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Let p be a prime number, F a nonarchimedean local field with residue field
kr of characteristic p, and R an algebraically closed field of characteristic
different from p. We investigate the irreducible smooth R-representations
of SL,(F). The components of an irreducible smooth R-representation IT of
GL;,(F) restricted to SL,(F) form an L-packet L(IT). We use the classification
of such II to determine the cardinality of L (II), which is 1,2 or 4. When
p = 2 we have to use the Langlands correspondence for GL,(F). When £ is
a prime number distinct from p and R = Q¥°, we determine the behaviour
of an integral L-packet under reduction modulo £. We prove a Langlands
correspondence for SL,(F), and an enhanced one when the characteristic
of R is not 2. Finally, pursuing a theme of Henniart and Vignéras (2024),
which studied the case of inner forms of GL,, (F), we show that near identity a
nontrivial irreducible smooth R-representation & of SL,(F) is, up to a finite-
dimensional representation, isomorphic to a sum of 1, 2 or 4 representations
in an L-packet of size 4 (when p is odd there is only one such L-packet). We
show that for = in an L-packet of size r, and a sufficiently large integer j,
the dimension of the invariants of & by the j-th congruence subgroup of an
Iwahori or a pro-p Iwahori subgroup of SL,(F) is equal to a, + 2r;|kp|/,
with a, = —% if p is odd and r, = 4, otherwise a, is an integer. We also study
the fixed points by the j-th congruence subgroups of the maximal compact
subgroups of SL,(F) where the answer depends on the parity of j.
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1. Introduction

1.1. Let F be a locally compact nonarchimedean field with residue characteristic p
and R an algebraically closed field of characteristic charg # p. We investigate the
irreducible smooth R-representations of SL,(F'). Although when R =C and p is
odd the first investigations appeared in the 1960s, in work of Gelfand—Graev and
Shalika, the study of the modular case (i.e., when charg > 0) started only recently
[Cui 2023; Cui et al. 2024] when charp # 2 and charg # 2. Here we give a complete
treatment and we make no assumption on p, charg, charg, apart from charg # p.

As Labesse and Langlands did in the 1970s when R = C and charg = 0, we
use the restriction of smooth R-representations from G = GL,(F) to G’ = SL,(F).
We prove that an irreducible smooth R-representation of G’ extends to a smooth
representation of an open subgroup H of G containing ZG’ where Z is the centre
of G, and appears in the restriction to G’ of a smooth irreducible R-representation
of G, unique up to isomorphism and twist by smooth R-characters of G/G’. When
charp # 2 we can simply take H = ZG’, but not when chary = 2 because the
compact quotient G/ZG’ is infinite. Those results follow from general facts about
R-representations, which appear in Section 2. They apply to more general reductive
groups over F, as we show in Section 3.

In Section 4, using Whittaker models, we show that the restriction to G’ of an
irreducible smooth R-representation IT of G is semisimple and has finite length and
multiplicity one. Its irreducible components form an L-packet L(IT). An L-packet
L(IT) is called cuspidal when IT is cuspidal, supercuspidal when IT is supercuspidal,
of level O if IT can be chosen to have level O (that is, having nonzero fixed vectors
under 1+ M,(Pr)), and of positive level otherwise.

Theorem 1.1. The size of an L-packet is 1,2 or 4.

When p is odd that follows rather easily from |G/ZG’| = 4, but it is also true
when p = 2, in which case the proof is completed only in Proposition 4.22, and
uses the Langlands R-correspondence for G, which we recall in Section 4.4.

Proposition 1.2 (Corollary 4.29, Proposition 4.22). The L-packets of size 4 are
cuspidal and in bijection with the biquadratic separable extensions of F.

The bijection is described in the proof. When p # 2 there is just one L-packet
of size 4 and it has level 0. When p = 2 the L-packets of size 4 have positive level,
their number is finite if charr = 0, but there are infinitely many if charg = 2.

Proposition 1.3 (Proposition 4.7). When p is odd, the cuspidal L-packets are not
singletons. When p = 2, the cuspidal L-packets of level O have size 2.

Proposition 1.4 (Proposition 4.28). There is a cuspidal nonsupercuspidal L-packet
ifand only if g +1 =0 in R. It is unique of level 0, and size 4 when charg =2, and
size 2 when charg # 2.
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From the Langlands R-correspondence for GL,(F), we get a bijection from
the set of L-packets to the set of conjugacy classes of Deligne morphisms of W
into PGL;,(R), the dual group of SL; over R. When charg # 2, we even get an
enhanced Langlands correspondence, in that we parametrize the elements in an
L-packet L(IT) by the characters of the group Sp of connected components of the
centralizer Cpy of the image of the corresponding Deligne morphism in PGL;,(R).
When charg =2, Cp is always connected and the supercuspidal L-packets are not
singletons. We will determine explicitly Cpy for each IT.

Theorem 1.5 (Theorem 5.2'). Let IT be an irreducible smooth R-representation
of GLy(F).

When charg # 2, the component group St of Cry is isomorphic to {1}, Z/2Z or
7/27 x 7]27.

When charg = 2, Cry is connected for each I1, but the cardinality of the L-packet
L(IT) is

o 1 if Il is not cuspidal,
o 2 if Il is supercuspidal,
o 4 if Il is cuspidal not supercuspidal.

When L(IT) is not a singleton, we take as a base point the element having a
nonzero Whittaker model with respect to a nontrivial smooth R-character of F.
When charg # 2, the theorem gives a bijection

t: L(IT) = Irrg(Sm)

respecting the base points (the trivial representation in Irrg (St)). It is unique when
|L(IT)| = 2. There are partial results on the uniqueness of ¢ when |L(IT)| = 4.
Under the restriction p =2, chary = 0, for the complex L-packet of size 4 (unique,
of level 0), there is a unique bijection compatible with the endoscopic character
identities [Aubert and Plymen 2024].

When charg = 2, a “linkage” between irreducible smooth R-representations of
G and G’ is introduced in [Treumann and Venkatesh 2016]. In §5.0.3 we interpret
this notion in terms of dual groups, thus proving their conjectures in a special case.

Let £ # p be a prime number, and Q¢ an algebraic closure of Q, with residue
field F°. Each irreducible smooth F{°-representation of GL,(F') lifts to a smooth
Qj-representation. We show that this remains true for SL,(F).

Proposition 1.6 (Corollary 4.24, Proposition 4.30). Each irreducible smooth [Fi°-
representation 7w of SL,(F) is the reduction modulo € of an integral irreducible
smooth Qi -representation 7t of SLy(F).

I'When R = C this was already established by Gelbart and Knapp [1982, §4] assuming that it
could be done for GL, (F).
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An equivalent formulation is that each irreducible smooth [}°-representation IT
of GLy(F) is the reduction modulo £ of an integral irreducible smooth Qj°-repre-
sentation IT of GL,(F) such that

|L(TT)| = |L(TD)|.

The reduction modulo £ of each integral supercuspidal Qj°-representation of
GL,(F) is irreducible, but this is not true for SL,>(F). Each supercuspidal Qj°-
representation 77 of SL;(F) is integral and we determine all the cases of reducibility.
We choose a supercuspidal Qj°-representation IT of GL,(F) such that 7 € L(IT)
and denote by o7y the irreducible 2-dimensional Qj°-representation of Wr image
of T1 by the local Langlands correspondence.

Proposition 1.7 (Corollary 4.24). The reduction modulo £ of & has length <?2. The
length is 2 if and only if

p=2, of=indy &, Eb)£1, EB)" =1,
¢ divides g + 1,  the order of (E7 /&)|14p, is 2,

where b is a root of unity of order q + 1 in a quadratic unramified extension E | F,
& is a smooth Q7 -character of E* (of W via class field theory), and T € Gal(E / F)
is not trivial.

Finally we study for G’ the problem that we treated in [Henniart and Vignéras
2024] for inner forms of GL, (F). An infinite-dimensional irreducible smooth
R-representation IT of G = GL,(F') is isomorphic near the identity to a1 —i—indg 1
where ary is an integer (its value is given in Proposition 7.5) and indg 1 is the usual
principal series. For an infinite-dimensional irreducible smooth R-representation 7
of G, we show that up to finitely many trivial R-characters, 7 is isomorphic near
the identity to the sum of 1, 2 or 4 elements of an L-packet of size 4.

Theorem 1.8 (Theorem 6.17). Let w be an infinite-dimensional irreducible and
smooth R-representation of G'. There are irreducible smooth R-representations
{11, 10, 13, T4} of G’ forming an L-packet, and an integer ay, such that on a small
enough compact open subgroup K of G’ we have

T >~apl +Zri,
i=1

where r is the size of the L-packet containing 7.

For R =C and p odd, Monica Nevins has similar results which are more precise
in that the subgroup K is large. We show that her results carry over to any R
(§6.2.8).
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As in [Henniart and Vignéras 2024] we first deal with the case where R = C,
using a germ expansion near the identity a la Harish-Chandra, in terms of nilpotent
orbital integrals. However, when charr = 2, such an expansion is not available,
so we work instead with a complex representation 7w of an open subgroup H of
G containing ZG’. For such a group a germ expansion has been obtained by
Lemaire [2004]. Adapting [Moeglin and Waldspurger 1987] and [Varma 2014] (who
assumed charr = 0) we compute the germ expansion in terms of the dimensions
of the different Whittaker models of &, and express it in terms of L-packets of
size 4. Theorem 1.8 easily transfers to any R with charg =0, in particular R = Q}°.
From our complete classification of irreducible smooth R-representations of G’,
and in particular that the Fj°-representations of G’ lift to characteristic 0 when
£ # p (Proposition 1.6), we get Theorem 1.8 for R = [} and transfer it to any R
with charg = £.

We think that Theorem 1.8 will extend in the same way to inner forms of SL,,,
using the work of [Hiraga and Saito 2012]. We expect that if charr =0 and R =C,
a variant of the theorem is true for any connected reductive F-group H, because
of the Harish-Chandra germ expansion and of the work of Maeglin—Waldspurger
and Varma. But when £ # p, it is not known in general if virtual finite length
[F)°-representations lift to characteristic 0 and it is unlikely that cuspidal irreducible
[F)°-representations lift. The reason is that the first point has a positive answer when
G is a finite group and the answer to the second is negative in general for finite
reductive groups. When charp = p and R = C, we have to face the problem that
a germ expansion in terms of nilpotent orbital integrals might not exist. It is not
clear how to define such integrals for bad primes, and sometimes the number of
unipotent orbits in H and of nilpotent orbits in Lie(H) are not the same, even over
an algebraic closure of F. Given our investigation of the case SL;(F’), which uses
L-indistinguishability, one may wonder about the role of endoscopy and stability in
analogous results for a general H.

The dimension of the invariants by the j-th congruence subgroup of a Moy—
Prasad group of an infinite-dimensional irreducible smooth R-representation of G
for j large, is the value at ¢/ of a polynomial of degree 1 and integral coefficients.
We will prove a similar result for G” but the coefficients of the polynomial are not
always integral and the polynomial may depend on the parity of j.

Let IT be an infinite-dimensional irreducible smooth R-representation of G and
7 be an element of L(IT). Around the identity,

M=~apl+ind§ 1

for an integer apy and the usual principal series indg 1. Let Of denote the ring of
integers of ', K’ = SLy(Op), ' its Iwahori subgroup, I| , its pro-p Iwahori, and

K ]/ , Ij/ v /24 their j-th congruence subgroups.
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Theorem 1.9 (Theorem 7.6). For a sufficiently large j,
dimg 77/ = dimg 712+ = |L(ID)| " (an + 2¢7),
dimg 7% = |LAD) | (an + (¢ + Dg’~™")  if M|zkq is irreducible.

When p is odd and |L(I1)| = 4, we have |L(IT)|'apg = —%.

When IT|z k¢ is reducible, it has length 2. The two irreducible components [T
and I1™ are distinguished by their Whittaker models.

Theorem 1.10 (Corollary 7.10). If I1|zx¢’ is reducible, for a sufficiently large j,

dimpg 7K
_ L) (anq +297) for joddandw C 17| or j evenand w C I1™ |/,
UL~ an +2¢77")  otherwise.

By G-conjugation, we have similar asymptotics for all Moy—Prasad subgroups
of G'.

The study of R-representations of G’ has a long history, especially when R = C.
Even for odd p and R = C, there is current research on GL, and SL; [Luo and Chau
2024]. Inevitably some of our proofs are adapted from previous papers. However,
because we make only the assumption that charg # p, we have usually preferred
to give complete proofs in that general setting. We refer essentially only to papers
that we are using.

2. Generalities

2.1. Let R be a field, G a group, H a subgroup of G, V an R-representation of G.
We denote charg the characteristic of R, and V |y the restriction of V to H.

2.1.1. When H has finite index in G, any irreducible R-representation of H is
contained in the restriction to H of an irreducible R-representation of G [Henniart
2001, proposition 2.2].

2.1.2. If H is normal of finite index in G and V is irreducible, then V |y is semisim-
ple of finite length [loc. cit., proposition 2.1].

2.1.3. If H is normal in G, V is irreducible and V |y contains an irreducible
subrepresentation, then V |y is semisimple and its isotypic components are G-
conjugate with the same multiplicity.

Proof. Let W be an irreducible subrepresentation of V|g. Since H is normal in
G, for g € G, H acts irreducibly on gW by (h, gw) — hgh~'hw. The subspace
> gec 8 W is a nonzero subrepresentation of V. Since V' is irreducible, it is equal
to V. Since a representation which is a sum of irreducible subrepresentations is
semisimple [Bourbaki 2012, §4.1, corollaire 1, p. 52], V |y is semisimple. The last
assertion follows in the same way. U
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2.1.4. Assume H normal of finite index in G and let w be an irreducible R-
representation of H. We saw that there is an irreducible R-representation I of G
whose restriction to H (which is semisimple of finite length) contains 7. Clearly
if x is a R-character of G trivial on H then the restriction of I1® x to H contains 7.

Lemma 2.1. Assume R algebraically closed and G/ H abelian. Any irreducible R-
representation I1' of G containing 7 is isomorphic to T1 ® x for some R-character
x of G trivial on H.

Proof. 2We have Homy (IT' |z, 1| ) #0. The right adjoint of the restriction from G
to H is the induction Ind% from H to G, therefore IT’ is isomorphic to an irreducible
subrepresentation of Indg(l'll ). We have Indg(m H) > (Indg 1) ® IT because
G/H is finite, and the irreducible subquotients of Indg 1 are the characters x of
G trivial on H because R is algebraically closed. Therefore, there exists x such
that IT' ~ T ® x. O

2.2. We suppose that H is a closed subgroup of a locally profinite group G and V
is an R-representation of G.

If the index of H in G is finite, then H is open. Conversely, if H is open
cocompact in G, then the index of H in G is finite. If V is smooth (i.e., the G-
stabilizer of any vector is open), then V' |y is smooth. Conversely, if H is open in G
and V|y is smooth (resp. admissible: smooth and the dimension of the space VX
of K-fixed vectors of V is finite, for any open compact subgroup K C H), then V
is smooth (resp. admissible).

We suppose also from now on that H is normal in G with a compact quotient
G/H and that V is smooth (so V |y is smooth).

2.2.1. If V is finitely generated then V| is finitely generated [Henniart 2001,
lemme 4.1].

2.2.2. If V is irreducible, any irreducible subrepresentation of V| (when there
exists one) extends to a (smooth and irreducible) representation of an open subgroup
of G of finite index which is admissible if V is as well [loc. cit., proposition 4.4].

2.2.3. If V is irreducible and V |y contains an irreducible subrepresentation or is
noetherian (any subrepresentation is finitely generated), then V |y is semisimple of
finite length [loc. cit., théoreme 4.2].

We introduce the two properties:
(2-1) Any finitely generated admissible R-representation of G has finite length.

(2-2) Any finitely generated smooth R-representation of H is noetherian.

This proof was suggested by Peiyi Cui [2023, Proposition 2.6], and replaces a more complicated
argument of ours.
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2.2.4. Let W be an admissible irreducible R-representation of H.

(1) If (2-1) and (2-2) are true, then W is contained in some irreducible admissible
R-representation of G restricted to H [Henniart 2001, corollaire 4.6].

(2) If (2-1) is true, then W is a quotient of some irreducible admissible R-repre-
sentation of G restricted to H [loc. cit., théoreme 4.5].

We give a simple proof of (2) adapted from [Tadi¢ 1992, Proposition 2.2]. The
smooth induction Ind% W of W to G is admissible since W is as well and G/H is
compact [Vignéras 1996, chapitre I, §5.6]. A finitely generated subrepresentation
of Indg W is admissible, hence of finite length by (2-1). So Indg W contains an
irreducible admissible representation U. The restriction to H is the left adjoint of
the induction Indg hence W is a quotient of U | .

2.2.5. Let Xy be the group of R-characters x of G trivial on H suchthat V@ x >~ V.

The characters in Xy are smooth by the following lemma.
Lemma 2.2. V ® yx is smooth if and only if x is smooth.

Proof. Let v € V a nonzero element. An open subgroup K C G fixing v in V,
fixes vin V ® x if and only if y is trivial on K. The lemma follows because V is
smooth. O

2.2.6. Assume also that V is irreducible and V |y has finite length (semisimple by
§2.2.3 and its isotypic components are G-conjugate).?

