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INTRINSIC COMPONENTS IN
INVOLUTION CENTRALIZERS OF FUSION SYSTEMS

MICHAEL ASCHBACHER

This paper lays the foundation for the study of the saturated 2-fusion systems
in which the centralizer of some fully centralized involution has a component
whose center is nontrivial.

The results in this paper are part of a program to, first, classify a large subclass
of the class of simple 2-fusion systems of component type, and then, second, to use
the theorem on fusion systems to simplify the proof of the theorem classifying the
finite simple groups. See [4; 5] for a description of the program; there is also a bit
of discussion of the program below.

Let p be a prime and S a finite p-group. A fusion system on S is a cate-
gory F whose objects are the subgroups of S and, for subgroups P, Q of S, the set
homz (P, Q) of morphisms from P to Q is a set of injective group homomorphisms
from P to Q, and that set satisfies two weak axioms. The standard example is the
fusion system Fs(G) for G a finite group and S € Syl ,,(G), whose morphisms are
those induced via conjugation in G. A fusion system is saturated if it satisfies two
more axioms easily seen to hold in the standard example using Sylow’s theorem.
See [12] for notation, terminology, and basic definitions and results on fusion
systems.

Let F be a saturated fusion system on a finite 2-group S. Proceeding by analogy
with finite groups, one can define the notion of a normal subsystem of F, which can
then be used to define the notions of simple and quasisimple systems, subnormal
subsystems of F, and the set Comp(F) of components of F. For t an involution
in S the centralizer Cx(t) of t in F is defined, and if ¢ is fully centralized (i.e.,
|Cs(t)] = |Cs(x)] for each conjugate x of r) then Cx(t) is saturated, so we can
define Comp(C£(t)).

Define €(F) to be the set of components of centralizers of involutions in F; that
is, C € €(F) if there exists some involution ¢ € S and a conjugate (7, C) of (¢, C)
such that 7 is fully centralized and C € Comp(Cx(f)); we write Z(C) for the set of
such involutions . We say that F is of component type if €(F) is nonempty.
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Our main theorem is a contribution to the case where some C € €(F) is intrinsic:
that is, Z(C) is nontrivial.

Theorem 1. Assume F is a saturated fusion system on a finite 2-group S and
C € €(F) has a fully normalized Sylow group. In addition assume the following:

(@) C is realized by some K € Kggs.
(b) C is maximal in E(F).
() ZIO)NZ(C) # 2.

Then one of the following holds:

(1) Cis a component of F.

(2) C is nearly standard, so X (C) has a unique maximal member Q, and one of
the following holds:
(1) Q = Z(K) is of order 2.
(i) K = Q¢(g) with g = 3 mod 8 and € = q mod 4, C is standard, and
0 =74
(iii) K/Z(K)= L3(4) and Q = Z(K) Z E4.

The definition of a maximal member of €(F) appears in Notation 6.1.12 in [5].
The definition of a standard or nearly standard subsystem appears in Section 9.1
of [5]. The definition of X (C) appears in Notation 6.1.2 of [5]. K¢ is a class of
quasisimple groups with centers of even order, defined in Definition 1.3 and listed
in Definition 1.3, 1.4, and 1.5; the remaining quasisimple groups with centers of
even order have been treated elsewhere.

1. Intrinsic components

Definition 1.1. Let K be a quasisimple group with center of even order, K =
K/Z(K), and x an involution in K. Following Definition 5.5.1 in [14], define x
to split relative to K if the coset x contains an involution. Define x to be stable
relative to K if x splits and for some involution y in x, Cauk)(X) = Caux)(Y).

Definition 1.2. We extend a notion in [8] to quasisimple groups: define K to be
2-small if for T € Syl,(K) and T < S € Syl,(Aut(K)), we have Cs(T) = Z(T)
with |Z(T) : Z(K)| =2.

Definition 1.3. Define Ky to be the collection of known quasisimple groups K
with Z(K) of even order and K /Z(K) not Goldschmidt, other than

(a) AAI’!’ n Z 5’

(b) K of Lie type of odd characteristic other than Q¢ (g) with ¢ = £3 mod 8 and
q =€ mod4,
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(©) Sps(2),
() K/Z(K) = Lsy(4) with ®(Z(K)) # 1.

We recall that, from [6], the 2-fusion systems of all the groups 2¢(q) with
q = %3 mod 8§ and ¢ = € mod 4 appearing in Definition 1.3(b) are isomorphic. Thus
in this case we may take K to be 2, (3).

1.4. A quasisimple group K with K /Z(K) sporadic is in Ky precisely when
(1) K/Z(K) is M3, M2, Jo, Coy, HS, Suz, Ru, Fy;, or F>, and
(2) either |Z(K)|=2o0r K/Z(K) = My, and Z(K) = Z4.
Proof. See 6.4.2 in [5]. O

1.5. A quasisimple group with K /Z(K) € Chev(2) is in Kqs precisely when one of
the following holds:

(1) K/Z(K)= G2(4) or F4(2) and | Z(K)| = 2.
(2) K/Z(K) is Us(2), Q4 (2), or E6(2) and Z(K) = Z5 or Ea.
(3) K/Z(K)=L3(4) and Z(K) = Z; or Ey4.
Proof. See 6.4.3 in [5]. O

1.6. Let K € Ky, K = K/Z(K), and 7 a 2-central involution in K. Then one of
the following holds:

(1) z is stable relative to K.

(2) K = My and Z(K) = Z,.

3) K =Qf Q).
Proof. This follows from Proposition 6.4.2 in [14]. ([
1.7. Let K € Ky satisfy one of the following:

(1) K =My and Z(K) = Za.

2) K=Qf@.

Then for T € Syl,(K), Z(T) = Z(K).

Proof. In each case, Z(T) = (z) is of order 2. Therefore either Z(T) = Z(K)
or Z(T) = Z(T). But no involution in Z(T) is stable from the remark following
Proposition 6.4.2 in [14], so the lemma follows. (]

1.8. Let K € Kys and assume

(1) neither of the exceptional cases in 1.7 hold, and
(2) K/Z(K) is not Go(4), F4(2), or L3(4).

