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Let I" be a cocompact, oriented Fuchsian group which is not on an explicit
finite list of possible exceptions and g a sufficiently large prime power
not divisible by the order of any nontrivial torsion element of I'. Then
|[Hom(T', GL, (¢))| ~ cq,nq(l‘X(r))"z, where ¢, , is periodic in n. Within a
fixed congruence class for ¢ and for n, ¢, , can be expressed as a Puiseux
series in 1/g. Moreover, this series is essentially the g-expansion of a mero-
morphic modular form of half-integral weight.
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1. Introduction

Let I' be a cocompact and oriented Fuchsian group (which, in what follows, we
shall call simply a Fuchsian group). Concretely, this means that I" has a presentation

a
<-x15y15 --'a-xg’ygszl’---’zrlzlla ---vZ;(:Zra [XI,YI]"'[xg,J’g]Zl“'Zr>,

where ay, as, .. ., a, is a fixed (possibly empty) nondecreasing sequence of integers
a; > 2 such that the Euler characteristic

X () :=2—2g — 2(1——)

is negative. Let [, be a finite field. We investigate the asymptotic growth in n of

Larsen was partially supported by the NSF grants DMS-2001349 and DMS-2401098. Tiep grate-
fully acknowledges the support of the NSF (grant DMS-2200850) and the Joshua Barlaz Chair in
Mathematics. The authors are grateful to the referees for many helpful comments and suggestions.
MSC2020: primary 20H10; secondary 11F20, 11F27, 20C15, 20C33, 20G40.

Keywords: Fuchsian groups, modular forms, representation growth, finite fields.

© 2025 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution License 4.0 (CC
BY). Open Access made possible by subscribing institutions via Subscribe to Open.


http://msp.org/pjm/
https://doi.org/10.2140/pjm.2025.336-1-2
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://msp.org/s2o/

218 MICHAEL J. LARSEN, JAY TAYLOR AND PHAM HUU TIEP

the number of homomorphisms from I' to the group GL, (g), which we denote G,
when the value of ¢ is understood.

There are two complementary points of view. On the one hand we can fix n
and consider the homomorphism scheme Hom(I", GL,) := Hom(I", GL,, 7), which
is defined over Z. For a fixed characteristic p > 0, we can think of the fiber of
Hom(I", GL,) over Spec [, as the variety Hom(T", GL,r,) of homomorphisms from
I" to GL,, over [F,,. (Note that in this paper, a variety will be just an affine scheme
of finite type over a field; in particular, it need not be either irreducible or reduced.)
Applying the Lang—Weil theorem to this variety as g ranges over powers of p, we
see that the number of homomorphisms p: I' — GL, (¢g) determines its dimension,
by which we mean the maximum dimension of any of its irreducible components.

On the other hand, for fixed g, we can partition homomorphisms p according to
the r-tuple of G,-conjugacy classes

(C1y..., C) = (p(z1)%, ..., p(z,)%m).

Each C; must consist of elements of order dividing a;. For given (Cy, ..., C,)
satisfying this divisibility condition, the number of homomorphisms I' — G, with
p(zi) € C; for all i is given by a theorem of Hurwitz [Liebeck and Shalev 2004,
Proposition 3.2]:

2¢-1 x(Cp) -+ x(Cy)
(1-1) AT =
X €lrr(Gy)
Summing (1-1) over all possible r-tuples (Cy, ..., C,) we obtain a formula which

can potentially be used for fixed g to understand the asymptotic behavior of
|Hom(T", G,,)| as n — oo.

These two ways of counting Hom(I", GL,(q)) are in some sense complementary.
For instance, just as we can use character methods to determine the dimension of
Hom(I", GL,), we can use the dimension of Hom(I", GL,) to get an upper bound on
Hom(I", GL,(g)) for all large ¢g. For the large n limit, the first way of counting seems
to be the more appropriate, and an analysis of (1-1) has led us to this conjecture:

Conjecture 1. Let A denote the least common multiple of ay, . . ., a,, which we
take to be 1 if r = 0. Let q be a prime power relatively prime to A.

(@) There exists a 2A-periodic sequence cy. 1, Cq2, . . . of positive numbers such that
[Hom(T", GL, (9))] ~ cq.nq =4

uniformly in g and T, that is,
|[Hom(T", GL, ()|
q(l—x(l“))n2

Cq.n

approaches 1 in the limit as n — oo, uniformly in g and T.
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(b) There exist a 2-dimensional array er, 4 , of rational numbers and a 2-dimen-
sional array fr, g n of half-integral weight meromorphic modular forms, periodic in
both q and n, such that

iloggq
Cqn = (g — 1)q€1“‘q,n fF,q,n( o >

Moreover, fr 4., is holomorphic on the upper half plane and has integer Fourier
coefficients at i 00.

The problem of estimating the number of representations of a given Fuchsian
group over a finite field seems to have been first considered by Liebeck and Shalev
[2005b]. There are a number of significant differences in emphasis between that
paper and ours; I" need not be oriented in their paper, and the target of homomor-
phisms from I could be a quasisimple group G(g) instead of GL,(q). They were
primarily interested in the “geometric” direction, that is, n fixed and ¢ — oco0. A
key limitation of their paper is that their method requires g > 2.

Under this hypothesis, they showed that the contribution in (1-1) from nonlinear
characters is negligible, which reduces the problem of estimating |Hom(I", GL, (¢))|
to that of estimating the numbers j, ,(a;) of elements x € GL,(q) satisfying x“ = 1.
They gave an asymptotic formula for j, ,(a) when n is fixed and g — 00, using
work of Lawther [2005]. In the case r = 0 (the surface group case) they proved that
[Hom(T", GL,,(¢))| is asymptotic to (g — 1)|GL,(¢)|*¢~". If n(z) is the Dedekind
function, then

GL, : 2
SLA@|_ i T (1~ byt gt

1/24 llogq
q / ( i=n+1

Setting er, 4., = ﬁ(2g —1)and fr 4, = nzg—l for all ¢, n, we deduce Conjecture 1
for surface groups. In general, their analysis depends crucially on the fact that for g >
2, the trivial upper bound on |x (C;)| is good enough to allow us to ignore nonlinear
characters of G,. This is certainly not the case when g = 1, let alone when g = 0.
However, the new character bounds developed by Bezrukavnikov, Liebeck, Shalev,
and Tiep [Bezrukavnikov et al. 2018] give us hope of making progress even for g =0.
Using these bounds, Liebeck, Shalev, and Tiep proved [Liebeck et al. 2020,
Theorem 1.1] that for every I' satisfying x(I') < —2,if ¢ =1 (mod A), then

[Hom(I', GL,(q))] < f (m)g!=* T +!

where f(n) does not depend on ¢. This immediately gives an upper bound for the
dimension of the representation variety Hom(I", GL, x) where K is any field in
which A # 0, provided that n is sufficiently large:

dim Hom(T", GL,, g) < (1 — x (D))n? + 1.
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They also proved a lower bound on dimension:

dimHom(T", GL, x) = (1 = x M) (2* = 1) = Y ;.

Using ideas from [Bezrukavnikov et al. 2018; Taylor and Tiep 2020], we prove
a new exponential character bound Theorem 2.9, which applies to all semisimple
elements and which plays an essential role in the proof of the main theorems of
this paper. The reason we can prove Conjecture 1 only when ¢ is sufficiently large
is that the exponent in our bound only approaches its optimal value as ¢ — oo.

Proposition 3.2 gives a list, consisting of thirty-one triangle groups and one
quadrilateral group, where even for large ¢, our bounds are not strong enough to
prove the conjecture. When I' is not on this list and ¢ is sufficiently large and
relatively prime to the a;, [Hom(I", G,,)| behaves as predicted.

Theorem A. There exists an absolute constant qy such that if I' is a Fuchsian
group which is not on the finite list of groups excluded by Proposition 3.2, then
Conjecture 1 holds for T for all prime powers q > qo which are prime to A.