Let W be an irreducible component of V |y, 7 its isomorphism class, G the
G-stabilizer of . Let V; be the m-isotypic component of V|g. The G-stabilizer of
Vz is G. The G-stabilizer of W is open in G (because it contains the G-stabilizer
of v € W nonzero and V is smooth) and is contained in G,. Both have finite index
in G (G/H is compact) and

V=Indg (Vx)

by Clifford’s theory. The representation of G, on V; is irreducible and the length
of Vg is
Ig(Vin) =[G : Gx11g(Vzln).

Lemma 2.3. Assume that G/H is abelian. Then:

(1) Gy is normal in G and does not depend on the choice of w in V|g. The smooth
R-characters of G trivial on G, are in Xy.

(2) Assume R algebraically closed.

3This subsection generalizes [Cui 2023, Corollary 3.8.3; Tadi¢ 1992, Corollary 2.5; Bushnell and
Kutzko 1994, Corollary 1.6(iii)].
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(a) Any irreducible subquotient of the smooth induction Indg 1 is a smooth R-
character x of G trivial on H.

(b) Any irreducible R-representation of G containing w is a twist V Q x of V by
some smooth R-character x of G trivial on H.

(3) When V| g has multiplicity 1, then W = V., for a smooth R-character x of G
trivialon H, V @ x >~V if and only if x is trivial on G, and G is the largest
subgroup I of G containing H such that 1g(V|;) =1g(V|g).

(4) When R is algebraically closed and V |y has multiplicity 1, then

[G:Gx] if charg =0,

[ Xv|= ;
[G:Gr¢]l if charg=¢>0,

where Gy ¢ is the smallest subgroup of G containing G such that [G : G ] is
relatively prime to L.

Proof. (1) The isotypic components of 1|y are G-conjugate, their G-stabilizers
are G-conjugate and contain H hence they are equal because G/H is abelian.

Since V@ x =~ Indg” (xlc, ® Vz) for any smooth R-character x of G, the smooth
R-characters of G trivial on G(7r) are in Xy.

(2) (a) For any closed subgroup Q of G and a smooth R-representation X of Q,
the representation Indg X is the space of functions f : G — X with the property
fqgk) =qf(g) forg € Q, g € G, k € Ky for some open subgroup K of G, with
the action of G by right translation, and where indg 1 is the subrepresentation on
the subspace of functions of compact support modulo Q. When G/ Q is compact,
Ind X = ind{ X.

Let V O U be G-stable subspaces with V /U irreducible. We can suppose V
generated by an element f (indeed V'/U’ >~ V /U for the G-stable space V’
generated by f € V \ U and the kernel U’ of the map V' — V/U). There is an
open subgroup K of G which fixes f. Wehave U C V C indg 1 and one is reduced
to the case where G/ H is finite.

(b) The proof of Lemma 2.1 remains valid with the smooth induction Ind¢,
which is the smooth compact induction indg 1, because G/H is compact, so that
ind% (M|y) = N ®ind% 1.

(3) Any smooth character y of G trivial on H with indgﬂ (V) ~ indg” V2 ®xlc,)
is trivial on G. Indeed, restricting to G, we see that V; ® x |, is conjugate to V; by
some g € G. Restricting to H gives that 7 >~ ¢, 50 g € G, hence V; @ xl¢c, = V.
As Ker(x) is open in G and G/H is compact, J = Ker(x) N G has finite index
in G,. If x is not trivial on G, then the action of J on V;; is reducible. Indeed,
ind?”(l) contains subrepresentations 1 and x|¢,, and by Frobenius reciprocity
End; (Vy|,) is equal to Homg, (Vr, ind$™ (Ve | 1)) = Homg, (Vyr, Vi ® ind§™ (1)).
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Hence dim(End;, (V;|7)) > 2 and V|, is reducible. By the hypothesis of multi-
plicity 1, V,|g is irreducible, hence V|, is irreducible as H C J. So y is trivial
on G.

The group G, is a subgroup I of G containing H with 1g(V|;) = 1g(V|g).
If I has this property, the restriction to H of any irreducible component on V|; is
irreducible, hence [ is contained in G.

(4) follows from (3). O

Remark 2.4. Assume that V |y has multiplicity 1. The G-stabilizer of any irre-
ducible component of V is G,. Denote G, = Gy. Let I be a subgroup of G
containing H. The number of orbits of / in the irreducible components of Vg, is
lg(V|;). This number is the same for I and /Gy, hence 1g(V|;) =1g(Vlic,). We
deduce that Gy C [ if V|; is reducible and |G /1| is a prime number.

Let 6 be a smooth R-representation of a closed subgroup U C H. We consider
the property:

(2-3) The functor Homy (—, 6) is exact on smooth R-representations of H.
Lemma 2.5. If (2-3) is true and dim Homy (V, 6) = 1, then V |y has multiplicity 1.

Proof. We denote by my (;r) the multiplicity of any irreducible smooth R-represen-
tation ¥ of H in V|g. By (2-3),

> " my () dimHomy (7, ) = dim Homy (V. ) = 1.
T

There is a single w with my () = dim Homy (V, 6) = 1. O

3. p-adic reductive group

Suppose now that G is a p-adic reductive group, that is, the group of rational points
G (F) of areductive connected F-group G. Here F is a local nonarchimedean field
of residual characteristic p, ring of integers O, uniformizer pr, maximal ideal Pr,
residue field kr = Op/Pr with ¢ elements, and absolute value |x|p = ¢~ ¥3™),
|prlF =g~ (we do not suppose that the characteristic of F is 0).

For an algebraic group X over F, we denote by the corresponding unadorned
letter X = X (F) the group of its F-points.

Let R be a field of characteristic charg # p. Any irreducible smooth R-repre-
sentation of G is admissible [Henniart and Vignéras 2019], and the properties (2-1)
and (2-2) hold for G. For (2-1) see [Vignéras 1996, chapitre II, §5.10; 2023, §5],
and for (2-2) see [Dat 2009; Dat et al. 2024].

Lemma 3.1. Let f : H — G be an F-morphism of reductive connected F-groups.
Then the subgroup f(H) of G is closed.
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Proof. The morphism f induces a constructible action of H on G [Bernstein and
Zelevinsky 1976, §6.15, Theorem A]; in particular the group f(H), which is the
H-orbit of the unit of G, is locally closed [loc. cit., Proposition 6.8], f(H) is equal
to its closure in G (the closure of f(H) in G is a subgroup containing f(H) as
an open, hence closed, subgroup). Note that f(H) is open in G when charr =0
[Platonov and Rapinchuk 1994, §3.1, Corollary 1]. O

Theorem 3.2. Let f : H— G be an F-morphism of reductive connected F-groups
such that f(H) is a normal subgroup of G of compact quotient G/f(H). Then,
the restriction to f(H) of any irreducible admissible R-representation of G is
semisimple of finite length. Any irreducible admissible R-representation of f(H) is
contained in some irreducible admissible R-representation of G restricted to f(H),
and extends to an irreducible admissible representation of some open subgroup of
G of finite index.

Proof. G satisfies (2-1) and f(H) satisfies the property (2-2) because H does.
Apply the results of Section 2.2. (]

We now give two examples where we can apply Theorem 3.2.

Proposition 3.3. Let f : H — G be a surjective central F-morphism of connected
reductive F-groups. Then, the subgroup f(H) of G is normal of abelian compact
quotient G/f (H).

Proof. There is an F-morphism k : Gx G — H suchthatk (£ (x), f(y))=xhx"'y~!
for all x, y € H [Borel and Tits 1972, définition 2.2]. So for all u, v € G we have
uvu vl = fok(u,v) € f(H). The subgroup f(H) of H is closed (Lemma 3.1)
and normal with abelian quotient G/f (H) [loc. cit., proposition 2.7].

The compactness of G/H is stated in [Silberger 1979] without proof and in
[Labesse and Schwermer 2019, Proposition A.2.1] with indications for the proof.
The idea is to reduce to a connected reductive F-anisotropic modulo the centre
F-group.

Let S be a maximal F-split subtorus of G, and B a parabolic F-subgroup of
G containing S. The G-centralizer M of S is compact modulo its centre and is
a Levi component of B. Let U be the unipotent radical of B. By [Borel 1991,
Theorem 22.6], the inverse image S” of S in H is a maximal F-split torus in H,
and the inverse image B’ of B is a parabolic F-subgroup of H Put M’ for the
H-centralizer of §' and U’ for the unipotent radical of B’. From [loc. cit.], f
induces a surjective central F-morphism M’ — M and an F-isomorphism U’ — U.
On the other hand, we have the Iwasawa decomposition G = K B for an open
compact subgroup K of G. The product map K x B — G gives a surjective map
K x B/f(B") — G/f(H). We have B/f(B') = M/f(M’), so we just need to
prove the compactness of M/f(M').
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Let X*(S) denote the group of algebraic characters of S, and S(pr) denote
Hom(X*(S), p%). The subgroup S(pr) of S is free abelian of finite rank with a
compact quotient S/S(pr). On the other hand, f induces a surjective F'-morphism
S’ — § sending §’(pr) onto a sublattice of S(pr). Hence S/f(S’) is finite. So
M/f(S) is compact since M/S is compact, a fortiori M /f (M) is compact. [

Remark 3.4. The condition that f is central in Proposition 3.3 is necessary. Indeed,
assume charp =2 and f : GL, — SLo, f(g) = ¢(g)/detg where ¢(x) = x? for
x € F is the Frobenius.* The F-morphism f is surjective but not central. Let
G = GLy(F), G' = SLy(F), T’ the diagonal torus of G’ and U the group of
unipotent upper triangular matrices in G’. Then f(G) = T'¢(G’) is closed but
not normal and not cocompact in G’ (since ¢(U) = U NT'¢(G") and U/p(U)
homeomorphic to F/F? is not compact).

Corollary 3.5. Assume R algebraically closed. Let f : H — G be an F-morphism
of connected reductive F-groups which induces a central F-isogeny H%" — G9
between the derived groups. Then the conclusions of Theorem 3.2 apply to f(H).

Proof. The F-isogeny H9" — G is surjective with finite kernel contained in the
centre of H%" [Springer 1998, §12.2.6]. If Z is the connected centre of G, the
natural map Z x G%" — G is surjective [Springer 1998, Corollary 8.1.6]. Hence
the obvious map Z x H — G is surjective and central. Proposition 3.3 applies to
Zf(H). But R being algebraically closed, Z acts by a character in any irreducible
smooth R-representations of G, and we get the corollary. U

Remark 3.6. There is a more elementary proof that the restriction to f(H) of
any irreducible admissible R-representation of G is semisimple of finite length in
[Silberger 1979].

4. Restriction to SL;(F) of representations of GL;(F)

Let F be a local nonarchimedean field of residue field kr of characteristic p as in
Section 3, and R an algebraically closed field of characteristic different from p.

Let G = GLy(F), and let B (resp. B™~) denote the subgroup of upper (resp.
lower) triangular matrices, 7' the subgroup of diagonal matrices, U (resp. U ™) the
subgroup of upper (resp. lower) triangular unipotent matrices, and Z the centre
of G.

Let G’ = SL,(F). The subgroup H = ZG’ of G is closed normal of compact
abelian quotient G/Z G’ isomorphic via the determinant to F*/(F *)2, which (see
[Neukirch 1999, Chapter II, Corollary 5.8]) is a [F-vector space of dimension

2+e if charp # 2,

. where 20r = Pf.
oo if charp #2,

4-1) dimg, F*/(F*)? = {

4The map f will also appear in §5.0.3.
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Note that ZG' is open in G if and only if charg # 2.

For a subset X C G, put X' = X N G'. Write x = (x; ;) a matrix in G or
Lie G = M, (F).

We fix a separable closure F*¢ of F and will consider only extensions of F'
contained in F*°. We write Wy for the Weil group of F*°/F and Galy for the
Galois group of F*¢/F. For a field k, we denote by k% an algebraic closure of k,
and if k C R we suppose k* C R.

We fix an additive R-character ¥ of F trivial on O but not on P, L

4.1. Whittaker spaces. The smooth R-characters of U have the form
(4-2) Oy(u) =y otr(Y(u—1)=v X2 1u12), ucl,

for a lower triangular nilpotent matrix Y in M,(F'). The case Y = 0 gives the trivial
character of U, the cases with Y # 0 give the nondegenerate characters of U.

Notation 4.1. When Y, | =1 we denote 8y = 6.

The normalizer of U in G is TU. By conjugation, U acts trivially on U and its
characters, and a diagonal matrix t = diag(¢, t;) acts on u € U by (tufl)l,z =
(t1/t2)u1,2. Also, t acts on a lower triangular nilpotent matrix Y by (¢ Yt_l)z’] =
(t2/t1)Y2,1. It follows that T acts transitively on the nondegenerate characters of U,
the quotient 7/Z acting simply transitively. By the same formulas, two nontrivial
characters 0y and 6y, of U are conjugate in G if and only if they are conjugate by
an element of 7" if and only if Y, , and Y/ , differ by a square in F*.

The T-normalizer of Oy is eqilal to Zif Y #0and to T if Y = 0. The 0y-
coinvariant functor t +— Wy (7) from the smooth R-representations t of U to
the smooth R-representations of the 7 -normalizer of 0y is exact. A smooth R-
representation T of U is called degenerate when Wy(t) = 0 for all Y # 0, and
nondegenerate otherwise. A smooth R-representation of G or of G’ is called
degenerate (or nondegenerate) if its restriction to U is as well.

The finite-dimensional irreducible smooth R-representations of G are of the
form yx o det for a smooth R-character x of F* and are degenerate. If I is an
infinite-dimensional irreducible smooth R-representation of G, then dim Wy (IT) =1
for all Y # 0O by the uniqueness of Whittaker models [Vignéras 1996, chapitre III,
§5.10] when charg > 0.

4.2. L-packets. We will classify the irreducible smooth R-representations of G’ by
restricting to G’ the irreducible smooth R-representations IT of G. The set L(IT)
of (isomorphism classes of) irreducible components of I1|s is called an L-packet.
A parametrization along these lines was obtained when chary = 0 and charg =C
in [Labesse and Langlands 1979]. When chary # 2 and charg # 2, this question is
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studied for supercuspidal representations in the recent work [Cui et al. 2024, §6.2
and §6.3].

Applying Lemma 2.3, Remark 2.4, Lemma 2.5, Theorem 3.2 and Corollary 3.5,
we have:

(4-3) Any irreducible smooth R-representation of G’ belongs to a unique L-packet.

For two irreducible smooth R-representations Iy, IT, of G,
(4-4) L(I1y) = L(ITp) <= I1| = (x odet) ® I

for some R-character x odet of G.

The trivial character of G’ is the unique finite-dimensional irreducible smooth
R-representation of G’, it is degenerate and forms an L-packet L(1) = L(x o det)
for any smooth R-character x of F*.

If IT is an irreducible smooth R-representation of G,

(4-5) the restriction of IT to G’ is semisimple of finite length and multiplicity 1.

The irreducible constituents of I1|s are G-conjugate (even B-conjugate as
G = BG’), and form an L-packet L(IT) whose cardinality is the length of IT|s'.
The G-stabilizer of & € L(IT) does not depend on the choice of 7 in L(IT) and
is denoted Gr. By §2.2.6, G is an open normal subgroup of G containing
G'Z, the subgroup det G of F* is open and contains (F*)2. The order of the
quotient G/ G =~ F*/det Gy is a power of 2. When charr # 2, |G/ G| divides
|F*/(F*)?| = 2>*¢ with e defined in (4-1).

(4-6) Gy is the largest subgroup I of G such that Ig(I1|;) = 1g(T1|g).

4-7) Il = indgrl V» where V; is the space of 7.

(4-8) L(IT) is a principal homogeneous space for G/Gp.

(4-9) |L(IT)| is a power of 2, and |L(IT)| divides 22%¢ when charp # 2.
When p is odd, since |F*/(F*)?| =4 we deduce:

Proposition 4.2. When p is odd, the cardinality of an L-packet is 1,2 or 4.

When p = 2 we will prove that this remains true using the local Langlands
correspondence.

By class field theory, any open subgroup of F* of index 2 is equal to Ng,r(E™)
for a unique quadratic separable extension E/F of relative norm Ng,r : E* — F*,
and conversely. Any open subgroup of F* of index 4 containing (F*)? is equal
to Nk, r(K™) for a unique biquadratic separable extension K /F of relative norm
Nk,r: K* — F*, and conversely.

SFor cuspidal representations this is proved in [Cui 2023, Proposition 2.37 and Corollary 2.38].
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When p is odd, each quadratic extension of F is separable and tamely ramified,
and there is a unique biquadratic separable extension of F.

When p =2, if charg =0, there are finitely many quadratic separable extensions
of F and finitely many biquadratic separable extensions of F; see (4-1). If chary =2,
there are infinitely many quadratic, resp. biquadratic, separable extensions of F.

Definition 4.3. When I1 is an irreducible smooth R-representation of G, we denote
by Ep the separable extension of F' such that Ng,,r(E};) = det G.

(4-10) We denote by Xy the group of characters y odet of G such that
IT® (x odet) >~ II.
A character of Xy is smooth (Lemma 2.2) of trivial square. So X1y = {1} if charg =2.

Notation 4.4. When charg # 2, the nontrivial smooth R-characters of F* of trivial
square are the R-characters ng of F* of kernel Ng,r(E™), for quadratic separable
extensions E/F. The modulus ¢g*"¥ of F* is equal to 5 if and only if E/F is
unramified and ¢ +1=01in R.