Then K is 2-small.
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Proof. Let T € Syl,(K) and Z be the preimage of Z(T)in K. By (1) and 1.6, all
involutions in Z(T) are stable, so Z = Z(T). Further Kqs can be retrieved from
Definition 1.3, 1.4, and 1.5, and, for groups K on that list but not in (2) we check
using Definition 7.1, 7.2, and 7.3 in [8] that K is 2-small. Hence |Z(T)| = 2,
s0 |Z(T) : Z(K)| =2, and for T < S € Syl,(Aut(K)) we have Cs(T) = Z(T),
completing the proof. ([

2. Terminal components

See Definition 8.1.1 in [5] for the definition of a terminal component.

2.1. Assume F is a saturated fusion system on a finite 2-group S and C € €(F) has
a fully normalized Sylow group T. In addition assume the following:

(a) C is subintrinsic in €(F).
(b) C is maximal in E(F).

(c) m(T) > 1.
Then one of the following holds:

(1) C is a component of F.
(2) C is a terminal member of €(F).

Proof. By (a) there is an involution j € C/ and £ € Comp(C¢(j)) such that j € Z(L)
and £ € €(F) with j € Z(£). See Definition 6.1.17 in [5] for the definition of C*,
and Definition 6.2.7 in [5] for the definition of p(C) and p((C).

Suppose first that Ct #{C}. Then (1) holds by (c) and Theorem 7.4.14 in [5].
Thus we may assume ¢t = {C}. Therefore if p(C) = po(C), then (2) holds by
Definition 8.1.1 in [5], so we may assume otherwise. Thus by Definition 6.2.7
in [5], there is (#1,C;) € p(C) and an involution a € Q;, — }(Cl). Without loss
of generality (¢1,C;) = (t,C). Let o € 2(a) and adopt the bar convention of
Notation 6.1.12 in [5]. Now there is a conjugate (i, £, C) of (j, £, C) under a. As
JEI(L)NZL), i €eZ(E)NZ(E), so C pumps up to a component D of F; by 1.9
in [7]. Thus by (b), C="D, contradicting a ¢ ﬁ(Cl). O

See Section 9.1 in [5] for the definition of a standard subsystem and a nearly
standard subsystem of F. In particular if C € €(F) is nearly standard, then X ©)
has a unique maximal member Q.

Often we assume the following hypothesis:

Hypothesis 2.2. (1) F is a saturated fusion system over a finite 2-group S.

(2) C€&(F) has fully normalized Sylow group T and is tamely realized by K € K.
(3) C is terminal in C€(F).

2.3. Assume Hypothesis 2.2. Then:
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(1) C is nearly standard. Let Q be the unique maximal member of X (C) and
Qo = Cs(T).

(2) Z(K)=Z() = Q.

(B) For1 #X < Qanda € A(X), Ca* < Nr(Xa).

(4) Set ¥ = Nautr(0,7)(T). Then Autr(T) = Auts (T).

(5) If Autz(T) < Aut(C) then C is standard.

(6) If o € X with X and Xo in X then o € Aut(C).

(7) If Z(T) = Z(K) then C is standard.
Proof. By Hypothesis 2.2(2), Z(C) = Z(K) # 1, so part (1) follows from 9.2.4 in [5]
and Hypothesis 2.2(3). Part (2) follows from 6.2.10(3) in [5] and Hypothesis 2.2(3).
Part (3) follows from (1) and (S2) in the definition of “nearly standard” in Section 9.1
in [5]. Part (4) follows from 6.1.8(1) in [5]. Part (5) follows from (1) and the
definition of “standard”. Part (6) is 6.1.8(3) in [5]. Assume the setup of (7). By (2),
X=Z(K)=Z()<Q,soby8.1.3in[5], X € X. By assumption Z(T)=Z(K)=X,
so X acts on X; hence X7 < Aut(C) by (6). Now (7) follows from (4) and (5). [

In this section X is defined as in 2.3(4).
2.4. Assume Hypothesis 2.2 and C is not standard. Then:
(1) Qg is abelian.
(2) Qo= QZ(T),501Q0: Q| =|Z(T)|.
(3) There exists o € £ with Q N Qo = 1. Hence |Q| < |Z(T)|.
@) If K is 2-small then Q = Z(K) is of order 2.
O) If K/Z(K) is Gy(4), F4(2), or L3(4) then either Q = Z(K) is of order 2 or
0= E,.
(6) Assume the setup of (5). Then foreach 1 X < Q and o € A(X), F*(Nr(Xa))

equals (Qa) * Ca™ and a : QoT — QoT induces an isomorphism of Q *C
with F*(Nr(Xa)).
Proof. Part (1) follows from 2.3.5 and 9.2.3(9) in [5].
Choose 1 # X < Q and @ € A(X). By 8.1.4(1) in [5], we may take Ta = T'. Set
B=Ca*;by 2.3(3), BINr(Xa).
As Q9 =Cs(T), 1 =[Qo, T], and by (1), QT < Cs(X),s0 (QoT)ex < Cs(Xax)
and hence 1 = [Qpa, Ta] =[Qox, T]. Thus Qpa < Cs(T) = Qp, so Qoa = Q.
Define Qx as in Notation 9.2.2 in [5]; that is,

() Oxa=60NNg(X)x, where 0= CNS(Xa)(B)-

By 9.2.3(6) in [5], Ox = Ng(X), so Ox = Q by (1). As B J Nx(Xa) and
Qo= Qoo, we can form QoBin Nx(X«a). By Lemma 2.22 in [9], Q¢B is realized by
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a group QoK with K1 = K. As T is Sylow in B, 6 centralizes T, and hence is con-
tained in Qg, s0 0 = Co,(B) = Cg,(K1). Define w : QoK1 — Aut(Ky) by xm =c,
to be conjugation of K by x. Observe that ker(7) =6 so QoK 7 = QoK. Also
Qo = Z(T); this follows from 1.8 unless K is one of the five exceptional groups
appearing in 1.8, where the claim can be verified using 2-local facts about the five
groups such as in [14]. Hence Q¢/0 = Z(T) and Qo=06Z(T). Now

() Qa=0xa=60NNsg(X)a.
Also 6 < Q¢ = Qpa < Ng(X)a so
(k) Qa =90.

Thus Qo =0Z(T)= QuZ(T)= QuaZ(T)«a, so (2) holds. Also by (x) and (x:x),
Qo = Cny(xa)(B), so the first statement in (6) holds. We have seen that « acts
on Qp and T, so « is an automorphism of the group Q¢7 = QT, and induces
an isomorphism of the fusion systems QC and Qa5. This completes the proof
of (6). As C is not standard by hypothesis, 2.3(4)—(5) say there exists o € X with
o ¢ Aut(C). Then Q N Qo = 1 by 2.3(6). Then |Q] < |Z(T)| by the second
statement in (2), completing the proof of (3). Part (4) follows from (3). Similarly
if K is as in (5) then Z(T) = E4, so (3) implies (5). O

In the next lemma for a saturated 2-fusion system &, £ is the last term in the
Puig series for &, defined in Definition 2.18 of [9].