In particular, the theorem holds for all Fuchsian groups I with Euler characteristic
less than —%.
We deduce Theorem A from an analogue of [Liebeck and Shalev 2005b, Theo-

rem 1.2 (i)]. Let Jy 4(ay, ..., a,) denote the cardinality of the set
(1-2) {(zl, Co ) €GLy() | 1% =1 Vi, []det(r;) = 1}.
i

Theorem B. If " is not on the excluded list of Proposition 3.2, and q > qq is prime
to A then

[Hom(I", GL, (9))| = (1+0(1))(g — DJgu(ar, ..., a)|GLy(q)|*7",

where the term o(1) does not depend on q.

Theorem A allows us to compute the exact dimension of Hom(I", GL,) when n
is sufficiently large. Given I' and n, we define or , to be either 1 or —1 according
to the rule that it is —1 if and only if @¢; € 2Z implies n/a; € Z, and

% e1+2z.
lilme2zy

Let {x} denote the fractional part of x. We have:

Theorem C. There exists an absolute constant N such that if ' is not on the
excluded list of Proposition 3.2, n > N, and K is any field of characteristic p > 0,
such that p t a; for any i, we have

r

dimHom(T', GL,, x) = o1 + (1 — x (T))n? — Zai{g}{——}.

i=1 !
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In particular,

p
dimHom(T', GL, x) > —3 + (1 — x(T)n* — 3 1a;.
i=1
Unfortunately, the letter ¢ has a standard meaning both for finite fields and for
modular forms. We use it only in the former sense, but we evaluate modular forms
f atilogg/(2m), which amounts to plugging 1/¢ into the g-expansion for f.

2. An asymptotic character bound

The goal of this section is to prove an asymptotic version of the character bounds in
[Bezrukavnikov et al. 2018, Theorem 1.1] and [Taylor and Tiep 2020, Theorem 1.9]
when G is a finite group of Lie-type A. We will achieve this by combining the
approach of [Bezrukavnikov et al. 2018] with the character level approach developed
in [Guralnick et al. 2020] to bound |x (g)|.

To this end, let us recall the approach of [Bezrukavnikov et al. 2018]. Throughout
this section, ¢ is a prime power and G = G (Fq) is the group of Fq—points of a
connected reductive [F,-group scheme. We assume G = G(F,) = GF is the finite
group of [, -points, where F : G — § is the Frobenius endomorphism determined
by its structure as a scheme over [,.

The main case of interest to us will be when the underlying group scheme is
GL{, where € € {+, —} and we set GL;r := GL,, the general linear group, and
GL, := GU,, the general unitary group. In this setting,

G =G :=GL,(F,)

is the general linear group of dimension n > 0 and F is either F, or o F,, where
F, : G — G is the standard Frobenius endomorphism and o : G — G is the inverse
transpose automorphism.

Suppose L = LF, where £ < G is a proper F-stable Levi subgroup of G. Assume
g € GF is an element such that Cg(g) < £. By [Taylor and Tiep 2020, Lemma 13.3],
for every irreducible character x of G, we have

@-1) X(@)="REO@ = Y (. RECOM(),
nelrr(L)

where *Rg denotes Deligne—Lusztig restriction. We also write Rg for Deligne—
Lusztig induction.

Following [Bezrukavnikov et al. 2018, Theorem 1.1], we define the constant
(L) to be the maximum over nontrivial unipotent elements u € L of

dimu*
dimu9’
if L contains no such elements we take o(L) = 0. Here u¥ denotes the G-conjugacy
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class of u, and similarly u* denotes the £-conjugacy class. From the proof of
[Bezrukavnikov et al. 2018, Theorem 1.1], see also [Taylor and Tiep 2020, §2],
we get

qg+1 b/
(2-2) n(g)l <n(1)<31(q_1) x(H*H,
for any n € Irr(L) with (n, *Rg (x)) #0, where B > 0 is a constant that depends
on GF. Furthermore, D = dim vY, where v9 = O; is the wave front set of x, defined
by work of Kawanaka [1986], Lusztig [1984], and Taylor [2016].

If f, € Q[X] is the degree polynomial of n, so that n(1) = f,(g), then the
constant B; is chosen such that By f;, € Z[ X]. When the underlying group scheme
is GL¢ we have that £ is a direct product of groups GL; (q). Therefore, in this
case, the constant B; can be taken to be 1 because the degree polynomial of any
irreducible character of £ is already contained in Z[X].

Recall that *R[g: (x) is a virtual character but is a true character if £ is split. To
bound |x (g)] it suffices, by the triangle inequality, (2-1), and (2-2), to bound

(2-3) DO RIOGONS D (0 REGO) = (REGO. REGO).
nelrr(L) nelrr(L)
where (—, —) is the usual inner product on class functions.

We know from [Bezrukavnikov et al. 2018, Proposition 2.2] and its proof, as
well as the arguments in [Taylor and Tiep 2020, § 13], that (2-3) is always bounded
above by

(2-4) (n")?.

However, we can do significantly better if n is large compared to both g and the
true level

FOo=j

of x, as defined in [Guralnick et al. 2020, Definition 1(i)]. When G = GL,(q)
then j is the smallest integer for which x is a constituent of 7/, where 7(g) is the
number of fixed points of g acting on the natural module V =7 of G.

In the next subsections we give upper bounds for (2-3) that incorporate the true
level of .

2.1. Elements with split centralizer in GL,(q). In this subsection we consider the
group scheme GL,, so that

G =G, :=GL,(q).
Fix a proper split Levi subgroup £, and let
(2-5) L=LF=GL,,(q) xGL,,(q) x ---xGL,,(q) CG,
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where m; € Z>1 and Zzl'=1 m; =n. In this case *Rg is just Harish-Chandra restriction.
Withl1 <j < %n fixed, consider a split Levi subgroup M and set

M:,/\/[F EGLJ(Q) X GLn—j(‘]) cG.

By [Guralnick et al. 2020, Theorem 3.9(i)], [*(x ) = j implies that x is an irreducible
constituent of the Harish-Chandra induction

RS (@R 1g, )

for a unique irreducible character o of G;. Conjugating M by a suitable element
g € G, we may assume that L and M are block-diagonal subgroups in the same
basis (eq,ea,...,¢e,) of V.

To bound (2-3), it therefore suffices to bound

(RIR (@B 16, ), RIR (@® g, ).

By the Mackey formula for Harish-Chandra restriction and induction [Dipper and
Fleischmann 1992, Theorem 1.14],

(2-6) RIR (@R 1g, ) = > Rimno R (@R 16, )Y,
x€L\S(L,M)/M
where S(L, M) is the set of elements y € G such that £ N M contains a maximal
torus of G, and the summation runs through the (L, M) double cosets of this set.
For our pair of split Levi subgroups (£, M), there is an explicit description of
L\S(L, M)/ M, as described in [Brundan et al. 2001, §2.2c]. Embed the symmetric
group S, in G, via permutation matrices, and consider the Young subgroups

Si=Sm XSm, X XSy, Su=S;xS5,_;

of the embedded S,,. Then in (2-6) we can just choose x as representatives of the
set S;\S,/Su, one for each double coset. The set of double cosets 5;\S,, /S, is in
bijection with Sy -orbits on the set of S,,/S,,, which may be identified with the set of

j-subsets of {1, 2, ..., n}. Hence each such double coset can be labeled uniquely
by a t-tuple

t
(2-7) k=(ki,ky,....k;), O0<ki<m;, D ki=].

i=1
Correspondingly, we can choose x = x, to be the element of G that sends the first j
basis vectors ey, ..., e; of V to

€1y oo o5 €y Cmy+15 Cmy42s - s Cmythkos « + o5 Comydodmy_ 1415+« + s Cmydmot-tmi_1+k;

in the increasing order of the subscripts, and sends the last n — j basis vectors
€j11, ..., e, to the remaining n — j basis vectors, again in the increasing order of
the subscripts. We will say that x,(e;) = ey ), 1 <i <n.
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For the reader’s convenience, let us give a justification for this statement in the
case g > 3. Suppose y € G is such that £ N M contains a maximal torus 7 of G.
Then 7 is a maximal torus of (£ NYM)° which is F-stable and connected. By the
Lang—Steinberg theorem, conjugating 7 suitably, we may assume that it is F-stable.
Then

