concordance.
Gordon proved this class includes torus knots [15], and in a more recent paper
Boninger and Greene [6] proved many special alternating knots are also ribbon
concordance minimal. Torus knots and special alternating knots are both examples
of positive knots, which are knots admitting a diagram in which all crossings are
positive. This motivated Boninger and Greene to conjecture:

Conjecture 1.1 [6, Conjecture 1.6; 41, Question 1.3]. If Ky C S° is a positive knot
and Ky < K1, then Ko = K.

Conjecture 1.1 was posed independently by Tagami, who proved it for positive
two-bridge knots [41]. Boninger and Greene also observed that the conjecture holds
for fibered positive knots [6, Proposition 1.7], adapting an argument used by Baker
and Motegi [5, Theorem 1.1].

In this article we prove two theorems in support of Conjecture 1.1. First, we
verify Conjecture 1.1 for a large class of positive knots.

Theorem 1.2. Let K C S be a positive knot. If the leading coefficient of Ak is a
prime power, then K is ribbon concordance minimal.

Second, given a two-component split link KoL K| C S and an embedded band
b=1x1cC S satisfying bN K; = I x {i} fori =0, 1, we define the band sum
Ko#, K| C s3 by

Ko#p, K1 = (KoUK —1 xdI)Udl x I.

This band sum is trivial if there exists a sphere ¥ C S 3 _(KoUK) which intersects b
in a single arc —in this case Ko#,K| = Ko#K| — the ordinary connect sum. We
say a knot is band prime if it cannot be written as a nontrivial band sum.

Miyazaki [24] proved any band sum Ko#, K is ribbon concordant to the connect
sum Ko#K;. Thus, band sums are a natural way in which ribbon concordances
arise. Additionally, if K’ < K via a ribbon concordance with only two critical
points, then Morse theory shows K is equivalent to a band sum of K’ and an unknot.
We prove:

Theorem 1.3. Positive knots are band prime.

The proof of Theorem 1.3 is somewhat more involved than that of Theorem 1.2.

Boninger and Greene [6] proved Theorems 1.2 and 1.3 for all special alternating
knots, and our results here broadly extend that work. Additionally, while the proof
that special alternating knots are band prime in [6] has a combinatorial flavor, our
proof of Theorem 1.3 is more geometric. We use a theorem of Ozawa [28] stating
that any incompressible Seifert surface of a positive knot is free, and we show that
such a Seifert surface cannot witness a nontrivial, genus-preserving band sum.

In a related direction, we consider the following question of Gordon:
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Question 1.4 [15, Question 6.1]. Does every smooth concordance class contain a
unique representative which is minimal with respect to ribbon concordance?

Affirmative answers to this question and to [15, Question 6.2] would imply a
generalization of the slice-ribbon conjecture. Question 1.4 also seems closely related
to conjectures made independently by other authors: Rudolph [32] conjectured
that each concordance class contains at most one algebraic knot and Baker [4]
conjectured each concordance class contains at most one fibered knot supporting
the tight contact structure. Most relevant to us, Stoimenow [38] conjectured each
concordance class contains finitely many positive knots —this was verified by
Baader, Dehornoy and Liechti [2]. Considering Conjecture 1.1 and Question 1.4,
it is natural to posit:

Conjecture 1.5 [38]. Every smooth concordance class contains at most one positive
knot.

We credit Stoimenow since Conjecture 1.5 seems implicit in his work. For any
knot K, let d(K) denote the degree of Ag when normalized to have no negative
exponents. As evidence of Conjecture 1.5, we prove:

Theorem 1.6. Let K and K’ be (topologically or algebraically) concordant positive
knots. If K satisfies |0(K)| > d(K) — 2, where o denotes the signature, then the
rational Alexander modules of K and K' are isomorphic.

By the rational Alexander module of K we mean the cohomology ring H*(X; Q),
where X denotes the infinite cyclic cover of the exterior of K, viewed as a module
over the group ring of deck transformations. Theorem 1.6 strengthens a result
of Stoimenow, which concluded under the above hypotheses that K and K’ have
the same Alexander polynomial [38, Theorem 4.5]. Additionally, although the
hypothesis that

ey lo(K)| =d(K)—2

is somewhat restrictive, it is known that the signatures of positive knots are linearly
bounded from below by their genus [2]. In fact, (1) holds for all positive knots with
genus less than or equal to four with the single exception of the knot 1445657 [8; 37;
38, Theorem 2.4; 39].

Corollary 1.7. Let K and K’ be (topologically or algebraically) concordant pos-
itive knots. If g(K) < 4, then the rational Alexander modules of K and K' are
isomorphic.

Condition (1) also includes all special alternating knots, since these satisfy
o (K)| = d(K). We prove Theorem 1.6 by showing that positive knots which
satisfy (1) are Q-anisotropic — for a definition of Q-anisotropy, see Section 5
below. By a classical result of Kervaire and Gilmer, algebraically concordant knots
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which are Q-anisotropic and admit nonsingular Seifert matrices have isomorphic
rational Alexander modules [14, Proposition 4.2; 18]. Thus, we could remove the
requirement (1) from Theorem 1.6 if we knew that:

Conjecture 1.8. Positive knots are Q-anisotropic.

By work of Gilmer, Conjecture 1.8 may be thought of as the statement that
positive knots are algebraically ribbon concordance minimal [14, Theorem 0.1].
Scharlemann proved Conjecture 1.8 for the case of torus knots [36, Proposition 2.3].

Further discussion. Section 5 below contains some results on roots of Alexander
polynomials which may be of independent interest— for example, we show that
Alexander polynomials of positive knots have no rational roots. We also remark
that our proof of Theorem 1.6 extends to almost positive knots, knots which admit
a diagram with one negative crossing, using results of Tagami [40] and Stoimenow
[38, Theorem 2.3]. It may be interesting to consider whether Theorems 1.2 and 1.3
could also be extended to almost positive knots.

Outline. In Section 2 we recall relevant properties of positive knots, in Section 3
we prove Theorem 1.3 and in Section 4 we prove Theorem 1.2. In Section 5 we
discuss Q-anisotropy and prove Theorem 1.6 and Corollary 1.7.

2. Properties of positive knots

We gather some useful facts about positive knots. First, by results of Rudolph, the
genus g(K) and slice genus g4(K) of a positive knot K are equal [33; 34]. This
motivates the following lemma, well known to experts:

Lemma 2.1. Let Ko, K| C S be such that Ko < K and K satisfies g(K1) = g4(K).
Then g(Ko) = g(K1).

In particular, the conclusion of Lemma 2.1 holds if Ko < K and K is positive.

Proof. Since genus is nonincreasing under ribbon concordance [42] and slice genus
18 a concordance invariant, we have

84(K1) = g4(Ko) < g(Ko) < g(K1) = g4(Ky). O

Second, we will need a theorem of Ozawa [28]. A Seifert surface S C S3 is called
free if S —v(S) is a handlebody, where v denotes a regular open neighborhood;
equivalently, S is free if 71 (S — ) is a free group [27, Lemma 2.2].

Theorem 2.2 [28, Corollary 1.2]. If K is a positive knot, then every incompressible
Seifert surface of K is free.

Finally, we will use the fact that positive knots are pseudoalternating (not
be confused with guasialternating!). The precise definition of pseudoalternating
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will not be important to us (see [21, Section 4]), but for experts we note that
pseudoalternating links are those links which can be built from Murasugi sums
of special alternating links. Positive knots are pseudoalternating because they are
homogeneous [9].

3. Positive knots are band prime

In this section we prove Theorem 1.3, first recalling some standard definitions from
three-manifold topology. Let Y be a three-manifold and ¥ C Y a properly embedded
surface. A compressing disk for ¥ is an embedded disk D C Y with DNX =0D,
such that d D does not bound a disk in X. Similarly, a boundary-compressing disk
for ¥ is adisk D C Y such that:

e DNX COD.

e 0D consists of an arc in Y and an arc in X which is not boundary-parallel
in .

The arc dD N X is called a boundary-compressing arc. The surface ¥ is called
compressible (respectively boundary-compressible) if it admits a compressing disk
(respectively boundary-compressing disk). Conversely, X is incompressible if it
is not compressible, and is also not a two-sphere bounding a three-ball in Y. A
nonboundary-compressible surface is called boundary-incompressible.

We will need a couple of lemmas on surfaces in handlebodies — the first is a
classical fact.

Lemma 3.1 [16, Example II1.13]. Let H be a handlebody. If ¥ C H is a connected
surface which is incompressible and boundary-incompressible, then X is a disk.

In the next lemma, by a planar surface we mean a compact surface which can
be embedded in R?.

Lemma 3.2. Let H be a handlebody with boundary F = 0H. Let ¥ C H be a
properly embedded, connected planar surface such that:

o X is incompressible in H.
o The components of 0% are parallel to one another in F.

o Each component of 0% separates F.
Then X is either a disk or a boundary-parallel annulus.

Proof. We will suppose X has more than one boundary component (i.e., X is not
a disk) and show X is a boundary-parallel annulus. By Lemma 3.1, since X is
incompressible it is boundary-compressible. Let D be a boundary-compressing
disk for X, so that 9D = ¢ U’ with o’ C F and « a properly embedded arc in X
which is not boundary-parallel.
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Figure 1. A boundary-compressing disk for X, intersecting distinct
boundary components.

We first suppose the two boundary points do = da’ lie in distinct boundary
components y and Y’ of 3X. Since y and y’ each separate F, F — (y Uy’) has
three components, and «’ lies in the unique component with boundary y Uy’. Since
y and y’ are parallel in F, this component is an annulus which we denote by A.
Let N be a regular neighborhood of AU D in H — X, and let

B=NNX=0NNZ.

Equivalently, B is a regular neighborhood of y Uae Uy’ in . Let C=9N —(AUB),
as in Figure 1.

The neighborhood N is a thickened annulus, so dN is a torus. Since AU B is a
torus with a disk removed, as Figure 1 shows, it follows that C is a disk. Now

0C=0B C X,

and the incompressibility of X implies dC bounds a disk C’ in X. Thus ¥ = BUC’,
and in this case T is an annulus with boundary y U y’. Additionally the union of
the disks C and C’ is a two-sphere, which bounds a three-ball in H by Lemma 3.1.
It follows that C” and C are isotopic, so X is boundary-parallel.

We have shown that if ¥ admits a boundary-compressing disk intersecting
distinct components of d X, then ¥ is a boundary-parallel annulus. We thus assume
that each boundary-compressing disk intersects only one component of d%. The
planarity of ¥ then implies that, if D is such a disk with 3D = a U’ as above,
then o separates X. We therefore choose a boundary-compressing disk D whose
compressing arc o C X is “outermost”, i.e., one of the two components of ¥ — «
does not contain any boundary-compressing arcs which are not isotopic to «. Let X’
denote this component of ¥ — «.

Finally, we consider the surface ¥” = ¥’ U, D. Since D is a boundary-
compressing disk « is not boundary-parallel in X, so neither X’ nor £” is a
disk. Additionally, X" is incompressible: suppose, toward a contradiction, that X"
admits a compressing disk D’. Then d D’ may be isotoped into ¥’ C X, and the
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incompressibility of X implies d D" bounds a disk in X. Since the component of
3 — 9D’ not contained in X’ has nonempty boundary, d D" in fact bounds a disk in
¥’ C ¥”, contradicting the compression assumption. A similar argument, using the
fact that « is outermost in X, shows £ is boundary-incompressible. Then £” is
incompressible, boundary-incompressible, and not a disk, contradicting Lemma 3.1.
We conclude ¥ must admit at least one boundary-compressing disk intersecting
two boundary components, so X is a boundary-parallel annulus. ([

Theorem 1.3 now follows from the more general Theorem 3.3 below. Positive
knots satisfy the hypotheses of Theorem 3.3 by the discussion in Section 2.

Theorem 3.3. Let K C S° be a knot such that:

¢ 8(K) = ga(K).

o Every minimal genus Seifert surface of K is free.
Then K is band prime.

Proof. Let K be a knot satisfying the given hypotheses, and suppose K can be
written as a band sum of knots K¢, K; C S°. We will show K is equivalent to the
standard connect sum Ko#K; by a result of Miyazaki, this occurs if and only if
the band sum is trivial [26] (compare [11, Theorem 2]).

As mentioned in the introduction, Miyazaki also showed K is ribbon concordant
to the connect sum Ko#K [24]. Thus, by Lemma 2.1,

8(K) = g(Ko#Ky) = g(Ko) + g(K1).

Gabai proved that a band sum preserves genus in the above sense if and only if
there exists a minimal genus Seifert surface S for K, such that S is a band sum

S = So#,51

of Seifert surfaces S; for K;, i =0, 1 [13]. In other words, S is the result of joining
the split union Sy LI S; along a band b. The band b may be different from the band
in our initial band sum representation of K, but this is not an issue since we will
ultimately show K = Ko#K;. By the discussion in the first paragraph, this will
imply any representation of K as a band sum of K¢ and K is trivial.

Fix such a surface S = So#,S;, and let ¥ C S be a sphere separating the
component surfaces Sy and §;. We choose ¥ transverse to S so that the number of
intersection components | X N S| is minimal among all such spheres; then ¥ NS
consists of a set of parallel cocores of b, and |X N S| is odd since ¥ separates the
feet of b. Let v(S) be a regular neighborhood of S, and let H = S3 —v(S). We

claim the planar surface
XNH=%X—-v(S)
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is incompressible in H. Suppose not: then ¥ N H admits a compressing disk D.
The curve 0D separates X into components Xy and X, and each component X;
contains some intersection with S since d D does not bound a disk in X — v(S).
Because X separates Sy and Sy, one of the spheres o U D or X U D does as well.
Assuming the former without loss of generality, we conclude that XoU D is a sphere
separating Sy and S; with

[(ZoUD)NS| < |ZNS]|.

This contradicts the minimality of |X N S|, proving the claim.

The surface S has minimal genus, so H is a handlebody by hypothesis. Now
¥ N H is an incompressible planar surface in H, and since ¥ N S consists of a
set of parallel cocores of b, d(X N H) consists of a set of parallel curves which
are separating on d H. From Lemma 3.2, since |X N S| is odd, we conclude that
|ZNS|=1and X — S is a disk. Thus the band sum Ky#,K is trivial and K is
band prime. (]

Remark 3.4. It is not true that strongly quasipositive knots are band prime, even
though a strongly quasipositive knot K satisfies g(K) = g4(K), see [5, Section 4.1].
It is true, however, that fibered strongly quasipositive knots are band prime by a
result of Baker and Motegi [5, Theorem 1.1]. In fact, Baker and Motegi’s argument
can be modified to show that fibered strongly quasipositive knots — like fibered
positive knots — are ribbon concordance minimal.

4. A condition for minimality

In this section we prove Theorem 1.2, which involves piecing together several
existing results. First, the lower central series {y;}i>0 of a group G is defined
recursively by

Yo = G, Yi = [)/,',1, G] for all i > 0,

where [*, *] indicates the commutator. The group G is residually nilpotent if
MNreo v: = {1}, and following Gordon [15] we say a knot K C S3 is residually
nilpotent if the commutator subgroup of the knot group is residually nilpotent. As
in the introduction, let d(K) denote the degree of Ag. Then Gordon proves:

Lemma 4.1 [15, Lemma 3.4]. Let Ko, K| C S be knots with Ko < K{. If Ky is
residually nilpotent and d(Ko) = d(K), then Ky = K.

Fibered knots are examples of residually nilpotent knots, since their commutator
subgroups are free (see [20, Chapter 5]), but little is known in general about which
knots are residually nilpotent. Mayland and Murasugi [21] proved:

Theorem 4.2 [21]. Let K be a pseudoalternating knot such that the leading coeffi-
cient of A is a prime power. Then K is residually nilpotent.
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Next, we recall some background on knot Floer homology [30; 31]. The hat
version of knot Floer homology, HFK, associates a finitely generated, bigraded
[F>-vector space to any knot K:

HFK (K) = D HFK (K., j).
i,jeZ
The i and j gradings are called the Maslov and Alexander gradings respectively, and
the graded Euler characteristic of HFK is the symmetrized Alexander polynomial:
®) Ax() = (=1) dim(HFK (K, j)) 1.
i.j
Generalizing the classical fact that d(K) < 2g(K), knot Floer homology detects
knot genus in the following sense [29]:

g(K) =max{j | HFK (K, j) # 0}.

Any concordance C C S3 x I between knots Ko C 3 x {0} and K| C §3 x {1}
induces a bigrading-preserving homomorphism

C.: HFK (Ky) — HFK (K)),

and Zemke [42] proved that if C is a ribbon concordance from K to Ko, so Ko < K},
then the map C, is injective. Finally, we require the following theorem of Cheng,
Hedden and Sarkar [7]:

Theorem 4.3 [7, Cgo\llary 1.6]. If K M pseudoalternating link, then the top
Alexander grading HFK (K, g(K)) of HFK (K) is supported in a single Maslov
grading.

Theorem 1.2 now follows easily from these results and the next proposition
(compare [6, Propositon 1.4]).

Proposition 4.4. Let K| be a pseudoalternating knot such that g(K1) = g4(K1),
and suppose Ko < Ki. Then Ak, = Ag,.

Proof. By Lemma 2.1, g(Ko) = g(K) = g for some g € N. Fix aribbon concordance
C c S3 x I from K; to Ko, and let C, denote the induced map

C.: HFK (Ko, g) — HFK (K1, g).

This map is injective by Zemke’s result, and both groups are nonzero since the
knots have genus g. By Theorem 4.3 HFK (K1; g) is supported in a single Maslov
grading, and thus HFK (Ko; g) is as well. Consequently, (2) implies that

d(Ko) =2g(Ko) =2g(Ky1) =d(Ky).



90 JOE BONINGER

Since Ag, divides Ag,, we have Ag, = mAg, for some m € Z [14]. But

Ak, (1) = Ak, (1) =1,
SO AKO = AK. . O
Proof of Theorem 1.2.. Suppose K¢y and K| are knots such that K; satisfies the

hypotheses of the theorem and K¢ < K. By Proposition 4.4, Ag, = Ag,. Addition-
ally K is residually nilpotent by Theorem 4.2, so Lemma 4.1 implies K| = K. [

Remark 4.5. Two-bridge knots are residually nilpotent by a theorem of Johnson [17].
Thus our proof of Theorem 1.2 also gives an alternate proof of Tagami’s theorem that
positive two-bridge knots are ribbon concordance minimal, using [17, Corollary 1.3]
in place of Theorem 4.2.

5. Alexander modules and Q-anisotropy

We now work toward the proofs of Theorem 1.6 and Corollary 1.7. We expect that
the following proposition is known to experts, but we have not been able to find it
in the literature.

Proposition 5.1. Let K C S? be a knot such that Ak has a rational root q. Then
q = (m — 1)/m for some integer m ¢ {0, 1}. In particular, q is positive.

Proof. Let g = a/b for a, b € Z. Fix an oriented Seifert surface S for K, and let
L Hi(S) = Hi (82— 5)

be the maps induced by pushing curves off S to the £-component of the unit normal
bundle of §, with sign determined by the orientation. We represent these maps by
Seifert matrices, which we also denote by ¢, and ¢_.

Now
Ag(t) =det(ty —ti_),

and Ak (¢q) = 0 implies that
0=det(bty —ai_).
Therefore there exists a nonzero vector v € H;(S) such that
bty (v) =ai_(v).

Dividing by a scalar if necessary, we assume v is primitive, i.e., that v extends to a
basis of H;(S).
The intersection pairing

- Hi(S) x Hi(S) > Z
satisfies the identity

vy v = Ik(vy, (b —t-)(v2)) forall vy, vy € Hi(S),
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where 1k indicates the linking number. Since v is a primitive homology class on a
once-punctured surface, v is representable by a simple, closed nonseparating curve
on S [22; 35], and it follows that there exists w € H;(S) such that w-v = 1.

We have

1 =1k(w, (t+ —t-)()) = 1k(w, t4+(v)) — lk(w, t_(v))
and therefore
alk(w, t+(v)) =blk(w, t—(v)) = b(k(w, t+(v)) —1).

Since a and b are both nonzero, lk(w, t4+(v)) ¢ {0, 1}. We conclude that

a k(w1 (v)—1

1= 5~ Tk(w, i (v))

as desired. O

Corollary 5.2. If K is a positive knot, then Ak has no rational roots.

Proof. Let K be positive. The Conway polynomial of K, Vi (z) € Z[z?], is the
unique polynomial satisfying

Vi(x —x71) = Ag(x?),

where Ak is the symmetrized Alexander polynomial. Cromwell proved that for a
positive knot K, the coefficients of Vg are nonnegative [9, Corollary 2.1]. Also

Vg (0) = Ax (1) =1,

so Vi has no real roots. It follows that Ax has no positive real roots, since a
positive real root g of Ag would yield a real root ,/q — 1/,/q of V. Therefore,
by Proposition 5.1, Ag has no rational roots. U

Let X denote the infinite cyclic cover of the exterior of a knot K. For any field F,
an invariant F-isotropic subspace of H'(X;F) = H'(X, 3X; F) is one which is
preserved by the action of deck transformations and self-annihilating with respect
to the cup product

—:H'(X;:F)x H'(X,9X;F) > H*(X,0X;F) = F.

The knot K is called F-anisotropic if H'(X; F) does not contain a nontrivial in-
variant [F-isotropic subspace, see [15] for more background. As the introduction
discusses, Q-anisotropy can be used to restrict changes to the Alexander module
under concordance: Kervaire [18] and Gilmer [14, Proposition 4.2] proved that
if (algebraically) concordant knots K and K’ are Q-anisotropic and admit Seifert
matrices which are invertible over Q, then the rational Alexander modules of K
and K’ are isomorphic.
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Proposition 5.3. If a positive knot K satisfies |0 (K)| > d(K) — 2, then K is
Q-anisotropic.

Proof. Let X denote the infinite cyclic cover of the exterior of K, and let
t:H'(X; Q) - H'(X; Q)

be the map induced by a primitive deck transformation. Let A ¢ H'(X; Q) be a
nontrivial invariant Q-isotropic subspace of H!(X; Q).

Up to a scalar in (D, the characteristic polynomial of ¢ coincides with Ag [19,
Theorem 6.17]. Since the cup product is skew-symmetric, it is straightforward to
check that H'(X; Q) contains a one-dimensional invariant Q-isotropic subspace if
and only if Ak has a rational root, i.e., if and only if ¢ has a rational eigenvalue
(see [15, Proposition 4.3]). Thus, Corollary 5.2 implies dim(A) > 2.

We now recall the Milnor form p on H'(X; @), defined by

@, w)y=t(w)—w+t(w)—v

for v, w € H'(X; Q). This is a nondegenerate symmetric bilinear form satisfying
o(n) =0 (K), where o denotes the signature [10; 23]. As Gordon observes and is
easy to check, A is also a self-annihilating subspace for u [15, Proposition 4.5].
Let V. denote a maximal subspace of H '(X; @) on which p is +-definite. Then
ViNnA ={0},so

dimVy <dim H'(X; Q) —dim A <dim H'(X; Q) —2=d(K) — 2.

For the last equality, we again use the fact that Ak is the characteristic polynomial

of t. It follows that
lo(K)| =lo(w)| <d(K)—4,

and since d(K) and o (K) are even this implies the desired inequality. O

Remark 5.4. It is not true that positive knots are R-anisotropic, even if they satisfy
the hypothesis of Proposition 5.3: for example, the Alexander polynomial of
the positive knot 10139 has a negative real root. It is also not true that strongly
quasipositive knots are (D-anisotropic, since there exist strongly quasipositive knots
which are topologically slice, see, for example, [3].

Proof of Theorem 1.6. Suppose K and K’ are concordant positive knots such that
lo(K)|>d(K)—2. Theno (K)=0(K’), and since K and K’ are positive we have
d(K) = g4(K) = ga(K') = d(K").

It follows that |0 (K")| > d(K’) — 2, so K and K’ are both Q-anisotropic by
Proposition 5.3. Since g(K) =d(K) and g(K') = d(K’), any Seifert matrix of a
minimal genus Seifert surface for K or K’ is invertible over @. Thus, by the result
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of Kervaire and Gilmer discussed before Proposition 5.3, the rational Alexander
modules of K and K’ are isomorphic. U

Proof of Corollary 1.7. Since the knot 1445657 is only the positive knot satisfying
g(K)=4and o (K) = —4, 1445657 is not concordant to any other positive knot. The
corollary then follows from Theorem 1.6 and the discussion in the introduction. [J
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EXISTENCE FOR SOME DEGENERATE HESSIAN-TYPE
EQUATIONS ARISING IN CONFORMAL GEOMETRY

YAN HE, QIANG TU AND NI XIANG

We establish the a priori estimates for three kinds of degenerate Hessian-type
equations arising in conformal geometry. Based on these a priori estimates,
we obtain an existence result using the continuity method.

1. Introduction

Let (M, go) be an n-dimensional closed smooth Riemannian manifold, n > 3.
Consider a symmetric polynomial of degree k

o)=Y ki A=, h) €Ty,
1<i|<--<ip<n

where
i=A=Q1, ..., ) eR"|o;(M) >0, 1 <j<k}, 1<k=n.

For any nxn matrix U, U € I'y means the eigenvalues of U lie in 'y and 0% (U)
means that oy is applied to the eigenvalues of U. In this paper, we derive the a priori
estimates for three kinds of degenerate equations arising in conformal geometry.
The existence of C'! solutions, which is the central issue for these degenerate
equations, has been obtained by using these estimates.

The degenerate Hessian equations

(1-1) or(D*u) = f(x,u) >0, QCR",

have attracted much attention recently. For kK = n, the degenerate Monge—Ampere-
type equations, Guan and Li studied the degenerate Weyl problem and the degenerate
Gauss curvature problem in [16; 17]. They found that the conditions

L 1/(n—1)
(1-2) Afr=1>—A and |D(f <A
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for some constant A are sufficient to get C!! estimates. Using (1-2), Guan [14] estab-
lished C'-! estimates for the Dirichlet problem of the degenerate Monge—Ampére
equations with homogeneous boundary condition. Guan, Trudinger and Wang
[20] established C!'! estimates for the Dirichlet problem with nonhomogeneous
boundary condition given by

(1-3) e chL(Q).

Here, (1-3) implies (1-2).
For general 1 < k < n, Dong [9] obtained C? estimates for the homogeneous
Dirichlet problem with homogeneous boundary by

(1-4) ID(fFT)| < CfF2 in Q
and
(1-5) friech (@),

Jiao and Wang [28] generalized the results in [9], and obFained C! estimates for
k-curvature problems with homogeneous boundary by %1 € C!!(R"). They also
found convex solutions to the Dirichlet problem of degenerate k-Hessian equations
with nonhomogeneous boundary condition by (1-5) in [29].

Motivated by [28], it is natural to study the degenerate equations in conformal
geometry. One of the central issues in conformal geometry is the k-Yamabe problem.
The k-Yamabe problem was raised in [41] in order to find a conformal metric g so
that oy (Ag) = const., where A, = ﬁ(Ricg — %g), Ric,, R, are the Schouten
tensor, the Ricci curvature and scalar curvature of (M, g), respectively. The general
prescribing curvature problem is to find a conformal metric such that o} (Ag) equals
a given function f,

(1-6) ok(Ag) = f(x).

We say (1-6) is nondegenerate if f > 0. Fruitful results have been achieved on the
k-Yamabe problem and the prescribing curvature problem. Here, we just mention
some existence results of the k-Yamabe problem and the prescribing curvature
problem. The research of the nondegenerate prescribing curvature problem on
manifolds without boundary can be tracked back to Chang, Gursky and Yang
[1; 2]. They proved that if the Yamabe constant and f v 02(Ag,) are both positive,
then there exists a conformal metric g such that 07(A,) is a positive constant; see
also [22]. Later on, Guan and Wang [18] and Li and Li [31] concluded that on locally
conformally flat manifolds, the k-Yamabe problem is solvable for 2 < k < n/2;
see also [38]. Gursky and Viaclovsky confirmed the existence of a solution and
compactness of solution set to 03 (Ag) = f > 0 in the case of n > k > n/2 when
Ag, €T and (M, go) is not conformally equivalent to a sphere. Li and Nguyen [34]



EXISTENCE FOR HESSIAN-TYPE EQUATIONS IN CONFORMAL GEOMETRY 99

obtained that if Ag) € I'y, k =n/2 and (M, go) is not conformally equivalent to a
sphere, then there is a conformal metric g such that 04 (Az) = 1, and the solution
set is compact. Other relevant conclusions are included in [3; 4; 10; 11; 12; 32; 40].