2.5. Assume Hypothesis 2.2 with K /| Z(K) = F4(2) and | Q| > 2. Then C is standard.

Proof. Assume C is not standard. Then Q = E4 by 2.4(5). By 2.4(3) thereis 0 € &
with Qg = Q x Qo. Now Z (T) = (z;, Z,) where 7 is a root involution. Then there
is y € Qo such that the image of y in K is a root involution and D = Ce(y) is
the 2-fusion system of Cg (y). By 8.5 in [3], D is the fusion system of a maximal
parabolic of K with D® = D. As K is quasisimple, the parabolic does not split
over Z(K), so D =D®. Let 1 =o' € Autz(QoT), so that Qo = Q. Now
y centralizes D, so x = yt centralizes Dt*. Choose X and « as in the proof
of 2.4 with X = (x). Then xa centralizes £ = Dt*a*. As D =D, £ = £ and
hence £ < Fo, = B =Ca™ by 2.4(6). Thus as Qu centralizes B, it centralizes &.
By 2.4(6), @ induces an isomorphism of the fusion systems QC and Qua5. Thus
applying «~!, Q centralizes Dt*. Then applying o, Qo centralizes D, contradicting
Coy(D) = Q(y). O
2.6. Assume K/Z(K) = L3(4) and |Z(K)| = 2. Then:

(1) Aut(T) acts on Z(K).

(2) If Hypothesis 2.2 holds for K then C is standard.
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Proof. Let Z(K) = (k); we show k is the unique member of Z(7T') that is not a
commutator in 7', hence establishing (1). One way to see this is to consider a
maximal parabolic Y of the covering group K of K with Z (I/(\ ) = E4. Using 1.6,
Y 1s of the form A = Egq4 extended by L2(4) with A/Z (T) the natural module
for Y /A and Y 1ndecomposable on A as K is quasisimple. Regardlng A as an
[F4- module for Y / A and taking T € Sylz(Y ), we claim that Z=C A(T) has five
points Z(K) [Z B] for 753 = B < NA(T) and [A t], 1 <i <3, for t,A the
involutions in T /A. If so, the only members of Z that are commutators in 7 are
in [A, t;] for some i. Now K = K/l'[ for some IT of order 2 in Z(K), and thus
k is the unique noncommutator in Z(7). Thus to complete the proof of (1) it
remains to prove fl the claim. But if the claim fails, then [A, T] is the point [Z B]
so [A, Y] [A T][A T1] is of rank 2, where T1 is a second Sylow group of Y
contradicting Y indecomposable on A. So (1) is established.

Assume Hypothesis 2.2. By 2.3(2), X = Z(K) < Q, so by (1) and 2.3(6),
Y < Aut(C). Then (2) follows from 2.3(4)—(5). O

2.7. Assume K/Z(K) = Gy(4) and |Z(K)| =2. Let M = Cx (Z(T)). Then:
(1) Aut(M) acts on Z(K).
(2) If Hypothesis 2.2 holds for K then C is standard.

Proof. Let Z(K) = (k) and Z = Z(T). By 18.4in [10], K has two classes of invo-
lutions — the long and short root involutions —and Z(T') is a long root subgroup.
By 1.6, Z(T) = Z. Again by [10], M = LR, where R is the radical of M and L =
L»(4) contains a short root subgroup. From the Atlas, short root involutions lift to
elements of order 4 in K, so the preimage L of L in K is isomorphic to SL,(5). From
Example 3.2.4 in [14], R/ Z is the sum of two orthogonal modules for L, so R is tran-
sitive on complements JtoRin M,so Z(J) = (k) for each such J. This proves (1).

Assume the setup of (2). Then, using 2.4(6), QCc(Z) =Cx(Z) INx(Z)=B
with QR < B and C(QR) < QR, so B is constrained with model B with
Cp(Z) = QCk(Z)= QM. Also M = O*(QM) < B. Then Aut+(T) = Autp(T)
as Z =Z(T) and B = Nx(Z). Then as M < Autg(T) centralizes k by (1), (2)
follows from 2.4(3). (]

Theorem 2.8. Assume Hypothesis 2.2. Then one of the following holds:

(1) Q=Z(K) is of order 2.

(2) C is standard.

(3) K/Z(K)=L34) and Q =Z(K) =
Proof. If | Q| =2 then (1) follows from 2.3(2), so we may assume | Q| > 2. By 2.3(7),
we may assume Z(T') # Z(K), while K is not 2-small by 2.4(4). Hence by 1.7
and 1.8, K/Z(K) appears in case (2) of 1.8. Next K/Z(K) = L3(4) by 2.5and 2.7,
while Z(K) = E4 by 1.5(3) and 2.6. Finally (3) holds by 2.4(3). ([l
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3. Tight embedding

Given a saturated fusion system on a 2-group S, a fully normalized abelian sub-
group P of § is tightly embedded in F if

(T1) Foreach1# X < P and @ € A(X), Pa < Nr(Xa), and
(T2) foreach 1 # X < P, X7 NP =XxXN+(P),
We can also define tight embedding for groups. Given a finite group G, an

abelian 2-subgroup P of G is tightly embedded in G if distinct conjugates of P
intersect trivially. Equivalently,

(TE1) Foreach1 # X < P, P < Ng(X), and
(TE2) foreach 1 # X < P, X6 NP =XN(P),
Another equivalent definition is obtained by quantifying over all involutions in P

rather than over all nontrivial subgroups of P.
In the remainder of this section we assume the following hypothesis:

Hypothesis 3.1. F is a saturated fusion system on a finite 2-group S such that
F = PC where

(1) C=0%*F)is tamely realized by K € K¢, and

(2) P is an abelian 2-subgroup of S tightly embedded and fully normalized in F.
3.2. (1) There exists a finite group G with S € Syl,(G), F = Fs(G), K = E(G),
F*(G) = 02(G)K,and G = PK.

(2) G/K = P/(PNK) is an abelian 2-group.