F ~
T:=T" =Cun-1 %X Cga-1 X X Cigar-1

for some integers aj, ap,...,as; > 1. Since g > 3, all cyclic direct factors in
this decomposition are nontrivial, and hence V = [} is a direct sum of s simple
F, T-modules Wy, ..., W of dimension ay, ay, ..., ag, which are pairwise non-
isomorphic (indeed, they have pairwise distinct kernels). On the other hand, the
[, L-module V decomposes as the sum @521 V; of F,L-modules, where

Vii={ey,... em1> , Vo= (em1+l»~- em1+m2> e V= (em1+ Amp 1l eees n)[Fq-

Since T < L, each V; is a direct sum of some of these W, 1 <[ <s. Slmllarly, since
V= [F’ ® I]:" J as an [F,”M-module and T < *M, each of [Fj and I]:" J is a direct sum
of some of these W;. Using the left multiplication by L and nght multiplication
by M if needed, we may assume that [Fé is spanned by

€1y oo s €y €my+1s €my42s «+ o5 €mythkos ++ o s €mytetmy_14+1s -« o5 Cmydmpt-tm,_+k

(k; first vectors in the indicated basis of V; for each 1 <i <t), and [F s spanned
by the remaining n — j basis vectors.

It is well known (and can be proved by an easy induction on ¢ > 1) that the total
number N of ¢-tuples « in (2-7) is

N=<]+t._l)=t-t+l---t+1,_1 <t <n
J 2 j

since ¢ < n. For each such k, x = x, sends e; to e,(;), and we can write

(2-8)

M =xMx"" =GL({exys - - - » ex(j))F,) X GL({ex(j+1)s - - - s €xm))F,)
=GL,(q) x GL,—;(q)
Now, L N*M fixes each of the subspaces

(1, -y em)r, N{ex), - - ex(j))F, = (€1, - -+, ex)E,
and
(e, -y em)r, N{ex(jt1)s - - s €xm))F, = (€hky+15 - -+ s €my )E,

of V1, and similarly for V; with 2 <i <¢. It follows that

t
LNM = H(Ki x M;),
i=1
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where foreach 1 <i <t, K; =GLy, (q) is contained in the GL ; (¢)-factor of *M, and
M; = GL,,, 4, (q) is contained in the GL,,_ ; (¢)-factor of *M. Moreover, ]_[f: 1 Kiis
a split Levi subgroup of GL(g), and H§:1 M; is a split Levi subgroup of GL,,_; (¢).
Now, applying [Giannelli et al. 2017, Lemma 2.7(i)] twice, we obtain

R (@B 16, ) ="RY k. @) B Lyt e,

Recall that " is an irreducible character of GL;(q). So, by (2-4), the total sum of
multiplicities of irreducible constituents g in *R%\.M((a M 1g,_;)") is at most

29) (JH%
Consider any such irreducible constituent

B=arXay X Koy K15 xm, -
By [Guralnick et al. 2020, Lemma 2.5(ii)],

gl’ﬂ
RéﬂXM (B) = & R klxgm[fki (c; 4 IGmi—ki)'

Let 7, , denote the permutation character of G, on [}, see [Guralnick et al. 2020,
Equation 3.1]. Then the character

Gn;
yl = ngi Xgmi*ki (al & lG’"i_ki)

is contained in (rmi’q)kf by [Guralnick et al. 2020, Proposition 3.2]. If k; = 0, then
the total number N (y;) of multiplicities of irreducible constituents of y; is 1. If
1 <k; < 3m;, then

N < i vi) STy g o ) = (T 16, ),

m;

which is the number of G, -orbits on ordered 2k;-tuples of vectors in [F;’, and
hence is at most quiz < q‘”‘iz by [Guralnick et al. 2020, Lemma 2.4]. Suppose
2m, <ki < m;. Then y; is a character of degree at most g% < q2ki2 , and hence
N(y) < qZkz Thus in all cases we have

2
N(y) < q*i.

It follows that the total number N () of multiplicities of irreducible constituents of
t
R (B) =X Bi
i=1

18 at most ,
421 1 1 < q4(Zf=1 kl) — q4J2

Combining this with (2-8) and (2-9), we have proved:
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Proposition 2.1. Let G = G = GL,(q) and let x be any irreducible character G
of true level j < %n If L = L is a proper split Levi subgroup of G, then the
total number A of irreducible constituents (counting multiplicities) of the Harish-
Chandra restriction *Rg(x) is at most nj(j!)2q4j2.

Corollary 2.2. Let G = GL,(q) and let g € G be any element such that C;(g) is
contained in a split Levi subgroup L of G. Let x € Irr(G) be of true level j < %n,
and let D = dim v¥, with v9 = O;‘( being the wave front set of x. Then

oo ap(a+ 1\
|x@NSn%ﬂf¢“(§;—) x(H*H).

1
Proof. As mentioned above, in our case the constant B in (2-2) can be taken to
be 1. We now combine (2-1), (2-2), and (2-3) with Proposition 2.1. O

2.2. The general case. For semisimple elements whose centralizer is a nonsplit
Levi subgroup, the bound in Corollary 2.2 can be very poor; for instance, it says
nothing at all about character values for elements in anisotropic tori. However, the
following result is almost as good for all semisimple elements as Corollary 2.2 is
in the split case, and moreover works for both GL,, and GU,,:

Theorem 2.3. Let G = GL;(q) and let g € G be any element such that Cg(g) is
contained in a proper F-stable Levi subgroup L. Define L, := Lf . Let x € Irr(G)
be of true level j, 0 < j <n, and let D = dim vY9, with v9 = Oj‘( being the wave
front set of x. Then

_ 1\P/2
|x@NSn”(iiT) x(H*ED.
=

To prove this result we will use Deligne—Lusztig theory. However, before
developing the necessary results about Deligne—Lusztig characters we recall a few
facts about cosets. Assume & is a group. The set of conjugacy classes of & will
be denoted by CI(&) and if x € & then x® e CI(®) denotes the conjugacy class
containing x. A subcoset of & is a coset Hw € Ng(H) of a subgroup H < &.
Given any subsets X, Y € & we define

Nx(Y):=XNNg(Y), Cx(¥):=XNCs(Y),
where Ng(Y) and Cs (Y) are the usual normalizer and centralizer of Y. As usual
XY :={xy|xeXandyeY}.

Now assume that Wy C & is a finite subcoset. We denote by cf(W+y) the space
of W-invariant functions f : Wy — C, which we call class functions. This space
has an inner product (—, —) and if Hw € Wy is a subcoset then we have induction
Indgf; :cf(Hw) — cf(Wy) and restriction maps Resglz :cf(Wy) — cf(Hw) which
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satisfy Frobenius reciprocity with respect to (—, —), see [Bonnafé 2006, § 1.C] or
[Taylor and Tiep 2020, §4]

The function 7, = er ¥ taking the value |Cy (w)| at any W-conjugate of w € Wy
and the value 0 otherwise is clearly contained in cf(Wy). We will need the following
elementary calculation.

Lemma 2.4. For any subcoset Hw € Wy and x € Wy we have

RCSHV(JTWV)— Z |CW(x)| g Hw _ Z 7_[

Zx Lx
Z€H\W/Cyy (x )' Cr ()] ZeH\W
xeHw xeHw

Proof. The first equality is easy and the second follows because

HzCy(x) = |_| Hcz. O
c€Ch (x)\Cw (*x)

We can also produce class functions in the following way. Consider the subgroup
W{y) < Ng(W) and let p € Irr(W) be a y-invariant irreducible character. The
representation affording p can be extended to a representation of W (y) containing
"™ in its kernel, for some n > 0. The trace function p : W(y) — C of such a
representation is what we call an extension of p. Note that the group W (y) may be
infinite but, by design, p factors through a finite quotient.