By Lemma 2.3 and (4-8):
(4-11) Xy is the group of R-characters of G trivial on Gyj.
(4-12) When charg # 2, the cardinality of L(IT) is | Xy|.
It is known that | X | =1, 2 or 4 when:

(a) R =C and charr = 0 [Labesse and Langlands 1979; Shelstad 1979].
(b) charg # 2 and charg # 2 [Cui et al. 2024, Proposition 6.6].

When charg # 2 we will prove that |X| = 1, 2 or 4 using the local Langlands
correspondence, therefore |L| = 1,2 or 4 when p = 2.
For a lower triangular matrix Y # 0, we have

> dimg Wy () = dimg Wy (IT).
meL(IT)

Since dimg Wy (IT) = 1, we have dimg Wy(r) = 0 or 1, and there is a single
€ L(IT) with Wy () # 0.

4.3. Representations. We denote by Gry (G) the Grothendieck group of finite
length smooth R-representations of G and by [7] the image in Gry (G) of a finite
length smooth R-representation t of G. Similarly for G'.
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4.3.1. Parabolic induction. The smooth parabolic induction indg (o) of a smooth
R-representation (o, V) of T is the space of functions f : G — V such that
f(tugk) =o(t)f(g) fort € T, u € U, g € G and an open compact subgroup
K¢ C G, with the action of G by right translation. The functor indg is exact with
the U-coinvariant functor (—)y as left adjoint, and (—)7 ® § as right adjoint where
8 is the homomorphism of 7':

s(diag(a, d)) = ¢ W/D . T 5 4% (a,d € F*),

[Dat et al. 2024, Corollary 1.3]. The modulus | - | of F* is ¢~¥ and the modulus
of B is the inflation of 8. We choose a square root g'/*> of ¢ in R* to define the
square root of &,

(4-13) v(diag(a, d)) = (gD T > (¢'/**  (a.d e F),

and the normalized parabolic induction ig(a) = indg(av). For a smooth R-
character x odet of G we have

(ind§ o) ® (x odet) ~ind§ (0 ® (x odet)), ((§0)® (xodet) ~i§ (0 ® () odet)).

Similarly for G’, we define the parabolic induction indg: from the smooth R-
representation o of T’ to those of G” and the normalized parabolic induction i g,,

i§(0)=ind§ (V'o), V(diaga,a ") =¢""" T > 4% (aeF*).
As G =BG’ and G/ B is compact, the restriction map f +> f|’ gives isomorphisms
@14  (indf©)lg > indG @),  (§©Dle > if ©@lr).

4.3.2. Cuspidal representations of GL,(F). When x is a smooth R-character of T,
indg (x) is called a principal series of G. An irreducible smooth R-representation
of G which is not a subquotient of a principal series, is called supercuspidal. 1t is
called cuspidal when its U-coinvariants are 0. A supercuspidal representation is
cuspidal (the converse is true only when g 4+ 1 # 0 in R). The principal series and
the cuspidal R-representations are infinite-dimensional. Similarly for G'.

Let IT be an irreducible smooth R-representation of G and & € L(IT). Then

(4-15) I is cuspidal if and only if 7 is cuspidal (similarly for supercuspidal).

Indeed, L(IT) is the B-orbit of 7, the U-coinvariant functor is exact and commutes
with the restriction to G’. We say that L(IT) is cuspidal if IT is. Similarly for
supercuspidal using the formula (4-14).

Let IT be a cuspidal R-representation of G. It is the compact induction of an
extended maximal simple type (J, A),

IM=ind§(A);
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see [Bushnell and Kutzko 1994; Bushnell and Henniart 2002] when R = C and
[Vignéras 1996, chapitre 111, §3.4] for general R. The group J contains Z and a
unique maximal open compact subgroup J°. Let J! be the pro-p radical of J°.
The representation A| o is irreducible, equal to A =k ® ¢ where «| ;1 is irreducible
and & is inflated from an irreducible R-representation o of J°/J'. The type
(J, A) is unique modulo G-conjugacy; see [Bushnell and Henniart 2006, Chapter 4,
§15.5, Induction theorem] when R = C and [Vignéras 1996, chapitre I1I, §5.3] for
general R.°

The open normal subgroup JG’ of G has index |F*/det J|, and by Mackey
theory,

(4-16) M= EP indjf 2%,
geG/IG’
Denote J', (J°)', (J') the intersections of J, J°, J! with G’. We have J' = (J°)
and the length of
(ind}9 28)|¢r = indG, (%] 1)

is independent of g. By transitivity of the restriction I1|g' =D 2€G/IG! ind% (A8| %),
and

(4-17) IL(ID)| = |F*/ det J|1g(ind9/ (] ;).
it follows from Lemma 2.3(3), Remark 2.4 and the formula (4-16) that:

Lemma 4.5. If|F*/det J| = 2 then det Gy C det J.

Remark 4.6. We havedet G =detJ <= G =JG'. If |F*/det J| =2, the group
J determines a quadratic separable extension E/F such that detJ = Ng,r(E™).
The representation ind?f (A]y) is irreducible if and only if |L(IT)| = |F*/det J|.
If there is a smooth R-character y of F* such that A ~ Ay ® () o det) and
(J, Ap) is of level 0, we say that the L-packet L(IT) and its elements are of level 0.
Otherwise we say that L(IT) and its elements are of positive level.
Level 0. J = ZGLy(0F), J* = GLy(0F), J°/J! ~ GLy(kp), k =1, o is a
cuspidal R-representation of GL,(kr), A = o. We have det J = val~! (27), and by
4-17),

(4-18) |ILAD| =21g(Al;) =21g(0IsLykp))-

because 2|, is semisimple with length 1g(o'|sL,(r,)), and for any irreducible compo-
nent A’ C A/, the compact induction ind?/ (') is irreducible [Henniart and Vignéras
2022, Corollary 4.29].

Ot is proved only that (J 0.2 is unique modulo G-conjugacy, but J is the normalizer of (J 00
and A is the A-isotypic part of IT.
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The cardinality of the cuspidal L-packet L(IT) of level O can be computed via
(4-17), (4-18), and Remark A.4(b) given in the Appendix on the classification of
the irreducible R-representations of GL, (k) and of SL, (k) for a finite field £ with
chary # charg. We have two cases:

(1) |F*/detGp| =2 and Ep/F is the unramified quadratic extension.

(i) pisodd,detGy = (F *)2 and Epy / F is the unique biquadratic extension. This
case occurs for a unique packet L(IT).

We deduce:

Proposition 4.7. When p =2, each level O cuspidal L-packet has size 2.
When p is odd, there is a unique level O cuspidal L-packet of size 4, the other
level O cuspidal L-packets have size 2.

These results can be deduced from [Kutzko and Pantoja 1991, §2] and the size 4
depth zero L-packet has been obtained in [Cui 2023, Example 3.11, Method 2].

Positive Level. J = E*J° for a quadratic separable’ extension E/F, J° = 0%J1,
JO gt ~ k}., o is an R-character of k},, A =k ® o and A|; is irreducible. The
representation A; = A|;:1 is irreducible of G-intertwining equal to J, because J
normalizes A1 and the G-intertwining of o is already J [Bushnell and Henniart 2006,
Chapter 4, §15.1]. We have Ng,r(E*) C det J. If the quadratic extension E/F is
tamely ramified, then det J = Ng,r(E™), because J = EXJ., Jl=1+Pr)(JYY
and 1 + Pr C det E* = NE/F(E*).

If p =2 a tamely ramified quadratic extension of F is unramified, and E/F is
unramified if and only if det J = Ker((—1)").

If p is odd, each quadratic extension of F' is tamely ramified.

Proposition 4.8. If p is odd, each positive level cuspidal L-packet L(I1) has size 2
and E = Er (Definition 4.3).

Proof. ®The central subgroup 1 + Pr of J U= 1+ Pr)(JYY acts by scalars,
the representation A} = A|(;1y is still irreducible of G-intertwining J, so its G'-
intertwining is J'. The isotypic component of IT|;1 of type A; is the space of A,
so the isotypic component of IT| ;1) of type 1| is still the space of A. As in the
proof of [Henniart and Vignéras 2022, Corollary 4.29], we deduce that ind?/ Ay)
is irreducible. Apply Lemma 4.5. ([

Remark 4.9. When p =2 and E/F is ramified, then J N G’ is a pro-2-group.
Indeed, the determinant induces a morphism J°/J! — k} equal via the natural

"When char F = 2 the quadratic extension appearing in the construction [Bushnell and Henniart
2006] is not necessarily separable. It is generated by an element x € G, determined up to some open
subgroup of G, so that modifying x slightly yields a separable extension.

8This can also be obtained using [Cui 2023].



REPRESENTATIONS OF SL;(F) 247

isomorphism J°/J! — k. = k} to the automorphism x +— x? on k}. Hence
(J% = (J1Y is a pro-2-group. Note also that A is a character [Bushnell and
Henniart 2006, §15].

Corollary 4.10 (Propositions 4.7 and 4.8). When p is odd, there is a unique cuspidal
L-packet of size 4, and it is of level 0. The other cuspidal L-packets have size 2.

4.3.3. Principal series of GL,(F). We recall the description of the normalized

principal series ig( x) of G for a smooth R-character y of T.
Denote by xi, x2 the smooth R-characters of F* such that

(4-19) x (diag(a, d)) = xi1(a)x2(d) (a,d € F"),

and by x" the character x*(diag(a, d)) = x(diag(d, a)) of T. In particular in

4-13), v = v~ and v/v¥ = 6.

Proposition 4.11. (i) For two smooth R-characters x, x' of T, [ig()()] and
[ig (x))] are disjoint or equal, with equality if and only if x' = x or x™.

(ii) The smooth dual of i§/ (x) is i§ (x V).

(iii) (ig(x))y has dimension 2, contains x" and has quotient x.

(iv) dim Wy (ig()()) =1 when Y # 0 [Vignéras 1996, chapitre 111, §5.10].

%) ig()() is reducible if and only ifxlxz_l =g*v,

(vi) indg(l) = ig(v_l) contains the trivial representation 1 and:

e Ifg+1#0in R, 1g@ind§ (1)) = 2, in particular St = (ind§ 1)/1 is
irreducible (the Steinberg R-representation). The representation indg 1is
semisimple if and only if ¢ = 1 in R (and charg # 2).

e Ifg+1=0inR, lg(indg(l)) =3, indg(l) is indecomposable of quotient
(—1)"¥ o det, and indg(l) /1 contains a cuspidal representation

. G ~
ITp =ind} GL,(0p) 00
where 6y is the inflation to Z GL(2, O) of the cuspidal subquotient oy of
- 1GLy(k .
ind B(,CZF()F )1 (Appendix).

This is [Vignéras 1989, théoréme 3] but the proof of (i) is incomplete. What
is missing is the proof that I1g occurs only in ig(v) and ig(v_l) wheng+1=0
in R. This is equivalent to X, = {1, (—1)¥ o det} with the notation (4-10). This
follows from Remark A.4(a) given in the Appendix.

Remark 4.12. (1) The Steinberg representation St is infinite-dimensional and not
cuspidal.

(2) When chary # 2, the principal series [ig (x)] are multiplicity free.

When charg = 2, then ¢ is odd, indg(l) has length 3, of subquotients ITj and the
trivial representation 1 as a subrepresentation and a quotient.
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Corollary 4.13. The nonsupercuspidal irreducible smooth R-representations of G
are

e the characters x o det for the smooth R-characters x of F*,

e the principal series ig( X) for the smooth R-characters x of T with x, x, b
q:i:val'

o the twists (x o det) ® St of the Steinberg representation for the smooth R-
characters y of F*ifq+1#0in R,

o the twists (x o det) ® [y of the cuspidal nonsupercuspidal representation Il
for the smooth R-characters x of F*ifqg+1=0inR.

The only isomorphisms between those representations are i g (x) ~ ig( x") for the
irreducible principal series and (x o det) ® [Ty ~ ((— )Yy o det) @ .

4.3.4. Let £ be a prime number different from p. An irreducible smooth Qj°-
representation T of G or G’ is integral if it preserves a lattice. It then gives by
reduction modulo £ and semisimplification a finite length semisimple smooth Fj°-rep-
resentation, of isomorphism class (not depending of the lattice) which we write r¢ (7).
The restriction from G to G’ from irreducible smooth Q¥°-representations M of G to
finite length semisimple smooth Q°-representations of G’ respects integrality and
commutes with the reduction modulo £. When IT is integral, then any irreducible
representation 7 C ﬁ|0/ is integral, the length of the reduction r;(77) modulo ¢
of m does not depend on the choice of 7. If [T = rg(ﬁ) is irreducible, we have

(4-20) IL(ID)| = |L(TD)|1g(r¢ (7)),
and by (4-11),
4-21) lg(r¢(w)) = |Xn/X5| when charg # 2.

Proposition 4.14. Each irreducible smooth [F-representation I1 of G is the reduc-
tion modulo £ of some integral irreducible smooth Q}°-representation Il of G.

Proof. Corollary 4.13 for IT not cuspidal, [Vignéras 2001] for IT cuspidal. (]

A supercuspidal Q%°-representation M= ind? A of G is integral if and only if
A is integral. Then, its reduction modulo ¢ is irreducible [Vignéras 1989], equal
toIl= ind? A where A =1y (K). The reduction modulo ¢ of the L-packet L(ﬁ)
is L(IT). The reduction modulo ¢ respects level 0 and positive level. Conversely,
any cuspidal [j°-representation IT = ind? A of G is the reduction modulo ¢ of an
integral cuspidal Qj°-representation M= ind(j; A of G where A = ry(A) [Vignéras
2001]. By the uniqueness of the extended maximal simple type (J, A) modulo G
(see Section 4.3.2), two supercuspidal integral Qj°-representations have isomorphic
reduction modulo £ if and only if the reduction modulo £ of their extended maximal
simple types are G-conjugate.
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Any supercuspidal Q¥°-representation 77 of G is integral, as 7 € L(IT) where I
is a supercuspidal QY°-representation of G, and some twist of m by a character is
integral. Suppose that I has level 0. With the notations of the formula (4-18), the
formula (4-21) implies

(4-22) 1g(re(7)) = 1g(a |SLy (k) / 18T ISLy (k) -

Proposition 4.15. When 7 is supercuspidal of level 0, the length of r¢ () is < 2.
When 7 is supercuspidal and p is odd, r¢(7) is irreducible if & is minimal of
positive level or if £ = 2.
Any cuspidal Fi°-representation w of G’ is the reduction modulo £ of a supercus-
pidal Qi°-representation of G, except maybe when p =2 and 7 is in an L-packet
L(IT) with T1 minimal of positive level with Er;/ F unramified (Definition 4.3).

Proof. « For I of level 0, we show in the Appendix the computation of the integer
1g(o|sL, k) / 18(0 [sL, k), and one sees that it is equal to 1 or 2 and that there
exists & such that it is 1.

« For p odd, if the level of 77 is positive then 1g(I1|g/) = lg(ﬁ |’) by Proposition 4.8,
hence r;(7) is irreducible.

e For £ =2 (so p is odd), if the level of 7 is 0, then r¢(77) is also irreducible by
(4-22) and Lemma A.3 in the Appendix.

e For p =2 (so ¢ is odd), 7 is in a cuspidal L-packet L(IT) with IT minimal of
positive level with Erj/F ramified. Let IT a Qf°-lift of IT. The reduction modulo £
from X7 onto Xy is injective. The proposition follows from the next lemma. [J

Lemma 4.16. The reduction modulo £ from X5 onto X1 is a bijection.

Proof Let x € Xn, x # 1, and x the unique Qi° lift of x of order 2. We have
1ndG A where A is a character (Remark 4.9). We have I1 = 1ndG A where

= I"[(A) and (J, xA) = (J, 8A) for g € G normalizing J. So XA =¢4A fora
@2°—character € of J of order a power of £. So, €|y, =1 and €|z = 1. Since Erj/F
is ramified, the index of ZJ! in J is 2, hence € = 1 and ¥ € X7 . O

When charr # 2 and charg # 2, compare with [Cui et al. 2024, Proposition 6.7].
When p = 2, we shall complete the proposition in Corollary 4.24: if 7 has positive
level then r¢(77) has length < 2, if  is in an L-packet L(IT) of positive level with
Er/F unramified then m lifts to Q3.

4.4. Local Langlands R-correspondence for GL;(F).

4.4.1. By local class field theory, the smooth R-characters x of F'* identify with
the smooth R-characters y oar of Wr where oy : Wp — F* is the Artin reciprocity
map sending a arithmetic Frobenius Fr to p}l [Bushnell and Henniart 2002, §29].
This is the local Langlands R-correspondence for GL (F).
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A two-dimensional Deligne R-representation of the Weil group Wp is a pair
(0, N) where o is a two-dimensional semisimple smooth R-representation of the
Weil group Wy and N a nilpotent R-endomorphism of the space of o with the usual
requirement:

(4-23) c(w)N = Nlagp(w)|ro(w) forw e Wg.

Two two-dimensional Deligne R-representations (o, N) and (¢/, N') of W are
isomorphic if there exists a linear isomorphism f : V — V' from the space V of o
to the space V' of o’ such that o/(w)o f = foo(w) forw € Wrp and N'o f = foN.
For a smooth R-character y of F*, the twist (o, N) ® (x oar) of (o, N) by
xoaris (0 ®(xoar), N).
When R = Qf°, (o, N) is called integral if o is integral.
Remark 4.17. « When o is irreducible we have N = 0.