In 2003, Gursky and Viaclovsky [23] introduced the modified Schouten tensor

. 1 . IR,
Ag = Ricg — ——¢|.
n—2 2(n—1)
(1-5)R,

This tensor is, in fact, a constant multiple of the tensor sAg — So-n 8 which is
introduced in [31]. It is also a meaningful problem to find a conformal metric g with

(1-7) or(—Ay) = f(x).

When ¢ =0, A% = —L5 Ric,; when = 1, AL is just the Schouten tensor A,; when
t=n-—1, A’g is the Einstein tensor. Gursky and Viaclovsky [23] and Li and
Sheng [35] proved that when ¢ < 1 every compact manifold with —A;O eIy is
conformal to a metric g with crk(—Ai,) = f(x)>0.

Another interesting problem is to study the boundary value problem for (1-6) and
(1-7) on manifolds (M", g) with boundary d M. Guan [15] studied the existence
problem for (1-6) under the Dirichlet boundary condition. Li and Sheng [36] con-
sidered the Dirichlet problem for oy (Ric, — Rg) = f. Under various conditions, the
Neumann problem arising in conformal geometry is derived in [6; 7; 24; 30; 33; 37].

A key issue for the study of fully nonlinear equations in conformal geometry
is the a priori estimates. Thus, there is much profound research on the a priori
estimates for (1-6) and (1-7) and their further generalizations. We refer to [5; 18;
19; 25; 26; 27; 31; 38; 42; 43].

It is noticed that most of the results focus on nondegenerate cases in conformal
geometry. For the degenerate case, Ge, Lin and Wang [13] obtained that if f =0,
k =2, there exists a C"! metric such that o, (A ¢) =0. A natural question is whether
the existence is still valid if f is nonnegative.

We consider an existence for the solutions to degenerate equations in the negative
cone —['y = {A | —A € I't}. We raise the following problem,

Problem. Let f be a nonnegative function in M. Is it true that there exists a
conformal metric g on M with O’k(—Atg) =f>07
The question is partly answered in this paper. The results are as follows. Let
g =e™go. Then
11—t

_Al = Aw+V2w—Vw®Vw+E|Vw|2go—At :
g n_2 2 80

Here, w is said to be admissible if —A’g € I'r. Note that [38] provides a coun-
terexample to show that the regularity for det(V?w + |Vw|?> 4+ S) = f in R? fails
where S(x) is some 2x2 matrix. We only consider ak(—A;) =f>0witht < 1.
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Theorem 1.1. Let (M, go) be an n-dimensional closed s]mooth Riemannian mani-
fold, n > 3, —A;O ely,2<k<n,t<1. Suppose that {1 € Cllisa nonnegative
function in M. Equation (1-7) has an admissible supersolution w:

o (—Aly ) < f(x), —Aly €Ty
Then, there is a C"! solution w of (1-7) satisfying Ag-2ug € Tt

Perturbation techniques are often used to deal with degenerate problems. First,
we transform the original degenerate problem into a nondegenerate equation by
adding a positive number € to the right-hand function f. Next, we establish the
a priori estimates, which are independent of €. Finally, we find the existence of
the solution u. for each € and then let ¢ — 0 to derive the existence result for the
degenerate problem (1-7).

Since the a priori estimates are the core of the existence theorems, we need the
following C! and C? estimates.

Theorem 1.2. Let (M, go) be an n-dimensional closed smooth Riemannian mani-
folq, n>3,2<k<n,t < 1. Suppose that f is a nonnegative function in M and
fe1 e CYl Let w be a C* solution to

A Ve LT A 27w
(1-8) ox| —A, +Vw+ Aw—-—Vw @ Vw + IVw|“go
£o n—2 2

= (fET () + ok leH xeM,

where —A! evg, € Tk. Then, there is a positive constant C depending on go, n, k, t,
||fk e, ||f||Co, lw|lco but independent of €, such that

(1-9) sup |[Vw| < C.

1
Furthermore, there is a positive constant C depending on go, n, k, t, || f =1 | c11,
I fllco, IVw]co but independent of €, such that

(1-10) sup [V2w| < C(1 + eFo1 59w,

The next theorems concern the estimates for o3 (A,) = f > 0. Before introducing
the estimates, we give the following notation. Set0 <€ < 1, andlet 0 <n(t) <1
be a smooth function, which satisfies

(I-11) n(@t) =1 for t <10; n@)=0 for t>10; n' <Ci16, 1" <C0.
Here, C;, C, 6 > 0 are constants.

Theorem 1.3. Let (M, go) be an n-dimensional closed smooth Riemannian mani-
fold,n > 3,2 <k <n. Suppose that f is a nonnegative function in M. Let u be a
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C* solution to
(1-12) ok (Agy+ VZu+ Vu® Vu — | Vul|*g0)

= (/T @ +en(fF)) e xem,
where A, -2ug € T Iffﬁ e ClHl, then
(1-13) sup |Vu| < C,
where a positive constant C depends on ||fﬁ e, I fllcos 1l co, o, 1, K, O, C,
C» but is independent of €.

Moreover,

2k

(1-14) sup |V2u| < C(1 + e 71 iy
where a positive constant C depends on ||fﬁ lcut, I fllcos IVullco, 8o, 1, k, O,
C1, C; but is independent of €.
The next theorem concerns the case of f teC?
Theorem 1.4. Let (M, go) be an n-dimensional closed smooth Riemannian mani-
fold, n > 3,2 <k <n. Suppose that f is a nonnegative function in M. Let u be a
C* solution to
1
(1-15) o (Agy+ VZu+ Vu® Vu — 1| Vu|*g)
1

= (fT() +en(fE(x))e™, xeM,
where A,y € T Iff% € C?, then
(1-16) sup(|Vul* + |V2u|) < C(1 + e 20ty
where a positive constant C depends on gg, n, k, ||f% lc2s 1| fllcos 8, C1, Co but is
independent of €.

The paper is built up as follows. In Section 2, we introduce the notation and the
necessary formulas. In Sections 3, 4, 5, we establish the crucial estimates and prove
Theorems 1.3, 1.4 and 1.2, respectively. Finally, the existence result of Theorem 1.1
is proved in Section 6.

2. Preliminaries

Throughout this paper,

. doy . 20'k
Uk—l()»ll)=a and ak_Z(MlJ):a)\-ak-'
i L J

We list some properties of oy, which will be used later.
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Proposition 2.1. Let A= (A1, ..., ;) € R" and 1 <k < n. Then we have
(DI DD Dy

(2) ok_1(A|i)>0forreTyand1 <i <n;

(3) ok(A) = oA | i)+ Aiog_1(A | i) for 1 <i <n;

@ ifr=r=-=Ay, theno_1 (M| 1) <ok_1(A|2) <--- < 0x_1(X | n) for
keFk;

(5) Yis ok-1G [ D) = (n =k + Dog—1 ().

The generalized Newton—MacLaurin inequality is as follows, which will be used
later.

Proposition 2.2. For A ey, andm >1>0,r >s >0, m>r,l > s, we have
[om(wc;"}ml—' [aru)/czr
o1(0)/Cl os(A)/C; '
Proof. See [39]. O

<

The following lemma is the key in the proof of Theorems 1.3 and 1.2.

Lemma 2.3. Let o = ﬁ If U € T'y, then

(2-1 —a,ii’jj UiipUjjp > Gk|:(0k)p B M] |:(oz - 1)—(01‘)1’ (a4 1) (Ul)p]'
Ok 0] Of o1

Proof. See [21]. O

In this paper V denotes the Levi-Civita connection on (M, go), and the curvature
tensor is defined by

R(X,Y)Z=VxVyZ—VyVxZ—Vix yZ.

Letey, ea, . .., e, be local frames on M and define g;; = go(e;, €;), {g"/} = {gij} ',
while the Christoffel symbols Ffj and curvature coefficients are given, respectively,
by V,e; = Ffjek and

Rijki = go(R(ex, er)ej, €;), R}kz = g"" Ruju-

We write u; = V,’M = Ve,.u, Uji = [VVu](ej, €,') = [Vl' (Vu)](ej) = Vi(Vju)—Ff‘juk,
Ujjk = [V (VVu)l(e;, €j), etc. Note that Ujj =ujj,

(2-2) Uijk — Ukij = Rijpttm,

(2-3) Ukitj — Uktij = Rijy jum + Rigijimj,

m m
(2-4) Ukiji — Ukilj = Rijuim + Ry tm.-
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From (2-2), (2-3) and (2-4), we obtain
(2-5) Ujjkl —Uklij = R,jk Um+ szl jUm +R jkUWml +Rkllum] + R j1Wkm + Rkﬂumz

For convenience, we introduce the notation

. 9F . 9%F
FU)=ox(U), Fi=_— FIv= _—
aU,'j aU,-jaU,s

Lemma 24. (1) If U= V2u+Vu® Vu— 5 |Vu|’go + Ay, then
Uijp = uijp +uittjp +ujitip — uqitgpgij + Aij.p,
and
Uijpp = wijpp +2uiplt jp + Uill jpp + U jitipp — Ugplqp8ij — UqUgpp8&ij + Aij,pp-

where A;; are the components of Ag, and g;; are the components of go.

Q) Ifw= —A’ +V2w+ Awgo—Vw®Vw+ LIVw|?go, then

Wijp = p T Wijp + zwqquu —WiWjp — WjWip + (2 — D wyWyp&ij,
and
. 1—t
Wijpp = —Aij pp + Wijpp + n_2 Wqqpp8ij — WiWjpp — WjWipp

= 2wipwjp + (2 = DHwgpWep8ij + (2 — HWaWypp8ij
where At are the components of A’ and g;; are the components of g.
The following two lemmas will be used in the proof of Theorems 1.3 and 1.2.

Lemma 2.5. Assume that —ju < s < u. Then, we may choose constants a, b, and p
depending only on p > 0 so that y (s) = a(b + s)? satisfies

(2-6) —1y() =y )+ (5) =y (s)* > 0.
Proof. We have

Y/ () =pab+s5)P~",  y"(s) = p(p— Da(b+s)"2.

Hence,

y'(5) =y’ _ pp—Dab+5)7"2 = pPaP(b+5)*>
s —pa(b+s5)r~!

=l—+(b+s)p Lap.
b+s
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Now chooseb:17u—|—16,p———(b—|—u) a_M Then
1 1
0<——< < .
b+u " b+s 16
Moreover,
3 _ P _ —p _35btun 9 35
34 b4 b+s 34b—u 8 34
and
(b +5)" " ap| = (b= )" ap| = .
Therefore,
1—p - 5
l<—L 4+ lap <2,
<b+s+( + ) ap < 3
Then, (2-6) is proved. Ol

Lemma 2.6. Assume that —u <s < u, t < 1. Then, we may choose constants a, b,
and p depending on u > 0 and t so that y (s) = a(b+ s)? satisfies

1-—

(27 20 _2) —— @)=Y ) =y () >0,

Proof. 1t is easily seen that

y"(s) = y'(s)* _ p(p—Dab+s)P2— p’a’b+5)*"2

y'(s) B pa(b+s)r-!
p—1 —1
= — b p .
b+s (b+s)"ap
Now choose b =2+ 8511__2”, p= Z(('{:%) b+, a=0m+u)'r. 8p(1 I) Similar
to the calculation in Lemma 2.5, we have
2m—=2) p-1 -1
< —(® P .
1—t — b+s (b+s)"ap
Then, (2-7) is proved. U

The following lemma will be used in the proof of Theorem 1.1.

Lemma 2.7. Let
1—t¢ ) 2—

W=——Aw+Vw-— Vw®Vw+—|Vw| 80— A,

n— 2 gO

1—1t

W =
n—2

— 2— T — 2_ 12, At
Aw+ V- w Vw®Vw+—2 |[Vw|“go— A

Suppose o (W) < fe*P o (W) £ 0, op (W) = fe?*. Then we have w < w.
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4 __4 —
Proof. Lett < 1,vn2 = e pi2 = 2,

1—1¢ n Vv®Vy 1 |Vv]? n—2
2-8) V=——Av+Vir— - Al
(2-8) n—2 v VY n—2 v +n—2 v &0 2 Vg
S . n Vi®Viy 1 |Vu)? n—2_
29) V=—A04+V*— - Al
(2-9) n—2 vt n—2 v +n—2 v 0 2 Y%

It is enough to prove that v < v. Suppose it is not true. Then by the positivity of v
and v, we find a number 8 > 1 such that v > v and Bv(x) = v(x). Then

(2-10) V(B)(X) = Vu(x), [V3(BD)— V2](F) > 0.

Moreover,

n V(Bv)® V(Bv)

1 —
o (V)(F) < ak( ;va) +V2BD) -

n— -2 Bv
1 |V(BD)? n—-2__.,
_ A _
e om0 3 Pl
= Bror (V) ().
On the other hand,

_ n—2 a2 k n—2 g k
ok<v><x)=< . vﬂ)f!x=( . (ﬂv)“) £l

n—2 wa s\
= 2 IB n—2 v n—2 f ‘f
n+2
> B0 (V) (%)
which is a contradiction. O

3. The proof of Theorem 1.3

In this section, we obtain C'! and C? estimates with the assumption that the maximum
modulus estimation exists for (1-12). We define f = (f* +en(f)F !, a = k]j,
F=o0,U=A,+ Vu+Vu®Vu — % |Vu|?go, where u is a solution to (1-12).

First of all, we consider C! estimates of u. Let K = (1 + 1 |Vu|?)e?®. Here y
is a function of the form y (s) = a(b + s)?. The constants a, b, p are chosen as in
Lemma 2.5. Assume that K achieves the maximal value at some point X, which
implies that K;(x) = 0. In the rest of the proof, all calculations will be performed
at the maximum point x. We may assume U;; and F i are diagonal. Then, in an
orthonormal frame,

(3-1) 0=K;(®) = e ((1+ Lui)y'u; +wuy;)
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and
Kij@) =" ((1+ quf) () uiu + y'uij + y"uiu )
+ugugjyui +upugy'u i+ wgug + ulul,-j).
Differentiating (1-12) gives
(3-2) FUji = (fe™ ).
Using (3-1), (3-2) and (2-2), we have
0>e VWFIK;(X)
= FY (wpugij + (14 3uf) (D + v Dwguj +y'uis) + 20 wpugiuj + wjiug)
> FY (wuijr+ (14 367) () + v Duiuj + y'wig) + 2y wpgiu )
—CY. F'(IVul>+1)
> ur(fe Y +y'k fe (14 uj)
+ FU (—2(—%)u1u5u318ij —2ujuiug; + y’(—(—%)uf&j — u,-uj)(l + %ulz))
+ FU((143u}) " =y wiuy)) — C Y F(IVul* + 1)
> ur(fe Y +y'k fe (14 u7)
+ FI(y (V4 Suuiuy — 5/ (1 + Suf)ussiy + (L + 2uf) (v — yPuju;)
— CY Fi(|Vu* +1).
On the other hand, applying the Newton—MacLaurin inequality, we have

1
I—7

ox—1 > Co,

Thus
(3-3) Cflie 2D <\ =C Y FII.
Moreover, using fﬁ e C'!, we have f% Cc"!, which implies

fz
Thus
G4 fil<Cf't.
Then, using (3-3) and (3-4), we obtain
(3-5) lur(Fe ) +y'k fe 2 (14 u})| < Cflmte k(| vu> +1).

Let § = min{—4y’}. Combining (3-5) with (3-3), it follows that

(3-6) 02Fll(_%V/u£+(y//+y/_y/2)ul2)( 41 u[) Cfl—f 2ku(|vu|2+1)
—CY F'(IVul*+1)

> Cy f17ie 260 (5 Vul — Ce ™ + (VP + ).
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To derive (1-13), we divide the proof into two cases.

(A) f > 0. Then, (1-13) follows from (3-6).

(B) f =0. Then, (3-6) implies

(3-7) 0= Fi(=3yul+ " +y —yPui)(1+3uf) —C Y F (IVul* + 1)
> S F(8|Vul* — C(IVul* + 1)

and (1-13) is proved.
Next, based on both maximum modulus estimation and gradient estimation, we
discuss C? estimates of . We may assume U is diagonal. It follows from U € I'y,

(3-8) 0<tU<Au+(1—1in)Vul*+C, |Vul> <C(Au+1).
Also, it follows from U € I'; that
(3-9) |Uijl < Cop,  uij| < C(Au+1).

Thus, we may assume that Au is sufficiently large and Au > {1, 2u;}, where
ni = (—1 + %n) sup |Vu|*> + sup |tr Agy|. Then, we have

(3-10) 2Au > 01 = $Au.

Let H = Au + |Vu|?, and let X be the maximum point of H. By rotating the
coordinates, we may assume U;;(xX) is diagonal. Differentiating H at X, we have

(3-11) 0=H;(X) = Uggi +2uq,~uq
and
(3-12) 0> H;i () = ugqii + 2ugugii +2ug,.

Differentiating (1-12) gives
(3-13) FIUji = (fe™ ).
By (3-11), (3-12), (3-13), (2-2), and (2-5), we obtain
(3-14) 0> F"H;; (¥) = F" (ugqii +2ugiittg +2“?1i)
> F' (tiigq +2iigtg +2ug;) —C 3 F" (Au+1)
> F'luiiqq + F" 2ug(Uiig — (= gui +u7),) +2u3;) = C X F (Au+1)
> F'' (uqujuig — duquigu; + Usigg — (— Suf +“i2)qq +2ug;)
+2uy(fe 1), —CY. Fli(Au+1)
> F Quguug —4uquiqui +Ujigq — (—ujy —ujitigq +2uittigq))
+2u,(fe ), —CY. Fl(Au+1)
> F (Uiiqq +ugy) +2ug (fe )y = C T (Au+1).
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Then, using the Newton—MacLaurin inequality, we have

Ok—1 = Co_kl—ao.la.
Thus
rl—a 2k(l—a)u _—«a _ 2k(1—a)u _—a ii
(3-15) flm < cCe o %0k = Ce o]y FI.

Hence, combining (3-15), |f,-| < Cfl_"‘ and o7 > %, we have
|uq(fe—2ku)q| < Co2kou ZFii(Au+ 1.

Thus, (3-14) becomes

(3-16) 0> F'(Ujiqq +ug) — C(1+ e %) Z Fil(Au+1).

On the other hand, recall that

o - 02w 2]

Using (3-9), (3-10), and (3-11), we have

(3-17) l(e)pl =

n
Uggp + 2<1 - §>”qpuq + Agq.p
= | —nugpug + Agq,pl < Coot,

where Cy depends on [|Vu/||co, n, k, go, p1, A;; are the components of A, . Here,
we have used the fact that Au is sufficiently large. From | ;| < C f'~¢, (3-15) and
(3-17), noticing that oy, = f e~ 2kt we obtain

(G-18) —o," " UiipUjjp
F2 _dku, f f,+4k> f2u? 3
z(a_l)(e—ZkufP pff;p f P)_Ce—ZkauZth(Au+1)

f
£12
> (o — 1)%e—2’<" —Ce N " Fl(Au+1).

and

(3-19) fag = (1 —a)—=— —C f'™°.

Note that

(3-20) FilUiigg = (Fe ) gg — 0" Uiy U jp.
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Thus, putting (3-19) and (3-18) into (3-20), we have
FiiUiiqq > _Ce~2ku fl-a _ ¢ p=2kau Z Fil (Au+1).
Therefore, (3-16) becomes
0= Fiin_lz(Au)2 —Ce I (1 e ey 3 i (Au 1),
Then, using (3-15), we obtain
0> Z Fil [%(Au)z — Ce 2kt _ (1 4 e 2Ry (Au+ 1)].
According to Y F'" > 0, we have
0> %(Au)z —Ce 2 —C(1+e )y (Au+1),
hence (1-14) is proved.

4. Proof of Theorem 1.4

In this section, we prove Theorem 1.4. To simplify notation, we define f =

S @) +en(fU% (), F=0,"", U= Ag+V2u+Vu®Vu—1|Vu|>g, where u

is a solution to (1-15). It follows from U € I'y,
4-1) 0<trU < Au+ <1 — g)|w|2+c, IVul> < C(Au+1).

Also, U € TI'; implies
4-2) luij| < C(Au+1).

We may assume Au > 1. Then let H = Au + |Vu|?, and let ¥ be the maximum
point of H. So

(4-3) 0=H;(X) =uppi +2upittp.
Let U;;(x), F i/ (X) be diagonal. Differentiating (1-15) twice, we get

Fij Uijp — (f_e—Zu)p’

FijUijpp = (f_e_zu)pp — FPP2 U pgpUrsp = (fe_zu)pp-



110 YAN HE, QIANG TU AND NI XIANG
We have, by (4-1), (4-2), and Ricci identities,
0> F" Hyi (%) = ' ppii +2uiipu p+2u0) —C Y F(Au+1)
= F' (uppii +2up (Uiip— (it = u7 + Aii) ) +2u5,) =C D F' (Au+1)
> 2up(f_672”)p+Fii(U,~l-pp—(uiz—%ulZ—}-Aii)pp—4u,-pu,-up+2ulpu1up+2uf)i)
—CY F(Au+1)
= zup(fe_zu)p+(f_e_2u)pp
+Fii(—2uippui—2ul~2p+(u1ppu1—Htlzp)—4uipu,~up+2u1pulup+2uf,i)
—CY F(Au+1).
Then, according to (4-3), we obtain
0>2u,(fe)p+(fe ™) pp
+Fii(4u,~pupu,-—2u1pupu1+u,2p—4u,~puiup+2ulpulup)—CZFii(Au+1)
=2u,(fe ™) p+(fe ™) pp+ Y Fluj,—C> F(Au+l).
We notice that
up(Fe ™)+ (Fe ™) ppl < Ce 2 (Au+1),
where C depends on ||f% lc2, | fllco, 1y Ky g0, 0, C1, Ca. SO
0= Flul, —C0+e™) > Fi(Au+1)

1
> F. <;(Au)2 —C(l+e ™) (Au+ 1)).
Hence
Au < C(14e72).
Then, using (4-1) and (4-2), (1-16) is proved.

Remark. In this case, we do not need to discuss the gradient estimate alone by (4-1).
Besides, in the proof of C? estimates, the third derivative term is treated by using
the concavity of the operator F.

5. Proof of Theorem 1.2

In this section, we give the proof of Theorem 1.2 under the assumption that
the maximum modulus estimation holds. Since the proof is similar to the proof
of Theorem 1.3, we present the outline for the proof and main differences here. Let
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1

o=

F =oy,

W=-4,+V w+mAwg0—Vw®Vw+T|Vw| 20,

where w is a solution to (1-8).

First, we consider C! estimates of w. Let K = (1 + %)e”(w). Here y is a
function of the form y (s) = a(b + s5)?. The constants a, b, p are chosen as in
Lemma 2.6. Suppose max K = K (x), W is diagonal at x. Differentiate K at X, by
a direct calculation, we have

w?
(5-1) 0= K;(x) =ey(w)(<1+71)ylwi+wlwli)
and
w2
Kij(%) =™ ((1 + 7’) (Y wiwj +y'wij + vy wiw))
+ wywgjy wi +wywgy ' wj + wijw; + wlwlij)-
Define
.. .. 1—1¢ ..
[y — A - kk i j
PI=FI+—— > Frsi
k
Combining (5-1) with (1-8), we obtain
0> e 7™ PUK;(X)
2
.. w
=PpP" (wzwm + <1 + 7’) (N +yHwi + v wii) + 2y wwiw; + wﬁ)

2
> wy(fe* ) 4 y'k fe* (1 + %)

2 2 2
y w w (1-tw
Fil—/(1 l 2 1 / o2 s
+ < V(+—2)w,+ Tt )V YD)
—CE F(IVw]*+ 1.
Similarly, we have

.. i .
(5—2) ZF” =Cojy_1 > Cak] k— C(ferw)]—%

and

e

2
‘wl(erkW),+y/kfe2kw<1+%> <C e (vw> +1).
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Then, letting § = min{ 4(1,:2)

- 1—1¢ 2 2
(5_3) 0 ZF'Ll (y// . J//2)( )ws o y/w? 1 + ﬂ
n—2 2

— (Vw4 D)~ C Y F(Vw 4+ 1)

(y" - y/z)}, we obtain

_ Yuwl*
>Cy flt 2k=Dw (3% —CE*™ +D(|Vw> + 1)).
To obtain (1-9), we divide the proof into two different cases.
(A) f(%) > 0. Using (5-2) and (5-3), we have

\v/ 4
VU o 4 1yvwl+1) <0,

Thus, (1-9) can be obtained.
(B) f(%) =0. Applying (5-3), we see that

ii " / (l_t)w / i ii
(5-4) 0>F ((y —y2)T y'w 2)(1+ 2)—CZF (IVw[*+1)

4
>ZF( Vwl C(|Vw|2+1)).

In view of }_ Fi > 0, (1-9) follows from (5-4).
Next, we discuss C? estimates of w. Let H = Aw +a |Vw|?, and let ¥ be the
maximum point of H, a > %(2n —4). Since

[Wii| <o1(W),

there exists C such that

(5-5) lwij| = CAw,

where C depends on n, k, go, ||[Vw| c0. Hence, we may assume Aw > 1 and
%Aw <o <2Aw.

We may further assume W;;(x) is diagonal. Differentiating H at X, we obtain

(5-6) 0= H;(X) = wyqi +2awgwy

and

(5-7) 0> H;i (¥) = wyqii +2awgiiwg + 2awy,;.
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By (5-7), (5-5), (5-6), (2-2), (2-5) and (1-8), we have
0> P Hyi(¥) = P (ugqii +2awgi;w, +26lw521,~)
2—t

> F! <—4a Wyw Wiy +4aw,wiqw;

2a(l—1) , 2—1
+ﬁqu+wﬁqq —\ Ty Wi T Wi y

+2awy (fe*)y — C Y Fli(Aw+1)

2a(1 —t¢
a( )wz

. 2—t
> i <4a(—quw1w1q + wqwiqwi) + o gl

2—t , ) 2—t
—27w1q+2wiq+4a Tw,wlqwq — W WigWy
+ F' Wiigq +2awy (fe* ")y — C Y F(Aw + 1)

(2a(l—1 . _
> Fil (‘;(—)wz Q2- z)wfq> + F Wi + 2aw, (Fe*™),

_o al
—CY Fli(Aw+1).
We also have
(5-8) Cfl—ank(l—a)w(Aw)a <o =C Z Fii’
(5-9) |fil <CF'7 < Cem 2o 3" pif)
(5-10) Fl'Wiigq = —C* f17% — e Y " F'(Aw +1).

Using (5-8)—(5-10), and the definition of a,

L (2a(l—t . .
0> F' (% - (2—z)>w,2q + F T Wiigg — C(L+ ") 3" Fll(Aw + 1)

c(2a(l—t = ji
> (20 - o n)ud, - - ke R Qw1
-

ii a(l-1) w Fl—a aw ii
> F (m)(Aw)Z—C€2k fl _C(1+€2k )ZF (Aw+1)

2 F" [(M) (Aw)? = Ce*e — C(1+ ) (Aw + 1)}'
(n —2)n?

Since Y F' > 0, we have ((‘;ﬁ—;);)z)(Aw)? —Ce¥av _ (14 e** Wy (Aw+1) <0.
Thus
Aw < C(1 4 vy,

and (1-10) is proved.
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We remark that in this section ¢ < 1 is the necessary condition since the Aw
yields the dominating term in (5-3) and the penultimate display.

6. Proof of the existence result

In this section, we focus on dealing with the existence result for (1-7). We need to
discuss the maximum modulus estimation under the assumption that the supersolu-
tion exists.