The restriction Resw< (p) of such an extension, which we usually again denote
by p, is called an irreducible character of Wy . The set of irreducible characters is
denoted by Irr(Wy). We say B C Irr(Wy) is a basis if it is a basis of cf(Wy). Every
basis is orthonormal and is obtained by choosing for each y-stable p € Irr(W)
exactly one extension to W{y), see [Digne and Michel 2020, Proposition 11.6.3].
We need the following analogue of [Taylor and Tiep 2020, Corollary 4.11]:

Lemma 2.5. Assume Hw C Wy is a subcoset and p; € Irr(W), withi € {1, 2}, is
y-invariant. If p; is an extension of p; to W{y) then

|(Resp” (51), Respy ! (52))] < (Respy (1), Respy (p2))

Proof. Expanding out in a basis B C Irr(Hw) and using the triangle inequality,

|(Res o (A1), Res o (52))] < Y|, Resy ! (51)) (7. Resyy) (52))]
neB

= "[Indy} (). )| {Indy ) (7). 52)].

neB
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Therefore, using [Taylor and Tiep 2020, Lemma 4.10] we obtain

|(Res i (51), Resyyl (A <Y (Ind}y (n), p1){Ind}y (n), p2)
nelr(H)

= Y (n,Res}; (o) (n, Resy; ()
nelrr(H)
= (Resy; (p1), Resyy (p2)). O

Recall that G = Q(Fq) is the group of Fq-points of a connected reductive [, -group,
with Frobenius F. We form the semidirect product G(F') with the infinite cyclic
group generated by F, defined so that FgF~! = F(g) forall g € G. If Hn C GF is
a subcoset then the centralizer Cy (1) < Cg(n) is a finite group. Moreover, if H < G
is closed and connected, then by the Lang—Steinberg theorem, H acts transitively
by conjugation on ‘Hn. If H is a Levi subgroup of G, resp., maximal torus of G,
then we call Hn a Levi subcoset, resp., a toral subcoset.

We define

C(GF):={(g.n) €GxGF | gn=ng}

to be the set of commuting pairs. The group G acts by simultaneous conjugation on
€ (GF). We write [g, n] for the orbit of (g, n) € €¥(GF) and €(GF)/G for the set
of orbits.

Lemma 2.6. The map g¢9) + [g, F] is a well-defined bijection
Cl(Cg(F)) —> € (GF)/G.

Proof. Clearly this is injective. If (g, n) € € (GF) then by the Lang—Steinberg
theorem n = F” for some h € G so [g,n] = [hg, Fl. ]

Let cf(¢(GF)) be the set of G-invariant functions f : €(GF) — C. Via
Lemma 2.6 we can identify cf(4¢(GF)) with the space cf(Cg(F)) of C-valued
class functions on the finite group Cg(F). We define Irr(4¢(GF)) to be those
functions corresponding to Irr(Cg(F)). The advantage of working with €(GF) is
that we can work with the different (inner) forms Cg(g F) of G simultaneously.

If Lw C GF is a Levi subcoset then we can define Deligne—Lusztig induction
and restriction maps

RIE (€ (Lw)) — cf(G(GF)) and *REL : cf(G(GF)) — cf(€(Lw)).

For our purposes this can be done as follows. We start first with the case of a
coset LF where £ < G is an F-stable Levi subgroup. Making the identifications
cf(Cg(F)) — cf(€(GF)) and cf(C(F)) — cf(€(LF)) we define

GF ._ pg *pGF .__ *+pG
RIE .=RY, 'RIE.="RY.
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Now consider a general Levi subcoset Lw € GF. We pick an element g € G such
that F& € Lw, so that $(Lw) = L1 F where £ := 8L is an F-stable Levi subgroup
of G. If 1y : G(F) — G(F) is the inner automorphism defined by ¢, (x) = éx then
tg(Lw) = L1 F and we define

F F -1 F F
ng = RglF o (g )*  and *R[g:w = (1p)" o*RZF,

where (t;')* is the map f — f o, " and likewise for (ig)*.

We note that the maps R%S and *Rg,f are defined only up to composition with
(tn)* for some n € Ng(Lw) = N, w)(L£)L. We need the following interpretation
of the Mackey formula.

Lemma 2.7. If Lw C GF is a Levi subcoset and Tx C GF is a toral subcoset then

F F —
*ng o R% = E Rfé%u—x) o (L 1)*
2€L\G
Y(Tx)TLw

Proof. Fix elements h,,, h, € G such that w = F™ and x = F" and let £ := "L
and 77 :="+T be corresponding F-stable subgroups of G. According to the Mackey
formula, see [Digne and Michel 2020, Theorem 9.2.6], we have

*pG g _ L) —1y* L) —1y*
Ri oRy = E T.7 0 (1, ) = E Rz o0 (t; )7,
MELl\G/Tl LlGLl\G
“Ti<Ly “Ti<Ly

where L1 = C,(F), G = Cg(F), and T} = C1;(F). The second equality follows
because if “7; < £ then “T; < L1, so

LTy =L{"“T)u = Lu.

Consider the isomorphism of varieties ¥ : G — G given by ¥ (v) = hwvh;I. If
F':G — G is the morphism defined by F’(v) = wvx~! then we have Fyy =/ F.
From this it follows that we have bijections

L\ Ls Cepng(F) — L1\G,

where Cz\g(F) ={Liu € L1\G | LiuF = L1 Fu}, and (£\Q)F/ denotes the cosets
fixed by F’. The second bijection is a simple consequence of the Lang—Steinberg
theorem. If z € G then Y®T; < £ if and only if T < £ and F'(Lz) = Lz if and
only if 2x € Lw. It is clear that the combination of these two conditions is equivalent
to the condition *(7Tx) C Lw.

Finally, conjugating the expression above we get

F L —1 —1
RinoRT = D () o R 0@, 0"
Z€L\G
YTx)<Lw
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It suffices to show that (t5,)* o Rf(‘z)ﬂ = RZET o (tp,)" when F'(z) = z, where
Rf:T = R(ﬁ% w is defined with respect to the Frobenius w on £. However, the
arguments to prove this are identical to those used to prove [Digne and Michel
2020, Proposition 11.3.10]; see also the arguments by Bonnafé in [Navarro et al.

2008]. We omit the details. O

From now on we assume the underlying group scheme is GL{, so that
G=G,= GLn(H_:q)

We will assume 7 < G is the diagonal maximal torus and we denote by W :=
Ng(T)/T =S, the corresponding Weyl group. The quotient Ngr)(7)/T = W(F)
is isomorphic to the semidirect product W x (F), where we identify F with its
natural image 7 F. The coset WF C W (F') is, by definition, the set of toral subcosets
Tn where n € Ngr(T).

We wish to reinterpret Lemma 2.7 in the language of Lusztig’s almost characters.
Recall that GL{, is self-dual. If (w, s) € WF x T is a pair such that ws = sw then
we set

RyF (s) := RIT(6),

where x € WF and 6 € Irr(¢(w)) correspond to (w, s) under a bijection obtained
as in [Digne and Michel 2020, Proposition 11.1.16] from duality.
If s € T and Cyr(s) # @ then, following Lusztig [1984, §8.4], we define

RYF:ef(Cwr (5))—cf(€(GF)), fr Y. Fw)RIF(s)eck(@(GF)),

1
Cwl, &,
where, as defined above, Cx(s) = {w € X | ws = sw} for any subset X C W (F).

Corollary 2.8. Assume T < L < G is a Levi subgroup and w € Nwg(L). Then for
any s € T with Cyr(s) # & we have

*pGF GF _ L Cwr(s) o —1yx%
RinoRIF = Y RE"oResg! (1) o))

Z€EH\W/Cy (s)
Cruw () #0

where H = Np(T)/T is the Weyl group of L.

