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FENGJIANG LI

We investigate the rigidity of complete noncompact gradient steady Ricci
solitons with harmonic Weyl tensor. More precisely, we prove that an n-
dimensional (n ≥ 5) complete noncompact gradient steady Ricci soliton
with harmonic Weyl tensor and multiply warped product metric is either
Ricci flat or isometric to the Bryant soliton up to scaling. Meanwhile, for
n ≥ 5, we provide a local structure theorem for n-dimensional connected (not
necessarily complete) gradient Ricci solitons with harmonic Weyl curvature
and multiply warped product metric.

1. Introduction

An n-dimensional Riemannian manifold (Mn, g) is called a gradient Ricci soliton
if there exists a smooth function f on M such that the Ricci tensor satisfies

(1-1) Ric + Hess( f ) = ρg

for some constant ρ, where Ric is the Ricci tensor of g and Hess( f ) denotes the
Hessian of the potential function f . The Ricci soliton is said to be shrinking, steady,
or expanding accordingly as ρ is positive, zero, or negative, respectively. When
the potential function f is constant, the gradient Ricci soliton is simply an Einstein
manifold and is said to be trivial. Ricci solitons generate self-similar solutions of
the Ricci flow, and they play a fundamental role in the formation of singularities of
the flow (see [5] for a nice overview). Hence the classification of gradient Ricci
solitons has been a very interesting problem.

In the shrinking case, classification results for gradient Ricci solitons have been
obtained by many authors under various curvature conditions on the Weyl tensor,
e.g., [7; 9; 10; 17; 20; 21; 24; 28; 29; 30; 31; 33; 35; 36], etc. In particular,
Fernández-López and García-Río [21] together with Munteanu and Sesum [28]
proved that any n-dimensional complete gradient shrinker with harmonic Weyl
tensor is rigid, i.e., it is isometric to a (finite) quotient of N ×Rk , the product soliton
of an Einstein manifold N of positive scalar curvature with the Gaussian soliton Rk .
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On the other hand, it is well known that compact gradient steady solitons are
necessarily Ricci flat. In dimension n = 2, the only complete noncompact gradient
steady Ricci soliton with positive curvature is Hamilton’s cigar soliton 62 [22].
In dimension n = 3, known examples are given by R3, 62

× R, and the rotationally
symmetric Bryant soliton [3]. In [2], Brendle showed that the Bryant soliton is the
only complete noncompact, nonflat, κ-noncollapsed, gradient steady Ricci soliton,
confirming a claim by Perelman [31]. For n ≥ 4, there are more known gradient
steady Ricci soliton examples, hence uniqueness results in general are less expected
and it is desirable to find geometrically interesting conditions under which certain
rigidity results would hold. Indeed, in the Kähler case, Cao [4] constructed a
complete gradient steady Kähler–Ricci soliton on Cm , for m ≥ 2, with positive
sectional curvature and U (m) symmetry.

In [6], for n ≥3, Cao and Chen showed that a complete noncompact n-dimensional
locally conformally flat gradient steady Ricci soliton is either flat or isometric
to the Bryant soliton up to scaling; see also [12] for an independent proof for
n ≥ 4. Moreover, an important covariant 3-tensor D for gradient Ricci solitons was
introduced in [6; 7] (see also Section 2 for the definition of D-tensor). Classification
results have been obtained in [11] for Bach flat steady solitons in dimension n ≥ 4
under some conditions. In particular, it follows that Bach flatness implies local
conformal flatness under positive Ricci curvature assumption. However, not much
was known about the rigidity of complete gradient steady Ricci solitons with
harmonic curvature. In fact, it is quite natural to ask the following:

Main Question. Is it true that any n-dimensional (n ≥ 4) steady gradient Ricci
soliton (M, g, f ) with harmonic Weyl curvature is either Ricci flat or isometric to
the Bryant soliton up to scaling?

Kim [26] provided a positive answer to this question for n = 4. Kim produced a
nice local description of such Ricci soliton metrics and their potential functions. His
method of proof was motivated by the work of Cao and Chen [6; 7], and also based
on Derdziński’s study on Codazzi tensors [19] (the harmonicity of the Weyl tensor
is equivalent to the Schouten tensor being Codazzi). Combining with the gradient
Ricci soliton condition, Kim managed to analyze in detail the situation when the
Ricci tensor has two and three distinct eigenvalues. However, difficulties arise in the
higher-dimensional case. Indeed, as the dimension increases, so do the numbers and
multiplicities of distinct Ricci eigenvalues and the situation becomes more subtle.

On the other hand, the condition of harmonic Weyl curvature is equivalent to the
Schouten tensor being a Codazzi tensor. Derdziński [19] described the following:
For a Codazzi tensor A and a point x in M , let E A(x) be the number of distinct
eigenvalues of Ax , and set

MA = {x ∈ M | E A is constant in a neighborhood of x}.
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Then MA is an open dense subset of M ; in each connected component of MA,
the eigenvalues are well-defined and differentiable functions. As a gradient Ricci
soliton, (M, g, f ) is real-analytic in harmonic coordinates; see [23; 25]. Then if f
is not constant, {∇ f ̸= 0} is open and dense in M and ∇ f is an eigenvector field of
the Ricci tensor (see Lemma 3.1). Hence, for each point p ∈ MA ∩{∇ f ̸= 0}, there
exists a neighborhood U of p, such that the number of distinct eigenvalues of the
Ricci tensor is constant on U , and we assume that the multiplicities of m distinct
Ricci eigenvalues are r1, r2, . . . , rm , respectively, except for the one, which is the
eigenvalue with respect to the eigenvector ∇ f , where 1 + r1 + r2 + · · · + rm = n.

Definition 1.1. A gradient Ricci soliton metric g is called a multiply warped product
metric of eigenspaces with the Ricci tensor if for each point p ∈ MA ∩ {∇ f ̸= 0},
there exists a neighborhood U of p such that

U = L ×h1 L1 · · · ×hl L l ×hl+1 Nl+1 × · · · ×hm Nm

and the metric g, when restricted to U , is a multiply warped product metric of the
form

g = ds2
+ h2

1(s)dt2
1 + · · · + h2

l (s)dt2
l + h2

l+1(s)g̃l+1 + · · · + h2
m(s)g̃m,

where h j (s) are smooth positive functions for 1 ≤ j ≤ m, dim Lν = 1 for 1 ≤

ν ≤ l, and (Nµ, g̃µ) is an rµ-dimensional integral submanifold of the eigenspaces
corresponding to the Ricci eigenvalue for l + 1 ≤ µ ≤ m.

In this paper, motivated by Kim’s work [26], we study n-dimensional (n ≥ 5)
complete gradient Ricci solitons with harmonic Weyl curvature and multiply warped
product metric of eigenspaces with the Ricci tensor. Our first main result is the
following classification result.

Theorem 1.2. Let (Mn, g, f ), n ≥ 5, be a complete n-dimensional gradient Ricci
soliton with harmonic Weyl curvature and multiply warped product metric of
eigenspaces with the Ricci tensor. Then it is one of the following types:

(i) (Mn, g) is isometric to a quotient of Rr
× N n−r (2 ≤ r ≤ n − 2), where N n−r

is an (n−r)-dimensional Einstein manifold with the Einstein constant ρ ̸= 0.
Also the potential function is given by f =

ρ
2 |x |

2 modulo a constant on the
Euclidean factor.

(ii) (Mn, g) has the vanishing covariant 3-tensor D of Cao and Chen [6; 7].

Note that, as mentioned before, the analog of Theorem 1.2 in the shrinking case
was already known [21; 28]. In addition, Theorem 1.2(ii) includes the case when
(Mn, g) is Einstein: if f is a constant function then the vanishing of D-tensor fol-
lows from its definition, and the case of nonconstant f follows from Theorem 6.1 or
from, e.g., the work of Cheeger and Colding [14] on warped products and Hessians.
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Meanwhile, Cao and Chen [7] showed that any n-dimensional (n ≥ 4) gradient
Ricci soliton with vanishing D-tensor has harmonic Weyl curvature. Note that our
Theorem 1.2(ii) is the converse to Cao and Chen’s result, at least under the multiply
warped product metric assumption. In particular, as a consequence of Theorem 1.2
and the very recent work of Cao and Yu [8], we have the following partial answer
to Main Question for all n ≥ 5.

Theorem 1.3. Let (Mn, g, f ), n ≥ 5, be a complete noncompact gradient steady
Ricci soliton with harmonic Weyl curvature and multiply warped product metric
of eigenspaces with the Ricci tensor. Then it is either Ricci flat or isometric to the
Bryant soliton up to scaling.