Proof. As K tamely realizes C, (1) follows from Lemma 2.22 in [9]. As G = PK
and P is an abelian 2-group, (2) holds. U

Set U = 02(G) and G* = G/U; thus U = Cg(K) and G* < Aut(K*) with
K*= K/Z(K) simple.
33. Let 1 # X < P and Gx = (PN6™). Then:
(1) Ng(X) = PNk (X).
(2) 0*(Ck(X))* = O*(Ck+(X™)).
(3) P is strongly closed in Sx with respect to N (X) for Sx € Syl,(Ng(X)).

(4) Gy =Gx/O0(Gx)=Hy x H}' x---x H,” where Hy < P and for 1 <i <n,
H" is a Goldschmidt group with P N H; = Q1(S N Hy).

() If Nx (X)/O(Ng (X)) has no Goldschmidt components then O(Ng (X)) P is
a normal subgroup of Ng(X).
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Proof. As P is abelian and G = PK, (1) holds. Next k € Cg(X) = A if and only if
[k, X]=1 while k* € Cg+(X™) if and only if 1 = [k*, X*] = [k, X]* if and only if
[k, X] < U. Thus O%(A*) < O*(Cg~(X*)). Let j* € Cx+(X*) be of odd order m;
we may choose |j| =m. Then j € 0%(G) =K, so [/, X]<UNK = Z(K) and
hence j centralizes XZ(K)/Z(K) and Z(K) so j centralizes X by 24.5 in [2].
Thus O%(Ck+(X*)) < O?(A*), completing the proof of (2).

As P is abelian and tightly embedded in F, from condition (T1) above for
a € A(X) we have Pa < Nr(Xa). As P € F/ there is 8 € A(Pa) with Paf = P;
set { =af and observe that P¢ = P andas Pa I Nx(Xa), ¢ € A(X), so replacing o
by ¢ we may take Po = P. Thus P < Nx(Xa), so P is strongly closed in Ng(X o)
with respect to Nx(X«). Next by (T2), there is y € Nx(P) with (Xa)y = X, so
there is g € Ng(P) with (Xa)8 = X, so (3) holds with Sx = Ng(Xa)$.

Part (4) follows from Goldschmidt’s fusion theorem [13], determining groups
generated by conjugates of a strongly closed abelian 2-subgroup. As 0%(G) = K,
0%(Gyx) < Nk (X). Then (4) implies (5). O

3.4. Let X be the set of involutions x € P such that O(Cg+(x*)) = 1 and Cg+(x*)
has no Goldschmidt components. Then:

(1) Foreachx € X, P < Cg(x).

(2) If each involution in P is in X then P is tightly embedded in G.
Proof. By 3.3(2), O(Cg(x))* = O(Cg+(x*)) and if Cg+(x*) has no Goldschmidt
components then, using 3.3(5), neither does Cg(x). Hence (1) follows from 3.3(5).
From Hypothesis 3.1(2) and condition (T2) in the definition of tight embedding,
xF NP =xN7P) 50 xO N P =xNeP) and, together with (1) and the third of the

equivalent definitions of tight embedding in groups at the beginning of this section,
(2) follows. O

3.5. Either P is faithful on K or G = P % K is a central product of P with K.

Proof. Suppose x is an involution in Cp(K). As K is not Goldschmidt and F*(G) =
UK by 3.2(1), it follows from 3.4 that P < Cg(x). Thus [P, K] < PN K < Z(K)
so K centralizes P. The lemma follows as G = PK by 3.2(1). O

3.6. Assume |P| =4 or P is cyclic. Then:

(1) For each involution x € P, PO(Cg(x)) < Cg(x).
(2) If O(Cg+(x™)) = 1 for each involution x in P then P is tightly embedded in G.

Proof. If |P| = 4 then |P : (x)| = 2, so as P is strongly closed in Cg(x), (1)
follows from the Z*-theorem. Similarly (1) holds when P is cyclic. Then (1), 3.3(2)
and 3.4(2) imply (2). U

3.7. Assume K/Z(K) € Chev(2). Then:
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(1) P is tightly embedded in G.
(2) If P is faithful on K, ®(P) =1, and |P| > 2 then P < UK.

Proof. We may assume P is not normal in G, so P is faithful on K by 3.5. We
first prove (1), where by 3.4 it suffices to verify the two conditions defining X.
If x* € K* then F*(Cg+(x*)) = O2(Ck+(x*)), so the conditions hold; thus we
may assume x* induces an outer automorphism on K*, so x* and its centralizer
are listed in [10]. As K appears in 1.5, we find that the conditions are satisfied,
unless K* = L3(4) and x* induces a graph or graph-field automorphism. In either
case we conclude from 3.3(4) that P* N K* #£ 1, so there is an involution z € P
with z* € K*. But as we just saw, F*(Cg+(z*)) = 02(Cg+(z*)), so P < Cg(2)
by 3.3(5). Next z* is stable by 1.6 and P is fully normalized by Hypothesis 3.1(2),
soze€ Z(T), where T =SNK. As (xT) is nonabelian, this contradicts P < C(z)
and P abelian. This completes the proof of (1).

Assume the setup of (2). Using (1), the hypotheses of 20.1 in [10] are satisfied;
then (2) follows from that lemma. O

3.8. Assume K/Z(K) is sporadic and either |P| = 4 or P is cyclic. Then P is
tightly embedded in G.

Proof. By 3.6(2) it suffices to show O(Cg+(x*)) = 1 for each involution x in P.
This follows by inspection of Table 5.3 in [14] for each of the groups listed in 1.4. [J

4. Splitting

In this section we assume C is a quasisimple fusion system on a 2-group 7 tamely
realized by some K € Kgs.

Recall from Subsection 0.13 in [5] that a critical split extension of C is a
pair (F, P), where F is a saturated fusion system on a 2-group S, C = O*(F), P
is a complement in S to a Sylow group T of C, P is isomorphic to E4, and P is
tightly embedded in F. Further C is said to split if there is no nontrivial critical
extension (F, P) of C; that is, for each such pair we have 7 = Cs(C) *C.

Throughout this section we assume (F, P) is a critical split extension of C.

4.1. (1) Hypothesis 3.1 is satisfied.

(2) There exists a finite group G with § € Syl,(G), F = Fs(G), K = E(G),
F*(G) = 02,(G)K, and G = PK.

3) If (F, P) is nontrivial then P is faithful on K.

Proof. Part (1) is immediate; then (1) and 3.2(1) imply (2), and 3.5 implies (3). [
Set U = 0,(G) and G* =G/ U.

4.2. Assume (F, P) is nontrivial. Then:
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(1) For some involution x € P, x* ¢ K*.
2) |Out(K/Z(K))| is even.