Proof. By linearity it is enough to check both sides agree when evaluated at JTXC wr(s)

for some x € Cwr(s). But in that case RfF(nxCWF(S)) = R)?F(s). Assume (x, s)
corresponds to (y, 6). Evaluating at & we have by Lemma 2.4 that

RIDRIT@) = Y RE"CO).

z€L\G
yCLw

If 2y € Lw then *T < L so 27 = T for some [ € L. Therefore, we can take the
sum over cosets N (T)\Ng(T) or similarly H\W. As *y € Ngg(T) the condition
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‘y € Lw is equivalent to

%y € Ngp(T) N Lw = Ne(Tw

which in turn is equivalent to °y € Hw. Breaking the sum in Lemma 2.7 along
double cosets, as in the proof of Lemma 2.4, gives

REnRYFO)= Y Yo REVO).
Z€H\W/Cw(s) c€Cy(s)/Cw(s)
“yeHw

Picking a different double coset representative we can assume that °y € Hw. We
claim that Cg,, (*s) = Cy (*s)*y. Certainly *x € Cg,, (*s) by assumption. Now if
d e Cw(%s) thend(*x) € Hw if and only if d € Cyy (°s) = HNCyw (*s). The statement
now follows from Lemma 2.4. O

We are now ready to prove Theorem 2.3.

Proof of Theorem 2.3. By assumption, x has true level j. Embed the maximal
diagonal torus 7 in the natural F-stable Levi subgroup M = M x M,, where
M =§; and My = G,_;. Note that F stabilizes M and M;. We will identify
M(F) with a subgroup of M(F) x M(F), where we again denote by F its
restriction to M;.

By [Guralnick et al. 2020, Theorem 3.9] our assumption on the level of x implies
that x is a constituent of

RYf - (@X 1)
for some o € Irr(% (M F)). Note that
CMm(F) = Cpt, (F)Cag, (F) = GLS (q) x GLS_ ().
If W; < W is the subgroup Nu, (7)/7 then the subgroup WiW, < W is a direct
product with Wi =S; and W, =5,,_;.
By [Digne and Michel 2020, Theorem 11.7.3] we have o = :I:Rf‘/ll F ((,23) for some
s € M1 NT, with Cw, r(s) # &, and some irreducible character b€ Irr(Cw, F (5))

afforded by a representation over Q, see [Lusztig 1984, Proposition 3.2]. Note that
Cw,w,(s) = Cw, (s) W, is a reflection group and we have

Cw,w,r(s) = Cw,r(s)W.
It is known, see [Digne and Michel 2020, Proposition 11.6.6], that

Cwr(s) %
R{F (@R 1, p) = £RIF (Indcx;ﬁ;;(s)(qs X 1))
from which it follows that x = +R9% () for some irreducible constituent ¥ &
Trr(Cywr(s)) of the induced function IndS""® (X 1).

Cw,wyF(s)
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We denote again by & and ¥ irreducible characters of Cw, (s)(F) and Cw (s)(F)
respectively, yielding ¢ and v upon restriction to the respective cosets. By [Taylor
and Tiep 2020, Lemma 4.10],

(IndS" S (@R, §)| < (IndS" (9K 1), ¥).

Cw w,F(s) Cw,yw, ()

In particular, v is a constituent of Indgg(‘zg)wz (X 1).
Following the proof of Corollary 2.2 it suffices to show that

(2-10) > 1 RETCON < CREFGO RIS G0) <
nelrr(Ly)

A straightforward argument shows that we may find a Levi subgroup 7 < £ < G,
an element w € Ngr(T), and an element & € G such that h(Lw) =L F, see [Digne
and Michel 2020, Proposition 11.4.1]. With this we need only bound

(R 00, Ry 00) = (RZ, (R (), "Ry (R ())).
By Corollary 2.8,
RURIGN = > RERes@r (),
ZEH\W/Cy (s)
CH11,'(ZS)7ég

where H = N,(T)/T is the Weyl group of £. The number of double cosets
appearing in this sum is bounded above by

|H\W/Cw(5)| < |W/Cw ()| < |W/Wa| =S,/S,—j| <n’

because W) < Cy (s).

Now, by the disjointness of Deligne—Lusztig characters, see [Digne and Michel
2020, Proposition 11.3.2], the summands are pairwise orthogonal because each *s
lies in a distinct £L-conjugacy class. So, using Lemma 2.5 it suffices to bound

|(Resc"” () (), Resc” () ()] < (Resg! (3 (1), Resgl! (3 (¥)) < (1),
But we know 1 is a constituent of Indg&(g)% (pX1) so
¥ (1)? <Indgy' 0, (@B D) <Indg) Ty (@B D) < |W/Wal> <n¥. O
2.3. An asymptotic version of [Bezrukavnikov et al. 2018, Theorem 1.1] and

[Taylor and Tiep 2020, Theorem 1.9]. Now we can prove the main result of the
section:

Theorem 2.9. For any € > 0, there are some explicit positive constants Nog = Ny(€)
and qo = qo(€) such that the following statement holds for all integers n > Ny and
all prime powers q > qo. Let G = GL,(F,) and let F : G — G be a Frobenius
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endomorphism so that G¥ € {GL,(q), GU,(q)}. Suppose we are in one of the
following two cases.

() G :=G" and g € G is any element such that Cg(g) is contained in a proper
F-stable Levi subgroup L of G and L = LF.
(i) G:=[G,G1F €{SL,(q),SU,(¢9)}, g € G, and either
(@) Cig.q1(g) is contained in a proper split Levi subgroup L of |G, G] and
L:=”LF or
(b) g is noncentral semisimple with L := Cg(g).

Then, for all x € Irr(G),

(2-11) X ()] < x(1)*EFe

Proof. Note that (2-11) is obvious if « := (L) > 1 — €. So in what follows we will
assume
ate<l,

in particular 0 < € < 1.

(A) First we prove (2-11) in the cases of (i) and (ii)(a). Note that the upper bound
on |x (g)| in Theorem 2.3 is obtained by combining (2-1), (2-2), and (2-10). If £
is split, ¢ := *RZF #(x) is a true character of Ef: (in the notation of the proof of
Theorem 2.3), hence this upper bound is actually an upper bound on the degree of ¢.
Arguing as in part (ii) of the proof of [Bezrukavnikov et al. 2018, Theorem 1.1], it
therefore suffices to prove (2-11) for

G € {GL.(q), GU,(9)}.

Let j = [(x) be the level of x in the sense of [Guralnick et al. 2020, Defini-
tion 1(i1)]. This means that multiplying x by a suitable linear character of G, we
may assume that [*(x) = j. Applying Theorem 2.3, it suffices to prove

' \D/2
@-12) (1) =xo

Note that the degree of any irreducible character of G is a monic polynomial in
variable g with integer coefficients, in fact a product of a power of ¢ and cyclotomic
polynomials in ¢. Writing D = dim v¥, with v¥ = O% being the wave front set of
the degree of this polynomial is %D [Bezrukavnikov et al. 2018, Equation 2.1].
Since i (q) > (g — 1)deg @i for any cyclotomic polynomial &y, we therefore have

x(D) = (g —DP2
Choosing gg = go(€) > 3 such that

qo+1

< (qo— D,
qo—1
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it remains to prove
2-13) n¥ < x(1)*/

for g > qo and n > Ny.
Choosing Ny > 4, we have [—inz -2 >
we have

16n2 for n > Ny, and so, when j > > 1

n%/16 n%e/16

x(1) >gq >q

by [Guralnick et al. 2020, Theorem 1.2(ii)]. Next, if {n < j <3n, then j (n—j) > gn?,
and so

x(1) > "/
by [Guralnick et al. 2020, Theorem 1.2())]. If 0 < j < in, then j(n — j) > 3nj,
and so

(2-14) x (1) > g*/4

again by [Guralnick et al. 2020, Theorem 1.2(i)].
First we work in the setting

1 .
e < j <n.

Then (2-14) and the above arguments show that
x(1) = g/
Choose Ny > 4 such that
(2-15) n<g
for all n > Ny. Then for g > go we now have
¥ < < gy < (1),
yielding (2-13) in this case.

Assume now that j < %ne < ﬁn Then for n > Ny and g > go we now have by
(2-14) and (2-15) that

n3 <qne 2j/24 qnej/Z < X(1)2€/3,

proving (2-13) in this case as well.