6.1. Proof of Theorem 1.1. Consider

(6-1) ok (sW + (1 —5)go) = (s f + (1 — 5)CE)e?v,
where

l—1 2—1t 2
2Aw—dw@dw—i—Tlvw| 80,

W=—Al +Vw+
n_

sel0. 1], f=(fFT +ef .
Claim: Equation (1-8) is solvable for each €. In fact, define
(6-2) @ [wl =0 (sW+ (1 —5)g0) — (s f + (1 —)Cp)e™™.

Note that the linearization of &, is invertible, and w = 0 is a solution to (6-1)
at s = 0. Thus, the problem is reduced to C°, C!, and C? estimates.

First, we consider C° estimates. Let X be the maximum point of w. From (6-1)
we have
max o (—A§ + go)

min{ f, Ck}

eka(fc) <

Thus, it provides an upper bound for w. Let x be the minimum point of w. Similarly,
from (6-1) we have

min ok(—sA;O + (1 —15)go)

Q2w < 0
max f + CK

Thus, it provides a lower bound for w.

Then, using Theorem 1.1 in [8], we get C! and C? estimates for solutions to (6-1).
This proves the claim.

Next, we shall prove that (1-7) is solvable. Let us denote the solution derived
in the claim by w,. If w is the supersolution of (1-7), then it is the supersolution
of (1-8) as well. Thus, by Lemma 2.7,

We < W.
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Moreover, from the equation, we have

: At
ekainwe > man'k( Ago)

T (max fET 4 DL

Then, by Theorem 1.2, we have |Vw.| < C and |[V2w,| < C. Here, C depends
1
on || f&=T|cut, | fllco, &0, 12, k, w. So, lime_,0 we is a solution to (1-6).
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TRANSPOSED POISSON SUPERALGEBRA STRUCTURES
ON TWISTED N =1 BLOCK-LIE SUPERALGEBRA

ANQI HUANG, YUN GAO AND JIANCAI SUN

We investigate the transposed Poisson superalgebra structures on the twisted
N =1 Block-Lie superalgebra S(p, ¢q), where p and ¢ are arbitrary complex
numbers. We obtain that S(p, ¢) admits only trivial transposed Poisson
superalgebra structure for ¢ # 0 or p ¢ Z, while 8(p, ¢) has nontrivial
transposed Poisson superalgebra structures for ¢ = 0 and p € Z, which are
nonisomorphic with respect to p € Z.

1. Introduction

Poisson algebras have their roots in Hamiltonian mechanics and have become a sig-
nificant research topic in mathematics and physics. In 1809, D. Poisson introduced
the operation of Poisson brackets on smooth functions while studying Lagrangian
mechanics, thus giving smooth functions a Poisson structure. Thereafter, many
researchers realized the importance of Poisson algebras and conducted extensive
research from different perspectives. From string theory, quantum groups, and
differential geometry, to integrable systems, algebraic geometry and representation
theory, especially with the rise of noncommutative geometry, Poisson algebras have
become an important branch of algebraic research (see [2; 4; 12]). More precisely,
every Poisson algebra (L, -, [ -, - ]) satisfies the Leibniz rule:

[x,y-zl=[x,yl-z+y-[x,z] for x,y,zel,

Transposed Poisson algebras (see [1]) are a generalization of Poisson algebras. In
the definition of Poisson algebra, the Leibniz rule regards the Lie bracket operation
as a derivation in an associative algebra. In the definition of transposed Poisson
algebra, the transposed Leibniz rule treats the associative operation as a %-derivation
in a Lie algebra. The transposed Leibniz rule, the compatibility condition of the
transposed Poisson algebra (£, -, [ -, - ]), is articulated by

2z-[x,yl=1lz-x,y]+[x,z-y] for x,y,ze L.
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Therefore, the transposed Poisson algebra can be viewed as a dual structure of
a Poisson algebra. In addition, the connection between the %—derivation of a Lie
algebra and the transposed Poisson algebra is established in [6]. By applying this
connection, all the transposed Poisson algebra structures can be obtained on the
Witt algebra, Virasoro algebra, twisted Heisenberg—Virasoro algebra, Schrodinger—
Virasoro algebra and extended Schrodinger—Virasoro algebra (see [6; 22]). The
definition of the transposed Poisson superalgebra is also provided in [6]. A method
for determining transposed Poisson algebra structures via the Kantor product is
presented in [5]. The transposed Hom-Poisson algebras and the transposed BiHom-
Poisson algebras are considered in [11; 13].

The study of antiderivation is generalized by Filippov (see [7]), in which the
primary focus is on the é-derivations of prime Lie algebras with a nondegenerated
symmetric invariant bilinear form. Specifically for a fixed element § in the ground
field, a linear map ¢ on a Lie algebra (£, [ -, -]) is called a §-derivation of L if

o([x, yD) =8(lp(x), Y1+ [x, 9(»)]) for x,y € L.

The usual derivations can be viewed as 1-derivations. The centroid of a Lie algebra £,
Cent(L), is the space of linear maps x on £ satisfying x ([x, y]) = [x(x), y] =
[x, x(y)] for all x,y € £. It is easy to see that elements of the centroid are %-
derivations. If § = 0 and [£, £] # 0, then every nonzero linear map is called a
O-derivation. If [L, L] = L, in particular, £ is a simple Lie algebra, then £ has no
nonzero O-derivations. If § = —1, then the linear map is called an antiderivation.
The concept of the §-superderivation on nonassociative superalgebras is introduced
by Kaygorodov, and it is proved that simple finite-dimensional Lie superalgebras
over an algebraically closed field of characteristic 0 do not have nontrivial §-
superderivations (see [8], [9]).

Block-Lie algebras are a class of infinite-dimensional simple Lie algebras in-
troduced by Block in 1958 (see [3]). Since then, several generalizations of these
algebras have been proposed (see [14; 15; 21]). The Block algebra B(g) for a
fixed complex number ¢ is defined in [18]. The notion of the Block superalge-
bra £(p) is introduced, and its finite-dimensional irreducible conformal modules
are classified for any nonzero parameter p (see [17]). Based on the twisted rules
from Ramond superalgebras to Neveu—Schwarz superalgebras, a twisted version
of the Z-graded conformal superalgebra T(p) is introduced in [16], where p is a
nonzero parameter. Precisely speaking, the subscripts of the odd generators of the
original Z-graded algebra are shifted by % Motivated by [16; 19], the parameters of
twisted N = 1 Block superalgebra are extended to include two nonzero parameters,
p and g. Note that the special case of p € C and g = 1 is considered in [16]. The
nonweight modules over N =1 Lie superalgebras of Block type is studied in [19].
In particular, transposed Poisson algebra structures on Block—Lie algebras B(g) and
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Block-Lie superalgebras 8(g) are described in [10]. This work propels us to delve
into transposed Poisson superalgebra structures of the twisted N = 1 Block-Lie
superalgebra 8(p, ¢) with two parameters.

This paper is organized as follows. In Section 2, we recall some basic defi-
nitions and the relation between transposed Poisson superalgebra structures and
%-superderivations. In Section 3, we characterize all %-superderivations of the
twisted N = 1 Block-Lie superalgebra S(p, ¢q). In Section 4, we present our
main theorem about the transposed Poisson superalgebra structures on 8(p, q); see
Theorem 4.1. More precisely, we prove in Theorem 4.1 that there is only nontrivial
transposed Poisson superalgebra structure for ¢ = 0 and p € Z, otherwise, such
structures are trivial. Throughout this paper, we denote by C, C*, Q, Z and Z*
the complex numbers, nonzero complex numbers, rational numbers, integers and
nonzero integers, respectively.

2. Preliminaries

In this section, we recall some definitions and notation for future convenience.
Motivated by the definitions of the Block-type algebra and the N = 1 Lie
superalgebra of Block type from [19; 20], we arrive at the subsequent definition.

Definition 2.1. Let p and g be fixed complex numbers. The twisted N = 1 Block—
Lie superalgebra S(p, q) is defined as an infinite-dimensional Lie superalgebra
over C with the even part 8(p, g)5 = {Lm,i | m,i € Z} and the odd part 8(p, q); =
{Gm+%’i+% | m, i € Z} together with the relations

(2-1 [Lm,is Ln,j1=((n+p)i+q)—(+q)m~+p))Lnin,i+;

n+p j+q

[Lm,ia Gn-‘r%,j-i-l] = ((n+%+%)(l+q) o (j+%+%)(m+p))Gm+n+%,i+j+%

n+5+3 j+%+3
m+p i+q

m+n+3,i+j+1
(Grugtivts Gyl j 111 =2 Lingnt i jd
form,n,i, j €Z.
Let £ = L5 ® L5 be a Z>-graded vector space. Fori € Z, = {(), i}, if x € G;,
then |x| denotes the parity of x, thatis, [x| =0if x € L5 or [x| =11if x € L;.
We will briefly recall some definitions from [10].

Definition 2.2. Let £L = L5 @® L7 be a Z-graded vector space equipped with two
nonzero bilinear superoperations - and [ -, - ]. The triple (£, -, [-, -]) is called a
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transposed Poisson superalgebra if (£, -) is a supercommutative associative super-
algebraand (L, [ -, -]) is a Lie superalgebra that satisfies the compatibility condition

(2-2) 2z-[x,y]=I[z-x, y1+(=DMFE[x, z.y] for x,z€L;, yel,iec.

Definition 2.3. Let (£, [, -]) be a Lie superalgebra. A transposed Poisson super-
algebra structure on (£, [ -, - ]) is a supercommutative associative multiplication -
on £ which makes (£, -, [, -]) a transposed Poisson superalgebra.

If ¢ is a homogeneous linear map £ — £, then |¢| =0 for ¢ (L;) C L; or || =1
for p(L;) € Li_;,i € Z>.

Definition 2.4. Let (£, [-, - ]) be a superalgebra and ¢ a homogeneous linear map
L — L. Then ¢ is called %-superderivation if it satisfies

2-3)  o(x, yD) = 2 (lp@), Y1+ (=D x o)1) for x,y e Ly, i € Z,.

We will use the notation A (L) for the space of %—superderivations of Lie super-
algebra L.
Let L, denote the operator of the left multiplication by an element z € £, that is,

L. (x)=z-x for xel.

Definitions 2.2 and 2.4 immediately imply the following key lemma.

Lemma 2.5. Let (L, -,[-,]) be a transposed Poisson superalgebra and z € L;,
i € Zy. Then the left multiplication L, of (£, ) isa %—superderivation of (L,[-,-])
and |L;| = |z|.

The basic example of a %-superderivation is the multiplication by a field element.
Such %-superderivations will be called trivial.

Theorem 2.6. Let £ be a Lie superalgebra without nontrivial %—superderivations.
Then all transposed Poisson superalgebra structures on L are trivial.

Let - be a transposed Poisson superalgebra structure on a Lie superalgebra
(L,[-,-]). Then any automorphism ¢ of (£, [, -]) induces another transposed
Poisson superalgebra structure * on (L, [ -, - ]) given by

xky=¢¢~ (1) ¢~ (y) forx,yek.
Clearly, ¢ is an isomorphism of transposed Poisson superalgebras (£, -, [-,])

and (£, *,[-,-]).

3. 5-superderivations of the twisted N = 1 Block-Lie superalgebra

(ST

In this section, we will investigate and describe all the %—superderivations of the
twisted N = 1 Block-Lie superalgebra S(p, q).
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3.1. Even %-superderivations of 8(p, q). In this subsection we consider only even
linear maps ¢ : 8(p, g) — S(p, q), i.e., those which satisfy ¢(S(p, q);) C 8(p, q);
fori € Z,. We thus have |¢| =0,s0 g is a %-superderivation of 8(p, ¢) if and only
if ¢ is a usual %—derivation of 8(p, g). We now write

@Y = Z Dr,ss
r,sez
where
3-1) @rs (L) = dp (m, i)Lm+r,~+s,
(3-2) Crs(Gpyl i) = dy o (m+ 5.0+ )Gm+r+%,i+x+§

for some dgs(m, i), drl’s(m—i— 350 'J'E) €C, m,i,r,s € Z. Then we have ¢ €
AO(S(p, q)) if and only if ¢, 5 € AO(S(p, q)) forallr,s e Z.

Lemma 3.1. Let ¢, : 8(p, q) — 8(p, q), r,s € Z, be a linear map satisfying (3-1)
and (3-2). Then ¢, 5 € AO(S( P, q)) if and only if the these three conditions hold:

n+p j+q
3-3 m+n,i+
@-3 2| h)
=| P TEL G iy TP TS 0,
m+r+p i+s+q| " m+p  i+q
n+5+3 j+53+3] i L
(3-4) 2 miPZ iiqz di(m+n+3,i+j+5)

_|rb g

m+r+p i+s+q

ntr+5+5 j+s+4+3
m+p i+q

d°,(m. i)

)

dl( 2’J+)

(3-5) 2qd’ m+n+1,i+j+D)=q(d (m+L i+ +d (n+1j+1).

Proof. By Definition 2.1, ¢, s is an even %—superderivation of 8(p, ¢) if and only
if (2-3) hold on the basis {L,, ;, G 1 |m,i € Z}. Namely, the subsequent
three equations are satisfied:

m+5.i+

n+p j+q

(3-6) 2 .
m+p i+q

‘ (pr,s(Lm—Fn,i-i-j) = [(pr,s(Lm,i), Ln,j] + [Lm,ia (pr,s(Ln,j)L

Pyl -,49,1
I’l+§+§ ]+§+§

(3-7) 2 .
m+p 1+q

wr,s(Gm+n+%’i+j+%) = [@rs(Lm.i), Gn+%,j+%]
+ [Lm,i, wr,s(Gn+%’j+%)],

(3-8) 4q(pr,s(Lm+n+l,i+j+1) = [@r,s(Gm_;_%,H_%)s Gn—t—%,j-i—%]
+ [Gm+%,i+% > Pr.s (Gn+%,j+%)]'
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In view of (3-6), we can see that

nt+p j+q| ;o L
2 m+p i+q dr,s(m+n’l+J)Lm+n+r,i+j+s
n+p j+q
= m+p i—l—q §0r,s(L1n+n,i+j)

= [wr,s (Lm,i)y Ln,j] + [Lm,ia (pr,s(Ln,j)]
= [d;g)_y(m7 i)Lm-‘rr,i-i-Sa Ln,j] + [Lm,h d,(,)s (n, j)Ln—i-r,j-‘rs]

ntp  jta | o .
- ’m-i—r—i-p i+s+q d’(’)as(m’l)Lm+n+r,i+j+s

n+r+p j+s+q

5 .
m4p  it+q d, s, J)Lintntrii+j+s-

Thus, we come to (3-3). By (3-7), we observe
n+b+3 j+i+3
m+p i+q
n+5+5 j+4+1
m+p i+q

2

1 1., -1
dy (m tnts i+ E)Gm+n+r+%ai+/+3+%

=2 Prs(Gopnplivjrt)

= [(pr,x (Lm,i): Gn+%,j+%] + [Lm,i, (pr,s(G,hL%,JLF%)]
0 . 1 1 ., 1
= [dr,s(m’ Z)Lm-i-r,i-‘rs’ G}’H—%,j-‘r%] + [Lm,h dr’s (f’l + bE J + f)Gn+r+%,j+s+%]

n+5+1 j+5+3
m+r+p i+s+q

- d° (m, )G

r,s

mtn+r+5i+j+s+3

| EEy st
m+p i+q

dri,s (n+ % it %)Gm+n+r+%,i+j+s+%'
Accordingly, we arrive at (3-4). With the use of (3-8), we have
4qd9,3(m +n+1,i+j+ DLmtntrttitjtst+
=4q¢rs(Lyynit,ivj+1)
= [(ﬂr,s(Gm%H%), GH%,H%] + [Gm+%,,~+%, </)r,s(G,,+%,j+%)]
= [dri,s (m+3.0i+ %)(Gm+r+%,i+s+%)’ Gn-l—%,j-i—%]
+ [Gm-l-%,i—ﬁ—%’ dri,s(” +3.J+ %)(Gn+r+%,j+s+%)]

= 2q(d,1’s (m + %, i+ %) +d,1’s (n + %, Jj+ %))Lm+n+r+1,i+j+s+l-
So, we get (3-5). O
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Inspired by [10], we proceed to analyze the %—superderivatives of 8(p, q), con-
sidering whether p and g are zero or not.

3.1.1. The case p,q # 0.

Lemma 3.2. Let ¢ = Zmez ©rs be an even %-superderivation of 8(p, q) and
(r,s) e Z x Z\{(0,0)}. Then

Drs = 0.
Proof. Taking n = j = 0 in (3-3), we obtain
(3-9) (p(i =) —q(m—r)d®,(m, i) = ((r+p)(i +¢) — (s +¢) (m+ p))d’, (0, 0).

(1) For g € Q, there exists some k € C* satisfying kp, kg € Z. Puttingm =kp +r
and i = kg + s in (3-9), it follows that

(qr — ps)d°,(0,0) = 0.

Clearly, we will discuss gr — ps being zero or nonzero.

Case 1: gr — ps #0. We have dgs (0, 0) = 0. And hence by (3-9), we can obtain

(3-10) O miy=0 if iz 1"
If@-}—seZ,wesetiz@-l—s,n:—m,j:—i.Since

p
we can apply (3-10). It follows that
d)(n, j)=d (—m,—i)=0.

Substituting it into (3-3), we get

(3p+r—m)d9s<m, M—H) —0.
’ P

Therefore, it leads to

d?v(m, MH) —0 if m#3p+r.
. »
Takingm =3p+r,i=qm—r)/p+s=3q+sandn ¢ {0,3p+r}in (3-3), for
dY(m+n,i+j)=0andd) (n, j) =0, we obtain

(3-11) (4 p)2g+9) — G+ 2p+rNd,Bp+r,3g +5) =0.
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If r +2p # 0, then we take j # %(szm —q. So, we obtain

d%,(3p+r.3g+s)=
If r +2p =0, it follows from (3-11) that
(n+p)2g +5)d°,, Bp+r.3g+5) =0.

Due to gr — ps # 0 and r = —2p, then we have 2qg + s # 0. It only needs to take
n # —p, then we get
d°,, (p.3q+5)=0.

Case 2: gr — ps = 0. Since s = © € Q, there exists t € C* satisfying tp, tq € Z.
Taking r =tp, s =tq in (3-3), we have

n+p Jj+q
m4-(t+1)p i+(t+1)g

n+@+1)p j+@+1)g
m—+p i+q

n+p J—l—q
(3-12) 2 mtp itq tp tq ), lq(m i)

(m—+n, l+])—‘

+

o, (. ).
Considering n = j =0, m # 0 in (3-12), we get

(pi —gm)dl) ., (m, i) = (t + ) (pi — gm)dY, . (0,0).
Clearly, our discussion will proceed based on whether pi — gm is zero or not.

Subcase 1: pi —gm # 0. We have

(3-13) (m, i) = (t + 1), (0, 0).

fP 1q

Taking m = —n #0, j = —i and pi +gn # 0 in (3-12), we obtain

(3-14) 40

0 00,0 =t +2)d5, , (—n, i)+ (t + 25, (n, —i).

Then applying (3-13), we have d?p’tq(n —i) = ,p tq( n,i)=(+1d° tp, tq(O, 0).
As aresult, (3-14) can be simplified as

(t+ 3)d 0,0) =

tp,tq

If r # —3, then we arrive at d,, , (0, 0) = 0. And hence by (3-13), it follows that

tp tq

,p tq(m )=

If t = —3, by (3-13), we derive

(m, i) = —2d°

(3-15) d° 0 3p—3a

03 (0,0).
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Lettingi = j =0 and m, n, m£n # 0 in (3-12), using (3-15), we are able to
conclude that

2n—m)d’5, s, (m+n,0) = —(m+2n)d’5, 3, (m,0)+Qm+n)d’s, 5, (—n,0),

d%;, 5,(0,0)=0.

Substituting it into (3-15), we see that

d°

73p’73q (m, l) - 0

Hence, we can deduce that

(3-16) dl,,,(m.i)y=0 for pi —qm #0.

Subcase 2: pi —gm = 0. Since g == € Q, there exists [ € C* satisfying Ip, lq € Z.
By substituting m = j =0, n = [p and i = lg into (3-12), since pi — gm #* 0,
pj —qn # 0 and (3-16), we arrive at d*, , (Ip, 0) = dY, ,,(0,1g) = 0. So (3-12)
can be written as )
(+2ydy, ,,(Ip.lq) =0.
Then, it yields
o, (Up,lg) =0, if | # 2.

If [ = -2, then taking m = —2p, n = 2p, i = —2q and j = 0 in (3-12) and
considering (3-16), it follows that

(t — Dpqdy, ,,(—2p. —2) =0.

Since p, g # 0, then dgj,,q(—Zp, —2q) =0 for t # 1 is derived.
Therefore, we can conclude that dgs(m, i)=0forall m,i)eZxZ2, (r,s) ¢

{(0,0), (p, q)} and d)) ,(m, i) =0 unless (m, i) = (=2p, —2q).
(2) For g ¢ Q, we can obtain, from (3-9),

_(r+p)i+q)—(s+q)m+p)
 pli—s)—q(m—r)

In the following analysis, we will proceed by the conditions whether r and s are
Zero or not.

G-17) d°,(m, i) d2,(0,0) for (m,i)#(r,s).

Case 1: r, s #0. Taking m = —r and j = —s into (3-9), we can see that
0 (—r, —s) =d",(0,0).
Given the conditions m =0, n = —r, i = —s and j = 0 in (3-3), it follows that

2((p —r)(q — ) — pq)d, (—r, —s) = =2qrd) (0, —s) — 2psd) (—r, 0).
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By combining

(qr —2ps)d?,(0, —s) = (qr —2ps — rs)d’, (0, 0),

(ps —2qr)d0(—r, 0) = (ps — 2qr — rs)d?, (0, 0),
we can deduce that

d)(0,0) =0.
So it leads to
d) (m,i)=0 for (m,i)# (r,s).

Takingm =r,i =s, j ¢ {0,s} and n ¢ {0, r, 2r} into (3-3), we can get

(n+p)2s+q) = (j +9)(2r + p))d) (r, 5) = 0.
Since g # Q, we have dgs(r, s)=0.
Case 2: r =0, s # 0. In this case, (3-17) becomes

(3-18) dgs<m,i>=P("”),‘“*‘”“"*mdgs(o,m for (m, i) % (0, 5).
’ pi—s)—qr ’

Substituting i = s and m # 0 in (3-18), we have
& m,s) =940 0,0) for m #0,
X g ©

Putting m = 0 and i = 2s into (3-18), we obtain
dg (0, 25) = dY (0, 0).

Furthermore, considering m +n =0, m,n # 0 and i = j = 0 in (3-3), we can
deduce that

4n(s +)dl(0,0) = (1 + p)(2s +q) — (—n + p)(s +g))d2 (m, 5)
+((n+ p)(s+q) — (—n+ p)2s +¢)dY. (n, 5).
Therefore, it can be checked that
d (m,i)=0 for (m,i)# (0,s).
Takingm =0,i =s, j ¢ {0, s} and n #~ 0 into (3-3), we can get
((n+p)2s+q) — p(j +@)dg, (0, 5) =0.

Since g # Q, we have dgJ 0,s5)=0.
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Case 3: r #0, s =0. Similarly, it can be shown that dgo(m, i)=0for(m,i)eZxZ.
Subsequently, we consider the value of d,l,s (m+ %, i+ %) If (r,5) ¢ {(0,0), (p,q)},
(3-5) becomes

dlm+L i+ +d (n+1 i+ =0
Taking m =n and i = j, we get
drl_’s(m +1,i+3)=0 forall (m,i)eZxZand (r,s) ¢{(0,0), (p,q)}.
If (r,s) = (p, q), it implies p, g € Z. Then taking m =n and i = j in (3-5), we get
Al (m+L i+ =dem+1.2i+1)=0 forall (m,i)eZxZ.
Consideringm =0,i =0,n=—2p —1and j = —2¢g — 1 in (3-5), we get
2y, (~2p. ~2) =d; (5. 1) +d; ,(~2p 5. 24— }) =0.
So we obtain dgs(m, i)=0forall m,i) e Zx 7 and (r, s) # (0, 0). [l
Lemma3.3. Letop =) ., ¢rsbea %-derivation of 8(p,q) and (r,s) = (0, 0).
Then i i
(. ) = di (' + .+ )
forall (m,i),(m',i")eZ x Z.
Proof. Writing (3-3) with (r, s) = (0, 0), we have
(G-19) ((n+p)i+q)—m+p)(j+q)
X (2§ o(m +n, i + ) = df o(m, ) — df o (n, j)) =0.

Taking n = j = 0 in (3-19), we obtain

(pi — qm)(d3o(m, i) — dY) (0, 0)) = 0.
Therefore, we derive
(3-20) dl o(m, i) = df) ,(0,0) if pi —gm #0.

Now, if pi — gm =0, then we can assume m = kp and i = kq, k € C*. We choose
pj —gn # 0 in (3-19), it becomes

(3-21) (k+ 1D ((n+p)g—(+q)p)
x (2dg o(kp +n,kq + j) — dg o (kp. kq) — dg o(n, j)) =0.
Since p(kg + j) — q(kp +n) # 0, by (3-20) we obtain

d o(kp +n, kq + j) = df o(n, j) = dg (0, 0).
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Substituting it into (3-21), we have
(k+ 1)(d) o (kp, kq) — d34(0, 0)) = 0.
Hence, it follows that
d o(kp, kq) = dgo(0,0) if k #—1.
We substitute m =0, n = —p, i = —q and j = 0 into (3-19). By (3-20), it leads to
(3-22) dfo(=p, —q) = d§ (0, 0).

Consequently, we can conclude that dg’o(m, )= ng(O, 0) forall (m,i)e Z x Z.
Therefore, (3-5) becomes

doo(m+3,i43) +dio(n+ 3, j +3) =2d0,(0,0).
Taking m =n and i = j, we get
(3-23) dio(m+ 1L i+1)=d),©0,0) forall (m,i)eZxZ.
Combining with (3-22) and (3-23), we conclude that ¢ o = dg‘O(O, 0)id. U
From Lemmas 3.2 and 3.3, the subsequent proposition is directly derived.
Proposition 3.4. Let p, g € C*. Then
AS(p. q)) = (id).
3.1.2. The case p=0, g #0.

Lemma 3.5. Let o =) 7 ¢rs bea %—derivation of 8(0,q),r € Z* and s € Z.
Then

Or,s = 0.

Proof. According to Lemma 2.3 from [10], we can obtain d?,s (m,i) =0 for all
(m,i) e Z x Z. So, (3-5) becomes

d(m+3 i+ +d (1 +1 j+1)=0.
Taking m =n andi=j,wegetd£s(m+%,i+%)=0f0rall (m,iyeZx7Z. O

Lemma 3.6. Let ¢ = Zmel ors be a %—derivation of 8(0,q),r =0ands € 7*.
Then

®o,s = 0.
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Proof. If s # g, then we can obtain that dg’x(m, i)=0forall m,i) e Zx7Zis
established based on Lemma 2.4 in [10]. Hence, (3-5) becomes

dy(m+3%,i+3)+dj,(n+3,j+1)=0.
Taking m =n and i = j, we get
di(m+1i+1)=0 forall (m,i)eZxZ.

If s = g, then we arrive at dg,q (m, i) =0 unless (m, i) = (0, —2¢q), which has been
proved in Lemma 2.4 of [10]. Therefore (3-5) becomes

(3-24) d{ (L, i+d)+dd  (n+d. j4L) =0 for mtnt1,i+j+1)#(0,~2q),
(3-25) di ,(~n—1, —j—2q—1)+d] ,(n+1, j+1) =245 (0, —2¢).

By setting m = n =i = j into (3-24) and observing (m +n+1,i +j+ 1) =
2m+1,2i 4+ 1) # (0, —2¢q), we deduce, from (3-24),

i (m+3.i+3) =0 forall (m.i) €ZxZ.
In the end, with the use of (3-25), we can obtain dg,q(O, —24) =0. -

Lemma 3.7. Let ¢ = Zr,sel ©rs be a %-derivation of 8(0, q) and (r, s) = (0, 0).
Then

dogm, i) = dg o(m' + 3,1 +3)
forall (m,i),(m',i")eZ x Z.