« When o = (x1 @ x2) o, if x,x; ' # g*** then N = 0. When N # 0, we have
{xt, x2} = {x:, q*“‘lx,‘} for some i and N sends the (x; o ar)-eigenspace to the
(™" x; o aF)-eigenspace or 0. Therefore when x, x; ' = ¢**:

e Ifg—1#0and g+ 17#0in R, then N =0 or the kernel of N is the (x2 o ar)-
eigenline.

e Ifg—1#0and g+ 1=0in R, then N =0, or the kernel of N is the ()2 o af)-
eigenline, or the kernel of N is the (x; o aF)-eigenline.

e If g — 1 =0, then N is any nilpotent.

The local Langlands R-correspondence for G = GL,(F) is a canonical bijection
(4-24) LLR M- (O‘r[,Nn)

from the isomorphism classes of the irreducible smooth R-representations IT of G
onto the equivalence classes of the two-dimensional Weil-Deligne R-representations
of Wr.? It identifies supercuspidal R-representations of G and irreducible two-
dimensional R-representations of Wr, commutes with the automorphisms of R
respecting a chosen square root of ¢, with the twist by smooth R-characters x
of F*:
(4-25) LLR(IT® (x odet)) = LLr(I) ® (x o xF).

The local Langlands complex correspondence was proved by Kutzko [Bushnell
and Henniart 2002, §33]. An isomorphism C >~ Q% and the choice of a square
root of g in Q}° transfers LL¢ to a local Langlands Qj°-correspondence LLgz

respecting integrality. Any irreducible smooth [Fj°-representation IT of G lifts to
a (j°-representation IT of G (Proposition 4.14) and LLg: descends to a local

9(01-[, Nr) is called the L-parameter of IT.
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Langlands F;°-correspondence LLgx compatible with reduction modulo £ in the
sense of [Vignéras 2001, §1.8.5]. The nilpotent part Ny is subtle but the semisimple
part oy is simply the reduction modulo £ of oy,

(4-26) o = 1¢(07).

The local Langlands correspondence LLg of G over R is deduced from LLga when
charg = 0 and from LLn:ztgc when charg = ¢ [Vignéras 1997, §3.3; 2001, §1.7 and
§ 1.8]. We recall from the latter paper a representative (o, Nry) of LLz(IT) for an
irreducible smooth R-representation I1 of G.

Proposition 4.18. (A) Let 1 be an irreducible subquotient of the unnormalized
R-principal series indg(l) of G. Then, o1 = ((411/2)*val ® (ql/Z)V‘ﬂ) oap. We have
N =0 if I1 =1 (the trivial character) when g +1 # 0 in R, and T1 = Iy cuspidal
when g +1=0in R. Otherwise N1 #0. When g — 1 # 0 in R, the kernel of Ny is

o the (") oar)-eigenline ifg+1=0in Rand 1 =1,
o the ((q"/*)" o ar)-eigenline ifg +1=0in R and T1 = ¢"¥ o det,
o the ((q"/*) ™ o ap)-eigenline if ¢ +1 # 0 in R and T1 = St the Steinberg

representation.

+val

(B) Let I be the irreducible normalized principal series ig ), i.e., n £ q="*, with

the notation of (4-29). Then oy = (n® 1) oar and Ni; = 0.

(C) Let T1 be a supercuspidal R-representation of G. Then oy is irreducible
and N = 0.

4.4.2. For a two-dimensional semisimple smooth R-representation o of W, put
X, = {smooth R-characters x of F* such that (x cap) @0 >~ 0o}.

The square of each x € X, is trivial because dimg o = 2. We shall compute X,
when charg % 2. When charg =2, X, = {1}.

To a pair (E, &) where E is a quadratic separable extension of F' and £ is a
smooth R-character of E* different from its conjugate £ by a generator t of
Gal(E/F) (i.e., & is not trivial on Ker Ng/p = {x/x* | x € E*}), is associated a
2-dimensional irreducible smooth R-representation of W

o(E. &) =indyf (€ o).

The character & is unique modulo Gal(E/F)-conjugation.

When charg #2, let o be a two-dimensional irreducible smooth R-representation
of Wr and E/F a quadratic separable extension. By Clifford’s theory [Bushnell
and Henniart 2006, Chapter 10, §41.3, Lemma] with Notation 4.4,

Ng € Xg <= o >~o(E,&) forsomeé.
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Proposition 4.19. Assume charg £ 2. For a pair (E, £) as above,

{Lng} ifE/ED?#1,
{Lng, ner,nene} if (/) =1, §/€" =ng o Ng/F.

For each biquadratic separable extension K/ F, there exists a two-dimensional

Xo(Eg) = {

irreducible smooth R-representation o of Wr, unique modulo twist by a character,
with
X(T = {17 nE» r)E’a 77E”}

for the three quadratic extensions E, E', E” of F contained in K.

Proof. « We have
X € Xo(£.6) € (xoar)®indy (oar) ~indy! (Eoay) <= £(xoNg/p) =& or &7,

e £E(x oNg/r) =& < y is trivial on Ng/p(E*),s0 x =1 or ng.

o £(x o Ng/r) = &7 <= x = ng for a quadratic separable extension E’ # E of F,
as x2=1.

If x satisfies £(x o Ng/p) = &7, the order of £7/& is 2, £7 /& is fixed by T and
determines x up to multiplication by ng. Let K/F be the biquadratic extension
generated by E and E’ and E”/F the third quadratic extension contained in K /F.
We have ngng = ngr. Hence the first assertion.

The uniqueness in the second assertion follows from the fact that for two smooth
R-characters &1, & of E*, £/ /&, = &7 /&, <= & = & () o Ngr) for a smooth
R-character x of F*.

The existence in the second assertion is as follows. When p is odd, there is a
unique biquadratic extension K /F of F. Let E/F be the unramified quadratic
extension. We take o = o (E, &) where £ is the character of E* trivial on 1+ pr Op,
£(pr) = —1 and &(x) = x2@+D if x°~1 = |, satisfies £7 /&€ # 1 and (7 /&) = 1
hence 7 /& =g o Ng/p = ngngr o NgjF for E’/F ramified. When p =2, given
two different quadratic separable extensions E’/F and E/F, there exists a smooth
R-character & of E* suchthat&® /& =ngoNg/rp =ngnp oNE,F, because charg #2,
and this is known when R = C ([Bushnell and Henniart 2006, Chapter 10, §41]
when p # 2, but the proof does not use p # 2).1011 O

Remark 4.20. Let IT be a supercuspidal R-representation of G. Then IT has level 0
(resp. L(IT) has level 0), if and only if oy = ind‘v;‘; (§ oag) where E/F is quadratic
unramified and & is a tame character of E* (resp. £7 /£ is a tame character of E*
where 7 is the nontrivial element of Gal(E/F)).

10we gave a direct proof when p is odd, this was unnecessary.
UWhen p is odd and charg = 2, there is no & such that o (E, &) is induced from a character of
W for a quadratic extension E’/F distinct from E/F.
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Remark 4.21. Assume charg # 2. Let 0 = xj o ap @ x2 o ar be a reducible
two-dimensional semisimple smooth R-representation of Wg. Then

xoar € Xo = {xx1, xx2) ={x1, 2} &= x=1or xx1=x2, xx2=x1
-1 2
S x=lory=)x .x =1

If x,x, I = ng for a quadratic separable extension E/F, then X, = {1, ng}. Other-
wise, X, = {1}.

4.4.3. Application to the cuspidal L-packets. For a two-dimensional Weil-Deligne
R-representation (o, N) of Wr, put X ) for the group of x € X, such that
there exists an isomorphism of x ® o onto o preserving N. For any irreducible
R-representation IT of G, applying the formulas (4-24), (4-25) and (4-11) we obtain:

(4-27) Xn={xodet| x € Xoy.nm}-
(4-28) When charg # 2, the cardinality of the L-packet L(IT) is | X ].
Proposition 4.22. (1) When charg # 2, we have:

o The cardinality of a cuspidal L-packet is 1,2 or 4.

o The map L(I1) — Efy is a bijection from the cuspidal L-packets of size 4 to
the biquadratic separable extensions of F.

(2) There is a bijection from the cuspidal L-packets of size 4 to the biquadratic
separable extensions of F, sending the unique cuspidal L-packet of size 4 to the
unique biquadratic separable extension of F when charg = 2, and equal to the map
L(IT) — Er; when charg # 2.

Proof. (a) Assume charg # 2. If I is cuspidal and X7 # {1} then ng € X1 for some
quadratic separable extension E/F,on =0 (E, &) for some & and | X, (g,6)| =2 or 4
by Proposition 4.19. When p = 2 then the map is a bijection by Proposition 4.19
via the local Langlands correspondence.

(b) Assume p is odd (and charg # p). There is a unique biquadratic separable
extension of F and a unique cuspidal L-packet of size 4 (Corollary 4.10).

(c) As pis odd when charg = 2, the proposition follows from (a) and (b). O

When R = F)° and ¢ # p, it is well known that an irreducible smooth [F}°-
representation o of W of dimension 2 lifts to an integral irreducible smooth
Qj°-representation ¢ of W12 The order of X; is at most to the order of X,. We
give now all the cases where the orders are different.

Theorem 4.23. Assume £ # 2.

125 extends to a [F%C-representation of the Galois group Gal . As Gal is solvable this representa-

tion lifts to a @f—representation of Gal that one restricts to Wr to get &.
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(1) Let o be a lift to Q}° of a two-dimensional irreducible smooth F*-representa-
tion o of Wg. The cardinalities of X, and of X are different if and only if | X ;| =4,
| X5 | =2, and this happens if and only if

p=2, {dividesq+1, &=indy"(Eoap),

where E/F is a quadratic unramified extension, & a smooth Qi-character of E*
such that:

(i) The order of E¥ /& on 1 + P is 2 where Gal(E/F) = {1, t}.

(i) E(b) # 1, EB)Y =1 for a root of unity b € E* of order g + 1, and s is a
positive integer such that £° divides q + 1.

(2) Each irreducible smooth Fi°-representation o of W of dimension 2 admits a
lift & to QFF such that | X5| = | Xo|.

Proof. (1) Let Il be the supercuspidal smooth F°-representation of G and I
the integral supercuspidal smooth Q¥°-representation of G lifting IT such that
o =oq, 6 = of by the Langlands correspondence (4-24). We have | X| = | X, |,
| X5| = | X5| (4-27). By Proposition 4.15, |X,| = | X5| or 2| X5|, except maybe
when p = 2 and I has positive level. In this exceptional case, ng € X5. By
Remark 4.21, |X,| and |X;| are equal to 1,2 or 4. Therefore, |X,| # | X5| is
equivalent to | X,| =4 and | X3| = 2.

When | X,|=4and | X;|=2,0= indxg £&,0= i?d%‘; £ for a quadratic unramified
extension E/F, an integral smooth Qjc—character & of E*, of reduction & modulo £,
with £/£7 # 1 where 7 is the generator T of Gal(E/F), and (£/£7)> = 1. This
implies (£/€7)2 =1 on pf(l + Pg) because £ # p. We have E* = p%(l + Pep)ug
where ug = {x € E* | x4l = 1}. We have t(x) = x? if x € ug. The group
{x97!| x € ug) is generated by an arbitrary root of unity b € E* of order ¢ + 1. So

E/ENV =1=ED) =1 |Xs|=4, CE/E)V#£1=ED) #1 = |X;]=2.

In the exceptional case, p = 2 hence ¢ is odd and £ =1 implies £(b) =1 (and
conversely), or equivalently, the order of & () is a power of £ dividing g + 1. There
exists a lift £ of £ such that £(b) # 1 if and only if ¢ divides ¢ + 1.

(2) Given a positive integer s, each element x € ([F?C)*, x # 1, is the reduction
modulo £ of an element X € (Z°)* such that 7 £1. ([l

Corollary 4.24. (1) The reduction modulo £ of a supercuspidal Q%°-representation
7 of G’ has length < 2. It has length 2 if and only if

p=2, {dividesq+1, og=indy’ (Eoap),

where 7 € L(I1), E/F is unramified, and & is a smooth Qi°-character of E* such
that:
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(i) The order of E¥ /& on 1 + P is 2 where Gal(E/F) = {1, t}.
(ii) E(b) # 1, Eb)E =1 for a root of unity b € E* of order g+ 1, and £* divides
q+1.

(2) Each cuspidal Fi*-representation mw of G' is the reduction modulo £ of an
integral supercuspidal Qi°-representation of G'.

Proof. (1) This follows from
e Theorem 4.23(1), (4-21), and the local Langlands correspondence if ¢ # 2,
 Proposition 4.15(1) if £ = 2.

(2) This follows from

o the fact that 7 lifts to Qj° by Theorem 4.23(2), (4-21), and the local Lang-
lands correspondence if p =2 and 7 is in an L-packet L (IT) with [T minimal
of positive level (hence 7 is supercuspidal, see Corollary 4.27) with Er/F
unramified,

 Proposition 4.15(2) otherwise. [l

Remark 4.25. Assume p # 2. A pair (E, 6) where E/F is a quadratic extension
of F and 0 is a smooth R-character of E*, is called admissible [Bushnell and
Henniart 2006, Chapter 5, § 18.2] if either:

(1) 6 does not factorize through Ng,r (equivalently is regular with respect to
Gal(E/F)).

(2) E/F is unramified whenever 0|, p, does factorize through N, r (equivalently
is invariant under Gal(E/ F)).

To an admissible pair (E, 6) is associated the two-dimensional irreducible
R-representation o (E, ) = indwg (0 oag) of Wg, and when R = C an explic-
itly constructed supercuspidal representation 7 (E, ) of G [loc. cit., Chapter 5,
§19]. Isomorphism classes of supercuspidal complex representations of G, are
parametrized by isomorphism classes of admissible pairs (E, 6) [loc. cit., Chapter 5,
§20.2]. The Langlands local correspondence sends (£, 0) to o (E, u6) where the
explicit “rectifier” u is a tame character of E* depending only on 6|, p,. As the
Langlands correspondence is compatible with automorphisms of C preserving /g,
the previous classification in terms of admissible pairs transfers to R-representations
where R is an algebraically closed field of characteristic O (given a choice of square
root of ¢ in R). The classification and correspondence for R = Q¢ reduce modulo
£ # p (the integrality property for a pair (E, 6) is that 6 takes integral values) to get
a similar classification of supercuspidal [Fj°-representations in terms of admissible
pairs. The integral admissible pairs over Q}° that do not reduce to admissible pairs
over [, yield under reduction cuspidal but not supercuspidal F)°-representations.
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4.5. Principal series. We use the notations of Section 4. We identify a smooth
R-character n of T’ with a R-character of F* and of T by

(4-29) n(diag(a, d)) = n(diag(a,a™ ") =n(@) (a,d € F*).
Proposition 4.11 describes ig(n). The transfer of the properties (i) to (iv) to

ig () = g m)le
is easy and gives:
(i) For smooth R-characters n,n" of F*, [ig,/(n)] and [ig,/(n’)] are disjoint if
n #n*!, and equal if n’ = n*!.
(ii) The smooth dual of i, () is i§ (7).
(iii) (ig,,(n))U has dimension 2, contains 7~
(iv) dim Wy (i§ () = 1 for all ¥ # 0.

!"and 7 is a quotient.

The transfer of the properties (v) and (vi) is harder.
Proposition 4.26. (i) ig,/(n) is reducible if and only if n = g™, or n # 1 and
n* =1
(i1)) When charg #2, i g,/(n £) is semisimple of length 2, when E / F is a quadratic
separable extension, which is ramified if g +1 =0 in R.
(iii)) When charg = 2, the only reducible principal series is ig,,(l) =ind$, (1).
(iv) The length of ig/, (g™ and of ig// (g"" = indg: (1) is
2 ifq+1#0inR,
lg(ind§ 1) =14 ifg+1=0in R and charg #2,
6 if charg =2.
Note that charg = 2 implies ¢ +1=0in R.
Proof. We show (i), (ii) and (iii).
Ifi g(n) is reducible, then its restriction i g,,(n) to G’ is reducible. By Proposition 4.11,
i$(n) is reducible if and only if n = g*"3.

Assume ig(n) irreducible, i.e., n # g=¥. If charg # 2, we have Xig(n) =2 if and
only if 7 # 1 and > = 1 by the Langlands correspondence and Remark 4.21.13 We
have n # 1, n*> = 1 if and only if = ng for a quadratic separable extension E/F,
which is ramified if ¢ + 1 = 0 in R (Notation 4.4) as n # ¢*"¥. If charg = 2,
then pisodd, n # 1, and i g,/(n) is irreducible. Indeed, the irreducible components
of i g,,(n) are B-conjugate (§6.2.1). They give a partition of the set of irreducible

131t can also be done directly because for a smooth R-character x of F*, Proposition 4.11(i)
implies (x odet) ®i§ (1) ~i§(n) <= xn=norn ! < x=1lory =nandn®=1.
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components of (ig,/(n))l 5. The character 1 appears with multiplicity 1 as n # ™,

but as it is fixed by B, the partition is trivial, i.e., ig,/(n) is irreducible.