(B) Now we handle the case (ii)(b), embeddlng G inG :=gF. Letting L:= Cis(9),
note that G =GL and g € L. Letting x € Irr(G) lie above x, by Clifford’s theorem

we have .
- x;
Xo=Y_ x"

i=1
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where x1, ..., x; can be chosen from L. Since every x; centralizes g, we have

x(M=1x(D), x(@)=1x(2).

Let £L=Cjg.g(g) and £ = Cg(g), so that L = £F and L = L. We have £ = LZ(G)
because G =[G, Q]Z (9), and so every unlpotent element of L is contained in L.
Moreover, if u € Lis unipotent then uf = ut and u% = u9-91 , whence oe(L) =a(l).
By the case (i) proved in (A), |x(g)| < x(1D)**€. As a + € < 1, it follows that

X (@ < x(D**e. O

3. Some numerical estimates

This section is devoted to numerical estimates which allow us to determine a finite
list of possible exceptions to Conjecture 1.

Let | |
(L) (209
fax(®) = mm((a +8)x, Z(a +a—18 '
The main goal of this section is to give an explicit finite list of possible exceptions
to the rule that if 2 < a; <ay < ... < a, are integers such that Zl 1 <Tr—2,

then . . )
a. b’
iju,.,xwi) <x +Z p—

when x € [O ] and §; € [O gz ] for all i. We will see that when the rule holds,
Conjecture 1 holds for the correspondlng genus 0 Fuchsian group. There is only
one exception with r > 4, and there are thirty-one with r = 3.

Proposition 3.1. Foralla > 2, x € (0, 1], and § € [0, 1 — %], the function

fa x(8) =1
X

is bounded above by max(;—‘, Gax, Ha,x), where

(a=Dx+d 0 2@-4’
G . — 4a 3(a—1)
a,x —
0o if x > 2v3atl=4
3(a—1)
and
12,2 “Dx—(a— _ _
. Va—1)2x —i—Z;a Dx—(a—1) (a al)x+laxx if (a—1)x?+ax > 1,
a,x —
—00 if (a—1)x%4ax < 1.
In particular,
2x  ab?
(3-D fa «(0) < —=+

Ja a—1
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Proof. Let
(1 as? 1 as?
gax(®) = (G H8)x = 05 hal®) = 5 — 5T
SO
8
Jax(8) = 25 = min(gu.«(8). ha(8)).

For each fixed integer a > 2, we wish to determine as a function of x € (O, %],
the (unique) element §p(x) € [0, ”a;l] for which min(g, «(8), h,(8)) achieves its
maximum as a function of §.

We note first that as functions of §, g, .(8) and h,(8) are strictly concave, and
h,(8) is decreasing on [0, co). Therefore, §p(x) must either be the unique critical
point (“EJ)X of g4 x(8), the minimum solution of g, ,(§) = h,(8) in the interval
[0, “T_]], or one of the endpoints 0 and % of the interval. For the endpoints, we

have

min(ga, x(0), 14(0)) < g4+ (0) = ;_C

min(e(450) b (40)) =ha(47) = =3 =0

If the maximum occurs at % it must be

<(a— 1)x> _(a—1)x%+4x
Sax\"3, o 4a ’

and this quantity must be less than or equal to

ha((a—l)x)=4—(a—1)x2’

and

2a 8a
SO
- 24/3a+1—-4
r<—:
- 3(a-1

Thus, for all x,

1 3 1-2 1 1 2
(3-2) Gup<—p Yt iz2 1, = _ 2
a 6a a J2a

The graphs of g, «(8) and h,(5) intersect only if

B

(3-3) (a—Dx*+2x>1,
in which case the smaller §-value satisfying g, »(8) = h4(5) is

_a—Dx—y/(a—1D2x2+2(a—Dx—(a—1)

a

)

If this is dg(x), we have

(3-4) Ha,xz\/(0—1)2x2+2(a—1)x—(a—1)x B (a—1)x2 N l—x 5 1—x

Q|+~

= =

a a a a
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By (3-3), x > so (3-4) implies

Zax(Bo() 2

< )
X Ja

Together with (3-2), this implies the proposition. (I

1
2/a’

Proposition 3.2. Let r > 3 be an integer, a; < ay < --- < a, be integers greater
or equal to 2, and §; be nonnegative numbers with ai +6; <1 foralli. We assume
that the tuple a; - - - a, is not in the following list:

(1) 23c, T<c <24
(ii) 24c, 5<c<0.
(iii) 25¢, 5<c <.
(iv) 266.
(V) 33¢c, 4 <c<6.
(vi) 344.
(vii) 2223.
Then for all x € (O, %],

Zfa x (i) < 2Fx€+(r—2)x+z

i=1

where € is a positive constant which does not depend on x, r, the a;, or the §;.

Proof. By (3-1) for a > 100 and machine computation for 2 < a < 100,

0.555 ifa=2,
fux(8 0.399 ifa =23,
(3-5) <10318 ifd<a <100,
X
0.2  if 100 < a < 10000,
0.02 if 10000 < a.
Therefore, if r > 5,
2
 funn8) = 4
2 i —2—0.56r > (2r)0.02.
r ; E >r r>Q2r)
If r =4 and a4 > 4, then
82
 fan G0 = 5
r—Z—Z >2-0.56-3—0.318 = 0.002,

N X
i=1
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while if r =4 and a3 > 3, then

r fa,x( )__

r—2—§: 4= ~2-.056-2—0.4-2=0.08.
X
i=1

The only remaining possibility for r =4 is 2223.
For r = 3, we may assume a, > 3, so if a3 > 10000,

r fa,x(5)——
r-2-Y" 4=l 1 _0.56—04—002=0.02.

X
i=1

The triples with az < 10000 can be handled exhaustively by machine, by partitioning

the x-interval [0, 2] into subintervals on which G, , and H, , are bounded above. [J

Lemma 3.3. Let g be a positive integer and r a nonnegative integer such that if
g=1,thenr >0. Leta; <ap <---<a, be a(possibly empty) sequence of integers
at least 2. Then for all x € [0, l],

2
Zfa,x(3)< 022(r+1)x+(2g+r_2)x+z

i=1
Proof. If g =1 and r > 1, (3-5) implies

a,—l

1)
r S (8) = 0

X

<0.56r < —044r+r <-022(r+ 1)+ Rg+r—2).
i=1
Ifg>2andr >0,

2
 fune(0) = 2L
Y I <0.56r

. X
i=1 < =022+ D)+Q+r) < —0.22(r+1)+(Q2g+r—2). O

4. Asymptotics of j, ,(a)

Let ¢ be an element of G,, = GL,(q) of order a. We assume ¢ is prime to a. Let
¢ = ¢, be a primitive a-th root of unity in F,, so z¢ — 1 = 0 has distinct roots
., % ..., t*=1in Fq. Let m; denote the multiplicity of ¢’ as an eigenvalue of .
We write i ~ j if ¢/ and ¢/ have the same Frobenius orbit. Then:

(1) m; e Z forall i.

2) mi~+---+my, =n.

(3) m; =m; wheneveri ~ j.
(4) m; >0 forall i.
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The element ¢ is determined up to conjugacy in GL, (¢g) by the vector (my, ..., mg).
For given n, the vector is determined by m 1, . . ., m,_1, so the number of possibilities
is O 1.

Let S denote the subset of {1, ..., a} consisting of the smallest element in each
Frobenius orbit, and let /; be the size of the orbit of s. The centralizer of ¢ in
GL,(g) can be written [],_¢ GL,,, (¢"), so the conjugacy class C = 19" satisfies

sEeS
" [T= —q77)

[Ties (g™ [T, (1 = g=59))

gm0y (B TT (T2, (0 —g7)

- [Lies n(ﬂ‘zl%) H?O:n—H (I1—g=7)

where 1(z) is the Dedekind eta-function. The second multiplicand on the right-hand
side can be bounded above in terms of a, and it approaches 1 as inf; m; goes to oo.
Writing

4-2) nz—im?:n2<l—é>—i(g—mi)2,
i=1

we see that if m; <n/2a, then

(4-1) ICl =

IC| = O(q(l—]/a—l/(4a2))n2)’

so the sum of |C| over all conjugacy classes with inf; m; < n/2a is o(g1=1/0"").