On the other hand, the expanding solitons are less rigid, and various works have
been done recently; see, for example, [16; 18; 32]. As another consequence of
Theorem 1.2 and the work of Cao and Yu [8] for complete D-flat expanding solitons,
we have the following classification result.

Theorem 1.4. Let (M, g, f ), n ≥ 5, be a complete expanding gradient Ricci soliton
with harmonic Weyl curvature and multiply warped product metric of eigenspaces
with the Ricci tensor. Then it is one of the following types:

(i) g is an Einstein metric with a constant potential function f .

(ii) (Mn, g) is isometric to a quotient of Rr
× N n−r , where 2 ≤ r ≤ n −2, Rr is the

Gaussian expanding soliton, and N n−r is an (n−r)-dimensional Einstein manifold
with the Einstein constant ρ < 0.

(iii) (Mn, g) is rotationally symmetric and a quotient of an expanding soliton of
the form

([0, ∞), ds2) ×h (Sn−1, ḡ0),

where ḡ0 is the round metric on Sn−1.

(iv) (Mn, g) is a quotient of some warped product expanding Ricci soliton of the
form

(R, ds2) ×h (N n−1, ḡ),

where (N n−1, ḡ) is an Einstein manifold of negative scalar curvature.

Inspired by Cao and Chen [6; 7] and Kim [26], we in fact derived a local
description of Ricci soliton potential functions under the assumption of harmonic
Weyl curvature. By using the method of exterior differential and moving frames, we
first obtain the integrability condition of harmonicity and give a local structure of the
soliton metric with a multiply warped product. Then we divide the discussion into
three cases, according to the numbers and multiplicities of distinct Ricci eigenvalues.
As a result, we obtain the following local classification.
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Theorem 1.5. Let (Mn, g, f ), (n ≥ 5), be an n-dimensional (not necessarily com-
plete) connected gradient Ricci soliton with harmonic Weyl curvature and multiply
warped product metric of eigenspaces with the Ricci tensor. Then it is one of the
following four types:

(i) (Mn, g) is Einstein, and f is a constant function.

(ii) For each point p ∈ M , there exists some neighborhood U of p such that
(U, g) is isometric to a domain in the Riemannian product Rr

× N n−r with g =

ds2
+s2dS2

r−1 + g̃, where 2 ≤ r ≤ n −2 and (N n−r , g̃) is Einstein with the Einstein
constant ρ ̸= 0. The potential function is given by f =

ρ
2 |x |

2 modulo a constant on
the Euclidean factor.

(iii) For each point p ∈ M , there exists a neighborhood U of p such that (U, g) is
isometric to a domain in R+

×R×N n−2 with g = ds2
+s2(n−3)/(n−1)dt2

+s4/(n−1)g̃,
where (N n−2, g̃) is Ricci flat. Also, n ̸= 5, ρ = 0 and f = 2(n − 3)/(n − 1) log(s)
modulo a constant.

(iv) For each point p ∈ M , there exists a neighborhood U of p such that (U, g) is
isometric to a domain in R × N n−1 with g = ds2

+ h2(s)g̃, where g̃ is an Einstein
metric on some (n−1)-manifold N n−1. Moreover, the covariant 3-tensor D of Cao
and Chen [6; 7] vanishes.

We point out that the incomplete steady gradient soliton in Theorem 1.5(iii)
has negative scalar curvature, which is in contrast to the fact that complete steady
gradient solitons should have nonnegative scalar curvature [15]. Thus, Theorem 1.2
follows immediately from Theorem 1.5.

Next, we discuss some applications. In [13], the authors obtained some results on
gradient Ricci solitons with certain vanishing conditions on the Weyl tensor. More
precisely, assuming div4(W ) = 0 and under certain Ricci curvature assumptions,
they showed that the Ricci soliton has harmonic Weyl curvature. Combining this
fact with Theorems 1.3 and 1.4, and [26] for n = 4, we have the following two
corollaries.

Corollary 1.6. Let (Mn, g, f ), n ≥ 4, be a complete gradient steady Ricci soliton
with positive Ricci curvature such that the scalar curvature attains its maximum
at some point p0 ∈ M. If the soliton is of multiply warped product metric and
div4(W ) = 0, then M is either Ricci flat or isometric to the Bryant soliton.

Corollary 1.7. Let (Mn, g), n ≥ 4, be a complete gradient expanding Ricci soliton
with nonnegative Ricci curvature. If the soliton is of multiply warped product metric
and div4(W ) = 0, then M is one of the following:

(i) g is an Einstein metric with f a constant function.
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(ii) (Mn, g) is isometric to a quotient of Rr
× N n−r , where 2 ≤ r ≤ n −2, Rr is the

Gaussian expanding soliton, and N n−r is an (n−r)-dimensional Einstein manifold
with the Einstein constant ρ < 0.

(iii) (Mn, g) is rotationally symmetric and a quotient of an expanding soliton of
the form

([0, ∞), ds2) ×h (Sn−1, ḡ0),

where ḡ0 is the round metric on Sn−1.

(iv) (Mn, g) is a quotient of some warped product expanding Ricci soliton of the
form

(R, ds2) ×h (N n−1, ḡ),

where (N n−1, ḡ) is an Einstein manifold of negative scalar curvature.

This paper is organized as follows. In Section 2, we give some formulas and
notation for Riemannian manifolds and Ricci solitons by using the method of moving
frames. In Section 3, we derive the integrability conditions (ODEs) for a gradient
Ricci soliton with harmonic Weyl tensor when the local structure of the metric is
a multiply warped product. In Sections 4–6, we divide our discussion into three
cases according to the numbers and multiplicities of distinct Ricci eigenvalues λi ,
i = 1, 2, . . . , n. Here, we denote λ1 as the Ricci eigenvalue with respect to the
gradient vector ∇ f of the potential function. Concretely, in Section 4, we study
the case that there are at least three mutually different values in the eigenvalues
λ2, . . . , λn , but it turns out that this case cannot occur. In Section 5, we analyze the
case that there are exactly two distinct Ricci values in the eigenvalues λ2, . . . , λn .
Then two subcases are divided according to whether one of the two distinct Ricci
eigenvalues is of single multiplicity or not. Types (ii) and (iii) of Theorem 1.5 come
from this part. In Section 6, we treat the remaining case that all λ2, λ3, . . . , λn are
equal, for which the D-tensor must vanish. In the last section, we summarize and
prove the stated theorems.

2. Preliminaries

In this section, we first recall some formulae and notation for Riemannian manifolds
by using the method of moving frames. Then we give some fundamental formulae
of Ricci solitons.

2.1. Notation for Riemannian manifolds. Let Mn (n ≥ 3) be an n-dimensional
Riemannian manifold, E1, . . . , En be a local orthonormal frame fields on Mn , and
ω1, . . . , ωn be their dual 1-forms. In this paper we make the following conventions
on the range of indices:

1 ≤ i, j, k, . . . ≤ n
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and agree that repeated indices are summed over the respective ranges. Then we
can write the structure equations of Mn as

dωi = ω j ∧ ω j i and ωi j + ω j i = 0;(2-1)

−
1
2 Ri jklωk ∧ ωl = dωi j − ωik ∧ ωk j and Ri jkl = −R j ikl,(2-2)

where d is the exterior differential operator on M , ωi j is the Levi-Civita connection
form and Ri jkl is the Riemannian curvature tensor of M . It is known that the
Riemannian curvature tensor satisfies

(2-3) Ri jkl = −Ri jlk, Ri jkl = Rkli j and Ri jkl + Rikl j + Ril jk = 0.

The Ricci tensor Ri j and scalar curvature R are defined, respectively, by

(2-4) Ri j :=
∑
k

Rik jk and R =
∑

i
Ri i .

Let f be a smooth function on Mn . We define the covariant derivatives fi , fi, j and
fi, jk as

(2-5) fiωi := d f, fi, jω j := d fi + f jω j i ,

and

(2-6) fi, jkωk := d fi, j + fk, jωki + fi,kωk j .

We know that

(2-7) fi, j = f j,i and fi, jk − fi,k j = fl Rli jk .

The gradient, Hessian and Laplacian of f are defined by

(2-8) ∇ f := fi Ei , Hess( f ) := fi, jωi ⊗ ω j and 1 f :=
∑

i
fi,i .

The covariant derivatives of tensors Ri j and Ri jkl are defined by

(2-9) Ri j,kωk := d Ri j + Rk jωki + Rikωk j

and

(2-10) Ri jkl,mωm := d Ri jkl + Rmjklωmi + Rimklωmj + Ri jmlωmk + Ri jkmωml .

By exterior differentiation of (2-2), one can get the second Bianchi identity

(2-11) Ri jkl,m + Ri jlm,k + Ri jmk,l = 0.