Proof. As stated in Lemma 2.7 of [10], we can deduce dg’o(m, )= dgyO(O, 0) for
all m,i) € Z x Z. Then, (3-5) becomes

doo(m+3.i+3)+dio(n+ 3. j+3) =245 (0, 0).
Taking m =n =i = j, we have
g o(m + 3.1+ 3) = d35(0.0)
forall m,i)eZ x Z. (]

Lemmas 3.5, 3.6 and 3.7 jointly yield the following proposition.

Proposition 3.8. Ler p =0 and g € C*. Then

A(8(0, 9)) = (id).
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3.1.3. The case p # 0, g = 0. For this case, (3-3) and (3-4) are expressed as,
respectively,

(3-26) 2 :;‘; Had o4, + )
ST RARA RN i TR
(3-27) 2 ”;i% it dl(m+n+tivj+l)
S[E I o R R g ey

Lemma3.9. Let ¢ =) 7 ¢rs bea %-derivation of 8(p,0),reZands € 7*.
Then

@rs =0.
Proof. Taking n = j =0 in (3-26), we can see that
(3-28) p(i — s)dgs(m, )=+ p)—sim+ p))d?s(O, 0).
Letting i = s and m # r in (3-28), we obtain
d?(0,0) =0.
Furthermore, substituting it into (3-28), it leads to
(i —5)d(m,i)=0 and d°(m,i)=0  for i #s.

j(m+r+p)
?é 2s

Puttingi ==, j ¢ {0, s} and n — p in (3-26), then we have

A (m+n,i+j)=0 and d°n,j)=0.
Hence we obtain
@s(n+p)— jom+r+p)d’(m,s)=0 and d° (m,s)=0.
Therefore, we derive
(3-29) 2 (m,iy=0 forall (m,i)eZxZ.
Taking into account both (3-27) and (3-29), then we infer

n+5+3j+3

ntr+btgjtsty| i
m+pi

2 .
m+pi

Al (b, 44 =
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Substituting m =i =0, we get
(j —s+%)dis(n+%,j+%) =0.
Since j, s € Z, then we have j — s + % =% 0. Hence it follows that
drI,S(n—f_%’j—'_%) =0
forall (n, j)eZ x Z. [l
Lemma 3.10. Let ¢ = Zr,sel ©rs be a %—derivation of 8(p,0),r e Z* and s = 0.

(1) If r # p. then g0 =0.

() Ifr=p, then dgo(m, i)=0forall (m,i)#(=2p, 0) andd;’o(m+%, i+%)=0
forall (m,i)eZ x 7.

Proof. With s =0, (3-26) can be expressed as

3300 2|"TP I mni+ )
m—+p 1| >
| ntp J|l 0 . n+r+p j| o .
_‘m—i-r—i-p | drolm D Aol )
Taking n = j = 0 in (3-30), we get
pid)o(m, i) = (p+r)id)y(0,0).
Thus, we have
(3-31) do(m, i) = (1 +rp~")d%(0, 0) for i # 0.

We proceed with a classification discussion based on whether or not p € Z.

Case 1: p € Z. Choosing m = —n and j = —i # 0 in (3-30) and applying (3-31),
then we obtain

4pd2(0.0) = (r +2p)(dy(—n, i) +do(n, —i))
=2(r+2p)(1+rp~1)d}(0,0),
r(r+3p)dy(0,0) =0.

Thus, we get
d)y(0,0)=0 for r # —3p.

We take r = —3p and use (3-31). Hence it follows that

(3-32) dy(m, i) = —2d°,(0,0) for i #0.
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Puttingm =n =0, i, j,i £+ j # 0in (3-30) and applying (3-32), then we can derive
2p(i — o0, i+ j) = pli +2))d) (0, i) — p2i + j)d (0, j),
2p(i = )d;(0,0) = p(i +2j)d;(0, 0) — p(2i + j)dy(0, 0),
d%,(0,0) =0

Case 2: p ¢ Z. Observing that 1 +rp~! % 0 in this case, we take m =n =0 in
(3-30), then we can obtain

2p(i = N0, i + ) = (pli = j) = r)d2o(0, i)+ (p( — j) +ri)dy (0, j).
We choose i, j,i £ j # 0. Then owing to (3-31) and 1 4+ rp~! # 0, we have
d%(0,0)=0
Hence by (3-31), we can deduce that
(3-33) ddy(m,i)=0 for i #0.

It remains to analyze dgo(m, 0). To this end, putting m =0 and j = —i # 0 in
(3-30) and applying (3-33), hence we have

22p +n)id%y(n, 0) = 2p +n+r)i(d(0, i) +d° (n, —i)),
(2p +n)dpy(n, 0) =
Therefore, we can conclude
d%(n,00=0 for n #—2p.
Taking m = —2p, i =0 and j # 0 in (3-30) and using (3-33), it follows that
2de,0( 2p+n,j)=(p—r)jd o( 2p,0)+pjdro(n 7
(p—1)dy(=2p, 0) =

So, d° +0(—=2p,0) =0 for r # p is derived.
If r # p, then (3-27) becomes

n+% +2 ]+2

3-34) 2
( ) m—+p i

dlo(m+n+Lit+j+1)

n+r+ +2 J+2
m-—+p

dlo(n+5.j+3).
By taking m =i = 0 into (3-34), we get

(j+Dalo(n+1, j+1) =o.
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Since j € Z, then j + % # 0 is inferred. Furthermore, we have
dlo(n+1,j+1)=0 forall (n, j)eZxZandr # p.
If r = p, the term in (3-27) that includes dg‘o(m, i)is
(n+2+3)i—(+1)m +2p))d2’0(m, iY=0 for (m,i)#(—2p,0),
(j+3)(=2p+ p+p)dS o(=2p,0) =0 for (m,i) = (~2p,0).

Therefore, the term with dé’o(m, i) in (3-27) vanishes. Equation (3-27) becomes

(3:35) 2 ”Z;Z Ll g+t i+ +3)
l’l+3p+2 ]+2 d 1 - 1
mtp o3, +3)-

Taking m =i = 0 into (3-35), so we obtain
dp O(n + 2° ] + ) 0
for all (n, j)eZ x 7. O
According to this conclusion, we can get the following lemma.

Lemma 3.11. Let p € Z*. Then the linear map o : S(p,0) — 8(p,0) is a %
derivation of 8(p, 0) such that

09 (m,l);é(—Zp,O),

a(Ly,i)= {L_p,o, (m,i) =(=2p,0),

a(Gm-‘r%,i-ﬁ-%) =0

for (m,i)eZ x Z.

Proof. We observe that e = ) (&, s = & . In view of Lemma 3.1 we need to
check (3-3) and (3-4) for (r, s) = (p, 0) and

0, (m,i)#(=2p,0),

L (m,i)=(=2p,0),

(3-37) dlom+Li+l)y=0, (miezxz

(3-36) dd o(m, i) = {

Firstly, we prove that (3-3) holds.
Case 1: (m, i), (n, j), (m+n,i+j)# (—2p, 0). Then both sides of (3-3) are zero.
Case 2: (m, i) = (—2p, 0). Then (3-3) becomes
2pjd) o(=2p +n. j) = pjd) o(n, j).

If j =0, then it is trivially satisfied, otherwise both sides are zero by (3-36).
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Case 3: (n, j) = (—2p, 0). Then (3-3) becomes
2pid,) (—=2p+m. i) = pid) o(m. i),
so this case is similar to Case 2.
Case 4: (m+n,i+ j) = (—2p, 0). Then (3-3) becomes
0= pid) o(=2p —n, i)+ pid, o(n, —i),

and again this holds by (3-36).
Next, we proceed to prove that (3-4) holds. Due to (3-37), (3-4) becomes

pyl 41
n+s+; J+3 dg,o(mvi)ZO-

m+2p i

Given (3-36), it holds.
The corollary is an immediate consequence of Lemmas 3.9 and 3.11.

Corollary 3.12. Let ¢ be a %—derivation of 8(p,0),r,s €.

(1) If p¢ Z, then ¢, =0 for (r, s) # (0, 0).
(2) If peZ,then ¢, s =0 forall (r,s) ¢ {(0,0), (p,0)} and ¢, o € ().

Finally we proceed to prove the case of r =5 = 0.

Lemma 3.13. Let ¢ be a %-derivation of $(p,0)andr =5 =0. Then

do(m, iy =dg o(m' +1,i' + 1)

forall (m,i),(m',i")eZ x Z.
Proof. In this situation, (3-3) and (3-4) are presented as, respectively,
(3-38)  (i(n+p)—j(m+p)Q2dYo(m+n,i+ j)—dd o(m,i)—dlo(n, j) =0,
(3-39) (i(n+5+3)—(j+3)m+p))

X (2dg o(m+n+ 5,0+ j+5)—d)om,i) —dj o(n+5, j+1)) =0.
Taking n = j =0 and i # 0 in (3-38), we obtain
(3-40) dS o(m, i) = dJ,(0,0) for i #0.
We choose j # 0 and n = —m in (3-38), then we arrive at

(m+ p)(2d,4(0, ) — df o(m, 0) = dg o (—m, )) =0.

Due to (3-40), it follows that

d(()_),o(mv 0) = dg,o((), 0) for m # —p.
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Substituting m = —p, n =0 and j = —i # 0 into (3-38) and using (3-40), we can
derive that

2dg o(—p. 0) — dg o(—p, i) — dg ,(0, —i) =0,
dp o(=p, 0) = dg (0, 0).

Taking m =i = 0 in (3-39), we can see that
p(i+3)@do(n+5,j+1) —d o, 0) —djo(n+ 1. j+1)) =0.

Since p # 0 and j € Z, then we have p(j + 1) # 0. Furthermore, we are able to
conclude that

dyo(n+13.j+3%)=dj,0,0)
forall (n, j)eZ x Z. O

Directly from Lemmas 3.9, 3.13 and Corollary 3.12, we deduce the following
proposition.

Proposition 3.14. Let p € C* and g = 0. Then

(id), p¢Z,

5 _
A(&RO»_{u¢a% per*

where a is as in Lemma 3.11.

3.1.4. The case p = g = 0. Rewriting (3-4) with p = g = 0, we obtain

(3-41) 2”+2]+2w( tn+litj+d)
nts jtsz| o, |ntrty jts+y
ol R AN U o R df(n+ 3. +3)-

Lemma 3.15. Let ¢ = Zr sez Pr.s be a —derzvatlon of 8(0,0) and let (r,s) €
Z x Z\{(0,0)}. Then

Dr,s = 0.

Proof. dgs (m,i) =0 for all (m,i) € Z x Z is derived from Lemma 2.9 in [10].
Then, (3-41) becomes

n+2 ]+2

(3-42) 2 dl(m+n+Li+j+1)

n-i—r-i-2 J+s+2

i
m i d, ( 2’J+)




138 ANQI HUANG, YUN GAO AND JIANCAI SUN
Taking m = j =0 in (3-42), we obtain
2i(n+ ) (n+ 1 i+ ) =i(n+r+1)dl (n+ 1)),
3-43)  2n+Y)d (4L i) =(ntr+d)d (n+1 1) forio.

It implies that & (n + 1, i + 1) is independent of i for i # 0. Substitution m =0,
Jj = —i #0into (3-42), it leads to

(3-44) Qn4+1d! (n+ 1 ) =(n+r+1)d (n+1 —i+1)
= (et r Bl (ot i),
Multiplying (3-44) by 2n 4 1 and using (3-43), we get
(2n + l)zd,IS(n +5.5)=m+r+ l)2dI (n+3.3%).

Assuming di (n +1 3 2) £ 0, we obtain 2n + 1)% = (n +r+ ) whence 2n+1=

:I:(n +r+ %) It follows that n = r — % orn= —% — 2, which contradicts n € Z.
Then utilizing (3-44) and n +r + % # 0, we have

forall (n,i)eZ x Z. O

Lemma 3.16. Let ¢ = Zmez ¢rs be a —-derlvatlon of 8(0, 0) and (r, s) = (0, 0).
Then

Bom-+ L.i+1) = dlyon'. 1)
for (m,i)eZ xZ,(m',i")yeZ x Z\ {(0,0)}.
Proof. According to Lemma 2.10 from [10], we can obtain
(3-45) dg’o(m, i)= dg’o(m/, i"y forall (m,i),(m',i")e€Z xZ\{(0,0)}.
By substituting (r, s) = (0, 0) into (3-41), we get
n+i j—I—%
m i

(3-46) (2dg o (m+n+5.i+j+3) =dig(m. i) =dig(n+5. j+3)) =0.

We take m = j =0 and i # 0 in (3-46). And since n + % = (0, we obtain
(3-47) 2dy o(n+ 4, i+1) =d0o©, i) +dlo(n+ 1, 1) fori 0.
Letting n =i = 0 and m # 0 in (3-46), and because of j + % # 0, we have

2dg o(m+ L, j+1) =dQom, 0)+di (12, j+ 1) for m #0.
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Hence, due to (3-45), we arrive at
(3-48) dion+ 1 Y =dlo(Li+1) forn,i#0.
Substituting m = —n # 0, i # 0 and j = 0 into (3-46), it leads to

(1 + 30+ ) (2 (b 1+ 3) = g, 1) = dfn+ 5, 1)) =0.

If (n,i) ¢ {(0,0), (—1, —1)}, then we have ni + %(n +1) # 0. Therefore, it follows
that

(3-49) 243 o(L, i+1)=dl o(—n, D) +d]o(n+1, 1) for (n,i)#(0,0), (=1, —1).
Now, combining (3-47), (3-48) and (3-49), we get
Ao+ Y =dl o4 i+ 1) =dly(=n,i) forn,i £0and (n,i) # (=1, 1),
Ao+ L i+ 1) =ddo(=n, i) =d) o', i)
for (n,i) # (0,0), (=1, —1) and (n’, i") # (0, 0).
In particular, taking n =i = —1 in (3-47), we have
2dg o(—3- =) = dgg(0. =) +dg (5. 3) = 245 0. ~1) = 24 ', i)
for (n',i") # (0, 0). Therefore, we can conclude
(3-50) dio(m+ L, i+L)y=ddom',i") for (m,i), m',i") € Z x Z\{(0,0))
Taking n = j = 0 in (3-46), we can deduce
(3-51) G —m)(2do(m+ 1, i+ 1) —do(m, i) —di o (3, 1)) = 0.
If m # i, then we get (m, i) # (0, 0). Consequently, it follows that dgo(m, i) =
dé,o(m + %, i+ %) Hence, from (3-51) we obtain that
doo(m+3,i+3)=djo(3,3) form#i.
Using (3-50), we have
diom+ L i+ 1)y =dlo(L, 1) for (m,i)eZxZ. 0
According to this conclusion, we are able to deduce the subsequent lemma.

Lemma 3.17. Let p = g = 0. Then the linear map B : $(0,0) — 8(0,0) is a
%-derivation of 8(0, 0) such that

0, (m,i)#(0,0),

G . =0
Loo, (m,i)=(0,0), B( m+%,,+%)

ﬂ(Lm,i) == {

for(m,i)eZ x 7.
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Proof. We observe that 8 =) 7 Brs = o,o- In view of Lemma 3.1, we need to
check (3-3) and (3-4) for (r, s) = (0, 0) and

0 . 0, (m,i)#(0,0),
3-52 dg o(m, i) =
(52 om0 ={1 o Z oo
(3-53) dyo(m+3.i+3)=0
for (m,i) e Z x 7.
Firstly, we prove (3-3). In fact, we can split this proof into four cases:

(1) (m, i), (n, j), (m~+n,i+j)=0,0),

(2) (m,i)=1(0,0),

3) (1, j))=1(0,0),

@) (m+n,i+j)#(0,0).

Obviously, under all these different cases, (3-3) is trivially satisfied.
Subsequently, we prove (3-4). Due to (3-53), (3-4) becomes

1oyl
"2 TG0 om, i) =0,

m l

It clearly holds by (3-52). U

With Lemmas 3.15 and 3.17, we can directly infer the subsequent proposition.

Proposition 3.18. Let p =g =0. Then
A(8(0,0)) = (id., B),

where B is as in Lemma 3.17.

By integrating Propositions 3.4, 3.8, 3.14 and 3.18, we can deduce the following
corollary.

Corollary 3.19. Let p,q € C. Then
] (id), q#0,
A'@S(p,q) = { lid, @), p#0,g=0,
(id, ), p=q=0.

where o and B are as in Lemmas 3.17 and 3.11.
3.2. Odd %-derivations of 8(p, q). In this subsection we consider that a linear
map ¢ : 8(p, q) — 8(p, q) is odd, if p(8(p, q)i) € 8(p,q)j_; fori € Z,. In this
case [p| =1,s0 ¢ isa %-superderivation of 8(p, ¢) if and only if

o(x, y1) = 3 (lp(), yI+[x, 9M]),  x €8(p, 9)g,

(p([-xsy])=%([(p(x)sy]_[x7 (P()’)]), XES(PaQ)i
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Denote by Al (8(p, q)) the space of odd %—superderivations of 8(p, ¢). As usual,
for any ¢ € AY(8(p, q)), we write

Y= § :¢r+%,.v+%’

r,seZ
where
(3_54) (pr_,_l,H_l(Lm,i) = dO ] 1 (mv i)Gm+r+%7i+Av+% )
(355 prs(Cppyir) =dl o (S D) L
0 1 1 ;1 .
forsomed+ (m i), a’ ot %(m+§,l+§) eC,m,i,r,s € Z. We have

/XS Ai(S(p, qg)) if and only if Prilrl € Al (S(p,q)) forallr,s eZ.
Lemma 3.20. Let
Oyl o1 :8(p.q) = 8(p, q)
be a linear map satisfying (3-54) and (3-55). Then

Prilsr €A, 9)
if and only if the following three conditions hold.:
n+p j+q
m+p i+q

_ n+p j+q
m+r+L24+1 its+4+1

ntr+5+3 j+s+443
m+p i+q

(3-56) 2

r+%,s+%(m +n, i+ ])

()
r+ s+1(m )

+ 0 ls_,’_%(nsj)s

n+5+3 j+%+1

(3-57) 2 )
m—+p I+q

1, -1
r+%’s+%(m+n+§,l+j +§)
n+r+p+1 j+s+q+1 gl

=2¢d° '
94,y DT itg | %rebst

(3-58) 4qd?+%’s+%(m+n+ Li+j+1)
L[ bl e
m4r+p+1 i+s+g+1

n+r+p+1 J+s+q+1
m+% —I—2 i+% —I—2

1 1., 1
dr+%’s+%(m+§,l+§)

dr+1.s+

(43,7 +7)-
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Proof. By Definition 2.1, ¢, 1511 € AT(S( p, q)) if and only if the following three
expressions are valid:

n+p j+q
m+p i+q
=[gor_’_%,S_F%(Lm,i)vLn,j]+[Lm,i+§0r+%vs+%(Ln,j)]a
n+3+5 j+3+%
m+p i+q
:[¢r+%’s+%(l‘m,i)a Gn+%’j+%]+[Lm,i’ (Pr+%,s+%(Gn+%,j+%)],

(3-59) 2 Brit it Loimis))

1 (G

(3-60) 2 Pralstl m+n+%,i+j+%)

(3-61) 499, 1 11 Lmtnt1itj+1)

=041 G151 Gt 1= LG 1 1 @1 1 (G D
Due to (3-59), we can see that
) n+p j+q
m+p i+q

n+p j+q
m+p i+q

= [(/’r+%,s+%(l‘m,i)a Ln,j] + [Lm,i7 ¢r+%,s+% (Lnj)]

0
r+%,s

+1 (m+n,i+ J)Gin+n+r+%,i+j+s+%

(Pr+%,x+% (Lm+n,i+j)

— 140 ; ) . 40 :
- [dr+%,s+%(m’ l)Gm—i-%,H—%’ Ln,]] + [Lm,lv dr+%,s+%(n’ -])G}’H—r-i—%,j-i—r-l—%]

_ n+p j+q
m+r+84+1 its+4+]

ntr+5+5 jts+4+3
m-+p i+q

0 ,
dr-i—%,s-i—% (m, l)Gm+n+r+%,i+j+s+%

+ r+dst1 (n, ])Gm+n+r+%,i+j+s+%'

Thus, (3-56) is obtained. By (3-60), we have

n+5+3 j+53+3] i L
mp it+q dr+%’s+% (m+n+35,0+j43) Ltntrititjtstl

n+i+5 j+3+4
m+p i+q

2

rds+4 (G

m+n+%,i+j+%)

=lo, 1 st Lm), Gyt a1+ iy 91 o 1(G 1 1]
— 140 ;

=l 11 DG 1 Gyl ]

1 .
+ [Lm.i, dr+%,s+% (n + %7 J+ Q)Ln+r+1,j+s+1]

1,
2

— 940 ; L
= 2qdr+%,s+%(m, D) Lmpntr41,i+j+s+1

n+r+p+l j+s+q+1

di n+i i+ 0L Py .
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Consequently, we come to (3-57). Because of (3-61), we observe

4qd9+%’s+%(m trtlitj+ I)Gm+n+r+%,i+j+s+%
=440, 41 st Lmtnt1itj+1)
= [‘Pr-i-%,s-;-%(Gm_‘_%’i_,_%), GVH—%J-F%] — [Gm+%,i+%, ¢r+%,s+%(Gn+%,J‘+%)]

N [d’l%’”%(Gmﬂ“%’”%)’ Crpy jit 1 1Oy ig ) dri+%,s+l(Gn+%*j+%)]
nthty 4

m+r+p+1 i+s+q+1

1 1,1

dr+%,s+% (m+3.i+ i)Gm+n+r+%,i+j+s+%
ntr+p+1 jts+q+l
m+i+i  i+i4l

1 1,1
dr+%,s+% (nt3.7+ 2)Gm+n+r+%,i+j+s+%'

Hence, it follows that (3-58) holds truly.

Let ¢ € A'(8(p.q)) and Yy 1yt be the left multiplication by G, 1 ;.1

in 8(p,q), m,i,r,s € Z. Since |1ﬁm+%’i+%| = 1 and we have, for all x,y €
{Ln,ja Gn-l—%,j-‘r% | n, .] € Z}a

O

UL ipd YD =16, 100, [x, v

=[Gy 111 X1 Y1+ DM [, 11, y]]
= [V 11 GO YT+ DM 0,1 1O,

(/o Lt is an odd superderivation of S(p, q).
Since the supercommutator

(@1 s Vi it T = Pl i 1V il H Vg i 104 ] 41
satisfies

(3'62) [gor—}—%,s—i-%’ wm+%’i+%](lfn,j)

=@l ([Gm-i-%,i—&-% ’ Ln,j])+[Gm+%,i+% 2 Prpl sl (Ln,j)]

n+p jt+q | ;i L
= m+§+% i—l—%—{-% H_%’H_%(m-f—n‘f—%,l+J+%)Lm+n+r+l,i+j+s+l

i .
+qur+%vs+%(”l, D Lmtntr+1,itj+s+1s
(3-63) [¢V+%,S+%’ m+%,i+%](Gn+%,]+%)

=L+l ([Gm+%,i+%v Gn+%,j+%])+[Gm+%,i+% 2Pra Lyl (Gn-i-%,j-i-%)]

P .
= 2qd,+%,s+% (mAn+1,i4+j+ DG, g3 it jisrd

n+r+p+1 j+s+qg+1| 1 1.1
m+§+% i+%+% r+%,s+%(n+§’]+§)Gm+n+r+%,i+j+s+%’
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forallx,ye{L,;, G 1 | n, j € 7}, it follows that

n+%,j+
[(PH_%,H_%, ¢m+%,i+%]([X, yD

=Pl ! (wm-i-%,i-i-% ([x. yD) + Vi Lit L ((pr—i-%,s-i-%([x’ D)

= 5@t 1 51 Vo L 1 QO VI X [0 1 W11 1O)]).

Therefore, we can conclude that [¢, 41 1S an even %—superderivation
2

s+ wm-ﬁ-%,i—&—%]
of 8(p, q), which was given in Corollary 3.19.
So, if g # 0, then we arrive at

0, (m+r+1,i4+s+1)#(0,0),
3-64 1, 1.1](Lp )=
Gob Wrisry Yiidiat ) Ens) {an,j, (m+r+1,i+s+1)=(0,0),
)_{ 0, (m+r+1,i+s+1)#(0,0),

¢

R L R S L Loj, (m4r+1its+1)=(0,0)

D=

J+

=

for some constant ¢ € C.

If g =0and p ¢ Z, then we get
0, (m+r+1,i+s+1)#(0,0),
3-66 , (L, )=
(3-66) (i sty Vg g 31 (Enj) {CILN, (m+r+1,i+s+1)=(0,0),
B 0, (m+r+1,i+s+1)#(0,0),
(3-67) [‘/’r+;,s+;’V’m+;,i+;]<Gn+w+;>—{CIL”, (m+r+1,i+s+1) = (0,0)

for some constant ¢; € C.
If g =0 and p € Z*, then we have

(3-68) 10,41 11> Yy i1 1L )
0, (m+r+1,i+s+1)#(0,0), (0, p),
oLy j, (m+r+1,i+s5+1)=(0,0),
0, m+r+1,i+s+1)=(0, p) and (n, j) # (—2p,0),
asLl_p0, (m+r+1,i+s+1)=(0, p) and (n, j) =(-2p,0),
)_{ 0, (m+r+1,i+s+1)#(0,0),

3-69 , . G .
GOt Vs kit Ot D=L it Lids 4D = 0,0)

D=

for some constants c¢3, ¢3 € C.
If p =g =0, then we obtain
(B3-70) 19,11 411> Vi 141 1L )
0, (m4+r+1,i+s+1) #(0,0),
=qc4ly j, (m+r+1,i+s+1)=(0,0) and (n, j) # (0,0),
csLyj, (m+r+1,i4+s+1)=(0,0) and (n, j)=(0,0),

0, (m+r+1,i+s+1)#(0,0),
3-71 1, 1.0 (G, 1. 1)=
CTV Nt Ve i 1 iy o) {L (m4r+1i+s+1)=(0,0)
for some constants c4, c5 € C.



POISSON SUPERALGEBRA STRUCTURES ON BLOCK-LIE SUPERALGEBRA 145

3.2.1. The case p,q # 0. By (3-62)—(3-65), we have

1
r+%,s+%

n+p j+q

3-72 .
(3-72) m+L+1it+dql

(m+n+3i+j+3)
+2qd),, () =0,

(3-73) 2qd?+%’s+% (m+n+1,i+j+1)

ntr+p+l j+s+q+l
m+i+l it d4l

forall (m,i) #(—r—1,—s—1).
Lemma 3.21. Letr,s € Z,and ¢ € Ai(S(p, q)).
(1) If p,q €27+ 1, then

1 1 ., 1
d+%,s+%(”+i’]+§):0

(2) Otherwise, Prilstl = 0.
Proof. Taking m =i =0 in (3-56), we obtain
G4 = —pG=dl,, (5. j+3)=2d, 0.0).

Then taking n = r and j = s in (3-74), it gives d?+ Ll (0, 0) = 0. Hence, (3-74)

can be given by e

(3-75) (p(i —s)—q(m—r))dj+l i (mt3,i43)=0 forall (r,5),(m,i)€ZxZ.
2 2

Taking n = j = 0 in (3-72), it yields

(3-76) (p(i+3)—gq(m+3)d) i (m+3.i+3) =0

forall (r,s)eZxZ and (m,i) #(—r—1,—s—1). When (m,i)=(-r—1, —s—1),
(3-75) can be written

(s + 9 =g +3)dL,y,y(r=h =5 =1 =0
In addition, subtracting (3-75) from (3-76), we get
(P(s+3) =a(r+2))d} sy (m+3.0+3) =0

for all (r,s), (m, i) € Z x Z. Clearly, we will analyze whether p(s + %) — q(r + %)
is zero or not.
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Case 1: p(s+%) —q(r+ %) # 0. We have
diy g (mt3i+3)=0 forall (mi)eZxZ.
So (3-58) becomes
d° | m4n+1li+j+1)=0 forall (m,i),(n j)eZxZ.
r+5,5+5

Lettingu=m+n+1 and v=1i+ j+ 1, we obtain

r+ (u v)=0 forall (u,v)eZx42.