(iv) [Cui 2023, Example 3.11, Method 2] We give a proof for the convenience
of the reader. When ¢ + 1 # 0 in R, the restriction to G’ of the Steinberg
representation St of G is irreducible, otherwise it would contain a cuspidal rep-
resentation as dimg Sty = 1 which is impossible by (4-15). Wheng+1 =0
in R, the cuspidal R-representation Iy (see Proposition 4.11) is induced from
the inflation to Z GL,(OF) of a cuspidal R-representation oy of GL,(kg). By
(4-18), 1g(ITpl¢’) = 21g(o0|sL,(kr))- The representation og|sL, k) 1 irreducible if
charg # 2, and has length 2 if charg = 2 (Appendix). O

Corollary 4.27. The nonsupercuspidal smooth R-representations of G’ are:

o The trivial character.
e Ifg+1#0in R, the Steinberg R-representation st = St |g'.

e The principal series ig//(n) for the smooth R-characters 1 of F* with n # g*"
and n # ng for any quadratic separable extension E/F.

o If charg # 2, the two irreducible components 7125 of ig,/(n g) for a quadratic
separable extension E [ F, which is ramified if ¢ +1 =0 in R.

e [fcharg # 2 and g + 1 =0 in R, the two irreducible components of T1y|¢'.

e Ifcharg = 2, the four irreducible components of Ty|g .

The only isomorphisms between those representations are i g,/(n) i~ ig,/(n_l) for the
irreducible principal series.

We get for nonsupercuspidal L-packets:

Proposition 4.28. When g+1=0in R, there is a unique cuspidal nonsupercuspidal
L-packet. Its size is 2 if charg #~ 2 and 4 if charg = 2.

o When charg = 2, every noncuspidal L-packet is a singleton.

o When charg # 2, the noncuspidal L-packets are singletons or of size 2.
Those of size 2 are in bijection with the isomorphism classes of the quadratic
separable extensions of F.

This proposition and Corollary 4.10 imply:
Corollary 4.29. The L-packets of size 4 are cuspidal.

We consider now the reduction modulo a prime number £ # p. A noncuspidal
irreducible Q¥°-representation 7 of G’ is integral except when 7 2~ i g,,(ﬁ) for a
nonintegral smooth Qj°-character 7 of F*. When 7 is integral, we deduce from
Corollary 4.27 the length of the reduction 7¢(77) modulo £ of 7.
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Proposition 4.30. (1) The reduction r¢(71) modulo £ of 7 irreducible noncuspidal
and integral is irreducible with the exceptions:

o« If =2, then 1g(re(51) = 5, 1g(re(7)) = 3, Ig(re(i§ (7)) = 6 for 7 of
order a finite power of £.

o If € #2 and € divides q + 1, then 1g(r¢(51)) = 3, lg(re(i§ (7)) = 4 for 7
of order a finite power of £, lg(rg (ig,/(ﬁ))) =2 if n = ngé&, for a ramified
quadratic separable extension E | F and a character & of order a power of L.

(2) Each noncuspidal irreducible Fi°-representation of G' is the reduction modulo ¢
of an integral noncuspidal irreducible Qi°-representation of G'.

5. Local Langlands R-correspondence for SL,(F)

5.0.1. If (o, N) is a two-dimensional Deligne R-representation of the Weil group
Wr (§4.4.1), a choice of a basis of the space of o gives a Deligne morphism of
Wr into GL,(R).'* In this way equivalence classes of two-dimensional Deligne
R-representations of Wy identify with Deligne morphisms of Wy into GL;(R), up
to GL,(R)-conjugacy.

By a Deligne morphism of Wr into PGL;,(R), we mean a pair (o, N) where
o : Wr — PGL;(R) is a smooth morphism, semisimple in the sense that if o (W) is
in a parabolic subgroup P then it is in a Levi of P, and N is a nilpotent!> element in
Lie(PGL;(R)) with the usual requirement (4-23). We say that (o, N) is irreducible
if o (WF) is not contained in a proper parabolic subgroup (meaning that N =0 and
the inverse image of o (Wr) in GL;,(R) acts irreducibly on R?). The question arises
whether a Deligne morphism (o, N) of Wg into PGL, (R) lifts to a two-dimensional
Weil-Deligne R-representation.

When (o, N) is reducible, we may assume that o takes value in the diagonal
torus of PGL,(R), and that N is upper triangular. The map x — diag(x, 1) modulo
scalars is an isomorphism from R* to this torus, so o comes from an R-character x
of Wg, and o lifts to the two-dimensional y & 1. That deals with the case where
N =0. When N # 0, then (o, N) lifts to (q{‘v‘all @1, N).

The following lemma answers the question more generally for irreducible Deligne
morphisms of Wg into PGL,, (R) for integers n > 2 (the definitions above for n =2
generalize to n > 2).

Lemma 5.1. Any irreducible smooth morphism p : Wrg — PGL,,(R) has finite image
and its natural extension to Galp lifts to an irreducible smooth R-representation of
Galf of dimension n.

14We use the same notation (o, N) for the Deligne morphism of Wg into GL(R).
15 is nilpotent in Lie(PGL, (R)) if the Zariski closure of the PGL; (R)-orbit of N contains 0.
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Proof. Because the inertia group Ir of Wp is profinite and p is smooth, p(Ir) is
finite. Let ¢ be a Frobenius element in Wg. If the order of p(¢) is finite, then
p(Wp) is finite, so p extends by continuity to a smooth R-representation o’ of Galy.
The proof of Tate’s theorem [Serre 1977, §6.5] applies with R instead of C and
that shows that p’ lifts to a smooth R-representation of Galg. Let us show that
p(¢) has finite order. Since p(¢) acts by conjugation on p (/) which is finite, a
power p(¢?) for some positive d acts trivially on p(/F). But it also acts trivially on
0 (¢), hence on all of p(Wr). Let A € GL,(R) be a lift of p(¢?). For B € GL,(R),
the commutator (A, B) depends only on the image of B in PGL,,(R), and if B has
image p(i) for i € Iy, then (A, B) is a scalar u(i). If B’ € GL,(R) has image
p(i’) for i’ € I'r, then A(BB)A™' = ABA™'AB’'A~!, giving u(ii’) = u(i)pu(i’),
so conjugation by A induces a morphism u : Ir — R*. Since p(Ir) is finite, a
power A° for some positive e commutes with the inverse image J in GL, (R) of
p(Wg). Let V be an eigenspace of A°. It is stable under J. If V % R”, that yields
a proper parabolic subgroup P (the image in PGL, (R) of the stabilizer of V') of
PGL,,(R) which contains p (WF), contrary to the hypothesis. So A€ is scalar, which
implies that p(¢) has finite order dividing de. [l

Two 2-dimensional Deligne R-representations of Wg in GL,(R) are twists of
each other by a smooth R-character of Wp if and only if they give the same Deligne
morphism of W in PGL,(R). This happens if and only if the two corresponding
irreducible smooth R-representations IT, IT" of G are twists of each other by a
smooth R-character of G (4-25), that is, if and only if IT and T’ define the same
L-packet L(IT) = L(IT) of irreducible smooth R-representations of G’ (4-4).

5.0.2. From the above the local Langlands correspondence for G induces a bijection
between L-packets of irreducible smooth R-representations of G’ and Deligne mor-
phisms of Wr in PGL;(R) up to PGL;(R)-conjugacy. We would like to understand
the internal structure of a given packet in terms of an associated Deligne morphism
Wr — PGL,(R) (called its L-parameter).

Let IT be an irreducible smooth R-representation of G. The L-packet L(IT)
is a principal homogeneous space of G/Gr. The packet containing the trivial
representation of G’ is a singleton, so the parametrization is trivial. When L(IT) is a
packet of infinite-dimensional representations of G’ we take as a base point in L (IT)
the element with nonzero Whittaker model with respect to the character i of F
(that is, 8y of U) fixed in Section 4.1. Let C; denote the centralizer of the image in
PGL,(R) of a Deligne morphism (o1, Nrp) of Wr in GL,(R) associated to I1, and
St the component group of C;. We shall compute Cy and Stp, and when charg # 2
we shall construct a canonical isomorphism from G/ G, onto the R-characters of Syj.
In this way we get an enhanced local Langlands correspondence for SL,(F') in the
sense of [Aubert et al. 2016; 2017] if charg # 2 but not if charg = 2. J.-F. Dat tells
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us that our results for charz = 2 should still be compatible with the stacky approach
of Fargues and Scholze to the semisimple Langlands correspondence. For example,
for a supercuspidal R-representation I of G, the two components of 1|5 should
be indexed by the two irreducible R-representations of the group scheme ;.

The group of R-characters of G/G is X1, and Xy = {x odet| x € Xy, Nm)}
(4-27). We now construct a homomorphism ¢ : X (o, vp) = Sn. Let x € X oy, N -
By definition, there exists A € GL,(R) such that AN = Ny and for w € Wp,
Aon(w)A™! = y(w)on(w). The image A of A in PGLy(R) belongs to Cry and
we shall show that its image ¢ () in S does not depend on the choice of A.

Theorem 5.2. The map ¢ : X oy, ny) — St is a group isomorphism, and Sp = {1},
Z/27 or Z]27 x Z]27.
When charg =2, Si = {1} for each 11, but the length of I1|¢’ is

o 1 if Il is not cuspidal,
e 2 if Il is supercuspidal,
o 4 if I1 is cuspidal not supercuspidal.

Proof. (A) Let I be a supercuspidal R-representation of G. Then oy is irreducible
and Ny = 0 (Proposition 4.18).

When chary # 2, the authors of [Cui et al. 2024, Proposition 6.4] construct an
isomorphism ¢ : X,, — Cp when charg # 2, but their proof does not use this
hypothesis. This implies C; = St1. One checks that ¢(x) = ¢(x) for x € X4, an
isomorphism.

When charg = 2, we have that p is odd, the cardinality of L(II) is 2 or 4

(Propositions 4.7 and 4.8), and oy = ind% (6) where E/F is a quadratic separable
extension and 6 a smooth R-character of Wg (or equivalently of E£*) different from
its conjugate 6° by a generator t of Gal(E/F). The character 6° /9 has finite odd
order, say m, and o1 (Wr) C GL,(R) is a dihedral group of order 2m, generated by
a matrix (8 agl) of order m and (9 ) modulo conjugation in GL>(R). So Cry = {1}
and there is no enhanced correspondence.
(B) LetIT1 = ig(n) be an irreducible normalized principal series with the notation
of (4-29), with n # g3 The cardinality of L(IT) is 2 if n # 1, n?> =1, and L(IT)
is a singleton otherwise. We have o = (n @ 1) coap, Ny = 0 (Proposition 4.18)
and we easily see that Cpy is

e PGL,(R) when n =1, so S = {1},
o the diagonal torus when n # 1, n> # 1, Sp = {1},

« the normalizer of the trivial torus when 1 # 1, n*> = 1, so charg # 2 and
Sto = Z7/27. We have X1p = {1, n o det} (Remark 4.21) and ¢(n) is not
trivial, so ¢ : X7 — S is an isomorphism.
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(C) If I is an irreducible subquotient of indg 1, the length of 1|5/ (Section 4.5) is
e |l whenI1=1, qvall odet or St,
e 2when IT =TIlpif charg #2 and ¢ +1 =0 in R,
e 4 when IT = Il if charg = 2.
We have op = ((¢'/2)" @ (¢~ "/?)"") o ((4-24), Proposition 4.18). The centralizer
Cp of the image of o1 (Wr) in PGLy(R) is the image in PGL,(R) of

{A € GLy(R) | Adiag(q, DA™" € R* diag(q, 1)}

:{A:(x y> eGLz(R)‘(xq y>:u<xq yq) forsomeueR*}.
zt q t z t

Ifx#0ort#0thenu =1, and if y # 0 then qu = 1. If z # 0 then u = ¢. So,
Cpis

e PGLy(R)ifg—1=0inR,

« the diagonal torus wheng —1 #0in Randg+1 #0in R,

« the centralizer of the diagonal torusif g —1#0in Randg+1=01in R.

We have Npj = 0, hence Cry = Cp; when:

e [T=1wheng+1#0in R, hence C; =PGL,y(R) ifg+1#0, g—1=0
in R (so charg # 2) and C; is the diagonal torus if g +1#0, g —1#0
in R. In both cases S| = {1}.

e [T = Il cuspidal when ¢ + 1 = 0 in R. Recalling Section 4.5, when
charg # 2, 1g(Ilg|g’) =2 and Cp, is the normalizer of the diagonal torus
and S = Z/27Z. We have Xano ={1, (=" (Corollary 4.13). As in (B),
@((—1)"¥) is not trivial, so ¢ : Xg — Spy is an isomorphism.

But when charg =2, then g — 1 =0 in R and Cp, = PGL2(R). As S, = {1}
and Ig(ITp|s) = 4, there is no enhanced correspondence.

We suppose now N # 0. Then (Proposition 4.18) [T = St when g + 1 # 0
in R and IT is a character when ¢ + 1 =0 in R. In both cases I1|¢ is irreducible
(Corollary 4.27). We can suppose that Ny is a nontrivial upper triangular matrix.
A similar analysis gives that Cpy is

o the diagonal torus if g — 1 #0in R,

« the upper triangular subgroup if g —1 =0 in R.
In both cases S = {1}. [l
Remark 5.3. We computed the centralizer C; C PGL,(R):

e Cy is finite if and only if IT is supercuspidal.
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» When Cpj is connected, it is isomorphic to PGL;,(R), the upper triangular
subgroup, the diagonal subgroup, or {1}.

e When Cp has two connected components it is isomorphic to the normalizer
of the diagonal subgroup or to Z/27.

e When Cpj has four connected components, it is isomorphic to the Klein
group Z/27 x Z/27.

5.0.3. Assume charg = 2. A kind of lifting has been introduced by [Treumann
and Venkatesh 2016] and generalized in [Feng 2023]. They consider a (connected)
split reductive F-group H, equipped with an involution ¢ such that the group of
fixed points H' is (connected) split reductive. They set up a correspondence, called
linkage, between t-invariant irreducible smooth R-representations I1 of H = H(F)
and irreducible smooth R-representations of H' = H'(F). More precisely they
show that there is a unique isomorphism ¢y from I to its conjugate I1* by ¢,
which has trivial square. They say that an irreducible smooth R-representation
of H'is linked with IT if the Frobenius twist of 7w occurs as a subquotient of the
representation 7 (IT) = Ker(1+:¢r7)/ Im(1+4¢7) of H*. They ask for an interpretation
of linkage in terms of dual groups.

Let us consider the special case where H = GL; and ((g) = g/ detg.'® Then
H'=SL;,s0 H=G, H" = G’. Let I be an irreducible smooth R-representation
of G of central character wry. It is invariant under ¢ if and only if [T~ IT® (wr odet).
This implies that wp has trivial square, so is trivial because charg = 2. In other
words, I is ¢t-invariant if and only if IT factors to a representation of PGL,(F).
It follows that then tfj is the identity, and 7 (IT) is simply the restriction of IT
to G’, which we have thoroughly investigated. In particular 7 (IT) has finite length,
as expected. The dual group of H over R is GL;(R), that of H' is PGL,(R).
Treumann and Venkatesh ask for an interpretation of linkage in terms of a natural
homomorphism from PGL,(R) to GL,(R).

Let o : Wg — GL(R) be the semisimple L-parameter of I1. The map
(p‘l (o) : Wr — GL3(R), followed by the quotient map GL;(R) — PGL,(R), is
the semisimple L-parameter pr; : Wr — PGL;(R) of the Frobenius twist of any
constituent v of IT|s .

The map W (g) = ¢(g)/ det g for g € GL,(R) where ¢ : x — x? is the Frobenius
map of R, is trivial on scalar matrices, hence factors through a homomorphism
W : PGL,(R) — GL;(R). The homomorphism W is injective of image SL,(R).
Now if IT is t-invariant, the determinant of oy is trivial so oy = W o py and the
conjectures of [Treumann and Venkatesh 2016, §6.3] are indeed true in our special
case.

16L(g) is conjugate to the transpose of the inverse of g.
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6. Representations of SL;(F') near the identity

6.1. Assume charp =0 and R = C. Let H be the group of F-points of a connected
reductive group over F. We denote by C°(X; C) the space of smooth complex
functions with compact support on a locally profinite space X. The exponential map
exp from Lie(H) to H induces an H-equivariant bijection between a neighbourhood
of 0 in Lie(H) and a neighbourhood of 1 in H. So a function f € C°(H; C)
with support small enough around 1 gives a smooth function f oexp around O in
C*(Lie(H); C). Also there are only finitely many nilpotent orbits of H in Lie(H),
for the adjoint action. For each such orbit £, there is an H-invariant measure on O,
and a function ¢ € C°(Lie(H); C) can be integrated along © with respect to that
measure, yielding an orbital integral /5 (¢). Choosing a nondegenerate invariant
bilinear form on Lie(H ), a nontrivial character of Lie(H) and a Haar measure on
Lie(H) yields a Fourier transform ¢ for a function ¢ € C>°(Lie(H); C). Fix also a
Haar measure dh on H.