From (2-4), (2-10) and (2-11), we have

(2-12) Ri j,k − Rik, j = −
∑

l
Rli jk,l,
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and so

(2-13)
∑

j

R j i, j =
1
2 Ri .

We define the Schouten tensor as A = Ai jωi ⊗ ω j , where

(2-14) Ai j := Ri j −
1

2(n − 1)
Rδi j .

Then Ai j = A j i . The tensor

(2-15) Wi jkl := Ri jkl −
1

n − 2
(Aikδ jl + A jlδik − Ailδ jk − A jkδil)

is called the Weyl conformal curvature tensor which does not change under the
conformal transformation of the metric. Moreover, as it can be easily seen by the
formula above, W is totally trace-free. In dimension three, W is identically zero
on every Riemannian manifold, whereas, when n ≥ 4, the vanishing of the Weyl
tensor is equivalent to the locally conformal flatness of (Mn, g). We also recall
that in dimension n = 3, (M, g) is locally conformally flat if and only if the Cotton
tensor C , defined as follows, vanishes:

(2-16) Ci jk := Ai j,k − Aik, j .

We recall that, for n ≥ 4, using the second Bianchi identity, the Cotton tensor can
also be defined as one of the possible divergences of the Weyl tensor:

(2-17) −
n − 2
n − 3

∑
l

Wli jk,l = Ci jk .

On any n-dimensional manifold (M, g) (n ≥ 4), in what follows a relevant role
will be played by the Bach tensor, first introduced in general relativity by Bach [1]
in early 1920s. By definition, we have

(2-18) Bi j :=
1

n − 3
Wik jl,kl +

1
n − 2

Rkl Wik jl

and by (2-17), we have an equivalent expression of the Bach tensor:

(2-19) Bi j =
1

n − 2
(Ci jk,k + Rkl Wik jl).

2.2. Some basic facts for gradient Ricci solitons. Now, let (Mn, g, f ) be a gradient
Ricci soliton and (1-1) can be written as

(2-20) Ri j + fi, j = ρδi j .

We will recall some well-known facts of gradient Ricci solitons.
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Lemma 2.1 (Hamilton [22]). Suppose that (Mn, g, f ) is a gradient Ricci soliton
satisfying (2-20). Then

∇ R = 2 Ric(∇ f, · ),(2-21)

R + |∇ f |
2
− 2ρ f = C0,(2-22)

1R = ⟨∇ R, ∇ f ⟩ + 2ρR − 2 |Ric|2,(2-23)

where C0 is constant and |Ric|2 =
∑

i, j R2
i j .

The covariant 3-tensor D, introduced by H.-D. Cao and Q. Chen in [6], turns out
to be a fundamental tool in the study of the geometry of gradient Ricci solitons (more
in general for gradient Einstein-type manifolds). In components it is defined as

(2-24) Di jk =
1

n − 2
(Ai j fk − Aik f j ) +

1
(n − 1)(n − 2)

(δi j Ekl − δik E jl) fl,

where Ei j = Ri j −
R
2 δi j is the Einstein tensor. This 3-tensor Di jk is closely tied

to the Cotton tensor and played a significant role in [6; 7] on classifying locally
conformally flat gradient steady solitons and Bach flat shrinking Ricci solitons.

Lemma 2.2 (Cao–Chen [6; 7]). Let (Mn, g, f ), n ≥ 3, be a complete gradient
Ricci soliton satisfying (2-20). Di jk is closely related to the Cotton tensor and the
Weyl tensor by

(2-25) Di jk = Ci jk + fl Wli jk .

The Bach tensor Bi j can be expressed in terms of Di jk and the Cotton tensor Ci jk

(2-26) Bi j =
1

n − 2

(∑
k

Di jk,k +
n − 3
n − 2

fkC j ik

)
.

Finally, by using (2-7), (2-20), (2-14), (2-16) and (2-23), we immediately have
the following lemma (see, for instance, Kim [26]).

Lemma 2.3. Let (Mn, g, f ) be a gradient Ricci soliton with harmonic Weyl tensor,
i.e., δW =

∑
l Wli jk,l = 0. Then the Cotton tensor C vanishes and the Schouten

tensor A is Codazzi. Moreover,

(2-27) fl Rli jk = Rik, j − Ri j,k

=
1

2(n − 1)
(R jδik − Rkδi j )

=
1

n − 1
fl(Rl jδik − Rlkδi j ).
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3. The basic local structure for n-dimensional gradient Ricci soliton
with harmonic Weyl curvature

In this section, for any gradient Ricci soliton with harmonic Weyl tensor, we first
recall by the arguments of [7; 26] that ∇ f/|∇ f | is a Ricci eigenvector field with
its eigenvalue λ1. There is a local function s with ∇s = ∇ f/|∇ f |, such that λ1

and R are functions of s only. Secondly, we show in Lemma 3.3 that the Ricci
eigenvalues λi , i = 1, 2, . . . , n, locally depend only on the variable s. At last, we
derive the integrability conditions when the local structure of the metric is a multiply
warped product (see Theorem 3.6).

First of all, we have the next lemma (see also Lemma 2.5 in [26]).

Lemma 3.1. In some neighborhood U of each point in {∇ f ̸= 0}, we choose
an orthonormal frame field {E1 = ∇ f/|∇ f |, E2, . . . , En} with dual frame field
{ω1 = d f/|∇ f |, ω2, . . . , ωn}. The following properties hold:

(i) E1 = ∇ f/|∇ f | is an eigenvector field of the Ricci tensor.

(ii) The 1-form ω1 = d f/|∇ f | is closed. So the distribution V = Span{E2, . . . , En}

is integrable from the Frobenius theorem. We denote by L and N the integrable curve
of the vector field E1 and the integrable submanifold of V , respectively. Then it
holds locally M = L ×N and there exist local coordinates (s, x2, . . . , xn) of M such
that ds = d f/|∇ f |, E1 = ∇s, V = Span{∂/∂x2, . . . , ∂/∂xn} and g = ds2

+
∑

a ω2
a .

(iii) R and R11 = Ric(E1, E1) can be considered as functions of the variable s
only, and we write the derivative in s by a prime: f ′

= d f/ds, etc.

Proof. Noting that f1 = |∇ f | ̸= 0, fa = 0 for 2 ≤ a ≤ n, (2-27) gives us

0 = f1 R111a = fl Rl11a =
1

n − 1
fl(Rl1δ1a − Rlaδ11) = −

1
n − 1

f1 R1a.

Then R1a = 0, which implies E1 = ∇ f/|∇ f | is an eigenvector field of the Ricci
curvature, and (i) is proved.

Making use of (2-21), we get

(3-1) Ra = 2Raj f j = 2Ra1 f1 + 2
∑
b≥2

Rab fb = 0,

together with (2-22), which shows

(|∇ f |
2)a = −Ra + 2ρ fa = 0.

Therefore

dω1 = d
(

d f
|∇ f |

)
= −

1
2 |∇ f |3/2 d(|∇ f |

2) ∧ d f = 0,

and (ii) is proved.
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Since R1 = 2R1 j f j = 2R11 f1 implies that

R11 =
1

2 |∇ f |
R1,

by combining with (3-1), one can immediately get (iii). □

Let (Mn, g, f ) be a gradient Ricci soliton with harmonic Weyl curvature. Com-
bining with Lemma 3.1, we can choose a locally orthonormal frame field{

E1 =
∇ f
|∇ f |

, E2, . . . , En

}
,

with the dual
{
ω1 =

d f
|∇ f |

, ω2, . . . , ωn
}

such that

(3-2) Ri j = λiδi j .

Without loss of generality, we assume that

λ2 = · · · = λr1+1, λr1+2 = · · · = λr1+r2+1, . . . , λr1+r2+···+rm−1+2 = · · · = λn,

and λ2, λr1+2, . . . , λr1+r2+···+rm−1+2 are distinct. Next, our first goal is to prove that
all Ricci eigenvalues λi (i = 1, . . . , n) depend only on the local variable s.

Lemma 3.2. Let (M, g, f ) be an n-dimensional gradient Ricci soliton with har-
monic Weyl curvature. For the above local frame field {Ei } in MA ∩ {∇ f ̸= 0}, we
have that

f ′′
+ λ1 = ρ,(3-3)

ω1a = ξaωa,(3-4)
Raa,1 = (λ1 − λa)ξa +

R1

2(n−1)
,(3-5)

where

(3-6) ξa :=
1

|∇ f |
(ρ − λa).

Proof. From (2-5) and (2-6), it follows that for 2 ≤ a ≤ n, f1 = |∇ f | = f ′, fa = 0,

f1,1 = f ′′ and f ′ω1a = fa, jω j .