Proof. If (1) fails then G* = K*, so G = UK and hence F = U *C, contradicting
(F, P) nontrivial. Thus (1) holds and (1) and 4.1(2) imply (2). O

43. If K/Z(K) € Chev(2) then C splits.
Proof. This follows from 3.7(2). U
4.4. If K/Z(K) is sporadic then C splits.

Proof. Assume (F, P) is nontrivial. By 3.8, P is tightly embedded in G. Hence,
using 3.3(2), for each involution x € P, O?(Cg+(x*)) acts on P* = Ej.

By 4.2 there is an involution x in P — KU, and |Out(K™)| is even. Inspecting
Table 5.3 in [14] in those cases where |Out(K™*)| is even, we find that K*, Cg«(x™)
is among the pairs listed in 14.5 in [8]. In each case 0?(Ck (x)) is irreducible on
V* = 02(Cg+(x*)), so V* = P*N K* is of order 2, and hence K* = M, and the
preimage V of V*in K is generated by v of order 4. Next by Table 5.3b in [14],
there exists an involution i * € Cg«(v*) with [x*, i*] = v*. It follows that x inverts v
and P = (x, y) where y =uv for some u € U with u?> =v>. Now v € Cx(y), so v acts
on P, a contradiction as then [x, v] = v2 € P, whereas P is faithful on K by 3.5. I

We recall that, from [6], the 2-fusion systems of all the groups 2¢(g) with
g =213 mod 8 and ¢ = ¢ mod 4 appearing in Definition 1.3(b) are isomorphic. Thus
in this case we may take K to be €2, (3).

4.5. If K is Q¢(q) with g = £3 mod 8 and g = € mod 4 then C splits.

Proof. Assume (F, P) is nontrivial. We may take K to be 2, (3). Then the
classes of involutions in Aut(K) and their centralizers are listed in Table 2.10
in [1]. Inspecting that list, we find that for x* an involution in G*, we have
O(Cg+(x*)) =1 and Cg+(x*) has no Goldschmidt components. Therefore by 3.4,
P is tightly embedded in G and normal in Cg(x) for each involution x in P. As
E4 = P*is O*(Cg+(x*))-invariant we conclude from Table 2.10 in [1] that x* is of
type i (4, 8) for § € {1, —1}. By 4.2(1), we may choose x* ¢ K*, so x* €i(4, —1).
Thus the remaining two involutions in P* = O, (Cg+(x*)) are reflections, whereas
we just saw they are in i (4, §). O

Theorem 4.6. Assume C is a quasisimple 2-fusion system tamely realized by some
K € Kgs. Then C splits.

Proof. The possibilities for K are listed in Definition 1.3, 1.4, 1.5. Now appeal
to 4.3-4.5. ]
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5. Standard subsystems
In this section we assume the following hypothesis:

Hypothesis 5.1. (1) F is a saturated fusion system on a finite 2-group S.

(2) C is a standard subsystem of F on T € F/. Let Q be the unique maximal
member of X'(C) and write O for the centralizer in F of C.

(3) C is tamely realized by K € K.

(4) C is not a component of F.
5.2. F is almost simple.

Proof. Observe Hypothesis 9.4.1 of [5] is satisfied by (1) and (2) of Hypothesis 5.1,
so the result follows from Hypothesis 5.1(4) and 9.4.6 in [5]. O

5.3. Either ®(Q) =1 or Q is cyclic.

Proof. By Theorem 4.6 and 9.4.10 in [5], either ®(Q) =1 or m(Q) = 1. Thus we
may assume Q is quaternion and it remains to exhibit a contradiction. Let z be the
involution in Q.

As C is standard, @ is tightly embedded in F, so T = (F, 2) is a quaternion
fusion packet, where Q@ = Q7. By 5.2, £ = F*(F) is simple, so by Theorem 1
in [6], and as C is a component of F,, we conclude that £ is the 2-fusion system
of a group L of Lie type over [, for some odd g. Then as C is a component
of £, K=Qg(q). As QI F,, Q(z) ={Q}, where Q(z) ={P € Q:z€ P}. As
C=E(Cr.(Q)),|2| > 1 from Theorem I in [6], and then p = (C, I') is a quaternion
fusion packet, where I' = Q — {Q}. As K = Q¢(q) it follows that I = Q(#) is of
order 2, for some ¢ € z7, contradicting |Q(¢)| = |Q(z)| = 1. Ul

In the remainder of the section we assume:
Hypothesis 5.4. Hypothesis 5.1 holds with |Q| > 2.

5.5. (1) Nx(Q) is tamely realized by a group M with F*(M) = Q x K.
(2) Q istightly embedded in F.

Proof. By 5.3, Q is abelian, so Q = 0,(Q) and F*(N£(Q)) = QC. Then (1) follows
from Lemma 2.22 in [9]. As Q is tightly embedded in F and Q = 0,(Q) = 02/(Q),
(2) follows. O

5.6. It is not the case that Q is weakly closed in Ng(Q) with respect to F.

Proof. If Q is cyclic the lemma follows from 9.4.7(3) in [5]. If ®(Q) =1 it follows
from 9.4.11 in [5]. O
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Notation 5.7. Set A = Q7 N Ns(Q) — {Q}.

By 5.6, A # @. Recall from Definition 3.1.9 in [5] that P(Q) is the set
{1 £P <S8 :homzg(P, Q) # @} and P*(Q) is the set of maximal members
of P(Q). Let Po ={P € P(Q) : P < Ns(Q)} and PZ be the maximal members
of Po. For example, A C PZ.

Choose Q # P € P, NNz(Q)/, andset H=PK <M and H* = H/(HN Q).

5.8. (1) P istightly embedded in Nx(Q) and in PC.
(2) P is faithful on K.

Proof. Part (1) is a consequence of 13.1 in [8]. As Q = Cs(K), Cp(K) < Q; but
PN Q =1, by, for example, 3.1.12(2) in [5]. Thus (2) holds. U

5.9. (1) Z(K) is strongly closed in Q with respect to F.

(2) Let P € A and ¢ € homz(Q, P). Then Z(K)¢ is strongly closed in P with
respect to F.

Proof Let x € Z(K) and y € x* N Q. As Autz(Q) controls fusion in Q there is
meM withx™ =y. Thenas K IM, ye Z(K), proving (1). Now (1) implies (2). [

6. Sporadic components

We prove:
Theorem 6.1. Assume Hypothesis 5.1 with K /Z(K) sporadic. Then |Q| = 2.