Theorem 6.1. Let I1 be a smooth complex representation of H with finite length.
Then there is an open neighbourhood V (I1) of 1 in H and for each nilpotent orbit D
a unique complex number cp = co(I1) such that if f € CX°(H; C) has compact
support in V (I1) then the trace trry (f) of the linear endomorphism fH fII(h)dh
is equal to

(6-1) tn(f) =) _co(MIo(@) where = foexp.
O
This was first proved by Roger Howe when H = GL,,(F), and the general case
is due to Harish-Chandra.
As is usual, we say that a nilpotent orbit £’ is smaller than a nilpotent orbit O
if O’ is contained in the closure of 9. With the normalizations as in [Varma 2014]
we have:

Theorem 6.2. Let I1 be a smooth complex representation of H with finite length.
When O is maximal among the orbits with co (1) # 0, then co(T1) is equal to the
dimension of generalized Whittaker spaces for T1 attached to 9.

The result when p is odd due to [Mceglin and Waldspurger 1987] is extended
to p = 2 in [Varma 2014] in general. When © is a regular nilpotent orbit, the
generalized Whittaker model is the usual one, and the result then goes back to
Rodier [1975]. Varma actually proves that with that normalization all coefficients
co(IT) are rational [2014].

6.2. Assume R = C. For any F, when H is an open normal subgroup of GL, (D)
where D is a finite-dimensional central division F-algebra, Theorem 6.1 still holds,
with the exponential map replaced by the map X — 1+ X [Lemaire 2004]. In the
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special case where H = GL, (D), Theorem 6.2 also holds, at least for the natural
generalized Whittaker space attached to each nilpotent orbit [Henniart and Vignéras
2024].

6.2.1. We use the notations and definitions introduced in Section 4.1. Let H be an
open normal subgroup of G = GL,(F) containing ZG’. The index of H in G is
finite as H/ZG’ is open in the compact group G/ZG’'. Put

(6-2) Vg =F*/detH, dimg,Vy=d, |G/H|=2"

A nilpotent matrix can be conjugated in a lower triangular nilpotent matrix ¥ by an
element of G’. Two such matrices Y and Y’ are H-conjugate if and only if their
bottom left coefficients differ by multiplication by an element of det H.

(6-3) The number of H-orbits in the nilpotent matrices in M, (F) is 1 + 24,

The 0-matrix forms the smallest nilpotent H-orbit (the “trivial” one). The nontrivial
nilpotent H-orbits are maximal, and parametrized by Vg via their bottom left
coefficient.

With the same arguments as those given for ZG’ in Section 4.1, any irreducible
smooth R-representation 7 of H appears in the restriction to H of an irreducible
smooth representation I1 of G, unique modulo torsion by a smooth R-character
of G. The irreducible components 7 of [1|y are G-conjugate (even B-conjugate)
and the G-stabilizer of 7w does not depend on the choice of 7 in I1|y, and denoted
by Gn,. The representation IT|y is semisimple of multiplicity 1 with length

(6-4)  lg(Il|y) =1G/Gny,|  dividing 1g(Il|zg) = |G/ Gnl = [L(D)],

hence equal to 1, 2 or 4 by Theorem 1.1. The representation |5’ is semisimple of
multiplicity 1 with length Ig(w|g) =1g(I1|g")/1g(I1|x) = |Gy, /G-
For a lower triangular matrix Y # 0, we have

Z dimg Wy () = dimg Wy (1) = 1.

nCI|y

There is a single irreducible 7 in I1|g with Wy (;r) #£ 0, and dimg Wy () # 0 <
dimg Wy () = 1. If Wy () # 0 then Wy/(;r) # 0 when Y’ and Y are H-conjugate.
We consider dimg Wy (;r) as a function m; on Vy. Because m extends to Gy,
my is invariant under translations by

Wn, =deth|H/detH.

It follows that m, is the characteristic function of an affine subspace A, of Vg with
direction Wy, each such affine subspace being obtained exactly for one = C IT| .
For g € G we denote 78(x) = w(gxg™') for g € G, x € H, so w&" = (w8)"
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for g, h € G. We have A, = detg A,;. We have a disjoint union (the Whittaker
decomposition):

(6-5) Vi= Ll Ax.
nCIl|g

If 1lg(IT|g) = 1, my is the constant function on Vg with value 1. If Ig(T1| ) = 2,
the two irreducible components of I1|y yield the characteristic functions of two
affine hyperplanes of Vg with the same direction. Finally for 1g(T1|g) = 4, we
get the characteristic functions of four affine subspaces of codimension 2 in Vg
with the same direction. In particular when p is odd and Ig(I1|g) = 4, we have
H = ZG' and m, is a nonzero delta function on Vi = F*/(F*).

Let C(Vy; Z) denote the Z-module of functions f : Vg — Z. For an integer
0<r <d, let I, denote the Z-submodule of C (Vg ; Z) generated by the characteristic
functions of the r-dimensional affine subspaces of Vy. We have Iy = C(Vy; 7).

Lemma 6.3. When O <r <d, 21, is included in I, and the exponent of 1y/ I,
is2".

Proof. Let W be a (r — 1)-dimensional vector subspace of Vg and {0, e, f, e+ f}
a supplementary plane. For an affine subspace A of Vi of direction W, the affine
subspaces A, =AUA+e, Ay=AUA+ fand B=A+eUA+ f of Vy are
r-dimensional, and xa, + x4, — xB =2 x4 by taking their characteristic functions x.
Thus 21,1 C I,. By induction 2" Iy C I,,. The map s, : C(Vy; Z) — Z/2" 7 given
by the sum of coordinates is surjective and vanishes on I, but not on /,_;. So the
exponent of Iy/1, is 2". ([

6.2.2. Let us make Theorem 6.1 more precise for an open normal subgroup H of
G =GLy(F) asin §6.2.1.

Notation 6.4. On G (hence on H) we put a Haar measure dg, and on Lie G =
Lie H = M>(F) we put the Haar measure d X such that X — 1 4 X preserves
measures near 0. The invariant bilinear map (X, X’) + tr(XX’) on Lie(H) is
nondegenerate. The Fourier transform ¢ — ¢ on C°(Lie(H); C) is taken with
respect to the nontrivial character v o tr on Lie(H). For each nilpotent H-orbit O
in Lie(H), we normalize the nilpotent orbital integral I (¢) [Lemaire 2005, propo-
sition 1.5] in the same way as [Varma 2014, § 3]; that normalization is valid even
when charg > 0. By [loc. cit., Remark 2], for large enough i, K; = 1+M2(P1§) and
a lower triangular nilpotent matrix Y, the measure of Ad(K;)(Y) is 0 if ¥ =0 and
g% otherwise. In particular I5(¢) = ¢(0) for the nilpotent trivial orbit O € Lie H.

Theorem 6.5. Let w be a smooth complex representation of H with finite length.
There is an open neighbourhood V (rt) of 1 in H and for each nilpotent H-orbit
a unique complex number co = cp () such that if f € C°(H; C) has compact
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support in 'V () then

(6-6) trr (f) =co(m) f(1) + Y co(m) (@)
D40
where p(X) = f(1+X) for 1 + X € V().

We call (6-6) the germ expansion and cq(r) the constant coefficient of the trace
of w around 1. A character twist of & does not change ¢ (7). For  irreducible,
co(m) = 0 for all O # 0 if and only if 7 is degenerate (by Theorem 6.2) if and
only if dim¢ v = 1. In this case ¢o(7r) = 1.

We can determine that constant coefficient co(sr) for any irreducible smooth
representation 7 of H from the case of G, because 7 appears in the restriction
to H of an irreducible smooth complex representation IT of G. The irreducible
components of I1|y being G-conjugate to 7 have the same constant coefficient,!’
and

(6-7) co(IT) = 1g(IT| g)co().

By [Henniart and Vignéras 2024], we have c¢o(1g) = 1. When I1 is parabolically
induced, for example when IT is tempered and not a discrete series,

co(IT) =0.
When IT is a discrete series representation of formal degree d(I1),
co(IT) = —d(IT)/d(SY).

When IT is a supercuspidal complex smooth representation of G of minimal level fp
(the minimal level!® of the character twists of IT),

68)  co(TT) = { ~2¢7)if o is an integer .

—(g + 1g/m2 if fy is a half-integer (not an integer).

When f7 is a half-integer (not an integer), I1 has positive level (Section 4.3.2),
M =ind§ A where J = E*(1+ Q/n+3), where E/F is ramified, Q is the Jacobson
radical of an Iwahori order in M,(F), and A is trivial on 1+ Q2/1+! [Bushnell and
Henniart 2006, Chapter 4, §15]. Let x € X1 \ {1}. Then yx is ramified [Bushnell
and Henniart 2006, Chapter 5, §20.3, Lemma]. The level r, of x is the largest
positive integer r such that x is nontrivial on 1 + P when x is ramified. We have

(6-9) 1 <ry < fno.

17By the linear independence of nilpotent orbital integrals.
18The level is the normalized level of [Bushnell and Henniart 2006, Chapter 4, § 12.6] and the
depth is in the sense of Moy—Prasad.
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Indeed, if r, > f11 then x odet is nontrivial on 1+ 0%x (asdet(1+ Q%) =1+ P;X ),
and (x o det) ® A would be nontrivial on 1 + Q% implying that the level of
(x odet) ® A is at least r,. By [Bushnell and Henniart 2006, § 15.6, Proposition 1],
this contradicts the assumption that x € Xp. So fii < ry as r, is an integer but
not ff.

Lemma 6.6. If fi; = % then Xn ={1}. Ifg =2 and fn1 = % then X1 cannot have
four elements.

Proof. If fn = 1, then Xp is trivial by the formula (6-9). If i =3, thenr, =1,
and if ¢ =2 there are only two quadratic characters of level 1. That implies that
X1 cannot have four elements. U

Proposition 6.7. Let I1 be an irreducible complex smooth representation of G and
7 an irreducible representation of H contained in I1|g. Then:
e co(m) = —% if p is odd, 11 is cuspidal of minimal level 0 and L(I1) has four
elements.
e co(r) is an integer otherwise.
e co(m) =01ifm is a principal series, and cy(w) <0 if w is infinite-dimensional
and not a principal series.
Proof. By formulas (6-4), (6-7), (6-8), we have:
e co(1g) =1,50co(1y) =1.
e ¢o(St) = —1 so co(sty) = —1, since the restriction sty of St to H is irre-
ducible as st = St | is irreducible.
e ¢o(IT) =0 so co(r) = 0, when IT is an irreducible principal series.
e co(IT) < 0 so co(r) < 0, when IT supercuspidal of level fr; (the minimal

level).

If p is odd, then co(IT) is an even integer by (6-8), so that co() is an integer if
L(TT) has one or two elements by (6-7); if L(IT) has four elements, then fi; =0 by
Proposition 4.8 and ¢y (IT) = —2, so co(;r) = —%. If p =2, then ¢o(I1) is a multiple
of 4 (so co(sr) is an integer) by (6-8) except when:
(i) fm = 0, where co(IT) = —2. But L(IT) has size 2 by Proposition 4.7, so
co(m) =—1.
(ii) fn = 1, where co(IT) = —(g + 1). But L(IT) has size 1 by Lemma 6.6, so
co(m) =—(g+1).
(i) fm = % and g = 2, where co(IT) = —6. But L(IT) has size 1 or 2 by
Lemma 6.6, so cy(r) = —6 or —3. [l
Theorem 6.8. Let v be a finite length complex representation of H, Y # 0 a lower
triangular matrix in My(F) and O its H-orbit. Then co () = dime Wy (7).
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Proof. We use the same idea as [Rodier 1975]. Remarking that the lower triangular
group B~ of G acts transitively on lower triangular nilpotent matrices Y, and that for
g € B~ we have co () = cps (%), dimg(Wy (1)) = dimg (Wys (;r8)), it suffices to
consider the case where Y = ((1) 8). We stick to that Y (so 8y = 0 with Notation 4.1).

For each positive integer i, we define a character x; of the pro-p group K; =
1+ MQ(P}) by the formula

X1 X2

1+X)=votr(p:2YX) = “2x.,), X=
Xz( + ) WO r(pp ) W(PF 1,2) (XZ,I X2’2

) € My(P}).

The character x; is trivial on K;. When conjugating by the diagonal matrix
d; = diag(p'., pr') we get a character 6; on
Pi P—i
—1
(6-10) H; =d; K,-d,-=1+(P§i PF;)
such that 6; (14 X) = ¥ (X1,2). The limit of the groups H; as i — oo is the group U.
We will prove that the 6; approximate the character 6y of U in the sense that

(6-11) ll_lglo dim¢ Homg, (6;, 7) = dim¢ Wy (7).

On the other hand we will also prove in §6.2.3, following [Varma 2014], that
(6-12) dim¢c Homg, (xi, m) = co(mw) for large i.

Since dim¢c Homgy, (6;, w) = dim¢ Homg, (x;, 7v), we shall get the result. O

6.2.3. Let us proceed to the proof of the formulas (6-11) and (6-12), through a
sequence of lemmas that are rather easy compared to the analogous statements in the
more general cases treated by [Rodier 1975; Mceglin and Waldspurger 1987; Varma
2014] when chary = 0, and [Henniart and Vignéras 2024] for arbitrary charp.

For X € M (F), put §; (X) = Xi_l A+X)ifX e Mz(P}) and §; (X) =0 otherwise.
Using Notation 6.4, the Fourier transform 3,- of §; is

g~ vol(My(OF),dX) if X € pp2'Y + My(P; '),
0 otherwise.

(6-13) 8i(X) = {

Lemma 6.9. The K-normalizer of x; is (ZU™ N K1) K;.

Proof. For a positive integer j <i, we prove that the K|-normalizer of the restriction
of x; to Ky_jis (ZU™ N K1)K; by induction on j. This is clear for j =1 and
the case j =i gives what we want. Assume that the claim is true for j < i and
let us prove it for j + 1. Let g € Ky, normalizing the restriction of y; to Kp;_;_;.
By induction g € (ZU™ N K;)K; and we may assume g € K;. Write g =1+ X
with X € My(P}). Then g"'Yg =Y + YX — XY modulo M,(P."") and the
hypothesis on g means that YX — XY = 0 modulo MZ(P;H), which gives that
p;" X commutes with Y modulo Pr. But the commutant of ¥ modulo Pr in
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M, (kF) is made out of lower triangular matrices with the same diagonal elements.
Consequently g € (ZU™ N K)K ;1 as claimed. ([

Lemma 6.10. The K;-orbit of Y is the set of nilpotent matrices in Y + MQ(P}).

Proof. Clearly, gYg~! is a nilpotent element in ¥ + MZ(PIL) for g € K;. Conversely,

let Y + p}Z nilpotent (hence of trace 0) with Z € M>(OF). If g =1+ pj'pX with
X € Ma(Op), then g(Y +pi.Z)g ™' =Y+ pi(YX — XY +Z) modulo My (PL™). We
choose X, as we can, so that YX — XY + Z =0 modulo Pr. So g(Y —{—pj',Z)g_1 €
Y + Ma(Pit). The K;-orbit of Y is closed in Ma(F). We finish the proof by
successive approximations. O

Let © be a smooth representation of H on a complex vector space V, and
¢ : V — Vy be the quotient map from V to the 6-coinvariants Vy of V. For large
enough i such that H; C H let V; be the 6;-isotypic component of V.

Lemma 6.11. For large enough i, ¢(V;) = V.
Proof. It is the same as that of Lemma 8.7 in [Henniart and Vignéras 2024]. [
We have

Hiy=(Hi \NH;)(Hi 10U, [Higr:(Hi OH)=[(Hi 1 NU):(H;NU)=q ",

and 6,41 =6; on H;11 N H;. Let ¢; = f;dg where dg is the Haar measure on H
giving the volume 1 to H; and f; is the function on G with support H; and value 01._1
on H;.

Lemma 6.12. We have e;e;1e; = qile,‘ wheni > 1 and H; C H. In particular,
the map v — m(ej+1)v : V; = Vi1 is injective.

Proof. The lemma is equivalent to m(e;ej+1€i)v = q‘ln(e,-)v for all v € V and
(r, V) as above. The projector V — V; is w(e;) and

n(eieinev=q"" Y b ) uev.
ue(H;11NU)/(H;NU)
If w(ejuej)v #0 foru € Hiy;NU, then u intertwines 6;. To interpret that condition
we conjugate 6; back to x;. Then H; is sent to K; and H; 4 is sent to dl_lK,-Hdl
which, we remark, is contained in K;_;. By Lemma 6.9, u € H;;1 N U conju-
gates to an element in (ZU ™~ N K)K;, so that u € H; N U. We then deduce that
m(ejeir1e;)v =g 'm(e;)v as claimed. O

Proof of formula (6-11). Fix a large integer i such that the lemmas apply. The
projector (e;) : V. — V; can be obtained by first projecting onto V18" and
then applying the projector 7 (e; y) where e; v = fi|n,nv du for the Haar measure
on HNU giving the volume 1 to H; NU. Since V; C VHi+"3"  we have that
w(ej+1) =m(ei+1,y) on V;. It follows that forve V; and vy =n (ej1)v=m(ej+1.0)V
have the same image ¢ (v;) = ¢(v) in Vjy. Iterating the process, we get for positive
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integers k, vectors vy = m(ej1i)vk—1 = m(ej1k,u)Vk—1 With @(vx) = @(v). As
eiv1.veiy = eiy1,u we have vy = mw(ej4r,y)v. But ¢(v) = 0 is equivalent to

7 (ei+k,v)v = 0 for large k. As vy = 0 implies vx—; = 0 by Lemma 6.12, we get
that ¢ is injective on V;. Since it is also surjective by Lemma 6.11, we deduce that
it gives an isomorphism V; >~ Vj. O

Proof of formula (6-12). Fix an integer i such that K; C H. We have that
dimg (Homg, x;, m) =trm(e;) where e; = f/ dg where dg is the Haar measure on H
giving the volume 1 to K; and f; is the function on G with support K; and value lel
on K;. We have that f/(1+X) =4, (X). To prove (6-12), it suffices to apply the germ
expansion (6-6) to tr, and to show that for large i, Io (Si) =1, whereas Iy (3,-) =0
for any nilpotent orbit O" # 9. From the formula (6-13), 8 isa multiple of the
characteristic function of — p;2i Y +M>(Pp i) and from Lemma 6.10 the nilpotent
elements there form the K;-orbit of p;2i Y. It follows that Io(8;) = 0 if O’ # 9.
That Iy (Si) =1 is proved exactly as in the proof of Lemma 7 in [Varma 2014]. [J

6.2.4. For a locally profinite space X, x € X, and a field C, two linear forms f, f’
on CX°(V; C) for some open neighbourhood V of x in X are called equivalent if
their restrictions to C2°(W; C) for some open neighbourhood W of x contained
in V are equal. The equivalence class of f is called its germ f at x. Denote &, (X)
the space of the germs at x.