Putting fi, j = (ρ − λi )δi j into the above equations, one can immediately get (3-3)
and (3-4). Covariant derivatives of Ri j can be computed by (2-9):

R11,1 = λ′

1 and R1a,a = (λ1 − λa)ξa.

Combining with the harmonic condition Raa,1 = R1a,a +
R1

2(n−1)
yields (3-5), and

we have completed the proof of this lemma. □

Based on the above lemmas, we present the key lemma which was proved by
Kim [26] for the four-dimensional case. Here we include a proof similar to Shin’s
(see also Lemma 3 in [34]).



334 FENGJIANG LI

Lemma 3.3. Let (M, g, f ) be an n-dimensional gradient Ricci soliton with har-
monic Weyl curvature. For the above local frame field {Ei } in MA ∩ {∇ f ̸= 0}, the
Ricci eigenvalues λi (i = 1, . . . , n) depend only on the local variable s, so do the
functions ξa for 2 ≤ a ≤ n.

Proof. Firstly, it follows from Lemma 3.1 that R = tr(Ric) and λ1 = R11 depend
on s only, and then we consider the Laplacian of the scalar curvature. Calculating
the covariant derivatives R gives us R1,1 = R′′ and Ra,b = R′ξaδab. Thus

1R = R1,1 +

∑
a

Ra,a = R′′
+ R′

(n − 1)ρ − R + λ1

f ′

depends on s only. Then from (2-23), tr(Ric2) = |Ric|2 also depends on s only.
Therefore by this motivation, we define (Rick)i j = Ri i1 Ri1i2 · · · Rik−1 j with its trace
tr(Rck) =

∑n
i=1(λi )

k , and then our goal is to show that the functions tr(Rick) for
k = 1, 2, . . . , n − 1 depend on s only, which implies that λi for i = 1, . . . , n also
depend only on s.

Next, we apply the mathematical induction to prove the desired results. Assume
tr(Ricl) depends on s only for 1 ≤ l ≤ k, and then tr(Rick+1) will be done. In fact,( n∑

i=1

(Rk
ii )

)
1
=

n∑
i=1

k Rk−1
i i (Ri i )1

= k
(

Rk−1
11 R11,1 +

n∑
a=2

Rk−1
aa Raa,1

)
.

Putting (3-2), (3-5) and (3-6) into the above equation, we have( n∑
i=1

(Rk
ii )

)
1
= kλk−1

1 λ′

1 + k
1
f ′

[(∑
i

λk+1
i − λk+1

1

)
− (λ1 + ρ)

(∑
i

λk
i − λk

1

)]
+ k

(
ρ

1
f ′

λ1 +
R′

2(n − 1)

)(∑
i

λk−1
i − λk−1

1

)
,

By assumption, every term except for
∑

i λk+1
i in the above equation depends

only on s. Thus tr(Rick+1) =
∑n

i=1 λk+1
i is also a function of s only, and we have

completed the proof of this lemma. □

We proceed to obtain the local structure of the metric for n-dimensional gradient
Ricci solitons with harmonic Weyl curvature. We define [a]={b |λb =λa and b ̸=1}

for 2 ≤ a ≤ n and make the following conventions on the range of indices:

2 ≤ a, b, c . . . ≤ n and 2 ≤ α, β, . . . ≤ n,

where [a] = [b], [α] = [β] and [a] ̸= [α].
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Lemma 3.4. Let (M, g, f ) be an n-dimensional gradient Ricci soliton with har-
monic Weyl curvature. For the above local frame field {Ei } in MA ∩ {∇ f ̸= 0}, for
p /∈ {1, [a], [α]}, we have that

(λa − λα)ωaα(E p) = (λa − λp)ωap(Eα),(3-7)

R1a1b = −(ξ ′

a + ξ 2
a )δab,(3-8)

ξ ′

a + ξ 2
a = −

R′

2(n − 1) f ′
,(3-9)

λ1 = − f ′′
+ ρ = −(n − 1)(ξ ′

a + ξ 2
a ),(3-10)

λ′

a − (λ1 − λa)ξa =
R′

2(n − 1)
.(3-11)

Proof. We continue to compute the covariant derivatives of Ri j . For a ̸= b,

Raa,1 = λ′

a, Raa,b = Raa,α = 0 and Rab,i = 0,

while for the different range of indices,

(λa − λα)ωaα =

n∑
k=1

Raα,kωk = Raα,1ω1 + Raα,aωa + Raα,αωα +

∑
i ̸=1,a,α

Raα,iωi .

Since Raα,1 = 0 and Raα,a = 0, ωaα(E1) = ωaα(Ea) = ωaα(Eα) = 0. Therefore,

(λa − λα)ωaα =

∑
p/∈{1,[a],[α]}

Raα,pωp.

Therefore, when p ∈ {1, [a], [α]}, ωaα(E p) = 0; while when p /∈ {1, [a], [α]},

(λa − λα)ωaα(E p) = Raα,p.

By (2.27), Raα,p = Rap,α = Rpα,a; hence,

(λa − λα)ωaα(E p) = (λa − λp)ωap(Eα) = (λα − λp)ωαp(Ea),

which shows (3-7) .
Next we will compute the curvature. From (2-2) and (3-4),

−
1
2 R1ai jωi ∧ ω j = (ξ ′

a + ξ 2
a )ω1 ∧ ωa +

∑
α≥2

(ξa − ξα)ωaα ∧ ωα,

which shows (3-8) since ωaα(E1) = 0. Making use of (2-27) again, we see

R1a1a =
R′

2(n − 1) f ′
,
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which shows that all R1a1a are equal for a =2, . . . , n, and (3-9) holds by (3-8). Then
in combination with (3-3), we immediately get (3-10). Putting Raa,1 = λ′

a into (3-5)
implies harmonic condition (3-11). We have completed the proof of this lemma. □

Remark 3.5. We would like to express our gratitude to Professor Kim for pointing
out an error that when the eigenvalues λ2, . . . , λn are at least three distinct values,
ωaα = 0 is not always true. However, under the harmonic of Weyl tensor condition,
we can only establish the exchange relation as shown in (3-7). Under certain specific
conditions, such as when at most two eigenvalues λ2, . . . , λn are distinct, ωaα = 0
holds true.

At last, we are ready to derive the integrability conditions and the local structure
of the metric as a multiply warped product. For the multiplicities of distinct Ricci
eigenvalues, without loss of generality, we assume that r1 = r2 = · · · = rl = 1 and
rl+1, rl+2, . . . , rm ≥ 2.

Theorem 3.6. Let (Mn, g, f ) (n ≥ 4) be an n-dimensional gradient Ricci soliton
with harmonic Weyl curvature. For each point p ∈ MA ∩ {∇ f ̸= 0} and the above
local frame field {Ei } in MA ∩ {∇ f ̸= 0}, ωaα(Ek) = 0 for k /∈ {1, [a], [α]} if and
only if there exists a neighborhood U of p such that

U = L × h1 L1 · · · × hl L l · · · × hl+1 Nl+1 × · · · × hm Nm

is a multiply warped product furnished with the metric

(3-12) g = ds2
+ h2

1(s)dt2
1 + · · · + h2

l (s)dt2
l + h2

l+1(s)g̃l+1 + · · · + h2
m(s)g̃m,

where h j (s) are smooth positive functions for 1 ≤ j ≤ m, dim Lν=1 for 1 ≤ ν ≤ l,
and (Nµ, g̃µ) is an rµ-dimensional Einstein manifold with the Einstein constant
(rµ − 1)kµ for l + 1 ≤ µ ≤ m. Let λi (i = 1, . . . , n) be the Ricci eigenvalues, λ1

being the Ricci eigenvalue with respect to the gradient vector ∇ f , and functions ξa

be given by (3-6). Then the following integrability conditions hold:

ξ ′

a + ξ 2
a = −

R′

2(n − 1) f ′
,(3-13)

λ′

a − (λ1 − λa)ξa =
R′

2(n − 1)
,(3-14)

λ1 = − f ′′
+ ρ = −(n − 1)(ξ ′

a + ξ 2
a ),(3-15)

λa = − f ′ξa + ρ = −ξ ′

a − ξa

n∑
i=2

ξi + (r − 1)
k
h2 .(3-16)

Here 2 ≤ a ≤ n and ξa = h′/h; in (3-16), if a = 2, . . . , l + 1, then r = 1 and
h = ha−1; if a ∈ [l + rl+1 + · · · + rµ−1 + 2], then r = rµ, h = hµ and k = kµ.
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Proof. Adequacy is obvious; we only need to prove necessity. From the structure
equation,

−
1
2 Raαi jωi ∧ ω j = ξaξαωa ∧ ωα,

which implies

(3-17) Raαbβ = −ξaξαδabδαβ .