Case 2: p(s + %) — q(r + 5) = 0. There exists some k € C satisfying r = kp — %
s =kq — % € Z. Now taking into (3-75), we have

(P +3) = a4 3))dip sy (m+ 3.8+ 3) =0.

Accordingly, it follows that

1
- m-+ =
(3-77) diyrg(m+3.i4+3)=0 for (m,i)€ZxZ and 2
, +§
+

SRS

Lettingu =m+n+1and v =i+ j+ 1 with = f;«égand
obtain, by (3-58) and (3-77),

272 4
~, W€ can
]+% 7 q

d,?p’kq(u, v)=0 forall (u,v)eZxZ.

In conclusion, we obtain

(3-78) d;)%’s%(u, v)=0 forall (u,v),(r,s)eZ xZ.
Next, we will calculate
1
i - 1) omts; p
dkp’kq(m+§,l+§)—0 with l+% —g

We choose (m,i) € Z x Z with m+2 = £ then there ex1sts some [ € C satisfying

m=Ip— z_lq——eZ Whenp;éq,takmgn_lp j=lg— 2,(m,z)erZ
with % = 5 and m # —r — 1 in (3-73), we have

(k+14+1)(p—q)d, ,(p.1q) =0
So, we get i
dklp,kq(lp’ lg)=0 for k+I/+1+#0and p #gq.

When p =gq, taking n = Ip — %, j=lg— % and m #i € Z in (3-73), we have

(k+1+1)d}, ., (Ip.1p) =0
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Therefore, we can conclude
dl,Up,Ip) =0 for k+1+1#0.

Ifklsatrsfyk+l+1_0 ie., (r,5)=(kp—%, kg—3%) and (m,i)=(Ip—3.1g—%) =

( kp—p— kq q— —) then we can deduce p, g € Z. Furthermore taking
n——p,m;é——,] # —qg and i # —s — 1 in (3-72), we have
1 Lo -1
dlylm—prhitj+h=0

Lettingu=m—pandv=i+, wegetd1 Pt l(u+%,v+%):0foru;ﬁ—3—p—%.
And hence, we can arrive at k.

drl+1’s+l(u+%,v+%)=0
for (r,5) # (£ — 4,4 — L) and (u,v) # (-2 -1, -3 1), O

According to this conclusion, we can obtain the following lemma.

Lemma 3.22. Let p, g € 2Z + 1. Then the linear map y : 8(p,q) — S(p,q) is a
%-derivation of 8(p, q) such that

Y (Lm,i) =0,

(Gt iv)) = > (m’l:)#(_?_%’_?_%)’
Lopog = (%3 -%-1)

for(m,i)eZ x 7.

Proof. We observe that

2:272
(3-79) 9 ,m.i)=0, (m.i)eZxZ
2°2
i 0, (m,l);é(—3—p_l,_3_‘1_l),
1 R A 2 72272 T2
(3-80) d%%(m-l-i,l—ki)— 1. (m,i):(—3—1’_l _3_61—1)'

Evidently, (3-56) is satisfied. The next step is to check (3-57).

Case 1: (n, j), m+n,i+j) # (—— — %, —%q — —) Clearly, both sides of (3-57)
are zero by (3-80).

Case 2: (n, j) = (——p — 1 —37‘1 — 1). Then (3-57) becomes

n=%.i- %)=
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If (m, i) = (0, 0), then it is trivially satisfied, otherwise both sides are zero by (3-80).
Case 3: (m+n,i+j)=(-L2-1,-% - and(n, j) # (-2 -1 341
Then (3-57) becomes

(r+ 5+ (=i =4 =)= (-n =5 =D+ 4+ 1)

Both sides of (3-57) are zero by (3-80).
It remains to check (3-58). Due to (3-79) and (3-80), (3-58) becomes

wrbry
o1 g 1|9pglmt i)
m+=+3 i+5+5| 22
3p4 1 sy 3q 11 _
ntoty Jta ) g Lo
B milyl a1 dg,%(”+§’f+§):0~
272 272
It evidently holds by (3-80). (]

With Lemma 3.22, we can directly infer the proposition below.

Proposition 3.23. Let p, g € C*. Then

(v}, p.qe2l+1,
{0}, otherwise,

A (S(p, q)) = {

where y is as in Lemma 3.22.

3.2.2. The case p #0, g = 0. In this case, (3-56) becomes

n+p Jj .. n+p J
3-81) 2 =
(3-81) tp i r+ ’s+%(m+n,t+]) ‘m+r—|—ﬁ+% i+s+2 r+ s+, (M)
d 7).
+ m+p i r+ %(n /)

On the other hand, by using (3-62)—(3-63) and (3-66)—(3-69), respectively, we have

1 1 - . 1
r+%’q+%(l’n+n+§,l+]+§):0

n+p Jj

3-82
(3-82) ‘m+§+%i+%

for m,i) #(—r—1,—-s—1),(—p—r—1,—s—1), and

n+r+p+1 j+s+1
m+L+3 ity

i 1.1
dr+ s+2(”+§’1+§):0
for mm,i) #(—r—1,—s —1).

Lemma 3.24. Letr,s € Z and ¢ € AI(S(p, 0)). Then

(ﬂr+2 s+3 =0.
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Proof. Takingn ¢ {—p,0}, j=0andm ¢ {—p —r —1, —r — 1} in (3-82), we have
i
dJrz (m+n+2,l+ ) 0.

Since any k € Z can be written as m +n withm ¢ {—p —r — 1, —r — 1} and
n ¢ {—p, 0} (by choosingn ¢ {—p,0,k+p+r+1, k+r+1}), we obtain

dr1+%’s+%(k+ 1i+3)=0 forall (k,i)eZxZ.

Choosing n = j = 0 in (3-81), we obtain

(3-83) p(i—s—%)df’%ﬁ%(m,i):(i(r+§+2) (m+p)(s+1 ))d 1 4410.0).

Substituting j = —i # 0 and m = n = 0 into (3-81), it leads to

4pid?+%’s+%(0,0)=(p(i+s+%)+i(r+§+%))d?+ 01 0.0)
+(pli—s—3) Filr+ 5+ 3)d,, 10—,

Given (3-83), then we get

4pip(i—s—%)( 1—s—l)d

,+2 1100

H(pli=s—3)+i(r+5+; ))(—i(r+§+%)—P(S+%))(i—s—%)

Thus, we have

5 1
r+2+35)(r—5+3 )d 2,s+%(0’ 0)=0
We will discuss whether r is an element of {—57” — %, % — %}
Case 1: r # {—57” - %, £— —} It follows that

,+ +1(00) 0 forrgé{—S—p_l B_l}_

From (3-83), we can get

@,y oy =0 forrg (=% -1 -1}

Case 2: r = —5—” — l. Then (3-81) becomes

(3-84) 2(1(n+p)—](m+p))d0 (m+n,i+j)

5p 1
7 5+3

= (n+p)(i+s+1)—jom—2p))d° Cop oy On1)

+(in—2p)— (m+p)(j +5+ j))dﬁ%%(n, .
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And (3-83) becomes

(385) p(i=s=1)ds,  m.D)=—Q2pi+m+p(s+3)ds, 0.0,

7512

Takingm =n=0and i, j,i & j # 0 in (3-84), we have

2(l—])d0 O,i+j)=(i+2j+s+1 )d s

ll p
75t3

l(O i)

(21+]+S+ 3)d%s, (0, ).

2 2
Because of (3-85), we can obtain

d’,, ,(0,0)=0.

_Sp g1
7 5+3

Then we use (3-85), it follows that

dosp gy (m i) =0 forall (m,i)eZxZ.

Case 3: r = % — % In this case, (3-81) becomes
(3-86) 2(i(n+p) = j(m+p)dy \(mtn.it))

=(n+p)i+s+3)—jm+p))d

ns Ol
o

+

(S

. . 11\ 40 :
+ (i p) = m+p)(j+s+3))dp ().
And (3-83) can be expressed as

(3-87) p(i—s—%) (m,i) = (pi — (m+p)(s+1))d (0, 0).

N\"a (=]
N Ol

41 41
+3 S+3

Choosing m = 0 in (3-87) and utilizing i —s — 5 ;é 0, we can see

(3-88) ] 0,1) = d(,), l(0, 0) forall i eZ.
2

N\ﬁ Ol
N\

Substituting m = j =0 in (3-86), we have
(3-89) 2i(n+ p)dg’H% (n,i)=n+p)(i+s+ %)d%H% 0, 1)

+(i(n+p)=p(s+3))dy 1 (0,0).

s O

s+

(S]]

Furthermore, taking i = 0, it follows that

(3-90) pd  (n,0)=n+p)d® _(0,0).
2513 2513
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Multiplying (3-89) by p and using (3-88) and (3—90), we get
2pi(n+p)d, o1 (s i)=pn+p)(i+s+3 ) +10.0)
+(n+ p)(l (n +p)—p(s+ %))d%s%(o, 0).
Additionally, we arrive at
2pid®  (n,i)=iQ2p+n)d®  ,(0,0) for n#—p.
25+ 25+

And then, we can deduce that
3-91)  2pd® (n,i)=Qp+m)d® ,(0,0) for n#—pandi#O0.

7:5+3 7513
Taking n ¢ {—p, 0} and i # 0 and combining (3-87) and (3-91), we have

dy 10,00 =

Due to (3-87), we obtain

for all (m,i)eZ x 7. U
By Lemma 3.24, we directly obtain the following proposition.

Proposition 3.25. Let p € C* and g = 0. Then

A'(S(p,0)) =0.

3.2.3. The case p =0, g # 0. By (3-62)—(3-63) and (3-64)—(3-65), respectively,
we have

n JTq 1 Lo-g -1 1 N

09|y LA i)l =0

0 . n+r+1 j+s+g+1 1o 1y
B B e AR
for all (m,i) #(—r—1,—s—1).
Lemma 3.26. Letr,s € Z and ¢ € AI(S(O, q)). Then

(pr+2 s-i—l =0.

Proof. Applying the proof of Lemma 3.24 concerning do (m +1i+1), we

can conclude that

d° . (m.i)=0 forall (m,i)eZxZ.

r+4 S+5

Then (3-92) becomes ?

n Jta | 1 1. a1

m+1 i+g41
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Taking n =0, j # —qg and i # —s — 1, we have

1 1o -1
dr-‘r%,s—i—%(m_‘_z’ ! +J +§) :0

Since any k € Z can be written as i + j withi # —s — 1 and j # —gq, by choosing
J ¢ {—q.k+s+ 1}, we obtain

dl (g k+3) =0
forall m,k) e Z x Z. (]
A direct result is the subsequent proposition.
Proposition 3.27. Let p =0 and q € C*. Then
AN (S(p, 0) =0,

3.2.4. The case p =g = 0. In this case, (3-56) becomes

nojl o n J 0 .

(3-93) 2 m i err 1(m+n i+j)= ‘m+r+% i+s+% r+l’s+%(m,l)
n n—i—r—i—2 J—I—s+2 do l(n,j).

m i r+3,5t;

On the other hand, by using (3-62)—(3-63) and (3-70)—(3-71), respectively, we have

noojol L. .
(3-94) m+l it dr+%’s+%(m+n+§,l+j+§)=0, (m,i)#(—r—1,-s—1),
n+r+1 j+s+1| 1.1 ;
(3-95) mil iyl dr+%’s+%(n+§,j+§)=0, (m,i)#(—r—1,—s—1).

Lemma 3.28. Letr, s € Z and ¢ € AL(S(0, 0)). Then

Pritsit =0

(n+r+l)(i+%)

Proof. If j # —s — 1, then we take m ¢ {—r — 1, ot

follows that

—1}in (3-95). It

d,l+ +("+%,J’+%)—O forall neZand j # —s — 1.
If n # —r — 1, then we choose i ¢ {—s 1%

arrive at

— 1} in (3-95). We can

drl_%’H%(n—l-%,j—i-%):O forall jeZandn # —r —1.

Hence, we can conclude

dr1+%,s+;(” +3.j+3)=0 for (n,j)#(-r—1,—s—1).
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Substitutingm =—n—r—1, j =—i—s—1and i # —s—1 into (3-94), it leads to
1 1
—r—5 —S—5| ,i
2 2| d! —r—1 -1
_n_r_% i+% r+%,s+%( 2’ 2

n(s+2)

Since r € Z and r+ #0, then we take i ¢ { —s—1, —s— } It follows that

Therefore, we arrive at
dj+ ol ((n+1,j+4)=0 forall (n, ), (rs)eZxZ.

Choosing n = j =0 in (3-93), we have
(i(r+3)—m(s+ %))df%,%(o, 0)=0
( +2)

Since s + 5 ;é 0, then taking m # , we have
0 —
d) 1 10.0)=

Substituting m = j = 0 into (3-93), we obtain
(3-96) 2nid9+%’s+%(n, i)=n(i+s+%)d9+l 10, D)+ (n+r+1 ) 41 (0. 0).
Putting m = —n and j = 0 into (3-93), we get
(3-97) 2nidf’+ O =n(i+s+) 1)d°, v ()
+ (i(n+r—|— )+n(s+ ))d 1 +1(n,0).

Taking i = 0 in (3-97), we can conclude

(3-98) d+ +1( n,0) = ’S+%(n,0) forall n e Z.

Substituting j = —i and m = 0 into (3—93), it follows that

(3-99) 2nid9+%’s+%(n, 0) = (n(i +s+1) +i(r+1))d°, 100
+i(n+r+ z)dﬂr%’ﬁ%(n, —i).

Letting n = 0 in (3-99), we have

(3-100) a’r+ S+1(O )= —err l(0 i) forallieZ.
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Choosing n = —(2r 4+ 1) in (3-96), we have
(3-101) 4id9+%’s+%(—2r —1,i)
n 0 e q0
=i +2s+ 1)dr+%’s+%(0, i) +zdr+%’s+%(—2r —1,0).
Then we let n = 2r 4 1 in (3-97) together with (3-98). It follows that
4idf+%,s+%(0, i)= (2 +2s+ 1)df+%,s+%(—2r —1,0)
. 0
+ (Bi+2s+ 1)dr+%’s+%(2r +1,0),
.10 N my 0 .
(3-102) 4zdr+%’s+%(0, i)=2i+2s+ 1)dr+%’s+%(—2r —1,1)
: 0
—@Bi+2s+ l)dr%’H%(—Zr —1,0).
Replacing i by —i and taking n = —2r — 1 in (3-99) together with (3-100), it gives
. 10
4zdr+%’s+%(—2r —1,0)
e 0 gD o1
=—Qs—i+ 1)dr+%’s+%(0, i) +zdr+%’s+%( 2r —1,1),
. 10
(3-103) 4zdr+%’s+%(—2r —1,0)
_ ; 0 N s g0 .
=Q2s—i+ l)dr+%’s+%(0, i) +zdr+%’s+%(—2r —1,0).
Combining (3-101) and (3-103), we can deduce
(3-104) 15idf+%’s+%(—2r —1,0) = (10s — 2i +5)d?+%’s+%(0, i),
(3-105) 15id?+%’s+%(—2r —1,i)=(10s+7i + 5)d?+%’s+%(0, i).
If i #0, taking (3-104) and (3-105) in (3-102), we have
. 0 N
(10i — 25 — 1)dr+%’s+%(0, i)=0.
Since s € Z, then we obtain +(s+ 1) ¢ Z and i # (s + 1), i.e., 10i —2s — 1 £0.
Hence, we arrive at

d°

1
r+s5,s

1(0,i)=0 forall i eZ.
+2
We take i = —2s — 1 in (3-96). It follows that

(3-106) 4nd?+%’s+%(n, —2s—1)

— 0 0
=nd +%(0’ —2s—1)+(2n+2r+1)dr+%’x+%(n,0),

r+%,s
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Replacing n by —n and taking i = —2s — 1 in (3-97) together with (3-98), it gives
0
(3-107) 4ndr+%’s+%(0, —2s—1)
0 0
=nd rLs %(n, —2s—1)4+Q2r—n+ l)dr%’s%(n, 0).
Letting i =25 + 1 in (3-99), we obtain
0 _ 0
(3-108) 4na’r+%’s+%(n, 0)=@2n+2r+ 1)a’r+%’s+%(n, —2s—1)
0
—GBn+2r+ 1)dr+%’s+%(0, —2s —1).
Combining (3-106)—(3-108), we have

(10n —2r — 1)d° L (1 0) =
As the similar reason above, we can get

r+2 .(n 0)=0 forall neZ.

In this end, by (3-96), we obtain

d° 1(n i)=0 for n,i #0.
+2

Therefore, we can conclude

df’%ﬁ%(n, i)=0
for (n, j) e Z x Z. O
It leads directly to the following proposition.
Proposition 3.29. Let p =q =0. Then
A'(8(0,0) =0

By integrating Propositions 3.23, 3.25, 3.27 and 3.29, we can deduce the follow-
ing corollary.

Corollary 3.30. Let p, g € C. Then

(v), p.gqe2l+1,
{0}, otherwise,

AI(S(p, q) = {

where y is as in Lemma 3.22.
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4. Transposed Poisson superalgebra structures on S(p, q)
Theorem 4.1. Let p and q be fixed complex numbers.
() If p ¢ Z or g # 0, then all the transposed Poisson superalgebra structures on
S(p,q), [, -] are trivial.
) If p € Z and q = 0, then the nontrivial transposed Poisson superalgebra
structure (8(p,0), -, [+, 1) on (8(p,0), [, -]) is, up to an isomorphism,
4-1) L 2p0-Lapo=L_po.

Proof. Let (8(p, q), -, [+, -]) beatransposed Poisson superalgebra, i.e., (S(p, g), -)

is supercommutative and (2-2) holds. Given (m, i) € Z x Z, we denote by (p’"’i and
21

W’”*%*’*E the left multiplication by L,, ; and Gm+%,i+%, respectively, in (S8(p, q), -),

that is,

(4-2) Ly Ly j=¢"" (Ln),
Lii- Gyl jr) = ‘/’m’i(Gn+%,j+%)’
Gm—i—%,i—&-% : Ln,j = wm—‘r%’i—‘r%(l'n,j)s
(4-3) Grsliv) Ongljal = ¢m+%’i+%(Gn+%,j+%)'

In view of supercommutativity of (8(p, ¢), - ), we have
(4-4) Ly Ly j=¢" (L),

1.1
Lini Gyt jyy = V"7 (L),

Goytird Lnj=¢" (G141,
1 -1
4-5) st Gyt i1 =—Y" 272G, 1 D).
By using (2-2), we have ¢ € AY(S(p, q)) and Y™ 22 € AL(S(p, q)). Fur-
thermore, based on the Corollaries 3.19 and 3.30, we proceed to the following
discussion.

Case 1: p,q #0and p, q ¢ 2Z+ 1. It is clear that o™ = a™id for some a™' € C
by Proposition 3.4 and ¥ *+2++2 = 0 by Proposition 3.23 . It follows from (4-2)
and (4-4) that a™ = 0 for all (m, i) € Z x Z. So, - is trivial whenever p, g # 0 and
p,q¢27+1.

Case 2: p,q #0and p,q € 2Z + 1. We have ¢"™ = a™'id for some a™' € C by
Proposition 3.4. Equations (4-2) and (4-4) imply @' = 0, whence ¢/ = 0. We
arriveat L, ;-L, j =Ly, ;-G,, ; =0. From Proposition 3.23, it is easy to observe that

wm+%,i+% _ bm+%,i+%y
9
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with 5"™+3%3 € C. On the one hand, it follows from (3-80) and (4-3) that

_gmttlit]
mrdird Gl it =077 272y (G 50 1)
. 3 1 3 1
_ [ 0, () # (=% =3 =% =2).
) ypm+litt N __(_3p_ 1 _3q 1
"Ly ()= (—F -5 —F )

On the other hand, by using (3-80) and (4-5), we arrive at

G

G G, .1 1:_bn+%’j+%y(Gm+%,i+%)

m+ri+d T+l j+i
. 3 1 3¢ 1
{ 0, (m.i) #(=F =3, -3 —3),
n+3.i+s ; 3p 1 _3q 1
—b"INL g (m D)= (—F -5, —F —3).

1 ., 1 18 zero unless

Thus, the product Gm% il G 1+l

n+
. . 3 3
(mal)=(na]) = (_TI)—%y _Tq_%)

3y =—G 3p 3G 3p 3,thenG 3 3 -G 35 3¢ =0.
2 272 272 272 272

ButG 3 3 -G _3p
L2072 2
So, - is trivial.

Case 3: p ¢ Z and ¢ = 0. We obtain that " = a™id for some a™' € C by
1.1

Proposition 3.14 and y™*2:*2 = 0 by Proposition 3.25 . It follows from (4-2) and

(4-4) that @™ = 0 for all (m, i) € Z x Z. So, - is trivial.

Case 4: p € 7* and ¢ = 0. We have y"+2+i+2 = 0 by Proposition 3.25. It leads

to Gm-‘,—%,i+% Ly, j=0and Gm+%,i+%'Gn+%,j+% =0.

Because of Proposition 3.14, it is clear to show that ¢ = f™iid 4+ g™«
for f™*, g™' e C. We can get from (3-36) and (4-2) that
Lyi-Lnj=f""Ly,;+8" a(Ly, ;)
_ S™ L j, (n, j) #(=2p,0),
B {fm’iL—zp,o +g" Lopo, (n,j)=(=2p,0).
On the other hand, by using (3-36) and (4-4), we have
Ly Lnj=f""Lnj+g" a(Ly;)
B £ Luni, (m, i) # (=2p. 0),
B {f""’sz,o +g"/L_,0, (m,i)=(-2p,0).
Thus, we can discuss it into the following cases.

Subcase 1: (m, i), (n, j) # (—2p,0). We get fm’iL,,,j = f”’ij,,-. So taking
(m, i) # (n, j) we conclude that ™ = f™/ =0. Thus, L, ; +L,,;=0.

Subcase 2: (m,i) = (—2p,0), (n, j) # (—2p,0). We have

207 gnij J _onj
F2POL, = "L 5y 0+ L_po=g""L_py,
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because of ™/ =0 for (n, j) # (—=2p, 0). So, taking (n, j) # (—p, 0), we conclude
that f‘zl”o =0, whence L 3, 0L, ;=0.

Subcase 3: (m, i) # (—2p,0), (n, j) = (=2p,0). It implies L,, ; - L_2,0=0.
Subcase 4: (m, i) = (n, j) = (—2p, 0). It leads to
L gpo-Loopo=f P L opo+g L po=g""L_,,,

because of f~270=0.
Thus, we can conclude that

07 (m7l)’(na])#(_2pao)a
g OL 0, (m,i)=(n,j)=(=2p,0).
Therefore, the product (S(p, 0), -) is of the form

(4-6) L _5p0-L_2p0=cL_pp,

Lm,i 'Ln,j - :

where ¢ € C. Assume that ¢ # 0, otherwise the transposed Poisson superalgebra
structure is trivial. We observe that L_, o € Z(8(p, 0)), where Z(8(p, 0)) is the
center of the Lie superalgebra (8(p, 0),[-, - ]). Indeed,

[Lm,i, pr,O] = ((—P + P) 00— (m + p) : O)Lm+n,i+j =0

for all (m,i) € Z x Z. Hence the linear map ¢ such that ¢(L,, ;) = L,,; for
(m,i) #(—=p,0)and ¢(L_, o) =kL_ 0 is an automorphism of (8(p, 0),[-, 1)
for any k € C*. If p #0, then we take k =c¢~'. Furthermore, we obtain an isomorphic
transposed Poisson superalgebra structure * on (S(p, 0), [ -, - ]) in which the only
nonzero product is

L opoxL_2p0=¢(L-2p,0)*P(L_2p0)=¢(L-2p0°L-2p0)
=¢(cL_apo)=c ' cL_po=L_,p.
So, up to an isomorphism, we may consider ¢ = 1 in (4-6).
Case 5: p = g = 0. We have " 2:7*2 = 0 by Proposition 3.29. It implies

G G 1 =0.

L,;=0 and G, niljtd

1,1 1,1
m+§,t+§ f’l+§

It is easy to show that ¢ = x™{id + y™ B for x™, y™ e C by Proposition 3.18.
We can get from (3-52) and (4-2) that

X" Ly j, (n, j) #(0,0),
(x™" 4+ y"™")Loo, (n,j)=(0,0).
On the other hand, by using (3-52) and (4-4), we obtain

X" L i (m, i) #(0,0),
(™ +y™)Loo, (m,i)=(0,0).

Thus, we can discuss it into the following cases.

Lm,i : Ln,j - xm’iLn,j +ym’ia(Ln,j) -

Lpi-Lnj=x""Ly;+y"a(L, ;)=
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Subcase 1: (m,i), (n,j) # (0,0). We get x’"’iL,,,j = x”’ij,,-. So taking
(m, i) # (n, j) we conclude that x"™' = x"/ = 0. Thus, we arrive at Ly, Ly j=0.

Subcase 2: (m, i) = (0, 0), (n, j) # (0, 0). We have x*OL,, ; = (x™/ +y"/)Lo =
¥/ L. So, we obtain x* = y"/ =0, whence Lo - L, ; = 0.
Subcase 3: (m, i) # (0, 0), (n, j) = (0, 0). It implies L, ; - Lo o =0.
Subcase 4: (m, i) = (n, j) = (0,0). It leads to Lo - Loo = (x®° +y*9 Lo =
yO*OLo,O, because of x*0 = 0.
Thus, we have
0, (m, 1), (n, j) # (0,0),
¥*Loo, (m,i), (n, j)=(0,0).
Therefore, the product (8(0, 0), -) is of the form

Lm,i 'Ln,j - {

4-7) Lo,o-Loo=cLo,o,

where ¢ € C. Assume that ¢ # 0, otherwise the transposed Poisson superalgebra
structure is trivial. Observe that Lo € Z(8(0, 0)), where Z(8(0, 0)) is the center
of the Lie superalgebra (S(0, 0), [ -, - ]). Indeed,

[Lm,i, Lool=0

for all (m,i) € Z x Z. Hence the linear map ¢ such that ¢(L,, ;) = L,,; for
(m,i) #(0,0) and ¢ (Lg,0) = kL_p o is an automorphism of (§(0, 0), [, -]) for
any k € C*. Then taking k = ¢, we obtain an isomorphic transposed Poisson
superalgebra structure * on (8(0, 0), [ -, - ]) in which the only nonzero product is

Lo.o* Loo=c"'¢(Loo) *c '¢(Lo.o) = c ¢ (Loo- Loo)
=c2¢p(cLog) =c*-c*Log = Loo.

So, up to an isomorphism, we may consider ¢ =1 in (4-7).

Conversely, each of two associative and supercommutative multiplication (4-1)
defines a transposed Poisson superalgebra structure on 8(p,0), p e Z. If p € 7*,
we can observe that 8(p, 0) - 8(p,0) € (L_,0) € Z(8(p, 0)). Hence, the right-
hand side of (2-2) is always zero. In fact, the left-hand side of (2-2) is zero as
well, because of [S(p, 0), S(p, 0)] € Ann(S8(p, 0)), where Ann(S(p, 0)) is the
annihilator of (8(p, 0), -). Assuming [L,, ;, L, ;] € (L_3p,0), we obtain from (2-1)
that m +n = —2p and i 4+ j = 0. But it leads to

—jn+p)—jm+p)=—jn+p)—j(—2p—n+p)=0,

so we have [L,, ;, L, j]1 =0. Thus, we have [L,,;, L, ;] € Ann(8(p, 0)) for all
(m,i), (n, j)eZxZ,as needed. If p =0, since Lo ¢ € Z(8(0, 0)), then it leads to
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8(0,0)-8(0,0) € Z(8(0, 0)). Hence the right-hand side of (2-2) is zero. Assuming
[L,i» Ln,j]1€(Lo,), we obtain from (2-1) that m = —n and j = —i. But then we get

ni —(—n)(—i)=ni —ni =0.