For a locally profinite space X’, an open subset W in X and an open subset
W’ in X', a homeomorphism j : W — W’ gives by functoriality an isomorphism
CX(W'; C) — C°(W; C) and an isomorphism & ) (X') — &,(X) from the
space of the germs of X’ at j(x) to the space of the germs of X at x € W.

The nilpotent orbital integrals Fo : ¢ > Io(p) for ¢ € C°(Lie H; C) and the
nilpotent H-orbits O in Lie(H) are linearly independent H-equivariant linear forms
on C°(Lie H; C) [Lemaire 2005, page 79]. They form a basis of a Z-module Iy
with rank 1 + 2¢ (6-3). For each H-equivariant open neighbourhood V of 0 in
Lie H, the Fo remain independent as linear forms on C2°(V; C). The germs F O
form a basis of the Z-module 1, g of germs of elements of /y. Denote by If,Vh the
Z-submodule of Iy of basis Fp for O # 0.

Theorems 6.5 and 6.8 say that the germ at 1 of the trace of an irreducible complex
smooth representation 7w of H identifies via the map X — 1 4 X with the germ
at 0 of a unique element 75, = co(mw)Fo + T;’V h where cy(r) € Q, and T;V he Il\yh
is determined by the nondegenerate Whittaker models of 7. Note that T;V h=0if
and only if dim¢ 7w = 1.

Denote by T;IV P the Z-submodule of / ;,Vh generated by the 7, b for all irreducible
complex smooth representations 7w of H. Write I ,\,V h T;IV P for the space of germs
at 0 of I,\;Vh, TEVh.

Theorem 6.13. We have Ty = Iy whend =0, 1.
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The Z-submodule T;IV M is a submodule of I ZV M of finite index. The exponent of
I;Vh/TI;Vh is 2972 when d > 2.

Proof. When d =0, Iy has Z-rank 2, and the germs of the traces of the trivial
representation 1 and of the Steinberg representation sty form a Z-basis {try, try,, }
of I~H .

When d =1, Iy has Z-rank 3, det H = Ng,r(E™) for a quadratic separable
extension E/F, the principal series (ign £)| g 1s semisimple of length 2 and mul-
tiplicity free (Lemma 2.3 and footnote in the proof of Proposition 4.26), and the
germs of the traces of the trivial representation 1 and of the two components 7}, 7,
of (ignE)lH form a Z-basis {tr;, tNrﬂg, ffﬂg} of .

When d > 2, the theorem follows from Lemma 6.3. ]

Theorem 6.13 can be equally well expressed in terms of the Grothendieck group
Grg(H). It is under this form that the theorem extends to R-representations. For
an open compact subgroup K of H, and 7 a finite length smooth complex repre-
sentation w of H, m|k is semisimple with finite multiplicities, and is determined
by the restriction of the trace of 7 to C°(K, C).

Corollary 6.14. There are 2% virtual finite length smooth complex representations
T, ..., T of H with the following property: for any finite length smooth complex
representation w of H, there are unique integers ay(mw), a;(w), ..., ay (), such
that on some compact open subgroup K = K () of H,

2d
T ~ap(r)l + Z a; (m)m;.
i=1
Proof. By Theorem 6.13, the Z-module 7)™ has a basis {T)"", ..., f;’vzdh} where
1, ..., Ty are virtual finite length smooth representations of H. By Theorem 6.5,

for any finite length smooth representation = of H there exist a unique rational
number ag(;r) and unique integers ay (), ..., ay (1), such that

2d
ttr = ag(m) try + ) a; ()
i=1
on restriction to C2°(K (7r), C) for some compact open subgroup K () of H. As
aop(w) = dimg 7K — Ziz:l a; (7r) dimg JT.K(”), we see that ag() is an integer.
Equivalently, on restriction to K (i),

n:ao(n)1+2ai(n)m. 0O

i=1
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6.2.5. This has consequences for the representations of G’.

An irreducible complex representation of G’ extends to ZG’, and we can apply
Theorem 6.5 to H = ZG’ when charg # 2. When p is odd, there is a unique L-
packet 11, 1, 73, T4 of G’ with four elements (Proposition 4.22). One can enumerate
the four nontrivial nilpotent G'-orbits O1, ..., D4 such that cp,(r;) = 1if i = j,
and 0ifi # j. Fori =1, ..., 4 we choose a lower triangular element ¥; € ;.

Theorem 6.15 (p odd, R = C). Let 7w be a finite length smooth complex represen-
tation of G'. On restriction to a small enough compact open subgroup K (i) of G’,
we have

4

(6-14) m~ap(m)l+ Y o, ()T, co, (1) = dime Wy, (),
i=1

where ag(w) = dimg 75 — Z?’:l co, () dime X The constant term in

Theorem 6.5 is
4
o) = ao(m) - %(;‘ co, (n))

The constant term ¢ () can be computed using (6-7) and (6-8).

Remark 6.16. When charg =0, p is odd and R = C, the theorem was already
known; see [Assem 1994] and the last section of [Nevins 2024].

6.2.6. For any p, let w be an irreducible smooth complex representation of G’
and r the cardinality of the L-packet of .

For any L-packet {1, 12, 13, T4} Of size 4, there exist integers ag, by such that
on a small enough compact open subgroup of G’ we have

4 4
(6-15) ind§, 1 ~boTi+» 7 and ifr=1, 7 ~ali+) 1.
i=1 i=1
If r =2, then det G; = Ng,r(E™/F) for a quadratic separable extension E/F.
Choose a biquadratic separable extension of F' containing E. There exist t; and 7,
in the associated L-packet of size 4 (Proposition 4.22) and an integer a¢ such that
on a small enough compact open subgroup K of G’ we have

2
(6-16) 7 ~aTi+ ) 1.

i=1
Therefore, when R = C we have:

Theorem 6.17. Let w be an irreducible smooth R-representation of G'. There
are an integer ay and irreducible smooth R-representations {11, T2, 13, 74} of G’
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forming an L-packet, such that on a small enough compact open subgroup K of G’
we have

where r is the cardinality of the L-packet containing .

6.2.7. Let us prove Theorem 6.17 for any R.
Let R, be the algebraic closure in R of the prime field of R. Write R, = Q*
when charg = 0 and R, = [F}° when charg = £ > 0.

(a) We show first that Theorem 6.17 for R, extends to R. A cuspidal R-representa-
tion of G’ is the scalar extension 7g = R®g_ 7 to R of a cuspidal R.-representation v
of G’ [Vignéras 1996] and the L-packets of size 4 are cuspidal. The scalar extension
from R, to R respects irreducibility, identifies the L-packets of size 4 over R, with
those over R and sends the L-packets of size r over R, to L-packets of size r
over R. Theorem 6.17 for R -representations imply Theorem 6.17 extends for
R-representations which are scalar extensions of R -representations:

4/r 4/r
T ~agl + Z 7; implies by scalar extension wg =~ agl + Z T R-
i=1

i=1

The only irreducible smooth R-representations ot G” which are not scalar extensions
of R.-representations, are principal series ig//(n). But

(6-17) ig,,(n) ~ indG,/( 1) on some small open compact subgroup K of G’,

and we have (6-15) for the R.-representation indg: (D).
Therefore, for any L-packet {71 r, T2 r, 73.r, T4,r} Of size 4, there is an integer ag
such that

4
ind§, (1) =apl + Z 7, on some small open compact subgroup K of G'.
i=1
(b) Theorem 6.17 for C extends to (*¢ because the scalar extension from Q% to C
respects irreducibility, representations in an L-packet of size 4 are cuspidal, and
complex cuspidal representations of G’ are defined over Q.

(c) Viaan isomorphism C >~ Qj°, Theorem 6.17 for C extends to Q%°. Theorem 6.17
for Q¥° extends to Fi°-representations. Indeed, from Proposition 4.30 an irreducible
smooth [Fi°-representation 7w of G’ in an L-packet of size r lifts to an integral irre-
ducible smooth Q¥°-representation 77 of G" in an L-packet of size r (Proposition 1.6).
From Theorem 6.17 for Q3°, there is an L-packet {7, T2, 73, T4} of irreducible
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smooth Qj°-representations of G” and an integer ag, such that on a small enough
compact open subgroup K of G’, we have

4/r 4/r
b4 2001+Zfi = n:a01+Z‘c,-
i=1 i=1

by reduction modulo £ of {7, 72, T3, T4} to {t1, 72, T3, T4}, reduction which forms
an L-packet of irreducible smooth [F°-representations of G'. This ends the proof of
Theorem 6.17.

Remark 6.18. The formulas (6-7), (6-15) and (6-16) remain valid for R.

6.2.8. For an irreducible infinite-dimensional complex representation IT of G with
conductor ¢, Casselman had already described the restriction of IT to K as the
direct sum of the fixed points under K._; and a complement depending only on the
central character of IT.

Similarly, when p is odd, and 7 is an irreducible infinite-dimensional complex
representation of G’, Nevins [2005; 2013] described explicitly the restriction of
to K as a finite-dimensional part specific to 77, and a complement depending only
on the central character of 7. More recently, Nevins [2024] defined for any vertex x
of the Bruhat-Tits building of G’, admissible complex representations ty i, ... Ty 5
of the maximal open compact subgroup G’, fixing x such that the following is true.
Let 6, be the depth of 7 in the sense of Moy—Prasad. Then, there are integers
ar.1,--.,az5 such that on restriction to G;,aﬂ’

5
s E Ar iTx,i-
i=1

Now allow any R with chary # p (still assuming p odd). The representations 7y ;
of Nevins transferred to Qj° are integral, defined over Q* and can be transferred
to R-representations 7 ; g. The proof in §6.2.7 applies and shows that the above
result is also valid over R with 74 | g, ..., Tx.5.R.

7. Asymptotics of invariant vectors by Moy-Prasad subgroups

We use notations as in Sections 3 and 4. The Moy—Prasad subgroups of G’ = SL;(F)
are the intersections of the Moy—Prasad subgroups of G = GL,(F') with G’ because
the Bruhat—Tits of G’ and of PGL,(F) are the same. We write K’ = G’ N K for a
subgroup K of G.

Letred: Ko =GL,(Of) — GLy(kr) and red’ : K(’) =SL,(0OF) — SLy(kr) denote
the usual quotient maps. The parahoric subgroups of G are the G-conjugates of the
maximal open compact subgroup K or of its Iwahori subgroup Iy =red™! (B(kr)).
Those of G’ are the G’-conjugates of the maximal open compact subgroup K|
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or its Iwahori subgroup I/ = red "' (B’(kr)), or of the maximal open subgroup
dKjd=" = (dKod™") where d = (§ ) [Abdellatif 2011, §3].

The Moy—Prasad subgroups of G are the G-conjugates of the j-th congruence
subgroups K, I;, I1 24 ; of Ko, Iy, the pro-p Iwahori subgroup /; » =red ™! (U (kr))
of Iy, for any integer j > 0 [Henniart and Vignéras 2024, § 12]. The Moy—Prasad sub-
groups of G’ are the G'-conjugates of the j-th congruence subgroups K, dKd -1
IJT, Il//2+j for j > 0.

Let j denote the Op-lattice of matrices (x; ;) € M>(OF) with x; 5 € Pr, and j; 2

the Op-lattice of matrices (x; ;) € j with x1 1, x2 2 € Pr. We have
o Ko=M(Op)*, Iy=j",
Liptj=1+4ppip,. Kiyj=1+4ppMy(Pe), Tiyj=1+Plj

for j > 0. Note that Iy = KoNdKod ™", and consider the decreasing sequence for
Hj = Kj or dKjd_l,

H()DI()DIUQD”'DH]' DIjDIl/2+j DH].H'DIH_J'D'” .
The G-normalizer Z Ky of the maximal compact subgroup Ky normalizes all sub-

groups K; for j > 0. The G-normalizer of the Iwahori group / is generated by /
and ( 0 1); it normalizes all subgroups 11,24 ;, I; for j > 0. Let

pr 0
(01 , (0 —p;1
s_(l 0) and '3_<pp 0 )

The Iwasawa decomposition of G with respect to (B, Ky) and the decomposition
of G in double cosets modulo (B, Ip) or (B, I,2) are

(7-2) G=BKQ=BI()I_lBSI()=BI1/2|_|lel/2;

see [Henniart and Vignéras 2024, §12]. Note that Bs/l/; = BB'I /2. The Iwasawa
decomposition of G’ with respect to (B’, K)) or (B', d K(’)d_l) and the decomposi-
tion of G’ in double classes modulo (B, Ij) or (B, I{ J2) are

(7-3) G' =B'K)= B’dKéd_1 =B I JuB'p'I)= B’I{/2 L B/,B’I{/Q;

see [Abdellatif 2011, lemme 3.2.2, lemme 3.2.8].

Proposition 7.1. The map B/\G//HJf — B\G/H; induced by the inclusion G' C G
is bijective, for any j-th congruence subgroup H; = K, dKjd_l, I;, I o4 and
j=0.

Proof. The map B’\G//H; — B\G/H; is surjective as G = BG’. When j =0, the
map is bijective because the two sets have the same cardinality (7-2), (7-3).

Take j > 0 and g’, g” in G’ such that bg'h = g” with b € B, h € H;. We want
to prove that b'g'h’ = g" with b" € B, h" € H;. Multiplying g’ on the left by an
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element of B’, we reduce to g’ € Hj if Hy = Ko, dHéd‘l, and g € H)U B'H|
it Hy = Io, 112 (7-3). We have detbdeth = 1. There exists ¢ € BN H; such
that det ¢ = det & by the Iwahori decomposition of the j-th congruence subgroup
H; = (BN H;)(H;"U™) when j > 0. Three cases occur:

(1) g’ € Hj. Write (bc)g'(g''c7'ghh = g" withb' =bc € B', g~ 'c7'¢g’ € H;
and ' = (g e gh e H]f.

(2) g’ € p'Hj and g" € H). Apply the same argument to g”.

(3) g’ and g” are in B’ H|. Changing notations we want to prove that for ¢’ and g”
in H) such that b'g’h = Bg” with b € B, h € H;, we have b'Bg'h’ = Bg” with
b' € B',h' € Hj. Multiply on the left by $~'. Noting that 7' B = B, we still
need to prove that for g, g” € H| such that bg'h = ¢"” withb € B~, h € H;, we
have b'g’'h' = g” with b’ € (B™), h' € H]f. The argument used before with B works
also for B, because we have the Iwahori decomposition H; = (B~ NH;)(H;NU)
when j > 0. There exists ¢ € B~ N H; such that detc = deth. Proceeding as
in (1), we write (bc)g' (g 'c7 g Vh = g” with b’ = bc € (B7), g ¢ g’ € H;
and h' = (¢'"'c™'g)h € H]. O

Proposition 7.1 has important applications. The cardinality of B\G/H; is
computed in [Henniart and Vignéras 2024, Proposition 11.2] for j > 0. By
Proposition 7.1, |B\G/H;| = |B'\G'/ H;|.

Corollary 7.2. The cardinality of B\G'/H for H; = K}, dK[d~", I, I{ ,, ; and
Jj=0,is
|B\G'/Ky| = |B\G'/dK;d™"| = |B\G/Ko| = 1,
|B\G'/K{,;|=|B\G'/dK{, ;d""|=|B\G/Ki+,| = (¢ + D’
|B\G'/I}| = |B'\G'/I| 5, }| = |B\G/I;| = |B\G/I 24| = 2q".
Over any coefficient ring, the restriction to G’ of indg 1is indgf 1. The vector

spaces (indg: I)H-; ) (indg 1) have the same dimension by Proposition 7.1, hence
are equal.

Corollary 7.3. Over any coefficient ring, any element in indg 1 fixed by H j’ is also
fixed by H; for j > 0.

It is known that any infinite-dimensional irreducible smooth R-representation IT
of G near the identity is isomorphic to indg 1 modulo a multiple of the trivial
representation [Henniart and Vignéras 2024]. There exist integers arp and j > 0
such that for j > jp,

(7-4) M~anl+ind§ 1 on 7.