Assume F is a counterexample to the theorem. Adopt the notation from Section 5;
in particular choose P € A as in Notation 5.7.

6.2. ¢(Q)=1.

Proof. Assume otherwise; by 5.3, Q is cyclic, so P = Q is also cyclic. Let
x be the involution in P. By 5.8(1) and 3.8, P is tightly embedded in H, so
P < Cy(x). Hence by 3.3(2), O?(Ck+(x*)) centralizes P*. Inspecting Table 5.3
in [14] for involution centralizers with this property, we conclude K* = HS,
Ci+(x*) = S5/(Z4* QF) and P* = Z(05(C+(x¥))).

Let W = 0%(Cg(x)) and R = O»(W). Then R = (rV) for r* € R* — P* of
order 4, so ®(R) = (r?) is of order 2 with ®(R)* = (x*).

Let y be a preimage of x* in K; by 1.6, x* is stable, so y is an involution and
x = qy for some ¢ € Q with g> = 1. Then as Q is cyclic, ¢ € Z(K) and x € K.
Let Py be the preimage of P* in K; then Py = P x Z(K) with (x) = ®(Py). Thus
(x)=®(R) = W.

Let o € A(x) with z =xa € Z(C). Let W = Fgaw (W); then W = OZ(CJrz (x)).
Next U = Wa* < O*(F,) =C. As W/(x, z) = As/Es, it follows from Table 5.3m
in [14] that za € {x, xz} and &/ = W. This is a contradiction as Z(K) = (xa) =
D (Ra), so O,(W/Z(K)) = Ra/Z(K) is elementary abelian. O



20 MICHAEL ASCHBACHER

6.3. |Z(K)| =2
Proof. If not then by 1.4(2), K/Z(K) = M»; and Z(K) = Z4, contrary to 6.2. [

Notation 6.4. By 6.3, Z(K) = (t) is of order 2. Let ¢ € homz(Q, P) and xo = t¢.
Let x € P —(x9) and X = (x, x0).

6.5. (1) xo € Z(Cy(x)).

(2) x centralizes 0?(Ci+(x*)).

Proof. By 5.9(2), xg is strongly closed in P with respect to F. Then as P is
strongly closed in S, with respect to Cg (x) for Sy € Syl,(Cg(x)) by 3.3(3), xp is
strongly closed in S,. Hence, by the Z*-theorem, O (Cp (x)){x9) < Cy(x). But as
we saw during the proof of 3.8, O(Cg(x)) =1, so (1) holds. Then (1) and 3.3(2)
imply (2). (]
6.6. X* = 0,(Cg+(x*)), Cy+(X™) = X* x L*, and one of the following holds:
(1) K*= Mo, X* ﬁ K*and L* = A5.

2) X*<K*= J,and L* = As.

(3) X* < K*=Coj and L* = G,(4).

4) X* < K*=Suzand L* = L3(4).

5) X* < K*Z=ZRuand L* = Sz(8).
Proof. We appeal to 6.5 and inspect the tables in Section 5.3 of [14] for involutions x*
and a 4-group X* centralizing O?(Cg+(x*)). O

We are now in a position to derive a contradiction that will establish Theorem 6.1.
From 6.6 there is an involution y € X with y* € K*. Thus y = ck for some ¢ € Q
and k € K with k* = y*. But from Section 5.3 in [14], |k| = 4. Then as ®(Q) =1
by 6.2, y = ck is also of order 4, contradicting ®(P) = 1. This completes the proof
of Theorem 6.1.

7. 7 (3)

We prove:

Theorem 7.1. Assume Hypothesis 5.1 with K = Q¢ (q) and | Q| > 2. Then we may
take g = 3 and we have:
(1) Q=74

(2) Let x be the involution in P; then x € K is ini(2,—1) in K = Q¢ (3), so
02(Ck+(x*)) = SLa(3) # SLy(3).
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Assume F is a counterexample to the theorem. Adopt the notation from Section 5;
in particular choose P € A as in Notation 5.7. Note that by Definition 1.3(b), g =
43 mod 8 and g =€ mod 4; indeed the 2-fusion systems of any two groups satisfying
these congruences are isomorphic, so, for example, we may take (¢, €) = (3, —1).

7.2. Q is cyclic.

Proof. Assume otherwise; by 5.3, ®(Q) = 1. Adopt Notation 6.4; applying 5.9(2)
as in the proof of 6.5, x; centralizes 0?(Cg+(x*)). We may take K = Q¢ (3). Then
inspecting the list of involution centralizers in Table 2.10 of [1] for involutions x*
and a 4-group X* centralizing O%(Cg+(x*)) we conclude that x* € i (4, §) for some
8 € {1, —1}. But then for y* € X* — (x*), y* is a reflection, a contradiction as (xxg)*
also serves in the role of x*. ([

Let x be the involution in P. Inspecting the list of centralizers in Table 2.10
of [1] we find that O (Cg+(i*)) = 1 for each involution i* € H*, so by 3.6(2):

7.3. P is tightly embedded in H, so P < Cy(x) and P* centralizes O?(Cg+(x*)).
7.4. |P*| =4 and either

(1) x* €i(@4, +) and O*(Cg+(x*)) = SLy(3) * SLa(3), or

(2) x* is a projective involution and Cg+(x*) = U3 (3).

Proof. This time we inspect Table 2.10 in [1] for centralizers in which some cyclic
group of order at least 4 centralizes 02(Ck+(x*)). O

7.5. Case (1) of 7.4 holds.

Proof. Assume instead that 7.4(2) holds. Let F = [Fg, V be a 4-dimensional unitary
space over F, and G = GU(V). Let B = {vy, ..., v4} be an orthonormal basis
for V, A € F of order 4, w; € Cg(vf) with v;w; = Av;, Q; = (w;), and t; = wiz.
Then Cg(t;) = Q; x L; where L; = Cg(v;) = GU3(3). Therefore Q; is tightly
embedded in G.

Next, setting Z = (—idy) < Z(G) and GT = G/Z, we have SU(V)* = K and
SUV)* f is a split extension with w; inducing an automorphism on SU(V)*
quasiequivalent to that of a generator of P on K;so H=PK = SU(V)+QT.