Moreover, by (2-1), (3-4) and (3-7),

dωα =

∑
β

(ξαδαβ + ωαβ) ∧ ωβ ≡ 0 (mod ωβ).

By dω1 = 0 and the Frobenius theorem, the distribution Va = Span{Eb : b ∈ [a]} is
integrable. It is worth noting that ωaα = 0 yields more information than that Ricci
eigenspaces form mutually orthogonal differentiable distributions. Defining Na

to be the integrable submanifold of Va , we consider the r-dimensional isometric
immersion submanifold Na with the metric ḡ =

∑
b∈[a]

ω2
b of the manifold (M, g).

When the multiplicity r of the Ricci eigenvalue λa is not less than two, it follows
from (3-8) and (3-17) that

(3-18) Rab = Ra1b1 +

∑
α

Raαbα +

∑
c

Racbc

=

[
−(ξ ′

a + ξ 2
a ) − ξa

∑
α

ξα

]
δab +

∑
c

Racbc.

Making use of (3-4) and (3-7) again, Gauss equations imply

(3-19) R̄abcd = Rabcd + ξ 2
a (δacδbd − δadδbc),

where R̄abcd is the curvature tensor of (Na, ḡ). Actually, (3-7) means that the
submanifold (Na, ḡ) of the Riemannian manifold

(
N ,

∑
i ̸=1 ω2

i

)
is totally geo-

desic, where N is the integrable submanifold generated by the distribution V =

Span{E2, . . . , En}; see Lemma 3.1. Taking trace in (3-19) and then plugging (3-18)
into it, one can get

R̄ac =

∑
b

Rabcb + (r − 1)ξ 2
a δac

=

[
λa + (ξ ′

a + ξ 2
a ) + ξa

∑
α/∈[a]

ξα + (r − 1)ξ 2
a

]
δac,

which depends on s only. Hence, the metric ḡ is Einstein. Then we can assume that
ḡ = h2(s)g̃, where h(s) is a positive function and g̃ is Einstein with the Einstein
constant (r − 1)k. So

R̄ac =
(r − 1)k

h2 δac
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and

(3-20) λa = −ξ ′

a − ξa

n∑
i=2

ξi + (r − 1)
k
h2 .

Also, it follows from the structure equation that ξa = h′/h.
When the Ricci tensor eigenvalue λa has single multiplicity, by using (2-1), (3-4)

and (3-7), we calculate the exterior differential of 1-form ωa:

dωa = ωi ∧ ωia = ξaω1 ∧ ωa.

Setting the positive function h(s) such that ξa = h′/h, and we see that 1-form
(1/h)ωa is closed. Then there is a local function t satisfying dt = (1/h(s))ωa and

(3-21) λa = R1a1a +

∑
α/∈[a]

Raαaα = −ξ ′

a − ξa

n∑
i=2

ξi .

Consequently, we obtain that if ωaα = 0, the metric is a multiply warped product
as seen in (3-12). Furthermore, it follows that (3-16) holds from (2-20), (3-20) and
(3-21). In fact, by comparing with (3-21), there is no term (r − 1)(k/h2) in (3-20).
However, in the case r = 1, this term vanishes for any constant k, and then the Ricci
eigenvalue λa also satisfies the form like (3-20). Hence, for convenience sometimes
we add this term. We have completed the proof of this theorem. □

4. The local structure of the case with more than two distinct Ricci eigenvalues

In this section, and Sections 5–6, we give the local classification of n-dimensional
gradient Ricci solitons with harmonic Weyl curvature and multiply warped product
metric of eigenspaces with the Ricci tensor, according to numbers and multiplicities
of distinct Ricci eigenvalues written as λa , a = 2, . . . , n. To avoid repetition, unless
stated otherwise, the Ricci eigenvalues mentioned in the following discussion do
not include λ1, which is the eigenvalue with respect to the gradient vector of the
potential function.

In this section, we shall study the case when λ2, λ3, . . . , λn are at least three
mutually different eigenvalues, but it turns out that this case cannot occur.

First, we recall that as a gradient Ricci soliton, (M, g, f ) is real-analytic in
harmonic coordinates [25], i.e., g and f are real-analytic (in harmonic coordinates).
To exploit the real-analyticity, we shall use the following simple facts:

(i) If an analytic function P is not constant, {∇ P ̸= 0} is open and dense in M .

(ii) If P · Q equals zero (identically) on an open connected set U for two real-
analytic functions P and Q, then either P equals zero on U or Q equals zero
on U .
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Proceeding, we analyze the integrability conditions in Theorem 3.6. Assume
that λa and λα are mutually different of multiplicities r1 and r2, that is,

λa := λ2 = · · · = λr1+1 and λα := λr1+2 = · · · = λr1+r2+1.

Here we make the following conventions on the range of indices:

2 ≤ a, b, . . . ≤ (r1 + 1); (r1 + 2) ≤ α, β, . . . ≤ (r1 + r2 + 1).

Define ξa := X and ξα := Y , from Section 3, and then they satisfy the integrability
conditions

X ′
+ X2

= Y ′
+Y 2

= ξ ′

i +ξ 2
i ,(4-1)

λ1 = − f ′′
+ρ = −(n −1)(X ′

+ X2),(4-2)

λa = − f ′X +ρ = −(X ′
+ X2)+ X2

+(r1 −1)
k1

h2
1
− X

n∑
i=2

ξi ,(4-3)

λα = − f ′Y +ρ = −(Y ′
+Y 2)+Y 2

+(r2 −1)
k2

h2
2
−Y

n∑
i=2

ξi ,(4-4)

λ′

a −(λ1 −λa)X = λ′

α −(λ1 −λα)Y.(4-5)

By using the above basic facts, it is easy to get the following equations:

Lemma 4.1. Let (Mn, g, f ) (n ≥ 4) be an n-dimensional gradient Ricci soliton
with harmonic Weyl curvature and multiply warped product metric of eigenspaces
with the Ricci tensor, in some neighborhood U of p ∈ MA ∩ {∇ f ̸= 0}, suppose λa

and λα are mutually different Ricci eigenvalues with multiplicities r1 and r2. The
following identities hold:

(r1 − 1)
k1

h2
1

− (r2 − 1)
k2

h2
2

= (X − Y )

[ n∑
i=2

ξi − (X + Y ) − f ′

]
,(4-6)

(r1 − 1)
k1

h2
1

+ (r2 − 1)
k2

h2
2

= 2(X ′
+ X2) + ρ +

n∑
i=2

ξ 2
i − (X2

+ Y 2),(4-7)

(4-8) (r1 − 1)
k1

h2
1

X − (r2 − 1)
k2

h2
2

Y

= (X − Y )

{
(X ′

+ X2) + ρ + (X + Y )

[ n∑
i=2

ξi − (X + Y ) − f ′

]
+ XY

}
,

(4-9) −(r1 − 1)
k1

h2
1

Y + (r2 − 1)
k2

h2
2

X = (X − Y )[(X ′
+ X2) + ρ + XY ],
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(4-10) (r1 − 1)
k1

h2
1

X − (r2 − 1)
k2

h2
2

Y

= (X − Y )

[
(X ′

+ X2) +

n∑
i=2

ξ 2
i − (X2

+ Y 2) − XY
]
,

(4-11)
[
(r1 − 1)

k1

h2
1

− (r2 − 1)
k2

h2
2

]
(X + Y )

= (X − Y )

[ n∑
i=2

ξ 2
i − (X2

+ Y 2) − 2XY − ρ

]

(4-12)
n∑

i=2

ξ 2
i − ρ = (X + Y )

( n∑
i=2

ξi − f ′

)
.

Proof. First, subtracting (4-3) from (4-4) gives us

(4-13) λα − λa = f ′(X − Y )

= (X − Y )

[ n∑
i=2

ξi − (X + Y )

]
−

[
(r1 − 1)

k1

h2
1

− (r2 − 1)
k2

h2
2

]
,

which implies (4-6). Noting that h′

1/h1 = X and h′

2/h2 = Y and differentiating
(4-13) leads to

(4-14) (λα−λa)
′
= [ f ′(X−Y )]′

= (X−Y )

{
(n−3)(X ′

+X2)−(X+Y )

[ n∑
i=2

ξi−(X+Y )

]

−

[ n∑
i=2

ξ 2
i −(X2

+Y 2)

]}
+2

[
(r1−1)

k1

h2
1

X−(r2−1)
k2

h2
2

Y
]
.