So[Ly,i, Lp,j1=0. We get[L,, ;, L, ;1< Ann(8(0, 0)) forall (m, i), (n, j) € ZxZ.
Then the left-hand side of (2-2) is zero as needed. U
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THE CR YAMABE CONSTANT
AND INEQUIVALENT CR STRUCTURES

CHANYOUNG SUNG AND YUYA TAKEUCHI

The CR Yamabe constant is an invariant of a compact strongly pseudoconvex
CR manifold and plays an important role in CR geometry. We show some
integral formulas of the CR Yamabe constant. We also construct an infinite-
dimensional family of strongly pseudoconvex CR structures with varying CR
Yamabe constants and a compact simply connected manifold admitting two
strongly pseudoconvex CR structures with different signs of the CR Yamabe
constant.

1. Introduction

The Yamabe problem, which is one of the most important problems in conformal
geometry, asks whether there exists a Riemannian metric in a given conformal
class minimizing the Yamabe functional. The infimum of this functional defines
a conformal invariant called the Yamabe constant. The Yamabe constant is a
fundamental invariant in conformal geometry, and there is intensive research on this
invariant. It is known that every compact manifold of dimension greater than 2 has
a continuous family of conformal structures with all different Yamabe constants.
Moreover, every compact manifold of dimension greater than 2 admits a conformal
structure with negative Yamabe constant. Furthermore, there exist some integral
formulas of this invariant, which have been useful for computing not only the
Yamabe constants but also other curvature parts of 3- and 4-manifolds [LeBrun
1999; Sung 2012; 2021].

Jerison and Lee [1987] have considered a CR analog of the Yamabe problem,
known as the CR Yamabe problem. The CR Yamabe problem asks whether on any
compact strongly pseudoconvex CR manifold (X, H, J) of dimension 2n + 1, there
exists a contact form 6 minimizing the functional

fX R@ d,bLe
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where Ry is the pseudohermitian scalar curvature for 6 and dug = 6 A (d6)".
The infimum A(X, H, J) of the above functional is an invariant of the CR mani-
fold (X, H, J) and called the CR Yamabe constant of (X, H, J); we will simply
write A(X) when the CR structure on X is clear from the context. Just as in the
Yamabe problem, one has

AX) < (ST =2n(n+ D
for the standard CR structure on S>*!, and the CR Yamabe problem is solvable
when A(X) < A(S?"*1) [Jerison and Lee 1987]. There is intensive research on
conditions when A(X) < A(S?"*!) holds for X not CR equivalent to S2**!; see
[Jerison and Lee 1988; 1989; Cheng et al. 2014; 2017; 2023; Takeuchi 2020] for
related results. Every minimizer 6 has constant Ry, and when A(X) <0, any 6 with
constant Ry is a CR Yamabe minimizer, which is unique up to a constant. Moreover,
an Einstein contact form is also a CR Yamabe minimizer; see Lemma 2.1. In a
similar way to the Yamabe constant, the CR Yamabe constant can be written as
various integral formulas; see Theorem 3.1. This may be useful for estimating norms
of parts of pseudohermitian curvature tensor as in the Riemannian case [Sung 2021].

It is natural to ask whether a manifold admitting one CR structure has abundant
other CR structures with all different CR Yamabe constants or CR structures
with negative CR Yamabe constant. In comparison to the Riemannian case, the
difficulty lies in imposing the integrability condition to an almost CR structure,
which obstructs generic deformations of almost CR structures. In this paper, we will
construct an infinite-dimensional family of strongly pseudoconvex CR structures
with varying CR Yamabe constants. To this end, we consider an n-dimensional
compact Hodge manifold (M, J, w) with constant scalar curvature. Denote the
space of Kihler potentials in the class [w] by

K:={p e C®M)|w, =w+iddp > 0}

endowed with the C*-topology, and write F for the subset of ¢ € K such that Wy
has constant scalar curvature. Let p : Pyy — M be a principal S'-bundle over M
whose Euler class is —[w]. For any ¢ € K, there exists a principal connection 6,
on Py such that df,/2m = p*w,. The complex structure J on M induces a strongly
pseudoconvex CR structure p*J on H,, :=Ker 6,,; see Proposition 2.2. This gives an
infinite-dimensional family of pseudohermitian manifolds (P, H,, p*J, 6,/2m)
underlying the same manifold Pj,.

Theorem 1.1. Let (M, J, w) be an n-dimensional compact Hodge manifold. Then
the map
K—R; @+ A(Py, Hy, p*J)
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is continuous. Moreover if 6y/2m is a CR Yamabe minimizer, then
2nmei (M) U [w]"!
([a)]n)n/(n-i-])

for any ¢ € K\ F. The assumption holds if w has nonpositive constant scalar
curvature or it defines a Kdhler—Einstein metric.

)\.(PM, Hgov p*.]) < )\.(PM, Ho, p*.]) =

We will also show the existence of a compact simply connected manifold ad-
mitting two strongly pseudoconvex CR structures with different signs of the CR
Yamabe constant.

Theorem 1.2. For each n > 3, there exists a compact simply connected (2n + 1)-
manifold X admitting two strongly pseudoconvex CR structures (H, J) and (ﬁ )
such that they have different signs of the CR Yamabe constants, and (M, H) and
(M, H) are not isomorphic as cooriented contact manifolds.

We remark that the existence of CR structures with different signs of the CR
Yamabe constant on a fixed contact structure remains unsolved.

This paper is organized as follows. In Section 2, we recall basic facts on CR
manifolds and show that a principal S'-bundle over a Hodge manifold has a canoni-
cal strongly pseudoconvex CR structure. Some integral formulas of the CR Yamabe
constant are given in Section 3. In Section 4, we prove the continuity of the CR
Yamabe constant under suitable deformations of CR structures, which will be used
for the proof of Theorem 1.1. Section 5 is devoted to constructions of deformations
of strongly pseudoconvex CR structures with varying CR Yamabe constants. In
Section 6, we give a proof of Theorem 1.2.

2. CR manifolds

An almost CR structure on a smooth (2n 4 1)-manifold X is a pair (H, J) where
H C T X is a codimension 1 smooth subbundle with an almost complex structure J.
An almost CR structure is called integrable or a CR structure if

(C(Th0x), (T X)) c T(T"0X)

for
T'X :={v—iJvlve H}Cc HQC.

We shall consider only an orientable CR manifold. Then one can choose a
smooth real-valued 1-form 6 annihilating exactly H, which is determined up to
multiplication by a nowhere vanishing real-valued function on X. By the integrabil-
ity condition, df is J-invariant; i.e., a (1, 1)-form, and hence one can introduce the

symmetric bilinear form
Lg:=do6(-,J-)

defined on H, called the Levi form.
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A CR manifold (X, H, J) is called strongly pseudoconvex if Ly is definite for
some (and hence all) 6, and a strongly pseudoconvex CR manifold (X, H, J) with
a choice of 9 is called a pseudohermitian manifold. We shall always assume that
X is strongly pseudoconvex and 6 is chosen so that Ly is positive definite, unless
otherwise specified. In this case, the distribution H is a contact structure on X
with a contact form 6. Let T be its Reeb vector field; i.e., the unique vector field
satisfying 6(7T) =1 and «(T') d6 = 0. The Levi form induces a Hermitian metric L}
on H*. The sublaplacian A} is defined by

/(Abu)vdue :/LZ(dM|Hst|H)dM0-
X X

A set of local 1-forms {61, ..., 0"} of type (1,0) is called admissible, if its
restriction to 719X forms a basis of (71°X)* at each point and 6%(T") = 0 for
all «. For an admissible coframe, we have

2-1) 0 = ihy56° N6,

where (h,, B) is a positive-definite hermitian matrix of functions and Y
We shall always adopt the Einstein convention and use the matrix (h,3) and its

inverse (h"‘B ) to raise and lower indices. The integrability condition of J can be

rephrased as 16% =0 16,07
=0 mod 6,

along with (2-1).

A pseudohermitian manifold carries a canonical linear connection, the Tanaka—
Webster connection [Tanaka 1975; Webster 1978], whose connection 1-forms w,”
and torsion forms 7% of type (0, 1) are uniquely determined by the relations

doP =0°Aw,” +O AT and  w,5+wg, =dh,g

together with (2-1). We call t* the pseudohermitian torsion. The whole torsion
tensor is composed of 6 At and ih,z 0% A 6#, and so it is nowhere vanishing.
The covariant differentiation with respect to this connection is given by

VZe=w0l ®25 VZi=wif®25 VT =0,
where a local frame {Z,} of T1:°X is dual to {#%}. Its curvature 2-forms
QP =dwy? — w,” A a)y’g
may have several types, but one considers only its (1, 1)-part:
R’ )5 6P NO°
to get its pseudohermitian Ricci tensor

. o
Rps = Ry% 5
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by taking its contraction. Finally its pseudohermitian scalar curvature is the metric
contraction R,” = h*° R 05 We say 0 to be Einstein if its pseudohermitian torsion
is identically zero and its pseudohermitian Ricci curvature is a constant multiple of
the Levi form.

Lemma 2.1. Any Einstein contact form is a CR Yamabe minimizer.

Proof. Let (X, H, J) be a compact strongly pseudoconvex CR manifold of di-
mension 27 + 1 and 6 be an Einstein contact form on X. If the pseudohermitian
scalar curvature is nonpositive, then it must be a CR Yamabe minimizer. If the
pseudohermitian scalar curvature is positive, we may assume that it is equal to
n(n 4+ 1) by homothety. Consider the Riemannian metric gg on X given by

go(U, V)= 3dOU,JV)+6U)O(V), U, VeTX.

Here we extend J to an endomorphism on TM by JT = 0. Note that the volume

form of gy coincides with 2"n)""dug. This 8o satisfies Ric,, = 2ngy; see

[Takeuchi 2018, Proposition 2.9] for example. The Bishop inequality implies that
1

§(0) =n(n+ 1)(2"n! Volg, (X)) n+1

1
< n(n+ 1)(2"n! Volg, (ST 4T = 2n(n 4 1) = A(S¥T,

where g is the standard Riemannian metric on S2"*!. Moreover, the equality holds

if and only if (X, gg) is isometric to (S***!, go). In this case, (X, H, J) is CR
isomorphic to the standard CR sphere and 6 is a CR Yamabe minimizer; see the
paragraph after the proof of Proposition 4 in [Wang 2015]. If §(0) < AL(SZH1) | then
(X, H, J) has a CR Yamabe minimizer by [Jerison and Lee 1987, Theorem 3.4(c)],
and 6 is also a CR Yamabe minimizer by [Wang 2015, Theorem 3]. (]

An important example of a strongly pseudoconvex CR manifold is a principal
S!-bundle over a Hodge manifold. Given a Hodge manifold (M, J, w); that is, its
Kihler class [] is an integral cohomology class, we consider a principal S'-bundle
p : Pyy — M whose Euler class is —[w]. Recall that for any R-valued principal
connection 8 on Py, df/2m descends to M and its cohomology class coincides
with [w]. We take a principal connection 6 satisfying d6 /27 = p*w, and consider
the lifted almost complex structure

p*J :H :=Ker — H.

Proposition 2.2. The triple (Py, H, p*J) is a strongly pseudoconvex CR manifold.
Moreover, the pseudohermitian scalar curvature of (Py, H, p*J, 0/2m) is equal
to p*S(w), where S(w) is the scalar curvature of (M, J, w).

Proof. This result is essentially well known; see [Webster 1978, Section 3] or
[Wang 2019, Section 5] for example. However, we give a proof for the reader’s
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convenience. Let (Z], ..., 2Z") be a holomorphic local coordinate of M. Then
0% := p*dz* defines an admissible coframe. Since d0% = p*ddz* = 0, the almost
CR structure (H, p*J) is integrable. Moreover,

Lo(X, X) =dO0(X, (p*))X) =2nw(p« X, J(ps X)) > 0

for any nonzero X € H, which implies that (M, H, p*J) is strongly pseudoconvex.

Consider the Tanaka—Webster connection with respect to 6/27. The Kahler
form w is written as w =ig, 5 dz"A dz?, where (g, j) is a positive definite Hermitian
matrix. Since df /2w = p*w, we have

d6/2m = i(p*g,z) 60° N6,

which implies h,; = p*g,5. The structure equation on the Kéhler manifold
(M, J, w) says that

0=d(d") =dz* Ao, dgu5 = o+ jas
where (j)aﬁ is the Levi-Civita connection 1-form, and so
d6? =0“A (p*pa”).  d(P*8up) = P*bup+ P* D

Hence the pull-back connection given by p*¢,” coincides with the Tanaka—Webster
connection. The pseudohermitian torsion is equal to zero and Py, is Sasakian.
The curvature 2-forms of the Levi-Civita connection on (M, J, w) are given by

O =do.” — " AP = RSP )5 dzP A dZ° .
Its pull-back to P, yields
p*e.’ =d(p*¢”) — (p*¢a”) A (p*¢,") = (P*Ra’ ,5) 07 167,

which are the curvature 2-forms of the Tanaka—Webster connection. Hence the
pseudohermitian Ricci tensor R, is given by

p*Raap& = P* Ricp& ,
where Ric is the Ricci tensor of (M, J, w), and the pseudohermitian scalar curvature

is given by
R,” = p*Ric,” = p*S(w). O

3. Formulas for the CR Yamabe constant

As with the Riemannian Yamabe problem, the functional §(0) can be rewritten as
a functional on C*°(X, Ry):

Jx(2+2/n)|dulj + Rou?) dpg
(fx u2+2/n due)"/("“)

3-1) Fw?"0) =

’
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where 6 is a fixed contact form and |du |§ = Ly(dulg, du|y) [Jerison and Lee 1987].
It follows from this that A(X) > 0 if Ry > 0. Moreover, consider the case Ry > 0.
Suppose to the contrary that A(X) = 0. Then there exists a CR Yamabe contact
form 6 = u?/"9 satisfying Rz = 0, which contradicts (3-1). Therefore A(X) > 0 if
Ry > 0; see [Wang 2003, Proposition 3.1] for another proof.

Theorem 3.1. Let (X, H, J) be a compact strongly pseudoconvex CR manifold of
dimension 2n + 1. If M\(X) > 0, then for any r € [1, o]
1

1
AX) <1nf||R |z Volz (X)n+1 7,
where Volg (X) is the volume of X with respect to dug. If the CR Yamabe problem
is solvable on X, then the equality holds. If A(X) <O, then for anyr € [n+ 1, o]

1

1
(3-2) A(X) = — inf|| Ry || - Vol (X) w17,
0

1 _1
(3-3) 1nf||R |2 Volg(X)n+1 7,
where Rg_ ‘= min(Ry, 0), and the two infima are realized only by a CR Yamabe
minimizer.
Proof. When AL(X) > 0, the Holder inequality implies

A(X) < fx gdng
-~ Vo 1 (X)n/(n+1) -

N|—

L
< IRgllz- Volz(X)n+1 7,

and the equality holds if 6 is a CR Yamabe minimizer.

Now in the case of A(X) < 0, we use the technique of Besson, Courtois, and
Gallot [Besson et al. 1991]. Let 6 be a CR Yamabe minimizer, which is unique
up to a constant in this case. Consider another contact form 6 = 1" 6, where u is
a positive smooth function. The Holder inequality yields

1 1 a 1 1
| R5|lr Volz(X)n+1 77 = \R:|" ds " Vol (X)m+1 7
0 0 6 6 0
X

1

1
r +1~
> (/ |Ré—|ru2+2/n d,LL0> </ M2+2/n dﬂg)n
X X

> ( / (=R7)u!" due) Vol (X) 741
X

> ( f (—Ry) u?/" dua) Vol (X) 4T
X

NP

Here recall that
Ry =u""""""(Ry+ 2 +2/m)Ap) u,
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where A, is the sublaplacian [Jerison and Lee 1987]. Therefore

1
-

IRgllr VOl (X) 7T 7 = (f(—Re —@+2/mu” Apu) dm;) Volg (X)
X

= (/(—Re + (2 +2/n)u"*|duly) d,ug) Volg (X) i1
X

> —( f R due) Volg (X) 4T
X

= —A(X).

This proves

—_

1

1 1
AX) = —1nf||R - Volg(X)ntT 7 1nf||R |- Volz (X)n+1 7.

On the other hand,

—

1
AM(X) = =Ry [ Volg(X)n+1

11
= — [ Rgllzr Volp(X)n+1 7

1
r
since Ry is a nonpositive constant, which proves the two desired formulas together.
It remains to decide when the infima are realized. The infimum of (3-2) or (3-3)
is realized by 6 if and only if the above all inequalities are attained by equalities,
which holds if and only if Ré_ = Rj is a nonpositive constant (and hence u is a

positive constant); i.e., 6 is a CR Yamabe minimizer. O

4. Continuity of the CR Yamabe constant

In this section, we prove the continuity of the CR Yamabe constant under suitable
deformations of CR structures. Remark that Lemma 4.2 below is a generalization
of [Dietrich 2021, Lemma 5.5].

Proposition 4.1. Let (X, H, J, 0) be a compact pseudohermitian manifold of di-
mension 2n + 1. Assume that (X, H;, J;, 6;)ieN is a sequence of pseudohermitian
structures on X such that 0; — 60 in the C 2-topology, and J; — J and Rg, — Ry in
the C-topology, where J; and J extend to endomorphisms on T X in an obvious
way. Then one has M(X, H;, J;) > MX, H, J).

Proof. Since 6; — 6 in the C?-topology, we may assume that 0 =10+ (1 —1)0
for t € [0, 1] is a smooth family of contact forms on X. Let Tit be the Reeb vector
field of 0!, which is determined by

0Ty =1, «(T})do! =0.
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Since §; — 6 in the C2-topology, sup, 0.l T!—T| 1 — 0. Take the time-dependent
vector field V/ € I'(Ker 0)) satisfying

L(Vit) d@f = (6; — 9)(Tlt) 9; —(6; —0).
It follows from sup, (o 17116 — 6llc2 = 0 and sup, (o 117 — T llc1 — O that

4-1) sup ||W||cl — 0.
tel0,1]

The isotopy ¥/ : X — X generated by V/ satisfies (/)*H} = H forany ¢ € [0, 1]; see
the proof of the Gray stability theorem [Geiges 2008, Theorem 2.2.2]. Equation (4-1)
yields that Wl-l — idy in the C'-topology; see, e.g., [Zhang 2022] for a modern
treatment of time-dependent vector fields with parameters and a proof of this fact.
In particular,
0= ()0 — 0. db; = (Y})*d6; — db,
Ji=@h*J;i—>J, Rs =Ry — Ry

in the C%-topology. Since A(X, H;, J;) = A(X, H, J:-), the statement follows from
the lemma below. O

Lemmad4.2. Let (X, H, J, 0) be a compact pseudohermitian manifold of dimension
2n+ 1. Assume that (X, H, J;, 0;)ieN 1S a sequence of pseudohermitian structures
on X such that 6; — 6, db; — d6, J; — J, and Ry, — Ry in the Co-topology.
Then one has M(X, H, J;) > MX, H, J).

Proof. Without loss of generality, we may assume that Volg, (X) = Voly(X) = 1.
Since Ry, — Ry in the C%-topology, we can find K > 0 such that |Rs| < K and
|Rp,| < K for any i. For each ¢ € (0, 1), take N(¢) € Z such that i > N (¢) implies

(1+&) 'Ly <Ly <(4e) Lo, (14e)"'dug <dps, <(1+&)dus, |Ry—Ro|<e.

For any f € C®(X,R), we write f* := max(f,0) and f~ := min(f, 0). Let
u € C*®(X, Ry). The Holder inequality yields

n n
n+1 1 n+1
/uz dpg < (/ S22 due)n Voly (X) T (/ 22/ du9>"
X X X

n

AT
§K/u2dp,9§K</u2+2/"d,ug)n .
X X

and

/ Rgcu2 dg
X
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It follows from the above inequalities that
[ Roai i < [ (Roeri
X X
= /(R(;|r +¢) uzdugi +/R9_u2du.gi
X X

< (1+s)f(R;+s) Mzd,u9+(1+8)_1/R9M2dM9,
X X
and

(1+8)_1/u2+2/"d,u9 Sfu2+2/ndM9i S(l+8)/u2+2/ndﬂ,9.
X X X

Thus we have

,, , N
S’(uz/ 0;) = |:/ (<2+ —) Iduléi + Rg,.uz) d,LL@l.] </ uti due,—)
X n X

< [(1+e)2+nil/(2+%)|du|§dug+(1+8)‘+#l/(R;Jre)uzdug
X X

n
_1__n_ 2 Tn+l
N E "+1/Re_u2due] </ u*tn due) !
X X

< (1+8)7 T Fw"9) + Ce,
where C is a positive constant independent of # and e. Taking the infimum yields
MX, H, J)) < (14 ) T A(X, H, J) + Ce.
Since (J, 0) and (J;, 6;) are symmetric, we also obtain
WX, H, J) < (1+6)* 7 A(X, H, J;) + Ce.
Since ¢ > 0 is arbitrary, we have

limsupA(X, H, J;) <A(X, H,J) <liminf AM(X, H, J;),

i—00 1—> 00

which implies A(X, H, J;) — A(X, H, J). O

5. Deformations of CR structures with varying CR Yamabe constants

In this section, we construct a family of strongly pseudoconvex CR structures with
varying CR Yamabe constants. Let (M, J, w) be an n-dimensional compact Hodge
manifold with constant scalar curvature. Let us write

K:=1{peC®M)|w,=w+iddp > 0}
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for the space of Kihler potentials in the class [@] endowed with the C*-topology.
For any ¢ € K, we have

f oy = [w]", / S(wy) wy, =2nmer (M) U [w]" !,
M M

which are independent of the choice of ¢. In particular if w, is a constant scalar
curvature Kihler metric, then
2nwey (M) U] !

S(wy) = (o] =S

Set
F={pek]|S(w,) =S}

so that w,, is not a constant scalar curvature Kéihler metric for any ¢ € K\ F. It is
known that , is a constant scalar curvature Kihler metric if and only if there exists
F € Aut’(M) such that wy, = F*w [Berman and Berndtsson 2017, Theorem 1.3]. In
particular if Aut(M) is discrete, or equivalently, M admits no nontrivial holomorphic
vector fields, then 7 = R. More generally, if any holomorphic vector field is parallel,
then F = R. This is because a parallel and holomorphic vector field preserves the
Kihler form w.

For each ¢ € K, take a principal connection 6, on Py satisfying df,/2m = p*w,,
which is given by

0, =0 +mp*d e,

where d° :=i(d — ). This gives an infinite-dimensional family of pseudohermitian

manifolds
Xy = (Py, H, =Ker8,, p*J,0,/2m)

underlying the same manifold Pj;. Integration along fibers yields that

Jp,, P*S(@g)(6,/27) A (p*w,)"
([, Oy /270) A (p*c%)")"/ ¢+
 JuS@p) @l 2nmei(M)U[w]"!
- (fyyon)" D T (w)ye+h

§(0p/2m) =

which is independent of ¢.

Proof of Theorem 1.1. The continuity follows from Proposition 4.1. If 6y =6 is
a CR Yamabe minimizer, then A(Py, H, p*J) = §(69/27). On the other hand,
P*S(w,) is not constant for any ¢ € '\ F, and so

APy, Hyp, p*J) < §(0,/27) = §(00/27) = M(Py. H, p*J),
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which completes the first assertion. If @ has nonpositive constant scalar curvature,
then so does 8/2m, which must be a CR Yamabe minimizer. If @ is a Kéhler—
Einstein metric, then 6/2x is an Einstein contact form. It follows from Lemma 2.1
that 0/2m is a CR Yamabe minimizer. O

In general, it may be cumbersome to have nontrivial F, since it can be singular
and not easy to locate. In fact, we do not have many examples with nontrivial F.
We give some examples of Hodge manifolds with 7 = R.

Example 5.1 (Kédhler—Einstein manifolds with nonpositive scalar curvature). First,
a compact complex manifold M with ¢;(M) < 0 admits a Kéhler—Einstein metric
in the Kdhler class —c; (M) by the Aubin—Yau theorem [Aubin 1976; Yau 1978].
Second, the celebrated Calabi—Yau theorem [Yau 1978] implies that any Ké&hler class
on a compact complex manifold M with ¢; (M) =0 in H*(M; R) is represented by
a unique Ricci-flat Kdhler metric. Thus we can take any integral Kihler class for
our purpose. In these cases, a constant scalar curvature Kéhler metric in any Kéhler
class, if it exists, must be unique [Chen 2000, Theorem 7] and hence F = R.

Example 5.2 (Fano manifolds). Let M be a Fano manifold; that is, a compact
complex manifold with ¢; (M) > 0. If M admits a Kihler—Einstein metric @ in
the Kéhler class ¢ (M), then /27 gives a CR Yamabe minimizer. For example,
a complex surface given by a blow-up of CP? at m points in general position
with 3 <m < 8 admits a Kihler—Einstein metric of positive scalar curvature [Tian
and Yau 1987; Tian 1990]. Note that the automorphism groups of these surfaces
are discrete. As a higher-dimensional example, consider the Fermat hypersurface
Fn.q C CP"™ ! of degree 3 <d <n+ 1, that is,

n+1
ZZZ = O}.

Fn,d = {[ZO e IZnJ,_]] € (DP”+1
k=0

This F, 4 admits a Kéhler—Einstein metric [Tian 2000, Section 6.3]. Note that F 4
has no nontrivial holomorphic vector field [Kodaira and Spencer 1958, Lemma 14.2];
see [Matsumura and Monsky 1964] for another proof.

Example 5.3 (scalar-flat but not Ricci-flat surfaces). Take a complex surface S,
obtained by blowing up CP' x X at generic m points py, ..., pm, Where X is a
compact Riemann surface of genus g > 2 and m > 3. It is known that S, admits
a scalar-flat Kéhler form @ [LeBrun and Singer 1993, Theorem 3.11]. Note that
S,, does not admit a Ricci-flat Kihler metric since ¢1(S,,)* = 8(1 — g)—m <O.
Assume that the projection of {py, ..., pm} to CP! consists of at least 3 points.
Since ¥ has no nontrivial holomorphic vector fields and any holomorphic vector
field on CP! vanishing at least 3 points must be trivial, S,, admits no nontrivial
holomorphic vector fields also.
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It still remains to show that S, has a scalar-flat integral Kihler class. Since
H?>9(S,,) =0, we have H"!(S,,; R) = H?(S;n; Z) ® R. The linear operator

1SV H(Sy: R) — R

has integer coefficients and satisfies ¢ (S,,) U [@] = 0. Hence there exists a rational
Kihler class u close enough to [@] satisfying ¢1(S,,) U =0. [LeBrun and Simanca
1995, Theorem 1] implies that u contains a scalar-flat Kéhler form w. Therefore
we obtain a scalar-flat integral Kihler class by homothety.

6. Construction of a manifold with different signs of CR Yamabe constants

In this section, we construct a manifold admitting two strongly pseudoconvex CR
structures with different signs of CR Yamabe constants. Our construction is based
on a exotic smooth structure of a certain complex surface and an adaptation of the
technique originated by Ruan [1994] and used by Kim and Sung [2016] to show
the existence of inequivalent symplectic structures on certain 6-manifolds.

Let B be the Barlow surface [Barlow 1985; Kotschick 1989] and Rg be a complex
surface given by a blow-up of CP? at 8 points in general position. The Barlow
surface is a simply connected minimal surface of general type with g = p, =0
and ¢;(B)? = 1, and contains (—2)-curves so that its canonical line bundle is not
ample. But as shown in [Catanese and LeBrun 1997, Theorem 7], it has a small
deformation with ample canonical line bundle and hence admits a Kihler—Einstein
metric of negative scalar curvature by the celebrated Aubin—Yau theorem. By the
results in [Tian and Yau 1987; Tian 1990], Rg admits a Kihler—Einstein metric
of positive scalar curvature. It is well-known that B and Rg are homeomorphic
by Freedman’s classification [Freedman 1982, Theorem 1.5] while they are not
diffeomorphic by Kotschick’s theorem [Kotschick 1989, Theorem 1].

Remark 6.1. An easier way of proving Kotschick’s theorem by using Seiberg—
Witten invariant runs as follows. Since Rg and B have b; =1, their Seiberg—Witten
invariants for a Spin® structure & with ¢ (& )2 > 0 are well-defined for any small
perturbation. The complex surface Rg admits a metric of positive scalar curvature,
so its Seiberg—Witten invariants all vanish. However, the Seiberg—Witten invariant
of B for the canonical Spin® structure determined by the complex structure is 41
[Morgan 1996].