Corollary 7.4. For j > jp, any element in Il fixed by H J’ is also fixed by H;.
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Proposition 7.5. ar; = 0 if I is a principal series, ap = —1 when g+ 1 #0in R
and Il is the twist of the Steinberg representation by a character, and when Il is
cuspidal with minimal depth 11 under torsion by characters,

—2¢%n if 811 is an integer,
an = Sn—1/2 ,
—(g+ g otherwise.

If IL(IT)| = 4, then ar; = —2 for p odd and aty is a multiple of 4 if p = 2.

Proof. When R = C, then ar is the constant term co(IT) of the germ expansion
for IT because the constant term ¢ (indg 1) of the germ expansion of the trace of
ind$ 1 around 1 (6-6) is 0.

When R = F° and Misa Q¥¢-representation lifting I, ap = af. When I1
is cuspidal, m is supercuspidal and the formula for ar; follows from (6-8). If
|L(IT)| = 4 the assertion on ar follows from the proof of Proposition 6.7 [l

In the particular case where I1|g' = 7 is irreducible, we deduce that for j > jy,
- 1G' /
7 ~anl+indg 1 on Ij.

For example, an irreducible principal series 7 of G’ is the restriction to G’ of a
principal series IT of G, and on I J24) for j > jg we have m =~ indg/ 1.
By (7-4)if j = jm,

(7-5) dime 1% = ap + |B\G/Hylq’ .

By Proposition 7.1, % =", ) 7 for Hj=Iip4j, Ki4j, I14j and j > 0.
In particular, if 1|5 = 7 is irreducible, then if j > jp,

dim7 " = an + |B\G/Holq’ .
In general, by Corollary 7.2 [Henniart and Vignéras 2024, §12.2], for j large,'”
(7-6) dime TV = dime 1724 = a4+ 2¢7,  dime T5% = ap + (¢ + g’

Let v be an infinite-dimensional irreducible smooth R-representation of G’ con-
tained in I1|g. The Moy—Prasad filtration of the Iwahori subgroup I’ of G’ is

I'=1gD L, DD D) ;D1 D--- .
Theorem 7.6. With ar as in (7-4) and Proposition 7.5, we have for j large,”
dimg 7 = dimg 712+ = | L)~ (an + 2¢7).
|L(ID)| lag = —% if IL(TT)| = 4 and p is odd, otherwise |L(IT)|~'ar is an integer.

197> jm+1for I;, Hj and j > jp for Iy o4 .
20j > jm+1forIjand j > ji for Iy o4 .
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Proof. The determinant of the G-normalizer N (I) of the Iwahori group I is equal
to F* (first part of Section 7). Thus, N (I) acts transitively on L(IT) and as Ng (1)
normalizes the Moy—Prasad filtration of /, the dimension of the invariants of = by
I j2+j and I  of G’ for j > 0, does not depend on the choice of 7 in the L-packet

L(IT). For these two groups H’ we have dimRn j = |L(I1)|~ ' dimg 1% for
J = jm, by Proposition 7.1. Apply now (7-6). The assertion on |L(IT)|~'ar follows
from Proposition 7.5. U

Let us now turn to the asymptotics for fixed points under congruence subgroups
K/ of K{=SL,(OF). The G-normalizer Z K of Ko = GL,(Of) normalizes the K/
The subgroup H = ZKoG’ of G has index 2 as det H = (F*)20* has index 2
in F*. The restriction of IT to H has length 1 or 2. All the elements = of L(IT) in
the same H-orbit share the same dimension dimg 7% . With ar, jm as in (7-4), we
deduce from (7-6):

Theorem 7.7. When Il|y is irreducible, we have, for j > jr,
dimg 7531 = [L(D)| ™ (an + (¢ + Dg?).

Proposition 7.8. The representation 11|y is reducible if and only if T1 is cuspi-
dal induced from ZKg or charg # 2 and 11 is a principal series indg X where

XX =0T

Proof. When I1|¢ is irreducible, then I1|g is irreducible. When I1 = ig(x) is
a principal series of reducible restriction to G, then charg # 2, and ig( )| is
reducible if and only if (— l)Valodet®ig(X) ~ ig(x) if and only if X1X2_1 =(=1)"
(notations of Section 4.3.1 and x = x1 ® x2).

When IT is cuspidal, if [T= indZ Ko X is induced from Z K, then I1| g is reducible
because Z Ky C H and (1nd (1nd§ Ko A))| g contains 1nd(Z; Ko A but is different from it.
If IT is not induced from Z Ky, then with the notations of Section 4.3.2, IT = 1ndG A
has positive level, E/F is ramified, and G = JH. As J'! C H and the intertwining
of A1 = A|;1 in G is J, then the intertwining of A; in H is J N H. The vectors A ;-
equivariant in IT are the functions supported in J. Applying [Henniart and Vignéras
2022, Proposition 6.5 and Corollary 6.6], IT|y = ind% ; Al jnp is irreducible. O

Assume now that IT| g is reducible. Let ITT be the component having a Whittaker
model with respect to a character ¥ nontrivial on O but trivial on Pg, and [1~ the
other one.

Theorem 7.9. When I1|y is reducible, we have for large j,

dimg (MK = Lan +¢*" " when j =2m +1, 2m +2,
dimg (M5 = %an + g% when j =2m, 2m + 1.
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Proof. When R = C, the constant term in the germ expansion of the trace of T
around the identity is %an by (6-7) and Remark 6.18, and dimR(l'ﬁ)Kf — %an for
large j, which depends only on the characters of F for which 1T has a Whittaker
model. This set does not depend on the choice of IT, as 1" has a Whittaker model
only with respect to the characters w,l 0! for diag(#, 1) € T N H, that is, ¥, for
a € det H where v,(x) = ¥ (ax) for x € F. By the usual arguments, the same is
true for any R. It suffices to prove the theorem for IT = indg k, » Where A|g, 1s
the inflation of a cuspidal representation Ay of GL,(kr) (Proposition 7.8). In this
special case we will show

(7-7)  dimp(ITHK = —1 4 g2 for j=2m+1,2m+2, j>1,
(7-8)  dimp(IT)% = —1 4 ¢ for j =2m, 2m+1, j > 1.

Note that a;; = —2 (Proposition 7.5) and that (7-7) implies (7-8) for j > jp+1, as
dimz (MH% + dimg (MY =an + (g + 1g/™" for j > jn+1.

The representation X is generic, and it follows that nt = de 7k, » [Bushnell and
Henniart 1998, Proposition 1.6]. Let t = ( ) The group H = ZK(G' is the
disjoint union
H=|| ZKot' K.
i>0

Fori >0, j > 0 and k € K/, consider the representation of K; ' on the functions
in ind} A supported on the coset ZKo?! kK I. That it contams nonzero K'-fixed
vectors does not depend on the choice of k& e K|, and it happens if and only if
tiKth_i N Z K has nonzero fixed vectors in A. For j < 2i, tinft_i N Z K contains
the lower unipotent subgroup of Ko and fixes no nonzero vector in Ag which is
cuspidal. For j > 2i, ¢ K t~" C K1 and K| acts trivially on Ag. So the space
of functions in 1ndZ Ko supported in ZKoyt' kK ! and fixed by K; " has dimension 0
if j <2iand ¢ — 1 = dimg X if j > 2i. The number of cosets ZKyt' kK/ in
ZKot' Ky is the index in Ky/K; of the image of ¢~ ‘ZKot' N K/ in Ky/K;. As
K, Ct” {ZKyt' N K, this index does not depend on j when j > 21 It is the index
in Ké of 17 ZKot' N K} = {(C d) €K, ce P } One computes its value to be 1
ifi =0and (g + 1)¢g*~" if i > 0. Consequently for j > 0,

dimg ()% = (¢ - 1)(1 + Y. (q+1)qz"‘1).
0<i<}j

This is equal to g — 1 for j =1,2,t0 (g —1)(¢>+q+1) = —1+4¢°> for j =3, 4,
and by induction to —1 4 ¢?"*! for j =2m + 1, 2m + 2, implying (7-7), hence
the theorem.
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To prove (7-8) for j > 1, one can work in the same manner as above using that
I~ is the conjugate of IT* by (% %). We find that dimg(IT17)"/ is equal to 0 for
j=1,t0 —14¢?*for j =2,3, and to —1 4 ¢ for j = 2m, 2m + 1, implying
(7-8). O

Corollary 7.10. When I1|g is reducible, we have for large j,
dimpg 7K
|L(ID)|~Nag +2g7) for j odd and w C T1" |G or j evenand w C 1™ |,
|L(IT)|~Yan +2qj_1) otherwise.

For the maximal compact group d Kod~! of G’, the two asymptotics are inter-
changed.

We find remarkable that the regularity is obtained when increasing the index j
by 2, and not by 1 as was the case for the Iwahori or the pro-p Iwahori subgroups.
But that could have been anticipated, given the homogeneity properties of the
nilpotent orbital integrals in H.

Remark 7.11. The asymptotics (Theorems 7.6 and 7.7, Corollary 7.10) are likely
valid when 2 > ¢ where c is the conductor of T1. When R = C and I1 is cuspidal,
this is actually true for dime ITX/ and can be derived from the formulas in [Miyauchi
and Yamauchi 2022]. When p is odd, Nevins has completely analyzed the restriction
to K|, of the irreducible smooth complex representations of G’, and we presume
that the asymptotics (and for which j it is valid) can be derived from her results
[Nevins 2005; 2013].

Appendix: The finite group SL;([F,)

Let k be a finite field of characteristic p with g elements. In this Appendix we
classify irreducible representations of G = GL, (k) and of G’ = SL, (k) over an
algebraically closed field R of characteristic O or £ > 0, £ # p. We could use
[Bonnafé 2011] for charg # 2 and [Kleshchev and Tiep 2009] for any R, but we
prefer using the same methods as in the main text.

Note that the irreducible R-representations of the finite groups G and G’ are
defined over the algebraic closure of the prime field, and we can freely pass from R
to any other algebraically closed field of the same characteristic. Thus it is enough
to consider the cases where R = C or R = [F}°. We also aim to prove the following
theorem.

Theorem A.1. Any irreducible F° representation o of GLy(k) is the reduction
modulo £ of a Qi-representation & of GL, (k) such that & |sy, k) and o |sL,x) have
the same length.

Any irreducible " -representation of SL;(k) is the reduction modulo £ of a
Qi¢-representation of SL; (k).
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Write Z for the centre of G, B for the upper triangular subgroup of G, and U
for its unipotent radical. Let us first recall the known classification of the R-
representations of G; see [Bushnell and Henniart 2002] for R = C and [Vignéras
1988] for R = [F*.

The parabolically induced representation indg(l) realized by the space of con-
stant functions on B\ G contains the trivial character. It also has the trivial character
as a quotient, given by the functional A which sums the values of functions on B\G.
The map from the trivial subrepresentation to the trivial quotient is multiplication
by g + 1, so is an isomorphism if £ does not divide g + 1, and is 0 otherwise. In the
first case the quotient St = indg (1)/1 is irreducible, in the second case Ker(1)/1 is
a cuspidal but not supercuspidal representation oy of G.

The irreducible (classes of) R-representations o of G are:

(1) The characters x o det where x is an R-character of k*.

(2) When g +1 # 0 in R, the twists (x o det) ® St of St by the R-characters
x odet of G.

(2') When g + 1 =0 in R, the twists () o det) ® o¢ of o by the R-characters
x odet of G.

(3) The irreducible principal series indg (x1 ® x2), where x; and y, are two
distinct R-characters of k*.

(4) The supercuspidal representations o (6), where 6 is an R-character of k5,
6 # 601, where k»/k is a quadratic extension.

The only isomorphisms between those representations are given by exchanging
x1 and x» in (3), as well as 6 and 67 in (4).

Twisting by an R-character x o det of G has the obvious effect, for example
sending 6 to (x o N)& where N (x) = x9*! for x € k3 in (4).

Any irreducible R-representation T of G’ is contained in the restriction o | to G’
of an irreducible R-representation o of G. The representation o |/ is semisimple
of multiplicity 1 and its irreducible components are G-conjugate. The stabilizer
of T contains ZG’ and G/ZG’ is isomorphic to k*/(k*)?. We have |k*/(k*)?| = 1
when p =2 and |k*/(k*)?| = 2 when p is odd. Therefore o |¢ is irreducible when
p =2 and o|g has length 1 or 2 when p is odd.

When charg # 2, the length Ig(o|g’) of 0| is the number of R-characters
of k* such that (y odet) ® 0 >~ 7, so

2 in case (3) if ( )2 =1 and in case (4) if (871> =1,
(A-1) lg(al) = Ot Ga/xe
1 otherwise.

The restrictions o1|g’, 02|’ of two irreducible representations oy, o of G are
isomorphic if and only if o1, 0, are twists of each other by an R-character of G.
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Otherwise o |¢’, 02| are disjoint. So, we have a classification of the (isomorphism
classes of) irreducible representations of G’ when charg # 2.

Remark A.2. The restriction to B of a cuspidal representation of G is the Kirillov
representation x of B (the irreducible R-representation of B induced by any non-
trivial R-character of U). The restriction of « to U is the direct sum of all nontrivial
R-characters of U. The group B acts transitively on such characters, whereas
B’ = BN G’ acts with two orbits. It follows that the restriction of x to B’ has two
inequivalent irreducible components. Consequently a cuspidal representation of G
restricts to G’ with length 1 or 2.

Let £ be an odd prime number different from p. Let us consider the reduction
modulo £ of the previous irreducibles o over Qf° (since G is finite, they are integral).
For an integral Qj°-character x (with values in Zi°), let x denote its reduction
modulo ¢. Reduction modulo £ is compatible with twisting by a Qf°-character
x odet in the sense that the reduction of (x odet) ® o is the twist by x o det of the
reduction of o.

(1) The trivial Qj°-character of G reduces to the trivial Fj°-character.

(2) When £ does not divide g + 1, the Steinberg Qf°-representation reduces to the
Steinberg [F°-representation.

(2') When ¢ divides g + 1, the Steinberg Qj°-representation reduces to a length 2
representation with subrepresentation oq and trivial quotient (for the natural integral
structure).

(3) Theirreducible principal series indg (x1®x2) reduces to the irreducible principal
series indg()h ® x2) when x1 # 2, and to (1 o det) ® indg(l) (of length 2 when
£ does not divide g + 1, and length 3 otherwise) when x; = x» (for the natural
integral structure).

(4) The supercuspidal Qj°-representation o (@) reduces to the supercuspidal [F°-
representation o () if 6 # (8)? = 04, and otherwise (which can happen only if ¢

divides g +1) to (nodet) ® op where 7 is the Fy°-character of I/ such that no N =6.

A given [Fj°-character of k* or k3 has a unique lift to a Zj°-character of the same
order, and from the above it is clear that any irreducible [;°-representation o of G
lifts to a Qj°-representation. Moreover, one can choose a lift of o with the same
length on restriction to G’, thus proving the theorem when £ is odd.

Let us finally assume charg = 2. Then p is odd and ¢ + 1 = 0 in R. Write
g —1=2°m with a positive integer s and an odd integer 7. The number of irreducible
R-representations of G (resp. ZG’) is the number of conjugacy classes in G (resp.
ZG') of elements of odd order. Let g € G be of odd order. Then detg € k* has
odd order so detg € (k*)> and g € ZG’. The G-conjugacy class of g is equal to
its ZG'-conjugacy class unless the G-centralizer of g is entirely in ZG'. In that
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exceptional case, the G-equivalence class of g is the union of two ZG’-equivalence
classes. This happens only when g = zu where z € Z (of odd order) and u # 1 is
unipotent. That shows that m is the number of ZG’-conjugacy classes of elements
of odd order minus the number of G-conjugacies of such elements. Consequently
m is the number of irreducible R-representations of ZG’ minus the number of
irreducible R-representations of G.

Consider first o (0) for a Q3°-character 6 of k3 of order 25+l Certainly 0 is
trivial so that the reduction of o (f) modulo 2 is og. But £(0(6)|s’) =2 by (A-1),
from which it follows that £(og|g’) = 2. We have seen however that £(og|g’) < 2
(Remark A.2), so £(0p|c’) = 2, and each irreducible component of oy|g lifts to an
irreducible component of o (6)|¢. The F5°-characters x of k* have odd order, their
number is m, and the representations (x o det) ® oy are not equivalent (the order
of x is odd). We deduce:

Lemma A.3. All irreducible F5°-representations of G restrict irreducibly to G’
except the twists of og by characters.

The reduction modulo 2 of any supercuspidal Q5 -representation of G' is irre-
ducible.

We deduce the classification of irreducible R-representations of G’ when charg =2
and Theorem A.1 when £ = 2.

Remark A.4. For use in the main text we summarize:

(a) Wheng+1=01in R, oop|sL,«) 1s irreducible if charg # 2, and has length 2
if charg = 2.

(b) In (4), let b € k, be an element of order g + 1. We have 8 # 07 <= 0(b) # 1
and o (0)|sL, k) is irreducible if 6%(b) # 1, and has length 2 if 02(b) = 1.

When charg =2, or when p =2, hence (2,¢ + 1) =1, we have (b)) # 1 <=
0 (b?) # 1, hence o (0)|sr,«) is irreducible for all 6 # 69.

When charg # 2 and p is odd, there exists 6 such that 8(b) # 1, 0(b)? =1,
unique modulo the twist by a character x such that x (b) = 1. The corresponding
representations o (9) of G are twists of each other by a character of G. Their
restrictions to SL;(k) are isomorphic and reducible of length 2.
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