On the other hand, applying (4-1), (4-2) and (4-13), we see

(4-15) [ f ′(X−Y )]′ = f ′′(X−Y )− f ′(X−Y )(X+Y )

= (X−Y )

{
[(n−1)(X ′

+X2)+ρ]+(X+Y )

[ n∑
i=2

ξi −(X+Y )

]}
+(X+Y )

[
(r1−1)

k1

h2
1
−(r2−1)

k2

h2
2

]
.

Comparing with (4-14) and (4-15) gives us (4-7), where the fact X ̸= Y was used.



GRADIENT STEADY RICCI SOLITONS WITH HARMONIC WEYL CURVATURE 341

Next, we consider the harmonic condition. It follows from (4-2), (4-3) and (4-4)
that

(4-16) (λ1 − λα)Y − (λ1 − λa)X

= (X − Y )

{
(n − 2)(X ′

+ X2) − (X + Y )

[ n∑
i=2

ξi − (X + Y )

]
− XY

}
+

[
(r1 − 1)

2k1

h2
1

X − (r2 − 1)
2k2

h2
2

Y
]
.

Since λ′
α − λ′

a = (λ1 − λα)Y − (λ1 − λa)X from harmonic condition (4-5), by
comparing (4-15) and (4-16) we obtain (4-8). Putting

f ′(X − Y ) = (X − Y )

[ n∑
i=2

ξi − (X + Y )

]
−

[
(r1 − 1)

k1

h2
1

− (r2 − 1)
k2

h2
2

]
into (4-8) implies (4-9).

On the other hand, we can obtain (4-10) by combining (4-14) and (4-16).
Meanwhile, subtracting (4-10) from (4-9) shows (4-11), while (4-12) is proved by
subtracting (4-8) from (4-10), and we have completed the proof of this lemma. □

Proceeding, we will apply (4-1), (4-2) and (4-12) to obtain the following desired
result.

Theorem 4.2. Let (Mn, g, f ) (n ≥ 4) be an n-dimensional gradient Ricci soliton
with harmonic Weyl curvature and multiply warped product metric of eigenspaces
with the Ricci tensor. Then in some neighborhood U of p ∈ MA ∩ {∇ f ̸= 0}, the
Ricci eigenvalues λ2, λ3, . . . , λn cannot be more than two distinct.

Proof. If not, we assume that λ2, λ3, . . . , λn are at least three mutually different,
and denote them by λa , λα and λp with multiplicities r1, r2 and r3. For convenience,
we also define ξa := X , ξα := Y and ξp := Z . By (4-12), with the assumption of
Lemma 4.1, we see that

n∑
i=2

ξ 2
i −ρ =(X+Y )

( n∑
i=2

ξi− f ′

)
=(X+Z)

( n∑
i=2

ξi− f ′

)
=(Y+Z)

( n∑
i=2

ξi− f ′

)
.

Therefore, it follows that

(4-17)
n∑

i=2

ξi = f ′

since X , Y and Z are distinct, and then we have

(4-18)
n∑

i=2

ξ 2
i = ρ.
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On the other hand, by (4-1), (4-2) and differentiating (4-17), we obtain

−

n∑
i=2

ξ 2
i = ρ,

which yields
∑n

i=2 ξ 2
i = 0 by combining with (4-18). This is a contradiction since

X , Y and Z are distinct. We have completed the proof of this theorem. □

5. The local structure of the case with two distinct Ricci eigenvalues

In this section we begin to study the case when there are exactly two distinct Ricci
values in the eigenvalues λ2, . . . , λn . Types (ii) and (iii) of Theorem 1.5 come from
this section.

First of all, we need the following lemmas to prepare for the local structure of
the case.

Lemma 5.1. Let (Mn, g, f ) (n ≥4) be an n-dimensional gradient Ricci soliton with
harmonic Weyl curvature. Assume there are exactly two distinct values in the Ricci
eigenvalues λ2, . . . , λn , denoted by λa and λα of multiplicities r1 and r2 := n−r1−1
in some neighborhood U of p ∈ MA ∩{∇ f ̸= 0}. Then the functions X and Y satisfy

(n − 1)XY + ρ = f ′(X + Y ),(5-1)

X ′
+ X2

+ XY = 0,(5-2)

XY [(r1 − 1)X2
+ (r2 − 1)Y 2

− 2XY − ρ] = 0.(5-3)

Proof. In this case, (4-6)–(4-12) in Lemma 4.1 become

(5-4) (r1 − 1)
k1

h2
1

− (r2 − 1)
k2

h2
2

= (X − Y )[(r1 − 1)X + (r2 − 1)Y − f ′
],

(5-5) (r1 − 1)
k1

h2
1

+ (r2 − 1)
k2

h2
2

= 2(X ′
+ X2) + ρ + [(r1 − 1)X2

+ (r2 − 1)Y 2
],

(5-6) (r1 − 1)
k1

h2
1

X − (r2 − 1)
k2

h2
2

Y

= (X − Y ){(X ′
+ X2)+ρ + (X + Y )[(r1 − 1)X + (r2 − 1)Y − f ′

]+ XY },

(5-7) −(r1 − 1)
k1

h2
1

Y + (r2 − 1)
k2

h2
2

X = (X − Y )[(X ′
+ X2) + ρ + XY ],

(5-8) (r1 − 1)
k1

h2
1

X − (r2 − 1)
k2

h2
2

Y

= (X − Y )[(X ′
+ X2) + (r1 − 1)X2

+ (r2 − 1)Y 2
− XY ],



GRADIENT STEADY RICCI SOLITONS WITH HARMONIC WEYL CURVATURE 343

(5-9) [(r1 − 1)
k1

h2
1

− (r2 − 1)
k2

h2
2
](X + Y )

= (X − Y )[(r1 − 1)X2
+ (r2 − 1)Y 2

− 2XY − ρ]

(5-10) r1 X2
+ r2Y 2

− ρ = (X + Y )(r1 X + r2Y − f ′).

We can immediately simplify (5-10) to get (5-1). By (4-1), (4-2) and differentiating
(5-1), we obtain (5-2).

Next, by (4-1), (5-2) and differentiating (5-5), we see

(5-11) (r1 − 1)
k1

h2
1

X + (r2 − 1)
k2

h2
2

Y

= −2XY (X + Y ) + [(r1 − 1)X2(X + Y ) + (r2 − 1)Y 2(X + Y )]

= (X + Y )[(r1 − 1)X2
+ (r2 − 1)Y 2

− 2XY ].

Equations (5-9) and (5-5) yield that

(r1 − 1)
k1

h2
1
(X + Y ) = [(r1 − 1)X2

+ (r2 − 1)Y 2
− 2XY ]X + ρY

and

(r2 − 1)
k2

h2
2
(X + Y ) = [(r1 − 1)X2

+ (r2 − 1)Y 2
− 2XY ]Y + ρX.

Multiplying both sides of (5-11) by X +Y and then putting the above two equations
into it, we obtain that

2XY [(r1 − 1)X2
+ (r2 − 1)Y 2

− 2XY − ρ] = 0.

Therefore, the proof of this lemma is completed. □

Lemma 5.2. Let (Mn, g, f ) (n ≥ 4) be an n-dimensional gradient Ricci soliton
with harmonic Weyl curvature which satisfies the hypothesis of Lemma 5.1. Then
functions X and Y also satisfy

(5-12) X + Y ̸= 0

and

(5-13) (n − 1)XY + ρ ̸= 0.

Proof. First, if X + Y = 0, by combining with X ′
+ X2

= Y ′
+ Y 2, we have

X ′
= Y ′

= 0. X and Y are nonzero constant since they are distinct. Plugging them
into (5-1),

(n − 1)X2
− ρ = 0.
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From (4-2), we see f ′′
= 2ρ. It follows from (4-3) that

− f ′X + ρ = −(r1 − r2)X2
+ (r1 − 1)

k1

h2
1

and then differentiating it, one can easily get f ′′
= 2(r1 − 1) k1

h2
1
. Therefore

(r1 − 1)
k1

h2
1

= ρ.

Similarly, it holds that (r2 − 1) k2
h2

2
= ρ. Putting them into (5-4), we see

f ′
= (r1 − r2)X

is constant, which implies that f ′′
= 0. Hence

(r1 + r2)X2
= ρ = 0

and then X = 0, which is a contradiction. Thus (5-12) is proved, and (5-13)
immediately follows from (5-1). The proof of this lemma is completed. □

Lemma 5.3. Let (Mn, g, f ) (n ≥ 4) be an n-dimensional gradient Ricci soliton
with harmonic Weyl curvature which satisfies the hypothesis of Lemma 5.1.