Since the intersection forms of both B and Rg are indefinite and odd, they are
isomorphic to (1) @ 8(—1). Wall [1962, p. 336] has proved that all characteristic
vectors with square 1 in (1) @ 8(—1) are equivalent. Since the first Chern class
of B and Rg are characteristic with square 1 by Wu’s formula, there is an isomor-
phism from H 2(Rg;Z) to H*(B: Z) preserving the intersection form and the first
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Chern class. This induces an isomorphism
W :H*(Ry x CP';Z) - H*(Bx CP'; 7)

preserving H*(CP'; Z) in the obvious way. We claim that U satisfies the conditions
of the following theorem.

Theorem 6.2 [Jupp 1973, Theorem 1]. Let X and Y be smooth closed simply
connected 6-manifolds with torsion-free homology. Suppose that there is an iso-
morphism from H*(X; Z) to H*(Y; Z) preserving the triple cup product structure
w:H>® H?>® H> — Z, the second Stiefel-Whitney class, and the first Pontryagin
class. Then there exists an orientation-preserving diffeomorphism from X to Y
realizing this algebraic isomorphism.

It is enough to check that W preserves the specified characteristic classes. By
the product formula,

wa(Rg x CP') = wy(Rg) + w1 (Rg) w1 (CP) + wy(CPY)
=c1(Rg)+0+ ¢ (CP") mod 2,

and likewise for B x CP!. Since
W (c1(Rg) +c1(CPY)) = c1(B) + ¢ (CPY),

W preserves the second Stiefel-Whitney class. Using the fact that p; = c% —2¢cp
and the product formula, we have

P1(Rg x CPY) =c¢|(Rg x CP")? —2¢5(Rg x CP)
= (c1(Rg) +¢1(CP")) —2(ca(Rg) + c1 (Rg) c1(CPY)),

and likewise for B x CP!. Since ¥ preserves the Euler characteristic; i.e., the alter-
nating sum of Betti numbers, ¥ maps e(Rg) = c2(Rg) to e(B) = c2(B). Therefore
W preserves the first Pontryagin class too, and we have an orientation-preserving
diffeomorphism
Vv : Ry x CP!' - BxCP!
satisfying ¥ *(c1(B)) = ¢;(Rg) and ¥*(c;(CP')) = ¢ (CP).

Let n > 3. Take Kihler forms w; € ¢1(Rg), wa € ¢;(CPY), and w3 € ne; (CP™"3)
such that

Ric(a)l) = 27‘[0)1, RiC(a)z) = 27‘[0)2, RiC(a)g) = 2%0)3.

Then
(M =Ry x CP' x CP"™, = w1 + w3 + 3)

is a Kihler manifold with positive Ricci curvature. Let Py, be the principal S!-
bundle over M whose Euler class is —[w]. This Py, admits a connection one-form 6
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and the lifted CR structure J such that d6/2z projects down to w on M. The CR
Yamabe constant of (P, H := Ker 8, J) must be positive by the argument after
formula (3-1).

Lemma 6.3. The manifold Py is simply connected.

Proof. Let E = CP! be an exceptional divisor in Rg and consider it as a complex
curve in M. Then the restriction of —[w] to E coincides with the first Chern class
of the tautological line bundle over E. Hence (Py)|g — E is a Hopf fibration.
Consider the following commutative diagram with exact rows:

1 ((Py)|g) — ma(E) — mi(SY) — 71 ((Pu)lE)

| |

(M) — (S — 71 (Py) — 71 (M) =0

Since (Py)|g — E is a Hopf fibration, 7y ((Py)|g) = 0 and 72 ((Py)|g) =0, and
so the map m»(E) — 71(SY) is an isomorphism. Thus we have (M) — T (Sh
is surjective and m(Py) = 0. [l

On the other hand, let fl and —®; be the complex structure and a Kihler form
in the class —c;(B) giving an Einstein metric of negative scalar curvature on B.
Denote by M’ the complex 3-manifold (B x cprl, (—f]) x J»). The two-form
&' = @) + w, defines a Kihler form on M’ with constant scalar curvature —27.
Consider the Kihler manifold

(M:=M xCP" 3, &:=& +w3).

The scalar curvature of this manifold is given by —27 + @ < 0. Denote by 1;
the diffeomorphism

¥ X idgpn-3 1 (Rg X CPY x cpP3 (B x CPY x cp" 3,

Then J*([&‘)]) = [w] since ¥ *([@']) = [w1] + [w>]. Hence there exists a connection
form 6 of Py and the lifted CR structure J such that d6 /2w = p*@*&”). We derive
from Proposition 2.2 that (Pyy, H :=Kerf , J ) has negative CR Yamabe constant.

Before the proof of Theorem 1.2, we recall some facts on contact geometry. Two
cooriented contact manifolds (X, H) and (X', H’) are isomorphic if there exists a
diffeomorphism ¥ : X — X’ preserving contact structures and coorientation. More-
over, the first Chern class of a strongly pseudoconvex CR manifold is an invariant
of the underlying cooriented contact structure; see [Geiges 2008, Section 2.4] for
example.

Proof of Theorem 1.2. It remains to show that (Pys, H) is not isomorphic to (Pyy, H )
as cooriented contact manifolds. Denote by p : Pyy — M the projection from Py,
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to M. Then
c1(Py, H,J)=p*ci(M), c1(Py, H,J)=p*¥*ci(M).

Now consider the Gysin exact sequence
H'M:7)=7 =% H2(M: 70 25 HX(Py:7) — H'(M: 7) =

We first consider the case n = 3. Since ¢;(Rg) and [@] = ¢;(Rg) + ¢ (CP!) are
linearly independent in H2(M; Z), we have

c1(Py, H, J)=p*cy(M)=0, ¢\ (Py, H, J)=p*J*c;(M)=—2p*ci(Rg) #0.

Hence (P, H) is not isomorphic to (Pyy, ﬁ).
In the remainder of the proof, we assume that n > 4. In this case,

ci(Py, H,J) = p*ci(M) = —(n — 1)(n — 2) p*c1(Ogpr-3(1)).

In particular, [cl(PM, H,J)]=0in H>(Py; Z)/(n — 1)H*(Py; Z). Tt suffices to
show that [c1(Py, H, J)] #0in H2(PM, 7)/(n — 1)H*(Py; Z). Suppose to the
contrary that [¢;(Py, H, J)1=[p*¥*ci(M)]=0in H2(Py; Z)/(n—1) H*(Py; Z).
Consider the following exact sequence:

—[w] Hz(M; Z) p* HZ(PM; Z)
(n—1)H*(M: 2) _) (n—1DH?>(Py: Z)

H'M;7)=7
This yields that there exists k € Z such that
Y1 (M) + k[w] = —c1(Rg) +c1(CPY) + ¢ (CP" ™) + k[w] € (n — VH*(M; Z)
Hence
(—c1(Rg) +¢1 (CPY +¢1(CP" ) +k[w],a) =0 mod n—1

for any a € Hy(M; Z). Let E = CP' be an exceptional divisor in Rg and consider
it as a complex curve in M. Taking a = [E] gives that

0= (—c1(Rg) +¢c1(CPY 4+ ¢ (CP" ) +k[w],[E)=k—1 modn—1.

Consider also a projective line L € CP"~3, which is seen as a complex curve in M.
Then
0= (~ci(Rg) +c1(CPY) +c1(CP"™) +klw], [L])

=mn—-2)+knn—2)=n—-—3 modn—1,

which is a contradiction. O
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WEIGHTED LOW-LYING ZEROS OF L-FUNCTIONS
ATTACHED TO SIEGEL MODULAR FORMS

SHIFAN ZHAO

We study weighted low-lying zeros of spinor and standard L-functions at-
tached to degree 2 Siegel modular forms. We show that the symmetry type of
weighted low-lying zeros of spinor L-functions is symplectic, for test functions
whose Fourier transform have support in (—1, 1), extending the previous
range (— 115 , fis) We then show that the symmetry type of weighted low-lying
zeros of standard L-functions is also symplectic. We further extend the range
of support by performing an average over weight. As an application, we

discuss nonvanishing of central values of those L-functions.

1. Introduction

D. Hilbert and G. Pdlya suggested that nontrivial zeros of the Riemann zeta func-
tion ¢ (s) correspond to eigenvalues of a self-adjoint operator on some Hilbert space.
The first evidence of such a connection was found by H. L. Montgomery [1973],
who investigated the pair correlation of nontrivial zeros of ¢(s) and conjectured that
it is, as pointed out by F. J. Dyson, the same as the pair correlation of eigenvalues
of random Hermitian or unitary matrices of large order, also known as the gaussian
unitary ensemble (GUE) model. This conjecture of Montgomery was later supported
by numerical results by A. M. Odlyzko [1987], based on values for the first 10°
zeros and for zeros number 10'2 41 to 10'2 4 10°. The local spacing between these
sample zeros matches the prediction by the GUE model quite well.

Z. Rudnick and P. Sarnak [1996] extended Montgomery’s work by computing
the general n-level correlation function of zeros of any principal L-function L(s, )
attached to a cuspidal automorphic representation = of GL,,(Ag) (in a restricted
range). Their answer is universal and is precisely the one predicted by the GUE
model. Numerical evidence was found by R. Rumely [1993] for primitive Dirichlet
L-functions, and by M. O. Rubinstein [1998] for Hasse—Weil L-functions of three
distinct elliptic curves and for the Hecke L-function associated to Ramanujan’s
7-function.

MSC2020: 11F46, 11F66, 11F72.
Keywords: low-lying zeros, spinor L-functions, standard L-functions, Kitaoka’s formula,
nonvanishing.
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Although the n-level correlation statistic of zeros of any fixed principal auto-
morphic L-function obeys the universal GUE law, there is another statistic, called
the n-level density of low-lying zeros, that is sensitive to families. N. Katz and
Sarnak [1999a] studied low-lying zeros of zeta functions of varieties over finite fields
(the “function field” analogue). For these they indicated that a spectral interpretation
exists in terms of eigenvalues of Frobenius on cohomology groups. On the number
field side, although many results concerning low-lying zeros have been proved, it is
still not clear where their spectral nature comes from. See also [Katz and Sarnak
1999b] for a nice survey on these topics.

Before stating our results, we first describe the problem in general terms. Let Fp
be a family of automorphic forms, ordered by conductor Q > 1. To each f € Fp

one associates an L-function
o0

(1-1) L(s, /)=

n=1

Ar(n)
which converges absolutely for s € C in some right half-plane. We assume that
L(s, f) admits meromorphic continuation to the whole complex plane C. We also

assume that L(s, f) satisfies a functional equation

(1-2) AGs, f) =Loo(s, LG, f) =g A(l =5, ),

where ¢y = %1 is the root number.
We assume the generalized Riemann hypothesis (GRH) for L(s, f). That is,
nontrivial zeros of L(s, f) all lie on the critical line. We may denote those zeros by

(1-3) pr=3%+iys, yreR

Let ® € S(R) be an even Schwartz function (called “test function” throughout)
whose Fourier transform @ has compact support. To this end we define the 1-level
density of low-lying zeros of L(s, f), with respect to the test function @, to be

- B — vf
(1-4) D(f; dD)_%:d)(glogcf),
where p ¢ runs through nontrivial zeros of L(s, f), counted with multiplicity, and ¢ s
is a parameter associated with f € Fp, comparable to the analytic conductor of f
(specified later). The density conjecture for low-lying zeros of L(s, f) asserts that:

Conjecture 1.1 (density conjecture). For any even Schwartz function ® whose
Fourier transform ® has compact support, we have

o0

1
1-5 lim —— D(f; ®) = D)W d
(1-5) Jim |FQ|f§Q (f: @) /_ _O@W I dx

for some distribution W (F) depending only on F.
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Many observations and results in [Katz and Sarnak 1999a] suggest that the
distribution W (F) depends on the family F through a symmetry group G(F).
Possible symmetry types are orthogonal O, special orthogonal even SO(even),
special orthogonal odd SO(odd), symplectic Sp and unitary U. The corresponding
distributions and their Fourier transforms are

W(0)(x) =1+ 380(x), W(0)(y) =8(y) +3.
sin 2w x ~ 1
W(SO(even))(x) =1+ o W(SO(even))(y) = do(y) + 3n(y),
sin 2w x o 1
W(SO(odd))(x) =1— Tx +380(x), W(SO(odd))(y) =d0(y) —3n(y) +1,
sin 2w x ~ |
(1-6) WSp)(x)=1- T W(Sp)(y) = 0(y) — 5n(»),
WU)(x) = 1, W(U)(y) = 80(y),

where § is the Dirac distribution at 0, and n(y) =1, %, Ofor |y|<1,|y]=1and

|y| > 1 respectively. The first three distributions of different orthogonal symmetry
type have indistinguishable Fourier transforms within (—1, 1), while the symplectic
and unitary symmetry types are distinguishable from the orthogonal ones.

The density conjecture (Conjecture 1.1) has been verified for many families (in
restricted ranges). See [Iwaniec et al. 2000; Rubinstein 2001; Fouvry and Iwaniec
2003; Guloglu 2005; Young 2006; Dueiiez and Miller 2006; Gao and Zhao 2011;
Cho and Kim 2015; Shin and Templier 2016; Liu and Miller 2017; Kim et al. 2020],
to name a few. In all results towards this direction, the support of Fourier transform
of the test function @ is restricted within certain range. One important question
in this topic is how to extend the range as large as possible, for the full density
Conjecture 1.1 does not require any condition on the compact support of P.

One can also consider “weighted” distribution of low-lying zeros by allowing
certain weights w . The weighted average density under consideration is

-1
(1-7) (Za)f) > wpD(f; ®).

feFo feFo

Often these weights w ¢ contain important arithmetic information such as central
values of L-functions, and including them may possibly change the symmetry type.
Recent results in this direction include [Kowalski et al. 2012; Knightly and Reno
2019; Sugiyama and Suriajaya 2022; Fazzari 2024].

In this article we study weighted low-lying zeros of spinor and standard L-
functions attached to degree 2 Siegel modular forms. For a general introduction on
Siegel modular forms, we refer readers to [Klingen 1990; Pitale 2019].
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We proceed to describe our results. Let £ > 6 be an even integer. Let Si(I';) be
the space of degree 2 holomorphic Siegel cusp forms of weight k for the symplectic
group I'y = Sp,(Z). Each form F e S¢(I'2) is a holomorphic function on the Siegel
upper half-plane

(1-8) Hy={Z=X+iY e M(C): Z=27",Y >0},

which satisfies the automorphy condition
—1 k A B
(1-9) F(AZ+B)(CZ+D) ')=det(CZ+D)"F(Z), cD el, ZeH,.

Here and after we use M, (R) to denote the ring of n x n matrices over a ring R.
The Fourier expansion of F is

(1-10) F(Z)=) ar(T)(detT): i e(Te(TZ)), Z €My,
TeT

where the summation is taken over the set
(1—11) T= {T = (t,'j) € MZ(R) T >0, t11€2Z, th) €Z, 2t1p =21 € Z}.

We call ap(T) the (normalized) Fourier coefficient of F at 7. It is known that
arp(T) e R.
We use [ to denote the 2 x 2 identity matrix. For F' € S;(I';) we set

VT ar(I)?

(1-12) wp =Y~
4 IF1?

@) (k-3 k-2

to be the “harmonic” weight attached to F, where || F'|| is the Petersson norm of F
defined by

(1-13) IFI (/ |F(Z)Pdet )t 224 )1/2
- = c .
\Hs (det Y)3
We now choose a basis H (I';) of Sx(I"2) consisting of eigenforms for all Hecke
operators (we call such a form a Hecke eigenform). It is known (see, e.g., (1.8) in
[Blomer 2019]) that

(1-14) Y wrp=1+0@).

FeH(I'y)

Note that the above sum is independent of the choice of basis Hy(I"2).

To each form F € Hy(I";) we can attach a degree 4 spinor L-function L(s, F'; spin)
and a degree 5 standard L-function L(s, F; std), both normalized so that the central
point is § = % The analytic conductors of those L-functions are of size k2 and k*,

respectively. Further properties of these L-functions are discussed in Section 2.
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We assume GRH for both spinor and standard L-functions, and denote their
nontrivial zeros on the critical line by

(1'15) PF,spin = % + iVF,spim PF,std = % + in,std-
The corresponding density functions with respect to a test function ® are
. VF,spi
(1-16) D(F; ®; spin) = ) d><2—;’ log cF;spin),
PF,spin
VF,std
1-17 D(F; ®;std) = ) ~—logcF.sd |-
(1-17) ( ) pZ (h gmd)

Our first result concerning low-lying zeros of spinor L-functions is as follows:

Theorem 1.2. Let ® be an even Schwartz function whose Fourier transform has sup-
portin (=1, 1). For F € H(I'2), define D(F; ®; spin) as in (1-16) with ¢ r.spin =k?
and wr as in (1-12). Assume GRH for L(s, F; spin). Then we have

. : 5 @(0) *

(1-18) kli)n;o Z wr D(F; ®@; spin) = d>(0)—T :/ D(x)W(Sp)(x)dx.
FeH () -

Remark 1.3. The result above has been obtained from [Kowalski et al. 2012],

but only for test functions & with supp(CiD) C (—%, %) as an application of their

quantitative local equidistribution result. Here we extend the range of support

to (—1, 1). This improvement is crucial in application to nonvanishing problems,

as we will explain in Section 5.

Let H;(I';) C Hi(I'2) denote a Hecke basis of the space of Saito—Kurokawa lifts
(these concepts will be discussed in Section 2). As a direct corollary of Theorem 1.2
we can establish the following nonvanishing result:

Corollary 1.4. Assume GRH for L(s, F; spin). Then we have
- imi >
(1-19) lim inf Y wrz

FeH (T2)\H; (')
L(1/2,F;spin)#0

LSS}

Remark 1.5. For comparison, it is shown in [Blomer 2019] that

(1-20) Yo wr>»
FeH(I)\H} (I'2)
L(1/2,F;spin)#0
unconditionally for large k. This follows from asymptotic formulas for the first and
second moments of central values. Although it is not surprising that GRH would
yield much stronger result, one still needs the range of support in Theorem 1.2 not
to be too small to carry out the argument. It was also pointed out in [Blomer 2019,
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page 1756, Remark (b)] that it is possible to use the mollifier technique to obtain a
positive proportional result unconditionally. The exact (unconditional) proportion
would not be as large as our (conditional) proportion % though.

For low-lying zeros of standard L-functions, we have the following result:

Theorem 1.6. Let ® be an even Schwartz function whose Fourier transform has sup-
port in (—4—1‘, zlt) For F € Hy(I'7), define D(F; ®; std) as in (1-17) with cf.ga = k*
and wr as in (1-12). Assume GRH for L(s, F; std). Then we have

(1-21) klim Z wp D(F; ®; std) = ¢(0)—¥=food>(x)W(Sp)(x)dx.
FeHi(T) -

Remark 1.7. An unweighted version of Theorem 1.6 was established in [Kim et al.
2020, for test functions ® whose Fourier transforms have sufficiently small support
(for a precise range of support, see Proposition 9.3 in [Kim et al. 2020]). The
(unweighted) symmetry type is also symplectic. For comparison, the symmetry type
of low-lying zeros of spinor L-functions changes from orthogonal to symplectic
when weighted by wp.

We may further extend the range of support in Theorem 1.6 from (_Z —) to

( 158, 18) by performing an extra (smooth) average over weight k. Our result is:

Theorem 1.8. Let Q@ € C2°(0, oo) be such that Q@ > 0, not identically 0. Let ®
be an even Schwartz function whose Fourier transform has support in (—15—8, 15—8)
For F € Hy(I'y) and large parameter K > 0, define D(F; ®; std) as in (1-17) with
CFistd = K* and wp as in (1-12). Assume GRH for L(s, F; std). Then we have

(1-22) Klgnoo(zg(%))_IZQ(%) 3" wp D(F; @; std)
k k

FeH(T2)

= d(0) — CD(O) /OOQD(X)W(Sp)(x) dx.

where the summation in k is over even integers.

This article is organized as follows: In Section 2, we first review some facts about
spinor and standard L-functions. We then work out the combinatorial relations
between certain functions in Satake parameters of a form F € Hy(I") and its Fourier
coefficients at scalar matrices. These relations allow us to apply Kitaoka’s formula,
which we state in Section 3. In Section 3 we also take average over weight k in
Kitaoka’s formula and give an upper bound for the off-diagonal term. In Section 4
we apply the results established in previous sections, as well as the explicit formula
to prove Theorems 1.2-1.8. In Section 5 we prove Corollary 1.4 and discuss some
other issues concerning nonvanishing of central L-values.
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2. Spinor and standard L-functions

Let F € Hi(I') be a Hecke eigenform. It is known that for each prime p there are
three complex numbers o r o(p), aF,1(p), ar2(p), called the Satake parameters
of F at p, with certain prescribed properties. See Chapter 3 in [Pitale 2019] for a
detailed discussion. In particular, these Satake parameters satisfy the relation

@2-1) aro(p)?ar1(p)ara(p) = 1.

Let Sy;—>(I"1) denote the space of holomorphic cusp forms of weight 2k — 2 for
the full modular group I'{ = SL,(Z). There is an injective Hecke-equivariant linear
map

(2-2) SK : Sop2(') — S (T2),  fr Fy,

called the Saito—Kurokawa lifting. We denote the image of SK by S; (I'2) and call
forms in S} (I';) Saito—Kurokawa lifts. We also use H;"(I'2) for a basis of S’ (I"2)
consisting of Hecke eigenforms. There are various ways to construct such a lifting
map. For a construction using half-integral weight modular forms, see Section 2.1.3
in [Pitale 2019].

For F € Hy(I'y) that is not a Saito—Kurokawa lift, it is known that |ar ; (p)| = 1
for all prime p, by a result in [Weissauer 2009]. However, this is not true for Saito—
Kurokawa lifts Fr € H;(I';). We will see this in Andrianov’s explicit formula (2-8)
stated below.

2.1. The spinor L-function. The spinor L-function attached to a Hecke eigenform
F € Hi(I",) is defined by a degree 4 Euler product

(2-3) L(s, F; spin)
1 (1 _aro(p) )‘1 (1 _apo(p)ar (p))“ (1 _aro(p)ara(p) )“
» r’ r’ P’
aro(p)ari(p)ara(p)\”
) (1 - P’ ) ’

which converges absolutely in some right half-plane. By setting

(2-4) ap(p) =aro(p), Br(p)=aro(p)ari(p),
we may rewrite the above Euler product as

(2-5) L(s, F; spin)

:]‘[(1_‘“(”))_1 (1_ﬁp(p) )“ (l_ap(p)—1>‘1 (l_ﬂF(p)—l)“
, P P P P ’

in view of the relation (2-1).
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It is proved by A. N. Andrianov [1974] that L(s, F’; spin) extends to a meromor-
phic function on C, which has a simple pole at s = % if F is a Saito—Kurokawa lift,
and is entire otherwise. Its functional equation takes the form

(2-6) A(s, F;spin) =c(s+ %) Tc(s+k—3) L(s, F; spin) = A(1 —s, F; spin),

where I'c(s) = 2(27) ~*I'(s). For Fy € H;(I';) a Saito—Kurokawa lift, its spinor
L-function decomposes as

-7 L(s, Fysspin) = ¢ (s +3) ¢ (s — 5) L5, /),

where L(s, f) is the Hecke L-function of the elliptic cusp form f.
For F € Hi(I';) we have Andrianov’s explicit formula [Andrianov 1974]:

s I
28  ap()L(s, Fispin)=¢(s+ 1) L(s+ 1 x-a) Y “F:f ),
n=1

where x_4 is the nontrivial Dirichlet character modulo 4. From this formula it
follows

2-9) ar(I)=0 = arp(nl)=0, n=>1.

2.2. The standard L-function. The standard L-function attached to a Hecke eigen-
form F € Hi(I",) is defined by a degree 5 Euler product

(2-10) L(s, F; std)

_ 1—[(1 B i)_l (1 B ozp,l(p))_l (1 B ap,1<p>—1)“
» P’ P’ P’
( ara(p) )1( aF,z(p)*)l
'z P

which converges absolutely in some right half-plane. Using (2-1), we rewrite this
Euler product as

(2-11) L(s, F; std)
_ 1—[<1 1 )1 (1 ~ aF(p>ﬂp<p>)1 (1 - aF<p>—1ﬁF<p>)1
05 pe pe
y (1 B aF(p)ﬁF(prl)“ (1 B ap(p)—lﬁﬂp)—l)‘{
I r’

The analytic continuation and functional equation of standard L-functions were
worked out by S. Bocherer [1985]. He proved that L(s, F’; std) extends to an entire
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function and satisfies a functional equation

2-12) AGs, Fi;std) =Tr(s)IT'c(s +k— 1) Tc(s +k —2) L(s, F; std)
=A(l—s, F;std),

where I'g = 7 7%/2T'(s/2) and T'c(s) = 227) ~*T'(s).
2.3. Combinatorial relations. For F € Hi(I'2), m > 1 and prime p, we set
(2-13) em(p;s F)=ar(p)" +ar(p)™™ + Br(p)" + Br(p)™",

(2-14) (P F) =1+ap(p)"Br(p)" +ar(p)" Br(p)™"
+ar(p) " Br(p)" +ar(p) " Br(p)™"

to be the m-th power sum of local parameters of L(s, F; spin) and L(s, F’; std) at p
respectively.

The main goal of this section is to find expressions of these power sums in terms
of Fourier coefficients of F at scalar matrices, for m = 1, 2, under the assumption
that ap (1) # 0. Note that the condition ag (1) # 0 is not a direct consequence of
F # 0, unlike in the elliptic case, where a primitive form f vanishes if and only
if its first Fourier coefficient vanishes. In fact, determining whether ag (1) = 0 or
not is a difficult problem because wp is intimately connected to central values of
spinor L-functions (Bocherer’s conjecture, now a theorem proved by M. Furusawa
and K. Morimoto [2021]). However, as we shall see later in Section 4, making this
assumption here does no harm to our argument. Our result is as follows:

Lemma 2.1. Let F € Hy(I'2) be a Hecke eigenform. For any prime p and m > 1,
define c,,(p; F) and 1y, (p; F) as in (2-13) and (2-14). Assume that ap(I) # 0,
and set Uy, (p; F) =arp(p™I)/ap(I). Also set ,, =1+ x_4(p) and ., = x_4(p),
where x_4 is the nontrivial Dirichlet character modulo 4. Then we have

Ap
calp; F)=Ui(p; F)+ —,

Ns2
22 =2
ca(p; F) = —Ui(p; F)* 4+ 2Ux(p; F) + ”Tp,
2 Ap Hp
o(p; F)=Ui(p; F)" = Ux(p; F)+—=Ui(p; F) +——1,
N{Z P

A
(p; F) = —Us(p; F)Ui(p; F)+ Us(p; F)?> + =2 Us(p; F)U,(p; F)

22 =2
+ (% - l) Ui(p; F)* — %Uﬁp; F)+ (pTMp> Us(p; F)

2 2

Apltp }‘p> Ko A

+ 222 VU (ps F)+ =2 - “2 4 1.
(p3/2 JP P> p
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Remark 2.2. The key feature of Lemma 2.1 is that we are able to express t4(p; F)
using polynomials of U,,(p; F) of degree 2 (and not of higher degree). This is
essential when we deal with weighted low-lying zeros of standard L-functions using
Kitaoka’s formula.

Proof. Throughout the proof, F and p are fixed. To save notation we use ¢, Tom,
Un, ap, Bp to denote ¢,y (p; F), ©om(p; F), Un(p; F), ar(p), Br(p) respectively,
with the understanding that they depend on F and p.

We start with Andrianov’s explicit formula (2-8):

ap(I)L(s, Fispin) =¢(s + ) L(s+ 3. x-4) Y ap(nl)

nS

n=1

Using Euler product expansions for the L-functions involved, we see that the two
Dirichlet series

oz B ! B! = apnl)ap()™!
219 (T1(-50) (-5 (=5 ) (-5 ) (Z 5 )
@15 (L1150 ) (=5 ) 0= 05 ) (25

p

and
1 X—4(p)
I

both converge absolutely in some right half-plane and are equal. Comparing
coefficients of p~™®°, a =1, 2, 3, 4, we obtain

(2-17) *p U
- ——==U;—c1,
NI
(2-18) Be vy — Ui+ 141,
p
(2-19) 0=Us—Uyc1 +Ui(2+1) —cy,
(2-20) 0=Us—Usc1+Ux(mn+1)—Ujc; + 1.