We define j; . «(a) to be the number of elements € GL,(g) with t =1 and
det(a) = ¢*. Consider the subset of Z¢ satisfying conditions (1)—(3) and the
congruence condition

-
(4-3) Y im; =k (moda),
i=1
which is equivalent to the condition det(t) = ¢ k. This is a coset A, + A, where A
is a subgroup of Z% which does not depend on n and A,, € Z% has coordinate sum #.
Moreover, adding 2 to each m; and 2a to n preserves the sets satisfying conditions
(1)—(3) and (4-3), so
)\n+2a =An+ (27 2, ) 2)

Thus,

/. n n n
x,,:x,,—(—,—,...,—)
a a a

is periodic in n with period 2A and has coordinate sum 0.
By (4-1) and (4-2),



240 MICHAEL J. LARSEN, JAY TAYLOR AND PHAM HUU TIEP
2 +n .
Z qn Hj:[ (1 —-q ])
Iym?2 mg _ a—lJ
(M1 eeo 1) € Gup - A)NN [Tyes ("™ T2 —q )

_ Z qnz—zlem;qz—a(l—a)n(ikﬂ)

21
il;logg
(my,..., mg) €y, +A)NNE HSES ( 2 )

jq,n,k(a) =

+0(q(171/a)n2)

| .
sp(1—a),, (ilogg
q* 77( 2 ) n?=Y"%  m? (1—1/a)n®
= D R AR )
]_[xeS ( 2w )(m1 ..... my)Erp+A

i(lfa) ilogqg

q> n(?) (1—1/a)n? Y (1=1/a)n?
= ilylogq q Z q +olq ):

[Tees 1(522) Ve +A

where the implicit constant on the right-hand side does not depend on g. Defining

, (2)65. (2)
91) = 27‘”()»’)\)2 d ; = n n ,
@ A;A ’ e [Ties ns2)

we have proved the following:

Proposition 4.1. The periodic sequence f1, fa, f3, ... of half-integral weight mod-
ular forms with integral q-expansions satisfies

o (@) = (fn(zlsgq) +0(1)>q214(1—a)q(1—1/u)n2,
T

where the o(1) term does not depend on q.

From this, it is easy to deduce:

Corollary 4.2. Let ay, ..., a, denote positive integers with least common multi-
ple A. Then there exists a 2A-periodic sequence of meromorphic modular forms
f1. f2, f3, ... with integral Fourier coefficients, holomorphic except possibly at
i0o, such that

ilo
Jpnlar, ... a) = (f( gq) +0(1>)q214("“‘""‘“”q““/‘"‘"'“/“””2.

2
Proof. Let
z:(al,...,a,):={(k1,...,k,)e(Z/aIZ)x.--x(Z/a,Z)|1‘[;§;= }.

If 7 =1, then det(;) = {clfl." for a well-defined k; € Z/a; 7. Every element (t1, ..., t,)
of (1-2) determines (ky, ..., k) € X(ay, ..., a,) such that det(t;) = fil. Therefore,

Jq,n(alv ce Q) = Z l_[qun»ki(ai)’

(k1,....k)eX(ay,....ar) i=1

and the corollary follows immediately from Proposition 4.1. (]



REPRESENTATION GROWTH OF FUCHSIAN GROUPS AND MODULAR FORMS 241

5. Counting Fuchsian group representations

We now prove the main results of the paper. We continue with the notation of the
previous section.

If 1 =1, and my, ..., m, are the eigenvalue multiplicities of ¢, define § :=
—1/a +sup; m;/n. Thus, § > 0. Let j be chosen so m; =n/a + dn.

Proposition 5.1. For all € > 0, there exist N and qy depending only on € such that
ifn>N, qg>qo, x € (0, %] and x is an irreducible character of G, = GL,(q) of
degree qxnz > 1, then

G
log 1|1 (1)] _

1 as? 1
2 = 1___ +_+6x+fa’x(8).
n-loggq a a-—1 n

Proof. Since

n
E (- - mi) > dn,
—\a
i#]
by the Cauchy—Schwartz inequality,

<n )2 82n?
a a—1

i#]

By (4-2), the dimension of the centralizer of ¢ in the algebraic group GL,, is

2,2 2 (152”2

2 n 2 p2 5°n n
5-1) 1 S I —1 = _
-1 a+2i:<a m,) _a+ nta )(a—1)2 a+a—1

The order of the centralizer L of ¢ in G, is less than or equal to g to the power of
the centralizer dimension, so the centralizer bound |x (r)| < |L|'/? for irreducible
characters y € Irr(G,) implies

|Gyl 21 (n% a2 i1,
(5-2) ItG"le(t)If—l"ls P (THED) (1— g7
2

< qnz(lfif%)Jr%n'
On the other hand, by [Bezrukavnikov et al. 2018, Theorem 1.10],

sup, m; 1

a(l) < =—+34.
a

The character bound Theorem 2.9 therefore implies

1 2.(1
X ()] < x (atire = gnxGrote)

SO

1_a

2(1_1_ as® 2.(L
1190 |5 (1)) < g (mai)Angnie(Grove),
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Combining this with (5-2), we get
log |11 x ()]

n?logq
. 1 as? 1 1 1 as? 1
< — = - — - -
_mln((l a a—1>+n+x<a+8+€)’<l 2a 2(a—1))+2n)
1 as? 1 . 1 1 asd?
5(1—5— _1>+;+ex+m1n< ( +8) +2(a—1)>
=(1-1- ab’ )+ 5+ ext fur ). 0
a a—1

Proposition 5.2. There exist absolute constants € > 0, qo, and N with the following
property. If 2 < a; < ap < --- <a, is not excluded in Proposition 3.2 above, q > ¢
is a prime power relatively prime to all a;, n > N, elements t; € G, = GL,(q)
satisfy tl.a’ =1, and x is a nonlinear irreducible character of G,, then

L TG @ _ 145 0-2) ) ).
1Gal  x(1)—2
Proof. Let x :=1log, x (1), which by [Landazuri and Seitz 1974] is at least 1/(2n).
We fix gg as in Proposition 5.1 and € as in Proposition 3.2 and choose N > 2/e.
Let é; := p; — 1/a;, where pu;n is the highest multiplicity of any eigenvalue of ;.
By Proposition 5.1 and Proposition 3.2,

log ([Tl I TT; 1x (4)1) i(l—l— a,8?

n?loggq a;

1
+ +ex+ fu < (6 ))
i=1

2
:;WZ@_5>+Z<fa,.,x@,.>_;e_§l)

<£—rxe+ (1——) (r—2)x
n
- - —) — ).
< —x€e+ Z( p + (r )x
4
Since |G, | > %q"z, the proposition follows. (]

The positive genus variant of this result is as follows:

Lemma 5.3. There exist absolute constants gy and N such that for every g > 1,
every sequence 2 < aj < --- < a, (assumed nonempty if g = 1), every prime power
q > qqo relatively prime to a; for alli <r, everyn > N, every tuple (t1, ..., t,) € G,
satisfying tl.ai =1 for all i, and every nonlinear x € Irr(G,), we have

Hlf "G, 22! 1_[ [x @) qn2(2g—1+2,. (1—;1,)))((1)—0.22‘

(1)2g+r 2 —
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Proof. The proof is exactly the same as that of Proposition 5.2 except that we use
Lemma 3.3 instead of Proposition 3.2. U

Lemma 5.4. Let H; = GL,,(q;), where lim;_, oo n; = 00. Then for all € > 0,
_ _Len,
> x() =g —1+o0(g 3™

x €lrr(H;)
Proof. By [Liebeck and Shalev 2005a, Theorem 1.2],

> x(MFE =140,

x €lrr(SLy, (g1))

so if D; denotes the minimum degree of a nontrivial character of SL,, (g;),

S XD = 140D ) =14 o0(g ™)
x €lrr(SLy, (gi))
by [Landazuri and Seitz 1974]. The relation which assigns to each element of
Irr(H;) all the elements in Irr(SL,, (¢;)) which are constituents of its restriction is
at most ¢ — 1 to 1 and nonincreasing in degree. There are ¢; — 1 linear characters
for H;, all mapping to the trivial character of SL,, (¢;)). Therefore,

Lens
l—gi+ Y x()“=o((g;— g, "),
x €lrr(H;)
and the lemma follows. U
We can now prove Theorems A and B.