(i) The equality (r1 − 1) k1
h2

1
= (r2 − 1) k2

h2
2

holds if and only if

(5-14) (r1 − 1)X2
+ (r2 − 1)Y 2

− 2XY − ρ = 0.

(ii) If (r1 − 1) k1
h2

1
= (r2 − 1) k2

h2
2
, then the Ricci soliton is steady (i.e., ρ = 0) and

(5-15) (r1 − 1)X2
+ (r2 − 1)Y 2

− 2XY = 0.

Proof. First, noting (5-12), (i) immediately holds by (5-9).
Next, if (r1 − 1) k1

h2
1
= (r2 − 1) k2

h2
2
, from (5-4), we have

(r1 − 1)X + (r2 − 1)Y = f ′.

Then differentiating this equation gives us

(r1 − 1)X2
+ (r2 − 1)Y 2

− 2XY + ρ = 0,

where (4-1) and (4-2) were used. By combining with (5-14), we immediately
have (ii) holds. The proof of this lemma is completed. □

Proceeding we will discuss two cases according to whether one of the two Ricci
eigenvalues is of single multiplicity.
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5.1. The multiplicities of two Ricci eigenvalues λa and λα are more than one.
In this subsection, we will study the case when the multiplicities of two Ricci
eigenvalues λa and λα are more than one in some neighborhood U of a point p
in MA ∩ {∇ f ̸= 0}. We have the following local classification result, which forms
type (ii) of Theorem 1.5 for 3 ≤ r ≤ n − 2.

Theorem 5.4. Let (Mn, g, f ) (n ≥ 4) be an n-dimensional gradient Ricci soliton
with harmonic Weyl curvature. Assume in a neighborhood U of p in MA ∩{∇ f ̸= 0}

that there are exactly two distinct values in the Ricci eigenvalues λ2, . . . , λn , denoted
by λa and λα, where both of the multiplicities are bigger than one. Then (U, g, f )

cannot be steady (i.e., ρ ̸= 0). The two distinct eigenvalues are exactly 0 and ρ with
the multiplicities r + 1 and n − r − 1, respectively, where 2 ≤ r ≤ n − 3. Also, ∇ f
is a null Ricci eigenvector.

Moreover, (U, g) is locally isometric to a domain in Rr+1
× N n−r−1 with g =

ds2
+s2dS2

r + g̃, where (N n−r−1, g̃) is an (n−r−1)-dimensional Einstein manifold
with the Einstein constant ρ ̸= 0. The potential function is given by f =

ρ
2 s2 modulo

a constant.

Proof. In this case, we denoted the two distinct Ricci eigenvalues by λa and λα

with multiplicity r1 = r and r2 = n − r − 1, where ri ≥ 2, i = 1, 2. Then it follows
from Theorem 3.6 that (U, g) is isometric to a domain in R × N r

1 × N n−r−1
2 with

g = ds2
+ h2

1(s)g̃1 + h2
2(s)g̃2,

where (Ni , g̃i ) is an ri -dimensional Einstein manifold with the Einstein constant
(ri − 1)ki for i = 1, 2.

Based on what we have discussed, we first claim that one of the functions X
and Y vanishes, where X := ξa and Y := ξα are the functions corresponding to the
Ricci eigenvalues λa and λα, respectively.

In fact, if not, then neither X nor Y is zero. It follows from (5-3) that

(r1 − 1)X2
+ (r2 − 1)Y 2

− 2XY − ρ = 0.

Therefore,

ρ = (r1 − 1)X2
+ (r2 − 1)Y 2

− 2XY = (r1 − 2)X2
+ (r2 − 2)Y 2

+ (X − Y )2

is positive since r1, r2 ≥ 2. On the other hand, from Lemma 5.3, we see ρ = 0,
which is a contradiction.

Next, without loss of generality, we assume that X ̸= 0 and Y = 0. Y = 0 implies
that h2 is constant and X ′

+ X2
= 0. Thus X = 1/(s − c1) and h1 = ch1(s − c1)

after with integrating X = h′

1/h1 for constants c1 and ch1 . By (4-2), we have

λ1 = − f ′′
+ ρ = 0,
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which yields that f ′′
= ρ and

f (s) =
1
2ρ(s − c1)

2
+ C1.

Putting Y = 0 into (4-3) and (4-4), respectively, shows

(5-16) λa = − f ′X + ρ = −(r − 1)

(
X2

−
k1

h2
1

)
and

λα = ρ = (n − r − 2)
k1

h2
2
.

Noting that − f ′X + ρ = 0, by (5-16), we see λa = 0 and λα = ρ ̸= 0.
Therefore, the Ricci curvature components and the scalar curvature are R11 =

Raa = 0, Rαα = ρ, Ri j = 0 (i ̸= j) and R = (n − r − 1)ρ.
Furthermore, since r ≥ 2, (5-16) shows X2

− k1/h2
1 = 0, and then k1/c2

h1
= 1.

Hence, (U, g) is isometric to a domain in R1
×N r

1 ×N n−r−1
2 with g =ds2

+s2g̃1+g̃2,
where (N r

1 , g̃1) and (N n−r−1
2 , g̃2) are Einstein manifolds with the Einstein constants

r − 1 and ρ ̸= 0, respectively. Finally, we consider the manifold R1
× N r

1 with
ḡ = ds2

+ s2g̃1. From (3-5), we have f1,1 = fa,a = ρ ̸= 0 and fa,b = f1,a = 0, i.e.,

Hessḡ( f ) = ρ ḡ.

This shows that f is a proper strictly convex function. We also see that f =
ρ
2 s2 is

a distance function from the unique minimum of f up to a scaling. It is easy to
see that the radial curvatures vanish and then that the space (R1

× N r
1 , ḡ, f ) is a

Gaussian soliton. This completes the proof of this theorem. □

5.2. One of the multiplicities of two Ricci eigenvalues λa and λα is single. In
this subsection, we will study the case that one of the multiplicities of two Ricci
eigenvalues λa and λα is single in some neighborhood U of p in MA ∩ {∇ f ̸= 0}.
Without loss of generality, we assume that the multiplicity of Ricci eigenvalue λa

is one, that means r1 = 1, r2 = n − 2 ≥ 2. Then we shall give the local structure
of a gradient Ricci soliton (Mn, g, f ) with harmonic Weyl curvature in this case
according to the integrability condition. Types (iii) and (ii) for r = 2 in Theorem 1.5
come from this subsection.

First of all, it follows from Theorem 3.6 that (U, g) is isometric to a domain
in L × L1 × N n−2

2 with

g = ds2
+ h2

1(s)dt2
+ h2

2(s)g̃2,

where (N2, g̃2) is an (n−2)-dimensional Einstein manifold with the Einstein con-
stant (n − 3)k2.
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Lemma 5.5. Let (Mn, g, f ) (n ≥ 4) be an n-dimensional gradient Ricci soliton
with harmonic Weyl curvature. In some neighborhood U of p in MA ∩ {∇ f ̸= 0},
assume λa and λα are mutually different Ricci eigenvalues with multiplicities 1 and
n − 2. Then

X := ξa ̸= 0.

Proof. If X = 0, then Y ̸= 0 since X and Y are distinct. X = 0 implies h1 is
constant and Y ′

+Y 2
= 0. Thus Y = 1/(s−c1) and h2 = ch2(s−c1) with integrating

Y = h′

2/h2. Putting X = 0 into (4-3) yields ρ = 0. Then it follows from (5-1) that
f ′

= 0, which is impossible. The proof of this lemma is completed. □

Next, we will discuss two cases according to whether the constant k2 vanishes,
which is equivalent to that the (n−2)-dimensional Einstein manifold (N2, g̃2) is
Ricci flat. Then the local structure of both cases will be shown according to the
integrability condition.

Subcase I: k2 = 0. For this subcase, the following result shows that the Ricci soliton
is steady and it can be classified. This will give rise to type (iii) of Theorem 1.5.

Theorem 5.6. For a gradient Ricci soliton (Mn, g, f ) with harmonic Weyl cur-
vature, assume in some neighborhood U of p in MA ∩ {∇ f ̸= 0} that (Mn, g) is
locally isometric to a domain in L × L1 × N n−2

2 with

g = ds2
+ h2

1(s)dt2
+ h2

2(s)g̃2,

where the (n−2)-dimensional Einstein manifold (N2, g̃2) is Ricci flat. Then n ̸= 5,
the gradient Ricci soliton is steady (that is, ρ = 0) and g is locally isometric to the
metric ds2

+ s2(n−3)/(n−1)dt2
+ s4/(n−1)g̃ on a domain of R+

× R × N n−2
2 , where

g̃ is Ricci flat. Also, the potential function is given by f = 2(n − 3)/(n − 1) log(s)
modulo a constant.