Let X ={Q;:1<i <4}and Wy = (X). Then ¥ = QlG N Cg(Wp) as the
weight spaces of Wy are the Fv;. Hence as the weak closure of O in a Sylow
2-subgroup S of G is abelian (since Q| = Z4 is tightly embedded), W} is that weak
closure and ¥ = Q? NS¢ is of order 4. Moreover Autg (W) acts as Sym(X) on X
and Uy = (thG(WO)) is of rank 4 with t;rNG(WO) = Uy — U, for a unique hyper-
plane U; of Uy, and a generator ¢ for Z(SU(V)™) is not contained in U(;“ as
|t] = 4. In particular [], ;" = 1.

As H = SU(V)T Q7 it follows that P N Ng(Q) = 0 is of order 4 and © =
07 =0U{Q} is of order 5. Moreover W = (®) is abelian with Autz(W) transitive
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on ®, so as Auty,)(Wp) induces Sym(6) on 6, Autr(W) induces Sym(®) on O.
Let x; be the involution in P; € 6 and y the involution in Q. As []; ti+ =1 we have
[[,xi=1. Thenas [ [, x; = 1 and Autz(®) induces Sym(®) on ©, we conclude
that y = xjxpx3 € U = (x; : 1 <i <4), contradicting t* ¢ UJ’. O

We are now in a position to complete the proof of Theorem 7.1. By 7.4
and 7.5, 7.4(1) holds. Thus x* € i(4, +) induces an inner automorphism on K,
so x = ck for some ¢ € Q and k € K with k* = x*. Then k is of type i (4, +) or
i(2,—) in K = Qg (3). Further | =x*=c**=c% soas Q =Z4 by 7.4, c € Z(K)
sox € Kisini(4,+) or i(2, —). Let ¢ be the involution in Q, X = (¢, x), and
o € A(x) with xa =1. As P centralizes O%(Cg (x)) = SL,(3) *SL,(3) and x € P,
we may take Xo = X. Then as Z(0%*(Ck (x))) is generated by an element in i (4, +)
and xa =t ¢ 0O%(Ck(x)), we conclude that x is in i (2, —). This completes the
proof of Theorem 7.1.

8. Chev(2)

In this section we assume the following hypothesis:
Hypothesis 8.1. Hypothesis 5.1 is satisfied with K /Z(K) € Chev(2).

We continue to adopt the notation from Section 5, and choose P € A as in
Notation 5.7.

8.2. P istightly embedded in H.

Proof. This is 3.7(1). U
In the remainder of the section we assume:

Hypothesis 8.3. Hypothesis 8.1 holds with ®(Q) =1 and |Q| > 2.

84. P < QK.

Proof. This is 3.7(2). O
8.5. Assume m(Q) > 2. Then for eachh € H, Npi(P) < Cy(P).
Proof. See the proof of 15.18 and 21.2 in [8]. O

8.6. Assume K/Z(K) = L3(4). Then:

(1) Q=Z(K)=EE,4.

(2) P*=Z(T*).
Proof. By choice of P in Notation 5.7, P € Nx(Q)/ and by 8.4, P* < T*, so
as K* has one class of involutions there exists an involution z € P with z* € Z(T™*),

and hence z € Z(T)Q. Let J = T Q and suppose m(Q) > 2. Then z € Z(J) so
forh e H, P"NJ < Cpi(z) < Npi(P) by 8.2, 50 P"NJ < Cy(P) by 8.5. But
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J<{Z"NJI)Q,s0 P <Z(J)=Z(T)Q. Therefore as |Z(J) : Q| =4 < |P|,
1 # PN Q, a contradiction.

We’ve shown m(Q) < 2, so as |Q| > 2 by Hypothesis 8.3, we have Q = Ej4.
As J < Cyg(z) < Nyg(P), we have [P, T] < PNT. Indeed if P* £ Z(T*)
then [P*, T*] = Z(T*), so Z(T)Q < PQ, contradicting |P| = |Q| = 4. Hence
PQ = Z(J), so the lemma holds if Q = Z(K). Thus we may assume |Z(K)| =2
and it remains to produce a contradiction.

Next J = J(Ns(Q)), so N = Nz(J) controls fusion of conjugates of members
of Q in Z(J). Therefore a generator k of Z(K) is fused to a member of P in N.
This is a contradiction as k is the only member of [J, J] which is not a commutator
in J, which we saw during the proof of 2.6. In any event this is a contradiction. [

8.7. K/Z(K) is not Us(2) or Q3 (2).
Proof. Assume otherwise. By 8.2, P is tightly embedded in H, and by 8.5, either
(a) |P| =4, or

(b) foreachh € H, Npr(P) < Cgx(P).

Therefore Hypothesis 22.1 in [10] is satisfied, so as Z(K) # 1, 22.2 in [10]
supplies a contradiction. Note that the case K/Z(K) = L3(4) should have been
excluded in Hypothesis 21.1, and it was not treated in 21.3 in [10]. ([

8.8. K/Z(K) is not Go(4), F4(2), or *E¢(2).

Proof. We can repeat the proof of 8.3 in [11]. Note the appeal to 3.9 in paragraph
four of that proof should be an appeal to 2.7. ([

Theorem 8.9. Assume Hypothesis 8.1 with ®(Q) = 1. Then either |Q| = 2 or
K/Z(K)Y=E L3(4)and Q = Z(K) = E,4.

Proof. Assume otherwise; then Hypothesis 8.3 is satisfied. Then K € Ky, with
K/Z(K) € Chev(2). In particular K appears in 1.5. But we have eliminated the
cases in 1.5(1)—(2) in 8.7 and 8.8, and 8.6 completes the proof when 1.5(3) holds. [J

9. Mopping up
In this section we assume the following hypothesis:
Hypothesis 9.1. Hypothesis 8.1 is satisfied with Q cyclic and |Q| > 2.

We continue to adopt the notation from Section 5, and choose P € A as in
Notation 5.7. Let x be the involution in P and (u) = U = Q,(P). Let Sp = PT,
H = PC,and W = (U™).

9.2. ®(P)<QK,sox*e K*.
Proof. From [14] a Sylow 2-subgroup of Out(K) is of exponent at most 2. (]
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9.3. K/Z(K) is not G,(4).

Proof. Assume otherwise; from 9.2, x* € K*, so x* is in one of the two classes of
involutions of K* described in 18.2 of [10], and Cg+(x*) is described in 18.4 of [10].
In particular C g+ (02%(Cg+(x*))) = X* is the root subgroup of the root involution x*,
whereas from 3.3(2) and 8.2, P* < X* and P is cyclic by Hypothesis 9.1. O

94. K/Z(K) is not L3(4).

Proof. Assume otherwise; then K* has one class of involutions, so as P € N, F(0),
x* € Z(T*) and then by 1.6, x € Z(QT). Hence by 8.2, [QT, U] < U, whereas
T* normalizes no Z4-subgroup of H*. ([l

Given a finite group G, a near transposition in G is an involution ¢ such that
whenever s € r¢ with (s, t) a2-group, we have [s, t] = 1.