Proof. We assume first that g =0, so I" is determined by 2 <a; <ap; <---<a,. Aho-
momorphism I' — G, is determined by the images t,, ..., ¢, € G, of z1,...,z, €T,
which satisfy #;“ =1 and 7, - - - £, = 1. We can partition the set of homomorphisms
according to the conjugacy classes Cjy, ..., C, to which the #; belong. By the
Frobenius formula, the total number of homomorphisms is

|Cy x - x G x(Cp) - x(Cr)
ZE: |Gl ZE: x (D=2

The determinant condition implies that each linear character in the inner sum
contributes 1, and there are a total of ¢ — 1 such characters. Their total contribution
is therefore
|Gy x -+ X Gy _
G4 @-1), g =@ D@ ... a)IGil g
n
By Proposition 5.2 and Lemma 5.4, the contribution of all nonlinear characters x
1

to (5-3) is o(q_.?é”q(l_X(r))”z), where € is the positive absolute constant defined in
Proposition 5.2. By Corollary 4.2,

1
Hom(T', G)| = (g — 1)g 2~ =7a" (fn (l ;gq) + 0(1))q(1"<‘”>"2,
T

(5-3)
X €lrr(Gy)
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which implies Theorem A and Theorem B in the genus O case. The proof in
the higher genus case is the same except that we use Lemma 5.3 instead of
Proposition 5.2. (]

Proposition 5.5. Let a and n be positive integers, a > 2, and let q be a prime
power which is 1 (mod a). The minimum dimension of the centralizer in GL, of
a semisimple element t € GL,(q) of order dividing a is n*/a + a{n/a}{—n/a).
If a is odd, t can be chosen to have determinant 1. If a is even and njfa & 7,
then t can be chosen to have determinant 1 or —1. If a is even and nj/a € Z,
then t must have determinant (—1)"/%; if this is —1, there is no element in GL, (q)
whose centralizer has dimension n® /a + 1, but there is an element t' € SL, (q) with
centralizer dimension n>/a + 2.

Proof. If the multiplicities m, . .., m, of the eigenvalues ¢,, . .., {7 of a semisimple
t € GL,(g) satisfying t* = 1 are written n/a + €;, then the centralizer of ¢ has

dimension )
Z 2_n Z 2
. a .
1 1

As ) . € =0, either all are zero (which can only happen in the case that a divides n),
or at least one is positive and at least one is negative. In the latter case, if any €; > 1,
then by reducing this by 1 and increasing some negative €; by 1, we decrease ), eiz,
and likewise if some ¢; < —1. As all ¢; are {n/a} (mod 1), each must be {n/a} or
{n/a} — 1, and since they sum to zero, there must be a — a{n/a} of the former and
a{n/a} of the latter, implying ), el.z =a{n/a}{—n/a}.

Next, we claim that as long as {n/a} # 0, there exists some sequence my, ..., m,
consisting of a{n/a} copies of [n/a and a — a{n/a} copies of |n/a] such that
[ ;ém" is any desired power of ¢,. To prove this, it suffices to show thatif 0 <k < a,

the sums of k-element subsets S of {0, 1, ..., a — 1} represent all residue classes
(mod a). Indeed, if S #{a—1,a—2,...,a — k}, there exists s € S such that
s+1€{0,1,...,a—1}\S. Thus, the set of sums of k-element subsets S includes

all integers from (g) to (5) — (”;k), a total of k(a — k) + 1 > a consecutive integers,

which therefore represent all congruence classes (mod a).

Finally, assume a divides n, so m; = - -- = m, = n/a gives the minimum value
n? /a of Z[ ml2 Any other choice of (my, ..., m,) must have all ¢; integral and at
least two nonzero, so ) ; ml2 >n?/a+2.Ifmy =---=mg, and n/a is even or a is
odd, then Zi im; is divisible by a, so det(¢) = 1. If a is even and n/a is odd, then
my =---=mg gives det(¢) = —1. In this last case, setting ¢ =1 and €,/ = —1
and all other ¢; =0, we get Y, im; is divisible by a and Y}, m? =n?/a+2. O

Let Er denote the set of i such that ¢; is even. As in the statement of Theorem C,
for each positive integer n, we define or , := —1 if n/a; € Z for alli € Er, and
ZieEr n/a; is odd; otherwise or,, := 1.
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Proposition 5.6. Suppose g =1 (mod a;) foralli. If (t1,...,t) is an r-tuple of
semisimple elements in GL, (q) such that tl.a’ =1 and []; det(t;) = 1, the minimum
possible sum of the dimensions of the centralizers of the t; in GL,, is

o S a2 ]2

Proof. If there is at least one a; which is even and such that n/a; ¢ Z, then we can

choose #; to have either determinant 1 or —1 and centralizer dimension

(5-5) n—z—i-ai{ﬁ}{—l}.
ai ai ai

For j # i, we can choose #; to have determinant in {41} and centralizer n?/ aj +

aj{n/aj}{—n/a;}. Therefore, we can choose minimal centralizer dimension for

all #; while imposing the condition [ [, det(#;) = 1.

If n/a; € Z for all a; even, and the set of i such that g; is even and n/qa; is odd
has even cardinality, then we may choose #; whose centralizer has dimension (5-5)
for all i and such that det(#;) = 1 except when ¢; is even and n/a; is odd. In these
cases, of which there are an odd number, det(#;) = 1, so again ]_[i det(t;) = 1.

What remains is the case or , = —1, and here if #; has centralizer dimension (5-5)
for all i, then the product [ ]; det(#;) is —1 times a product of elements of odd order,
so it cannot be 1. On the other hand, if we choose one #; with a; even and n/aq;
odd, and choose it to have determinant 1 and centralizer dimension n2/a; + 2, and
all other #; have minimal centralizer dimension and det(#;) = %1, then the product
[ 1; det(z;) equals 1. O

Proof of Theorem C. By Theorem B, there exist gg and N such that if g > gg is
relatively prime to A and n > N, then

¢1=29"’ |Hom(T", GL, (¢))| 3
qJgnay, ..., a)

For any fixed such g and n, let X, , denote the variety Hom(I", GL,,) over the
field [F,. Then, for all positive integers m,

— 2
q(l 28)"111 |Xq,n([Fq”7)| ;
By Proposition 5.6, q" Jgmnan, ..., ar)
dim X, , = limsup,, log m | X g n(Fgn)

<

=
S]]

=

—1+(2g—1)n +l1msupm10gq gnn(a, ..., ay)

:1+(2g—l)nz—i-rnz—1+Uﬂn_i(z_2+a"{i}{_£}>

S — —x(r))nz—iai{aﬂi}{—aii}.

i=
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The first claim of the theorem follows in the positive characteristic case.

For characteristic zero, we consider the scheme Hom(I', GL, 7) over Spec Z
whose T, fiber is the n-dimensional representation variety of I' over F,. By the
constructibility of the set of dimensions of irreducible fiber components [EGA IV3
1966, proposition 9.5.5], the dimension of the generic fiber must be the same as the
common dimension of any infinite set of fibers over closed points.

Finally, for the second claim of the theorem, we observe that {t}{—t} < ‘l‘ for all

real ¢, so for all i,
n n
of2]l-2] <t
ai ai

We have or,, > —% unless there is at least one value of i for which a; is even and
n/a; is integral. For this value of i, a; > 2, so
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