Furthermore, the Ricci curvature components and the scalar curvature are

R11 =
2(n − 3)

(n − 1)s2 , R22 = −
2(n − 3)2

(n − 1)2s2 , Rαα = −
4(n − 3)

(n − 1)2s2 ,

Ri j = 0 (i ̸= j) and R = −
4(n − 3)2

(n − 1)2s2 .

Hence the scalar curvature is negative and nonconstant.

Proof. Let X := ξa and Y := ξα be the functions corresponding to the Ricci
eigenvalues λa and λα, respectively.

We claim that

(i) Y ̸= 0,

(ii) ρ = 0,

(iii) (n − 3)Y − 2X = 0.
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In fact, in this case, r1 = 1 and k2 = 0. Then (5-4) gives us (n − 3)Y − f ′
= 0,

which shows Y ̸= 0. Meanwhile, from (ii) of Lemma 5.3, it follows that ρ = 0 and

[(n − 3)Y − 2X ]Y = 0,

which implies (iii) since Y ̸= 0.
It is easy to see that n ̸= 5 from (iii) of the claim because X and Y are distinct. So

X ′
+ X2

= Y ′
+ Y 2

= −
2

n − 3
X ′

+
4

(n − 3)2 X2,

which is

X ′
+

n − 1
n − 3

X2
= 0.

Solving the above equation, X = 1/(qs − c1) for some constant c1, where q =

(n − 1)/(n − 3). Using (4-3), f ′
= 2X ; by integrating this equation, the potential

function can be expressed as f = (2/q) log(s) modulo a constant. From h′

1/h1 = X
and h′

2/h2 = Y , we can get functions h1 and h2. Putting them into (4-2), (4-3)
and (4-4), one can easily get the Ricci curvature components and the scalar curvature
of g. The proof of this theorem is completed. □

Subcase II: k2 ̸= 0. For this subcase, we have the following classification result,
which forms type (ii) of Theorem 1.5 for r = 2.

Theorem 5.7. For a gradient Ricci soliton (Mn, g, f ) with harmonic Weyl cur-
vature, assume in some neighborhood U of p in MA ∩ {∇ f ̸= 0} that (Mn, g) is
locally isometric to a domain in R1

× R1
× N n−2

2 with

g = ds2
+ h2

1(s)dt2
+ h2

2(s)g̃2,

where the (n−2)-dimensional Einstein manifold (N2, g̃2) is not Ricci flat. Then it is
not steady (that is, ρ ̸= 0). The two distinct eigenvalues are exactly 0 and ρ with
multiplicities 2 and n − 2. Also, ∇ f is a null Ricci eigenvector.

Moreover, (U, g) is locally isometric to a domain in R2
× N n−2 with g =

ds2
+ s2dt2

+ g̃, where (N n−2, g̃) is an (n−2)-dimensional Einstein manifold
with the Einstein constant ρ ̸= 0. The potential function is given by f =

ρ
2 s2 modulo

a constant.

Proof. First of all, we claim that
Y = 0.

In fact, in this case, we note that r1 = 1 and k2 ̸= 0, from (i) of Lemma 5.3, and it
follows that

(r1 − 1)X2
+ (r2 − 1)Y 2

− 2XY − ρ ̸= 0.

Combining with (5-3) implies Y = 0 since X ̸= 0.
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Next, the similar method of the proof of Theorem 5.4 can be used to treat this
subcase. Y = 0 implies that h2 is constant and X ′

+ X2
= 0. Thus X = 1/(s − c1)

and h1 = ch1(s − c1) with integrating X = h′

1/h1 for constants c1 and ch1 . By (4-2),
we have

λ1 = − f ′′
+ ρ = 0,

which yields that f ′′
= ρ and then

f (s) =
1
2ρ(s − c1)

2
+ C1.

From (4-3) and (4-4), we have

λa = − f ′X + ρ = 0 and λα = ρ = (n − 3)
k1

h2
2

̸= 0.

Thus, (M, g) is locally isometric to a domain in R2
×N n−2 with g =ds2

+s2dt2
+g̃2,

where (N n−2, g̃2) is an (n−2)-dimensional Einstein manifold with the Einstein
constant ρ ̸= 0. □

6. The local structure of the case with the same Ricci eigenvalues

In this section we treat the case that all Ricci eigenvalues are equal, except for the
first one. We set

λα := λ2 = · · · = λn.

Type (iv) of Theorem 1.5 comes from this section.
For convenience, here we make the following convention on the range of indices:

2 ≤ α, β, γ . . . ≤ n

and define ξα := X =
h′

h . From Section 3, we have

h′′

h
= X ′

+ X2
= −

R′

2(n − 1) f ′
,(6-1)

λ1 = − f ′′
+ ρ = −(n − 1)(X ′

+ X2),(6-2)

λα = − f ′X + ρ = −(X ′
+ X2) − (n − 2)

(
X2

−
k
h2

)
.(6-3)

Consequently, we have the following theorem.

Theorem 6.1. Let (Mn, g, f ) be an n-dimensional gradient Ricci soliton with
harmonic Weyl curvature. Assume in some neighborhood U of p in MA ∩{∇ f ̸= 0}

that all Ricci eigenvalues are equal except for the one with respect to the gradient
vector of the potential function. Then g is a warped product:

(6-4) g = ds2
+ h2(s)g̃,
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for a positive function h, where the Riemannian metric g̃ is Einstein. Furthermore,
the D-tensor vanishes, and so does the Bach tensor.

Proof. The first part of this theorem has been obtained by Theorem 3.6. In
particular, if all Ricci eigenvalues are equal, then the metric is Einstein. If f
is not constant, then the conclusion of Theorem 6.1 still holds. In fact, Cheeger
and Colding [14] presented a characterization of warped product structures on a
Riemannian manifold M in terms of solutions to the more general equation

Hess( f ) = µg

for some smooth function µ on M . More precisely, the Einstein metric g becomes
locally of the form

g = ds2
+ ( f ′(s))2g̃,

where g̃ is an Einstein metric.
Next we only need to verify the second part. It is easy to check that the gradient

Ricci soliton is D-flat and Bach-flat. In fact, from Section 3, its Riemannian
curvatures are expressed as

R1α1β = −(X ′
+ X2)δαβ = −

R′

2(n − 1)
δαβ,

Rαβγ δ = R̃αβγ δ − X2(δαγ δβδ − δαδδβγ ).

By (6-2) and (6-3), the scalar curvature and the Schouten tensor are

R = −2(n − 1)(X ′
+ X2) − (n − 1)(n − 2)

(
X2

−
k
h2

)
,

A11 = −(n − 2)(X ′
+ X2) +

n − 2
2

(
X2

−
k
h2

)
,

Aαβ = −
n − 2

2

(
X2

−
k
h2

)
δαβ .

Putting them into (2-15), the Weyl tensor is given by

W1α1β = 0, W1αβγ = 0 and Wαβγ δ =
1
h2 R̃αβγ δ −

k
h2 (δαγ δβδ − δαδδβγ ).

Finally, the harmonicity of the Weyl tensor implies that the Cotton tensor Ci jk

equals 0. With the relationships (2-25) and (2-26), it follows that the D-tensor
vanishes and the gradient Ricci soliton is Bach-flat. □

7. Classification of gradient Ricci solitons with harmonic Weyl curvature

In this section, we summarize and prove the theorems stated in the introduction.
Now we are going to combine Theorems 5.4, 5.6, 5.7 and 6.1 to prove Theorem 1.5,
in a similar way to the 4-dimensional case of Kim [26].
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Proof of Theorem 1.5. When the real-analytic potential function f is constant on
some nonempty open subset, then it is constant on M because of the connectivity
of M . So, if the soliton is of type (i) on some nonempty open subset, it will be so
on M .

If the soliton is of type (iv) on some nonempty open subset with nonconstant f ,
then D = 0 on U and the real-analytic function |D| = 0 everywhere on M . Hence
the soliton is of type (iv) on M and f is nonconstant on M . The Ricci tensor of
a gradient Ricci soliton with vanishing D-tensor either has a unique eigenvalue,
or has two distinct eigenvalues of multiplicity 1 and n − 1, respectively. Hence
types (ii) and (iii) do not satisfy D = 0.

For type (ii), the scalar curvature R = (n − r − 1)ρ is a nonzero constant on
some nonempty open subset U , and by real-analyticity, R = (n − r − 1)ρ on M .
However, for type (iii), the scalar curvature R = −4(n − 3)2/((n − 1)2s2) is not
constant. Therefore, among types (i)–(iv) in Theorem 1.5, each type is different
from the other three types. This completes the proof of Theorem 1.5. □
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