9.5. Let R € H™ with R < Sp, let Y be a model for Ny (R), and set Y™ =Y /R.
Then:

(1) (W) <R

(2) Ifu ¢ R then u™ is a near transposition in Y .
Proof. This follows from 18.4 in [8]. O
9.6. K/Z(K) is not Us(2).

Proof. Assume otherwise; regard K * as the image of K= SU(V) for a 6-dimensional
unitary space V over F4. Let V3 be a T-invariant 3-dimensional totally singular
subspace of V, Y = Ny (V3), and R = O,(Y). Then R* = Ey and Y+ = L3(4) is
irreducible on R*. By 9.5, x € ®(W) < Rand as ®(R*)=1,u ¢ R. Thusu™ isa
near transposition in ¥ by 9.5(2). This contradicts 17.2 in [8], which says that
L3(4) has no near transpositions. U

9.7. K/Z(K) is not Q (2).

Proof. Assume otherwise; then K* has three maximal parabolics Y*, 1 <i < 3,
such that R = O»(Y;") is the orthogonal module for Y*/R = Qg (2). As Q is
cyclic, |Z(K)| = 2, so there is a unique i with ®(R;) =1, say i = 1. By 9.5(1),
x € Ry, and as ®(R}) = 1, u ¢ R;. Hence by 9.5(2), u™ is a near transposition
in YT, where Y = Ny (R}). It follows that Y™ = O/ (2) and u™ is a transvection
on the orthogonal space RY. Then [Ry, u] = (x) with x* a nonsingular point in R7,
s0 X* = O%(Ck+(x")) is [R}, X*] extended by Sps(2). This is a contradiction as
such an X* centralizes no element of Y* of order 4. O

9.8. K/Z(K) is not *E¢(2).
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Proof. Assume otherwise; we repeat the argument in 18.15, 18.6, and 18.19 in [8].
Let z* be the long root involution in Z(T*) and Y* = Cg+(z*). Then R* =
0,(Y*) = 21420 i extraspecial with Y = Ug(2) irreducible on R=R* /{z*). In
particular Y* centralizes no element of order 4, so x* # z*. Then as ®(R*) = (z*),
u* ¢ R*, so u™ is a near transposition in Y*. Hence by 17.7(1) in [8], u* is a
transvection in Y. As ®(R) < Z(K){(z), |R : Cr(x)| <4, so as [Cr(x), u] < (x)
we have m([ﬁ, u]) < 3. Then by 17.7(2) in [8], m(ﬁ) < 18, a contradiction. [
9.9. K/Z(K) is not F4(2).
Proof. Assume otherwise and for ¢ € {/, s} let z\ be the c-root involution in Z(T™).
By 1.6, z. € Z(T).

Suppose u* ¢ K*; then z;* =z} so [z;, u]l = zjzy = x" € Z(T), and hence x = x'.
But then T = Cr(u)(z;), a contradiction.

Hence u* € K*, sou € Y = Cpg(z;). Now from Section 8 in [3], R* =
02(Y*) = RYZ(R*) where R} =2!*8 and Z(R*) = Ey, and Y*/R* = Spy(2) with
(zj) = Z(Y™). Hence x* # zJ and as ®(R*) = (z;), we conclude that u* ¢ R*.
Therefore u™ is a near transposition in Y+ = Sps(2), so ut is a transvection.

Arguing as in the proof of the previous lemma, m([R, u]) < 3. This contradicts
m([R/Z(R), u]) =4. O

Theorem 9.10. Assume Hypothesis 8.1 holds with Q cyclic. Then |Q| = 2.

Proof. By Hypothesis 8.1, K € Kqs with K/Z(K') € Chev(2). Thus K is described
in 1.5. But now the various cases arising in 1.5 are treated in this section, establishing
the theorem. (]

Theorem 2. Assume Hypothesis 5.1. Then one of the following holds:
(H1gl=2

2) K= Qg(q) with g = £3 mod 8 and € = g mod 4, and Q = Z4.
(3) K/Z(K)=E L3(4)and Q = Z(K) = E4.

Proof. By Hypothesis 5.1(3), C is tamely realized by K € Kys. The class Ky is
defined in Definition 1.3; in particular one of the following holds:

(i) K/Z(K) is sporadic.
(i) K/Z(K) € Chev(2).
(i) K = Qg(q) with g =+3 mod 8 and € = g mod 4.
This follows as K/Z(K) is a known finite simple group that is not Gold-
schmidt, Z(K) is of even order, coverings of alternating groups are excluded

in Definition 1.3(a), and coverings of groups of Lie type and odd characteristic,
with exception of the orthogonal group in (iii), are excluded in Definition 1.3(b).
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In case (i) conclusion (1) of Theorem 2 holds by Theorem 6.1. In case (iii)
conclusion (1) or (2) of Theorem 2 holds by Theorem 7.1. This leaves case (ii),
where Hypothesis 8.1 is satisfied.

By 5.3 either ®(Q) =1 or Q is cyclic. In the first case conclusion (1) or (3) of
Theorem 2 holds by Theorem 8.9. Thus we may assume Hypothesis 9.1 is satisfied.
Here conclusion (1) of Theorem 2 holds by Theorem 9.10, completing the proof. [

Finally we supply a proof of Theorem 1. So assume the hypothesis of that
theorem. First we check that the hypotheses of 2.1 are satisfied. Condition 2.1(a)
holds by hypothesis (c) of Theorem 1. Condition 2.1(b) holds by hypothesis (b) of
Theorem 1. And condition 2.1(c) holds by hypothesis (a) of Theorem 1.

By 2.1, either conclusion (1) of Theorem 1 is satisfied, or C is terminal, and
we may assume the latter. Thus Hypothesis 2.2 is satisfied. Hence by 2.3(1), C is
nearly standard, so Q exists. We may assume conclusion (2)(i) of Theorem 1 does
not hold, so |Q| > 2. Hence by Theorem 2.8 either conclusion (2)(iii) holds or C is
standard, and we may assume the latter. Therefore Hypothesis 5.1 is satisfied. But
now Theorem 2 completes the proof.
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