We also have elementary relations
(2-21) i =c+2(n+1),
(2-22) (o + 1D =341 +41+20.
From (2-17) and (2-18) we obtain directly

(2-23) U + Ay
- ] = U1 I
VP
A Wp
(2-24) n=Ul-Uy+ LU +ZL—1.
: NG P
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Combining (2-21), (2-23) and (2-24) we have
2

A =20
(2-25) 0y =-Ul+2U,+ 27,

Using (2-22), (2-24) and (2-25) we express 74 as

A A A2 +2u
(2-26) T =U} 20, U +272U + U 222U, U, + <”—” — 2) Ui

JP VP P
2
A A
—ofr U2+(2 ”3”2"—4—”)U1+“" 2-F 41
P 3/ JP P> D

However, to get the final form of 74, we must express U 4 U U 12 and U13 using
degree 2 polynomials in U, (a =1, 2, 3, 4). Combining (2-19), (2-23) and (2-24),
we have

A A w A
(2-27) U3=2U2U1——pUZ—U3+—pU2+(1——p>U + 2.
: JP JP p JP

Likely, equations (2-20), (2-23) and (2-24) give us
A A p Ap
(2-28) U, Ut =UsU 1 +U3 — —L U, U1 + Ul —Us+ L U3 — LU+ LU - 1.
: PP : P P
Further, we multiply (2-27) by U; and apply (2-27), (2-28) to get

2

A Ay, — 1 A
(2-29) U14:U3U1+2U22—3—”U2U1+(3+ L P>U3—2U4+3—”U3
VP p VP

A2 4+2 A2
— (”—M”)U +(2—+ ”;f;’)w - (2+—”>.
P P P

Finally, we insert (2-27), (2-28) and (2-29) into (2-26) to get

22 —2u
(2-30) Ty=—UsU1+U; +—U2U+ v _1)uz- ”U3+ 2 P\,
VP p P

A A n /\2
+(”3M2" 2 ”)U1+—"——+1 O
p3/ JP P> p

3. Kitaoka’s formula

The main tool used in this paper is a spectral summation formula of Petersson
type. This formula was first proved by Y. Kitaoka [1984] by computing Fourier
coefficients of Siegel Poincaré series. In this section we introduce this formula and
consider an averaged (over weight) version of it.
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We begin by introducing some notations. For k > 6 even, we set

_JT 32k 3
(3-1) o = YT (4m) F(k—§>r‘(k—2).
For T, Q € T we define
T
(3-2) Mr o= Y o0
Fediit) (Pl

For a matrix C € M,(Z) with det C # 0 (we denote the set of such matrices by C)
and Q, T €T, define the symplectic Kloosterman sum to be

(3-3) K(Q.T:C)=) e(Tr(AC™'Q+C™'DT)),
D
where D runs through the set

(3-4) {D € My(Z) mod CA : (é ;) € Fz},

and A is the set of 2 x 2 symmetric integral matrices. By elementary divisor theory
and Weil’s bound for classical Kloosterman sums one has [Kitaoka 1984]:

(3-5) |K(Q, T; C)| < |detC*’>.

Remark 3.1. Optimal bounds for these symplectic Kloosterman sums were obtained
in [T6th 2013]. However, since applying Téth’s optimal bound does not improve
our result, Kitaoka’s bound suffices for our purpose.

For P = (pf}z p;i 2), S = ( S;}z Siﬁ 2) €T and ¢ > 1, we define another exponential
sum:
(3-6) H*(P,S:c)
* disad} Fdiprdr+srda+dipr+disi_prsy
b Y oA o)

c 2cs4

dy mod ¢ dr mod ¢

For these we have the trivial bound
3-7) |HE=(P, S5 0)| < %

For P € M,(R) with positive eigenvalues A1, A, > 0 we set
/2
(3—8) jk_3/2(P) = / Jk—3/2(47[\/)\1 sin9) Jk_3/2(47T\/)\.2 sin@) sin 6 d9,
0

where Ji_3/2 is the usual J-Bessel function of half-integral order k — % With these
notation, we can now state Kitaoka’s formula.
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Lemma 3.2. For T, Q € T and k > 6 even, define Ay (T, Q) as in (3-2). Then
(3-9)  Aw(T, Q)
tQ
Aut(T
| (T)] (d T
where Aut(T'), G (T, Q) and G2 x(T, Q) are defined by
(3-10) Au(T) ={U € GLy(Z) : UTTU =T},

k/2
(3-11) G 14(T, Q) = Z Z Z 2. 23/21/2

s=1 c¢=1 U,V

;V.
L'J

)2 48Q~T+I”G1k<T 0) + 712G (T, O).

4 /det(T
x HE(U U™, v'tv-T;¢) Jk—3/2<L(Q)>,
CS
K(Q,T;C) —1 -T

3-12) Gy (T, = ——Ti— TC C .
(3-12) Gou(T. Q) =) _ decpr JeanTertiocT)

CeC
Here ZU’V in (3-11) is over U = (u;j)/{x1}, V = (vij) € GL2(Z) such that
(3-13) (21, u2) Quar, u2)" = (—var, vi1) T(—va1, v11)" =

The delta symbol Sg~t is equal to 1 if Q and T are equivalent in the sense of
quadratic forms, and is equal to O otherwise.

Remark 3.3. Following Kitaoka [1984], we call the three terms in (3-9) containing
do~1, G1x(T, Q) and G (T, Q) the diagonal term, the rank 1 term and the rank 2
term respectively. Note that the classical Petersson formula for elliptic modular
forms contains only a diagonal term and an off-diagonal term.
Remark 3.4. As pointed out by V. Blomer (see Remark 1 in [Blomer 2019]), there
are some numerical errors in Kitaoka’s original derivation of Kitaoka’s formula.
The version that we present here is based on Lemma 1 in [Blomer 2019]. However,
our results do not depend on exact values of those constants.

The main purpose of this section is to establish the following averaged Kitaoka’s
formula, which is asymptotic in nature.
Lemma 3.5. Let m, n > 1 be positive integers such that m|n. For k > 6 even, define
Ax(ml,nl) as in (3-2). Let Q € C°(0, 0o) be such that Q > 0, not identically 0.
Then for large K > 0 we have

(3-14) (; Q(%))_l ; Q(%) Ax(ml, nl)

mG/—€,—(1/2)+e (mn)>te (mn)/D+!
=0m=nt0je0 K4 + K 5+2€ + K2j+3

forany j >3 and € > 0 small. Here ), is over positive even integers k > 6.
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Remark 3.6. Our Lemma 3.5 can be viewed as a GSp, analogue of the classical
averaged Petersson formula on GLj,; see (5.81) in [Iwaniec 1997]. The main diffi-
culty is the presence of a product of two Bessel functions (instead of a single Bessel
function), each of half-integral order (instead of integral order). As we shall see in
the proof below, this can be overcome by applying an integral representation (3-33)
of a product of two Bessel functions. A related averaged Kitaoka’s formula was
also discussed in recent work of G. Felber [2023].

Proof. After applying Kitaoka’s formula (3-9), we divide the left side of (3-14) into
three terms. We also set g(x) = Q(x/K) and £ =k — % to save notation.
We denote the contribution of the diagonal term by Ry. Thus

-1
(3-15) Ro= é(z g(k)) Zg(k)|Aut(m1)|(%)£am1~n1.
k k

Note that m 1 and nl define the same quadratic form if and only if m = n, and that
|Aut(m )| = 8. Thus the above expression reduces to Ry = &;;=-
Denote by R; the sum of the rank 1 term over k. We have

(=D

(3-16) R, = Zg(k) Xi: Z Z Z c3/251/2
k

s=1 c=1
drmn
xHi(nUUT mv-lyv-T, C)Jg( )
CS

where the sum ;| is over
2 2 2 2
(3-17) n(uy +us) =m(vi; +vy) =s.
So in particular n |s. Making change of variable s — ns, we may rewrite R; as

(=12

(3-18) Ry = Zg(k) ; Z Z Z 32 (ns)1/2
k

s=1 c¢=1 U,V
4
x HE(nUuUT , mv-1v-T, cm( ”m>,
CS

where ), |, is over

2 2 2 2 n
(3'19) Us +u22 =39, U1 + Uy = ZS.

These equations have O (s€) and 0((%s)e) integral solutions, respectively, for any
€ > 0, by the fact

(3-20) {(x,y) € Z* 1 x* + y* = s}| = O(5°).
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In view of the estimate
x\¢ 1
(3-21) < (7). x=0e>4,

which follows immediately from the integral representation [Gradshteyn and Ryzhik
2015, (8.411.4)], we may cut-off the sum in (3-18) by sc << m/K up to a negligible
error. In this range we change summation order and deal with the inner sum

dmm
- _1)\k/2 i
(3-22) Ek gy (—1) Je( - >

by applying Lemma 20 of [Blomer and Corbett 2022] to obtain

dm
- _1)k/2 -
(3-23) Ek gk)(=1) Jz( o )

dmm 4dzim dmm _ 4xim dmrm
=wyl — | t+e s wyt +e & w_ ,
cs cs cs

where wy(x), w+(x) are some smooth functions on (0, co) satisfying

(3-24) wo(x) <4 K74,

K2\
(3-25) w1 (x) K4 (1 + 7)

for any A > 0. The contribution of the wy term is negligible, while the contribution
of w4 term depends on the size of x = 47m/cs. For example, for x < K? (i.e.,
cs > m/Kz), we have

K2\ A 2\ —A

(3-26) w4 (xX) Ka (1 + —) < (—) <a K m% (cs)™
X X

for any A > 0. This estimate, together with (3-7) and (3-20), give rise to

327 R

= 1 + T 1y,—T. drm
_Z Z ZWH mUU" , mV— V™ c)wst ?

t B<sekg UV

€
_ _ n _ —A —
e Z 2 (ns) 1/2se<_s> LKA A A A
m
Sy

& mOD=ep=(/D+e g3

for any small € > 0 if one fixes some A > % The case where cs <« m/K? is analyzed

similarly, and its contribution to R; is again at most m2~¢n~2+ €K =3, Therefore,
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we have obtained that
(3-28) Ry <em? n~2te g3

for any small € > 0.
Denote by R, the sum of the rank 2 term over k. Explicitly,

Kmnl,mI; C
3 m=3 0} Sufuag

m/2
f Jo(Am\/ A1 sinB) Jy(4mw/ Ay sinf) sin6 dO,
0

where A, A are eigenvalues of the matrix mnC —1C=T. We set Apin and Apax to be
the smaller and the larger eigenvalue of mnC~'C~7 respectively. Denote by || - ||
the Frobenius matrix norm. Then by Lemma 2 in [Blomer 2019] we have

(3-30) <«
i el

Applying this estimate and (3-21) to J; (47 +/Amin Sin @), and applying the estimate

(3-31) Jx) <1, x>0,0>3

that follows from [Gradshteyn and Ryzhik 2015, (8.411.13)] to J; (47 /A max Sin 6),
we may cut-off the sum in R, by ||C||r < 4/mn/K up to an negligible error. In
this range we change the summation order and deal with the inner sum

(3-32) > " g(k) Jo(dm /iy sin0) Jo (4 /A, sin 0)
k

by making use of the following integral representation of product of two Bessel
functions [Erdélyi et al. 1981, page 47, (8)]:

/2
(3-33) Jy(z) Jy(C) = % / cos((z —¢) cosa) J2U(2\/z? sina) da,
0

when N (v) > —%, 7>0, ¢ >0. Choosingv=4~, z=4m /A sinf, { =4mw /Ay sinb,
and setting

8/
(3-34) E=2\/z{sina = SAymn sin 6 sin «,
|det C|

we obtain

/2
(3-35) > g(k) Je(z) Ju(§) = % /0 cos((z —¢) cosa)(Z g(k) JZk_3<s>) do
k k
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Let r =2k —3. We have r =1 mod 4, since k is even. Setting g;(x) = g(ﬁ), we

have
(3-36) Y s zE =Y &) J®).
k r=1 mod 4

From here the method of Neumann series can be applied, in view of the following
integral representation of Bessel functions of integral order [Gradshteyn and Ryzhik
2015, (8.411.1)]:

1/2 o
(3—37) _]r(x) — / e(rt) e i sin 27t dt.
~1/2
We quote the following result (Lemma 5.8 in [Iwaniec 1997]):

(3-38) 4 Z g1(r) J-(§) = g1(§) + h(§) + O (5c3(g1)),

r=1 mod 4

where /4 (§) and c3(g;) are defined by
(3-39) hE) = /0 @1/ sin(& +y— Z)a) 2y,

(3-40) e3(gn) = / &R dr.

o]

We refer readers to Section 5.5 in [Iwaniec 1997] for a proof of (3-38). Recall that
for g; we have

(3-41) g () < K
for any j > 0. Thus by repeated partial integration we have

(3-42) h(E) < (EK™2,
(3-43) c3(g1) < K72

See also (5.73) and (5.74) in [Iwaniec 1997].
The contribution of g{(£) to R; is

(3-44) R§'®
Z Knl,mI; C)

/2 pw/2
a da sin6 d6.
|detCP’2 J, /0 cos((z—¢)cosa)gi1(§) da sin

IC | g L

In view of the support of g1, the sum in (3-44) is confined in the range

87 /mn
(3-45) g VI G sina > K.

J]detC|
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Thus we have det(C) <« mn/K?. By the estimate (3-5), we obtain

G46) RO« Y 1= Y Y 1= Y pd<c.%),

mn mn — M
0s£|det C| <22 0£|d|< 22 detC—J% 0]d| <3
IC P el <%=

K
where P;(X) is the hyperbolic lattice counting function
(G-47) PaXO) =I{(@. B.y.8) €Z*1ad— Py =d, o’ + B2 +y? +6° < X))
and C > 0 is some constant. For 1 < d < X we have the following asymptotic
formula (see Theorem 12.4 in [Iwaniec 2002]):
-1 1.2
(3-48) Py(X)=6( Y 17" (X +0(d3X3)) < X log|d|.
T|d

This estimate also applies to —X < d < —1 by symmetry. Thus we have

mn m*n®> mn (mn)*te
(3-49) R$'® < e Y logld| < —erlog " < <1«¥T)

0£ld| <23

The contributions of 2(£) and O (£c3(g1)) are analyzed similarly, making use of
the bounds (3-42) and (3-43). We have

(j/2)+1
h(E) (mn)
(3-50) R,” < gy
2+€
OGes(gn) . (mn)
(3-51) R, <Le K 6+2

for any j > 3 and small € > 0. Thus we obtain

(mn)2+€ (mn)(j/Z)-i-l
K4+2e K2i+2

(3-52) Ry <je

Combining the estimates of R; and R, above, and that
k
(3-53) dehr=>"9(%) > K.
k k
by our choice of €2, the proof is now complete. U

4. Proof of main theorems

In this section we prove Theorems 1.2-1.8. We assume d is supported in (—a, o).
We also set £ =k — % to save notation.
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4.1. Proof of Theorem 1.2. By standard argument using the explicit formula
[Iwaniec et al. 2000, Section 4], we write the density function D(F'; ®; spin) as

(4-1) D(F; @; spin)
2 <s —1/2
o}

- 2mi ) 2mi

log k2
2ri

A’ .
10gk2>x(s, F'; spin) ds+2<D< ) (SFEHZ‘(Fz)’

where dpc HE (M) = 1 if F e H(I';) is a Saito-Kurokawa lift (in which case
L(s, F; spin) has a pole at s = %) and is 0 otherwise. By (2-6) and (2-5) we may
further write
(4-2) D(F; @; spin)
2 , I 2mix I’ 2mwix
= log—kz /RQD(x)(— log(2r) +F <1+log—k2> +F (k_1+logk2>> dx

R — logp . (mlogp log k2

by shifting contour from o =2 to o = %

For the integral involving gamma factors, we use the following estimate [Grad-
shteyn and Ryzhik 2015, (8.363.4)]:

I’ N RS i b?
(4-3) F(a—i—bz)—I—F(a—bz)_ZF(a)—i—O(a—z), a>0,beR

and the fact that @ (x) is even to get

2 r’ 2mix r’ 2wix
4-4 & (x)[ —log2m)*+—(1 —(k—1 d
44 10gk2_/R (x)( 0g(2m)”+ r ( +logk2>+ r ( +10gk2)> *

= ®(0) +o(1).

This is done by splitting the integral over R to two integrals on (—oo, 0) and
(0, c0). Then we use the fact that ®(x) is even, estimate (4-3), and the estimate
L (k) =logk + O(1).

For ci(p; F) and c>(p; F) we sum over F against the weight wp. Using (1-12),
Lemma 2.1 and equation (2-9) we obtain

)“P
45) > wra(pi F)=ApL D)+ -2 AU ),
FeH(I') \/ﬁ

1
4-6) > wrcp; F)=—Au(pl, pI)+28:(p°1, I)+0<—)Ak(1, D).
FeH(I') p
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Collecting these we have the “explicit formula”:

4-7) > wpD(F; ®; spin)

FeH(I'2)
A 2 A logp . (logp
= ®(0 1)— Ac(pl, D+ =LA 1, 1 )
0)+o(1) Tog k2 Ep ( k(p Hﬁ k( )) > (]ngz
— E —Ar(pl, pD)+2Ac(p*1, 1)+ O ! Ar(1, 1)
1ng2 p 9 9 p 9

| A
y ogpq) 2logp
p log k2

log log
}:}:( 3 wF%ULFQ m£¢<ﬁgkf)

m=3 p FeHp(I'y)

log k>
+2<1>( 27”,) > ok,

FreH; (')

~ logk?

We treat the terms Ax(pl, I), Ax(pl, pI) and Ak(pzl, I) using Kitaoka’s for-
mula (3-9). Take the term Ax(pl, I) for example:

(4-8) Ar(pl, 1) = ﬁG1 &Pl D+7Gax(pl, ).

The rank 1 term G x(pl, I) is

(k2 - 4
Gix(pl, 1)_222263/2(1”)1/2}1 wut, pv-ly- c)Jg(Cs)

s=1 c=1 U,V
after a change of variable s — ps, where the summation ) _;; |, is over
(4-9) U3 +uz=ps. v oy =s.
By the estimates (3-7), (3-21) and (3-20), we bound G x(pI, I) as

o0 o0
3 1 1 547\t _1o 4\t
4-1 1.1 €€ 2(_) +e(_)
(4-10) G (pl, )<<E E (ps)°stc 2p 25 2c >y, Lp 2 7

s=1 c=1

for k sufficiently large. Thus its contribution to (4-7) is at most

1 47 \“1 < (1
@iy Ly (A e e
ogk < Jr 0g

1 (4 I4e 1[4\ 2
— 1 kClG: 1
< logk( ) Zp ng<<logk(€) o)

psza

for any a > 0 as k — oo.
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The rank 2 term G, x(pl, I) is

(4-12)  Gax(pL, 1)

= K(I, pI;C) (™

|det C|3/2 JMﬂmsin@) Jé(“?ﬂ/@sin@) sinf déb,

ceC

where Apyin and Anygx are the smaller and larger eigenvalues of pC‘1 C T respectively.
By estimates (3-5), (3-21), (3-31) and (3-30), we have

4 sinf\* 47 \*
(*-13) Gor(pl, 1) < Z(L> < pm(—)
VAT 0

for k sufficiently large. Thus its contribution to (4-7) is at most

1 4 ZlogpA log p 1 [4n\' -1
4-14) —— 2= o — Ea
1D ek Xp:p ( ¢ ) NG (logk2> Slogk\ 7 D p 7 logp

pSkza

Ak \*
K ,
< ( E )

which goes to 0 as k — oo when o < 1. Thus we have proved the contribution

of Ar(I, pI) to (4-7) is small when o < 1. Other off-diagonal contributions are
estimated similarly, and are all small when o < 1. We skip the details here.

The diagonal contribution of :\/—%Ak(l , 1) to (4-7) from the m =1 term is

2 Ayl (1
(4_15) _ 22 )4 ngd)( ng)
log k ~ p log k2

2 /o"logqu) log x A () + o(1)
= — T(X o
logk? J; log k2

2 ] ~ (1 1
- / R dx +o(1)
logk? J; x log k% ) log x

=—2/ d(y)dy +o(1)
0

= —®(0) +o(1).

Here we have used the prime number theorem (PNT) for the prime counting function
m(x) and the fact the A, = 1 + x_4(p) takes values 0 and 2 for primes p with
density % each.

The diagonal contribution of —Ay(pl, pI) from the m = 2 term is

2 logp » (2logp D (0)
4-16 & - ).
(4-16) log k2 Xp: D (1ogk2 y o
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It is shown in [Kowalski et al. 2012] that the m > 3 terms in (4-7) contribute at
most O (log k) For non-Saito—Kurokawa lifts F this follows from the Ramanujan
bound ¢, (p; F)| <4 and the fact

(@-17) >y e <o

m=3 p

For a treatment of Saito—Kurokawa lifts, we refer readers to Section 5 in [Kowalski
et al. 2012].

For the last term in (4-7) we use the fact that (see, for example, page 1754 in
[Blomer 2019])
1 L( s f XX 4)
4-18 St VLSRR Ansa
@19 OF <@L symdf)
This, combined with the convexity bound for L(3, f x x—_4) and the lower bound
[Hoffstein and Lockhart 1994]

(4-19) L(1,sym?f) > k=€

give us

(4-20) > wp =o().
FreH{ ()

Combining all results above, we finally have

(4-21) S wr DOF; @;spim) = $(0) ~ 9(0) + 3 +o()

FeH(T'2) (I)(O)
= CD(O) - +o(1)

for ¢ < 1, as k — oo. This completes the proof of Theorem 1.2.

4.2. Proof of Theorem 1.6. The proof is similar to that of Theorem 1.2. The
explicit formula for D(F; ®; std) is

(4-22) D(F; ®; std)
2 /cb() 2og2r) — Logr + 1 (14 T ) 4
= x)| — — 5 s=lz:4+—— X
logk* Jg g 208 2 \*  logk*
2 r’ 2wix r’ 2mwix
o k—1 — (k-2 d
logk4/ (x)< ( +1 gk4>+ ( 2+10gk4)> *

logp » (mlogp
—  F o} .
o ; i P 2 (e

+
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The integrals of gamma factors and the sum over m > 3 can be computed similarly
as before. We thus have the explicit formula for the weighted sum

(4-23) Z wpD(F; ®; std)

FeH(I'2)
log p mlog p
5 Y ornapi F) m/2q>(10gk4)+oa>.

—$0)—
m=1 p FeHi(I'y)

log k4

We have seen in the proof of Theorem 1.2 that the symmetry type is determined
by diagonal contributions. So we shall concentrate on those terms and be brief
about the rest.

By Lemma 2.1, the m = 1 term is

4-24) Y wrna(p: F)

FeH(TI'y)
= Ae(pl, pI) — Ar(p°I, 1)+ 2 Ar(pl, 1)+( )Ak(l,l),
NI p

in which the diagonal contribution of Ay (pl, pI) and — Ay (I, I) cancel each other.
The m = 2 term is

425 Y wrna(p; F) ==L pD + A (p*1, pP)
FeH(I'2)

Ap
+ “Z A (P2, I—I—(——I)A I, pl
NG k(p°I, pI) » k(pl, pI)

A
— LA D+ 0 (—)Ak(pzl, I
p p

1 1
+O0(—= |Ar(pL, D+ 0| = ) +1)AU, D).
(Gp)ons(05) 1)

The diagonal contribution from Ak(pzl, pZI), —Ay(pl, pl) and Ag(I, I) com-
bined is

2 logp » (2logp ®(0)
4-26 — D = — ).
(4-26) log k* ; p ( log k* 2 +o(l)

To illustrate why the range of support is restricted to (—}T, %), we analyze the
contribution of the rank 2 term G ¢ (pI, pI):

(4-27)  Gax(pl, pI)

Z K(pl, pI;C)

T detCPPz Jé(4ﬂm5in9) Jo(470/domax 50 0) sin 6 d6),
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where Apin and Apax are eigenvalues of po —1C~T. We estimate as before to get

4mpsing\ 4 \*
(4-28) Goi(pl, pl) < Z(p—> < p£<—) :
Cev LIC| F 14
Thus it contributes at most
1 1
4-29) —— ) ng<1>< 2P
log VP \logk*
L (4 ZZ L log p < 22 2R ‘
N O —— s
logk\ "¢ ) &= P " 8P ¢
p=k*®

which is o(1) as k — oo if @ < 7. Other off-diagonal terms are estimated similarly.

4.3. Proof of Theorem 1.8. The contribution of gamma factors and the diagonal
contribution do not change upon averaging over k With respect to 2. To illustrate
how we may extend the range of support form ( 1 4) to ( 15—8, %), we take the
term Ax(pl, pI) for example.

By Lemma 3.5, the off-diagonal part of

k\\ ! k
(4-30) (; Q(E» Zk: Q(E)Ak(pl, pl)
1S at most

4+42¢ Jj+2
p p p
@D K1 s g

for any j > 3 and small € > 0. It contributes at most

1 442¢ Jj+2 lo
(4-32) log K Z (%"' 1];5+2e + I?Zj+3) j;
p§K4O‘

< K6a—4+K18a—5+6é +K(4j+10)oz—(2j+3)

which is o(1) if @ <
Finally, to see

18, by taking j sufficiently large.

d(0) o
(4-33) CD(O) - = / O(x)W(Sp)(x)dx,
we use the Plancherel formula
(4-34) / S (x)W(Sp)(x)dx = / d(y)W(Sp)(y) dy

and the Fourier pair (1-6). The proof is now complete.
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5. Application to nonvanishing of central values
5.1. Proof of Corollary 1.4. By Theorem 1.2 we have
(5-1) Y or Yo B 06k < b(0) - *O .
2 2
FeHi (') PF,spin

for any € > 0 and k large enough. We further assume
(5-2) d(x)=0, @O =1.

By these conditions we may pick up only the zeros pf spin = % to get

53 > o) @ (VF <P ) k2)z Y p-ordsmip L(s, F; spin)
FeH(T2)  PF.spin FeH(T)
o0

Y T S

m=2  ords—1/2 L(s, F;spin)=m

2 Z WFE.

ords—1/2 L(s, F;spin)>2

v

Here we have used the fact that the root number of L(s, F'; spin) is always +1.
Thus the vanishing order of L(s, F; spin) at s = % is even. These inequalities,
together with (1-14), give us

(5-4) Z wp>1—-<q>(0)—%0)>—e.
L(1/2,F;spin)#0

It is discussed in [Iwaniec et al. 2000, Appendix A] that the Fourier pair

sin rvx \? A 1 |yl
(5-5) <I>(x)=< ) , @(y):;(l—T), ly] <v (v >0).

TVX

gives essentially the optimal bound. With this choice we have

(5-6) Z wp>§—i—e

L(1/2,F;spin)#0
for any 0 < v < 1. Taking liminf in k and v — 1, we have

3

(5-7) lim inf Z wr 2 7.

k— 00 .
L(1/2,F;spin)#0
We can further ignore the contribution of Saito—Kurokawa lifts, in view of (4-20).

This completes the proof of Corollary 1.4.
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5.2. Further discussion. From the proof of Corollary 1.4 we see that in order to
obtain any result on nonvanishing of central values of L(s, F’; spin) or L(s, F; std),

. . . 2 2
the range of support in the corresponding Density Theorem must go beyond (— £ 3).
This range is by setting

5 1
(5-8) 1 9" 0
The previous range of support (—%, %) obtained in [Kowalski et al. 2012] for
spinor L-functions is not large enough, for % < % Thus our extension to (—1, 1)

is significant for the purpose of nonvanishing.

Unfortunately, for standard L-functions, our range of support is still not large
enough to obtain a nonvanishing result, even after performing an average over
weight (15—8 < %) The author would like to address this problem by establishing a
more refined version of Lemma 3.5 in the future.
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